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element. Since the imaging geometry does not change, the correspondence between
picture elements Is known a priori. This stereo technique Is photometric
because it uses the intens ity values recorded in a single picture element, in
successive views, rather than the relative positions of features.
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ABSTRACT

Traditional stereo techn iques determine range by relating two images of an object View ed

from dif f ei ent direct ions. If the correspondence between picture elements is known, then distance to
the ob ject can be calculated by trian gulation Unfortunately, it is difficult to determine this
corre’pondence.

This paper introduces a novel technique called photometric stereo. The idea of
photometi IC stereo is to vat y the direct ion of the Incident illumination between successIve views
while holding the viewi ng direction constant. This provides enough ,nformation to determine
surface orientation at each picture element. Since the imaging geometry does riot change, the
correcponcIence between picture elements is known a priori. This stereo technique is photometric
because it uses the intensit y values recorded in a sing le picture element, in successive views, rather
than the re l at i ve position s of features.
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I. Introduction

Work on image understanding has led to a need to model the imaging process. One

asl)ect of this concerns the geometry of image projection. Less well understood is the radiometry of

image formation. Relating the intensity values recorded in an image to ob ject relief requires a

model of the way surfaces ref lect light.

A ref ~ectance map is a convenient way to incorporate a fixed scene illumination , object

photometry and imaging geometry into a sing le model that allows image intensity to be related

directly to su rface orientation. This re lationship is not functional since surface orientation has two

degrees of freedom arid image intensity provides only one measurement. Local surface topography

cannot , in general . be determined by the intensity value recorded at a single image point. In order

to determine object shape , additional information must be provided .

This observation has led to a novel techni que called photometric stereo in which surface

orientation is determined from two or more Images. Traditional stereo techni ques determine range

by relatinc~ two images of an object viewed from different directions. If the corres pondence

betwre,i Picture elements is known , then distance to the object can be calculated by triangulation.

Unfortunately, it is difficult to determine this correspondence. The idea of photometric stereo is to

vary thp direction of the incident illumination between successive views while holding the v iewing

direction constant. This provides enough information to determine surface orientation at each

pictut r element. Since the imaging geometry does not change, the correspondence between picture

elements is known a priori. This stereo technique is photometric because it uses the intensity values

recorded at a single picture element , in successive views, rather than the relative positions of

features. 
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2. The Ref lectatice Map

The fraction of light reflected by a surface in a given direction depends upon the optical

properties of the object material , the surface microstructure and the spatial and spectral distribution

and state of polarization of the incident light. A key photometric observation is:

No maUc ; how corn pier Me distribution of incident illumination , for  most surfaces , the
f rac t ion  of the incident lig ht ref lected in a particular direction depend onl y on the
surf ace or ientati on.

The reflectan ce characteristics of an object material can be represented as a function

~( i , e ,g) of the three angles i , e and g defined in figure I. These are called, respectivel y, the

incident , crner g cn t  m d  p ha se angles. The ang les 1, e and g are defined relative to the object

surface. . 4 ( i  ,e 

, 
g)  determines the ratio of radiance to irradiance measured per un it surface area,

per tin t solid angle, in the direction of the viewer. The reflectance function defined here is related

to the bi-c lirectional reflecta nce-distribution function defined by the National Bureau of Standards

[Nicodemtis et al 77).

Image formin g systems perform a perspective transformation as illustrated in figure 2(a).

If the size of the ob jects in view is smal l compared to the viewing distance , then the perspective

proj ection can be approximated as an orthographic projection as illustrated in figure 2(b).

Consider an ima ge forming system that performs an orthographic projection. To standardiie the

imaging geometry, it is convenient to align the viewing direction with the negative z-axis . Also,

L 
assume appropr iate scaling of the image plane so that object point (x ,y,z) maps onto image point

( u ,v )  with u x and v y. With these assumptions, image coordinates (x,y) and object

coordinates (x,y) can be referred to interchangeably.

lf the equation of a surface is given exp licitly as:

z f ( x ,y )

then a surface normal is givcn by the vector:

--- - - --

~ 

.- -~~~~~-— ~~~~~~~~~~-
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[äf ( x ,y ) / âx , 8f( x , y) /O y, -1].

If parameters p and q are defined by:

p 6f ( x ,y ) 1 0 x and q = 0 f ( x ,y)18 y

then the surface normal can be written as [ p , q , -1 ]. The quantity (p ,q) is called the gr ad ien t . and

gradient .c/ ia c e is the two-dimensional space of all such points (p,q) .  Gradient space is a

convenient way to re present surf ace orientation. It has been used in scene anal ysis [Mackworth 73).

In image analysis , it is used to relate the geometry of image projection to the radiometry of image

formation [Horn ‘77).

One important simplification inherent in the assum ption of an orthograp hic projection is

that the viewin g direction , and hence the phase ang le g, is constant for alt object 1.~~ints Thus, for

a standard light source and viewer geometry, t he ratio of radiance to irradiance depends only on

gradient coordinates p and g.

Further , suppose each surface element receives the same incident i mination. Then, the

amount of the incident light ref lected in a particula r direction depends only ‘n the surface

orientation. The assum ption of an orthograp hic projection also allows one to relate the amount of

light reflected per unit suifac e area per unit solid angle in the direction of the viewer directly to

image intensity. Thus , for the given imaging geometry, for a given distribution of incident

illumination and a given ob ject materia l , the image intensity corres ponding to a surface point with

gradient ( p ,  q)  is unique.

The reflectance map R(p,q)  determ ines image Intensity as a function of p and q A

reflect ance map captures the surface photometry of an object material for a particular lig ht source,

object surface and viewer geometry. it exp licitl y incorporates both the geometry and radiometry of

ima ge forniation into a sing le model.

_ _ _ _ _ _ __ _ _ _ _ _ _ _  _ _ _  
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I If t h e  viewin g direction and the direction of Incident illumination are known , then

ex pressions for cos( i) ,  cos(e )  and cos(g) can be derived In terms of gradient space coordinates

p and q Suppose vector [ p 5 ,q 5 , -1] defines the direction to the tight source. Then:

1 + p p 5 + q q 5c o s ( s )  = — ______________ ____________

1 + p 5
2 + + p2 • q 2

cos(e )  = ____________

+ p2 +

c o s ( g )  = _____________

I + p5
2 + q 5

2

These ex pressiOns allow one to transform an a rbitrary surface photometric function ö (i , ” . g )  into

a ref lectan e map (unction R(p .q) .

Refl ectance maps can be determined empirically, derived from phenomenological models

of surface ref lec t iv i ty or derived from analytic models of surface microstructure . One simple,

idealized model of surf ac e ref lectance is given by:

~~ ( i ,e ,g) = p Cos (i)

This tef lec tance function corresponds to the phenomenological model of a perfectly diffuse

( lambe itian ) surfa ce which ap pears equally brig ht from all viewin g directions. Here. p is a

ref lectance ( ac tn t  and the ocine of the incident ang le accounts for the foreshortening of the surface

a~. seen f rom thç s ou t c r  The corresponding reflectance map is given by

R~ (p .q )  
p (1 + qq 5 )

i • ~~2 • q 2 tJ~~~ p2 +

A second ref lectance function , similar to that of materials in the maria of the moon arid

rocky  1) IaI~ E’R . is given by.

p cos ( i ) /cos (e)

This ,rIlrctance function corresponds to a surface which reflects equal amounts of light in all

_ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _  - -~~ .
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directions. The cosine of the emergent ang le accounts for the foreshortening of the surface as seen

from the viewei’. The corresponding reflectance map is given by:

p (1 + pp + qq )
R~ (P ~q) 

S S

\l1+ p 5
2 + q 5

2

Reflectance maps are independent of the shape of the objects being viewed . To

emphasize that a reflectance map is not an image. it is convenient to present R(p,q) as a series of

“iso-brig htness” contours in gradient space. Figure 3 and figure 4 illustrate the two simple

reflectanc e maps ~~~~~ and R~(P,q), defined above, for the case p5 = 0 ,7 = 0,3 and

p = I .

3. Reflectance Map Techniques

Using the ref le~tance map, the basic equation describing the image-forming process can

be writt en as

I ( x ,y )  = R(p ,q) (1)

This equation has been used in image analysis to ex plore the relationship between image intensity

an d oh 1ecr relief. Di,ect solution is tedious. One can think of (1) as one equation in the two

unknowns p an d q. Determining object shape from image intensity is difficult because (1) is

undei cictermined . In ord”r to calculate shape. additional assumptions must be invoked.

Recent wor k has helped to make these assumptions exp licit. For certain materials , suc h as

the matri u al of the maria of the moon, special properties of the reflectance map simplif y the

solution (Rindf leisch 661 [Horn ‘7E’) [Horn 77) Other method s for determining object shape from

image ilTt c’ncity embod y assum ptions about s urface curvature [Horn 77) [Woodham 77). Simple

surfaces have been proposed for use in computer aided design [Huffman 75). When properties of

surf a ce curvat ure are known a priori , these can be ex ploited in image analysis (Woodham 78). This

is ,i rf it , In’ c’x?nlp le, in industrial inspection since there are often constraints on surface curvature
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I
imposed by the dr aftin g techniques available for part design and by the fabrication processes

available for part manufacture. One purpose of these studies is to deepen our understanding of

what can and can not he computed directly from image intensity.

Other reflectance ma p techniques use (1) directly to generate shaded images of surfaces.

This has obvious utility in grap hic app lications including hill-shading for automated cartography

[Horn ‘76) and video input for a flight simulator [Strat 78). Synthesized imagery can be registered

to real imagery to align images with surface models. This technique has been used to achieve

precise alignm ent of LANDSAT imagery with digital terrain models [Horn & Bachman 77].

4. Photom etric Stereo

Photometric stereo is a novel reflectance map technique that uses two or more images to

solve ( I )  directly. The idea of photometric stereo is to vary the direction of incident illuminat ion

between successive views white holding the viewing direction constant. Suppose two images

1 1 (x ,y) and 12(x,y) are obtained by varyin g the direction of incident illumination. Since there

has been no change in the imagIng geometry, each picture element (x ,y) in the two images

correspond s to tue  same ob ject point and hence to the same gradient (p ,q ) .  The effect of varying

the direction of incident illumination is to change the reflectance map R ( p , q )  that characterizes the

imaging situation.

Let the reflectance maps corres ponding to 11(x ,y) and 12 (x ,y) be R 1(p,q)  and

R2(p,q) respectively. The two views are characterized by two independent equations:

1 1 (x ,y) R 1(p,q) (2)

I2(x ,y) = R2 (p,q) (3)

Two reflectance maps R 1 (p,q) and R2(p,q) are required. But, if the phase angle g is the same In

both v i ew s  (i e~ the illumination is simply rotated about the viewing directions, then the two

_ _ _ _ _ _ _ _ _ _ _  .
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reflectance maps are rotat ions of each other.

For reflectance characteriz ed by R~ (p .q)  above , (2) and (3) are linear equations In p

and q. If the reflectance factor p is known , two views are sufficient to uniquely determine surface

orientation at each image point , provided the directions of incident illumination are not collinear.

Here, (2) and (3) suggest that a 900 angle between the directions of incident illumination would be

optimal for photometric stereo.

In general. equations (2) and (3) are nonlinear so that more than one solution Is

possible. One idea would be to obtain a third image:

13(x ,y )  = R3(p,q) (4)

to overdeterm ine the solution.

For reflectance characterized by R~(p,g) above, three v iews are sufficient to uniquely

determine both the surface orientation and the reflectance factor p at each image point [Horn 781.

Let I = [I i , Iz, 13 ] be the column vector of intensity values recorded at a point (x ,y) in each of

the three views ( ‘  denotes vector transpose ). Further , let

Il~ [n11 , n 12,n13]’
fl 2 = {n 21, n22, n23 ]’

= [n 31, n32, n33 )’

be unit column vectors which point in the direction of the three positions of the Incident

illumination. Construct the matrix N where:

n 11 n 12 ~“ 13N = n21 n22 n23
n31 n32 n33

Let ii [n1,n2,n3]’ be the column vector corresponding to a unit surface normal at (x y ).

T lien.

I p N ii

so that , p ii N ’ I
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provided the inverse N~~ exists. This ir’~’erse exists if and only if the three vectors ii i. 112 and

do not lie in a plane. In this case , the reflectance factor and unit surface normal at (x ,y) are given

by:

p IN ”
~ II and

ii ( 1 / p )N ~~ 1 ( 5 )

Unfortun ately, since the sun’s path across the sky is planar , this simple solution does not app ly to

outdoor ima ges taken at different times during the same day.

Equation (5)  suggests that three mutually orthogonal directions of incident illumination

would be optimal for lambert ian reflectance. In any stereo technique, however , there is some

trade-of f to acknowledge. In photometric stereo, choosing a larger phase ang le g leads to more

accurate solutions. At the same time , a larger phase an gle causes a larger portion of gradient space

to lie in the shadow region of one or more of the sources. A practical compromise is achieved by

using four lig ht sources and a relatively large phase an gle [Woodham 78). Solutions are accurate

and most of grad ient s pace lies in regions illuminated by at least three of the sources. Three image

Intensity measureme nts overdetermine the set of equations and establish a unique solution.

The images required for photometric stereo can be obtained by exp licitly moving a sing le

l ight  50111c r , by usin g multip le light sources calibrated with res pect to each other or b~ rotating the

ob ject surface and imaging hardware together to simulate the effect of moving a single light source.

The equiva lent of photometric stereo can also be achieved in a single view by using multiple

illuminations which can be separated by color.

Photometric stereo is fast. It has been developed as a practical scheme for environments

In which the nature and position of the incident illumination is known or can be cr itrolled . Initial

computat loil is required to determine the reflectance ma p for a particular experimenta l situation.

Once ca librated , however , photometric stereo can be reduced to simple table lookup and/or search

_  ...- -.- .~~~~
.- . .--- ~~~~~~~~~~~~~~~~ -. . . 
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5. App l ications of Photometric Stereo

Photometric stereo can be used in two ways. First , photometric stereo is a general

technique for determining surface orientation at each image point. For a given image point (x ,y).

the equations characterizing each image can be combined to determine the corresponding gradient

( p , q ) .

Second , photometric stereo is a general techni que for determining object points that have .

a particula r surface orientation. This use of photometric stereo corres ponds to interpreting the bask

ima ge-form ing equation (1 )  as one equation in the unknowns x and y. For a given gradient (p ~

the equat ions characterizing each image can be combined to determine correspondi.ng object points

(x ,y).

This latter use of photometric stereo is a ppropriate for the so called industrial

bin-of- parts problem. The location in an image of “key ” object points is often suff icient to

determine the position and orientation of a known object tossed onto a table or conve yor belt.

A particularly useful special case concerns object points whose surface fiormal directly

faces the viewer ( i  e obje ct points with p 0 and q = 0). Such points form a unique class of

image points whose intensity value is invariant under rotation of the incident illumination about the

viewing direction , Ob je ct Points with surface normal directly facing the viewer can be located

without exp licitl y determining the ref lectance ma p R(p ,q). Whatever the nature of the function

R(p,q) ,  the value of R(0 ,0) is not chan ged by varying the direction of incident illumination,

provided only that the phase ang le g ,s held constant. 

...— -—.~~~ _
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These a pp lications of photometric stereo are illustrated using a simp le, synthesized

exam ple. Consider a sp here of radius r centered at t he object space origin. The exp licit

re presentation of this ob ject surface , corres ponding to the viewing geometry of figure 2(b), Is given

by:

z = f ( x , y )  _ ‘\1r2 - x2 
- y2 ( 6 )

The giadient coordinates p and q are determined by differentiating (6)  with respect to x and y.

One finds

p = -x /z  and q = -y /a

Su ppose that the sp here is made of a perfect ly diffusing object material and Is

illuminated by a sing le distant point source at gradient point (p 5,q 5 ). Then, the ref lectance map Is

given by R~ (p ,q) above so that the corresponding image is:

( o  I f x 2 + y 2 > r 2
I ( x ,y) = 

~ ma x{0 ,R8(-x /z ,-y / z ) )  otherwise ( 7 )

Equation ( 7 )  ge ne rates image intensities in the range 0 to p. In the examp le below , r = 60 and

p = 1.

Multip le images are obtained by varyin g the position of the light source. Consider three

d iffere nt positions. Let the f irst be = 0.7 and = 0.3 , as above. Let the second and third

correspond to rotations of the light source about the viewin g direction of _ 120 0 and +120 0

res pectivel y (i r = -0 .610 , q 5 0.456 and p5 = -0.090 , q 5 = —0.756 ) . Let the three

reflectance maps be R 1(p ,q) ,  R2 (p ,q )  and R3 (p ,q). The phase angle g is constant In each case.

Let the cor responding images generated by (6)  be 11(x ,y), 12 (x ,y) and 13 (x ,y).

First , consider image point x = 15 , y = 20. Here , 11(x , y) = 0.942 , 12 (x , y) = 0 .723

‘ 
and 13 (x , y )  = 0 .505 , Figure S illustrates the reflectance map contours R 1( p , q )  = 0 .942 ,

R2 (p ,n) = 0.7 23 and R3 ( p ,q)  = 0.505. The point p = 0.275 , q = 0.367 at which these three

contours intersect determines the gradient corresponding to image point x = 15, y = 20. 

- .- .~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 



. ..

I
12

Second , consider gradient point p = 0 .5 , q = 0.5. Here, R 1(p,q) = 0.974 ,

R2(p,q) = 0.600 and R3(p,q)  0 .375. Figure S illustrates the image intensity contours

11( x ,y)  = 0.974 . 12 (x .y )  = 0.600 and 13 (x ,y) 0.375. The point x = 2 4 . 5 , y 24 .5  at

which these three contours intersect determines an object point whose gradient is p = 0 .5 , q = 0 ,5.

Finally, Figure 7 repeats the examp le given in Figure 6 but for the case p = 0, q = 0.

Here, R 1( p ,q )  = R2(p,q) = R3(p ,q) = 0.796. Object points w ith surface normal directly facing

the viewer form a unique class of points whose image intensity Is invariant for rotations of the light

source about the viewing direction. The point x 0, y = 0 at which these three contours intersect

determines an object poiiit with surface normal directl y facin g the viewer. This result holds even If

the form of R(p ,q)  is unknown.

6. Conclusions

Sur face orientation at a point on an object can be determined from the Image intensities

obtained tinder a f ixed imaging geometry but with varying lighting conditions. Because the images

used in photometric stereo ar ise from the same viewpoint , there is no dIfficult y determining points

in one image which correspond to the same ob j ect point in another ima ge. The calculations

required in photometric stereo are loca l and can be implemented in a straightforward manner.

Photometric stereo does not depend on the recognition of features in a scene but Instead makes use

of the intensity values recorded at each picture element.
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Source

ii I tNormal i ~

V
Viewer

Figure I Definin g the three photometric ang les i, e and g. The incident angle i Is the angle
between t he Incident ray and the :urf ace normal. The view angle e is the angle between the
emergent ray and the surface normal. The phase an gle g Is the angle between the incident and
emergent rays.

_ _ _ _ _ __ _ _ _ _ __ _ _ _ _ _ _  —4
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Perspective Projection y

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Orthographic Projection (x y z)

u = x  v = y  7.
-:

— K
(b)

FIgu re 2 Characterizing image projectIons. Figure 2(a) Illustrates the well-known perspective
projection. (Note: to avoid image inversion , it is convenient to assume that the Image plane lies In
front of the lens rather than behind it.] For objects that are small relative to the viewing distance ,

‘ 
the image projection can be modeled as the orthographic projection Illustrated In figure 2(b). In an
orthograp hic projection, the focal length f is infinite so that au rays f rom object to Image are
parallel.

I
. .  . . ~~~~~~~~~~~~~~~~~~ 



- .

~~~~~~

-- .-

16

q
0.0 0.1 0,2 0.3 0 .4 0 .5  0 .6  0 , 7

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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n

0.8~~~~~~~~~~~~~~~~~~

p
3.0

Figure ~ The reflecta nce map R~(p,q) for a Lambertian surface illuminated from gradient point
p

5 
= 0.7 and ~ 0.3 (with p 1.0). The reflectance map Is plotted as a series of contours

(s paced 0.1 unIts apart).

-4



Ii

Figure 4 The reflectance map R~ (p,q) for a perfect diffusing surface illuminated from gradient
point p5 = 0.7 and = 0.3 (with p 1.0). The reflectance map is plotted as a series ofcontours (spaced 0.2 units apart) .
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R2(p ,q)  = 0.723

\
1.0 

R , ( p ,q) 0.942

~~~~~~~~~~~~~~~~~ p ,q = O . 5 O5 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Figure 5 Determining the surface orientation (p,q) at ~ given image point (x ,y ) .  Three
(superimposed ) reflectance map contours are intersected where each contour corresponds to the
intensit y value at (x ,y) obtained from three separate images (taken under the same ImagIng
geometr y but with different light source position). 11(x ,y) 0.942 , 12 (x ,y )  = 0.723 and
13 ( x , y )  = 0.505.

~ 
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60 .0
12 ( X .Y )  0.600

4 0 . 0

I i  ( x ,y)  = 0.974

2 0 . 0

- 

. 6 0 .  
~o.O — 20. 0 

— 

,

~

,,

2 0 . 0  40 .0  6 0 . 0  

-

13 (x ,y) = 0.375

- 6 0 . 0

Figu re 6 Determining image points (x ,y) whose surfa ce orientation is a given gradient (p,q).Three (su perimposed ) image intensity contours are intersected where each contour corresponds to thevalue at (p
~~~ ) obtained from three separate reflectance maps (Each reflectance map characterizesthe came ima ging geometry but cor esponds to a differ ent light source position.) R 1 (p ,g )  ~ 0 ,974 ,

R2(p,q) = 0 .600 and R3(p,q)  = 0.375.

S 

~~~~~~. . . -.--- . .~~~ - -- 



r 
. 

~~~~~~~~~~~~~ 

20

V

60.0

12 (X , y )  = 0 .796 Ij (x,y) = 0 .796

20 .0

I • , . , / . . - . .
—60 . 0  — 4 0 . 0  —20 . 0  0 .0 40.0 60.0

~

t—:

~ 

—20 .0

13(x ,y) = 0.796

— 6 0 . 0

Figure 7 Determining image points whose surface normal direct ly faces the viewer. Th ee
(superimposed ) Image intensity contours are intersected where each contour corresponds to the value
at (0 ,0) obtained from three separate reflectance maps. (Each reflectance map characterizes the
same imaging geometry but corresponds to a different light source position.) Note that the
ref lec tance map value at (0 ,0) does not change with light source position (provided the phase
angle g is held constant). 
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