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•‘ t . ~t it ~

A i ~iy n~cty hi ’ ~l~ t t n’~1 ct the’ 1.~cua ~t p~ op~ j~ t h~u ~t ~i it ~ L • int i i t  ~t

wctvi ’ t i & i t t  . Th~ dt ’t n i t  ~m nt ’1 ud~~ tht~ p1 ~ne—wave t~ tt~~it  ~~t tt~u thcft the

W c t V i ~ t t  ¼ ’ iut p ~pctij~- t t i ’~~ ctt~i~~j  I t  t it ~ t~- itt tc  i ’~~ t t~~ UOI fllci l ~ pi op~ ijd t I nj

~~~~~~~~~~~~~~~~ t~ ~t I c t t ’ t t : t . d by ci ~~‘t t ’ c t t ~~it ~ t t c i~’~~; i ’ci~~h icu~’ t~ hi ’n t by

t t t t c i~’ tt uti in ~—t int’dluin hctvti i ~j ~~ t i i t I -~~~~t~~’ .l tJhi~I1t~f lt. }l y dt ’ tt i i ~ t t ~~ i i , i c i y~~

cii i~ ~i t t \ ~ J~ ’it clt t I ~ ~Vs1\’t ! t t ) t t t ~

Wi’ ~t Ihiti ttit~ ~ t i’¼’t t tC \V~1Vi ’ t ~ ut le’n~j t h  , In ci Vt ’i t i ~ct1 pl ane’ by

I.. At~.~it ~j ci i c i y  ct~ thi w~-tvt ’t i’~nt t~ ’ t ~ j e ’~ t. Ii ‘ ie’ci~ie’~~; cii, the W c i V e ’t R~~~t

~ t~~tV c ’1 ~~~~ 1. di’~ i i’.-i ~~t ’~~; anut inciy ce’; S th~ou~jh ~ e t  ~ Pci~~~ m c i  thi ou~jh ~ e t

niciy t t ~t l c c i t~ ci k~ t c t t i t c j  ~~t t~ i~~ t n c j  ~ t th e ’  ~v ci\ t I c ~u t .  A ~‘ t ~ . t h  I i ;  ci i c i y — t o —

i c i y  tc ~~’ti ~; ~~ cm I. — 0 ~c~ u i c i i t c e ’. A ~~ci i i i t t c  ~j e ie ’rciUy I hcc i t e ’s  ci tolclliiç)

~ t the ~v ~.ivi’ Ii ~ nt . The’ e’w l ~~~t uts ~ t ci u’ciustte ’ may he’ (nut I cci t t v e’  ~‘t

t e ’~~~~t i t cj

~Ve ’ spe ’ ct c t tt  :e’ tc~ the ~~ -e’;t ’ ~ ! i i i  c(~~;pe ’e ’cI ~‘c t i y t u ,j  with  ute’pth

OI~t ‘~ , cind ci bOl t !Oi tt  ci t ~‘ctU t I c i t  cb  pth ‘
~~~ 

liii S I ~~~~~~~S e’S hl~F t ~ c U tci t

unttoimtty , w it hout e~~~~ttc ’ t’iic l points.

1~~i t h e’ ana lys t s we’ ce’ sunle ’ the ’ ~
; und~ s ‘‘t ’ti I’ic lttli’

(1)

~ Is the tjradiemnt ci t caUStic depth , and the ~ew depth Level  Is

defIned by the’ spe’e’cI , • at the caustic depth . We shall have to cle’clde

Icitet as to the ext ent of the r~g1on of Ana lysts applicabilIty about the

i•4 i uSt t t • .

The ci ~oc Iciteet , c nststt~n t ,  ray , wavefront and caustic

couttej utcit ton Is d epicted in Fi~ . 1

~ 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _



_____ — _ _ _ _ _ _ _ _ _ _

.4

t ucc mm wi t ~ return! II~J rc iy S

• 1 l’he’ c.musUc , w it h i a y s  cind wavet ront~
;

Accordliiq to t ay theory the ~ pi i’~ d i n~i factor , amp litude A , tot sound

intensity is qiven by

A = (2)

Si j n chan t’s In L along a ray are indicative of wavefront foldings.

At a caustic L = 0 and A -. 
~~~ • Does this mean that every point

on a caustic is a focal point ? Generally , effectIvely not. We have both

incoming rays and their refracted return (except at caustic ends) and It is

the resultant that manifests .  We here attempt to determinc the r esultant

by analysis consistent with ray theory . That is , we wish to extend ray

tracing for applicability at caustics.

L~ _ _  _ _ _ _ _ _
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2. The Analysis

For a linear speed profile the rays are all circle arcs with centers

at z — 0 and radius z~ — c
~/~ 

. For these rays

C Z
cos )’ — — (3)

1/2
[z ~ - z  I

sin )’ (4)

We here adopt the convention that , should there be a sign duality , the

upper sign applies to incoming r ays/ wavef ronts  and the lower sign to

returning rays/wavefronts . The rays may be expressed by

x — x * 
— z ~ sin )’ (5)

where x is introduced as the horizontal linear coordinate . Each ray is

identifi ed by x k ; the circle arc center is at x~ and z = 0 , and the ray

touches the causti c at x~ , z~~.

The specific wavefront length may be expressed by

L — Ox~ sin )’ (6)

And , by ray theory , the normalized wave amplitude may be expressed by

A — + 
1 (7)

— sin )’

I
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The’ wavet iont  ~ a t e ’ c~ t~ t~ ii  tied by t i iteqratton cit

— — tciu Y (li)

w hich dci lye’ front thet t bet Flit iii th e i qo i t a  I to the t a y s  • The w av et i  outs may

be’ expi e ’ S St’ ci by

• 1 .j~siu V
:
* 

sin ) ;. ~~~ • Cci :; ) x — x~ — 0 (9)

E:cie ’ t m w c iy e ’tt o t i t  (lint’ ot con : ;t , i t 1 t  phase) 1:; (dcntt t led by x~~, W hOle ’ the

w av e ’ t i ont tott~ he’ :; the c ’ , i t i ~~tj c ’

At the e c ~t t s tj e ’ l i m it the w ,t ve t te ’ i i t : ;  a t e ’  mnev t mt q  hem I ~eiitaI ly with

speed c
~ . 

,
~ ~t i ’~ t ly ~ t a t i ’ ct ’m i t l qu t c i tj on  t~ te ’,ill~ e ’d I t em  a t i a m e ’ et

t e ’ t e m  • ‘ t h( ’ I1tc i~’ I n . j  t,vt th t tli ci t ve t .~. I t y  . \IVc ’ cie topt tht $ t icilili’ cit et (‘It ’Ilc ’e’ .

At t his point we ’  tut lc idLic ’e t he w~IVt ’t Ot  Ill

— A c ’~~i:; kx
~ 

(10)

which i ’c 11 i e:; pond :; to the’ t

W — k c~~/ .~
TT (1 1)

By sul’stt tuti tie: tot x~ from r.q. (9) and tor A t te nt Eq. (7) we ’

may ex pi e s s  t he lncotflttiq W~lVt ’ by

Q — c ’os k [x — 9 (i) ] (12)
i slit V I
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where

1+  sin )’61(z) = — z~ sin )’ + z~ ~~

‘ 

~~~~~~~ 

(13)

And the returning wave by

- cos k rx - 8r~~~
1 ( 14)

where

1 — s i n )’9 (z) = — z s in V — z o: (15)
r * * cos )’

For the resultant , ~ , we add the two fields:

= 

~~~~~~~ 
(16)

In expressing the resultant we use positive V and sin V only.  Thu s

for the returning wave the signs of sin )’ are reversed in performing the

addition:

• = 
1 cos k [x -9 ]  — 

1 cos k [x + 9 ]
sin )’ sin)’

sin )’ 
sin k 9  s in k x  (17)

where

~~ ~ 
1 + sin~~’ 

- sin ( 18)
cos )’ j
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le t  us ex ai~j t i e’ the’ t e ’su lt an t  in  the’ i e’cj lon et the caustic , where

) - - 1 . Lxt ~ tnsl~ n t ’ve ’5iIs that 6 may be’ approximated by

(19)

For th e ’  ~upp le ’nie’utcil cofleli tioti that k 9 ‘- 1 , the’ c ’su ltant may he ’

cippioximated by

~~

‘ sin Lx (20)

~vlie’t e ’ W e’ have t e ’  placed L 5iccot .~1i flu to Eqs . (1) aud (Ii) . Ft 0111

F~1. (-I) W e ’ dci t ye’ to t  small ~ , S ii 6.’ — , t hat

~M 6 -  (21 )
C 

*

L~quat ~0U 5 (20) a tid (2 1) co~ihi ne’ to I CVi ’ 51 I that the’ 1 ci 1 tact  a ppu~~ chc ’~ a

I i i  :;t u’icl er .‘~‘to  a t the’ ca ust ic :

• -
~~ ~~~~~~ ~~~~

— 6~ sin Lx (22)
3

By tay the ’ot y th e” s pi e’adtnq t dc ’tc ”t , ~imp1 I tudt” A , I S ~ e’i 0 s i t  d cdu st  Lc

This a naly:; I:; , how cv e’i , dot ’s not apply in the’ t e ’~j i  on ot ca ust ic end

lic i l ut:;.

tt is i t ’le’vant to de’te ’t  mine the’ depth and value’ of maximum

amplitude tot the” resultant , , provided we ’ can sho~v that it occurs neat

th e caust ic mu the t e’cj ton ci t ana lysts applicability. We denote ’ the 1 e ’ve’l

•1
— t, —



by Z
m 

and values there by subscript m .  We first  assume that Y < <  1

and later show this to be so.

For small V we approximate 9 by Eq . (19) and express the

amp litude factor of Eq. ( 17) by

A = sin [
~ 

~ v~] (23)

The extremal occurs where dA/dY = 0.  This yields

tan I�~~y 3] 
= 3 F �~~Y 3 1 (2 4)L 3  M m j  L3 ~ m j

-~~~~~ -
~~~ ~ 1.32 (25)3~~~ m ¼’

1/3 1/3
~ [1.32 

~~ 

0.86 [
~
] (26)

A = 
1.94 

~ 2.26 ki 1/3 
(2 7)

IJ~J
In order to evaluate V we must specify ~i/w in Eq. (26) . Even for the

relatively high value of 10~~ we obtain V 0.086 which satisfies our

condition of smallness; corresponding thereto A ~ 22.6, a considerable

amplification.

Equation (25) expresses the phase angle k 9m which appears in

~~~

. and t’0r as combined for Eq. (17) . We note that Z occurs somewhat

below k 9 = n/2 which is the level where 
~~ 

‘p ,  and • are all in

phase.

—7—
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From Eq. (3) we obtain

c
*z = — cos Y (28)m m

For c~ 1500 m sec I , M = 10~~ sec ’, and w = 100 Hz giving

V = 0.086 , we obtainm

z — z 5 4 m  (29)
* m

Analysis applicability requires that the speed profile be linear about the

caustic. This linearity must extend to beyond the z level for the

maximum-amplitude analysis to be valid.

3. The Result

The payoff of the analysis lies in E q. ( 27) . We can split the

resultant amplitude , •, between c.~, and 
~‘r 

to get at an effective lower

bound on L iii computing the amplitude factor along a ray. The analysis

suggests the approximate lower bound:

L ~~~~
- i/~ ~~/3 (30)

However we must not forget the normalizing factor . Equation (7) indicates

how we have normalized L. We now write

L = sin (V — (31)

— 8—
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where V0 is the ray angle at caustic tangency; that is , we do not require
the caustic to be strictly horizontal. The missing factor in L of Eq. (31),

lost by normalizing , can be obtained from L , along the ray, before and/or

after the ray passes through the caustic. Adding this factor to Eq. (30)

yields

L 
1/3 (32)

This is where ray theory has led us.  The approximation omits

caustic curvature and lateral variability in rays. Equation (32) also does

not apply near caustic end (branch) points where interference is partial or

nil and strong focusing may occur. It remains to reconcile the results

with full wave theory and energy considerations.

I
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