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Introduction

Our research has been focused on three goals.

The first goal was to find ways of describing various thin—

flings of point processes that arise for example in the

debugging of computer programs . Our work on this lead us

to studies of extreme values of stochastic processes and

the convergence of intergrals. Our results in these areas

are described in Sections I—Ill.

The second goal was to determine optimal policies

for dynamically controlling certain queueing processes. In

order to do this , we had to answer some basic questions in

dynamic programming concerning monotone optimal policies

and the equivalence of continuous and discrete time models .

We discuss this In Section IV.

Our third goal , as we descr ibe in Se ct ion V , was

to continue developing the theory and applications of semi—

stationary processes. The emphasis here was on semi-

stationary clearing processes which are useful for modeling

input—output systems such as batch service queues and

Inventory systems .
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I. T h in n i n g s  of P o i n t  Proc~ ss;~~ and Random r~eTisur ~~

Most ci’ our  re~~~t r c h  d u~ in ~ the  last  ~4 years  h.m

he~ n on t h in n i n g s  of r andn m ~‘Ie:i sur~~~. A random measure

refers  to randomly loca ted  m a s s e s  or p o i n t s  in a region ,

and t h i n n i n g  of It means tha t  some of t h i s  m:~ss is randomly

dele t~ d.  A point  process is a spec ia l  random rne a~ ure hav ing

only  un i t  masses.  Such t h inn ings  ar ise  in debugging com-

puter software packages , filtering particles from a solution ,

deleting bad data , and the wearing of phys 1ca1 surfaces such

as ball bearings or tires. Over the last two decades about

twenty  papers have been w r i t t e n  on th inn ings  of po in t

processes. These studies focused on the “locations of’

po in t s ” of the processes and consequent ly  they appear to be

very d i f f e r e n t  mathemat ica l ly . We took a d i f f e r e n t  approach

in [1] and described thinnings by looking at the number of

points deposited and thinned in various “regions” . In doing

so , we foun d that essent ially all of the t hinnings stu died

to date were compositions of random measures. This idea

enabled us to unify and significantly extend this newly

developing theory of thinning.

Our results in [1] are basically convergence

theorems for variou s compositions of measures. These

answer questions such as: (1) What Is the end result when

one applies a particular thinning to a random measure?
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( 2 )  When is the  end resul t  a Po isson , Compound Poisson or

infinitely divisible random measure and what  are their

defining parameters? ( 3 )  How does the randomness of the

i n i t i a l  masses in te rac t  w i t h  the  randomness of the t h i n n i n g

operation? (L I ) What does it mean to th in  in a cont inuous

manner suc h as the wear ing or eros ion of physical objects

or land?

In analyzing thinnings we found that inverses of

random measures played a key role. We proved some basic

properties of such inverses which are also useful in other

cont exts .

Our second thinning paper [2] is a study of

interchangeable thinnings . This means that the probabilistic

nature  of’ the t h inn ing  is invariant under rearrangement of

the masses. This is more natural  that  independent identi-

cally distributed thinnings for many applications. We study

hotn discrete and continuous thinnings . Here we view thin-

nings as spec ial cases of compounding where mass can be

increased or decreased. Several results that unify and

extend earlier results by Renyi and Kallenberg on inde-

pendent thinnings are proved. This paper contains several

results we documented earlier on thinnings of point processes

over time. In these contexts thinning is done over a long

time period and the resulting point processes is analyzed

by looking at the lifetime of the points under the thinning .
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If the lifetime distributions have certain types of tails ,

then the thinned process after a long time conver~ r~s to a

Poisson or infinitely divisible point process or such a

process with randomized parameters . One may also be in—

* terested in the residual lives of’ the point s after a long

period. This tells how much more thinning time is needed

to completely thin the points. We also show how to analyze

such residual random measures.

The last part of 12] is a study of sequential

t h inn ings  of points  on the real line . Here ~ s ingle  thin-

ning operation over the whole line deletes points by a rule

such that the number of points retained between deleted

points are independent and identically distributed . A

sequence of these thinning operations are performed and the

thinned process tends to be a renewal process whose inter—

• point distribution is a certain limiting distribution that

arises in the theory of branching processes. Mathematically

thi s analysis is a study of the conver gence of a large

number of’ compositions of random measures as in [1]. This

is of interes t by itself: it may be of use in other

contexts.

Just recently we started analyzing thinnings of

cluster point processes. Namely cluster centers are randomly

placed in a region and each center gives rise to a point

process. The total system of points is a cluster point

process. A typical thinning may delete a cluster center ,

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _  . .



- 5 -

and hence its related po in t  process.  Also points  may be

deleted individually. It appears that our various

approaches for analyzing thinriings can handle these more

complex systems . We will document this next year .

_ _ _ _ _ _ _ _  ~~~~ T T  11:
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I I .  Extreme Values  of St o c h a s t I c  Processes

Some p roh le rn :~ concern ing  ex t reme values of

stochastic processes are actually thinning problems . For

example , consider a discrete time stochastic process and

let N~ (t) be the number of times that this process exceeds

the value n in time t. As n increases the process N~ (t)

become s thinner (contains fewer points). Similarly let

M~ (t) be the total amount of these exceedances above the

level n. This M~ (t) is a random measure which also becomes

thinner as n increases.

We study the thinning of such exceedance measures

in [3] when the basic stochastic process is a recurrent

Markov chain , a regenerative process or a semi—stationary

process. We present necessary and sufficient conditions

for the conver gence of ran dom measures related t o exceedan ces.

In particular we show that high level exceedances

of certa in ran dom wa lks and queue ing proces ses are compoun d

Poisson processes. This extends some earlier work by

Lindvall. The results here are also useful for describing

thinnings of’ point processes over time where the initial

points or the thinning mechanism has certain Markovian or

regenerative dependencies.

One problem in thinning over time Is to find out

how long it may take to eliminate all, or maybe 90 percent ,

of the points. This can be described by the convergence of



the  maximum or k — t h  max imum of a large number  of’ random

variables. Nam~?ly, the variables are the lifetimes of the

points under the thinning operation . During the last year

we have obtained several results on extreme s of independent

and dependent  var iables .  One s ign i f ican t  resul t  is a

nece.~~ary and sufficient condition for extreme values of

i ncie p’ ndent infinitesimal processes to converge . This is

analogous to the general func t iona l  central  l imit  theorem

for sums of independent infinitesimal variables. We are

still studying the many ramifications of this result and

its extension to mu lt idimens iona l sett ings wh ere t here are

many applica tions. We hope to documen t our resul ts in t his

area nex t year .

~~~~~~~~~~~ 
- . -

~~
-—*—-—

~~
-— .

- _ _  -~~~~~
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I I I .  Convergence of’ In tegra l s

Our s tudy  of th in n i n gs  lead us to s tudy  the  con-

vergence in d i s t r i b u t i o n  of random in tegra l s  of the form

= 1x t ( t )
~

where is a random measure on a space X and Is a

ran dom func tion , and the ~~~~~~ has certain asymptotic

proper t ies .  The 
~n in our con tex t s  was usua l ly  an i n f i n i t e

random measure ( e . g . ,  a Poisson p r o c e s s) ,  and so these

integrals could not be analyzed by the standard theory for

finite measures.

In [L i ] we s tud y the convergence of nonrandom and

random Integrals. The basic results are necessary and

sufficient conditions for the convergence of nonrandom

intergral lm n
f’
n 

= Jf’n(~~~
hm n
(
~~ 

where 1’n and f~ conver ge in

some sense. These are analogous to the classical result

that if nonnegative f~ converge to f in si—measure then

ff~d~ + Jfdii if and only if the f~ are uniformly

~i— integrable. We present similar results for the convergence

of measures v defined byn

v~(AxB) = IA n n  for AxBCXxY

where is a measure on X and kn is a kernel from X to Y.

We then show how these re3ults apply to random integrals

and measures . A major application pertains to the convergence

—



- 9 -

of mixtures of probabilities that is a key to describing

extremes of’ exchangeable random variables.

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



— 10 —

IV. Opttma l Control of’ Random Walks, ~3irtb and Death
Processes and Queues

The f i r s t  resul t  in queue ing  cont ro l  appeared a

decade ago . Since then there have been many ad hoc studies

of queueinr ’ control problems , but a nice unified toecry has

not yet  been developed.  Two reasons for  th i s  are (1)  the

s ta te  space of’ these models is o f t en  i n f i n i t e , and ( 2 )  a

slight change in the cost function of a mode l may result

In a drastic change In its mathematical analysis. One of’

our research goals was to solve some basic queueing cootrol

problems and to unify part of’ the theory dealing with

monotone optimal policies.

The major problem we address in [7] is a follows.

Consider a single sewer queueing system with Poisson

arrIvals and exponenti2l service times (an M/M/l queue)

whose arrival and service rates are controllable. At each

cu stomer arr ival or departure the number of cust omers in

the system is observed. Based on this number an arrival

an d serv ice ra te are selecte d from a prescribed set . (‘osts

are char ged for using these rates an d for holding cus tomers

in the system. The aim is to find a policy for successively

selecting the arrival and service rates so as to minimize

the expected discounted or average cost of the system.

Under some natural conditions on the costs there

should be an optimal policy which increases the service

rate and decreases the arrival rate as the number of ~~titIng
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customers  Increases .  The f o l l o w i ng  q u es t i o n s  a r i se :

( 1) Wh at  are natura l cond i t ions  on the  costs

tha t  lead to such monotone optima l policies?

(2) How can one prove the existence of a

monotone optimal policy?

(3) Knowing  that  a monotone opt imal  policy

exists , how can it be computed especially

for an infinite or large state space?

We answer these ques tions in [7].

A major theme in queueing and inventory control

problems is to establish the existence of monotone optimal

policies. This reduces the search for an optimal policy

to the subclass of monotone policies , and the computation

of these policies becomes easier. In [5] we present

general conditions under which Markov decision processes

have monotone optimal policies. We illustrate this for a

random walk problem and for a multimachine replacement

problem. Some of the techniques in [7] are also extended

and used in our queueing analysis in [5]. We found that

essentially all of the queueing and inventory control

models that have been studied are controlled random walks

or Markov chains with monotone matrices. That is why they

have monotone optimal policies. These are a very small

class of decision processes. It seems like other sub—

classes of’ decision processes should also have monotone

optimal policies , but we have not been able to find con—

ditions to Identify such subclasses. *
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A key s tep  in our queueing  cont ro l  paper [5] wa s

to show that a continuous time queueing process is e q u i v a len t

to a discrete time random walk. This enabled us to analyze

an os tensib ly more comp lex continuous time process in terms

of a simpler  d iscre te  time process. Such an equivalence  also

holds for general continuous and discrete  time processes as

we discuss in [6]. This study clarifies some earlier work

On the  equivalence .

I
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V. S e m i — S t a t i o n a r y  C lea r ing  Processes

Many i n p u t — o u t p u t  sys tems  such as b a t c h  services

queues , dams , inventor ies , and d i s p a t c h i n g  of men and

equipment  can be viewed as a c lear ing process .  Such a

process describes the net quantity In a system which

receives an exogeneous random input over time and has an

output mechanism that intermittently clears random quanti-

ties from the system. A semistatlonary clearing prcicess

is strictly stationary over its clearing epochs .

We s tudy these processes in [8]. We describe

their asymptotic distribution and show how it arises in

the limit of certain functionals. An asymptotic distribu-

tion is different from a limiting distribution , but it has

some similiar properties. We identify clearing processes

those asymptotic distribution is uniform . One example is

a modulo c c learing process in which an amount c is removed

whenever that amount is exceeded. For this example the

Palm probability of the process must be used rather than

the usual probability to obtain a uniform distribution .

This subtle use of the Palm probability gives a partial

answer to an anomaly in a classical economic lot size

inventory model. We also present several limit theorems

for clearing processes Including a functional central limit

law and law of the iterated algorithm.

_ _ _ _ _ _  _ _ _ _ _ _ _  _ _ _ _ _ _ _ _  

I
L .. - - -
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