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ABSTRACT
\~/

Chapter 10 of a monograph on a Dynamic Theory of Production Correspondences
is presented . A network of correspondences is defined and properties are
investigated . General technical coefficient form of network correspondences
are introduced and sev~.ral special structures are considered with algorithms
for computing creedy’T- histories of input and output rate histories .
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CHAPTER 10

*DYNAMIC ACTIVITY ANALYSIS

In the previous chapters the dynamic model of production has been

abstract. For application of the concepts developed , the structure of

production has to be made more explicit. The most direct way of doing

this is to consider production as being carried out by a finite number

of mutually supporting activities. In general form , each activity

may be taken as an abstract production correspondence in order to

investigate the structure of a production network. This structure can

be made more specific for application by taking the production structure

of each activity to be represented by technical coefficients which can

be allowed to vary in time for such phenomena as “learning ,” or programmed

technological change. It will be seen that in this way a dynamic production

correspondence may be formulated for such widely different production

activities as construction (e.g., shipbuilding) and Job shop manufacture .

10.1 General Form of a Production Network Output Correspondence

Let N denote the number of distinct activities in a production

system. For the purposes of the treatment in this section these activities

are taken as primitive elements. Denote them by A
1,A2, . . . ,  AN

An initial activity A
0 is added as a source of exogenous inputs , and

a terminal activity AN~~ 
is included to collect all end products.

The outputs of an activity may be intermediate or final, or both kinds

of production. Spare parts are an example of the latter . All output

*This chapter is in part a revision and extension of R. W. Shephard ,
R. Al—A yat and R. C. Leachman ’s “Shipbuilding Production Function ,”
in QUANTITAT IVE WIRTSCHAFTSF ORSCHIJNG , Mohr , Tubingen , 1977. 
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histories , whatever the purpose of the product , are here taken as

elements of a vector of a conunon function space (L
~,
)
~ 

, where m

denotes the total number of all kinds of products.

For notation :

x C (L~,)~ is a vector of histories of available exogenous input

rates. (n inputs.)

x . c (L )n is a vector of time histories of allocations of x
01

to the production activity A . (i = 1,2, . . . ,  N)

V~ e (L~,)~ 
is a vector of histories of net output rates provided

by the production activity Ai 
(i 1,2, . . .,  N)

V . .  c (L )
m is a vector of time histories of input rates to A .

13 3
of outputs of A . (i = 1,2, . . .,  N) , (j 1,2, ...,  N) , as

intermediate product input , and V i N+l 
is a time history of

net output from A
1

v . : = (
~

‘ v .~) c (L) is a vector of time histories of total

input rates of intermediate products to A . (i 1,2, . . .,  N)

By (~) is denoted a sum with V .~ excluded . The vector V .

of time histories of output rates of A~ is taken as net of

With the foregoing notation , the dynamic production correspondence

of A . (i 1,2, . .. ,  N) is expressed by

C L )
tm

(10.1-I) (x 1,v1) c ~~~~ 
x ( L )

~ 
-

~ IP .(x~~~v~) c 2 
+ 

.

The input rate histories v~ are exogenous to A . .
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For the activity A

N
(10.1—2) x < x

1=1 °

is an assumption of strong disposal of input histories for the production

network. In the case of the activity 
AN÷l 

which merely collects the

net outputs,

N
(10.1—3) VN+l : ~ 

Vj N+l

A producing activity A~ (i = 1,2, ... , N) does not necessarily receive

intermediate product inputs from the outputs of all the other producing

activities , and none of the outputs of A . need necessarily contribute

to net outputs. The possible transfers of intermediate products are

defined by an incidence matrix lw .. I , where w .. = 1 if V
13 13 1

contains an output history which may be used to supply intermediate

product input to A . , j ~ i , j ~ N + 1 , or final output for

and otherwise ~~~ 0 , (i = 1,2, . . .,  N) , (j  = 1,2, . . .,  N)

If A~ sends output to 
AN+i ‘ 

W
j N+l 

= 1 and otherwise w1 N+l 0

Assumption of Essentiality of Exogenous Inputs: 1P.14.1

The exogenous inputs for an activity A1 are

(l’L l.-4) globally essential and input rate strongly

limitational for V~ , (i — 1,2 N)

• ~~~~~~~ ~~~._

17
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The output of an activity may he intermediate product entirely, or

f i nal prod uct entirel y ,  or a combination of both. It must be possible

that V
IN÷ l is positive in some component on a subset of positive

measure for  some (i = 1,2, ... , N) , otherwise the production system

may not yield any net output.

As a s imp le illustra t ion , consider four  producing ac tivi ties

represen ted schematicall y by nodes 
~~~~~~ 

,Ø , , as illus tra ted

below:

V15

The d irected arcs (12), (24) and (34) show the transfers of intermediate

prod uct inputs. To this system has been added a node as source

fo r  exogenous inpu t f lows , and a node to collect net output flows .

The direc ted arcs (01), (02), (03), (04) show exogeneous input flows

to the producing nodes , and the direc ted arcs ( 15) , ( 2 5 ) ,  (35) and (45)

show possible net output flows . These two sets of arcs are labelled

in accordance with the notation defined above . Obviously such a directed

graph representation of the activity structure of a production system

can become quite complicated .

~(- .‘.~~. -. — ~. • ~~~~~~ -
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Returning now to the ge n e r a l  treatment , the output correspondence

for the entir e activity structured production network is denoted as

bef ore b y

( L ) ~
(10.1—5) x c (L)~ -* ]P (x)  c 2

where IP(x) may take several forms depending upon assumptions made

as to disposability of outputs and inputs for the correspondences (10.1—1)

of the activities A . ( i = 1,2, ..  . ,  N) . In the case of free dis-

posability of inputs and outputs

~~(x)  : — ~u C ( L )  : u 
~ 

V
i M÷1~(~~~

’ V~
1) 

c ~~~ ~~~
‘ v~~)

(10 . 1—6)
N

(i = 1, 2 , . . . ,  N) , ~ x~ < x

i—i

This definition of the map set IP(x) of net output rate his’ories for

the entire production system is modified for scaled disposal of output

rate histories by changing the first constraint to

(10.1—7) u,~ = 

~~ 

(V
i N+l

)
n , 0 c [0 , 1] (

~ 
= 1,2, . . . ,  m)

for which ( ) denotes the ci—th component. In this case the corre—

spondences (10.1—1) for the activities A1, 
~~~~~• ‘  AN may or may not be

taken to obey property IP.ÔS. Further when [0,1] for

(cz — 1,2, . .. ,  rn) , a weak d isposal (common scal ing)  of o u t p u t  r a t e

h i s t o r i e s  Is o b t a i n e d , i r r espec t ive  of the o u t p u t  disposal assumpt ion

f o r  the a c t i v i t i e s  A~
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In the case of scaled disposal of exogenous input r:ite histories ,

the def inition of the map set IP(x) in (10.1—6) is modified by sub-

stituting

(10.1-8) 

~ 

(x
i). ~~- (x). , A . ~ [1,~~) , ( j  = 1 ,2, . . . ,  n)

for the last constraint. Property ]P.3S may or may not be invoked for

the correspondences (10.1—1) . When — A c [l ,+°°) , (j 1,2, . . .  , n)

a weak disposa l  of inpu t  rate histories is expressed ; but the input

d i sposa l  assumptions for the activities is not c ircumscribed .

The various forms of disposal of input and output rate histories

may be f r ee l y combined for the definition of IP(x) . The disposal of

intermediate product outputs is determined by the assumptions made for

th e correspondences (10.1—1) independentl y of those for the network.

No exp l icit allowance has been made for storage of activity outputs

(as intermediate products) or exogenous inputs. Provision for such

storage in the definition of the correspondence (10.1—5) , (10.1—6)

m.i~. be mad e as fol lows :

(a) Def ine cumulative histories (V
jj)k 

of output rates of

activity A . used as input to A . by

(10.1-9) (Vjj
(t))

k 
: j  (V jj(T))kdv (r) t c [O ,~~~)

for  (k — 1,2, . . . , m) and ( i — 1,2, . . . , N) ,

(j — 1, 2 , . . . , (N + 1) )

—~1
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(b) Def ine cumulative histories (xj. of exogenous input

rate allocations by:

(10.1-10) (~~~ .(t)). 
: =f (x .(r)).du .(T) , t [O ,~~~)

for  ( j  = 1,2, .. ., n) and ( i = 1,2 , ..., N )

Cc) Let v .~)) deno te f or ( i = 1,2, . . . ,  N)

the cumulative output histories of A . ob tained f rom

/ N
lx ., ~~~ V . .~~~ , def ined by:
01 

j=1 31/

~~~~~~ 
~ 

v ..)) 
= : V i = 

1~ l’~~~i~ 2’ ~~~~~~~~ (V .))

(10.1-11) (V i (t))
k 

: f(Vi(t))
k

dv
k
(t) , t [O ,~~~

) , (k = 1,2, . . . ,  m)

= ( ( V .)1, (V .)2, ..., (V)) ; V . ~~~~~~ 
~~~

‘ v ..)~ , 

-

• (i = 1,2 , ..., N)

(d)  Mod if y the second constraint of (10.1—6) to

N+l N
(10.1-12) (~

‘ 
~

.) ~~~~~~ 
~~~

‘ u ..)) (i = 1,2, . .. ,  N )

( e )  Let (01, c2, . . . ,  C (1 ,2, . . . ,  n) denote exogenous input

ind ices for  storable inp uts , and define cumulative availability

of these inp uts by



S

(10.1-13) (~~(t)) : = f (x(T)) d~~~ (T) , t C [0 ,~~~) , (j  1,2, . .. ,  S)

( f )  Modif y the last constraint of (10.1—6) to

N

~ ~~~~~~~ ~ ~~~~~ 
(j = 1 ,2 , ..  . , S)

i_i .1 3
(10. 1—l~~)

N

~ (x
i

) < (x) (j = (S + l ) , ( S  + 2) , .. . , n )
i=1 i 

— 

i

N ith these modifications , the map sets of the production network

output correspondence for free disposal of input and output rate histories

becomes:

W(x) : = ~ u c  ( L )  : u 
~ i=l 

V . N+l~~
(
~~ ~~ 

c i)
~~(w~~(x 01.  ~~~~~~

N
(10.1—15) (i = 1,2 , . .. ,  N )  . ~~ 

(i .)  < (
~

) , ( j  = 1 , 2 , . . . ,  S)
i 1  j 3 .

N

~ (x . )  < (x )  , (j = (S + 1),(S + 2), ..  .,  n)
1 1  3 3

Mod ification of (10.1—15) for strong and weak disposal of output rate

histories is made by introducing (10.1—7) for the first cu’straint as

bef ore. In the case of strong or weak disposal of input rate histories ,

one rep laces the last two constraints of (10.1—15) by

~ ~~~~~~~ = 

~~ ~~~ (j = 1,2, . . . ,  S)
j 1  3 ~~~

, 33
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~ (x . ) = (x) , (j = (S + 1),(S + 2), . . .,  n)
i=l j o . 3

wi th A c [l ,+co ) , for  (j = 1,2, . . . ,  n) , and in case of weak dis—

3
posability set A = A t [1 ,+co) , (j = 1,2, . . . ,  n)

3
In any practical case the constraints (10.1—12) and (10.1—14) need

some upper bounds on the net accumulations of intermediate products and

exogenous inputs. Bu t this is a matter of detail not considered at this

level of abstraction.

10.2 Properties of the Production Network Output Correspondence

It is of some interest to investigate the properties of a production

ne twork imp lied by the axioms for the dynamic produc tion correspondences

of the activities of the network.

If x = 0 , the constraints (10.1—2), (10.1—8) or (10.1—14) all

imp ly x~~ = 0 for (i = 1,2, . . .,  n) . Consequently by (10.1—4) it

follows for (10.1—6) that

N+lr v . . = 0 , (i = 1,2, . . . , N )
,3

and 
~ 

V I N + l 
= 0 whence IP(x) = CO } whether or not (10.1-7) is

used . If the contraint (10.1—14) is used in the case of inventories ,

the same result follows . Hence axiom ]P.l may be taken as a generally

app licable proper ty for produc tion networks. See Chapter 3, Section 3.1

for  the imp lication of the assumption ~~~~~~~ (1 = 1,2, . . .,  N )

_ _ _ _  _ _
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Concerning property ]P.2 for the correspondence (10.1—5), (10.1—6),

if the vector x of exogenous input rate histories is bounded (in the

norm), the constraints (10.1—2), (10.1—8) or (10.1—14) imply tha t the

vectors x~~ , (i = 1,2, . . . ,  N) , are likewise bounded . Then, since

x . spans an essential subse t of fac tors  for the correspondence (10.1—1)

which are globally essential and input rate strongly litnitational for

vec tors V . by 1P.~~.l , it follows that the sets ]P.(x
0~~

,v
~

) are

N+1
likewise bounded . Consequently ,  ii ~~~

‘ v1~ II is bounded , imp lying

N 
j=l

(
~ 

~~~~ is bounded . Hence ~~ (x)  is bounded . Thus property W.2

holds for the production network in all cases, including inventories.

See (10.1—15).

In regard to property IP .3 , if it holds for the correspondence

of each ac tivity , it clearly holds for the system correspondence. To

see th is , let u C ] P( x )  . Then by (10.1—6) it follows that

u 

~ 

V
i N+l 

,(N
~~ v .1) C ~~~~~~ 

~~~~~~~ 

v..) , (i = 1,2, . . . ,  N)

and

x < x .
o i =

Obviousl y u satisfies this system of inequalities when the last one

is modified to

N
< ~x , A t [l ,+co) .

1=1
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Consequently , u c ]P(Ax) and IP(x) C ]P (Ax) for  A c [1 ,-i-oo )

The same argument applies when (10.1—8) is used in place of the last

inequality of (10.1—6) or (10.1—7) holds , and also when inventories are

allowed . See (10.1—15). Thus property P.3, P.35 or IP.3SS holds

for the correspondence of a production network when the correspondences

of the activities correspondingly satisfy the same property.

A stronger property than P.3SS also propagates for the production

ne twork. Consider :

Definition (10.1—1):

(L_)tm
A production correspondence x C (L)~ 

-
~~ 

]P( x) C 2 = + exhibits

nondecreasing returns to scale iff ]P(Ax) J AIP(x)  , A C [O ,+co)

Then the following proposition holds:

Proposition (10.1—1):

If the correspondences of the activi t ies  of a production network

exhibit nondecreasing returns to scale , the correspondence of the network

has the same property.

Proof of Proposition (10.1—1) runs as follows :

Let

U C ]F(x) = ~u : u 
~ 

V . N+l~ (N
~~ 

~1) C ~~~ 
~~~

‘ 

~~ .

N
(i 1,2, . .  . ,  N ) , x < x

i—i °

Then for A c (0,+co)

• ~~~~~~~~ - -.-___________
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U C ~ ~ Xu : Au 

~ i-l 
A V
I N+l . (N

~~ 
A y
1.) 

c A~~~~(x0~~ 
~~~

‘ v11)

N
(i = 1,2, . . . , N ) , ~ (Ax

1
) Ax .

i—I

When the activities A . (1 — 1 , . .. ,  N) exhibit nondecreasing returns

to scale , the right side of the second cons t r a in t  may be expressed

~ P j (x i . 
i~~; 

~11) 
C w~~((Ax 1). 

~~~

‘

and then u ~ 4- ]P(Ax) or ~~( A x )  j  A ]P ( x )  . The same argument  can

be made for any weak disposal of inputs and outputs , i.e., (10.1—7),

(10.1—8), and accumulation of inventories since ~ 1(A P~(x~~ . 
~~~

‘ V
..)) =

A~~i(~~i(xoi~ ~~~~ ~1.)) . The case of ~ = 0 may be dismissed .

To continue with the axioms for a dynamic produc tion correspondence ,

property P. 4.1 is not applicable , because the output space (L)~

spans both intermediate and final prod ucts.

Concern ing property U’.4 . 2 , observe that if u c P(x)

~ j~~1 
V
I N÷l , (NP v11) 

~ ~~~~~~~~~~~~~~~~~~~ 

~11) 
(1 - 1,2, . . . ,  N )

oi —

l sing property ~‘.te .2 for the activities when 3 C (0,-+-~) , there exist

positive scilar., , (1 — 1, . . . , N) , such tha t

— -  -
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(N
~~ (0V

1.)) 
C ~~~~~~ ~~~

‘ V ..) , (1 = 1,2, . . .,  N)

Let A 0 = Max . Then , under weak disposal of inputs , i.e.,

axiom IP.3,

N+l N+l N
B 

~ 

V
i N+l with 0 

~ 

V~1 
C Pi(Aexoi~

A
e 

~~~

‘ v~)
Ci = 1,2, . . . ,  N)

and

N

~ A x  < A x .
e o i  0

i—i

Hence p roper t y  P.4.2 holds for the corres pondence of the production

network when it applies to the correspondences of the activities. Since

only a weak disposal of input histories was used , the argument obviously

applies when stronger disposals are possible. Also , the argumen t is

not essent ial ly a l te red  in the case of weak disposal of outputs .

When inventories are included one need only write

8 

~~~ 

V~~ C P
~~(P~ (A 0

X .1 A
0 

~~~

‘ 

~~)) (i 1,2, . . . ,  N)

in place of the second constraint and carry out the argument as before.

Thus property P.4.2 holds for the production network in all circumstances.

Next , concerning property P . S  f or the production network , the

generality of the latter is such that this property does not follow f rom

the same property for the corres pondences of the ac t ivities without

_____________________________________________________________________ ___________ _________ p

~~~[~1 ~~~ - -. -
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add itional assumption. For this purpose it is assumed either that ]P.2S

and 1P.5 Bis hold along with proper ty IP.5 for the activity correspondences

when the norm topology is used for  vec tors of ou tput h istories , or P .2 ,

*
P.S Bis and P.S hold under a weak topology for vectors of output

histories. In either case the correspondences

(
~~1~ 

~~~

‘ 

~~ Pj(x i. 
~~

‘ ~ (i = 1,2, . . . ,  N)

have compac t map sets so that the conditions for Proposition (2.1.1—1)

are fulfilled . Some alteration of the expression of the network

correspondence ( 10 . 1—5),  ( 10.1—6) wIll likewise be used . The constraints

(N
~~ v i.) c P.(x .~ 

~~

‘ v .~) (i = 1,2, . . . ,  N)

do not lend themselves to determine convergence of sequences

N N+l
~~

‘ V~~~ , 

~~

‘ 
~~~~ , ~ = 1,2. . .  . , because convergence

of V
~~ N+i canno t be inferred from compactness of the map sets

~~~~
(x

L 

~~

‘ 
~j) without free disposability of inputs , which

cannot be app lied when these map sets are compact. Therefore vectors

V1 N+l of net output histories from an activity A~ , (i 1,2, .. ., N)

will be considered distinc t from vectors of intermed iate product output

histories , by treating the activity correspondence as
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N N CL )~~x(L )
m

~~~~~ 
~~

‘ v
. .)  

C ( L ) ~ x ( L )  ~~ W j (x~~~ 
~~

‘ v.1) £ 2 
+ = +

(I = 1,2, . . . ,  N)

where all net output histories are components of vectors in a net output

space (L)~ , p a positive integer . For those activities which produce

the complete products of the system which do not serve as intermediate

products , this restructuring of the activity correspondences is no

restriction . When intermediate product outputs of activities are sent

to final output as spares, the alterations of the correspondences (10.1—1)

are a minor res t r ic t ion in that spares as f inal  outputs mus t be trea ted

as distinct from intermediate product outputs of the same kind and

de termined independen tly of the latter . Then the expression (10.1—6)

becomes

P( x ) : ~~~u c (L)~ : u~~ 
~ 

V
~~ N+l~ (V~~ N+l~ ~~~ 

C ~~~~~~~ 
~~~

‘ v~j)
(10.2—1) 

N
(i = 1,2, . . . ,  N) , ~~ x~~ < x

i=l

One additional assumption is made : that in this modified structure for

the activity correspondences , the two vectors , Vi N+l and

N

~~
‘ V~ 1 

are disposable by axiom ]P..6S, i.e., each vector is weakly

disposable independently of the other . This eminently reasonable

assumption is the essential restriction involved in the restructuring

described above .

• . . .
• . --~~~~

.. .- . ,
~~• . _ _ _
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It may be pointed out here , tor emphasis , tha t the produc t ion model

for network systems of producing activities is quite general. Cycles

are not excl uded , and alternative production activities in parallel are

possible.

To con tinue with the cons ideration of axiom P.5 for the production

network , let {x X } be an infinite sequence of vectors of exogenous input

histories converging to the vector x
0 

, wi th u~ C P(x n ) for all

= 1,2, ... and generating an infinite sequence {u°} converg ing to

u
0 

. Then , excep t for a finite number of elements of {X
n} , the sequence

{x ’t } is bounded (in the relevant norm depending upon the topology) and

accordingly under the same conditions a sequence is bounded

N ~j=1 ~

since ~~ x~~• < x~ and the input rate time histories are nonnegative .
i— 1

Hence any allocation sequence is bounded in the relevant norm
oi~

(exc luding a finite number of them perhaps), (i = 1,2, . . . ,  N) , and

consequently there exist convergent subsequences x
1 

. For the

subseq uence 
~~~~ 

consider the sequences 

~‘ V .~~~ rela ted to

(i = 1,2. . . .,  N ) . Th ese seq uences are likewise bounded in the relevan t

norm due to property P.}1.1 . Consequently, there ex i s t s  a subsequence

} C (~ 
} such that2.

! ~~~ 2.~ o %~~ o
L V . -

~~~~V . ,

~~~ 
ji~ 1 ~ o1~ oi

f o r  (i — 1,2, ... , N) . Now u i 
C imp lies

-~~~~
--— -- - - —-.~~~~~- ~~~~--~~~



—•/

17

( V .
~~N+l, ~~ ~~. ) ( a N aa N a

C P. x • ,  L V . , (i  = 1,2, . .. ,  N)9. 9. r~ 9.)
13 1 01 j i

j=1 j=l

with

N a
9.

u 
~ 

V1 N+l
i= 1

a N a
Since Vj~N÷l 

and 

~~~ 

V~~ are independently weak disposable (i.e., the

1 a  ‘~ N a
correspondence of A

1 
satisfies P.6S in the vector pair 

(V i
1
N+l~ ~

‘ V
j=l ~ 1J

a
9. 

1 ci N a
V I N+l C 

~ j l  
. .)  

, (1 = 1,2, . . .,  N)ip
(x
~~

, ~
‘ v~

Accordingly

( a  
N a~~9. ~~I v Q) (j=l ,2, ..., N)1,N+lc (c~~} j 1  

ji
U IF’1 x~~~~,

~ a N a9. r’ 9.) } is a convergent sequence , and hence compact ,Since 
(x 

. ,  ~~ v
~ 01 j =l

it follows by Proposition (2.1.1—1) that

I a  N a~~
U P 

~

x ~~~
, ~~

‘ V
(a9.} 

i oi j=l

is compact. Hence there exists a subsequence {a~ } C {a
9.
} such that

-4.

~

V
u I 0

i,N+l~ 
Vj N+l 

(1 — 1,2, . . . , N)
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and

N
0

u 
= L v

i N+l
i=1

Therefore the network correspondence x -~ IP(x) is closed , if the

correspondences of the activities A . obey P .2S , IP .5 , P.5 Bis under

the norm topology , or obey P.2, IP . 5 , P.S Bis under a weak topology,

and vec tors of ne t ou tput time his tories are dis tinc t f rom vec tors of

in termedia te t ime his tories wi th each independ ently weakly disposable.

Nothing in the foregoing arguments needs to be essentially altered if

exogenous input rate time histories obey (10.1—8). However , the

closure of the graph of the network correspondence canno t be obtained

i f inven tories are per m itted , since

1P .(x i.  
~~

‘ V
11) 

compact * i~i(i~.(x i~ 
j l 

v ..)) compact.

Turning now to the output disposal property for  a ne twork correspondenc e,

depending upon whether the network correspondence is defined by (10.1—6)

or modified to incorporate (10.1—7), independen tly of the assumptions

made for the activity correspondences in this respect , property ]P.6SS

or IP.6S or P.6 may apply.

For the production network output correspondence (10.1—5), (10.1—6)

and the alterations as to disposal of inputs and outputs and use of

inventories , there are two axioms on time spans of outputs which have to

be cons idered , i.e., P.T.1 and IP.T.2.
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If the axiom P.T.l on initiation of output holds (see Section 2.1.3)

for each activity correspondence (10.1—1), it will cer tainl y hold for

(10.1—6) or any alterations for disposal of outputs and inputs or for

use of inventories. Similarly the axiom IP.T.2 on time extension of

outputs holds for the network correspondence when the same app lies to

the correspondences (10.1—1), since for  i = 1,2, . . . ,  N
i,N+l oi

(See Sec tion 2.1.3).

The axioms IL.T.l and ]L.T.2 on time extension of inputs and those

on boundedness of efficient input histories require consideration of the

network correspondence inverse to the output correspondence , and this

matter is taken up in the following sections .

10.3 General Form of the Production Network Input Correspondence

Conforming to the definition (10.1—6) for the map sets of the network

output correspondence , the ne twork inpu t correspondence , inverse to the

output correspondence , is defined by

m 
( L ) ~

(10.3—1) u C (L)
÷ 

-
~ L(u) C 2

L(u) - ~x £ ( L ) ~ : x > 

~ ~~~~ ~~‘ v .j) C )L1~~~ 
V
1~)

(10.3—2)
N

(i = 1,2, . . . , N ) , 
~ 

V I N+l ~

where

N+I N+1

(~ ~~ 
C ( L )  

~ ~ 
v ..) , (i = 1,2, . .. ,  N)
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are the activity inp ut correspondences inverse to those of (10.1—1).

In this representation inputs and outputs have been taken freel y dis-

posable. If histories of output rates for the production network are

onl y strongl y disposable , i.e., onl y IP.6 S ~~~ ]L.6S holds , the last

constraint in (10.3—2) is altered to

(10.3-3) L~ ~~~~N÷j~~k 
= 

~k
°k ‘ 

~k 
~ [1 ,~~~) , (k = 1,2, . . .,  m)

and in the case of weak disposabilit y of network outputs , i.e., onl y IP .6

appl ies , set = 0 C [l ,-4-
~~) , (k = 1,2, ... , m)

Input rate histories have been expressed as freely d isposable in

express ion ( 1 0 . 3 — 2 ) .  If  they are to be only s trong ly disposable , i.e.,

onl y P.3S - L.3S applies , the first constraint of ( 1 0 . 3 — 2 )  is altered

to:

(10.3—4) x~ = A . 
~~ 

(x . ) .  , A . c [1 ,~~~) , (j = 1,2, . . . ,  n)

and , in case input rate histories are only weakl y d isposable , one takes

= c [1,+~ ) , Ci = 1,2, . . . , n)

The assumptions concerning the disposability of input and output

rate histories for the production network can be made independentl y of

the l ike assumptions for the correspondences of the activities of the

network.

In t he- case where inventories of intermed iate products and some

exogenous inp uts are a l l owed , some additional notation is required .

Cumula t ive hi:-~tories (V..)
k 

of output rates produced by A
1 

for input

to A . , (k — 1 , 2 , . ..  , m) , and cumulative histories- of input rates

• - - • . • -  f~~~. . _____________
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(x .). , (j  = 1,2, . . . ,  n ) are def ined  by (10 .1-9) and (10.1—10) res-

pec tively. The cumulative transfers of intermediate products to A .

are defined by

N
( 1 0 . 3 — 5 )  v~ : = r

j = l  -~

and cumulative net output rate histories are defined by

(10.3-6) (
~~

( t ) )
k 

: = j ( u (r ) ) k
dv k

( T )  , t C [0 ,4~~) , (k = 1,2, . . .,  m)

For inventories in use of intermediate products and exogenous inputs

(10. 3-7) L~ (L~ ( T = 

~~~oj
’
~~
j
~ 

: (x
~~~

,v
~
) £ ~.( T

def ines the cumulative input histories to attain at least

N+l

~ V~~. . The n , for inventories , the map sets (10.3—2) for the input
j=l ~

correspondence (10.3—1) inverse to (10.1—5), (10.1—6) may be expressed

N N

~~(u) = X C  (L)~ : x > 

~~~~~~~ 
~.) , (j = 1,2, . .. ,  n) , 

~~
V i N+l ~

(10.3-8) 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

. . . ,  (~~~.) , ( x . ) ,  . . . ,  (x
i

) 
i~~ ~~ ~

N+l
i.(L.(~~

’ v
11)) , (i = 1,2, . .. ,  N)}

See ( 1 0 . 1— L i )  f o r  d e f i n i t i o n  of (x )
oi a .

3



That (10.3—8) is the inverse correspondence to (10.1—15) may be

seen as follows :

(u 
~ i=l 

V
~~N+1) 

= 

~~ ~
i,~ +i 

~

/ N  / N

~~~ ~~oi~ a . ~ ~~~~~~ 
_. 

~~~ ~ ~ 
(x
o i )

a )  

, (j  = 1,2, . . . ,  S)
i 1  3 3 j i=l 3

J N+l \ I I N N+l I N
I ~ V .. 1 i~ . I P . Ix  - ,  r V . .11 ~~ V .. £ P . Ix . ~~

‘ V ..
\j=l 13/ 1\  1\ 01 

j=l 31/
) i 1  13 1\ 01 

j=l 3 1

/ N / N+l ~

~ Ix . ,  ~~
‘ V .~ C IL .I r v .1 ~~01 

j=l 31/ 1\  i=l 13/

(oi ~
a
l
’
~~~

oi)a
2
’ .

~~~~~~
‘ (

~ oi
)
a~~~

(x
oi)a

5÷1~ 
. . . ,  (x .) , !‘ v ..) £

/ / N+1

~~

‘ v..)) , (i = 1,2, . . . ,  N )

These implications arise because the t_ ..~~ ra te histories involved are

nonnegative , and are compared pointwise in time .

10.4 Properties of the Produc tion Network Input Correspondence

t~ fol lows from the def ini tion of the prod uct ion ne twork inpu t

correspondence as the inverse correspondence of the production network

oatpu t correspondence , that properties ]L.l, ]L.2, ]L.3 (or IL.3S or IL.3SS),

IL.4.2 , IL.5, IL.6 (or IL.6S or IL.6SS) hold for the network input corre-

spondence as equivalen t properties to those shown in Section 10.2 for

the output correspondence , with property 1.5 holding under the additional

assumptions made for property P.5.

,—~~~~~
— ——~~~.———- .—•—.— -—. —. .— ___________________ _____________________ 

-—— — — .  _____________ 

~~—
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It remains to consider axioms ]L.T.l and IL.T.2 on time extension

of inputs. For this purpose two additional assumptions need to be con-

sidered for the network , which do not arise when intermediate products

are not explicitly considered for the production system as in Chapter 2.

In order to produce a vector of surmuable output rate histories ,

i.e. , bounded amounts of each kind of output , i t should be possible to

do this with vectors of summable input rate histories of intermediate

prod ucts. In the case where the output histories have bounded supports ,

one would cer tainly accep t this as a general principle . As an axiom

this proper ty is extended to cases where the output histories are

sumxnable. If a single activity produced all net outputs and each

activity received its intermediate products from only one ac tivity,

the need for  the axiom would be moo t , because axiom IL.T.l holding for

this activity would imply that output could be produced with vectors of

summable input rate histories of intermediate products , which in turn

req uires onl y sutmnable input rate histories for all activities obey ing

IL .T.1.  However , under the generality of definition of the inverse

correspondence given by (10.3—2) and the alterations following , the

axiom needs to be introduced .

Next , concerning bounded supports for net output rate histories ,

when all outputs cease it is to be expected that no further production

of intermediate products is required . However , under the generality of

the definition of the network inverse (input) correspondence , this

property for the activities does not imply the same for the network ,

and needs to be taken as a network axiom.
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Hence , the following two network axioms are introduced :

If u c (L,~)~ is summable on [0,+~”) in each component

as a vector of net output rate histories for a production

P.IN.2 network , there exist x and V~~. , (i,j = 1,2, . .. ,  N)

of exogenous and intermediate product input rate histories ,

with summable components , which yield u

If t < tor a produc tion ne twork , and x y ields u

with intermediate product transfers V 1. , (i ,j = 1,2, . . . ,  N)

y.(t) = x .( t )  , t C {0,E }

Ci = 1,2, . . . , n)
y.(t) = 0 , t C (t

0
+co)

(W i i ( tfl
k 

= (Vii (t ))
k 

, t c [0 ,t ]  (k l,2, . . . ,  m)

(1 = 1,2, . . . , N)

(W j i ( t))
k 

= 0 , t C 

~~~~~~ 
(j = 1,2, . . . , N)

also y ie lds  u

Wi th these two axioms it is clear that properties 1.T.1 and 1.T.2

hold for the production network input correspondence when the same

proper ties hold for the ac tivity input correspondences.

Finally,  concerning the axioms on efficient subsets (see Section 2.2.4),

the no tion of e f f i c ien t vec tors x of inpu t ra te his tories as in trod uced

for an abstract production correspondence (see Section 2.2.3) needs to

be strengthened somewhat for a production network. Referring to (10.3.2)

for the production network input set 1(u) , and def in ing e f f i c i ency

solely with respect to exogenous inputs , x £ ~~(u) if and only if



-‘5

N N
(a) x = x . , ~ N+1 = U

1=1

(b ) (s . .  

~~

‘ v ..) C ~~~~~~~~~~ V . .)  , (i = 1,2, . . . ,  N)

N
(c) 

~~~~~~ 
~~

‘ vi.) ~ L
.(  

~~

‘ v ..) for  < x . , (i = 1,2, . . .,  N)

These conditions may be satisfied for any intermed iate product transfers

N( ~~
‘ V ,~~ , (i = 1,2, . . .,  N) such that (b) and (c) are satisfied .

\j=l ~ /
The produc tion network is defined in such a general way that the conditions

( a ) ,  (b), (c) do not imply

/ N / N+l
Ix .,  ~~

‘ v ..1 c IE .I ~~
‘ V ..

01 
j=l 31/ 1\  j=l 13

In effec t , ineffic ient intermediate product production is possible

for x £ IE(u ) under this definition. By specializing the production

network one might exclude such possibilities. The choice made here is to

retain the generality of the definition of a production network and

strengthen the definition of efficiency for a network by replacing (b)

and (c) with

(d) ~~~~~ 
~~~

‘ v..) c ~~~(Nt~ v..) , (i = 1,2, . . . ,  N) .

On this basis, any one of the axioms of Section 2.2.4 on boundedness

or total boundedness for the efficient subsets of the input correspondences

of the activities carries over to the production network , because x

is a finite sum of vectors each of which belong to a bounded (or totally

bounded) efficien t subset.
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By these developments (Sections 10.1, 10.2, 10.3 and 10.4) the

prod uction correspondences of a general produc t ion ne twork are def ined

and exhibit the same properties (axioms) as developed earlier for a more

abstract production structure which does not explicitly display inter-

mediate products. In the following section the production network will

be made more specific by introducing technical coefficients.

10.5 Technical Coefficien t Form of a Network Production Correspondence

Up to now each activity of the production network has been treated

as an abstract process. For purposes of app lica t ion the correspondences

of the activities need to be expressed in terms of technical data.

The operation of the activity A . is taken to be characterized

by an intensity function z~ C (L
~~
)
+ 

, defined by zjt) for t c [0,+co)

I = (1,2 , ..., N ) . This function expresses at each time t the rate

at which A . is operating. The physical unit of z.(t) may refer to

some good or service per unit time , or merely be the reciprocal of time .

By axiom IP.T.1 produc tion cannot be instantaneous. There are certain

na tural bounds on the intensity functions z~ depending upon the process

involved . Let

( 1 0 .5— 1 )  z : = (z l,  ‘ ‘S ’  ZN
) C ( L ) ~

denote these bounds. Inputs of goods or services into an activity and

o u t p u t s  of goods or services are driven b y these in tens i ty  f u n c t i o n s

in terms of technical  c o e f f i c i e n t  func t ions .

Fo r exogenous inputs  let
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(10.5-2) : = )a~ 1
a .2 

... a~~~ , (i = 1,2, . . . ,  N)

deno te r ow ma tr i ces of coef f ic ien t func t ions a i.(t) , t C [O,+ )

(j  — 1 ,2 , . .  . , n) of (L)
+ , wh ich express a t each time t the number

of units of the ~th exogenous input required per unit intensity of the

1
th 

network activity. The coefficients a1. ( t ) are taken dependen t

upon t ime so that “learning” or any other gradual change in technical

relationship may be allowed . Even abrupt technical change , which can be

programmed in advance , may be expressed by the t in .~ varying technical

coefficien ts.

Assump tions made concerning the coefficient functions are:

(I) For each i c (1,2, . . . ,  N ) , and t C [0 ,+c.) except for

a subse t of measure zero , there exists j  C (1 ,2, . . . ,  n}

such tha t a~ 1
(t) > 0 . SOME EXOGENOUS INPUT IS REQUIRED

FOR EACH ACTIVITY (see 1P.]N.1).

(II) For each j c (1,2, . . . , n} there exists I C (1,2, . . . , N )

such that a ..(t) > 0 on a subset of [0 ,+°°) of positive

measure . EACH EXOGENOUS INPUT IS REQUIRED .

Normally , if a coefficient function a
~~

. is positive on a subset of

[0 ,4=) of positive measure it is positive almost everywhere on

excep t for abrupt technical change. Assumptions (I) and (II) are worded

to allow for the possibility of abrupt technical change where one newly

Introduced inpu t rep laces ano ther .

The outputs of the activities are vectors of time histories in

( L )  , driven by the intensity functions z~ , (I — 1,2, . . . ,  N )

z (z 1, z 2 ,  . ..  , Z
N

) c ( L ) ~ , in terms of output technical coefficient

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _-
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functions

(10.5-3) ~(i) : = c
~ 1

c~ 2 
... C .~~~ , (I = 1,2, . . . , N)

where c ..  C ( L )
+ , (j = 1,2, . .. ,  m) and c ..(t) for t C [0 ,+~o)

expresses at each time t the amount of the ~th net ou tput prod uced per

uni t intensi ty of the 1th network activity.

The assumptions made concerning the ou tpu t coe f f i c ien t f unc tions are:

(II I)  For each i c (1,2, . .  . ,  N ) , there exis ts j C (1,2, . . . ,  m }

such that c ..(t) > 0 on a subset of [0,4=) of posi tive

measure. EACH ACTIVITY CAN PRODUCE SOME OUTPUT .

(IV) For each j C {l ,2, . . . ,  m } , there exists i C (1,2, . . .  , N }

such that c ..(t) > 0 on a subset o.f [0,4=) of positive

measure. EACH OUTPUT IS PRODUCIBLE .

The output histories of the activities serve both net output and

intermediate products. The technical coefficient functions for inter-

media te produc t inpu ts are

(10.5-4) : = a .l a~ 2 
... a~~~~j

where a;. C ( L )
+ , and ~~ .(t) , C [0 ,4=) expresses at the time t

the number of units of the ~~~ kind of output (j = 1,2, . . . ,  m) required

per unit intensity of the ~th network activity (I = 1,2, . . . ,  N) . Non—

negativity of the functions a
1~1 

is all that is required , since an activity

may produce only intermediate or only final produc t , as well as both.

As notation let

- ~~1
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= (~~~
(l)~~~(2)  . ..

(10.5—5) : = (~~
(l)~~ (2)  ...

= (~~
(l)~~(2 )  ~OO~ T

Then , the output correspondence for the production network has output

sets P(x) , under free disposability of inputs and outputs , given by:

P(x)=~~u C  (L )~~~: O < z < ~~ z~~~<x , z(~~— ~~)< 0

(10. 5—6)
u < z (~ — ~)} , x c ( L ) ~

If inputs are not freely disposable the second constraint of (10.5—6)

is changed to

(10.5— 7) (z~~). -
~~~

— x . , A . c [l ,+co) , (j = 1,2, . . . , n)

wher e (z~~). denotes the component of the vector (z~~)

Similarl y ,  if outpu ts are no t f ree l y disposable , the Jas t cons train t of

(10.5—6) is changed to

(10.5—8) u
j 

= 0.(z(~ — 

~~~~ , 0 . C [0 ,11 , (j = 1,2, . .. , m)

The expression for iP(x) states that the vectors of output histories

u obtainable from the vector x of input histories are those generated

by vectors z of intensity functions for the activities such that the

histories of exogenous inputs required for the entire network do not

exceed those available and all intermediate product histories required

by these intensity histories of activity operation can be produced .

-~____ - - .-~~~ - -__-
.
~~~~~~~~ iI~~~_~ - — - -
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In effec t the third constraint sorts out the “mix ” of vec tors z such

that intermediate product requirements can be met.

Inversely, the network input correspondence map sets 1(u) are

given (under free disposal of inputs and outputs) by

1( u) = ~x C ( L ) ~ : 0 z < , z (~ — 
~~

) > u

(10.5—9)
X > Z~~t~~ , u C ( L ) ~

The alterations when free disposal of inputs and outputs are not permitted

can be mad e as shown by (10.5—7) and (10.5—8).

In the case where inventories are permitted the constraints of

(10.5—6) become

0 < z < 
~ ~~(Iz

.(t)a
i

(T)d
~~~~(T))  <f  

( x ( r ) )  d~ ( r )  for

t C [0 ,4=) , (j = 1,2, . . . ,  S) z .a 1 < (x)
i 1  j

(10.5—10) for (j (S + l,S + 2, . . . , n ) )

~~~
(

~~~z i
( r ) ( c

i j
(r )  _

~~~~~( r ) ) d v .( T ))  > 0 , t C [0 ,4=) , Ci = 1,2, . . . ,  m)

u < z (~ — 

~~
)

When inventories are permitted for the inverse (input correspondence) ,

the inequalities of (10.5—9) become
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O < z , ~~~~
(f zi

( T ) ( c . . ( r)  
_
~~~~(T))dv 1

(~~) > u .(t) , t ~ [o ,~~)

(j = 1,2, . . . , m) , x > zi~

When inputs and outputs are not freely disposable , the constraints are

changed fu r ther by use of (10 .5—7) and (10.5—8).

Computation for maximal value of output or minimal value of cost ,

for (10.5—6) and (10.5—9) respectively ,  is carried out b y represen ting

the functions involved onl y at discrete points of time . Clearly the

mathematical programs related thereto can be too large for calculation.

In any practical case , the special structure of the production network

can facili tate computation. Such valuations are not alone what is of

interest. The typ ical problem in production p lanning is one of smooth

loading resources. For these reasons , and to illustrate the evolutionary

character of dynamic prod uc t ion correspondences , certain special structures

will be cons idered in the following sections.

10.6 Spec ial Structures

Cycles in transfers of intermediate products will be excluded for

the special structures to be considered , because they introduce additional

comp lica ting detail for the dynamic generation of the network production

correspondence. With this exclusion the activities A . (I 1,2, . . . ,  N)

may be ordered so that all intermediate product inputs required by an

activ ity A
1 

can be ob ta ined from the ac t iv ities A1,A2 ~j— 1

if any are needed (I 2,3, . . . ,  N) . 

~~~~- ~~~~~~~~~~~~~~~~~~~~~ — •
~~~~~- 

..
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10.6.1 Output Correspondence for a Production Network with Given
Facilities and Single Output Activities

In shipb uilding and other construction projects , as well  as many

f i n e  s t r u c t u r e d  p r o d u c t i o n  sys tems , the output of the network may be

one or more final products with each activity of the network yielding

a single product , serving as inter :ncdiat . produc t only, final produ ct

onl y or both intermediate and final product. The activities need not

be unique , that is som e may provide alternative production activities

for the same output.

For some convenient unit of time , consider a time grid

t = 0,1,2 tIse the following conventions :

Inputs (exogenous and int~~rTnt-d iate product) are app lied at uniform

rare~ during each period ( ( t  — l),t) , (t 1 ,2 ,3, .. .)  and

charged at time (t — 1) for the period [(t — 1),t)

Outputs of production d uri rm ~ [ m -  — l),t) are forthcoming at

t ime t and transferred :is inte rmediate- product at that time ,

(t — 1 ,2,3, . .

The intensie” funct iju z~ for A
i 

(i 1 ,2 , . . . , N) , is

constant during each period [ (t  — 1),t) and th is value is used

in conjunction with technical coeffi cients at time (t — 1)

(t — 1,2 ,3, . . .)

When each activity yields onl y a sing le output , the output technical

coeffi ’ient functions simp lify to

(10.6.1-I) : = 00 .‘‘ oc oo . . .  oj  I , c (1, . . . ,  m}
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The p r o d u c t i o n  network is constrained by the capacities of certain p lant

and equipment. The maximal input rates of the services of these facilities

are limited by their capacities. The activities using these services have

thereb y a limitation on intensity of operation. If each plant and equi p—

ment service is peculiar to a single activity , the given facilities

impl y in conjunction with the natural bounds (10.5—1) certain bounds

on the intensity functions . In this case these bounds are denoted by

(10.6.1—2) z : = (z1,z2, ‘ ~~~ 
C ( L ) ~

In case the service of a given p lant or equipment is shared by two or

more activities , there resultsabound on the sum of such activity

intensities. This case will be discussed at the end of this section.

Then omittin ,~ the services of the given facilities as exogenous inputs ,

the corr espondence for the production network with given f a c i l ities

relates the vector x of unconstrained exogenous input histories to

th e subsets IP(x) of vectors of output histories.

With the activities ordered as described above , the techn ical

coefficients for intermediate products take the form

(10 .6.1-3) : = 
~~~i

ai2 ~~~~~~~~~~~~ 
... 01 (i = 1,2 \~)

Concerning the net outputs of the system , let

(10.6.1—4) .~÷ 1 1
(t (t — 1 ,2,3, . . . )  , (j  — 1 ,2, . .  . , N)

denote  the  f r a c t i o n  of thL output r ite history of A . going to ne t

output i t  t h e  t i m e  t . These coefticient~ are nonnegative , equal to

____________ _ _ _ _ _ _ _  — - - - -
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or less than unity, with &4+l 
.(t) positive for at least one

c ( 1,2, . . . ,  N) for a subset of [0,4=) of positive measure. The

coefficients (10.6.1—4) represent a preallocation of activity outputs

when they supp ly both intermediate and net product. Then the time history

of net output of the system is expressed by

N Ci)
(10.6.1-5) VN+l (t) : = ~ 

6
N+l j

(t)z
j
(t_ l)~~(t) , Ct = 1,2,3, . . . )

j=l

Since the intermediate product outputs of an activity may supply

one or more of the successor activities in the network , let t~~.(t)

(t = 1,2,3, . . . )  be nonnegative real numbers denoting a preallocation

of ~th activity output at time t to the activity A . , (j = 1,2, . .  . ,  (N — 1))

(I  = (j + 1) ,( j  + 2 ) , .. . , N) as intermediate product inputs. These

coeffici ents satisf y

(10.6.1-6) ~~~1
(t) ~ 0 ~ A~~1

(t) = l_
~~ N+l , j (t) , (t = 1 ,2,3 , ...)

1 = 3+1

The intensity functions possible for the correspondences

N N

(s . .  r 
~ ~~~ ~~

‘ v ..) Ci = 1,2, . . . ,  N)

are then constrained for each i c (1 ,2, . . . ,  N) by the following system

of inequalities in which accumulations of intermed iate product inventories

ire allowed .
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( I )  z (t) 0 , (t = 0,1,2 ,3 , . .

(2) z . (t ) a . . ( t )  < (x (t)). 
* (i = 1,2, . .  . , n) , ( t = 0,1 ,2,3, . . . )

(3)  z .(O)a i.(O) ~ 0

— 
t—l 

— (j 1 , 2 , . . . ,  (i—l ))
z.(t)a~~~(t) + 

~ 
z.(i)a~~.(~~) < L V 4 i

( r )

t l  T 1  ~ (t = 1,2,3 , . . . )

( 4 )  z.(t) < 

~~~~~ 
, (t = 0,1,2,~~, . . . ) .

For the expression of these constraints a preallocatiori x .(t)

Ct = 0,1,2,3, . . . )  , Ci = 1,2, . .  . ,  N) of the sys tem exogenous input

history x € (L)~ has been made subject to 

~ 

x ( t )  x (t)

( t  0,1,2,3 , . . . )  . The full possibilities of prod uction result from

the union of the sets of network output histories obtainable from all

; r. illocations of x and preallocations of outputs as intermed iate

products and net outputs.

The constraints (1) and (‘~) merely bound the intensity f unc tions by

zero and the maxima l values determined by the natural bounds and the

limitations due to the ~ Lvc-n facilities. The constraints (2) reflect

a preallocation of exogenous input histories to the activities and require

iiiring c a b  unit of t - m ~ tha t inputs by the activities do not exceed these

allocat ions. Constr aints (3) allow inventories of intermediate products

and require that the current input during any unit of t ime to an activity

does not exceed the amount stored for that activity .

In )rIer to make a specific calculation of net output 1~tstor ies for

th e production , ‘tvo rk , the intensity functions at any tine Ct — 0,1,2,3 , . . .

will be taken at the maxim al values possible subject t o  the constraints

(I), . . . , (
~ ) and the pr~’al1ocations made af exogenous inputs , intermediate

p r o d u c t s  and net outputs. In this way a ~o—c;m1l ed “(reedv ” solution will

L. ___________ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _  _____________

-S
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be constructed . Clearly this par ticular solu t ion is only one possibility

among a very large number.  But the greedy s o l u t i o n  serves the purpose

of being an initial solution which may be altered by time substitution

of input histories to yield other sol ut ions , among which those with

smooth load ing of resources are of rarticular interest.

A calculation of the greed y output time histories for the production

network requires an evolutionary determ ination , success ivel y ,  of the

intensity f unc t ions z .(t) , Ct = 0,1,2,3, .. . )  in the order

Ci = 1,2, . ..  , N) . In making this ca~~ uIat ion the preallocations

5N+l , j (t) , 2~.jt) , Ct  = 1,2,3, . . .) of the outputs of an activity

are used.

Since the activity A
1 

precedes all others , no intermediate produc t

input to A
1 

is possible . Accordingly the intensity history z
1
(t)

ft = 0,1,2 ,3, . . . )  for the greedy solution is determined solely f rom

the system constraints (1), (2) and (4). The inequalities (1), (2) and

(4) imply

— 
x01(r.).

0 < z
1
(t) < ~ 1

(t) ; z
1
(t) 

~ a
1.(t) 

(j = 1,2, . . . ,  n)

Ac cording ly, the greed y solution for the history z
1
(t) , (t = 0,1,2, . ..)

is

(10.6.1-7) z
1
(t) = Mm [R

1
Ct) , ~1Ct )] , (t = 0,1,2,3, . .. )

where

Cx (t))

(l0.~~.l-8) R
1
(t) : = Mm oi 

~~ 
, (i = 1,2, . . . ,  N)

j cS 1
(t)
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arid

(10.6.1-9) S
i
(t) : = (j  C (1,2, . . . ,  n} : a . .(t) > 0) , (1 = 1,2, . . . ,  N)

Due to assumptions (a) for i~~~ : = ~~~~~~~~~~~~~ 
... ~~~(N)~~T 

, s1C t )  is

not empty for (t = 0,1,2,3, ... ) . If the exogenous input coefficient

functions a.. vary only because of learning effects the set S
1
Ct)

does no t depend upon t

Nex t concern ing ac tiv ity A
2 , it may possibly (but nct necessarily)

need the output of A
1 

as intermediate product input. To allow for this ,

the system constraint (3) must be used as well as (2). For this purpose ,

note that

V ..(t) = ~..(t)c~ (t)z.(t 
- 1) , Ct  = 1,2,3, . . . )

(10.6.1—10)

j c (1,2, ..., N } , j ~ i

and the constraint system imp lies

z2(t)~~21(t) 
~ 

(TL ~12 (T
~~ 1

CT 1
(T
~~~~ 

- :~: 
z
2(t)a 2l CT))

If ~ 21(t) = 0 for some time t = 1,2,3 , . .. this cons train t is no t

effec tive. Hence , we need only be concerned when ~21
( t) > 0 . For

this purpose , and to handle the general case , def ine

(10.6.1-11) :
i
(t) = (3 C (1,2, . . . ,  ( i- i ))  : ~~..(t) > O ~ , (i=l ,2, . . . ,  N )

Then the constraint system (3) requires
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~~~i 
~ 12 (T 1

(t)5
1
’T~~~~~ 

- 
~~ z 2 ( t )~~21(t )  , :

2
(t) ~ 0

z
2
(t) < N

2 ( t ) : =

~ for  Z
2
(t) = 0 (t = 1,2,3, . . . )

Note that from (3) and (1) that z.(0)~~..(O) 0 , Ci = 1,2, . . . , N)

Together the system constraints (2) and (3) require for (t = 1,2,3, . . . )

that

z
2

( t ) < W2(t) : = Mm ~R
2
(t),~~2

(t),N
2
(t)~ , Ct = 1,2,3, . . . )

2 
~Min [R

2
(o),~~2(o)] 

for Z
2 (O) = 0

z2
(0) < W (0) : =

for E
2 (O) # 0

For the greed y solu t ion : z
2(t) 

= W2Ct) , (t = 0,1,2,3, . . . )  . The

general greed y solu tion is ob tained from :

(10.6.1—12) z.(t) = W
i
(t) , (t = 0,1,2,3, . . . )  , (i = 1,2, . . . ,  N)

where

SM
in (R

1(o) ,~ . (o)) for E
1(O) = 0

(10.6.1—13) W (0) : =

0 for E
1(O) ~ 0

(10.6.1-14) W’(t) : = Mm (R
i
(t),~~.(t),N

1
Ct ) , (t = 1,2,3, . . . )

_ _ _ _ _ _ _ _ _ _ _  _ _ _ _  -

__________
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i l  ~~~~~~~~~~~~~~~~~~~~~ 
-

~~~~ 

W~ (r )~ i . ( T )
Mm

j c~~~(t) ~i3
(t)

(10.6.1-15) N
m
(t) : = for Em (~ ) ~ 0

+°‘ for  E i(t) 0 (t = 1,2,3, . . . )

The evolutionary character of the solution is evident. In the order

(i 1,2,3 , . . . )  one calcula tes Wi(t) for (t = 0,1,2,3, . . . )  . For

each I c (1,2, . . . ,  N) , the value W~(t) , (j = 1,2, . . .,  (i—i))

needed for the calculation of W
1
(t) have been previously determined .

The final greedy output history is then g iven by

(10.6.1-16) VN+l (t) = 
~N+1, j~~~~ ~~~~~~~~~~~~~~~~~~~ , Ct  = 1,2,3, . .. )

The full comp lexi ty of the ou tpu t his tories possibly ob tained from

a vec tor x of histories of exogenous inputs is only realized when ,

in add ition to the alternatives for preallocationg exogenous inputs

histories to the activities and the alternatives for preallocating

transfers of activity outputs as intermediate products and net outputs ,

one considers also the possibilities for obtaining the same output

histories by operating the activities with intensities less than the

maximal values (10.6.1—2) , as well as different output histories.

Ordinari l y the preallocations of exogenous input flows and inter-

med iate product transfer flows , in conjunction with the intensity bounds

• = 
~~~ 

Z
N

) , will be imperfectly balanced so that the intensity

— —
~~~~—-- - — — -_____________ - -
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functions for some activities may be operated at less than maximal intensity

and still yield the output streams of the greedy solution. Such shifts

in the intensity functions and the related alterations of input histories

used represent Time Substitutions of the input histories applied . The

possibility of intermediate product inventories supports time substitution.

In case inventories of certain exogenous inputs are possible , the

ineq uali ty cons train ts (2) for the network are modified to:

(2a) 

~~~ 

z~~(r)a~~~~(T) < (~~ . Ct ) )  , Ci = 1,2, . . . ,  S)

(2b )  z .(t)a . ( t) < (x .(t)) , (j = S + l,S + 2 , . . . , n)
3 3

Then the greed y solu t ions for  the intens ity func tions take the form

z.(t) W
i
(t) , t = 0,1,2,3,

Mm ~Ri C o), .( o ) ,~~(o)j for  21(0) = 0
W
1(0) : =

0 for  ~
1
CO) ~ 0

W~~(t) : = Mm [R
iCt), Ct),~~.(t),N

1
(t)1 , Ct = 1,2,3, . . . )

S
1
(t) : = ~j : j e (S + l ,S + 2 , . . . ,  n} , a . (t) > 0~ , (i = 1,2, . . . ,  N)

= : I C (1,2, . . . ,  s} * a
1 C t) > O~ , Ci  = 1,2, . . . ,  N)

1(x .CO))
I 01 V . 

—

Mm I for 5
i (0) 

~ 0
i a (0)

— i  
j c~

’
~(0)L 

iv
1

R ( 0 ) : =~~

4= for g1 (O) — 0
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t—1
- ~

Mm 
a . (t) 

‘~ for  ~
i
(t) ~ 0

R
m
(t) : 

jcS Ct) 3

4= for  ~~ (t) = 0 (t 1,2,3, ..

with R1(t) and Nm (t) defined by (10.6.1—8) and (10.6.1—15) respectively.

The inventories permitted for intermediate products and exogenous

inputs may also be bounded in amount. Detail of this kind can be added

to the greedy solution .

Initially it was assumed that each plant and equipment service was

peculiar to a single activity. Suppose now that there are “f” fixed

resources , with input coefficients for the activities defined by

(10.6.1-17) ~~(i) : 1a .1a~2 
... a

f ( I * (i = 1,2, . . .,  N)

where a~ . C ( L ) ~~ with ~ ..(t) , t C [0,+a~) , (j = 1,2, . . . ,  f) denotes

at time t the amount of the services of the fixed facility required

per unit intensity of the i~”~ network activity. Then , if (d 1, d2, . .. ,  df
) c

~~~~~ represents the time histories of the services of these fixed

facilities available per unit time, it is required that the intensity

histories z = (z1, z2 ,  . . .,  Z
N
) C ~~~~~ satisfy

N
(10.6.1—18) ~ ~ ..(o)z .(a) < d .(o) * (3=1 ,2, . . . ,  f) , (o=O ,l,2,3, . . . )

i=l -~

The shared capacity bounds so permitted are vectors from the set
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Z : = ~z c ( L ) ~~ : z .( t )  = z .( ~ ) , t t [a,o + l )  * i= (1,2, . . . ,  N)

(10.6.1—19) ~ ~ ..(a)z .(a) < d . (o) * (I = 1,2, . . .,  f )
i=l

z.(o) < ~~. (a) , ( i  = 1,2, . . .,  N) * (o = 0 ,1,2,3, . • . )

Then the constraints (1), ..., (4) for (I = 1,2, ..., N) mu st be tak en

in con3unction with z C Z , and the entire output set ]P(x) for the

network results from the union of all possible preallocations of

exogenous inputs , intermed iate products and net outputs taken with all

possible z c Z and the satisfaction of the inequalities Cl), . . . ,  (4),

where inequality signs are permitted to app ly.

10.6.2 Inpu t Correspondence for a Production Network with Given Facilities
and Ac tivi ties with Single Output

It is convenient to express the output histories required as cumulative

requirements. As defined earlier in Section 10.1, le t V . deno te the

cumulative output history of A m A finite output horizon T will be

taken for the definition of the input correspondence of the network. Let

(10.6.2—1) : = CT — t) * Ct = T,T — l , T — 2 , . . .)

denote the number of time units preced ing T

As in the treatment of the output correspondence we shall assume that

there is more than one ne t ou tpu t of the system , say p > 1 . Ini tially,

each activity will be taken to yield a single output which may be only

ei the r intermediate  product or f inal p roduct .  The order ing of the

act ivities may be made so that activities A
i 

(i = N ,N — 1 N — ~ + U

y ield these final produc ts , retaining the property that activity A~

- -.4
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can supply only A . for 3 = Ci + 1), ( i + 2 ) ,  .. . * N , 1. = 1,2, . .. 
* 
(N — 1 )

In this framework , the ne twork correspondence

(V V V ) -
~ IL(v V V )

N ’ N — l ’  N—p+ l N ’ N - i ’ N p+l

will be stud ied , calculating backward from the horizon T * i.e., forward

with (o = 0,1,2, . . . )

As a first approach it will be assumed that none of the activities

produce the same product , i.e., there are no alternative processes in

the production network. This simplifies the calculation , because then

one need not preassign how much of a needed produc t will be for thcom ing

from each a l ternat ive ac t iv i ty .  Also it will be assumed that  a pre—

allocation of the services of f ixed capital equi pment is ref lec ted in

the intensity function bounds (10.6.1—2), when two or more activities

share the same capital service.

The constraints for determining, the greed y solution are:

(a) 0 < z .Cc) < ~~. (a) , (i = 1,2, . . . , N) , c = 0,1,2,3, .

c . ( O ) z
~

(l)  ~ — ~ .(1) * C i = N ,N — 1, . . .  * (N — p + 1))

(b)  c .(a - l)z .(c) + c .CT - l)z .CT) < ~.(0) - ~.Co) *

Ci = N ,N - l , . . . ,  N -p+l ) , (o = 2,3,4, . . . )

N
c~~(l )z ~~C2 ) ~ ~ ~ .~~( l)z  ( 1) * C i = 1,2, .. . , ( N — p ) )

j = ( i+l) -~

~— 1 N
C c)  c .( a — l)z .( ~~) + ~ c~~(t — l)zjr) ~ ~

T=2 t=l j=(i+1) ~

(i = 1,2, . . .,  ( N — p ) )  , (o 3 4 ,5, . . . )
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( d)  (x .(o)). > a.,(:)z.(o) * (3 = 1 ,2, . . . , n) ; Cc = 1,2,3 , . . .)

Ce) ~ .jo) 

~ 
~ ..(t)z .(t) * (3 = 1,2 , . . . ,  ( 1-  1)), ( a =  1,2,3. . . . )

The constraints (a) merely bound the intensity f unc tions by zero

and the ir maximal values as determined by the given facilities.

The constraints (b) require in cumulative terms that the output histories

for the f inal produc ts of the network do not exceed the histories

V
N *VN 1 ,  . . .*  V~~~~ 1 

sought for these products. The intensity functions

permitted by the constraints (b) need not satisf y the equal ity signs for

a l l  periods Co = 1,2,3, . .  . )  , since storage of f ina l  produc t is permitted .

By extend ing the number of periods used , the cumula tive requiremen ts

can be met by storing earlier produced final product. All such possibili-

ties are time substitutable intensity histories.

The constraints Cc) require in cumulative terms that the output

histories of nonf inal pr oduc t prod ucing ac tiv it ies do no t exceed the

requirements for the outputs of these activities. As in the cases of

the constraints (b), the equality signs of (c) need not app ly for  all

per iods by storing earlier production.

Cons t r a in t s  C d) and Ce) merel y dr ive exogenous input histories non—

cumulat ively and i n t e r m e d i a t e  product transfer histories cumulatively ,

under an assump t ion of f ree  disposal o f exogeno us inp ut his tor ies and

inventory storage of intermediate products. For t~ calcula t ion of

vec tors x r (L~)~ belonging to L(VN,VN 1 ,  • . *  V
N P+l

) , Ce) will

not actually be used , since it only involves interna l bookkeeping.

_____________ — - -. - —
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A greed y solution for the system (a), . . . ,  Cd) is obtained by f ind ing

the maximal values possible for the intensity f unc tions a t all periods

(
~ = 1,2, . .. )  . Dur ing each per iod , the in tensi ty for  ea ch ac tiv ity

is taken as the largest value possible. In this way the shortest total

time will be taken to produce the output histories V
N ,

VN 1 *  ...
~~~ 

VN P+l
To construct the greedy solut ion , consider the first set of

cons train ts of (b) concern ing the prod uction of f ina l  produc ts dur ing the

per iod o C [1,0) or equivalently t c [T — 1,T] . When taken with

the constraints Ca), it is implied tha t

-

z.(l) < E
1
(l) : = Mm 

[ 

c .(O) , ~~(1)] * (i = N ,N — 1 , . . . ,  N — p + 1)

For the greed y solution : zjl) = E1(l) * Ci = N ,N — 1, . . . ,  N — p + 1)

Next consider the second constraint set of (b). When taken with the

constraints Ca) and the greed y sol ut ion is used for  z .(l)

(i = N ,N — 1, . . . ,  N — p + 1) one ob tains

- 
V

~~
(O)  - V .( a )  - ~ c .(T - l)z. ( r )

z.(c) < E 1(c) : = Mm 
c .(a - 1) *

Ci = N ,N —  1, . . . ,  N — p + l )  * Co = 2,3, . . . )

The greed y solutions are those for which z~~(o) = E 1
(a) * (o = 2,3, . . . )  *

calcula ted successively.

Having calculated the greed y sclution intensities for all f inal

product activities during all per iods , we may proceed with the greedy

solutions for the intermediate produc t producing activities. Using the

first set of inequalities in (c) with (a), and the greedy solutions



f o r  z .(o) * (1 = N ,N — 1, . . . 
* 

(N — p + 1) )  , (a — 1 ,2 ,3, . . . )  , it is

impl ied  t h a t

N

~ ~ .1 ( l ) E 3 C1)

z~~( 2 )  E 1(2) : = Mm 
j ( ~~~1)

3 
* ~~~(2) *

Ci = (N - p ) , ( N  — p - 1 ) ,  . . . ,  3,2,1) .

The greed y solu t ion is z .(2) = E1C2) , (i = 1,2, . . . ,  (N - p ) )

From the second set of constraints of Cc), it is requi red  f o r  period 3

that

2 N 
—
a . (r)E3 (T) - c .Cl)E’( 1)

z .C3) < E’(3)  : = ~1in 
t=l j=(i+l) 

c .C2) *

Ci = (N — p) , (N — p — 1) , . . . ,  3,2,1)

Here again the greedy solution is z (3) = E1(3) fo r  Ci = (N —

(N — p — 1 ) ,  . . . ,  3,2,1) . For period 3 , the functions E1(3) are

calculated in descending order of activity number , starting with

i (N — p) and using the solutions for E3 Co) * (c = 1,2) *

(3 = N ,N — 1, • . .  * (N — p), (N — p — 1), •.., (i + 1)) for calculating

E
1 (3)

Hence the general form of the greed y sol ut ion is

(10.6.2-2) z.(c) = E 1Ca) , (c = 1,2, . . . )  , Ci = 1, 2 N )

wh ere

_ _ _ _ _ _ _ _  ~52
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I 
1v 1(0) - v1

(1) -

— , 
E (1) : Mm 

L 

c
1

(O) ~~
( 1)

(10.6.2 3)

( I  — N , N — 1 , N — 2 , . . . ,  N — p - 4 1)

i—I
V
~~

(0)  - V . ( ~~~ - ~ c~ Ci  - I)zjt)

E~ (ci ) : Miri ____________ 
T l  

* 
(a)

( 1 0 . 6 . 2-4 )  
c (i  —1 ) j

(a — 2,3 ,4, . . . )  * ( I  N , N — 1 , . . . ,  N — p + 1 )

E
1
(l) : — 0 * (1 (N — p )  , (N  — p — 1 ) ,  . . .,  2,1)

N
( 10 .6 . 2 - 5 )  / 

~~

E m (2 )  : = Mm 
j= (1+l) J 

* ~~i
( 2 )

( I  = (N — p ) , ( N  — p — 1) ,  . .  .,  2 , 1)

~ ~31
(T)E3 (T) ~°r c .(i - l ) E

i
( t )

E ’ ( o)  : = Mm 
t—1 j=(i+l) -r=2 

, ~~~ . 
(a)

(10.~~.2-6) 
c
i
(o -1)

( i (N — p )  , (N — p — 1 ) ,  . . . * 2 , 1) 
* 

(a — 3,4,5, . . . )

2he steps or constructing the greed y solution for the intensity

hlst rles are:

(i) For the cumulative values VN
(a) , (a — 1,2, . . . )

— ),1 ,2, . . . , (p — I ) )  of the f i n a l  o u t p u t  histories

V ,~(a )  
~

V N l  
(a )  V

~~~~+1 (a)  , (a — 1,2 ,3 , . . . ) 
*

.1 l al 1.11 z 1 
(a )  — E m (~~) . (a — 1,2, . . . )  f rom ( 10 .  h . 2-2),

( l 0 .~~. 2 — fl f o r  ( I  — N ,N — 1, . . . 
* 

(N — p + 1) )

/

I.
—~~~~- -~~ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - . - .  . 

—  . .-- -— . - - —



Cii) With the val ues ob ta ined in C i ) ,  calculate zja) = E
i
(~~) *

(a = 1, 2 , . . . )  success ively fo r  i = (N — p) *

i = (N — p — 1) i = 2 
* 

i = 1 * in that order ,

using fo r  i = :t * the solutions obtained for E’(c) *

Ci = N , N — l ,N — 2 , . . . * (-
~ + 1)) * (a = 2 ,3, . • .)  .

In making these calculations for cy = 1,2,3, . . .  , the process is ter-

minated when no further positive amounts of the intensity values are

needed .

The vector of input histories x c ~~~~~ correspond ing to this

gre ed y solu tion is ob ta ined f rom (d)  by taking the equal sign , i.e.,

(10.6-2-7) x (c) = {E
1( a ) E 2C a) ... EN (a) ]~~ (a) , (a = 0 ,1,2,3, . . . )

where 
~~

(a) (~~~(l)( ) ~~~ C2 )
() •. .  

( N )~~~~~T

Under these greedy solu tion , ind ividual vec tors of histor ies of

exogenous inputs for the activities of the network are:

= (a11 )E 1
Ca),a .7 ( a ) E 1

Cc), . . . .  a
~~

Ca)E’Ca))

(10.6.2—8)
Ci = 1,2, . .  . ,  N) * (a = 0 ,1,2, .. .)

The cumulative transfers of intermediate products needed to support

tne i
th 

activity f or the greed y solution are obtained from Ce) by

using the equality sign , i.e.,

= ~ , Ci = 1,2, . . . ,  (i - 1))

(10.6.2—9) 
1—0

(~~ 
1, 2 , . . . )  * Ci = ( N — p ) , ( N — p — 1 ) ,  . . . ,  2,1)

-I-- ~~~~~~~~~~~ —.—-.-. — -  . - - -- .--__ _ _

~~~~~

—--
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The cumulative net output history required from an activit y produc ing

intermed iate produc t is

N
y

m
Ca) = 

~ 
. - (~~) E’(r )  * (a = 1 ,2,3, . . . )  

*

t~~~ = (~~~ l~ 
~~

( 1 0 .4 .2-10)  /

Ci = (N — p ) ,C N — p — l ) ,  . . .,  2 , 1) *

wh ich is supp lied by the cumulative output of A
m 

g iven by

= ~ c .(i + 1)E~~(r) , (a = 1,2 ,3 , . . . )

(10.4.2-11)

Ci ( N —p ) , C N — p — l )  2 ,1)

This greedy solutmon is evident ly high 1~.- .~volutionary . Lags are

not exogenous. The time delays betw. Lo~ pro ducti on ~v.~ its are endogenous ,

depend ir .g upon the  i n t e n s i t y  va lues  used  t I r  the activities , illustrating

that fixed time lags canno t rigorousl y be used f o r  d ynamic models of

pr oduction.

The greed y solution is but one of very , v er y  many poss ib le  i n t e n s i t y

histories which may be used to attain the vector CV~~
, V N l ,  . . . , V~~~~~~) C

( L ) ~ * 
of output histories. Any solution obtained by not using the

equal ~i~ ns in the constraint system (a), ..., Cd) is a feasible set

of intensity histories for an input program of LCV
N ,

VN I *  . . .  , V~~~~)

Each vecto r x (a)  * (a = 1,2,3 , . . . )  determined by these f eas ib le

intensity histories is a time substitutable pru ’ram of exogenous inputs

to obtain the output histories V
~~
,V N l ,  . . .,  and they define

the isoquant of the map set L(V
N * VN 1  V N P+l ) - It should be

noted here that a preallocation of t h e serv ices  of given facilities has been

r e f l e c t e d  in the intensity hounds (10.6.1—2) ~s,d f I r the g r O e J v  ; I l u t i o n .
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A new d imension is added for  d ynami c model s in add it ion to the

traditional factor substitution of the static theory of produc tion , namel y:

TIME SUBSTITUTION for inputs. Each of the programs generated from the

constraint system (a), . . . ,  Cd), provides a new distribution over time

of the same tot al a~nounts of exogenous inputs , and is therefore  a t ime

substitution of the 4reedv solution. Even though all capi tal serv ices

come from fixed facilities , and the exogenous inputs are not substitutable

as factors , there  may be considerable time substitution possible for these

exogenous input histories. Time substitution is the essential dynamic

aspe ct of fac tor app lication. In a comp lex case, both factors and time

subst itution may be intermixed. Thus one can appreciate the full

possib ili ties for  the dynam ic phenomena of produc tion.

One impor tant problem of production planning is that of constant

loading the app lication of resources. The greedy solution is likely to

prov ide an undes irabl y variable load ing . If the time histories of the

intensity functions were constant and the technical coefficients did

not vary much with time , a smooth loading of exogenous inputs and inter-

med iate product production would result. This suggests that one may

seek to use the time substitution possibilities for the intensity

function in order to modify them for constancy. The greed y solution

prov ides the least total span of product ion time to obtain the output

histories of final prod ucts. An activity A . is cri tical dur ing any

period [c ,~ — 1) 
* 

(a = 1,2,3, . . . )  if z .Ca) may not be decreased

without extending the total prod uction time of the greed y solution.

When an activity A . is not critical during a period [a ,c ± 1) , the

gre edy solution may be altered by reducing the capacity bound z.(c )

until A . becomes cr itical during [a,c + 1) - The altered greedy
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solution obtained by decreasing ~.(a) is a time substitution for z .(a)

(; = 1,2 ,3, ...) which does not extend the total production time needed

to obtain (V
N
,VN 1 ,  . . .  

* 
v~~~ f~ ) c (L~)~ . . By all ci the time substitu-

tions of this type one may alter the greed y solution toward smoother

loading of resources. If all activities became critical for all periods

by these al te ra t ions , the resulting loading of resources would be the

smoothest that can be obtained without increasing the total prod uction

time required to obtain (V N , VN 1 ,  . . .,  v
N p+l

) . Further smoothing

may be sought by time substitutions which extend the total time of the

project.

Initially, it has been assumed fo r  the inpu t  co r re spondence  tha t

when activities share the services of c e r t a i n  f i x e d  resources , a pre—

allocat ion of this sharing is made and reflected in the intensity bounds

for such activities , and (10.4.2—12) is a detinition of the input corre—

spondence subject to this restriction. This qualification may be removed

as fo l lows :

Suppose there are f f ixed resources , with input coefficients for

the act ivities defined as in (10.6.1—17) by

(10.6.2-12) ~ : “il ’1i2 a .f 1 * (i 1 ,2, . . . ,  N )

where a .• c (L )
÷ * 

with ~~~ (t) , t r [O ,+’) , (j = 1,2, . . . , f )

denotes at e l - h  time t the amount of the 3
th f ixed resource req uired

per unit intensity of the 1th network activity. Then , if

(d 1,d~~, . . .,  d
f

) C ( L ) ~ represen ts the time histories of the number

ot u nits of these resources available per unit time , it is required that

the in t e n s ity histories z Cz 1,z2, Z
N

) C ( L ) ~ satisfy
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i=l ~~~
(0)z

i
(a) < d .(o)

(1 = 1,2, . . . * f )  , (a = 1,2,3, . . .)

Then , the shared capaci ty bo unds permissable are defined by

t ( L )
~ : z .(t) z . (a) * t C [a ,a —1) * 

(i = 1,2, . . . ,  N) *

(10.6.2-13) 
~ ..(a)z~~(a) < d ..(a) * j = 1,2, . . . ,  f

z . (a) 
~ * (i = 1,2, . . . * N) * (a = 1,2,3, . . .)

Then one may seek by optimization or heuris t ic  the shor tes t  time span

for the greed y solution with the constraints (a), . . .,  Cd) supp lemented

by z c ~~~~.

Clearl y there are many dynamically var iable possibil ities in sharing

reso urces , giving rise to problems of optimal allocation of shared resources.

Heu r i s t ics  for  this kind of p roblem can be developed . Here we have a

time substitution in sharing resources.

To extend the model of the network input correspondence further ,

suppose that  it is possible for two intermediate product producing

activ ities to produce the same output , say An A +1 * fo r  1 < ~~ < (N—p)

Then the constraints Cc) are altered for i — a and i = ci + 1 to

state

a—i a—l N —
(10.6.2-14 ) 

~ (ci
Ca_ 1)z

i
(a ) + 

~ 
c i (r_ l )z

iCT)) 
< ~~ a .

i c i  -r=2 — 
i—i j— (ct+2) *
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Then , without preallocation of the outputs of A and A +l to supp ly

A . (j  = + 2,ci + 3 , . . .,  N) 
* 

the greedy solution is indeterminant.

Hence , in order to accommodate the role of such substitutable activities

some kind of policy rule is needed . Ordinarily, the dup lica ting processes

(activities) can be ordered by their efficiency, say (~~i + 1) is more

efficient or more preferred for whatever reason applies. Then , one may

replace ( 10.6 .2—14)  b y

c
~ +1Ca - l) z

~ +l C a)  +
~~~ 

c~~ 1Cr - 1)z
~+i ( T )  

~ ,a+l~~~
Z j Cr )  *

r 2  r l  j cz+2

/ a—l
(10.6.2—15) (c (a — l)z (a)+ 

~ 
c
~~
(T _ l)z

~~
Cr)) <

r 2  /

~ ~~~~~ ~j,n+l T z
l
C1 _ c

~+i C a-l~~ 
Z
n÷i

(a)_
~~~~

c +i (t_ l)z ci+1(r))

Note tha t the coe f f i c ien ts a~ iCa) , a. (a) have to have the same
3,ci 3,ct

values. Moreover , if the two a c t i v i t i e s  are dup licates the same modifica-

t ion app lies , because it does not ma t t e r  which is used .

If two f i na l  o u t p u t  ac t iv i t i e s  yield the same o u t p u t , a p real loca t ior i

of the contribution of each to the required output of that type is required .

Obviously the system can function if the least preferred of the two is left

idle , but then the total span of production time may be increased . By

comparing and evaluating costs of the greedy solutions for various pre—

allocations one may cost out the saving in time . The problem faced here

is a comp lex problem of optimization.

The simplifica tion made by assuming that each activity output could

be either intermed iate product or final prod uc t , bu t no t bo th , may be

relaxed as follows :

~~~~~~~~ ~~~~~~
- ..
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Suppose there are p > 1 net outputs. Supplement the network with

activities A
N+l *AN+7* . . .,  A.,~~ * which mer el y collect these net o u t p u t s .

Denote the intensities of operation of these nodes during the interval

[a ,c — 1) by

(10. 6 .2—16 )  Z
N+

. (a )  * 
(a = 1,2,3, . .  . )  , (j = 1,2, . . . , p)

constrained only to be nonnegative . The output coefficients of these

ac tivi ties are

(10.6.2—17) cN+ .(a)  , (j  = 1,2, . . . , p) * (a = 0,1,2,3, . .

express ing the amount of the ~th net output collected per unit intensity

of the activity AN+ . during [a + l ,a) . The intensities (10.6.2—16)

may be understood so that

(10.6.2—18) cN+.(a) = 1 , (j =1 ,2, . . . ,  p) , (a=0 ,l ,2,3 , . . . )

Concern ing inputs to the activities A~~~. , (j = 1,2, .. ., p) only

outputs of the activities A . Ci = 1,2 N) will be need ed. Coeffi-

cients expressing these requirements are :

(10.6. 2—19 ) 
~N+j ,m

Ca) = 1 * (a = 0 ,1,2 , . . .) ,(j = 1,2, . . . * p) * (1 = 1,2 N)

expressing the amount of the output of the ~
th ac tivi ty required per uni t

intensity of the collecting activity AN+ .

With these additions the constraints for the greed y solu tion for

the net output histories V . ( a)  * (j  = 1 ,2, . . . * p) , (a = 0,1,2, . . .)

become
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(a )  0 z
i

(a)  < ~~ (a )  * Ci = 1,2, . . . , N ) * z N4 . ( a)  - 0

(j = 1,2 , . . . * p) , (c = 0 , 1, 2 , 3 , . .

~ ~~ C O ) — V
~~

C l )  Ci = 1,2, . . . * p )

(b )  L
N+l

(c l ) z N+ .(a) + 
:~ i 

CN+J
C T _ l ) z

N+i (r) V
1

(0) - V . (o)

(j = 1,2, . . . , p) , (a = 2 ,3,4, . .
N+p

ci
( l) z

i
(2) < a 

i
(l) z.

~~
) Ci 1,2, . . . ,  N)

j = (N + l )

(c) a—i a—l N+p —
c .(a-l)z . (a)  + ~~ c~~(r _ l) z .( r ) < 

~~ 
a .1 ( r ) z 4 ( r )

1 1 
r=2 

1 - r 1  j (i+l) ~

Ci = 1,2, . . . 
* 

N) * (a = 3 ,4,5, . . . )

C d)  (x
~~~

( a ) ) .  > a 1. ( a ) z 1(a )  , Ci — 1,2, . . . ,  n) , (1 = 1,2, . .. * N)

(e)  V~~1
(a )  

~~~~~~~ 

~~
. . ( T ) z

i
( T )  , (j = 1,2, . . . ,  mm (N , i - l ) )  *

Ci = 1,2, . . . , (N + p))

Under these constraints the greedy solution for the intensity functions

z
~
(J) * i = 1,2, . . . * N + p , a = 0,1,2, . . . are

(10.6.2-20) z
i

( a)  Em (a) , (a = 1,2,3, . . . )  * (i = 1,2, . . . ,  N + p)

whe r e

(10.6.2-21) E~~
1 ( l )  : = (V

1
CO) - V

1
(1)) * (I 1,2, . . .,  p)

- V
1

CO ) - V
1

( a)  - :~: 
E~~~~(r )

(10.6.2—22)

(j - 1,2, . . .p) , (a = 2,3, . . . )

• . -~- . .—
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(10.6.2-23) E
i(l)  : = 0 * (i = 1, 2 , . . . ,  N)

N+p
~~ ~~~

. . C l ) E 3 (l)

( 10 .6 .2-24)  E1( 2) : = Mm i Ci+l)
(~~ 

* ~ .(2) Ci = 1,2 , . . .,  N )

a—i N+p 
— 

. o—l

~ a . . ( r ) E 3 ( r )  - ~ c .(T - l)E
1( r )

(10.6.2-25) E
1(a)  : = Mm r=l j=i+l ~~ 

c .(a -

Ci = 1,2, . . . , N) * (a = 3,4,5, . .

10 .6 .3  Job Shop Production

Conside r a shop of N machine tools performing operations for  metal

f a b r i c a t i o n  such as mi l l ing ,  grinding , dr i l l ing, etc.  These tools funct ion

as ac t iv i t ies  A1, A 2 ,  . . . ,  A.~ for the job shop production. The job shop

fabricates a variety of different products in lots of varying size.

Assume that production planning is to be done for p > 1 products.  These

products  do not necessarily require the use of the same machines, and

the i n i t i a l  and f inal machining operat ion need not be the same. However ,

it is assumed that the orderings of activit ies used in manufac ture  by the

produc t s  are coherent in that there exists an ordering of the activities

of the sh op say A1, A2 , ..., AN such that in the routing of each product

proces sing b y an ac t iv i ty  A . does not require previous processing by

A . (j ~ + l,i + 2 , . . . * N) , Ci = 1,2,3,4, . . . * N)

It is also assumed for this model of production that there are no

dup licate machine tools , i.e. , each ac t iv i ty  performs a dis t inct operat ion

fo r the job shop. In e f f e c t  the ac t iv i t ies  A1, . . .,  A~ are machine tool

centers , w i t h  dup l icate  machines located in one center .
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Let V . ( t )  j = 1,2, . . . * 
p , denote cumulat ive o u t p u t  schedules

for the p products. An output horizon T is chosen to coinc ide with

the latest time at which any of these products is due , with time units

count ed backward by Co = 0,1,2,3, . . . )  as defined by C l 0 . 6 . 2 — l ) .

The policy for  processing these p roducts  will be taken as:

p roducts  wi th  the latest f inal due date will be processed f i r s t  in reverse

time (a = 1, 2 , 3 , . . . )  . Hence the products are ordered in descend ing

index sta r t ing wi th  p * acco rding to latest  f inal  due date , from the

latest  to the ear l ies t .  Note that  if a . is the latest due da te  of the
3

th
j p roduc t

(10.6.3—1) Vja) = V . C a .)  fo r a < a . (j = 1, 2 , . .  .,  p)

As at the end of Section 10.6 .2 , int roduce ac t iv i t i es  A.

(1 1,2, ... * p) with intensi t ies  zN+ i ( a )  * (a = 1,2 , 3 , .. . )  * to

col lect  the outputs  of the p produc ts , with technical coefficient

f u nctions cN+~
(a)  * a N÷~~~

(a )  as de f i ned b y (1 0 .6 .2—17) ,  ( 10 .6 .2— 18)

and (10 . 6 . 2 — 1 9 ) .

Each of the work centers A1,A2 
has a cer ta in  capaci ty

for intensity of operation , which need not be constant in time because

of routine maintenance. The histories of these capacities represent

bounds upo n the intensi t ies  of operating the activities denoted by

(1 0 .6 .3—2 )  : = (z 1,z2 Z N
) C (Lc~ )~~

Since each activ i ty  A . may pot ent ia l ly op erate on any product , the

in tens i ty  of opera t ion of A . on product  I during [0 , 0 — 1) *

equivale nt to [T — i~, T — a + 1) * is denoted by
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( 10 .6 . 3 — 3 )  z~~(o)  * Cj = 1,2, . . . ,  p) , Ci = 1, 2 , . . . ,  N) * (a = 1,2,3, . . . )

Concerning the ou tpu t  technical coe f f i c i en t  func t ions  for  A . * the

amount of the ~th p roduct processed pe r uni t  in tens i ty  of the 1th ac t iv i ty

applied to the ~th p roduct dur ing [a + l ,a) is denoted by

( 10.6.3-4) c~~(a) * Ci = 1,2 , . . .,  p) , Ci = 1,2, . . . ,  N) * (a = 0,1,2,3, . . . )

Concerning inputs to the machine centers , exogenous inputs , in

addi t ion to the services of the machine centers alread y accou nted for

b y the intensi ty bounds , can be neglected fo r pract ica l  purposes , es-

pecia l ly if the machine tools are automated as a system. For the

illustration discussed here , onl y inpu ts of work in process will  be con-

sid ered . Let

( 10.6.3-5) ~~~ (a) , (j=l ,2, ...,p) , ( i = l , 2 , . . . , N)  * s= l ,2, ..., (i-i)

denote the amount of finished work in process required from A on produc t

j pe r unit in tens ity of opera t ing A . during [a ,a - 1)

Then , unde r the policy that products with the latest final due date

will be processed f i r s t  in reverse time a , the constraints to greed y

solut ion are:

z~~( a) > 0 * z?( a) < 
~~.

(a )  , (j = p , p  - 1, . . .,  2,1)

Ci = 1,2, . . . , N)

(10. 6 .3—6)  (a)

~ ~~
Ca) — ~~ z~~(a)  , (

~~
= p — l , p —2 , . . .,  2,1) 

*

j  + I

Ci = 1,2 , . . . , N)
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cN+~
(O) z

N+~
( l )  ~ v~ Co - v .(l) * (j = p,p-l , .. .,  2,1)

(10.6.3-7) (b) cN+ .(a
_ l)zN+ . (a) + 

: 
cN+~

(r_l)z N+.(T) < V . (O) -

(a 2,3,4, . . .)

• . N+p
c~. (l) z~.( 2) < ~ ~~.(l)z~(l)

cx=i+l

• a—l . . a—i N+p 
—(10.6.3—8) Cc) c~~(a — l)z~~Ca) + ~~ c~.(r — l)z~~(r )  < 

~~ a~~j r ) z~~C- r )
r=l ci=i+1

Ci = p , p — l , . . . ,  2 ,1) * (1 = 1,2, ... , N)

(a = 3,4,3, . .

Fo r the greed y so lu t ion  of the in tens ity func tions of this sys tem ,

the intensities for outputs are given by

zN+i (1) = E~~
j(l)  , (j = p,p-l , . . . ,  2,1)

(10.6.3—9)
z

N+
.(a )  = E 3 (i) , Ca = 2,3,4, . . . )

whe r e E~~~~( l )  and E~~~~~(a) are def ined  b y (10.6.2-21) and ( 1 0 . 6 . 2 - 2 2 ) .

Next , consider activity A . (j  1, 2 , . . .,  N) for  product s

(p ,p — 1, . . .,  2,1) in this order. Constraint (c) requires

N+p
c~~( l)z~~(2)  < 

~~ a~~jl)z~~(l)

If the machine center A . does not process produc t  p , z?(2) must be

zero , and also no subsequently ordered activity will require work in

process of product p from i i.e., 3P (1) = 0 for  (a = i + 1,

i + 2 , ..., N + p ) .

— _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

~~~~~~~~~~~ . .  - ‘~~-- —
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Hence de f ine

(10.6.3—10) ~~ : = Ci : j C {1 ,2, .. . * N} , product a is processed by A~~

Since f inal prod ucts are collected starting at a = 1 , no wo rk by an

ac tivity can be started at a = 1 . Thus

z~~(l)  = E~ (a) : = 0 (j = 1, 2 p) * Ci = 1,2, . . . , N )

Then , fo r  Ca = 2 ,3, ...) the greed y solution for z?(a) is given by

z~~(~~) = E~~(a) where
1 p

0 if i ~

N+p
(10.6.3— 11) E

1
( 2 )  = 

~1in 
~~ 

~~~ .W E ~~~ l) 

, ~~. ( 2 )  
~ C

c~~(l)  1 
Ci = 1,2, . . . , N)

O if i ~

a—i N+p a—l

( 10 .6 .3 -12 )  E
1 (a )  : = 

r~ l a~~~ +l 
~~ .(T)E~~Cr) 

r=2 
c?(T-l)E~~(T) 

=
Mm — , z .(a)

c~~C a — 1)

Ci = 1,2, . . . * N)

In a simila r way , using the thi rd part  of cons t ra in ts  C a ) ;  the greed y

solution becomes z~~(~ ) = E~~(a) where

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ~--- -  - - --~~ ---- - -

_______________ - .  •
~~~

.- .
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0 if ~~~~~~~~

• N+p

(10.6.3-13) E~~( 2 )  : = 

Mm [a
=L1 ~~~~E~~U 

* 
(~~~

C2 - 

a=~+i 
E 1

(2))]

0 if i ~

n—i N+p • a—l

~ ~~~~
(T)

~~~~
(T) - ~ c~~~~ - l ) E~~

1) (r)
• r 1  cz i+l t=2

Mm • *
(10.6.3-14) E . (a) : = c~~(a -  1)

~~ 
- 

~ +l 
E1(
a))]

By calculating in reverse order of activity and reverse order of

prod uct , over all time per iods in each case , one may de termine a greed y

prod uct ion p lan for the job shop .
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