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In the area of application of probabilistic and stochastic modeling,
sequences of random variables evolving over time are usually assumed
to be sequences of independent random variables or Markov sequences,
Here we introduce and apply a multivariate "exponential" distribution
which may describe Markov or non-Markov sequences, The present
work has examined one particular class of multivariate exponential
distributions which preserve Markov sequence properties for both
modeling of downtime distributions and modeling of stages of component
deterioration. In downtime modeling, we study the distribution of the
sum of several dependent random variables and compare the result with
the distribution of a sum of independent variables as well as with the
lognormal distribution, In deterioration modeling, we consider part
replacement rules based on observation of the state of the part's quality
and on specified reward structures. We identify the rate of deteriora-
tion by examining how long the component stays in each state and use
dynamic programming to set up recursive optimization equations such
that the expected reward per unit time is maximized. Sufficient condi-
tions are given under which the optimum replacement rule has a very

simple structure.
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Two important considerations in the design and the evaluation of
systems are their capability to return to normal operation after severe

deterioration and that after occurrence of failures, This study develops

and analyzes stochastic models of systems whose components can be
replaced without occurrence of failure and can be repaired when the
failure does occur. The analysis focuses on a model in which system
states are distinct at any time: the system is operating (up) at one of

the different grades of performance or it has failed (down) and is at one

of the different stages of repair.

With the advent of modern technology, system states can be ob-
served with a non-destructive testing (e. g., acoustic wave, infrared,
laser, x-ray, ..., etc,) without inducing performance degradation or
interrupting repair. Also the data is easy to analyze on a special pur-
pose minicomputer, a microcomputer,or even a microprocessor,

One of the great challenges which engineering faces is the develop-
ment of large and complex systems for both commercial and military
applications, Outstanding examples of such systems are: nuclear power
plants, switching machines of telephone office, air traffic control sys-
tems, radar detection and warning systems, space vehicles, aircraft,
communication networks, real-time computer, and medical instruments,
Failures of these complex systems might be fatal to human life. Re-
placement of deteriorating parts will reduce the probability of failure,
Once a failure has occurred, repairability is an important considera-

tion for restoring the system back to normal as soon as possible,
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The desipn of maintenance policies for maintainable and repair-
able systems makes use of information about probability distributions of
component lifetimes and downtimes, Such designs are facititated if
these distributions have simple analytic forms.

Downtime distributions have been frequently modeled as lognormal,
Weibull,or Erlang, in form [ 7]. These distributions are all skewed and
corresponding to non-negative random variables like downtimes, Here
we consider one more family of distributions which has some physical
motivation,

Since a downtime interval is often the sum of subsidiary intervals
(for failure isolation, component removal, repair, reassembly, align-
ment, etc.) it seems reasonable to think of the downtime x as the sum

of subsidiary time intervals:

Sl = S (1. 1)

The subscript of X0 reminds us of the number of summands. Several
distributions are possible for the individual r, but here we consider
exponential distributions which are the simplest and are also widely used
to represent random times between events, Clearly, once the distribu-
tion of such an x_ has been characterized, the assumption that r. is
exponentially distributed can be weakencd to allow an x _-type distribu-
tion for any r.. For example, the repair time interval may not be
characterized by an exponential distribution. However, by using the
above argument, we can find a suitable n for an xn-type distribution

for the repair time.
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It is well known that the downtime X, will have an Erlang distri-
bution if the r, are independent exponential random variables with

identical mean values, Mauth [22} has considered the approximation of

Weibull and lognormal distributions by X in which the r. are indepen-
dent exponential variables but with possibly different mean values, Here
we generalize his work to allow dependence among the r.~-area-
sonable situation if the variables represent related steps in a sequence
of downtime operations or in a sequence of deterioration levels,

Several types of multivariate exponential distributions have been

proposed for various reliability applications [ 2]). The multivariate
exponential distribution discussed most is the Marshall and Olkin's shock
model, Marshall and Olkin's motivation was mainly for a system with
parallel time intervals which happen to start at the same time (Figure

1(a)).

1
e,
" AT > G R ST NS - RO D
...... Time O\\,—/\. / N Time
r1 r2 15
> r i
n
(a) (b)
Figure 1:

Parallel and Series Random Time Intervals .

For our purpose we would like to have a sequence of random time intcr-
vals that happen one by one as in Figure 1(b).

The present work has examined one particular class of multivar«
iate exponential distribution for both modeling of downtimes and modeling

of component deterioration,




Chapter [l discusses several lorms of multivaricte distributions
which have exponential marginal distributions. The one based on the sums
of the squares of normal variables is selected because of its analytical
simplicity.

Chapter III gives examples of the distributions of the sums of n
dependent exponential variables, We show that the introduction of de-
pendence among r. (with possibly unequal means) does not broaden the
class of X distributions over that which results from independent r..
That is, the sum of n dependent exponential variables has a distribution
identical to that of the sum of n other independent exponential variables.
Several conclusions are on the approximation of lognormal variables by
sums of exponential ones, along with other possible extensions.

Chapter IV examines maintenance policies for systems in which
the degree of deterioration can be observed continuously. A Markov
sequence model is developed where the holding times in the var.ious
states are multivariate exponentially distributed. We assume that the
functioning rewards during the system's lifetime decrease with the in-
creasing deterioration, Additional dependence properties of multivariate
exponential variables are developed for the optimization studies. The
dependence relations seem to be consistent with what one expects of a
general system in the real world. Optimal replacement rules which maximize
the expected reward per unit time are obtained by using the dynamic program-
ming method. Sufficient conditions which simplify the optimal decision
rules are given in Appendix 1. Chapter V summarizes the results and
makes suggestions for further research.

Part of Chapter II and IIl have already appeared in a previous report

by Hsu and Shaw [12] .
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CHAPTFER 1I

MULTIVARIATE EXPONENTIAL DISTRIBUTIONS

The multinormal distribution has been studied far more exten-
sively than any other multivariate distribution, Indeed, its position of
pre-eminence among multivariate continuous distributions is more marked
than that of the normal among univariate continuous distributions., How-
ever, in practical engineering problems there have been signs that the
need for multivariate exponential distributions is becoming recognized.
Several forms of multivariate exponential distributions have been intro-
duced. The one based on the sums o‘f squares of multinormal variables
is selected here, because of its analytical simplicity through transfor-
mation to well developed multinormal distributions,

This chapter reviews several popular multivariate exponential
distributions and develops properties of the one to be used in later chapters.

Some important dependence properties will be developed in Chapter IV.

2.1 Review of Literature

It is well known that a multivariate distribution is not uniquely
specified by its marginal distributions [ 2 ]. For example, while the
bivariate normal distribution has nice analytical properties, it is not the
only one with normal marginals, This multiplicity will be demonstrated
for the case of exponential marginals by considering a few possible bi-
variate densities,

Gumbel [ 9 | considered several bivariate exponential densities,
The first Fl(ri, rz) is based on the following general formula for com-

bining marginal distributionsg




/
-l) -

Flx,y)= Fy(x) Fyly) {1 +al1-F 0)][1-Fy(y)}, (2.1)

e |
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The marginal distributions of X and Y are each exponential, When ap-
plied to exponential variables with unit mean values this produces the
distribution function :

—r - = o

F (r,r,)= (1-e ')(1-e SYuree 1 4 (2. 2)
ri,r2_>_0,
lel <1,
and the density function:
f1(r1, rz) = e-rt-rz[i +a(2e“r{~1)(2emr2-1)] g (2. 3)

In this model, @ = 0 corresponds to independence of Ty and T and it

can be shown that the correlation coefficient p pes
{52

P e 0'/4 ’ (2. 4)
12
with its magnitude limited to be less than or equal to {/4. Another model

of Gumbel's is defined by the joint distribution function:

-r -r af =r,=@ r, T
1 2 ) O 3
Fz(ri,r2)= 1-e -e + e " (2« 5)
0<0<i 3 ry rzf_O >
and the corresponding density:
"R 1
A ALE [(1+6r )1 +67,)-6] . (2.6)
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Iere 6 () corresponds o independence, and:

- e C+1/9 Ei(e")q ,

The univariate exponential distribution derives considerable im-
portance from its role as the distribution of waiting time in a Poisson
process, It is natural to inquire whether a similar relationship exists
between some bivariate exponential distribution and the waiting times in
a suitably defined two-dimensional Poisson process. One such possi-
bility, investigated by Marshall anci Olkin [ 2] and later generalized by
them [21]. will now be described.

This distribution can be thought of as a result of fatal shocks
occurring from three independent Poisson sourcgs w.ith rates )\1, >\Z , and

A Component { with lifetime r, is killed by events of the first or

§2°

7 third variety, and r, is determined by events of the second or third

type. We can define the reliability, which is a probability of survival as:

R(r1 r2)= P[Risrt, R2>r2]
aX; FooX Task, ;max({r ., ¥,)
s :6112212 s , (2.7)
or 2
: R o' T BN i
I~3(r1 rz) = {-e - e

“r, A, =T X, =1, ;max(r, , T,)
i o e A - 17 "2 ) (2. 8)

Here the cg}'rclation coefficient is :

L ~ s . v ——————
= p . ¢
g Thes 4
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1

which ranges between zero and one,

Barlow and Proschan| 2] point out that Eq. (2.8) is the unique bi-
variate exponentialdistribution with the zero-memory property: the
joint survival probability of a pair of components each of age t is the
same for all t (e, g., the same as if both were new), This zero memory
is quite desirable when modeling joint lifetimes of components in a sys-
tem. In the present context of r representing durations of a sequence
of related events, this special property seems inessential.

Kibble [ 18] considered a bivariate exponential density of the

form :
r1+r2
2 R 2 Jpzr r
: 5 1 20 (1-p7) § 2
TR R e Y = e e ow e
40 (1-p7) o (1=p7)

-

in which IO(- ) is a modified Bessel function of order zero defined as:

2m o 2k
10(2)2_2_1_1_7{{ ezcoscpd(pzz (__Z[_Z_)Z_ . (2. 41)
k=0 (k')

A detailed study of this distribution has been given by Nagao and

Kadoya | 23].

2.2 Multivariate Exponential Distribution

We will derive Equation (2.10) in an alternate, more natural way
for use below. The same approach has also been taken by other authors,

for example, Moran and Vere - Jones [ 32] .

a— s #01 o el 8 18



The density in (2, 10) applies when we view ry and r, as heing

generated from correlated normal variables, It is well known that if w

1
; : 2 2
and zy are independent, zero mean, equal variance (07) normal vari-
bles then ry defined as :
2 2 AR
r, = Wy tzs (2. 12)
has an exponential distribution with mean :
7
E(rt) = 29 . {2.13)
Now if (Wi‘ WZ) and (Zt’ ZZ) are two independent pairs of normal vari-
ables, but with:
cov(w.l. w}.) = cov(zi, Zj) i=1,2: j=1,2 N (2.14)
then ry and Iy defined by :
¥ Ew 4a i=1,2 ) (2.15)
i i i

will be dependent exponential variables.
Equation (2, 10) can be derived from this reasoning when all four

variables (Wl' Wy, 2y, ZZ) have equal variances 0'2. In that case :

w‘:‘-pr w -ng+zz-2pz z +z2

flwy,wp2y,2,) = ——s— exp | - ool it il
27)"(1=p7)o 2(1-p7)o

(2.16)

and :




«-10=-

? : (2.17)

Introduction of polar coordinates in We, 2y and Wy, Zy planes:

g
"

{ Y4 cos 61 5

Wo Y5 cos 62

z1 = -y1 s1n61 . z2 'YZ sin 62

reduces the F4 integral to the form :

i NF, \(rz 2r 2w
Flry T T oty s e S
y,=0 v,=0 6,20 6,=0

r 2 2
-k [ 72475 - 207, 7, €08 (0,-6,)/ 207 (1-p7)]

"1, 72 sv, 47, do de, (2.18)

Substitution of ¢ = 81-62 for the 91 integration produces a periodic

integrand, independent of 92. Thus the 6 -integrals become:

2T 2 27 p'yi'yzcos<p/<r2(1-p2)
f f = 21rf e do
91=0 62‘-‘0 0
lo | vy
= 4n° 10\ = _ (2.19)
La (1-p7)

F 3“»'1.
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Ilinatly, substitution of (2.19) into (2.18) and differentiations with

respect to ry and r, produces (2.10). It turns out that A is just
L

the square (pz) of the correlation of the underlying normal variables, with

a range between zero and one,

The Bessel function form for this bivariate exponential based on
normal variates may not appear to be very felicitous, However, this
kind of distribution will be convenient when we concentrate in the next
chapter on the sum of dependent exponential variables, as in (1.1 )

For the n-dimensional version of this class of distributions, we

consider zero mean, normal n-vectors w and z each with the same co-

variance matrix (which is positively definite and symmetric) :

Elww'l = E[z2'] =T. (2.29

In this way, for each i wy and z, will have the same variances so the
sum of their squares will be an exponential random variable T We do
allow r, and rJ. to have unequal means, contrary to the special case

in (2.10). Using the underlying normal distributions it is easy to show

that the r, have means :

E| ri] = Z'yii - (2. 21)

and correlation coefficients :

2

= . si¥e) > O (2, 22)
Pry s (v )"/ trygv 2 ©

which can take on values between 0 and 1.

The general approach to calculation of the multivariate n-

distribution is through integration of the normal density f(wl,wz, cee W,

Zyy @ een zn) over appropriate regions.

s ——
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A multivariate case of interest corresponds to the covariance

matrix

¥..% 0. 0.p li-3] 7 (2,23

in which correlation between r, and r, falls off exponentially in relation

to the separation between their indices i and j. The corresponding joint

density has a nice structure, revealed by its trivariate form:

o
e, 2 Tl = : ’ & ’3
107278 g et th nfY
S
[ Vi s
Iy | =1 L] sy - (2. 24)
i_ciwz (1-p7) szcs(i-p )

This expression generalizes in an obvious way to the n-variate form:

n-1 5 1 2 -1 n-{ v\/ririnZ
I 0'.1] n Il {———s

2
= Tl 2
i=1 i=1 ciciﬂ(i-p )

f(rt'rzruo-! rn)=[(1"P ) 2

=§ ¥, r
! { a4 My i 2., 'n
»expi- <——2—+§ - (1+p )+—-—2

L e .

2(1-—p2) oy =2 @, o

(o> 2h (2. 25)
The special case of Eq. (2.23) describes a Markovian normal sequence

W Woyeee W with stationary correlation coefficients. The sequence

¥ with a joint density of (2.25) can be easily seen to be

r 4

RS UREE
Markovian also, a fact also established in Griffiths [13] .
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CHAPTER 1II ]
HOWNLIME MODE LING

As mentioned in Chapter I, we want to represent a downtime as

the sum of several, possibly dependent, subsidiary times :

n
xn = 122 I‘i i (.i. 1 ) |

—

We will examine several possibilities for T, distributions, beginning
with a review of Muth's work [ 22] for the case of independent, expo- 3
nentially distributed T with unequal mean values, Then we will gene-
ralize his model to allow dependence among the r;, seeing that the family 4
of possible an is not expanded in this way, but that it allows for con- 1

venient study of the case of large n and possible convergence to a log-

normal density,

3.1 Review of Muth's Results

In Appendix B of Muth's thesis [ 22], he investigated the proper- ;
ties of the class of probability distributions belonging to the family of
Erlang distributions, which are generated as the distribution of a sum
of independent and exponentially distributed random variables, Speci-
fically, he compared these distributions with the gamma, lognormal,
and Weibull distributions, which are well known examples of two-
parameter unimodal distributions and which have been used as models
for repair times,

He considered the random variable Y(n) which is the sum of n

independent random variables Xi :

Y(n)= X +X2+... + X ’ {3. 2)

1 n
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where each '\:i is exponentially distributed with mean value .. The 1
1

random variable Y(n) has a distribution in which n parameters, 1h

values of m, to m, must be specifiedy, and where n itselt is a variable,

We use the following notations and definitions:

E[ Y(n)] = m, Var| Y(n)] = 0'2 . (3. 3)
z 3
-yi(skewness) = E[ {Y(g)-—m} ] ’ (3. 4)
o
4
v, (kurtosis) = B {Y{I")‘@i By (3. 5) 1'
o

In order to compare the probability law of Y(n) with that of a random
variable Z, having a two parameter distribution, he set their means

and variances equal :
E[{ Y(n)] = E[Z], : (3. 6)
Var[Y(n)] = Var( Z], (8.7}

and compared the higher moments of both probability laws. He re-
stricted the comparison to the third and fourth moments, The under-
lying idea is that the approximation of one probability law by another
becomes closer as one successively matches higher moments, and that
matching the third moment, together with the constraints (3.6 ) and
(3.7), does already provide an improved approximation, Without loss
of generality all distributions under consideration were normalized,
such that their mean values equaled 1, The relative dispersion of a
distribution is expressed by its coefficient of variation v, namely for

any Z:




NVar(7) . (3. 8)

HEY = o

He studied the ranges of Yo Y2 and v with the above constraints
on the mean and variance of Y(n) and found that those parameters were

maximized by finding two numbers m_ and my and setting:

e B S (3. 9)
Similarly, those parameters were minimized by setting:

W, S |, t= 1, 2y eay B=1;
(3. 10)

for the same m, and my. If v is fixed, then vy and v, are bounded

according to
Z2> y;:(n) > ¥y 2 2v > 0,

6»y;(n) -~,2_*:6v>0. (3. 11)

o,

Increasing n further increases these maximum values 'y;: and yz,
whose limits, for n - « are: max P 2 and max Y, = 6. Values of

Y4 and Yy 88 functions of n were computed for the gamma, lognormal,
and Weibull distributions, and are presented in Figures 2 and 3 together
with the feasible Muth's generalized Erlang distributions, These graphs
show that the Erlang distribution can be used to approach the lognormal
distribution in the third and fourth moment, if the coefficient of variation
is less than 0, 6, The Weibull distribution on the other hand cannot be

approximated in this fashion,

e ———————
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3.2 Sums of Correlated Exponential Variables

The characteristic function of x defined in ( 1.1 ) as the sum of
exponential random variables can be computed as follows. Using (2. 15)

and the definitions:

) (3.12)

n n
=3 W, , y=Z z
1 1

we can write the characteristic functions as ;
B (s)=@ (s) @ _(s) = B°(s)
v y v Z

due to the independence and identical distributions of w and z. The possi-
bly correlated variables w, can be represented as linear transformations

of independent unit variance normal variables §i;
w = M§, E[gg]=1. (3.13)

(Here, as throughout this report Iis the identity matrix of the appropriate

size, ) Similarly :
z = ME, E[§&] =1 . (2ot d)
It follows that :

v =

&

'w=0MME , (3.15)

and:

w1 -
é (s) = (N2 7) ,J;"fexp["lz‘S'E“ svalMSJ! dg

P 1 -1, \
= (N27) _J...fexp[:--zg_‘R giag , (3. 16)

|
o
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where we have defined the matrix :

Wl s peeM M (3.17)

The integral in (3, 16) is of the form of a normal density integrated over

all values, except for a scale factor, Thus:

-1
¢V(S):<\/lR’1| > ) (3. 18)

and the desired characteristic function for the sum of exponential vari-

ables is:
-1
o, (s) = <)1+23 M'M}> = 1/q(s) . (3.19)
n

Equation (3, 19) shows that the characteristic function of X is
the reciprocal of an nth-degree(or less,the rank of T is less than or
equal toc n) polynomial q(s) whose coefficients are determined by the
covariance matrix ['. Properties of that polynomial characterize X .
In particular, we have the theorem:

n
All possible density functions fx for R z r, can be achieved

n 1
with irdependent r., i, e, , with diagonal T.

The proof begins by noting that the roots of q(s) are negative re-
ciprocals of the eigenvalues of the symmetric nonnegative definite
matrix 2M'M (or equivalently of 2 '), so they are negative numbers. If

the r. are independent, then M is diagonal:

e f e ) i (3. 20)

M. = diag(a T (/Z‘ .

I

and so is:
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) . 2 2 2
')'MIMI = rhag(Z(/z,ZCIZ,..., Z(fn) . (3. 21)
In this "independent" case
n 2 L o
ql(.‘:) = o ({1 +2a iS) - (3. 22)

1=1

The prool is completed by comparing the polynomial q(s) in
(3.19) for a general M with the ql(s) in (3. 22 for independent ro. The
mean values of the latter (Zazi) can be chosen to make the roots of ql(s)
match any n (necessarily real) roots of q(s). The resulting polynomials
and characteristic functions will be identical because the necessary
$(0) = { property removes any scale factor ambiguity. This completes
the proof, '[

In general, the n-independent exponential variables whose sum
is indistinguishable from the sum of n-correlated ones will have differ-

ent mean values from those of the correlated variables,

3.3 Large Number of Summands and Lognormal Approximations

Once this structure has been established for sums of correlated
exponential variables, previous results for sums of independent variables
(e. g., those of Muth [ 22]) are directly applicable. He sought, among
other results, apf)ropriate mean values for independent exponential var-
iables such that their sum should well approximate a lognormal variable

whose density is of the form:

_ = 2, 2
fale e nBa o VEAXSDNFRO LG 450 (3. 23)

with mean and variance:

— — A Y, 2 ViR 4
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Y
; n+o /2
Ffx] = e ; (4

2 9
Zn to

Var(x] = [ €7 -1]

While the theorem above suggests there might be no advantage
to allowing correlations among the r when the x_in (1.1) is to ap-
proximate x, experience has shown that this new viewpoint can be con-
venient, Figure 4 shows a lognormal density having E{x]| = 1 and
Var(x] = 0.653646, along with approximations to it,

The approximations in Figure 4 are sums of correlated expo-
nential variables based on underlying normal distributions having covar-

iances of the form of (2, 23). Furthermore,the summands are assumed

to have equal mean values (all o, = 0'1). In this way each X is com-
pletely characterized by three numbers: n, p, Ty
The mean values are chosen to be:
E(r.]= 202=1 (3. 26)
1 1 n

so the mean of X matches that of x, The correlation parameter p in
(2. 23) is then chosen so that the variances of X and x are equal, Itis
straightforward to compute:

var(x,) = {1 +p 2)/2 s
2 4
var(xz)= (3 +4p° +27)9 ,

var(x,) = (24 %% + 2 +p")T. . (3. 27)

using the underlying normal densities and the mean values determined in
(3. 26). For the specified Var(x) = 0. 653646 it turns out that the corre-

lation factors must be as shown in Table 1,
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FAR I

Correlation Factors tor Normmalized |
X

n
n p
2 0. 554339
3 0. 750000
4 0. 820321

In principle, the densities fx can be computed by Laplace trans-
n
form inversion of (3.19) after the p and o values have been specified.

An alternative approach is possible once the roots (-Ai) of q(s) have

been determined., For example, if all those roots are distinct then :

f (t)= T a,e ) (3. 28)

One condition on the unknown a is :

n
[f, (tdt=1=2a/x\ b (3. 29)

o n 1
Application of the Initial Value Theorem to (3. 28) shows that derivatives

of the density must satisfy :

(k) b
£ (0)= 0
n
- Kk
= D(A) a5 k= O, 1y wuss (e} s (3. 30)
{

Equations (3, 29) and (3. 30) provide n-equations for the n-unknowns a. .
This approach has been used to compute the approximating den-

sities, with the following results: (single precision)
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-1, 28672t _ -4, 48772t

"

1.80395 (e ),

- 3 L v l) «
£, =0.991590 &' 3102t |\ (2c0g o1+ 26126t
3
« 36667 ¢ 0 38714
-1. 9557¢ i
£ = 165610 7't 200TF 269805 e % 2o
4

-34, 9285t

+1.16646 214009t o 145528 e (3. 31)

Figure 4 reveals that as n increases, this particular kind of
sum of correlated exponential variables has a distribution which ap-
proaches the lognormal shape, Table 2 shows the mean values for the
equivalent independent exponential random variables whose sums have
the same distributions, respectively, These means are the reciprocals
of the exponents in (3. 31), There is considerable intuitive appeal to this
kind of a limit of summing more and more terms, each contributing
equally, on the average, with correlation between two summands de-
creasing exponentially as their separation increases, However, no pre-
cise asymptotic result seems possible, The "heavy~-tail® of the log-
normal (slower than exponential decay of f(x) for large x) wil' never be
matched by an X since, for every n, the tail of fx (x) will be domi~
nated by the slowest decay of its (at most n) dccayinI:; exponential sum-
mands,

Other obstacles to having the distribution of a sum of exponential
variables approach the lognormal form are given in Muth's analysis of
bounds on the moments of such sums, Those results for independent
summands are applicable to correlated ones, due to the theorem pre-~

sented earlier,

de
&3 s VD & £
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TALLYE 2

Means of Independent Exponential Variables Whosc Sums lave

Densities fx

n
n 771 '72 7’13 7’14
2 0.77716 0. 2228
0.79286 0.1458 0. 0hn13
4 0.79636 0.12828 0.04673 0. 02863

The foregoing example was based on a covariance matrix of the
form of (2. 23) in which ¢ and p were chosen so x|

scribed mean and variance, This approach could be generalized to co-

would have pre-

variance matrices having more adjustable parameters in the hopes of

matching more moments of either experimental data or of the lognormal

distribution, One example would be the following with parameters o,

7!1, 772:
i li-j] li-jl, 2
o i + By .
| B 2o lh :
§7r1 = ‘2‘ 2 ’
where : o
(7r1 +7r2)“
- 4 < -7r172<
(1 - n2
g 74 -7r2)
il e 1 ¢
i 172
2
s 172(1 -7ri)
(1r,-‘1r2)(1 +7r17r2)
N

y
e L i

(3. 32)
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However, Muth's bound on the skewness of o s ol exponentiais
precludes adjustment of the three parameters here to match the tirst

three moments of every possible distribution,

3.4 Conclusions

A multivariate exponential distribution based on sums of squares
of normal variables was examined, We showed that variation in the cor-
relation and means of such variables does not produce any distributions
for their sum which could not have been realized by a sum of independent
exponential variables, However, sums of such variables, when they have
equal means and stationary correlations, tend to have distributions
shaped like the lognormal, except in their tail regions,

It should be noted that much of the popularity that the lognormal
distribution enjoys for downtime modeling probably results from the
easy use of normal probability paper for estimation of lognormal para-
meters from data, In most cases, other distributions, say fx for'some
small n and suitable Ty and p, might fit the data equally wel?. In any
event, the peculiar lognormal tail behavior, corresponding to rare
events, is not likely to be a necessary property of a distribution being

fitted to typical amounts of data.

o b el ¢ P L e A - o 5
- il i v PR s s ‘ﬁwi,l- .
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CHAPTER IV

OPTIMAL REPLACEMENT OF DETERIORATING PARTS

A single component system is assumed to progress through a
finite number of increasingly bad levels of deterioration. The system
with level i(0 < i < n) starts in state 0 when new, and is definitely
replaced upon reaching the worthless state n. It is assumed that
the transition times are directly monitored and the admissible class of
strategies allows substitution of a new component only at such transition
times, The durations in various deterioration levels are dependent ran-
dom variables with exponential marginal distributions and a particularly
convenient joint distribution, Strategies are chosen to maximize the aver-
age rewards per unit time, For some reward functions (with the re-
ward rate depending on the state and the duration in this state] the
knowledge of previous state duration provides useful information about

the rate of deterioration,

4.1 Review of Literature and Introductory Remarks

Many mathematical studies have been devoted (o the optimization
of rules for inspecting system quality and for repairing or replacing
parts as they are observed to deteriorate, This section reviews some
of those previous results and proposes a new model which allows use
of a measure of deterioration rate by the controller which replaces
parts so as td optimize the average reward per unit time,

Many inspection policy models, where inspections reveal a mal-
function occurrence only, have been published; for example, Luss and
Kander [19], Several papers deal with models where deterioration can

be observed, and most of them concentrate on replacement policies

NENSRS SR S

PRy v s : I 3
AN, - i i s . R a3
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which assume that the system's state is always known, Derman [ 4 L

[ 5] Barlow and Proschan [1{ [, and others studied such models as-
suming that the deterioration process is described by a transition
probability matrix of a Markov chain, Kao [16] studied optimal re-
placement rules when changes of states are semi-Markovian, Rosen-
field [26] examined properties of optimal policies for models in which
the system's state is observed by inspections only. Kander [15] also
examined inspection models, However, he assumed that the operating
costs occurring during the system's life do not change with the increas-
ing deterioration,

Luss [20] also examined inspection models, he assumed that the
operating costs occurring during the system's life increase with the
increasing deterioration, However, he assumed that the holding times
in the various states are independently, identically, and exponentially
distributed, The policies examined include the scheduling of inspec-
tions (when an inspection reveals that the state of the system is better
than certain critical state k) and preventive repairs (when an inspection
reveals the state of the system being worse than or equal to k). The
convenience of a Poisson-type structure for the number of events-per-
unit-time made it relatively easy to allow general freedom in the selec-
tion of observation times.

The recursive equations of the expected cost to the end of the
cycle, incurred subsequent to an inspection at which the system was
observed in state i, are:

n
L, = Ji + Pii(-ri)Li + j=2i+l Pi.(-ri)l..j

n
L] & s
= [J; + j=>i:+1 Pij('ri)Li]/Pii('ri) (i=0,1,.00, k=1), (4. 1)
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where :

(7\'r.)‘l-i
Pij(T.)— 2 exp(-AT,) (i< j<n), (4. 2)

L %

4] = the expected inspection and occupancy costs to the
next event (an inspection or a malfunction) incurred
subsequent to an inspection at which the system was
observed in state i,

c = the complementary probability,

An optimum inspection procedure is a specification of the suc-
cessive inspection times {T;:, 0i< i< k} for which the expected cost
is a minimum, The total expected cost per unit time LO/E(t) can be

optimized in terms of an auxiliary optimization function (the Brender's

method [3 ], [t]):

D0= LO-aE(t), (4. 3)

where E(t) is the expected cycle length, From (4.3 ) the expected
cost is transformed to the following recursive equations:

DAL A uY + B PoraOaE ey R e R

i i " e Y ass Ll ) |
(4. 4)

where J'i is the expected time elapsing from an inspection at which the
system was observed in state i to the next event (an inspection or a
malfunction detection), The minimal value of DO’ for fixed k and «,
is obtained by finding recursively the -r;:'s (A= 0,1,.00p k~1) which
minimize DO' Since all the -r;k's for j> i are known when Di is
minimized, 'r;: is obtained by minimizing a nonlinear function of a
single variable, By varying @ and k, the D0 is minimized to zero
with the optimal o £ and k*. The minimum total expected cost is ob-

X 9 *
tained and is equal to @ , The optimal policy {k*;-ri' {0, f5eus kfl)}
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is also obtained,

The work studied here is based on a modification of the model
used by Luss, Our model for deterioration is more general, but the
admissible strategies used here are more restricted, Here we allow
the exponentially distributed durations to have different mean values,
and to be positively correlated. The joint distribution assumed for
these variables is introduced in Chapter II. Some relationships of de-
pendence among these variables are studied in the next section,

The presence of correlation between interval durations permits
the modeling of a rate of deterioration which can be estimated during
a particular realization of its past, However, the lack of a Poisson-
type of structure for the events-per-unit-time makes it much more
difficult here to allow general freedom in the selection of observation
times, At present only the simple case of direct and instantaneous ob-
servation of deterioration jumps has been considered,

Figure 5 shows a typical time history of deterioration and
replacement, The duration in state (i-1), prior to reaching state (i),

is r The sequence {ri}will be Markov, characterized by a multi-

i-1°
variate exponential distribution described in Chapter II and in the next
section, Reward functions will be related to the deterioration state
and the time spént in each state, The decision rule specifies whether
or not to replace, when entering each state i, on the basis of the his-
tory of T g Typreee o The Markov property simplifies the decision
rule to a collection of (’i sets such that we replace on entering state i
if and only if T € C'i.

The objective is to maximize the average reward per unit time:




R S

=30

L= 1im % (Total reward in (0, T)) (1.5)

(4.6 )

i E [Reward per renewal]
~ I [Duration between renewals]

N
b

(See Ross [27] for equivalence of (4.5 ) and (4.6 ).) The mean reward

pex renewal is defined here as:

.

N-1 "i
| egt)at - py s
0

1
(4.7 )

R=E

o4t

in which:

N state at which replacement occurs (possibly random),

PN = replacement cost if replaced on entering state N
(possibly random),

ci(t) = reward rate when in state i,

Figure 6 shows several reward rate time functions c(t)

which have been considered, When one of these c(t) functions is spe-
cified for a given problem, the Ci(t) in (4.7 ) are assigned values

Bic(t) with :

& R (4.8 )

3 > 5 -
})0281_Ba_ ...Zﬁn-—-i"—ﬁn

to assure greater reward rates in less deteriorated states.

The mean duration £ in (4,6 ) is defined as:

{N-i -]
D= E ¥ r. +d ; (4.9 )

4%

to include a possibly random time dN for carrying out a replacement

at state N,
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While the ultimate objective is to choose C’i to maximize L, it

is well known that a related problem of maximizing :
Ly@)= R-ab ; (4.10)

is simpler [1 ]. Indeed, the C’i which maximize L will be identical to

those which maximize Io(oe) for the a* such that:

() . (4.11)

.Zo(a*) = 0, where £,O (o) & max £
0 g == 0

{c,)

Section 4. 3 considers the constant reward rate case in which it
is found that deterioration rate information is not useful (e.g., the
optimal policy is independent of the amount of correlation betweea suc-
cessive state durations).

Sections 4. 4 and 4, 5 consider other reward rate structures for
which the optimal policies do make use of estimates of the deteriora-
tion rates as well as of observations of the deterioration level.

The next section develops interesting dependence properties of

the {ri} sequence which will be needed in the optimization studies.

4,2 Relationships of Dependence Among Multivariate Exponential

Variables
For easier and more convenient notations, we make the following

changes in Equations (2. 10) and (2. 25) with means :
E[ri] =Ny (4.12)
and correlation coefficients :

pr-.r-=‘°ll-3" (4.13)
i
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Therefore we have

b |
1 : (1'P)T1i_1- (1"P)ni

flr, :»2:)= e
il 1 (1'P)ni_1ni

and: 4,14)
-1
et n-1 n-2 2
£(rrs Tea Fapanes B )= U=p) T 1 - oI A——L—«/rr.
Q1" 2 n-1 =0 i -0 0|1-p ini+i iTi+t
T r n-2 rT,(1+p)
. exp -_—1—- __2-+.—n_—1-+ Z LS ;n> 2.
@=p)\Bg My =1 ™
(4.15)

From our stationary correlation structure, we have a Markov sequence,

The conditional density function is easily determined from Equation

(4.15):

f(rilri_i,ri_z,..., ry) = f(ri|ri_1). (4. 16)

The Markov property will simplify replacement schedule optimization,
a procedure which will also make use of other properties of the condi-
tional densities:

-1
o pr.T.
{ i i-1 2 ii-1
f(r.|r, )= |n.(1- xp |- | = + * To\ Top W/ :
(r1ir1-1) [nlu p)] ; (1-p)\n; 5.4 0<1-p M-t

1 1 a=

(4.17)
For example, it can be shown [23] that:
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E[rllr1_1] =ni+(ri_1'ni-1)p ’71/’11_1. (4. 18)

var(r|r, ] = nf[(!-p)z +2p(t-p) ¥, /0. ] - (4. 19)

These conditional moments show, e.g,, that the conditional mean of T,
exceeds its mean in proportion to the amount by which Ty exceeds its
mean,

Before deriving some dependent relations among r and ro_qr we
review the relationships among some notions of multivariate depen-

dence [ 2 ].

Definitions (4,1 ): Given random variables S and T, we say the fol-

lowing: (Definitions 5.4.1 of [ 2 ])

(a) T is stochastically increasing in S if .

PT>t|S=s] , ' (4. 20)

is increasing in s for all t, We write SI(T/S),
(b) LetS and T hawve joint probability density f(s, t), Then f(s, t)

is totally positive of order 2 if :

f(sy, ty) f(systy)
>0 ) (4. 21)

e, b ) Hst

1 2)

for all 8 < 55 t1 <'t2 in the domain of S and T, We write f(s, t) is
TPZ or, alternately, TPZ(S' T,

Theorem (4.1 ): TP, (S, T) &= SI(T/S) (Theorem 5.4,2 of [ 2])

Proof: From (4. 21), we obtain :
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o0 o0
tff(s’, T)dT iff(s?_, T)dT
ey (4. 22)
t t
b{f(si, T)dT ({ f(sz, T)dT

for sy < s, Adding the top row to the bottom row and converting to

ratios, we obtain the inequality for conditional probabilities:
P[T>t|S=si] < P[T>t|s= s,]. (4. 23)

Thus SI(T/S) holds.n
The following theorems will help us understand intuitively the in-
formation about the rate of deterioration contained in the past observation.
Another statement in the same spirit of Equation (4. 18) (i. e., that
a large Ty implies r, will tend to be large ) is that T is stochas-

tically increasing in riqe In order to prove Sl(rilri-i)’ it suffices to

show that f(ri, ri-i) satisfies the TP2 condition,

Theorem (4. 2): r, is stochastically increasing in Tiqe

Proof: By substitution of Equation (4.14) into the determinant (4. 21)

and removing the non-negative factors it remains to be shown that :

IO((Vsiti) Io(( \/sitz)
Det, = > 0 » (4. 24)
L(ENs,t)  Ih(ENs,E))

where ¢=24p /[(1-p)N nini-li . With the power series expansion
of Bessel functions, each Bessel function can be expanded according

to the power series :
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2k

© (3)

glel= & —=
h=t) (b} )

Det, can be written as a difference of products of infinite summations:

2i 2
’(\)sitl) <t\)sit2\J
? <'—_2_ . e M |
z 3 z o
i=0 (i!) =0 (%)
Det, =
ek ¥ ¢ Vsztz)2J
o0 ————————— o0 ———————
i S e il e e
=0 @) =0 (Gt)

('\/siti >2i <mlszt2>2J (t«/sztifi' ((\751tz)2j
—) =(F22) (FE) <Y

00
L
0 )? =0 #Y =0 mwY =0 @y

1
VR

For each pair of non-negative integers (i. j), the expanded version of Det,
will contain four summands with factors [i! j!] e (if i # j), and two such

terms ifi=j, Ifi= j+m, m> 0, then the four terms can be written as:
2(i+j)
p Pay sy =2 J m m_ m_ m
5 {18 2] (sisZtitZ) {(Sitl) +(52t2) (SitZ) (SZti) | S
nyn,(1-p)
(4. 25)
The sign of (4, 25) will be determined by the factor in brackets

{«}. Noting that for 0<s, <s,, 0< t <ty and m a non-negative

1 2°
integer:
= JB - I
d T s1 50‘2— S ’
- i - 40
Ti-tl S-rz-t2 v
Since:
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Wy B O,T

il b Gk

o 2 ET +T.7T

1 2 - 21

when:

0'1_<_62,

it is clear that (4. 25) is non-negative, Finally, Det, is seen to be
' non-negative because the infinite summation can be grouped into terms
like (4. 25), or into the corresponding i = j terms which vanish, This
completes the proof that f(ri, ri-i) is TPZ' which implies that r is
stochastically increasing in ri-l'"

The SI(ri | ri_1) property will be used in the optimization deriva-

tions later, in conjunction with another theorem:

Theorem (4.3 ): If SI(x|y) and h(x) is an increasing function of x,

then E[h(x)|y] is increasing in y, (Proposition 3.1 on p.22 of [17].)

Proof: For Y >V,

w0

| E(h(x)|y,] -E[h(x)|y,] = [ hG)[f(x]y,) - f(x]y,)] dx
1 -0

But by assumption :

tf[f(xiyi)-axfyz)]dn Plx>tly] - P[x>tly,] > 0

for all t,

also:
00

[ lftxly,) - f(x]y,)] dx = o,

=00
These expressions allow us to invoke Lemma { and its corollary on
p. 1200f[2 ], visz.:

If W(x)is a Lebesque-Stieltjes measure, not necessarily positive,

for which :
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00

Qde(x)_> 0 forallt,

0

-fwdw (x) = 0,

0
and h(x) is increasing, then fh(x)dW(x)_>_ 0. This completes the proof. l
=00
Another interesting property is that the random variables

are conditionally increasing in sequence, This is

P TR asx Thgy

r

equivalent to saying that 5 is stochastically increasing inyp, (reeer T T
1=

for i=1,..., n-1, i, e,

&
Plr;>rilry oy geees Tprgl
1S mcrea51ng in ri_i, ri_z...., I'i, ro.

Theorem (4.4 ): If the random variables Top Tyreces E e obey the

joint density function in Equation (4.15), then Tgr Typeees T, , are

stochastically increasing in sequence,

Proof: We invoke the Theorem (5.4.14) of [ 2], viz.:

Let r haye joint density fn(ro, T rn-i)

e Taeg

which is TP, in each pair of arguments for fixed values

2

of the remaining arguments, Then Tgreees T are

n-1
conditionally increasing in sequence,

In order to prove that f(ri, iy lri_2 = i gpeees Tg= co) is a TP2

(ri, i ), it suffices to show that f(r.l, ri g 'ri—2 =

(ri, ri-l) because of the Markov property of the {ri} sequence, We

<. 2) is a 'I'P2

have:
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frp i g Iryg= o )= frylry ) fry ey o= e )
aElee 2 ) P L s .
i' it fr;_4)
and :
f(si,t1 'ci-2) f(si’t2lci-2)
fs gty le;_y) fs g tyle; p)
Sy A, (8,5 ts)
Y 1 by
i f(tilci_z) : f(tzlci_z)
-— . ’
e, ) TTE,)
f(SZ’ti) f(sz.tz)

which is always nonnegative from Theorem (4. 2), Therefore we have
TP2 (ri, r'i-i)' For those random variables which are not next to each
other, such as r, and = for j#i-1, they are conditionally independent
by the Markov property of the {ri} sequence, This implies TP2 (r; rj)
and completes the proof, ”

The stochastically increasing property is not sufficient for our

analytical purposes, To show that the conditional density function of ~

ry given Ty is a convexity-preserving transformation [17], a property
which we shall need in this chapter, one method is to show that 'I'P3
(ri, ri-i) is true, However, a direct proof which requires a 3 by 3 ma-
trix expansion of Bessel functions is quite complicated., Therefore

other methods are sought after, We summarize several important facts

and theorems in the theory of total positivity [17] that will be extensively

used later,
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Definition ( 4, 2): A real function K(x,y) of two variables varying over

linearly ordered sets X and Y, respectively, is said to be totally posi-

tive of order r (abbr, TPr) if for all:

Xy <Ky Q<X s ¥y SYgSee<Y¥,0 X5 € X, ¥y Y, tam<r,

(4, 26)
we have the inequalities :
K(x1,y1) K(xl.yz) K(xl,ym)
x X
ey By :
\— K(xz’ Y1) bﬁ(le Y2) . K(le Ym)
K = = 0.
Vs Ygpeosr ¥y ;
K(xm, yi) K(xm,yz, Yy K(xm, ym):
(4. 27)

If strict inequality holds, then we say that K is strictly totally positive

of order r (abbr, STPr).

Remark: From the condition (4, 26), we know that if K(x, y) is

TP then it is also TP for | < m=< r,
P m = —

For illustration, we begin by citing one basic example[17]. The function:

Kix, y) = PN (4. 28)

is TPT(STPw) on X x Y, provided ¢(x) and y(y) are increasing func-

tions (strictly) on the sets of X and Y, respectively, of the real line,

Lemma ( 4.1): If L(&,n) is TPr and M(n, ¢) is 1 l)g. then :

K(,¢)= [ LEE,n) M, ¢) do(n) FeX, CeZ,
A

e

Pmin(r, s)° (Lemma 3, 1. L, (a) of [17].)
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Theorem ( 4,5): If K(x, vy) is TPl_, and ¢(x) and ((y) are nonzero posi-

tive functions for x € X and y € Y, respectively, and if L(x, y)= K(x, y)
¢ (xWi(y), then T.(x, y) is also TP‘.. (Theorem 3, 1. 1, (a) of [17].)
A direct specification of Lemma (4.1 ) leads to the conclusion

that :

0
K y)= | LlxI(8) YIB(O) 5y (h), xeX ye¥, (4. 29)

- 00

is TPm provided u, v, @, and 3 are monotonic increasing functions, o is a
sigma-finite positive measure, and (4. 29) exists absolutely. (Eq. (3.19)

of [17].)

Theorem (4.6 ): K(x,y)= Ia (xy) is TPQO for 0 < x,y <o, where Ia

denotes the modified Bessel function of order @, (Example on p, 101 of

117].)

Proof: The modified Bessel function can be expanded as:

o o0 2n
K : _(xy/2)
L 6y) = &) oo M- Tlami)
p. 4 & R a = 2 - 2 e
" —_) . T a(x) 9 (4. 30)
N2 N2 n=0 "
. <—L>a <_x_)°’ fw exp(t log x°) exp(tlogy?) do (t),
N2 NZ, 0

where a_= [22n- n! « (e +n+l)] “1 and ¢ (t) is a sigma-finite discrete
measure concentrating mass a, at t= n, The integral has the same
form as that of Equation (4, 29). With t, log xz, and log y2 being mono-

tonic increasing functions, we have shown that Ia (xy) is TPOO from
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Lemma ( 4, 1) and Theorem ( 4.5). “

Theorem ( 4.7 ): The joint density function (4.14) of T, and r._ |,

2 L%y Bl i8 TPn for Ogri,ri_l<00.

Proof: We have:

[ ]
r1--1 2 5
1 (1'{))7’)-1_1 (1'0)1’}-1
1y, 3 T:) % 3 e
-1 1 \1-{))ni_1ni
- e
s
é IO r:; —-—L—'F_____ ri__‘ri .
b W

and Ioif J ri-lri] where € & l“-i __"r_p___
V1§51

Therefore, with:

, is TPc° from Theorem ( 4.6).

r
i-1
! T-phmy_y
Tl ;
“£n;_
and:
T,
.
(I=pn;
x (
uir,) = e -
l-p n,
we have:

f(ri-l' ri) = (p(ri-l) d/(ri) Io(g\) ri-lri) .

Moreover, we note that ¢(ri_1) and U(ri) are nonzero positive functions
for r, | € [0,0) and r; € [0, ®), respectively, Hence f(ri_l, ri) is a

TP, from Theorem ( 4.5). ||
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The conditional density function x'(ri}ri l) has the same structure
as the joint density function l'(ri 1 ri)_ It is simple to prove the follow

ing theorem:

Theorem ( 4, 8): The conditional density function (4,17) of r on r. .,

b %, Bl is TE, for 0 2, %, y €@,
0 — i’ -l
Proof: We have :
i e
(L-p)n. =~ (I-p)n.
= ! . 1 i-1],
frilr )= o t‘ Llgdrr; 11
b o
where ¢ = e T and I.(¢/r.r. ) is TP_from Theorem (4.6 ).
et e 0 ii-1 %
Nghs.,
Therefore, with :
il : 5
e . 1 " T=p)n;
qbc(ri_l)— e and ,rc(ri)z A PTIT p e :

we have:

fr ey )= () v ;) Ly 1) -

C

Since (pc(ri-l) and yﬁc(ri) are nonzero positive functions for Tl €0, )

and r. € |0, »), respectively, we know that f(ri[ri-l) is the TP_ from

Theorem (4.5).

Remark: That f (r.‘[r.‘ ) is TP _can also be justified by simply observing
that it comes from the probability transition function of a diffusion process.

See Karlin and McGregor [ 30,317 .

The following theorem concerns convexity-preserving transtorma-

tions which we shall use in analyzing our problem.

kil




1,3 Canstant Reward Rate

[2

The constant reward rate case with ¢, (t) = iy is particularly simn-
1

ple to analyze, We will see that as long as I ri; e N 0 for

R
all i, even if the r, are not exponentially distributed, the optimal rule
will be to replace upon entering some critical state k¥, independent of
the observed durations r. For simplicity of exposition we assume that
all P; =P and all (ii = d,

Based on the problem statement in Section 4, | the optimal deci-

sion on entering state j must maximize the mean future reward until

the next renewal, Jjj(a), for a suitable @, Here :

I N-1 N-1
o = s = - & 4 '11
£J.(a) E{':. Biri X aE Zorlor p- ad. 4. 31)
1= =] .
The optimal decisions for each state will be found in terms of @, and
then the proper «* (for producing decisions which maximize L) is the
one for which the maximum;

3 O a) = )
max fo(o E L 0(0' j i (1l {4. 32}

Optimization by dynamic programming begins with considering the
decision at the last step, i.e., on entering state (n-1). There are two

choices, to replace (R) or not to replace (R), with corresponding values :

“tn-!(a;R) = «p ~ @d, (4. 33)
and :

xn_l(a;'ﬂ)= E[B ~al~:[rn_lirn_2] -p-ad

n-lrn-l [ Tn- 2]

E[ (B, =), _yIr,_,) -p-ad (4, 34)
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Clearly, the best decision is not to replace if and only if:

- Z

A 1((1;rn ‘};é L‘n_,k(_a;l{) - f,n_l(a;R)

= (B, @) Blr, 1z, 1> 0. (3. 35)
The sign of (4. 35) will be the sign of (Bn-l-a)’ due to the non-negativity
of all interval durations. Thus the best decision depends on « and
the reward parameters Bn-l but not on the previously observed duration.
Two cases will be considered separately,

If Bn-l ~ « then the best decision at state (n-1) is not to replace.
We will now explain why, under this condition, it is best not to replace
at any state less than n, Consider the situation on entering (n-2)., We

have already shown that it is best not to replace on entering (n-1). Thus

the choice will be based on a An—2 of the form:

= T | :
An-Z(Q’rn--B) = g (Bn-an)rn-Z “ (,(31_1“1-&')1'“_'1 ’rn-S] . (4, 36)

Here we have @
(B _g=a) > (By_1-@) > 0, (4. 37)

by assumption, and:

[r_ ] and E| > 0, (4. 38)

Elx

n-1' " n-3

because all r. > 0 with probability one, Thus An_z(a;rn_,g) > 0 for
all o3> 0, and it is best not to replace here, either, This argument
can be repeated for states (n-3), (n-4),..., L, 0.

The other case to consider is Bn | < @ which requires replace -

ment on entering state (n-1), if the system ever reaches that state,
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When we consider the decision on entering (n-2), the A  is:

A lagr )= E[(B_,-a)r J

fyo _o!Tn_gls

which has the sign of (f3 -a), If -a) < 0, then replacement is

n-2 ('rjn-z
optimal on entering (n-2) and (n-3) is considered next, This iteration
may eventually reach a state (k-1) where (Bk_l—o.') > 0 it is best not to
replace. Arguments similar to those for the Sn-l-a > 0 case show that
non-replacement is optimal at all states preceding the one which first
arises in this backward iteration as a non-replacement state.

In summary, in the constant reward rate case Jjo(a) is niaxin"lim-d
by a decision rule which says replace on entering some state k < n which

depends on the reward parameters {Bi} and the « :
k= min{i:(a/-[?.l) S C0F . (4, 40)

Finally, we must choose ¢ so that ,,88 (%) =0,where :

(@) - ad +k;1(P @) E (4. 41)
,(O - - p - Qc 6 Ji-‘ .{r.l] =

Figure 7 shows a typical plot of J’.’g(a) as a continuous, piece-
wise linear curve whose zero crossing (£g(a*) = 0) defines a* and the
optimal replacement state k¥ for maximizing L.

Example: Figure 7 shows that the optimal average reward per unit

~

. . wt ” ‘ 2
time is 2% when k%= 3, where Boz 5 By=4, By=3 By=2 By=1,
B.=0, p=5 d=1, n.,=2(=01,23,4) and n= 5, From Equation
(4, 41), we have the following values for fo(k(o), @), the optimal k is a

function of @, which remains constant when « varies over each inter-

val Bi+1<o < Bi :
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£,(5,0) = 25,

£,(4, 1) = 14,

p 73 M-

£4(3, 2) 5,

I ok ) e

£42, 3)

LO(‘vi) = =7 »
nd the optimal £9(k*= 3, a*= 22)=0
a nc 1e optimal LO = 3, ax= 23 ) =

4,4 Linear Reward Rate

The linear reward rate case with ci(t)=2ﬂit has some very inter-
esting resulte, DBy utilizing the stochastically increasing property of

x(ri :i-f

), the optimal rule will be seen to depend on the observed dura-
tions {ri} . For simplicity we also assume that all p, = p and all d; = d.
Based on the problem statement in Section 4,1, the optimal deci-

sion on entering state j must maximize the mean future reward until

the next renewal, i,e., Ij((‘/). For a suitable @, we have:

1 )
g. r.&

1 1

(N
{
| i

fj‘(a)= E -p-ad.  (4,42)

w0

J
The optimal decisions for each state will be found in terms of @, and

then the proper @* (for producing decisions which maximize L) is the

case for which the maximum :

0 N-1 9 N-{
J_“;)(afiii) = «p -o0%d + E L Brraak T r,la0 ., (4. 43)
: 13 : i
i=0 i=0

o A 3 o B et
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decision at the last step

p. Since state n represents a failed cornponent

’
we delinitely replace it when it enters state n. Next, we consider the

decision to be made on entering state n-1. There are two cholces:

replace (R) or not to replace (R), with cerresponding values @

L -t (¢;R)= ~p-ad , (4. 44)
(/.‘}_‘) = EIB 2 1 A -
L st W TR T e (4. 45)
for J,n<1 (). Clearly, the best decision is not to replace if and only 1ii
An~1 (@) = Loy (e;R) - &£ no1 (@ R)

|
23]

=

Ppogr®)2 0 - (4. 46)

Substituting in the conditional moments (see (4. 18) and (4.19)), we obtain:

X9
/rln—! R

A 3 = f b
n-1Fn-2 Py’ a) n-1\ -2/ P Tn-2

e 2 i
J = ( nn-i) NMnh-1 |

I e e Ll WP
L Th-2 n-2 ] = °

+ B 22 (1-p)? ! (1-p) 4,47
1Paei  “Hned -°) i = Mg g Vel . (4. 47)

This quadratic function of r can have the possible convex shapes

e 2

shown in Figure 8.

Examination of (4,47) and Figure 8 shows that if & 1(0) > 0,
o
d - i d = L
then - T An-l(o) ~ 0 and . An-i(rn—?_) » 0, This insures
n=2 n=.2
e B, T i ey e+ e et R - -— - — T —




- ) -
o \ )
S Ii=
VA
g
~
/ '/
L n=2 /
/ i
A4 / n-2
/ e / eSS
L n-2 1~ 2
.
.//
S
igure o:
Hossible (< € Shapes for A (r ) .
n-{ n-2
— C PRE-R-A € -aXl i )ST Oonce, LAaeTreiore;
n=-1 2
- A r { @,
"N=2 = il - 3 - 52 P ‘40 !
and .
; te
&= ) ) (4. /)
N- 2 -2 =
cConsidering e decls a ext earlie step, 1.e., upon entering state
(n-2), the total reward until the end of the cycle is the sum of the ex-
rected reward during and the expected rewarc aiter next transi-
el

of (4, 46), we get:

— A 2

e e e L2 ) ,
S\ ) = a, K) - £ a, R)= k1P - ar r

n=2"! n-2"" ) r.-_/( +R) n-2 n-2 n-2' n-3’

+
>

-, TR (4. 50)

e
I
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The first term on the right hand side of (4. 50) is written in terms of
the similar quadratic function defined in (4. 47) except for different

parameters, Therefore it has the same possible convex shapes shown

in Figure 8. The second term In-z(rn-S) on the right hand side
of (4.50) is increasing in ¥4 because of Theorem (%. 3)
and that:
N b3 "
n-l(rn-z) U(rn-2 rn_2) , (4. 51)

is an increasing function of oo Furthermore, it is also quadratically

increasing.

A I
n

Weii

A”f\y

( /7,// S
(c)

Figure 9:

L.
re

The Sum of a Quadratic Function and a
Convex Increasing Positive Function.

This resulting conditional expectation In_2(rn_3) is also convex in Theg

because:

) U(r P

n 1(rn 2 n-2 n-2)
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is a convex function of T a9 and Theorem (4. 10),

As a sum of a quadratic convex function and a positive increasing

convex function, An 2(rn 3) has the possible convex shapes as shown

in Figure 9(c). The curves a and b of Figure 9(c) have single crossings onr 3
ne
It is not clear whether curve ¢ which tias double crossings on I will
1 o 2 K
happen or not,” If this does occur, we shall choose .3 38 the cross-

ing on the right, therefore:

Bo il e & A e (4.52)
Because of the convexity of An-Z(rn-B)’ there are at most two zero
crossings on T3 namely, r:_3 and r:;_B, The global optimal region
for replacement is:

en_z(a) = {rn-S: r:-.? LB SR r:_a} . (4. 53)
But the interval {rn_3: 0<r, o< r:_B} is locally optimal, Because

for |e| = 0 :

f* An-Z(rn-3)f(rn-3,rn—€)d ro-3

F8e3
o0

> A An-2(rn-3)f(rn-3,rn-4)d rn_.3 d (4. 54)
x'11-3:-'- ,E'

Because of the particular dependence relation among the ri's. the following

conjecture concerning the single-szero crossing of An , seems to be truel:

lThe conjecture is later found to be correct. The proof and an extensive
study are given in Appendix 1.

will
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Conjecture: There exists rn 3 such that:

} > 0 iff r ~ r

,)(rn-:‘ n-13 n-3

=2

and :

o 5 S T
cn-z(a)’ {rn-.'i' T ‘o3 *

Such nice analytical properties have eluded us at this time. How-
ever, numerical examples have all demonstrated that such simple thresh-
old criteria for the optimal decisions are true., To consider entering
states (n-3), (n-4),..., 1,0, we have only to repeat our argument

shown above. Hence we obtain the general recursive equation for the

decision function on entering state (n~i):

(

neilTnejerr Bpap @ =4 . (r . 5 B @)

(> o] 1.
A g B @ Ul ox] e o e
2% (¢ B .,a)+L .(r B ) (4.55)
n-i' n-i-1’ "n-i’ n-i' ne-i=1" "n-i+l * 7’ ¥
Here we have used the same conject‘urezfor (n-i), i, e,:
% 3 A - %k
T g2 0P B )20 M B> T
and :
N SRS TP R S ) (4.56)

The maximal value of £0(a), for fixed @, is obtained by finding recur-
%
sively the ri's (i=0,1,..., n-2) which maximize .fo(a). Since all the
*%* %
” Lo : e
r'j s for j> i are known when Ai+l(ri’ B1+l' @) is to be maximized, r,
is obtained by searching a zero crossing of a nonlinear function of a

single variable, Thus the model is solved by the following algorithm ;

3 See Appendix 1 .

A
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(See Appendix 2 for the computational aspects. )

Guess an initial value for «@,

b, Find i’g(a), ri (i= 0,1,..., n-2) by solving recursive
equations (4.55), ‘

If ].fg(a)’ <€ - 0, stop computations (let a* = @), otherwise,

estimate a new value for @ and return to b,

The following properties of {Cg (e) can be used to generate a sequence
of @-values converging to one which satisfies the ineguality in c.

1) \fg (a) is monotone decreasing, since £0 () has this property for a
fixed policy (See Eq. (4. 42)); and if £8 (az)?_ £8 (al) for 02 > @ then the policy

used to achieve 138 (az) could be used to achieve an £O(al) > fg (al) -- a con-

tradiction .
ii) As shown in the numerical example below (page 58), a* (p=0) is re-

latively easy to compute. This value is a lower bound on a* (p# 0) .

Appendix 3 shows the flow chart of the algorithm.

Examples (Linear Reward Rate Case): Tables 3 and 4 present

results from some numerical examples based on the models in this sec-

tion, Figures 10 and 11 show reward and policies for different

values of correlation, Assuming that p= 5.0, d=1, n; = 20, n= 5,
[30‘_- 5, Bl = 4, BZ: 3, [33 = 2 [34 = 1 and [35 = 0, The results indicate
that the optimal average reward per unit time increases as the correla-
tion increases, We present details of the computation involved, The
recursive function (Equation (4.55)) is:

Aglrs p Bpa) = By(r; ;, By ) + f Bip(rje By @) flry [ 15 )

r,
1

We list the first term on the right hand side of the above equation :
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sy

]

Wi n
Bi, @) E{Biri“ - ar,| r. )

ii*p

5 Do
Bipirf_l + {B8p(1-p) - ap} r, + {B;8(1-p)" - 20(1-p)} ,
(4.57)

for different i:

f '54(r3, l,a,p)= pzrg + {8p(1-p)-ap } rs + 8(1-p)° - 2a(l-p) ,

) 33“2: 2,0,p) = 2p2r§ +{l6p(l-p)-ap} rgy + 16(1-p) - 2a(1-p)

Zz(rlv 3203 P) = 3021'? i {24P(1‘P)‘0‘P} rl & 24(1‘9)2 i ZQ(I'P)

i o

Zl(ro. 4,a,p) = 4p2r(2) + {32p(1-p)-ap} ro * 32(1-0)2 - 20(l-p) ,
|

‘ —

? Aplr_1=0,5ap=0)=40- 2a .

l %

The overall A, will be the sum of Zi and the repeated integral L. The

optimal £0(a) for fixed value of @ is ;

Lo@)=-p-ad+B (@) + f A(roi(rg)dr, (4.58)

)

0
where f(ro) is an exponential density function with the mean value equal
to 2.

In the following we study the two extremal cases, i.e., p =1 and

p= 0. These cases could be done by analysis with minimal computer

usage,

Case 1 (p = 1): There is only one random variable, I o in this case
with r = TgS Ig = Iy = Iy The optimal replacement state N will be

a function of T e The equivalent optimal average reward rate can be

represented as:




DT -

‘)
(@) = F {(,30 FOp heas I\ O S -p - uf(Nx td)) (1.59 )
Ii ,'31\.:‘8 - (Yr() < 0, we replace on entering state N, Therefore, we re-
place on entering state N if ro falls in the given interval:
r, N
O < ry < B% 1
@ o
<8 T 2
¥ & = 3
;S o <A,
= < P £ = 4
53 < "o <F,
- (R TR = = 00 5
ﬁ:— Y 5
Then, we have :
R .0
1 n 2 1
Lol@) = -p-ad +J(B r -aro)ne dr0+fa (Blro-aro)n e Mar,
B
.0 & .
n 2 n
+ - -
fa(B r aro e dr0 + fa(BSro aro) e dro
o A
"0
o0 9 - —
n
+f (P 4ro-arro e dro (4.60)
B
o L I S s = s
= «5-a+40-2a +2cx(e 8+e 6+e 4+e 2)+32e 8+24e 6+l6e 4-i-8e 2

T T ———
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The optimal @* which satisfies ﬁg(a*) = 0 is easy to obtain and equals

16,10. The optimal thresholds {xl = }304?, i= 0,1, 2 3} are obtained
i+l

from a%,

Case 2 (p = 0): There is no dependency on the past, Therefore the opti-

mal policy is to find a fixed strategy such as a critical state k¥ We
definitely replace it on entering state k%, To represent a* as a func-

tion of p:

R i (4. 61)

where N is a random variable, For the fixed k¥, we have:

ki#=1
B 2 B.r?- p

1%
a*(p=0) = — (4.62)

If we use the same strategy for the case when p % 0, then it is easily
seen that the average reward per unit time is a*(p = 0). As the optimal
strategy should not work worse than the above strategy which is opti-

mal for p = 0, we have:
a¥(p) > a¥(p = 0). (4.63)

With our replacement policy structure, the independent case will have
the minimum average reward per unit time, To find the k* for the in-
pendent case, we have only to look for the maximum of the average

reward rate which is a function of k.,




k- Fixed Replacement State

«59 -

Averapge Reward Rates

n

B-1

(5+4)8-5 & 1% 4

2+2+1
; (5+4+3)8-5_ .
? 2% 2rotl a0
Therefore, k* = 2 and we decide to replace the part on entering state 2,

TABLE 3

Linear Rewaréi Rate Case: The Fast Convergence of (@, £O((1))
to (a%, £0(a:17)). Use the Linear Interpolation Method.

p=5 d=1, n,= 2, nx 5, p.=5 B,=4, B,= 3, B.=2 By=1
e ’35 - 0. i 0 1 2 L 4

D First Second Third

Iteration Iteration Iteration

0.0 (13.40, 0. 0)
0. 25 (13, 82, -1, 098183) (13. 70, -0, 528967} | (18.59, -0, 00181 2)
0. 50 (13. 00, 5.802) {15, 00, =3. 375) (14, 25, -0, 0688)
0. 75 (14,96, 0. 115082) l (15. 04, -0, 237404) | (14, 985, 0. 004868)
1. 00 (16,10, =0. 005) ;
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TABLE 4
Linear Reward Rate Case: The Optimal Replacement Thresholds .
= F = T SE = T = = d
%* % *

P Ty T Ty ra
0.0 0.0 + + o +
0. 25 0.7 3.8 11.3 37.0
0. 50 £ Goih 8.7 22.5
0. 75 3.0 4.7 et 17.9
1. 00 4, 25 5. 36 8. 05 16.10

4,5 Constant Reward Rate - After Set-up (Alignment) Time

In practice, the time of set-up after each transition occurs is
finite, and this time should be included in the analysis of the model,

In fact, the inclusion of the set-up time generally causes major changes
in the results,

In general, the set-up time will be denoted by c. To begin with,
the reward rates after the set-up period will each be assumed to be con-
stant, For simplicity, we also assume that all P;=P and all di = d.
Similar to the constant reward case, the decision rules for the severely
deteriorated states are to replace it definitely, Therefore we can find
an optimal critical state k’*, By utilizing the stochastically increasing
property of f(ril r;_) the optimal rules on entering state {i + i<kx}
will depend on the observed duration {rj. 0< j<i=t}, The optimal

threshold {r;": k*-1 < i <n-2} will be infinite, We definitely replace
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\\ Figure 10:
[Linear Reward Rate Case,
‘\ Searching of a%*
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it on entering state k%,

In this section we will combine the techniques used in Section
t. 3 and Section . t.

Based on the problem statement in Section 4, 1, the optimal deci-
sion on entering state j must maximize the mean future reward until
the next renewal (the Principal of Optimality), i.e., £J.(a/), for a suit-

able @, we have :

N-1 _ N-1
£(@) = E[ ), Bi(ri-clu(ri-c)ir. ;]-p-aE[ ) rile, 1 -ed o (4.64)

1=] 1=)

The optimal decisions on entering each state will be found in terms of «,
and then the proper @* (for producing decisions which maximize L) is the

one for which the maximum :
Jig(a*) =0

The reward structure during each state (ri) for this case has the form:

s Rl B 1 GRS | i=

Efc(r)|r, , ] =0+ P[r, <c|r. 1] (4. 65)

+Bi(-c + Pﬁ[ri’ri_l, r. > c])e P(ri 6> C,ri-i)'

Optimization by dynamic programming begins with considering the
decision at the last step, i,e.,, when the system enters state (n-1).
There are two choices, to replace (R) or not to replace (R), with corres-

ponding values :
an_1 (@;R)= -« p - ad , (1.66 )

‘Bn-i (@;R) = [3n_1(-c+I€[ rn_1’ Theo Tnag> cl Je P(rn.1 > (’frn_:e)

- (I}‘T‘ rn_1 lrn-2] -p-oad o (4,67 )
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ftor £ 1((!), Consider the difference:
n-

n L3 By P R
n-l(rn—'g' Yh-t @)= “Ln-l(a'l\) “(n--l(a,’I )

-
{ (- a)rn—lf(rn-lirn-2) n-1

N
Se
T
]
Q
-
=
]
T
~
=
]
I
b J
]
Do
(oA
o3
=
]

D
* f Bn-lrn—lf(rn-l I rn-2)drn—~l
(e

i

%
B¢ j o } R L
c

i

> o]
({ ('a)rn-lf(rnuL l Tn- Z)drn-l

B £

n-1"n-1"""n-1 ’ r1'1—2)drn-1

+
ogﬁs

c
4 (J)‘ Bn-lrn-lf(rn-l ‘ e Z)drn-l

00

Bh-1€ f f(r,.1 | F e
C

o0
= (Bn-l"a) f rn-lf(rn-llrn-Z)drr\-l
0

ey

| - T L e - —— v — - ———e ——
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c

b { Bn-lrn-lf(rn-]v’rn-LZ)drn—l
0
it 8 L J 1(rn-l!rrx--2)drr1-1
c
27 3 o (4.68 )

Bne1Tnog Prop @
The —ji’ fori= 0,..., n-1, will have a form similar to that for (n-1)
except that Bo-1 is replaced with ,8.1 and:

o0
B.lr, wB,0)= [ G,(r)f{r;|r,_j)dr, ; (4.69 )

0

The integrand Gi of Zi has the possible forms as shown in Figure {2,

€, .

1 :

-

- > r,

é 1 s 1 o
_ PR, C 1
-oc ,\ e ; -acl__ \/
(a) B. <« (b) Bi > a

Figure 12:

Possible Shapes for the Integrand Gi :

Going back to Eq. (4.69), the decision function will always be negative if

'Bn 1 <, which requires replacement on entering state (n-1) if the sys-

tem reaches that state, Next we consider the decision on entering (n-2)

with the assumption that Bn-l < @, then An-2 is ¢

- T ———
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o0
’ [’ § i .
An-z(rn-fi’ '3n- > &)= (Bn—zra)bf rn-Zf(1 n-Z'rn-B)drn«Z

0
§ Bn—Z{) [min(c, rn—Z)]f(rn-ern—Z‘!)drn-Z

@) (4.70 )

Vo Y g Bl for all r if B o
n-2 n-3

This iteration may eventually reach a state (k-1) such that Bk—l S

where (k-1)¢e (0,1, 2,...,n-2), We have;

A A

2 -
kot To g P p @) = By (ry o By p @)

+ {Future Reward Before Renewal = Q}

,y} 1
(Bk-l““)g 1 fT 1 1 T 9)dry

0
‘Bk-l fo[min(c’rk-l)]f(rk-l|rk-2)drk_1
o0
- . N | 4
= be:k_l(xk_l)f(rk_ ’rk-2)drk-1 . (4.71)

The integrand Gk—l(rk-l) has the shape as shown in Figure 12(b).

which is convex on ol and increasing when re.1 > G Furthermore,

Ak-l(rk-z’ Bk-2’a) is convex on r from Theorem (4.10),

k-2

It is easy to see that Ak-l(rk 2) is an increasing function for large

T o° We pose a conjecture similar to the one in Section 4, 3.
*
Conjecture: There exists Ty 9 such that :

B 1) > 0 iff r

W STl T ™+ W ——
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and the optimal decision region

<r 1

TG

k-2 Tk.2

We now consider the decision at its previous state, i.e,, state (k-2), the

total reward until the end of the cycle is the sum of expected reward dur-

ing r, ., and expected reward after next transition., In a manner parallel

to the development of (4.70), we obtain:

A (

R v) =
k-2Tko3r Prog @ = By plr

ko2Tkog B o @

o0
tf By By @y pln_g)d
"kl

T2

k_2(1'}(_3) - Ik-2(rk-3) 5 (4.72)

where Kk 9 is convex on all Ty _3 and ir.creasing over large values of

Te-3" The second term (I 2) on the right hand side of Equation (4.72)

is stochastically increasing in T3 and convex on k-3 because :

o

Bt T

k-1 ) U(

Tk-2

is an increasing and convex function of Ty 9 from Theorem ( 4. 3) and

Theorem (4, 10).

As a sum of a convex function and a positive increasing convex
function, A (T ) is also a convex function of r . We use the
k-3" k-3 k-3
: 3
same conjecture”:

N

k-z(rk-3) > O lf{ rk-3 > I'k-3 -

qd rk_3>03A

and:

3See Appendix 1,
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When considering entering states (k-3), (k-4),..., (k=i), ..., ],
we repeat our argument shown above., We form the general recursive

equation for the decision funct.on on entering state (k-i) :

3 3 = ?
Ay i B p =8, 0 p B p @
» :
* 1 PpsaiPicp Pl il Ll g gMn o
I .
k-1 (4.73)

Here we use the same conjecture for k-i, i.,e,:

C oA

O,

k-i(rk-i-l} L0 (R T A -, T
and :

C, (@)= {r r

ki Keiol® Tkeiol S Troiot)

The maximal value of .fo(a), for fixed @, is obtained by finding recur-
sively the r;:: (i=01..., k,..., n-2) which maximize £O(a). Since
all the r;:'s for j> i are known when Ai+1 is to be maximized, ri* is
obtained by searching a zero crossing of a nonlinear function of a single
variable. Thus, the model is solved by the following algorithm: (see
Appendix 4 for the flow chart)

a. Guess an initial value for @ (possibly @* for constant

reward case with the same reward structure).
b. Find k, such that Bi < ek ey Dl Let

b

ro=w (1= Ksl, oevy n=

c. Find .1,’8(0') = max{L}, r;: (i=0,1,..., k1) by solving

recursive equations (4, 73).
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. O ; i ,
d. H ,LO(UH <c +0, stop computations, (let k* = k, o+ = a)

otherwise, estimate a new value for @ and return to b,

1.6 Conclusions

The optimal replacement of deteriorating parts based on the de-
terioration process described by a multivariate exponential distribution
was examined. For the constant reward rate case, the optimization pro-
cedure does not benefit from the history of deterioration, However, we
do utilize this knowledge to optimize the linear reward rate case and the
constant reward rate after set-up time case,

Numerical examples show that the average reward per unit time
for certain reward structures is an increasing function of the correla-
tion p. Due to our assumption that the transition times are directly
monitored, the prediction of the future after each transition should de -
pend on the history and the correlation between the past and the future,
The theory we suggest is that if the correlation increases, then the
certainty of the future also increases. Therefore, the optimal policy

is more efficient as the certainty of the future increases.
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CONCLUSIONS

Multivariate exponential distributions have been introduced 1nto
both downtime modeling and deterioration modeling. The one based on
the sum of the squares of multinormal variables is selected here,
because of its physical motivation and analytical simplicity.

The sums of multivariate exponential variables are found to well
approximate the frequently used lognormal downtime distribution, ex-
cept for the third and fourth moments, If the subsidiary times of a down-
time can be characterized as exponential variables, then the lognormal
distribution, to our judgment, is used just for the purpose of expediency.

Several dependence properties are developed for this particular
kind of distribution., The monotonicity-preserving transformation was
applied by Barlowand Proschan[2] to the reliability theory., Here we
have introduced the convexity-preserving transformation to problems
in the same area.

Different reward structures such as constant, linear, and set-up
cases are considered for deterioration modeling. Only incomplete re-
sults have been found concerning the conjecture that there is at most
one zero crossing of the decision function. However, we have shown
that there are at most two zero crossings. Also the numerical exam-
ples have all demonstrated that we have only single decision threshold,

Areas for further research include both extensions of our results
to gamma marginal distributions and nonstationary correlations,

[t could also be interesting to consider systems of more than one

component, i, e,, correlations exist both in parallel and in series,
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The scheduling of inspections for systems in which degree of de-
terioration can be observed only through inspections is difficult but
challenging.

We modeled downtime and deterioration separately, It is interest-
ing to consider them together. The time to carry out replacement of the

deterioration modeling can be a downtime process.
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APPENDIX 1
PROOF OF THE ZERO-CROSSING THEOREM

The conjecture concerning the zero-crossing properties of the decision
functions in Chapter 4 is proved here in a more general form. Let the
durations in states 0,1,2,..., n-1 be denoted by For Tpoeees rn_l and as-

sume that r., 0, < i< n-1, are a Markovian sequence with stationary
3 2

probability transition function:

f (ylx) = £ (y|x) = f(y|x)

i1 &

for all 2 <i < n-1, where frl'r (y|x) is given in Equation (4. 17); note that

n is not necessarily equal to ng- As we have already shown this conditional
density function is TPJJ and it preserves convexity when used as a kernel in
an integral transformation. We also assume that at state i the replacement
cost and time, i.e., P, and d.l are non negative random variables independent of
rj, 0 <j<i-l. The reward rate at state i is again assumed to be equal to
B.lc(t) where c(t) is a nonnegative function and Bi > Bi+130 for 0<i<n-1,

= 0. The problem is tc find the optimal stopping time N which, for a
o P P

fixed ¢ > 0, maximizes:

:

N-1 i N-1
E{ ), B [ e®ydt-py-a@y+ ) r)] , (Al.1)
i=0 0 i=0

where N depends only on ro 0<i<N-1. Because of the Markov property,
an equivalent problem is to find the optimal decision rule which requires
that the part be replaced upon entering state j iff rj-l € C'J. (). In this
Appendix we give a sufficient condition under which cj(a) has a very simple

%
form, namely C’j(a) =[O0, rj-l Yo We need the following definitions and
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theorem about the variation-diminishing property of total positive kernels.
All the material is taken from Karlin [ 17) with only slight changes.

Let h(t) be a function defined in [0, ) and let:

S™(h) =S™[h(t)] = sup S~ [h(t}), hit,),..., hit )], (t € [0, »), mis

m
arbitrary but finite, and S~ (xl, Xpr enes xm) is the number of sign changes
of the indicated sequence, zero terms being discarded.

Let k(x,y) defined on [0,%) x [0, ) be Borel-measurable and assume
that the integral fk(x, y) d i (y) exists for any x in [0,»). Here p re-
presents a fixed siogma-f'mite regular measure defined on [0,®) such that
i (U)> 0 for each open set U for which Un[0,) is nonempty. Let h be bounded
and Borel-measurable on [0, «), and consider the transformation:

0

g(x) = (Th)(x) = [ kix,y) b (y)d & (y)
0

Theorem (Al.1l) (Theorem 3.1 on p.21 of Karlin [17]):

KE k is TPr and satisfies the integrability requirements stated above, then:

S™(g) =S (Tf) < S™ (h) provided S™ (h) < r-1 .

For the case in which h is piecewise-continuous, if S-(g) = S-(h) < r-1,
we further assert that the values of the functions h and g exhibit the same
sequence of signs when their respective arguments traverse the half line
[0, %) from left to right.

Theorem (Al.2) Let h(y) be a Borel-measurable function such that
2m

[h(y)| <a+ by for some a > 0, b > 0, and positive integer m. Let:

o
gx) = [ hy) f (ylx) dy
0

where f (ylx) is the conditional density function of r. given £ Then:




A S

iy S8 (g)< 8 (h),
(ii) there exists a' and b' such that |g(x)|< a'+ bt x 2™ X
Proof: We can write:
(s &) -
5 2m. T |
g(x) = | [h(y)/ (@+by )] f(y|x)duly)
0

dikiy) = HBEy T dw

It is clear that:

o0

J £ yl% du(y),
0

exists for all x € [0,») and that h(y) / (a+ byzm) is bounded. Since f(y!x)
is TP_, by the above theorem S (g) < S (h). Next consider:

o0 €0
2
lex) < [ Ihy)] fylx) dx <a+b [y*™ f(y|x) dx ,
0 0
? 2
but it is a well known fact that fy = f(ylx)dy is a polynomial of
0
degree at most 2m [33], therefore (ii) is established.
Going back to our problem o1 (Al.1l). If we assume the reward rate
function c(t) is a non-decreasing function not growing faster than a certain
polynomial (e.g., a constant, a linear function in time or either of the two

after set-up). Then:

w(t)A tfc(t) dt,
0
is a continuous convex function, w (0) = 0, and growing not faster than a
certain polynomial. We shall also write E(p.l+ ad.l) = e.l(a) 202 )X i< Hs
By using the dynamic programming approach to solving this optimiza-

tion problem we have the following:

y
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(@R) =E(-p__, -ad_|r )=

L n-1

n-1

Sy Rl 2BIE, Gw e ) -at
= E:wn-lw <rn-l) -arn-llrn-z ] n

L ) =E[B, Wiy y)-er ylr 5]

n-1 n—l(a' 'n-2

and in general , 1< j<n-2:

£j (a, R) = -ej(a) 5

£j(a'R) = E [BJW(rJ) - arj
+max (£ (@R), £, (@, R))| 1]

= E[fyw(r) - ar; - ey @) +A,) @ Ir_) 1,

where for 1< j < n-1:

A.(a) =A. : =£. (@R) - £ (a,
J(czr) J(ar,l‘J_l) £J (@, R) £J (e, R)

+
:E[ij(rj) - arj+ (Aj+1 (@) Irj—l] + ej(a) - ej+l(a) s

and (x)+ =max (0,x) . Then the optimal decision rule upon entering

state j is: (i) to replace the part if Aj(a, rj-l) < 0; (ii) not to replace if
=0.

Aj (a, rj-l) > 0; (iii) either one if Aj (a, rj-l)

Theorem (Al.3): Let o be fixed, @ > 0 . If the following assumption are

satisfied:
(i) B'\ZBHl' 0<i<n-1, ano ’

c(t) is non-decreasing and bounded above by a polynomial,

(ii)

(iii) the sequence ej(a). l<j<n, is convex and non-decreasing, i.e.,




e

16~

°K b3
i &
-t ej+l) / 2, then there exist 0 < rg <¥,

J

< e

3 5
ej__ j+1 and e, < (e =

e

£r 3 < ® such that the optimal decision rule upon entering state j is:

b 3
(i) to replace if rj-l < rj-l : and (ii) not to replace if rj__1 > rj_1
Proof: Starting with the (n-1) th state, the difference in expected reward

of replacing and not replacing the part given past observation is:

A L @=E[G _jlaer  PIr 5] .

where:

) - ar

crn-l(a"rn-l)zﬁn-lW (rn-l n-1

-en(a)+ e -1 (o)

Since w(r ) is a continuous convex function, thus G (ay T ) is also
n-1 n-1 n-1
continuous, convex, bounded in absolute value by a polynomial, and by
assumption (iii):
v, 8} = )- ) %

b (er, O) e -1 () en(a, < 00

This implies that Gn-l (@, r) can have at most one sign change, i.e.:
S ‘Gn-l (a, rn-l)) b

We will now prove the following lemma which we shall need later.

Lemma (Al.1): If h(y) is continuous, convex, bounded in absolute value by

a polynomial, and h(0) < 0, then:

0

g(x) = [ hiy)f (y|x) dy,
0

is also continuous, convex, bounded in absolute value by a polynomial, and
must belong to one of the following three categories:

(1) gix)> 0 forall x>0

(II) g(x) < 0 for allx > 0 except with a possible zero at x = 0,




==

* x
(III) there exists a unique x , 0 < x < o, such that g(x) > 0

for all x > x’é< and g (x) <0 forx < x* except for a possible

zero at x =0 .
Proof: That g(x) is continuous can be verified by examining f(y|x) of
Eq. (4. 17) directly. Since h(0) < 0, we have S™ (h) < 1, thus by Theorems
(4.9) and (Al.2) g(x) is convex, bounded in absolute value by a polynomial,
and S (g(x)) SR E L S (g) = 1, then there exists a unique x* where the sign
changes, furthermore, S™ (h) must be equal to 1. h(0) < 0 implies that
the sign of h(x) is first negative then becomes positive as x goes from 0 to
©, By the second half of Theorem (Al. 1) this holds for g(x) also, thus
g(x) is in the third category. If S_(g) = 0, then either g(x) > 0 for all x > 0
which is in category I or g(x) < 0 for all x < 0 and with strict inequality
for some x; by convexity, g(x) is in category IIL. H

We will now resume the proof of the theorem. Since Gn-1 (@, T)

)

satisfies all the requirements in the above lemma, thus An-l (as ro_2

belongs to one of the three categories defined in the lemma. Therefore we

% *

can choose for each category, ro.2 where: (I) o o2 0; (II) S
and (III) r;_z =x . It is clear that this decision rule is optimal because
for all r > 0

n-2 —

A ( J>0 <0 if >0 (or < &

A a,rn.2 > (or <0) i .rn_z_rn_2 {or rn-Z)'

At state n-2, we have:
o0
& @=f[B. ,wir )-ar_+(A (@) +e (o)
n-2 0 n-2 n-2° n-2 n-1 n-2

_en-l(a)] $ (rn—Zl rn-3) < rn-Z !

and:




g

An_z(a, I') - An—l (a»r)

(e)

1
O-—8

+
[Bpz- By )Wl + @A @t +e (o) -2 o

+e (@) ] f(t{r)dt .

With the assumption that 6n_2 > Sn-l : en_z(a/) -2 e .1le) te

1:henAn_2 (o, E) = A @, r) > 0 for all r,

n-1

Similarly, for 1<j<n-3:
K -
A5 - A () =Oj[(sj-ﬁj+l ) w () + (A (@)

+
- (8 @) tej (@ - 2e; (o) +e, ()] fit|r) dt ,

+1 j¥2
therefore

A). fa, v} > & (@,r) forallr>0 if

jtl

(O’)>O>
n "

Aj+l (a,r) > Aj+2 (@ ,r) for all r 2 0. By mathematical induction we

have proved the following lemma.

Lemma (Al.2): Under the assumptions of Theorem (Al. 3)

Aj (a, r) > Aj+1 (¢, r). for all r > 0 and for I<j<n-2.

The relation between Aj () and Aj+l(a) is summarized in the following

lemma:

Lemma (A1, 3): If Aj+1 (ay rj) possesses all the properties of g(x) in

)

Lemma (Al. 1), then so does Aj (e, r}..1

Proof: By definition:

o0

+
A). (a, r) = fO[ij(t) -ot + (Aj+l(a,t)) +e;(a) “eiy (@] f(t|r) dt.

(Al. 2)
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Since A)-+1 (a ,t) is assumed to be convex, so are (Aj+l(a,t))+ and the
integrand of Eq. (Al.2), thus Aj (a, r) is convex. In addition, Aj(a, r)is

continuous, bounded in absolute value by a polynomial.

o

If AJ._H(Q) is in category I, i.e., Aj+l (@) > 0, then by Lemma (A1, 2)
. : ; A L ’s
Aj () > Aj+1 (@) > 0 is also in this category. If J+l(ar) is in category Il
or 1II, then Aj+l(a'0) < 0. Therefore the integrand of Eq. (Al.2)att =0

is equal to:

ej(a) - € (a) _<_0 ’

j+1
by assumption (ii), thus the integrand satisfies all the requirements on
h(y) in Lemma (Al. 1). By the same lemma, Aj (ary rj- 1) has all the properties
of g(x). |

Since An_l(a) possesses all the properties of g(x) in Lemma (Al. 1),
Aj(a) also has all these properties by the above lemma. We choose r?
according to the following rule: If A. (@) is in category I then r;k_l =0.
If Aj (o) is in category II then r;:_l =00, K Aj (o) is in category III then

b3

rj_l

* %k
> rj_1 . It is obvious that the decision rule based on rj_1 is optimal at

is chosen as the unique zero-crossing point where Aj(a, r)> 0 for

>": . . . . . . .
state j; thus rj, for 0 < j < n-2, gives us a decision rule which is optimal.

s
K

% *
By Lemma (Al.2), if rj =0 (i.e., category I) then r. = 0 st 0 < rj <®

j-1
” (i.e., category III) then by the fact that Aj (@, r) > Aj+l(a' r) > 0 for
* * * * * *
all r > r. we have r. <r.. If r. =, then obviouslyr. , <r.. This
] g J FETEd
completes the proof of the theorem. I
L Corollary: If E(pi) = E(pn) and E (dZ) = E(dn) for I<i =< #, then

e.l(a) = en(a) for 1<i<n and the theorem holds.

Remark 1: Theorem (Al. 3) holds for the special cases discussed in

R —————,
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Chapter 4 with conntant replacement cost andt time throughout all the dif-
forent atates.

Remark 2: In the proof of Theorem (Al.3) we have relied heavily on the
stationarity of the probability transition function and assumption (i) and (iii)
to keep the number of sign changes of the decision functions not greater than
one. However, if the conditional density is allowed to be nonstationary and
the only requirement is that c(t) is non-decreasing, discarding assumptions
(i) and (iii), then Aj (@) is still convex but may have two nontrivial zero-

crossing points.
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APPENDIX 2

COMPUTATIONAL ASPECTS OF LINEAR
REWARD RATE CASE

In our computation of integrals, the interval for "Simpson's Rule"
is 0.1. The lowest standard deviation we have considered is 0.5. There-
fore,we have a good approximation to the integral by the " Simpson's Rule."
The memory requirements are low. The minimum 86k memory
is enough. But the integrations are very time consuming, because there
are a few nested DO-loops that we have to carry out. For each cycle in a
nested DO-loop, the main program has to call the Bessel function sub-
routine. This subroutine takes about one millisecond before it returns
to the main program. Therefore, the computation is very costly even
for a fixed value of @ . We cannot put another DO-loop for a .
The method of search for o is to guess an initial value for o* (say ai) :
then the second value for a* (say aZ) will depend on the sign of -zz)(al).
Hence we have 'ZO (01) and ,[O(QZ). we can use linear interpolation to get
a good approximation of &*. The following is a FORTRAN program for our
problem, where n =5, [30 =15 (31 =4, ﬁ2= 3, B3 =02 ﬁ4 =1, [35 =0

ei(+)=25it < p <

DIMENSION D4(200), D3(200), D2(200), D1(200)
DIMENSION Z4(200), Z3,(200), Z2(200), Z1(200)
DIMENSION V(200), Y(200)

D=1.0

THE REPLACEMENT DURATION

P=5.0

THE REPLACEMENT COST

R = 0. NNNN

THE CORRELATION ROO

F = NN. NNNNNN

THE BRENDER'S PARAMETER "ALPHA"

=1, /(2. -2. *R)

A

R*A

SQRT(R)/ (1. -R)

5 e | ) S

QW P»

a




10

15

17

16

25

24

59

~ 7

36

87

THE PARAMETERS FOR THE CONDITIONAL DISTRIBUTION
2. 0%F*(1.0-R)

8.0%(1.0-R)**2

8. 0*%R*(1.0-R)

T=R*F

S=R*x2

THE COEFFICIENTS OF REWARD DECISION FUNCTIONS
R3S=(-(Q-T)+SQRT((Q-T)+*2-4. O*S*(H-G)))/(Z. 0% S)
KK3=(10.0)*R3S-1.0

FIRST ZERO CROSSING

Be 15 =1, 2008

V(I)=0. 1*(I-1)

DO 5 K=1,200

D4(K)=0. 01*SH(K+KK3)#% 24+(Q -T *(K+KK3)*0. 1 +H-G
W4=A%((K+KK3)*0. 1)
X4=E*SQRT(0.01%(I-1)*(K+KK3))

CALL BESI(X4,0,BI,IER)
Y(K)=D4(K)*A*EXP(-W4)*BI

CONTINUE

SIMP=0.0

DO 10 M=1,197%, 2

SIMP=SIMP +(0. 1/3)*(Y(M)+4.*Y(M+1)+Y(M+2))
CONTINUE

Z 3(1)=SIMP*EXP(-((I-1)*C*0. 1))

D3(I)=0. 02%S*(I-1)%*2+4(2. 0%Q-T)*(I-1)*0. 1 +2. 0*H-G+Z 3(I)
CONTINUE

DO te6 I=1, 200

1F (D3()) 16,17, 17

KK2Z2=]

SECOND ZERO CROSSING

=200

CONTINUE

DO 35 I=t, 200

DO 25 K=KK2, 200

W3=A*K*0. 1

X3=E*SQRT(0. 01%*(I-1)*K)

CALL BESI(X3,0, Bi, IER)

Y (K)=D3(K)*EXP(-W3)*BI

CONTINUE

SIMP=0.0

DO 24 M=KK2,197,2

SIMP=SIMP+(0. 1/ 3)(Y(M)+4. *Y (M+1)+Y (M+2))
CONTINUE

Z2(I)=SIMP*EXP(-((I-1)*C*9. 1))*A

D2(I)=0. 03%S*(I-1)%* Z+4(3. 0%Q-T)*(I-1)*0. 1+3. 0*H-G+Z 2(I)
CONTINUE

DO 36 I=1, 200

1 (D Z(T)) 36, 37,37

KK1i=I

1=200

CONTINUE

G=
H=
Q=

- ——— T ——— T




45

44

55

57

56

65

64

101

& =

DO 55 I=1, 200

DO 45 K=KK1, 200

W2=A*K*0. 1

X2=E*SQRT(0.01%*(I-1)*K)

CALL BESI(X2,0,BI,IER)

Y (K)=D2(K)*EXP(-W2)*BI

CONTINUE

SIMP=0.0

DO 44 M=KK1,197, 2

SIMP=SIMP +(0. 1/3)*(Y(M)+4. *Y (M+1)+Y (M+2))
CONTINUE

Z1(I)=SIMP*EXP(-((I-1)*C*0. 1))*A

D1 (I)=0. 04%S%*(I-1)**2+4+(4. 0%*Q-T)*(I-1)*0. 1 +4. 0*H-G+Z1 (1)
CONTINUE

DO 56 I=t, 200

IF (D1(F)) 56,57,57

KKZ=I

I=200

CONTINUE

DO 65 K=KKZ, 200

W1=0.05*%K

Y (K)=Di (K)*EXP(-W1)

CONTINUE

SIMP=0.0

DO 64 M=KKZ, 197, 2

SIMP=SIMP+(0. 1/3)*(Y(M)+4. *Y (M+1)+Y (M+2))
CONTINUE

ZZ=SIMP*0. 5

RW=-P-F*D+40-2. 0*xF+ZZ

WRITE (6,101)(RW, KK+, KK2, KK1, KKZ)
FORMAT (5X, F10. 6, 5X, 14, 5X, 14, 5X, 14, 5X, 14)

WRITE(6, 111)(V(I), Z 3(I), D3(I), Z2(I), D2(1), Z1(I), D1 (1), I=1, 200)
FORMAT(5X,F4.1, 3X, F10. 4, 3X, F9. 4, 3X, F9. 4, 3X,F9. 4, 3X, F9. 4, 3X, F9. 4)

STOP
END

g - v R g

T TR e .
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APPENDIX 3

FLOW CHART OF LINEAR REWARD RATE CASE

Initialize P, P1.P2.- Py _1aPsflgellyse-- ol

Number of states = n+i

l Initialize a L‘\

4

i=n-1 l

Compute Zi

Fompute &, Decide ¥y }
[ {Equation (4, 5,6))

|
1o ?
=i~
yes

Compute £ (a) = -1-ad+2,(0)+ fr A (rg)f(rg [0)ar,

| Increase
a

Decrease
a

T o | = A i - ) — : —
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APPENDIX 4

FLOW CHART OF CONSTANT REWARD RATE
AFTER SET-UP TIME CASE

Start )

]hidaLK)Bo,ﬁi,ﬁz,.4.,ﬁn_1,p,n0,ni,...,nn_1l

Number of states = n+1, kFrecision = €

L

I Initialize @ |le=

K = min {i: (a-ﬁi)> O}l
L= Kel |

LCompute Ai, Decide r"ii‘_1 (Eguation 4. 73)

oC
| Compute £ (a) = -p-ad +2,(0) + rf*Al(ro)f(rOIO)dro |

e |

Print k*, I.S(a’-"), a*
and ri:(i=0, 2,2, %=1}

a

Increase

i Decrease
a

<

pov
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