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Section 1
INTRODUCTION

Axial-flow compressors are used in many aircraft gas-turbine propulsion
systems. Improvements in the performance of these devices have always been an
important goal of research and development activities, and this goal has taken

on new significance in recent years, with increasing demand for maximum thrust
with minimum noise and fuel consumption.

The desire for improved performance has led to higher rotational speeds,
which produce large regionsAof transonic flow, where the resultant of the axial
inlet velocity of the gas and the angular velocity of the blades exceeds the
speed of sound. Thus all of the nonlinear complications of transonic flow are
added to a flow pattern that is already quite complex: even when the entire
flow is subsonic, it is unsteady and three-dimensional in general, and is
strongly influenced by boundary layers on fixed and moving walls, by distortions
of the inlet flow, and by a variety of three-dimensional effects. All of these
complications are compounded by the introduction of transonic effects, which
are typified by large lateral zones of influence and by the presence of shock
waves. Thus the flow in a transonic compressor is influenced by some of the
most complex phenomena in fluid mechanics.

The extent of these complications together with the great technological
importance of axial-flow devices has motivated a great deal of research, and
important new advances have been made in recent years, especially in regard to
the three-dimensional and transonic features of the flow.1 These advances

include contributions from both experimentz'S and theory.6'25 On the experimental

1Adamson, T.C. and Platzer, M.F., eds. Transonic Flow Problems in Turbo-
machinery Hemisphere Publishing Corp., Washington (1977)

Benser, W.A. Bailey, E.E. and Gelder, T.F. "Holographic Studies of Shock Waves
Within Transonic Fan Rotors'' Paper presented at the ASME Nineteenth Inter-

national Gas Turbine Conference, Zurich, Switzerland; available as NASA TM X-71430
(30 March-4 April 1974)
3wisler, D.C. ""Shock Wave and Flow Velocity Measurements in a High Speed Fan
Rotor Using the Laser Velocimeter'' ASME Paper 76-GT-49 (March 1976)
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side, a variety of non-intrusive measurement techniques have been used to probe
! ! 2-5 .

the three-dimensional structure of the flow. In the area of theoretical

advances, a wide variety of computational techniques suited to transonic-flow

calculations has been developed.6'25

The research described in this report belongs to the latter category.
Specifically, it deals with the question of how to specify properly the
conditions at the inlet of a transonic compressor. An observer riding on one
of the rotor blades of a transonic compressor sees a helical relative approach
flow, formed as the resultant of the axial inlet velocity of the gas and the
angular velocity of the blades. This inlet relative velocity is typically
supersonic at spanwise stations near the tip, and subsonic near the hub. A
series of shock waves is generated by the tip sections, while none are

produced near the hub; somewhere between these stations a transition must take

4Gallus, H.E., Bohn, D. and Broichhausen, K.D. 'Measurements of Quasi-Steady
and Unsteady Flow Effects in a Supersonic Compressor Stage' - ASME Paper
77-GT-13 (March 1977)

sDunker, R.J., Strinning, P.E. and Weyer, H.B. "Experimental Study of the Flow

Field Within a Transonic Axial Compressor Rotor by Laser Velocimetry and
Comparison with Through-Flow Calculations'"  ASME Paper 77-GT-28 (March 1977)

6Alzner, E. Erdos, J. "Unsteady Flow Through Compressor Stages' Advanced
Technology Labs., Inc. Report TR-168 NASA CR-127765 (December 1971)
7McDonald, P.W. "The Computation of Transonic Flow Through Two-Dimensional

Gas Turbine Cascades'"  American Society of Mechanical Engineers, Paper 71-GT-89
(1971)
8Gopalakrishnan, S. and Bozzola, R. ""Computation of Shocked Flows in Compressor

Cascades'  American Society of Mechanical Engineers, Paper 72-GT-31 (1972)

9Kurzrock, J.W. and Novick, A.S. "Transonic Flow Around Rotor Blade Elements'
Transactions of the ASME Vol. 97 (December 1975) pp. 598-607

10Erdos, J., Alzner, E. and McNally, W.D. "Numerical Solution of Periodic

Transonic Flow Through a Fan Stage' AIAA Journal 15 No. 11 (November 1977)
1559-1568
11

Dodge, P.R. '"A Transonic Relaxation Method for Cascade Flow Systems' von Karman

Institude for Fluid Dynamics, Lecture Series on Transonic Flow in Turbomachinery
(May 1973)




place from a flow that is essentially supersonic in character, to one that is
subsonic in character. These general physical features of the flow are clearly
shown by the laser dual-focus measurements:s at a station upstream of the
blades, a periodic shock-wave pattern is seen propagating forward* from the
outboard stations, while the upstream flow at the inboard stations is composed
of disturbances which decay rapidly, in a manner typical of subsonic flow.

Any attempt to model these flow features numerically must make allowance for
both kinds of behavior, at the upstream boundary of the finite-difference grid.
Moreover, this allowance must be made in such a way that the upstream flow at

a given spanwise location is dependent on the flow at all other spanwise loca-
tions. It is a feature of three-dimensional flows that, even though the
velocity is locally supersonic, nevertheless the radial communication that is
present leads to an interaction with the subsonic flows farther inboard. It is

no longer adequate to use a two-dimensional approximation, in which the upstream

wave pattern is uniquely determined by conditions at the given spanwise location.

12Shope, F.L. and Lakshminarayna, B. ""Relaxation Solution of High Subsonic

Cascade Flows and Extension of This Method to Transonic Cascades' ATAA
Paper 75-23 (January 1975)

13Luu, T.S. and Coulmy, G. '""Relaxation Solution for the Transonic Flow Through

a Cascade'  Symposium Transsonicum II, edited by K. Oswatitsch and D. Rues,
Springer-Verlag, Berlin, 1976, pp. 331-339

14
Dodge, P.R. ""A Non-Orthogonal Transonic Relaxation Method for Cascade Flows"
ASME Paper 76-GT-63, (March 1976)

15Ives, D.C. and Liutermoza, J.F. "Analysis of Transonic Cascade Flow Using

Conformal Mapping and Relaxation Techniques'"  AIAA Journal 15 No. §
(May 1977) 647-652

16Sator, F.G. ""Computation of Transonic Flow with Detached Bow Shocks Through

Two-Dimensional Turbomachinery Cascades'"  International Council of Aerospace
Sciences, Paper 76-40 (October 1976)

17Sator, F.G. "Inverse Computation of Profile Shapes for Given Transonic Flow

Configurations, with and without Detached Bow Shocks in Two-Dimensional Turbo-
machinery Cascades'  ASME Paper 77-GT-33 (March 1977)

18Japiske, D. ""Review-Progress in Numerical Turbomachinery Analysis'  Journal
of Fluids Engineering Trans ASME 981  (December 1976) 592-606

*
The cases studied herein are restricted to subsonic axial flow, for which these
waves propagate upstream.




These general considerations are reviewed in Section 2, which deals with
the formulation of the problem, with special attention to the new features
peculiar to a fully three-dimensional calculation method. Section 3 then gives
a brief description of a number of alternative approaches that were considered.
Several of these were judged to be worthy of further development, and two of
these were studied further. The approach found to have the greater potential
of these two, the matching method, is described fully in Section 4. Section §

contains the conclusions reached, and recommendations for further development.

19Novak, R.A. and Hearsey, R.M. "A Nearly Three-Dimensional Intrablade Comput-

ing System for Turbomachinery - Part I, General Description; Part II - System
Details and Additional Examples' ASME Papers 76-FE-19 and 20 (March 1976)

2OHirsch, C. and Warzee, G. "An Integrated Quasi-3D Finite Element Calculation
Program for Turbomachinery Flows' ASME Paper 78-GT-56 (April 1978)
21Oliver, D.A. "Four Issues in the Computation of Transonic Flows in Turbo-

machinery"  pp. 163-165 of Ref. 1

2201iver, D.A. and Sparis, P. ""Computational Aspects of the Prediction of
Multidimensional Transonic Flows in Turbomachinery'"  pp. 567-585 of
Aerodynamic Analyses Requiring Advanced Computers Part I, NASA SP-347 (1975)

23Paris, D.S., Ganz, A.A. and Liutermoza, J.F. ""Some Formulation Considerations

in 3-D Transonic Flow Computation'  pp. 79-94 of Ref. 1

24Veuillot, J-E, ""Calculation of the Quasi Three-Dimensional Flow in a Turbo-

machine Blade Row' Journal of Engineering for Power Trans. ASME 99 (A)
(January 1977) pp. 53-62 i

25 ; ’ ; :
Rae, W.J. ""Calculations of Three-Dimensional Transonic Compressor Flowfields

by a Relaxation Method" Journal of Energy 1 (1977) 284-296
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Section 2
FORMULATION OF THE PROBLEM

In treating a flow as complicated as this one, an approximate descrip-
tion must be found which is detailed enough to retain the essentials of the
problem, but simple enough to work with. For the present case, the nonlinear

45,26 is ideally suited: it retains the

small-disturbance approximation
essential nonlinearity of the problem and the associated wave structure, yet
allows fully three-dimensional flows to be calculated in reasonable times.
References 25-29 contain a full description of this method, and the computer
program used to calculate examples with subsonic inlet relative Mach number at
the tip. In this section, this method is reviewed, with special attention to

the boundary conditions required at the inlet.

Basic Equations

The rotor is assumed to be working in a uniform inlet flow, and the
flow is assumed to be steady in a coordinate system fixed to the blades. The
hub and casing form an annulus of constant diameters. Far upstream of the
blade row, the flow seen by a blade-fixed observer has an axial velocity (I,
and angular velocity wr .

The coordinate system and rotor geometry used are shown in Figure 1,

where the dimensionless variables are defined as

26 ; ;
Rae, W.J. '""Nonlinear Small-Disturbance Equations for Three-Dimensional

Transonic Flow Through a Compressor Blade Row'  AFOSR TR-76-1082 AD-A031234
(August 1976)

27 : . :
Rae, W.J. ""Relaxation Solutions for Three-Dimensional Transonic Flow Through

a Compressor Blade Row, in the Nonlinear Small-Disturbance Approximation"
AFOSR TR-76-1081, AD-A032553  (August 1976)

28
Rae, W.J. ""Computer Program for Relaxation Solutions of the Nonlinear

Small-Disturbance Equations for Transonic Flow in an Axial Compressor Blade
Row'"  Calspan Report No. AB-5487.A-3 (April 1978)

Rae, W.J. "Finite-Difference Calculations of Three-Dimensional Transonic
Flow Through a Compressor Blade Row, Using the Small-Disturbance Nonlinear
Potential Equation'  pp. 228-252 of Ref. 1

29
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i ; - ; L " : - ﬁiﬁ 1
z P z & -2 i) % (1)

Wy = g+, W. = v , Wy = wr + w (2) '

These dimensional perturbation velocities are related to the velocity potential by

G Q) - g 3_"’) ,.
ww d az 32 p'; 3: 2,p
5 v e 2
o= — - — = c—— -»
S ap )E,O ap )!,t (3)
(} = i = L 22 = —1 ﬂ)
Fen Furen Z,p o 2,0

The velocity potential satisfies the equation

{1 -M:(/ +p1) -(2!4-7)/*'1: ¢‘} ¢H+p1¢n-,z(;+,o1) Pua

(H-p)

, (4)
PR ¢e:*(’*p)(¢ﬁp p¢) e

Subscripts denote derivatives in the Z, p, 5 coordinate system; thus the

symbol ¢z stands for 33;:

This nonlinear equation describes the disturbances caused by the blade

row. In a two-dimensional limit, where radial derivatives are zero, it reduces
: 30

to the transonic small-disturbance equation treated by Murman and Cole. Note

that the inlet relative Mach number appears explicitly in the coefficient of
the first term:

30Murman, E.M. and Cole, J.D. '""Calculation of Plane Steady Transonic Flows"
AIAA Journal 9 pp. 114-121 (1971)
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My = M (H-pa)

[

There are B blades in the row, and they are taken to lie in the helical

surfaces defined by &, and wr . .The axial projection of their chord is a

constant, C, . Thus, they are located at
‘Zé wcd- 5 < 2;” . =
0 s E ) pHS,Os,OT; :-—B—-, a{tO,/,l,.-.,B'f (D)

If the program is run in the off-design mode, the blade shapes are
given by (see Figure 2)

lu (S,r) = A(s,r) % 3 8(5,r) = @lr) -5 6)

f where 1&,t and & are the camber, thickness, and angle of incidence. The blade-
surface boundary condition is

My &2 7
W as

When the program is run in the design mode, the prescribed quantities
are the loading and thickness distributions:

P~ P w “
AC (S,r) = = —2(14+p%) [—’ - = ] (8)
P é_ f,, OC: Wo)‘ W,)u
]
t's,r) = i L (9)
ds as

The blade-surface boundary conditions are applied in the helical surfaces Z = 0
and § = 27T/8.

Far downstream of the blades, the perturbation potential is expressed
as @ = C2, where

~—— - e —— e —— - - e ————
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Py
-8
C = = £ Pa) ol (10)
n'("-Mn)(pr -p;) L;p ¢ A

and where A4 ¢((p) is the spanwise distribution of the circulation. Far up-

stream of the blades, a radiation condition must be imposed, requiring that

any disturbances present shall be traveling in the upstream direction. It is

the specific formulation of this condition, suitable for numerical application,
. that forms the objective of this research.

Numerical Solution

The region in which the solution is to be found is divided into a
grid, with the indices L, K and N used to number points in the Z, Z and o,

directions, respectively. Equal spacing is used in the z - and p - directions:

21T
Ty = (L=1)AY ; Lo 1,2,....,.6M% } 4§ = —B—/(me-r) (11)’

/0,-,0
p(N) = ,OH+(N-7)A,0 ) N = 7,2,...,/\//"1)(,' Ap = -N_/\TX_-H-‘) (12)

The spacing in the Z - direction is nonuniform; the 2 -coordinate is taken as

LT g v 25 §

The variable T is then allowed to vary from -1 to +1, as 2 varies from -® to

+o0 .

2
Te-1+KAT , K= 1,2,...;KMX; 4T = o= (14)
% The particular dependence Z(7)used here is

.: COEK) = F 4 2—’-‘1’ :f‘;::; : (15)
y 10 .
|
|
-

» - e ——— S
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where

- ;
ZH = E(ZI4-Za)

W€
Zz = FXI - —= ) z = FXB - f‘ﬁ
z e . Lo
16
pon Ao (AT /(2-2T)] g
: T(2, - 2;)

The locations of the upstream and downstream edges of the grid are set by the

input values for FXB and FXI. Figure 3 shows the general appearance of the

grid (with uniform spacing in the Z- direction) at constant radius.

The solutionof this finite-difference problém has been carried out by

a single-line overrelaxation technique. Details of the method were given in

Reference 28, and results in Reference 25, for cases where the inlet relative

Mach number at the tip was subsonic. For these cases, all disturbances must

vanish, far upstream of the blades; this condition was achieved by requiring
the perturbation potential to be zero at K = 1.

It should be emphasized that the solutions found by this method are
"fully three-dimensional', i.e., no further approximations to the radial deriva-
tives are made, beyond those already contained in the differential equation.-
In this sense, the solution must be distinguished from ''quasi three-dimensional"
solutions.lg'20 The latter are essentially a set of weakly coupled two-dimen-
sional solutions in neighboring blade-to-blade planes. The degree of coupling
varies from one method to another, but never reaches the level of evaluating
the radial derivatives at all points. In constrast, the numerical work described
above carries the full radial communication throughout the flow. No assumptions
peculiar to any given radius are made, and all quantities are free to adjust
themselves radially. One of the features observed in the solutions is a radial
redistribution of the mass flow, as the streamtubes at various radii adjust

their cross-sectional areas in response to the pressure gradients imposed by
the blading.25

11
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For the cases of concern here, the condition that disturbances vanish
at the upstream grid boundary is not adequate, because it is possible for
disturbances of nonzero amplitude to be radiated forward from the blade row.
The appropriate condition is then a radiation condition, which states that any
wavelike disturbances present in the flow must not have originated upstream
of the grid boundary. Figures 4a and 4b illustrate the types of patterns that
ére envisioned by this condition. In Figure 4a, the shock waves that are
generated near the blade leading edges are radiated upstream. Figure 4b is a
representation of what might happen 1if these waves were reflected at a grid
boundary. The reflected waves would obviously be an artifact of the finite-

difference procedure, and a means must be found for eliminating them.

In the fully linearized approximation (corresponding to ¥ = -1 in
Equation 4) the radiation condition is easy to apply. In that case, the general
solution can be written as a Fourier-Bessel series; the eigenfunctions contain-
ing the axial dependence display both families of waves, and the proper set is
chosen by setting the appropriate coefficients equal to zero in each term.31-37
Unfortunately, this term-by-term operation does not suggest any equivalent

formula that might achieve the same effect on the sum.

31McCune, JEs ""The Three-Dimensional Flow Field of an Axial Compressor Blade
Row-Subsonic, Transonic, and Supersonic' Ph.D. Thesis Cornell University
(February 1958)

°2McCune, J.E. ""A Three-Dimensional Theory of Axial Compressor Blade Rows -
Application in Subsonic and Supersonic Flows'  Journal of the Aerospace
Sciences Vol. 25 No. 9  (September 1959) pp. 544-560

33McCune, JE. ""The Transonic Flow Field of an Axial Compressor Blade Row"

Journal of the Aerospace Sciences Vol. 25 No. 10 (October 1958) pp. 616-626

34Okurounmu, 0. and McCune, J.E. "Three-Dimensional Vortex Theory of Axial
Compressor Blade Rows at Subsonic and Transonic Speeds'  AIAA Journal Vol. 8
No. 7 (July 1970) pp. 1275-1283

Okurounmu, O. and McCune, J.E. "Lifting Surface Theory of Axial Compressor
Blade Rows: Part I - Subsonic Compressor; Part II - Transonic Compressor'
AIAA Journal 12  (October 1974) pp. 1363-1380

36Lordi, J.A. ""Report on a Study of Noise Generation by a Rotating Blade Row

in an Infinite Annulus'" U.S. Air Force Office of Sciencitic Research Report
AFOSR TR-71-1485; also available as Calspan Report No. AI-2836-A-1 (May 1971)

Lordi, J.A. ""Noise Generation by a Rotating Blade Row in an Infinite
Annulus'  AIAA Paper No. 71-617 AIAA 4th Fluid and Plasma Dynamics Confer-
ence, Palo Alto, California (21-23 June 1971)

37
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Thus, while the radiation condition is easy to describe, it is never-
theless very difficult to formulate, in terms suitable for a numerical calcula-

tion. In the next section, a review is given of a number of candidate methods
for doing so.

15
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Section 3
REVIEW OF ALTERNATIVE APPROACHES

This section contains a description of some of the formulations of
the inlet conditions that have been used in other flowfield calculations, with

comments on their suitability for the present problem.

Uniform Flow

The disturbances generated by the blade row diminish in amplitude as
they propagate forward. Thus it might be hoped that the imposition of uniform-
flow conditions would be an adequate boundary condition, especially if the
upstream grid boundary is located sufficiently far from the blades. There are
published results of turbomachinery flowfield calculations which have used

2
this procedure.g"‘z’38

Thompkins and Epstein point out the inconsistency of
this procedure, but note that the acoustic energy being radiated has a small

effect on the flow in the vicinity of the rotor.

The approximation chosen for the present study is a more sensitive
one, however, in that the rotors are lightly loaded, so that all disturbances.
are small. An attempt was made to carry out a supersonic-tip-speed calculation,
using the computer program described in Reference 28, which employ a uniform
flow at K = 1. The results showed that stable solutions could not be found;
instead, a series of waves travels back and forth between the blades and the
grid boundary with an amplitude that decreases in the upstream direction. These
wavelike disturbances are located mainly at the outer spanwise stations, where
the inlet relative Mach number is supersonic. They also influence the flow in
the subsonic regions closer to the hub, but their effect decays very rapidly
toward the hub.

These tendencies are displayed in Figures 5-7, which contain results
for a blade row having 23 blades, a hub/tip ratio 4 = 0.5, solidity C, /&y =0.5

operating with P4~ = 0.5, M, = 1.2, so that the inlet relative Mach number

38Thompkins, W.T. and Epstein, A.H. "A Comparison of the Computed and Experi-
mental Three-Dimensional Flow in a Transonic Compressor Rotor'  AIAA Paper
76-368  (July 1976)
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*
varied from 0.78 at the hub to 1.3 at the tip. Figure S5 shows the Mach number
distribution at an inboard station ( P = 1.333), at two stages in the iteration
process. The Mach number is shown as a function of the index K , which numbers

the grid points in the axial direction. It is related to axial location by

dn(K/ 61 -K)
Ln (1 /60) g

g
2

. St |
c. 2
The iteration number counts the number of times the solution has been updated

at the point in question. Numbers on the order of 2000 are large enough for

the solution to have converged, for the grid size used here. It is clear that
the solution has converged at this inboard station, with only a small response
to the changes that are still occurring outboard. The latter changes are illus-
trated in Figure 6, which pertains to © = 2.267. Here the movement of waves

is readily evident. Figure 7 shows Mach number contours at the outboard station;
one would expect that these contours would open up, and extend upstream at
approximately the Mach angle. Apparently, this behavior is prevented by the

imposition of the constant level M = 1.24 at the upstream grid boundary.

It is interesting to note that a separate set of calulations was done
for precisely the same conditions, but with an earlier version of the computer
program (Reference 27) which used a four-point representation of the mixed
derivative ¢;z . This earlier calculation converged after only 1300 iterations,
and showed no evidence of wave motion. However, as noted in Reference 25,
calculations done with the four-point formula have great difficulty showing any
waves at all. Apparently, the effective viscosity associated with the trunca-
tion error of the four-point formula is very large, with the result that all

of the waves present in the solution are spread out over many grid points.

The two calculations described above were done for incidence angles on

the order of 15 to 20 degrees, resulting (for the calculation using the four-point

*

Details of the blade-row geometry and operating conditions are given in Appendix
A. These calculations were funded by the Air Force Office of Scientific Research
and Calspan Corporation IR&D, and were presented at the AFOSR Program Review
Meeting, held at Wright-Patterson Air Force Base, 25-26 April 1977.
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formula) in stagnation pressure ratios on the order of 1.3. Thus the disturbances
generated were quite large - in fact, large enough to strain the limits of
applicability of the small-disturbance approximation. Within this approximation,
it appears that the factor which determines whether stable solutions can be

found is not the relative magnitude of the acoustic and blade-induced disturbances,
but rather it is the basic ability of the finite-difference procedure to capture

the waves.

Another feature of these calculations that should be noted is that the
coordinates were ''stretched" in the axial direction. This has the effect of
placing the upstream boundary a greater physical distance from the blades, for
a given grid size. This is an effective procedure for subsonic inlet cases,
where the potential itself is assigned (equal to zero) on the upstream boundary.
The stretching used in the cases reported above assigned zero potential values
at three chord lengths upstream of the blade row. Thus a substantial advantage
was given to the uniform-inlet boundary condition. The fact that it did not
yield stable solutions must be taken as evidence that the solution contained
substantial variations, even at several chords upstream of the blade row, and

the uniform inlet conditions were inconsistent with these variations.

The coordinate-stretching technique loses its advantages when the bound-
ary conditions involve derivatives of the potential (as seems likely to be the
case, if wave-induced velocitigs are to be used). The reason is that finite-
difference representations of these derivatives introduce derivatives of the
coordinate transformation, which generally become large, at large distances
from the blades. Thus, as noted by Magnus (Reference 39), the attempt to assign
boundary values at arbitrarily large distances may be defeated by arbitrarily

large values of the coordinate-transformation derivatives.

The net conclusion to be drawn is that uniform inlet conditions are
not acceptable, although they may lead to converged solutions, especially if the

finite-difference method is not sensitive to wavelike structures.

39Magnus, R.J. '"Computational Research on Inviscid, Unsteady, Transonic Flow

over Airfoils" Convair Division of General Dynamics Report CASD/LVP 77-010
(January 1977)
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Two-Dimensional Approximations

Measurements of the wave pattern near the tip of a transonic compressor
(References S5, 40, 41, for example) show structures that are essentially two
dimensional, and two-dimensional analyses, usually of the simple-wave variety,
have often been used“'44 to interpret these structures. Thus, it is tempting
to use the two-dimensional formulas to assign the flowfield at the upstream

grid boundary.

[t is clear what formulas would be used at stations where the inlet
relative Mach number is greater than one. However, there is no comparable
set of formulas for the subsonic stations inboard. It seems reasonable to
assume zero disturbances, far enough upstream in the subsonic zone. However,
it is not clear what degree of approximation would be introduced by assigning
such a uniform subsonic region adjacent to a two-dimensional simple-wave
region, even if the singular behavior of the latter at Mach number one could

be overcome.

Moreover, the construction described above would give rise to nonzero
values of the radial velocity, which might be quite large in the vicinity of
the sonic radius. These nonzero values of 099 /dp are inconsistent with the

two-dimensional assumption that produced them in the first place.

40 ; '
Schwenk, F.C., Lewis, G.W. and Hartman, M.J. "A Preliminary Analysis of the

Magnitude of Shock Losses in Transonic Compressors'' NACA RM ES57A30
(March 1957)

41,.. A
Miller, Q.R. and Bailey, E.E. ""Static-Pressure Contours in the Blade Passage
at the Tip of Several High Mach Number Rotors" NASA ™ X-2170 (February 1971)

Lgvine, 24 "Two-Dimensional Inflow Conditions for a Supersonic Compressor
with Curved Blades'"  Journal of Applied Mechanics 24 (1957) pp. 165-169

Fink, M.R. ""Shock Wave Behavior in Transonic Compressor Noise Generation'"

Trans ASME 93 (D) Journal of Engineering for Power No. 4 (October 1971)
397-403

44 .
L1chtfussf H.J. and Starken, H. ""Supersonic Cascade Flow" pp. 37-149 of
Progress in Aerospace Sciences Vol. 15 ed. by D. Kuchemann Pergamon Press,
New York (1974)

43
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It may be found eventually that a modified form of the two-dimensional,
simple-wave picture is a satisfactory boundary condition, and the agreement
with experiment, at least for stations near the tip, requires that this be the
case. However, the viewpoint of the research reported here is that quasi-two-
dimensional behavior must be a product of the calculations, and not an input
to them. For this reason, no attempt has been made to apply the two-dimensional
formulas on a strip-theory basis. Instead, the requirement has been set that
the boundary condition to be used at the upstream grid boundary must not be
specific to each radius, but must encompass all radii simultaneously, and must

allow full communication between all radii.

One implication of this three-dimensional communication is that the
concept of unique incidence, familiar in two-dimensional approximations,44 no
longer applies. The unique incidence requirement arises from the fact that
a supersonic flow can pass through a preassigned area distribution only for a
unique value of the mass flow. If the flow is assumed to be two-dimensional,
then the blade geometry fixes the area distribution. However, if the flow is
three-dimensional, then the stream tubes are free to find their required cross-
sectional area by deflecting radially, and it is no longer true that the blade

geometry alone determines the allowed incidence.

Relations Used in Unsteady Methods

Many of the methods currently used for turbomachinery flowfield calcu-
lations are based on the time-dependent equations of notion,9"10:21-24 oo
cases that are expected to be steady in blade-fixed coordinates, the boundary
conditions do not vary in time, and the steady state is achieved as the large-
time limit of the unsteady solution. In this approach, the basic equations
are always hyperbolic, and have real characteristics, which can be used to

calculate conditions at the upstream grid boundary.
In the present work, the assumption of steady flow in blade-fixed

coordinates is used from the outset to simplify the equations by reducing the

number of dependent variables from four to three. One effect of this step is
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to yield a mixed (hyperbolic/elliptic) equation which does not have real
characteristics in the subsonic regions. In their absence, what is sought is

a radiation condition, uniformly applicable to supersonic and subsonic regions.

Although the method-of-characteristics approach of the unsteady methods
is not directly applicable, it does, however, suggest a technique that might be

useful for the quasi-steady equations used here.

The technique referred to is suggested by the fact that the iteration
process used to solve the quasi-steady equations can be thought of as equivalent
to an unsteady method, with the iteration count playing the role of time. Indeed,
it is precisely this analogy that motivates the selection of terms to be updated
on each iteration, following the analysis of Jameson.4s Thus it is possible to
construct an unsteady equivalent of the quasi-steady equation, with time-dependent
terms corresponding to the specific choices made for updéting various values
of the potential. It is possible that one or more of these equivalent unsteady
equations might serve as the basis for constructing a radiation condition suited
to the iteration process.

46~45 \ave addressed the question of

In particular, recent studies
shock-wave motion in unsteady two-dimensional transonic flows. This motion
was calculated by a shock-fitting method, in which the shock-jump equation
used, derived from the unsteady potential equation, contains the shock-wave
velocity explicitly. It seems reasonable to assume, in general, that the motion
of captured shocks in iterative methods probably follows the unsteady shock-

jump relations corresponding to the equivalent unsteady equations being used.

45 : . : z :
Jameson, A. "Iterative Solution of Transonic Flows over Airfoils and Wings,

Including Flows at Mach 1" Communications on Pure and Applied Mathematics 27
pp. 283-309  (1974) y

46
Yu, N.J., Seebass, A.R. and Ballhaus, W.F. "An Implicit Shock-Fitting Scheme

for Unsteady Transonic Flow Computations'  AIAA Paper 77-633 (June 1977)

47
Fung, K.Y., Yu, N.J. and Seebass, A.R. ""Small Unsteady Perturbations in
Transonic Flows'  AIAA Paper 77-675 (June 1977)

48
Seebass, A.R., Yu, N.J. and Fung, K.Y. ""Unsteady Transonic Flow Computations'
Paper presented at the AGARD Fluid Dynamics Panel Symposium on Unsteady Aero-
dynamics, Ottawa, Canada (September 1977)
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If this is the case, then it might be possible to tailor the selection of
updating rules in such a way as to obtain an equivalent unsteady equation whose

wave-motion properties yield outward-moving waves.

The number of research questions posed by this possibility was felt
to be so numerous as to place it beyond the scope of the present effort, and
no futther attention was given to it. However, it may hold enough promise to

warrant further consideration in future studies.

Modified Linear Theory

It was noted above that the fully linearized small-disturbance theory
can be expressed in closed form, as an infinite sum of eigenfunctions. In each
term, the coefficients are chosen in such a way as to enforce the radiation
condition. Thus it is natural to turn to these series expressions when searching
for a radiation condition applicable to the nonlinear small disturbance theory.
The basic idea is to make evaluations of the linearized theory for typical cases,
and to learn from these results what structure is introduced by the radiation

condition.

Ore of the complications of this approach is that the solution displays
a resonance phenomenon at transonic speeds where some of the eigenfunctions
become infinite. The amplitudes of these modes can be kept finite by the
introduction of viscous damping31 or by the addition of a linearized form of the
nonlinear term,35 On the basis of McCune's results,35 the latter approach was
judged to be the preferable one, and a fair amount of attention was given to the
derivation of the appropriate formulas, and the development of a computer program

for evaluating the eigenfunction solutions for given cases.

Calculations were made for the blade-thickness contribution to the flow
field upstream of a typical transonic rotor. In the course of this work, limi-
tations were discovered in the approximate representation of the transonic non-
linearity. The approximation, which amounts to a parabolic method, replaces

the streamwise acceleration by a constant. Unless this constant is positive,
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the linear acoustic description of the far field cannot be recovered. However,
the flow through a compressor rotor is, on the average, decelerating; thus the

choice of the constant for a given case is a rather arbitrary procedure.

While results of these calculations can provide some guide to the formu-
lation of a radiation condition, it was felt that the matching method, described
below, was a preferable choice. Details of the modified linear theory and the

results obtained are presented in Appendix B.

Matching Method

The firal approach considered, and the one adopted, was a matching
between the linear theory and the numerical solution, at a station upstream of

the leading edge. This method is described in detail in the next section.
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Section 4
MATCHING METHOD

It is standard practice in transonic flowfield computations to use an

analytic representation of the far field.

- of the subsonic flow over a nonlifting airfoil used

a doublet as the far-field solution. The strength of the doublet was a function
of the solution itself, and was updated as the solution progressed.

For example, the original calcula-
tions by Murman and Cole

An analogous procedure is applicable to the present problem; at suffi-
cient distance upstream of the rotor, the disturbances can be expected to have
decreased to a level that can be described by the linear theory. The linear
theory, in turn, does contain the required radiation condition, albeit in an
obscure fashion. Thus an exact solution of the problem, in principle, is to
use the finite-difference method for a portion of the flowfield and the linear

theory for the remainder, matching the two solutions at some suitable station:

FINITE DIFFERENCES
LINEARR
! THEORY

MATCHING

PLAnve
U
A
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The reason for labeling the linear-theory radiation condition as
"obscure' is that the linear solution is written as a Fourier-Bessel series of
eigenfunctions. In each of the terms of this series, the radiation condition
is easy to apply by choosing the branch of the axial wavenumber in such a way
as to correspond to outward-moving waves. However, it is not clear that any
simple condition, applied to the sum of all the modes, would give the same

results as the term-by-term treatment.

Because this approach is in principle exact, it was selected as the
main focus of the research reported here. The principal task addressed was to
look for ways of simplifying the calculations. In what follows, the derivation
of the Fourier-Bessel series is reviewed first; following that, the procedures
used in evaluating the coefficients in the series are described. Lastly, the

results found from application to a specific case are given.

Fourier-Bessel Series

The linearized form of Equation 4 has the following Fourier-Bessel

series solution:31'37

® )\at(l-i&)
d(z,0,0) = R,. +*Z Ao*e R“(K,,Qa‘)
=1

# .

a - L[%g,.“m‘&](z-z“)
+ sz.R{Z [Z Arnsi Romag (Kmas ) € e
me1 Ll

o imBs i R (E-2u)  Amar(z-2.)
¥ A gh Rmsk (Kpga o) e e e ]
+* -&‘4'1

(17)
2
where ¢ = p/p , ﬁz = 1 =My ,B is the number of blades, Z_, is the station

at which the matching is to be done, and RmB# is a normalized combination of
Bessel functions:
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Here J, and Y, are the Bessel functions of the first and second kinds, of

order n , and the normalization factor N,,gg is

2 2 2 :
; 1 mB8
Nesk = = {[r 3 —-KMM) ] 2 K

a

' 2 m8 \*
- [h - (-K—;*) ] Z ok (Kmgh h)
(19)

The normalization is such that
1

s/‘(arQ(Knl T) Rn2<Knl r)do = i
h

0o, Ar#k (20)

where the quantity h is the hub/tip radius ratio Pu/ Pr » and the Knes
are the eigenvalues satisfying the boundary condition of no flow through the

wall, which reduces, for an annulus of constant diameters, to

Tomg (Kmog) _ Trns(Kmas h)
Y8 (Kmag ) Yoms (Knae h)

(21)

Procedures for the numerical determination of these eigenvalues are described
in Reference 36, with special attention to the case where both the order and
the argument of the Bessel functions are large. The quantities A and . are
given by:

41
mB8 " 2 KMBQ é ¢
Hmse = 5, {’”’r‘ﬁ (W') = ~tAmgag s m¥o

(22)
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The index ‘k identifies the modes which are ''cut off", i.e., for # > £ , the

mode is damped (because A >0 , Z < Z, ).

In a complete linear theory, the amplitude coefficients Rmai must
be related to the blade geometry and loading. For the present case, however, :
they are chosen so as to match the calculated values of the potential at the
station Z = Z, . The sequence used is as follows: the finite-difference
calculation is started [using the computer code described in Reference 28] as
though the inlet relative Mach number at the tip were subsonic, i.e., the
condition @ =0 is applied at the upstream edge of the gfid (K=1). This
upstream boundary is placed at several chord lengths upstream of the leading
edge. The solution is allowed to run for a number of iterations in the axial
and radial directions. At this point, the iterations are interrupted, and the
values of ® at a station KA (typically one chord upstream of the leading

edge) are fitted by the Fourier-Bessel series, i.e., the coefficients HmB*

are chosen so as to match the numerical data at the station KA . The iterations

are then resumed, at stations K 2 KA . On the upstream side of KA , however,
the potential distribution is held at the values found from the fitted series.
In particular, some of the velocity components ¢z that enter the nonlinear
term at supersonic points are calculated by differencing the fitted @ values.

The fitting procedure can be repeated at preassigned intervals in
the iteration process. The objective is to find a practical location and
frequency for the fitting procedure such that wavelike disturbances originating

at the blades are not sent back into the flowfield as reflected waves.

Evaluation of the Coefficients

The general formula used for the Hma'k 's is found, by using the
orthogonality relation (Eq. 20), as:
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The data to be fitted are specified at a set of discrete points in the ¢, z

plane. In the computer program, these points are identified by the indices
L, N where

L) = (L-1)47 | L& 12, s LMK

TN) = i{p,,HN-r)A,a}, N o= 1,2,..., NMX
pr

In order to carry out the integrals, a linear interpolation of the data is used;
as a result, each of the Hm"s can be written as a weighted sum of the values

of ¢ being fitted, where the weights are independent of the fitted data, as
follows:

1

8
Rmblos * 5= | Rl gl e dtrrder
mc." h (25)

% (mBz) $gl{er,5; 2. )dZ
b

W)

LMx -Z(L- -
=72 f _c'.” (m87) {; - L PG - Z;Azz(L)¢(L-r)} dz
e g(L=-1) i . .

(26)

where @(L) stands for ¢(a ,z(L); Z,). This sum is then written in the
form

LMXx
() gy = L WTL,m),, ¢(,KA,N)
' =1 : ll} (27)

where KA and N define Z, and ¢ , respectively. The weights WT are
straightforward integrals of the sine and cosine, multiplied by 1 or &
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After the integral <«(¢) is determined, the coefficients A, g can be

found, again by a linear interpolation, as follows:

T(N)
g hx c-0N-1)
At = = I T R (Kgz @) {———J (n)
AN Bed s 84 e
- a(N)
| - N=1
| Y 4 ( )} dao
NMX
= (N)
§.7 U !9 (/V) (28)

where the weights U(N) are integrals of powers of & times the function

Rms.& . These integrals were done by Simpson's rule.

The computer program described in Reference 28 was augmented by an
appropriate set of subroutines which calculate the weighting factors WT and U .
These calculations are done at the beginning of the calculation, and are stored

for later use. The station KA at which the fitting is to be done is selected

by an input value. The fitting is done at intervals in either the axial or
radial iterations; these intervals are also set by input values, called ITKRAD
and ITRRAD, respectively.

The term A,, would not be included if one were solving the entire
problem in the linearized approximation, since the addition of a constant to
the potential does not affect the solution. However, its presence is necessary

i when attempting to fit the data, since there is no guarantee that the numerical

method will generate a potential distribution with zero mean value.

Case Studied

The matching method was applied to the case described in Appendix A.
A tape was available, which contained the ¢ values at iteration number 720;
! this tape was used to start the solution. A sequence of runs was then made, in
which a total of 680 iterations were done. The ¢ -data at K = 10 (0.89

chords upstream of the leading edge) was fitted, at various stages, with a series
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truncated at ® = 10, »m = 30. The fitting of the ¢ -data at K = 10 was
updated prior to iteration numbers 1, 11, 21, 81, 141, 201, 261, 321 and 621.
Thus, the updating was done very frequently through the first 320 iterations,
was held constant for the next 300 iterations, and was updated once more for

the final 60 iterations.

It was found during the first 320 iterations that the use of the radia-
tion condition produced a much improved description of the flow upstream.
Figure 8 shows the sonic-line locations at @ = 2.133; note that these Mach
number contours extend ahead of the blade row in a much more satisfactory
fashion than do those of Figure 7, which pertain to a spanwise station slightly
farther outboard. The station where the data were fitted is indicated on
Figure 8. The portion of the sonic contour lying upstream of this station is
shown as a broken line, because the Mach number calculation in this region
contains inaccuracies introduced by the procedure of differencing the potential
values. A preferable procedure would be to differentiate the series, but this

additional effort was not felt to be warranted at present.

It should be pointed out that the mean-chord locations in Figure 8 lie
along the resultant of (&, and wr , which is the surface in which the boundary
conditions are applied in the small-disturbance limit. The actual blade locations

are at a substantial angle of incidence to these mean chord lines, for the case

considered here.

Although the first 320 iterations showed a greatly improved upstream
flow pattern, they did not remove the tendency for waves to propagate. Rather,
it was found that the Mach number contours continued to move, each time the fit
to the boundary values of ® at K = 10 was updated. This is illustrated in
Figure 9, which shows the movement of the sonic line that constitutes the down-
stream half of the loop shown in Figure 8. This line propagates through the
blade-to-blade channel, at a fairly constant speed, during the period when the
fitted values are being updated.
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The influence of the frequency of updating was examined next, by holding
the fitted values constant for 300 iterations, and then releasing them one more
time for the final 60 iterations. It was hoped that this procedure would allow
the waves to pass out of the flow, so that the adjustment called for on the

final update would be minimal.

The results are shown in Figure 10. It is clear that holding ¢ fixed
at K = 8 and 9 has reduced substantially the amount of movement of the sonic
line. A relatively large change occurs at K = 10 as soon as the fitting is
updated, although the amount of movement overall seems to be less than observed

during the previous stages of the iterations.

The iterations were terminated at this point, because the amount of
computer time required was beginning to exceed the scope of the effort. On the
basis of the results obtained, it does appear that the matching method has
achieved a-substantial improvement in the flowfield description ahead of the
blades, compared with earlier treatments. However, the particular case chosen,
and the particular choices made for the location and frequency of the updating,
have not produced a converged solution. It may be that further iterations would
lead to a converged solution, since it typically requires 1500 iterations or more
for convergence of a subsonic case with comparable grid size. It may also be
true that the initial values of ¢ , as well as the case chosen, are too severe
a test; the initial solution contains many strong-gradient regions, and the
large incidence angles involved suggest that strong gradients will be present in
the final solution. Some consideration was given to the starting of an entirely
new case, with more moderate loading, but it was felt that this procedure might
require excessive computer time. The decision to attempt the stabilization of
the previous case was made in the hope that a successful demonstration could be

made with minimum computer cost.
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Section S
CONCLUSIONS

Candidate approaches were examined for enforcing a radiation condi-
tion in numerical solutions of the transonic flow through a compressor rotor.
The method of matching the analytic series solution with the numerical method
was selected for incorporation into the computer program. This approach is
in principle exact, and limited numerical trials have shown a physically real-
istic picture of the flow upstream of the rotor. What remains to be found is
a convergent procedure for coupling the analytic and numerical portions of the

calculation.

The test case chosen may have been too severe a test of the method,
since it contained many steep-gradient regions. It is not clear whether the
method would have converged if applied to a case with more moderate loading, and
one which was started from the very beginning. The steep-gradient regions present
in the solution used to start the sample case above were the product of 720
iterations done without a radiation condition. The fact that 680 further itera-
tions with the correct boundary condition failed to restore the solution to
convergence should perhaps not be surprising. In order to resolve the influence
of the initial conditions and the magnitude of the disturbances, it will be

necessary to do a less heavily loaded case, starting from uniform flow.

In addition to doing this new case, there are several other features
of the procedure that warrant further study, namely, the use of fewer terms,
application of other rules for carrying out the matching, and incorporation of

a suitable radiation condition for the downstream grid boundary.

The number of terms carried in the present effort was 311. It is not
clear whether use of the high-frequency portions of this set can be justified,
since the numerical data is specified only at discrete points (for the case
above, 10 radial stations and 13 in the blade-to-blade direction). A limited
examination of the amplitude coefficients suggests that the series is dominated
by about three to six terms. It would be interesting to see whether the results
would be altered by dropping all but the dominant terms.
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The rules used for effecting the matching were confined here to updating
the potential at preselected intervals. There are many alternatives to this
procedure that might have greater merit, such as the matching of velocity
components rather than the potential, or the introduction of relaxation factors
such that the fitted potential is made to respond only slowly to changes in the
numerical data. In addition, there is insufficient experience to date on the
effects of the frequency with which the fitting is done. It seems plausible
that the fitted values should be left unchanged for as many iterations as are
needed to carry information to the downstream edge of the grid (50 in the case
above), but it is not known whether a longer period between updates would improve

stability.

It should be repeated that the only case considered is that of subsonic
exit flow. In practical applications, there may be <ases where the flow exits
at supersonic speeds. Extensions are needed, to provide a radiation condition

applicable to these cases.

Finally, the ultimate goal is to learn about the phenomena that occur
near the inlet of a three-dimensional transonic compressor. When this basic
understanding is achieved, it may be possible to bypass the cumbersome parts of
the matching method altogether, replacing them by simpler expressions that

contain the essential physics in a manner more suited to flowfield computation.
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APPENDIX A

BLADE GEOMETRY AND OPERATING CONDITIONS
FOR THE CASE DESCRIBED IN SECTIONS 3 AND 4

The blade geometry and operating conditions were patterned after the
MIT rotor, described in Reference 38, That blade row has 23 blades, with a
hub-to-tip ratio of 0.5, an axial Mach number of 0.5, and a circumferential
Mach number at the tip of 1.2 (making the resultant Mach number at the tip
equal to 1.3). The blade geometry and orientation are given in the table

below, where the notation defining the various angles with respect to the mean
camber line is (Reference A-1, p. 228).

re

MEAN CAMBER LINE

A'lJohnsen, [.A. and Bullock, R.0., eds. Aerodynamic Design of Axial-Flow

Compressors NASA SP-36 (1965)
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Table 1. ROTOR SPECIFICATIONS

r/r'T tmu/c G‘C/szﬂ—r p,’ Kyl ¥ L K;_ ¢
.5 .10 2.0 50.19° 38.7° 28.90 11.5° 16 7% 22.0°
.6 . 086 1.67 55.22 44.8 38.1 10.4 30.1 14.7
L7 .072 1.43 59.24 49.3 45.0 9.1 40.3 9.0
.8 .058 1.25 62.49 55.0 51.1 7.5 47.5 7-5
9 .044 1.11 65.16 61.2 56.3 4.0 S54.1 74cut

1.0 .030 1.00 67.38 66.1 6l.7 1.8 58.0 8.1

Here r, denotes the tip radius, t,4qx the maximum thickness at the prescribed
radius, ¢ the local chord length, and & the solidity.

These blades had a constant value of € , and their profile shape
consisted of multiple circular arc sections. For the present work, it was
necessary to choose some equivalent shape, since the computer program used was
restricted to blades with a constant axial projection of the chord, and also to
double-circular-arc distributions of thickness and camber, which differ slightly
from the MIT rotor. In order to choose representative values of C, /Ly , and
of the radial variations of t,,. /¢, and h /¢, , the following table

nAx
was prepared, giving values derived from parameters of the actual blade row:
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A P c/C, Eoaxd Co Ca F by | Mgl 4
. 1.20 1.56 .156 .640 .0759 21.5
.6 1.44 1.75 .151 .572 .0565 17.1
(7l 1.68 1.96 .141 .512 .0385 14.2
.8 k592 2.16 .126 .462 . 0355 11.4
+9 2.16 2.38 .105 .420 .0369 8.9
1.0 2.40 2.60 .078 . 385 . 0460 5.7

These values were found from the following formulas:

M ‘ e t + e
p=£= o=ta«nﬂ1 s _1/14.(04'; HAx max’_('_

(> 3 My E,__ Ca c a
C € ‘
—:. = a" . L ..:— 5 (04 = IB -d g
Ly c 5 u
B ssine A1+ p? o) ) / /
Ca i 4 (—E_ ) <ﬁ i K3 = K}

The basis for the last of these formulas is that, for a blade profile that is

symmetric fore and aft about the midchord, the camberline slopes are:

' -1 dh -1 4 h
¢ = 2 tan —) ® 2w {.__ i m\vx}
ds L.E, '\/’_*? Ca

On the basis of these values, the calculations were made with the constant value

Ca /Ly = 0.5 , and the angle of attack and maximum thickness and camber

were taken as
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° 6.0° ° 7
& = 189 + — - 19.2 R 3 l‘»\’£—=-/3
R P
h 01560
T2 = -0.3620 4+ ———— + 0.2520R
Ca R
t ,0960
2nem o gsgar s LETH . ssugen
Ca R
These fitted values compare with the actual ones as follows:
o Bon: £ €5 Twe £ Cy
R Actual Fitted Actual Fitted Actual Fitted
«S 2L 255 .0759 .0760 .156 <157
.6 720" 17.4 .0565 . 0492 .151 .154
a7 14.2 14.0 .0385 «0573 .141 .142
.8 11.4 11.0 .0355 . 0346 .126 .124
w9 8.9 8.3 .0369 . 0381 .105 .103
1.0 5 5.7 .0460 .0460 .078 .079

These values of thickness and camber are not markedly different from those used

in previous small-distrubance calculations.25 However, the values assigned to
the angle of attack are quite large, especially near the hub, and obviously

extend beyond the range of validity of the small-disturbance equations.
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APPENDIX B
LIMITATIONS OF THE PARABOLIC APPROXIMATION IN TRANSONIC COMPRESSOR FLOWS

Section 3 contains a brief description of a method for including an
approximate representation of nonlinear transonic effects in the linearized
analysis of the three-dimensional flow through an axial compressor blade row,
in which the transonic small disturbance equation is linearized by introducing
an approximation analogous to the parabolic method used for external transonic
flows. This approach removes the transonic resonance which appears in the fully
linearized solution for the rotor flow field. The source solution of the modi-
fied linear equation for the velocity potential was derived, and the thickness

! contribution to the rotor flow field in this approximation was obtained by

' superposition of the source solutions. Our previous workB-1 on the calculation
of the acoustic spectrum of a transonic rotor demonstrated that the blade
thickness effects dominate the sound field, and so, given the restricted appli-
cability of the modified linear theory, it was decided to proceed with numerical

evaluations of the thickness contributions, rather than carrying the parabolic

e —— s —— T ———

approximation farther, to include the loading contributions.

In this appendix, the limitations of the parabolic approximation for
compressor flows are discussed first. Then the results of the caiculations with

the modified linear theory are described.

‘ The equations governing the three-dimensional, small disturbance,
transonic flow through a rotor in a cylindrical annulus have been derived in
Refs. 26 and 35, The flow is assumed steady in coordinates fixed to the blade row

so that the undisturbed relative inflow is composed of a constant axial component,

‘ B'll..ordi, J.A, Homicz, G.F. and Ludwig, G.R. "Investigation of Rotating Stall
1 Phenomena in Axial-Flow Compressors, Vol. II - Investigation of Rotor-Stator
| Interaction Noise and Lifting Surface Theory for a Rotor'" Calspan Report
. No. XE-5315-A-12  AFAPL TR-76-49 Vol. II (June 1976)
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XL,, and a tangential component, wa. The coordinate system and perturbation
velocity components are defined in Figure 1. The velocity potential satisfies

the equation

2 4 3 ’
B a* Bopt T8t 51(1-M10%) By - 21, By

(f+r)M:
= et (Bt 80) (Bt 2850 ¢ Bae)  (py
where =l fﬂjf s
Ty P a,
w v 1 wr
oo - . 1 5 A2
4 Z @P s 2 é@ Ty
(B-2)
a a aao
g = Fm My, = ——

Qo

The terms on the right hand side of Equation (1) are those nonlinear terms

which become important when the relative Mach number, Mg = Vu;’ +(cun)2/4g,,
is near unity.

Introducing the parabolic approximation to the nonlinear terms on the

right hand side of Equation (B-1), the equation for the velocity potential is
written

2 : 1 1 2 a
P Baat8ppt 58yt 52 (1= Map ) Boy-2Ma By = A(,+8,) (8-3)
where
2

(3+1)M

Mo, . Em— (ézz+2§:e+¢n)

1+p% (B-4)

is assumed constant. With _A. constant, the equation for the potential is
still separable and has the following eigenfunction solutions

cné 'an y " —
Qn* 7 nn* Rnl(Kn& e W{[L e lz’i (-2—) z An*] Z}
(B-5)
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where

X % 2, A
A = 1/>\ + (X + ke
nk ak ( zp‘) Ve (2_/3‘) (B-6)
and A, g is given by

& n 2 Kn& 2__ 2
)\n'& g /oTﬁz Vﬂ (T) MT (B-7)

The quantity R,,_,,_ is the radial eigenfunction which is a normalized combination

of the Bessel and Neumann functions of order n . Also, K, is the ftth radial
eigenvalue for any n and M,is defined as wny/@y, . The subscript T refers to

values at the tip radius, and ¢ = p/p, is the normalized radial coordinate,
having a value of # at the hub wall and unity at the outer wall.

In order to choose the proper branches of -the solution, the argument
of the exponential is separated into its real and imaginary parts.

- o 8 ,
A = 1 Angl [W(T"* +ln‘) +£M(0L2* +1rz)J

e (B-8)

marlps - (27 (2 (2]}
s {2 (5)/ a2}

Initially, the branches of A, were chosen so that the eigenfunction

solutions decay for Z-*w. This procedure was followed for all values of M,
both above and below the value M. = 3 K, . /n

where

(B-10)

» which corresponds to the
resonance condition in the fully linearized limit ( A —=p0 i

In the linearized case, the modes below resonance are quickly damped with dis-

tance from the rotor. Above resonance the modal solutions represent undamped

B-3
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waves, and the proper branch of the solution is chosen on the basis of outward
propagation away from the rotor. The parabolic approximation for the nonlinear
transonic term introduces the equivalent of a damping term into the governing
equation for the potential. Accordingly, the eigenfunction solutions given in
Equation (B-5) are damped both above and below the resonance condition for the.
linearized case. It was discovered, however, that choosing the branches of

/\n* so that the solutions decay does not give physically meaningful results.

The relationship given in Equation (B-4) can be used to express A as

4 (§+1) My ) ( P )
ol o R (B-11)

where P is the perturbation pressure and & the helical coordinate, § = @ - Z
Tha damping rates for the modal solutions were evaluated with a value of _A.
based on Equation (B-11) and the average pressure rise through the rotor. The
resulting value of A_ is negative, and so, from Equation (B-10), enk/" can be
seen to lie in the fourth quadrant. The factor in the eigenfunction solution

which describes the decay with axial distance from the rotor is

A @»4)
o 4 = u)o _— t X coo 2z
i [ 28° [ Xna 2 ] (B-12)
where the plus sign corresponds to the =0 branch of 5\,* and the minus sign

corresponds to the f=1 branch. Décaying solutions are obtained by applying
the £=0 branch for Z<0 and the =1 branch for Z >0.

The numerical evaluations of &, , demonstrated that the above form

approaches the linearized result away from resonance. The linearized result
can also be recovered analytically.

For _/\.——0, X
l’\n&| i Vl :al
B-4
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For M, well below the resonance, 8,4/2 0 and )\:*> 9, so

Lim & tVIA Y 2 T A2
A= 0 - @ = &

which is the linearized result. For My well above the resonance value,
Hnp/2 —= - T/2 , and so ¢, —! which corresponds to the linearized
limit of no damping above resonance. The difficulty arises when trying to

recover the linearized result for the propagation factors in the eigenfunction
solutions.

Above resonance, My >3 K ,/n and Aiz < 0. The linearized eigen-
function solutions, transformed from the blade-fixed coordinates to duct-fixed
coordinates by setting & = §, +wt, take the form

iné’ inM
gn& = Ank Rn&(Knk f)e L [(Ln/saﬁ tLA”,/\n*l)Zf[:nth

(B-13)

The argument of the second exponential factor describes the wave propagation
in the axi;al direction. Far above the resonance condition, i.e. for M: >>
(B K. g/n),the choice of the plus sign can be shown to lead to a phase velocity
in the £ direction of I, - a, ; the minus sign yields a phase velocity of

Uy + Ap . Therefore, the plus sign applies for Z <0 and the minus sign
applies for Z>0 in order to have outward propagating waves.

In the parabolic approximation, the exponential factor which repre-
sents propagation in the axial direction is

. a
tp [("‘/3_”: 20 Ay | am 6;*)3 + inwt]

B-5
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where, again, the plus sign corresponds to the A =0 branch of XH* . Now,
A AL L) from negative values, |X gl — 4/|A\2p| and 8,p/2 —-7/2.
1f the branches are chosen to be consistent with the modes being damped, then
the signs in the propagation factor are opposite from those in the linearized
limit. In other words, if the branches of ;:;h are selected so that the eigen-
function solutions decay, then the propagation factors correspond to inward

moving waves. Conversely, if the branches are chosen to give outward prop-

agating waves, the solutions grow exponentially with distance from the rotor.

The reason for this behavior of the eigenfunction solutions has been
traced to the fact that negative values of _A- imply a ''megative damping' in the
equation for the potential. It has been verified that with positive values of

—A~, the branches of X,,,k which lead to decaying modes also correspond to out-
ward propagation. That this implies positive damping'éan be seen from discus-
sions of the procedure of inserting a damping term in the wave equation in order

ey G : : B-2
to enforce a radiation condition, see for example the discussion by Noble.

Despite this restriction on the applicability of the parabolic method
to the flow through a transonic rotor, calculations within this approximation
are still expected to be worthwhile. Such calculations provide information
about how far ahead of the rotor the flow is composed only of propagating duct
modes, and also, how many terms in the eigenfunction solutions need to be
included to describe accurately the inlet flow. Since the information to be
gained is more qualitative than quantitative, however, the evaluations with the
modified linear theory are confined to the blade thickness effects. The results
of such calculations are described next.

Flow Field of a Nonlifting Rotor in the Parabolic Approximation

Once the transonic small disturbance equation is linearized using the

parabolic approximation, thickness and loading effects can be separated. A

o 4
8 “Noble, B. Methods Based on the Wiener-Hopf Technique Pergamon Press

(1958)  pp. 27-31
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solution for the thickness contribution in this approximation was obtained by
first finding the solution to Equation (B-1) for a point source, and then super-

imposing the solutions to obtain the result for B equally spaced blades as

8 2my
® = 41/‘/4%(4,1’,)@3(@:,75;/z,,z;‘-T,z,)dsa
$ 7 s (B-14)

The thickness-only part of the solution requires that the local blade loading

be zero and that the normal velocity componert be given by

e dt
™

Av, = Vi+ —_
% i ds (B-15)
where t « t (5 ,2) is the blade thickness, and S is the distance along the
helical undisturbed streamlines. In the small disturbance approximation, the

blade boundary conditions are satisfied on the undisturbed stream surfaces,

g = a2my/8 3{:/,2,..-,3.

In the calculations of the rotor flow field to be carried out, as in
previous work on the linearized theory and in numerical solutions with the

transonic small disturbance code, the thickness distribution is factored into
a radial and axial variation so that

t
— = f(5;) q9(3,)
2s, ¢ % (B-16)

Introducing this form for the thickness distribution, specializing the expression
to points upstream and downstream of the blade row ( 2 < 0 and 2 2 WC,y / VU
respectively), the result for the potential was given as

w,d B Fr 2 «,d o R o () @d
" = - FG & i A e
21 o L;-A’ 2 E., N ot Toa ()
© R 84 () mB2 o
+ RP 2 I == e ok G gt ]
mat B31 A gk Mk G g (2) (B-17)
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where F =/ fCo‘;)(H,a:o;*)aLo‘;
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The upper limit of the chordwise integrals, &, , is wC./U, where C, is

the axial projection of the blade chord that is assumed independent of radius.

The superscript w and the + sign apply to points upstream of the rotor, the

superscript d and the - sign apply downstream of the rotor, and .X,“GQ refers

to the L = 0 branch from here on. Here the m = 0 terms have been replaced

by their linearized limit. The introduction of the approximate representation

of the transonic nonlinear terms only affects the damping rates for these modes

and, for the values of _A. based on the average pressure rise, there was virtually

no difference between the linearized and parabolic method evaluation of the m=0

attentuation factors.

The velocity components are given by

*

@ 3 U % 5
- e : u"
= 2B Py #=1
w W,k
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+ K. 2 Z Z Rma.& (@) e Vst | Fong Gm* (Z)}
s Woms (B-19)

where &,V & are the velocity components normalized by U, ,

£ R, a(c)
J = Z| v - 2 W, = ()
O,* : °'* ﬂ Ro*(d‘) ; ok (B-ZOa)
and, writing n for m38
inM*
L A - 1
nk = ( 2 + = —_—
B apt ) i
Kn& R:ﬁ(d‘)
Vg = = 2
p An* n*(d‘)
n | (B-20b)

P Ange
A computer code has been developed to evaluate the above flow-field

expressions for rotor blades having similar parabolic-arc chordwise thickness

distributions at each radial station. In this case dt/4S is given by

- + @) (1- 22)
2s a (B-21)

where 7T (7) is the ratio of the maximum thickness to the chordlength at
each radius ¢, and is assumed to be described by a polynomial in ¢ . The
factors f and ? defined by Equation (B-16), which describe the radial and axial
dependence of Jdt/2S , can be identified as

(@) = T(5) 9(3,) = F("'—> (B-22)

The choices made for the forms of f and ? permit the radial and chordwise
integrals F,.,& and C 4, to be evaluated analytically. The latter are easily
evaluated in closed form. The former can be expressed as Lommel functions,
which are calculable from either a terminating series or an asymptotic series.

B-9
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The calculations which are presented below were carried out for a

thickness-ratio variation given by

1+ Aip

T(;) =
St P

(B-23)

where T, is the thickness ratio at the hub. This radial variation of the
maximum thickness-to-chord ratio is such that the maximum thickness, t, ., ,
decreases gradually from hub to tip. For example, with a hub-to-tip ratio of
0.5 and a value of p. in the range 2-3, which is typical of transonic rotors
with subsonic inflows, the maximum thickness at the blade tip is about .6 of
the value at the hub.

Calculations of the velocity potential and the perturbation velocity
components have been made for a rotor of 30 blades having the thickness dis-
tribution described above. The hub-to-tip radius rat.id, %4 , was chosen to be
.5, and the solidity parameter, Ca / L, , was also chosen to be 0.5. The
axial flow Mach number, M, , was chosen to be 0.4 and the Mach number based
on rotor tangential speed at the blade tips, M, , was set at 1.2; the corres-
ponding Mach number of the relative inflow, Mg , varies from 0.72 at the hub

to 1.26 at the blade tips.

In the initial set of calculations, 10 terms were included in the
sum overmm and 20 terms were kept in the sum over +* ,.in Equations (B-17 and (B-19).
Results for the variation of the velocity component along the undisturbed stream-
line direction, 77 , are shown in Figure B-1. There the quantity vg/ Ug 7,
which is the negative of /P, U; %, , is shown as a function of the helical
coordinate & , for a dimensionless radius, ¢ , of 0.9 and for several chord-
wise stations upstream of the rotor. The values of & of 0 and 277/8 repre-
sent the undisturbed streamsurfaces on which the blades labeled }'-o and 7'- 1
lie.

For the selected operating conditions, the first two radial modes
( = 1 and 2 ) are above the linearized resonance condition and hence
would propagate in the duct; for m =« 10 , the first 14 radial modes will
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propagate. These modes of the solution represent the dominant contributions
to the flow field at upstream distances greater than one blade chord. The
results plotted in Figure B-1 show that a complicated pressure pattern develops,

which contains several harmonics of the blade passage frequency.

One of the features we wish to look for in these results is the
emergence of a pattern which shows how disturbances move upstream away from
the rotor. The locus of the large negative values of U5 at 4 = :_i;- - %"—
in successive blade passages, lie almost on the local two-dimensional Mach
lines for this radial station. This feature 1is illustrated in Figure B-2 where
these & locations in adjacent blade passages are shown along with the local
two-dimensional Mach angles. At the radial station considered, the value of

Mg is 1.15 and the Mach angle is 60°. It appears that the approximate
results for the pressure field, comprised of many three-dimensional duct
acoustic modes, in a gross sense represent disturbances propagating along the

characteristic directions.

B-12

) * gy » - o oxhal - 3 4
TS T N L R ORI e e R R

- — e

i i i i

e ittt




Ficure B-2 BLADE ROW GEOMETRY AT RADIAL STATION o =0.9
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