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0. ABSTRACT

A scheme for obtaining a stationary sequence of discrete
random variables which has p-th order Markov dependence and a
specified marginal distribution is presented. This DAR(p) process:
which is a particular p-~-th order Markov chain, has the physical
and correlation structure of an autoregressive process of order p.
The process and its transition matrix are determined by the
specified marginal distribution and by several other parameters
which, independently of the marginal distribution, determine the
correlation structure. Correlational properties and initial
conditions for stationarity of the process are studied. Asymptotic
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1. INTRODUCTION

In Jacobs and Lewis (1978a) a scheme for obtaining a
sequence of discrete random variables with first order Markov
dependence and with a given marginal distribution is presented.
The process is a Markov chain and has the physical and correlation
structure of a first order autoregressive process. In this paper
we extend this result and present a scheme for obtaining a
stationary sequence of discrete random variables with p-th order
Markov dependence and having a given marginal distribution. The
process is a p-th order Markov chain and has the physical and
correlation structure of a higher order autoregressive process,
i.e. xn depends explicitly on xn-l""’xn—p' As with the models
in Jacobs and Lewis (1978a) the process is specified by the
stationary marginal distribution of Xn and several other chosen
parameters which, independently of the marginal distribution,
determine the correlation structure.

This DAR(p) process is defined as follows. Let {Yn} be a
sequence of independent identically distributed random variables
taking values in E a discrete subset of the real line with

distribution w. Let {Vn} be a sequence of independent

{0,1}-random variables with

PV, = 1} =3 = PV, = 0} = g

for 0 < p < 1l. Let {An} be a sequence of independent random
variables taking values in {1,2,...,p} with P{An =i} = ay 0,

i=1,2,...,p where ZE=1 a; = 1. Put

i —l




(Z1) = ann'An o AL =

for n=1,2,... . Then {Xn} is called the DAR(p) process
(discrete autoregressive process of order p). It will be shown
in Section 3 that it is possible to obtain an initial distribution

for ( X

x—p+l' -+« + Xy, X)) which makes the sequence {Xn}

stationary with marginal distribution 7.

In Section 2 we will study the correlational structure
of the stationary DAR(p) process, obtaining Yule-Walker type
equations and discussing their solution for the DAR(2) and
DAR(3) process.

Section 3 discusses the asymptotic properties of the
DAR(p) process; it is shown that the process is ¢-mixing in the
sense of Billingsley (1968) and consequently that, with the usual
definitions, sample means, covariances and quantiles converge

almost surely and are asymptotically normal.

The process as defined at (1.1) has the property that !

all of the serial correlations r(k) = corr(X

n+ern)l k = il,iZ,...,

are greater than or equal to zero. This problem can be overcome
quite simply if 7m is a symmetric distribution. The process then

becomes a full analog to the standard linear AR(p) process (see

e.g., Box and Jenkins, 1970). A discussion of the correlation
properties of this extended DAR(p) process is given. When 7 is
not symmetric it is necessary to consider schemes such as coupling

two DAP(p) processes over a bivariate sequence {Yn, YA}, where




the Yn's and Yﬁ's are negatively correlated. Since this leads
into the question of multivariate DAR(p) processes, it will be

explicated elsewhere.




2. CORRELATIONAL PROPERTIES

Let {Xn} be a stationary DAR(p) process having marginal
distribution 7 and parameters p, oy i=1,...,p, and let
m = E(Yn) = E(Xn). From (1.1) it follows that the dependence in
the DAR(p) process is due to the random selection procedure by
which Xn chooses one of the Yk; k < n. In other words it is
possible to write Xn as a random index model over Yk’ k<{ n,
although the indexing variables for each n are correlated. To
derive the correlation structure it is easier to work with the
autoregressive formulation (l1l.1l). Note that with probability

= X for j =1,...,p. This observation allows one

pay, X

n+k n+k-j

to derive Yule-Walker equations for the serial correlations

r(k) = Corr(X Xn) quite simply. For example, if we center

n+k’

' : | = : 2 ]
the xn s to give Xn = Xn m, then multiplying (1.1) by Xn-l

and taking expectations

r(l)

E(XpXp-1) !

e oy e

] |} ' - -
E(xn_lvhxn_An) + E(X]_; (1-V )Y -m)

= palr(O) + puzr(l) + s 4 papr(p-l).

Continuing this way, the complete set of Yule-Walker

equations is obtained:




]

(2.1) r(l)

palr(O) + pazr(l)

]

(2.2) r(2) palr(l) + pazr(O)

.

(2.3) r(p)

and, for k > 1,

]

(2.4) r(p+k)

palr(p-l) + pazr(p-Z)

+ e e

4+ e oo

+ oo o

palr(p+k-l) + pazr(p+k—2) + oo

Clearly, when p =0 all zr(k)'s, k= 1,2,;,...

that one is interested in solving the equations

To see that the serial correlations are all positive or
zero, let qgq(i) be the probability that Xn
the same random variable Yk’ where, because of the backward

definition of the autoregression, k <

equations (2.1)-(2.4). Hence r(i)

correlations for the DAR(p) process are always nonnegative.

If we define a generating function

23

Tk

Biz) = r(j)

o

j=1

then from (2.1) - (2.4) we have that

n.

for

Then

g(i), i =

for

and X
n

g(i)

r(p-1) ,
po Tip )

r(p-2) ,
Dap (p-2)

oapr(O)

pa_r (k)

are zero,

+1

1,2,...

’

SO

0 <€ p < 1.

choose

also satisfies

and the




(2.5) B(2z)

= {z[palr(O) oot papr(p—l)] + zz[pazr(O) Hiets e} papr(p-2)]

+ zp[pupr(O)]} {1 - zpa, - zzpaz- 0 QD -zppap}—l.

i\

The roots of the characteristic equation

(2.6) 1 - zZpay - zzpa2 —s e~ zppup =0
can be used to expand B(z) by partial fractions to obtain expres-
sions for «r(k). The roots can also be used to characterize
the behavior of the autoregressive function {r(k)}. This will be
illustrated for the DAR(2) and DAR(3) processes.
First we note that since p and the ai's are greater
than or equal to zero, the left-hand side of (2.6) equals 1 at
z =0, (1-p) >0 at =z = 1, and since it is monotone in z
for z > 0, there is one and only one positive root for a value
of z > 1. All other roots are negative or imaginary. (For
p = 1, the root is z, = L/pa)

Another consequence of (2.6) concerns the quantity c

defined in Jacobs and Lewis (1978b). We have
X +¢oo+x
: 1 m
lim m var ) = var(xl)c,
m < o m
where

c= 1+ 2 3 i
i=1

b

gt




From (2.5)

{2.7) c

1 + 2B8(1)

l+-2p{r(0)-+(l—al) r(l) + (l-al-az) r(2)

#oasd (I~ =eee= ap_l) r(p~1) }/(1=-p)

2p
1+F—6.

Jv

The inequality follows because all of the serial correlations

r(k) are nonnegative.

Example 2.1. The DAR(2) process.

In the definition (1.1) let P{An=l} =1 - P{An=2} = a
for 0 < a<1l. If a =1 the DAR(2) process reduces to the DAR(1l)
process which was studied in Jacobs and Lewis (1978 a,b). The

Yule-Walker equations are easily solved to give

(2.7) r(l) = pall - p(l-a)]~t
and
(2.8) £(2) = {p(l=~p)} + 2polp=11}{l = pll=s)}™*

r(1)[(1-p)a™t & 2p = 1]

e ———




;
|
E
i

If a=1, r(l) = p, r(2) = p2, e as it should for a

first order Markov chain; if o = 0, then (1) = 0, r(2) = p,

r(3) =0, r(4) = pz, ... . To obtain possible values of r(1)

and r(2) note that from (2.7)

] eI - apiti=p) * .

Thus for fixed r(l), p must be greater than or equal to r(l)

since 0 < o £ 1. Parther, for fixed r(l) and p > r(l)

1 ~i.

(2.9) @ =r(l) [1-2x()] " (1-p) o .

Suppose r(l) is fixed and p > r(l); then substituting (2.9)

into (2.8) yields

o L A (1 Rl

It now follows that the admissible region for r(l) and «r(2) is

15 r@ >

Note that

r(l) + r(2)
(2.10) T+ (1)

and
£fl) [l + x(2)]

T

pa =

Hence, it is possible to obtain estimates for p and o from

estimates of the first two serial correlations.

o DPOTL SRR e




To study the autoregressive function note that the

characteristic equation (2.6) becomes

1 - zpa - zzp(l—a) =

which has two real roots, for 0 < a < 1,

{pa + a}{-2p(1-a)}71,

where

ol % dpli=ol] (%

Q
I

Since a > [(pa)zll/2 = pa, one root is positive, and the other

is negative. Also the negative root is dominant in absolute value.
Thus, the autocorrelation function for the DAR(2) process is non-
negative and is a mixture of the larger inverse of the positive
root decaying geometrically and the smaller (in absolute value)

inverse of the negative root decaying in absolute value

geometrically but oscillating in sign. Specifically,
(2.12) r(k) = b,z % + b, z2K

for bl and b2 given as

R TG o R T -2 2, ,-1
bl = B [1 z, ] {(zl z, ) (1 + z,"z, il

-2 -1

o =2y {1 = 5700 Uley" - 23

-1 -2,,-1
(1 +2z;72,)) .
Eventually the larger inverse root zgl dominates in r (k) and

the decay is geometric.

10

————————dl



Example 2.2. The DAR(3) process.

In definition (1.1) let

P{A =1} = a,, P{A =2} = a,, P{A =3} =1-a; - a,

for 0 < a +a, £ 1. If a

1’ 1 2 1 2
process reduces to the DAR(2) process. The Yule-Walker equations i

+ a, = 1 then the

0 <ayr 0 <@

become

=+

(2.13) r(l) pay + pazr(l) p(l - a, - az)r(Z);

(2.14) x(2)

palr(l) + pa, + p(1l - o, - az)r(l);

(2.15) «r(3)

palr(Z) + pazr(l) + p(l - a, - a2);

(2.16) r(k)

palr(k—Z) + pazr(k-2)

+

o(l - o, - az)r(k—3) '

for k > 3. Thus from (2.13) and (2.14)

r(l) = [pal-+pz(l- a; = a2)a2][l - pay = pz(l- al-az)(l-az)]'l, ¢
r(2) = pay + p(l -az)r(l);

‘ and
r(3) = pzalaz + p(l - @ - az) + {pzal(l - az) + paz}r(l) >

L




Since equations (2.13)-(2.16) are linear in ai = pay, aé = pay,

and p with coefficients involving r(l), r(2) and «r(3), they

al, a2 and op.

To facilitate this note that (2.13)-(2.15) can be rewritten as

can be solved for ai, aé and p, and thus for

(2.13") r(l) = oc]'_{l- r(2)} + aé[r(l) = r(2) ] + pr(2);
(2.14"') r(2) = aé[l = r(1)] + pr(l);
(2.15") r(3) = ai[r(Z) - 1] + aé[r(l) = 1 + 0

Hence estimates for o, ay s and a, can be obtained from the usual

estimates of the serial correlations r(l), r(2) and r(3).

Problems will arise in solving the equations (2.13')-(2.15') if o i
is close to zero, since when p = 0 all the quantities in the
equation are identically zero.

The characteristic equation (2.6) becomes
(2.17) Dmls B = BT = gl =g = e
. = ()u.l DOI,2 0] Lll OL2

Again we require that a0, < 1, so that the process does not

reduce to the DAR(2) case. To find the roots of (2.17), let

a=l3 al - az -
3 1 - a; = oo, 1 - a; = a, :
o' 2 Oq O
' 1 2 (1 - ay - az) 1 2 ‘
12




and
3

Im

2
b
g = o &

N
<
.

The value of d can be either positive or negative. If 4 > 0,
equation (2.17) has one real positive root and two imaginary

roots and the autocorrelation function will have a "damped sine
wave" appearance, but the function will eventually decrease
geometrically. If d < 0, then all the roots of the cubic are real
and unequal, one being positive and greater than one, the other

two being negative. Hence the autocorrelation function is a
mixture of a geometrically decreasing term, and two terms which
decrease geometrically in absolute value but oscillate in sign.
Table 1 gives values for the first nine correlations for a

DAR(3) process with p = 0.9 for various values of ay and ay-

Example 2.3. The DAR(p) process.

The Yule-Walker equations (2.1)-(2.4) can be reparametrized
. 5 % " 1vi
with ¢l-pal, ¢2 POsreecy ¢p pap, the parameters all lying
between 0 and 1, with the constraint that

) 0< ¢, + ¢ 1,
(2.18) < op + 0, + s

Then it can be seen that the Yule-Walker equations are in exactly
the same form as those given for the usual AR(p) process in Box

and Jenkins (1970, p. 55). The parameter space for the DAR (p)

13
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process is more restricted than that for ¢1, Sk (o i ¢p in the
AR(p) case, but the solutions are the same. The parameter ¢
does not appeér explicitly in this parametrization; however
the parametrization is useful in the next section and when

negative correlation is considered.
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3. ASYMPTOTIC PROPERTIES

3.1. Preliminaries: Aperiodicity and the Doeblin Condition

Let {Xn} be a real-valued DAR(p) process with discrete state

space E having parameters p and {ai; i

=1,2,...,p} and with
distribution 7w for the error sequence Y - From the definition
(1.1) it follows that Zn = (Xn’ Xn+1' S R Xn+p-l, is a
Markov chain having state space F which is the pth-order product

space of E with itself. Let P denote the transition matrix

of {Zn}. Then for i

~

bk €F, ko= (kppeenik)y = (e, i)

i ~g) P -
(3.1) P(i,k) > (1-p) n(kl) ﬂ(kp) -

s
For C a subset of F let

u(c) =

[ om(ky) eoe m(k ) = ) u(k)
k €C 1 P

The asymptotic theory for DAR(p) processes is based on the follow-
ing result.

PROPOSITION (3.1). The Markov chain {Zn}

satisfies the Doeblin hypothesis

[p. 192, [1953]].

is aperiodic and

D as generalized by Doob

16




L.h‘“‘

PROOF. Fix a subset C of F such that

§ = inf u(k) > 0
kee &

Let A be a subset of F with u(A) < u(C)/2. Then

B(i, &° fi €

; P
u(k)
15eA°nc u (k) L

|\v

le.  (3=0F° uik)
&EA nc

(1-0)P u(a€ n ¢

(1-p0)P u(c) /2

|\v

> (1-p)Pss2
since u(Aa) < uw(C)/2. Hence,

(3.2) P(i,A) =1 - P(i, A°)

1 -p(i, An ¢

I~

1 2
1—7(1‘0) O

|

The result now follows.

We will use proposition (3.1) to show existence of a
unique limiting distribution for {zn}, and to show that the
stationary DAR(p) process is ¢-mixing.

17
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3.2. Stationarity Conditions

It follows from Proposition (3.1) that there exists a
unique limiting distribution v for {Zn} and constants

y > 0 and B, 0 < B <1 such that

(3.3) IP® (v,a) - v(a)l < yg" , n=1,2,...

for all subsets A of F (cf. Doob [1953, p. 221]). A
stationary DAR(p) process is obtained by using v as the initial

distribution for (X To see that v

_p+ll x_p+2’ . o0 ’ XO).
has marginal distribution 7w, let {Yn(j), j € E} denote the
marginal distribution of the first component of Zn and put

j) = 1i j). Note that
vy (3) lim Yn(]). Note tha

> 0o

1im v, (3} = 'E pay  im vy, . (3) + (1-p) m(3) .

n > o =i n > o

Hence, Y(j) = py(j) + (1-p) 7(j) and the marginal distribution

of the stationary DAR(p) process is T as asserted in Section 1.

Example 3.1. The DAR(2) process.

Let {Xn} be a DAR(2) process with the same parametrization

as in Example 2.1. If

(3.4) Y(sl,sz) = lim E[exp{—slx

n-=>

n+l = S2¥pe2ltl o
and

B(sl) lim E[exp{-slxn}]

n > o

18
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then Y(sl,sz) satisfies the equation

(3.5) Y(Sl,sz) = (1-p) B(sl) B(sz) + paB(sl*-sz)*-p(l-a) Y(sl,sz)
Solving (3.5) we get
Y(sl,sz) = Y(sz.sl) = (1 - r(1)) B(s;) B(Sz) +r(l) B(sl+s2)

and inverting the transform results in

(l=x(l)} n{di) #(3), i#j,
(3.6) vii,j) = lim P{Xn+l=i,xn+2=j}=

9 el

£(1) w{§) + (1-r(l)) =2, i=i.

where r(l) = ap{l - p(l—a)}—l = corr(xn,xn+l) in the stationary

process. Note that EjeE v(i,j) v(j,i) = n(i), as expected.

o zjéE
In simulating a random variable with distribution v it is

simpler to use the conditional distribution

‘{l = (1)) ot} , i#£fi,

vijli) = nlin; P{X_,,=jlx_ =i} =

l r(l) + (1-r(1)) n(i), J = i.

Note that we can now generate a stationary sequence of random

variables Xn, n=1,2,... with any marginal distribution 7 and

19




second-order autoregressive (AR(2)) correlation structure. From

(3.6) or the conditional distribution it is not hard to show

that, with m = E(Y ) = E(X),
n n

(3.7) Elx_ Ix _, = X, _1]
(3.8) E[xnlxnﬂ. & xn+l]
(3.9) Var[anxn_l =% il

{1 -r(M)m + )k .

{1 - r(1)Im + r(l)xn+l,

(1 -} EE) + (M-I,

-{l-rﬂ)ﬂmz—Zru)ﬂ—r%D)m%

Directly from (l1l.1) we have, for example, that

= pax__, + p(l-a)x + (l-p)m;
n-1 n-2

(3.10) E[xnlxn_l ke TS AT
(3.11) varIX Ix _; =x ;i X _,

= (1-p) Var(Yn) + pu(l—pu)xi_1”

+ (1-p) OE[Yil + 202%(l—a)xn_

+ 2p(1-p)mlax,

L=p(1-a) 152

1%n

+ (l—a)xn]

The regressions (3.7) and (3.8) might suggest that the

DAR(2) process is time-reversible, but this is not so.

this, note that
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Y(sl,sz,s3) = lim E[exp{-s

n>o~

Pl ~ BgRea m EEa)]

paY(sl,s2+s3) + p(l-a) Y(51+S3'52)

+ (1-p) 6(83) y(sl.sz) Y

Since y(sl,sz,s3) # Y(s3,sz,sl) it follows that the stationary

DAR(2) process is not time reversible.

Example 3.2. The DAR(3) process.

Let {Xn} be a DAR(3) process with the same parametrization

as'in Example (2.2). As before let

Y(sl,sz) = lim E[exp{-s

n > o

el ~ Bataant] .

and let

B(sy) lim E[exp{-slxn}];

n -+ o

6(51,32) = lim E[exp{-len

Iy, > o

-1 52xn+l}];
and

P(sl,sz,SB) = lim E[exp{—{le

n-> o

e X - &X
n+l ~ S2°n+2 T S3%ne3d]

Put ¢, = pa;, ¢, = pa,, and ¢5 = pll = a; = a,). Then, from
the definition (1.1), and accounting for the possibility of
X taking values X

n+3 n+2’ Xn+1’ Xn ol Yn+3' we have
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(3.12) F(sl,sz,s3)

Also
(3.13) Y(sl,sz)
and
(3.14) d(sl,sz)

d(sl,sz), it follows that

where r(l) = corr(Xn,Xn+1)

inverting the transform,

= (1-p) B(s3) y(sl.sz) + q>ly(sl,sz+s3)

+ 0, (sy*s5,8,) + @3 T(sg,s;,s,)

= (1-p) B(sl) B(sz) +¢1Y(Sl:82) + ¢2Y(sl+sz) +¢3Y(sz,sl).

Solving (3.13) and (3.14) simultaneously for Y(sl,sz)

Y(sys8,) = (1 - r(l)) B(s;) B(sy) + r(l) B(sy + s,)

is given in Example (2.2).
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(1=-r (1)) a(i) w(i) . iE 1.4 4,
(3.15) v(i,j) =

e(l) n(j) . 1 S8

]
(I
.

The expression (3.12) can now be used to obtain an expression

for F(s3,sl,sz), and substituting back into (3.12) we get

(3.16) F(sl,52,53)

3}-1

= {1-¢3

{(l-p)[B(s3)Y(s1,s2) + ¢3B(sz)Y(s3,sl)

+ ¢§B(51)Y(sz,s3)] + ¢1[Y(sl,sz-+s3) + ¢3y(s3,sl-+s2)

3 ¢§y(sz,s3-+sl)] + ¢2[y(sl-+s3,sz) + ¢3Y(s34-sz,sl)

+ ¢§Y(sz-+sl,s3)]}

Note that P(sl,sz,s3) # P(s3,s2,sl) in general and hence the

stationary DAR(3) process is not time reversible.

3.3. Mixina Results

The following result follows directly from (3.3).

PROPOSITION 3.2. The stationary DAR(p) process is ¢-mixing in

the sense of Billingsley [1968] with ¢ (k) = YBk.
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This last result implies that all of the asymptotic
results in Jacobs and Lewis [1978b] are true for the DAR({p)
process modulo constants. In particular the usual estimates
of covariances, percentiles and quantiles converge almost surely
to the true covariances, percentiles and guantiles and the esti-
mates are asymptotically normal. Further, a chi-square goodness
of fit test can be obtained for the marginal distribution of
the stationary DAR(p) process. For further details see Jacobs

and Lewis [1978b].
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4. EXTENSIONS

One possible drawback of the DAR(p) process as defined .
in (1.1) is that all of the correlations are positive. We will
now discuss a variation of the DAR(p) process which allows
negative correlation for the case in which the marginal distri-

bution 7w 1is symmetric about zero. The case of nonsymmetric

is more difficult and will be considered elsewhere.
Let {Vn}, {An}, and {Yn} be as in Section 1 and

suppose that 1m is symmetric about zero. Let

(4.1) X, = V&, X
n n

+ (1 - Vn)Yn v
where {ak; k =1,...,p} 1is a fixed sequence of numbers that

are either -1 or 1.

Put 2_ = (Xn, X

n Then {Zn} is a

o) A Xn+p-1)'
Markov chain with a transition matrix P which satisfies (3.1).
Thus Propositions (3.1) and (3.2) still hold, as well as (3.3).
Let {xn} be a stationary process defined by the
modified DAR(p) scheme of (4.1) and put r(k) = corr(Xn, Xn+k)’

The Yule-Walker equations for this process are
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(4.2) r(l) = ¢’1 + ¢2r(1) Fie et ¢pr(p-l);

(4.3) r(2) = ¢;r(1) + 0, 20t ¢ r(p-2);
(4.4) r(p) = ¢lr(p-1) + ¢,r(p-2) pise i ¢pr(0)7
(4.5) r(p+k) = ¢,r(p+k-1) + ¢or (ptk=2) ++°°+ ¢pr(k) ;

for k > 1 where ¢k = appa., e e D)

Equations (4.2)-(4.4) have the same form as the Yule-
Walker equation on page 55 of Box and Jenkins (1970) but the
set of possible values of ¢i, i=1,...,p is more restrictive.

In particular we always have that

(4.6) bl | g | < 1
Example 4.1. The modified DAR(l) process.
Let Al = 1 and a; = -1. Then
el = Vnar¥p * W 0 Ve

and r(k) = (-l)kpk. If a; = 1 the process is the same as that
in Section 1. When a, = -1 the modified DAR(1l) process is

Markovian with transition matrix

26




: ‘(l-p) m(j), -i#j
Rl 41 = PR = jlx =i} =
lp + (1-p)m(3), -i=j

Example 4.2. The modified DAR(2) process.

Let P{An =1} =1 - P{An =2} =a, 04 <1l. Solving

equations (4.2)-(4.4) we obtain

r(l) = a,pafl - a,p(l-a)17t,

r(2) = olay(l-a) - (1 = 20) 111 - ayp(1-a)17L
and

r(3) = p%al2aja,(1-a) - a;o(l - 2001 [1 - a,o(l-a)]™t .
Note that if a; = 1 (respectively a; = -1), the r(l1l) > 0,

1
(respectively r(l) < 0) and r(2) can be either positive or

negative. The analogue of the characteristic equation (2.6) is
2
(4.6) 1 - a;paz - azp(l-a)z =0

If a, = 1, then (4.6) has two real roots; if a, = -1, then
(4.6) may have imaginary roots. Thus the autocorrelation
function can either have a "damped sine wave" appearance or be
a mixture of terms which decrease geometrically in absolute

value but may oscillate in sign.
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For the modified DAR(2) process the range of values
which the parameters ¢l and ¢2 can take is not as broad
as for the AR2 case, for which we have (Box and Jenkins
[1970, p. 581])

6, + 0; < 1,
by = &, < 1,

=G ¢2 <1,

which allows ¢l to range between -2 and +2. By contrast for

the modified DAR(2) (for symmetric distributions) we have

lo | + log 1 < 1,
-1 < ¢, < 1,

-1 < ¢, < 1.

Thus we have a diamond of possible values in the (¢l,¢2)
plane, with apexes (0,1), (1,0), (0,-1), (-1,0). With
this restriction the behavior of the serial correlations for
the modified DAR(2) process is the same as the behavior for
the AR(2) process which is pictured in the figure in Box
and Jenkins (1970).

A limiting stationary distribution can be derived for
this modified DAR(2) process, as was done for the ordinary

DAR(2) process in Example 3.1.
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