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1. Introduction

In the past, transonic flows have been calculated with the
Euler equations and with time-dependent finite-difference methods. For
example, Magnus and Yoshihara1 used the Lax-Wendroff finite-difference
schemes with additional artificial viscosity. In their work, the shocks
were smeared, and small grid sizes were needed to capture them. Grossman
and Moretti,2 on the other hand, fitted the shock following a method
developed by Kentzer,3 which uses the compatibility relatioms along the
characteristics.

For many cases of interest, a potential flow model is adequate.
Murman and Cole4 Introduced a type-dependent finite-difference scheme
and solved the transonic small-disturbance equation by relaxation methods.
Jameson,5 using "'rotated difference schemes," extended their work to the
full potential equation. In their calculations, shock jump conditions
are not satisfied. "For example, mass is not conserved across the shock,
and the strength and position of the shock are usually not calculated
correctly., Later, Murman6 introduced a "fully conservative scheme" to
handle this problem for small-disturbance calculations, and Jameson7
introduced a fully conservative scheme for the full potential equation.
In these later calculations, mass is conserved globally, supersonic to
subsonic shocks are located within a few grid points, and supersonic to
supersonic shocks are usually smeared over more grid points. Sharper
shocks can be obtained only by grid refinement.

Hafez and Cheng8 considered shock fitting for transonic small-
disturbance calculations by using type-dependent finite-difference
relaxation methods. In their work, shock-jump conditions are explicitly
imposed, and mass is locally conserved across a surface of discontinuity.
Much coarser grids may then be used for the calculations. The algorithm
applies for supersonic to subsonic shocks as well as for supersonic to
supersonic shocks. Using characteristic compatibility relations, Yu and
Seebass9 studied the same problem. For embedded shocks, they used a
method similar to that of Hafez and Cheng.

Extension of the method of Hafez and Cheng to the full potential
calculation is straightforward in principle; however, in practice, the
more complicated coordinate systems used for the full potential calculations

lead to cumbersome interpolation formulae.
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In this paper we consider an alternative procedure for fitting
shock waves in full potential calculations. (The application of the
method to small disturbances 1s discussed in the Appendix.) The method
is based on an equation for the unsteady shock jump, which is derived
from the time-dependent equation describing the relaxation algorithm.

In the steady-state limit, shock speed vanishes, and the steady shock

polar is retained. In this way, the jump conditions are imposed iteratively
and in a manner consistent with the relaxation procedure that is used
everywhere else in the flow field. The method should be applicable to
rotated difference schemes and to conservative and nonconservative
differences.

The only previous work reported in literature on shock-fitting
methods for full potential calculations is the work of Jones and South,10
in which detached bow shock waves were considered. Jones and South first
used a mapping from physical space to a rectangular computational grid;
then, they used Newton's method to determine the shock shape. The
method considered in this paper appears to be simpler and 1s not restricted
to bow shocks.

In the following we first discuss unsteady transonic flow
equations and their weak solutions. Then, the time-dependent equations
describing the iterative methods are then developed. A shock-fitting
algorithm is described, a solution procedure is proposed, and some
preliminary numerical results are given. Finally, in the Appendix we
compare the application of the shock-fitting algorithm to small-disturbance
calculations with the method of Hafez and Cheng for one~ and two-dimensional

numerical examples.
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2. Unsteady Full Potential Equaticns

For simplicity, we consider here the Cartesian coordinates x ,

y and t . The velocity ﬁotential ¢ 1s governed by

_ .2 2 _ 2 _ 2
b + 2ub  + 2v¢yt = (@ - uDe_ 2uvq>xy + (a v )<t>yy ’ €))
where a2 =i _x:-1 [2¢ + u2 + v2 —l] ’
2 2 t
Mno
u=¢ <+ cosa ,

v = + sin o
=Py s

and o 1is the angle of attack of the oncoming flow with Mach number
M .
[« o]

Equation (1) is not in conservative form. Multiplying by

p/a2 s we obtain the conservative form

=P = (pu), + (V) (2)
where p=[1-3—;—1.\13, (24)'t+u2+v2-1)] /¢ -1

For smooth flows, equations (1) and (2) are equivalent. Equation (2),
however, admits a weak solution with mass conservation across a discontinuity

surface.

2.1 Jump Conditions

The jump condition admitted by the weak solution is given by
- s, fell = [oul s+ [ ov ] Sy . (3)
where ﬂ p ﬂ denotes the jump i8 O across the surface
S(x,y,t) =0

In addition, from irrationality conditions we have
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tx xt °
(4)
and ¢ty = ¢yt .
Thus, se Do, 0 =10¢.1s, >
or S, ¢+ 8, ¢ Sy = [ ¢t ﬂ | by ﬂ : ﬂ ¢y ﬂ s
which implies
S Lol oo 0+ qo ]+ 00
or [oe]] =0 . ¢5)
For steady states, equations (3) and (5) reduce to
x>
ﬂ pu D =3y pv ﬂ =0 or
ﬂpqn[]=0; (6)

[ol &+ [v)=0o [qf =0, Q)

where 1, is the relative normal velocity to the shock X - XD(y,t) =0,
and q is the tangential velocity.

For tramsonic flows, equation (6) is a good approximation of
Rankine Hugoniot relations*, the difference being due to the irrationality
assumption.

*
The exact Prandtl relation (taking into consideration entropy variations)

may be used instead of eq. (6) in the manner suggested by Jones and South
namely,

10

*
where d and u refer to dowmstream and upstream conditions, and a 1is

the sonic speed of sound.
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2.2 Characteristics and Compatibility Relations
We note that equation (1) or (2) is always hyperbolic. ( t
is the time-like direction for both subsonic and supersonicjflows.)

Equation (1) can be writtem in the following form:

b, + 200, = (a® - aD)o__+ 2%y, )

where

1 2 2
s =32 (u ¢xx + 2uv¢xy + v ¢yy) s

©-
]

o = 07 g - 2av, +ude ),

Ot =

and q 1is the total velocity. Using the transformation S =8 - qt ,
N=n, :T=t, equation (8) reduces to: (freezing q , the coefficient

of the ¢st term)
2
bpp = @ (bgg + dygy) 52

or, with the transformation X=x-ut, Y=y-vt, T =t , equation

(1) reduces to
2

Equations (1) and (4) can be written as a system of first-order equations;

namely

w ~2u a -u2 -uv\ /w
u =\1' 0 0 lu
v/e 0 0 0 x

2 2 2

-2y =~uv a -v W

+ \ 0 ] o .
1 0 0
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where

2

2 2
a

W= ¢t ’ = ii'- I%l (w+u" +v° -1) . (11)

For time-dependent problems, the characteristics and the compatibility
relations are readily obtained from this system. For steady problems,

they are given by

L]
du ch dx ch (o
where

2

=a =1u

) = —uv

2 2

= a" - v .

10
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3. Shock—Fitting Method
3.1 Iterative Solution for Steady Equation

It is well known that iterative line relaxation methods can be
described by a time~dependent equation. TFor example, Jameson7 showed
that the convergence of the iterative solution of the full potential
equation can be analyzed by

O+ Bh, F YO+ 80, = Ryo(d) (13)

¥y

where R (¢) = (a° - o?yp,, - 2uv,  + (a? - v2)¢yy )

Multiplying equation (9) by p/a2 » We have

E¢xt - _B-¢yt + 7"’yyt + 3-‘1’1; = Bp @) (14)
where RFC(¢) = (pu)x + (pv)y .

Since we are interested only in the steady-state solution, the coefficients
o , B » Y and § may be selected to accelerate the convergence.
The jump conditions admitted by the weak solution of equation (10)

(freezing the coefficients in the left-hand side) are given by
S, { o, + Bo, + - I = [ eul s+ Jov] s, - (15)

Let the shock surface S(x,y,t) be described by the explicit relation
S=X-X(y;t) =0 .

Hence,
D
3> o = 3X°
30 lel=Oea] -5-Tev] (16)
h e =-(ad_ + By + Y
where o (ad_ B¢y Y¢yy)
Equation (16) may be written in the form
D D
X X
Age *Bg=C . an

11



AEDC-TR-78-37

where A=

3.2 Shock-Fitting

Shock-fitting procedures similar to methods used for the
unsteady Euler equations may be applied to the iterative calculations
once the artificial time-dependent equation (17) describing the develop-
ment of the solution through iteration is recognized. Since we are only
interested in the steady-state solution, however, many simplifications

may be made. Two cases are identified here.

3.2.1 Supersonic-Subsonic Shocks

Given an initial condition (an initial guess of the shock
location XD(y;O) and a boundary condition (for example, axP/ay (0,t) = 0),
equation (17) determines the mew shock location XD(y;t) across which
¢ 1s continuous. Hence, a Dirichlet boundary condition is imposed on
the subsonic (elliptic) flow downstream of the shock as shown in Sketch 1.

y=¢

y=¢&

Marching m Time

Sketch 1. Supersonic-Subsonic Shocks.

12
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3.2.2 Supersonic-Supersonic Shocks

In general, the jump conditions and the characteristic compati-
bility relations admitted by the time-dependent equation uniquely determine
the flow just downstream of the shock (¢ and ¢n) . Similar to the
supersonic-subsonic shocks, equation (17) is used, and ¢ on the shock
is obtained from upstream extrapolation. However, ¢n may be obtained
by solving the compatability relations along the downstream characteristics
together with the shock jump conditions (Equation 7), simultaneéusly to
provide u and v downstream of the shock. These are needed for the
supersonic flow calculations since, in rotated difference schemes,
¢xx > ¢xy and ¢YY terms contributing to ¢ss are backward differenced.
Hence, the values of ¢ at two upstream grid points or equivalently the
derivatives ¢x and ¢ _ are needed. We encountered some difficulties
in implementing this scheme for supersonic-supersonic shocks in general.

The details of a shock-fitting algorithm are discussed in the next section.

y=c

dwdy ch = guvi1=12
dvidu o = Hluwl 1= 1.2
kv] exPiey - ful =0

A axPjat - B axPray = ¢

] -
Marching in the X Direction X

Sketch 2. Supersonic-Supersonic Shocks (Steady).

13
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4, Numerical Implementation of Shock-Fitting Method
A shock-fitting algorithm has the following properties:

(1) An initial estimate of the potential is obtained, for

example, from a nonconservative solution.

(2) The shock waves are detected and used as an initial

estimate of shock location.

(3) The flow field is computed with a relaxation method, in
which the shock is a surface of discontinuity fixed in
space and the shock jump conditions are imposed as the

boundary conditions.

(4) The shock locations are updated, based on the latest
information, by using equation (17).

(5) Steps 3 and 4 are respected until convergence is achieved.

Step 1 requires no elaboration here. For step 2, different criteria may
be used to detect a shock from smooth calculations. Murman6 used the
maximum slope point of the velocity profile in the shock region. South11
used the minimum Laplacian (V2¢) for full potential calculations. For
supersonic-subsonic shocks, the shock points are suitable indicators of
shock locations. Interpolation may be used between mesh points to

locate the sonic velocity for a more accurate approximation. Jones and
South10 used an analytical form for the shock, with the right behavior

in the far field {(asymptotic to the Mach line) and near the axis (normal
shock). To determine the standoff distance of a detached bow shock,
Jones and South used the point with the same Mach number as the one
downstream of a normal shock, Here we use a similar procedure, which is
discussed in Section 5. For Step 4, the new shock location 1s obtained
as a solution of equation (17). A Lax-Wendroff finite-difference scheme
may be used to solve this equation. To avoid a stability restriction, we
also tested an implicit scheme of the Crank-Nicholson type. A tridiagonal
system is solved each time the shock is relocated. The finite-difference

formula are

14
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Lax-Wendroff Scheme:

_QZX—D " [ - (E) xD - _B_
atz Al Tyt A
Here we neglected the variation of A, B and C with time.

Crank~-Nicholson Scheme:

nt+l n D, nt+l D, n
D D oX X
X =% +0.5 [(_Bt ) + (—at ) ]At )

Once the shock is relocated, the continuity of ¢ is imposed as a
boundary condition. For a detached bow shock, ¢ 1is set equal to zero,
the free-stream value. For embedded shocks, the value of ¢ at the
shock is obtained from upstream (supersonic) conditions by extrapolation.
In the supersonic-subsonic case, to avoid use of a special unequal mesh
formula at the grid point downstream of the shock, a Taylor series
expansion is used to obtain a fictitious value of ¢ at the first mesh
point upstream of the shock. This procedure is clearly demonstrated for
the one-dimensional small-disturbance case in the appendix. It 1s used
only for supersonic-subsonic shocks (i.e., if the flow dowmstream of the
shock is subsonic) since it contradicts the rule of forbidden signals in
the case of downstream supersonic flow. For the supersonic-supersonic
shocks, two conditions ¢ and ¢n are needed to continue the calculation
downstream of the shock. The value of ¢ on the shock is obtained from
upstream extrapolation; ¢n can be obtained from studying equations 7
and 12 simultaneously. We have not succeeded in testing the scheme for

supersonic-supersonic shocks.

15
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3. Calculated Examples

We have obtained preliminary results for the flow past a blunt
body by using the method of South and Jameson12 with the above-described
shock-fitting algorithm.* We use the Keller-South14 (RAXBOD) program to
obtain an initial estimate for ¢ everywhere in the flow field. The
standoff distance 1s calculated as discussed earlier, and hyperbola is
used as an initial estimate of the shock shape.

The shock is located by using equation (11), Properties ahead
of the shock are calculated by extrapolation from upstream conditions;
in this case, ¢ = 0 ahead of the shock. For the supersonic-supersonic
part of the shock, we also need the properties behind the shock. Equations
(7) and (12) provide ¢x and ¢y (hence ¢n) just downstream of the
shock. In this exzample, we assume that ¢Y (i.e., the derivative of ¢
along the normal computational coordinate direction) just downstream of
the shock 1s negligible. More accurate treatment for the supersonic-
aupersonic shocks are meeded. Figure 1 shows the results for the pressure
coefficient on the body calculated by the RAXBOD program for a sphere of
radius one in a flow with M_= 1.2 . The physical plane 1s mapped to a
rectangular grid (21 x 21 grid points), where

ne—=2 5 =1.3, A=1.25 .

a-un°
Here, n 1s the physical coordinate normal to the body, and Y is the
computational coordinate, which varies from zero at the body to one at
infinity. The tangential coordinate is stretched by a quadratic transfor-
mation between the physical arc length and the computational coordinate
x L]

*
The same problem was solved by Jones and South,10 who used mapping

techniques, and by Hsiehl3 (hemisphere cylinder), who used the time-
dependent Euler equation.

16
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Figure 1. C, on a Sphere at M = 1.2 (RAXBOD Solution).

Figure 2 shows the initial guess of the shock location. The
movement of the shock (standoff distance) with iteration is plotted in
Figure 3, and the final result is shown in Figure 4.

Shock Line .
21,438 c---r=cemreemmeeccsonccnonicnancan- —eenge
. S
17.150: . ' . . .
: s
Far Field
12.863 . s
. s
8.575- . . .
H
4,288« Sonic Line . . . . . :
¢ :
0.000 : . :
-1.8864 31974 8.2813 13,3651 18.4480 23,5328

Figure 2. Initial Shock Location Detected From RAXBOD Solution.
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21.467. Shock Line

17.174: . . . .
. s
Shock
Far Field
12.880: . . . . . s
8.587. . . . . . . :
. H
4,203+ < . . . .
: Sonic Line
0.000 h. sommamaan. '
15201 3.4841 8.4674 134707 184740

Figure 3. Movement of Shock During Iteration.
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Figure 4. Shock Location After Shock Fitting.
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It should be mentioned here that our results for the case of a
sphere at M_ = 1.2 (based on the full potential calculations) indicate
that the bow shock standoff distance differs by 20 percent from a time-
dependent solution of Euler Equations given in Reference 13. These
discrepancies cannot be traced to the difference between the Euler
Equation and the full potential equation since in this range they should
agree,

It could be argued that the discrepancies are due to the
supersonic/ supersonic part of the shock where the shock was not really
fitted in our calculation. This is unlikely, however, since the initial
guess is selected using Moeckel's approximation. We have not resolved
this point and further investigation is needed to resolve the differences.

Calculation of embedded shocks have been tested also. Flows
around a sphere were computed with and without shock fitting. In Figure
5, resﬁlts of the RAXBOD program are plotted. For the same mesh, results
from the SAXBOD program are plotted in Figure 6. Notice that the overall
pressuré distribution does not seem to look different, however, the drag
coefficient using Trapezoidal and Simpson's Rule are changed by about
20 percent. The same case has been calculated after a mesh refinement.
The results of the RAXBOD program are shown in Figure 7, while the results
of the SAXBOD program are shown in Figures 8 and 9.

Cp
1.1704

1.1696
1.1187
1.0149

8271

1760 "“-————,______.....
- 2509 .
-.7006
1.1266
1.4818
1.7667
-1.9668
-1.2886
1278
5281
8160

1.0107 .
1.1173 -~
11613 {
1.1704

|

RAXBOD
CD Trap. 0.44152

\

Simp. 0.46495

Figure 5. Cp on a Sphere at M = 1.2 (RAXBOD Solution).
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Cp
1.1704

1.1616
1.1186
1.0147

751
- 2522
-.7022
-1.1277
-1.4868
-1,7626
-1.9697
-1.7300 .
- 2807

7065

|

0'\.

Cp on a Sphere at M = 0,8
SAXBOD

CD Trap. 0.66001

Simp. 0,57923

1.0346
11244

1.1625 (
1.1704

\

Figure 6. cp on a Sphere at M = 1.2 (SAXBOD Solution).

105 o

1.09 4 .

112

14 /

116 .

117 .
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Figure 7. Cp on a Sphere at M = 1.2,
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Figure 8. Cp on a Sphere at M = 1.2.
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1.1687
1.1617
1.1464
1.1192
1.0768
1.0159
.9839
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<5467
.3718
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=-.0304
—.2485
-.4713
-.6938
-.9097
=1.1133
-1.2993
-1.4660
=-1.6117
-1.7350
-1.8372
-1.9201
-1.8857
-2.0525
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.7613
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"Figure 9. Cp on @ Sphere at M = 1.2,
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In the first case, the iterations were stopped when the maximum
difference between successive iterates is less than 10-4 while more
iterations were allowed (to 10-6) for the results shown in Figure 5. The
maximum residual {in the difference equation or the shock polar) is
less than 10-3. The difference in the pressure distribution is indis-
tinguishable, but the drag coefficient shows 2 percent changes. Comparing
RAXBOD and SAXBOD results, the drag coefficients are increased by mesh
refinement when shock fitting is used, and decreased in the case of
RAXBOD (nonconservative calculations). It would be interesting to run
the same case using a conservative code. The computer listing of SAXBOD

for embedded shocks are attached.
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6. . Conclusions

A shock-fitting algorithm for full potential type-dependent
finite-difference relaxation calculations is described, and preliminary
results are presented. The method is based on a time-dependent equation
describing the line relaxation method. Written in comservative form,
its weak solution admits an unsteady jump condition in terms of the
shock speed. We use this equation to update the shock during the iterative
calculations. Numerical implementations of the method are discussed,
and.the flow around a sphere is calculated. We have not succeeded in
satisfactorily implementing the shock fitting algorithm for the supersonic-
supersonic shock and more accurate treatment is needed. We also test

this method for small-disturbance calculations.
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Appendix

In this section, we consider the application of the proposed algorithm
to the small-disturbance equation. The unsteady small-disturbance
equations may be written as (B =a = 1):

2 2
Bﬂw¢tt + zaMw¢xt =

[ - wde, - ey + el |, + oy, (A.1)

Ot = Pex

by, = 0,

yt y

Hence, the jump conditions admitted by the weak solution are
2 2 _
(2 Qo) + 2 [o0)s, -

2 2 2
[ -me, - e+ 1ol s, + Mo s

St ﬂ¢x" u¢tn sx

s, o, ] = Qo ds,_ . (A.2)

For B=0, a=1, S(xvy,t) =X- XD(Y,t) =0. We have*
Dy\2
ZM: —g—tﬂ =- (- Mi) - (Y + 1)Mi¢x>+ (—%}’:—) (A.3)

- I T R I

N I

®
"Equation (A.3) may be written in the equivalent (quasisteady) form:

D
U (1), - 5o - 2o ] - 5 [oy0 =0
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For the steady state, equation (A.3) reduces to the shock polar

2 2 Ix 2 [¢zn :
- <(1 M) -G+ D) Mﬂ°¢x> = (_3;) shock (A.4)

2
le,l

Equation (A.1l) may be written as a system of first-order equatioms

(W= s u=d ,v=0):

o, = [ -y w

(y + 1) M:uz] N

- 2
+ vy - aZHmwx

t X
v, = wY . (A.5)

Notice that, unlike the full potential case, the system of firat-order
equations is hyperbolic only if

02M2 +1- M2 >0 where 1 - M2 =1 - M: - (y + l)MZid)x

The characteristics (and the compatibility relations) of the
unsteady equations are obtained from this system (A.5). The steady-
state relations are:
2 2
(g—“) - (g—z) =+ Mu-a-v) . (A.6)
Y/ char. char.

*
We note that equation (A.4) simplifies to

*
Equation (A.6) is consistent with the weak shock approximation: The shock
bisects the characteristics; in other words,

5) /) ) 2

dy dy
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2

<) >- (=) . (a.7)

dy char. dy shock

The development of solution during iteration may be described by

a¢xt + Y¢yyt + G¢t =
2 +1 .22
[(1 - M0 - Lz— ‘U’x] I RCH (A.8)

Hence, the shock 1s updated from the equation (for <y = 0)

axD 3xD
A-SE— + B 3;— =C , (A.9)
BxD
where A=qa, B= 3;— ,

C=-<1- Mi) - (v + 1)Mi<px>.

One-~-Dimensional Example

Consider the following one-dimensional model equation for the

unsteady prcblem

W), + @D =0 , 0<x< 2 (a.10)
00,8 =0, 4,08) =8
¢(L,t) =0
The jump condition is
x>
3¢ ¢xL + ¢xR . (A.11)

We see that the speed of the shock is the average of the upstream and

%k
downstream velocities.

e
The governing equation is u, + 2uux = 0 ; hence

(g-’é)c = 2u and (g—’t‘) = L+ 20>

h * sh
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For £ =2 and ¢ =1 , the steady-state solution is
b
¢ =X 0<Xx<1 ,
$=2-X l<Xx<2 ,

In Sketch A.l we see that if we locate the shock incorrectly between
zero and one the shock will move towards ome. If the shock is placed

at oﬂe, the shock speed is zero, and the shock settles there.

¢x|_

—— ‘-F
) (n
Sketch A.1

To check these ideas, we compared this method to that of Hafez and
Chenga. Hafez and Cheng considered the shock an internal boundary with
a derivative (Neuman) boundary condition. Assuming that the initial
guess of the shock location is at I, we can solve the flow downstream of
the shock with a derivative boundary condition derived from the steady

jump condition; in other words,

h ™" b

The new position of the shock is determined by finding the intersection
of the two ¢ solutions downstream and upstream of I, as demonstrated
in in Sketch A,2.

28

(A.12)

(A.13)



AEDC-TR-78-37

Intersection Point
(New Position of
the Shock)

¢ = — +x|_

)

Sketch A.2

Sketch A.3 shows a case where the shock i1s placed incorrectly at I1I.

Sketch A.3
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The continuity of ¢ across the shock (tangential velocities are
the same) and the mass conservation condition switch roles in the two
methods. Hafez and Cheng8 used the mass cons;rvation condition to
calculate the flow downstream of the shock and the continuity of ¢ to
determine the new shock location. In the present method we use the
continuity of ¢ to calculate the flow downstream of the shock, and the
shock moves to satisfy the mass conservation condition. Hafez and Cheng
show that the results obtained with their method are identical to those
obtained with Murman's fully comservative shock-point operator for the
one~-dimensional case. On the other hand, the present method uses the
Dirichlet boundary condition to solve the flow downstream of the shock.
Unlike the noncongervative calculations, mass is conserved by moving the
shock to the correct place.

The finite~difference implementation of the Hafez and Cheng procedure
for the one-dimensional problem considered here is

*+__-_0 , (A.14)

. ¥
where u+ AX

y = - 11 = %32
- AX ’

while the corresponding formula of the present method 1s (Sketch A.4)

o2 2
u+ - u
IS =0 , (A.15)
h %341 =~ 94
where L X s
¢i = ¢d
v = “BX g

D
¢d = ¢i_1 + (x - Xi_l)

x ®31 = %42 _ %341 = Oy
AX AX ’
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o P 2 Bl W™ Bl =
dt AX AX ?

which can be written in the form:

2 2
u - u_
S = C (A.16)
where u, = ¢i+1 _ ¢i
.+ AX
u = 4 = 9
- AX
¢y ~ 93 |2 %11 - 45& by - &5
AX-C = [ AX +2 BX BX
D
- [_ w1 (4’1-1 “ 49 % T ¢1)] 2
AX AX AX
D
» x [ X - X, ("’1-1 02 %41~ ¢1)] (¢1 - 4’1—1)
- AX AX - AX AX ’

Notice the left-hand side is the nonconservative difference scheme (elliptic
operator) and the right-hand side is the correction (source) term needed

to conserve mass.

+ 1

2 i-1

Sketch A4
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Two-Dimensional Examples

Supersonic-Subsonic Shocks.

In the method of Hafez and Chengs, an algebraic relation derived
from a finite-difference approximation of the shock polar replaces the
finite-difference approximation of the differential equation downstream
of the shock; namely,*

o, 0 Qo0
<i-w -(y+1)n¢> A: + Az

D
where B = - Az -al_ = -éz M
Ax 3y Ax [[¢x[| *

and where appropriate one-sided derivatives for ¢x and ¢y are used
in the ﬂ ﬂ and < > quantities. The shock 1s located at the inter-
section of the ¢ surfaces extrapolated from upstream and downstream
calculations invoking the continuity of ¢ . .

In the present method, an elliptic operator with a correction
(source) term is used at the grid points just downstream of the shock.
Fictitious points upstream of the shock similar to those in the one-
dimensional case (as shown in Sketch A.5) are needed. The values of ¢
at these points (¢di , ¢d2) are obtained by extrapolation from the
previous downstream solution and from the values of ¢ at the shock.
The latter are obtained by extrapolation of the upstream solution to the
shock position. The shock is then relocated by means of equation (A.9).
Note that here we need the extrapolation procedures only to calculate a
correction term. (An approximate location of the shock, for example,
the middle of the mesh, may be used without great loss of accuracy.)
Also, a locally normal shock-fitting approximation may be assumed (in
other,words, we may use the same formula as in the one-dimensional case,
plus ; centered difference approximation for the ¢ vy term) As a
matter of fact, Murman's fully comservative scheme may be written as an -

elliptic operator with a correction term, as follows:

*
Murman's shock-point operator is a special case of this relation:

(B=1 and [ o D/8y=0_)n,)
y yy‘C.D.
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(ke - 02, + 0, ]C_D. - -[cxo, - %’2‘)"]3.1}. :
All of these variants have been tested by modifying Murman's small-
disturbance program. As shown in figure 10, we have calculated the flows
around a 6% parabolic arc airfoil for a subsonic free stream (M = 0.9)
by using
(1) Nonconservative scheme
(ii) Murman's fully conservative scheme
(111) Fully conservative scheme in the form of an elliptic operator
with a correction (source) term
(iv) Shock fitting (present method).
For these calculations, we used a 60 x 60 grid (Ax = Ay = 0.05), and the

far field was set equal to zero. The convergence limit |¢n+1 - ¢n| < 10_4
was usually reached in 50 iterations.
I ‘ |
dy *a, |
I
Shock l i \ \Shock
Y, Shock 4 \ \
Sketch A5

Supersonic-Supersonic Shocks.

For supersonic-supersonic shocks, Hafez and Cheng8 used equation (A.7)
to locate the shock in a step-by-step procedure. With the present
method, we solve the problem iteratively where the shock moves according
to equation (A.9). The value of ¢ at the shock is used as a boundary
condition for the unknown on a vertical line between the shock location
and the body (axis). Since background differences are used, values along
the i-1 and 1i-2 1lines are needed. Extrapolation in the Y direction
is used to obtain the values of ¢ for those points upstream of the
shock. As shown in figure 11, we have calculated the flows around a 6%

parabolic arc airfoil for a supersonic stream (M_ = 1.15) by using
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J 60
59
Shock

3

2

1

| I S | Ll :: I |
123 5960
Figure 10. Supersonic-Subsonic Shocks.
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Figure 10(a). Nonconservative Calculations.
SOHIC LINE COCRDINATES
Y ASOMIC

Ji19 32 33 34 35 1 0.,00000 «28066 +86503
18 32 233 34 35 6 2 .05000 «29949 .86228
17T 22 33 34 35 3 3 .10000 «J1699 85976
16 32 33 34 35 36 3I7 “ 15000 «33455 +85712
1S 32 33 3 35 36 37 S .20000 «3518) «85416
14 32 33 36 ‘35 26 37 6 +25000 »36827 +85075
13 32 33 3% 35 3% N 7 »30000 «308496 84680
12 232 33 3 35 3% N 8 +35000 «40213 »84223
11 32 33 M 35 36 I 9 «40000 «41832 +83698
10 32 33 3% 35 36 31 38 10 245000 243547 +83098
9 32 33 X 35 W% 37 3 1l «50000 «45288 «82426
8 32 3 3 35 36 37 2w 12 .55000 07014 .B1641
T 32 33 P 35 3 I 38 13 «60000 048879 «80815
6 32 3 3% 35 236 3IT 38 14 65000 «50780 » 19955
S 32 3) 36 35 36 37 38 15 .70000 «52735 +78968
4 32 33 3 35 3% 37 I8 16 .75000 «54916 « 17842
3 32 33 3% 35 6 37 I8 17 .80000 «57172 » 75984
2 32 33 ¥ 135 36 37T 2 ' 18 +85000 «60008 + 764058
1 32 33 34 35 3% 37T 38 19 +50000 +63896 10769

Figure 10(b).
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Fully Conservative Calculations.

XSH(d)

280673
.80228
«T6HZO
276440
« 75071
JTE6S6

EILEH

XSHiJ)

»B86503
«86228
«85976
=85712
+85416
+8507S
«84680
« 84223
«83698
=83058
«826426
81641
«80835
+« 79955
«789€8
« 77842
275984
« 74058
«T07€9



J

(.

- o e (o g e o P =t 43

20

Je 32 33 3% 35

1A 32 33 J4 35 216
17 32 33 3% 35 136

163223 36 35_36 3.

15 32 33 36 35 36 7

1% 32 33 34 3™ 16 N

12.32 3324 35 2631

17 32 33 & 35 36 37

1 32 33 34 35 6 37T 38

10 _32 ._JJ_.M_JS_ 3637 .38 .
32 N 35 36 37 38
32 N 36 35 36 237 28
32_2331 )% 35 36_37 . 38

33 M 35 36 37 238

32 33 3 35 6 37 M

32 33 3 35 36 37 34

32 33 3 35 36 3T 8

32 33 34 35 3% 31 38

32 33 3 35 36 37 38

| !

-t o rluao-—
[ =]
~N

SONIC LTNE COCRC INATES

XSONIC
d
—te 0.00000 __o 28! 8106
2 «05000 «29915 «A642A
3 «10000 «31652 «B6187
b J15000 ____L333B0____ _.B5946 _
S 20000 « 5135 JB5665
[ «25000 « 36746 .A5339
.7 W0000 . LI3BATT____ JB0Y9ED _
L} «35000 «4 0205 284520
9 «&0U000 au 1804 +B84013
L0 45000 93544 .8343) _
11 «50000 045277 +82T€R
12 +55000 46987 .819€2

13 L.00000 L48862 .81)0231

14 «A5000 «50737 «80255
15 «70000 57673 «T9287
Ao o TS5000. 04869 ,28162 .
17 +50000 «57139 +TH4LED
18 85000 959922 «T442S

A9 +90000 s 03564 T20E0_

Figure 10{c). Modified Shock Point Operator Results
{Elliptic Operator With a Correction Term).
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SOSIC LINE COORDINATES

ASONIC
1 0.00000 428023  ,B8547)
2 «05000 «29917 »85197
3 10000 316645 84997
b 15000 3366 «84819
5  .20000  L,ISI19  ,B48S7
& 425000 L6742 ,B4SS3
T 430000  .38e4T 84396
8 35000 40159  ,A4212

L9 L40000  .61778  ,823989

10 65000 .. .43482.. 83711

11 .50000  .e5218°  ,8334é

12 .S5000  .46950  .82834

13 .60000 %8767 81898

14 .65000  .50662  ,81021

15  .70000  .52567  .B0216

16 75000 L54726 19424

17 <80000 56937 78593

18 85000  .59497  ,7764S

19 90000 . 52327  ,75326

20 .95000  .67023  ,73375

Figure 10(d). Shock-Fitting Results.
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Figure 11. Supersonic-Supersonic Shocks

SONIC LINE COORDINATES

XSONIC
) 0.,00000 -.27367 « 21552
2 10000 -e27279 «24613
3 «20000 =.27014 227072
4 +30000 =,26557 +29360
5 40000 -.25859 +3150R8
6 «50000 =,24752 233521
7 60000 =.2J175 235224
] 70000 ~,21020 + 36481
9 80000 -,18986 31212
10 «90000 =-.16630 »3834)
11 1,00000 =.14307 29651
12 l.10000 ~a11717 «©0931

12 1.20000 _ =-,09201 «41759
14 1.30000 -,06298 42088
15 1.40000 -,02219 KYipt
16 1.50000 «+00338 242115
17 1.60000 LY 42222
18 1.70000 06766 «42368
19 1.80000 «10083 62306
20 1.90000 12260 24217}
21 2.,00000 +16855 18175
22 2.10000 20949 +51005
23 2,20000 «30005 +39675
2% 2,30000 «35820 38361

Figure 11{a). Nonconservative Calculations (Did Not Converge in 200 lterations).

SONIC LINE COORDINATES

o Y XSONIC

1 0.00000 _=-.)2460 _ .20530. ..
2 «10000 =e11615 «23445

3 «20000 =.09985 25976

b «30000 -+07985 -28256

5 260000 =+05245 « 30410

] «50000 =.0270S «32279

7 «60000 00573 «35211

8 «70000 « 03904 35954

9 80000 «07022 «376%9

10 90000 «10850 +39318
11 t.00000 6712 40804
12 1,10000 «18360 242306
13 1,20000 «22068  _ ,413949
14 1,30000 2261397 45455
15 1.40000 « 30873 246981
16 1.50000 35415 48157
17 1.,60000 20215 N1TE
18 1,70000 %5713 +51025

Figure 11(b). Fully Conservative Calculations.
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Figure 11{d). Shock-Fitting Results.
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Figure 11(c). Initial Shock Location Predicted From Nonconservative Calculations.

37



AEDC-TR-78-37

(1) Nonconservative scheme
(i1) Fully conservative scheme
(111) Shock fitting (present method);
For the calculations shown in figure 11, we used a 60 x 30 grid
(Ax = 0.05 , Ay = 0.1).
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