IS B ———
— e ———e T ———

AD-AD62 089 FLORIDA UNIV GAINESVILLE DEPT DF INDUSTRIAL AND SYS"-ETC F/6 12/1
A FEASIBLE DIRECTION SUBGRADIENT ALGORITHM FOR A CLASS OF NONDI=-=ETC(U)
OCT 78 J CHATELONes D HEARN: T J LOWE DAHC04-75-6‘0150
UNCLASSIFIED RR=78-13 ARO=12640.35-M

END |
!'I'Lll:ﬁ'(l |

.-79

DDC

(VS




! e
e i =
=

B2

| F

|2

[
lle2 e

N
O

MICROCOPY RESOLUTION TEST CHART

NATIONAL BUREAU OF STANDARI e
-




1 f
H
t i
: |
P
E |
i
4
|
B T
: |
|
|
v
‘ j
f -

DDC FILE COPY

ADA062086

uw

RESEARCH
REPORT

"‘

ALO /2640, 35

[ This docu: c—asaln-

&

Industrial & Systems
Engineering Department
University of Florida
Gainesville, FL. 326l




A FEASTBLE DIRECTION SUBGRADIENT
ALGORITHM FOR A CLASS OF NONDIFFERENTIABLE
: OPTIMIZATION PROBLEMS,

7 Research Bepoct No. 78-13 . <t

/Y

by

==

N\ Jacques/Cnatelo“f
: Donald /Hearn#
Timothy J./Lowef

RS

/ / Octobars=1978

DDC FiLe.cors ADAOG62089

**Department of Industrial and Systems Engineering
University of Florida
Gainesville, Florida 32611 /9

APPROVED FOR PUBLIC RELEASE; DISTRIBUTION UNLIMITED

This research was supported in part by e Army Research QOffice,
Triangle Park, NC, under contract number)DAHC¢4—75-G—0150 (and by
NSF grants ENG-76-17810 and ENG-76-24294., v NSE - ENG

THE FINDINGS OF THIS REPORT ARE NOT TO BE CONSTRUED AS AN OFFICIAL ‘
DEPARTMENT OF THE ARMY POSITION, UNLESS SO DESIGNATED BY OTHER
AUTHORIZED DOCUMENTS.

*ITT, Paris, France
+Krannert Graduate School of Management, Purdue University,
West Lafayette, IN 47907.




e N

UNCLASSIFIED
SECURITY CLASSIFICATION OF THIS PAGE (When Dats Zntered)

3 ®
v
e
K

READ INSTRUCTIONS
. REPORT NUMBER 2. SOVT ACCESSION NOJ 3. RECIPIENT'S CATALOG NUMBER
PR
4. TITLE (and Subtitie) S. TYPE OF REPORT & PERIOD COVERED

A Feasible Direction Subgradient Algorithm for

a Class Nondifferentiable Optimization Problem | __Technical |
6. PERFORMING ORG, REPORT NUMBER I

el 78-1 |
7. AUTHOR(®) 8. CONTRACT OR GRANT NUMBER(a) ‘
Jacques Chatelon DAHC04-75-G~0150 ‘
Donald Hearn ENG-76-17810
: =042 ‘
9. PERFORMING ORGANIZATION NAME AND ADDRESS 0. PROGRAM ELEMENT, PROJECT, TASK 13

AREA & WORK UNIT NUMBERS

$ éﬁ‘i\‘i;:ﬁl L e 20061102414D Rsch in &
y 19611 e ‘Appl of Applied Math.
11. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE

U.S. Army Research Office NSF October, 1978 -~ i
P.0. Box 12211 Washington, DC 13. NUMBER OF PAGES |

2 20550 24 !
e uo:u'inn'goalmc A:;GJENSC‘(I NA:HE & AODRESS(If different from Controlling Offics) | 15. SECURITY CLASS. (of thte report) {

Unclassified
15e. DECL ASSIFICATION/ DOWNGRADING
SCHEDULE

N/A

S
16. DISTRIBUTION STATEMENT (of thie Report)

Aporoved for public release; distribution unlimited.

17. DISTRIBUTION STATEMENT (of the sbetract entered in Block 20, il dilferent from Report)

f’{-

N/A

4
! 18. SUPPLEMENTARY NOTES ;

19. KEY WORODS (Continue on reverse side if necessary and idencify by block number)

| Subgradient methods
' Nonlinear programming
Location theory

g - ' Linear agoroximation theorv

| 20. AGSTRACT (C. an reverse side If neceseary and !dentily by block number) < ) + }L
! Y - 7. : NCJd oAl g
. We present gn implementable feasible direction subgradient algorit‘nh&,\for

Jminimizing the maximum of a rfinite collection of functions subject to constraints.
It is assumed that each function involved in defining the objective function is
the sum of a finite collection of basic convex functicns and that the number of
different subgradient sets associated with' nondifferentiable points of each basic
function is finite on any bounded set. It is demonstrated that under certaina
conditicns, including continuous differentiability of the constraints and a \

T

R
DD , 5% 1473  eoimion oF 1 nov 68 is casaLETE THCLABSTETRY et (2 ge

—————
SECURITY CLASSIFICATION OF THIS PAGE (When Data Entered)

e o 2




d o=l it = -“"“"uv —_— e Aihguagiubie -M‘*‘ e e “—‘-_» ’ ~>.‘_ ‘l 2 :_4.;- ;.. o i e T e ey
UNCLASSIFIED
SECURITY CLASSIFICATION OF THIS PAGE(When Data Entered)
20. (cont'd) €
o \
(ji_'t 1.4£regularity condition of the feasible region, that the algorithm generates a
feasible sequence which converges to an (E-optimal solution.
““The results of some computational experiments are included.,.\\
|
|
\ i
i

UNCLASSIFIED
SECURITY CLASSIFICATION OF THIS PAGE(When Data Entered)




TABLE OF CONTENTS

AR SR A G R o e S R O e I i e Gl i

SECTIONS
QN O d e A oI o e e e o L e e e 1
2. Stationary and Nonstationary Points . . . . . . . . . . 3
3. The Algordithm e o i ob OcES g e e o e o e e e e e 8
4. Proof of Convergence . . . . . . . . . G0 im0 8
5. Computational Results and a Non Convergent Example . . 13

RIATIEINS e e ¥l G ch s 0 b5 6 o Ohc Do o G B o T o B e 18

e e o = 4 et (e g DL w15




T

Abstract

We present an implementable feasible direction subgradient algorithm

oy v amT—

for minimizing the maximum of a finite collection of functions subject to
constraints. It is assumed that each function involved in defining the
objective function is the sum of a finite collection of basic convex func-
tions and that the number of different subgradient sets associated with
nondifferentiable points of each basic function is finite on any bounded
set. It is demonstrated that under certain conditions, including continuous
differentiability of the constraints and a regularity condition of the
feasible region, that the algorithm generates a feasible sequence which

converges to an £-optimal solution.

:
|
|

The results of some computational experiments are included.
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1. Introduction

In this paper, we develop an implementable feasible direction
algorithm for solving a class of nondifferentiable nonlinear programming
problems of the form:

(P) Min F(x),

% & €
where
= —‘Q 5 el e
F(x) = max {fi(x) = Zj=1 fij(x) LS g W,
f.. finite, convex, not necessarily differentiable,

ij

C={xeR"; H(x) < 0},

H(x) = max {hi(x) L B A ams Ky

hi(x) convex on R".
Our present work is related to an earlier paper [1] where we presented
an algorithm for solving an unconstrained version of problem (P).

Our approach follows that of Dem'yanov and Malozemov [5] who employ

subgradients to devise a descent algorithm for minimizing the maximum of
continuously differentiable convex functions, i.e., problem (P) with all fi

differentiable and C = R". For related literature on nondifferentiable

optimization methods, the surveys by Mifflin (13, 14] are recommended.

He traces, e.g., the development of heuristic methods by Held and Karp [8]

and Held, Wolfe and Crowder (9]; the convergent methods of Polyak [15]

and Bertsekas and Mitter [4]; and the conjugate-type methods of Lemarechal
[10] and Wolfe [17]. Mifflin's algorithm [13] for problems with "weakly

upper semismooth" functions [14] builds on the notion of generalized gradients
introduced by Clarke [2] for Lipschitz functions. While (P) is a special

case of that problem type, the algorithm developed here differs in that

it is a feasible direction method.




Much of the notation in this paper is similar to the notation in [1].

Denote n dimensional Euclidean space as R" and llxle as the Qp-norm of

x € R", where ||x|| is the £,-norm. Given a point x € R", the Euclidean

1

ball about x of radius n is N(x, n) ; when x = 0 and n = 1, B = N(0, 1) is
the Euclidean unit ball. For a function f defined on R" let df(x) be
the subgradient set of f at x and let f'(x, d) be the directional derivative
of f at x in the direction d. Given a set S c Rn, Conv (S) is the convex
hull of S and Nr(S) is the element of minimum Euclidean norm in S. Also
denote 3f(S) = v {9f(x) ; x € S}.
For convenience, the functions fi in problem (P) are assumed to be i 8
the sum of exactly £ functions fij’ where perhaps for some i, some of the
fij functions are identically zero on RE. Clearly, both F and H are
continuous, finite, convex functions on R".
Given € > 0 and p 2 0, at any x ¢ R" we define
R{x, €) = §i el 1, 2, ..., m} : fi(x) > Eix}) = &},
and ‘
Qx, 1) = i &{l, 2, ..., K} ; 02 h (x) 2 - ui. §
With these definitions, we can interpret fi’ i€ R(x, €), as an "e¢-binding"
objective function at x; and hi’ i€ Q(x, M), as a "p-binding" constraint

at x. When H(x) < -y, we say that x is a p-feasible point and the {

set of all x in R" where H(x) < -p is the p-feasible set.

Given x ¢ R" and n 2 0, we define

Gij(x’ n = {x} v iy ; v & Nz, ¥), fij not differentiable at vy},
2 el
zj:] afij (Gij(X, M = Iy 2y ssey M

11

S;(x, n)
In addition, let
Sl(x) €, ﬂ) S v {si(x, n) A R(X, 8)}.

To handle constraints, we use a procedure somewhat similar to that
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presented in [13]. At any x ¢ Rn, we consider subgradients of g - binding

]

constraints by defining Sz(x, 7)) U{ahi(x) ; 1 € Q(x, M)} and letting
S(x, €, W, N) = Conv {Si(x, &, n) v 8%(x, p)}.

We note that for an unconstrained problem, S(x, €, n, M) = Sl(x, €, n)
is precisely the enlargement of the subgradient set considered in [1].

We assume the functions fij are LFS (locally finitely subdifferentiable),
which means that in any closed bounded Euclidean ball, the number of different
subgradient sets of fij corresponding to the points of nondifferentiability,
is finite. In [1], we cite several examples of LFS functions, including
examples from location theory and linear approximation problems.

Associated with S(x, &, M, n), the function ¥ measures the
proximity of S(*) to zero:

¥(x, €, M, N) = min {max {(g, d) ; d € S(x, &, w, n)} ; g € B}.
It is easily established that

¥(x, &, u, n) = - ||Ne(S(x, &, p, M)|].
We note that ¥ is well defined since S is a nonempty, compact, convex subset
of R®. Further ¥ is always nonpositive. When ¥(x, €, g, n) = 0, we call
X a stationary point, and any x where ¥(x, €, g, n) < 0 is a nonstationary
point. In the next section we consider properties of stationary and
ronstationary points.

2. Stationary and Nonstationary Points

In the unconstrained problem, information given by the value of ¥ is
relatively easy to exploit (1] since the set S(x, €, n) is derived solely
from the fi functions which are €-binding. In the constrained problem
this is no longer the case, since, to construct S(x, &, u, n), we also
consider the subgradient sets of the p-binding constraints. Consequently,

stationarity in the constrained problem will not always imply a lower

- . 4
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bound on the minimum value of F on C, F*, as is the case with the
unconstrained problem. In the presence of constraints, we show in the
next theorem that, while it may be possible to obtain a lower bound on
F*, it may well be the case that the only implication of stationarity is
the emptiness of the interior of the p-feasible set.

Before proving this theorem, we assume that the minimum, F*, of F(x)
over C exists. In addition, we assume that there exists an upper bound,
&, on the norm of any subgradient of any function fij or hi at any point
in C.
Theorem 2.1 Let x € C be a stationary point.

a) If H(x) < -y, then

F(x) = F* 2 B(x) - & - 2890, (2.1)
b) If -p

A

H(x) < 0, at least one of the following is true:
bl) (2.1) holds,
b2) The interior of the p-feasible set is empty,
b3} F(z}) 2 F(x) - € - 28n6, for all p-feasible z.
Proof: Stationarity at x is equivalent to 0 & S(x, &, p, 1), which can
occur if and only if there exists B1r oo gq, where
8; € {Sl(x, €, N u Sz(x, u)} and 0 € Conv (gl, PRERS gq). Index the
g; so that g. ¢ Sl( %, € ) for 1 £ 1% q, and g, ¢ Sz(x, M) for g, *1 51549

Thus for 1, 1 £ 1 & 9y, 8; € 3f(i)(yi), where f(j)(x) 2 F(x) ~ € and

I

[|x - yi|| < n; and for i, q; e SR ERe s [

Sus ; €9 h(i)(x), where

We note in the case where 9, =9 (which certainly holds in case a)),
that 8; € Sl(x, €, n), 1 <i<q, and thus by Theorem 3.2 of [1], (2.1)

holds. Thus suppose q; < 49, in which case 0 = q, or 0 < q; -

1




If 0 = ;, then g; € Sz(x, M) for all i. By the subgradient inequality,
n
h(i)(z) > h(i)(x) + (gi, z-x) v z € R, and further h(i)(x) > -y and
2 .
k H(Z) i h(i)(Z) Thus )
n
H(z) 2 h(i)(z) 2p+ (g, 2 x) vzeR.

Taking the convex combination over all i =1, ..., q, yields H(z)

v

4,
vzE Rn, and hence the p-feasible set has an empty interior, which
establishes case b2).
Consider the remaining case, 1 < q; <q. As in [1], since each
function fi is Lipschitz,
Flz) 2 F(x) - & + (gi, z=x) ~ 2206 , v z € Rn, 181K Qs and
thus for all z e'Rn,

F(z)

v

F(x) ~ € - 24n6 + max{(gi, Z=X ) =T ql}. (2.2)

For any p-~feasible z, and i q; * I c iy Qg

“H 2 h(i)(Z) 2 h(i)(X) + (g5, 27%x) 2 -0+ (gy, 2z-%),
which implies (gi, z-x) £ 0. Writing zero as a convex combination of
all g, leads to max{(gi, ZoX) i = L ql} 2 0 for all p-feasible z.
Thus the final term of (2.2) may be deleted and case b3) is established.
Remark 2.1 The definition of 9, in the previous proof implies that if
a point 84 is in both sets Sl(x, €, N) and Sz(x, M), it should be
considered as a point of Sl(x, €, n). This forces q, to be equal to

q if possible and thus to obtain the more useful cases (a) or (bl) in

which we have bounds on the constrained minimum of F.

Remark 2.2 Cases (bl), (b2), and (b3) are not mutually exclusive. When
several different convex combinations of elements in Sl(x, €, N) and

Sz(x, M) are 0, (bl), (b2), and (b3) can occur simultaneously.

To illustrate the different situations described in Theorem 2.1 we

consider the following example.

e




Example 2.1 Min F(x), F(x) = ||x -~ (.5, -.5)]|

subject to
hl(x) = i]x]]l - 1.6 < 0,
hz(x) = fleo= (2, -1)[!1 - 1.6 <0,

et € =0, 0= 42 % 10-1. It is clear that 8 = JZ and = = (.5, -.5)
is the optimal solution to this problem. For different values of y,

stationarity may have distinct implications.

n

(a) Let y = 0. The point Yo = (.6, -.4) is feasible, with H(yo)

= Max{-.6, -.6}

-.6 < -p. v, is also stationary because (.5, -.5)

is in N(yo, n). We observe that F(yo) =47 x 10-1

= -.2588 and we obtain case (a) of Theorem 2.1, that is,
JZx 1071 > 0= F* = Min{F(z) : z & C} > -.2588.

(b) Let p = 0.6. Y remains stationary with H(yo) = -.6 = -y,

In this case, in addition to the lower bound on F*, {z ¢ R2

: H(z) < -.6}
is empty, and both (bl) and (b2) are obtained. On the other hand,
observe that v, = (1, 0) is stationary since H(yl) = hl(yl) = hz(yl)

= -.6 = -y so that both points (1, -1) ¢ 8h1(y1) and (-1, 1) ¢ th(yl)
are in S(yl, €, M, N). However, the only conclusion is that the set

{z ¢ R? : H(z) < -.6} is empty.

Now let y = 0.6, and add a third constraint, h3(x) =-x; =% < 0,
to Example 2.1. Consider Y5 = (.8, -.2). S8Since H(y2) = Max{-.6, ~.6, -.6} = -.6
=l Y, is feasible. Moreover Yy is stationary. It is easy to verify that
S(yz, €, M, N) is the square with vertices (-1, 1), (1, -1), (-1, -1), (1, 1).
Here the lower bound obtained is only valid on the p-feasible set, which is the
line segment with end points Y, and (1, 0). With F(yz) = 32 x 10_1, this

lower bound is positive and equal to .0242. Hence, at y,, both (b2) and

(b3) hold.




Remark 2.3 It is clear that case (b2) of Theorem 2.1 is relatively
undesirable since nothing can be said about the objective function itself.
To discard this case, a constraint qualification, similar to Slater's
constraint qualification [12] is necessary. Thus, if the set

{z ¢ R? : H(2) < -p} is nonempty, case (b2) canmnot occur.

Having dealt with stationary points in Theorem 2.1, we now consider
nonstationary points. Given a nonstationary point x, the subgradient
sets in S(x, &, M, N) relative to the functions fi ensure that we can
find a descent direction, and the subgradient sets ahi, if any, ensure
that this descent direction is feasible.

Theorem 2.2 If ¥(x, &, M, n) < 0, there exists a feasible descent direction
for F at X.
Proof: Let £, #0 be the element of minimum norm in S(x, €, 4, n), i.e.,
0> ¥(x, &, p, N) = -|lg || = -[[Ne(S(x, &, u, n))|].
Define d = -g /[[g,||. If H(x) =0, then for amy i such that

hi(x) = H(x) = 0, 8hi(x) c S(x, €, 4, n) so that

hi(x, do) max {(g, do) g€ 3hi(x)}

A

max{ (g, do), g & S(x, €, yy, N)}

'min{(g, 'do), g ¢ S(x, &, M, ﬂ)}

‘l/l,goll min{(g! go); g € S(X, €, My ﬂ)}

- |lgell < 0.

Hence, do is a feasible direction at x. On the other hand, if H(x) < O,

the direction do is feasible since the functions hi are continuous.
In either case above, since 9F(x) < S(x, €, g, n) it follows from
Theorem 3.3 of [1] that F'(x, do) < 0. Therefore do is a descent direction

for F at x.

ISR
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3. The Algorithm

The algorithm exploits the results of the previous section. We choose
positive values for the three paramecers €, g, and n. Let X, be a feasible
starting point, set k = 0 and go to Step 1.

Step 1

At x, find F(xk), R(xk, €), and Q(xk, M). Calculate S(xk, £, iy n)

and W(xk, €, M, N). Go to Step 2.
Step 2

Ef W(xk, €, M, N) = 0, stop; Xy is a stationary point.

I W(xk, €, M, N) =0 < 0, define 8 as the element of minimum norm in
S(x, €, M, n) and let de = -gk/]lgk]). Perform a restricted line search
along dk’ finding tx such that

F(xk + tkdk) = Min{F(xk + tdk) x4, H(xk + tdk) < 0}.

Update Xp > Xpyy T X + tkdk’ k + k + 1 and return to Step 1.

k

In the next section, under supplementary assumptions, we prove that

+1

limit points of the algorithm are stationary points for problem (P).

4. Proof of Convergence

In this section we assume that the algorithm does not stop, but
generates an infinite sequence {xk} converging to some limit x.. The
proof that x, is stationary depends on the approximation of S(x., &, u, n)
by S(xk, €, M, N). Although the S(xk, €, M, N), do not necessarily converge
to S(x,, £, M, n), for sufficiently large Kk, S(xk, €, M, N) is contained
in S(x,, €, ¥, N) plus an epsilon ball. In addition to the assumption
that the functions fi are LFS, two additional assumptions are required in
the proofs:

Assumption 4.1 There exists some X, € C, a starting point for the

algorithm, such that the intersection, X, of C with the level set

L_' L —— . 8“ : , : >



{x ¢ R" : F(x) < F(xo)} is nonempty and bounded. By continuity of F and

H, X is also closed.

Assumption 4.2 The constraint functions, hi’ i=1, 2, ... Kare

continuously differentiable as well as convex.
The first assumption guarantees a solution point x* for (P) and
insures that a limit point x, exists. The assumption that the hi are
continuously differentiable is required for the statiomarity proof,
especially Lemma 4.5. In the next section we show by counterexample
that in the absence of this assumption convergence to a nonstationary
point is possible.
Lemma 4.1 For k sufficiently large,
Qxp, 1) < Qxg, W).
Proof: Follows from Assumption 4.2.
We now show that S(xk, €, W, N) approximates the set S(x,, €, M.
In the proof of this result, we use Theorem 5.2 of [1].
Lemma 4.2 For any Yy > 0, there exists N1 such that
S(xk, £y My A1) @ 8(X,, &, B, ) + ¥B, k > Nl'
Proof: By definition,
S(xy, €, M, n) = Conv (Sl(xk, g, N u Sz(xk, M) .
Since Sl(xk, €, N) is identical to S(xk, €, n) in [1], by Theorem
5.2 of [1], there exists Ni such that
Sl(xk, €, n) c SM(x,, €, 1) + yB , k> N!.

1
Now consider the sets Sz(°) in (4.1). From Corollary 24.5.1

n.

(4.1)

(4.2)

of [16], since the functions hi are assumed continuously differentiable,

for each i € Q(x,, M), there exists Li such that

ahi(xk) [~ ahi(x*) + yB, k> Li'

(4.3)

It follows from the definition of SZ(°), (4.3) and Lemma 4.1 that there

exists Nq such that

- — — -—
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s?(x» W) © 8%(x, W) + ¥R, K> N} (4.4)

Letting Nl = max{N!, N;} and using (4.2), (4.3) and (4.4), the result
follows.

Corollary 4.3 If ¥(x., €, W, N) < - 2y < 0, then W(xk, &y sy O) €= ¥,

Proof: See Corollary 5.3 of [1].

The following lemma is a partial converse of Lemma 4.2. It shows that

any subgradient of any binding function at x, can be approximated by an

element of S(xk, &€, U, n) for large k.

Lemma 4.4 Choose any a > 0 and let s &€ 3 f.(x,) ; 1 € R(xy, 0). Then for

k larger than some N2 there exists s' ¢ S(xk, €, M, n) and t such that

s=a" 2ty [le]l] < e

Proof: The proof follows from the proof of Lemma 5.4 of [1] upon noting

that s' ¢ S(xk, €, n) < S(xk, £, M, N)-

Lemma 4.5. For any k greater than the N1 of Corollary 4.3, there exists

some T > 0, independent of k, where with dk as chosen in Step 2 of the

algorithm,

H(xk + e dk) < 0, and

F(Xk+1) < F(Xk + it dk), for all t ¢ [0, T].

k > Nl'

Proof: By Assumption 4.2, the hi are continuously differentiable on R" and
thus from Remark 2 of [5, p. 270], for any i = 1, ..., k, there exists
Toi > 0 such that for all t ¢ [0, Toi],
hi(x + td) = hi(x) + t(Vhi(x), d) + Gi(x, dis t), (4.5)
where o, is a function with the property that oi(x, d; t)/t >0
uniformly in x € X and d, ||d|| =1, as t > 0. Because of the
2 o 1 '
uniform convergence of ci(x, d ; t)/t, we can choose Toi’ 0« Toi < Toi’
such that
t ¢ [0, Téi] implies [oi(x, d;t)| <yt/e, (4.6)




for all x € X and all d where |[d|| = 1.

Letting T} = min{Téi s i=1, .., K}, it follows from (4.5) and i
(4.6) that for any i =1, ..., K, any x € X and any d, 1141 = 1,
if € ¢ [0, Té], then
h;(x + td) < h;(x) + t(Vh,(x), d) + y t/2. (4.7)

At a point Xps for any i =1, ..., K, either i ¢ Q(xk, M) or not.
If ie¢ Q(xk, M), then with hi(xk) < 0 and choosing d = dk in (4.7), §
hi(x ttd) < t(Vhi(xk), dJ) +yt/2. (4.8)
Noting that Vhi(xk) € S(xy, €, W, n), with k > N,, and from i
Corollary 4.3 that (Vhi(xk)’ gk) < W(xk, g, i, M) £ -y, gives,
from (4.8),
hi(xk + tdk) £ =yt *+ ye/2 < 0. (4.9)
Consider any i ¢ Q(xk, M). By uniform continuity of the functions
hi on the compact set C, there exists some Tg > 0 such that for all
%, yin C, ||z - y}]] & T¢ implies
lhi(x) - hi(y)l Cpforall 121, ..., K. (4.10)
For any i ¢ Q(xk, M), hi(xk) < -p and so from (4.10), with
t e [0, Tg],
hi(xk + tdk) £ hi(xk) + g < =-p+yu=0. (4.11)

Letting T = min {Té, T;} > 0, from (4.9) and (4.11) and the definition

of H,
H(x, +td) <0, te[0,T].
The second conclusion of the Lemma follows since Step 2 of the algorithm

determines X1 where

+

F(x = min{F(xk + tdk) s €20, H(xk + tdk) < 0}

k+1)

{[ZaN

min{F(xk + tdk) ¢ e [0, T)}.




In the convergence proof, we make use of the following result from a

Cullum, Donath and Wolfe [3].

Lemma 4.6 Let F be convex on R™ and let the sequences {xk} and {dk} satisfy

>% Xe > Xy, dy > dy, and F(x ) < F(x +td) , 0 <t <T. Then F'(xy, dg) 2 0.
We now prove the main result of this section that the limit point of any

convergent sequence generated by the algorithm is a stationary point.

Theorem 4.7 ¥(x,, €, y, n) = 0.

Proof: Suppose, to the contrary, that ¥(x,, €, 4, n) < -2y < 0. Since

dy > d; € B there exists N, such that

3

28] |dy - d|] < ¥, k>N (4.12)

3
The directional derivative of F at x, is

F'(x,, d;) = Max{(g, d,) ; g € 3F(x,)} = (ZAjsj, d.),
where ZAjsj is a convex combination of elements 5 and each B, € of . (x,)
for some i € R(xy, 0). Choose a single N2 so large that Lemma 4.4 holds

for all such sj with a = %. Let k > Max{Nl, N2, N3}, where N1 is from

Lemma 4.2. Employing Lemma 4.4,

F'(xg, d,) = (ZAjsj, d,) + (ZAjtj, d,)
= (ZAjsj, d) + (ZAjsj, de = dp) + (zAjtj, d,.)
' ' . | 1!
< (Bgshy ) + (RAgsidy = dp) + [I2Age T T
, ' . Y
) L (ZAjsj, 4+ (ZAjsj, dg = 4 ) + 2.
1 By definition of dk and from Corollary 4.3,

™

(ZA; 83, dp) < Max{(g, d) ;5 g & S(x, &, W, N}

= W(Xk, €, M, ﬂ) é =¥
l Further, Ilsjll < 26 and from (4.12),
t - ! - X
(BA;st, dy = d) < sl Tldy - 4 1] < 4

Combining these results gives

g F'ixy, d3) § £<0,

. 12
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which contradicts Lemma 4.6 (with T as in Lemma 4.5). Therefore,

¥(x;, €, 4, N) = 0.

When executed on a computer, the result of the difference F(x) - &,
appearing in the definition of R(x, €) is not very different from F(x)
* if F(x) is a large number since in general € is small. Consequently,
R(x, &) might be reduced to R(x, 0) through roundoff error and
this, in turn, could affect the convergence of the algorithm.

To avoid this numerical problem, redefine R(x, €), as is done in [1],

and use instead

Rix, ¢l =H4i= 1,2, ....,uH; fi(X) > Fix) ~ & Fix)}.

It is also necessary to assume F* > 0 and to modify the definition of
Sl(x, €, N) given in Section 1. Then the results of Sections 2 and &
hold with the exception that the inequalities (2.1) are modified to be
(1 - &)F(x) - 22n6 < F* < F(x).

5. Computational Results and a Non Convergent Example

In this section, numerical results are presented for several
constrained minisum location problems and a constrained minimax location
problem. To find the point of minimum norm in S(x, &, M, n), Wolfe's
algorithm [18] was used for minimax problems, and Gilbert's algorithm [6]
was used for minisum problems. The line search was done with quadratic

fits, but was modified so as to yield a feasible point at each iteration.

All the programs were written in FORTRAN and run on an IBM 370/165.
The constrained minisum problems are from [11]. Three new facilities

are to be located in the plane relative to five existing facilities.

There is a single linear constraint on the location of the third new ]

A

- - 13 » , - ,Jv




.

The problem to solve is

. R R 0
Min F(X,, X,, X} =2__, &, w__ ||xr Asllp
Y Z1_5_r<t§3 Vrt IIXr 2 thl p
subject to:
By ¥ Fg =2 20

where Xr = (xrl, xrz) is the location of the rth new facility;
As = (asl’ asZ) is the fixed location of the sth existing facility, and

L and Ve are known positive weights. Note that the function F is
the sum of (£ = 18) LFS functions and that the single constraint is
continuously differentiable.

From [11], A; = (2, 3), Ay = (4, 2), 45 = (5, 4), A, = (3, 5)

and A5 = (6, 7), and the Yoo and L data are as in Table 1. The problem

was solved with three different values for p (p = 1, 1.78, and 2). In all

cases the starting point was X1 = X2 = X3 = (0, 0) and M was 10-5. For

the problem with p =1, n = 10-5

, and for the problems with p = 1.78 and p = 2,
both n = 10-3 and n = 10—5 were used. A summary of the computational results
is given in Table 2, where the upper and lower bounds on F* are as given

in [11].

We remark that for the problems with n = 10_5

and p = 1.78 and p = 2,
termination occured when the maximum number of iterations allowed (150)
was reached, but progress was still possible. For the other problems, the
algorithm reached stationarity. The comparison with the results of [11] is
rather difficult to make, since no numbers of iterations or computing
times are reported in that reference.

As a constrained minimax location problem, the Caribbean Islands
problem formulated in [1], was modified to include the four constraints

2 .z 11t
Hx, - a 1% < 1aa, [1x) - A 117 <121, X

L — 2

. _14 % ‘ "i

- All|2 < 225, and
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[IX, - A < 144. The points Ai, i =1, 2, 3 and 4 represent the locations

2 2
of four of the Caribbean cities in the problem (Al = (11.4, 11.6),

A, = (35.3, 13.5), A, = (8.80, 37.2), and &, = (20.9, 30.6)).

6 =5 -5

, N =107 and p = 10 Starting

Parameters were given values € = 5 x 10~
from (Xl’ XZ) = (xll’ X191 X915 x22) = (15, 22, 26, 11), the algorithm
terminated after 15 iterations and 3.03 seconds CPU time at the stationary
point (13.902, 23.201, 24.546, 18.824) with a function value of 28.024.

The value of H at the stationary point was -1.07 x 10-14.

{{FaN

With a fifth constraint added, l‘Xl = lelz 118, and starting
from (19, 20, 24, 16), the answer (14.585, 23.170, 24.488, 18.705) with
F = 28.158 and H = O was obtained in 24 iterations and 2.36 seconds of
CPU time.
We now give an example which shows that if the constraints of problem
(P) are not continuously differentiable, the sequence generated by the

algorithm may converge to a nonstationary point. Consider the problem:

Min, F(X), F(X) = -2x, + x
X8R3 2 3

subject to
h, (X)
h, (X)

which has the optimal solution X* = (0, 2, 1) with F(X*) = -3. The functions

Max{3x1 t g, - 2x3, - 3x1 tx, - 2x3} £ 0

1]

Xe =150 ,

F(x) and hz(X) are continuously differentiable on R3, but hl(X) is not.

In fact hl(X) is LFS with possible subgradients sets of {(3, 1, -2)},
{(-3, 1, -2)} or Conv({(3, 1, =2), (-3, 1, =2)}). To simplify notation,
defineﬂ‘1 = Conv({(0, -2, 1), (3, 1, -2)}), and ‘é = Conv({(0, =2, 1),
(=3, 1, =2)}). It is easy to verify that Nr(,ﬁ) = (1, -1, 0) and Nrﬁaa) =

(-1, -1, 0). Since F is differentiable, set n = 0.




Also it is clear that € = 0 is a legitimate choice. Further, let

M = .5 and let XO (1, -3, 0) be the starting point for the algorithm, where

F(XO) = 6.

"

Since h,(X)) = Max{0, -6} = 0 and h,(X;) = -1, Q(X;, W) = {1},

and S(XO, &, ) ==ﬂ4f Thus the feasible descent direction given by
the algorithm is -Nr(d}) = (-1, 1, 0). To find X,, minimize

F(Xo + t(~1, 1, 0}) = -2¢ + 6, for ¢t > O and (x0 + t(-1, 1, 0)) feasible.
The minimum in the feasible set occurs for t = 3/2 which gives

X, = (-1/2, =3/2, 0), F(Xl) = 3.

-1 and S(Xl’ €, U, N) =:/2.
With -NrGJ;) = (1, 1, 0), minimize F(X1 + t(1, 1, 0)) over t > G and

At Xl’ hl(xl) = Max{-3, 0}, h2(X1)

(X1 + t(1, 1, 0)) feasible, cbtaining t = 3/4 and X2 = (1/4, =3/4, 0)
with F(Xz) = 3/2.

X, yields S(Xz, Cs Ve ) =,¢q and the minimization in the direction
-Nr@Ja) gives X3 = (-1/8, -3/8, 0), F(X3) =.3/4. Continuing, it can be
shown, using inductive arguments, that for any Kk,

2" = 55t

X, = (~1)%72F , = 312% | ) and FX

G
Consequently, the sequence {Xk} converges to X, = (0, 0, 0), while

F(Xk) > F(X,) = 0. However, X, is not a stationary point. This can be
seen from the fact that hl(X*) = 0, hZ(X*) = -1, yielding Q(X,, W) = {1},
and S(X,, €, 4, N) = Conv({(0, -2, 1), (3, 1, 2), (-3, 1, -2)}),

where 0 ¢ S(X,, €, ¥, n). Further, -Nr(s(X,, &, u, n)) = (0, 1/2, 1/2)

which is a feasible descent direction for F at X..
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ANl 2 3 5 ¥11 2 3
1 1 1 6 6 1 - 1 1
2 4 1 1 1 2 - - 1
i I (s SR | 1 Jh = = -
Yrs Vee? T i
Table 1: Weights for the Minisum Problem
P 1 1.78 2
n 1070 1073 1073 1073 107
Number of 63 90 150 134 150
iterations
CPU time 6.62s 14.39s 14.72s 16.24s 13.77s
Lower bound on F* 90 70.25804 68.18406
Value obtained 90.00008 | 70.27462 70.28511 | 68.23939 68.28341
Upper bound 90 70.4299 68.64550
on F*
Constraint -8.17x107° 0 -1.23x107° 0 0
value
Table 2. Numerical results for the constrained

minisum locatjon problem.
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