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FORWARD

Aiming at understanding and simulating mixed-type flows of
interest in applications to transonic aerodynamics and plasmadynam-
ics, mathematical and numerical analyses for relevant initial
boundary value problems and finite element discretizations are
described in the following.

The report is divided into two parts:
I. Various finite elements formulations and discretizations for
initial/boundary value problems for the Tricomi equatior in the
hyperbolic domain, work carried out by Mrs. Frieda Loinger. This
is a continuation to Sara Yaniv's work reported last year, and

the schemes developed are tried on the same sample problems.

II. An attempt to extend "hyperbolic" methods of analysis to
mixed type flows with hyperbolic-elliptic shocks and ensuing en-
tropy conditions for stable, accurate numerical schemes, done by
Prof. Michael Mock with an appendix by Lustman and Geffen on the
impossibility of elliptic-elliptic shocks (a fact well-known to
any aerodynamicist and rather obvious on physical grounds.)

The question of entropy functions and inequalities is inher-
ently related to the well posedness of the nondissipative formu-
lation and in turn, we feel, to the character and behaviour of the
different variational functionals. A further clarification along
this way may be essential for the ability to correctly select
the physically relevant fields from the multitude of mathematic-
ally possible ones (e.g. with expansion shocks) by full-proof

a-priori conditions in the simulation scheme.
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TRICOMI PROBLEMS IN A HYPERBOLIC REGION
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INTRODUCTION

A finite-element formulation of Tricomi's problem using
bilinear isoparametric characteristic rectangular elements in the
hyperbolic domain is given in [1] with two sample problems. In
this report discritizations for linear triangular elements are
given, with calculations for the hyperbolic part of the sample prob-
l~ms mentioned above. The following discretizations are given in
detail:

I. Global application of the variational conditions for
a) Cauchy b) Goursat conditions.;ésglting in an implicit scheme
for the whole hyperbolic triangle. *

II. Local application of the variational conditions on each
element for a) Cauchy b) Goursat boundaries resulting in an
implicit scheme (or marching along characteristics).

The order of the approximations is:

O(hz) at internal points for all implicit schemes, 0(h) near

2/3) near the parabolic line y=0.

external boundaries and 0¢(h
For the explicit (marching) schemes, only 0(h) is achieved. The
isoparametric schemes become inconsistent near the parabolic line,
due to the singular behavior (coalescence) of the characteristics
there; hence the isoparametric triangles are changed to regular
(x,y) triangles for which consistency is restored. It also
facilitates further local refinements, (possibly using the

multi-grid method),where they may be needed.

An appropriate combination of linear triangles near the para-
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bolic line and isoparametric characteristic triangles away from it
glve the most accurate results, with the marching scheme being most
efficient and easiest to apply. Schemes using Goursat's conditions
have been tried. Convergence has been demonstrated for implicit

schemes [1], but not for explicit ones. Details will be reported.

Reference

[1] Yaniv, S., Variational Formulation for Formally Symmetric Prob-
lems and its Application to the Tricomi Equation, Final Scientific
Report, Grant AFOSR 73-256, July 1977, Part I, also Ph.D. Thesis,

Tel-Aviv University, Israel, 1978.
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(i)

The hyperbolic problem

Given Tricomi's equation:

Xx_(p = 0 (1)

Yu, = vy © 0 (la)
uy -, . 0 (1b)
where: (usv) = (wx,wy),

we look for a solution in the hyperbolic‘région D, bounded

by the parabolic line y = 0 and the two characteristics

Fl and F2 where (figure 1):

1"1 sl's n = ¢ - gy -1<x<0
and
Pat #1 = € & x 4 §y3/2 0<x<l

We assume that the problem is well-posed, with either

Cauchy (i) or Goursat (ii) conditions given:

@(x,0) fl(x) wy(x,O) % fz(x)
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1
or equivalently u(x,0) = fl(x) wix,0) f2(x)

given on the parabolic line.

(ii) @o(x,y(x)) = f(x), or equivalently u/y+v "%(y) given on the
characteristic [, (y = [%(x+1)]2/3)
1
and: ¢(x,0) = zl(x) or equivalently u(x,0) = fl(x) on the

parabolic line.

/ ‘,
A b1 by = 8
(uv) (x,0)

Figure | a : Cauchy data.

I \I2
WAy - ¢ A

J
A ¢ == u(x,0) B

»x

Figure b : Goursat prob.




~J

2. Variational formulation in the hyperbolic domain

Define the functional

(2) Jiluaw, A ) = Jj[yu2—v2+k(uy—vx)] dxdy
D

+ J A (udx+vdy)

r
m

where D 1is the hyperbolic domain and Ly includes all

surfaces where no boundary conditions are given: T = PlUF

m 2

for the Cauchy problem and bz ® T2 for the Goursat problem;

A 1is kept fixed on I

J(u,v,\) becomes stationary when (u,v,A) satisfy the

e ————— —.——

equations:
(2a) 2yu = A
a y ¥
: = yu. = vy
(2b) v & A,
f (2c¢) u - v_=0

which are equivalent to equations (1) for A(x,y) € C2

S— —— C e —— ———ep——
-~y o




3. Finite Element Schemes

The hyperbolic region is divided into triangular isoparametric

elements, (figure 1). In every element we take trial functions

which are linear in £ and n.

where Y- = (u,v,A)

h

=N

Figure 2: Triangular Isoparametric Elements

where ., . - = 34 2/3 - {2 i
yl,] Yj (l',h]) ’ xi,j - (l+2)h
and n, , = ih, €, » = (1*3)h
Eyl 1,]

et




A. Interior points

Minimizing the functional for intericr points we get the foll-

owing schemes:

(S}
n
=
-
-
N
=2
1
n

i= «Ntl,...,N-1-j

c‘4A ﬂa {#44

)
Ty J(u,vyd) = 0 =
1]

2yt 3. 120 qu,

o A i 0 (P T3 =8 03 3 o, 10/3
1,j+l+ui—l,j+1)( +7(]+1) e -Tﬁ(]+l) )

7] 107

) ( o 1/3 9.13/3, 3 1373, 13/3

+ (

. 3 4
Wia1 g gag 320907 Trgpd T T =1 b 1 S
T P | P, (T
+ Ui,j(—QJ +§(]+1) -g(j-l) (3a)
18.183/8  Bri o XBIE B AR
* R eppta-iy T egplatl T

—
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e Gl TH3. 3 1073 3 10/3
(ui,j—l+ui+l,1—l)(2J e (j 1) 0(J—l) -1oJ )]
= Q41,94172,9-100 R4 5017 R 01,520
The scheme (3a) approximates the equation 2yu = Ay at the
mesh point (x., .,y. .), and the accuracy is:
l,.J 15]
2yu-A. = 0(h?)
y
2 J(u,v,)) 0 =
I ka2 i
Wira
4O/ e $/3,.3:8/8 B,,...873
NN DRI e s Lo Shiae - Mae - G T Dhels
948 9 ll/3 g s 11/3 L33
(vi-l,j P41 J)( 2 -223 lM(J -1) LM( gl )
Ve oils JS/J+3( +1)8/d_§(3 l) (J l)].1/3 (j+1)11/3 9. 11/3)
Ls] 11’
: 573, 5/3 : 8/3 3.8/3
(vi,j-l+vi+l,j-l)((3-l) u-( -1) -5J )
(3b)
1 I .5/3 5/3,3:8/3_3,.,.8/3
h[ﬂi,j"’l Ai-l,j"‘l)( e d g b '*n-] E’(j"’l) )
5/3
v 3/ 8/3 3, 8/3
(Xi+l’j-ki_l’j)(-23 +-8-(]+l) -E‘(J-l) )
z 5/3 5/3 3 8/3 3,8/3
(Ai+l’j_l-ki,j_l)((]-l) ( -1) -3 )3
- e i e 1 3 T ——————
- N\ ,~, 4 e - i e SRR
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The scheme (3b) approximates the equation 2v = Ax at the
mesh point (x. .,y. .) and the accuracy is:
1,]7°71,]

_ 2
ZV-AX = 0(h")

d

i,]

J(u,vyd) = 0 =
A

3+27/3

)
12 "y :5/3, ;- 5/3,3.8/3 _3,. 8/3
B v el P T T TR R B 5 M i 5 a2

( .5/3,3 8/3_35_1)8/3,

Vi+l,j-vi-l,j)(_23 +5(3+D) T

(3c)

5/ 5/3,3

( S+3-0° %3G D

(3 8/3_358/3,

Viel,G-1"V1, 31

( 1) SR I ¢

Yi-1,3+17%i,5-1 Ui, 341 %541,5-17
The scheme (3c) approximates the equation uy = Ny, At the
mesh point (x. .,y. .) and the accuracy is;

1,]7°71,]

- i
Uy = Yy = 0(h")
Remark:
For an interior point (x,y) the accuracy of the equations

(2a)-(2¢) is 0(h?) only if we assume that the value of j

is sufficiently large. This can always be achieved by taking

smaller values of h, because y = (%hj)2/3 so j increases

if h decreases for a fixed interior point.




B. Boundary Points for the Cauchy problem

In this case Fm = Flufz and we have the following

functional

Jl (U X)) = JJ[yuz-v2+A(uy-vx)]dxdy + J A (udx+vdy)
D I‘IUI‘2

mesh points on Tl 03 = =N

(- V,‘YA)
My
(‘MQ ‘”fﬂé)

) (=W )

: Jl(u,v,x) = 0=
-N,J

3 H/3 18 1.7/3, 10/3 3 10/3, 27jl3/3 13/3

PR (TRTRLC i R v LEASD 130 STagratay

i (=3773.9518/3, 9 (s 1,

i 13/3,_9
-N+1,5°7J 657 130

*130

4373

—=7(j+l) )

13/3 13/3
+ u-N,j(—J T )

7/3 3( 1)10/3_%j10/3 -13/3 18( -3

g, .
653 55 tas(itD)




-~ 13 =
1.7/3,1 273, 8,0 2 20/3 3.1078
U—N+1,j—l(2] t2(3-1) 7" THgli-1) ~10J )

e n RS 10/3,_3:10/3,_27,.
U—N,]—](§(J 1i7) ( 1) lOJ 130(]-1) 1307
(A &) ) + (A S RS R B

-N,j+17"-N+1,j-1 -N,j 2 .

The accuracy is:

2yu-A_ = 0(h)
yu y

VoON,j+1

-

VoN+1,7

V—N,J

VoN+1,3-1

\'

1
H[

@)

'Naj'l

(¢}

G|

.(=2]

=N+1,j

=N+1,j-1"

(-23

5/3 3 8/3 j8/3

((3-1)

-A

5/3 338/3 3( +l)8/3 27311/3 27( +lll/3)

2 I

11/3 11/3

1) )

5/3 9.11/3, 9,.
e tepli-

9,
+EE(J+1)

11/3, 8.11/3

-3(3- 13% -—%cj-l) =

((3- l) Ly (j -1)

§5/3,3 8/3_%j8/3)
543, +33- 1)8/3+%j8/3+%%(j_1)11/3_%%j11/3

TS 23573, 3( +l)8/3_:;._ 5-1)8/3)

.5/3 5/3 3(3 1)8/3_%j8/3)

A-N,j-l)( +L3=1)

2

9
+77(j+l)

)

1378 27 13/3)]

L/

)




Pt T
Accuracy: 2v-2, = 0(h)
J J]?u,v,A) = =
AN | |
u . +u .
¥ _o=N,j-1"Y-N+1,3-1
O PR oI IR L R e =
32/ 3
() 5/ 8
- 18, & > 3 aBra s BIY Fea WD
T W [(V—N+l,j V—N,j)(-zj +§(]+l) -g(:]"].) )
i 3 1678, s 146/8,8,. -\B/3_3:8/3
| + (V¢N+l,j—1 VﬁN,j—l)(] +(j-1) tr(i-1) -3 )]
{
'a
Accuracy: u_ = v = 0Ch)

And similarly for T
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Linear Triangular Elements near the Parabolic Line

To avoid the inconsistency near the parabolic line
for small values of j, (near j = 0), we must change
the trial functions near the parabolic line for the same mesh

points

x
n

(i+-;L)h

<
n

.
14 ¥y = Gghld

and take ordinary triangular elements with linear variation in

¥ and y, and linear approximations to 'y and T, near the

parabolic line.

Let the approximated domain be D, and the approximated

characteristics, T, and fz.

Fer 7 .« jo the trial functions will be linear in x,y.

For j 3 j; the trial functions will be linear in &,n.

The variational formulation is:

Jlu,vyd) = Jf[yuz—v2+k(uy-vx)]dxdy + [ A(udx+vdt)
D T

For j

W

j0 + 1 all the elements belonging to the mesh point

(i,j) are isoparametric, so the schemes are the same as in

chapter 3.




For j = ]0 the trial functions are linear in

linear in

For 1 % jo - 1 all the elements belonging to

ordinary triangles.

A) Interior Points

e A Y
Cfxq
; Li -
%i (u,vyd) = 0 = ‘8.4 s W L
e 051

we (G 3, Youd(s /34 (541)

£,541"%-1,5+17°18 5

/3 1.2/3

+ 3 G- P23

U141,57%1-1,3 5

9.10/3 27.13/3, 27,...13/3
35 “§559 tygs(ItD) )

E,n fo

x,y for

(i,3)

T g0 3 g 1y R0 3

2/ 3 3773

r

are

)
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g R 3T2/8 34773 -~
b g2(5e0) 103, 21513/3_ 21 (5,,138/3,
L T SE IASIC IS DAY
# Wy 5010 gad? Y SRy ey )
gz > CuyvaX) = 0 =
1,3
(Vi,j+1+"i-1,j+1)(3 53,3 (541)8/? 2838/3(._*1.)8/3)
g e _1’])(__32/3 _l%(jd‘)zm_gss_j5/3_7%3.8)3_%3.11/3
+ 2L+ 1173
TSI YOO LN ST NE TR 153( +1y /3, 21,1173,
(1b)
+ (Vi,j i41 5= l)(gjz/3 %—( LR
= 5LOG 5a17hio1, 5000 @3 243G Y 335873 80541) 873
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- 18 = 1
]
- L.2/3 %, 2/3
* g4y 5.17R 510 (F ~gt3=12"" T4
R A) = 0
. (Uv,d) = 0 =
Ly
v (273 3,.5/3 5/3.3.8/3 3 8/3
L . . foe ] ~=2(1
hl/3 [(Vi,j+l_vi—l,j+l) E—(j +(j+1) +5d u(j*l) )
1
DaZ/ 3 K, 273 325/3 19843 . 9. 8/3
% (vi"’l,j—vi—l,j)(-?j _B—(J—l) -} ~5g) +m~(j*l) ) le)
b ab . B
('Vi+l,j—l-vi,j-1)(§ G -(3-1) )] J
& (ui-l,j+l-ui,j-1)+(ui,j+1-ui+l,j-l)
2) 11 < - jo -1 £.4"+4 i‘j”
4
L-‘,'a VH:J
3J Yoy
s (u,v,1) = 0 = i L4l,d-l
1,] 0&
a3 2/3 2/3
- [u, «C05#202732¢3-102"330803+2) % 2400 3-122 3424327 %)
LD 1]
& 213k 273 . A 278 na 2l
+ (ui+1,j+ui_l’j)((j+l) -(3-1) )((j+1) +(3-1) +33 ) (2a)
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LR 4/3
+ (ui+l,}-1+”i,j-l)5(J -(j-1)
i T e T D T S G PR
9J
R (u,vyad) = 0 =
o]

: 1 i 213 4 2/3
(dvi’j+7vi+1’j+7vi_l’j)((j+l) -(j3-1) )

: 2/43ve2 /3
T e LD R

£ 278 s 273
+ (vi,]-l+vi+l,j—l)(3 -(3j-1)

. o . 2/3_52/3
" B ALt e RERERETE S0

413 2h8 pu_q42
LTRSS L S it Y

« 273
‘3542,35-1724,5-1

3J
an

. (Uyvyd) = 0 =
1]

3,2/3
()

2

BTSN SR Ll

1052/ 3 4-212%"%y]

. ks y 28,
3 —;T7§—— [(vi,j+1—vi-l,j+1)((3+1) -j

(2b)

l
l
|
i
|
|
\
{




= GG =
. 2/ 3 . 2/3

b (Vj+1,j_vj—1,j)((J+l) -(j-1) )
v (v )(52/3.¢5-172/3y

41 ,9=1"" 3 . q=1

( (

“i-1,5+17%,5-10 (U3 5017 Vien, 510

Taylor expansion gives that the order of the equation is:
2 < .

GCh™) for 3 4 Jg = 1

G ChY for § = jO

for sufficiently large values of j. For small values of

accuracy of the equations can be less.

j

(2¢)

the



EEE————

= o=

B) Boundary Points for the Cauchy problem

FiCu,v,d) = Jj[yuz—v2+A(uy-vx)]dxdy +

B r

a) mesh points on T

-3 = dp
(?vsx*)
2 T (u,v,A) = 0 =
Ju 1 22 i
-N,.
L33 /3 S8 9.10/3 10/3
6+ (Fh) [u_N,j+l(lTJ t3%d ( +1)
Lo/g L 1t =278 2/°3
+ u-N+l,j(~TEJ —Eﬁ(J-l) -5 (3-1)
3.7/8 98.10/3 27-13/3 27 13/3
1) C7ed taTed tatoldtD) )
J:8/3 ‘L /3.  2.2/3 75 2/3
+ -N,](loj Tﬁ( j=1) 1—5] (]-l)
3,7/3 9:10/3_ 27-13/3 Sk L3/3
1 2/3 L 2/3
U-N+1,j-l(l2j 2(J—l) )

i

A (udx+vay)

14T 5
81.137/3 .81 13/3.
*3109 ~gTo¢I*L) ’

(3a)
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IR i S W/3, 1.2/3,. 2/3
u—N,]-l(§aJ —73(]—1) ted j-1) )]

% oo .
(% R R T o S 2‘N+1’3‘1

-N,j+1" " -N+1,5-1 =M .3 )

. Jl(u,v,A) = 0 =

av_N,j
V—N,j-l(igj 32258/3,20(541)8/3, 28341173 23 ;,1,11/3,
i 1352/3 15 1)2/3_l%j5/3_%éj8/3_1%%j11/3 81(541)12/3)
. v_N’j(—2j2/3-2(j 1)2/3.3655/3_2138/3 BL311/3,8L5,1,11/3) (g,
VoN+1,j-143 L
e (L3273 15005273,
_ %[(A-N+l,j—A-N 3 (=232/3.(3-1)2/3.1855/3_2158/3,21 5, ,8/3,
MO 5e1hon, 5000 G23-G-0 %))




D Ftiwd) =6 - 23 -
2A 5 1
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u . +u .
5 MoN,i-1"TYaNt, -0
Gy 5e27%e1, 527 0y, 5 . )

3,2/3
()
Sy 249 . o373 B BTE 2787897 0. BF3
= _}\WTKV-N"'l,j—V-—N,j)(-?J -(3-1) i i -7 +~2—ﬁ(j+l) )
; 218 L. 2B
(V—N+1,j—l_v—N,j—l)(J -(j-1) )] (3c)
4) L ¢ 7 % jo -1
(-v,&u)
(=N -N+ﬁ&)
T4
x -4
(_“.8_4) Ni“o‘ )
3 -
57 'Jl(u,v,)\) = 0 =
=N,3
3.\ 4/3
e (2044143 54 8,4 0F8 a0 213y
10 -N,j+1° 4] J ] J
b Uy L CEERT eyt Vg g can iy 87 Lag B Riaag ) B Sy
= 5]
N Ee A R IS DA S S I AR LA LGS PLASII (Y
2

5t (5473 4/3

-N#1,5-1 ==} =)




B .

- A

uy 4op 023" e 232 80500235,

il :
RS ERs v ‘_*_ng-l A_N+1)3-1)
=N,j+1 "-~N+1,j-1 -N,j 2

3;-—f'J (u,vyd) = 0 =
_=N,J

14 : PAES T P < 248 4. 23
ARt IRTOLUG L Iats ALY VAR (S LS DA SIC IS PR

2/3,52/3_5(5.1y2/3y,, (52/3_(5-1y2/3,

+
b -N+1,§-1"J

N, 3¢+

e | $2/3_ (5

2/3
VN, 5-1 "3 :

-1)

23 2/3

ELCA Y YO )

e |
AN+1,370-N, ] Speds

.2/3
Ne1,5-17Aon, 5210 430205 i L

0

R J (uy,vyd) = 0 =»

9A
'N,J

u s +u 3
N _ =N,j-1 "=N+1,9-1
(u-N,j+l u-N+l,j—l)+(u—N,j 5 )

-—7f7§—-[<v_N+l 5voy,5) (#1273

2/3

-(j-1) )

O79 on on2/3
(V-N+1,j-1'v_N,j_l)(J ~-(j=-1) )]

(4b)

(4e)




O

b) mesh points on the parabolic line: j = 0

((..‘4:‘)

and

gi (usvs,d) = 0 =
i,0 .
WELZ
—~—;T7§— [(Vi,l-vi-l,l)+(vi+l,O-Vi-l,O)]

= 2 +u. - y +u. .
3(u ul—l,l) (uul 0 u1-1,0+u1+1,0)
This scheme is consistent and the order of the equation is:

=t 0(h2/3)

y
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(=v4)
(i,7) = (-N,0) r
(—".o (‘N44,°)
U_N,0
and
v ¥
~N,0 are given
aiJ (uyvyd) = 0 =
-N, 0
3.2/3
‘3 ( : g u—N,0+u-N+l,0)
173 VeN+1,0"V=N,07 © ‘Yon,1 2
u. = v F 0(h2/3)
(M-4,4)
1,53 = (N,0) -|:,z Un,o and
Uy,q is given
N,o0)

(N—10)
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Comparison of the Approximations

type of linear in £,n in linear in x,y in linear in §,n
~dpproximation @ll the elements all the elements for yYs

) linear in x,y

for yxy.
- o s — - J
0 6 51, 2v. #0CHY %) g sw +0tHe %) u_=v_+0Ch?’%)
y x ¥ %X y o x
l u =0.88v_*0Ch2’ ) uw sv +0(n?’d u =1, 000w
y x y Vx y X
+0(h2/3)

One can see that if we take j0 = 1 we can already get a nearly

‘ consistent scheme:

; u, = 1.01hkv  + 0(h2/3) for 4§ =

i

j0
2/3

30 only for very small values of h for which h << U.01 1%

15 worthwhile to increase the value of

ig:

P g e e ey ——— —
\ . \




5. Cauchy problem for the Tricomi equation-Local Formulation

A) Triangular Isoparametric Elements

We divide the domain into triangular isoparametric
elements and take the same trial functions as before.
Let E'*J be the element bounded by vy = ¥5.1 and the two

characteristics Si’J and S;’J which intersect in the mesh point

(xi,j’yj):
Si’j C n = ih (‘.'la‘) 13
b € i
1,3 Sﬁ‘ Sy
8% 1 £ = (i+j)n
2 .
e +4, 1-4
Y )) h W‘;{ 9 )
Ste 1 G = By e 2N)

We assume that the solution (u,v,A) is known at step j-1,
so the problem is well-posed in element E'*J with the free bound-
aries Si’] and S;’j. We take the variaticnal formulation in

every single element

Ji’j(UaV,A) = JJ [yuz_V2+}\(uy—Vx)]dXdy

pvd

+ J A(udx+vdy) i==N,y...4+N=J
1yjyqisi
Sl 082

and we assume that A is kept fixed on the free boundaries.

O e ——— e e —————




e

%E—~TJL’J(U,V,A) = 0 =

140 .

(En*/3.13 ui,j(j7/3’ 3(5-1)10/3_8510/8_215_,,18/3,21,13/3,
+ (ui,j—l+ui+1,j~1)(%(j"1)7/3+%(j'1)10/3 331073, 205_1,18/3

- At
"By £ L e =L (1a)

S gt du,v,) = 0 -
1,)
=0/ 3, 8/3 8/3 27 ll/3 27 10/3
Vi,j(2J -7(]-1) ~3j 55( -1) t55) )
C 548, 34 8/3 3. 8/3 24 2178 27.11/3
+(vi’j~1+vi+l,j_l)((j—l) +5(3-1) & e~ -5 )
1 : 5/3 5/3 3 8/3 3 8/3
= = =X o - 1b
F541,5-172,5-1(G-D) 3= (1b)
3 gbdu,v,a) = 0 -
il
2/3
L1 ) : ( )
- wdkad=l 341 0=1 _ 10, = 5/3
o M, Qafeasmy s ‘;T7§ Vie1,5-171,5-00 G HGD°
+ 2(3-18/3 - 35873, (1c)
The solution of step j-1 gives immediately vVii (1b) and Ui 3 (lc)
’
and substituting u, . into (la) we get A, ..
'LQJ 1,)

" = ST N i ————




AR

Step 0: the parabolic line

g«
ui,O and vi,0 are given.
(40) (1+4,0)
v is not known.
i,0
3§——— Jl’l(u,v,x) = 0 =
i o0
35 02:/°3
R i 71 ok P O s ey fhes
i,1 2 7 S i i+1,07Vi,0 -
On the other side (lc¢) for Jj =1 will give
,i Jl’l(u,v,A) = 0 =
s 0%
Wy WL (ih)?/3
u, o - 220 373,80 . B 3 (v s o) (1ii)
Tyl 2 10 h17§ 1EL 0 1,0 '

ui,O,ui+1,0’ vVi,0° Visl,0 are known, so (1i) and (1ii) give a

different value for us 4 and Ai 0 is still unknown. So we
b ] b ]

cannot take the variation of A on the parabolic line and must

get the values of Ai 0 in another way:
.

The analytic connection between A and v on the parabolic line
18

2v = Ax.

So we can get the values ¢ Ai 0 by numerical or an:lytic inte-
9

gration, because we know the values of Vioo
9




ey, —— e

. ——

B) Linear elements

For . 7 3 jO the elements E¥’J will be as before (triangu-
lar isoparametric and the trial function linear in §£,n.
Eon 7 & j0 the elements E'’J will be ordinary triangles

bounded by y = yj-l and the linear approximation of the charac-

teristics ii’J and §;’] which intersect in the mesh point
( S
*1:39
..)
(4
Step i (3 = 1,...,3,) *

We assume that the solution (u,v,A) is known at step j-1.

We take the variational formulation in every single element

Ji’j(u,v,x) =

ol —

I [yuz-v2+k(uy—vx)]dxdy + f A(udx+vdy)
i,j ‘isj "iaj
Sl U82

i==N,y...,+N=j

AR . i DR —




and we assume that X 1is kept fixed on the free boundaries.

— jL’J(u,v,A) = 0 =

S w2 3 2288 2/ 3 1l W2/ . 2/3

(7h) « (] -(3-1) )'Tﬁtui,jcsj +4(5-1) )
o 2/3 . 2/3
+ (Ui,j—l+ui+l,j—l)(2] +3(j-1) )1
. H\s .

= ek Akl -1

“l,j 2 (2a)

3 7, )
el (uyvyd) = 0 =

1s])
2V + v $ = Z(A. =) TR ¢2b)
g 1,3=1 I Lyn=1 h ttlyg=1 "dyg<~l
o 'ia..l( o
. . J UsVaAd) = 0 =

147

3:2/83
5 I T y (=)
_  La=d A Loe} . W :2/3_ . 142/3 g
L 7 v R e R T el ST
(2¢)

We get again 3 explicit equations for ui,j’ vi,j’ Ai,j'

A i - — —p— —




- A -
Step 0: The parabolic line
Ui o and Vi,o are given (L'
ziA4
i = -N,...,N~1 E™
[ &o0) (c+,0)
P -
. Fhad (u,vyd) = 0 =
oA .
L)
3.2/3
u — ui,O*ui+l,0 = (E) (V —~X) ) (2)
i,1 2 173 i+1,0771,0 "
On the other side (2¢) for Jj = 1 will give:
2 P
3y 2/3
L e (=)
- kel EF¥L 0 . B . %o
i1 7 e v g ST X

which is the same scheme as (2i).

) - o »
;7 Pl el | TR
140 1s1

functions are linear in x,y in every element so uy and v, are

i 1yl ; .
w ? give the same scheme because the trial

constant in every triangle.

In order to get the values of Ai o Ve integrate the equation 2v:)\x
b

as in the case of the isoparametric elements.

e - - — ——




Numerical Results

In the step-by-step method we must store only 3¢<(2N+1) values,
where 2N+1 is the number of points at the parabolic line. So
we can use very small values of h and get any accuracy of the
solution we want in condition that the solution converges.
Numerical examples are given in figures 2, 3 where the results of
the following methods are compared:

1) The analytic solution

@ 3n+1l
v o . = 1 1
Piguve 2: wl%,y) = sinhx(y +n§1 Gnf)3n03n-2) . .3
oo 13]’1 !
vix,y) = coshx(l + ) Frgmm—ay—a—7)

1

Y 3n
s )y
A(x,y) = 2sinhx(1 + 1 3n(3n_2y.._u,—§)

6%

3y2

t

Figure {1: u(x,y)

]

vix,y)

Alx,y) = 6xy2

2) Solution of the Cauchy problem in the total hyperbolic region
where the elements are isoparametric rectangles bounded by the
curves §E=const and n=const and one row of isoparametric triang-
les adjacent to the parabolic line, and the trial functions are
bilinear in §£,n in the isoparametric rectangles and linear in

£,n 1in the isoparametric triangles. This method is demonstrated




by Yaniv [1].

'y Step-by-step method with isoparametric triangles and trial

functions which are linear in £,n 1i.e. =a

jO
4) Step-by-step method with linear corrections near the parabolic

line. = 1 was taken, i.e. in one row the trial functions are

jO
linear in x,y and in the others linear in §&,n.

5) Step-by-step method with trial functions linear in x,y in the
whole hyperbolic region, i.e. j0 = 2N.

Initial values are given for u,v and A in all tﬁe methods des-

cribed above.

In both examples every second step is noted (j=0,2,4,...,12).

e ———
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RN 1 1 T
-dnalytic:3y h=z= h==— he e _l__

5, T T b 12 24 h-48

0.1875 0.000 0.149 0.166 0.176

39 0.47% 8. 325 0.418 0.443 0.457

0 0.811 0.570 0.745 0.776 0.7925
63 k-5 1.05 115 RS I
731 1 603 1.33 1.52 1.559 1.580
0.825 2 04l 1.878  1.955 1.997  2.02
9] 2.511 2.21] 2.415 2.460 2.485
1 00 3.000 2.811 2.899 2.947 249725
1.08 3. 510 3. 190 3.404 3.455 3.481
1.16 + 040 el 3.929 3.982 4.01
L, 2 4,587 4,248 4.47 4.527 4.556
1 & LS 4.926 S0 5.08 S.l?
lable 1. analytic solution u = 6x
v = 2y2
A = 6xy2

'he table shows the numerical results for v for
different values of h 1in the step-by-step method

with trial functions which are linear in x and vy.

Convergence 0(h) 1is demonstrated




RE—

Eegg

v Cauchy in Cauchy in Cauchy in
x v-analytic=3y every triangle every triangle every tri-
) linear in £,4n linear in angle lin-

Esnlx,y for j=1) ear in x,y

0 0.000 0.000 0.000 0.000
1500 0.1875 0.000 0.000 0.000
2 0.472 0. 395 0.384 Ok 275
3 0.811 0.56u4 0.568 0.870
i L.19% 1.075 1.064 15053
5 1.603 1,320 1..321 1.329
6 2.04Yy 1.902 s 89 1.878
7 2,510 2.200 2. 201 2.2
8 3.000 2,837 21825 2811
9 3.510 3.178 3.178 8. 190
10 4.0u40 3.858 3.846 3.831
111 b.587 4.235 4.236 4.2u48
12 5.151 4.954 4.9u2 4.926
Table .2: Numerical results of v for j=0,1,2,4...,12,
h =g
analytic solution: u = 6%
v = 3y2
A= 6xy2

Nonuniform (i.e. oscillating) convergence is seen.

e v N - - -
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FINAL REMARKS

Tricomi's problem, with a view of application to transonic
flows and nonlinear generalizations, has induced much ingenious
effort, with the progress attained ever increasing. A few prob-
lems, however, need further clarification. Unresolved problems
exist regarding the local behavior of approximations near the para-
bolic line, the local behavior of weak and strong discontinuities
(is a local loss of accuracy inherently unavoidable?) and the pos-
sible pollution of the whole field by local errors at boundaries
and non-smooth regions. Further clarification is needed with regard
to observed local numerical phenomena (e.g. decSupling of points,
local under or super convergence and accuracy) and to a better
understanding of numerical procedures at the parabolic (sonic)
and discontinuity (shock waves) lines. Possible improvements are
sought, trying alternatives to finite difference methods (e.g.
Murman-Cole) and classical weak solutions (e.g. Friedrichs) via
new formulations as the one proposed here, and finite elements
following the inherent structure of themathematical field (grid
of characteristics, where real).

The results above are rough and exploratory. In view of
new ways, further work and the generality of the underlying formu-
lations, both analytic (variational) and discrete (characteristic
grid with local treatment where needed) are indicated, addressing
the questions above. Extensions at work are to 3-dimensional lin-

ear Tricomi-type problems, and to nonlinear mixed type equations.
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I. Introduction

Systems of nonlinear conservation laws, of the form

(1.1) u, + f(u)_ =0
T X
with u,f n-dimensional vectors, are said to be hyperbolic
in a region H (of u-space) if for every u€H, the eigen-
values of fu(u) are real and distinct. For example, in

the system

P = %, = 0

(1.2)
2 »
9y = (p )x = @ .

H is the half-plane p > 0. The system (1.2) will be adop-
ted on a prototype problem for the present discussion, as it
arises in various applications [14, 15].. In the case p > 0,
theluniqueness of the solution of the Cauchy problem for
(1.2) is obtained in [15].

Some systems of conservation laws admit an entropy func-

tion, i.e. a convex scalar function U(u) such that [6,8]

(1.3) Fu. = F




(1.4)

(1.5)

€1.6)

S he s

for another scalar function F. This is true in particular
for pairs of equations and for some larger systems, such as
the equations of compressible fluid flow. Multiplying (1.1)
by U, and using (1.8), it follows that smooth solutions of

(1.1) satisfy an additional conservation law
Ulul, *+ Flul, = 0,

For a given system one typically looks for fhhctions U
satisfying (1.4). Alternatively, a differential equation for
U may be derived from (1.3). For example, multiplying the
fivst equation in (1.2) by p2 and the second by q, it

follows that (1.4) holds with

8 2 7
5
Uip,a) = P/  + 3 y,, ¥ip,) = -pq.
We emphasize that (l1.4) does not hold in general for
weak solution of (1.1). Nevertheless, there are (for our

purposes) two important implications of the existence of an
entropy function. One is the existence of a change of vari-

ables, given by [2]

v = Uu(u)

S
Sand shadunties

mfihen
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which puts the system (1.1) into generalized symmetric form,

[31:

CE.7)

where ¢,V

(<I>V(v))t + (‘Yv(v))x =0

are scalar functions of v. -In fact, ¢, ¥ are

given explicitly by

(1.8) ®(v)

= usU (W) - UCw), ¥V = f(u)-Uu-(u)'— Plul;

assuming that all the indicated derivatives exist, then diff-

erentiation of

(A2,

(1.8) shows that

u = ¢v(v), flu) = Wv(v)

which establishes the equivalence of (1.1) and (1.7), even

for weak

obtain

G ),

¢1.11)

and from

solutions. For our example (1.2, 1.5), we readily

d(v)

(1.7},

h et (Baa’) - (Pzaq)Ta

2v3/2 , 1n2 "y
537 . 5d°, ¥(v) = -pq,

"
w)
ko)

the corresponding symmetric system is




froox 1 /2 A e
(p)t ok 0
(1.12)
n n
9 F, = ¥

Even for smooth initial data, the solution of (1.1)
is not unique; the convexity of U 1is used as a means of re-
moving fhe nonuniqueness. We suppose that u, a weak solu-
tion of (1.1), is the limit as € ~+ 0+, boundedly in meas-
ure (two-dimensional measure in the x,t plane) of the solu-
tion u of

€

€L.13) u, + f(u)x = en

E > 5 gl

the solution of which is smooth. Multiply (1.13) by ¢U,,
where EEC: is a nonnegative test function of x,t, and

integrate over x,t. After partial integration we obtain
-JfU(ue)(bt +‘f(u€)¢x = -CJJUE’X-(Uuu(ue)uE,x)¢ + € IJU(UE)¢XX.
Passing to the limit, we obtain, using Uuu 2 0,
(1.1u) U(u)t + F(u)x <0

in the sense of distributions. When f is genuinely non-




G

linear [7] the entropy inequality (1.14) 1is equivalent to
the classical entropy condition for weak solutions of (1.1)
[9], at least in the small; the theory is extended to include
strong shocks in [11, 13]. Such entropy inequalities are
readily incorporated into difference schemes, including such
schemes to automatically select the physically correct weak

gsolution [5, 8, 10, 12, 13].

__ i

The convexity of U 1is also related to the hyperbolic-

ity of (1.1), as shown by the following theorem.

N e

Theorem 1.1: Suppose that the system (1.1) admits an

entropy function U, convex for u€H. Then the eigenvalues
of f (u) are real for all u€H.

Proof. Differentiating (1.6) with respect to u and
(1.9) with respect to v, we have U;i(u) = ¢vv(v), where
v = Uu(u), so that the local convexity of U with respect
to u 1is equivalent to that of ¢ with respect to v. The
eigenvalues A of fu(u) are also the eigenvalues of the
mixed symmetric problem.

(Lal5) ¢ Ad r

vv vv

e
"

where r is the corresponding eigenvector. Since L is

symmetric and ¢vv symmetric and positive definite, the eig-

envalues A are real. Thus when hyperbolicity fails in (1.1),




for example we allow p < 0 in (1.2), the convexity of U
fails, and (1l.14) no longer follows from (1.12). In fact,
we may question whether (1.12) 1is an appropriate form of
regularization in this case. Even in the purely hyperbolic
case, it 1is known that different choices of regularization
can lead to different weak solutions as limits [1, 4, 16].

We can recover (l1.14), even with U not necessarily convex.
by using a regularized form of (1.7). Indeed, let v be

the limit of Ve satisfying

(1.16) (¢V(v€))t + (‘Pv(ve))x = e(AvE’x)x
where A 1is positive definite, symmetric; A may even de-
pend on Vs Multiplying (1.16) by oV, and integrating,

we use (1.6, 1.8, 1.9) to obtain

CEa17) U(u) = v-¢v - ¢, F(u) = g W

and readily obtain (1.14) as above. However, when hyper-
bolicity fails, the transformation u+v, described in our
sample problem by (1.10), is in general no longer invertible,
so that (1.1) and (1.7) are no 1longer equivalent.

These problems may be aggravated in general by the existence

of many entropy functions, each with its corresponding gen-




eralized symmetri:z system.

In crder to approximate the physically relevant solutions !
of a given system (1.1) of mixed type, we require knowledge
of how much accitional physics is needed to make the problem |
well-posed, in addition to the specification of proper initi-
al/bounda .y conditions. For example, which dependent varia-
bles should be used, which form(s) of regularization are app-
ropriate, and are entropy inequalities (1.14) sufficient?
Obviously, these questions are not independent.

In section II, we briefly review the theory of piecewise
smooth weak solutions, in slightly generalized form. In Sec-
tion III, we apply these methods to a class of problems inclu-
ding (1.2), and obtain suitable forms of regularization and
entropy conditions. These results are incorporated into a

difference scheme for (1.2) in Section IV.
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IT. Discontinuous solutions of systems of mixed type

We next consider systems of the form

CZ2-1) g(u)x % f(u)y = 0, u€D = HUEU(3HNIE)

which are hyperbolic in H only. For example, we rewrite our

model problem (1.2) in the form

(p2)x-q =0

(2.2)

Indeed, we have in mind primarily the case that (2.1)
is a pair of equations, and is elliptic in E. Thus in
(2.2), H(E) 4is the half-plane p > 0 (p < 0).

A system (2.1) will admit an entrépy function if there

exists a vector w(u) such that
T i g
€2.3) gu(u)w(u) = Uu(u), and fu(u)w(u) = Fu(u).

As previously, the existence of an entropy function im-

plies that the system can be put in generalized symmetric

form; setting
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(2.4) d(w) = g(u)ew(u)-U(u), ¥(w) = f(u)*w(u) - F(u),
it follows from (2.3) that

(2.5) ¢w(w) = g(u) and Ww(w) = f(u),
so that (2.1) 1is equivalent to

(2.6) (¢ (w))  + (\l’w(w))y =0

as long as the mapping of D+R determined by u-+w(u) is
invertible. The convexity of U (with respect to u) and
of ¢ (with respect to w) are no longer equivalent, how-
ever.

Our example (2.2) is already in symmetric form, with

(2.7) u= (e’ e = p%y 4 d¥/,, v = -pa.

Thus we may set u = w and find U,F from (2.4), ob-

taining

(2.8) U = 5p° + %—q2 , Fu)

-Pq.

However, there are other possible choices, for example




3.3 2 2.5.8 29 =

(2.9) w = (p +%q . 3p2q)T, G(U) = EP *3P7q", Filu) = -p3q-%q3.
Corresponding to this choice of w, there is a symmetric
form (2.6), with ¢(w), ¥(w) obtained from (2.4, 2.9).
Thus for the pair (1.2) we have three possible entropy func-
tions: ﬁ, given by (1.5); U, given by (2.8); and G, given
by (2.9). More could be constructed. U and ﬁ are convex
in H; U is convex when P > (%qz)lla. To each entropy fun-
cion corresponds a choice of dependent variable (1.10), (2.7)
of (2.9), and a corresponding symmetric system, two examples
of which are (1.12) and (2.2). These systems are all equi-

2)1/3; the two systems (1.12)

valent in the region p > (%q
and (2.2) are equivalent for wu€H, but not for all u€D.
To decide which, if any, of these systems can correspond to a
well-posed problem, we consider weak sélutions containing
shocks.

For a specific choice of dependent variable, denoted by
W, we consider our system in symmetric form (2.6). Let us

assume that w has an isolated discontinuity, along a shock

curve in the x,y plane, described by
(2.10) -sin6dx + cosédy = 0.

Equation (2.10) corresponds to s = tan®, where s is

e v e —————— e ——— S——
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the shock speed, in the case where x 1is a time variable.
However, in systems of mixed type, infinite shock speeds are
possible; thus the polar representation.

The Rankine-Hugoniot relations, expressing conservation

of material, are

(2.11) —sin6[¢w] + cose[Ww] —

where [ ] denotes the jump in a quantity across a shock, as

usual. At any point w, the characteristic speeds tan ns;
and corresponding eigenvectors rso i=1,...,n, are given by
€2:.12) cosn, Www r, = sinng ¢ww r:;

the system (2.6) 1is hyperbolic at w if the n, are real
and distinct, and elliptic at w if the n; are all com-
plex. The system (2.6) is hyperbolic whenever ¢ is
locally convex. Assuming that ¢ is locally convex for all
w€H, and that H 1is a convex region (of w-space), shocks of
infinite speed, corresponding to cos6 = 0, [@w] = 0, cannot
connect two points in H, but such shocks might connect a
point in H with one in E.

Given a point Wi let P(wo) denote the set of points

in D which can be connected to w by a shock, i.e. for

0




o t—————————

which the Rankine-Hugoniot relations can be satisfied, for
some value of 0. By definition, F(wo) does not contain
wg itself. '(wy) is a family of one-parameter manifolds,

described by the differential equation

3) cosu(cosoWww(w)-sino¢wW(w))w' = o'(®w(w)—¢w(wo)),

where primes denote differentiation along F(wo), and
o = u(w,wo) is the value of 6 for which the Rankine-Hugon-
iot relation (2.11) holds between W and w. We next ass-

ume that [111]. :

(2.14) g' £ 0 fopr all wDED, w€F(w0)

where o' 1is determined from (2.13), with w' > 0. This
is equivalent to the assumption that tano(w,wo) is never one
of the characteristic speeds at wy or at w. For wE€E ,
this condition is always satisfied, as the characteristic
speeds are complex. Thus (2.14) is really only an assump-
tion about the hyperbolic region.

The condition (3.14) was postulated in [11] as a
statement of strong nonlinearity of the system (1.1), assumed
to be hyperbolic. When (1.1) or (2.1) is hyperbolic,

this condition implies the classical condition of genuine non=

——— .
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linearity [7], and is almost equivalent for pairs of equat-

tons. . For wOEH, F(wo)ﬂH consists of 2n smooth distince
one-parameter manifolds, each with Wy as one of its limit
points, and the other limit point on the boundary of H or

at infinity. Near w the manifolds of F(wo) are in the

09
direction of - tri(wo), depending on whether o increases or
decreases as one moves away from W

For w.€E, it follows from (2.13) .-that F(wo) does

0
not contain Wy as a limit point, for if it did, at least
one of the characteristic speeds at W would have to be real.
Thus there are no sufficiently weak shocks connecting two

points din " E.

For the system (2.1), the jump conditions (2.11) are
; 22
sinf(p -pO) + cose(q-qo) =0
2«15}

sine(q—qo) + cose(p-po) = 0

where w = (p,q)T, wy = (po,qO)T. From (2.15), we readily

obtain,
( y ool b 2
(2.16) sin 6(p+p0) = cos“0,

so that p+p0 2 0, i.e. there are no shocks connecting two




R ——

points in L. Below we show F(wo) for W, in different

regirons.

A"%

al
A % i
‘;\\_~_A’,/’ 5 '63 P

rig. 1 l(wo) for WOGH (p0>0) T(wo) for wOEBHHBE(pO:O)

F(wo) for wOGE (p0<0)

Corresponding to the symmetric system (2.6), there exists

an entropy function

- S |




€2.127) U(w) = wed -0, F(w) = we¥Y -Y¥; l
w w

the entropy inequality (1.14) 1is equivalent to regaining

that ({81
(2.18) -sin0O[U] + cos6[F] < 0.

For shocks which are limits of viscouc profiles, obtain-
ed by regularizing (2.6) as in (1.13) or (1.16), (2.18) !
holds with strict inequality. In the simplest case, when the
right side of (2.6) 1is replaced by a secénd directional de-

18

rivative, the viscous profile between two states w_, w,,

the solution of the system of ordinary differential equations

dw _ a
- -olno(wl,wo)(¢w(w(z))-¢w(wo)) +
+ coso(w+,w_)(Ww(w(z))-Ww(w+)),

(2.19)

w(+mo) = W, s W(=®) = w_

Let us examine the implications of (2.18) as applied

to the system (2.2), utilizing each of our entropy functions.

With U,F given by (2.8), we use the jump conditions (2.15)

to obtain |

I .= -




€2.20) -sin6[U] + cos6[F] = -%Sino(p-po)3
which is the entropy jump in a shock connecting two states
(po,qo) and (p,q). Thus for this entropy function, we see
that (2.18) implies that either that portion of T(po,qo)
to the right or to the left of the line p = Py is admissible,
depending on whether (po,qo) is the upstream or downstream
point.

The entropy function (1.5) was obtained with the vari-
ables x,y switched, which is equivalent to switching Y and
¥. Therefore to compute the entropy jump in this case, we

compute
’ M N1 = Ls; 2
$2.21) -sinf[F] + cosb[U] = z5in6(p-pg) (q-q4).

In this case, either that portion of F(po,qo) above
or below the line q = q is admissible, and possibly the
shock corresponding to p = =Pg» 9 = 9qg-

Finally for the entropy function ﬁ, given by (2.9), we
obtain (in the special case qq = 0)

~ ~ ')
(2.22) -sin6[U] + cos6[F] = —%asine(p-po)s(up‘+2pp0-pg),

and the curve D(po,qo) is divided as shown in Fig. 2, the




solid or dashed portions admissible depending on whether
(po,qo) is upstream or downstream.

Lo+ J5 ) ﬁi l
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Fig. 2: Allowed shocks for entropy function U
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[TI. A class of pairs of mixed type.

We consider the class of pairs of equations

E'(p)x-qy = 0

¢3ed)

which corresponds to (2.6) with u = (p,q)T

g
(3.2) o(p,q) = E(p) + 4 /> ¥(p,a) = -pq

and admits a corresponding entropy function
2
(3.3) U(p,q) = ued -0 = pE' (p)-E(p)+9 /55 F(p,q) = -pq.

As in the sample problem (1.2), which is of course a
special case of (3.1), there exist other functions U, ?
such that (1.14) holds, for example

2
(3.4) Ulp,q) = q&'(p), Fp,q) = -&(p) - 17/,

The system (3.1) is hyperbolic whenever ¢E"(p) > 0;

the specific assumptions we make on £(p) are

F ey — S LSS AR T W
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1
[
1
(3.5 ENCp) > 0, p 2 0, ENep) <0, p < O, |
J
€ 3.6 (S om0 S o T~ 0

the assumption (3.6) assuring that the system is strongly

nonlinear in the sense of [11] in the hyperbolic region.

Without loss of generality, we take £(0) = £'(0) = 0. ‘
The Rankine-Hugoniot relations (2.11), describing which

states (p,q) can be connected to a given state (po,qo)

are in this case
€3.7) sin6(g'(p) - 5'(p0)) + cose(q—qo) = 0.
(3.8) sine(q—qo) + cose(p-po) = 0.

From (3.7, 3.8), it is clear that there are no shocks
with 6 = 0, but shocks between the elliptic and hyperbolic
regions with 6 = in/2 may exist. From (3.2, 3.8), we easily
obtain

' = 1
E'ip) j (po) 2

(3.9) = got 9 3 03
p'po b i

since the elliptic region (p<0) 1is convex and ¢£'<0 there,

we have




Theorem 3.1: There are no shocks connecting two states

in the elliptic region.
Let us therefore take (po,qo)EH, qq = 0 without loss
generality, and ask about the shape of the curve F(po,qo).
rom (3.6), we know that 6' # 0 (prime denoting differen-
tiation along T) on each branch of F(po,qo). Then from
(3.8) we have

Theorem 3.2: Each branch of of F(po,qo) is star-

shaped about the point P19

It follows froa (3.6, 3.8, 3.8) that for p < Pg

=99 1/2
E3LT0) cot| = < (£"(p,))
|“* | !p_p0| & po
and then from Theorem 3.2 and (3.10)

'heorem 3.3: For (pO,qo) € H, the two branches of

Y(po,qo) initially in the direction of decreasing p must
enter the elliptic region. These two branches will eventual-
ly join (as in Fig. 1 above) if §&'(p) = &'(po) for some
p<b. If E"p) < E'(po) for all p < 0, the two branches

will remain apart, as shown in Fig. 3 below.




(3.11) -sinB[UJ+cosB[F]

(3.12) -sin6[Ul+coso[¥]

_Fig. 3¢ F(po,qo), (po,qo) ENHISNE BGpHE< g’(po) for all p<o0

The situation described in Fig. 3 can only arise for
sufficiently large Pys for small positive Pgs F(po,qo)
will be as shown in Fig. 1. For (po,qO)EE or on the
boundary between E and H, the curves of F(po,qo) res-
emblé those of Fig. 1.

The entropy inequality (2.18), applied to (3.3), (3.4)

respectively, gives

Sine[ﬁ(p)-ﬁ(po)-%-(p-po)(E' (PI+E" (py )1,

£(p)-E(py)

sine(q-qo)[—ﬁ-_—l;o—-—— - %—(E'(p)‘*&'(po))].

Exactly as in the sample problem (2.2), the entropy func-

tion U 1leads to a division of F(po,qo) with respect to

— e a— e —
i,
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P-pys and the entropy function ¥ to a division of F(po,qo)
with respect to q-9qq - Alternatively, the inequality (1.1u4) '
as applied to the entropy function (3.3) 1is equivalent for

piecewise smooth solutions to the inequality
(3.13) p. < +o;
(1.14) with the entropy function (3.4) is equivalent to f
(3.1k) q., < +oe,
It is quite natural that different entropy functions
should give different admissible shocks, as they correspond
to different forms of regularization of (3.1). The system

(3.1) 1is already in the symmetric form corresponding to U,

L and so any regularization of the form (1.16) 1leads to

(1.14). The symmetric form of (3.1) corresponding to U
given (3.4) involves the transformation B = £'(p), a = q,
which is not invertible when p can ~hange sign. Alternati-
vely, we could obtain (1.14) for Uy by a regularization of
(3.1)

£ (P 0y * Gy

(3.15)

9~Py = (E'(P))




4

- 64 -

which may or may not be physically reasonable. Some knowledge

of the physical dissipation mechanism is necessary to choose
the correct form of regularization and/or entropy inequality.
In view of the results of [1l, 17] it seems likely that this
is true even in the purely hyperbolic case. We conclude this
section by proving that

Theorem 3.4: The shocks allowed by (2.18), (3.3)

(alternatively (3.13)) are the limits of viscous profiles.
Proof: Let (p,»q,), (p_,q_) be two states which can

be connected by a shock, with p, > P_- -Let 6 Dbe such that

(3.7), (3.8) are satisfied (between (p;,é+) and (p_,q_)),

with sin® > C for definiteness. We wish to show the exist-

ence of a solution of (2.19), which becomes

P, -sin6(g'(p) - E[(po)) - cost (g~q,)

€316

q, -sin6(q-q,) - cos6(p-p,)

p(t») = p_, q(tw) = q_
F ks
It follows from (3.8) that q,-q_ has the same sign on
cosf, which we take positive. Let Q be the rectangle with
sides parallel to the p,q axes and (p_,q_), (p,,q,) at oppo-

site corners, as shown in Fig. 4. From (3.16) the orbit
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leaves § on all four sides.
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_Fig. U4: Existence of viscous profile

Using the strong nonlinearity condition (3.6), it is
not difficult to prove that (p+,q+) is an improper node and
(p_,q_) is a saddle, with respect to the vector field gen-
erated by (3.16) [11]. This holds even if (p_;q_) is in
the elliptic region. It is also easily shown that there are
no other critical points in §, so that the orbit entering
the saddle from within @ must have come from (p,, q,).
This completes the proof, and also shows the uniqueness of

the orbit up to translation, as desired.
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IV. A difference scheme for the small disturbance problem

: In this section we utilize the results above to construct
a finite difference approximation to (2.1), which automatic-
ally excludes unphysical solutions and whicﬁ approximates
(2.1) to second order in the mesh size even when the solu-
tion is not smooth. The geometry, boundary conditions, and

assumed form of the solution are shown in Fig. 5,

/'—\
,/r7i)shnk

L ey
Fig. 5: Transonic flow problem

in which Py > 0 and the smooth function ql(x) are given.
We assume that the solution is piecewise smooth, and of boun-
ded variation in x, uniformly in y. The shock curve will
reach the x-axis in general, but we assume that it does not
reach the lines x = L or x = 0.

 k k+1/2

The discrete variables pj, qj+1/2 are oriented as

shown in Fig. 6. The q's are oriented at the 0-points




et

k+1/2

and qj+l/2 is our

Ay
—“*'-",THL ui
& OI
H b 3 11711
4»‘?1 .
-Kw | D xLl e
(3 T 3=m =
il

ig. 6:  Mesh point orientation

approximation to q(x,y), for x,y in the rectangle
jAx<x<(j+1)Ax, kAy<y<(k+l)Ay. The p's are oriented at the

x-points in Fig. 63; however, their interpretation is more

e

complicated. Let

k AR
(h.1) uj+l/2 = 7(pj+pj+l)’

then in the rectangle (j-%)Ax<x<(j+%)Ax, (k-%)Ayiy‘(k+%)Ay,

our approximation to p(x,y) is piecewise linear, given by

g ad E ik
(]+§)Ax—x K x-(j-f)Ax

k
Ax ]uj-l/2 *a Ax ]

(4.2) PL(x,y) = [ M5_1/2"

The difference approximations determining the p?, qgiijg

are as follows:

P o e et s e e e e—— —— e -—— S ————
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K41/2_kt1/2 kel K
S ol -D -
k Q)J l/zﬁyl LE R AyJ = 0, §21,24...,M=1, k=0,1,...,N-13
| ¥ -
k 12 , k.2  k+1/2 k-1/2
(p:,+) =(p:) GRin i g
] . Ax . = _J*L/QAYJ*’l/z > O’ j:O’ M_]-, k‘o’]a .+« sN;
Kk k K k K k+1/2 k-1/2
Civa/a¥3-172° (Mag ot Wasy ptWa 1/ 9343727934172
(4.5) al == Lt i
3Ax% Ay
1 . k

R K
= cExtMi45/2%545/27 V543725543720

k

YOS 1725541727

K K
U3 1/2%5-1/2""5-3/2%5-3/2]

Er G5, Cj+l/2 = g((j+1/28x), ¢ a nonnegative CE

function chosen so that ¢ > 0 in a region containing the sh

shock, and ¢ = 0 near the boundaries in x, so that (4.5)

does not require any p-values outside the rectangle.
We first show that the difference scheme (4.3-4.5) sat-

isfies a discrete form of the inequality (1.14) for the

entropy function (2.8). Let ¢§ = ¢(jAx,kAy), ¢ a nonnega-

tive Cg test function; multiply (4.3) by

k+l/2, k+1l/2

qs Qs
ax by (21712

|l 7
J
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and (4.5) by Ax Ay pk ¢¥ ; add and sum over ],k
A2 e A 2
We assume that the discrete variables are uniformly bounded,
and use the smoothness of ¢ and the test function ¢ re-

peatedly. After several partial summations, we obtain

K K 2 k K K 2.k 3
i Wivay2) * a1 /20 M1y a2 120 PO 00
ik #
g
$341/27 3-1/2
( . )
pHL/2_ k4172 K+l , K
b Legkt1/2y2,050 3 = qg+l/2(ﬂj+1/2gﬂj+l/2)
21/ 2 Ax Sihly/a2 2
K+l Kk
LIV I w3
Ay
Kk g
5 i%k(“j+3/2(€j+3/2¢j+3/2) -
K K 1/2, k X 1/2.2
= Wi4172%54172%541720 0 T tW5i172¢85-1/2%-1727 )

+

k k
0(Ax+Ay+Ax SEP Z|pj+l—pj|).
J
The left side of (4.6) is an approximation of

[[<Gp®+3a%r0,-pas,raxay;

‘\“

o
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the right side is a nonnegative term plus a remainder which
can be made small by suitable hypotheses, as in [13]. Thus
we have shown

Theorem 4.1: Assume that as Ax, Ay » 0, the discrete

solution obtained from (i.3-4.5) remains uniformly bounded,

and converges in measure to a limit pair of functions p,q,
with p of bounded variation in x, uniformly with respect

oo

to y. Then for any nonnegative ¢ €'C0,
2 ani 2
”(<§p +359 )¢>x-pq¢y)dxdy 2 ‘0,

which is the desired entropy inequality.

Nextlwe consider the order of écquracy of the difference
scheme. In regions where the solution is smooth and which
are away from the sonic line (p=0), each of the difference
equations is clearly of second order accuracy. Thus we
anticipate no trouble from the changiﬁg of the form of the
difference equations near the x-boundaries.

In regions where the solution is not smooth, it still
makes sense to determine to what order of accuracy a differ-
ence scheme approximates the weak form of a given differ-
ential equation. In the case of linear hyperbolic systems,
this is sufficient to determine the order of magnitude of the

error in distribution sense [13, 14]. To be precise, let

Fora—
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qh(x,y) be the function obtained by extension of the discrete
variables k+1/2. C is plecewise constant, and is our appr-

c c 285 qj*l/?’ ]h P S () sta s dn S dap]

oximation to q. Similarly, let pi, K =01 smealy be &

function of x, equal to the right side of (4.2), and let

Py, = ph(x,y) be the extension of the pﬁ with respect to

y. The function is piecewise linear in x, piecewise

Py
constant in y, and is our approximation to p.

Theorem 4.2: Suppose that as Ax, Ay »0 with Ay/Ax

fixed, the discrete solution Py is uniformly bounded

9p

and that is bounded variation in x, uniformly with

Py
respect to y. Then for any ¢ € C:, ' 1

2 2 2
(4.8) |Jj(ph¢x-qh¢y)dxdy| < 0(Ax“+ay”),
and
(4.9) [1]¢q, ¢ _-p, ¢ ddxdy| < 0(Ax2+Ay2) 4
% hy :
Proof: Let us begin with the second term in (4.8).

- quh¢ydxdy = Jth,y¢dxdy

I ( k*3/2 1<-1/2)I(j”)Ax

1
el CRTTIT e T g

z ( k+l/2_ k=1/2y 1 ¢ (x,y)dxdy + O(sz*Ayz)

(3+1)8x (k+1)Ay
9541727934172 &y J J

jAx kAy

AN ROSW T T = e ————r




L"T““"T

- 72 -
i
- s |
(qﬁiijé'q§+i;§) (k*ldby 3 2., 2
= Axdy } T j ¢ ((J+3)Ax,y)dy+0(Ax"+4y©)
j sk * kby
k+1/2 k-1/2
(g -q. )
o A [ k 2 2
AxAy jzk % ¥3541/2 + OLAx“+*Ay*©),;
(4.10)

using the piecewise constant form of qy and the smoothness

of ¢. We note in passing that for the linear relation (4.9),

both terms are treated in essentially this manner and (4.7)

follows from the difference equation (4.4). In (4.8), how,

ever, the quadratic term is of central impgrtance, and it is )
here that the peculiear interpretation (4.2) of the p?
is used. Let X be the space of continuous, piecewise lin-
ear functions of x, with nodes at the mesh points jAx.

For each k, pﬁex. Now the approximation of (pz)x in 4
(4.5) 1is just what would be obtained (with respect to the
x-variable) by Galerkin's method with the space X. (This

is also an explanation of why the entropy inequality (4.6)

was obtained.) Let YkEX be the piecewise linear extension
k
of the aj+l/2’ then
(k+1)Ay
(4.11) v ) - ZAJ o(x,y)dy| = 0(ax’+ay?) ‘
Y Jxay A

uniformly in x. Using the bounded variation of P> We

have from (4.11)

N S8 . i




I——

- T =
(k+1)Ay
2 ky2 4
p. ¢ _dxdy = -Ay ZI(p ). =— J ¢(x,y)dydx
JI h'x i h'x Ay KAy .
(4.12) = -Ay ZJ(pE)iYk + 0(Ax2+ay?)
k
k k k k k
(p. -M. ) Cus +ys 1l )

B #3727 M3-1/727 Wye1/2 3417242727 Kk 9. . 2
= AxAy.X A% aj+1/2+O(Ax +hy") .

Jk

Finally, multiply (4.5) by AxAy a?+l/2 and sum over
jsk. Using the smoothness of ¢, the aritificial viscosity

3+ay%), so (4.8) follows

term gives a continuation of 0(Ax
by comparison with (4.10) and (4.12). This concludes the
proof.

Finally, we describe a potentially helpful modification
of the difference scheme (4.3-4.5), corresponding to the
simple change of the variable p + p+B for a constant B8

to be determined empirically. The boundary conditions at

x =0 and x = L become p = B-po, and an additional term

k k
-2.8 p.+lAi.

is added to the left side of (4.5). This transformation
is equivalent, in the difference scheme, to adding a disper-

sion term of order BAx2p While such a term will not

xxx "
aid in the generation of entropy in the vicinity of a shock,
it may help in controlling the variation of Ph* This may be
a serious problem in some applications; in particular, the

fourth-order viscosity invariably leads to oscillatory, dis-

crete shock profiles.
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Appendix

On the nonexistence of weak shock-type discontinuities in

elliptic regions.

Levi Lustman, Nima Geffen
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Consider N conservation equations:

(A1) Vo!i = Ai (x,y,u) + B;(x,y,g) = 0 3 = dseeeaN
for u = {uj} J & Dgeengll
¥ & Lat, B1) x,y,u)
Let Ai, Bi be continuously differentiable (ECl) in all
their variables and: agél
A?-%%,B;=§€~ji

eq. (1) can be written as:

: 5l < j
1 9du 1 dus _
(A2) Aj-éT+Bjs.9_-_0
with summation convention on repeated indices.
Let (Al) be elliptic in a region E in u space
for (x,y) in QE, for which:
N

(A3) ] A - uBI)v] = 0= vt =0
L W j

for A, uw real and not both zero.




Equation (A3) is a requirement that no real charac-
teristics exist, or equivalently, that (Al) is elliptic.

It is symmetric in (x,y) and N has to be even, i.e. N=2m.

Let:

and:

S(gl) be the points on the shock polar emanat-
ing at Uy (for which a shock jump from u;p is compatible

with the conservation laws (Al).

e r—————————

’l‘.‘v—u—--'— e R




T —— e —

L

= g0 =

Theorem (Al)

Y4, 1is an isolated point of s(u;) (hence no 'weak'
shocks near u,€E are possible).

Note that by continuity, there exists a neighborhood K
of u;, such that for all (2,m),(u,v)(%,m)ek=AT,BL(u)(2,m)

will leave (Al) elliptic. Let K be con-

vex, the claim is that there is no jump connection between
u; and uw € K for k # 1.

Proof:
Assume: u, € S(uy), u, € K, o # 0.
Then:
Bi(x,y,gl) - Bi(x,y,gz)

Al(x,y,gl) - Al(x,y,gz)

Let, for 0 & 6 £ IL:

=

%Mo) = al(x,y,(1-0)u; + uy)

B1(0) = Bl(x,y,(1-0)u; + 6u,)
we get:

(A*,BY)(0) = (Al,Bl)(x,y,gl)

at,phay = alBheoy,u,)
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and, using the mean-value theorem, there exist:

e}\,

i

GB i=1l,...,1, such that:
i i aal
A (x,y,gz) - AT(x,y,u;) = ag—l i
9=9A
i i api
B (x,y,gz) - B (x,y,gl) = 5 ; ei
=B

But we have:

T ——

i N .
dA™ _ i
o —jzl Aj (x,y,(l-e)g1 + 922) (22

agi N 4
= z B~
s - e

and since:

(1-8)u; + 6u, € K

7

we have:

for:

N Sl A el N s %
o= J X%(uj-uj) ) Bt (uJ—uj) i
551 n e At 551 j 2 1
E ok
Kj = Aj (x,y,(l-eA)gl + BAgz)
- S | i
%j = By (x,y,(1-0p)u; + 65u,)

(x,y,(1-0)u, + bu,) (u,

- uy)

=i

T

R B e A ok

i ari ﬂ'lﬂwi“‘” e -
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letting:
¥ g =, € K
) (EPRNG SR
¥ ey uy € K
we get:

(M -oH) e

contradicting the ellipticity condition (A3).

This proves the non existence of arbitrarily weak shocks
in elliptic fields, precludes the possibility of closed shock
polars in u space (e.g. the hodograph plane) and of "shock-
ed" elliptic flows about obstacles (with shock strength van-

ishing at infinite).

e —i e




