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Sound Propa j~ ti on in th E ’ ~ t ’a:
ANALYTIC VERI r ICATZO N 01’ WAVEFRONT SPREADING FORMULATIONS ,
NON-R ECIPROC i TY IN RAY REVER SAL , AND I N W F  COMPUT ER PROGRA M

1 . t )eti ni t  tons and )‘ornml at ions

• in UIE J uI t ’ I w~~~dE’ptct~ a sequten t  of wavefrout , MB ,~ of sound

pr~ p~u i a t t n q  in ~i vt ’l t teal  p lant ’  in the ~;eci~ h av lntj  oriLjlna t ed a t the souret ’

S • ‘lii~’ it aee ot a point T on the~ wav et ro nt t l t ’l tnes •i sound ray  , ST

wIto~ t ’ topat la  t (on I us tau t  aneous 1 y S dl Ont J tht ’ W~~Vt ’t I out ttoiinal un i t—

v ’ctor t whieh mak es th e  angle ’ ) wi th  th t ~ hor i zont a l .  This arbi t rary

ray Iett  the sow ce w i t h  a uq It ’ V

x •

•% ¾~ — — - & , . ‘~~~~~~~~~~~~~ & - . & •~~• .  .. •~~~ - t 4. 4.. ¼ 4 . 4 .  .4.-

z ~~~~~~~~~~

A

Fig . 1 Defini t ions
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The unit vector in is wavefront  tangent , clockwise ’ normal to ~
Linear coordinates along the ray,  Sr , along the wavefro ut , i B , and along

the straight line defined by the direction in at T , are de no ted by s , m and

n respectively.

The formula for integrating the trace may be expu’ssed by the

equation

cos Y 1• V Y  = — — — 

~fl TIC (1)
R C

The f i r s t  term on the right hand side is a coordinate curvature term in

which R is the local radius of curvature of the hori zontal coordinate . The

second term is the refraction where C is the non—uniform speed of sound

In the sea .

Not only is the depth of the sea small compared to the radius of

the earth , but it is also small compared to the earth’ s oblateness. This

is why R is held constant , as the mean radius of the earth , in numerical l y

tracin g r ays  at the Fleet Numerical Weather Facility . Thus curvature of

the horizontal coordinate is taken Into account , but not strictly: it  is

given a constant value.

It should also be noted that the straight line defined by in , and

dashed in Fig . 1 , takes on curvature when the sea Eurtace Is depicted as

a straight line .

The formula for Integr ating the wavefront divergence along the

trace may be obtatned* by combining the spreading rate

t t • V L  = L , n • V Y  (2)

*“The wavefront—diver gen ce factor in ray—intensi ty  integration ” , M. M.  Ho!! ,
Meteorology International Inc . ,  Project M-140 Technical Note Two ,
Contract No. N 6 2 2 7 1 - 6 7 — M — 2 0 0 0 , April 19h7.

—2—

~.J i_i

A



with the refraction rate

t t . v Y  = -
~~~~~~~ in~~~V C (3)

to obtain

• V (ti . V L )  = - in • V (in . \ C )  (4)

L denotes the specific wavefront length per unit radian of emission angle ,

• Equation (4) may also be expressed in scalar form by

L
2 C 2

and by

= - 
.~~~ - I ~~~~~~~ 

~~~~~~~ 6
2 C 2 L~~~ s ~~s

In treating the horizontal as straight , In applying Eq . (6) , a

curvature , relevant to , but negligible in , the term ~
2C/~ n2 

, is induced

into the straight line defined by in. However this curvature Is not that

which Is consistent with the treatment adopted by Eq. (1) . For analytical

purposes consistency requires that we rederive the wavefront divergence

equation by substituting Eq. (1) for Eq. (3) and subsequently neglecting

the curvature of the horizontal .

The opera tion tt • V on Eq . (2) yields

_



~~TU*U U~~~~. ____

f t .  \ ( ft .  ~ i.) =

(tt • ‘~ L) (~ 
. v )  ) ~ ~~. (~ . v ~) . c) ~ L in • v (u • v )  ) — L (ni . \ tj ) . ‘

~~
)‘ (7)

We subst i tu t t ’

• v ‘u It ft • (8)

• V ft in \ •)  (f:))

i i id ob t ain

ft . V (it . c I~)

• ( t t . v L )  (n ~~. v ~~) _ L ( f t . \ V ) T h  I, ui~ v ( f t . v ) ) - L ( i n .  v)r ( 10)

\V~’ n ext  se lec t ively  subs t i tu te  i t e m  l~ j s . ( 1) arI d (.~
)

ft v (tt ’ v L )  =

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ i f l . V C ~~

-1. (
~~

. (1 1)

• which may be dev eloped into

f t . \ ’  ( f l . V L )  =

• 
— ,~ 

• ‘
~ 

(ui . \.‘ i.~~ — ~ 
V ux~~~~ L + — 

sin V it . V L  (12)

—.1 —
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• This version is consistent with tracing the ray according to E q. (1) . If
we neglect the curvature altogether by setting R = oo then Eq. (12)
reduces to Eq . (4) just  as Eq. (1) reduces to Eq . (3) .

Integration of L along a ray,  by Eq. (12) or (6) , from some point ,
requires specification of L and ~ L/~ s in order to proceed from that
point . In beginning at the source , we specify

Ls o (13)

which is consistent with representing the source effectively as a point
source. We also specify

• (~ L/as) 5 
= 1 (14)

¶

for normalization of L as the specific wavefront length per unit radian of
emission angle ,

In the next section we demonstrate by analytic example that the
wavefront divergence generally depends not only on the path of the ray
between source and receiver but also on which end of this path is the
point source . Generally, the relative intensity loss changes in inter-
changing the position of the source and receiver .

Another way of looking at this fact Is by the statement that the
proportional change in intensity , in propagating through a finite segment
of path in one direction , depends on the curvature of the wavefront at
the commencement of the path segment. The Integra tion is reversibl e if
we duplicate the direct exit curvature of the wavefront for Initializing
the reverse traverse of the segment .

-5- 
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2. An Analytic Solution

In the present section we design a parameterized analytic

solution , showing its complete derivation from Eq. (1) . This solution

serves to (a) test any of our derived equations , (b) edify aspects of the

propagation , and (c) test and evaluate computer programs of the Fleet

• Numerical Weather Facility for numerical integration of Eqs . (1) and (6) .

• For speed-of-sound distributions which are functions of depth ,

Z , only , Eq. (1) reduces to

15
~x R ~~~~~Z 

( )

where K ~n C. Our solution is for the special profile

C = C~~e (16)

- 

1

and a point source at arbitrary depth Z~~. The horizontal (I . e. range)

coordinate is x ~~ 0 .  We shall only solve for direct rays, not going

into sea-surface or bottom reflections. The constant k may be positive

or negative; we consider it to be positive for discussion purposes .

The Eq. (16) profile submitted to Eq. (15) yields

(17)

where u k - 1/R is considered to be a positive constant. Integration of

Eq. (17) yields

(18)

—6—
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fo r any and all rays . All rays are refracted downwards , with max imum

r ange

N = ~~~ (i~/2 — (19)

as asymptote . The angle at which a ray leaves the point source is , by

definitio n , li mited to the range

— ir/2 < ~— (2 0)

For a ray defined by we have

= tan Y = tan 
~~ 

+ M x) (21)

• Integration yields

- = - ‘ ~
• • ~ cos + M x )  k ( )S M cos )’5

for any and all rays . This gives the l imit ing ray,  which grazes the

surface Z = 0 at angle V = 0 , to be

= arc cos e 
- 

(23 )

• The maximum range for direct rays is thus

1 IT
= (j~ 

— arc cos c’ S) (24)
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Equation (2 2) may be transformed into

_ M (
~~~

Zs)

tan V cos ~x — c 
( 2 5)S sin M X

which gives ~ at any point  wi thin  direct range. it is pertinent to note that

the dist ribution is single valued . This means that no ray s cross. There

are no caustics -- a caustic being the locus of a wavefront  fo ldin g point .

By definit ion

in (26)

where in is defined in Fig . 1 and L is referred to as the sp e c i t i c  w a v e —

f ront length per uni t  radian of emission angle . The ascendent operation on

E q. (25) yie lds

~~~• 0 •

M (Z_Z
s)

sec 2 V VY5 = 
COS ~x e 

- 1 
M

Sin MX

.
~~~~~~ ( Z Z 5 )

+ 
e M V Z  (27)

sin MX

where VX and VZ are orthogonal unit vectors . The magnitude , with sign

consideration , leads to

1 M (Z~z5) 2 M (Z~Z5) 1/2

L l - 2 c o s MX e + e (28)

—8—
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This is our ana ly t i c  solution .

Equation (28) may also be transform ed into

L = ~ Q 1/2 e~~~ 
(Z - Z5) 

(2 9)

where

2 cosh M (Z — Z5 ) - 2 cos ~~ (3 0)

and which shows that L is positive everywhere .

For later usefulness we combine Eqs . (25) and (28) to form

L = 
si n j~x (31)

M C°~

We also note th a t

M (Z - Zs)e - cos Mxtan )’ = (32)
sin MX

For an arbitrary wavefront in the x , Z plane ,

- Zs)

- = tan = 
e - cos ~x (33)

dZ sin MX

which integrates to yield the wavefront curve

-9—



F 
-

-

~~~1

M ( Z~~~~ ) M ( Z Z
5
)

2 COS C + A ~ ‘ (34)

The va lu e  ot A det e t  mines the r a it i cu la r  w av e l i  ont:  For the wavefront

pass in g  throu gh the po int x~ ,

A - 2 cos MX * 
— 1 (35)

3. N o n— r e c ip r o c i t y  ~~~~
. Analy t i ca l  Solution

For an e t tect ive  point source at arbitr ary location , x = 0 and

depth Z~ , Eq. (2~)) qives th e specif ic  wavefront length , L , at an

arbitrary receiver location within  range , at X R and depth ZR

_ U~ gz - Z1 1/ 2 2 ’ R  S
L = — Q (3t~)

R M R

• where

2 cosh M (ZR
_ Z

s) - 2 cos (37)

The particular direct ray,  making the connection , i s given by

- M (Z R 
- Zs)

cos M X R - 
e

tan )’ (38)
S sin

If we now interchange locations of source and receiver then the specific

wavefront length at Z~ , by ray traversing the same path as betore but

— 1 0-

~~~~~~~~~~~ •~~



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ i •  •

i n the reverse direction , is

- z1 1/2 2 ’ S RLs = e (3 9)

where

2 cosh M (Z 5 
- ZR

) _  2 COS MX R

= (4 0)

We note that  ç~ is a n even function but the exponential factor  in L is

not. The ratio of the spreading amounts is

LR 
_M (Z

R
_ Z

s) 0R
= e = (4 1)

s L’S

In our example the downward traverse of a path produces less spreading

than the upward traverse of the same path .

We have shown by analytical example that the field of l istening

coverage for a receiver location cannot be obtained on the basis of

equivalency by treating the receiver as a normalized source . However

while not strictly equivalent such procedure may yield reasonable

approximations under most conditions .

We can edify the non reciprocity in a more general way .  For

all ray paths along which

0 (42)

—11 —
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Eq. (6) reduces to

2 ~~ c ~ s

- 0 Written as perfect differentials , this yield s

C
—

4.

where is the sound speed at the source location. In integrating along
such a ray path from a source at location A and a receiver at location B ,
we obtain

B

L ~ S C d s

A

Along the same path , for a source at location B and a receiver at location
A , we obtain

L
A~~

z
~~~~ 5 C d s  (46)

The ratio for alternate directions of traverse , yields

L C

A A

—12—
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In th i s  t t j a t d  , t t i t e n ~ t ty is ~i t w L ’.ett  t~ ’t a i t t ’ t~~iv e t  loecileti .it a

speed mini  mum

4 . Analytical Ic st ot ~ pi ead tu~j  t q u at  t on

~t t t  c t t i a ly t  Ic solution was couipt et ely ~iet iv e~1 i t  O~ t 1 
~~~

. ( 1) w i t h

R a co nst an t  • lilt S S )tUtiotl may be USed as .i t e st  i t  i t  l i t  1 c ’i iU ~1 t I t  ~~

sect ton 1 and any tu t  th e t  det tvct t t ot i s  . W e w il t USe it  to I ~~~ i~q . (12 )

w h i c h  t e~tu c~~s to }~q. (t i )  tot  R ~~~~. W e e~~ l e s s  i ’~~. (11) in  the  t oi w

I
L 1 ~‘(

‘ ~t .
— — 

C 1 
— 

•~~~~.
“ U

~ o~~~ ~~L ~~i~~l i~inJ (t ~~— 

R ~.
‘ .‘l f l  R I .  ~~~ $

the t e st  w e tna~~e t with  I, In the tot iii pressed by L~ . (3 1) . N otin g

tha t

— 0 (4g)

— 
~.i ~~ — t o ~; ) (‘~0)

we obtain

-~ M�~ ~~~ ~ — ‘.°~ V ( Si)
•~~• M • tan MX

— ‘ ‘ I —

•~~~0 
•
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0 0=~~~ - ~~~~~~~~~~~~~~

...

— —1. l M 
sI n V ço s Y ~~ (52)

0 — k C cos V (53)

— i C C cos V (54)

-

~~~~~~ 

— — k C s i n Y (55)

Subs t i tu t ion  ot Eqs. (51) through (55) in Eq. (46) , with M = k — i/R ,

i eadi ly shows identity .

A Test of the Computer Programs

In applying the analyt ic  solution 01 Sect iou 1 as a test t or the

comput e t  programs of the Fleet Numerica l Weath er Facil i ty we must

s pet . I t y  numeric al values . For the soun d— s peed p lot t i e  , Eq. (1 b) , we

specify

(.
() 

— 1 , 681) metet s seconds 1

—5 — 1
k 2 x 10 meter s

dnd submit the sound—speed p i o i i i t  values:

— 14— 
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Z (meters) C (meters S e C Q f l d S  1 )

0 1, 1)80.00

500 1 ,bt i3. 20

1000 1, 6-1 6 .73

i~oo 1 ,t30.35

2000 1 ,ti l -l . 13

• 
2500 1 ,598.06

3000 1,St~l.17

3500

4000 1 , 550.83

• 45~0 1, 53S .4L )

5000 1 ,S20.13

5500 1 ,505.00

6000 1 ,4)0.03

6500 1 ,475.20

7000 1 , 4 6 0 .52

0 7500 1 ,445.99

8000 1 ,431 .bO

8500 1, 4 1 7 . 3 t

Tests one and two were run without the curvature t a ct o t . That

Is , R = 
~~~~~, a nd the rays are obtained by integrat ing l~~. (3) and the

spreading factor by Eq. (6).

In Test one the source is sp e c i f i e d  at the 1000 mete t  d e p t h .  The

bottom is specified at 8 , 500 meters. The t a y s , , from — l0~ to + 10’~
in two—de gree Intervals , are tequested . The integrat ion of each t a y  is

terminated at the f i r s t  bottom intercept . From the output we select  the

results shown it -i Table I; we also show evaluations of Eqs .  (25 ) and (2t ~)

for the same locations.

— 1 5— 0
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‘I ’ a h l t ’ I: No (~u c v a t t L t  c

E qs .  (Is)  and (2~ )
(3) and (t~) Iu t cq i  ated Eva I i ta ted

x (yt ls )  ~ ( t e e t)  ~~ (deqices) L (yds) )~ ~~~~~~~~ 1. (yds)

-10 , lOt )  17 , 55,’ . 1. 1 - 10.00 3 / ,120.0 — 9~ 
t)~~) ~7 17 o

-~~~~ , - l 3/  27 , 8 5 , ’ . 1-i — t~.01) 3$ , 17s .1 — ~.00 $3 , l~I~
31 , 11-1 17 , ss I . i— I — 2 .0 1)  1~l , 5 2 8 .  — 2 . 0 0  19 , 

~~~
209 2 / , 887 . 14 0 .00 17 , 8. 11. $ 0 . 0 0  17 , 5.l

~
23 , 9 5•l 11 , 8 8 7 .  1 - I .00 13 , 352. .1 .01) 23 , $5~

0 21 , 039 17 , 887. 14 10.00 20 , 8 • l l . 3  2O ,54
~j

1 , 91)9 $ , 180 . 81 — 1.00 1 , • 7 — 1.01) , 91 (j

‘le st  two has the source at  the b ot tom , S , S 01) wet Cl 5 , and set t ’ct

c av s , ) , , as the ret  it ’cted b ottom inter cept  a n t j l t ’s el T I Ofl t . \V e sh ow

— ,~. out  v a I t ’ su i t  I or the i ever  sal ~t the  :-~ ‘ re 1 .1 v ot I’ t ’s I OUt ’ lot  ~- 1i I ch we

t ’valuate  1. by l.a . (31) to t  the q Ive i l

~ ( t i : ;)  ( feet)  ).~ (dc i i i  t ’ C :)  I. (yds) Eq . (31 )

2 ’) , 109 3 , 150. 5- 1  — $0.  ~i 1) $1 , $~~1 .9 32 , 3.1-I

In the opposite pi op a t ia t  ion th e ’ s preadi c i t i  b r  l i t  c a y  p ath , 1l i V t ’il by

re’ st oc it ’ , amounted to 17 , 0 - I 1 y ard s  •

I’t ’~~ t three t t ’pi ’a ts T~ ‘si one but with cut va b u t  e; R = t~ , 37 1 kiii ,

mak I t i t i  ~~ 1 . 95-1 3 x 10 “
. The n uccce ’r i  ~-a I pt otir am e ’bt.iI us the  l ay s  by

i c t t . _ ,t i 1 at i e m  ot E q.  (1) and the’ spr eadinq  by i c i t e q r a t  ton ot Eq. (6) . Cut

a n a l y t i c a l  sol u t ion  , however , s at i s f i e s  Eq. (11) . i ’ht s I llt ’Ol ) si S t ecct ’y

in the Li eat went  ot curvature  Is included w i t h  truncation e t t o r s  in  the

di p~t z I lv b etween  the ’ t u t e t i t  a t e i l  resul t s  and the evaluation ot the

0 - 16-
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analytic solutions . The selected results are shown in Table II .

Table II: With Curvature

Eqs . (25) then (31)Eqs . (1) and (6) Integrated Evaluated

x (yds) Z (feet) (degrees) L (yds) (degrees) L (yds)

0 

40 , 323 27 , 887.14 — 10.00 37 , 401.2 — 9~ 99 37 , 38 7
35 , 609 27 , 887.14 — 6.00 33 , 304.0 — 6.00 33 , 36~

O 31 , 311 27 , 887 .14  — 2.00 29 , 633.7 — 2.00 29 , 67 2
29 , 330 27 , 887 .14  0 .00  27 , 9 3 4 . 9  0 .00  27 , 96~
24 , 066 27 , 887.14 6.00 23 , 416 .7  6.00 23 , 43 6

0 21 , 102 27 , 887.14 10.00 20 , 890.2 10.00 20 , 90 8
1 , 924 3 , 180.08 — 2.00 1, 924.8  — 2.00 1 , 92 5

- - - . These results check out the particular FNW F computer programs and

attest to their accuracy.

6. A Note on the Lateral Spreading

In general a wavefront is a surface having two dimensions of

spreading . The specific wavefront area may be expressed by

E = H L  (56)

where H is the specific wavefront length measured horizontally and L is
0 the specific wavefront length measured normal to H. Both H and L may

be Integrated alon g a ray according to

-17-
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a 2H H j ~~~
2C 1 ~C aH 7

~s2 — — C 1 ~ h2 
— 

~~~ ~~~~~ 
~~~

O ~
2L L~~~~~

2 C 1 ~C ~L
2 C )  2 L ~~~ s~~~~s (58)

where h Is a linear coordinate along the horizontal normal to the ray and

0 0 n is normal to coordinates h and s.

Sections 1 through 5 deal with ray tracing in a vertical x , Z plane

and with the L component of the spreading . That the rays stay In the

plane implies the condition , or approximation , tha t

0 (59)a y

where y Is normal to the x , Z plane . If we further assume that

(60)

~h 2

then Eq. (57) reduces to

2 
— 

~ s C ~ s 
(61)

Eq. (61) is a perfect—differential relationship which yields

— (62)— 

Cs
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where C~ is the speed of sound at the source location. The integration

of H takes the form

H =

~~~~~~~~

— 

\ C d s  (63)

Again we note that there is no reciprocity in interchanging source and

receiver locations for a specific ray path. The ratio of spreading amounts

in the two directions is inverse to the ratio of source speeds , again

implying best listening at speed-of—sound minima .

For speed—of-sound as a function of depth only, we have Snell’ s

law:

cog )’ 
- 

C
cos Y5 

— 

C~ (64) 
-

Substitution in Eq. (63) yields

H = 
1 ç cos V ds X (65)

cos V~ j  cos~~
0

A generalization of the last expression may be obtained for radial

symmetry in the speed—of—sound distribution; the symmetry is that

expressed by x R , the horizontal range in all directions from the source

location .

—19—
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