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A B S T 1~ A C T

In the area of application o probabilis tic and stochastic modeling,

sequences of random variable s evolving over time are usually assumed

to be se quences  of independent  random var iables  or Markov sequences .

Here  we in t roduc e and apply a mul t ivar iate  Il exponentiall ’  d i s t r ibut ion

which may d es c r i be  ~lar k o v  or non -Markov  sequences . The present

work  has examined one par t i cu lar  c lass  of mult ivar ia te  exponential

d i s t ri b u t i o n s  which  pr e s e r v e  Markov  sequence propertie s for both

modeling of downt ime  d i s t r i bu t i ons  and modeling of stages of component

d e t er i o r a t i o n . in downtime modeling,  we study the di s t r i bu tion of the

sum of severa l  dependent  random var iab les  and compare the result  with

the d i s t r i b u t i o n  of a sum of independ ent  va r i ab le s as well as with the

l ognor m al di~~t r i b u t I~~n . In d e t e r i or a t i o n  modeling,  we c o n si d e r  par t

rep lace ment  r u l e s  based on o b s e r va t i o n  of the s tate  of the part’ s qual i ty

* a nd on spe c i f i e d  r eward  s tr u c t u r e s . We ident if y the rate of deteriora-

ti on by e x a m i n i n g  how long the component stay s in each state and use

d y n a m ic  p r o g r a mm i n g  to set up r ecur  s ive  o p t i m i za t i o n  equat ions  such

that the expected r eward  per unit  time is maximized.  Sufficient condi-

tion s are g iven unde r which the optimum rep lacement rule has a very

simple structure.
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C I I  A P I  I ’  R I

I I ’ ’  ~I , I ’  ~~
I

~~~ u i m p o r t a n t  ( on side r a t i o n s  in the d e s ig n  and the e v a l ua t i o n  of

systems are t h e i r  ca p a b i l i t y  to r e t u r n  to normal  ope ra tion  a f t e r  s e v er e

d e t e r i o r a t i o n  and tha t  a f t e r  o c c u r r e n ce  of f a i l u r e s . This study develops

and anal yze s s t oc h a s t i c  models of s y st e m s  whose  componen t s  can  be

rep laced wi thout  occur r ence  of f ailure and can be repa i red  when the

f a i l u r e  doe s occur . The anal ys i s  focuses  on a model in which  system

states  are  d i s t i n c t  at any t ime:  the system is opera t ing  (up)  at one of

the d i f f e r e n t  g r a d e s  of p er f o r m a n c e  or it has fa i led  (down )  and is at one

of the d i f f e r e n t  s tases of r e p a i r .

Wi t h the adven t  of modern  technology,  sy s t e m  state s can he oh-

s e r v e d  w i t h  a n u n — d e s t r u c t i ve t e s t i n g  (e . g . ,  a c o u s t i c  wave , i nf r a r e d ,

l a se r , x -r a y ,  . . .,  etc . ) wi thou t  induc ing pe r fo r m a x i c e  degradat ion  or

i n t e r r u p t i n g  re pair . Also the data is easy  to anal yze on a special  pur-

pose m i n i c o m p u t e r , a m ic r o c o mputer , or even it m ic  r o p r o c e S s O r .

One of the gr ea t  cha l l enges  wh ich  eng i n e e r i ng f aces  is the develop-

me n t  of l a rge  and comp le x sys tems  for  both c o m m e r c i a l  and m i l i t a r y

appl ica t ions . Outs tanding  examp les of such sy s t ems  a re :  n u c le a r  power

p lan t s , ~~ i t c h i n g  mac h in c s of t elep hon e  o f f i c e , a i r  t r a f f i c  c o n t r o l  sy s —

te ms , ra dar  d e t e c t i o n  and w a r n i n g  s y s t e m s , space veh ic l e s , a i r c r aft ,

co m m u n i c a ti o n  n e t w or k s , r ea l - t ime  compute r, and med ica l  in s t r u m e n t s.

F a i l u r e s  of t hese  comp lex sy ste m s m i gh t be fa ta l  to huma n life . Re-

place ment  of d e t e r i o r a t i n g  pa r t s  wi l l  reduce the probabi l i ty  of f a i lu re .

Once a f a i l u r e  has o c c u r r e d , re p a i r a b i l i t y  is an i m p o r t an t  considera-

t i o n  for r e s t o r i n g  the system back to normal  as Soon as possible.

- , ,. .~ 
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Tb. d . . -. i i ’n ul , i ~~i n t e n a n c t  p o I i i ~~~ s b r  n i~~i n t i i i n a b 1 t  and r e p a i r -

ab le  s y s t e ms  rn t k e s  u se  of i n f o r m a ti o n  ab o u t  p r o b a b i l i ty  d i s t r ib u t i o n s  of

co mponent l i f e t i m e s  and ! downt  inw s . Such d e s i gns  ar e  fa c  i l i t a t c c ?  1

these d i s t ri bu t i ons  have s imple analytic f o rm s .

Downtime d i s t r i b u t i o ns  have been f reque ntl y m odeled as log nor mal,

W e i bu ll , or Er lang,  i n f o r m  [ 7 ] . These d is t r ibutions  are  all skewed and

c o r r e s p o n d i n g  to no n~ negat ive random var iables  like downtimes . Here

v~.e conside r one more fami l y o f d i s t r i bu t ions  which has some phy sical

mot iva t ion.

Since a downtime interval is often the sum of subsidiary intervals

(for failure isolation , component removal, repair, reassembly, align~

mc ’nt , etc . ) i t  s ee m s  reasonable  to th ink of the downtime X
n 

as th e sum

of s u b s i d ia r y  t ime  i n t e rva l s :

n
x = ~~ r .  . ( 1 . 1 )

n . i
i = t

The s u b s c r i pt of x remind s us of the number of sumrnand s. Severa l

d i s t r i b u t i o n s  a rc  possible  for  the individua l r~. but here  we consider

exponential distr ibutions which are the simplest  and are also wide l y used

to represent random time s be tween events . C l e a r ly, once the d i s t r i b u -

t ion of such an x has been c h a r a c t e r i z e d , the a s s u m p ti on  that  r .  ~

exponent ia l l y d i s t r i b u t e d  ca n be w e a k e n e d  to allow an x~~-t ype d i s t r i b u -

t ion for  any r .  For examp le , the r e p a ir  t ime in te rva l  may not be

ch a r a c t e r i z e d i  by an exponent ia l  d i s t r ibu t ion .  However , by us ing  the

above argument, we can find a suitable n for  an x~~-type dis t r ibut ion

for  the r e p a i r  t ime .

—
~
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It i s  ~.ell known that the  d o w n t i m e  X
n 

will have an Erlang distri-

L) i t t  I u f l  I t LU r a I t  ndepr nde nt cx pone  i i t i a l  ru n d on  I v ar  Idi) Ic s w I th

i d e n t i c a l  mean value s. M uth [22 j  has c o n s i d er e d  t h e  app r ox i ic ic l . t i on  Of

\~ e ibu 11 and lognorrn al  d i s t r ibu t ions  by X in which  the r .  are  inde pen-

den t  ex pon en t i a l  v a r i a b l e s  hut  w i th  po s s i bly d i f fe rent mean values. H e r e

\kC g en e r a l i z e  h i s  w o r k  to allow dep endence  among the r - -  a rea-

so nable  s i tua t ion  if the v a r i a b l e s  r epresen t  related s teps  in a sequence

of dov~nt ime o pe r a t i o n s or in a sequence of d e t e r i or a t i o n  l eve l s .

S e v e r a l  ty pes of n iu l t ivar ia te  exponent ial  d i s tr i bu t ions  have been

proposed for various reliabilit y applications [ 2 J. The mul t iva ria te

exponent ia l d i s t r i b u t i o n  d i scus sed  most  is the Marsha l l  and Olkin’ s shock

model. M a r s h a l l  and 01km ’ s mot iva t ion  was  mainly for  a system wi th

p ara l le l  t ime  in te rva l s  which happen to s ta r t  at the same time (Figure

1(a ) ) .

~~r 1

F ~~ r
2

0 I _ _ _ _ _ _ _ _

Time ‘~..-...._1 ~~~~~~~ \
~~~ .J Time

______ 

r 1 
r 2 

r

n
(a)  ( h )

F i g u r e  1:

Parallel  and Series Random Time Intervals

For o u r  purpose we would like to have a sequence  of random time int . r-

vals that happen one by one as in Fi g u r e  1( h ) .

The present work has examined one particular class of multivar~

j a te  exponen t i a l  d i s t r i b u t i o n  for both model ing of downt imes and modeling

of component  d e t e r i o r a t i o n .

- — .——----- --—- -



C h ap t e r  I I  d i s cu s s e s  s ev e r a l  I u r n ~s of I i l i i t t i V , i r I . . I t  ( 1 1 5 1  r i b t I l l u i l s

wh i h have  ex p o n e n t i a l  m a r gI n a l  d i s t r i b u t i o n s . f l ie  U l i e  based  on the s u m s

of the s q u a r e s  of normal  va r iab le s  is selected because  of its analytical

s i m p l i c i t y .

Chap te r  III g ives  examples of the d i s t r ibu t ions  of the sum s of n

dependent  exponent ia l  va r i a b les . We show that  the i n t r o d uc t i o n  of de-

pendence  among r .  (wi th  pos s ib ly unequal means )  doe s not b roaden  the

c l a s s  of x d i s t r i b u t i o n s  ove r that wh ich  r e s u l t s  f r om  indepe ndent  r . .
fl 1

That is , the sum of n dependent  exponential  v a r i a b l e s  has a d i s t r i b u t i o n

iden t i ca l  to that of the sum of n other indepe ndent  exponential  va r i ab l e s.

Seve ra l  c o n c l u s i o n s  a r e  on the approximat ion  of logr tormal  va r i ab le s by

sum s of exponen t i a l  ones , a long ‘~. i th  o ther  poss ib le  e x te n s i o n s .

Chapte r IV examine s m a i n t en a n c e  pol ic ies  fo r  sys tems in which

the d e g r ee  of d e t e r i o r a t i o n  can be o b s e r v e d  con t inuous l y. A M a r k o v

sequenc e mode l  is dev el o p e d  where  the h o l d in g  t i m e s  in the v a rio u s

s t a t e s  a r e  m u l t i va r i a t e  exponen t i a l l y d i s t r i b u t e d . \~ e assume that the

f u n c t i o n i n g  r e w a r d s  d u r i n g  the sys tem ’ s l i f e t ime  d e c r ea se  wi th  the in-

i. r e a s i n g  d e t e r i o r a t i o n. A d d i t i o n a l  dependence  p r o pe r t i e s  of mult i va ria t e

e xp on e n t i a l  v a r i a b l e s  are  developed f or  the op t imiza t ion  s tud ies . The

dependence  relat ions seem to be cons i s ten t  with what one expects of a

gene ra l  system in the real world , Optimal r ep lacement ru les  which max imize

the expected reward  per unit t ime are  obtained by us ing  the dynamic program-

m i n g  me thod .  S u f f i c i e n t  condi t ions  which  s implif y the optimal d e c i s i o n

ru le s  a r e  g iven  in A ppendix  1 . Chapter  V sum m a r iz e s  the r e s u l t s  and

makes s u g g e s t i o n s f o r  f u r t h e r  r e s e a r c h .

Par t  of Chapter  Ii and lii have a l read y appeared in a previous report

by Hsu  and Shaw I 12 ]

_ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _  _ _ _ _
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M U L ’l I\  A H I A T I -  I X P O NF :N T IA L  DL~’l R I BU ’l  IONS

T h e  m ult i n or r n a l  d i s t r i b u t i o n  has  been s tudied f a r  m o r e  exten—

s ive l y than any othe r rnu lt i v a r i a t e  d i s t r i b u t i o n. Indeed , its posit ion of

p r e - e minence among mul t iva r ia te  cont inuous d i s t r ibu t ions  is more marked

than tha t  of the normal  among univar ia te  cont inuous d i s t r ibu tions . How-

e v e r , in p r a c t i c a l  eng ineer ing p rob lems  there  have been s igns that  the

need fo r  m nu lt i v a r i a t e  exponent ia l  d is t r ibut ions  is becoming recognized .

S e v e r a l  f o r m s  of m u l t i v a r i a t e  exponential  d i s t r ibu t ions  have been intro-

duced . The one based on the sums of squa res  of multinormal variab les

is selected here , because of i t s anal y tical simplicit y throug h t ransfor-

mation to wel l  deve lo ped mult inormal  d is t r ibut ions.

This  chapte r reviews seve ral popular mult iva r i a t e  expo nential

d i s t r i b u t i o n s  and deve lops  p roper t ie s of the one to be used in late r chap te rs .

Some i mp o r t a n t  dependence  p r o p e r t i e s  will be developed in Chap te r  IV.

2. 1 R e v i e w  of L i t e r a t u r e

It is v i e l l  know n tha t  a m u l t i v a r i a t e  d i s t r i b u t i o n  is not uniquel y

s p e c i f i e d  by i ts  m a r g inal  d i s t r i b u t i o n s  [ 2 ]. For  examp le , whi le  the

h ivar ia te  normal  d i s t r i bu t ion  has nice anal y t i ca l  p roper t i e s , it is not the

onl y one wi th  normal  m a rg i n a l s. This mu l t i p l i ’- i ty  wi l l  be de m o n s t r a t ed

for  the  case  of expon en t i a l  m a rg i n a l s  by c o n s i d e r i n g  a few poss ib le  bi-

va r i a te  d e n s i t i e s ,

Gumbel  [ 3 ] cons idered  several  h i v a r i a t e  exponent ia l  dens i t i e s.

The f i r s t  F1 (r
1
, r

2 ) is based on the f o l l o w i ng  g e n e r a l  f o r m u l a  fo r  com~

hin ing  m a r g i n a l  d i s t r i b u t i o n s .



F(x , y ) F~~(x ) F~~(y)  f i  + a [ i - - F~~(x) 111-F y ( Y ) 1 } .  (2. 1)

kk

The m a r g inal d i st r i b u t ions of X and Y are each exponential . When ap.-

p lied to expone ntial va r i ables  wi th  uni t  mean values  this produces the

d i s t r i but i on  f u n c t i o n :

F
1 

(r 1, r 2
) = (1 -e t ) ( t - e 2 ) ( 1+ ae

t 2 ), (2. 2)

r
1
, r 2 ~ 0

a < I

and the dens i ty funct ion :

f
1 

(r 1, r 2
) = e t 

-r 2 +a (2e 1 -1) (2e
2- l)]  . (2. 3)

In this model , a 0 cor respond s to independence of r 1 and r 2, and it

can be show n that the cor r e l a t i on  coeff ic ient  ~ r isr 1 , 2

r = a/4  (2. 4)
I’ 2

with its magnitude limited to be l e s s  th an or equal to t / 4 . Another  model

of Gumbel’ s is d ef ined b y the joint  d i s t r i b u ti o n  f u n c t i o n :

— r — r 1
— r 2 — 6 r 1

r 2
F

2
(r 1, r 2

) 1-e  -e 
2 + e  , (2. 5)

0 < 0 < 1  , r 1 , r 2 > 0

and the corresponding density :

— r  —~~ — O r  r
f 2 (r 1, r 2 ) = e ~ 1 2 

~ 
(1+0 r1 

)(1 +0r2)—OI 
. ( 2 . 6 )

- - -~~—-~, 

— — —.- - — .— - _ _ _ _ _ _ _ _ _ _ _ _ _ _

- . -

~ 

- - — -  —. - - - . . ~~~~~~~~~~~~~~
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I I .  • — I I I I  ~ j t i i i . t l ii III ride 
~~

4 r t d .  ru , and

+i/e F:.(o 1 )~~1r 1, r 2 
I

whe r e :
1~ 7 — I

F . (O  ) =  ( Z  dZ
0-1

The u n i va r i a t e  expone ntial  d i s t r i but ion  d e r i ve s  c o n s i de r a b le  im-

portance  fr o m  i ts  ro le as t he dis t r ibut ion of wait ing time in a Poisson

process. It is n a t ur a l  to inquire  whether  a similar relationship exists

between some bivariate exponential distribution and 
the waiting times in

a sui tabl y de fined two_ dimensional  Poisson p rocess . One such possi-

bi l ity ,  i nves t i gated by M a r s ha l l  and 01km 2 ] ari d later generalized by

the m ~2I 1 .  ~~il1 now be descr ibed .

This distribution can be thought of as a result of fatal 
shocks

occurring from three independent Poisson sources with 
rates A 1, A 2

, and

A 
~
. Componen t  I wi th  l i fet ime r 1 

is killed by event s of the first or

t h i r d  v a r i e t y, and r 2 is de termined by events  of the second or third

type . We can d e f i n e  the re l iabi l i ty ,  which is a probabil i ty of su rviva l as:

R ( r 1, r 2 ) = P R 1 ~ r 1, R 2 > r 21

~X
1 

r 1 -X 2 r 2 -X 1 2
max ( r r 2 )

= e  
I , ( 2 . 7)

or : 

, 
~~~ (A~~ +X 1 2 )r 1 

..r (X * A  ~
)

J~ 3
(r 1. r 2 ) = I — - —

.r A
1
-r 2A 2-A 12max(r1, r2)

+e . (2. 8)

Here the correlation ioeffi cient is

~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ,-. -
~~~~

- - —-________ - ________

4, 
- 

- ——- — —

~~~~~~~~~~ 

-—

- 
—

--~~ . . — ~~~~~~~~~~ 
.
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II • 
~ 11/ A

1 ~~~~~~ ~~ 
( : ~. ~

which ranges between zero and one.

Barlow and Proschan [2] point out that Eq.(2.8) is the unique bi-

var ia te  exponential  dis tr ibut ion with the ze ro -memory  property:  the

join t survival  probabilit y of a pair  of components each of age t is the

same for all t (e. g.., the same as if both were new). This zero memory

is quite desirable when modeling joint lifetime s of components 
in a sys-

te rn. In the present context of r. representing durations of a 
sequence

of re la ted events , this special propert y seems inessential .

Kibble 118] conside red a bivariate exponential 
density of the

f o r m :
r + r  _ _ _ _

f 4 (r 1, r
2 ;p 2 ) = - - 

2 e Z~~~( f _ p 2 )~ 10 
~~~~~1 r 2 

, (2. 10)
4a’ ( 1 — p  ) a (1~~p )

in which I o
( .  ) is a modified Bessel funct ion of order  zero  defined as

2ir 2k
10(z) ~~ ~~

‘ 
e z~

cos ‘4’dp= ~ 
(z 2~_ (2.11)

k = 0  (k.!. )

A d e t a i l e d  stud y of th i s  d i s t r i b u t i on  has  been g iven by Nagao and

Kadoya~~2 3j .

2. 2 Multivariate Exponential Distribution

We wil l  de rive  Equat ion ( 2 . 1 0 )  in an alternate , more natural  way

for use below. The same approach has also been taken by other authors ,

for example , Moran and Vere - Jones [ 32]

- •_____‘_____‘_.__ __ _‘_.
~~
__,_—.-.. — — -,- .- _______

~~~~-
.., c~~-~

• .. 
— — -



‘ T u e  i I . ’ n ~ . i  y i i i  ( :‘. 1 0) ~ppt  i~~s w I ’  H V. • - v i ew  t’
1 

. i I 1 ( l  r 2 a s  b e i n g

gene  ra ted  t rom c o r r e l a t e d  normal v~ i’ia bles. It i s  well known that if

and z 1 
a re  i n dep e n d e nt , z e r o  mean , e q u a l  \ - d r i a n ( - ( ’  (~~2 ) n o r m a l  van-

b les  thee r
1 

d e f i n e d  as

r 1 
w~ + z ~ , ( 2 . 1 2 )

has  an e x p o n e n t i a l  d i st r i b u t i o n  wi th  mean

F ( r
1

) = Zo’~~ . (2 .  13)

Now if (w 1, w 2 ) and (z 1,  z2 ) are two independent pairs of normal vari-

ables , but with :

cov(w . . w . )  cov(z . , z . )  i 1 , 2; j = 1 , 2 , (2 .  14)

t h e n  r 1 
and r2 

defined by

2 2 .r .  w .  + z. 1 = 1 2 , (2.  l o )
1 1. 1

will be dependent exponential variables.

Equation (2. 1 0) can be derived from this reasoning when all four

variables (w1 , w2, z1, z2) have 
equal variances a-2. In that case

2 2 2
___________ 

w
1 -Zpw 1

w
2
-hv

2
+z

1
-2pz1

z
2+z 2

2 2 4 exp - — 2 2
(Z ir ) ( I - p  )a- 2(1-p )o

( 2 . 1 6)

and :



- t O-

I” 4 (r 1 .  ‘ ,)  i1i1~”~ 
w,z1 . ‘i’.

,
) dw 1, dv.~ (1’/,1, d7 .2

2 2

~ 
w 1 

+ z 1 < r 1 
‘~

( 2 . 1 7)

2 2 i
w 2 + z

2 < r 2

Intro duction of polar coordina tes in w 1,  z 1 
and w 2, z 2 p l anes:

W
I 

= •Y I C°5 0~ , w 2 ‘l’Z 
(~oS 0

2

= .Y
1 ~~~~ 0 , z 2 = sin

redu ces the F 4 
integral  to the form

~~~1 ~~~Z 2~r 2 7r

F
4

(r 1, r 2 ) = 2 2 4 f S I I
4r ( 1 -p  ) a - 

~~~~~~ ~y 2 — O  O~~~O O~ = O

• 
e 

- ~~~~~~~~~~~~~~~ _ 2 p ~~112 cos (o 1
_ e

2 ) / 2a - (1 - P ) l

71~~2
s~ 1

d~ 2
d6 1

dO2 
(2. i 8)

Substitution of Q = O
~~~~

_ O
~~~ 

for the 0
~ 

integra tion prod uces a periodi c

in tegrand , independent of 0z 
Thus the 0 -integrals become :

Zir 22r  2,r p-,1
y 2 cos(P/ a- (1-P )

.1 . 1’ Zir f e dQ

0~~
= 0  O~~~

O 0

2 r
= ~~ ~~~~~~~~~~~~~~ 

(2. 19)

• 
~~~~~~~~~~~~~ 

— -____
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! ‘ i fhi l 1 y, s ub s t i t u t i o n  of (?.  1 9) into ( 2 .  I 8) and d i f fe  rentiationS with

res pect to r 1 and r 2 
p r o d u c e s  (2 . 10).  It turns out that 

~ r r 
is jus t

1’ 2

the square (p 2 ) of the correlat ion of the underlying normal variables , with

a range between zero  and one .

The Bessel function form for this bivariate exponential based on

normal va r ia tes  may not appear to be very felicitous. However, this

kind of distribution wil l  be convenient when we concentrate in the next

chapte r on the sum of dependent exponential variable’s, as in ( 1.  1 ).

For the n-dimensional version of this class of distributions , we

consider zero mean, normal n-vec tors  w and z each with the same co-

variance matrix (which is posi t ively defini te  and symmetr ic)

= E [ z z ’] = r .  ( 2 . 2~

In this way for  each i . w. and z. will  have the same variances so the
1 1

sum of their  squa res  wi l l  be an exponential random variable r 1. We do

allow r 1 
and r~ to have unequal me an s, con t r ary  to the special case

in (2 . 10). Using the underlying normal distributions it is easy to show

th at the r. have me ans :
1

E [ r .] Z”y
~~ 

(2 . 2 1)

and correlation coeff ic ients

~ r . r .  = ~~~~~~~~~~ ~ 0 (2. 22)

• which can take on value s be tween 0 and 1.

The general  approach to calculation of the multivariate n-

distr ibution is through integration of the normal density f(w 1. w 2, W ,

z 1, z 2. ..., z~~) ove r appropriate reg ions .

- 

-;
~~~ — ~~~~~ ~~~~~~~~~~~~~ — 

____________ —

- ~1b. .J~~’ .‘~~~~~ 
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A n u I J l t i v d j ’i ~i $ t ’  u . i s * -  of i n te r e s t  corresponds to the covar iance

~~ 
? i i X

cr -r p , 
(2 .  23)

in W I u u .~ h o r r e l at i o n  between r1 
and r~ falls off exponentially in relation

t~~ the separation be tween  their  indices i and j . The corresponding joint

density has a ni~ e s t r u c t ur e , reve al ed by its trivariate form :

- 

r~ 
+ 

r Z U +  
+ ~~~~~~

)/2 

(j

f ( r  r r e L a- 1 
a- 2 

o,
~ /

1 ’ 2 ’ 
3’ 2 2 2 2 2

8a’ 1~~ 2 a-3( l - p

• ~ 
2 2  (2. 2 4 )

0 
a-

1
a-2 

( j _ ~ ) 0

This expression general ize s in an obvious way to the n-variate forrn~

f( r 1 , ~~~~~~~ 
r )  [ ( 1 - p 2 ) 

~~~~ a-v’ :~: 
1(

~~
r i

r i÷i~~
2

~~~

)

exp - 
2( 1~ P2 )(a-~ 

+ 

~~ 

(I

(n 2 ) .  ( 2 .  25)

The special case of Eq. (2 . 2 3 )  de sc r ibes  a Mar kov ian  normal  sequence

w 1 ,w 2 , . . .  w~ with  s ta t ionary  correlat ion coe f f i c i en ts .  The sequence

r 1, r 2, . . . r with a joint  densi ty  of (~~.Z 5)  can be easi ly  seen to be

Markov ian  also , a fac t  also established in G r i f f i t h a  [13)

- - 
i i _  -~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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~ 
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C H A P T E R  I I I

l , u O W N ’I LM J’. t d O I ) I . L I N (

As ment ioned in Chapte r I , we w a n t  to r e p r esen t  a downt ime  as

the sun-i of several, possibly dependent, subsidiary times

n
x = ~~~ r. , ( ;~. t )n . 1

1= 1

We will examine several possibilitie s for r
1 
distributions, beginning

with a review of Muth’s work 1 22 ) for the case of independent, expo-

nentially distributed r1 with unequal mean values. Then we will gene-

ral ize his model to al l ow dependence among the ~~ seeing that the famil y

of possible £ is not expanded in this way, but that it allow s for con-

venient study of the case of large  n and possible convergence to a log-

normal dens i ty.

3 .1 Rev iew of Muth’ s Resul ts

In Appendix B of Muth ’ s thes is  22 1,  he inves t iga ted  the prope r-

t ies  of the c lass  of p r o b a b i l i ty d i s t r i bu t ions  be long ing to the famil y of

Er l a n g  d i s t r i bu t ions , which  are generated as the d i s t r ibu t ion  of a sum

of independent  and exponential ly d i s t r ibu ted  random var iab les . Speci-

f i ca l l y, he compared these dis t r ibut ions with the gamma, lo gnormal ,

and W eibul l  d i s t r ibut ions , which are well know n examples of tw o-

p a r a m e t e r  unimodal  d i s t r ibu t ions  and which have been used as models

for  repai r time s.

• He cons idered  the random variable  Y(n) which is the sum of n

independent  random va r i ab le s  :

Y(n)  = X
1 

4- X
2 

+ . . .  + X , (3.  2)

—‘-J



wlo ’  re e ach  X.  ~s exp on e n t i a l l y d i st  r i l u t l e d  ~ i11~ 1 oc t 1 1  ~- ,t l u e  iii . ‘ I I I I

i . t i i d o i i i  v . t . I I , 4 I J l 4  ‘t ’ ( r I )  h a s  a dj s i rj l , i i h m i  in  w h i ’  h ii p I l ’ H l I ’ t e r ’ , lb.-

v a l u e s  of rn
1 

t o  rn , mus t  be spe~~i i i ’ d , and ~~lir re ii i t s t ’ L i  i s  a

We use the f o l l o w i n g  nota t ions  and def in i t ions :

E l  Y(n f l  = V a r L  Y ( n ) ]  a-
2 , (3. 3)

~ 1
(s kewne ss )  E{ {Y(n)-m}3

1 (3 -
~~~)

‘y2
(k u r t o s i s )  = 

E [ {Y~n )_ m }  ~ - 3 . (3. 5)

In orde r to compare the probability law of Y(n) with that of a random

var iable  Z, having a two parameter  distribution , he set their  means

and va r iances  equal :

E l  Y(n) )  E~~Z1 , (3. 6)

Var [ Y(n) ) = Var ’i Z) ,  (3 . 7 )

and compared the hig her  moments of both probabil ity laws . He re-

s t r i c t eu  the comparison to the third and four th  moments. The under-

l y ing idea is that the approximation of one probability law by another

becomes c loser  as one success ive ly matches hig her moments, and that

matching the th i rd  moment, togethe r with the const ra in ts  (3. 6 ) and

3.7 ), does al read y provide  an improved approximation. Without  l o s s

of generality all distributions under consideration were normalized ,

such that their mean value s equaled 1. The relative dispersion of a

distribution is expressed by its coefficient of variation v , namely for

any Z :

-— -—~~~~~~~~~~~~~~~~ -~~~~~~~~~~ -—- -~~~~~~--- . -. - _ _ __ _ _ _

- ~~~~ .-
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J~T~(z)
(~~ . ~t)

He studied the ranges of .y
1, “,

~~~ 

and v with the above constraints

on the m ean and variance of Y(n) and found that those parameters were

maximized by finding two number s  ma and mb and set t ing:

m = m
I a

= mb , i =  2, 3, . . . ,  n, R9)

Similarly, those parameters  were  minimized by setting :

m. = in 1 = 1 , 2, , . . ,  n — I ,

m =  mb ,  (3. 1 0)

fo r  the same m a and mb. If v is fixed , then and 
~~ 

are  bounded

according to 
-

2 ~ .y~~(n) •. 2i ’  -
~~ 0,

6 y~~(n) • 6v > 0. ( 3 . 1 1)

increasing n f u r t h e r  i nc r ea se s  these maximum value s ‘y~ and

whose l i m i t s , for  n -
~ ~, are: max 2 and max = 6. V a l u e ’s  of

~ 
and as f un c t i o n s  of n were  computed for  the gamma, log normal ,

and Weibu l l  d i s t r i b u t i o n s , and a r e  p re sen ted  in F i g u r e s  2 and 3 togethe r

with the f e a s i b l e  Muth’ s genera l i zed  E r la n g  d is t r ibut ions. These grap hs

show that  the E r la n g  d i s t rib u t io n  can be used to approach the logriormal

d i s t r ibu t ion  in the th i rd  and fourth moment, if the coe f f i c i en t  of variat ion

is less  than 0. 6. Th e Weibull  d is t r ibut ion on the othe r hand cannot be

approximated in this fashion.

~

--

~

--- 

— ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~ •.- ‘ :~~~~~
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(v)  2 
T 
\ ‘~~~~~~~~~~~~~~~~~~~~~~~ 1\~~~~~~~~~

-1 

~~~~~~~~
_
:

~~Coefficient of Variation ii —

Figure  2: C o e f f i c i e n t s  of Skewness ( f r o m  E. 3. Muth ,
Re pairable Sys t ems , Ph. D. Disser ta t ion,
PIB, 1967)
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Coefficient of Variation v —

Figure  :~ : C o e ft i c i e n t s  of K u r t o s i s  ( f r o m  F . J , Muth ,
R ep a i r a b l e  Sy st e m s , Ph. D. D i s ser t a t i o n ,
FIB , 1 9 6 7 )
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3. 2 Sum s of C o r r e l a t e d  Exponential  Va r i ab les

The c h a r u  t e rj s tj c  f u n c t i o n  of x def ined in ( I .  I ) as the sum ofn

ex ponential  random var iab les  can be computed as fol l ows . Using ( 2 .  1 ~
)

and the definitions :

n 2 2
V = w. y = (3. 1 2)

we can wr i te the cha rac t e r i s t i c  function s as

4 (s)  
~~~~~ 

4 (s )

clue to the independence and ident ica l  distr ibutions of w and z. The possi-

bl y cor rela ted  var iables  w~ can be re presented as l inear  t ransformat ions

of independent  unit var iance normal var iables  
~~~

..

w =  M,~, E[~~~~u I  = I . ( 3 . 1 3 )

( I l e r e - , as t h roug hout this r epor t  I is the identity matr ix  of the appropriate

s ize . ) S i m i l a rl y

z = M~~, E [ç, , j ’I I . ( 3 .  1 ~
)

It fol low s that

v = w ’ w = ~ Mt M .c. (3 . 15 )

and:

~~~~~~~ .. 4 ~~‘ ~ - -  s~~’ Mt M~~ 7 d~~

(: -~. I 6 )

-- —- - _ _ _ _ _ _ _ _
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wh er e  we h~iv - d e f i n e d  the  m a t  i’ix

I ~
- M ’ M . 

(3 . 17)

The in tegra l  in ( :3. i6 ) is of the f o r m  of a normal  dens i t y in tegra ted  Ove r

all  value s, except for  a scale fa c t o r , Thus :

~~~~~ 
~~~~~~~~~ )-1  

, (~~ . 18)

and the des i r ed  c h a ra c t e r i s t i c  func t ion  for  the sum of exponential vari-

ables i s :

= ~~ I + 2s M1 
M D  = 1/ q ( s )  . (3. 1 ~

Equa t ion  (3 .  19) show s that  the c h a r a c t e r i s t i c  f u n ct ion of x~ is

the rec i p ro ca l  of an n th _ d e g r ( . ( . ( o r  less , th e r ank of r is l e s s  th an or

equal to n)  pol ynom ial q ( s )  whose  coeff ic ient s are dete rmined by the

• covar ianc ( -  m a t r i x  f. Proper t i es  of that pol ynomial  c h a r a c t e r i z e  x~ .

In p a r t i c u l a r, w e  have the t h e o r e m :

n
All p o s s i ble  dens i ty func t i ons  f for  x = r .  can be achievedx — n 1n I

w ith i rdependent  r. , i. e. wit h diagonal  r.
The proof  beg ins by n o t ing  that the roots  of q ( s )  a r e  n e g a t i v e  r e  -

c ip rocals  of the ei geri value s  of the s y m m e t r i c  n o n n e g a t i ve  def init e -

matrix ~M ‘M (or equivalentl y of 2 F), so they a re  nega t ive  n u m b e r s,  If

the r .  a re  i ndep enden t , then M is d i agonal :

M 1 
= diag(a  C’ 

~~
, •.. , a~~) (3. 2 0)

and so is

- — . ~~~ , ~~- — -~ .-~w - - . - ~~~~~~~~~~~~~~~~~~~~~~~~ — -, - —— - - - --—- — - -
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2 -)

!,M 1
M

1 
( l i a ~~(2o’~~, Zc/ !. . . . - 2i’~~) . ( ‘

~~. 2 1 )

In t h i s  “ lne - p e - H ( l I - n t ”  ase

q~~~) = (1 ÷ 2c~ ~ s) . ( : ~. 2 2 )

T h e  pr o o  i s  O H . p le ted  by compar ing  the pol ynomial  q ( s )  in

1 ‘,‘) f o r  a ~~‘n e r a l  M wi th  the q 1
(s )  in (3.  2~~ fo r  i ndependen t  r.. The

mean  va lues  of 1h~ l a t t e r  (Za 
~

) can be chosen  to make  the roots of q 1(s )

m a i d -  any n ( n e  L e s s a r i l y r e a l )  roo t s  of q( s). The r e su l t i ng  pol yn o m i a l s

and c h a ra ct er i s t i c  f u n c t i o n s  wi l l  he ide n t i c a l  be c ause the n e c e s s a r y

~~(0) t p r o p e rt y r e m o v e s  any scale f a c t o r  ambigui t y. This completes

the proof .

In general, the n-independent exponential variables whose sum

is i n d i s t in g u i s h a b l e  f r o m  the sum of n — c o r r e l at e d  ones wi l l  have d i f fe r-

ent  mean va lue s f r o m  those of the c o rr e l a t e d  va r i able s .

1. 3 L a r g e ’  Num be r of Summands and L o g n o r m al  Approximat ions

Once thi s s t r u ct u r e  has been  e s t a b l i s h e d  fo r  sum s of c o r r e l a t e d

exponent ia l  v a r ia b l e s , previou s r e s u l t s  f o r  sum s of independent  v a r ia b les

(e . g . ,  t hose  of M ut h  I 2 2)  ) are  d i r e c t l y app l icable. He sough t , among

ot~i .-  r r ’-  su lt  s , a pp r o p r i a t e  m e a n  value s f o r  i n d e p e nde n t  exponent ia l  va r-

• i ah l e s  ~~ Ii that  t h e i r  sum shoul d we ll  approximate  a lo g n o rma l  var iable

~vh o s e -  de n s i t y is of the  f o r m :

-i  2 2
f ( x )  = (x .r  .,J~~

) ~~ 
( .~n x—r ~) / 2 a x ~ 0 , ( 3 .  23)

wi th  mean and v a r i a n ce :

— -‘~
- - ,~~ r-te-~~~~~ ,~ . .  - — - — - ,. -- - -  - .  -
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~ a r  l x) = e’ H’ — i i  . i. 2.~~~(

Whi le  the th 1: u I’ ( ’IU abov e ’  s u g ge S t s  the re mi ght he no advantage

to a : l owi ng  c o r r e l a t i o n s  among the r .  when  the x~ in ( 1. 1 ) is t o  ap-

p rox im ate x , e xp e r i en c e -  has  shown that  this  new viewpoint  can he con-

v e n i e n t . Fi gure  4 shows a lo g n o rm a l  dens i ty  having E i x l  = I and

V a r [x  = 0. 653646 , a long wi th  approx ima t ions  to it .

The approx ima t ions  in Fi gure  4 a r e  s u m s  of c o r re l a te d  expo-

nent ia l  v a r i a bl e s  based on u n d e r l y ing  normal  d i s t r i b u t i o n s  hav ing  covar-

i ances  of the f o r m  of (2 .  2:3). F u r t h e r m o r e, the  summand s a r e  a s s u m e d

to have equal  mean  value s (a l l  = o f ). in t h i s  way each x~ is ~. om-

plt ’tel y c h a r a c t e r i z e d  by threc ’ n u m b e r s:  ii , p,

The mean  v a l u e s  a re  c h o s e n  to be

E
~

r. ’j =  2o’~~~ -t , (3.  26)

so t h e  mean of x m a t c h e s  t h a t  of x~ The c o r r e l a t i o n  p ar a m e t e r  ~ in

(2 .  23) is t h e n  chosen  so t h a t  the v a r i a n c e s  ot  x and x are  eqmd . It is

s t r a i g h t f o r w a r d  t o  compute :

va r(x 9 ) ( t  
~ p

v a r ( x
3

) (3 +

v a r ( x
4

) = (2  + 3~i
2 

+ 2p 3 
+ p

6 ) / 8 .  . (‘s . : 7)

us ing  th e ’  und e rl y ing  n o r m a l  den s i t i e s  and the m e a n  v a l u e s  deli’ m i r , i t e . - d  in

~~. ~~( ) .  For the s pe c i f i e d  V a r ( x )  = 0. 653t 4i~ it t u r n s  neil  t h a t  th e  e o r r . - —

lation factors must he a~ show n in Tal)lI’ ~.

- -

~ 

-- ___ _ __
_ _—
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I’. ~ , I 1

( e I i ’ l ’ I - I . t I I I I I C  I’ ,e~ t~~m~’ ho’ N e j r i i e a t i , - ~’d I x n

n r

2 0. 554339

3 0. 750000

4 0. 820321

In pr inc ip le, the d e n s i t i e s  can be c I r np ut e d  by Lap l a c e -  t r an s -

form inversion of (3. 19) after the p and v a lu e s  have be ’ n sp ec i~ ie ’d .

An a l t e r n a t i ve  approach is p o ss i b l e  on- c the  root s ( — X 1) of q (s)  ( 1, tv t ’

been  d e t e r m ine d . For  examp le ’ , if a l l  t h o ’~~’ ro ot s  a re  d i s t inc t  then :

n -X . t
f ( t )  a , e , 

( -t . 28)
x - In i = l

One condit ion on the unknown a. is
I-

= 1 = E a /X.  • 
(3 . 2’~~)

App l ica t ion  of the Ini t ia l  Value Theorem to (3. 28) shows that d e riv a t i ve s

of th  dens i ty  m u st  sa t i s f y

0

~ ( X ) k a.; k = 0, 1 , . .. ,  ( n - 2 )  . (3. 30)

E quat ions  (3. 2 9)  and (3 .  30~ provide n -e q u a t i o n s  for  the n-unknown s a 1 .

This approach h as  been used to compute the approximat ing de n-

sities , with the l’ ol lowing r e s ul t s :  (s ing l e -  p r e c i s i o n )

-- ~~~~~~~~~~ “ - —------

- - -- - -
‘ - .-
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I = I . 80 3q5 ( e t a  28672 1 
-
~~ 

1. 4 87 7 2 t

f = 0. 1191590  
-1 1 , 3102 1 

+ 1. 67508 
-1. 261 26t

x
3

- — o . 85714 t
— 2. 0 0 07  e

1 .65610 -1. 255 72t 
-- 2 . 69805 -7 . 79522t

X
4

+ 1. 1o646 - 21. 4009t  -0. 145 52 8  e 34’ 9285t  (3 :~~)

Figure  4 r evea l s  that  as n i n c r e a s es , thi s p a r t ic u I a r  kind of

sum of co r re la t ed  exponential va r i ab le s  has a dis t r ibut ion which ap-

proaches  th e  l o g n o r m al  shape . Table 2 show s the mean value s for  the

equivalent  ind lcp ( ’n derm t exponential  r andom var iab les  whose sum s have

the same d i s t r i b ut i o n s , r espec t ive ly. These means a re  the r e c i p r oc a l s

of t h e ’  e xp onen t s  in ( 3 .  31), There is cons iderab l e i nt u i t i v e  appeal to thi s

kind of a limi t  of summing more  and more  t e r m s , each cont ributing

equa l l y, on t h e  a ver a ~~e ’ , wi th c o r r e la t i o n  between two  summand s de-

c r e a s in g  e x p o n e n t ia l l y as the i r  separat ion inc r e a s es . H o w e v e r , no pre-

c i se  asymptot ic  r e s u l t  seems poss ible . The “h e a v y-t a i l”  of the log—

norma l  ( s l o w e r  than exponent ia l  decay of 1(x) f o r  la rge  x)  ~vil never  be

matched  by an x~ sin ”, fo r  e v e r y  n, the tail of 
~~ 

(x) wil l  be dorn i-.

na ted  by the s lu~~e s t  decay  of i ts (at  most  n) decay in g exponential  sum-

rnand s.

Othe r o b st a c l es  to hav ing  the d i s t r i b u t i o n  ot a sum of exponen t i a l

v a r i a b le s  approach the  lo g n o r m al  f or m  a r e  g iven  in \ l i i lh ’ s a n a l ys is  of

bound s on the moments  of such sums. Those r e s u ll ,’ for  independent

summand s a r e  appl icab le  to cor re la ted  ones , due to the theorem pre-

sented  ea r l i e r .

4 — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —- —_l~~~~_~r-~ .,. - ,_____
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‘I A I S I  ~l - 2

M e an s  of I n d e p e n d e n t  Lx p o ne nt t a l  V a r i a b l e s  Whos ’ ~ u m n s  I h e v e ’
D e n s i t ie s  f

x
—

2 0. 77716  0. 2 2 2 8

3 O. 7q2 86  0.1 4~~8 0 .0~~I 3

0. 79636 0. 1 2828 0. 04673 0. 02~~~3L I ________ _ _ _ _ _ _ _ _ _ _ _

The f o r eg o i n g  examp le was  based on a covar iance  m at r i x  of the

f o r m  of (2’. 2 3)  in which  o and p w e r e  chosen  so x~ wou ld have pre-

scribe d mean and variance . ihis approach could be gene ra l i zed  to co-

var iance mat r i ces  h a v i n g  mor e ’  a d j u s t a b l e  p a r a m e t e r s  in the hope s of

m a t c h i n g  m or e -  m o m e n t s  of e i the r expe r i rnen t a l  dat -a or of the i~~~n orm a l

distribution . One example would be the fol l owing with p a rame t er s  a’ ,

~~~ ~ 2

= 
~~ 

i -j j 
~ ~~~~~~~~ a ’

2 , (3 .  3 2 )

r
1 ~~~2 I < 2

w h e re :

~
4 — 

~
‘ 1 ’~2~~ 

-

- ~r~~)
A = (

~~t
_
~~2 )( 1 ÷w 1~~2 )

-

(
~~1 -

~~2 )( 1 
~~~~~~

- - —- _
—- 

—- - -~ — -
- ‘ —~ - -- - - -~ ~~~~~~~ 
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I l I) \ ~ .~~~’ J , ~ iIl, ’~ Ij O l i l i d  on l I i i  .~I - w i ’~~ ’ e e l  •e  S I l O ,  ~~1 x p e e s ) i - r e l i I i s

p r e  elude S ad j u s tm en t  ol t he  t h r ee  pa r ar ’m i e t e  r s  I I ’  r e t o  m a t e - l i th e ’ I i  ‘st

t h r e e  rn orm -i i t  S 1) 1 e v e r y  p OsSil) le  d is t  r i b u t i o n .

~3. -
~ C o n c l u s i o n s

A multivariat e exponential distribution based on sums of squares

of n o r ma l  v a r i a b l e s  was  examined, We - ’ showed that va r i a t i o n  in the cor-

re l a t ion  and means of such var iab les  does not produce any d i s t r ibu tion s

for  thei r  sum which could not have been real ized by a sum of independent

exponential variables. However, sums of such var iables , when they have

equal means  and s ta t ionary  corre la t ions , tend to have distr ibut ions

shaped l ike  the lo gnor m al , exce pt in the i r  tail reg ions .

It should  he n o t ed  that  much of the popular i t y that  the l o gr m o r m a l

distribution enjoy s for downtime modeling probably results from the

ea sy  use  of n o r m a l  probabi l i ty  paper  f o r  e s t imat ion of lognormal  para-

m e t e rs  f r om  da t a , In mos t  c a s e s, o t h e r  d l i st r ib u t i or l s, say 
~~ 

for  some

s m a l l  n and s u it a b l e  a ’1 
and p ,  mig ht f i t  th e data equal l y w e l l . In any

e v e n t , the pecul ia r lognorrnal  tail behavior , c o r r e s p o n d i n g  to r a r e

events , is not likel y to be a necessary property of a distribution being

f i t ted to typica l amount s of data .

- .-~~~~~~~~—- -. ‘ — —~~ - - —.— - ‘ _ _ _
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Figure 4: Lognormal Density and Approximations to it

I
variance = 0. 653646
coe f f i c i en t  of variation = 0. 808484
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finite’ number of increasing ly had le ’v ~~ls of d e t e r i o r a t i o n, The sys tem

with  level i t O n) starts en st~U e 0 w h e n  new , and  is def in i te l y

rep laced upon r e a e h ~ng t he w o r t h l e s s  s tate  n . It is a s s u m e d that

the t ra ns i t ion  t imes are d i r e  th y m o n i t o r e d  and th e -  a dm i s s i b l e’  l a s s  of

s t r a t eg ies allow s subs t i tu t ion  of a new component onl y at such t r ans i t i on

time s. The dura t ions  in var iou s de te r io ra t ion  l e ve l s  are  dependen t  ran-

dom var iab les  with exponential  marg inal d is t r ibut ions  and a p a r t i c u l a r l y

conve nient  joint  d i s t r ibu t ion . Stra teg ies are  chosen t u  maximize  the aver-

age r ewards  per unit  time. For some reward  funct ions  (with the re-

w a r d  rate depending on the state and the durat ion in th i s  s ta te ) the

knowled ge of previous state durat ion provides use fu l i n fo rmat ion  about

the rate of de t e r io ra t ion.

4. I Review of L i t e r a t u r e  and In t roduc to ry  R e m a r k s

Many m a t h e m a t i c a l  studies have been devo t ed  to  the  op t i i : ~ iz a t  i on

of rules for inspecting system quality and for r (’pairing or rep lacing

parts as they art’ observed to deteriora 4e. This section r ev i e~ s som e

of those previous results and proposes a new mode l which allov . s use

of a measure of dete rioration rate by the controller which rep laces

parts so as to optimize the average reward per unit time.

Many inspect ion policy models , wh e r e  inspections revea l  a mal-

func t ion  o c c u r r e n ce  onl y, have been pub l  shed;  for example, Luss and

Kander  fi 4 Several papers deal with models where  de t e r io ra t ion  can

be ob se r ved , and roost of them c o n c en t r a t e  on replacement policies

_ _ _  
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w h ich  as s e m i m l e -  t h a t  t h e  s y s tem ’ s s t a t e  is a l w a y s  k n o wn . De ’rm an [ 4

h J, B a r l o w  and P r o sc han  f, and o the r s  s tudied such mo d e l s  as-

s u m i n g  that  th e  de t e r i o ra t i o n  p r oc e s s  is de s c r i b e d  by a t r ans i t i on

probability matrix of a Markov  chain. Kao [i 6 1  studied optimal re-

placement  ru l e s  when changes  of states are semi-Markovian . Rosen -

f ie ld  [26J exan’iined p roper t i e s  of optimal policie s fo r  models  in which

the system ’ s s tate is obse rved by inspect ions onl y. Kander  [ 15 1 also

examined inspect ion models . Howeve r , he assumed that the operating

c o s t s  o cc u r r i n g  d u r i n g  the s y s t e m’s l i fe  do not change  with the increas-

ing dete r i o ra t i o n.

Luss {20J a l so  e xa m i n e d  inspect ion mode l s , he assumed that  the

operating cost s  o c c u r r in g  d u r i n g  the s y st e m ’s l i f e  increase  with  the

i n c r e a s ing d e t e r i o r a t i o ~~ Howe ve r , he a s sumed  that the holding time s

in the v a r ious  sta te s are  independentl y. ident icall y, and exponential l y

d is t r ibuted . The pol ic ie s  examined include the scheduling of inspec-

t ions  (when an inspect ion r e ve a l s  that  the s t at e  of the syst em is bette r

f tan c e r t a i n  cr i t ica ’  s tate  k)  and pr e ’ventive repa i rs  (when an inspection

r ev e a l s  t h e  s t at e  of t h e  system being worse than or equal to k). The

co nve n ience -  of a Poisson-type s t r u c t u r e ’  fo r  t i e  numbe r of events-per-

un e t - t i me  m al e  it  r e l a t iv e l y  easy  to al l o w  g e ner a l  f re e d o m  in the  selec-

tion of o b s e r v a t i o n  t im e s .

‘[he r e c ur s i v e  equat ions  of the expected  c o s t  to  the end of the

cyc l e - , i n c u r red  subsequent  to an inspection at which the system was

observed  in s tate  i, a re :

n
L. = J. + P . .( ’ r .)L .  + ~~

I ~ ‘ j =i+1 
~~ 1

[3.  + 
, 

P~~~ r 1)L~J /P~1(T ~
) (i = ~ • . . ,  k - t ) , (4 . 1)

j=i + 1
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w h e r e

( XT . ) ~
P~3

(T 
~
) 

~~~~~~~~~ 

exp( — X T .) (1 < j < n), (~l . 2)

3, = the expected inspection and occupancy costs to the
next event  (an inspection or a malfunct ion)  incurred
subsequent  to an inspection at which the system was
observed  in state i,

c the complementary probabili ty.

An op ti m um inspection p rocedure  is a specif icat ion of the suc-

cess ive inspect ion time s (~r j .  0 < i < k} for  which the expected cost

is a minimum. The total  expected cost per unit time L0 /E ( t )  can be

optimized in t e rms  of an auxiliary optimization function (th e Brender ’s

method { 3 ~, [1]) :

D0 = L 0 
- aE ( t ) ,  (4. 3)

w h e r e  E ( t )  i s  the expected cycle l e n g t h. From (4 .3  ) the expected

cost  is t r ans fo rmed  to the following recurs ive equations:

D. = [J. - aJ .  + ~~ P . . ( T . )D~}/P~. ( T . )  ( i =  0~ I , . ..,  k - I ) ,

(~~~. 4)

where  is the expected time elapsing f rom an inspection at which the

sys tem was observed in state i to the next  event  (an inspection or a

ma l func t i on  de t ec t ion ) .  The minimal value of D0, for  f ixed k and a ,

is obtained by f ind ing  r ecu r s ively the ,~~ ‘ s (i = 0, 1 , . . .,  k - I )  which

min imize  D , Sinc e a l l  the T ‘S for  j ~ i are kn own when I). is0 .1 1

minimized, -r is obtained by minimizing a nonl inear  funct ion of a

sing le var iab le . By v ary ing a and k, the  D0 is minimized to zero

with  the opt imal  a - and k *. The minimum total expected cost is ob-

tained and is equal to c” ’ . The optimal policy {k*; r . 1 s(i 0, I , , . . ,  k~~t ) }

a ‘ee ~~- ssfl — -. - - — - . -  - - - - _______
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is  ~i l  5 (~~ O 1)tu if l l ’d .

The ’ w o r k  studied h er e  is based on a modification of the model

u s e d i  by Lu s s . Our model for  de t e r io ra t ion  is more  gene ra l , hut  the

admissible s t r a t eg i e s  used here  are  more res t r icted . Here  we allow

the exponentia ll y dis t r ibuted durations to have d i ff e ren t  mean value s,

and to be posit ively co r re l a t ed . The joint distr ibution assumed for

these var iables  is introduced in Chap ter II. Some relat ionships of de-

pendence among these var iables  are  studied in the next section .

The pre sence  of corre lat ion be tween interval  durations permi ts

the modeling of a rate of deter iorat ion which can be estimated during

a pa r t i cu lar  real izat ion of i ts past . Howe ver , the lack of a Poisson-

type of s t r uc t u r e  for the even ts-per -un i t - t ime  make s it much more

d i f f i c u l t  he re  to allow genera l  f r e e d om  in the se lect ion of o b s e r v a t i o n

t imes. At p r e s e n t  onl y the simple case of d i r e c t  and in s t an t aneous  ob-

ser vat ion of d et e r i o r ati on jumps has been con side r ed .

Fi gu r e  5 shows a typica l time h is tor y of dete r io ra t ion  and

replacement. The dura t ion  in state (i~~I) ,  pr ior  to reaching state (i),

is r 1. The sequence {r.} wil l  be Markov, cha r acte r ized by a multi-

var iate  exponential d ist r ibut ion  descr ibed in Chapter  U and in the next

sec tion. Rew ard func t ions  wil l  be re la ted  to the  det e r io ra t ion  state

and the time spent  in each state . The decis ion rule  specifie s whe ther

or not to rep lace , when enter ing each state i, on the basis of the his—

tory of r . 1, r 2 
The Markov propert y simp l i f ies  the decis ion

ru le  to a co l lect ion  of sets such that  we rep lace  on en t e r ing  state i

if and onl y if r .  ‘ C..i — I  1

The o b j e ct i v e  is to  maximize the average  reward  per unit  t ime :

44 4  - 
- 

- -
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1. = l i ni  ‘~ ‘ ( ‘l o t a i  rev1’ard i n (0 , ‘1’)) ( ‘ I . ’ e 1

l ’JReward  pe r  r e n e w al !  — (.4 6
- F~ [Dura t ion  between r enewal s 1 

—

(See Ross [27 J for  equivalence of ( 4 .5 ) and ( 4 .6 ).) The me an reward

per renewal is def ined here  as:

N - i  r i 1
R E 

~ 
f c . ( t ) dt  - 

(4 .7 )

0~~~ J
in which

N = state at which rep lace ment occ u rs (possibl y random).

= rep l ac e m e n t  cost if rep laced  on ente r ing state N
(possibl y random).

c . ( t )  = r e w ar d  rate w he n  in state i.

Fi g ur e  6 shows severa l  r eward  rate t ime  funct ions  c ( t )

which have b e e n  cons idered .  When one of these c ( t )  functions is spe-

c ified for  a g iven p rob lem, the c 1(t)  in ( 4 .7 ) are  ass ig ned values

i~. c ( t )  with :

~~~~~~~ ~ 
o n _ i  -‘ f 3  0 , (4 . 8 )

to a s su re  gr e a~ e ’r  r e w a r d  r a t e s  in less  d e t e r i o ra t e d  s t a t e s .

The mean dura t ion  .D in ( 4 .6 i m ~ def ined  as

[ N- i  1
F ~ r .  

~ 
d N , (4 . ~3 )

L ° J
to inc lud e ’  a poss ib l y random time dN fo r c a r r y ing out a rep lacement

at state N.

-
-‘ - - - --- - - - 

—-— ‘-— —-- - — 

-—-—-—~~~.‘-‘--—--—.——-- —. ~~~~ -
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d
State

_ _  

H

r 0 
r 1 

Time

F i g u r e  5:

H i s t or y  of D e t er i o r a t io n  and R e p lacement  (n 5)

c ( t )

a ) const an t

I t

b ) l inea r

c ) con s t an t _ &f t (~r set up

Fi g u re  6:

R e w a r d  Rate  Time F u n c t i o ns
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While the ultimate objective is to choose C~ to maximize L, it

is well known that a related problem of maximizing

/~- a j  , 
(4 .1 0 )

is simpler [ 1 1. Indeed, the which maximize L will be identical to

those which maximize ..t”0 (a) for the a * such that :

= 0 , where  ( )  A max £ (a ) . (4 .1 1

0 {c. }

Section 4. 3 considers the constant reward rate case in which it

is found that deterioration rate information is not useful (e. g., the

• optimal pol icy is independent of the amount of correlation between sue-

cessive state durations ,).

Sections 4 . 4 and 4 , 5 consider othe r reward rate s t ructures  for

which the optimal policie s do make use of est imates of the deter iora-

tion rate s as wel l  as of observations of the deterioration level .

The next section develops interesting dependence propert ies  of

the {r.} sequen ce  which will be needed in the optimization studie s.

4. 2 Relat ionships  of Dependence Among Mult ivar iate  Exponential
Variables

For easier and more convenient notations, we make the following

changes in Equations (2. 10) and (2. 25) with means :

(4. 12 )

and correlation coefficient s

0 = 0  
3 . 3  ‘ 4 1r . r .  “3’ .3

‘~~~~ - ----- - -~~
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Therefore  we have

r . r .

f ( r .~~~, r . )  = (1 )~~~~~~~~e 
(I -p~~~~~ 

- (1 ~~~n 1 
~~ 

~~~~~ r .

‘4 .14 )
and .

— 1

f ( r ~~ r 1, r 2 , . . .,  r~~~1
) 

[

( I _ P ~~~
_ t  

~: ~~
] 
:~: ~~~ ~~~~~~~~

i 
( o r~ ~ 

n-2 r . (I+p ) ’\
exp - ( j p )  + E ; n~~ 2.

(4 .15 )

From our stationary correlation structure , we have a Markov sequence .

The conditional densit y function is easily determined f rom Equation

( 4 .15):

f(r . j r . 1 , r . 2 , . . . ,  r 0) = f ( r . f r . 1) .  (4 . 16)

The Markov property will simplif y rep laceme nt schedule optimization,

a procedure which will also make use of othe r properties of the condi-

tional densities:

f ( r . I r .~~~) = 
[~~.(1~~p )~~~

’
exP 

~~~~~~ 
(
~ 

+ 

g r i
t)

] ~~~~~(4 . 17)

For examp le , it can be show n [23 ~ that : 

— — —~~~ - - - -~~~~~~
-
~~~ - - - -
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£ [ r 1 l r ~~ 1 1 = ÷ (r~~~1 —~~~~1
)p Y~ j / T 3 j~~~~. (4 . 18)

Var E r~ 
r~~ 1 } = n~ [ (1 -p) 2 

+ 2p ( l -p )  r j 1  ~~~ ~1 (.4 . 19)

These conditional moments show, e, g., , tha t  the condi t ion -- i  mean of

exceeds its mean in proportion to the amount by which r 1 1  exceeds its

me an

Before ’ deriving some dependent relations among r. and r~~ 1~ we

rev iew the relat ionships among some notions of mul tivariate depen-

dence [ 2 I.

Definitions ( 4 .  1 ): Given random variables S and T, we say the fol-

lowing: (Defini t ions 5. 4. 1 of [ 2 1)

(a) T is stochasticall y increasing in S if

P { T > t j S =  si , (4 . 2 0 )

is inc reas ing  in s for  all t. We wri te  SI(T/S).

(b) b e tS  and T have j o in t  probability density f ( s , t) . Then f ( s , t)

is totally positive of order  2 if

~~~~~ 
t

1 
) f (s 1, t 2

)

~ 0 , (4 . 2 1)
f( s 2, t 1 ) f (s 2, t 2 )

f or all s
1 < s

~~
, t 1 < t 2 in the domain of S and T. We wri te  f(s , t) is

TP 2 or , a l ternate ly, TP 2 (S T).

Theorem ( 4 .  1 ): TP 2 (S, T) ~~~ SI(T/ S) (Theorem 5. 4 . 2 o f [  2 } )

Proof: From (~ . 21), we obtain
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f f ( s 1, T ) d T  f f ( s 2~ T ) dT

< 0 (4 . 22)

t tf f( s 1, ‘l- )dT f f ( s 2, T ) dT
0 0

for  s1 < 
~~~~ 

Adding ~~ e top row to the bottom row and convert ing to

ratios, we obtain the inequality for conditional probabilit ies:

~~ T >  t i s  = 5 j ] < P [ T>  t f S  = s
~

]. (4 . 23)

Thus SI(T/S) holdsjl

The following theorems will help us understand intuit ively the in-

format ion  about the rate of de te r io ra t ion  contained in the past observat ion.

Another statement in the same spirit of Equation (4 . 1 8) (i. e., that

a large r~~ 1 implies r~ will tend to be large ) is that r~ is stochas..

ticall y increasing in r 1• In order to prove SI(r~ I r 1 1 ), it suffices to

show that f(r . ,  r . 1 ) satisfie s the TP2 condition.

T~~~ore m ( 4. 2 ) :  r j  is stochastically increasing in r 1.

Proof: By substi tut ion of Equation ( 4 . 1 4 )  into the determinant (4 . 21)

and removing the non-negative fac tors  it remains  to be shown that

10 ( r e .J s1 t 1 ) I0 (~~ .Js1t 2 )

Det . = � 0 , (4 . 2 4)

I0
(r ~js

2 t
1 ) I0(r~.Js2

t
2 )

where  ~ = 2 ~~~ / [ ( 1 - p )  
~~~~~~ . W ith the power s e r i e s  expansion

of Besse l  funct ions , each Bessel funct ion can be expanded according

to the power series
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z 2k
~
, ( . )

= �. —
~~

I — I c  f l i t

- 

‘ Det . can be wri t ten  as a d i f fe rence  of products  of infinite sunimations:

(~ ~~s1t 1 
~2i 

~~~~~~~~~~~~
2 ’ 2 )

i=0 (ifl
2 

j=0 (j ’ ) 2

Det. =

(

‘

~~ 

iJ s2t1 
~ 2i 

(~_~
fs 2 t2~~

2
~I~~~~ 2 )  

_ _ _

(j~ )
2 

~=°  (Jt )2

~~~~~~~~ 
)

2i 

(
~~~~~z t

2 )
2i

~~~ ~~~~~ z t
i)  

_ _ _

1=0 (j i )
2 

j= Q (i’ )
2 ‘—0 (ifl 2 j =0 (31 )2

For each pair of non-negative in tegers  (i . J ) ,  the expanded version of Det.

will contain four summands with f ac to r s  [i~ j fl 
2 (if i + j )~ 

and two such

te rms if i ~i. I l l  j - +  m, m > 0, then the four te rms can be wri tte n a s :

2(i+j)

[
~~

1
~~

Z ) 2 ] ~~ 
-2 (s 1 s 2 t 1t 2 )3 ((5 1t 1 )m+(5 2 t 2 )m _ ( 8

1t 2 )m_ ( 8
2t 1 )m}

(4 . 25)

The si gn of (4 . 25) will be determined by the fac tor  in brackets

{ .  } .  Noting that for  0 < s
~ ~ 

8
~~
, 0<  t 1 < t 2, and m a non-negative

integer

m m
° 1 ~1 ~~° 2 ~2

m m
T

1 
t

1 < T
2 

t 2

Since:

— - * - .  - -  . - - - - -
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÷ 0
2

T
2 ~~ 

O•
1
1
~2 

+

wh en:
17 1 ~ °~2

T
1

< 1~2

it is clear that (4 . 25 ) is non-negat ive . Finall y, Det. Is seen  to be

non-negat ive because the ii~f inite summation can he grouped in to  t e r m s

like (4 . 25), or into the corresponding i = j t e rms  which van ish . This

completes the proof that f ( r . ,  r . 1
) is TP 2, which impl ies  that r 1 is

s tochas t i ca l ly increasing in

The SI(r .  r . 1 ) proper t y will be used in the optimization der iva-

tions later , in conjunction with another theorem:

Theorem ( 4 . 3  ): If SI (x (y )  and h(x) is an inc reas ing  function of x,

then E [h ( x )~ y] is increasing in y. (Propos i t ion  3. 1 on p. 22 of [ 1 7] . )

Proof: For y 1 >

E [h ( x )~ y 1] - E~ h(x)~ y2] = f h(x)~ f ( x ( y 1
) - f(x~y 2 )] dx.

But by assumption

f [ f( x I y 1 ) _ f ( x I y 2 )] dx = P { x >  t j y 1 ] - P [x >  t~y 2} ~ 0

for  all t ,
also:

f [ f( x I y 1
) - f ( x J y 2 )J d x =  0.

These expressions allow us to invoke Lemma I and its coro l la ry  on

p. 120 o f [ 2  ], viz. :

If W(x)  is a Lebesque-Stie ltjes measure , not necessaril y positive ,

for which :

______________________ .— — - -——--— -——— — I _~_~_ .~-.
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/ d W ( x)  ~ 0 for  all t,

f d W (x) = 0,

and h(x)  is increas ing,  then ~ 0. This comp letes  the proof . II
Another in teres t ing property is that the random v a r i a b l e s

r 0, r 1, .. .~ r
1 

are conditionally increas ing  in sequence.  This is

equivalent to say ingtha t  r~is stochastically in c r e a s in g ~~~~~~~~~~~ r 1, r 0
for  i 1, . ..,  n-i , i.e.

P[ r 1 > r~~I r . 1, r . 2 ,  . .,  r 1
, r 0]

is increas ing  in r . 1, r 2 , . ., ,  r 1, r 0~

Theorem ( 4 .  4 ): If the random var iables  r 0, r 1, . . . ,  r 1 obey the

join t density function in Equation (4 .15), then r 0, r 1, .. ., r 1 are

stochasticall y inc reas ing in sequence.

Proof: We invoke the Theorem (5. 4. 1 4) of [ 2 ], viz .:

Le t r 0, • . .,  r 1 have joint densit y f~ (r 0, . . . ,  r~~~1 )

which is TP 2 in each pair of a rguments  for  fixed value s

of the remaining arguments. Then r 0 , . ..,  r n _ I  are

conditionall y increasing in sequence.

In o rder  to prove that f ( r . ,  r . 1 J r . 2 c j, 2. ... r 0 = c 0 ) is a TP 2
(r., r 1 ), j t su ff i ce s  to show that f ( r . ,  r . 1  I r. 2 = c. 2~ 

is a TP .)

(r . ,  r 1 1 ) be c ause of the Markov propert y of the (r 1} sequence . We

have :

- - ..____-_-,~~~ _ _ __ _ -  - - — - - - - - - ---— - -
~~~

- - —___
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f ( r . .  r . 1 1r 1_2 = c . 2 ) =  f ( r . J r .  i~ 
f (r . 1 r

~~ 2 = c. 2)

f ( r .  J r . = c.i — I  i — 2  i-2= f ( r . ,  r . 1  ) . f ( r .  )1_ I

and:

f( s 1, t 1 J c~~2) f (s 1, t 2 J c . 2 )

f (s  2’ C~ 2~ 
f(s 2’ ~2 ~~~ 2~

f(s 1, t 1 
) f ( s 1, t

2
)

— 

f( t
1 I C~~ 2~ 

f(t 2 I c. 2~— 1(t
1

) 1(t 2)

f( s 21 t 1 ) f (s 2, t
2 )

which is always nonnegative f rom Theorem ( 4 . 2 ) .  The refore we have

TP 2 (r., r.. 1 ). For those random variables which are not next to each

other , such as r 1 and r
3 

for j  
~ i-I , they are conditionall y independent

by the Markov proper t y of the {r.} sequence. This implies TP 2 (r., r .)

and comp letes the proof. ] J
The stochast ical l y increasing proper ty is not sufficient  for our

anal ytical purposes. To show that the conditional densi t y function of

r 1 given r 1 1  i s a convexity -prese rv ing  t r a n s f o r m a t io n  [17J ,  a proper ty

which we shall  need in thi s chapter , one method is to show that TP
3

(r . ,  r . 1 ) is true . Howeve r, a d i rec t  proof which requ i res  a 3 by 3 ma-

tr ix  expansion of Bessel functions is quite com plicated . Therefore

ot her  method s a re  soug ht af ter . We summar ize  severa l  important fac t s

and theorems in the theory of total posit ivi ty [17] that will be extensively

used late r.

— —------ - - 
——--S - - — - —  - - . --. -——- - — -

- -~~~
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l) ef in i t ion  ( ;. C ) :  A re al func t ion  K(x , y )  of two v a r i a b l e s  va ry ing over

l inear l y orde red se t s X and Y, res pect ive l y, is said to he t o t a l l y posi-

t ive of o rde r  r (abbr . TP r ) if f o r  a l l

X 1 < X ~~< . . . < X , y 1 < Y 9 < . . .< y , X i € X, Y i E Y , 1 < m ~~~r ,

(4 . ~c , )

we have the i n e q u a l i t i e s :

K(x 1, y 1 ) N ( x 1, y 9 ) ... K(x i~~ym )

X
~~~

) 

K (x 2 ,y 1 ) K (x 9 , y 2 ) 
~~
.. K(X~~~ Ym

) 

L 

0 .

y 1, y 2, . . . ,  
~ m

K(x , y 1 ) K ( x , ‘
~2 ’ K(x , 

~~~~

(4 . 27 )

If s t r i c t  inequa l i t y h o l d s , then we say t h a t  K is st r ~ ct 1y t o t a l l y p o s i t i v e

~~ o r d e r r ( ah hr . STP ).

R e m a r k :  From the condition (. : ~ ~~~~~ we know that  if K(x , y )  is

TP then  it is a l so  TP for  I < m < r~r m — —

For i l l ust r a t i o n , we beg in by c it i n g  one basic  examp lef 17]. The func t ion :

K(x , y) = ~~~~~~~~~~~~~~~~~~~ , ( L  28)

is ‘[P (STP ) on X x Y, provided ~~(x) and ?,~- (y ) a re  i n c r e a s i n g  func-

t i ons ( s t r ic t l y) on the sets of X and Y , respec t ive l y, of t he  real line .

Lemma ( -1. I ): If L(~~, r~) is TP r and M (q, ( )  is ‘I P , t h e n

K(~~, ~~~ = J L(~ , ~) M(~ , ~
) dff (fl ) - E X , C ~ I.

‘I

~~S 1 
~ m i n (r  s) ’ (Lemma 3. 1. 1. (a) ~ 117] . )

• 
- 

- - - - 
~~

- . - -
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Theorem ( 4. 5) :  If K (x , y)  is TP , an~ q~(x) and 1/1(y ) a r e  n o n z e r o  posi-

tive func tions for  x ~ X and y ~ Y, respect ive ly, and if L(x , y ) =  K (x , y)

4, (x) , / (y ) , t ) i , ’~~~ 11(x , y )  I N  a l M o  T P .  (Th eor er i i  1. 1 . 1 . (a) of 1171. )

A di rec t  specification of Lemma ( 4. 1 ) lead s to the conclusion

that :

K(~~ y) = f e
U

~~~~~5) e V
~~~~~5) d~~(s) , x ~ X, y e  Y, (1. 29)

is TP~ provided u , v , ~~ , and ~3 a re  monotonic  i n c r e a s i n g  f u n c t i o n s , r is a

sigma—finite pos it ive  measure , and (-1 . 29) ex is t s  absolu te ly .  (E q. (3. 1.9)

of 17] .  )

Theorem ( 4. 6 1: K(x , y) = ~~ (xy) is TP for  0 ~ x, y <~~~~ , where

denotes the modified Bessel  function of o rde r  0 . (Example on p. 101 of

[ 1 7] . )

Proof: The modified Bessel function can be expanded as:

a 2n

~ 
( ) —  (.

~~~ ) . 
~~ 

(xy/ 2)
X~f 2 n~ r(a +n ÷ I

= ~~~~~~ 
(...L. .)

a
. ~ a (x 2 ) ( 2) (4 . 30)

= ( .

~~
)0. ~ _~_)a 

f e x p(t log x 2)exp( t  log y 2 ) dr (t ),

where  a~~= [2 2i’~. n~ . r(a ÷n÷ 1)] - I and a - ( t )  is a si gma-f ini te  d i sc re te

mea8ure concentratin g mass a~ at t = n The in tegra l  has the sam e

form as that of Equation (4 . 29). With t, log x 2, and log y 2 being mono-

tonic increas ing functions , we have show n that I~ (xy ) is TP~ f rom

- .  - — - -~~~~~~~~~ - - - -- - -~~~~ 
---- —-- —
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Lemma ( 4. 1)  and Thcorem ( 4 . ~ ). II

Theorem ( 4 .7  ): The joint density function ( 4 . 14) of r. and r

i = 1, 2, . . . ,  n-i , is TP for 0 � 
r., r . 1  <

Proof: We have :

r . r .i— I
— (). -p )ri~~ 1 

- ( l —p ) ri ,
f ( r -  , r . ) =  ei-I ( l -p ) q~~ 1n~

10 ~~~~ 
~~ i~ i-1 

~~j~~ r j 1
and 1~ ~ ~[i~~~1 r . ]  ~-h e re  ~~ 

— 
JT 

, is TP~ f r o m Theorem ( 4 . 6) .

~R iii i_ 1
Therefore , wi t h :

r .i — I
— 

(1
~~~~~~

)
~~~~~_ 1

~~(r .  , )
~ 

e
i - c

and: r ,

I 
- 

( l -p ) r i 1
~ ( r , ) =  e

1

we have :

f ( r 1, r .)  = 4 i ( r1 j ) ~i( r ~) ~~~~~~~~~~ )

Moreove r , we note that ~~(r 1~ 1) and ~! (r i ) are nonzero positive functions

for r 1 1  c [0 , ~ ) and r. E [0 , ce ), respectivel y. Hence f(r 1 1 ,  r . )  is a

TP~, from Theore m ( 4 . 5). II
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i d e  c( ,r i d ~~t~~cna ~ d en s it y ~u n c t i ~~~ t ( r ~ I r~~~
) }~~~s the s~~c i ~~- st r i c k

a~ t h t -  o i f l l  d i - t i ~~i I y f U r t ( ti on L ( r . , ,  r ) .  II is s imp l e  t o  p r ~~~~t t l ~i ( I I I ( i \ -

ing t l eo  r e n

T h . - , r em  ( -~~~J: hc -  c o n d it i o n a l  den s i t y  t u n  t i on  ( 4 . 17)  of r .  on r .

i = 1, 2, . . . ,  n — l is  TP fo -  U - - r ., r <
— 1-~~

Proof :  We have

— 
F

l 

p i
~~~

_
~ 

1
— ( i —  — ( l ~— p ) c j .  

~f ( r .  r . 1 ) = ( 1 )  
e 1- 

~~~ 
~~~~~~~~~~~

L

- 2 7 . -

w her e  ( = — and I (C r .  r ,  ) is  1 p - t r o m  I n e o r e r l .  ( ~~~I _ p  0 1 i -I  r
rI j n j _ l

T h e r e f o r e , w ith

~~~i-l . -

~~~
- 

~~~~ 1 1 
-

= 1 ( r . )  = c-

v1 e have :

f ( r . I r , 1 ) = ~~ (r . 1 ) i ( r . )  I0
(~~ J7. r .

Since (~5 ( r . 1) and ‘
1 
c ( r i ) a r e  nonze ro  posit ive f u n c t i o n s  f o r  r~~~1 € [0 , p ’- )

an d r.  € [0 , “) ,  r e s p e c t i v e l y,  we k now that  f ( rJ  r . 1 ) is the TP~, f r om

I h e o r e m ( 4 . 5 ). II
R e m a rk :  That  f (r ~ r . is I (a n al so  be j u s t t f u c ’  uy S I I i j~~ y o b s e r v i n g

t hat it comes f rom th e  p r o b a b i l i t y  t r a n s  i t  t e n  f u n c t i o n  of a d i f f u s i o n  t r o c e s s .

~~c ’ e  K a r l i n  and M c G r e g o r  [30 , 31 1

The f o l l o w i n g  t h e o rem  c o n c e r n s  c o n v e x t t y - p r c s e r v L n t . ~ t r a r c s f o r r r h t  -

t i o n s  which we sha l l  us c -  in anal y z i n g  our  p r o b l e m .

- ~~~_~~~~~~~~~ _ _ — - - _
. _
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1~ - , C - 

~ il l  1~ ‘ - ~ d z— d )~ i i i - ’

I I I l I l~~~~t . l i I I ~~~~~~~~~~ 
j i l t  ~~~~~~~~~~ w i t h  . ( t )  — - . i~ ~~~~~~~ 

t a l i ’ ly  su e—

pie t~~ . t n a L v z i  W i ’  “ ‘ i l l  set ’  i,h at  as I e n ~ as i- . r . 1, r . ,, . . 0 : i e ’

a l l  i , e ven  if t h e  r .  a r e  not e xp on en t i a l l y d i st r i b u t . ’d , the  opt imal  ru  e

w i l l  be to  r ep l a ce upon ent er i :~g ~~~ n k C  c r t ~c a1 s i u t i  k . i ndependen t  a:

the  e d s er v e d  d u r a t i o n s  r . •  For s n p l i c i t y of exposit ion we assume that

al l  p. p ann a l l  ~- i .  = d .

i ; a s t  d on the  p r o b le m  s t a tem e n t  in Sec t ion  4 . 1 the opt i m a l  deci-

sion on e rie r i ng  s l a t e  j n Iu s t  m a x i m i ze  t h ~ m ea n  :u tu  Fe r e v -a re  un t i l

the n e x t  r e n ew a l , -L (a), f o r  a s u i t a b l e  a . 1-Ic rc’

~~ . ( a) = E~~~~ ~~~~~~~~~~~~~~ a E~~~~ r .~ r u -p -  ~~d . (4 . 3 1 )

The opt imal  d e c i s i o n s  f o r  each st a t e  w i l l  be found  in t e r m s  of a , and

then the proper a~ ( mr  prod u c i . ig  d e c i s i o n s  w h i c h  n~d x I m i z e  L) is  t h e

on e f o r  which  l i e  m a x i m u m ;

max ~ £ g(a~) = 0 . ( -1 . 32)

O pt i m i z a t i o n  by d ynamic  p r o g ra m m i n g  b e g i n s  w i th  c o n s i de r i n g  t h e

( l e t  is ion  at  the l a s t  step, i • e~ , on en ter ing  st a t e  ( n — I ) .  There a re  two

choices , to r i - p l a c e  (h )  or  not  t o  rep lac e (B),  wi th  cor responding  value s

= -p - a d , (4 . 33)

and

£ n i
(0

~
R )  = F ~~~ 1 r 1 r 2] -‘ a E[  r 1 J r  

- 
- p -- a d

I 
_ a ) r ~ r 2~ 

— — a ci. (- 1 . :~ -~

-- -~ —p-- - - --— - - -- - 



Cl t a  n y ,  t h e  ht s t dc i  i s ion i s  not t o  r - ep t  a t :  if and onl y

~ 
(j , . ~~ ) ~~~ J t a ; R )  — I

n — I  ‘ ri— 2 — a— - i - i — i

4 
(t 3n i

_ 0 )  F~ r l I r n 2~ 
0 .  (~~. 3~~~)

The ~ign  ~ f ( ; . ~i) w i l l  be the sign of (i~~~
_a ), due to the n o n_ n e g a t i v i t y

of a~ i i n t e r v a l  d u r a t i o n s .  Thus thc  bes t  dec ision  depends  on a and

the r e w a r d  pa r a m et e r s  
~ n- l  but not on the  pr ev ious ly o bs e r v e d  d u ra l i t i .

Two cases  wi l l  be c o n s i d e re d  sepa rate l y.

If 
~~n 1  

a then the b e s t  dec i s ion  at s t at e  ( n _ i )  is not to r ep i a c

We w i l l  now expla in  why, u n der  thi s condit ion , it is bes t  not to r ep l a c .

at any s t a t e  l e s s  than n• C o n s i d e r  the s itua t ion  on e n t er i n g  ( n — 2 ) .  W e

have a l r ead y shown tha t  it is best  not to r i - p l ace  on e n t - r i n g  (n - i ) .  Thus

the ch o i c e  w i l l  be based  on a ~ ot the f o r m
n— 2

~~~~2 (a ;r  3) = E j  (, i 2 -a)r  2 + (~ n i
_a )r

n i  
r n 3 l . (4 . 3d )

Here  we have

(I~
i ri_ 2

_01) ~~n _ i _ 0) -
~~ 0, 

(4 . ~7

by a s s u m pt ion, and :

E (  r 1~ r 3} and F [r 2 j r 3] 0, (- - . ;~~~)

because all r. 0 with probability one S Thus ~~n 2 (a ;r 3) -
~ 0 fo r

al l  r n :, . 0, and it is bes t not to rep lace h e r e , e i t he r . Th is a r g u m e nt

can be repeated for  s ta te s (n_ 3), (n— 4),  . . • , I , 0.

1 he  ot h er  case to consider  is 
~ n - l  a which r e q u i r e s  r ep l i c i - --

ment  on e n ? t  r ing s ta te  ( n — I ) ,  if the syst em ev er  r c - a c h c s  t ha t  s t a l t - .

- ‘- - -~~~~~~~~~~~~ — -



W h e n  y e  e ij ~, i d - i  t h e  C i t - i  j s H , J I  in c f l h - 1’ flL! ( a —  ‘ ,. i l ~ - ,~
‘. - i s

.~~ , ( i ~~r j  l’ l ( , i , - i c ) r t’ 1 ’  (4 . 1 )
n.- 2 ‘ n— -, n — 2 f l —  2 n — ‘3

w h i c h  t i s  h -  si~~n of ( 
~~ 

) -
~~‘)~ 

If (3~ • ,—a ) < 0, t Ie -n  r ep l a  en - nt is

op t im a l  on en t er i n g  (n — 2)  and ( n — I )  is cons ide red  f l e x l~ h i - ~ j t t :  i ’ a l i on

Inay  e v e n t u a ll y r e a c h  a s t a t e  ( k — I )  a h e r e  (:‘3 k — a)  0 it is wst  not t o

rep l a c e . A c g u m . - n l  s s im i l a r  to those fo r  the ~n _ l
_ a 0 c a s e  -,h ow t h a t

n o n - r c - p L ~~cement  is op t imal  at all  s t a t e s  p r e c e d in g  the one which  f i r s t

a r i s e s  in t h i s  bac~~ v ar d  i te r a t i o n  as a n o n — r ep l a c er m - n t  s t a te .

In s u m m a r y ,  in the c o n s t a nt  r e w a r d  ra te  case  £0
(a) is maximized

by a d et  is f e  r u l e ’  w h i c h  says  rep lace  on e n t e r i n g  some sta te  k < n which

depend s on the r ew a r d  p a r am e t e r s  { ( 3~,} and the  a

k =  min {i : (a ’-~~.)  0) . 
(4 . ‘10)

F ina l l y, we must  choose  ci - so t h at  £ (o~ ) = 0 ,whe  ri ’

- p -  ad +
k
~~

I
(l3 j

_ a) E:{r . ]  (4 . 1 1)

~~i g u r e  7 shows  a typ ica l  plot of £~~( a )  as a con t inuous , p iece-

wise l i n ea r  cu rve  whose zero cr o s s i n g  (~~g(ao) = 0) d e f i ne s  a and the

optimal rep lac -m ent  s ta te  k :  fo r  m a x i m i z i n g  L.

Examp l e - .  F igu re  7 shows tha t  t he  opt imal  a v e ra ge  r ew a r d  per  u f i t i

t i m e  is 2~~ w h e n  1<- = 3, whe re = ~~ 
~ 2 ~~, 2, 

~~ 
= I ,

~~~~~~ p 5 , (i l , ~~. = 2 ( 1 = 0 , l , 2, 3, 4) a n d n = . F r o m E qu a t i o n

4 . 4 1), we have the f o l l o w i n g  v a l u e s  fo r  £
0

(k(a) ,  a), t i e  op t im a l  1< i s  d

f u n c t i o n  of a , w hich  r e m ai n s  c o n s t a n t  when ~ var ies ove r each int e r -

val 
~ i+l < a  < (3 .

- — - _ _ -‘,
__ _- - —-— . —_-— - - -

~~~
— - — - --—- - - --a-— -



4~3

J . ( > 0)  = IT , ,

L ) (~~ 1) 1 4 ,

2)  = 0 ,

~, 3 )  = - 2 .

, - 1) — ?

a . a i t i .’ ep l in ~~t .  £
0

(k :1 , ~~~~~ 0

4 . -
~ Li r - ~~r R c y  i r r t  l~~~t t

Th~ l j r ~ -~ r ‘wu rd r a t e  ca se  With  ( t ) = 2 ~3 t  has  some ye rv i n t e r —
1 1

- s t i ng  ~e s u i l s . hy u l i .  j u ng ~~~ s t o c h a s t ic a l l y i n c r e a s i n g  p rope r ty of

f ( r . r ), t~ )p~ im a i  r u l e  w i l l  be seen  to depend on the o b ser v ed  d u r a —

t iou s  ~ r .  . i - a r  s i t :  p l i c i t y we a l so  a s s u m e  t h a t  a l l  
~~ 

p and al l  d i — ci .

l la~~ccl or. ~~e p r o t . t r n  s tat e m e n t  in Sec t ion  4 . 1 , the  opt imal  d c c i —

SiUa  on e nt e  rj n ~ s t a t e  j i n n s t  max imize  the m ean f u t u r e  r i - w a r d  u n t i l

the  n e x t  r e m -  a~ , i~ -
~~ , £ . ( c ’) .  For  a su i t ab le  c~~, we have:

N - I  .
~ ~N-1

L(a)  = I 
~

‘ 

~ 
j r .~~

} 
-aT - 

~ 
r . ~~~~~ - p -a d .  (4 . 42 )

The o p t i m a l  d e c i s i o n s  io r  each  s t a l e  w i l l  bc found  in te rms of a , an d

then  t i l e  prope r a :  (fo r p r o d u c i n g  d ec i s i o n s  w h i c h  m a x i m i z e  U) is the

case fo r  w h i c h  the  maximum

N - I  , N - I
_ p _ a : d ÷ E  

~~~~
3
~~r~~~

_ a.: ~~~~r . = 0  . (4 .4 3)

Opt imiza t ion  by d y n a m i c  p r o g r a m m i ng  beg ins wi th  cons ide r ing  the ’

~~~~—~~~~ - ~~-~~~~~~~~~ -~~- - - ---- -- -- --- -~~~~~~~ - --  - - - - - - -  -

----— - ----— - ‘ .  ~~~~~~~- -
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f~(l\ , c i)

p = 5
d = 1

~ = 3
30 

~ 2
= 2

(34 ~~

0 1 

=

1 0

0 

~~~~~~~~~~~~~~~~~~~
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F i g ur e  7:
C o n s t a n t  I~cw ar d  Rate  Case and theOptimal Average R eward  Rate  = a * •
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d~ - t  m ien  a t  t I e  i s t  st c ’ 1j . ~‘-n re • - st a t e  i r . ’ pl - i - s e l l s  i b i i l . ’ i i  t i  p in t

we t : i ’ t i r i ~ t c ’ l y i- i ; i a t  c i t  w i t - I  it t ’ n h - r s  ~ L t t t -  n~ \ c st , v t  c a t i s i r h - r  I n

d i -  C 15 j f lf l  I 0 be fl ecdt ’  i ,n e f l t  t -  r n~ sl  n 1 e . — I . ~ i n -  re a - t v  In  i i  ‘ -  s :  I t  -

r c ’ p i a c c -  ( h )  en  not  to r e p t a e -  k ) ,  w i t h  c o i ’ n c ’~~p n d i i i g  v a l u e s

a n _ I  ~c ,h )  -— p — cid , ( 1 . - 1 4 )

- ar
1 

r 2~ - p - ad , - (4 . -1 0 )

io r  (a). C l e a r l y, the bes t  d e c i s i o n  is  not to rep l a c e  i f  anc~ ~~~

,2~ (ci ) = j . (ci~1() - -~j  ~ci R )
n — I  n — I  ‘ n — I

-
~~ 

2
F 

~ 
r — ar  r .n - I  n - i  - I  n - 2

~ ~~n — l ~~~n— 2’ ~ n _ i ~~
a ’)

~~ 
0 . (4 . I a )

Subsi  j t i: L i a r  in t h e  c-oeci t iona l  m o m e n t s  (~ cc (4 . I ~) . tnc i  ( 4 . 1 9~ , we ob~ t in :

— (n~~~~ \2 
~ 2

( r ~ 2’ ~ n — ~ 
a) = -

~~~~ 
1
\\ fl f l_  2 ) ~ 

r~~ 2

(2
~~~~

i ) 2 1
+ n~~I 

~ ri- 2 
p ( 1 - o )  - 

~ 
r r _  2

+ 
~~ 

2 ( 1 -p ) 2 ~ - a~~~~~ 1 
( 1 -~~) . (4 . - 1 7 )

Th i s  q u a d r at i c  f u n c - t i o n  of r 
~
, 

can hav e  th e ’ poss ih i- ( , f l v e x  s L n

s h own  in I i gu r e  8.

1’ x , r n in a t ion  of ( 0 . 47) a n d  F i g u r e  8 shows that  ti~ (0)  0,

t h en  cI r ~~~2 ~~n I ~~
0
~ ~ 0 and dr ~~_ 2  

~~~ _ 1 (r~~_ 2 ) 0 . This  i n s u r e s

—. 
~~
— —- - . —  — _,_.__ _ —‘v’~

__ _ - - - - — ‘  —- — _ - — —  — — — -  -
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I t
I — i  . — -

I,’

r
— —T--’

~

-------——- —- - 

~~~~~~~~~~~~~~~ 
~~ r 9

- r 
— 

-~ -a — - - - —

c- t ,~ . rc

P o ss~ a Ie- Coc.r t ’x ~~.~~~~L e ’S  n r  ~ ( r  -- n - I  n - I

c~~ )s~~cs ~~~~~ x’ - — n ; ~a- ,tt n v , s t  - . O h ( - r c f o r e :n - I

r 
—

- ~ ( r  ,~ . C, i f :  r - . a. .-‘ 
, , (4 . 4 5)

a n :

e-~_ 1  ~~~~~~~ r 2~~~. -2  ~4 .

c or is1c : ’-~~in ~ i t t: m t  is i i i t t  rn - : . . ea r l .  r st e p, : . t , Up Ofl e f l t c - i ’~~fig sl at-

( a —  I), t f l e  t i a i  r~~~:~t r d  un 1~ l 1~~• e-f ln  of I a e  r y e  i t  is t h e  ~un D L  t h -  c x —

ae cn- : r e v - a r c :  cm r i n g  cx nd  l i t -  ( ‘X p : C t e ( ~ r ew a r d  u~~~-r  n e x t  ~:‘ a n s c —

1ien~ ~i a m a n n e r p e r n i l c i  ~o U i :  c :e . - . -~ ijp r. v at  i t ’ (4 . O n ) ,  v~e g et :

L
r _ 2

(0) = £ 9 t& / ~ U) - £ (c/ , R )  = 1- ~~~~ • r 2 
— ar 9 r

3
}

+ J ( r  - ) f ( r -  - :- )a r -
-, ,., n— I n~ 2 n— 2 n — 3  n— 2
r

n- 2

0
~~ i r  , , ‘ a)n - 2  a- , n — 2

~ ~~~~n~~i~~~n-  2~
1
~~~ n- 2 r 9 ) f ( r  2 r 4

)d r n 2

~~ ~~~~ 2
( r 3, )

fl_ 21 a) + m n _ 2 (r n _ 3 ) . (4 . 50,
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The f i r s t  t e r m  on the ri ght  hand side of ( 4 . 5~ is wr i t t en  in t erms  of

t he s imilar  quadra t i c  func t ion  defined in (4 . 47) except for  diffe rent

pa rame te r s. T h - r e f o r e  it has t t - ic sant e  poss ib le  convex shape s shown

in Figu r e  ~~. Th e second t e rm I~~~2 (r
3) on the rig ht hand side

of ( 4 . 5~~ is i nc reas ing  in r 3 because  of Th eorem ( i . 3)

and tha t :

t~~ (r ) U(r  — r ’ ) (4 51)n-l n -2  n-2  ri- 2

is an increasing f unct ion of r 2, Fur thermore, it is also quadratically
increasing.

— ~ r~~~ 

( b )  

r
3

~~n-2  /

r
r 3 ~~~~~~ r n 3  r 3

Fi gure  9:

The Sum of a Quadrat ic  Function and a
Convex Inc reas ing Posi t ive Function .

This resulting conditional expectation I~ _ 2 (r~ 3) is also convex in

because :

L~ 
~~~~~ 

n 211 2 I 

- . ~~ T:’ —
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is a convex func t ion  of r 2 and Theorem (4. i c ~.

As a sum of a quadra t i c  convex  func t ion  and a posi t ive  i n c r e a s i ng

convex func tion. ~~~~2
(r

3) has  the poss ible  convex shape s as shown

in Figure 9 ( c ) .  The  c u r v es  a ari d b of F i gu r e  - 3 ( c )  have s ing le  c r o s sin g s  on r w i l l

It is not c lear  whe-ther curve c wh.a h has double c ro s s i n g s  on r~~~3 will

happen or not .’ If this does o c c u r , we shall  choose r
3 as the cross-

ing on the ri g ht , t h e r e f o r e  : -

~ (r ) ‘> 0 if r > r (4 . 52)n -2  n- 3 n -3 n-3

Because of the convexi ty  of ~~~~2(r
3), the re  a re  at most two zero

cross ings on r n 3 ,  na mel y, r~~~3 and r~~~3
, The g lobal optimal reg ion

for  rep lacement i s :

= cr 3: ~~~~ < r
3 < r *

3} (4 . 53)

But the inte rval (r
3: 0 < r~~~3 < r ”

3} is locall y optimal . Because

for  € l - ~~O :

~~~~~~~~~~~~~~~~~~~~~~~~~ r
3

(4 . 54)

n 3 1 E 1

Because of the pa r t i cu la r  dependence  re la t ion  among the r i ’ s . the fo l lowing

con jec tu re  concerning the s ing l e - z e r o  c ross ing  of seems to be t rue ’:

‘The conjec ture  is later found to be cor rec t .  The proof and an extensive
st ud y are  g iven in A ppendix 1.
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C o nj e c t u r e :  Th e r e  ex i s t s  r ,~ such  that :

A . ( r  , ) - . 0 if I r , r
2 n — ,~ 1 1—  ,~ n— .~

and

C~~2 (a) = ~r ,3 : r 3

Such nice ’ anal yt ical  p roper t i e s  have eluded us at thi s time . 1-low-

ev e r , numer ica l  examp les have all  demons t r a t ed  that such simple thresh-

old c r i t e r i a  fo r  the optimal dec i s ions  are  t rue . To consider  en te r ing

s t a t e s  (n-3),  (n-4) ,  . . ., 1, 0 , we have onl y to repeat our argument

shown above . Hence we obtain the general  r ecurs ive  equation for the

dec i s ion  f u n c t i o n  on en t e r ing  state (n - i) :

A . ( r  - , j3 ., a ) =  ~~ . ( r  , ~3 ., a)n — i  n — i — i  n —i n — i  n — i — I  n — i

+ A . (r ., ~ n . , a) U(r  .-r ’ . ) f (r  . r . )d r
- n— i +l  n — i  —i+ l  n — i  n—i n — i  n — i — i  n —i
0

~~ ~~~~~~~~~~~~ an-i’ a) + I . ( r . 1, 
~n-i+I  a). (4 . 55)

Here we have used the same conjecture 2for (n-i),  i. e :

2 r . ~~ 0~~~ A .(r  . )~~~~0 iff r . > r * .n — i — i  — n — i  n — i — I  n — i — ~l n — i — i
and :

= ~r . 1 : r . 1 < r~
’

. 1 } (4 .56)

The maximal value of £ 0 (ar ), for fixed a , is obtained by finding recur-

sivel y the r~~’ s (i = 0, 1, . . • ,  n -2 )  which maxim ize £ 0 (a). Since a l l  the

fo r  j ~-. i are known when A. +i (r . ,  I3 +~ 
a) is  to be maximized , r~

is obtaine d by searching a zero cr ossing of a nonlinear funct ion of a

single variable . Thus the model is solved by the fol lowing algorithm :

See A ppendix 1
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(See-’ Appendix ~ f o r  the computat ional  aspects. )

a , Guess an initial value for a .

b. Find £~~(a ), r~
’ (i = 0, 1, . , . , n -2 )  by solving r e c u r s i v e

equations (4 . 55).

c~ If L~~(a ) I  < € —
~~ 0, stop ~om putation s ( le t  a~ = a), othe rwise ,

es t imate  a new value for a and r e t u r n  to h.

The fo l lowing  p roper t i e s  of £~ (a) can be used  to gene ra t e  a sequence

of a - v a l u e s  conve rg in g to one whic h sa t i s f ies  the inequal i ty  in c .

i)  £g (a) es monoton e ’ d e c r e a s i n g ,  since Lo (a) has this  property for  a

f ixed polic y (See E q. (4 . 42 ) ) ;  and if £g (a z ) >  £~ (ai ) for  0
2 

> 0~~ , then the policy

used to ac hieve ’  L~~ (a z ) coul d be used to achu ’v e  an £O (a , ) > £~ (a t ) - - a con-

t r a d i c t i o a

i i )  i~s shown in the numerical  example below (page 58), a* ( p = O )  is re-

l a t i v e l y easy to compute.  This  value is a lower bound on a~’ ( p - i 0)

A ppendix  3 shows the  flow char t  of the al gori thm.

F xamp les ( L inear  U e w a r d  Ra te  Case) :  Tables  3 and 4 present

resul ts  f rom some numer ica l  examples based on the models in this sec-

t ion . Fi gures  10 and 11 show r e w a r d  and policie s for  d i f f e r e n t

values of co r r e l a t i on. Assuming that p = 5. 0, d = I , = 2. 0, n = 5,

~ = ~~ ~l , ~~ = 2, 134 = I and I3~~~ 
= 0. The r e su l t s  indicate

that the optimal ave rage reward per unit  time i n c r e a s e s  as the corre la-

tion increases. We p resen t  detai ls  of the  computation involved. The

recursive func tion (Equation (4 . 55)) j s :

A. ( r . 1, (3., a) = ~~.(r. 1, (3., a) + J , ~~ 1~~1
(r~~ (3.~ ,, a) f(r . l r . 1)d r.

We l is t  the f i r s t  t e r m  on the r ight  hand side of the above equation

I 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-- — ----
~~~~~~~~~:: — -  — - — - —--- 

- -
— - -
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X i ( r . 1, (3.,~~
) E~~ . r~ - Or .  r . 1 )

= 
~~~~~~~~~~~~~~~~~~~ 

+ {13.8p ( i -p ) - ap} r. + {(3
~

8 ( l_ p ) 2 
- 2 a ( l -p ) }  ,

( 1 .57 )

f o r  d i f f e r e n t  i:

I ~~4 (r ,, 1, a, p)  = p 2 r~ + ~8p(1-p)-ap } r
3 

+ 8(1-p) 2 
- 2a(l-p )

2,a, p )  = 2p 2r~ + f 1 6p ( l - p ) - a p } r 3 + 1 6 ( 1 - p) 2 
- 2a( l-p )

1’ 3,a, p)  = 3p 2 r~ + { 2 4p ( l -p ) - ap  } r 1 + 2 4 ( 1 -p ) 2 
- 2a ( l-p )

~~ 1(r 0, 4 ,a, p )  = 4 p 2 r~ + ~32p (l-p)-ap} r 0 + 32( 1-p) 2 
- 2a (l -p )

L ~~0 (r 1 = 0, ~, a, p = 0) = 40 - 2a

The overall  & will be the sum of and the repeated integral  l~• The

opt imal  £ o (a) f or f ixed va lue of a is

c o (0) = - p - ad +~~~o
(a) + f A 1 (r

0
) f ( r

0) d r
0 , (4 .58 )

r 0

wh e r e  f ( r 0 ) is an exponential densi ty function with the mean value equal

to 2.

In th e fol lowing we stud y the two ex t remal  cases , i. e. , p = I and

p = 0. The se cases could be done by anal ysis  with minimal co~nputer

usage .

Case I (p = I) :  There is onl y one random var iab le , r 0, in th is  case

with  r 1 r 2 = r 3 = r 4 = r 0. The optimal rep lacement  state N wil l  be

a function of r 0• The equivalent optimal average reward rate can be

represented  as :
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~~ ~ N _ l ~~~O 
- p - a ( N u 0 ilfl  . ( 1 .5

- ar ~ < 0, we re p la~ on en t e r i n g  slat e N . T h e re f or e , wi  r..-

on e nt e r i n g  s t a t e  N if r 0 fa l l s  i n th e g iven in terval :

r 0 N

O < r 0 <~~~-

2

~~~~~~~~~~~~~~

r 0 <~~~- = ~~o 5

Ihen, we have
r r

= - p - ad + ~~ ((30 r~~-ar 0 ) L e ~~ dr 0 +f ((3 1 r~~_ ar
0 ) L e ~~dr 0

00 -~~2 - .~-2
+ f0 ~~~~~~~~~~~~~~~~~~~~~ e V7 d r 0 + f (133r~ -ar 0 ) !. e “

~ dr 0

_~~2
+ J0 (1~4 r~ -ar 0 ) !~ e 17 dr 0 (4 .60 )

a a a a a a a a
= -5-a’ +40- 2a +2a (e 8+e 6+e 4 +’e 2 )+3 2 8+24 6÷16C

’ 4 +8e 2
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The op t i ma l  a~ wh i c h  s a t i  ~ i i ’s  £g(a*) = 0 i~~ i - a ~~y to  obtain and e q u a l s

lb .  10. The o p t i t ~ i l  t h r e s h o l d s  {r~ = 4~
—, i = 0, 1 , 2. 3} a re  obtained

~ ~i
I r or u  0 - - S

( ase  2 (~ 0 ) :  The re is no dependency  on the past . T h e r e f o re  the opti-

mal p ol icy  is to find a f ixed st r a t e g y  such as a c r i t i ca l  state k*. We

d e f i n it e l y rep lace it  on cn t e r i n i .~ s tate  k . To r e p r e s en t  0* as a func-

t ion  of p
N - I

I- ~ [~.r~~- p

a *(p ) = N-. I ‘ 

(4 . 6 1)

F ~~ r . + d
0 1

where N is a random variabl e. For the fixed k*, we have:

E 
k~~ I

2 p

a*(p=O) = k-~-l 
(4 . 62 )

E ~ r . + d
0

1

If we use the same strategy for  the case when p ~ 0, then it is easily

seen that the ave rage  reward  per  unit time is a*(p = 0). As the optimal

s t r at e g y  should not work  worse  than the above strategy which is opti-

mal fo r  p = 0 , we have :

a- (p ) a* (p  = 0 ) .  (4 .63 )

With our rep lacem ent  policy struc ture , the independ ent case will have

the minimum average reward per unit time , To find the k* for  the in-

pe ndent case , we have only to look for the maximum of the aver age

reward r ate which is a function of k.

- — -. —~~~~~~~~~
——— --,-— — — - - - —~ — — - — - - - — - --— - 

- 
- - - - ‘

__________________
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k,— I - ’j x i - d  R t - p lace ’ rnen l  S ta  i - Ave  r a g e  l~~-v ~ r d l < , i  I i ’ s

E ( ~~

~ r . ) + d
i = 0  1

5x~~— 5  — I I . ?
2± 1 

— 3

2 (5+4)8—5 — 13 42+2+ 1 -

3 
(5+4÷3 )~~.5 _ 3 02+ 2+2+1 -

T h e r ej or e , k* = 2 an d we dec ide  to rep lace the par t  on en ter ing  state 2.

TABLE 3

L i n e a r  R ewar & Pa te  Case:  ‘I he Fast  Conve r gence of (a, .C 0 (a))
to (a~ , £ o ( a ) ) .  Use  the Linear Inte rpolation Method.

5, d =  1, 17
~~

= 2, 
~~‘ 

13o ~ ~l ~ ~2 ~ , (33 2, (34 = 1
and 0.

p F i r s t  Second Third
I te ra t ion  I terat ion I terat ion

0.0 (13. 40 , 0. 0)

0. 25 (13. 82 . -1. 098 1 83) ( 13. 70 , —0. 528967) (13. 59 , -0. 00l~~1 2)
0. 50 ( 13 . 00, 5. 802) ( 15. 00 , -3. 375) (14 . 25, -0. 0688)
0. 75 (14 . 9n , 0. 115082)  (1 5. 04 , -0. 237404)  (14 . 985, 0. 004868)

[t . _00 (16. 10 , -0. 005)

_ _ _ _  _ _ _
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L i n e a r  he ’v~-ard  I < a t e  Case:  The Opti mal Rep l a cem e n t  T h r e s h o l d s .

p =  5, d =  1 , 11 2, ~~ 13o = ~~‘ 
= ~~~ 

~ 2 ~~, 133 2,
(3 4 = 1 , and (35 0~

p r~ r 1 r
2 

r 3

0. 0 0. 0  + 0 0  + 0 0

0. 25 0. 7 3.8 11.3 37 .0

0. 50 1 .9  4 , 1  8.7 22. 5

0. 75 3. 0 4.7 8.1 17 .9

1. 00 4 . 25 5. 3 6  8.05 16 . 1 0

4. 5 C o n st a n t  R e w a rd  Rate  - Af te r  Set-up (Al ignment)  Time

In p rac t i ce , the time of set ~ up afte r each t rans i t ion occurs is

f in i te , and thi s time should be included in the anal ysis  of the model.

In fac t , the inc lus ion  of the ~.et-up time generally causes major changes

i n th e r e s u l t s.

In genera l , the se t -up time will be denoted by c. To beg in with,

the reward  rate s a f t e r  the set-up period will each be assumed to be con-

s tant , For simp lici ty, we a l so  assume that all p~ = p and all d
~ = d.

Similar  to the constant  reward case , the decision rules for the severely

de te r io ra ted  s tates  are to replace it definitely. The refore we can find

an optimal cri t ical  state k*. By ut i l iz ing the stochasticall y lncrea~ ing

proper ty of f ( r
~ I r . i~ ’ the op timal rules  on entering state {~ : i <k *}

wil l  depend on the observed duration (r . ,  0 c j < i - 1 }.  The optimal

threshold  (r 1~: k *_ 1 < i <n - 2 }  will  be infinite. We definitely replace
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\ F igu r e  10:
Linear  Reward Rate  Case ,
Search ing  of a*

3~~-

2 -

i

=0. 75 (~ = i . o o
0 

~~~~~~ 12. 0 13. 0~~~~~ 14 .0  ~~ t~5 .2  1~~~8~~ 17 .0~~
p~~0.\0
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5

133 = 2

l 7~~ 134 = 1

(35 = 0

k
16 -

15

0~ 1 2 3 4 5 6 7 8 9 10 p

Fi gure 11:

Linear  R e w a r d  Rate Case ,
Average  Reward  Dep endence on p .
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i t  i , r ~ , ‘r i l . -  r i n ~j ~h i I , -  I~ ~~

In this s e c t i o n  we w i l l  combine the  t e ch n i ques  used in Sect ion

1, 3 •~~i i ( i  Sr (- t ion I .

Based on the p rob l em statement  in Section 4. 1, the optima l deci-

s ion on en te r ing  s ta te  j must  maximize the mean fu tu re  reward until

the next r enewal  (the P rinc i pal of Op t imali ty), i. e~~, £ .(a), for a suit.-

able a, we have

N - i  N - I
= E [~~ 1 3 ( r . - c ) u  ( r . - c ) j r .  

~~J - p - a  E [~~ 
r . I r . 1} -~~ d . (L  6~~ )

‘Th e  op t imal dec isions  on en te r ing  each state will  be found in te rms of a ,

and then the prope r a~ ( for  producing decisions which maximize L) is the

one for  which the maximum

= 0

The r eward  s t r u c t u r e  d u ri n g  each  state ( r .)  for  this case has the form :

-E [ c . ( r . ) r . ] = 0 .  P [ r . < c F r ,  ] (4 .65 )
1 1 i — I  1

+ j .3 ( — c  + F- [r .  J r .  
~
, r. c] ) . P(i~ c J  r . 1 )

Optim iza t ion by dynamic p rogr am m ing beg ins with c o n s i d e r i ng  the

dec i s ion  at the l a s t  step, i. e., when the system enters  state (n- I ).

There  are  two choices , to re place ( R )  or not to replace (k), with corres-

ponding value s

C~~~1 (a; R )  - p - a d  , (1.66

~ 
(a;~ff ) = (3 (- c+E r 1 r 2’ r ~ c }) .  P(r 1 c- r

— aE [ r
1 r

2J — p — ad , (4 .67
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l i i i  1 (e ~ ) .  ( : I i : M ide r l i j i ~ (I i  l~ .• r i  ri ce
I l —  I

:- ‘ ~ n — ~~ 
~~~~ 

— 
~~~ _ i (0 ; 1

~~ 
— /1 n — l ~°~

1’ ~

= a) r J(r 1 r

+ I n _ l n_ 1
_ _ am n_ I r n_ 1 r

= f (_ a ) r ~~~1f ( r  I r~~~2
)d m l

+ J~~~~~I (r~~~1_ c ) f ( r ~~~1 r 2)dr 1

= J (-a)r f ( r  J r  )dr
- n-i n-I ri- 2 n-I
0

+ 5 J3 r f ( r  J r  )drn-I  n -i  n-I  n -2  n--i
C

(3n~ l C f f ( r 1 1r 2 )dr 1

= f (-a)r  1f ( r  r 2)dr 1

r f ( r  Jr  )drn-i  n-I n-~ n-2  n-I
0

— 5
c 

r f ( r  J r  )drn-I n-I  n-i n -2  n-I
0

- (3 c f f (r  J r  )drn-i  n-i  n -2  n-i
c

= ((3
~ _ i _0 ) J r  1f ( r  

~
J r 2 )dr 1

-
~~~~~~~~~~~

—
~~~~~~~~ 

- - - -  - -

~~~~~~~~

-- - - - - - - - - - - -

~~~

- - - - - -
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- r f ( r  J r  , )d rn- i  n - I  n-i  n -2  n -I
0

- ( 3  C f  f ( r  H )di’n- i  n- i  n - 2  n- i
C

~ ~~~~1(r 2, 
~ n-1’ C L)  . ( - 1 . 6 8)

The .

~~~

.,  fo r  i = 0, . . . ,  n - I , w i l l  have a fo rm similar  to that for ( n - I )

exc~’pt that is rep laced wit h /3. and:

~~. ( r , ,  ~~~~~, a) [ G . ( r . ) i ~ r. J r . 1 )dr .  . (4 .69

i c  in te~~r a n d  G~ of has the possible forms as shown in Figure 12.

G.

) r .  
_ _ _ _ _

(a) ~3 , < a (b) (3. ’>a
Fi gur e 1~~

Possible  Shapes for  the Integrand G1

Going backto Eq. (~~.69), the dec i sion  func t ion  wi l l  alway s be negat ive  if

13n -l  <a , which  r equ i r e s  rep lacement on enter ing  state (n-I)  if the sys-

tem reaches  that s tate . Next we consider  the decision on en ter ing  (n-2)

with the a s sumption that  <~~~~~, then A 2 is

--~~~~~~~~~
--  - -

~~~~~~
---- - - - - -

~~~~~~~ 
- - -  -

~~~ 
- - -
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A 2 ( m n_ 3, ~n- 2’ a) = ((3 
2 r 0 ) f r ~ 2 f ( r  

2 
r 3 )dr 2

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~ 
A n- :~~~n-3’ 13n- 2’ a) (-4 .70

~~n -2~~ n -3~ 
0 f o r  a l l  r 3 if 13n -2  ~~~~

Th is i t e r a t i on m~1y e v e n t u a l l y reach a state (k- i )  such that 0 ,

~ he re  ( k - I )  ~~
- 

(0 , 1 , 2 , . . .,  n- 2) . We have :

~~k I (r k 2 ,  ~k- l ’ a) = A k _ l (r k _ 2 , (3 k _ l , 0)

+ {Fu tu re  R e w a r d  Before Renewal  = o}

= (13k~ l-.0)J r k l f ( r k l  r
k 2 )dr k l

13k-1 f[min (c,rk l )}f(rk l J r k 2
)drk l

= f G k I ( r k l ) f ( r k rk 2 )drk l  • (4 .71

The in teg rand  Gk l (r
k i~ 

has the shape as shown in Figure  12(b) .

which is convex on r k l  and i n c r e a s i n g when rk l  ‘~ c. F u rt h e r mo r e ,

A k l (r k 2 ,  (3k_ 2, a) is convex on r k 2  f rom Theorem ( 4 . 1~~.

It is easy to see that A k l (r k 2~ 
is an i n c r e a s i n g  f u n c t ion for  l a rge

r k 2 . We pose a conjec ture s imi la r  to the one in Section 4 . 3.

C o n j e c t u r e :  There  exists  r
2 suc h tha t :

A k I (r k 2 ) 0 iff  r k 2  r~~~2



—

and t he op t im a l  dc -c  i s i O f l  r e g i o n

= {r k 2
: r k 2

e nov. cons~d i r  the d e c i s i o n  at i ts  p r e v i o u s  s tate , . , state ( k — 2), the

total  r u w a  ru  u n t i l  the end of the cyc le  is the sum of expected reward  dur-

ing r J < 2  and expe ct e d  r eward  af te r next t r a n s i t i o n . In a manne r para l le l

to t he d ev e l o p m e n t  of (4 .70) ,  v. e obtai n :

a) = ~~k _ 2 (r k _ 3 , 13k-2’ a)

+ L. A k_ 2 , (3k_ l , 0) 1(r
k 2 I r k 3 )dr k _ 2

r k 2

= ~~k 2
(r k _ 3 ) + Ik _ 2 (r k _ 3 ) , (4 .7 2)

w h er e  A k 2  is convex  on al l r k 3  and iL c r e a si n g ove r large value s of

r k 3 . The second t e rm 
~‘k 2 ~ 

on the ri gh t hand s ide  of Eq uation (4 . 72)

is stoc has tical l y inc r eas ing  in r k 3  and convex on r k 3  because

A k l ( r k 2 ) U ( r k 2 ~
r
~~~2 ) , -

is an in c r e a s i ng  and convex funct ion of r k 2  f r o m  Theorem ( 4 . 3 )  and

Theorem (4 . 1 0) .

As a sum of a convex func t ion  and a p o s i t i - e i n c r e a s i ng  convex

func t ion , A k 3~ ” k 3 ~ 
is also a convex func t ion  of r k 3 .  We use the

sa me co n jec t ure 3:

3 r~~~3 ~ 0 -~ Ak 2 (r~~~3
) > 0 i f f  r k 3  > r k 3

an d :

3 .See A ppendix 1 .

- -.--.- ---— .~~ ~~- -- - -- --- ~~~~-- _ _

- “~‘ t • . 

‘~



Ck 2 (a) ( r k~~~
. 1 k - 3  ‘

~~ 
r

k 3 c

W h e n  c o n s i d e r in ~ en t e r i n g  s t a t e s  ( k — 3 ) , ( k — I ) ,  . . . , ( k _ i ) ,  . . - , I ,

v. i  N p 1-a t  ou r  a r g u m e n t  show n above . W e f o r m  the g en e r a l  r e c u r s i ve

eq ia~ ion  f o r  t h e  ( I c e l S i O f l  fun c -L O n  on e n t e r i ng  s t a t e  ( k — i )

~~k - 1~~ k-~ -l’ 3k - i ’ ~~ = 
~~k~~~

(r k _ ~ _ l ,  )
k i ~ 

a)

- + ; Ak + l ( r k ,  13k-i+l’  a ) f ( r k .  r k l ) dr k . .

(4 . 7 3 )

H e r e  we use the same co n j e c t u re  for  k — i , i. e.

~ 
r 0 A k (r k . l ) 0 if r

k l  r~~~. 1

and :

Ck j (a) = { r~~~. 1 : r k . i  < r~~~. 1 }

The m a x i m a l  value of i o (a) , For f i xed  a , is obtained by finding recur-

sivel y the r~ (i = 0, 1, . .. , k n - 2 )  v. -hich maximize  £ o (a) . Since

all  the r . ’ s f o r  j  ‘
~~ i a re  known when A.  is to be maximized, r .’ isJ i+1 1

obta ined  by s e a r c h i n g  a z ero  c ro s s i n g  of a nonl inear  funct ion  of a single

v a r i a b le. Thus , the model is solved by the following a lgor i thm:  (see

Appendix 4 for  the flow chart )

a. G u e s s  an i n i t i a l  va lue  for  a (poss ib l y a~ for  co ns t an t

r eward  case w i t h  the same r e w a r d  s t r u c t u r e ).

b. Find k , suc h that  J3. < a (i = k , . . , ,  n -i) .  Let

r * = -‘~ (i = k — i , . . . ,  n- 2).

c , Find £g (a)  = max{ ,C } ,  r~ (i = 0, 1, ..  ., k -i )  by solving

rec u r s i v e  equat ions  ( 4 .73) .



d . if J i ~~( i i)  ~ ~ 0 , ~top C ompu ta t  o i r s , ( l e t  k ‘~ k , a-

othe r~ i s - , e s t i m a t e  a new value  for  a and r e t u r n  to Lu

-~ ~ Co n c  l u s i on . ,i

The o p t i m a l  r ep laceme nt ~ f d e t e r i o r a t i ng  p a r t s  based on the de-

t e r i o r a t i o n  p r o c e s s  des r ihed  b y a mn u l t i v a r i a te  exponent ia l  d i s t r i b u t io n

was  ex a m i n e d . I”or t h e  c o n s t a n t  r e w a r d  rate case , the op t imiza t ion  pr ~~_

cedure  does  not b e n e f i t  f r o m the h i s t o r y  of de t e r io ra t ion . Howeve r , we

do u t i l i z e ’  t h i s  i~no\cled ge to op t imize  the l i r.ear  rev.-ard rate  case and the

c~~r s~ a~~ t r e w a r d  ra te  afte r se ’t — up t ime case ,

N u m e r i c a l  examp les show that the ave rage  r eward  per unit t ime

for c e r t a i n  re~’,a r d  s t r u c tu r e s  is an inc reas ing  func t ion  of the correla-

t ion p .  Due to our  a s sumpt ion  that the t r ans i t i on  t imes are d i r ec t l y

m o n i t o r e d, the p r e d i c t i o n  of the f u t u r e  a f t e r  each t r a ns i t i o n  should de-

pend on the h i s t o r y  and the c o r r e l a t i o n  between the past  and the fu tu re .

‘1 he t h e o r y  we sugg e st is tha t  if the co r r e l a t ion  i n c r e a s e s , then the

c er t a i n t y of the f u t u r e  also i n c r e a s e s . Th e r e f o r e , the optimal pol icy

is m o r e  e f f i c i e n t  as  the c e r t a i n ty  of the f u t u r e  i n c r e ase s ,
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\ l i i l t i v . t  l I L I C  e x p l l i n ’n t  , i l  ( l l s t r i i ) u l i o n s  h a v e  bee n i i i t r o d u i  e d  i n t t j

both do\¼ nt~ me m od e l i n g  and de ’,~-r i o r a t i o n  model ing .  The one based on

t h e  sum of t h e  squares  of r nu lt in o r ma i  va r iab les  is selected here ,

b e caus e ’  of its  phys i ca l  motiva tion and anal yt ical sim plicit y.

The sum s of m ult i v a r i a t e  exponen t i a l  var iable s are  found to wel l

a p p r o x i m a te  the ir e q u e n t l y used lo g n or m a l  d o w n t i m e  d i s t r i b u t i o n, ex-

ce pt fo r  the t h i r d  and f o u r t h  moments.  If the s u b s i d i a r y  t imes  of a down-

t i m e  can be c h a r a c t e r i z e d  as exponential  va r i ab l e s , then the lognormal

d i s t r i b u t i o n , t o  ou r  j u d g m e n t , is used jus t  for  the purpose  of expe~die ncy.

Se v e r a l  dep~-ndenc e  pro p e r t i e s  a r e  developed for  th i s  p a r t i c u l a r

k ind  of d i s t r i b u t i o n . The m o n u t e n i c i t y - p r e s e r v i n g  t r a n s f o r m a t i o n  was

app l i ( ’ ( l  by Barlow and ProschanI2 ]  to  the r e l i a b i l i t y  theory .  He r e  we

hav e ’  i n t r o d u c e d  the c o n v e ’x i t y _ p r e  se r v i n g  t r a n s f o r m a t i o n  to problems

in the same area .

i ) i f f e r e n t  r e w a r d  ~i r i i c t u r e s  suc h as cons tan t , l inear , and set-up

cases  are co n s i d er e d  for  d e t e r i o r a t io n  m odeling. Only incomplete me-

s ult s have been found c o n c e r n i ng  the c o nie ct u r e  that  there  is at most

one zero  c r o s si ng of the dec i s ion  f u n c t i o n . Howeve r, we have shown

that  t h er e  are  at most  two ze ro  c r o s s i ng s . Also  the numer ica l  exam-

ples have all demons t r at ed  that  we have onl y s ing le dec i s ion  th reshold .

A r e a s  for  f u r t h e r  r e s e a r c h  include both ex t ens ions  of our resu l t s

to gam ma m a r g i n a l  d i s t r i b u t i o n s  and nons ta t ionary  cor re la t ions.

It could also be i n t e re s t i ng  to cons ide r  sys tems of more than one

component, i. e.,, co r r e l a t ions  exist  both in paral lel  and in series.
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l’he s c h e d u l i n g  of i n s p e c t i o n s  f o r  sy s t e m s  in  ~ h i ch  degree  of d e —

t e ’r i o r a t i o n  can he o b s e r v e d  onl y t h roug h i n s p e c t i o n s  is  d i f f i c u l t  hu t

c h a  i leng i rig .

We modeled downt ime  and de t e r io ra t ion  separately. It is in te res t -

i n g  to cons ide r them togethe r . The time to c a r r y  out replacement  of the

d e t e r i o r a t i o n  m o d e l i n g  can be a d o w n t i m e  p r o c e s s .

-------- - - - - - - - -  - - -~~~~~~~~‘



A P P E N D I X  1

}‘h O O l-  OF ’  TH  I :  ZI ’~~ R O- C RO SS I NG  ‘ l ’ J I F O R E M

The con ec tu r e  c o n c e r n i n g  the z e r o - c r o s s i n g  proper t ies  of the decision

func t ions  in Chap te r  4 is proved here  ~n a more general  f o r m,  Let the

dura t ions  in s tates 0 , 1, ~~, . . , n - i  be denoted by r 0, r 1, . ,. , r~~~ and as-

sume t hat r . ,  0 , < i < n -  1 , are  a Markov ian  sequence  with s ta t ionary

probabil i t y t r a n s i t i o n  func t ion :

r ( y J x )  = 
~r r 

( y J x )  = f ( y J x )r~ 1 i- i i J  0

for all  2 < i < n - I , where  
~r r 

( y J x )  is g iven in Equation (4 . 17); note that
i J  0

is not necessa r i ly equal  to 0 ID . As we have al read y shown this condit ional

d e n s i t y f u n c t i o n  is TP~ and it p r e s e r v e s  con vexity wh en use d a s a kerne l  in

an i n t e g r a l  t r a n s format ion .  We also assume that at state i the replacement

cost and t ime , i. e . ,  p . and d. a re  non ne gative random var iables  independent  of

r . ,  0 < j ‘- i - i . The r eward  rate at state i is again assumed to be equal to

~J c(t ) where  c( t )  is a nonnega t ive  function and 
~~ ~~~~~~~~~ 

for  0 <  i < n - I ,

= 0. The problem is to find the optimal stopping t ime N which , for  a

f ixed ~ > 0 , .naxirnizes :

N - I  r .  N - I
E[ ~ (3. f  c(t )  dt - - a (d

N + ~~ r . ) }  , ( A L ! )

~=0 0

where  N depends only on r , ,  0 < i < N - 1 .  Because of the Markov proper ty ,

an equivalent  problem is to f ind the optimal decision rule which requires

that the part be rep laced upon enter ing state j iff r 1 e C. (a). In this

A ppend ix we g ive a su f f i c ien t  condi t ion under which c~ (a) has a very  simple

form , namel y C~(a) = [ 0 , r~ ~ 
) . We need the fol lowing definit ions and 

~~~~~— - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- - -— 

~~ -——- — - --
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t heorem about the va r i a t i o n - d i mi n i s h i n g  proper ty  of total posi t ive ke rne l s .

Al l  the m a t e r i a l  is  t aken f r o m  K a r l i n  [ 17”  with onl y s l i ght changes .

Let h(t ) be a func t ion  de f ined  in {0 ,~~ ) and let:

S (h) = S 1 h ( t ) 1  = sup S {h t 1 ), h(t 2 ), . . . h( t ) )  , (t . ~ [0 , cc) , m is

arb i t r a r y  but f i n i t e , and S (x 1, x 2
, . . x )  is the n um o er  of sign changes

of the i n d i c at e U  s equence , z e r o  t e r m s  be ing  d i sc~’rded .

Let k(x , y)  d e f i n e d  on [0 , cc) x [0 , -“) be Bore l -measu rab l e  and assume

that the in tegra l  f k (x , y ) d ~ (y) exist s for  any x in [0 , cc) . Here ~ re-

p resents a f ixed si gm a - f i n i t e  regula r m e a s u r e  def ined on [0 , cc) suc h that

~~( U ) >  0 for  each open set U for  which Ut’m[ O , c) is nonempty.  Let h be bounded

and B o r e l - m e a s u r a b l e  on [0 , cc) , and consider  the t r ans fo rmat ion :

g(x)  = (Th) (x ) = f k  ~x ,y)  h (y) d ~ (y)

T heorem ( A l .  1) (Theorem 3. 1 on p . 2 1  of Kar l in  [17 1) :

11 k is TP r and satisf ies th e in t e gr a b i l ity r equ i r e ment s st at ed above , then:

S (g )  = S (T f )  S (h) provided S~ ( h)  < r -  I

For the case in which h is pi ecewise -con t inuous , if S (g) = S (h) < r - l ,

we fur the r asser t  that the values of the func t ions  h and g exhibit the same

sequence of s igns  when their  respec t ive  argument s t r ave r se  the half line

[0 , ~ ) from left to r i ght.

Theorem ( A l .  21 Let h(y)  be a Borel-rr ieasurable function such that

2m -h (y )  < a + b y f or some a > 0 , b >  0 , and pos it ive integer rn. Let:

g(x )  = f h(y )  f ( y ( x )  d y

where f ( y l x )  is the condit ional density funct ion of r .  given r . 
~~
. Then:

- ~~~---~~~~~~-~~~--~~~~ —~~~~~~~ - -~~~ - —---- ~~~~---- — — - -- -------____
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( i )  S ( g )  S ( h ) ,

( i i )  t here  ex i s t s  a ’ and b ’ such that g ( x ) ~ K a ’ + b 1 X 2m

Proof:  We can wr i te :

g (x )  = I [h ( y )  / ( a +  b y~ U~) ] F (y~ x) d~~ (y)

where :

d(x (y )  = ( a +  n e y  d y .

it is c i t - a r  that :

f f ( y j x )  d~ (y )

exists fo r  a l l  x € [0 , cc) and that h(y)  / (a + b ~ 2m ) is bounded. Sinc e f (y  x)

is TP cc~ by the above theorem S (g)  < S ( h ) .  Next consider :

- 

~g ( x ) I < f h ( y ) ~ f ( y ~ x ) d x < a + b  J y
2m f(y~ x) dx ,

but ~t is a well known fact that f y f (y  x) d y is a polynomial of

degree at most Zm [3 3 ] ,  t h e r e f o r e  ( i i)  is established.

Goi n g back to our  problem ox ( A l .  1). If we assume the reward  rate

funct ion c ( t )  is a non-dec reas ing  function not growing fas ter  than a certain

pol ynomial  (e. g . ,  a cons tant , a l inear funct ion in time or either of the two

af ter  se t -up) .  Then:

t
w ( t )~~ f c ( t )  d t

— 0

is a con t inuo u s co n vex f unction , w (0) = 0, and growing not fas ter  than a

ce r t a in  pol ynomial.  We shall also wr i t e  E(p. + a d . )  = e (o’) for 1<  i < n.

By us ing  the dynamic  p rog ramming  approach to solving this optimiza-

tion problem we have the fol lowing:
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L i 
(a, R )  = E ( - p 1 

- a d 1 j r  
~~ 

-e 1 (a)

(a,R )  = E [ ( 3 1 w (r
1

) - a r 1 ~~~n -a d~~I r ~~~2 1

= E[fl !
w (r 1) 

_a
~~n 1 1r 2 I _ e

n (a)

~~~~ 1 (a) 
~~n _ l ~~

, r n~~Z
) = E [~3 1 w(r 1 ) 

~a r  l~~
’n 2 ~ 

-e (a) + e 1(a)

and in general  , 1 <j  < n - Z :

,C~~(a , R )  = - e .( a)

L ( a ,R) = E [(3.w(r.) - ar

+ max (C~~ 1 (a , R ) ,  LJ + l  (a , R ) )~ r 1 }

= E[(3.w(r.) - ar .  - e.~~1 (a) 
~~~~~~~~~~~~~~~~ 

( a ) ) ~~ ~r J l  I

where for l < j < n - l :

A .(a) 
~~ 

(a~ r~~ 1) = (a ,~~~) - £~ (a , R)

=E [~~w(r~) - ar~ + ~~ j+l 
(a ))~~I r ~~~J + e~ (a) - e~~~1 (a)

and (x)~
’ 

= max (0 , x) . Then the optimal decision rule upon entering

state j is: ( i )  to re p lace the part if ~i ( a , i
1

) < 0; ( i i)  not to replace if

A . (a, r . 1 ) > 0 ;  ( i i i )  e ither one if A . (a, r 1 ) = 0 -

Theorem ( A l .  3) : Let a be f ixed , a > 0 . li the following assumption are

satisfied:

( i )  , 0 i < n - l  , 3 = 0

( i i )  c( t)  is non-dec reas ing  and bounded above by a polynomial ,

( i i i )  the sequence e . ( a ) ,  1 < j - e n , is convex and non -decreasing,  i . e . ,
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* *e,  < e and e < (e.  + e ) / z , then there  exist  0 <  r < r  <

J —  j+ l  j —  i - I  ~j+ l  — 0 — 1—

< r~
’ < cc such that the optimal decis ion rule upon entering stat e j is:

( i ) to re place if r .  1 < r .  1 : and (i i)  not to rep lace if r~ 1 > r~ 1 -

Proof: Starting with the ( n - l )  th state , the d i f fe rence  in expected reward

of rep lacing and not rep lacing the part g iven past observat ion is:

A n~~i 
(a) E [  G 1 (a . r 1) l r ~~~2 ]

where :

G l~ 
a, r l~ 

= j3 1w (r l~ 
- a m  -e (a) + e 1 (a)

Since w r  ) is a cont inuous convex funct ion , thus G (a, r ) is also
n - i  n - i  n - l

continuous , convex , bounded in absolute value by a polynomial , and by

assumption (iii):

C (a, O) = e (a)-e  (a) < 0
r i — i  n — l  n —

Th is implies that G 1 ( a ,  r )  can hav~ at most one sign change , i. e . :

S ~Ci 1 (a, r 1)) < l

We will now prove the followin~ lemma which we shall need later.

Lemma (Al .  1) : LI h(y)  is ccnt iriuous , convex , bounded in absolute value by

a polynomial and h(0)  < 0, then:

g(x)  = h (y )  f ( y l x )  d y ,

is also continuous , convex , bounded in absolute value by a polynomial, and

must  belong to one of the following three  categories:

( I )  g(x)  > C for  all x > 0

II ) g ( x )  < 0 for all x > 0 except with a possible zero at x = 0,
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(III) t he re  exis ts  a uni q ue x * , 0 < x
4 

< cc , such that g(x)  > 0

* *for  all x > x and g (x) < 0 for  x < x except for a possib le

zero a t x = 0 .

Proof: That g(x) is continuous can be ver i f ied  by examining f(y~ x) of

Eq. ( -1 . 17) d i rect ly. Since h ( 0)  < 0 , ~~e have S (h) < 1, thus by Theorems

(4 . 9 )  and (Al . 2) g (x )  is convex , bounded in absolute value by a polynomial ,

and S ( g (x ) )  < 1. If S (g) 1, then there  exists a unique x~ where the sign

changes , fu r the rmore, S (h) must be equal to 1. h (0)  < 0 implies that

the sign of h(x) is f i rs t  negative then becomes posit ive as x goes from 0 to

-cc . By the second half of Theorem ( A l .  1) thi s holds for  g(x) also , thus

g(x)  is in the third  category.  If S (g) = 0, then e ither g(x) > 0 for all x > 0

which is in category I or g (x )  < 0 for  all x < 0 and with strict inequality

f or some x; by convexity,  g(x)  is in category II.

We will now resume the proof of the theorem. Since G 1 (a, r )

sat isf ies all the requirements in the above lemma , thus A 
~ 

(a, r

belongs to one of the three  categories  defined in the lemma. Therefore we

ca n choose for each category,  r 2 where: (l) r~~~2 = 0; ( I I )  r *
2 = cc

and ( III) r 2 = x” 
. It is clear that this decision rule is optimal because

for ali r > 0 :n -2  —

A 
1 

(a, r
2

) > 0 (or < 0 )  if .  r 2 > r *
2 (or < r *

2 )

At state n -2 , we have :

A 2 (a) 
~~~ n - Z  w (r 2

) - a r
2 + (A j (a)) + + e 2 (a)

-e 1(a) } f (r 2 1 r n 3 ) d r
2

and :

-. - - ‘—-  - - -- - -
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r)  - n - i  (a , r )

- 

~n - l~ 
w( t )  + (A 1(a, t ) ) + 

+ e 2 (a) - 2 e
1 (a)

+ e (a) } f (t~ r )  dt

With the assumption that 
~~~~ ~~~~~~~~~~~~~~ 

e 2 (cy) - 2 e 1(a ) +  e ( a ) > O

then A
2 (~~~ , r )  - A

1 
(a , r )  > 0  for all r ,

Similar ly, for I K j  < n-3:

- A
1 (a) = ~~~ ) w (t) +

- (&~ 2 (a))~~+ e .  (a) - ae.
÷ 1

(a) + e.
+~~

(a) J f ( t j r )  dt
there fore

A . (a , r )  
~ (a , r )  for all r > 0 if

A .+j  (a ,  r)  > A .
+2 (a , r )  for all r > 0 - By mathematical induction we

have proved the following lemma.

Lemma ( A l .  2) : Under the assumptions of Theorem ( Al .  3)

A . (a , r )  
~ (a , r ) .  for all r > 0 and for 1 < j K n -2 .

The relat ion between A . (a) and A
~÷ i (a) is summarized in the following

lemma :

Lemma ( A l .  3) : If A .+1 (a , r . )  possesses  all the properties of g(x) in
Lemma (A l . 1), then so does A . (a , r

1 ) .

Proof: By defini t ion:

A . (a,r) f[~~.w(t) -~~~~~ + (A.~~1 (a ,t ) )~~+e.(a) ~~~~ (a) J f(t~ r)  dt .

(Al. 2)

- - -—-——~~
----
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Since Aj + l  (a , t)  is assumed to be convex , so are (A .+j (a , t ) ) + and the

iritegrand of Eq. ( A l .  ~
) ,  thus A . (a , r )  is convex. In addit ion , A .( a, r )  is

con ti n uous , bounded in absolut e va lue by a polynomial.

If A .+ i (a) is in cate gor y I , i . e . ,  A .+i  (a) > 0 , then by Lemma ( A l .  2)

(a) 
~~
. 

(a) ~ 0 is also in this ca tegory .  LI A
~+j (a) is in ca t ego ry  II

or 111, then A . +j (a, 0) < 0. There fore  the i .ntegrand of Eq. ( A l .  2) at t = 0

is equal to:

e ,(a) - e .+j  ( a ) < O

by assumption (i i ) ,  thus the integrand sat isf ies all the requirements on

h (y )  in Lemma ( A l .  1). By the same lemma , A. (a, r .  l~ 
has all the propert ie s

of g(x) .  II
Since A 1(a) possesses  all the properties  of g(x) in Lemma ( A l .  1),

A . (a)  also has all these properties by the above lemma. We choose rj ’

according to the following rule: If A . (a) is in category I then r ’ 
1 

= 0

LI A~ (a) is in category II then r~
’ 

~ 
= cc . If (a) is in category III then

r * 
~ 

is chosen as the uni que zero-c ross ing  point where A.(a’, r ) >  0 for

r > r ,~~1 . It is obvious that the decision rule based on r .~~1 is optimal at

state j ;  thus r~~ for  0 < j < n -Z , give s us a decision rule which is optimal.

By Lemma ( A l .  2) ,  if r~ = 0 ( i . e . , cat egory I) then r~~~1 = 0 ; if 0 <  r~ < ‘~

( i . e . ,  category III ) then by the fact that A . (a, r )  > A . ÷ i
(a . r )  > 0 for

all r > r *we have r * < r~~. If r~ = cc , then obviou sl y r * < r ’
~ . This

j j — l  — j — l —  j

comp letes the proo f of the the orem. ~

Corol1ary~ if E(p. )  = E(p ) and E (d 2
) = E(d ) for  1< i < n , then

e.( a ) e (a) for 1 < i < n and the theorem holds.

Remark  1: Theorem ( A l ,  3) hold s for the special cases discussed in



-80-

(; }i a l ) t , ’r  1 e ) r i l I l , p i i t  r t ’j ) let e - r l l i e n t  C014 t i i i i d t  t on i ’  t h r o u g houl. a l l  t h e  d i i —

1’-’ r~’n t  ~1t %t ~’~~.

Remark  2: in the proof of Theorem ( A l .  3) we have relied heavil y on the

stationa ri ty  of the probabi l i ty  t r ans i t i on  function and assumption ( i )  and ( i i i )

to kee p the number  of si gn changes of the decis ion funct ions  not greater  than

one. However , if the conditional density is al lowed to be nonstat ionary and

the onl y r equ i remen t  is that c(t ) is n o n - d e c re a s i n g ,  d iscard ing  assumptions

( 1) and ( i i i ) , then A . (a) is stfl l  convex but may have two nontr ivial  zero-

c ross ing  points.

.—, -  
~~~~~~~~~~~~~~~~~~~~~~~~~~~ — — - - 

___
~~~~~

-.—-,_ - - - - —- -- — —- s —--- ---- - ---- - --—~~~-
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APPENDIX 2

COMPUTATIONAL ASPECTS OF LINEAR

RE WA RD RATE CASE

In our c omputation of in tegra ls, the interval,  for  “ Simpson’ s Rule”

is 0. 1. The lowest standard deviation we have considered is 0. 5. There-

f ore ,we have a good approximation to the integral by the “ Simpson ’ s Rule. ”

The memory requirements  are low. The min imum 86k memory

is enoug h. But the in tegra t ions  are ve ry  time consuming . because there

a r e  a few nested DO-loops that we have to ca r ry  out. For each cycle in a

nested DO-loop, the main p rogram has to call the Bessel function sub-

routine.  This subroutin e takes about one millisecond before it returns

to the main p rogram.  T h e r e f o r e , the computation is very  costl y even

for  a fixed value of a . We cannot put another DO-loop for a -

The method of sea rch  for a* is to guess an initial value for  a* (sa y a 1 )

then the second value for  a* (say a 2 ) will depend on the sign of ..ç(a 1 ).

Hence we have ..4 (a t ) and 4(a2 ) .  we can use linear interpolation to get

a good approximation of a~- . The following is a FORTRAN program for  our

problem , where Y7 = 5 , 13~ = ~~ = ~‘ ~~~ 
= 2, 13

4 
= 1, 13 5 = 0

C 1( +) 2131t , O < p < l

DIMENSION D 4 (Z 0 0 ) .  D3(2 0 0) ,  D2 (200) ,  D 1(2 00)
DIMENSION Z4 (200) .  Z3 , (Z 00) ,  Z 2 ( 2 0 0 ) ,  Z 1(2 00)
DIMENSION V (20 0) ,  Y(200)
D= 1. 0

C THE REPLACEMENT DURATION
P = 5 . 0

C THE REPLACEMENT COST
R = 0 . N N N N

C THE CORRELATION ROO
F = NN. NNNNNN

C THE BRENDER’ S PA RAMETER “ALPHA ”
A = 1 ./ ( 2 .  _ 2 . *R)
B = A
C = R * A
E = SQRT(R)/ ( 1.  -R)

-— -— —- -~~~~~~~~ 
- - —-—~~~ 

- - -
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C THE PARAMETERS FOR THE CONDITIONA L DISTRIBUTION
G=~~. 0*F*( 1. 0 - R )
H=8. 0*( 1, 0_ R) *; 2
Q= 8. 0*R~ ( 1. 0 - R )
T=R* F
S = R~ *2

C THE COEFFICIENTS OF RE WA RD DECISION FUNCTIONS
R3S = ( - (Q -T) +S QRT( ( Q- T) - -’~~2-4.  0*S*(H~G ) ) ) / ( 2 .  0*S)
KK3 = ( 10 .  0)~~R3S- 1.  0

C FIRST ZERO CROSSING
DO 1 5 1= 1 . 200
V(I )= 0 . 1*(I .. 1
D O S  K= 1 , 200
D4(K)=0 . 0 1’~S*(K+KK3)~~ Z+(Q_ T) *(K+KK3 ) *0.  t+H-G
W4=A *((K+KK3 ) *0 .  I )
X4=E *SQRT(0. 01*(I~ 1)*(K+KK3 ))
CALL BESI(X4 , 0 , BI , JER)
Y (K) =D4(K) *A~ EXP( - W4)* BI

5 CONTINUE
SIMP=0 . 0
DO 1 0 M= 1 , 197 , 2
SIMP=SLMP+(0. 1 / 3) *(Y(M) +4 . *Y ( M + 1) + Y ( M + 2 ) )

10 CONTINUE
Z 3(I)=SIMP *EXP( — ( ( 1 — 1  )*C*0. 1) )
D3( I )=0 . 02* S *(I_ 1)~~*~~+(2. 0 *Q_ T)*(I ~~1)*0. 1+2. 0 *H_ G+Z 3(I)

15 CONTINUE
DO 16 1= 1 , 200
IF ( D 3 ( I ) )  16, 17 . 17

1 7 KKZ = I
C SECOND ZERO C ROSSING

1=200
16 CONTINUE

DO 35 1=1 , 200
DO 25 K=KK2 , 200
W3=A*K *0. 1
X3=E*SQRT(0 . O l *( l ~ 1) ~~K)
CALL BES I(X3 , 0 , BI , IE R )
Y ( K ) = D 3 ( K ) *E X P ( -  W3)*BI

25 CONTINUE
SIMP= 0. 0

• DO 24 M=KK2 , 197 , Z
SIMP=SIMP+(0. 1 / 3 ) *( Y ( M) ÷ 4 .  *y (M +j ) +y (M+2))

24 CONTINUE
Z 2 ( I ) = SI M P * EX P ( _ ( ( I _ 1  ) ‘ c*~,. 1) ) *A
D2( I ) = 0 .  03* S . :- (I ~~1)**L+ 3. 0 *Q_ T) *(I~ 1)*0 . 1+3. 0*H_ G +Z2(I )

35 CONTINUE
DO 36 1= 1 , 200
IF (DZ( I ) )  36 , 37 , 37

37 K K I = l
1=200

36 CONTINUE

~~
-.

~~ -.—.—~~~
=-- -—,

~ ~~— . -~.— -—— ,— ,—-—-—, ,- —.- - - — — .— .— —-—- — — -
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DO 55 1=1 . 200
DO 45 K = K K I  • 200
W2=A *K~ 0. I
X 2 =E *S QR T ( 0 . 0 1*( I _ 1 ) ’~K)
CALL BESI(X2 . U , BI . IE R )
Y ( K ) = D 2 ( K ) ~ EXP( - W2) * BI

45 CONTL\UE
SIMP=0 . 0
DO 44 M = KK I . 1 - ~ 7 , 2
SIMP= SIMP+(0 .  i / 3) *(Y(M) +4.  *y ( M + 1 ) 4y (M ÷ 2 ) )

44 CONTINUE
Z 1( l )  =SI1v1P~ E X P(  —~ ( I — i  y~C*0. 1 ) ) ~~p.
Dl  (I) =0 . 04~-S*( I~ 1) **-2+(4.  0 *Q_ T ) - ( I_ 1 )* 0 .  1+4. 0*H_ G -F Z I ( I )

55 CONTINUE
DO 56 1=1 , 200
IF (D 1( 1))  56 , 57 . 57

57 KKZ=I
1=200

56 CONTINUE
DO 65 K=KKZ , 200
W 1=0. 05*K
Y ( K ) = D 1 (K) *EXP(~~W 1)

65 CONTINUE
SIMP=0 . 0
DO 64 M=KKZ . 197 , 2
SIMP=SIMP+(0. 1 / 3) *(Y(M) +4.  *y (M+1)4y (M +2 ))

64 CONTINUE
Z Z SIM P *0. 5

RW=~ P~ F*D+40~~2. 0*F+Z Z
WRITE (6 , 10 1) ( R W , K K + . K K 2 .KKI , KKZ)

101 FORMA T (5X , F 10. 6, 5X , I4 , 5X , 14 , SX , 14 , 5X , 14)
WRITE( 6 , 1 1 1) ( V ( I) , Z3(I) , D3( I) , Z2 (I ) , D2(I) , Z 1(I ) , D 1(I) , I= 1, 200)

11 1 FORMAT ( 5X . F4. 1, 3X , F l O .  4, 3X , F9. 4 , 3X . F9. 4 , 3X , F9 4 , 3X , F9. 4 . 3X . F9. 4 )
STOP
END

- - -~~~ .—-.---- -—--- - - - --
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APPENDIX 3

FLOW CHART OF LINEAR RE WA RD RATE CASE

Sta rt

In itialize 13o , 1 31 , 132 , .  ‘13n - i ’ p .~ 101~ 11. .
N u m b e r  of s ta tes  n+1

Initialize a

i = f l— i

Compute i~~.

E a ~~o n 4
1

5 , 6~~~~~~~~~~
1

Compute ~~0
(a) = -l-ad +~~0(O)+ f ~~1 (r0)f(r0 l 0)dr0

___________________________ r&

1
/~Print f 0 (a*) .a ~

/ and ~~ (1= 0,1,2,..

- - - -.~~~~~—~~~~ — - -.—- - - - .-— —-.~- —
_ - -

~

t - -
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~~PPE NDI X 4

F LO W CHA RT OF CONS TA NT RE WARD RATE

A FTER S E T - U P  TIM E CASE

[Sta rD

_______ 1~_______________________

Init ia e 1 30 i 1 3i , 1 32. . . . , ~~~~~i . p . f l 0, r , . . . n~~~]
Number  of s tates = n+1~ ,r - :e cj sj ori  = C J

[~~i tia l i ze  a

Tx min Ci: a - P .) >

t i

~~ ompute A., Decide r~ ~ 
(E quation 4. 7 3)

~~~0
no 

~~~~~~~ 

—

Compute ~~0
(a) = -p-ad + A

0
(0) + f A 1 (r~~)f ( r

0 l 0 )dr
0

flO~~~~~~~~~~~~~~~~~ yeS

_
_

~~~ Print k*, £.g (a *) , a*

/ and

- -- --— - ---~~~~- — . ~~~~~--—.— .,-----— —----- - —
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