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I. tNIltouucr tON

In conventional spectrum analysis the resolution of features of interest is —

often restricted by the finite observation interval. Often, either to enhance
particular features, or to improve the statistical reliability of the spectrum,
the data are modified by a window function. A proliferation of window functions
exist and generally the choice of such a window is a trade-off between resolution
and distortion due to side-lobe leakage. A common feature of all windows is the
assumption that the autocorrelation function is zero outside the observation
interval .

This , in general, is not true and a new approach to the estimation of the
power spectrum has been proposed by J.P. Burg(ref.l,2) which extrapolates the
autocorre]ation function outside the observation interval. Burg’s technique,
known as the maximum entropy method, extrapolates the autocorrelation function
in such a way that a minimal number of constraints is imposed on the extra-
polated sequence . This is an application of the general principle of maximum
entropy which is discussed in more detail in Section 3. This approach obviously
contrasts with the very strict constraint imposed by Fourier analysis that ,
irrespective of the observed nature of the autocorrelation function within the
observation interval, its extension is alway s zero .

In view of the amount of ret ont interest in Burg ’s method this paper has been
written as a review of the theory of maximum entropy spectrum analysis. Various
deri vations of the maximum entropy spectrum are given and a discussion of its

• properties and its application to some well known random processes are illustrated
by numerical examples. No attempt has been made to discuss the application of
the method to real data.

2. CONVENTIONAL ESTIMATION OP ThE POWER SPECTRUM

Let X
i 

represent the i-th sample of a discrete random process with an auto-

correlation matrix* R defined by R1~ ~<~x~x~~>• Assuming the process to be ergodic

and real the autocorrelation R will  be Toeplitz , i.e., R .4  = r1 • 4 )  = <x x.>.
1J

The spectrum S(f) of this ergodic process is defined as the Fourier transform of
— t the first row of the matrix R, i.e.:

S(f) - 
(-

~ ~~~~ 
r~ e~~~’~’”o)r 0

where is the time interval between samples .

From a given set of random samples x
0
, x i , ... XN 1  it is possible to estimate at

most N lags of the autocorrelation function. Prom the above definition of the
spectrum of a random process , a natural form for the estimator of the spectrum
S(f) would then be

N-i

~ (f) - ( ~~~
, 

r~ e
_
~~i~~

T
o) ~~

-N i l

where ‘~ denotes en estimate and so is some estimate of the p-th autocorre]ation

*The autocorrelation matrix R defined in this way will in general be of infinite
dimenilon but in this paper the liberty of using either R or RN to denote the
first N rows and N columns will  be taken when there is no source of con fusion .

- --~~~~~-~~~~~~~-— -- -~ --~~—
-—-~~~~
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lag . As an oxample , whore is given by

N-I -l
Ar,, = 1

:!.4. x~ xJ+I PI

the above estimate of the power spectrum can readily be shown to be the well known
periodogram. Inherent in the approach however is the assumption that the
autocorreintion function r~ is zero outside the observation interval . The effect
of this truncat ion is to di stort the estimate ~ (f ) of the spectrum by convolving
it with the transform of a window which in the above case is the triangular one. - •
As a result of this convolution the resulting spectrum is unable to resolve period-
ic components whose frequencies differ by less than the reciprocal of the
observation interval . Also, the estimate of the power at a particular frequency
may be distorted due to leakage through sidelobes . For a random process the
lack of resolution and sidelobe leakage due to the finite observation period can
be interpreted in terms of a variance and bias in the estimate of power spectrum.

In order to reduce cith or  tho variance or bias of the estimate of the power
spectrum , the autocorrelation function is often multiplied by a window function .
Unfortunately, windows which reduce the variance of the power estimate are
inferior in resolving closely spaced lines , and , in general, the choice of a
window involves a trade-off between resolution and leakage . Typical window
functions such as Bartlett , Hanning and Parzen are discussed in reference 3. . 

-An alternative method which both increases the resolution and decreases the
leakage is to increase the number of lags of the autocorrelation function by
extrapolation . This method does not , as in the case of windowing, di stort the 

. 
-

observed data. The power spectrum may then be estimated as the transform of the
extrapolated sequence. In the remainder of this paper an extrapolation scheme
based on the information theoretic concept of entropy wil l  be considered .

3. ThE P RINCIPL E OF MAXIMUM ENTROPY APPLI ED TO DATA ANALYSIS

3.1 The entropy of a random process
The concept of entropy was or iginal ly introduced through the second law of

thermodynamics as a measure of the heat lost or adsorbed in the transition of
a system f rom an ini t i a l  to a f inal  state. The fact that the entropy of an
irreversible process always increased, led to the use of entropy as a measure
of the disorder of a system , since any irreversible process may be
conceptually thought of as increasing the disorder of the system .

• A highly disordered or random process is characteri zed by a lack of
constrai nt s , and so , in addition to entropy being a measure of the randomness
of a process , it may also be considered as a measure of the constraints (or
strictly the lack of constraints) imposed on a system . In particular a
highly structured system has had very strong constraints imposed on it.
Since a highly structured system contains little information other than that
concerning its structure , it follows as a corollary to the above, that
entropy may be considered as a measure of the info rmation content of a
process. It was in this form that entropy was introduced by Shannon(ref.4)

• into the theory of random processes, and it forms the basis of modern
information theory.

If x1, the time series samples of a random process, can be considered to
fo rm an N-dimensional multivariate random process then Shannon(ref.4) showed
that the expectation value of information, i.e., the entropy H is given by

00 00

H = _ f  ... f ~~(z.) log p(~) dx1 dx2 ... dx.~, (1)

- -5-—- - - • -~~~~- ~~~~~~~~~~~~~~~ --
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where p(
~,) — p(x , , X 2 , ... x~) is the joint N-dimensional probability

distributi on function ( p .d .f .) .  Furthermo re , if the x1 ’s are samples from

an N-dimensiona l Gaussian distribution , the joint p.d.f. is given by

(~~)
_N/2 

~det R~
’½ exp(-½ ~~ R ’ 

~
)

where, as in Section 2, R is cafined by Ri) = r1 ~~~ 
= <x 1x3> for a real

process. Substituting the above equation for p (x) , equation (1) reduces to

H = log((2~re) 1
~
”2 

~det R~~)

where det R represents the determinant of the matrix R.
The fact that R is related to the spectrum S(f) by a Fourier transform

relationship suggests that an expression for entropy in terms of the
spectrum S(f) of the ergodic process is also possible*. Shannon(ref.4) has
shown , however, that only entropy differences are significant for continuous
processes. Thus for a Gaussian process the difference in entropy between
Gaussian white noise of unit spectral density and an ergodic Gaussian process
with spectral power density function S(f) is given by

~ r If 
~ 

log S(f) dii where W is the bandwidth of the spectrum. It is a well-

known fact that Gaussian white noise is the process with maximum entropy and
this forms a suitable reference with which to compare entropies. For the

remainder of this paper 
~r 11~ 

log S(f) dii will be termed the entropy

associated with random process whose spectrum is S(f). Obviously, maximizing

the entropy of a process is equivalent to maximizing If~ log S(f) dii
It should be noted that both expre3sions for the entropy associated with a

• process can only be defined provided certain conditions (essentially
equivalent) are satisfied by either the autocorrelation matrix or the spectrum.

In particular J ~ log S(f) df > -°° or alternatively S(f) should have no zeros.
This has a direct physical interpretation in ‘equiring that the process not be
deterministic , i.e., entropy in the above form is only applicable to random
processes. The effect of this restriction is illustrated in Section 6.4.
The equivalent restriction is that the autocorrelation matrix is non-singular
and positive definite.

3.2 The principle of maximum entropy

Often the constraints imposed on a random process are insuffi cient to
uniquely determine the process. For example, the mean and variance of a
random process do not uniquely determine the probability density function of
the process. The principle of maximum entropy is to choose from all the
processes which are consistent with the given information the one which
maximizes the entropy. Before applying this to spectrum analysis, the
reasons for this choice will be elucidated.

In thermodynamics, when a system is in equilibrium its entropy is maximized.
Since most physical systems tend towards equilibrium, then the most likely
State of the system, given that all other considerations are equal, is the one
with the maximum entropy. From this viewpoint, choosing the process which
maximi zes the entropy would seem to be the most natural choice, since from a

* The fact that det R is just the product of the eigenvalues of R coupled with
Szcg6’ s remarkable theorem(ref .S) relating functions of ei genvalues to an
integral of the power spectrum, is in fact a stronger inference. 
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dynamic point of view the system is most likely to be in equilibrium.
An alternative statistical approach when faced with the choice of several

competing processes, all of which are consistent with the given information,
is to choose the most probable one. An alternative criterion is to choose
the process about which the most uncertainty exists. This can be interpreted
as choosing the solution with the fewest constraints imposed on it (while still
remaining consistent with the available information). Since entropy can be
considered as a measure of the lack of constraints imposed o’-~ a process the
principle of maximum entropy then implies that the process is chosen such that
it maximizes the entropy while remaining consistent with the given constraints.

Both approaches give some sort of rationalization I r the use of entropy.
The maximum entropy principle may be summarized as follows:

(a) It is uniquely determined and is maximally non-committal with respect
to missing information; and

(h) it assigns positive weights to every situation not absolutely excluded
by the given information .

The principle of maximum entropy is not new and has been applied to fields
such as statistical mechanics*(ref.6) and the estimation of probability
distribution functions(ref.7,8). It was first applied to power spectrum
estimation by Burg(ref.l) who utilized the expressions derived by Shannon for
entropy in terms of the autocorrelation function or spectrum. Burg’s
technique is essentially an extrapolation of the autocorrelation function
according to the principle of maximum entropy: that is, the autocorrelation
function is estimated outside the observation interval in such a way that the
minimal number of assumption is made about this extension. This is in
contrast to the conventional approach whereby the very strong and often
erroneous assumption is made that the autocorrelation function is zero outSidi~
the observation interval.

The concept of a window as discussed in Section 2 does not apply, since the
form of the extrapolation depends on the autocorrelation function itself.
An alternative approach is to claim that the window is adaptive in that it
adjusts itself in accordance with the process.

4. DI~RIVATIONS OF TIlE MAXIMUM ENTROPY SPECTRUM

Two alternative derivations of the maximum entropy power spectrum based on
the formulae for entropy in Section 3.1 will be given in this Section. The first
is based on the extrapolation of the autocorrelation function, while the second
directly estimates the power spectrum. Finally the equivalence of the two
methods is proved .

4.1 Maximum entropy extrapolation of the autocorrelation function

As discussed in Section 3.1, given the N lags r0, r1 , ... , rN l  of the
autocorrelation function of an ergodic Gaussian process, the entropy is
given by

= log((2lre)N)
4’2 

~det J~~½)

where

*However, in most applications in statistical mechanics the Stirling
approximation reduces the maximum entropy and maximum probability
formulations to the same thing .

-— • - ~~~~~~~~~~ - .__5 5’_
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L r0 r~ . r~~2 rN~~\
ro rN 2 \

r1
r0 ri

rN l  . . ro

Let be the extrapolation of this autocorrelation function by one lag.
The entropy is now given by

11N+l = log((2 1re) t
~”2 ~det ~~

½)

where

r0 r 1 . . . r~4 1  rN
. ro r~ . . . rN l

RN+l =

ro

Van den Bos(ref.9), applying the principle of maximum entro~y, has shown thatif rN is chosen, such that is maximi zed (i.e., aHN÷l/arN 0) then rN
is uniquely obtained as the solution of the determinantal equation

r1
ro r~ rN l

det = 0  (2)

DN_2 r1

If r0, r1 , ... rN l J rN is taken as the new correlation sequence, then this

sequence may be extended to 
~N+1 

by maximizing the entropy associated with the

extended sequence . In a similar way rN+2, rN+3, ... may be found and the
autocorrelation function may be extended indefinitely. Once the auto-
correlation function has been extrapolated a suffi cient number of lags, the
power spectrum may be estimated by taking the Fourier transform of this
extended sequence. The power spectrum that results from an infinite extension
of the autocorrelation sequence is of particular interest, and a method for
obtaining an analytic expression for this will be given in the next section.

As an example of this principle , consider the random process of a sine wave
of frequency f in white noise. The autocorrelation lags are given by

L ~~~. _ _ _
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= + a cos 2~fp t 0

where a is the signal-to-noise ratio and is the sampling interval. The

results of extending by means of the N .E.  method 16 lags of this auto-
correlation function to 128 lags for a sine wave of frequency 1 Hz is shown
In figures 1(b), 1 (c) and 1(d) for a = to , I and 0.5 respectively . In this -

•and a l l  following plots of the autocorrclation functions, the white noise
component is not plotted and all graphs arc normalized to one. The
corresponding Fourier extension 1(a) assumes rp = 0 for P > 16. All examples
used in this paper take = 1/16 so that the corresponding frequency range

is 0 to 8 Hz .
4.2 The maximum entropy power spectrum

Burg has shown how the maximum entropy power spectrum can be obtained
directly from the autocorrelation matrix RN by the evaluation of the

associated prediction error filter coefficients (p.e.f.c.’s). His intuitive
approach has been rigorously formalized by Edwards and Fitelson(ref.10)
and their derivation is outlined here.

As discussed in Section 3 the entropy* associated with a random process can
be expressed in terms of the power spectral density by

~ 

log S(f) df

If the autocorrelation function is known for lags p = 0,1, ..., N-i the
• principle of maximum entropy implies that H.~,,, should be maximized subject to

the constraint that

2wjfpr

j S(f) e °df =

w

By introducing Lagrangian multipliers it can be shown that the S(f) which
maximizes H,~,,, subject to the above constraints is given by

/
S(f)  = ( ~) T (3(a))

~~~~~ \A ( f )  A(f)*/

where

N-i -2wi fjT
A(f)  = 

~~~~
. e (3(b))

j =0

*Thc entropy is denoted as He,,, since i t  corresponds in the sense of Section 4.1
to an inf in i te  extension of’ the correlation sequence .

- - - - --
~~~~~~~~~~~
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~ 

is the output power of a prediction error filter and the ~‘s are the
corresponding p.e .f .c ’s. The ~ ‘s are related to the Toeplitz autocorrelation
matrix by the following equation

/ro ri TN- 1
• ro . 7i 0

= . (4)

• . . ri,~ . .
TN...l ro 7N-l 0

-

• 
where y = 1 .

0 +Figure 2 shows the N.E. and Fourier spectra corresponding to the auto-
correlation lags of figure 1. The N.E. spectra have been calculated according
to equations 3 and 4.

4.3 Equivalence of the two approaches
Since the spectrum derived in the previous section is a continuous function

of frequency and also periodic it follow s that it can be written as the
Fourier transform of an infinite correlation sequence, i.e.,

/ -2TifPT
S(f) = ~~~~~~~ e o)T0

The r~~s are given by tho inverse transform , that is

2iifpr
~~ = 

f
S(f) e ° df

From the constraint equations 4 it directly follows that r~ = r~ for
p = 0,1, ... , N-l. A necessary and sufficient condition for the two
approaches to be equivalen t is that r~ = where rn ’s are the appropriate
solutions of the determinantal equation (2).

By an extension of the argument used by Edwards and Fitelson it can
easily be shown that equation (4) can be augmented to

I 

+In this and all following graphs the square root of the normalized power
spectrum rather than the power spectrum itself is plotted.

- .- d~~.

•~~~—~~ 
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r~ . . r~~1

\
~
/

’l 

) 

(P

~ 

:

ro 
~~N-l

I 

,
1

Taking rows 2 to N + I this equat i on becomes

rN~~~~~~~~~

)

(o)

Since the y ’s are unique and non-zero the above equations are only consistent
if

?j ro . . • r~4 2
ri

det = 0

rN_ i
r~ rN l  r~ 

-

This , however , is exactly the equation derived in Section 4.1 for the M E .
extension rN of the autocorrelation series . As a consoqi’ence of the
uniqueness of this solution it follows that = r~. By an extension of this
argument it follows that 

~N+p — ~~~~ for all 
~~~•

The significance of the p.e.f.c.’s will be more apparent in later sections,
but their use in determining the N.E. extension of the autocorrelation
sequence should be pointed Out here. Rather than laborously solving
equation (2) for each extension of the autocorrelation sequence , it is a much
easier task to obtain the p.e.f.c.’s by solving equation (4) and then
estimating the p-th extension of the autocorrelation sequence by the equation

- - 

rN+P - ~ 1I ~~~~~~~~~ 1 
- 

~~~ rN+P_2 - •
~~

• 7N- 1

• This equation is both useful for numerical implementation and for theoretical
considerations.

— -~~~~ 
—~~~~~~~~ — - ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~—— -~~~~~— ~• ~~—~~
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5. PROPERTIES OF THE MAXDDI ENTROPY SPECTRLJ4

Many of the important properties of the conventional estimation of the power
spectrum can be described either in terms of the linearity of the Fourier
transform or related to the window applied , and hence to nuther of lags of the
correlation sequence used. As evidenced by equations 3(a), 3(b) and 4 the N.E.
spectrum is not linear. Moreover, as discussed previously, neither the concept
of a data window or fixed observation period is applicable to this method. In
general in the N.E. method, many of the usual properties of the power spectrum
such as positivity, linearity, etc. will depend on the nature of the autocorrela-
tion function. A n~~~er of the following properties have not been rigorously
proved but have been inferred from the results of computer simulation .
5.1 Existence and positivity

In conventional analysis, provided the autocorrelation function is non-
negative definite, a positive spectrum will always exist. In order to form
the N.E. spectrum, and, in particular, to solve equation (4), the auto-
correlation matrix must also be non-singular. This then implies that the

2~ii —

roots of A(z), where z • e 0, lie within the unit circle and so the
resulting maximum entropy spectrum ,
S( z) — 

1/A(z)  A (z) wi l l  be stable. It also follows from equation (3) -
that S(z) is an all-pole model. This has an important and interesting
consequence. If the true spectrum of a process has a power spectrum that
is zero over any finite frequency interval then the N.E. technique, since it
corresponds to an all-pole model, will not be able to approximate these zeros
unless a large number of poles are present. An alternative method would be
to introduce a small amount of white noise into the system and so make the
spectrum positive. This is equivalent to making the autocorrelation matri x
non-singular. Why the method breaks down can easily be seen from the
expression for entropy ~ If w log S(f) dfl . If S(f) is zero over any finite
region then this expression _s unbounded and the formulation breaks down.
The restriction that J ~ log S(f) df > _00 is known as the Paley-Wiener
criterion and is usually interpreted as implying that the physical process is
non-deterministic. This imeediately leads to the surprising conclusion
that the N.E. technique as formulated in terms of an all-poles model is only
applicable to random (and not deterministic) processes. This again is in

-
- 

~
- contrast to conventional analysis where the autocorrelation approach to power

spectrum estimation applies to both random and non-random processes.
The positivity of the M.E. spectrum is guaranteed by equation (3) where,

provided R is positive definite, then 
~N 

is greater than zero.

t 5.2 Power and frequency estimation
In conventional analysis, it is often asserted that the power of a

particular frequency component is proportional to the height of that spectral
line if the contributions due to other signals and noise are ignored. It is
also true under the same conditions that if the area within the main peak and *

• 
all its sidelobes is integrated, then the power is proportional to this area.
If the contribution due to sidelobes is neglected then the power is proportional
to the area under the main lobe. In general, the height of a spectral line
in the M.E. method is not proportional to the power of that spectral component,
and, indeed, Lacoss has shown that this height can have a large variance
associated with it. He has however shown that the area under the peaks is
approximately proportional to the power of that spectral component.

The frequency of a spectral component is, in both the conventional and
ME , method, determined by the position of peaks in the power spectrum. At

- - - - - ~~~ — - - ---~•-••5’-~. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — - - -~~~-~~~~~~~~~ -~~--
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low frequencies these peaks are often “shifted” due to the interference of
positive and negative sidelobes in conventional analysis. This is
particularly illustrated in figure 6(a) where for N = 8 the peak of the - •
spectrum is somewhat greater than 2 Hz. Due to the lower sidelobe level the
corresponding N. E . spectrum (figure 6(b)) does not exhibit the effect .

5.3 Resolution

In conventional analysis, signals differing in frequency by Af < ,~r are not
considered resolvable (the Rayleigh criterion or uncertainty principle).
The effect of a window will in general only reduce the sidelobes at the expense
of decreasing the resolution. Since the N.E. technique can effectively extend
the data window indefinitely, the increase in resolution of the N.E. method
will depend on how faithfully the autocorrelation function is extrapolated.
The N.E. extrapolations of 16 lags of the autocorrelati.on function of a 1 Hz
sine wave in white noise for a = 10, 1 and 0.5 are shown in figures 1(b), 1(c)
and 1(d) respectively. Taking 32, 16 and 8 lags of the same autocorrelation
function with a - 1, the M.E. extensions of the autocorrelation functions are
shown in figures 3(b), 3(c) and 3(d) respectively. These fi gures indicate
that the M.E. extrapolation is modulated by an exponential decay with a decay
rate inversely proportional to the number of lags and to the signal-to-
noise ratio. That this modulation is independent of frequency is shown by
figures 4 and 5 which di ffer only from figure 1 in that the frequency of the -

sine wave is 2 Hz and 4 Hz respectively.
In fi gure 2 the spectra corresponding to the autocorrelation sequences in

figure 1 are plotted . The improvement of the spectra in the form of a
decreased sidelobe level and line width is a consequence of the improvement
in the M.E .  extrapolation as the S.N .R .  is increased. As the number of
lags is increased the M.E . spectrum will , in a similar manner to the Fourier . -

case , be characterized by a lower average sidelobe level and narrower ibe
width . To illustrate this the spectra corresponding to the autocorrelation
sequences in figure 3 are plotted in figure 6.

In order to demonstrate the superior ability of the M.E. technique to
resolve closely spaced lines , the M.E. spectra for two sine waves in white
noise wore calculated. For such a process the autocorrelation function is
given by

+ a1 cos 2” f, P T + a2 cos 2~ f2 Pr 0 (Sj

• where a1 , a2, f1 and f2 are the S.N.R.’s and frequencies of the respective
sine waves.

In figure 7, 16 lags of the autocorrelation function are used to estimate
the Fourier and N.E. spectra of two sine waves of frequencies 3 and 3.5 Hz
in white noise. The S.N.R.’s,a1 and a2 arc taken to be equal in figure 7.
The superiority of the N.E. technique is clearly demonstrated for high
S.N.R.’s but as the S.N.R.’s are decreased the N.E. estimate of the power
spectrum approaches the Pourier one.

The dependence of the resolution on the number of lags is shown in
figure 8 where the spectra resulting from using 4, 8 and 16 lags of the above
autocorrelation function are shown with a1 = a2 = 20 and f1 — 3 and f2 = 3.5 Hz.
Once again the resolving power of the M .J~. method is superior to the Fourier
case wi th this superiority increasing as the number of lags is increased.
It should be noted that although the M .E .  technique is able to resolve the
two signals its estimate of the relative amplitudes (see figure 8(b)) may be
incorrect.

• In some applications it may be importan t to determine, given a certain
number of lags of the autocorrelation function, how many signals are
resolvable. In the case of conventional Fourier analysis it is well known 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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that for N lags of the autocorrelation function then the limit of resolution

is N/2 independent spectral lines each separated by i~r Hz where T • N

A modi fied version of the theorem holds for maximum entropy spectri analysis .
As discussed by van den Bos, the N .E. spectrum is equivalent to a least-
squares all-pole fit to the data. The ni~~ er of poles , or alternatively the
n~~~er of frequency components , is thus equal to the nt~~ er of independent
zeros of the polynomial 

~ 
+ y~Z + ... + ‘v~, 1  ~~~~ As in the case of

conventional analysis due to the reality of the i’s this ii.~~ er is N/2 and so
only N/2 independent frequency components are resolvable. This is illustrated
in figure 9 where both the Fourier and M.E. techniques are unable to resolve
the 10 different frequency components using only 8 lags of the autocorrelation
function

= + a ~~~cos 2wf ~pf
0

j=l

and where the amplitudes of the 10 sine waves are taken to be equal and

the corresponding frequencies, are 0, 0.5 Hz, ..., 4.5 Hz. In this figure,
in contrast to previous figures, an increase in a (an effective S.N.R.) does
not enable the 10 sine waves to be resolved.

However the advantage of the M.Ei. technique is that provided the nuther of
lines is less than or equal to N/2 then their resolvable frequency separation
is not as in conventional analysis but is determined, as would be expected,
by the S.N.R. This is illustrated in figure 10 where 16 lags of the
autocorrelation function, re,, are used to estimate the spectrum of 5 equal amp-

Utude sine waves in white noise of frequencies 075 Hz, 1.5 Hz, 2.25 Hz,
3 Hz and 3.75 Hz. As illustrated the Fourier technique is unable to resolve
the sine waves for all values of a whereas the N.E. technique, although once
again giving poor estimates of the relative amplitudes, is able to resolve
the components as a is increased. The autocorrelations corresponding to
figure 10 are shown in figure 11 where, as in previous figures , the white
noise component of the autocorrelation has been suppressed.

5.4 Power leakage and sidelobes

The distortion of power spectrum estimates by the leakage of the power of
a strong signal through sidelobes (or ripple) is well known. Sidelobes,
although of different shape, are also present in the N.E. spectrum. In
contrast to conventional analysis the height of these sidelobes depends, as
does the resolution, on how effectively the meximua entropy method extends
the autocorrelation function. This in turn depends on the S.N.R. and in

-
• figures 2(b) to 2(d) it can be seen that the sidelobe level is reduced as the

S.N.R. is increased. It follows that for the N.E. method, stronger signals
are better able to be resolved and are less likely to distort weaker signals
due to the leakage of its power through sidelobes. This effect is well
illustrated in figures 12 and 13 where the spectra correspond to the auto-
correlation function of equation (5) with the 3 Hz frequency component 10 dB
lower in power than the 3.5 Hz component. In conventional analysis, for all
values of a1, the sidelobes of the stronger signal “swamp” the peak of the
weaker signal so as to make it difficult to detect. As shown by figures
12(b) to 12(d), as a1 is increased the N.E. technique is able to resolve the
two signals, but for small values of a, the N.E. spectrum approaches the
Fourier one. As would be expected, increasing the nu~~er of autocorrelation

I
i —+—--—--— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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lags also increases the ability of the N.E. method to resolve the signals.
and this is illustrated in fi gure 13 for 4, 8 and 16 lags of the auto-
correlation function with a, - 20.

5.5 Unearity

if the autocorrclation matrix R cqua~s R5 + Rb then by the linearity of

the Fourier transform it follows that the rosuttLng Fourier spectrum, S(f),
equals Sa(f) + 5b~~ 

where Sa (f) and S~,(f) are the spectra corresponding to
and 

% 
respectively. Due to the highly non-linear relationship of the

N.E. spectrum to the autocorrelation function, such a property will not in
general hold true. Lacoss (ref. 11) has made the general statement that this
linearity does hold near peaks in the power spectrum. His observation is
based on the study of two sine waves in white noise. To illustrate this,
the N.E. spectrum of two sine waves in white noise have been computed and
are compared with the N .E. spectra of the two separate processes in
fi gures 14 to 16. The upper grap hs are the linear combination of the spectra
corre~cponding to the autocorrelation functions

— ½ + a, cos 2WfaPT

and

~~~~~ ½ + a2 cos 2wf bp T

The lower graphs are derived from the autocorrelation function

r~ = + a1 cos 21 f1r + a2 cos 2a 
~
‘b ~ ‘o

which is the linear combination of ~~~~ and ~~~~~ Figures 14 and 15,

corresponding to frequencies 2 and 2.5 Hz and 2 and 2.25 Hz respectively show
that , for two equal amplitude sine waves , the approximation of lineari ty holds
best for large values of the S.N .R. ’s. This is also illustrated in figure 16
where the amplitude of the 2.5 Hz line is one-tenth that of the 2 Hz sine wave .
In gencr-~il it appears that the presence of a second signa l wil l  increase both

• the line width and sidelobo level of the “spectrum” associated with the first
and vice versa. fn particular in figure 15(c) this broadening is so great
that th e two spoctral lines are no longer resolvable.

5.6 Bias and vari ance
In estimating any ensemble property of a random process , two important

quantities to be minimized are the bias and the variance of that estimate .
For conventional estimation of the spectrum these tend to be competing
processes, that is, techniques such as windowing will reduce the variance of
the estimate at the expense of increasing the bias . A general figure of
merit which is accepted as w~asuring the “goodness” of a spectrum estimator
is the equivalent number of degrees of freedom . From this , confidence
intervals may be estimated. Such expressions do not appear to have been

-~ calculated for the N.E. method. It has been shown(ref.12) that the N .E.  -

power spectrum is asymptotically unbiased (consistent) - i.e., as the number
of l ags approaches inf ini ty the bias approaches zero. This , however , is
hardly the case of interest since the N .E .  method is of greatest use when the
number of available logs is small.

- -•-~~-~~~~~~—-~--~~• ~~~~~~~~~~~~~ 
—
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• Perhaps the most significant work has been effected by Lacoss who
experimentally introduced statistical fluctuations Into the theoretical
nutocorrelation function of a sino wavo in whito noise. His conclusions were
that whi Le the height of the spectral peak may fluctuate rapidly, i.e., have a
large variance, fluctuations of the area under the peak did not significantly
differ from those associated with conventional analysis.

6. N UMERICAL EXAMPLES OF ThE MAXIMUM ENTROPY SPECTRUM

As an illustration of the method, the N.E. spectrum have been calculated
numerically for a number of random processes. The autocorrelation function for
these processes can be derived analytically and subsequently used to calculate
the N.E. spectrum. The main steps in such calculations were the solution of the
normal equations (equation (4)) and the estimation of the power spectrum of the
prediction error filter coefficients. An efficient method for the solution of
the normal equations was used and is discussed in Appendix I. The power spectrum
of the prediction error filter coefficients was evaluated using the FFT (Fast
Fourier Transform) routine where the technique of zero filling was used to obtain
an arbitrarily fine resolution. It should be emphasized that the technique of
zero filling is an exact evaluation of the M.E. spectrum and not an interpolation
as it is in the case of conventional analysis.

The following are the results of some typical processes studied.

6.1 A sine wave in white noise

The autocorrelation function of a sine wave in white noise is given by

= + a cos 2lpr

where a is the signal-to-noise ratio (SNR)*. Both the M.E. spectrum and the
N .E.  extension of the autocorrelation sequence of this process have been
extensively discussed and compared with the conventional estimates in the

-
• preceding sections. The results are displayed in figures 1 to 6. For a

high SNR the effective data window can be many times that of the truncated
sequence and consequently the M.E. spectrum is characterized by fine resolution
and low sidelobes (ripple). As the SNR is decreased, the extrapolated lags
of the autocorrelation function approach zero more quickly and the correspond-

• ing M.F.. spectrum as illustrated by figures 2 and 6 approaches the
conventiona l Fourier one. Increasing the number of lags used for a given SNR
also increases the effective range of the cxtrapolation as shown in
figure 3.

6.2 An arbitrary number of sine waves in white noise
The autocorrelation function of two uncorrelated sine waves of frequencies

f, and f2 in white noise is given by

r~ - + a, cos 2w f,pr 1, + a2 cos 21 f2pr

where a, and a2 are the respective SNR’S.
In figures 7 and 8 the SNR’s are taken to be the same and the frequency

separation is one-half that determined by the Rayleigh criterion. For all
values of the SNR’s, conventional analysis fails to resolve the two components .
As shown by figures 7(b) to 7(c), as the SNR is increased the two frequencies
become resolvable when the N.E. technique is applied.

*As discussed earlier, in all •xaiçles ~~~ = -h ~
I-

~

• - ~~ - —
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As a second example , consider the case above with the higher frequency
10 dB in power weaker than the lower frequency component. Once again for
all values of the SNR in conventional analysis the higher frequency component
is completely swampled by the sidelobes of the lower frequency component.
However for the N.E. method as the SNR’s are increased (while still keeping
the same 10 dB relative difference) the lower power component becomes
discernible. This is illustrated in figure 12. The above results lead to
the conclusion that the ability of the M.L~. method* to resolve two signals is
a function of their SNR’s.

6.3 Butterworth spectra -

For a two-level signal x(t) = ±a where the iiuration of each stage is a
random variable with an exponential distribution function, the autocorrelation
lags ~ are given by

-2f  I p ~r
r~ = a2 e ~

Figure 17 is a comparison of the Fourier and N.E. spectra for N (the number
of lags) equal to 2, 4 and 8. These illustrate a result, proved in
Appendix II , that provided more than two lags of the autocorrelation function - •

arc used, the N.E. extrapolation in this case becomes the exact one. This is
particularly illustrated in figure 17 for f0 = 1.5 lIz where apart front an

aliasing effect due to the sampling interval the N.E. spectrum is identical . -
to the exact power spectrum. The M.E. extrapolation of the autocorrelation
for all cases is compared in figure 18(a) with the corresponding Fourier
extrapolation in figures 18(b) to 18(d).

6.4 Band-limited white noise

Pure band-limited white noise has a zero power spectral density over some
finite frequency interval and so by the Paley-Iviener criteria is a deter-
ministic process. As discussed in chapter 4, the M.E. method is not

• applicable to the case, but in a similar fashion to the treatment of a sine
• wave this can be overcome by adding broadband white noise. The auto-

correlation function is then given by

= ~~~~ 1PT0(f~ - ~~~~~ 
~~O~~H + + N0 ~~~

where f1 and f11 are low and hi g
h frequency cutoffs respectively of the white

noise , T
0 

is the sampling interva l and N0 is the relative power of the broad-

band white noise which has been added.
For all values of N0 the roll off of the N.E. spectrum is steeper than the

corresponding Fourier one and the ripple outside the bandwidth is lower.
However the ripple within the bandwidth is considerably higher and as N0
is decreased this ripple increases considerably until the method eventually
breaks down . This is illustrated in figure 19(b) to 19(d) as No is
decreased from 10 to 0.1.

*The ability of the M.E. method to resolve a large number of sine waves
is shown in figures 9 to 11. The maximum number of sine waves that are
resolvable is related to the order of the all poles model that has been
used. This has been extensively discussed in Section 5.4.

—- 
•- •- •- —••-—- - --—— - 

—~ ---~~ —- • .•- • - - -—~~‘---• ;- - — ~~~~~~~~~



- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -~-•~~— 

- -

- is - WRE-TR-1812(W)

In general, these examples show that for a stationary random process the
M.E. technique of spectrum analysis is superior to the conventional Fourier
one. It should be stressed however that these observations are based on
the study of simulated ensemble correlation functions. In practice we do
not have such a correlation function and must use an estimate of the auto-
correlation function which has been obtained from the observed data. The
estimation of this autocorrelation function from the data is of critical
importance in determining the success of the N.E. method. Techniques and
problems associated with this will be addressed in a later paper. It should
suffice to mention an interesting technique due to Burg(ref.2) whereby the
p.e.f.c.’s can be estimated directly from the data without the need for
estimating the autocorrelation function.

7. RELATIONSHIP OF TIlE MAXIMUM ENTROPY ~ETh0D TO OTHER
TF.CIINIQIJES 01: SP13CTRLJP4 ESTIMATION

The rel~.tionship of the N.E. method to the theories of Maximum Likelihood
spectrum estimation, prewhitening and linear prediction filtering will be briefly
considered. Some results comparing the maximum entropy and the maximum likeli-
hood techniques for the estimation of the power spectra of a sine wave in white
noise wi l l  be given.
7.1 Autoregressive processes and all-pole models

An autoregressive process of order p-i is a model where at each instant of
t ime the sampled value of the process x~ is deterministically related to its
previous p-i values plus an additive white noise component. The equation
determining this relationship takes the form

x~ = a, x1~ 1 + a2 x~~~2 
+ ... + a~_ 1 x~_~~1 + (6)

where are uncorrelated noise of zero mean satisfy ingi(~~ E k > = Ob tk where
a is the noise power. Assuming that equation (6) holds for all t it can be
easily shown that

ro ri . . . ~~~~ ‘i \ a
ro —a , 0

. . : . To _ a~_ 1 0

where r~ = x~ ~~~~~~~~
• The autoregressive spectrum S(f) is consequently given by

o r
S(f) 

~~~~~ a~ e
_211

~~~
b

0
~2
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It can easily be seen from a comparison of the above equations with
equations (3) and (4) that the N.E. spectrum is just an autoregressive process
of order the number of lags used. It follows that any techniques, such as
maximum likelihood techniques, for estimating the a

)’s directly from the data
can be used. An autoregressive process is an all-pole model and extensive
use has been made of this in chapter 6 in determining the stability require-
ments .

7.2 Prewhitening and linear prediction
For a one-step linear prediction filter of order p-I, the 5-th value of x

is estimated as a linear combination of the previous p-I values, i.e.,

=

Provided the g’s are chosen to minimize

“ 2J i x .  - x.H
3 3

in a least mean square sense then the g’s can be shown to be determined by
the equation

r0 r~ . . . r~_~ gi
Do g2 r2

r~~1 ro g~~1 r~

Rearran ging the above equation the g ’s can be related to the prediction error
filter coefficients in the following way

= -g1 for i = 1, ..., p-I

and

r0
_
~~~~~g~~r~ .

This result has an important consequence. In the previous sections the
princi ple of maximum entropy has been used to extrapolate the autocorrelation
function . No reference has been made as to how to apply this technique
directly to the data. The relationship between the y~’s and the gj’s provides
such a method for extrapolating the data directly . A greater discussion of
this and its application to filtering is given in reference 13.

________
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It can also be shown that the ~~‘s are the least mean square solution of

the filter equation

where * denotes convolution and the ~ represents a white noise process.
In this sense the N. E . spectrum is related to the filter designed to pre-
whiten the x ’s in an optimal manner.

7.3 Maximum likelihood spectrum analysis
The technique for estimating the maximum likelihood spectrum has a simple

physical interpretation. A f i l ter  is designed that a sine wave of frequency
f is passed undistorted (i.e., no bias) while all other frequencies are
rejected in an optimal manner. The optimal manner in this case is least
mean square sense (i.e., minimum variance). Applying this to all frequencies
the maximum likelihood estimator of the spectrum is given by the power output
of this filter. Denoting this spectrum as ~~~) (f) it can be shown to be

given by

(N) 
_ _  

T
oSML (f) = 14-1

~~— ‘ 2ir i fkr -2iriflr
e °

~~~~~ 
°

k,l=0

where for stationary processes R ’. is the inverse of the N x N autocorrelation

matrix R. . = r
1) I i— i l

The relationship between the maximum entropy spectrum and the maximum
likelihood spectrum is given in the following way. Denote by

~~~~~ the maximum entropy spectrum obtained from using only p lags ofthe autocorrelation function and allow p = 0,1. ..., N-i. By exploiting the
Toeplitz nature of the autocorrelation matrix Burg(ref.i4) has derived the
following equation

N
1 

— 
1 \ 1 (7’

S~~~(f) 
- 

~~~ f) 
‘ ‘

ML p=l~~~~

In an analogy with electrical circuits it would be expected that the

SML(f) would through the “interference” effect on the R.H.S. of the above
equation , have lower ripple in the sidelobes while its main beam would be
broader.

Figures 20 and 21 are a comparison of the corresponding maximum entropy
and maximum likelihood spectra for a sine wave in white noise . The narrower
mainlobe of the maximum entropy and its correspondingly lower sidelobes follow
from equation (7) . The ripple on the sidelobes is considerably reduced in
the maximum likelihood case as would be expected from equation (7).

In terms of resolving power, the maximum entropy technique appears to be
superior to the maximum likelihood method . This is illustrated in figure 22 -
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where the former technique will resolve two closely spaced sine waves of —

equal amplitude and I rcquencios 3 and 3.5 lIz but the latter will not . In
figure 23 the superiority of the Maximum Entropy method in resolving these
sine waves when thoir relative amplitudes differ by 10 dB is shown .
Both techniques show an increase in resolving power as the S.N.R. is increased.

8. CONCLUSIONS

Whilst there are a number of theoretical problems still to be solved, the
maximum entropy technique can offer considerable advantages over the conventional
Fourier techniques. From the studi es presen ted of known random processes , this
is particularly true when the signal-to-noise ratio is high. In this sense the
maximum entropy technique is perhaps better viewed as an estimator rather than a
detector .

Applying the techniques presented here to real data would first involve the
estimation of the autocorrelation function from the data. For the conclusions
of the studies of simulated correlation sequences to be valid, it is necessary
that a “good” statistical estimate of the autocorrelation fun ction be obtained.
Provided such care is taken then the application of the technique to real data
can he expected to show considerable benefits.
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APPENDI X I

SOLUT ION OF THE NORMAL EQUATION S

The Robinson-Levinson algorithm(ref.15) is a coinputationally efficient method
for solving the normal equation

ro ri . . . r~~i\ 1

r1 ro 7i 0

ro 
~ 

7N- 1 0

‘rhe method is based on a recursive technique which works directly with the 7 ’ S
and the 

~N 
and obviates the necessity of inverting the matrix.

Denote by R the Toeplitz matrix derived from R by taking the first p rows and

olumns , and let ~y 
p and P~ be the solution of the corresponding normal equation,

R =p p

where

— ~ (p)t  
= (1 ,0 ,O , . . .0 ) .

An auxi liary (p x p) matrix E~ is defined as

4-

0 0 . .  . 0 1

0 1 0

E =p
0 1 .

1 0 . . .  . 0

• and can easily be shown to satisfy

132 = 1p

and (1.1)

= R~ .

Augmenting the vector ~1’ by zero in the (p + 1) th row and denoting this vector
by ~~1)11) it can easily be shown that

- -~~ — - - - - -  - -~~~~~~~~~~~~ - -~~~~~~-- -~- 
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R~~1 Q~~
+l) 

= P~ ~~~~~ + C~, E~~ 1 
~~~~~~~~ (1.2)

where

C~ = r~ + r~ ..1 Vi + ... + ri 7p-1 (1.3) 
‘ —

Using equations (1.1) it also follows that

R~~1 ~~~ 
= P~ E~~ 1 ~~~~~ c~ ~~~ (1.4)

By virtue of equations ( 1.2) and (1.3) , it follows that the solutions for the

(~+1)
t)~ order normal equations ~(1”) and 

~~~ 
can be obtained from following

- 

- 
recursive relationships

7(p+l) 
= ~ (p+l) 

- 

~~~~ 
E~~~ a~~~

1
~ (1.5)

and

- 

~~+1 = p~ - ~~~~~ ( 1.6)

Evaluating equations (1.4), (1.5) and (1.6) for p = 0,1,... ,N-l , the solution of
the normal equation is obtained . —

Comments

(1) A computational advantage of this method over the normal method of
inverting the matrix is that the storage is reduced from N2 to N and time
is further reduced from N3 to N2 .

(2) Unfortunately the recursive technique is susceptible to round-off errors
particularly for large N. For a more detailed discussion of this, the
reader is referred to reference 15.

(3) The recursive technique may be extended to the solution of an arbitrary
equation and hence to the inversion of the matrix.  This approach was used
in the evaluation of the Maximum Likelihood Spectrum in Section 7.3.

L - -‘ - -
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APPENDIX II

ThE MAXIP4JM ENTROPY ESTIMATE OF ThE BUTTERWORTh POWER SPF.CTRII4

For the random process discussed in 6.3, the autocorrelation fw~ction is given
by

-2w f~~p I ?
= at e ~ 

-2w fr
— 

Taking, without any loss of gene rality , a ± 1 and defining z • e ~ ~ the
autocorrelation matrix can be written

1 ~ 1N- 1

z l .
R a

z i

f It can readily be veri fi ed that the inverse of this is given by

~: ,  -

l - z 0 . . . 0
— z 1+zt — z

— ) 1 0 -z 1+z2 .

1 —

. 1+z2 -z
— z 1 •

and hence the p .e .f .c . ’s are given by

1
-z

0
and PN 

= 1 - z 2 .

— 1~~~~ 
0

It then follows that the Maximum Entropy spectrum SM E (f) is given by

(1 — z2) V
SM E (f) 1 + - 2z cos 2w f,

Since the 7~ ’s are zero for i ?‘ 2 it follows that only two lags of the auto-
correlation function are needed to estimate the M.E. spectna. Provided

LI - -~~~~ —--—-—~~~~~~~~~~ - - -~~~~--
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I zI < I use can be made of the generating function for Tchebyshev polynomials
(ref.16) to show that

Sp 4 g (f) 
(1 + 2~~~~ z ’~ cos 21 f,r0)r0

jal

From this it follows that for N> 2 the Maximum Entropy extrapolation is the exact
extrapolation.

The above example can readily be seen to be a first-order au’oregressiv.
process and is an example of the general result that if the process is an auto-
regressive process of orde r N then the corres ponding Maximum Entropy Spectrum is
the exact spectrum .

•

L .  _  
_
_  -
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Figure 1. Extrapolation of sine wave in white noise for differing S.N.R.’s
(A: Fourier, B,C,D: Maximum Entropy)
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Figure 2. Fourier and Maximum Entropy spectra as a function of S.N.R.
(A: Fourier , B,C D :  Maximum Entropy)
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Figures 3~~~4
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Figure 3. Extrapolation of sine wave as a function of number of lags

(A: Fourier, B,C,D: Maximum Entropy)
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Figure 4. Extrapolation of sine wave in white noise for differing ~.N .R. ’s(A: Fourier, B C ,D: Maximum Entropy)



_
~~~~~

=
~
—

~~f -y • _____ _ __=__
~

__ __ -

WRE-TR-1812(w)
Fi gures 5 G 6

‘ ‘ 1111 
4 1

1111

• iLU
______________________________ 

lIIlIIIIIILIhh.
____________________________________________________ 0lipli— 

__________________________________— I
I (F o ur i e r)  a = to , I • (1 .5 (d) a = 0.5

• ~

) 

— 

~~~ ~~~~
Ih )  (I 10 ( c )  a = I

Figure S. Extrapolation of sine wave in white noise for differing S.N.R.’s
(A: Fourier , B,C ,D: Maximum Entropy)
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Figure 6. Four ier and Maximum Entropy spectra as a function of number of lags
(A : Fourier, 8,C,D: Maximum Entropy)
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Figure 7. Resolution of two equal amplitude (a2 a2~ sine waves as a
function of S.N.R. (A: Fourier, B,C,D: Maximum Entropy)
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Figure 8. Resolution of two equal amplitude sine waves as a function of
number of correlation lags (A: Fourier, 8,C D : Maximum Entropy) 
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(a) Fourier ( 2 )  a - 0.1
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Figure 9. Fourier and Maximum Entropy spectra of 10 equi-aniplitude sine
* waves in white noise for differing S.N.R.’s (A: Fourier , B ,C ,D:

Maximum Entropy)
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Figure 10. Fourier and Maximum Entropy spectra of 5 sine waves in
white noise for differing S.N .R. ’s. (A: Fourier , B ,C ,D:
Maximum Ent ropy)
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Figures 11 ~ 12
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Figure 11. The autocorrelation functioi~ corresponding to fi gure 12
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Figure 12. Resolution of two sine waves (10 dB difference in power) as a
function of S.N .R.  (A: Fourier , 8,C D :  Maximum Entropy)
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(a) Fourier (d) N • 4
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* Fi gure 13. Resolution of two sine waves (10 dE difference in power) as a
function of number of lags (A Fourier, B,D,C Maximum Entropy)
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Figure 14. Linearity of Maximum Entropy Spectrum for two equal amplitude
sine waves as a function of S.N.R. 
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Fi gures 15 ~ 16
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Figure 15. Linearity of Maximum Entropy Spectrum for two equal amplitude

sine waves as a function of S.N.R.
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Figure 16. Linearity of Maximum Entropy Spectrum of two sine waves (10 dB
difference in power) as a function of S .N .R .
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Figure 17. Fourier and Maximum Entropy estimates of Butterworth spectra
* as a function of N; the number of lags (A: Fourier , B ,C ,D:

Maximum Entropy)
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Figure 18. Autocorrelation function corresponding to figure 17 (A: Maximum
Entropy, B,C,D: Fourier)
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Figures 19 t~ 20
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Figure 19. Fourier and Ma.ximum Entropy spectra for band-limited white noise 
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Figure 20. Maximum Entropy and Maximum Likelihood spectra for sine wave
in white noise as a function of S.N.R.
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* Figure 21. Maximum Entropy and Maximum Likelihood spectra for sine wave
in white noise as a function of S.N.R.
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Figure 22. Resolution of Maximum Entropy and Maximum Likelihood sp€ Cra
for two sine waves in white noise as a function of S.N.R.
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— Fi gure 23. Resolut ion of Maximum Entropy and Maximum Likelihood spectra
for two sine waves in white noise as a function of S.N.R.
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