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THE GROWTH OF THE TWO DIMENSIONAL MIXING LAYER FROM A
TURBULENT AND NON TURBULENT BOUNDARY LAYER

by F.K.Browand and B.O.Latigo
Department of Aerospace En gineering, Un iversity of Southern

Cal i forn i a , Los Angeles , California 90007

ABSTRACT

The effect of the initial boundary layer upon the
downstream growth of the turbulent mixing layer between two
streams is studied experimentally. Two conditions are
carefully documented——in one case the boundary layers at
separation are laminar; in the other case one bounda ry
layer Is made turbulent with a trip wire. When the boundary
l ayer  i s tur bul ent , the la tera l  leng t h scal e , e
character izing the thickness of the mixin g region , grows
more sl owly. At l~O0_50O initial momentum thicknesses
downst ream , the growth rate relaxes toward --but does not
meet—- the growth rate of’ the untr ipped mi xing layer. The
l a te ra l  d is t r ib ut i ons of tur bul ence quant i t i es , when scal ed
w ith the local lateral thickness , ach i eve the same form at
d istances beyond approxImate ly 800 momentum thicknesses.
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THE GROWTH OF THE TWO DIMENSIOr~AL MIXING LAYER FROM A
TURBULENT AND NON TURBULENT BOUNDARY LAYER

INTRODUCTION

There has b een con s id era b le di scuss ion In the
literature about the sens itivity of’ the turbulent mixing
layer , (c.f. Batt ’; Champagne , Pao , and Wygnansk it;
Foss 1; Oster , Wygnan s ki , and F iedler 4). As a demonstration
of th is sensitivity, Brown and Ros hko~ gat hered earl i er d ata
on m ixing layer growth rates from a variety of sources.
When these resul ts were plotted as a function of speed
ra tio ,~~* (V t-LIa)/(U..U&), var iation s of as much as 30% were
observ ed at intermediat e values of ~ , w i th even  lar gcr
var iation s occurring near %= 1 . These variations may be
attr ibuted partly to experimental error and partly to
d ifferences in one or several of the conditions which d 4 flne
each exper iment unique ly. Some of the more important
var iables which could affect the properties of the mix ing
layer are: the tur bul ence level of the free streams; the
geometry of the test section , i.e., the distance and
placement of walls; and the condition of the bounda ry
layers at the po int of mixing layer formation. It has also
been suggested by Dimota kis and Brownêthat the downstream
deve lo pment of the m ix i ng l ayer  It se l f  can Inf luence the
upstream structure and growth.

We hav e attempted to isolate the effect of a different
initia l - boundary layer upon the downstream mixin g layer ,
while hold ing all other variables constant. Two cond itions
are carefully documented——in one case the boundar y layers
which form the m ixing layer are laminar; in the other case
one boundary layer is mad e turbulent. The only difference
between the two exper iments Is the addition or removal of’ a
trip w ire on the high speed side of the plate separating the
two streams.

APPARATUS AND PROCEDURES

W ind Tunnel

A schemat ic of the wind tunne 1 is shown in figure 1 .
A ir is drawn through the tunnel by a blower located
approx imately 7 in from tne plate trailing edge. The blower
exhausts to the outs ide of the building. The 3x3 m stilling
sect ion is divided into two independent sections by a 10 cm
deep splitter plate. Turbulence damping screens span the
complete st il li ng section; while the splitter p late is
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constructed in sec t ions and careful ly  sea le d aga inst each
screen w ith weather stripping , t a pe , and lacquer. (Some of
our early operating problems were due to leakage from bottom
to top aroun d the screen seals.) Each box— like section of
spl itter plate contains an al uminum I— beam which is rit~-idl:’
attached to the sides of’ the tunnel . This struotur~ is
needed to support the pressure difference (3~~Z~ cm of water)
between the top and bottom of the stifling section. The
splitter plate tapers uniformly through the contraction
sect ion with an angle of two degrees. The final tapered
sect ion Is a ground steel plate ext ending 46 cr1: into the
test sect ion and terminating with an edge thickness of about
0.5 mm. (The splitter plate taper occurs on t~~e lou speed
side (upper side) only— — th e undersid e of the plate
and parallel to the bottom of’ the test section.) T h e  t~~~f l L~~~
is thus div id ed into two streams 30.5 cm deep and 9l.~4 cm
w ide. Umbleached cotton cloth is p~ aced over the up~ er hal f
of the entrance to the stilling section—— produc ing an
increased pressure drop and hence a velocity di i’fe re.’ice a t
the pl ate trailing edge. For the cloth pr esently inst flaed ,
the veloc ity ratio between the streams is about 5. —— w ith a
hig h spee d s t ream v e l o ci ty max imum of about 30 mete r s pe r
second.

A pro be drive mechanism Is housed in a large , pressur e
tight plexiglass compartment resting on the tl2nnel roof.
Probes are mountea on a vert ical positioning dri ve , and are
introduced through a hole in the tunnel roo ” into the low
speed stream. A curtain a ’tache d to t~v~ ‘I-~ - tic a l dr ive
prov i d e s  a f a l s e  w a l l  f o r  t h e  u n u s e d  ~iol e -ir ’~a ~ hea d of thc
p r o b e  m o u n t .

F l o w  Q u a l i t y

The  t e s t  s e c t i o n  w a s  c a r e f u l l y  s u r v e y e d  f or  f l ow
un iformity. In the plane of the plate trail ing edge , the
fl ow is uniform across the cross section of the two streams
to w ithin t.25% of the maximum velocity . W~ u J boundary
l ayers remain attached everywhere In the region of study.
typ ical boundary layer thickness on the bottom wal l is 2.5
em at X: 86 cm; while on the wind tunnel roof , L1i e bounda ry
layer th ickness is of’ the order of 5 cm. ihe side w a il
boundary l ayers on the low speed sid e are of the order of 6
cm th ick at x:86 cm . These measuremen ts are for a h i g h
speed stream velocity of 26 meters per second and a low
speed stream veloc ity of 5 meters per second , w hi c h I s  c l o s e
to the test conditions.

The tur bu lence level in the low speed stream in the
v icinity of the plate trai ling edge is approximately 0.003
when expressed as a fract ion of the velocity diffe rence , AU.
The fluctuat ions present are dominate d by low frequency 
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acoust ic noise. A broad maximum in the acoustic field
extend s from about 2 hz to 15 hz—— the blower rotation rate
correspond s to 114 hz. In the h igh speed stream , t h e
fluctuations are too small to be measured by our constant
tem perature anemometers. An equivalent turbulence level for

• the high speed stream(:0.0006bU), can be est imated b y not ing
that the same (acoust ic) pressure fluctuations are felt In
both streams and produce velocity fluctuation levels which
scale Inversely w ith the velocity ratio.

At d ownstream stat ions , potential fluctuations are felt
in the free stream as a resul t of the turbulence in the
mix ing layer and wal l boundary layers. The potential
fluctuat ions are first confined to the region near the
boundar i es , but as di stance from the p la te  tra iling edge
increases , the fluc tuations encompass a larger fraction of
the free stream. At about x=86 cm , potent ial f l uc tua t ions
from the to p and bottom boundaries merge with fluctuations
ar ising from the mixing layer. Beyond this point the
fluctuat ion level in the free stream continually increases.
At ap proximately x~ 22O cm , the ro ta t ional (tur bu lent)  edg e s
of the m ixing layer and the top boundary layer meet.

The stat ic pressures measured in the center of each
stream are shown as a function of downstream distance In
figure 2. The pressures are referenced to the static
pressure in the low speed stream at the plate trailing edge ,
and are normal ized by the dynamIc pressure of the high speed
stream. There is seen to be an initial acceleration In the
high spee d s t ream in t he re gi on near the p l a te  tra i ling ed ge
(= .009q In 15 cm), and thereafter a sl ight positive pressure
gradient persists in both streams. This distribution of
pressure is unaffected by the presence of the trip wire.
The pressure difference across the mixing layer does seem to
depend upon the veloc ity ratio , ~ —— at  least in the high
speed stream.

The smal l, positive downstr eam pressure gradient , .O 09q
per meter , has li t t l e e f f e c t  upon the hig h s peed s t ream , but
is reflected In a measurable deceleration of the low speed
stream. Inde pendent measurements of the stream velocities
at various d ownstream positions (figure 3) are consistent
w ith the pressure gradient measurements. Nominal values for
the two stream veloc ities are 25.5 meters per second for the
high speed stream , U1 ; an d 4.6 meters per second for the
low speed stream ,U1. (When fluctuat ion measurements are
normal i zed by W =U , _ U & , the a c t u a l  local values at each
station are used.)

Descr iption of Mixing Layer Measurements

A singl e hot wire is used to determine the mean and
fluctuat ing longitudinal velocity at each of 26 evenl y
spaced stat ions from the plate trailing edge to a distance 
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of 132 cm. The wire length is one millimeter , which is
several t imes smaller than the turbul en t m icroscale. At
th is farthest downstream station , the Reynolds number—— based
upon downstream distance and velocity difference —— is
1 .8x10~~; wh ile the Reynolds number based upon maximum slope
th ickness (or vorticity th1ckness ,~~ u~) i s approx im ate~~y
216 ,000. Expressed in multiples of the mixing layer
vort icity thickness , the he ig h t of the tunnel i s ~~~~~ and the
b rea d th of the tunnel i s ~~~ at  x~~132 cm. At each station ,
t he hot wire is traversed sl owl y and continuously across the
m ixing layer , and the output record ed on FM magnetic tape .
Travell ing at a rate of approximately 0.25 millimeters per
second , i t takes  be tween  10 and 20 m inu tes to comp l e t e  each
traverse . Beyond x= 81 .3 cm , the probe travel is not
suff i c ient to comp le te ly  span the m ix i n~. 1a3’er. In the~~ .
cases two w ires—— spaced approximatel y 10 cr~ a part  In t~~
vert ical direction —— are used . Each profile thu s consists
of two segments record ed with different hot wires. In the
centra l  over la p re gi on , s lo pes and v a l u e s  of t h e mea n
ve loc i ty are matched by maki ng very  sl ig ht co r rec t ions to
the hot wire calibration curves.

The ta pe recor d er band w id th at 1 5 inc hes per secon d Is
5000 hz. The top of the bandwidth is roughl y a factor of
100 above the mean passage frequency of the vorte :~
structures——very l ittl e energy is contained abov e this
l imit. The data are digitized (12 signifIcant bits) at a
fIxed ban dw i t h of 1000 hz. (This digitization bandwidt h Is
u n i m p o r t a n t  i f  onl y m e a n s  and rm s v a l u e s  a r e  r e q u i r e d .)
M e a n s  and r m s  f l u c t u a t i o n s  a re  d e f i n e d  by t u o  second  r ’i n n 1n ~
s u m s .  In two  second s t h e  p r o b e  has  t r a v e l l e d  0 . 5  mm w h i c h
is insignificant compared to the thickness of the mixing
layer. The avera ging time typically correspond s to the
passage t ime for 100 or more large scal e vort ica l
structures. Prof iles of ~

‘(z )  and urms (z )  are p l o t t e d  b y
com puter. They do contain slight irregularities which are
stat istical fluctuations in the averages , b u t t h e s e  a re
eas ily smoothed by eye. The single hot wire is sensitive to
the total velocity in the pl ane normal to the wire , and thu s
respond s to instantaneou s values of v also. The correction
to urms due to this effect is negligibly small (less than 1%
of u rms ) ,  and is therefore neglected . In addition to the
measurements abov e , sever al measurements of the Reynolds
s t ress , , and of vrm s , have been mad e using an x— wire
probe . The sensing vol ume of the x—wire has the dimensions
0.25 mm by 0.38 mm by 0.5 mm. Calibration is performed by
assum ing a generalized polynomial form for the two
instantaneous velocity components u and v in terms of the
w ire voltages. The ten required coeffici ents are determined
by a least squares fit to approximately one thousand data
po ints representing known velocities and flow directions.

Documentat ion of Initial Conditio ns
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Two com plete sets of measurements were mad e with two
different initial boundary layers. In the first case , t h e

• 
- 

boundary lay ers on both sides of the splitter plate were
laminar at separation. In the second case , t he bound ary
layer  on the hi gh s pee d s id e was tr i ppe d w i th a two
dimensional wire (1.6 mm diameter), placed fifteen
cent imeters upstream from the plate trailing edge. (The
equiva l ent flat plate Reynolds number at the plate trail ing
edge on the high speed side is about 1O~~, so the boundary
layer is easily tripped. ) In terms of the displacement
th ickness of the undisturbed , lam inar bound ary layer , A”
the w ire height is 1.6 , and its position is 130 ahead of
the trailing edge.

Ev id ence for the s t a t e  of t he boundary laye r a t
separation was obtained from traverses across the flow at
x= .25 mm downstream from the plate trailing edge. Figure
14 (a) shows the mean veloc ity distributions on both sides of
the plate w ith no trip, and on the low s peed s ide w i th the
tr ip in place (on the high speed side). These are compared
w ith the circles representing the Blas lus boundary layer.
Momen tum thickness on the high speed side is 0.457 mm
w ithout the trip, and 0.86 mm on the low speed side. Figure
14(b) gives the mean velocity on the high speed side with the
‘r ip in pl a c e .  In t h i s case , the momentu m thickness is 0.81
m m. Representing the log region by the universal
distribution gives a u,1va lue of ~,tI meters per second . This
translates to a sk in friction coefficient of..~~~5 at
Re 0:135 0. The boundary layer is probably close to
equilibrium , and the smallness of the wake region is
cons i s ten t  w i th a sl ightly a c c e l e r a ted fl ow at  the p lat e
tra ili ng edge. The shape f actor , ~~/9, is 1.42. The
d i str ib ut i ons of long i tudi nal v e l o c i ty f l uc tua t ions , urms ,
across the boundary layers are shown in figure 5. Figure
5(a) gives the fluctuati on distribution on the high speed
s ide , tr ipped and untr ipped ; and figure 5(b) gives the same
data for the low speed side. The distribution of
fluctuat ion amplitud e in the tripped boundary layer is
s i m i lar to the d i str i but i on in the turbul ent f l a t  p l a t e
boundary layer. However , the f l uc tua t i on a mp li tud e rema i ns
at about 1% as the free stream Is approached , and th is is
much higher than the previous values quoted for the free
stream turbulence level . The reason is due to the noise
introduced in the FM recording process , wh ich is about .3%
of the recorder dynamic range. Converting this noise to an
equ iva len t  v e l o c it y f l uc tua t ion roughly resu l t s  in
mul t iplication by a factor of four. Thus the 1% free stream
turbulence level in the recorded signals Is essentially all
ta pe noise . It is the departures from this level which are
most significant. In the laminar cases , these de par tu res
are small . The al ight increases in fluctuation level s
w i th in the lam inar boundary l aye r  p roba b ly r e f l e c t  the
greater sens itiv i ty of the boundary layer fl ow to the

- -  _ _ _ _  _ - _ _- .~~~~~~~~~
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unsteady pressure fluctuations present In  t h e  t u n n e l .

RESULTS

Growth  of the Inte gral Th i ckness

The simplest and most reliable measure of the vertical
ex ten t  of the tur bulent m ix ing re gi on is the inte g ra l
t h i ckn ess d ef i ned a s :

e(hu)t 5tu1— ü(~~)[ iL(M- 1J~J JZ .

The lengt h ~ Is here referred to as t h e  m o m e n t u m  t h i c k n e ~~s
a l t h o u g h i t d o e s  n o t  re prese n t a mom en t u m  d e f e c t  i n t~ e
usual sense . The momentum t h i c k n e s s  is determined by
integration of the mean velocity profiles at each of the 26
stat ions for the two cases. The results are shown plotted
in figure 6 In non— dimensional form. The local momentum
th i c kness and the d owns t ream posi t ion ar e normal i zed by t he
initial momentum thickness. The Initial momentum thickness
for tur bule n t boundary lay er i s d eterm i ned by ex t r a po la t i ng
the measure d momentum th i ckness va lues  b ack to t he or igi n
x:0. This gives 9~:.864 mm . For the la minar boundary
l a y e r , there are local departures from a strictly linear
growth , and the initial momentum thickness is determined by
an indirect method . A hot wire placed in the flow about 2
cm fro m the or ig in d e t e c t s  the in i t i al unsta b le fre quency i n
the laminar shear layer. Using line ar stability theory,
th i s fre quency i s re la ted to the i ni t ial th i ckness  of the
shear layer at the po int where the instability begins. The
initial momentum thickness is determined to be 8,,= .46 mm.
In both cases , the ini t ial momentum th i cknes s i s v e r y  c lose
to the value of the boundary layer momentu m thickness on the
h i gh  speed s id e , as one might anticipat e for this large
veloc ity ratio case .

The moat interesting conclusion to be drawn from figure
6 is tha t the mixing layer grow s more rapidly from a laminar
boundary layer than from a turbul ent boundary layer. The
difference in growth rates is most apparant in the first
400—500 momentum thicknesses , w here the momentum thickness
growth for turbulent boundary layer Is fit by the least
squares line

O/~~. [ . o ,~ 3 .± . OooZ J~ / e4 4 1.23 .

The momentum th ickness growth for laminar boundary layer is
well fit everywhere by the line

_ 0236 t. oooBj I’/
~ 

+ 1.ef -
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This difference In growth rate is not the resul t of the
in i t ially  th i cker tur bul ent boundary l aye r , for th i s
de pendence has been taken out by the normalization. If H

scal e were the only difference , t)~i two curves should be
identical in this coordinate system. They are not
identi cal—— thus there is a fundamental difference between
the two cases. (This resul t is also supported by numerous
total pressure pro be traverses which were record ed at an
earl ier d ate , but with one exception , are not shown here.)
At 1400_500 init ial momentum thicknesses d ownstream , there i s
an abru pt increase in the growth rate (for the case of the
turbul ent bound ary laye r )  to a va l ue a pprox imat ed by

= (.~ ‘2o8 ± . ô00b] k~/ ~~, — .622..

It shoul d be not ic ed that th i s slo pe i s much c los er to t he
slope obtained for the laminar boundary layer.

The physical location of the locus iL(,’)1.1(0,40~
)/L is

given In figure 7. Again both z and x are normalized by the
initial momentum thickness , and z:0 is the location of the
splitter plate. The normalized curves are little different
for the two initial conditions except there seems to be more
scatter in the untripped case . The best line is given by

~ L . Oz74 t~~ oo3) ’~/o~ — 4..~s3 ,
4ir 600 ~~~ Y/.~ ~~

Mean Veloc ity Profiles and Fluctuation Amplitudes

The mean velocity distribution , w hen plotted with a
normal ized vert ical coordinate , ra pi dly  ap p roaches an
equilibrium shape . For both laminar and turbul ent boundary
layers , independence is established beyond 400 inItial
momentum th icknesses. Furthermore , t h e  s h a p e  of t h e
veloc ity distribution is identical in both cases. Figure 8
gives , as exam ple , four mean distributions— — x/•,
:1000 ,1780, for lam inar separation; and x/G~ :1000 ,1350 ,

for tur bul ent separation . The four curves are so close as
to be indistinguishabl e over most of the mixing layer. As
the high speed stream is approached , there ap pears a sl ight
veloc ity excess. This is often observed , and may indeed be
a real effect.

The rms longitudinal fluctuation takes l onger to
equilibrate. Figure 9 gIves the peak value of the
fl uctuat ion , urms/(AU), as a funct ion of d o w n s t r e a m  d i s tance
for both the lam inar and turbulen t boundary layers. For
lam inar separation , the peak ampl itud e first rises to a
value near 20% , and then approaches an equilibrium value of
16.7%+.5% beyond x/ø~ :1400. For turbulent separation , t he
equ ilibrium value is approached at x/Ø~~:800 by a steady
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Increase in amplitude. The variation with x of the peak
values in the two case-c is similar to the observations of
Bradshaw 1in the developing region of an axisymmetric jet.
Contrary to Bradahaw ’s resul ts  howev e r , the equilibrium
values are identical within the estimated experimental
accuracy. In fact , the d istribution of’ fluctuation
am plitud e across the mixing layer is identical also. Figure
10 (a )  i l l us t ra tes the nature of t he e qu ili br i um di str ib ut ion
by compar ing prof i les  for lam inar and tur bul ent bound ary
layers at two downstream locations , x/Gg~~1780 and x/G~ :1000 ,
respect ively. These results are typical of all the profiles
in the equilibrium region . Figure 10(b) illustrates the
differences In the profiles in the region preceeding
equilibrium. An equilibrium profile is al so shown for
c o m p a r i s o n .

More recently, properties inv olving both u and v hav e
been measured at x:81 cm . Again the only difference is the
presence or absence of the trip wire attached to the high
spee d s ide  of t h e  p l a t e , but the value of ~ is slightly
higher than for the prev i ous measurements —— 0.82 as opposed
to 0.69. With the trip wire in , the p hys ical momentum
th ickness is smaller by about 25%; yet the distributions of’
means and fluctuations are very close indeed . The present
d a ta  were o b ta i ned ~~ th an x—w ire probe , an d u t i l i ze a
cal ibration procedure quite different from the earlier ,
single wire results. Figures lj

~
j
~~

, and 1 3 g iv e  the
di str ib ut i ons of urms , vrm s , and u ’v ’ res pectively for the
two boundary layer conditions. The results for urms ,
tripped and untr ipped , are indistinguishable from one
another and agree well with the distributions record ed
earl ier. The distributions of v m s  are virtually identical
al so—— with a peak value just slightly under 13 .%. The
la rgest difference between the two cases occurs in the peak
value of the Reynol ds stress , figure 13 , but this difference
is the same order as the scatter in the data.

DISCUSSION

Un iversal SimIlarity

On the bas is of results presented here , it is possible
to conclu de that the distributions of both mean velocity and
the second order tur bul ence quantities achiev e an
equ ilibrium state independent of the condition of the
initial boundary layer , provided the lateral coordinate Is
scaled w ith the local mixing layer thickness. This
independence Is established for second order quantities at a
d istance of about 800 initial momentum thicknesses from the
or igin. These distributions could depend upon the speed
ratio; thu s they represent a poss ible one parameter family
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with as the parameter. Evidence suggests that the
d is t r ib ut i on of mean v e l o ci t y ,  w hen p l o t t ed  as In f i gure 8 ,
Is ve r y i nsens iti ve to~~ and is un iver sa ll g applicable. The
di str ib ut i ons of secon d or de r tur bul ence quant i t ie s may
depend upon i, (c.f. Yule , ~~~~~~ but more data is needed
to d e f i n e  t h i s  r e l a t i o n s h i p .

The g r o w t h  of t h e  l o c a l  m i x i n g  l a y e r  t h i c k n e s s  is
different by about 12% for the two cases considered . As
shown earlier , w ith turbul ent boundary layer the mixing
lay er at first grow s more slowly —— then relaxes toward the
growth rate of the untripped layer. The relaxation is
significant , but to say the mixing layer growth rate
ach ieves  com p l e t e  ind e pend ence fr om condi t i ons at fo rmat i on
is probably not justified . (Taking into account the
poss ib le errors , the growth rates still differ by about 6%.)
We hav e no ready exlanation for the differences in growth
rate wh ich persist downstream of the relaxation. It is ,
however , a d ramat i c i l l us t ra t i on of the sens i t iv it y of
m ixing layer growth upon variations in exper imenta ’
conditions.

T h e advan ta g e of us i ng a local  la tera l  len g t h , 9 , f o r
scalin g the distribution s of’ propert ies—— rather than a
coordinate proportional to 1/(x—x 0)—— l s now clear. A
scal i ng w i t h di s tance  from t he or igi n (or e f f ect ive  or igi n)
must implicitly includ e the growth rate of the mixing layer.
The ex istence of different growth rates among various
ex periments — - even those at constant ~, —— probably explains
the scatter In some of the published experimental
com parisons (c.f. Champagne , Pao , and Wygnansk i &, ~a tt ~~,
Patel ’ ).

The mixing layer growth rate will be different for
different values of the velocity ratio ,~ , . Using the resul t

~~ k~~= 58 (where~~~~1s the vort icity thickness), and the value

~~:.695 for our ex periment , a vo r t i c i ty th i ckness gr o w t h
rate can be estab lished . If the growth is assumed to be
linearly de pend ent upon , the resul t is

for lam i nar bound ary layer , and

—

S
for turbule nt boundary l ayer. Brown and Roshko suggest a
value between O.162’)~ and o.i8i9~

Calculat ion of Reynolds Stress and Lateral Mean Vel ocity

The calculat ion of the Reynolds stress , ~~~~~ from the
distribution of mean velocity , ~~(z), i s a p rocedure w hi ch

_ _  --- .----. -- — --- - --- —-— . — -~~~~~~~~~~ . .
- -~~- -  - - •~~ - - -— - - --
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F relies upon similarity of the fl ow . This technique is often
used as a check on the measurement of ~~~~ We hav e ap plied
the follow ing procedure with good results. Assume the
s imi lar i ty var i able to be

1~ 
(1-~~. ) / 9(’~

) ,
w h e r e  z 0( x )  I s  t h e  l o c a t i o n  of ~~( z ) : ( U , +U 1)/2. (z•is chosenfor the lateral reference poin t since ii is an easily
measured quantity , c.f. Townsend ’1 , Lle pm ann and Laufe r 11

~.)Both z0(x) and &(x) are assumed to be linear functions of’ x .
(The x momentum equation will be used without the pressure
gradient term. The small , positive pressure gradient in the
exper iment c an b e shown to contr ib ute ne gligib ly com pare d tc
th e other terms in the equation.) L~ t

~ 
._ j ij1~~) _ ( L I,9L1.)/ 2 J/ ( t ,,-t.g~~/z = —

• LiJ i —(V1 *‘t)/2-J/(v,-Vz/L

~. ~~ ,/t ~u)L 
, ~

•(q)~~ i-/~~) -

T he cont i nu i ty e quat ion gi ves

(~vft~u)( h~,-i) 
...( d I.o/d%)P_ d4’/d,c (~~F~-f  F/~J (/ )

and th e x momentum e qua ti on g ives
1/4 d&/d,~ 1:o÷ s/ i ) FA — s c f ’ ~c 4-~ J td&, ) — (hi V~)(~ ~-~f~4) (2)

F J I L 4 -  L Fz4] , A ~~~11s1~v~~~~~ ~~~ Jc8~~.
By i n teg ra t ing to q:+ , two equa tions are produced for the
four unknowns V 1 ~~

, dz 0/dx , d~~/dx . The equation s are used
w ith specified f(y), dz0/dx , dO/dx to determine V1 ,V~~—— th-
mean lateral veloc ities at the edges of the mixing layer.
For the cond i t i Ons~~ = o276, ~ ~ ~~~~~~~~~~ ~~a1tkel~.y L~9e~;

= .032., ~~~ a .02.6’Z, ~~ ~~~
. ~ 1, tt~I~i~J.t ósv~ida~ Leger’.

corr esponding to the recent measurements (figure 13) , the
momentum equat i on i s then i nte gra te d as a funct i on of T
The resul ts are compared with the measurements in figure 14.
There is a difference of 20% between the calculated and
measure d peak val ues of t he Reynol d s s t r ess  for t he l am i nar
bound ary l aye r , and about a 10% difference for the turbulent
boundary layer. The computation is very sensitive to the
choice of the m ixing layer growth rate. In both cases , the
growth rates used are linear extrapolations In ~ f rom t he
carefu] measurements at ~ :.695 , and should be accurate
within j6%—-accounting also for uncertainty In ~l . The
exper imental values could be revised upward by several per
cent (a correct ion for the limited band w ith used). For the
lam inar case this accounts for only half of the difference ,
and i t i s d i f f i cul t to say wh e ther the c a l c u l a t i on or the
measurement is the more reliable result. It is interesting
to note that the com puted shape , g(’7), i s pract i c a l l y
independent of the speed ratio , % . When the sha pe of t he



1)

mean ve]oc ity profile , F(~7), i s assume d to be independent of
~~, the term in b r acke t s  in e quat i on 2 i s near ly
proport ional to 1/~~ . Thus if de/d x is taken to be linearly
proportional to ~ , t he  s h a p e , g(’j), w ill be ind ependent of

The computat ion procedure anticipates a non-zero
lateral mean veloc ity on both sides of the mixing layer.

• For the lam inar boundary layer , V, /AU :+.015, and V2 /AU
— .0 1 7 ;  w h I l e  fo r  t h e  t u r b u l e n t  b o u n d a r y  l a y e r  t h e
c o r r e s p o n d i ng v a l u e s  a r e  +- . 0 23  and — . 0 0 9 .  The  cal c u l a t e d
d i s t r i b u t i o n s  are  compared  w i t h  t h e  m e a s u r e d  l a t e r a l  m e a n
v e l o c i t i e s  in  f i g u r e  15. T h e  a g r e e m e n t  is  good c o n s i d e r i n g
t h e  d i f f i c u l t y  i n  m a k i n g  a r e l i a b l e m e a s u r e m e n t  of V ( z ) .  In
p a r t i c u l a r , t h e  p o i n t  of m a x i m u m  v e l o c i t y  i s  w e l l  m a t c h e d .
The  c o n t i n u i t y  e q u a t i o n  p r e d i c t s  t h i s  p o i n t  to be

~ -1,0 .

I m p l i c a t i o n s  f o r  t h e  L a r g e  S c a l e  S t r u c t u r e

W h i l e  t h e  p r e c e d i n g  r e s u l t s  g i v e  no direct indication
of t h e  p r e s e n c e  or a b s e n s e  of l a r g e  scal e s t r u c t u r e , t h e r e
a r e  s e v e r a l  i m p l i c a t i on s .  W h e n  t h e  b o u n d a r y  l a y e r  i s
laminar , l e t  it be assumed that the mixing layer grows by
the i n te rac t i on and pa i r ing of the now fam i liar lar ge sca le
structures. When th e boundary layer is turbul ent , t he
m ixing layer growth rate is initially much smaller , and it
is reasonable to conclud e tha t the introduction of smal l
scale tur bulence has obstructed the large scal e
interactions. In the eventual relaxation toward the higher
growth rate , the important role of the large scale structure
i s  r e e s t a b l i s h e d .

As p a r t i a l  s u p p o r t  f o r  t h i s  i dea , i t  can be obse rv ed
t h a t  t h e  growth rate of the momentum thickness (figure 6) is
f i t  by a s t r a i g h t  l i n e , b u t  t h e r e  a re  d e p a r t u r e s  f r o m  t h i s
l i n e  w h i c h  do  n o t  seem to be c o m p l e t e l y  r a n d o m .  The
r e s i d u a l  l o c a l  t h i c k n e s s , d e f i n e d  as t h e  d i f f e r e n c e  b e t w e e n
t h e  m e a s u r e d  m o m e n t u m  t h i c k n e s s  and t h e  b e s t  l ine  f i t

(á/e~ ~~~~~~~~~~~~~~ 
— ~/6~ 

—

is plotte d as a function of x in figure 16 for the laminar
boundary layer. A]so plotted on this figure are the
downstream positions where the local momentum thickness
dou bles in value. These posit1on~ of dou bling seem to be
correlate d with regions of l arge local growth rate. One
poss ible explanation is tha t the pairing interactions which
produce m ixing layer growth are more likely to occur at
certa in downstream positions. These are the positions of
most rap id growth rate—- and they are spaced at intervals
correspond ing roughl y to a doubling in thickness. If the
same res idual thickness is plotted for the case of the
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turbulent boundary layer , much smaller dev iations from
stra ight line growth are initially ev ident , figure 17.
Aga in this may indicate an some Inhibitio n of the large

• scal e structure. Farther downstream larger local var iations
in growth rate begin to be observed , but the resul ts  are
scattered and inconclusive.

- -  
• - • - • •
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FIGURE 5. Distributions of long i tud i nal vel oci ty fluctuations
in splitter plate boundary l ayers . (a) High speed
side , tripped and untripped ; (b) Low speed side .
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