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ABSTRACT
Y
Chapter 10 of a monograph on a Dynamic Theory of Production Correspondences
is presented. A network of correspondences is defined and properties are
investigated. General technical coefficient form of network correspondences

are introduced and se#gral special structures are considered with algorithms
for computing greedy histories of input and output rate histories.
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CHAPTER 10

*
DYNAMIC ACTIVITY ANALYSIS

In the previous chapters the dynamic model of production has been
abstract. For application of the concepts developed, the structure of
production has to be made more explicit. The most direct way of doing
this is to consider production as being carried out by a finite number
of mutually supporting activities. In general form, each activity
may be taken as an abstract production correspondence in order to
investigate the structure of a production network. This structure can
be made more specific for application by taking the production structure
of each activity to be represented by technical coefficients which can

' or programmed

be allowed to vary in time for such phenomena as "learning,'
technological change. It will be seen that in this way a dynamic production

correspondence may be formulated for such widely different production

activities as construction (e.g., shipbuilding) and job shop manufacture.

10.1 General Form of a Production Network Output Correspondence

Let N denote the number of distinct activities in a production
system. For the purposes of the treatment in this section these activities
are taken as primitive elements. Denote them by Al’AZ’ e AN .

An initial activity Ao is added as a source of exogenous inputs, and
a terminal activity AN+l is included to collect all end products.
The outputs of an activity may be intermediate or final, or both kinds

of production. Spare parts are an example of the latter. All output

*

This chapter is in part a revision and extension of R. W. Shephard,
R. Al-Ayat and R. C. Leachman's "Shipbuilding Production Function,"
in QUANTITATIVE WIRTSCHAFTSFORSCHUNG, Mohr, Tubingen, 1977.
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histories, whatever the purpose of the product, are here taken as

m
elements of a vector of a common function space (L ), , where m

+
denotes the total number of all kinds of products.

For notation:

X E (Lm): is a vector of histories of available exogenous input

rates. (n 1inputs.)

X4 € (Lm)i is a vector of time histories of allocations of x

to the production activity Ai =20 s )
Vi € (Lw)f is a vector of histories of net output rates provided

by the production activity Ai CErm b2, e N

m . 5 .
Vij 3 (Lm)+ is a vector of time histories of input rates to Aj

of outputs of Ai (L= a2 ouy N = 03 oy N 5 88

intermediate product input, and V, is a time history of

i,N+1
net output from Ai .
N, "
) 0 ) Vji) e (L), 1is a vector of time histories of total
j=1
input rates of intermediate products to Ai (@ = 1,2, iwy N)

'
By (Z ) is denoted a sum with Vig excluded. The vector V.,

of time histories of output rates of A, 1is taken as net of V

i s (e

With the foregoing notation, the dynamic production correspondence

of Ai (1 = 1,2, ..., N) 1is expressed by

m
m (Lw)+

n
(10.1-1) (x 4vy) € (L), x (L), + P(x  ,v,) €2

The input rate histories v are exogenous to A

i £

— - —




For the activity Ao
N
(10.1-2) .Z g0 < in

is an assumption of strong disposal of input histories for the production
network. In the case of the activity AN+l which merely collects the

net outputs,

N
(10.1-3) Y g = )
i=

N+1 1 Vi,N+1 i

A producing activity Ai (i =1,2, ..., N) does not necessarily receive
intermediate product inputs from the outputs of all the other producing
activities, and none of the outputs of Ai need necessarily contribute
to net outputs. The possible transfers of intermediate products are
defined by an incidence matrix ‘lwij\l , Where wij =] e Vi
contains an output history which may be used to supply intermediate
product input to Aj s J#41i ,3 #N+ 1, or final output for AN+l .
and otherwise wij o (s LSS s W) s (G T ey N

= 1 and otherwise w, =0 .

If Ai sends output to AN+l ’ i,N+1

“i,N+1

Assumption of Essentiality of Exogenous Inputs: IP.N.1

The exogenous inputs for anactivity A, are

i
(1n.1-4) globally essential and input rate strongly
limitational for V, , (41 = 1.2, «.sy N)

i

wrng



The output of an activity may be intermediate product entirely, or
final product entirely, or a combination of both. It must be possible
that vi,N+l is positive in some component on a subset of positive
measure for some (i = 1,2, ..., N) , otherwise the production system
may not yield any net output.

As a simple illustration, consider four producing activities

represented schematically by nodes (:) ,(:) - (:) 7 (:) as illustrated

below:

The directed arcs (12), (24) and (34) show the transfers of intermediate
product inputs. To this system has been added a node <:> as source

for exogenous input flows, and a node (:) to collect net output flows.
The directed arcs (01), (02), (03), (04) show exogeneous input flows

to the producing nodes, and the directed arcs (15), (25), (35) and (45)
show possible net output flows. These two sets of arcs are labelled

in accordance with the notation defined above. Obviously such a directed
graph representation of the activity structure of a production system

can become quite complicated.
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Returning now to the general treatment, the output correspondence
for the entire activity structured production network is denoted as

before by

m

n LN
(10.1-5) X € (Lm)+ + TP(x) e 2
where P(x) may take several forms depending upon assumptions made
as to disposability of outputs and inputs for the correspondences (10.1-1)

of the activities Ai (i =1,2, ..., N) . In the case of free dis-

posability of inputs and outputs

This definition of the map set P(x) of net output rate histories for
the entire production system is modified for scaled disposal of output

rate histories by changing the first constraint to

P o) RN 1 S8 P RSO | DR

N
(10.1-7) u =08 ] ™ ) 0 %

i=1
for which ( )Ol denotes the a-th component. In this case the corre-
spondences (10.1-1) for the activities Al’ ey AN may or may not be
taken to obey property P.6S. Further when QQ =68 g [0,1] for
(0 = 1,2, ..., m) , a weak disposal (common scaling) of output rate
histories is obtained, irrespective of the output disposal assumption

for the activities AL .




In the case of scaled disposal of exogenous input rate histories,
the definition of the map set P(x) in (10.1-6) is modified by sub-

stituting

N
1 ) i L
(10.1-8) 121 (xoi)j = )‘j (x)j : )\j e i gay (e T2 LB,

for the last constraint. Property IP.3S may or may not be invoked for

the correspondences (10.1-1). When Aj =X e [1,+°) , (] Lp 2 ovincs. ) 'y
a weak disposal of input rate histories is expressed; but the input
disposal assumptions for the activities is not circumscribed.

The various forms of disposal of input and output rate histories
may be freely combined for the definition of IP(x) . The disposal of
intermediate product outputs is determined by the assumptions made for
the correspondences (10.1-1) independently of those for the network.

No explicit allowance has been made for storage of activity outputs
(as intermediate products) or exogenous inputs. Provision fer such

storage in the definition of the correspondence (10.1-5), (10.1-6)

may be made as follows:

(a) Define cumulative histories ( ) of output rates of

Vigk

activity Ai used as input to Aj by

€
(10.1-9) (Vij(t))k ! =.‘.(Vij(r))kdvk(r) t e [0,+4)
0

for (k=™ L2y cisy m) o and (L= B2 vivy N)

(3 = 1,2, 0., (N+1))




(b) Define cumulative histories (&oi)j of exogenous input

rate allocations by:

(10.1-10) (}Eoi(t))j :=.I.(xoi(r))jduj(T) » t e [0,+)
0

For: (= 1.2 ool ands (e Sy )

N
Al
(c) Leat Pi (Pi(xoi’ jzl Vji)) denote for (L = 1.2, ..., N)

the cumulative output histories of Ai obtained from

N
(Xoi’ jzl Vji) , defined by:

]Pi(lpi(xoi’ jﬁ Vji)):= )Vi PV = )Ty gs e (V)

t
(10.1-11) (\}i(t))k :=.I.(Vi(t))kdvk(1) st e N[0 ee SR (e n =R G2 S s )
0

v..)',,
g L

I ~22

Vyt= (V)W dos cees (V) 5V, € “’i(xoi’ ;
(o e e )

(d) Modify the second comstraint of (10.1-6) to

N+L ) N,
(10.1-12) ( ) vij) € mi(mi(xoi, ] Vji)) =™ 1,25 4ens B)

j=1 j=1

(e) Let {01,0 0% os} c {1,2, ..., n} denote exogenous input

2’

indices for storable inputs, and define cumulative availability

of these inputs by




t
(16.1-13) (i(c))G 1= J’(x('r))O dug (T) o & & [0 =), G = 1,2,
j 0 Fiii]

(f) Modify the last constraint of (10.1-6) to

N
L G ), £, (o Bl 8D
(10.1-14)

< (x) (3 = (8 + 1),(84 2), «uvey B)

S)

With these modifications, the map sets of the production network

output correspondence for free disposal of input and output rate histories

becomes:

A
(=N
[ s B

P(x) : = ;us (Lm)i A
N A
(10.3-18) B e 120 oM STy

(x. ;)

QL O

o=
A
-y
A
N
-
-
(S
[
~~
w2
+
—
N
-
~
wn
+
r
N
=)
N

L
30

.

Modification of (10.1-15) for strong and weak disposal of output rate

histories is made by introducing (10.1-7) for the first constraint as

before. In the case of strong or weak disposal of input rate histories,

one replaces the last two constraints of (10.1-15) by




(s+1),(8+2), ..., n)

§ o~
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i

with AG e [1,+°) , for (j =1,2, ..., n) , and in case of weak dis-
]
posability set A_ =X e [L+) , (j
j

In any practical case the constraints (10.1-12) and (10.1-14) need

u

1525 ;.., n)

some upper bounds on the net accumulations of intermediate products and
exogenous inputs. But this is a matter of detail not considered at this

level of abstraction.

10.2 Properties of the Production Network Output Correspondence

It is of some interest to investigate the properties of a production
network implied by the axioms for the dynamic production correspondences
of the activities of the network.

If =

0 , the constraints (10.1-2), (10.1-8) or (10.1-14) all

imply x for (i =1,2, ..., n) . Consequently by (10.1-4) it

oi

follows for (10.1-6) that

N+1
) Vis =0, (B=12, e, N)
j_1 ’

and = 0 , whence P(x) = {0} whether or not (10.1-7) is

N

izt Vi, N+l
used. If the contraint (10.1-14) is used in the case of inventories,
the same result follows. Hence axiom I[P.l may be taken as a generally

applicable property for production networks. See Chapter 3, Section 3.1

for the implication of the assumption PNl 4 = 325 ey N

.
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Concerning property IP.2 for the correspondence (10.1-5), (10.1-6),
if the vector x of exogenous input rate histories is bounded (in the
norm), the constraints (10.1-2), (10.1-8) or (10.1-14) imply that the

vectors X o (i=1,2, ..., N) , are likewise bounded. Then, since

X ; Spans an essential subset of factors for the correspondence (10.1-1)

which are globally essential and input rate strongly limitational for

vectors Vi by P.N.1 , it follows that the sets Pi(xoi,vi) are

N+1
likewise bounded. Consequently, l] Z' Vijll is bounded, implying
N =1
Z Vs is bounded. Hence IP(x) 1is bounded. Thus property .2
161 i,N+1

holds for the production network in all cases, including inventories.
See (10.1-15).

In regard to property IP.3, if it holds for the correspondence
of each activity, it clearly holds for the system correspondence. To
see this, let u ¢ P(x) . Then by (10.1-6) it follows that
N

)
i=1

=

(=
A

(Ngl ) ( g' )

v, [ e P ix . v (L= 1,2, casy ¥)
A+’ : 2 s s 2 ’ et ’
1, N1 j=1 1 i\ oi =1 ik

and

[ e B4
»
A
"

i=1 oi =

Obviously u satisfies this system of inequalities when the last one

is modified to

% L SAx, Xe [1,4)

||l e B4

i
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Consequently, u e P(Ax) and P(x) C P(Ax) for X e [1,+=)
The same argument applies when (10.1-8) is used in place of the last
inequality of (10.1-6) or (10.1-7) holds, and also when inventories are
3 allowed. See (10.1-15). Thus property P.3, P.3S or TP.3SS holds
for the correspondence of a production network when the correspondences
of the activities correspondingly satisfy the same property.

A stronger property than IP.3SS also propagates for the production

network. Consider:

Definition (10.1-1):

m

(L)
A production correspondence X € (Lw): + P(x) e 2 i exhibits
nondecreasing returns to scale iff T(Ax) D AP(x), A € [0,+»)

Then the following proposition holds:

Proposition (10.1-1):

If the correspondences of the activities of a production network
exhibit nondecreasing returns to scale, the correspondence of the network

has the same property.

Proof of Proposition (10.1-1) runs as follows:

Let
2
‘ g ( N+% ) ( N )
&g P(x) =<u ¢ a2 'R ’ V.;le P, lx ., IS 0 T
} t i,N+1 j=1 ij 4 Vo j=1 i
L N
L » 5 2 s N) iZl ®p x‘

Then for X e (0,4») ,
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@ € T { AU Au < AV . AV 1 A (x ., v
A ) - e i,N+1 j=1 ij i i awl ji)

When the activities Ai (i =1, ..., N) exhibit nondecreasing returns

to scale, the right side of the second constraint may be expressed

N N
ATP (x Y )c P ((xx Y. 2oy )
11 ed® b, "4 et Ly e
and then u € % P(ix) or [P(Ax) D AP(x) . The same argument can

be made for any weak disposal of inputs and outputs, i.e., (10.1-7),
2 N
(10.1-8), and accumulation of inventories since P,.[{AP, [x ., Z' V. . =
i i\ oi j=1 Joli
. N,
'(Pi(mi(xoi‘ L Vji ) . The case of A = 0 may be dismissed.

To continue with the axioms for a dynamic production correspondence,

m

property P.4.1 is not applicable, because the output space (Lw)+

spans both intermediate and final products.

Concerning property P.4.2, observe that if u & P(x)

u < \Y 5 ' g Blx . v PR G il (e SERRIRER SRR 1
=1 i,N+1 (j'l = £y ol j=1 i
N
121 oi = e

Using property IP.4.2 for the activities when 6 € (0,+») , there exist

(1)

positive scalars g "

(1 =1, ..., N) , such that




Sl it
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N+1 N
' (1) (i) ' e
(jzl (eViJ)) € Pl(ue xoipue jzl Vji) ’ (1 = 1’2’ o N)

Let Ae = Max uél) Then, under weak disposal of inputs, i.e.,
4
axiom T .3,
- NEl Nfl ( N
Bu < 9 v, with @ }' V..¢e P Aksx 5, 1 ¥..1,
= i=1 i,N+1 1o ij i\ 070i’"0 =1 i

(=152, oo iN)

and

Hence property P.4.2 holds for the correspondence of the production
network when it applies to the correspondences of the activities. Since
only a weak disposal of input histories was used, the argument obviously
applies when stronger disposals are possible. Also, the argument is

not essentially altered in the case of weak disposal of outputs.

When inventories are included one need only write

" x N
A A ; =
T ]Pi(]Pi( %51 g jzl vji)) (1= 1,2, , N)
in place of the second constraint and carry out the argument as before.
Thus property P.4.2 holds for the production network in all circumstances.
Next, concerning property .5 for the production network, the
generality of the latter is such that this property does not follow from

the same property for the correspondences of the activities without




e i
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additional assumption. For this purpose it is assumed either that IP.2S
and P.5 Bis hold along with property P.5 for the activity correspondences
when the norm topology is used for vectors of output histories, or P.2,
P.5 Bis and P.5 hold under a weak* topology for vectors of output

histories. 1In either case the correspondences

N
(xoi’ e ) * ‘Pi(xoi, jzl vji> (L= 1,2, o505 B)

J=1

have compact map sets so that the conditions for Proposition (2.1.1-1)
are fulfilled. Some alteration of the expression of the network

correspondence (10.1-5), (10.1-6) will likewise be used. The constraints

N+1 N .
( 'V ) e ]Pi(xoi, jzl vji) (L * 1,2 vivy X

i=1

do not lend themselves to determine convergence of sequences

“x‘l v' aQ \H-l 01“
) ot | L ji‘ Qj ij”

&

of Vi y4] cannot be inferred from compactness of the map sets
=

@ =1,2, ... , because convergence

| N
Pi(x;i, )" V;i) without free disposability of inputs, which

cannot be applied when these map sets are compact. Therefore vectors

Y of net output histories from an activity A L % Lady s Ny

i,N+1 -

will be considered distinct from vectors of intermediate product output

histories, by treating the activity correspondence as

BTty D S O N~ -~




N
' n m
("oi’ jzl Vji) 8 hdy X Qply ™ ]Pi(xoi’

(i =1,2,

15

N, @ Ixw )}
Z VJi) e 2

j=1

L) N)

where all net output histories are components of vectors in a net output

space (Lw)i » P a positive integer. For those activities which produce

the complete products of the system which do not serve as intermediate

products, this restructuring of the activity correspondences is no

restriction. When intermediate product outputs of activities are sent

to final output as spares, the alterations of the correspondences (10.1-1)

are a minor restriction in that spares as final outputs must be treated

as distinct from intermediate product outputs of the same kind and

determined independently of the latter.

becomes

[ e 74

P(x) :={ue (L)P:uc<
% skl
(10.2-1)

(L = 1,2, «isy N)

Then the expression (10.1-6)

N N
A 1
Vi,N+1’(Vi,N+1’ J.Z ‘Vij) EIPi("oi' J.Z Vji) ’

One additional assumption is made: that in this modified structure for

the activity correspondences, the two vectors, V, and

N
Z' V,, are disposable by axiom IP.6S,
j=1

disposable independently of the other.

i,N+1

i.e., each vector is weakly

This eminently reasonable

assumption is the essential restriction involved in the restructuring

described above.

-y
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It may be pointed out here, for emphasis, that the production model
for network systems of producing activities is quite general. Cycles
are not excluded, and alternative production activities in parallel are
possible.

To continue with the consideration of axiom .5 for the production
network, let {x*} be an infinite sequence of vectors of exogenous input
histories converging to the vector x° , with u® e P(xa) for all
@ =1,2, ... and generating an infinite sequence {u®} converging to

0

u . Then, except for a finite number of elements of (x*} , the sequence

{x*} 1is bounded (in the relevant norm depending upon the topology) and

N .
accordingly under the same conditions a sequence ; 2 xgi: is bounded
21
- a a &
since Z X4 SX and the input rate time histories are nonnegative.
i=1 i

, a .
Hence anv allocation sequence {xoil is bounded in the relevant norm

f

(excluding a finite number of them perhaps), (i =1,2, ..., N) , and
{ %l
consequently there exist convergent subsequences Ixoi$ . For the
N ak' ‘ ak1

subsequence {mk} , consider the sequences ; V.i » related to u 5

=1 31 s - 8
(i =1,2, ..., N) . These sequences are likewise bounded in the relevant
norm due to property P.N.l1. Consequently, there exists a subsequence

1 1

{11; C {ak; such that

% %2
for (L= 1,2, vovy W) » Now u 5 P(x ) implies
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cr.2 N ‘19 (12 N' afl ]
' L . 4
(vi,N+l’ .Z Vii ) e Pil%or .Z Vi) L2, M,
j=1 j=1 1
with
(o} N (o
L L
- T T
i=1
aﬁ, Nv 0.1
Since Vi N+1 and Z Vi. are independently weak disposable [i.e., the
s J'—’l J
ay N' ai
correspondence of A, satisfies IP.6S in the vector pair \' . Z N
i i ,N+1’ . i3 i
j=1
a a N o '
2 L ' L
{ = e : ;
Vi € Pi(xoi' P vji) g kil sl s H)
j=1
Accordingly

o o
Since ‘(x %, z' \Y i)} is a convergent sequence, and hence compact,

!

it follows by Proposition (2.1.1-1) that
o N o
u By 1 v.i)
o ju1 |

is compact. Hence there exists a subsequence {uv} & {az} such that

| T, P

'ViaN+1$ TV, i=12, ..., M)

R BT AA——‘_L*A__._...._.____‘_______.____‘“:_.____.____—‘J
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and

o
Vi,N+l

c
A
I o~ Z

i=1

Therefore the network correspondence x - TP(x) is closed, if the
correspondences of the activities Ai obey P.2S, P.5, .5 Bis under
the norm topology, or obey P.2, P.5, P.5 Bis under a weak* topology,
and vectors of net output time histories are distinct from vectors of
intermediate time histories with each independently weakly disposable.
Nothing in the foregoing arguments needs to be essentially altered if
exogenous input rate time histories obey (10.1-8). However, the
closure of the graph of the network correspondenceAcannot be obtained

if inventories are permitted, since

lpi(xoi’ JE; Vji) compact # fpi(lpi(xoi’ jgl vji)) compact.
Turning now to the output disposal property for a network correspondence,
depending upon whether the network correspondence is defined by (10.1-6)
or modified to incorporate (10.1-7), independently of the assumptions
made for the activity correspondences in this respect, property IP.6SS
or P.6S or TP.6 may apply.
For the production network output correspondence (10.1-5), (10.1-6)
and the alterations as to disposal of inputs and outputs and use of
inventories, there are two axioms on time spans of outputs which have to

be considered, i.e., P.T.1l and P.T.2.
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If the axiom IP.T.l1 on initiation of output holds (see Section 2.1.3)
for each activity correspondence (10.1-1), it will certainly hold for
(10.1-6) or any alterations for disposal of outputs and inputs or for
use of inventories. Similarly the axiom P.T.2 on time extension of
outputs holds for the network correspondence when the same applies to

the correspondences (10.1-1), since t t flor a0l RN

. Ry
i,N+1 oi

A

\'
(See Section 2.1.3).

The axioms L.T.l1l and L.T.2 on time extension of inputs and those
on boundedness of efficient input histories require consideration of the

network correspondence inverse to the output correspondence, and this

matter is taken up in the following sections.

10.3 General Form of the Production Network Input Correspondence

Conforming to the definition (10.1-6) for the map sets of the network
output correspondence, the network input correspondence, inverse to the

output correspondence, is defined by

(L)
(10.3-1) ue (L)) + Lu) e 2

v

s - N N' N+%
L(u) = Qx e (L, : x .2 xoi’(xoi' ) vji) £ 11( . Vij ;
(10.3-2)

(L% 1,28, woss By, )} ¥

where

N+1 & N+1
(jzl vtj) e (L), ~ lLi( jzl Vij) W T T R




are the activity input correspondences inverse to those of (10.1-1).
In this representation inputs and outputs have been taken freely dis-
posable. If histories of output rates for the production network are
only strongly disposable, i.e., only P.6S <= L.6S holds, the last
constraint in (10.3-2) is altered to

(10.3-3) (

) B B e ey (e

G k

i

15260 awany M)

I o~22

vi,N+]

i=1

and in the case of weak disposability of network outputs, i.e., only IP.6
applies, set Hk = 0 ¢ [L,#) , (k= 1,2, ...; m)

Input rate histories have been expressed as freely disposable in
expression (10.3-2). 1If they are to be only strongly disposable, i.e.,

only P.3S <= IL.3S applies, the first constraint of (10.3-2) is altered

to:

(10.3-4) xj - )\ ; e ,Aj & (Dl s Mt s ol
and, in case input rate histories are only weakly disposable, one takes
PR ) RN B B (SL SR 8

The assumptions concerning the disposability of input and output
rate histories for the production network can be made independently of
the like assumptions for the correspondences of the activities of the
network.

In the case where inventories of intermediate products and some
exogenous inputs are allowed, some additional notation is required.
for input

Cumulative histories (Qij) of output rates produced by A

k i

to Aj y (k=1,2, ..., m) , and cumulative histories of input rates
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(ioi)j , (j =1,2, ..., n) are defined by (10.1-9) and (10.1-10) res-
pectively. The cumulative transfers of intermediate products to A,

are defined by
~ N -~
(10.3-5) v, := )'V

and cumulative net output rate histories are defined by
(10.3-6)  (u(t)), : = (u(1)) dv, (1) , t e [0,4=) , (k=1,2, ..., m)

For inventories in use of intermediate products and exogenous inputs

; N+1 e N+1 |
(10.3-7) ndi(n,i( ) v,_)); = '(x oY) (x Vo) e ndi( Z Vi')

=

defines the cumulative input histories to attain at least

N+1
" Vij . Then, for inventories, the map sets (10.3-2) for the input
3l

correspondence (10.3-1) inverse to (10.1-5), (10.1-6) may be expressed

N N
= n, g LY t w9 AR 3
L(u) X E (Lw)+ PXy o2 ( 2 Aoi)ﬁ. (sl Sl s T i >u,
j i=1 j i=

B o
(10.3-8) ((;( W I (N SRS Wt A I g by Kk ) E' O
oi’a,’ oi’a, oi’og’ Toitog, 4170, ga1 42

. (NE; l
L, (L, ¥.. 10 , €1 ® 1.3, covp B)
l( =1 ”)) (

See (10.1-13) for definition of (x

01)0,

5




[g%)
o

That (10.3-8) is the inverse correspondence to (10.1-15) may be

seen as follows:

[}
iy
ro

-
.
-
Z
~

N N+%
li(mi( jzl Vij)) s

These implications arise because the t.ae rate histories involved are

nonnegative, and are compared pointwise in time.

10.4 Properties of the Production Network Input Correspondence

It follows from the definition of the producticn network input
correspondence as the inverse correspondence of the production network
output correspondence, that properties IL.1, L.2, L.3 (or L.3S or IL.3SS),
L.4.2, .5, L.6 (or L.6S or L.6SS) hold for the network input corre-
spondence as equivalent properties to those shown in Section 10.2 for
the output correspondence, with property IL.5 holding under the additional

assumptions made for property I P.5.

-
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It remains to consider axioms IL.T.l1 and L.T.2 on time extension
of inputs. For this purpose two additional assumptions need to be con-
sidered for the network, which do not arise when intermediate products
are not explicitly considered for the production system as in Chapter 2.

In order to produce a vector of summable output rate histories,
i.e., bounded amounts of each kind of output, it should be possible to
do this with vectors of summable input rate histories of intermediate
products. In the case where the output histories have bounded supports,
one would certainly accept this as a general principle. As an axiom
this property is exténded to cases where the output histories are
summable. If a single activity produced all net outputs and each
activity recéived its intermediate products from only one activity,
the need for the axiom would be moot, because axiom L.T.l holding for
this activity would imply that output could bé produced with vectors of
summable input rate histories of intermediate products, which in turn
requires only summable input rate histories for all activities obeying
L.T.1. However, under the generality of definition of the inverse
correspondence given by (10.3-2) and the alterations following, the
axiom needs to be introduced.

Next, concerning bounded supports for net output rate histories,
when all outputs cease it is to be expected that no further production
of intermediate products is required. However, under the generality of
the definition of the network inverse (input) correspondence, this
property for the activities does not imply the same for the network,

and needs to be taken as a network axiom.
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Hence, the following two network axioms are introduced:
I w e (Lw)z is summable on [0,+~) in each component
as a vector of net output rate histories for a production
P.N.2 network, there exist x and Vij . (oHi = 12 s D
of exogenous and intermediate product input rate histories,
with summable components, which yield u .
B Eu < » tor a production network, and x yields u
with intermediate product transfers Vij R B g o SR ) [
y; () =x,(e) , t e [0,t]
s (E =R )
P.N.3 yi(t) =0, te (tu+co)
(Wij(t))k = (Vij(t))k W ENE [O,tu] (k =_,l,2, ceey M)
(GLEs Pl s s D)
= t L W
(wij(t))k 0, te (£ ,+) = L2, » N)

also yizlds u .

With these two axioms it is clear that properties IL.T.1 and L.T.2
hold for the production network input correspondence when the same
properties hold for the activity input correspondences.

Finally, concerning the axioms on efficient subsets (see Section 2.2.4),
the notion of efficient vectors x of input rate histories as introduced
for an abstract production correspondence (see Section 2.2.3) needs to
be strengthened somewhat for a production network. Referring to (10.3.2)
for the production network input set IL(u) , and defining efficiency

solely with respect to exogenous inputs, x € IE(u) if and only if
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N N
(a) x = iZl ¥oi izl Vi,N+l e
N' N+%
(b) (’( s Z \' ) € IL.( E ’ (1 = 1,2’ ’ N)
oi jap M 1 41 ij

N N+1
(c) (yoi’ jz Vji ¢ li( } Vij) for y_, < X ;o (L = 1.7, vuns ¥}

These conditions may be satisfied for any intermediate product transfers
N'
z Vji , (1 =1,2, ..., N) such that (b) and (c) are satisfied.
j=1 :

The production network is defined in such a general way that the conditions

(a), (b), (c) do not imply

N' N+1
(xo,, ) V.le B, 'v,,)
> dgei =

In effect, inefficient intermediate product production is possible

for x € IE(u) under this definition. By specializing the production
network one might exclude such possibilities. The choice made here is to
retain the generality of the definition of a production network and
strengthen the definition of efficiency for a network by replacing (b)

and (c) with

N N+1
(d) (xoi, jzl vj].L ¢ E, jzl vij oKL e, iy B

On this basis, any one of the axioms of Section 2.2.4 on boundedness
or total boundedness for the efficient subsets of the input correspondences
of the activities carries over to the production network, because x
is a finite sum of vectors each of which belong to a bounded (or totally

bounded) efficient subset.
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By these developments (Sections 10.1, 10.2, 10.3 and 10.4) the
production correspondences of a general production network are defined
and exhibit the same properties (axioms) as developed earlier for a more
abstract production structure which does not explicitly display inter-
mediate products. In the following section the production network will

be made more specific by introducing technical coefficients.

10.5 Technical Coefficient Form of a Network Production Correspondence

Up to now each activity of the production network has been treated
as an abstract process. For purposes of application the correspondences
of the activities need to be expressed in terms of technical data.

The operation of the activity Ai is taken to-be characterized

by an intensity function 2z, € (L) defined by zi(t) for t e [0,+x)

+ 0
i=(,2, ..., N) . This function expresses at each time ¢t the rate

at which Ai is operating. The physical unit of zi(t) may refer to
some good or service per unit time, or merely be the reciprocal of time.
By axiom P.T.l production cannot be instantaneous. There are certain
natural bounds on the intensity functions zi depending upon the process

involved. Let
(10.5-1) 2 el 5y @
1 ; s s e

denote these bounds. Inputs of goods or services into an activity and
outputs of goods or services are driven by these intensity functions
in terms of technical coefficient functions.

For exogenous inputs let
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(10.5-2) a‘d

LER R (1 = 1.2, vavg B)

= llaga;, inl

denote row matrices of coefficient functions aij(t) , £t € [0,4=) ,

(F = 1.2, :0:5 0} of (Lm)+ , which express at each time t the number
of units of the jth exogenous input required per unit intensity of the
ith network activity. The coefficients aij(t) are taken dependent
upon time so that '"learning' or any other gradual change in technical

relationship may be allowed. Even abrupt technical change, which can be

programmed in advance, may be expressed by the time varying technical

coefficients.
Assumptions made concerning the coefficient functions AA(i) are:
(I) For each i e {1,2, ..., N} , and t e [0,+®) except for

a subset of measure zero, there exists j ¢ {1,2, ..., n}

such that (t) > 0 . SOME EXOGENOUS INPUT IS REQUIRED

ags
FOR EACH ACTIVITY (see IP.N.1).
(EI} For each § & {1.,2, +u.s 0} there exists 1 & (1,2, «vey N}

such that aij(t) > 0 on a subset of [0,+©) of positive

measure. EACH EXOGENOUS INPUT IS REQUIRED.

Normally, if a coefficient function aij is positive on a subset of
[0,4°) of positive measure it is positive almost everywhere on [0,+=) ,
except for abrupt technical change. Assumptions (I) and (II) are worded
to allow for the possibility of abrupt technical change where one newly

introduced input replaces another.

The outputs of the activities are vectors of time histories in

m

(Lm)+ , driven by the intensity functions LI L ®dsds sasy &Y 5
z = (21'22’ o nay ZV) € (Lw)i , in terms of output technical coefficient
——— . =2 = -
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functions
(10.5-3) ¢4 o Hee,n s e [l . (1w 1,2 N)
5 il17i2 im 2 SN
where Cij € (Lm)+ o (= 1020 s, m)  and cij(t) for t e [0,+=)
h

expresses at each time t the amount of the jt

unit intensity of the ith network activity.

net output produced per

The assumptions made concerning the output coefficient functions are:

(ITL) For eaeh i e (1,2, ...; NF , there exists J e (1,2, ..., m} A
such that cij(t) > 0 on a subset of [0,+°) of positive
measure. EACH ACTIVITY CAN PRODUCE SOME OUTPUT.

(IV) For each j ¢ {1,2, ..., m} , there exists i e {1,2, ..., N}
such that cij(t) > 0 on a subset of [0,+°) of positive

measure. EACH OUTPUT IS PRODUCIBLE.

The output histories of the activities serve both net output and
intermediate products. The technical coefficient functions for inter-
mediate product inputs are

" L RGN TR P
(10.5-4) A : = ]]aila12 aim'l A

where aij € (Lm)+ , and Eij(t) , t € [0,+4°) expresses at the time t

the number of units of the jth kind of output (j = 1,2, ..., m) required

per unit intensity of the ith network activity (i = 1,2, ..., N) . Non-

negativity of the functions ;ij is all that is required, since an activity

may produce only intermediate or only final product, as well as both.

As notation let
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(1) (2) T

)

A= (A

= = (1)

(10.5-5) B = 2) .. 4T

A )

¢ ;= @De@ L. gT

Then, the output correspondence for the production network has output

sets TP(x) , under free disposability of inputs and outputs, given by:

IP(x)-{ue(Lm)f:O < 2 zAA:x,z({Z—A-A)ZO,

A
N
A

(10.5-6) .
wsa@- B, xe @)l .

If inputs are not freely disposable the second constraint of (10.5-6)

is changed to

(10.5-7) (zM) , =Lx. Sl [ U i o) IR0 1A L U o 1)
SR TR b
J
where (zAA)j denotes the jth component of the vector (zA) .
Similarly, if outputs are not freely disposable, the last constraint of

(10.5-6) is changed to

(10.5-8) u

= - M 9 j =
j ej(Z((C AA))J. s G SN (o) B R G L2y , m)

The expression for 1IP(x) states that the vectors of output histories

u obtainable from the vector x of input histories are those generated
by vectors z of intensity functions for the activities such that the
histories of exogenous inputs required for the entire network do not
exceed those available and all intermediate product histories required

by these intensity histories of activity operation can be produced.

e 3 TRANE e SIS, .S ok A e LRt L I

ey,
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In effect the third constraint sorts out the '"mix" of vectors 2z such
that intermediate product requirements can be met.
Inversely, the network input correspondence map sets IL(u) are

given (under free disposal of inputs and outputs) by

1L(u)=-;xe(Lm)2:O;z:2,z(¢-&);u

(10.5-9)
x;zA\},ue(Lm)z.

The alterations when free disposal of inputs and outputs are not permitted
can be made as shown by (10.5-7) and (10.5-8).
In the case where inventories are permitted the constraints of

(10.5-6) become

N € . e
0Erge; 121 fzi“)aio.(”d“o.‘” :f("“))o,d“c,(” for

=1 1 =% j
(10.5-10) for (J = (8 £ 1.8+ 2, ..., n))
875 g
121 fzi(r)(cij(r) —aij(r))dvj(r) >20,cef0,4=), (§J=1,2, ..., m),
0

u < z(¢ - M)

When inventories are permitted for the inverse (input correspondence),

the inequalities of (10.5-9) become

.r




1]

t
N
i B z,izl fzi(T)(cij(r)-aij(r)) dv, (1) 2 uj(t) s £ & [040) ,
0

(G A R DS > zM .

When inputs and outputs are not freely disposable, the constraints are
changed further by use of (10.5-7) and (10.5-8).

Computation for maximal value of output or minimal value of cost,
for (10.5-6) and (10.5-9) respectively, is carried out by representing
the functions involved only at discrete points of time. Clearly the
mathematical programs related thereto can be too large for calculation.
In any practical case, the special structure of the production network
can facilitate computation. Such valuations are not alone what is of
interest. The typical problem in prcduction planning is one of smooth
loading resources. For these reasons, and to illustrate the evolutionary
character of dynamic production correspondences, certain special structures

will be considered in the following sectionms.

10.6 Special Structures

Cycles in transfers of intermediate products will be excluded for
the special structures to be considered, because they introduce additional
complicating detail for the dynamic generation of the network production
correspondence. With this exclusion the activities Ai A = L8y svay Ni
may be ordered so that all intermediate product inputs required by an

activity A, can be obtained from the activities AI’AZ' vony K

1 j=1 *

if any are needed (i = 2,3, ..., N)
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10.6.1 Output Correspondence for a Production Network with Given

Facilities and Single Output Activities

In shipbuilding and other construction projects, as well as many
fine structured production systems, the output of the network may be
one or more final products with each activity of the network yielding
a single product, serving as intermediat¢ product only, final product
only or both intermediate and final product. The activities need not
be unique, that is some may provide alternative production activities
for the same output.

For some convenient unit of time, consider a time grid

t=0,1,2, ... . Use the following conventions:

Inputs (exogenous and intermediate product) are applied at uniform
rates during each peried [(t = 1),t) , {t = 1,2,3, «..) and

charged at time (t - 1) for the period [(t - 1),t)

Outputs of production during [i(. - 1),t) are forthcoming at
time t and transferred as intermediate product at that time,

S P R R

The intensity function z, for Ai (1 o T2 5 X)) .18
constant during each period [(t - 1),t) and this value is used

in conjunction with technical coefficients at time (t - 1) ,

fw P28, Dvi

When each activity yields only a single output, the output technical

coefficient functions simplify to

(1)

(10.6.1-1) ¢ : = 1|00 oo 0C,00 ««: 8l s 8% §1, innx )
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The production network is constrained by the capacities of certain plant
and equipment. The maximal input rates of the services of these facilities
are limited by their capacities. The activities using these services have
thereby a limitation on intensity of operation. If each plant and equip-~
ment service is peculiar to a single activity, the given facilities

imply in conjunction with the natural bounds (10.5-1) certain bounds

on the intensity functions. In this case these bounds are denoted by

- = = N
(10.6.1-2) 7 (21’22’ ek zN) € (Lm)+ .

In case the service of a given plant or equipment is shared by two or
more activities, there results a bound on the sum of such activity
intensities. This case will be discussed at the end of this section.
Then omitting the services of the given facilities as exogenous inputs,
the correspondence for the production network with given facilities
relates the vector x of unconstrained exogenous input histories to
the subsets P(x) of vectors of output histories.

With the activities ordered as described above, the technical
coefficients for intermediate products take the form

(10.6.1-3) -LE 2 [la

ilaiz cos ai,i"lo see 0'1 (] = ]_’2’ s ey

Concerning the net outputs of the system, let

- 5 = o B e
(10.6.1=4) 0N+1’j(t) (t L0 ds wwnd oy K ; B 8 , N)

denote the fraction of the output rate history of Aj going to net

output at the time t . These coefficients are nonnegative, equal to
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or less than unity, with 6N+l,j(t) positive for at least one

j e {1,2, ..., N} for a subset of [0,+») of positive measure. The
coefficients (10.6.1-4) represent a preallocation of activity outputs

when they supply both intermediate and net product. Then the time history
of net output of the system is expressed by

(i)
+l,j(t)zj(t— L A 05 N (e

(10.6.1-5) V CE g

N+l L3520, 3l eaisr)

*x

[
Il o~

1L

Since the intermediate product outputs of an activity may supply

one or more of the successor activities in the network, let Aji(t) 5
(¢t =1,2,3, ...) be nonnegative real numbers denoting a preallocation
of j h activity output at time ¢t to the activity Ai y =2 S =),

(i=(¢G +1),(j+2), ..., N) as intermediate product inputs. These
coefficients satisfy

AL e e B e el

N
M ¥ = -8
(10.6.1-6) 8,,(t) 20, % L b S A Y

i=j+1

The intensity functions possible for the correspondences

are then constrained for each i ¢ {1,2, ..., N} by the following system
of inequalities in which accumulations of intermediate product inventories

are allowed.

. - —— - i ———— - ——




(1) Zi(t) QRS CE 0 1020 . s

>

(2) Zi(t)aij(t) < (xoi(t))j 2 K) = 12y wsa; m) o 08 DRS00 S000)

(3) zi(O)aij(O) <0
B tgl 5 i (G =1,2, ..., (1-1))
z (t)a, . (t) + z. (Tla. () < ol e,
A = R = T L = 1,23 wond
(@) z;(t) gz, (), (£ =0,1,2,3, ...)

For the expression of these constraints a preallocation xoi(t) -

(¢ = 0,1,2,3, ...) , (1 =1,2, ..., N) of the system exogenous input

N
history x ¢ (Lw): has been made subject to z xoi(t) < xo(t) 5
i=1

(¢ = 0,1,2,3, ...) . The full possibilities of production result from
the union of the sets of network output histories obtainable from all
preallocations of X, and preallocations of outputs as intermediate
products and net outputs.

The constraints (1) and (4) merely bound the intensity functions by
zero and the maximal values determined by the natural bounds and the
limitations due to the given facilities. The constraints (2) reflect
a preallocation of exogenous input histories to the activities and require
during each unit of time that inputs by the activities do not exceed these
allocations. Constraints (3) allow inventories of intermediate products
and require that the current input during any unit of time to an activity
does not exceed the amount stored for that activity.

In order to make a specific calculation of net output histories for
the production network, the intensity functions at any time (t=0,1,2,3, ...)
will be taken at the maximal values possible subject to the constraints
(1), ..., (4) and the preallocations made of exogenous inputs, intermediate

products and net outputs. In this way a so-called '"Greedy'" solution will
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be constructed. Clearly this particular solution is only one possibility
among a very large number. But the greedy solution serves the purpose
of being an initial solution which may be altered by time substitution
of input histories to yield other solutions, among which those with
smooth loading of resources are of particular interest.

A calculation of the greedy output time histories for the production

network requires an evolutionary determination, successively, of the

intensity functions zi(t) g €t = 0,3.,2.3, ..+ %8 Ehe order
(i =1,2, ..., N) . In making this calculation the preallocations
5N+l,j(t) - Aji(t) s (B =1,2.3; u:) of the outputs of an activity

are used.

Since the activity A precedes all others, no intermediate product

1L

input to A1 is possible. Accordingly the intensity history zl(t) )
(t = 0,1,2,3, ...) for the greedy solution is determined solely from

the system constraints (1), (2) and (4). The inequalities (1), (2) and

(4) imply

x01(t).
alj(t)

(s}
A
N

=

P it |
(s

~
A

§l(t) 5 2 (t) g

Accordingly, the greedy solution for the history zl(t) S GE =Gl

is

(10.6.1-7)  z,(¢)

[}
]

Min [Rl(t) L 21(t)] . (- G A2 3, eis)

where
{ $(xoi(t))'l
(10.6.1-8) R'(t) := Min '“X"'?Ei‘l‘ o (1w 1,2, : B,
Je8ey ¥ M
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and
(10:6.3-8) S ey 2= i & 012, ooy B ta(0) > 0), (=12, .., M)

Due to assumptions (a) for M : = (AA(l%A(Z) '-'AA(N))T - Si(t) is
not empty for (t = 0,1,2,3, ...) . If the exogenous input coefficient
functions aij vary only because of learning effects the set Si(t)
does not depend upon ¢t .

Next concerning activity A2 , it may possibly (but nct necessarily)
need the output of Al as intermediate product input. To allow for this,

the system constraint (3) must be used as well as (2). For this purpose,

note that

vji(c) = Aji(t)cj(t)zj(t I i I R [

(10.6.1-10)
e {laza--"N} s 3 # Sh

and the constraint system implies

~
I o1t
=

t-1
Alz(r)cl(r)zl(r -1) - rzl zz(r)aZl(r))

zz(c)EZl(t) < (

2 57l(t) =0 for some time t = 1,2,3, ... this constraint is not
effective. Hence, we need only be concerned when EZl(t) >0« Fox

this purpose, and to handle the general case, define
(10.6.1-11) £*(t) = {j ¢ {1,2, ..., (1 =1)} :Eiij(c) >0} , (41=1,2, ..., N)

Then the constraint system (3) requires
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t-1
h b1,(D)e (D)2 (T-1) - TZO zz(t)EZl(r) R ORY)

Il o~

T

z,(t) < N ()
® for Io(t) =@ (t=1,2,3, ...)

Note that from (3) and (1) that zi(O)Eij(O) =0, ({1=1,2, ..., N)
Together the system constraints (2) and (3) require for (t = 1,2,3,

that

2,(0) £ WA (o) ¢ = min {RE(0),7,(0) NP0}, (= 1,2,3, )
o 2
(Mln [R (0),22(0)] for £7(0) =9

2,(0) < WA(0) : =
IO for 22(0) 0 .

For the greedy solution: zz(t) = Wz(t) 5 e =R lie2 S8 ) iRhe

general greedy solution is obtained from:
(10.6.1-12) 2z, (t) = W(t) , (t = 0,1,2,3, ...) , (1 = 1,2, ..., W)

where
(Min (Ri(o>,§i(0)) for Il(0) = ¢

(10.6.1-13) WS (0) : =
lo for £7(0) # 0 ,

(10.6.1-14) W (t) : = Min (Ri(t),;i(t),Ni(t)) e = 1,2,3, ees)
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( t () t-1 i o
Y 8, (De, (W (r-1)- ] wr(va,, (1)
sw) dF =0 1]
Min
sezt(e) i
(10.6.1-15) NX(v) :={ for ET(E) # 0
4 Far IiCe) =0 G 1203 o)

\

The evolutionary character of the solution is evident. In the order
(i = 1,2,3, ...) one calculates Wi(t) fort H(E=10,1,2.3, ... . FHor
each 1 ¢ {1,2, ..., N} , the value Wi(t) , (§ = 1,2, ..., (i-1))
needed for the calculation of Wi(t) have been previously determined.

The final greedy output history is then given by

(10.6.1-16) VN+1(t) =

[N
I o~

Jadre Lasatdd <
5 ‘5N+1,j(t) W (t-1)¢ (c») , (£ =1,2,3, ...)

The full complexity of the output histories possibly obtained from
a vector x of histories of exogenous inputs is only realized when,
in addition to the alternmatives for preallocationg exogenous inputs
histories to the activities and the alternatives for preallocating
transfers of activity outputs as intermediate products and net outputs,
one considers also the possibilities for obtaining the same output
histories by operating the activities with intensities less than the
maximal values (10.6.1-2), as well as different output histories.

Ordinarily the preallocations of exogenous input flows and inter-
mediate product transfer flows, in conjunction with the intensity bounds

z = (21’22’ % ey ;V) , will be imperfectly balanced so that the intensity
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functions for some activities may be operated at less than maximal intensity
and still yield the output streams of the greedy solution. Such shifts
in the intensity functions and the related alterations of input histories
used represent Time Substitutions of the input histories applied. The
possibility of intermediate product inventories supports time substitution.

In case inventories of certain exogenous inputs are possible, the
inequality constraints (2) for the network are modified to:

t ~

2 i =

(2a) TZO zi(r)aivj(r) < (xoi(:)>vj R SRR

(2b) zi(t)aiv'(t) < (xoi(t))v, s G = S 108 k2 ey 0

J J

Then the greedy solutions for the intensity functions take the form

2, (0) = W(t) , t=0,1,2,3,

Min [Ri(O),ii(o>,§i(oﬂ for Y0} = B

wi(O) e
0 for Z'(0) # @
Wi(t) : = Min [Ri(t),ﬁi(t),;i(t),Ni(t)] silEg® W2 oFn wsin)
steey : = }j FE R TRV T AR R O o; il ™ TR iy B
3
§i(t) :=‘j :j€{1;29 “eey S},a, (t)>0'9 (i=l"" ’N)
| 3 |
(xoi(O))v.
Min —6—(671 for §i(0) # 0
% jggl(o) ivj
R (Q) ¢ =

+ for 5°(0) =9
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t=1
: P 0
(x (€)= ZO Wi(ma, (1) .
Min St L for S7(t) # 0
=1 By, o
=1 . ) 3esT(e) 3

+o for S (t) =0 ¢t =1,2.3, ...)

with Ri(t) and Ni(t) defined by (10.6.1-8) and (10.6.1-15) respectively.
The inventories permitted for intermediate products and exogenous
inputs may also be bounded in amount. Detail of this kind can be added
to the greedy solution.
Initially it was assumed that each plant and equipment service was
peculiar to a single activity. Suppose now that there are "f'" fixed

resources, with input coefficients for the activities defined by

G (1) ~ - ~ ;
(10.6.1-17) M : = llaﬂai2 aifH s Cw T, sy B
where aij € (Lw)+ with aij(t) s Boe [0, 5 (G = 1,2, +.v; £) denotes
at time t the amount of the services of the jth fixed facility required
per unit intensity of the ith network activity. Then, if (dl’dZ’ G df)e
(L»)i represents the time histories of the services of these fixed

facilities available per unit time, it is required that the intensity

. : - N
histories 2z = (zl,zz, b zN) € (Lm)+ satisfy

(10.6.1-18)

N o~

aij(o)zi(c) 4,00, 3=1,2,...,6),(s=0,1,2,3, ...)

i=1

The shared capacity bounds so permitted are vectors from the set
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Z:=

s B g (6) w6y, ke lauoil)  t=€l,2. . ...H) .
0+ 3 8

(10.6.1-19)

éij(o)zi(c) $di( 5 (3 =12, ...y )

i=1

z,(0) g z,(0),({1=1,2,...,N), (6=0,1,2,3, ...)} :

Then the constraints (1), ..., (4) for (i =1,2, ..., N) must be taken
in conjunction with zZezZ , and the entire output set TP(x) for the
network results from the union of all possible preallocations of
exogenous inputs, intermediate products and net outputs taken with all
possible Z ¢ Z and the satisfaction of the inequalities (1), ..., (4),
where inequality signs are permitted to apply.

10.6.2 Input Correspondence for a Production Network with Given Facilities
and Activities with Single Output

It is convenient to express the output histories required as cumulative
requirements. As defined earlier in Section 10.1, let Vi denote the
cumulative output history of Ai . A finite output horizon T will be

taken for the definition of the input correspondence of the network. Let
(10.6.2-1) O s om (' &) o tbs TT =" 15T = 24 weil)

denote the number of time units preceding T

As in the treatment of the output correspondence we shall assume that
there is more than one net output of the system, say p > 1 . Initially,
each activity will be taken to yield a single output which may be only
either intermediate product or final product. The ordering of the
activities may be made so that activities A (L =NN=-1, ..., N=p +1)

i
yield these final products, retaining the property that activity Ai

O
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can supply only Aj for o = (i & 1), 0L E£2), aven N o 4 = 0.20 .0 (N=1) .

In this framework, the network correspondence

(VsVyg_gs oo V } >+ LV

N-p+1 X )

N-17 7 UN-ptl

will be studied, calculating backward from the horizon T , i.e., forward
with (o = 0,12, ...)

As a first approach it will be assumed that none of the activities
produce the same product, i.e., there are no alternative processes in
the production network. This simplifies the calculation, because then
one need not preassign how much of a needed product will be forthcoming
from each alternative activity. Also it will be assumed that a pre-
allocation of the services of fixed capital equipment is reflected in
the intensity function bounds (10.6.1-2), when two or more activities
share the same capital service.

The constraints for determining the greedy solution are:

(@ 05z (o) cz.() , (L=1,2, ..., N} , 0 =0,1,2,3,

e, (002, (1) gV, (0) - W, (1) , U =WN -1, .o, (N=p+1))

(b) Qe (0 - 1)z, (o) + igi e (t-1)z, (1) ¢ V. (0) -V (o) ,
(L= 8§,8-1, cov, N=p+1) , (o= 2,34, ..:)
N -
¢, (1)z, (2) :‘j=(§+l) a2z, , =12, ..., (N-p))
o-1 o=1 N 2
() (ey(0-1)z (o) + rZZ c,(t-Dz (1) 2 Tzl j=(§+l) a.i(r)zj(r)
(L= 1,2, vosy (N=p)) 5 (0 = 3,4,5, i)
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v

(d) (xoi(o))j aij(c)zi(O) s G ™ 125 saey 0§ Co = 12,3, )

I~ 8

(e) jS(o) > Eij(T)zi(r) s T8®L 25 iy h=33), (o=l 235 «ns)

=0

The constraints (a) merely bound the intensity functions by zero
and their maximal values as determined by the given facilities.

The constraints (b) require in cumulative terms that the output histories
for the final products of the network do not exceed the histories
VN’VN—I’ o uly vN—p+l sought for these products. The intensity functions
permitted by the constraints (b) need not satisfy the equality signs for
all periods (o =1,2,3, ...) , since storage of final product is permitted.
By extending the number of periods used, the cumulative requirements

can be met by storing earlier produced final product. All such possibili-
ties are time substitutable intensity histories.

The constraints (c) require in cumulative terms that the output
histories of nonfinal product producing activities do not exceed the
requirements for the outputs of these activities. As in the cases of
the constraints (b), the equality signs of (c) need not apply for all
periods by storing earlier production.

Constraints (d) and (e) merely drive exogenous input histories non-
cumulatively and intermediate product transfer histories cumulatively,
under an assumption of free disposal of exogenous input histories and
inventory storage of intermediate products. For the calculation of

vectors X € (Lx): belonging to L(VN,V (e) will

#1’ " Vepig! ¢

not actually be used, since it only involves internal bookkeeping.
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A greedy solution for the system (a), ..., (d) is obtained by finding
the maximal values possible for the intensity functions at all periods
(0 = 1,2, ...) . During each period, the intensity for each activity
is taken as the largest value possible. In this way the shortest total
time will be taken to produce the output histories VN’VN—l’ S et VN—p+l .
To construct the greedy solution, consider the first set of
constraints of (b) concerning the production of final products during the
period o ¢ [1,0) or equivalently t ¢ [T - 1,T] . When taken with
the constraints (a), it is implied that

Vi(O) = Vi(l)

i i = e y ”
Zi(l) < E (1) : = Min Ci(O) 2 (k. (= NoN=1L sy N=p+1T)

For the greedy solution: zi(l) = El(l) s =N = Ly i, N =p + L)
Next consider the second constraint set of (b). When taken with the
constraints (a) and the greedy solution is used for zi(l) :

(i =NN-1, ..., N-p + 1) one obtains

o A o-1
i v, (0) -V (o) - rzl e, (=~ 1)z, (1) ;
e =M
zi(c) < E(0) : = Min ci(c-l) 5 Zi(G)
(1 = N,N=1, ..., N=p+1) , (0 = 2,3, ...)
The greedy solutions are those for which zi(c) = Ei(o) P A P YRR, S

calculated successively.

Having calculated the greedy sclution intensities for all final
product activities during all periods, we may proceed with the greedy
solutions for the intermediate product producing activities. Using the

first set of inequalities in (c¢) with (a), and the greedy solutions




Mol = 1, caey (N =79+ 1)) , (o

for zi(o) I v i (R e S P s i

implied that

N .
) aji(1>sl<1>
An arhd . o i | i=(41) =
zi(Z) <E €2) = Min Ci(l) 5 21(2) .

(i B (N i P),(N il B l)a “ ey 312a1)

The greedy solution is 21(2) = E1(2) PRGN SRR e )
From the second set of constraints of (¢c), it is required for period 3

that

2 N A :
I I A M@ - e (EQ)
e e =1 i=1) =
21(3) 2 E(3) : = Min Ci(2) » 2,(3)

(i

(N = P) ) (N S M l), e ey 3’291)

Here again the greedy solution is zi(3) = Ei(3) for (i = (N - p),
(N=p=1)s «vus 3,2,1) . For period 3, the functions Ei(3) are
calculated in descending order of activity number, starting with

i = (N - p) and using the solutions for Ej(o) g Lo = LAy

(I =NN =1, .ooi (W =p),IN=p=1), sss5 L+ 1)) £for calculating
E'(3)

Hence the general form of the greedy solution is
(10.6.2-2) 2z,(0) = E(0) , (0 = 1,2, ...) , (£ = 1,2, o0y M),

where
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vi<0) - Vi(l)

%! Lt R i (A
E (1) : Min 01(0) v 2y

(10.6.2-3)

(1 =NN-1,N-2, ..., N=p+1)

] \ 0-1
1 vi(O)-viw)—TZl c;(r-Dz (1)
E (o) : = Min - y 2 (o)
(10.6.2-4) eilr~1) i
(0 = 2,3,4, ...) , (L = N,N=-1, ..., N=-p+1)
(1) s 80, Gon (B gl 0=~ 10, i, 2.1
: S ]
(10.6.2-5) ) aji(l)E (1)
4 s owen | =) =
B (2) : Min Ci(l) s 21(2)

(1 = (N = p)Y, (N <« p = 1), oy 2,1)

o-1 N : o-1 {
Y A, (DBt - ] e (1-1E (1)
1 ol fm(isl)y I te3 * -
E (o) : = Min WEPSY) y zi(o)
(10.6.2~6) R

(4 (N=p),(Mep=1)y cees 2,1} 4 (0= 3,4,5, ...)

The steps for constructing the greedy solution for the intensity

histories are:

(1) For the cumulative values Qﬁ_q(o) g Ao w1y wvs) %
(o= 0,1,2, +»+5 Cp = 1)) of the final output histories

V(9 Vg (@), (¢) , (@ =1,2,3, ...) ,

i VN—p+1
calculate z (o) = E* () , (0 = 1,2, ...) from (10.6.2-2),

(10:6.2=3) for (L = N,N =1, «ssy (N=p # 1))




48

(ii) With the values obtained in (i), calculate zi(o) = El(J) -
(¢ = 1,2, ...) successively for i = (N - p) ,
i = (N ~=p=1) 5 ise i =2 . 4 =1 , fn that order,

- R s : i
using for i = a , the solutions obtained for E (o) ,

(= NN =N 20 Geay G 1)) 0 (o= 2,80 .00

In making these calculations for o = 1,2,3, ... , the process is ter-
minated when no further positive amounts of the intensity values are

needed.
+ : 3 n 4 ¢
The vector of input histories x ¢ (Lm)+ corresponding to this

greedy solution is obtained from (d) by taking the equal sign, i.e.,

(10.6-2-7) x_(9) = (EL(0)E® (o) +++ EN(0)1M(0) , (o = 0,1,2,3, ...)

: N T
where M(g) = (AA‘l)(G)AA(Z)(ﬁ) vos AA( )(o)) .
Under these greedy solution, individual vectors of histories of

exogenous inputs for the activities of the network are:

x ;(9) = (ail(J)Ei(o),aiz(o)Ei(o), i ain(o)Ei(o))
(10.6.2-8)

The cumulative transfers of intermediate products needed to support
the ith activity for the greedy solution are obtained from (e) by

using the equality sign, i.e.,

- " i~_ i 2 el
al_](L)E (') s (J = 19‘-9 L (1 l)) 3

(0= 1,2, ...) , (1 = (N=p),(K=p=1), ..., 2,1)

- - —— = e
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The cumulative net output history required from an activity producing
intermediate product is
© N

V) = [ ) a,i(r)ai(r) (o = 1,28, 5.0,

= i=i(4 J
(10.4.2-10) teg J={i+l)

(i = N-p),(N-p-1), ..., 2,1) ,
which is supplied by the cumulative output of Ai , given by

oo

b oy Tla ke D L o w128, )
(10.4.2=11) Teg~1
1A= N-p,(N-p-1), ..., 2,1)

This greedy solution is evidently highly zvolutionary. Lags are
not exogenous. The time delays between production events are endogenous,
depending upon the intensity values used for the activities, illustrating
that fixed time lags cannot rigorously be used for dynamic models of
production.

The greedy solution is but one of very, very many possible intensity
histories which may be used to attain the vector (V

wiVigay s rir Vg gg) E

(L, )p , of output histories. Any solution obtained by not using the
o’ 4

equal signs in the constraint system (a), ..., (d) is a feasible set

of intensity histories for an input program of L(V_,V P P )
N’ 'N-1 N-p

Each vector xo(o) , (6 =1,2,3, ...) determined by these feasible

intensity histories is a time substitutable program of exogenous inputs
to obtain the output histories VN’VN-I’ vasy VN
the isoquant of the map set L(VN,V

N-p+1 and they define

Nel® "t VN—p+1) . 1t should be

noted here that a preallocation of the services of given facilities has been

reflected in the intensity bounds (10.6.1-2) used for the greedv solution.

- - = MPRRPRNT- 23 DS ST W . Maae P "

SE—————
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A new dimension is added for dynamic models in addition to the
traditional factor substitntion of the static theory of production, namely:
TIME SUBSTITUTION for inputs. Each of the programs generated from the
constraint system (a), ..., (d), provides a new distribution over time
of the same total amounts of exogenous inputs, and is therefore a time
substitution of the greedy solution. Even though all capital services
come from fixed facilities, and the exogenous inputs are not substitutable
as factors, there may be considerable time substitution possible for these
exogenous input histories. Time substitution is the essential dynamic
aspect of factor application. In a complex case, both factors and time
substitution may be intermixed. Thus one can appreciate the full
possibilities for the dynamic phenomena of production.

One important problem of production planning is that of constant
loading the application of resources. The greedy solution is likely to
provide an undesirably variable loading. If the time histories of the
intensity functions were constant and the technical coefficients did
not vary much with time, a smooth loading of exogenous inputs and inter-
mediate product production would result. This suggests that one may
seek to use the time substitution possibilities for the intensity
function in order to modify them for constancy. The greedy solution
provides the least total span of production time to obtain the output
histories of final products. An activity Ai is critical during any
pariod [o0,0 = 1) , (o = 1;2.3; ++.) dF zi(c) may not be decreased
without extending the total production time of the greedy solution.

When an activity Ai is not critical during a period [o,0 + 1) , the
greedy solution may be altered by reducing the capacity bound zi(o)

until Ai becomes critical during [o,0 + 1) . The altered greedy




solution obtained by decreasing ;i(o) is a time substitution for zi(u) -
(o0 = 1,2,3, ...) which does not extend the total production time needed

to obtain (V ) e (Lm)i . By all c¢f the time substitu-

g TNt o2 Vigepad
tions of this type one may alter the greedy solution toward smoother
loading of resources. If all activities became critical for all periods
by these alterations, the resulting loading of resources would be the
smoothest that can be obtained without increasing the total production

time required to obtain (V ) . Further smoothing

N’VN—l’ e VN-p+1
may be sought by time substitutions which extend the total time of the
project.

Initially, it has been assumed for the input correspondence that
when activities share the services of certain fixed resources, a pre-
allocation of this sharing is made and reflected in the intensity bounds
for such activities, and (10.4.2-12) is a detinition of the input corre-
spondence subject to this restriction. This qualification may be removed
as follows:

Suppose there are f fixed resources, with input coefficients for

the activities defined as in (10.6.1-17) by

A R

(10.6.2-12) a8, <00 all » @

ol e @il ey )

where aij € (Lm)+ , with aij(t) s te [0 ) s 0 W 1e2, ews £
h

denotes at each time t the amount of the jt fixed resource required
- . - th .
per unit intensity of the i network activity. Then, if

. £
(dy5d,s co0s dg) & (L)

+ represents the time histories of the number

of units of these resources available per unit time, it is required that

the intensity histories 2z = (2.,2.y, vevs 2, & (L )N satisfy
y Bt N o’ 4




éij(o)zi(c) < d;(0)

I o~z

i=1

({6 et i R 0 1 e (o e R L R (R
Then, the shared capacity bounds permissable are defined by
L N .
T 1 = czie (I i a2 s (e M (et st et logio = ) S (e o2 e s N)
l o’ 4 il il

(10.6.2-13)

I o~

aij(c)zi(c)

A

dij(O) = e

i=1

zi(o) < Ei(c) U =R o0 e W NI (o =t S

Then one may seek by optimization or heuristic the shortest time span
for the greedy solution with the constraints (a), ..., (d) supplemented
by z e Z .

Clearly there are many dynamically variable possibilities in sharing
resources, giving rise to problems of optimal allocation of shared resources.
Heuristics for this kind of problem can be developed. Here we have a
time substitution in sharing resources.

To extend the model of the network input correspondence further,
suppose that it is possible for two intermediate product producing
activities to produce the same output, say Aa . Aa+l y for 1 < a < (N-p) .
Then the constraints (c) are altered for i =a and i =a+ 1 to

state

’l'i-l ( Gil ) O-X-l 3:1 -
(10.6.2-14) c,(0-1)z, (o) + et =1)2, (T)] < a Gy t)s
i=a . & =2 - T r=1 j=(a+2) Jyotl ]
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Then, without preallocation of the outputs of Aa and Aa+ to supply

1

Aj (=00 # 2,0+ 3, ooy Ny

Hence, in order to accommodate the role of such substitutable activities

the greedy solution is indeterminant.

some kind of policy rule is needed. Ordinarily, the duplicating processes
(activities) can be ordered by their efficiency, say (a + 1) is more
efficient or more preferred for whatever reason applies. Then, one may

replace (10.6.2-14) by

(o g=1" N
(6-1) + -1 < a :
a1 V? Za+1(o) TZZ C<3L+1(T )za+l(r)= rzl j=§+2 aj,a+l(r)zj(r)
o-1
(10.6.2-15) (ca(c—l)zq(o)+rzz ca(r—l)za(r)) <

y - ey o) - "
Lok o Sl L R e T=2Ca+l(r l)Zot+1(r))'

(c-l N o-1
=1 j=o+2

Note that the coefficients Ej (o) have to have the same

,a+l(o) g aj,a
values. Moreover, if the two activities are duplicates the same modifica-
tion applies, because it does not matter which is used.

If two final output activities yield the same output, a preallocation
of the contribution of each to the required output of that type is required.
Obviously the system can function if the least preferred of the two is left
idle, but then the total span of production time may be increased. By
comparing and evaluating costs of the greedy solutions for various pre-
allocations one may cost out the saving in time. The problem faced here
is a complex problem of optimization.

The simplification made by assuming that each activity output could

be either intermediate product or final product, but not both, may be

relaxed as follows:




e

54

Suppose there are p > 1 net outputs. Supplement the network with
iviti 5 i ic ese -
activities AN+1 AN+2’ ) AN+p , which merely collect these net outputs
Denote the intensities of operation of these nodes during the interval

[o,0 - 1) by

= = 2 R
(10.6.2-16) zN+j(o) R LadeFe e e sl 2 e P

constrained only to be nonnegative. The output coefficients of these

activities are

(10.6.2-17) cN+j(o) v G 20 e By (o= 051,2,.3, o)

expressing the amount of the jth net output collected per unit intensity
of the activity AN+j during [o + 1,0) . The intensities (10.6.2-16)

may be understood so that

(10.6.2-18) cN+j(0) = (= e DY s (a2 3l )

Concerning inputs to the activities AN+j v =2, sy p) Only
outputs of the activities Ai (i =1,2, ..., N) will be needed. Coeffi-

cients expressing these requirements are:

(10.6.2=19) &, (o=l ; (o=0,152, o) 3G=0,25 coes D)y (=125 oy N)

N+j,1i

expressing the amount of the output of the ith activity required per unit

intensity of the collecting activity AN+j

With these additions the constraints for the greedy solution for

the net output histories Vj(z) P g SEE I e AN R ) MR IR (- i 0 [ e P,

become




(a) O < zi(o) < zi(o) o U )LD s N zN+j(o) >0,

(1 0 oy S SRR ) TN 00 S T LR GO
[ < ; — J i = 2
LN+j(0)ZN+j(l) 5 Vj(O) Vj(l) (3 Li2s asvs D)

o=-1 -
(6) Qe (0= D2y, (o) + Tzl Cpg (T D2y (1) £V, (0) -V, (0)

(3 = 1,2, «ous p)» (0= 2,3,4, ...)

( N+p N
g C10a €2y < ) g (Al AL e 1,2 s N
i i = (N+1) s 14
(c) O'X'l og-1 N‘E':"p I
c.(g=1)z (o) * e (T=1)z i(t) =< a. (r)z. (1)
; - =y - B T LT L

(e =l 2 e ) (o M3t S, )

@) (xy; (),

v

(e} ¥,.(c) >
J1 1

o~ 8

; aij(T)zi(l) 5 (e 2 ey miin (NigL = 1))

Ch-m 12 vy N DY

Under these constraints the greedy solution for the intensity functions

21(0) - 20w B0 iy N o, o0 = ORI e 0 S are
(10.6.2-20) 2 (o) = G D TR R 0 L SR SR I SRR S S
where

(10.6.2-21) £V : = (Gj(O) > Gj<1)) W RS

p 3 5 o-1 "
E (o) : =7, (0) - V@ - ] EV (1)

j .
(10.6.2-22) =1

3 @ B2y o5eb) o W3y L) s

aij(O)zi(O) (AR e ST e s s N




(10.6.2-23) EX(1) : =0, (£=1,2, ...y N)
[ N+p £ :
] A OEH
i e j=(i+l) = ralear
(10.6.2-24) E(2) : = Min ci(l) . 21(2) G i S (SRR )
Fo—l N+p _ ’ o-1 i
z aji(r)EJ(r) - z ci(r -1)E (1)
o Uy =1 j=i+l =2 =
(10.6.2-25) E (o) : = Min ; ci(o-l) . zi(o)

Clr= a2 e is N o= 354550 s )

10.6.3 Job Shop Production

Consider a shop of N machine tools performing operations for metal
fabrication such as milling, grinding, drilling, eté. These tools function
as activities Al’AZ’ SRl AN for the job shop production. The job shop
fabricates a variety of different products in lots of varying size.

Assume that production planning is to be done for p > 1 products. These
products do not necessarily require the use of the same machines, and

the initial and final machining operation need not be the same. However,
it is assumed that the orderings of activities used in manufacture by the
products are coherent in that there exists an ordering of the activities
of the shop say Al’A2’ o AN such that in the routing of each product

processing by an activity A does not require previous processing by

i
Aj (3 =4 0,8 %2, oo, B) 5 8 ®»0,2,3568; wuuy N)

It is also assumed for this model of production that there are no
duplicate machine tools, i.e., each activity performs a distinct operation

for the job shop. 1In effect the activities Al, Ny AN are machine tool

centers, with duplicate machines located in one center.

-
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Let Vj(t) , j=1,2, ..., p , denote cumulative output schedules
for the p products. An output horizon T 1is chosen to coincide with
the latest time at which any of these products is due, with time units
counted backward by (¢ = 0,1,2,3, ...) as defined by (10.6.2-1).

The policy for processing these products will be taken as:
products with the latest final due date will be processed first in reverse
time (o = 1,2,3, ...) . Hence the products are ordered in descending
index starting with p , according to latest final due date, from the
latest to the earliest. Note that if oj is the latest due date of the

jth product

A
Q

(10.6.3-1) Qj(o) - Gj(oj) for o < (4 = 3.0 <o B

As at the end of Section 10.6.2, introduce activities AN+j
(= 1,2, ..., p) with tntensities ZV+j(O) (o N S T IO =
collect the outputs of the p products, with technical coefficient

functions (o) as defined by (10.6.2-17), (10.6.2-18)

Nt (O 0 By
and (10.6.2-19).

Each of the work centers Al’AZ’ Sy AV has a certain capacity
for intensity of operation, which need not be constant in time because

of routine maintenance. The histories of these capacities represent

bounds upon the intensities of operating the activities denoted by
(10.6.3-2) z:= (2,2 2 ¢ )
+8. : 10225 v 2y I

Since each activity Ai may potentially operate on any product, the
intensity of operation of Ai on product j during (o,0 - 1) ,

equivalent to ([T - ¢,T - o + 1) , is denoted by
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(10.6.3-3) zi(o) B T ORI N TR W R UL S IL R,

Concerning the output technical coefficient functions for Ai , the

LB 3 . . .
amount of the j B product processed per unit intensity of the 1th

applied to the jth product during [o + 1,0)

(10.6.3-4) ci(o) o R e L gL

activity

is denoted by

s M) 5 (o = 0,052,35 cc.)

Concerning inputs to the machine centers, exogenous inputs, in

addition to the services of the machine centers already accounted for

by the intensity bounds, can be neglected for practical purposes, es-

pecially if the machine tools are automated as a system. For the

illustration discussed here, only inputs of work in process will be con-

sidered. Let

(10.6.3-5) aia(c) BT 3 R T 0 SO e G S

denote the amount of finished work in process required from A1 on product

j per unit intensity of operating Ai during

[o,0 - 1)

Then, under the policy that products with the latest final due date

will be processed first in reverse time o ,

solution are:

(10.6.3-6) (a) <

i

23(0) 30, () ¢ £, (@) ,
(i e T
. E: e
21(0) 5 2,(0) - ) z (o)
a=j+l1
S T B

the constraints to greedy

(= pyp =15 cowy 251)

«s N)

» G=p=1,p=-2, ..., 2,1) ,

oy N)
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CN+J(O)ZN+J(1) : VJ(O) = VJ(l) ’ (J = P’P'ly e ey 2’1)

o-1
(10.6.3-7) (b) cN+j(c-l)zN+j(0) + 7

L CN+j(T-1)ZN+j(T) < Vj(O) - Vj(c)

(lgfmo i 4 )

(

PR NP ooy g

c; (Mz3(2) ¢ a=§+1 a ; (Mz (1)

3 j o-1 3 5 o-1 N+p i 3
(10.6.3-8) (c) < ci(c-l)zi(c) + TZZ ci(r-l)zi(t) £ Tzl a=§+1 aai(r)za(r)

(J = P,P'la e e ey 231) ’ (1 -~ 192; s ey N)

K (g0 =2354,5, o)

For the greedy solution of the intensity functions of this system,

the intensities for outputs are given by

= pVHj b b
ZN+J(1) o E (l) ) (J . P’P l) ORI Zsl)

(10.6.3-9) Lo
g (8} = B0} 5 Ko % 2,35,45 1vs)

N+j
where EV3(1) and EV'J(0) are defined by (10.6.2-21) and (10.6.2-22).
Next, consider activity Ai (£ =1;2, ... N) ¢£or products

(pyp -1, ..., 2,1) in this order. Constraint (c) requires

Np
W@ « T AP P
i 1 = : ai a
a=i+l
If the machine center Ai does not process product p , 25(2) must be
zero, and also no subsequently ordered activity will require work in
process of product p from i , i.e., Ezi(l) = Q for (awi +i1,

14 2y aosy N+ p)

P
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Hence define
(10.6.3-10) 8% : = {j : 3 e {1,2, ..., N} , product « 1is processed by Aj}.

Since final products are collected starting at o =1 , no work by an

activity can be started at o =1 . Thus

zi(l) = Ei(o) : =0 L DECE S ST 1 SR

Then, for (o = 2,3, ...) the greedy solution for z?(c) is given by

p Lt
zi(c) Ep(o) where

. i i -p o
(10.6.3-11) E (2) : = ) ay; (WE (D) £ 1 e dP
Mipn | s ;i(z)
cg(l) (L = 1,2, s )
0 if i ¢ &P
o:l N?p -p 3 o-1 p 5
(10.6.3-12) E;(g): =< Tél a=é+1 aai(r)Ep(r) _TZO ey (n —l)Ep(T) )
Mi = s 2, (o
in e 21( )
i
(l - 1,2, s \I)

\

In a similar way, using the third part of constraints (a); the greedy

solution becomes zi(c) = E;(c) where
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0 if 1 ¢ 3

: N+p i ¥
(10.6.3-13) E.(2) : = I & mEta)
J famisy * = L
Min _ v fe, 2y - ] EA2)
ci(l) o a=j+1
(o if 14 gJ
=1 Ntp . » a=1 . (1)
Y &l (DEj() - ) ed (t-1)E; " (1)
. | =l g=ix1 %+ ] =2 * J
i Min 3 ’
(10.6.3-14) Ej(u) : —< ci(c—l)
= E i
2,00) =~ .} E o)
K a=j+l

By calculating in reverse order of activity and reverse order of
product, over all time periods in each case, one may determine a greedy

production plan for the job shop.
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