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INTRODUCIION

Adaptive filters are being used in a wide variety of applications , such as statistical
prediction [1 ,21, interference cancellation [31, adaptive antennas [4), and channel equaliza-
tion [5] in communication systems. The most widely used adaptive filters at the present
time are nonrecursive adaptive transversal filters [1 ,4,5,6), al though rudimentary form s of
adap tive feedback filters are beginning to appear [7 ,8]. This paper presents a new approach
to adaptive filtering that promises great improvements in computational efficiency from
doing the entire process in the frequency domain.

CONVENTIONAL ADAPT iVE FILTERING

A “conven tional” adaptive transversal filter is represented symbolically in Fig. 1.
Details of this filter are shown in Fig. 2. If the sample time isj, the discrete input signal is
represented by x~. The filter output is y~. The “desired-response input ” is d~. The latter
input is a training signal necessary for effecting the adaptive process. Some ingenuity is gen-
erally required to obtain this signal in practice.

xi LMS vi
~J ADAPTIVE I

T FILTER IN OUTPUT

9

DESIRED
RE SPONSE

Figure 1. LMS adaptive transversal filter.
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Figure 2. Details of LMS adaptive transversal filter.
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In each of the applications mentioned above, the most commonly used adaptive 
- 

-

algorithm at present is the LMS algorithm of Widrow and Hoff [6,91,

Wj+l =W J+2Pe~ J . (1)

is a column vector of filter weights at the time of the jth iteration cycle,

[W lJ~ 
W2j~...,

Wfljl . (2)

The input signal vector X~ is the set of val ues of the signals at the delay line taps of the
adaptive transversal fil ter,

IX. = [x ~, x~._~ x1_~.1.~ ) .  (3)

The error is the difference between the desired response and the actual response,

(4)

where the output y~ is given by

(5)

The weights are updated by the LMS algorithm at the input sampling rate. The functioningr of the LMS filter has been described in references F 1 ,3 ,6]. The term p in (1) is a constant
that governs rate of convergence and whose proper choice insures stability of the adaptive
process. -

ADAPTIVE FILTERING IN THE FREQUENCY DOMAIN

An alternative to the “time domain” LMS filter is the “frequency domain LMS
filter,” illustrated in Fig. 3. The input x~ and the desired response d~ are transformed by
n-point DET’s. Thus, data are taken in blocks of n samples, and adaptation of each weight
takes place once for each data block , rather than for each in pu t sample. Referring to Fig.
3, each of the DFT outputs comprises a set of n complex numbers . The desired response
transform values are subtracted from the frequency-corresponding input transform values to
form n individual complex errors. The weights are complex and may be updated by the
complex LMS algorithm [10]. In this case, however , each of the complex weights corre-
sponding to each of the spectral bins is adapted independently. The weighted outputs are
not summed; rather they are fed to an inverse FFT operator to produce the output signal.

Since each complex weight has its own error signal (instead of there being a single
error signal common to all the weights), the Qth individual weight is updated by the complex
LMS algorithm according to

wQ(k+l) = WQ(k) + 2pEf(k) XQ(k) , (6) 

~~~~~~~ ~~~ — ~~~~~~~~~~~~~~~~~~~~~~~~
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Figure 3. LMS adaptive filtering in the frequency domain.

where WQ(k+ I) is the Qth complex weight after adaptation with the kth n-point input data
block . N ote that ~Q(k) is the conjugate of XQ(k). To produce output data similar to those
produced by the transve rsal filter of Fig. 2 , the number of weight adaptations is reduced by
a factor of n since each weight is adapted only once for each n-point input data block. The
value of the adaptive constant p should accordingly be increased by a factor of n compared
to the value of p chosen for the scheme of Fig. 2, so that the rate of convergence and per-
formance in genera l of the conventional and the frequency domain adaptive schemes would
be comparable. A larger weight increment with each adaptation , corresponding to less
frequent adaptations , would permit a lowering of the weight resolution requirements for
the frequency domain scheme by a factor of n , so that the nu mber of bi ts used to store each
weight could be -reduced by Iog2n , simplifying the weight update arithmetic. FIg. 4 is a
symbolic representation of the frequency domain filter of Fig. 3.
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FFT LMS FF1 1
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DESIRED
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Figure 4. Symbolic representation of frequency domain adaptive filtering .

COMPARISON OF COMPUTATIONAL REQUIREMENTS

The adaptive transversa l filter of Fig. I works on a continuous flow basis. The fre-
quency domain filter of Fig. 4 in turn produces n points of output data all at once, based on
the block of n input data samples. The effect of steady flow can be achieved by outputting
in sequence the results of processing data from inpu t block to input block . In order for the
adaptive transversa l filter to produce n output data samples and to be continually updated ,
with all of its n weights being adapted to each sample time , the number of weight adapta-
tions is n2. On the other hand , to achieve essen tially the same result with the freq uency
domain filter , three n-point FFT’s must be performed in addition to adapting each of the
n complex weights just once .

One way of comparing the computational complexity of the time domain and fre-
quency domain approaches to adaptive filtering is in terms of number of multiply opera-
tions. To produce n output data points and n 2 adapts , the adaptive transversal filter
requires 2n 2 real multiplies. To do the corresponding job in the frequency domain , three
n-point FFT’s require 3n log2n complex multiplies , while the complex weighting and weight
updating requires 2n complex multiplies. The ratio of complex multiplies required by the
frequency domain filter to real multiplies required by the conventional filter is thus
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complex multip lies 
— 

( 3n/2) log2 n + 2n 
— 

3 log2n + 4
real multiplies 

— 

2n2 
— 

4n ( )

With n = 4, this ratio is 0.833; with 11 = 16 it is 0.250; with n = 128 it is 0.0469; and with
n = 1024 it is 0.0083. With n 4 there is thus no reduction in computational requirements,
while with n = 16 the potential reduction factor is approximately 4, and with n = 1 024 it
is greater than two orders of magnitude.

It is apparent that in many practical cases the savings resulting from use of the fre-
quency domain technique are substantial, so much so that , even when one takes into
account the additional computing of 3 FFT’s per data block , it pays to use this technique
and to recover the filtered signal from its DFT. Using conventional digital techniques, the
output could be “sti tched together ,” creating a continuous data flow from blocks of n out-
put data points. The output would be delayed in time , however , by at least the block
length. On this basis , any large adaptive digital filter could be efficiently realized by a
combination of the complex LMS and FFT algorithms. If one require d only the DFT of
the out put or its power spectru m, the third FFT computation could be eliminated.

One application warrants special mention , that of detection of narrow-band signals
buried in noise. The “adaptive line enhancer ” (ALE ) has been described and analyzed in
references [3 , 11] .  Griffiths [12] has shown that the ALE is capable of computing “maxi-
mum entropy” power spectra [13]. Fig. 5 shows a block diagram of an ALE based on
adaptive filtering in the frequency domain. In this configuration, i f the delay ~ is chosen
to be an integral multiple of the FFT window width (n sample periods), the same FFT of
the adaptive-filter desired response can also be used for the filter input ,  using inexpensive
memory instead of computation of an additional FFT.

SIGNAL
PLUS ADAPTIVE

I FF1 FILT ER
BROADBAND ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ RED 

_____

ADAPTIVE
FILTE R
INPUT COMPLEX 

FFT 1 ENHANCE D
FILTER OUTPUT

SIGNAL

DELAY

MAG- OUTPUT

~~~~~
SQUARE

~~~
ARE

SP~~~~ UM

Figure 5. Frequency domain adaptive line enhancer.
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CONCLUSION

The advantages of the frequency domain approach over conventtional time domain
methods is very apparent for large n. The number of multiplies and the memory word
length for the storage of the adaptive weights is greatly reduced. The number of bits carried
through the weight update a .  ~hmetic is also greatly reduced. On the other hand , the num-
ber of memory registers required to store weights and data is significantly increased , but
memory is cheap.

The results of adaptive filtering in the frequency domain are in most cases quite
similar but not identical to those of adaptive filtering in the time domain. The nature of
the differences and similarities are under study and will be reported in the future .
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