
f 4i —Ao62 56’4 MASSACHUSETTS INST OF TECH CAMBRIDGE ARTIFICIAL PIlE——ETC FIG 6/15
A ThE ORY Of’ HUMAN STEREO VISION. (U)
NOV 77 D MARR 1 7 P06610 N0001 ’4—75—C — O6’43

LICLASSIFIED AI—M—451 NL

I~~ I
AD
4062664

I



REPORT DOCUMENTATION PAGE BEFORE COMPL.ET ORM
V I. REPO RT NUMBER T2. GOVT ACCESSION NO 3. RECIPIENVSCATA L OG NUMBER

AIM 451 1 _____________________________/ ____________________________ 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

4. T IT LE (and~~j~~~f l 3 ,  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 5. TYPE or REPORT 6 PERIOD COVERED

• “~:j~ ( ~~~~~~~~ of Human Stereo Vision s memorandum
- • / 

_____ -
~~~ S. PERFORMING ORG. REPORT NUMBER

~ ~ ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ L9R

(
~ 

/ ),O 
I
Marr ~~d T /Pogqio 

/ 
/ K 75-C-0643 /

B. PERFORMING ORGANIZATION NAME AND ADDRESS 90. PROGRAM ELEMENT. PROJECT . TASK

Artificial Intelligence Laboratory A REA S WORK UNIT NUMBERS

545 Technology Square
Cambridge, llassachusetts 02139 ___________________________

~~~~~ II . CONTROL LING OFFICE NAME AND ADDRESS 12. PORT ~~~~~~~~~~~~~~ -

Advanced Research Projects Agency November “1977 /
1400 Wilson Blvd I uMBEtl O~~ PAGEU -

Arlington , Virginia 22209 89
t4 .  MCM ITORING AGENCY NAME & ADORESS(SS ditS.r.nl ft. ., Conlrotling Offic.) IS. SECURITY CLASS. (.1 thai r.pe rt d

Office of Naval Research UNCLASSIFIED
Information Systems _____________________________
Arl i ngton, Virginia 22217 ‘~~~ ~~~~~~ ICATION/ DOWNG RADING

15. DISTRIBUTION STATEMENT (.1 lAS. R.port)

Distribution of this document is unlimited ED tD C
>- 1’~ rii~?r~1EfltIP2r
a.. 

~~~~~~~~ P~ D~~ 26 1918
97. DISTRIBUTION STATEMENT ~ol A. .b.t,.ce .at•~.d hi D ..k 20. U dltl.r.n l ft.., R.p.M.)

~~~~~~~~~~~ 
.

IS. SUPPLEMENTARY NOTES

None ~~‘ ii i:t ~’ 7

IS. KEY WORDS (C.nf lnu• on r•v•r•• .ld. IS n.c•..aiy ,d ld.nlSIy By block numb.r)

human stereo vision
stereoscopic matching problem
stereopsis
cooperative algorithm

20. AB ST D~~CT (C.~ntInu. pn r•v•r.• aid. It n.c.. .wv ~~d iØnUty by bIoc* n,..b.r)
Rn algori thm is proposed tor solvin g tne stereoscopic matching problem. The
algorithm consists of five steps: (1) Each image is filtered wi th bar masks
of four sizes that vary with eccentricity; the equivalent filters are about
one octave wide. (2 ) Zero-crossings of the mask values are localized, and
positons that correspond to terminations are found; (3) For each mask size,
matching takes place between oairs of zero-crossings or terminations of the
same sign In the two Images, for a range of disparities up to about the width
of the mask ’s central region; (4) Wide masks can control vergence movements

DD ~~~ 1473 
EDITION OF I NOV 65 IS OBSO LETE UNCLASS I Fl ED J

1
L
O ~J ~:,S/N 0~~0 3-0 I4 •  660 1 • ____________________________________________

SIC NITY CLASSIPICAYI OF THIS PAGE (P?t.ø Dali 1n1 ?Sd)

i i A



‘!~~‘~~~ 
-- - — — — — -•--

~~~
—---

~

I
I •

20. thus causing small masks to come into correspondence; (5) When a correspondence
is achieved , it is written into a dynamic buffer, called the 2 l/2D sketch.

It is shown that this proposal provides a theoretical framework for most existing
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various conditions. The results of such experiments would tell use whether, for
example,cooperativity is necessary fon the fusion process.
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A THEORY OF HUMAN STEREO VISION

by

D. Marr and T. Poggio **

SUMMARY. An algorithm is proposed for solving the stereoscopic
matching problem. The algorithm consists of five steps: (1) Each
image is filtered with bar masks of four sizes that vary with
eccentricity ; the equivalent filters are about one octave wide. (2)
Zero—crossings of the mask values are localized, and positions that
correspond to terminations are found; (3) For each mask size, matching
takes place between pairs of zero-crossings or terminations of the same
sign in the two images, for a range of disparities up to about the
width of the mask’s central region; (4) Wide masks can control
vergence movements , thus causing small masks to come into
correspondence; (5) When a correspondence is achieved, it is written
into a dynamic buffer, called the 24-D sketch.

It is shown that this proposal provides a theoretical framework
for most existing psychophysical and neurophyslological data about
stereopsis. Several critical experimental predictions are also made,
for instance about the size of Panum ’s.area under various conditions.
The results of such experiments would tell us whether , for example,
cooperativity is necessary for the fusion process.

This report describes research done at the Artificial Intelligence
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0 Introdu ction

In a recent article, Marr ~ Pogglo (1976) analyzed the

computational structure of the stereo correspondence problem for stereo

vision, and derived a cooperative algorithm for extracting disparity

information from stereo image pairs. Although the problem addressed

there was not directly related to the question of how our brains

extract disparity information , the algorithm they described, summarized

here in f igure 2, has a natural interpretation in terms of neural

structures.

One characteristic of this algorithm is its lack of dependence on

eye—movements , so a critical preliminary question for its relevance to

biology concerns the relative importance of neural fusion and of eye-

movements for stereopsis (Marr ~ Poggio 1976). Various kinds of

evidence suggest that eye-movements play an important role in stereo—

vision , suggesting that a rather different kind of algorithm may be

involved in human stereopsis.

In this article , we review the computational structure of the

stereo disparity problem , and briefly outline existing approaches to

solving it. We then rt ~iew the available neurophysiological and

psychophysiological evidence, and point to some of the empirical

questions left unresolved in the Iitt. rature. Finally, we formulate an

algor ithm designed specifically as a tI~ ory of the matching process in

huma n stereop3is, and pre ent a theoretical framework for the overall
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computational problem of stereopsis. We show that our theory accounts

for most of the available evidence, formulate the predictions to which

it leads, and describe some critical experiments. A computer

implementation of the algorithm, and the results of some of these

experiments, are described by Grimson ~ Marr (1978), and by Richards ~

- 

Marr (1978).

S

____  _ _ _ _ _ _ _  ~~~~~~~. ~~~~~~~~~~~~ . . _ ___  . . ~~~~~~~~~~~~~
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1 Computational structure of the stereo-disparit y problem

Because of the way our eyes are positioned and controlled, our

brains usually receive similar images of a scene taken from two nearby

points at the same horizontal level. If two objects are separated in

depth from the viewer, the relative positions of their images will

differ in the two eyes. Our brains are capable of measuring this

disparity and of using it to estimate depth.

Three steps (S) are involved in measuring stereo disparity: (Si)

a particular location on a surface in the scene must be selected from

one image; (S2) that same location must be identified in the other

image; and (S3) the disparity in the two corresponding Image points

must be measured.

If one could identify a location beyond doubt in the two images,

for example by Illuminating it with a spot of light, steps Si and S2

could be avoided and the problem would be easy. In practice one cannot

do this (figure 1), and the difficul t part of the computation Is

solving the correspondence problem. Julesz found that we are able to

interpret random-dot stereograms, which are stereo pairs that consist

of random dots when viewed monocularly but fuse when viewed

stereoscopicafly to yield ra~terns separated in depth. This might be

th ought  ~urprising, because when one tries to set up a correspondence

between two arrays of random dots, false targets arise in profusion

(figure 1). Fven so and in the absence of any monocular or high level

--  —---—~~~~ -~~~~~~~—~~ ~
—

-- ~~~~~~~~~ ~~~~~~~~~~~~~ .~~
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t
cues, we are able to determine the correct correspondence.

In order to formulate the correspondence computation precisely, we

have to examine its basis in the physical world. Two constraints (C)

of importance may be identified (Marr 1974): (Cl) a given point on a

physica l surface has a unique position in space at any one time: and

(C2) matter is cohesive, it Is separated into objects, and the surfaces

of objects are generally smooth compared with their distance from the

viewer.

These constraints apply to locations on a physical surface.

Therefore, when we translate them into conditions on a computation we

must ensure that the items to which they apply In the image are in one—

to-one correspondence with well-defined locations on a physical

surface. To do this, one must use image predicates that correspond to

surface markings , discont inuit les in the visible surfaces, shadows, and

so forth, which in turn means using predicates that correspond to

changes in intensity. One solution is to obtain a primitive

description of the intensity changes present in each image, like the

primal sketch (Marr 1976), and then to match these descriptions. Line

and edge segments, blobs, termination points, and tokens, obtained from

these by grouping, usually correspond to items that have a physical

existence on a surface.

The stereo problem may thus be reduced to that of matching two

primitive symbolic descriptions , one from each eye. One can think of

the elements of these descriptions as carrying only position

information , like the black dots in a random-dot stereogram , although
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1. Ambiguity in the correspondence between the two retinal
projections. In this figure , each of the four points In one eye ’s view
could match any of the four projections in the other eye ’s view. Of
the 16 possibl e matchings only four are correct (filled circles ), while
the rema Ining 12 are “false targets ” (open circles). It is assumed
here that the targets (filled squares) correspond to “matchable ”
descriptive elen~nts obt ~ned from the left and right images. Without
further constraints based on global considerations , such ambiguittes
cannot be resolved. Redrawn from Julesz (1971 , figure 4.5-1).
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for a ful l image there will exist rules that specify which matches

between descriptive elements are possibl e and which are not. The two

physical constraints Cl and C2 can now be translated into two rules (R)

for how the left and right descriptions are combined:

(Ml) Untqueness. Each item from each image may be assigned at most

one disparity value. This condition relies on the assumption that an

Item corres ponds to something that has a unique physical position.

(R2) Continuity. Disparity varies smoothly almost everywhere. This

condition is a consequence of the cohesiveness of matter, and it states

that only a small fraction of the area of an Image is composed of

boundaries that are discontinuous In depth.

In practise , Ri cannot be applied simply to grey—level points in

an image, because, a grey-level point is in only Implicit

correspondence with a physical location. It is in fact impossible to

ensure that a grey-level point in one image corresponds to exactly the

same physical posit ion as a grey-level point in the other. A sharp

change in intensity , however, usually corresponds to a surface marking,

• and therefore defines a single physical position precisely. The

positions of such changes may be detected by finding peaks in the first

derivative o intensity, or zero-crossings in the second derIvative.

— -
~~~~~~

-- -
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2 Current approaches to the matchin g problem

One of the most significant advances in modern psychophysics was

Julesz ’s (1960) invention of the random-dot stereogram. In addition to

Its various applications , this invention posed one of the few clear

problems for neurophysiology and psychology, because it showed that

stereoscopic fusion is a relatively early and independent computation. —

Julesz ’s (1971) subsequent studies have helped to shape the

character of experimental and theoretical approaches to this problem.

One of his most influential suggestions has been the notion that the

computation of stereo disparity depends on competing excitatory and

inhibitory influences between nearby items with the same and different

disparities (Julesz 1971, page 220 last paragraph). This suggestIon

arose out of his belief that binocular fusion is a cooperative process,

a belief whose foundation we shall examine critically below. Apart

from AUTOMAP (Julesz 1962), all the models we now examine were attempts

at realizing this idea.

AUTOPMP (Julesz 1962) is a cluster-seeking program that operates in

various layers shown in figure 2. Of the two rules formulated in the

last section , it implements R2 (continuity) implicitly (because it

detects only clusters), but it fails to implement Ri. Hence in an

ambiguous stereogram , both organizations will be detected

simul taneously.
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The dipole model (Julesz 1971, page 203ff, and Julesz 6 Chang 1976).

Each position on each retina is associated with a magnetic dipole,

whose polarity is determined ~iL the case of random-dot stereograms) by

the retinal intensity value. Spring coupling between the tips of

adjacent dipoles implements the continuity rule R2. The orientation of

a dipole represents a disparity value, and the fact that each dipole

can have only one orientation at a time provides an Implementation of

the uniqueness rule Ri. Notice that unlike the other models we shall

di scuss, this one does not represent explicitly all possibl e states of

figure 2, since each horizontal or vertical line in that figure

corresponds to the angular range in position of a single dipole. Hence

taken literally, this model would correspond to a scheme in which

disparity at each position is signalled by the rate of firing of a

single neuron and can therefore be thought of as a one-pool model. It

would be interesting to see a computer implementation of such a model.

Sperling (1970). This model is based on correlation between two grey—

level images (his eq. [7] p.471, and see also p.483 lines 9-12). Its

approach is unsatisfactory for two reasons; firstly, as we have already

seen, grey—levels are an inappropriate domain for the matching

function , and secondly the area and disposition of the neighbourhoods

over which the correlation is taken is crucial and left unspecified.

Sperling ’s work does however make an interesting point of the connexion

between stereopsis and vergence movements.



—
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2. The explicit structure of the two rules Ri and R2 for the case of a
one-dimensional image Is represented in (a), whi~~ also shows thestructure of a network for Implementing the algorithm described by eq.
1. Lx and ~ 

represent the positions of descrip tive elements In the
left and right Images. The continuous vertical and horizontal lines a-represent lines of sight fron the left and the right eyes. Their
intersection points correspond to possibl e dispari ty values. RI states
that only one match is allowed along any given horizontal or vertical
line; R2 states that solution planes tend to spread along the dotted
diagonal lines , which are lines of constant disparity.

In a network implementation of these rules, one can place a “cell ”
at each node; then solid lines represent “inhibitor y ” Interactions , and
dotted lines represent “i~.:xcit atory ” ones. The local structure at each
node of the network In (a) is given in (b). This algorithm may be
extended to two-dimensional images, in which case each node In the
corresponding network has the local structure shown in (c). (From Marr
6 Pogglo 1976 fig. 2).
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J

Nelson (1975) dilated on the ideas of Julesz, making two proposals

wh ich could implement our two rules. In terms of figure 2, the

geometry of the lines of inhibition is left unclear, but it probabl y

corresponds more to the Inhibition shown in figure 3 than that of

figure 2, and so does not precisely implement rule Ri. Nelson gave no

precise algorithm , nor did he implement any form of his ideas.

0ev (1975) was one of the first to formulate a precise algorithm that

attempted to embody Julesz ’s ideas (Dev 1975, eq. (1) 6 (2), p. 515].

In terms of our rules, the algorithm realizes R2, but an incorrect

vers ion of Ri (see figure 3). Dcv ’s algorithm is not cooperative,

however, because it is linear (her equations 1 and 2). Dcv writes (p.

526 lines 18—19) of applying a threshold to the results of the linear

operation , but she did not say how to set such a threshold

appropriately, and this Is, of course, not a trivial problem 1.

Ilirat & Fuku.shima (1976) constructed a neural model that correctly

implemented the uniqueness rule Ri (their function (1) p 481, but did

not implement rul e R2, preferring instead a network that favoured

solutions with lower parallax. This is an Interesting Idea, and a form

of it plays a role in our theory (cf. figure 9).

Sugie & Suwa (1977) proposed a new and complex (non-linear and

iterative ) model that implements part of rule R2, but apparently uses 

-
~~ _ _ _



- •  .— 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-•- -- -- - - .—•- .— -•—- --  -- —
~

-

~

.--— - . — - - - - -

~ 

- - - -- — -.----— -

~~~

- —

~ A. /3

Lx~~

• 

B.~~~~~~~~~~~~~~~~~~~~4

3. The uniqueness rule Ri gives rise to two sets of inhibitory
interactions , along the lines of sight from each eye, as illustrated in
figure 2. Several of the algorithms that are described In the text use
inhibitory connexions like those illustrated here. Roughly speaking,
these algorithms search for solutions that can be regarded as a single—
valued , continuous vector field in a plane. 
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the incorrect (figure 3) version of rule Ri. The presence of an AND

gate on their BN4 neurons (their fig. 4b) prevents their model from

exhibiting “filling-in ” phenomena, and calls into question the exact

nature of the rule R2 that their network realizes.

Marr & Poggio (1976) formulated the iterative algorithm

c (t+1) 
= ~~~~~ c (t ) 

- - N” r (t ) 
+ ~(O)x ,y;d x ’ ,y ’ ;d’ 

~~~~

‘ ‘x ’ ,y ’ ;d’ x ,y;d
x ’ ,y:,d’~s(x ,y,d) x ’ ,y ’ ,d’ eO(x ,y,d)

where CZ,y;d denotes the state of the cell corresponding to position

(x,~ ), disparity d and time t in the network of figure 2; S(x,y.d) is a

local excitatory neighborhood confined to the same disparity layer, and

O(x,y.d), the inhibitory neighborhood , consists of cells lying on the

two lines of sight (fig-ire 2c). e is an inhibition constant, and a is

a threshold function. The initial state C0 contains all possible

matches, including false targets, within the prescribed disparity

range. The rules Ri and R2 are implemented through the geometry of the

inhibitory and excitatory neighborhoods 0 and S (figure 2c). This

algorithm was shown to solve random-dot stereograms successfully (Marr

6 Pogglo 1976 figures 3-. T). In a mathematical analysis of the

algorithm (Marr , Palm 6 Pogglo 1978), it’ was demonstrated that states

obeying the two rule Ri and R2 were stable states of the algorithm ,

and it was shown that, for a wide range of parameter values, the

- - -~~~~~~~—- —~~~~-‘- --- ---- 
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algorithm converges.

The nature of the input to which the algorithm is applied was not

specified In detail. The success of the algorithm was demonstrated

only for random-dot stereograms, where this problem does not arise. In

addition , the algorithm has no dynamics in this form, and therefore

exhi bits no hysteresis. 
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3 Common characteristics of these algorithms

Apart from AUTOMAP and Sperling (1970), all of these algorithms

are based on Julesz ’s proposal that fusion in human stereopsis is a

cooperative process. An essential feature -of these algorithms is that

they are designed to select correct matches in a situation where false

targets occur in profusion. That is, apart possibly from early

versions of Julesz ’s dipole model , they do not critically rely on eye

movements, since in principle , they have the ability to interpret a

random—dot stereogram without them.

At the level of neurophysiology, these algorithms (with the

exception of Julesz ’s dipole model , which we discussed above) all

require many disparity “layers”. This would imply (I) the existence of

many “disparity -detecting ” neurons, whose peak sensitivities cover a

range of disparity values that is much wider than the tun ing curves of

the individual neurons, and which are rather insensitive to the nature

of the descriptive element (e.g. edge, termination) to which they may

refer; (ii) organization of these units into disparity layers (or

stripes or columns); (iii) the presence of reciprocal excitation within

each layer; and (iv) the presence of reciprocal inhibition between

layers. For Marr 6 Poggio ’s algorithm , the inhibition should exhibit

the characteristic “orthogonal ” geometry of the thick lines in figure 2

(the lines of sight).

We turn now to an examination of the available empirical evidence.

• 

- -  
-
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4 Evidence from neurophysiology and psychop hysics

4.1 ?Ieurophysiology

The questions of interest to us can be formulated clearly, as

follows: (I) Are there disparity detectors? (ii) If so, how finely

tuned are they, and what range of disparities is covered by their peak

• sensitivities? For example, are there many, or are there just two or

three (crossed, uncrossed and possibly zero disparity)? (iii) Are they

organized into layers or columns of equal disparities? What are their

excitatory or inhibitory relationships to one anothe r? (iv) Are the

disparity detectors sensitive to specific spatial fea tures (e.g.

oriented edges, oriented bars, or terminations)?

Let us now examine the evidence that is available about these four

points.

(1) Although most physiologists believe that disparity detectors do

exist , there Is apparently some disagreement about the cortical area

involved. Barlow , Blakemore 6 Pettigrew (1967) originally reported the

existence of disparity sensitive units in the primary visual cortex of

the cat, a finding substantiated by several subsequent articles, for

example , Pettigrew , Nikara 6 Bishop (1977) and Nelson, Kato 6 Bishop

(1977). Hubel 6 Wiesel (1970) failed to find depth—sensitive neurons
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in area 17 of the macaque monkey, though they did find them in area 18.

They later stated that this situation is also true in the cat (Hubel 6

Wiesel 1973). Recently, Poggio 6 Fischer (1977) reported depth

sensitive neurones in areas 17 and 18 of the alert macaque monkey.

They were unable to offer an explanation for the difference between

their ’s and Hubel 6 Wiesel ’s results, apart from the difference in the

state of the animals. In studies on the cat, Hubel 6 Wiesel usually

used barbiturates, whereas all the other investigations were carried

out under nitrous oxide.

(ii) Barlow et at. (1967 figure 3) reported disparity sensitive cells

in the cat that had a range of about 6.3 degrees at S - 15 degrees

eccentricity. Pettigrew et a:. (1968 figure ii) described cells at an

eccentricity of 8 degrees tuned to a disparity of about 3 degrees (see

also figure 9 of Nikara, Bishop 6 Pettigrew 1968). In the monkey,

Poggio 6 Fischer (i977) found a range of optimal disparity sensitivity

of for example ±0.3 degrees at 1 degree eccentricity (see their figure

8).

- Little is certain about sharpness of disparity tuning. In the

cat, fIgure 10 of Nelson et al. (1977) exhibits the response of a

disparity—sensitive cell that s tuned to an unknown disparity value,

with an accuracy of ±0.5 degrees. Bishop, Henry 6 Smith (1971 figure

6c) described a cell that was about twice as finely tuned. In the

monkey, P ggio ~ Fischer (1977) found four types of depth—sensitive

cell in areas 17 and 18; (a) cells excited by and narrowly tuned to 
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stimul i at the depth of the plane of fixation; (b) cells whose response

was essentially the complement of (a) (also described in the cat by

Pettigrew et al. 1968 p.406); (c) near neurons, that were stimulated by

stimul i in front of the fixation plane and were suppressed by those

behind it; and (d) far neurons, the opposite of near ones. Some of the

class (a) cells had a disparity tuning as sharp as 3’, whereas some of

the class (b) cells exhibited a total range of binocular interaction

that could extend to more than ±1 degree of disparity.

There are hints of a monotonic relationship between eccentricity

and optimal disparity (Poggio 6 Fischer 1977 figure 8), and between

receptive field size and the sharpness of disparity tuning (Pettigrew

et at. figure 11).

(iii) Hubel 6 Weisel (1970) in the macaque remarked that cells

representing a given stereoscopic depth relative to the surface of

fixation are grouped together, possibly into columns (p 41).

There is no evidence about the physiolog ical connections among

these cells. Al most all disparity -sensitive cells have, however, been

reported to have inhibitory flanks for disparities lying outside the

tun ing range.

(iv) Little is known about the spatial features to which disparity

neurons are sensitive , for instance, whether they have “bar—shaped” or

“edge—shaped” receptive fields. Hubel 6 Wiesel (1970) imply that in

the monkey, most binocular depth cells have vertically oriented , 

— --- -— - - — - -
~~~~~

-—- 
i-_____ - -~ - -
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elongated receptive fields. Nelson et at. (1971) found that binocular

neurons in the striate cortex of the cat are rather insensitive to

differences in the orientations of sl its or bars in the two eyes. They

concluded that binocular units do not detect tilt directly.

Coninents

Up to now, the questions we set out have not received direct

attention , and the answers are at best uncertain , partly because of

cont radictory conclusions from different laboratories. Nevertheless,

it is not clear why, for example, disparity tuning curves were not

measured quite soon after Barlow et al.’.s (1967) original work.

Apparently, only Poggio 4 Fischer (1977) have provided careful evidence

on this point , and it is unfortunate that their findings contradict the

opinions implied by previous workers.

An important factor contributing to this state of affairs has been

the considerable technical difficulty involved in experiments on

stereoscopic disparity, for example, the precise control of eye

position and stimul us eccentricity. The apparent need to use moving

stimul i and slits that are more than a few minutes of arc wide make

somewhat uncertain the interpretati on of even those measurements that

can be obtained. We believe that flashed stimul i, of the type used in

psychophysics to avoid eye movements, may help in studies of these

cells , despite the extra difficulties they Introduce.

Taken altogether , the physiological evidence is not compelling

_ -~~~~~~~~~~ - - - - - - ~~~~~~~~~~~ ~~~~~~-
. 
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about even the basic question ((ii) above) of whether there are two

pools of disparity detectors, or several. The recent work of Poggio 6

Fischer seems to support Richards ’ (1970, 1971) two pools idea.

4.2 P.sychophysics -]

It is impossible to give a brief review of the entire

psychophy sics of stereo vision , and the interested reader may turn to

the book by Julesz (1971) or the review by Richards (1975), which also

contain extensive bibliograp hies. In this article , we restrict our

attention to points that we regard as important for our analysis of the

computational structure of the stereo disparity problem. We divide our

survey into four sections , each dealing with a different aspect of the

problem. -

The releuance of eye—movement.s .

As we stated earlier , one of the critical preliminary questions

about the information processing structure of human stereopsis concerns

the relative importance of neural fusion and of eye movements.

Unfortunately, almost without exception (Fender 6 Julesz 1967, Evans 6
Clegg 1967, Richards 1977) all studies using random-dot stereograms

proceeded by viewing the pairs with free eye movements (Julesz 1971)

even though the smallness of Panum’s fusional area (Fender 6 Julesz

1967) suggested that eye movements must be important . 

--~~~~~~ - - -~~~~~~~~~~~ - -~
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Although some observers can see depth in simple random-dot

stereograms that are presented in a flash or under stabilized image

conditions , eye-movements (or the associated retinal motion ) are

essential for many observers for s imp le stereogra ms, and even then the

perceived depth may be ambiguous or inappropriate (Richards 1977),

except possibl y in the disparity range 0-13’ (Mayhew 4 Frisby 1978).

For complex stereograms such as Julesz ’s spiral (1971 fig. 4.5—4), eye—

movements are probably essential (Frisby 4 Clatworthy 1975, Saye 6

Frisby 1975).

Two pools or many disparity layers?

Richards (1970, 1971) and Richards 6 Regan (1973) proposed that

the mechanisms underlying stereoscopic depth perception are organized

into at least two pool s, roughly corresponding to crossed and uncrossed

disparities. Richards based this proposal on a study of

“stereoanomalous ” observers, who are able to process one of these kinds

of disparities more strongly than other.

Although these data do not rul e out the existence of many

functional layers , they sugge~t the genetic importance of the two pools

idea, ~nd this itself hints at its functional implications.

_ _ _ _ _ _ _  -~~~~~
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I

Dis parity detectors and spatial features

In the monocular situation, the visibility of a one—dimensional

sinusoidal grating remains unchanged in the presence of masking noise

fil tered so as to contain no spectral components nearer than two

octaves to the spatial frequency of the grating (Stromeyer 6 Julesz

1972). The equivalent finding holds also for two-dimensional patterns

(Harmon 6 Julesz 1973). Kaufman (1964) and Jules7 (1971, 3.9 4 3.10)

found that one can simul taneously experience both binocular rivalry and

fusion of different spectral components in a stereogram. Julesz 4

Miller (1975) recently put this finding on a quantitative basis. They

selected masking noise bands, containing equally effective noise

energy, such that their bands either overlapped the stereoscopic image

spectrum or were two octaves distant. The first case resulted in

rivalry, but in the second, stereoscopic fusion (and the consequent

perception of depth) could be maintained despite the presence of strong

binocular rivalry caused by the masking noise.

This raises the possibility that disparity information might at

some stage be conveyed by independent stereopsis channels, tuned to

different spatial frequencies , and roughly one octave wide. Mayhew 6

Frisby ’s (1976) interesting results using rivairous texture stereograms

are also consistent with this idea.

The available psychophysical evidence about the orientation

sensitivity of these channels suggests that it is poor (Julesz 1971 p.
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89) , which is consistent with the neurophysiological findings we

reviewed earlier (Nelson et a t .  1977) .

The channels found by Julesz 4 Mille r are probably the same as

those analyzed by several investigators (e. g. Campbell 4 Robson 1968).

In spatial terms, such channels probably correspond to receptive fields

that are bar—shaped rather than edge—shaped or more like gratings (see

figure 5b in the next section).

Interestingly, it appears that line terminations can also be

matched (Julesz 1971 p. 80, see also p. 92, Prisby 4 Julesz 1975).

This raises the question of whether the matching of terminations relies

on their explicit extraction from an image, or whether it is an

epiphenomenon attributable to the existence of narrowly tuned frequency

channels (cf. Cowan ’s (1977) discussion of Shapley 4 Tolhurst’ s (1973)

results).

There is independent evidence that disparity mechanisms make bar—

by-bar correlations as opposed to edge-by-edge correlations (Felton,

Richards 4 Smith 1972). Using a modification of the Blakeniore 4

Campbell (1969) adaptation technique, Felton et at .  presented high—

contrast sine-wave gratings binocularly at an’~ off the plane of

fixation. Under these conditions, the greatest rise in threshold

following adaptation occurs for test gratings presented in the same

plane as the adapting grating. They found that the adapted mechanisms

have narrow rather than broad spatial-frequency tuning curves.

Anot her very important question which these results naturally

raise is whether these independent spatial channels are also separated

_ _ _  - _ _ _ _ _ _ - -~~~~~~~~~~ - i_
~~~
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in the disparity domain, that is, whether they are further

distinguished by the range of disparity values they can convey.

Felton, Richards 4 Smith (1972) again provided evidence on this point,

concluding that over the 1.0 degree disparity range they examined,

narrow bar detectors feed small disparity mechanisms whereas wide bar

detectors feed large disparity mechanisms. We shall propose later that

wide bar detectors can in fact detect small disparities , but with

poorer resolution than small bar detectors.

We feel that indirect evidence about this point may come from the

differing reports of the size of Panum ’s fusional area. Fender 4

Julesz (1967) gave a figure of 6’ for Panum ’s fusional area for random—

dot stereograms with a dot size of about 2’. In subsequent experiments

however, Julesz 4 Chang (1976) routinely flashed stereograms with a - 
-

range of disparities , implying that those up to ±18’ were fused. An

attracti’ve explanation for this discrepancy is that Panum ’s area

depends on the dot size, since Julesz 4 Chang ’s were 6’ square. This

hypothesis is clearly in the same spirit as the conclusion of Pelton,

Richards 6 Smith.

Hy steres is  and cooperativity

In a seminal paper 2, Fender 6 Julesz (1967) demonstrated the

existence of hysteresis in stereopsis. They studied the fusion of

binocularly stabilized random-dot stereoscopic Images , and found that
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once fused (in the 6’ Panum area), images could be pul led apart

symmetrically by about 2 degrees in the horizontal direction without

loss of stereopsis or fusion. This finding provided the basic reason

for a widespread belief that binocular fusion is a cooperative process.

Later, Julesz adduced in its further support the phenomena of (I)

disorder-order transitions and multiple stable states in stereopsis

(Julesz and Chang 1976 p. 117), (ii) the pulling effect with ambiguous

random-dot stereograms (Julesz 4 Chang 1976), and (iii) Julesz ’s H

conclusion (1971 p. 200) that “stereopsis is a parallel process in

which each depth plane is simul taneously processed.” The idea that

stereopsis is cooperative formed the starting point for all attempts at

constructing neural models for this computation (cf. section 1).

In their original paper, Fender 4 Julesz concluded that the

labelling of corresponding points can occur only within Panum ’s

fusidnal region, but that under appropriate conditions, these labels

could then be preserved for large retinal image shifts. Their original

data, however, only indicated the presence of a “simple memory process”

which they then chose (p. 829) to call hysteresis. There is no

evidence that this hysteresis Is intrinsic to the labelling process

itself , an hypothesis which is essential if stereopsis is to be

regarded as a simple coc’ner-’’ive phenomenon. On the contrary, the

phenomenon of hysteresis ~ppears over e~ disparity range of 2 degrees,

which is much greater th~n e~’en the largest estimates of Panum ’s

fusional area. Futherm o-m render 4 Julesz (p. 829) actually “suggest

the existence of three difierent processes in stereopsis. A labelling

- ~~~~~~~~~~~ - . —



process, which is operative in Panum ’s fusional region , establishes

correlation between corresponding areas in the left and right images

having various disparities. A cortical—registration process preserves

these labels even if the left and right images are pul led apart on the

retinas... (and] convergence motion of the eyes, which compensate for

large or rapid errors of disparity. ”

It seems to us that, while the notion of hysteresis can certainly

be applied to the registration process, because it Is essentially a

memory, there is no direct evidence for cooperativity in the labelling

process itself.

4.3 Conclusions

Many of these findings cast doubt on the relevance of cooperative

algorithms to the question of the fusion process in human stereo

vision. The princ ipal points are (a) the apparently crucial role

played by eye-movements in human stereo vision , (b) the ability of some

subjects to tolerate a 15% expansion of one image (Julesz 1971 figure

2.8—8), (C) the findings about independent spatial—frequency-tuned

channels in binocular fusion, of which our tole rance to severe

defocussing of one image is a striking demonstration (Julesz 1971

figure 3. 10—3), (d) the physiological , clinical and psychophysical

evidence about Richards ’ three—pools hypothesis, and (e) the size of

Panum ’s fusional area (6’ - 18’) which seems surprisingly small to have

_ _ _ _ _ _



,uiP~~ ~ 
_ 

. 
- — - — -

~~
-,,----=-—..-.—-—--- - --.- -

Human stereopsis 28 Marr 6 Poggio

to resort to cooperative mechanisms of neural fusion for the

elim ination of false targets.

Finally, we may mention that none of the theories based on
cooperativity gives a clear indication of the nature of the spatial

features that should be matched.

__________  ____
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5 A theory of stereops is

Taken together, these findings indicate that an approach of a

quite different kind to the problem is probably necessary. In this

section , we present an alternative theory, describing firstly a rough

outline and the ideas that led us to it, and after that we formulate

the theory in detail.

5.1 An ou t l i ne  of the theory

The basic computational problem in binocular fusion is the

elimination of false targets, and the difficulty of this problem is in

direct proportion to the range and resolution of the disparities that

are considered. The problem can therefore be simplified by reducing

either the range, or the resolution , or both, of the disparity

measurements that are taken from two images. An extreme example of the

first strategy would lead to a diagram like figure 2 in which only

three adjacent disparity planes were present (e.g. +1, 0, —1 ) each

specifying their degree of disparity rather precisely. The second

strategy, on the other hand, would amount to maintaining the range of

disparities shown in figure 2, but reducing the resolution with which

they are represented. In the extreme case, only three disparity values

would be represented , crossed, roughly zero, and uncrossed.
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These schemes, based on just three pools of disparity values,

substantially eliminate the false targets problem at the cost on the

one hand of a very small disparity range, and on the other, of poor

disparity resolution. Thus the price of computational simplicity is a

trade—off between range and resolution.

One would, however, expect the human visual system to possess both

range and resolution in its disparity processing. In this connection,

the existence of independent spatial-frequency-tuned channel s in

binocular fusion is of especial interest , because it suggests that

several copies of the image , obtained by successively finer filtering,

are used iurin~, fusion , providing increasing and, in the limit , very

fine disparity iesolution at the cost of decreasing disparity range.

A notable ~ ature of a system organized along these lines Is its

reliance on eye-movements for building up a comprehensive and accurate

. disparity map from two viewpoints. The reason for this is that the

most precise disparity values are obtainable from the high-resolution

channels, and eye -movements are therefore essential so that each part

of a scene can u1timat~ly be brought into the small disparity range

within which high resolution channels operate. The importance of

vergence eye-movements is especially attractive in view of the recent

evidenc e about their role In human stereopsis (see section 4.2 above),

and the extre ely high rkgree of precision with which they may be

controlled (Riggs f, ‘‘~1hl 1960, Rashbass 4 Westheimer 1961a).

These observati~ns suggt ~t a scheme for solving the fusion problem

in the fo1lowin ~ way: (1’ E~-~c~t image is analyzed through channels of

L
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$
various coarsenesses, and matching takes place between corresponding

channels from the two eyes for disparity values of the order of the

channel resolution. (2) Coarse channels control vergence movements,

thus causing finer channels to come into corresondence.

This scheme raises a puzzle. Since it contains no hysteresis, it

provides no explanation for the basic findings that led Julesz to

conclude that binocular fusion is a cooperative process. Recent work

in the theory of intermediate visual information processing argues on

computational grounds that a key goal of early visual processing is the

construction of something like a “depth map ” of the visible surfaces

round a viewer , (Marr 4 Nishihara 1977 figure 2, Marr 1977 section 3).

The motivation for this proposal is that a description of objects ’

shapes has to be derived via a description of their visible surfaces,

and information about these is obtainable by a numbe r of different and

probably Independent processes, which extract disparity, motion ,

shading, texture gradient and contour information. These different

types of Information need to be combined , In a buffer somewhere. One

proposal for carrying this out is the c~~struction of a representation

that makes explicit the depth and orientation of visibl e surface

elements , and contours of surface discontinuity, in a coordinate frame

that is centered on the viewer (Marr 1977 Table 2). Marr 6 Nishihara

called this representation the 2-4-D sketch (see figure 4).

The important point here is tha t the 24-fl sketch is in some sense

a memory, and It is this idea, together with the remarks of Fender 6

JuIesz that we quoted above, that offers a possible solution to our
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puzzle. Suppose that the hysteresis Fender 6 Julesz observed is not

due to a cooperative process during fusion, but is in fact the resul t

of using a memory buffer in which to store the depth map of the image

as it is discovered. Then, the fusion process itself need not be

cooperative (even if it still could be), and in fact it would not even

be necessary for the whole image ever to be fused simul taneously,

provided that a depth nap of the viewed surface were built and

maintained in this intermediate memory.

Our scheme can now be completed by adding to it the following two

steps: (3) when a correspondence is achieved , it is held and written

down somewhere (e.g., in the 24-fl sketch); (4) there is a backwards

relation between the memory and the masks, perhaps simply through the

control of eye-movements , that allows one to fuse any piece of a

surface easily once its depth map has been established in the memory.
- 

- We turn now to a more detailed analysis of these ideas.

5.2 The nature of the channels

The art ic les by Julesz 4 Miller (1975) and Mayhew 6 Frisby (1976)

establish that spatial-frequency-tuned channels are used in stereopsis

and are independent. Julesz 4 Miller ’s findings imply that two octaves

is an upper bound for the bandwidth of these channels, and suggest that

they are the same channels as those previously found in monocular

studies (Campbell 6 Robson 1968, Blakemore 4 Campbell 1969). Although

- - .: —.-— 
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strictly speaking it has not been demonstrated that these two kinds of

channel are the same, we shall make the assumption that they are. This

will allow us to use the numerical Information availabl e from monocular

studies to derive quantitative estimates of some of the parameters

involved in our theory.

The idea that there may be a range of different size or spatial

frequency tuned mechanisms was originally introduced on the basis of

psychophysical evidence by Campbell 6 Robson (1968). This led to a

virtual explosion of papers dealing with spatial frequency analysis in

the visual system. Recently, Wilson 6 Gieze (1977) and Cowan (1977)

Integrated these and other a~’atomical and physiolog ical data into a

coheren t logical framework. The key to their framework is (a) the

partitioning of the range of sizes associated with the channels into

two components , one due ~o spatial inhomogeneity of the retina, and one

due to local scatter of receptive field sizes; (b) the correlation of

these two components with anatomical and physiologica l data about the

scatter of receptive field sizes and their dependence on eccentricity.

On the basis of detection studies, they formulat i d an initial

model embodying the following conclusions: (1) at each position in the

visual field , there exist “bar-like ” masks (see figure 5a), where

tuning curves have ~he form -f figure Sb, and which have n half-power

bandwidth of about an octave. (2) The bandwidth of the local

sensitivity function at each eccentricity Is about three octaves.

Hence the range of receptIve field sizes present at each eccentricity

is about 4: 1. in othcr h. ~~~~~
-
. at least three and probably four

-
- 

-
- 
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5. (a) Line spread functions measured at two different eccentricities
for HRW. The points are fitted using the difference of two Gaussian Hfunctions with space constants in the ratio 1.5:1.0. The inhibitory
surroun d exactly balances the excitatory centre so that the area under
the curve is zero.

(b) Pred ictions of local spatial frequency sensitivity from
frequency gradient data and from line spread function data. The local
frequency sensit ivity functions are plotted as solid lines. The dashed
lines are the local frequency response predicted by Fourier
transforming the line spread functions In (a), w hi ch were measure d a t
the appropriate eccentricities. The arrow In the lower graph indicates
a translat ion of the dashed curve by approximately 1.08 log10 units.
(Redrawn from Wilson 4 Gieze 1977 figs. 9 6 10).
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receptive field sizes are required at each point of the visual field.

(3) Average receptive field size increases linearly with eccentricity.

In humans at 0 degrees , the mean width w of the central excitatory

region of the mask is about 6’ , (range 3’ to 12’); and at 4 degrees

eccentricity, w = 12’ (range 6’ to 24’), (Wilson 4 Gieze figure 9,

Hines 1977 figures 2 6 3). If one assumes that this receptive field is

described by the dif ference of two gaussian func tions w ith space

constants in the ratio 1:1.5, the corres ponding peak fre quency

sensitivity of the corresponding channel is given by 1/f = X = 2.3w.

These figures agree quite well with physiolog ical studies In the

Macaque. Hubel 4 Wiesel (1974) reported that the mean width of the

receptive field (s) increases linearly with eccentricity e (figure 6)

(approximately, s = 0. 05e + 0. 25 degrees, so that at e = 4 degrees, s =

27’ which gives a value for w = s/3 of about 9’ as opposed to 12’ in

humans). The data of Schi ller (1977 p. 1347 figures 12 4 14) are in

rough agreement with Hubel 4 Wiesel ’s. (4) Essentially all of the

psychophysical data on the detection of spatial patterns at contrast

theshold can be explained by (1), (2) and (3) together with the

hypothesis that the detection process is based on a form of spatial

probability summation in the channels.

With the characteristic perverseness of the natural world , this

happy and concise state of affairs does not provide a precise account

of suprathreshold conoitions (see figure 7). The known discrepancies

can however be explained by introducing two extra hypotheses: (5)

Contrast sensitivities of the various channels are adjusted
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(Re drawn from Cowan 1977 fig. 12).
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appropriately to the stimulus contrast (Georgeson 6 Sullivan 1975).

The point of this is merely to ensure that bars of the same contrast

but different widths actually appear to have the same contrast; (6)

Receptive field properttes change slightly with contrast, the

inhibition being somewhat decreased In low-contrast situations (Cowan

1977 p. 511).

In a more recent article , Uilson & Bergen (1978) have found

that the situation at threshold may also be more c~~,licated .

They proposed a mode l consistin g of four size-tuned mechan i sms

centred at each point, the smaller two show i ng relative l y

sustained temporal responses, and the larger two being relative l y

transient. As far as is known, this mode l accurately accounts

for all published threshold sensitivity studies.

The two sustained channels , which Wi ls on & Bergen call N and

S, have w values 3.1’ and 6.2’; the transient channels, called I

and U, have w’s of 11.7’ and 21’. The sizes of these channels

increase with eccentricity in the same way as descr i bed above.

The S channe l is the most sensitive under both transient and

sustained stimu ’atio n , and the U channe l is the least, having

onl y 1/11 to 1/4 the sensitivit y of the S channel. The extent to

wh i ch the U channe l , for example, plays a role in stereopsis is

of course unknown.

In what follows , we shall assume that the figures given

earlier for  the numbers and dimen sions of receptive field centres

and their scatter ho ’d rough ly for suprathreshold condit Ions . If
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future exper i ments confirm that these more recent numbers are

relevant for stereopsis , some modification of our quantitative

est imates may be necessary. -

These figures allow us to estimate the minimum sampl ing density

requi red by each channel, i.e. the minimum spatial density of the

corresponding receptive fields. From figure 10 of Wilson 6 Gieze

(1977), a channel with peak sensitivity at wavelength ~ is band—limited

on the high-frequency side by wavelengths of about 2A/3. This figure

is for a threshold criterion of 15—30%, but is rather insensitive to

the exact value chosen. Hence by the Sampl ing Theorem (Papoulis 1968,

p. 119), the minimum distance between samples, (i.e. receptive fields),

in a direction perpendicular to their preferred orientation , is at most

A /3. Assuming the overall width of the receptive field is about 3/2,

the minimum numbe r of samples per receptive field width is about 4. 5.

An estimate of the m inimum longitudinal sampling distance may be

obtained as fol lows. Assume that the receptive field’ s longitudinal

weighting function (see table 1) is gaussian with space-constant a,

thus extending over an effective distance of say 4v to 6a. Its

fourier transfo rm is also gaussian with space constant in the frequency

domain (~~) of 1/a, and for practical purposes can be assumed to be

band-limited with f ,,.~~ = 3/2wv to 2/2~a. By the sampling theorem, the

corresponding ~-inirn um sampling intervals are a to 1.5a, i.e. about 4

samples per longitudinal receptive field distance. Hence the minimum

number of medsurements (i.e ~e1ls or receptive fields) per receptive

f ield area is about 18. 1! ole assumes that the density of sampled
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image points is constant over the visual field, it follows that the

computational effort required to process the image through a given

channel is roughly Independent of the receptive field size associated

with that channel 3.

This model of the preliminary processing of the image is

5.3 The domain of the matching function

In view of this information , the f i rs t step in our theory consists

of filtering the left and right spatial images through four bar masks

at each point in the images. We assume that this operation is roughly

linear , for a given intensity and contrast. When matching the left and

right images, one canno t s i mply use the raw values measure d by thi s

first stage-, because they do not correspond directly to physical

features on visible surfaces on which matching may be based. One first

has to obtain from these measurements some symbol that corresponds with

high probability to a physical item with a well-4efined spatial

position. This observation , wh ich has been verified through computer

experiments in the case of stereo vision (Grimson 4 Marr 1978) formed

the starting point for a recent approach to the early processing of

visua l information (Marr 1974, 1976).

Perhaps the simplest way of obtaining suitable symbols from an

Image is to find signed peaks in the first (directional) derivative of

the intensity array, or al ternatively, zero-cross ings in the second

- -.~~~~~~ —-- --  -s ——---- -
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derivative. The bar-masks of table 1 measure an approximation to the

second directional derivative at roughly the resolution of the mask

s i ze, so clear signed zero-crossings In the convolution values obtained

along a scan line lying perpendicular to the receptive field’ s

longitudinal axis (cf. Marr 1976 figure 2) would specify an appropriate

location precisely. The fact that the sign of the zero—crossings are

important is consistent with experimental data like that of Julesz

(1963 figure 2). Since for stereopsis , a prec ise es t imate of only the

horizontal coordinate is required , in principle we need to consider

onl y masks having vertically oriented receptive fields. It is known,

however , that vertical disparity information is used to help align the

two eyes (see e.g. Ogle, Martens 4 Dyer 1967 chapter 11), and so in the

human v isual system, masks with horizontally oriented receptive fields

may be used4.

In prac tice, however , it is not enough to use just vertically

oriented masks to obtain horizontal disparity information. Julesz

(1971 , p 80) showed that minute breaks in horizontal lines can lead to

fusion of two stereograms even when the breaks lie close to the limit

of visual acuity. Such breaks cannot be obtained by simple operations

on the the measurements from even the smallest vertical masks. These

breaks probably have to be localized by a specialized process for

finding terminations by examining the values and positions of rows of
- ‘~ er~ -.crossings obtained from horizontal mask convolutions (cf. Mart’.

1976 p. 496).

Thus not only zero-crossings but also terminations have to be made 
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explicit , (cf. the principle of explicit naming, Marr 1976 p. 485).

The matching process will then operate on descriptions, of the left and

right Images, that are built of these two symbolic primit ives, and

which specify their positions , the mask size from which they were

obtained, and their signs. This process is summarized in Table 2.

6.4 Matching

At the heart of the matching problem lies the problem of false

targets. If false targets arise in profusion, a somewha t sophi sticated

al gorithm must be used to eliminate them (cf. section 2).

Computational simplicity can be preserved only if false targets are

rar e, and the existence of several independent spatial—frequency—tuned

channels provides a way of accomplishing this.

We propose that, for each set of masks of a given size, symbols of

the same type (zero-crossing or termination) and sign are matched

between the two images. If each channel were very narrowly tuned to a

wavelen gth X, the minimum distance between zero-crossings of the same

sign In each image would be about 7~. In this case, matching would be

unam biguous in a disparity range up to Ii. The same argument holds

qualitatively for the actual channels, but because they are not so

narrowly tuned , the disparity range for unambiguous matching will be

smaller and must be estimated. This may be done in the following way.

The -irgume~ t i~ carried out for zero—crossings , s ince term inations are

- - -~~~~~~ — 
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Table 2-

Step 2 of the .stereopsi.s computation: Zero-crossings and terminations

(a) The outputs of each of the four filters (for each value of w,

evaluated at 8 (vertical orientation) are scanned along the horizontal

direction (0 = 0 ) , and the positions of positive— and negative—sloped

zero-crossings are found.

(b) Step (a) Is also carried out at 8 = 0, and the spatial

distribution of the zero-crossings and amplitudes of the associated

gradients are examined for the information they provide about the

positions of terminations. -

(c) Formally, zero-crossings and terminations may be defined as

• follows: Zero—cross ing po si t tons (x*, g* } are the non-trivial solutions

to (1) F
~.go 

= 0 for zero-crossings from the vertical masks

(2) F
~~o = 0 for zero-crossings from the horizontal masks

The non-trivial solutions to (2) define a set of curves in z and g,

each given parametrically by (z(s), u(s)). Then termination points

(E, ,
~) are the non—trivial solutions to

(3) d2(Fwo),ds2 = 0, i.e. taking the derivatives along each

of the curves (x(s). u(s)). 



___________________________________ 
•

Human stereopsis 46 Marr 6 Pogglo

sparser and pose less of a fal se-target problem.

Statistical analysis of zero—crossings

The quantity of interest is the probability distribution of the

interval between adjacent zero-crossings of the same sign In the

filtered image. This depends on (a) the image characteristics, and (b)

the filter characteristics. For (a) , we assume that the input to the

masks is gaussian. More precisely, if I(z. u) is the mask input at

coordinate (x, y), and h(y) represents the longitudinal weighting

function of the mask (see table 1), our assumption is that

f(x) f I(z. y)h(y)dy is a gaussian process.

For (b), we examine two extreme cases. Since the actual filters

have a half-power bandwi-dth of one octave, the f irs t case we cons ider

is that of an ideal liiiear band—pass filter of width one octave, as

illustrated In figure 8a. The second case (figure 8b) is the receptive

field suggested by the threshold experiments of Wilson 6 Gieze (1977),

cons isting of excitatory and initibitory gaussian distributions , w i th

space-constants In the ratio 1:1.5, (see figures S and 7a). In both

cas es, the filtered image is a gaussian zero-mean process. We also

take the wors t case , i.e. thdt in which the power spectrum of the

channel ’ s input is essential ly white in the relevant spectral range.

Our problem is now r :Juced to that of finding the distribution of

the intervals between al~ i n ~ te zero-crossings by a stationary norma l

—.4



8. Interval distribution for zero-crossings. A “white ” gauss ian
process is passed through a filter with the frequency characteristic
(transfer function) shown in (1). The interva l distrib ution for the
first (P0) and second (P1) zero-crossings of the resulting zero-mean
gaussian process are approximated In (2). Given a zero-crossing at the
origin , the probability of having at least two within a distance ~~ is
approximated by •the Integral of P1 and shown in (3). In (A), these
quantitie s are given for an ideal band-pass filter one octave wide and
with centre frequency w = 2,r/A; (B) represents the case of the
receptive field described by Cowan (1977) and Wilson 4 Gieze (1977).
The corresponding spatial distribution of excitation and inhibition ,
i.e. the inverse fourier transform of (81) appears, in the same units ,
in tabl e 1. For case (a) a probability level of P1 = 0.001 occurs
at E = 2.3, and m probability level of 0.5 occurs at ~ = 6.1. The
corr espondi ng f ig ures for case B are = 1.5 and ~ = 5. 4.

Situation B is derived from channel characteristics at threshold
(see figures 8a and 6), and represent the worst case likely from the
point of view of stereo matching. Situation A is closer to Cowan ’s
(1977) guess at the suprathreshold condition (figure 8b). in situation
B, the ratio of the space constants for excitation and inhibition
(table I and figure 6) is 1: 1.5; the values of P1 change by no t more
than St if this ratio is 1: 1.75 (Wilson 1978b).

-_—h



.
- _ .~~~ - _ -- — 

~~~~~~~~~~~~~~~~~~~~~~ 

- --

1 

A 

1 

B 

.

-

. 

2 2 

-

~~~~~~~~: I/~~~

. 

~~~

, 

~ -- - -



_________ — •. - - - -  - - ~~~~~~~~~~~~~~~~~~~~~~~~

Human stereo ps is 49 Marr 4 Poggio

process. Many authors have considered this probl em, dating from the

pioneering work of Rice (1945), (see for example Longuet—Higgins 1962,

Leadbetter 1969).

Assume that there is a zero-crossing at the origin , and let P0(E),

P1(e) be the probability densities of the distances to the first and

second zero—crossings. P0 and Pj are approximated by the following

formulae (Rice 1945 section 3. 4, Longuet—Hlggins 1962 eqs. 1. 2. 1 6

1.2. 3):

1 0) 1/2
= 
2~ H(~ ) 

(~~2(~~) - + H(~) cot ’(-H(~ ) ) ]

1 (0) 1/2 M (r,)
= 

~ 
[
~~~~

] 
~~~~~~~~~ 

(~~2(~~) - ~2(~~))[1 - H(~) cot~~(H(~ ) ) ]

where 
~

c(
~~) is the autocorrelation of the underlying stochastic process,

and ‘ denotes differentiation w. r. t t.
-1/2

= M23 ( r ) [ M~2 (~~) -

M22 (F~) = _4 1
11 ( 0) ( v 2(0) — —

M23 (r ,) = ~v ” ( r ) ( u ~i 2 ( O)  — 
~‘~

‘(
~

, ) )  +

These approximatio ns cease to be accurate for large values of E~ (i.e.
of or der ~), where 2w/X is the centre frequency of the channel; see

Longuet—Higg ins (1962) for a discussion of various approximations), 

- - - - - - -- - . ~~~~ — -
- [4.—
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where they overe stimate P0 and P1. P1(e) is the quantity of interest

here, since it is the interval distribution between zero—crossings of

the same sign.

P0 and Pj were computed for the two filters of figures 8a1 1, bi,

and they are plotted in figures 8a2 4 b2. The integrals of the two P1

curves appea r in figLres 8a3 4 b3. From these graphs, we see for

example that the 0.05 probability level for the presence of false

targets occurs at ~ = 4.1 (approximately ~/t.52) for the ideal band—

pass filter one octave wide , centred on wavelength ~i (figure 8a1), and

at E = 3. 1 for the receptive field of figure 8b1. In this case, E is

approximately X/2, where X is the principal wavelength associated with

the channel , and X = 2.2w, where in is the measured width of the central

exc itatory area of the receptive field. Thus in this case, the 95%

confidence limit occurs at a disparity approximately equal to in (E =

3.1, in = 2.8).

At the 0.001 probability level , the Ideal band-pass filter is 50%

better (the corresponding E is larger) than the receptive field filter

with the same centre frequency; at the 0.05 probability level it is 30%

better; and at the 0.5 probability level , it is 13% better. The legend

to figure 8 provides more details about these results.

We have made a similar comparison between the sustained and

transient channels of Wilson (1978a) and of Wilson 4 Berger (1978). If

the sustained channels correspond to the case of figure 8b, the

transient channels have a iar~er ratio of the space constants for

inhibition and excitation , a somewhat larger excitatory space-constant,
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and an excitatory area larger than the inhibitory. Even under these

conditions, the value s change only slightly.

The matching process

We now apply the results of these calculations to the matching

process, and show that within a given channel there are essentially two

possible ways of dealing with false targets. If one wishes to avoid

false targets al together , the disparity range over which a match is

sought must be restricted to ±w/2 (see figure 9a). For suppose zero—

crossing L in the left image matches zero-crossing R in the right

image. The above calculations assure us that the probability of

another zero-crossing of the same sign within in of R in the right image

is less than 0.05. Hence if the disparity between the images is less

than w/2, a search for matches in the range ±w/2 will yield only the

correct match R (with probabi lity 0.95). Such a low error rate can be

accomodated without resorting to sophisticated algorithms. For

example, two reasona b le ways to increase t he match ing rel iabilit y are
(a) to demand rough agreement between the slopes of the matched zero—

crossing s, and (b) to fail to accept an isolated match all of whose

neighbours give d i f ferent disparity values. Of course If the disparity

between the i mages exceeds w/2, this procedure will fail , a

circumstance that we discuss later.

There i s, however , an alternative strategy, that allows one to



____________________________________________________________________________________ 
—.-•. 

~
— ‘—•‘-—•- —.-- -. -

~~~~~
.

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~r ~ d 

-. 
~~‘

— ‘—--- —.—•- — — .
~

—• - -

a. 
LEFT 

— 

ft.

Case 1

RIGHT 4

I Id ,WI ?

b. 
L 

C. 
1,

LEFT LEFT

I I I I I
case 2 d~~w 

-~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

RIGHT F 4 P 
RIGHT

!~ I ’ ~ d~~~ w !~ 
I ~ L I

9. The mat ching process. A zero-crossing L in the left image matches
one R displaced by disparity d in the right image. The probability of
a false target within in of R is small , so provided that d ( w/2 , (case
A), almost no false targets wil l arise in the dispar ity range ±w/2.
This gives the first possible algorithm. Alternatively (case B), all
matches wit hin the range ±in may be considered. Here, false targets (F)
can arise in about 50% o~ the case s, but the correct solution is a lso
present. If the correct match is convergent , the false target will
with high probability be divergent. Therefore in the second algo rithm ,
un ique matches are accepted as correct, and the rema inder as ambig uous
and subject to the “pulling effect” , illustrated in case C. Here, L1could match R 1 or R2, but L2 can match only R2. Because of this , and
because the two matches have the same disparity, L1 is assigned to R 1.

~~~~lLi ~~~~~~~~~~~~ - -~~ .- ~~~~~~ -~~~~~~~~~~~ -- _ _ _  _ _ _ _ _
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deal with the matching problem over a larger disparity range. Let us

consider the possible situations if the disparity between the images is

d, where IdI ~ in (figure 9b). Observe firstly that if d > 0, the

correc t match Is almost certainly (p ( 0.05) the only convergent

candidate in the range (0, in). Secondly, the probability of a

(divergent) false target is at most 0. 5. Therefore , 50% of all

possible matches will be unambiguous and correct, and the rema inder

will be ambiguous, mostly consisting of two alternatives, one

conver gent and one di ver gent, one of wh ich is always the correct one.

In the ambiguous cases, select ion of the correct alternative can be

based simply on the sign of neighbouring unambiguous matches. This

algorithm will fail for image disparitIes that significantly exceed ±~.,

since the percentage of unambiguous matches will be too low (roughly

0.2 for ±1. Sw).

Spars~ images like an isola ted line or bar , that y ield few or no

false targets, pose a different problem. They often give rise to

unique matches, and may therefore be relied upon over quite a large

disparity range. Hence if the above strategy fails to disclose

candidate matches in Its disparity range, the searc h for poss ible

matches may p rocee d outwar ds, ceasing as soon as one is found.

In summary then (see table 3) there are two Immediate candidates

for matching algorithms. The simpler is restricted to a disparity

range of ±w/2, and in its most straightforward form will fail to assign

5% of the matches. The second involves some straightforward

compar i sons between neighbour ing matches , but even before these
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compar isons, the 50% unambiguous matches could be used to drive eye-

movemen ts, and provide a rough sensation of depth.

The implementation of the first of these algorithms is

straightforward. The second one can be implemented most economically

using two “pools”, one sensitive in a graded way to convergent and the

other to divergent disparities (see figure 10). Notice that, in this

sense , the first algorithm requires only one “pool”, that is, a single

unit sensitive in a graded way to the disparity range ±w/2.

In the second algorithm , matches that are unambiguous or already

assigned can “pull ” neighbouring ambiguous matches to whichever

alternative has the sane sign. This may be related to the “pulling

effect” described in psychophysica l cxperiaents by Julesz 4 Chang

(1976). Notice however ti~at this algur.~thm requires the existence of

pulling only across pools and not within pool s (in the terminology of

Uulesz 6 Chang p.119).

— Disparities larger than in can be examined in very sparse images.

If , for example , both primary pools (covcrlng a disparity range of in)

are silent , detectors operrting outside this range, possibly with a

broad tuning curve , may be consu lted. In a biologically plausible

implementation , these detectors should be inhibited by activity in the

primary pools (see f1~ ure 10). It is ‘empt~ng to suggest tha t

detectors for these out~> n g  disp ;rltles (i.e. exceeding about in) may

give rise to dept ! sensat l- -ns and eye-movement control In diplopic

condi t ions.

If the . i - i g r ~ Is nc’t sparse , and the disparity exceed s the
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Table 3

Step 3 of the stereopsi s co mp ut a ti ons Matching (al g or i thm 2)

(a) For each zero-cross ing or termination of a given sign in one

image, matches are sought in the other in the range ±w. If a unique

match is found , it is read by the memory. In no more than 50% of the

cases the match will be ambiguous,, Involving usually one convergent and

one divergent candidate , one of which is correct. The signs of

ne ig hbour ing matches that are unambig uous or a l ready ass igned

determines the choice in these cases. The disparity of the chosen pool

(either divergent or convergent) is read into the memory.

(b) It may happen that no matches can be found in this range. If

failure occurs for a significant pecentage of the zero—crossings wi thin

a small neighbourhood of the fixation point , then it is assumed that

disparities outside the range ±w occur there.

I.. -- --—~~~~~ -- ---
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operating range, both algorithms will fail. Can the failure be

recognized simply at this low level?

For the first algorithm , no correct match will be possible in the

range ±w/2. The probability of a random match in this range is about

0.4 , i.e. significantly less than 1.0. When the disparity between the

two images lies in the range ±w/2, there will always be at least one

match. It is therefore relatively easy to discriminate between these

two situations.

For the second algor it hm, an analogous argument applies: in this

case the probability of no candidate match is about 0.3 for image

disparities lying outside the range ±w, and zero for disparities lying

within it. Again, it is relatively easy to discriminate between the

situations.

Implications for psychophysical measurements of Panum’s fusional area

Us ing the second of the above algor i thms, matches may be assigned

correc tly for a disparity range ±w. The precision of the disparity

val ues thus obtained should be quite high, and a roughly constant

proportion of in (which one can estimate from stercoacuity results at

about w/20). For foveal channels, this means ±3’ disparity with

resolution 10” for the smallest , and ±12’ (perhaps up to ±20’ if Wilson

6 Bergen (1978) holds fo~ st~reops1s) with resolution 40” for the

largest ones. At 4 degrees eccentricity, the range is ±5.3’ to about

-
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±34’. We assume that this range corresponds to stereoscopic fusion,

and tha t outside it one enters diplopic conditions , in which disparity

can be estimated only for relatively sparse images.

Under these assump t ions , our predicted values apparently

correspond quite well to available measures of the fusional limits

without eye movements. Mitche ll (1966) used small flashed line targets

and found , in keen~”2 with earlier studies , that the max imum amout of

convergent or divergent disparity without diplopia is 10—14 ’ in the

fovea, and about 30’ at 5 degrees eccentricity. The extent of the so—

ca l led Panum fus l on-s l area i s th ere fore tw ice thi s5.

Under stabilized i mage conditions , Fender 4 Julesz (19(7) found

that fusion occurred between line targets (1’’ by 1 degree high) at a

maximum disparity of 40’. This value probably represents the whole

extent of Panum ’ s fusional area. Using the same technique on a random—

dot stereogram , Fender 4 Julesz arrived at a figure of 14’ (6’

displacement and 8’ disparity within the stereogram). Since the dot

size was only 2’, one m ay expect more energy in the high frequency

channels than in the l ow , which would tend to reduce the fusional area.

Julesz 4 Chang (1976), using a 6’ dot size over a visual angle of 5

deg rees , routinely achieved fusion up to ±18’ disparity. Taking all

fac tors into accoun t, these figures seem to be consistent with our

expectations.

The matching process is summarized in tabl e 3.
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RESPONSE

S t

I. R DISPARIT Y

10. An implem entation of the second matching algorithm. For each mask
s i ze of cen tral w idth in, there are two pools of disparity detectors ,
signalling crossed or uncrossed disparities and spanning a range of ±w.
There may be an additional pool of detectors finely tuned to zero
disparity. Additional diplopic disparities probabl y exist beyond this
range. They are vetoed by detectors of smaller absolute disparity.

L .. -
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5.5 Dynamic memory storage s the 2-4—D sketch

;‘~
,

According to our theory, once matches have been obtained using

masks of a given size, they are rep resen ted in a temporary buffer.

These matches also control vergence movements of the two eyes, thus

allow ing information from large masks to bring small masks into their

range of correspondence. We postpone a detailed discussion of this

process until the next section.

Why a memory?

The reasons for postulating the existence of a memory are of two

kinds , those arising from general considerations about early visual

~p rocess ing, and those concerning the specific problem of stereopsis.

As we have seen, a memor y like the 2-4-D sketch (see figure 5), is

computationally desirable because it makes explicit information about

the image in a form that is closely matched to what early visual

processes can deliver (Marr 1977 section 3.6 and Table 1). It is

possibl e and reasonable to synthesize the outputs of various early

processes in such a representation because the information they extract

from images has a well-defined physical interpretation , namely the

shape of the visible surfaces. The 2-4-D sketch describes these

p rocesses ’ resul ts by representing the relative depth and surface—

orientation associated wit h each viewing direction , together with

-

~ 
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contours of discontinuity in depth or surface-orientation.

The more particular reason associated specifically with stereopsis

is the computational simplicity of the matching process, which requires

a buffer in which to preserve its results as (1) disjunctive eye

movements change the plane of fixation, and (2) objects move in the

visual field. In this way, the 24-0 sketch becomes the p lace where

“global” stereopsis is actually achieved, combining the matches

provided independently by the different channels and making the

resulting disparity map ava i lable to other v isual processes.

The nature of the memory

The 24-0 sketch is a dynamic memory with considerable intrinsic

computing •power. It is perhaps worth stressing that it belongs to

early visual processing, and cannot be influenced directly from higher

levels, for example via verbal instructions, a priori knowledge or even

previous visual experience (Ono 4 Nakamazio 1977, Fr isby 4 Clatwort hy

1975, and remarks of Marr 1977 section 3 about Ittelson 1960).

Although we have little direct evidence about the memory, one

would expect a number of constraints derived from the physical wo rld to

be embedded in Its internal structure. For example, the rule R2 of

section 1, that disparity changes smoothly almost everywhere, might be

implemented in the 24-0 sketch by connexions similar to those that

implement it in Marr 4 Poggio ’s (1976) cooperative algorithm (figure
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2c) . This active rul e in the memory may be responsible for the

sensation of a continuous surface to which even a sparse stereogram can

give r ise (Julesz 1971 figure 4.5 —5 , Grlmson, Marr 6 Nishihara 1978) .

We would expect other constraints to be embedded there in a

s imi lar way, for example the continuity of discontinuIties In the

visible surfaces, wh ich we believe underlies the phenomenon of

subjective contours (Marr 1977 section 3.6). It is possibl e that even

more complicated consistency relations , concern ing the poss ib le

arrangements of surfaces in three—dimensional space, are realized by

computations in the memory, (e.g. constraints in the spirit of those

made explicit by Waltz 1975). Such constraints may eventually form the

basis for an understanding of phenomena like the Necker—cube reversal.

From this point of view , it is natural that many illusions

concern ing the interpretation of three-dimensional structure (the

Necker cube, subjec ti ve con tours , the Muller-Lyer figure, the

Poggendorff f igure, etc.) should take place after stereoscopic fusion

(see Julesz 1971 , Blomfield 1973).

The information represented in the 24-D sketch

The 24-D sketch represents the surface orientation, relat ive

depth , and contours of discontinuities of these quantities in a scene.

The exact form of the representation remains an open question , both

from the computational and biological points of view , (Mar r 1977

L - _ _ _ _ _ _ _ _ _ _ _ __ _ _ _ _ _
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section 3). Because of the variety of purposes for which it has to be

used, one would expect it to be easy to obtain any of the zeroth, fi rst

or second derivatives of depth in any direction in the visual field.

The representational question here is, are all these quantiti es stored

directly, or are some obtained from the others on demand?

For the purposes of this article , however, we can imagine that the

memory records the matches obtained by binocular fusion in the form

(X L. ~~ ~~~~. Vfi~ d), that is, the matching coordinate on the left and

right images together with specification of the co rresponding depth d

relative to some reference point in the scene.

Dynamic management of stored information

According to this theory, the memory preserves depth (or

disparity) information during the scanning of a scene with disjunctive

eye-movements , and during move ment of viewed objects. Information

management wi l l  have l imitations both In depth and in time , and the

main questions here are over what range of disparities can the 24-0

sketch maintain a record of a mat ch in the presence of incoming

informa t ion, and how long car. It do this in Its absence. The temporal

question Is less interest lr tg because the purpose of the buffer is to

organize incoming perceptual info rmation, not to preserve it when there

is none. In fact, Fender 4 .Iulesz ’s (1967) occluded one image of a

random-dot stereogram , and found that fusion was destroyed for

~

--
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occlusions times longer than about 200 msec (see their figure 10) .

The spatial aspects of the 24~D sketch raise a number of

interesting questions. Firstly, are the maximal disparities that are

preserved by the memory in stabilized image conditions the same as the

maximum range of disparities that are simul taneously visible in a

random—dot stereogram under normal viewing conditions? Secondly, does

the distribution of the disparities that are present in a scene affect

the range that the memor y can store ? For examp le, is the range greater

for a stereogram of a spi ral , in which disparity changes smoothly, than

in a simple square —and—surround stereogra m of similar overall

disparity?

For the f irst question, the available evidence seems to indicate

tha t the range is the same in the two cases. According to Fender 4

Julesz (1967), the range is about 2 degrees for a random—dot

stereogram. When the complex stereograms given by Jules z (1971 e. g.

4. 5—3 ) are viewed from about 20 cms, they give rise to disparities of

about the same order. If this were true, it would imply that the

max imal range of s imul taneously perce ivable di spar iti es is a proper ty

of the 24—0 sketch alone, and is independent of eye movements.

Fender 4 Julesz (1967) reported that under their experimental

cond iti ons, the maximum range for line stimul i (13’ wide) was less

(about 70’) than the two degree range for random—dot stereograms. It

may well be that “cooperative ” effec ts in the 24-0 sketch, that arise

from the implementation of rule R2 (“filling-in ” phenomena), may

increase the maximum storable disparity range for textured surfaces.

_ _ _  ~~~~~~~ ~~~-- - -~~~~~~ - -~~~~--- - - - - - -~~~~~~~~~~~ -
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Foley, Applebaum 4 Richards (1975) , however, obtained a figure of 2

degrees for 18’ wide line stimul i flashed for 40 msec. This

discrepancy may be due in part to contrast and luminance effects.

In addition to these restrictions on the overall dispa rity range

of the 24—D sketch, there may also be limitations on the degree of

steepness in depth of a surface that can be represented. At some

point , too steep a gradient in a surface will be represented instead as

a discontinuity in depth. The data of Tyler (1974) are quite

suggestive in this respect (see his figure 2), and may help to

characterize the filling-in properties of the memory, (rule R2 of

section 1). One may al so expect the critical steepness , at which

suj ective contour s may arise , to depend in part on the eccen tric ity of

the surface in the visual field.

With regard to the second question, it seems at present unlikely

that the maximum range of simultaneously perceivable disparities is

much affected by their distribution. It can be shown that the figure

of about 2 degrees , which holds for stabil ized image conditions and for

freel y v iewed s tereo grams w ith continuously vary ing dispar ities, also

applies to stereograms with a single disparity.

Perception times do howrv~r depend on the distribution of

disparit ies in a scene ~Fr ..by 4 Clatworthy 1975, Saye 4 Frisby 1975).

A stereogram of a spiral staircase ascending towards the viewer did not

produce the long perception times associated with a two-planar

stereogram of similar d ispar i ty range. This is to be expected, within

the framework of our theoiy because of the way in which we propose

~~~~~~~~- ~~~~~ - - - - -
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vergence movements are controlled. We now turn to this topic.

6.6 tlergence Movements

Disjunctive eye movements , which change the plane of fixation of

the two eyes, are independent of conjunctive eye-movements (Rashbass 4

Westheime r 1961b), are smooth rather than saccadic, have a reaction

time of about 160 msec, and follow a rather simple control strategy.

The (asymptotic) velocity of eye vergence depends linearly on the

amplitude of the disparity , the constant of proportionality being about

8 degrees/sec per degree of disparity (Rashbass 6 Westhelmer 1961a).

Vergence movements are accurate to within about 2’ (RIggs 4 Niehl

1960), and voluntary binocular saccades prese rve vergence nearly

exa~tl-y (Williams 6 Fender 1977).

These data strongly suggest that the control of vergence movements

is continuous rather than ballistic. Furthermore , Westhei mer 4

Mitchell (1969) found that tachistoscopic presentation of disparate

Images led to the initiation of an appropriate vergence movement, but

not to its completion.

Thus our hypothes is, that ver gence movemen ts are accura tely

controlled through matches obtained by the various channels , is

consistent with the observed strategy and precision of vergence

control. The hypothesis also accounts for the findings of Saye 4

FrIsby (1975). Scenes like the spiral staircase, in which disparity

~~~~lIIs. t -— - - —r-.- ,-- ---~--~~~~~~ ~ r —’-- _ -~~~:,n - -r- - - -~~~~~~~~~ ‘~~ - - -
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changes smoothly, allow vergence movements to scan a large disparity

range under the continuous control of the outputs of even the smallest

mas ks. On the other hand, two-planar sterograms with the same

disparity range require a large vergence shift, but provide no accurate

information for its continuous control. The long perception times for

such stereograms may therefore be explained in terms of a random—walk

search strategy by the vergence cont rol system. Furthermore , Saye 6

Frisby (1975) concluded from other evidence that “merely knowi ng where

to direct eye movements is no~ sufficient to shorten stereopsis

perception time s, whereas mon cularly conspicuous features nay be

suff icient. ” In other words, “on-l ine ” guidance of vergence movements

seems to be required. The process is a simple continuous closed—loop

system which is usually inaccessibl e fro m higher levels.

By analogy with the fixation system of the fly (Reichardt 4 Poggio

1976),. it may be possible to describe quantitatively the control of

vergence by disparity (Richards 1975 figure 9). Richards ’ suggestion,

that the relation between initial vergence velocity and disparity

should be proportional to the relation between perceived depth and

disparity, is attractive but far from being proved (compare Richards

1977 figure 1 and Rashbass 4 Westheimer 1961a figure 22). If it were

true, however , It would be consistent with the direct control of

vergence movements by the 24-D sketch. This would imply that the

“diplopic disparity detectors ” that we mentioned earlier (see figure 9)

ach ieve their control of vergence movements not directly, but via the

signals they provoke in the 2-.~-D sketch, and w hi ch corres pond to a
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I
real sensation of depth.

There may however ex ist some simple learning ability in the

vergence control system. There is some evidence that an observer can

learn to make an efficient series of vergence movements (Frisby 6

Clatworthy 1975) . This learning effect seems however to be conf ined to

the type of information used by the closed-loop vergence control

system. A priori , verbal or high—level cues about the stereogram are

ineffective.

5.7 Open Questions

There are several questions about the 24-D sketch that relate

specif ical ly to stereo. They will have to be examined through further

psythoph-ysital and computational studies. Some of the most immediate

questions are:

(1) How many matches over what area are sufficient to cause

information to be written into the memory?

(2) Whttt is the relationship between the spatial structure of the

information written in the memory and the scanning strategy of

disjunctive and conjunctive eye movements?

(3)  What are the rules that govern when filling—in takes place, and

wha t is the three-dimensional shape of the filled—in surface?

(4) Is information moved around in the 24-0 sketch during

disjunctive or conjunctive eye movements , and if so, how? For example, 

-- -~~~~~~~~~~~~~~~~ — -~~~~~~~~~~~~~ - I
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does the current fixation point always correspond to the same point in

the 24—fl sketch? If so, this implies that information is being moved

almos t con tinuously, both laterally and in depth. If not, there must

be distinguished moments at which info rmation is moved or the memory is

cleared. To so me extent one can of course simulate the movement of

informa tion in the memory by modifying the way it is addressed, but

beyond a certain point this implies unacceptabl y inefficient use of the

memory ’ s representation capacity.

(5) What precisely is stored In the 24-D sketch, a function of depth

or of its derivatives? As we have seen, the available evidence

suggests that the overall range of depths that can be rep resented in

the memory corresponds to about 2 degrees of disparity. If this is

right , it implies that the 24—0 sketch represents some function of

depth explicitly, rather than implicitly through one or more of Its

derivatives. -

5.7 SunmTary

The basic structure of the theory is summarized in table 4.

-~~~~~~~ ~~~



- ~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - --~~
- - - - - -— -- --

TABLE 4. FLOW DIAGRAM OF THE STEREOPSIS
COMPUTATION.
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6 Experiments

In this sec tion, we summar ize the experiments that are important

for the theo ry. We separate psychophysical experiments from

neurophysiological ones , and divide the experiments themselves into

four categories according to whether their results are critical and are

already available (A), are cr itical and not available and therefore

amount to predictions (P), are nei ther critical nor available, but are

of interest (I), and available re sults left unexplained by the theory

(W) . In the case of experimental predictions, we make explicit their

importance to the theory by a system of stars; three stars indicates a

prediction which, if falsified , would disprove the theory. One star

indicates a prediction whose disproof remnants of the theory could

survive.

6.1 Computation

The theory is capabl e of ;olving the matching problem for stereo

vision of natural images (Grimson 6 Marr 1 978 ) . Solution of the

overall stereo vision problem will require more detailed information

about the 24-0 sketch.
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6.2 Psychophysics

1 (A) The existence of independent spatial—frequency—tuned channels In

binocular fusion and rivalry (Julesz 4 Miller 1975, Mayhew 6 Frlsby

1976). These channels are independent up to the level of the 24— D

sketch, where they are combi ned to form a “global” stereo percept (cf.

Frisby 4 Mayhew 1978, finding (a)).

2(A) The nature and characteristics of the monocular channels are as

described by Wilson -4 Gieze (1977) and Cowan (1977). (See also Wilson

1978a, b, Wilson 4 Phillips 1978, and Wilson 4 Berger 1978) .

3 (p) ** The channels refe rred to in (1) and (2) are the same. Evidence

consistent with this is provided by Felton, Richa rds 4 Smith (1972) ,

who~concluded that disparity mechanisms make bar -by—bar correlations,

as opposed to edge -by-edge ones.

4 (p) e** Terminations and signed zero-crossings in the filtered image

are used as the input to the matching process.

5(p) ** In the absence of eye movements , discrimination between two

dispari t ies in a random-dot stereogram is only possible within the

range ±w, where w is the width associated with the largest active

channel. Using filtered stereograms, Frisby 4 Mayhew (1978) found that

discrimination was possible without eye movements in the range 0—8’. If
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the fixation point was actually at the zero disparity position, this

range is significantly higher than our theory would predict. Their

experimental procedure does not eliminate the possibility that fixation

point lay in the middle of the disparity range.

5(p) *** In the absence of eye movements , the magnitude of perceived

depth in non—diplopic conditions is limited by the lowest spatial

frequency channel stimulated.

7(p)*** In the absence of eye movements, the m inimum fusable disparity

range (Panum ’s fusional area) is ±3.1’ in the fovea, and ±5.3’ at 4

degrees eccentricity. This requires that only the smallest channels be

F active.

8 (P) *** In the absence of eye movemen ts, the maximum fusable disparity

range is ±12’ (possibly up to ±20’) in the fovea, and about ±34’ at 4

degrees eccentri city. This requires that the largest channels be

active, for example by using bars or other large bandwidth stimuli.

9(p)** In the absence of eye -movements , the perception of rivalrous

random—dot stereograms is subject to certain limitations. For example ,

for images of sufficiently high quality, figure 2b of Mayhew 4 Frlsby

(1976) should give rise to depth sensations, but f igure 2c should not.

In the presence of eye movements, figure 2c gives a sensation of depth.

This could be explained if vergence eye movements can be driven by the 
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relative imbalance between the numbers of unambiguous matches in the

crossed and uncrossed pools over a small neighbourhood of the fixation

point.

10(A) As measured by disparity-specific adaptation effects, the

optimum stimulus for a small disparity Is a high spatial frequency

grating, whereas for large di spar ities , the most effec tive s timulus is

a low spatial frequency grating. Furthermore, the adaptation effect

specific to disparity is greatest for gratings whose periods are twice

the disparity (Felton, Richards 4 Smith 1972). (In our terms, In fact ,

2w is approximately 2.A, where X is the centre frequency of the

channel).

11(A) Evidence for the two pools hypothesis (Richards 1970, 1971,

-R ictiards 6 Regan 1973) is consistent with the minimal requirement for

the second of the matching algorithms we described (section 5. 3).

12(W ) Stereoscopically viewed grating pairs of identical frequency but

different cont rast are reported to produce a sensation of tilt

(Fiorentini 4 Maffei 1971).

13 ( P )*** In the absence of eye-movements, the perception of tilt in

stereoscopica lly viewed grating pairs of different spatial frequencies

is limited by (6, 7 6 8) above.
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14(I) In the presence of eye-movements, is the range of simul taneously

fused disparities independent of their distribution, (see section 5. 5

on the dynamic management of stored information). For example, is the

fusabl.~’ range the same for a spiral and for a single square in depth?

15(1) Tyler (1974) found a imit in the rate of change of perceived

disparity across the retina. Does this limit vary with eccentricity?

16(I) What are the critical parameters (density, distribution ,

correla tion, etc.) for the perception in depth of a “solid” surface in

a random-dot stereogram? (Sce Julesz 1971 pp 150, 79, figure 8. 1—2 ,

and White 1962). What are the rules for filling a surface in in depth?

17(A) Individuals impaired in one of the two disparity pools show

corresponding reductions in depth sensations accompanied by a loss of

vergence movements in the corresponding direction, (Jones 1972).

1 8(P )
* Outside Panum’s area, the dependence of depth sensation on

disparity should be roughly proportional to the initial vergence

velo cit y under the same conditio ns.

19(A) Perception times for novel two-planar stereograms are much

longer than peception th~es for stereograms with smoothly varying

disparities of the same (l.’irge) overall range.
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20 (P) *** In the two-planar case of (19), vergence movements should

exhibit a random-search—like structure. The three star status holds

when the disparity range exceeds the size of the largest masks

activated by the patter n.

21(P) *** The range of vergence movements made during the successf ul and

precise interpretation of complex, high-frequency, multi—layer, random—

dot stereograms should span the range of disparities.

22(I) What is the relationship between scanning strategy and the

three—dimensional spatial structure of a stereo image pair?

23(P)* Perception times for a random-dot stereogram portraying two

small planar targets separated laterally and in depth, against an

unco~related background, should be longer than the two—planar case

(20). Once found, their representation in the memory should be labile

if an important aspect of the representation there consists of local

disparity differe nces.

6.3 Neurophystology

24 (partly A) At each point in the visual field , the scatter of bar

mask receptive field sizes is about 4: 1 (Hubel 6 Weisel 1974 fIgs. 1 6
4). (Wilson 4 Gieze 1977 p. 27]. More data are however needed on this

IIIr_ k— -- -  
_ 
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point. This range is spanned by four populations of receptive field

size.

2 5 ( P )* For each receptive field size, the local density of receptive

field centers should be (at least) 18 per receptive field area.

26(P)** For a given intensity and contrast, these cells perform a

nearly linear convolution of the image with a bar—shaped receptive

field of medium bandwidth in the spatial frequency domain. The

representation of positive and negative values probably involves

different cells.

27(P) * A different class of cells may represent the peak and

te rmination positions and signs in the monocularly filtered images.

28(P)** There ex ist binocularly driven cells sensitive to the

disparity. A given cell signals a match between either a zero—crossing

pair or a termination pair , both items in its pair having the same

sign.

29(P)** For each sign (±) and type (zero—crossing or termination) of

match at each point in the visual field, there should exist four

populations of matching cells (28), fed independently by the four

populations in (24).

~~~~~~~~~ ~~~~~-- - - - -
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3Q(p)** Each of the sixteen populations defined by (29) is divided

into at least two (and possibly three) main disparity pools, tuned to

crossed and uncrossed disparities respectively, with sensitivity curves

extending outwards to a disparity of about the width of its

corresponding receptive field centre (see figure 9). Being sensitive

to pure disparity, these cells are sensitive to changes in disparity

induced by vergence movements. In addition , there may be one pool

quite sharply tuned to zero disparity.

31(p)* In addition to the two (or three) basic disparity pools of

(30), there may exist cells tuned to more outlying (diplopic)

disparities (compare figure 9). These cells should be inhibited by any

activity in the basic pools.

32(P)** There exists a neural representation of the 24-D sketch.

This includes cells that are highly specific for some monotonic

function of depth and disparity, and which span a depth range

corresponding to about 2 degrees of disparity. Within a certain range,

these cells may not be sensitive to disjunctive eye movements. This

corresponds to the notion that the plane of fixation can be moved

around within the 2 degree disparity range currently being represented

in the 24-0 sketch.

33(p)* The diplopic disparity cells of (32) are especially concerned

with the control of disjun ctive eye movements.

L ___ . 
- 
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6.3 Cautionary remarks

Beca use of the computational nature of this approach, we have been

able to be quite precise about the nature of the processes that are

involved in this theory. Since a process may in general be implemented

in several diffferent ways, our physiological predictions are more

speculative than our psychophysical ones. They should perhaps be

regarded more as guidelines for investigations rather than as necessary

consequences of the theory.

A num ber of other general remarks are in order here.

(1) The first concerns our hypothesis of the near linearity of the

filtering operation for a given intensity and contrast. This

hypothesis may not be st~ictly correct, but smal l deviations from it

should not greatly affect our theory.

(2) The second remark concerns our quantitative estimates of the

channel characteristics. In suprati~reshold conditi ons, the receptive

field may change slightly. Inhib ition may be more prominent ,

corres pondi ng to a narrow ing of the channel’ s bandwidth in the spatial

frequency domain (cf. figures 8a ~ b). It ~s worth noting that such a

change can be implemented easily in a system that separates the

positive (“on-centre”) i~ üm the !Iegative (“off—centre”) parts of the

signal (De Val ois 197., Burto. , Nagshineh 4 Ruddock 1978). The

ex i stence of i na tura~ recti~ Icat)on of the convolution allows a
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narrowing of the channel without adding excitato ry side—lobes to the

receptive field of the cell simply by increasing the strength of Its

inhibitory surround. Narrowing the channels in this way could move the

filter characteristics in the direction of the ideal band—pass filter

of figure 8a (Cf. figure Bb), thus increasing estimates of Panum ’s

fusional area by up to 30$.

I

.— 
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7 DIscussion

Perhaps one of the most striking features of our theory is the way

it returns to Fender 4 Julesz ’s original suggestion, of a cortical

memory that accounts for the hysteresis and which is distinct from the

matching process. Consequently fusion does not need to be cooperative,

and our theory and its implementation (Grimson 6 Marr 1978) demonstrate

that the computatio nal problem of stereoscopic matching can be solved

without cooperativity. These arguments do not however forbid its

presence. Critical for this question are predictions (5) — (7) about

the exact extent of Panum ’s fusional area for each channel. If the

empirical data indicate a fusable disparity range significantly larger

than ±w, false targets will pose a problem not easily overcome using

straightforward matching techniques like algorithm (2) of section 5.3.

In these circumstances, the matching problem could be solved by an

algorithm like Marr 4 Poggio ’s (1976) operating within each channel, to

eliminate possible false targets arising as a result of an extended

disparity sensitivity range.

As it stands, there are a number of points on which the theory is

indefinite , for example, the exact structure of the 24-D sketch and

the way the various constraints are implemented there, the dynamic

management of the representation and its dependence on eye movements,

and the details of the strategy by which eye movements are controlled.

On the other hand, the theory is precise enough to be implemented
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as a computer program that deals with the stereo matching problem for

raw natural images. It assimilates a large amount of empirical data,

and admits of a number of experimental predictions concerning each of —

the four main parts of the theory, the preprocessing through four

independent channels , matching of zero-crossings and terminations , the

24—D sketch, and the control of vergence movements.

Finally, we feel that an important feature of this theory is that

it grew from an analysis of the computational problems that underly

stereo ps i s, and is devoted to a characterization of the processes

capable of solving it without specif ic reference to the machinery In

which they run. The elucidation of the p rec i se neural mechan i sms that

imp lemen t these p rocesses , obfuscated as they must inevitably be by the

vagaries of natural evolution , poses a fascinating challenge to

classical techniques in the brain sciences.
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Footnotes

1: In addition , a near-optimal linear algorithm of the type of Dcv ’s

equations (1) 4 (2) will suffer from stability problems.

2: Owing presumably to a printing error , the left—hand image of their

figure 1 has been rotated 90 degrees.

3: Not too much weight should be attached to the estimate of 18,

although we feel that the sampling density cannot be significantly

lower.

4: The role played in our theory by the channels and the zero-

crossings may represent a deep property of the visual process. It has

recently been shown that the information carried by a band-limited

function is contained in a specification of its zero—crossings ,

provided that some non-trivial conditions are satisfied (Logan 1977).

We conjecture that there may be a relationship between these theorems

and the use of zero-crossings summarized in table 1 (Marr , Pogg lo 6

Ullmann, in preparation).

5: These values may be compatibl e with Wilson 6 Bergen (1978), because —

of the extremely low sensitivity of the U channel.
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