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is the ~~ riance o f t h e  input  clutter d i s t r ibu t ion . ~ = 4~2 ~ = L n ( v  Z0) and
Z0 ~ the  normalized clutter residue threshold . Z0 is defined as

~~~(I = rQ~ l /2I j , ., vhere r0 is the threshold of the res idue  voltage. i~ ~ 
is the

median clutter  ampli tude at the input to the MTI and I is the MTI improvement
factor

We also show that for large improved signal-to-clutter ratios the proba-
bility of detection for a fluctuating target  is

exp (- Z0/4- 1~

where ~ is the si gna l- to -c lu t t e r  ratio at the output of the MTI.
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Mu Output Detection Statistics for Target
Plus Log — Normal Clutter

1. INTRODUCTION

Generally, analyses of the detection statist ics for  targets  immersed in c lut ter~~~
6

do not inc lude  the effect  of an MTI on the probabil i t ies  of detection and fa lse  a l a rm.

This is cer ta in ly acceptable  for targets  immersed  in Rayleigh clutter , because the

clutter output f rom the \ IT I  is still R~iv 1eig h . except wi th  a d i f f e r en t  va r iance .  How-

ever , it is unaccep tab le  for l o g- n o r m a l  c lu t t e r .  That is . if the input  to the MTI is

log-normal ly d i s t r ibu ted  the  r e s i d u e  I t  the ~sIT l  o u t p u t  is not log-normal ly d i s t r i bu t ed .

In this report we wi l l  thel ’t t I I r’ ’ der ive  the  detec t ion  s t a t i s t i c s  for the  output  of a two-

pulse . \ lTi  cance l l e r , when the input  to t h e  \ I TI  c o n s ist s  of t~~r~ et p lus log-normal ly
d i s t r ibu ted  c lu t te r .  Because of the m a t h e m a t i c a l  (050 9 1 5 X t t \  we shal l  l imit  our

anal yses to the two-pu l se  cance l ler , hut  the gen e i - . i li z a t i on  to the N - p u l s e  cance l l e r

is conceptual l y s t ra i g h t f o r w ar d .
(Received for pub l i ca t ion  17 . l u g u s t  I 9 7h )

N 1 i r c u m . J. , .111 ) 1 ~~We c l ing ,  P. ( 1 960) - t u (h i e S  of t a r g e t  de tec t ion  ~~ pulsed I-a la r ,
I R E  Trans .  In fo rm.  T l)c orv .  IT-6 .

2. Trunk, G. • and George . 5. (1970)  1) 1- t ee t ion ( II  t a r g e t s  in non-Gaussian sea
clu t ter . IEEE Trans.  Aerosp .  E l e c t r o n .  Svst.  AE S -6 : 6 2 0 .

3. Schleher . 1). (19 75 )  Radar l)etection in L o g- N o r ma l  ( ‘ lu t t er .  p resen ted  at the
I E E E  m t .  R a d a r  (‘onf.

4. Fante,  H. ( 1 9  1 P robab i l i t y  of de tec t ing  a f l u c t u a t i n g  ta rge t  immersed in both
noise and clut ter , I E E E .  ‘l i uns. Aero sp .  E lec t ron .  Sys t. A~~~

-l :7 11- 16.

5. Trunk , U . ( 1 9 7 1 )  F u r t h e r  resu l t s  on the detection of ta rgets  in non-Gauss ian
sea clut ter . I E E E  Trans .  Aerosp .  Electron.  Syst.  AE S-7:553.

6 . Barton , I) . ( 1 9 1 5 )  R a d a r s ,  Vo lume  5, . \ r t t ’ch  l louse . Dedham , \ IA .
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As a model for our canceller we shall consider the q u a d r a t u r e  channel  system
shown in Fi gure 1. For purposes of review we will f ir s t  der ive  the res idue  proba-

bi l i ty  I lenSity function for the case when the clutter  amp li tude is Ray leigh. We will
then consider the more dif f icul t  case of log-normally dis tr ibuted clut ter , and will
der ive  single-hit  detection statistics (that is , probabilities of false a la rm and detec-
tion) for the cases of a constant target and a Ray leigh d is t r ibuted  target .

r~~~i1~01 I
I I +

IN PHA SE 2
CO~~ ONENT N

(TARGET+ ‘.~ LAW
CLUTTER)

BANDPASS 
—

EQUALIZER

+

E r2ox 2+y 2

DELAY

~ AR~~T +  

~f~E~~LIIIIIJ~
Figure 1. Quadra ture  Channel Canceller

2. ANALYTICAL PRELIMINARIES

The return at t ime t from a target immersed  Ei c lut ter  can be wri t ten for
narrow-band signals. as

z(t)  = S exP [J(W d t + 0)] + C exp [J(@ 0 t + 4 i)~ ( 1)

where s and Q are the ampl i tude and phase of the voltage produced by the target . Wd
is the doppler frequency of the target, C and L’ are the  amp li tude and phase of the

voltage produced by the clutter and is the dopp ler f requency of the clutter. At

a later t ime t + T  the received signal can be written as

6

— - .— .- — , —— .—.— ,=—.-——— —,-— —-——.——-.-—-—..— ..——-—- , ~0~’~~~~~~~ 
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z ( t + T )  = s’ exp [)w d (t + T  + iO ’] + C’ exp 
[~
W0 t+T) + ill’’] (2)

where s ’ and 0’ are the target voltage ampl i tude and phase at t ime * t +  T. If we

assume that the target ‘ a ampli tude and phase do not vary from pulse-to-pulse, so

that s ’ = s and 0’ = 
~~
. we then can readily see that the output of a two-pulse  can-

celler is

A = z ( t )  - z ( t + T )  = 2 s  sin —~-—— exp + W d t + _4-. T -

+ (C ~~~ - C ’ e~~~~ ) exp (j ~~0 t) . (3)

\~ e now assume that T = i r /w d. set ~ + ~
)
d t = 2 n r. and also assume that there is no

clutter motion , so that = 0. We can then wri te  the in-p hase and quadra tu re  com-

ponent s of ~ = r exp (3 0 )  as

r cos 0 = 2 s + C cos ~/i - C ’ cos ~p ’ 
(~)

r sin 0 = ( ‘ sin i~t’ — (‘ ‘  s i n4 ’ ’ . (5)

Our  task now is to de te rmine  the probabil i ty densit ies of the residue amp li tude , r ,

and pha se 0 . in t e rms  of the probabil i ty distr ibutions of the target and clutter.  We

will f i r s t  consider t h e  r a the r  s imple case when the in-p hase and quadra tu re  compo-

nents  of the c lut ter  are g a u s s i an  random variables , and then proceed to the more

comp lex case of log-normall’  distr ibuted clut ter .

3. RAYLEIGH CLUTTER

Let us study the case when the clut ter  voltage amp litude is a Rayleigh random

variable.  This implies that the in-p hase and quadra tu re  components of the clutter

are joint-gaussian random variables. Let us rewrite Eqs. (4 ) and (5) as

x r cos 0 = 2 s  + C - C ’ , (6)
x x

y a r sin 0 = C - C ’ . (7 )
y y

Then if C ,  Cy~ C~. C~ 
are zero-mean gaussian random variables we can write their

joint probability density as

C’ ~ C(t+T). 4’’ = 4 ’( t - 4 - T ) .

7
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C .  C~ , C
’ = (2~~u 1

)2 (1 -p~)~~ exp 
{ 

- 

2a~~~( l  - p 2 ) 
[ ~~ 2 

+

+ C~~
2 

+ c ’2 - 2 p 1 C~~
(’
~ 

- 2p
~ 

C C
l ] }  

, (8)

where

<C_
C ’> ~~C_

C ’
S

>_ _ _  = _ _ _

O~
2 

= ~~~~
2
> 

= ~~ \
2
> 

= < (~
/2
>

In wr i t ing  Eq. ( 8) we have as sumed  thet  the in-phase and qu a d r a t u r e  components are

uncorre la ted . The ius t i f icat ion for this assumpt ion  is given in Beckmann.  ‘ The

probabil i ty dens i ty  of (x, y)  keeping s fixed is then given by
b

p(x, y Is ) = J d C ’ j 1 1 (
1 p IC = x-2 s + C ’, C = v + C ’, C ’, C ’ 1.

x ,~ 
y c L x x y y x V J

Upon substituting Eq. ( 8) into Eq. (9 ) ,  and pe r fo rming  the in tegrat ions , we get

2 2( x - 2 s )  + y
P ( X .Y  5) - .  —- —---,-——— exp - 2 

( 10 )
4 i r u j ( l - P )  4 ( 1  - p 1)a1

We now recall  that x = r cos 0, y = r sin 0. Therefore  p ( r , 0 I s) is
r r2 +4s 2 _ 4r s c o s 0\

p (r. 0 s)= 2 exp — (  2 . ( l f l
4 1T 0

1 
(1 p 1

) 
\ 

4a 1 ( 1  - -p 1
) ,/

If we integrate  Eq. ( 11)  on 9 from -IT to IT we then get

r r 2 + 4 s 2 / r s  ~p (r  s) = 2 exp - 2 10 I 2 . ( 1 2 )
2a 1 (I - p 1) 4a 1 (1 -p 1) (1

7 . I3eckmann . P. ( 1 9 6 7 )  Probability in Communica t ion  Engineering,  Harcourt ,
Brace, and Jovanovich , New Vork.

8. l)avenport , W . ,  and Root , \V . (1958) Random Signals and Noise. McG raw-Hill
New York.

Note  that s is the signal level assuming the target r e tu rn  is solely at f requency  ~
If, as is often done, the target  si~ nal is uniformly averaged over radia l  ve1ocitie~ ,

then we must  replace s by s / ( 2 ) 1’2 in2 Eq . (12) .  and a 2 by ~ 
2 / 2  in Eq. ( 14) .  The

factor  of 2 comes from averaging sin (a~~T/ 2 ) .  0 0

8



Equation (12 )  is the probability densi ty of the res idue amplitude for a constant

target  amplitude. If the target  ampli tude f luc tua te s  and these f luc tua t ions  obey a

a probability density

Pt
(s) = —s- exp ( 2a 2 ) (13)

we find that

( 2
r exp~~— 2

~ 
4[a~ ( l - p 1) +  2a I

p(r) = f  p (rls) p(s) ds = 2 2 
° 

‘ 
( 14)

0 2Ea~ ( l - p 1) + 2 a 0

The quantity ( 1 - p 1) 1 has been defined by Nathanson 9 as the clutter improvement

factor  I. Consequently, for Ray leigh clutter , we see from Eqs. (12)  and (14)  that
the effect  of the two-pulse canceller is to reduce the clutter variance by the clutter
improvement  factor  I = ( 1 - p 1( T )] ~~~. The results  in Eqs. ( 12) and (14) are not

unexpected , and have been presented only for completeness.

4. LOG-NORMALLY DISTRIBUTED CLUTTER

In order to consider the case when the clutter is log-normally distributed let
us write C(t) = exp(~) and C

’ = C(t + T) = exp(x ’) , so that Eqs. (4) and (5) become

r cos 9 = 2s  + eX cos — eX ’ 
cos 4’

’ , (15)

r sin 0 = eX sin q’ — eX ’ 
sin 4” .  (16)

\Ve now assume th at ” x. x ’. 4’ 
and 4’

’ are jointl y d is t r ibuted  gaussian random
variables .  That is , if we def ine  y 1 = x. y9 = 4’, yQ = X ’ and y4 = 4” their  joint

8probabi l i ty  densit y is given by

9 . Nathanson , F. ( 196 9) Radar  Design Principles, McGraw-Hi l l, New York.

No te , that th is  d i f f e r s  consider,abl y f rom Ray leigh clutter.  In that case
C
~ 

= exp(x) cos 4i, C~, = exp(x) and 4’ and so on , were gauss ian  random variables.
Here, it is ~ and 4’ themselves which are 

gauss ian.9



exp 
~~~~~~ 

A nm ~~n <~~0>~ 
(y~~ -

p(y 1. y2, y3’ y4
) = 

( 2 r ) 2 A l 1 / 2  ( 1 7)

where

A 1 A 14

A 41 . . . .  A
44

A = - 
<YO>~ ~~m

A l  is the cofactor of the element A in the de terminant  I A I  of the covariancenm nm
mat r ix , and K > denotes an ensemble average. The form of the probabili ty distribu-
tion of the residue amp litude , r , and phase 9 ,  for the genera l  case when x. x ’ 4’

and 4’
’ satisfy Eq. ( 17)  is exceedingly complex. The form of these results  can be

simp lified considerably if we make the following assumptions :
( 1)  The mean phase ang le of the clutter re turn is zero. ‘chat is ,

< 4 1 >=  ~~4” > = 0 ,
(2 )  The phase 4’ and log-amplitude X are uricorrelated . That is,

= <4’
- < (4 1>)>  <4 1>  = 0,

( 3 )  The correlation funct ion p (T) is the same for both the
log-ampli tude and phase f luc tua t ions .  That is ,

< ( x — < x > )  (x ’ — <x ’> )> = a~~
2 p (T),

< 4 1 4 1
’

> = a41
2 p I T) .

In those cases where the aforementioned assumptions may be made . Eq. (17) re-
duces to

p( x, x ’, iP 41’) = p 1(x , x ’) p 2 (4 ’ 4’’) (1 8)

where

exp — 
[(X K x > ) 2 - 2 p ( x - < x ~~ (x ; - < x~~ )  + (x ’- < x ’> ) 2]

2a ( I - p
I _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _— 2 2 1/ 2( 1 - p

(19)

10



exp _ _ _ _ _ _ _ _ _ _ _ _ _ _

p 2~4” 41 ’ ) 2a 41 ( 1 — p  ) (20)

2ir a41
2(1 ~p~)112

and the ranges of the phase angles are  -00 � 41 00 and -~~ � 41’ ~ 00 • Ordinar i ly,
we l im it the phase to the in tervals  - I T  � 4 ’’ ~ IT , -iT � 41 � IT , ra ther  than to the
range -

~~~ to ~~~. If we do this , we have sho~in in A ppendix A that for p ’  1, Eq. (20)
becomes

I I  1 1 ) 2
exp — ‘

~~ 
~~

‘ 

24(1  -p ) a ,
p 2~~’, 4’ 3/ 2  1/ 2  • (21 )

4 I T  a
4’

(1-p )

where now -r � 4/ � iT , -~~ � 41’ � iT .

Now that p (x , X ’, 41’ 41’) is known , the next step is to determine  p(r , 9 ,  x ’, 4’’l s) .
In order to do this we first define x ’ = Ln v and set <~ > = <x ’> = Lii 

~ 
Also

we use Eqs. (15) and (16) to express x and 41 in t e rms  of r , 9,  v and 4” for a g iven
signal level s. We get

x = - ~~e n g ,  (22)

2 2 2 ‘g = [ r  + 4 s  + v  + 2 r v c o s ( 6 - 4 ’ ) — 4 s r c o s 9 - 4 s v c o s 4 1 j ,  (23)

4i a h = tan I r sin 0 + v sin 4’ ’ (24)k r c o s 9 - 2 s + v c o s 41’ 5

and

d x d41 d X ’ diP ’ = 
r dr ~ o

g
dv diP ’ 

. (25)

If we use the results of Eqs. (2 2 )  to (25 )  in Eqs. (18) to (20) we find , assuming that
the correlation coefficient p ’T) 1.

p(r , 9 , v ,4” ls) = r exp 1 
~
2- [ (L

n~~~~
/ 2  

— L n j~
._.

~
_

o /

+ 2(1 - p )  Ln~i Ln - _

~~

_ } i~~’~’ ~ p)a
~

2 a41 g v ]~~~.

(26)

11



Finally, we obtain the probability density for the residue, r (holding s fixed)

p(rls)= 
2(2r)512(1

~~
p)a

~
2a

4/ 
J d41’ J d O  

00

exp {— 4 ( 1~~p

1
)a

X
2 [,(

g 1/2 
- 

2 
~ 2 ( l -p )  Lnt Ln

— 2 (h~~41l ) 2
~ . (27)

4a
4’ 

(l-p )

In order to perform the integration s in Eq. (27 ) we first realizc that because
1 - p  0 the quantities ~4a 2 ( 1 -p)i~ and [4a

4’
2 ( l - p) ]~~ in the expox~ential are ver~’

lar ge. Consequent ly the integrand is extremely small unless (Ln 4_~ —

and (h 
~4’ 

? ) 2 are quite small. This condition occur~ only for v > >  r and v > >  s, so
that we may expand (h _ 4 1

I
)
2 and (Ln — Ln j~!~-) in a

, 
Taylor series in the small

quantities n v  and s /v . If we ignore nig her order terms in these small quantities

we find

h-il’’ ~~sin(9 -41’) + ~~~~ sin i/ i ’ , (2 8)

— Ln~~L~ -
~~ cos ( 9 -4 ” )  _ ‘~~~! cos 41’ , (29 )

g v 2
. (30)

If we now use Eqs. (28) to (30) in Eq. (27) ,  and fur ther  assume, for mathematical

convenience, that

a 2 
= ~~ 2 

= a2 (31)

we obtain (again ignoring higher order terms in r / v , s ly)
i T :  00 r 2r r , dv I 1 I rp(r s)~~~~ 5/2 ~ 

j dO J di,l’ j  —~ exp ~~ — 

~~ I ~~2(271) ( l - p ) a  -i~ -IT o v 40  ( i - i ’ ) L V

+ 4 — !. ~ f  cos 9 + 2(1 -p) Ln
2 

~~ —] ~ 
. (32)

12



The 41’ integration in Eq. (32) is t r ivial , and the integral on 9 is immediately

recognized as the definition of the modified Bessel funct ion I
~

(. .. ). Conse~~uent ly,

if we do these integrations, and then make the t rans format ion  of variables

y i~ 0
2

/v 2 we obtain 
00

p(rls) = 
4 ( 2 i T )~~

2 a 3 ?1 2 ( 1 - p )  f  d Y I
0 E 2 ~~~~Y ]

exp 
40 2(1 -p) [(r

2+:s2) 
~ 

+ ~~~~ Ln 2 . ( 3 3 )

Finall y, we def ine  new normal ized  residue and signal variables

r (34)
2~ a (l -p)

0

S = 1 2 
( 35)

2~ a ( 1 - p )
0

in te rms <i f  th i s, new variables Eq. (33) assumes the simpler f o rm

p ( R I S ) = 1/ 2  J dy I 0 (4S Ry) exp {— (R 2 + 4 S 2 ) y  - 
£n 2

y }

(36)

0 � R � ° ° .

Equat ion (36)  is the normal ized two-pulse  canceller residue-ampli tude distr ibution
for  a constant  target immersed in log-normal  c lut ter .

We can also obtain the residue probability density for a f luctuat ing target. For
*examp le , suppose the target fluctuations have a probability densi ty (0 � s < 00 )

= —i exp (— 2u 0
2 )

~ 
(37)

‘ We empha size that S is the signal level assuming the target return is at Wd onl y.
If the target were uniformly averaged over radial velocities we would rep lace S2

by S4 /2  in Eq. (36 ) .  Likewise in Eqs. (39 ) and (40) , we would rep lace a 2 by

a 2 /2.

13 

- ---- --- — —--- - —- . ---- -- - - - - - - -- . — - -— —- .-. - . ---- - . 
~~~~- — —



Then in terms of S

4 ( 1 - p h )  2~,2 2 ( l - p ) ~~ 
2~~2 s2

Pt (s) = S exp — 

~~2 
° 

. (38)

U pon mul t iplying Eq. (36 ) by Eq. (38) and then integrating on S from 0 to 00 we obtain

~ 2 2
00 .P R y ~n y

p (H )  = - 1 /2  

dy exp 
k l + 4 y y  8u ~ (39)

(2 ii ) ~ 0 l + 4 y y

where

0 2

2 2 (4 0 )
2 ( 1 - p l i j  a

Equation (39) is the p rohabi l i ty  density of the normal ized  two-pulse canceller-
residue a m p litude for a f luc tua t ing  target immersed  in log-normal c lutter .

For mathemat ica l  convenience we next assume that the residue voltage is passed
throug h a squa re - law detector.  If we define the o utput of the squa re - l aw detector
as z = i~

2 and also d e f i n e  W = S2 then , for a constant target, the square-law de-

tector output amplitude satisfies a probability density function

p ( Z I t \ ) =  
2a( 2IT )~~~

2 ~ 
dy I

0 [4 y (ZW)~~~
2] exp 

F 
(Z+4W)y . (41)

For a fluctuating target, the square - law detector output  Z has a probabili ty density

p ( Z , ~~ = 

2(2r)U20 

dy exp — 81 
• ( 4 2 )

Before presenting numer ica l  results , it is informat ive  to express 1., W and y
in terms of the clut ter  improvement  factor , I. In A ppendix B we show that I is
related to the variance, 02, and correlation coefficient  p. of the log-amp l i tude
fluctuation as

I= 2C~~; 2 
1 

(43)4 2a (l-p )

14
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w h e r e  CA is the c lut ter  a t tenuat ion factor , as defined by Nathanson 9. Consequently,
w e can wr ite Z = H 2 

= (r
2
/2i~ 

2) 1  W = (5
2 /2 1) 2 ) I and y = (a ll) )2 I, where 17

0
is the  median clut ter  amp li tude at the input to the two-pulse  canceller.  Thus y
represents  the improved signal to median-c lu tte r  ratio for a fluctuating target at
the center doppler frequency Wd = IT / T .

The integral  in Eq. (42 )  has been evaluated  numer ica l ly for a number  of differ-
ent values of y ,  and the results are presented in Figure  2. We observe that the
target free (y = 0) r es idue  probability density funct ion has a very different behavior
th an that for  the case of large s ignal- to-clut ter  ratios (y> > 1). This will be clearly
evident in the next section, where we evaluate p ( Z , y )  in Eq. (42) approximately.
Similar results for the case of a constant target (that is, from Eq. (41)) are shown
in Figure 3.

It is also important to obtain results for the probabilities of false alarm and
detection. The probability of false alarm is defined as

00

Pf = 5 dZ p ( Z , y = 0) , (44>z
0

and for a fluctuating target is plotted in Figure 4 for the case when 0= 0.707.

‘0

a L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Figure 2. p ( Z , V)  for
a=O .707
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The probability of detection is defined via

= ~~~dZ p (Z , y ) ,  (45)

where p (Z , y )  is given by Eq. (42) . Results for 
~ d are plotted in Figure 5. for the

case when a = 0.707.

~~~~~~~~~~~~

~~ i I
10 00 1000 10000

y~

5. APPROXIMATE FORMULAE FOR A FLUCTUATING TARGET

In this section we will present approximate formulae for p (Z , v)  Pf and
When the target is absent (y = 0) it is possible to evaluate ‘Eq. (42 )  for large values
of the norm alized residue, Z. by the method of steepest descent. The result is

( Z  O) e I ___________
\ 1r 2 (

~ 

\ l/ ~~ (~ -~~n~~
4 

p y _  ‘
~~~~ \ ‘iTi +~~n e Z - ~~n~~) \‘j77J)

ex~~{_ _ !
2 ~~~i

2 

[
~~~

_
~~n~~

] } , (46 )

where v = ~ ~
2 and ~ = e + Ln ~‘ Z. A comparison of results obtained from Eq. (46 )

with the exact computer evaluation of Eq. (42 )  is given In Table 1. for the case when
a = 0.707. Observe that Z >  1, Eq. (46 ) is a very good approximation to Eq. (42) .

17
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Table 1. Compa rison of the Appro ximate Result  in Eq. (46 ) \~ ith the
Exact Evaluation of Eq. (42)

Z p ( z , y = 0) — from Eq. (42 ) p ( z , v = 0 ) —  from Eq. (46 )

0.1 1.2512 0.9 131
0. 3 0. 6456 0. 6667

0.2134 0.2197
3 0. 0517 0. 0528

10 0. 006669 0. 006760
30 0. 000634 0. 000639

100 0.0000275 0.0000276

300 9. 294 X 9.294 X 10~~

For Z-~00, Eq. (46 ) can be approximated by the simpler form
1

p(Z , 
~
‘ = 0) -I 

liv exp {— 
_~~!~- Ln 2 

p Z . (47)

Thus , even fo r Z ’ 0 0  the residue pdf is clearly not log -normal , al though it has a
relatively slow dropoff rate which is a characteristic of the log-normal.

Next we consider the pdf when the output signal-to-clutter ratio is large. When
~/ > >  1 we can again obtain an analytic approximation by ignoring unity in compari-

son with 4 v y in the integral in Eq. (42). The result is

p(Z , y > > l ) ~~ ~~~~ 
exp (

~~
) . 

• (48 )

Results obtained using Eq. (48) are compared with the exact evaluation of the

integral in Eq. (42) in Table 2. Note that the agreement is quite good provided
Z~~< 4 y 2.

A comparison of Eqs. (46) and (48) clearly shows that the nature of the residue

probability density function is quite different for large values of target-signal to

clutter ratio than for the case when the target is absent ; in the former case the pdf

is exponential whe reas in the latt er case , it is a variant of the log-normal.
We have also obtained simplified expressions for the probabilities of false

alarm and detection. For lar ge thresholds (Z0 >> 1) we find

1/2 1/ p  1 2
Pf~~ ( l +~~~

l
-~~n)~~~ (‘i4ç) exp { _ ~~ [/3 - Ln (/3 - L n /3)]

(4 9)
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B

whe re ~3 = £n u ’ Z )  and t = 4 0 2 . Comparisons  of the results  obta ined  using Eq. ( 4 9 )
w i t h  exact compu te r  calculat ions of Pf a re  given in Tabl e  3. \A c observe tha t  the
agreement  is excellent .

Table 2. Comparison of the Approximate Resul t  in Eq. (48 )
W ith the Exact Evaluation of Eq. (42)

v = 1 O  y = 1 0 0

p ( Z , y )  p ( Z . v)  fro m p (Z , y )  p ( Z . y) from
Z exact Eq. (48) exact Eq. (48)

0. 1 0 . 0237 0. 0250 0. 00248 0. 00250
0 .023 1 0. 0243 0. 00248 0. 00249

10 0.0186 0 .0195 0. 00242 0. 00244
100 0. 00222 0. 00205 0. 00194 0. 00195
300 0. 0000245 0. 0000138 0.00118 0. 00 118

1000 0. 000207 0. 000205

Table 3. Comparison of the Exact Values  of Pf With the
Approximate Results Obtained Using Eq. 49) for
0 = 0 . 7 0 7

________ 

Pf ( exact) P f (approximate — from Eq. (4 9)

314 1. 0001 )< 1. 0070 X
740 1.007 2 X l0~~ 1 .0120 X l0~~

1591 1.0013 X lO
_ 6 

1. 0044 / 10 6

When  is sufficiently large and p = 4a 2 is of order unity, we can approximate
Eq. (49 ) further as

Pf~~(P Z0) 1~~~(2 n Z0)~~ 
- 

~~exp ~~~ £n 2 Z~~ . (50)

It is interesting to speculate what results we would have obtained if we had
simply assumed that the residue clutter dis t r ibut ion were log-normal , with the same
var iance as the input c lut ter  distribution, but with the median level squared , 

~ 
2

divided by the clutter attenuation factor C A = 1/2. Then upon using Eq. (30) in
2 2Reference 4 , with ~ ~ 

replaced by 2 17 / 1, we would find

19
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r i

P1
0 

~
) 

1 / 2  exp 2n~ Z0~ 
(51)

A co mparison of the result in Eq. (51) wit h the exact results for Pf indicates that

this is a poor approximation, and leads to threshold levels which are incorrect by

a factor of 2 or more.

Finally , for large values of the equivalent signal-to-clutter ratio , y ,  we can

derive a suitable approximation for 
~~~ 

Thi s is

exp 
~

_ -
~
-
~ 

. (52)

where Z0 is the threshold required to give a specified value of P1
. A comparison

of results obtained using Eq. (52 )  with exact computer calculations of 
~ d is given

in Table 4. We see that Eq. (52) is quite accurate whenever v is suff icient ly larg e

tha t  
~ d > 0. 05. Because this is usually the regime of interest , it is evident that

Eq. (52) is a useful approximation.

Although we have plotted numerical  results only for a = 0. 707 , it is clear that

Eq. (49 ) and Eq. (52 )  can be used to obtain results for other values of a. Some

typical  results are shown in Figures 6 to 9. Observe that the detection statistics

depend strongly on a.

Table 4. Comparison of Exact Computer Calculations of 
~ d 

With the
Approximation in Eq. (52)  for a = 0. 7 07 -

Pf = l0~~ Pf = lO~~ Pf = io
_ 6

____________ _______ ________ - 

~ d ~ d
(e xact)  (Eq. 52) (exact)_ — 

(Eq. 52) (exact)  (E q. 52)

10 0. 00103  0. 00039 0. 0000203 9. 24 X lO ~~~
30 0.0773 0.0730 0.00248 0.00210 6.52 > 10 -6 1.74 •~ lO

_ 6

100 0.458 0.456 0. 1589 0. 1572 0.0192 0.0187
300 0. 7698 0. 7698 0. 540 0. 540 0. 266 0. 266
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6. I)ISCt~SSIO~ S

It is ra ther  interest ing to compare  the  detect ion s t a t i s t i c s  for l og-no rma l ly

dis t r ibuted clut ter  with those for Ray le i gh c lu t t e r .  Suppose we assume tha t  the

m e d i a n  c lu t te r  level is the same for both the l h i v l e i g h and log—norma l  c lu t te r  r i - t u r n s ,

and we also use the same definit ion of 1’ for the Ray leigh dis t r ibut ion as for the  log-

normal  case. That is . we again def ine  y = (U~ 2 /1) 2 ) 1 , where  I is the c lu t t e r  im-

provement  factor . If we a s sume  that  the res idue  vol tage  in Eq. (14 )  is passed

throug h a square  law detector , def ine 1(
2 = r 2 l/2 ’ r )  

~~~ 
and then in tegra te  the resul t

to obtain 
~ d and Pf~ we find that for a f luc tua t ing  t ar l ,~et immersed in Ray le igh dis-

t r ibuted c lu t te r

~ ~n P
exp~ 2 (53)

( 2 -y~~
1 +  20 1

l o r  Rayle igh-dis t r ibuted  clutter 0 l~ 
< n i l  7

~ 
are related via ~ 

2 
= 2. 7725 a~

2
.

Consequently Eq. (53) becomes

= exp { 
i ~~ ~ 

. ( 5 4 )

The result in Eq. (54) is p lotted in 1-’igure  10 for a probabil i ty of false alarm ,

P f of io 6 
. Also p lotted on the same f igure  is the probability of detection for the

case when the clut ter  is log-normally dis t r ibuted , with the same median va lue , i
~

as for the Ray leigh clut ter , and var iance ~
2 

= 0. 5. We note that , because the

signal-free res idue pdf and conoequently the th reshold , is very d i f fe ren t  there  is a

considerable d i f fe rence  in the probabili ty of detection in log-normal  as opposed to

Ray leigh clutter .

Our discussion here has been limited strictly to the case of a single hit (that

is , a single output f rom a two-pulse cancel ler) .  If the target  and clutter  outputs

remain nearl y perfectly correlated f rom pulse- to-pulse  then the M-hi t  probabil i t ies

of false alarm and detection are the same as those  for one hit.

We have also limited our discussion to the t w o - p u l s e  canceller.  The extension

of our  analysis to an N-pulse  cancel ler  is straigh t fo rward  but extremely laborious,

and will  not be pursued  here.
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7. ( ( ) ~~CI,( SIO~~S

Wi have derived the output  probabili ty densities and detection statistics for a

two-pu l se  canceller  when the  input  to the canceller consists of a t a i - g e t  immersed

in log-normally d is t r ibuted  c lut ter .  -We have shown that , even with the target

absent , the output residue is not log-normal ly d is t r ibuted  but has a probabili ty den-

sity which can be approximated by Eq. (46)  for large values of Z = r 21/277 2 This
d i s t r i b u t i o n , however , does have a relat ively slow dropoff with the consequence that

a relat .vel y high normal ized  threshold~ Z0, is required in order to achieve a given
probahii i ty  of false a l a rm.  This threshold is much higher for log-normal  clutter

than it is for Ray leigh c lu t ter .

F inally , we again emp hasize that our definition of signal power level  always

assumes  tha t  the re turn is strictly at the center frequency Wd = fliT. For an average
2 2over radial velocities we would replace s by s / 2  in Eq. (12 ) ,  Eq. (36),  and so on.

Similarly in l-~qs .  ( 1 4 ) ,  (39 ) ,  (40),  and so on . we would rep lace ~~~ by a~~
2

/ 2 to

inc lude  the effect of the velocity average.
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Appendix A

Derivation of Equation (21)

We consider  the p robah i l i ty  density g iver .  b y Eq. (20)  which  is def ined for t~i

and q ’  ranging from -
~~~ to ~~~, and rea l ize  that if w e  l imit  the rang e of the phase

f r o m  -r to 11 then the probabi l i ty  of the  phase ly ing in d~ i dv ’’ about (t <L’, I// ’), where

i/i, i/i ’ are  now limited to the range -a to a , is equa l  to the probabi l i t ies  of ( i4’, qi’)

in Eq. (20 )  ly ing in diji d~/.’’ about (~~
, -i- 2 nfl, 

~
/,‘

‘ + 2 m f l )  for all possible integers

n a n t  m. That  is

p~~~, ~~~
‘) 2 exp ~~~- 2

1 
2 + 2 n  r - - 2 m a) 2

2ra~, ( 1-li  ) n=-~ m=-~ ( 2a~, ( 1 - p

+ 2 ( l - p ) ( ~ + 2 n ~~) (~~‘ + 2 ma ) ]  } . (A l )

where  ~ i ~nd q~~
’ now lie between -a and a . Now if the correlation from pulse to pulse

is high , as is necessary for good MTI operation , then p 1 1 )  1 , and consequent ly

2 ( 1 - p ) a  2 <<  1. This means that  in Eq. (A l ) t h e  term exp ~ -)~~i - = 2 a

20
q, 

( l - p 2 ) I is negligible except when n = in. Therefore Eq. ( - \ l )  becomes

P(~~~~~
l ) 1

2 172 exp 
~ (~~~~~l)

2 

~~~ exp ~~- ~~~~~~~~~~~~~~~~~~~~
2 a ( 1 - p  ) 2u~, ( i -p  ) n= -~

(A2)
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The sum in Eq. (A2 )  can be performed , approximately, and for p 1 we then find

from Eq. (A2) that

p(~’, ~~~ 3/2  1/2  — exp ~~ - 
(~~~~~~(, l )

2~~~ 
, (A3)

4(a) ( l - p )  a~, ~ 4 ( l - p ) a ~, )

where now -a ~~ 1// ~ a and -a � li” � a, instead of their  original range -0o ~ ;ti � ~o

and -00 IJ I ’ 00
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Appendix B

Clutter Improvement Factor for Log-Normal Clutter

The ensemble averaged residue power for a two-pulse  canceller, when clutter-
only is present, can be written as

< 1r1 2> = <~ C e~~ - C ’ ~j~~’
1

2
> ( B l )

Upon recalling that C = exp(X), C’ = exp(X ’) we can rewri te  Eq. ( B I )  as

<In 2> = <e 2X 
+ e

2X ’ - 2  Re eX + X ’+ ~ ~~~~~~‘) >  
, (B2 )

Because x and ~ ‘ are gaussian random variables we can use the wel l -known r e su l t
that, if ~ is gaussian, then

<exp ~> = exp{ <~> + - <~~>~
2

> }
If we normal ize  the clutter power so that * <exp 2 X >  = 1, and use the a fo r en i en -
tioned result we find that  Eq. (B2 ) becomes

<I r 1 2
> = 2 ~1 - Re exp 

[<~+~ ‘>÷~ < [ x - < x > +  x ’- <x ’> +

____________ (B3 )

This imp lies that <~> = - , where a
~ < (x - < x > )  >

29



If we now use our previous assumptions that <x ’> = <x >~ < /i ’> = <111,’> = 0

x and ~J, are stationary , and the fact that (x> = 
~
a
~
2 we find that Eq. (B3)

becomes

< 1r 1 2
> = 2 1 - exp 

[~~
a~

2 + < (x - < x >)  (x ’ - <x ’> ) >  - 
<~~~~

2
> + <~ ~~ ]~(B4)

I pon recall ing that < ( x  <x> ) (x ’ <x ’> )>  0 
2 p ( T) , ~~ 

2 <~ =

p ( T) ,  and finally using our previous assumption in Eq. (31 )  that = 0~~, 
= a

we may r e w r i t e  Eq. (B4 ) as

<~ - i~ > = 2 ~l - exp [ - 2 0 2 (1 - p)~~ . (B 5)

lf we remember  that the average gain in a two-pu l se  cancel ler  is 2 we f ind that

the c lut ter  improvement factor  I is

1=  
1

2 
(B6)

I - expi- 2u (1 - p) ]

l inall y, because p 1 we have that  20 2 ( 1 - p)~~ ~ 1. Therefore we may expand

exp~ - 2u 2 ( l  -p ) )  in a Tay lor series to obtain

I~~ 2
1 

. (B7 )
2u ( l - p )

30

<~~~•


