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I. Introduction 

In the past, transonic flows have been calculated with the 

Euler equations and with time-dependent finite-dlfference methods. For 
I 

example, Magnus and Yoshihara used the Lax-Wendroff finite-dlfference 

schemes with additional artificial viscosity. In their work, the shocks 

were smeared, and small grid sizes were needed to capture them. Grossman 
2 

and Moretti, on the other hand, fitted the shock following a method 
3 

developed by Kentzer, which uses the compatibility relations along the 

characteristics. 

For many cases of interest, a potential flow model is adequate. 

Murman and Cole 4 introduced a type-dependent finite-dlfference scheme 

and solved the transonic small-disturbance equation by relaxation methods. 
5 

Jameson, using "rotated difference schemes," extended their work to the 

full potential equation. In their calculations, shock Jump conditions 

are not satisfied. For example, mass is not conserved across the shock, 

and the strength and position of the shock are usually not calculated 

correctly. Later, Murman 6 introduced a "fully conservative scheme" to 

handle this problem for small-disturbance calculatlons, and Jameson 7 

introduced a fully conservative scheme for the full potential equation. 

In these later calculations, mass is conserved globally, supersonic to 

subsonic shocks are located within a few grid points, and supersonic to 

supersonic shocks are usually smeared over more 8rld points. Sharper 

shocks can be obtained only by grid refinement. 
8 

Hafez and Cheng considered shock fitting for transonic small- 

disturbance calculations by using type-dependent finite-difference 

relaxation methods. In their work, shock-Jump conditions are explicitly 

imposed, and mass is locally conserved across a surface of discontinuity. 

Much coarser grids may then be used for the calculations. The algorithm 

applies for supersonic to subsonic shocks as well as for supersonic to 

supersonic shocks. Using characteristic compatibility relations, Yu and 

Seebass 9 studied the same problem. For embedded shocks, they used a 

method similar to that of Hafez and Cheng. 

Extension of the method of Hafez and Cheng to the full potential 

calculation is straightforward in principle; however, in practice, the 

more complicated coordinate systems used for the full potential calculations 

lead to cumbersome interpolation formulae. 
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In this paper we consider an alternative procedure for fitting 

shock waves in full potentlal calculations. (The application of the 

method to small disturbances is discussed in the Appendix.) The method 

is based on an equation for the unsteady shock Jump, which is derived 

from the time-dependent equation describing the relaxation algorithm. 

In the steady-state limit, shock speed vanishes, and the steady shock 

polar is retained. In this way, the Jump conditions are imposed iteratlvely 

and in a manner consistent wlth the relaxation procedure that is used 

everywhere else in the flow fleld. The method should be applicable to 

rotated difference schemes and to conservative and nonconservative 

differences. 

The only previous work reported in literature on shock-flttlng 
10 methods for full potential calculations is the work of Jones and South, 

in which detached bow shock waves were considered. Jones and South first 

used a mapping from physical space to a rectangular computational grid; 

then, they used Newton's method to determine the shock shape. The 

method considered in this paper appears to be simpler and is not restricted 

to bow shocks. 

In the following we first discuss unsteady transonic flow 

equations and their weak solutions. Then, the tlme-dependent equations 

describing the iteratlve methods are then developed. A shock-flttln 8 

algorithm is described, a solutlon procedure is proposed, and some 

preliminary numerical results are given. Finally, in the Appendlx we 

compare the application of the shock-flttlng algorithm to small-dlsturbance 

calculations with the method of Hafez and Cheng for one- and two-dlmenslonal 

numerical examples. 

' 6 
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2. 

and 

Unsteady Full Potential Equations 

For simplicity, we consider here t h e  Cartesian coordinates 

t . The velocity potential ~ is governed by 

X 

~tt 

where 

+ 2U#xt + 2V~y t ffi (a 2 - u2)#xx - 2uv~bxy + (a 2 - v2 )~yy  

2 = i____ y-1 [ +u 2 v 2 ] 
a M~ 2 2 2~bt + -i , 

u = ~)x + COS C~ , 

, (I) 

v = Sy + sin s , 

and 

M . 

p / a  2 

u is the angle of attack of the oncoming flow with Mach number 

Equation (I) is not in conservative form. Multiplying by 

, we obtain the conservative form 

-Pt ffi (PU)x + (pV)y , (2) 

where p = [i T - 1 ~ (2~ + u2 v2 ] I/(Y- i) 
- 2 + - i) . 

For smooth flows, equations (1) and (2) are equivalent. Equation (2), 

~wever, admits a weak solution with mass conservation across a discontinuity 

surface. 

2.1 Jump Conditions 

The jump condition admitted by the weak solution is given by 

where ~ P S 

st = O uO s + [.' D Sy X J 

denotes the Jump is p across the surface 

(3) 

S(x,y,t) = 0 

In addition, from irrationality conditions we have 
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and 

Thus, 

or S t : S x 

which implies 

d ~ , g  

~tx  = ~xt ' 

~ t y  " ~y t  " 

S t fl ~by ~ = ~ qb t l] Sy , 

: Sy = ~ ~ t  ~ : ~ ~x ~ ." ~ ~y ~ 

o r  

dX 
dt - II ~t !1 + ~  II %11 + ~  II %11 - o  , 

II~l l  - o  . 

(4) 

(5) 

For s t e a d y  s t a t e s ,  e q u a t i o n s  (3) and (5) reduce  to  

J 
~puD -~ -~  I]p~l] - o  or 

~ P % 0 - o ;  

~x D 
~] U 0 ~--y + J] V D = 0 o r  J] qs ]] = 0 , 

where qn is the relative normal velocity Co the shock X - ~(yst) " 0 , 

and qs is the tangential velocity. 

For transonic flows, equation (6) is a good approximation of 

Ranklne Hugoniot relations*, the  difference being due to the irrationality 

assumption. 

(6) 

(7) 

The e x a c t  P r a n d t l  r e l a t i o n  ( t a k i n g  i n t o  c o n s i d e r a t i o n  en t ropy  v a r i a t i o n s ) i n  
may be used i n s t e a d  o f  eq.  (6) i n  t h e  manner s u g g e s t e d  by Jones  and S o u t h " ;  
namely, 

,2 

qn d n u Y + 1 qs ' 

where  d and u r e f e r  to downstream and ups t r eam c o n d i t i o n s ,  and a 
t h e  son i c  speed o f  sound.  

is 

8 
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2.2 Characteristics and Compatibility Relatlons 

We note that equation (i) or (2) is always hyperbollc. ( t 

is the tlme-like direction for both subsonic and supersonic'flows.) 

Equation (I) can be written in the following form: 

~tt + 2qCst = (a2 - q2)¢ss + a2¢nn ' (8) 

where 

~ss =~ (U2¢xx + 2UV~xy+ V2¢yy ) ' 
q 

(~nn = "~ (v2~}xx - 2UV~xy + u2(~yy ) ' q 
u +.v__ 

Cst--~'¢xt q Cyt ' 

and q is the total velocity. Using the transformation S = s - qt , 

N = n , .T = t , equation (8) reduces to: (freezing q , the coefficient 

of the ~st term) 

CTT = a2(¢SS + CNN ) (9) 

or, with the transformation X = x - ut , Y = y - vt , T = t , equation 

(i) reduces to 

CTT -- a2(¢XX + (~YY) (10) 

Equations (i) and (4) can be written as a system of first-order equations; 

namely 

2 2 

+ 

/-2v -uv a2-v2~/w~ 
0 u 

o° o )t.) 
Y 

,9 
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where 

2 (2v+ u2 +v 2 - i) . 

w = Ct ' a M~ 2 2 

For tlme-dependent problems, the characteristics and the compatibility 

relations are readily obtained from this system. For steady problems, 

they are given by 

h -C( " = dx )ch 

where 
2 2 

A=a -u 

B m -UV 

2 2 
Cma - V  

(11) 

(12) 

10 
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3. Shock-Fittln s Method 

3.1 Iteratlve Solution for Steady E q u a t i o n  

I t  i s  w e l l  known t h a t  I t e r a t l v e  l l n e  r e l a x a t i o n  methods can be 

d e s c r i b e d  by a t l m e - d e p e n d e n t  e q u a t i o n .  For  example ,  Jameson 7 showed 

that the convergence of the iteratlve solution of the full potential 

e q u a t i o n  can be a n a l y z e d  by 

eCxt + ~yt + YCyyt + 6¢t = RNC(¢) ' 

where RNC(¢) ffi (a 2 - u2)¢xx - 2UVCxy + (a2 - v2)¢yy . 

Multiplying equation (9) by p/a 2 , we have 

(13) 

°~--#xt - 8~y t  + 7--#yyt + ~¢ t  = RFc(¢) ' (14) 

where RFc(¢) = (pu) x + (pV)y . 

Since we are interested only in the steady-state solution, the coefflelents 

, 8 , 7 and 6 may be selected to accelerate the convergence. 

The Jump conditions admitted by the weak solution of equation (I0) 

(freezing the coefficients in the left-hand side) are given by 

S t ~ a'-~x + 6¢y+ •yy 

Let the shock surface S(x,y,t) 

S = X - xD(y;t) = 0 . 

: ~ ~u D -s + i] ~v D s . (15) x y 

be d e s c r i b e d  by the  e x p l i c i t  r e l a t i o n  

Hence,  

~x D ~ 
~T ~D : U p u ~  ~y ~v~ 

where P = -(~@x +~y +~¢yy) " 

Equation (16) may be written in the form 

3X D ~X D 
A ~--+ B ~-9--- C j ' 

(16) 

(17) 

II 
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where A= , 

B = ~ pV ~ , and 

c -   puD 

3.2  S h o c k - F i t t i n g  

S h o c k - f i t t i n g  p r o c e d u r e s  s i m i l a r  to  methods  used  f o r  t h e  

u n s t e a d y  E u l e r  e q u a t i o n s  may be  a p p l i e d  to  t h e  i t e r a t i v e  c a l c u l a t i o n s  

once  t h e  a r t i f i c i a l  t i m e - d e p e n d e n t  e q u a t i o n  (17) d e s c r i b i n g  t h e  d e v e l o p -  

ment o f  t h e  s o l u t i o n  t h rough  i t e r a t i o n  i s  r e c o g n i z e d .  S i n c e  we a r e  o n l y  

i n t e r e s t e d  i n  the  s t e a d y - s t a t e  s o l u t i o n ,  however ,  many s i m p l i f i c a t i o n s  

may be  made. Two c a s e s  a r e  i d e n t i f i e d  h e r e .  

3 . 2 . 1  S u p e r s o n i c - S u b s o n i c  Shocks 

Given an i n i t i a l  c o n d i t i o n  (an i n i t i a l  guess  o f  the  shock  

l o c a t i o n  xD(y;O) and a boundary  c o n d i t i o n  ( f o r  example ,  ~ / ~ y  ( 0 , t )  = 0 ) ,  

e q u a t i o n  (17) d e t e r m i n e s  t h e  new shock l o c a t i o n  XD(y ; t )  a c r o s s  which 

i s  c o n t i n u o u s .  Hence,  a D i r i c h l e t  boundary  c o n d i t i o n  i s  imposed on 

t h e  s u b s o n i c  ( e l l i p t i c )  f low downstream o f  t h e  shock as  shown i n  S k e t ch  1. 

~ ~ .  x ° I T 

y m ¢  

sup : sub 

I X o 

¥ u ¢  

x 

Mar~m9 in Time 

Sketch 1. Supersonic-Subsonic Shocks. 

12 
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3.2.2  Supersonic-Supersonic  Shocks 

In gene ra l ,  the jump cond i t ions  and the c h a r a c t e r i s t i c  compati-  

b i l i t y  r e l a t i o n s  admit ted by the t ime-dependent  equat ion uniquely  determine 

the flow J u s t  downstream o£ the shock (~ aud ~n) Simi lar  to the  

superson ic -subsonic  shocks, equat ion (17) i s  used, and ~ on the  shock 

i s  obta ined  from upstream e x t r a p o l a t i o n .  However, ~u may be obta ined 

by so lv ing  the comparab i l i ty  r e l a t i o n s  along the  downstream c h a r a c t e r i s t i c s  

t oge the r  with the shock ~ump cond i t ions  (Equation 7),  s imul taneous ly  to 

provide u and v douustream of the shock. These are  needed fo r  the  

supersonic  flow c a l c u l a t i o n s  s iuce ,  in  r o t a t e d  d i f f e r e n c e  schemes, 

~xx ' ~xy and ~yy terms c o n t r i b u t i n g  to ~ss a re  backward d i f f e r e n c e d .  

Hence, the values  of ~ a t  two upstream gr id  po in t s  or e q u i v a l e n t l y  the  

d e r i v a t i v e s  ~x and ~y are  needed. We encountered some d i f f i c u l t i e s  

in  implementing t h i s  scheme for  superson ic - superson ic  shocks in  gene ra l .  

The d e t a i l s  of a s h o c k - f i t t i n g  a lgor i thm are d i scussed  in  the next s e c t i o n .  

~'+n ,.~ / ~ \  '" ,,,b 

Marching in the X Dnct .~n  

lu.vl 1 

" / / 1  
I I j 

I i 
i I 

xo I 
Sketch 2. Supersonic~upersonic Shocks (Steady). 

y = c  

dx/dYch = gl(u,v) = = 1,2 

dvldu ch = fi (u,v) I = 1,2 

E ~  ax";~v  - Euj = o 

A ~ x D / a t  - S c3xDl~y = C 

13 
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4. Numerical Implementat ion of S h o c k - F i t t i n  8 Method 

A s h o c k - f i t t i n g  a lgo r i thm has the  fo l l owing  p r o p e r t i e s :  

(1) An i n i t i a l  e s t i m a t e  of  the  p o t e n t i a l  i s  o b t a i n e d ,  f o r  

example, from s nonconservatlve solution. 

(2) The shock waves are detected and used as an inltial 

estimate of shock location. 

(3) The flow field is computed with a relaxation method, in 

which the shock is a surface of discontinuity fixed in 

space and the shock Jump conditions are imposed as the 

boundary conditions. 

(4) The shock locations are updated, based on the latest 

information, by using equation (17). 

(5) Steps 3 and 4 are respected until convergence is achieved. 

Step 1 requires no elaboration here. For step 2, different criteria may 

be used to detect a shock from smooth calculations. Murman 6 used the 

maximum slope point of the velocity profile in the shock region. South II 

used the minimum Laplaclan (V2~) for full potential calculations. For 

supersonlc-subsonlc shocks, the shock points are suitable indicators of 

shock locations. Interpolation may be used between mesh points to 

locate the sonic velocity for a more accurate approximation. Jones and 

South I0 used an analytical form for the shock, with the right behavior 

in the far field (asymptotic to the Mach llne) and near the axis (normal 

shock). To determine the standoff distance of a detached bow shock, 

Jones and South used the point with the same Mach number as the one 

downstream of a normal shock. Here we use a similar procedure, which is 

discussed in Section 5. For Step 4, the new shock location is obtained 

as a solution of equation (17). A Lax-Wendroff finlte-dlfference scheme 

may be used to solve this equation. To avoid a stability restriction, we 

also tested an implicit scheme of the Crank-Nicholson type. A tridlagonal 

system is solved each time the shock is relocated. The flnite-difference 

formula are 

14 
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Lax-Wendroff Scheme: 

B n+l X Dn (-~-t~) n [~)2XDI n dt2 
= + At % ~ ~)t21 T ' 

= -~" +Z 

o. c] 
bt / - y 

Here we neglected the variation of A, B and C wlth time. 

C r a n k - N i c h o l s o n  Scheme: 

X Dn+l = X Dn + 0 .5  

Once the  shock  i s  r e l o c a t e d ,  t h e  c o n t i n u i t y  o f  ~ i s  imposed as a 

boundary  c o n d i t i o n .  For  a d e t a c h e d  bow shock,  ~ i s  s e t  equa l  to  z e r o ,  

t he  f r e e - s t r e a m  v a l u e .  For  embedded shocks ,  t he  v a l u e  o f  ~ a t  t he  

shock  i s  o b t a i n e d  from ups t ream ( s u p e r s o n i c )  c o n d i t i o n s  by e x t r a p o l a t i o n .  

In  t he  s u p e r s o n i c - s u b s o n i c  c a s e ,  to  avo id  use  o f  a s p e c i a l  unequa l  mesh 

fo rmula  a t  the  g r i d  p o i n t  downstream o f  the  shock ,  a T a y l o r  s e r i e s  

e x p a n s i o n  i s  used to  o b t a i n  a f i c t i t i o u s  v a l u e  o f  ~ a t  t he  f i r s t  mesh 

p o i n t  ups t r eam o f  t he  shock.  This  p r o c e d u r e  i s  c l e a r l y  d e m o n s t r a t e d  f o r  

t he  o n e - d i m e n s i o n a l  s m a l l - d i s t u r b a n c e  c a s e  in  t he  append ix .  I t  i s  used 

o n l y  f o r  s u p e r s o n i c - s u b s o n i c  shocks  ( i . e . ,  i f  t h e  f low downstream of  the  

shock i s  s u b s o n i c )  s i n c e  i t  c o n t r a d i c t s  the  r u l e  o f  f o r b i d d e n  s i g n a l s  i n  

t he  c a s e  o f  downstream s u p e r s o n i c  f low.  For  t he  s u p e r s o n i c - s u p e r s o n i c  

shocks ,  two c o n d i t i o n s  ~ and ~n a r e  needed to  c o n t i n u e  the  c a l c u l a t i o n  

downstream o f  the  shock .  The v a l u e  o f  ~ on t he  shock  i s  o b t a i n e d  from 

ups t r eam e x t r a p o l a t i o n ;  ~n can be o b t a i n e d  from s t u d y i n g  e q u a t i o n s  7 

and 12 s i m u l t a n e o u s l y .  We have no t  succeeded  in  t e s t i n g  t he  scheme f o r  

s u p e r s o n i c - s u p e r s o n i c  shocks .  

15 
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5. Calculated Examples 

We h a v e  o b t a i n e d  p r e l i m i n a r y  r e s u l t s  g o t  t h e  f l ow  p a s t  a b l u n t  
12 

body by u s i n g  t h e  method o f  South  and Jameson  w i t h  t h e  a b o v e - d e s c r i b e d  

s h o c k - f i t t i n g  a l g o r i t l u .  * Ne u s e  t h e  K e l l e r - S o u t h  14 (RAXBOD) p rog ram to  

o b t a i n  an  i n i t i a l  e s t i m a t e  f o r  ~ e v e r y w h e r e  i n  t h e  f l ow  f i e l d .  The 

s t a n d o f f  d i s t a n c e  i s  c a l c u l a t e d  as  d i s c u s s e d  e a r l i e r ,  and h y p e r b o l a  i s  

used  a s  an i n i t L a l  e s t i m a t e  o f  t h e  s h o c k  s h a p e .  

The shock  i s  l o c a t e d  by u s i n g  e q u a t i o n  ( I 1 ) .  P r o p e r t i e s  ahead  

o f  t h e  s h o c k  a r e  c a l c u l a t e d  by e x t r a p o l a t i o n  f rom u p s t r e a m  c o n d i t i o n s ;  

i n  t h i s  c a s e ,  ~ 5 0 ahead  o f  t h e  shock .  For  t h e  s u p e r s o n i c - s u p e r s o n i c  

p a r t  o f  t h e  shoc k ,  we a l s o  need  t h e  p r o p e r t i e s  b e h i n d  t h e  s h o c k .  E q u a t i o n s  

(7) and (12) p r o v i d e  ~x and ~y (hence  ~n ) J u s t  downs t ream o f  t h e  

shock .  I n  t h i s  example ,  we assume t h a t  ~ ( i . e . ,  t h e  d e r i v a t i v e  of 

a l o n g  t h e  no rma l  c o m p u t a t i o n a l  c o o r d i n a t e  d i r e c t i o n )  J u s t  downs t ream o f  

t he  shock  i s  n e g l i g i b l e .  No te  a c c u r a t e  t r e a t m e n t  f o r  t h e  s u p e r s o n i c -  

s u p e r s o n i c  shocks  a r e  meeded.  F i g u r e  1 shows t h e  r e s u l t s  f o r  t h e  p r e s s u r e  

c o e f f i c i e n t  on t h e  body c a l c u l a t e d  by t h e  RAXBOD p rog ram f o r  a s p h e r e  o f  

r a d i u s  one  i n  a f l o v w i t h  H = 1 .2  . The p h y s i c a l  p l a n e  i s  mapped to  a 

r e c t a n g u l a r  g r i d  (21 x 21 g r i d  p o i n t s ) ,  where  

AY 
q = , ~ =  1 .3  , A =  1 . 2 5  

(1 - Y )~  

H e r e ,  q i s  t h e  p h y s i c a l  c o o r d i n a t e  no rma l  t o  t h e  body ,  and Y i s  t h e  

c o m p u t a t i o n a l  c o o r d i n a t e ,  which  v a r i e s  f rom z e r o  a t  t h e  body to  one  a t  

i n f i n i t y .  The t a n g e n t i a l  c o o r d i n a t e  i s  s t r e t c h e d  by a q u a d r a t i c  t r a n s f o r -  

m a t i o n  be tween  the  p h y s i c a l  a r c  l e n g t h  and t h e  c o m p u t a t i o n a l  c o o r d i n a t e  

X . 

* 1 0  The same p r o b l e m  was s o l v e d  by J o n e s  and Sou th ,  who u s e d ~ a p p i n g  
t e c h n i q u e s ,  and by H s i e h  13 ( h e m i s p h e r e  c y l i n d e r ) ,  who used  t h e  t i m e -  
d e p e n d e n t  E u l e r  e q u a t i o n .  
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Figure 1. Cp on a Sphere at  M = 1 .2  ( R A X B O D  Solut ion) .  

Figure 2 shows the initial guess of the shock locatlon. The 

movement of the shock (standoff distance) with iteration Is plotted in 

Figure 3, and the final result is shown in Figure 4. 

Shock  L ine 
21 .438  . . . . . . . . . . . . .  

1 7 . 1 5 0 ;  • / • . . 

s 

Far Field 

12,863j. • / • • • s • 

8 .575  • 

4.288 • Une 

-0 ,000  ,S . . . . .  II . . . . . .  . ~ - . . J  . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . .  o 

-1 .8864 3 ,1974 '  8 .2813  13.3651 18 .4400  23 .5328  

Figure 2.  In i t ia l  Shock Locat ion Detected From R A X B O D  Solut ion.  
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Movement of Shock During Iteration. 
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Shock Location After Shock Fitting. 
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It should he mentioned here that our results for the case of a 

sphere at M = 1.2 (based on the full potential calculations) indicate 

that the bow shock standoff distance differs by 20 percent from a time- 

dependent solution of Euler Equations given in Reference 13. These 

discrepancies cannot be traced to the difference between the Euler 

Equation and the full potential equation since in this range they should 

agree. 

It could be argued that the discrepancies are due to the 

supersonic/ supersonic part of the shock where the shock was not really 

fitted in our calculation. This is unlikely, however, since the initial 

guess is selected using Moeckel's approximation. We have not resolved 

thls point and further investigation is needed to resolve the differences. 

Calculation of embedded shocks have been tested also. Flows 

around a sphere were computed with and without shock fitting. In Figure 

5, results of the RAXBOD program are plotted. For the same mesh, results 

from the SAXBOD program are plotted in Figure 6. Notice that the overall 

pressure distribution does not seam to look different, however, the drag 

coefficient using Trapezoldal and Simpson's Rule are changed by about 

20 percent. The same case has been calculated after a mesh refinement. 

The results of the RAXBOD program are shown in Figure 7, while the results 

of the SAXBOD program are shown in Figures 8 and 9. 

cp 
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Figure 5. Cp on a Sphere at M = 1.2 (RAXBOD Solution)• 
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Figure 6. Cp on a Sphere at M = 1.2 (SAXBOD Solution). 
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I n  t h e  f i r s t  c a s e ,  t h e  i t e r a t i o n s  were  s t o p p e d  when t h e  maximum 

d i f f e r e n c e  be tween  s u c c e s s i v e  i t e r a t e s  i s  l e s s  t h a n  10 -4  w h i l e  more 

i t e r a t i o n s  were  a l l o w e d  ( t o  10 - 6 )  f o r  t h e  r e s u l t s  shown i n  F i g u r e  5. The 

maximum r e s i d u a l  ( i n  t h e  d i f f e r e n c e  e q u a t i o n  o r  t h e  shock  p o l a r )  i s  

l e s s  t h a n  10 - 3 .  The d i f f e r e n c e  i n  t h e  p r e s s u r e  d i s t r i b u t i o n  i s  i n d i s -  

t i n g u i s h a b l e ,  bu t  t h e  d rag  c o e f f i c i e n t  shows 2 p e r c e n t  c h a n g e s .  Compar ing 

RAXBOD and SAXBOD r e s u l t s ,  t h e  d r ag  c o e f f i c i e n t s  a r e  i n c r e a s e d  by mesh 

r e f i n e m e n t  when shock  f i t t i n g  i s  u s e d ,  and d e c r e a s e d  in  t h e  c a s e  of  

RAXBOD ( n o n c o n s e r v a t i v e  c a l c u l a t i o n s ) .  I t  would be  i n t e r e s t i n g  to  run  

t h e  same c a s e  u s i n g  a c o n s e r v a t i v e  code .  The compute r  l i s t i n g  o f  SAXBOD 

f o r  embedded shocks  a r e  a t t a c h e d .  
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6. Conclus ions  

A s h o c k - f i t t i n g  a l s o r i t h m  f o r  f u l l  p o t e n t i a l  t ype -dependen t  

f i n i t e - d i f f e r e n c e  r e l a x a t i o n  c a l c u l a t i o n s  i s  d e s c r i b e d ,  and p r e l i m i n a r y  

r e s u l t s  a r e  p r e s e n t e d .  The method i s  based on a t ime-dependent  equa t ion  

d e s c r i b i n  S the  l i n e  r e l a x a t i o n  method. Wr i t t en  i n  c o n s e r v a t i v e  form, 

i t s  weak s o l u t i o n  admits an uns teady  Jump c o n d i t i o n  i n  terms of  the  

shock speed.  We use  t h i s  equa t ion  to  update  the  shock dur ing  the  i t e r a t i v e  

c a l c u l a t i o n s .  N u m e r i c a l i m p l e m e n t a t i o n s  of  the  method a r e  d i s cus sed ,  
/ 

a n d t h e  f low around a sphere  i s  c a l c u l a t e d .  We have no t  succeeded in  

s a t i s f a c t o r i l y  ~nplementin$ the  shock f i t t i n s  a l $o r i t bm f o r  the  s u p e r s o n i c -  

supe r s on i c  shock and more a c c u r a t e  t r e a t men t  i s  needed.  We a l s o t e s t  

this method for small-dlsturbance calculations. 
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A p p e n d i x  

In this section, we consider the application of the proposed algorithm 

to the small-dlsturbance equation. The unsteady small-disturbance 

equations may be written as (8 = a = i): 

2 
BM~¢tt + 2~M~2¢xt = 

~)¢x - I(7 + x (A.i) 

Cxt = Ctx 

¢yt = Cry ' 

Hence, the Jump conditions admitted by the weak solution are 

I~ I%1 + ~.~ l~xl)%" 

I0-- 2 2 2 ÷ ICy]Is M~)¢ x - ~(~ + I)~¢x~ s x y 

st lCxl ° I%1 s x 

st ICxl] " I¢$s x . 

For B = 0 , a = 1 , S(x,y,t) = X - XD(y,t) = 0 . We have* 

__  __ l~x~ 2 

- 8X D 
~- 0¢xl = IIctB , 

~ XD ~ Cy ~ = -  ~ Ct ~ 8y " 

"Equation (A.3) may be wr i t ten  in the equivalent (quasisteady) form: 

- 2 M~¢x - 2M~2¢t]] - ~ J]¢y]] = 0 

CA.2) 

( A . 3 )  
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For the  s t eady  s t a t e ,  equa t ion  (A.3) reduces  to the  shock po l a r  

Equation (A.I) may be written as a system of first-order equations 

( w =  ~ t  ' u =  ~x ' v = ~ y ) :  

+ v - a2M2w 
y eo X 

X 

(A.4) 

u t = 

vt=wy • 

Notice that, unlike the full potential case, the system of first-order 

equations is hyperbolic only if 

a~ 2 + 1-M2 > 0 where 1-M2 = I - M 2- (7 + I)M~2~ x 

The characteristics (and the compatibility relations) of the 

unsteady equations are obtained from this system (A.5). The steady- 

state relations are: 

(dv)' 
char. d~u char. 

M 2 - (7 + i) M: ®u- (i- ) 

We note that equation (A.4) simplifies to 

( A . 5 )  

( A . 6 )  

Equation (A.6) i s  c o n s i s t e n t  with the  weak shock approximat ion:  
b i s e c t s  the  c h a r a c t e r i s t i c s ;  in  o t h e r  words,  

/[( 2 ] ~ h_~.dd~ih > 

The shock 

/ 
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~Y char .  shock 
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(A.7) 

The development of  s o l u t i o n  during i t e r a t i o n  may be descr ibed  by 

~¢xt + Y¢~r/t + 6¢t = 

( 2 _ y +  1 2 2]  + (~by)y 
1 - M : ) ¢  x 2 ~ ¢ x  x 

Hence, the  shock i s  updated from the  equat ion  ( fo r  

8x D 8~ 

where 
8x D 

A = ~ , B = S y  

c - - <,<l  - ~ - (y + 1)~i, x > .  

y=  O) 

(A.B) 

(A.9) 

One-Dimenslonal Example 

Consider the following one-dlmenslonal model equation for the 

unsteady problem 

(¢x)t+ (¢~)x = o , o~x~ (A.IO) 

¢(o,t) = 0 , $x(O,t) = CxL 

$(~,t) = 0 

The Jump cond i t i on  i s  

a~ 
~-T- ~ ¢~ + ¢~ 

We see t h a t  the  speed of  the shock i s  the  average of  the  upstream and 

downstream v e l o c i t i e s .  

(A. ll) 

The governing equat ion  i s  u t + 2uu x = 0 ; hence 

/v\ |d .~ = 2u and 
ch 

( ~ )  - < 2 .  u + 2 - d >  
• s h  
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For  E = 2 and ~XL 1 , t h e  s t e a d y - s t a t e  s o l u t i o n  i s  

~ = X  0 < X < l  , 

(~= 2 - X  1 < X <  2 , 

In  Ske tch  A.1 we see  t h a t  ~f we l o c a t e  t h e  shock  i n c o r r e c t l y  between 

z e r o  and one the  shock  w i l l  move towards  one .  I f  t he  shock  i s  p l a c e d  

a t  one ,  t he  shock  speed  i s  z e r o ,  and t he  shock  s e t t l e s  t h e r e .  

÷ 

x 

(I) (11) 
Sketch A.1 

(A.12) 

To check  t h e s e  i d e a s ,  we compared t h i s  method to  t h a t  o f  Hafez and 

Cheng 8. Hafez and Cheng considered the shock an internal boundary with 

a derivative (Neuman) boundary c o n d i t i o n .  Assumln E that the initial 

guess of the shock location is at I, we can solve the flow downstream of 

the shock with a derivative boundary condition derived from the steady 

Jump condition; in other words, 

The new p o s i t i o n  o f  t he  shock  i s  de t e rmined  by f i n d i n g  the  i n t e r s e c t i o n  

o f  t he  two ~ s o l u t i o n s  downstream and ups t r eam o f  I ,  as  d e m o n s t r a t e d  

i n  i n  Ske tch  A.2.  

(A. 13) 

28 



/ -  Intersection Point 
~J ~ , = /  (~lew_Posit_ion 0f 

o -  .~_  j~ . --.. x 

~ X -  +X L + = 0 P 2 

"(I) - - -  

A E D C - T R - 7 8 - 3 7  

Sketch A.2 

S k e t c h  A . 3  shows a c a s e  w h e r e  t h e  s h o c k  i s  p l a c e d  i n c o r r e c t l y  a t  I I .  

/ 

2 

÷ X  = - ~ X  L ~ = 0 

(11) 
Sketch A.3 
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The c o n t i n u i t y  of ~ a c r o s s  t h e  s h o c k  ( t a n g e n t i a l  v e l o c i t i e s  a r e  

t h e  same) and t h e  mess  c o n s e r v a t i o n  c o n d i t i o n  s w i t c h  r o l e s  i n  t h e  two 

me thods .  Ha fez  and Cheng 8 u s e d  t h e  mass  c o n s a r v a t i o n  c o n d i t i o n  to  

c a l c u l a t e  t h e  f l o w  downs t ream o f  t h e  s h o c k  and t h e  c o n t i n u i t y  o f  ~ to  

d e t e r m i n e  t h e  new s h o c k  l o c a t i o n .  I n  t h e  p r e s e n t  method we u s e  t h e  

c o n t i n u i t y  o f  ~ t o  c a l c u l a t e  t h e  f l o w  downs t ream o f  t h e  shock ,  and t h e  

shock  moves t o  s a t i s £ y  t h e  mess c o n s e r v a t i o n  c o n d i t i o n .  H a f e z  and Cheng 

show t h a t  t h e  r e s u l t s  o b t a i n e d  w i t h  t h e i r  method a r e  i d e n t i c a l  t o  t h o s e  

o b t a i n e d  w i t h  Murmanls g u l l y  c o n s e r v a t i v e  s h o c k - p o i n t  o p e r a t o r  f o r  t h e  

o n e - d ~ n e n s i o n a l  c a s e .  On t h e  o t h e r  hand ,  t h e  p r e s e n t  method u s e s  t h e  

D i r i c h l e t  b o u n d a r y  c o n d i t i o n  to  s o l v e  t h e  f l ow  downs t ream o f  t h e  shock .  

U n l i k e  t h e  n o n c o n s e r v a t i v e  c a l c u l a t i o n s ,  mass  i s  c o n s e r v e d  by meving  t h e  

shock  t o  t h e  c o r r e c t  p l a c e .  

The f i n i t e - d i f f e r e n c e  i m p l e m e n t a t i o n  o f  t h e  H a l e s  and Cheng p r o c e d u r e  

f o r  t h e  o n e - d i m e n s i o n a l  p r o b l e m  c o n s i d e r e d  h e r e  i s  

2 2 u + - u  
= 0  AX 

(A. 14) 

where  ¢i+i - ¢i 
u+= Ax 

¢I-I - ¢1-2 
u_ = - AX ' 

w h i l e  t h e  c o r r e s p o n d i n g  f o r m u l a  o f  t h e  p r e s e n t  method i s  ( S k e t c h  A.4)  

where  

' 2 2 u+ - u_ 
= 0  

AX 

u+= gx 

~i  - ~d 
u_ = AX ' 

~d = ~i-I + (xn - Xi-l) 

x (°11 12 °i) 

(A.15) 
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and 
ax D ¢i+i - ¢I ~i-I - ¢I-2 
dt AX AX 

which can be written in the form: 

2 2 
U+ - U_ 

AX 
= C (A. 16) 

¢i+I - ~i 
where u+ = AX 

u_ = ~LX 

~ X ' C  = [ '~"-~x'~d. r ~ + 2 q~i-1 - Cd AX ¢ i  - ¢ i - 1  ~X 

-- ~¥ 

_ 

Notice the left-hand side is the nonconservatlve difference scheme (elliptic 

operator) and the right-hand side is the correction (source) term needed 

to conserve mass, 

÷ 

i-2 i-1 x D  i i + 1 
- - - - ~ X  

Sketch A.4 
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TWo-Dimensional Examples 

Supersonlc-Subsonlc Shocks. 
8 

In the method of Hafez and Cheng , an algabralc relation derived 

from a flnite-difference approximation of the shock polar replaces the 

flnlte-difference approximation of the differential equation downstream 

of the shock; namely, 

where 

- ~ -  -- + Ay = 

Ax ~y Ax ~ x ~  

and where appropriate one-slded derivatives for ~x and ~y are used 

in the ~ ~ and < > quantities. The shock is located at the inter- 

section of the ~ surfaces extrapolated from upstream and downstream 

calculations invoking the continuity of ~ . 

In the present method, an elliptic operator vrlth a ~orrection 

(source) term is used at the grid points Just downstream of the shock. 

Fictitious points upstream of the shock similar to those in the one- 

dimensional case (as shown in Sketch A.5) are needed. The values of 

at these polnts (~dl , ~d 2) are obtained by extrapolation from the 

previous downstream solution and from the values of ~ at the shock. 

The latter are obtained by extrapolation of the upstream solution to the 

shock position. The shock is then relocated by means of equation (A.9). 

Note that here we need the extrapolation procedures only to calculate a 

correction term. (An approximate location of the shock, for example, 

the middle of the mesh, may be used without great loss of accuracy.) 

Also, a locally normal shock-fitting approximation may be assumed (in 

other.words, we may use the same formula as in the one-dlmenslonal case, 
I 

plus ~ centered difference approxlmatlon for the ~yy term). As a 

matter of fact, Murman's fully conservative scheme may be written as an 

elliptic operator with a correction term, as follows: 

MurmanWs shock-point operator is a special case of this relation: 

(B = 1 and ~ ~y ~ /Ay = (~yy)C.D.) 
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Al l  of  t h e s e  v a r i a n t s  have been t e s t e d  by modi fy ing  Murman's s m a l l -  

d i s t u r b a n c e  program. As shown in  f i g u r e  I0 ,  we have c a l c u l a t e d  the  f lows 

around a 6Z parabolic arc alrfoll for a subsonic free stream 

by using 

(1) Nonconservatlve scheme 

(ll) Murman's fully conservative scheme 

( i i i )  

( i v )  

For these 

far field was set equal to zero. The convergence limit 

was usually reached in 50 iterations. 

(M = 0.9) 

Fully conservative scheme in the form of an elliptic operator 

with a correction (source) term 

Shock fitting (present method). 

calculatlons, we used a 60 x 60 grid (Ax = Ay = 0.05), and the 

i~ n+1 _ ~n I < 10 -4 

Sd-- 

Shock 

Sketch A.5  

Supersonlc-Supersonlc Shocks. 

For supersonlc-supersonlc shocks, Hafez and Cheng 8 used equation (A.7) 

to locate the shock in a step-by-step procedure. With the present 

method, we solve the problem iteratively where the shock moves according 

to equation (A.9). The value of ~ at the shock is used as a boundary 

condition for the unknown on a vertical llne between the shock location 

and the body (axis). Since background differences are used, values along 

the i-I and i-2 lines are needed. Extrapolation in the Y direction 

is used to obtain the values of $ for those points upstream of the 

shock. As shown in figure II, we have calculated the flows around a 6X 

parabolic arc airfoil for a supersonic stream (Mm= 1.15) by using 
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J 60 

-f 

I i i I i i 

1 2 3  

Figure 10. Supersonic-Subsonic Shocks. 
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Figure 10(a). Nonconservetive Calculations. 
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Figure 10(b). Fully Conservative Calculations. 
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Figure 10(c). Modified Shock Point Operator Results 
(Elliptic Operator With a Correction Term). 
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Figure 10(d). Shock-Fitting Results. 
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Figure 11. Supersonic-Supersonic Shocks 
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Figure 11(a). Nonconservative Calculations (Did Not Converge in 200 Iterations). 
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Figure 11(b). Fully Conservative Calculations. 

36 



A E D C - T  R - 7 8 - 3 7  

~ !  L6 L T - - ] |  --L|..SI...II--ZP,--II--Zk--.~--JS--LI--.WL-.II ~ i - - I L - - | L + I - . J + -  3S--341.-3T_ 341 
l& IF 11 I¥ 11 I I  11 11 ? t  I §  16 IT 14 I+ 31 11 11 -33 ~k 3+ 36 31 
16 LF I !  IV 41 i l  !1  i 1  i t  !+ i •  !1  i l  i q  ] l  31 31 3 ]  3~k 35 36 

. , , . . .  8 . . +  . . . . , , . . . . , + .  . . . . . . .  

~;  Ib I I  IF I+ I 0  ~I 11 11 14 IS  | 6  11 11 61 10 
- I I .  l i _ . I r _ l { _ l ~ _  +I_ZI_S?.._I]_.ZLSSJ+.r[IJI...Zl-- 

J l  ] i  i t  i i  I ° ,  IO"  I I '  I I  83 ,14 I I  11 . I I  I I  • . +  • + • ", 

4LILII...ILJt.i.lUL_.I~L~.il__IL..ISJ+ I J  , .  . . . . . 

| I  I •  I I IP l?  10 41 I t  i l  14 iS  16 
16 ] i  I t  11 I0 i 0  11 11 l a  14 IS 

_15 14 _ i t  I I  . | +  . l l J l _ _ | i _ l l J ~  . . . . . . . .  
| t  I •  IT I |  l i  I I  I I  ! i  13 , . .  + -1 
I1 16 I1 I+ ~ t l  81 i t  I1  ' , ' , * " 

- L L L S - - J I - - I I - - I I J I J U I "  , , I , . .. . . ~  p " 
I I  11 IT I |  19 |1 41 

I~ I+ iU 41 !1 
_ . ~  I§ . I f _  I D . _ I L | O  

i •  ~ :~ I~ io , ~ . ' ~ , "T ' ,~  ~ , . ,  : . ~ , ~ ' t ' ~  ~ " ' , . : ~ ' ~ ' . '  
1 I1 I I  I I  I+ 

- - l  __II__I  [ - - I I . . . 1 9  , P 
S Im I t  I t  
i i •  Lr  I I  

_ 3  I I  . I ~  . I |  
16 I I  I+ 

I L• Ja I !  

- '£--~-.i~ES--~',~ei•[-- 
I - . I S 3 1 3  .16110 

. -  ) _ _ _ - , 1 4 t ~ k + I ; O • Q _ _  
• -111611 131166 
S " . l ?++S  .411@0 

- - + _ _ - - . + ~ l O [ + l - - . i i l i i - - . . . ~ '  
r - . 06016  ,b6006 
D - ,611~0 *71000 

lP - O l l l q  , •O00i  s 
11 ,0153S I.O00DD 

_18.__,o+7+L__l,LOu+O_._. 
I J  . O t i S •  1.20066 
14 .l l+Om l . lO011 

. . I S  . _ . + I S S e | . _ L . p O ~ | I _ _  
i •  *14506 I*%0014 
IT ,2251S 1 , 5 O l i l  

|g ,]+OZk l , O l l + •  
tO .)++61 I , + l l l O  

_ _ ~ _ _ * * Q + | 9 - - J * I O O l l _ _  
. *m,T* 1.11140 

13 ,S0114 PtPt900 

. S q ~ ]  1.40001 
t •  1&44~l I . ~ 0 0 0 •  
I t  . + ; ] 1 1  ?~6PO+__.  

. ._30 . . , I ) 4 k i l b _ _ i , 9 0 O | |  - -  

Figure 11(d). Shock-Fitting Results. 
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Figure 11(c). Initial Shock Location Predicted From Nonconservative Calculations. 
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( i )  N o n c o n s e r v a t i v e  scheme 

( i i )  F u l l y  c o n s e r v a t i v e  scheme 

( i i i )  Shock f i t t i n g  ( p r e s e n t  m e t h o d ) ;  

Fo r  t h e  c a l c u l a t i o n s  shown i n  f i s u r e  11, we used  a 60 x 30 g r i d  

( ~  = 0 .05  , Ay = 0 . I ) .  
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