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SECTION I

INTR ODUCTION

One of the most useful diagnostic tools for studying a Diasma medium

is a Langniuir probe ,which consists of a small electrode tnuier~ed in the

medium and biased to collect the charged particles. Although the principle

is simple conceptually , the theory for its operation can become quite

complicated , especially in nonequilibriuin plasmas.

With a Langinuir probe , we can determine the plasma parameters from

the current—voltage (i—v ) characteristic of the probe. These parameter~
are usually the local charged particle density and temperature and the

plasma potential. A more an~bitious aim is to derive the form of the elec-

tron velocity distribution function. Thus far nearly all such measurements

were concerned with the isotropic component of the distribution function.

However, in an active discharge with a sufficiently strong electric field,

the distribution function is anisotropic ,and both the directional and tensor

component s of the distribution function are nonnegligible. Moreover , at

higher pressures, gradients, which exist in the collisional part of the

sheath, also induce a directional component to the distribution function

with associated diffusion effects. In this report , our basic aim is to

stt~iy the behaviour of electrostatic probes in a nonequilibrium plasma ,

by -hioh is meant one in which the electr on distribution function is neither

Max~ellian nor isotropic. Pursuant to this goal , relations are derived

for the I—V characteristics and probe resTonse to a calculated distribution

function given by the solution of the collisional Boltzmann equation .

The electron energy distribution function is of fundamental import : nce

in determining the operating characteristics of gas discharges. NumericalI



solutions of the Boltzmann equation including inelastic collisions have

yielded great insight to laser discharge operation . Certain features in

the calculated distribution functions can be associated with energy regimes

where electrons strongly excite the gas molecules, which is important to

know for laser operation. However experimental confirmation of the forms

of the distribution function and. its comp onents is lacking. Thus a major

objective of this research is to develop an accurate method of determining

the detail s of the electron energy distribution function in molecular gases

from appropriate electrostatic probe measurements.

The approach that is used depends on the pressure regime. At very

lov~ pressures, collisionless probe theory is suitable. The sheath as a

whole can be considered to be collisionleas when the sheath thickness is

greater than both the probe radius and. collisional mean free path. Sections

II and III are concerned with such a situation. The electric field in the

discharge induces first and second order anisotropic parts to the distribu-

tion function, in addition to the isotropic part which exists in any case.

We calculate new results for the responses of probes in terms of arbitrary

forms f or the three components of the distribution function. In Section

III , the change in potential across the sheath due to the discharge electric

field is accounted f or , whereas in Section II, the voltage drop across the

sheath is associated only with the potential applied to the probe. The re-

0 suits in Section II are thus much simpler a Various geometries are investi-

gated, such as the one—aided plane probe , the spherical probe , the cylindrical

pr obe, and a spherical grid system. Both electron retarding and accelerating

regions are analysed..

We find that,by combining several probes of various geometries or

orienting a one-sided plans probe at several angles, one can separate 
the2



three individual current contributions to the probe associated. with the

three terms in the distribution function. After this is done , we d.eduice

relations which give each part of the distribution function in terms of

its respective current contribution. This generalizes previous works which

were restricted to the isotropic part of the distribution function.

We recommend the geometry of a one-aided plane probe for use in the

collisionless regime. In conjunction with this, in Appendix A, we pro-

vide a parameter map delineating the regimes of operation for a plane

probe in a nitrogen p].asma,and , in Appendix B, we specify the construction

details of such a probe. Computer programs are listed and explained in

Appendix C. These programs provide numerical means for calculating I-V

characteristics from the distribution function and vice versa. In Section

IV, results based on sample calculations using the oomputer programs in

Appendix C are plotted.

As the pressure is raised, the quasicollisional regime is encountered

• where the probe radius becomes comparable to or larger than the mean free

path, with the mean free path still larger than the sheath thickness. This

situation is analyzed in Section V. The presence of the probe is felt by

the external plasma, since charged particles have to diffuse from the undis-

turbed plasma up to one mean free path from the probe surface • Diffusion

through the quasioollisiona]. part of the sheath implies that it creates a

directional part to the distribution function in addition to a change in the

isotropic part . Macroscopioally, the plasma density in the quasicoflisional

sheath near the probe can differ substantially from that in the undisturbed

plasma. To simplify matters , we omit in this section the anisotropic effects

associated with the external electric field and include only the new d ireo—

tionai. contribution and change in the isotropic distribution. We provide

3



relations for the I—V characteristics in this regime which include these

effects, generalizing the works of other authors who included only the

change in the isotropic part of the distribution function. Our results

reduce to the coflisionless limit as the mean free path becomes very

large . In the quasicollisiona]. regime , the isotropic part of the distri-

bution function can still be derived by iteration from the probe response .

However , the analysi; based on free electron diffusion, omits ambipolar

effects and is valid only when the ion temperature is very much less than

the electron temperature.

At still higher pressures, corresponding to the continuum limit where

the mean free path is less than the sheath thickness , we are able to derive

I—V cheracteriatics,given the isotropic part of the distribution function,

but not to accomplish to inverse. We provide in Section VI a hybrid theory ,

modelled on a l.ouble layered sheath which consists of an inner collision].ess

layer and an outer collisional layer. Our theory can be applied, to any given

form of the isotropic part of the distribution function , any mean free path

variation with electron energy,and. any of three geometries, name].y,plane,

sphere ,or cylinder. It incorporates flow effects associated with ambipolar

diffusion and electrostatic apace charge fields, both of which cause the

distribution function to acquire a directional component within the co]li—

sional part of the sheath. Using our formulation in Section II, which allows

for anisotropic effects in the distribution function,we can match prop~rly at

the boundary between the collisioriless and collisional parts of the sheath.

Thereby, we provide proper moment relations, or averages over the distribution

function, which include these flow effects. Our relations generalize other

hybrid theories which did not have available our present results in Section II.

Finally, in Section VII , we discuss our results, and give our conclusions.



SECTION II

COLLISIONLESS PROBE THSORY FOR AN ANISOTROPIC DISTRIBUTION FUNCTION

1. INTRODUCTION

Due to the strong electric field within the active discharge, the

electro~is acquire an anisotropic ener~~’ distribution function. Our

prime interest lies in the electron retardation region from which the

details of the electron distribution functions are obtainable. The

anisotropy is written in terms of spherical harmonic oomponents ,aM the

analysis is performed by ino].uding t , f, and. f2 ,  viz., up to second order

tensor terms. For the plane probe, we can generalize the calculation

of the electron current density to include all parts of the spherical

• harmonic expansion of the distribution function. We find that all

parts contribute to the current at a plane probe. Consequently, the

isotropio part of the distribution function cannot be derived by the

usual method of taking the second derivative of’ the current with respect

to potential. Nonetheless , 1ti can be deduced from the difference of the

currents intercepted by the probe facing forward from that facing

backward.

Next we analyze the response of a spherical probe and find that

the ~~i and ~ * parts of the distribution function do not contribute.

This suggests using a spherical probe to deduce f0 from the current in

the retardation regiona

The response of a cylindrical probe is also investigated. In this

case , t~ 
doesn’t contribute. If the isotropic currents in a retarding

potential are eliminated between a spherical and oy]i.ndrioal probe, the

net current at the cylinder is due to the contribution. Thus, ~a

5



can be deduced by using two probes, the sphere and the cylinder. A sphere

and a plane probe will do as well.

In a retarding potential , the current intercepted, is found to be

independent of the sheath radius even with the ~~ anisotropic term which

appears in the cylindrical case . However , in an accelerating potential,

the ourrent intercepted depends on the ratio of sheath to probe radius for

a sphere or a cylinder. The results become independent of this ratio in
p

the limits of thin or large sheaths. For a thin sheath, the results for

a cylinder and sphere are derivable from the plane probe results.

An alternative electrostatic analyzer, namely, a spI’~~tcal grid system,

is then investigated. Finally, the analytical results are sumni~rized.

A few basic assumptions are made. First, we - assume that the external

electric field in the discharge is sufficiently weak that the particle

dr ift velocity is less than the thermal velocity. Furthermore, we

assume that the electric field variation multiplied by the collecting

probe plus sheath dimension (actually the part with normal projected

parallel to the electric field) is negligible compared to the probe poten-

tial. The following Section III redoes the analysis,including correction

terms due to this last effect. We also assume that the sheath is oo~tcen—

trio or parallel to the probe. In this section, we adopt a collisionless

sheath model which requires a suff iciently low pressure that the mean

free path is greater than the sheath width and probe dimension. We also

aasume that the electric field at the sheath edge is predominantly due

to the external electric field rather than to the potential decrease

associated with the potential on the probe. These assumptions are more

thoroughly discussed in Appendix A, which also provides a parameter mapa

Appendix B gives the design and construction of a plane probe.

6



2. THE PLA.NE PROBE

a. Retarding Region. Calculation of Electron Current Density
from the Electron Distribution Function

Let the one-sided plane probe be oriented, with the normal along the

Z—axis (see Figure 1) .  Then each electron whose minus Z—velocity compon-

ent , ~~~ ,is smaller than —v0 — —(2V/m)~ will reach the probe. Here,V/e
is the magnitude of the probó retarding potential with respect to ~~~~~~

potential at the sheath edge, and e and a are the magnitudes of the

electron charge and mass. The magnitude of the electron current density

at the probe surface is

= eJ  f ( v~f*dvzdvydvx (1)

where f* is the electr on distribution function just outside of the colli-

sionless sheath. The star signifies that f is expressed in the lIZ

coordinate system attached to the probe. Transforming to spherical coor-

dinates (v , e, I) in the velocity space , we write

v collecting side

~~ ~~ ________

• Vy

Figure 1. Coordinate System for the One-Sided Plane Probe, with the Outer Side
Co],],eoting Charge

7



= e f J f (vcoe e)f~1va sin Odvd8 d~
V IT 0

0

where

= cos”(v0/v) (2)

The electron distribution function is expanded in terms of Cartesian

tensors or , equivalently, in terms of spherical harmonica1 ; thus

a f*(y)~ (v) .ilv +~~~(v) :~~ ,/v2 +

=~~~~~ f*(y)~P~ (oosO) [80 coam~ + 8 ain m~~] (3)
las

l,m,s

where P~ is an associated Legendre polynominal and is the fronecker func-

tion equal to I or 0 depending on whether its subscr ipts are equal or not.

Since e is the angle of ~ with respect to the Z axis, and~~ is the angle

in the I! plane of ~ with resp ect to the I axis, the two expansions in

Eq. (3) are equivalent1 with,for example , the identities

* * * * * I * *f ioo = ~‘i z’ f200 = f”220 ~~~ 

(
~ xx - t2~1) (i, )

* * * *The tensor also has zero trace, i.e.,f
~~~

+f
~~

.
~
+f27~ 

= 0.

• We first integrate Eq. (i) over ~ after inserting Eq. (3). This

yield.s

2w Z f
~ocPi(oos0) = 21(f* + f

~
’
~
cos 0+ f~~~ ~(3ooa’ 0—i )]. ...

Further integration of Eq. (1) over 0 up to 1.2 yi.ld.a

H _ 
8 _



= 
~OZ ” 3i~~

’ 32Z (6)

with

~oz = v e J v
3f
*
(v)5in201 (v)dv = i e fv ’(i - (V0/Y)2)f :(Y)dV (7)

= ire Jv
3[i — (v0/v)’)f~z(v)dv 

(8)

j2z = ~ iref  v’[i + 2(v0
/v)2 — 3(v0

/V)4]f2zz(V)dT 
• 

(9)

Defining

u. 3 mv2 , L,
• 2we/m2 and. since 3 mv~ (10)

with U and V~, in MKS units (i.e. in joules), 
one can express Eqs. (7) to (9)

as

jOz ~0J
(U _ V~)f:(U)dU (U)

~ x0 f v[i — (v~AJ)~
’2)f~

t
~(U)dU (12)

V
P

32Z =i; KoJ (U+2Y~_ 3V /~T)f;~~(U)dU (13)

• The above results can be generalized to include higher order terms.

Substitution of Eq. (3) into (1) gives
V

iz~ ~~~ ~‘f 00
(V)

J

’
P1

(OOe0)OOB0si z~~I$~~ 2ve ~~~~~~~

(ii.)



where x0 cosO 1 (v) = ‘v0/v. we use the relations

P1(—x) = (—I)~
’P1(x) (15)

and

f P (x)xdx = 
i [(n+1

) 
(P _ P

2)+ (~~~ -)(P 2
_ P )]  (16)

and obtain j = E (—1)~’j,~ with
1

3lZ = (21+1 )JdV v’f~~0(v) [ (~ ) P1—p1+2) + 
(2~~1 )(P1_2 

— r (17)

where the argument of the P’s is To /V or (V17A~~. In terms of U,

~1z = (21+1) f
dUU t100(u) [(~+~~P1

_P
1+2) + 

(~~~~~~~
)(P1_2 

- P1)] (18)

V
P

Equations (17) and. (18) reduce to Eqs. (6) to (13) when 1=0, 1 aM 2,

upon using

= 1, P1 = (v~A~)
’
~ ~

‘2 ~~~~~~~~~~ P34(V1,AJY~(5v1,,4J— 3)

end

= ~~~ (35(v1,AJ)’ — 30V
1/

IJ+ 3] (19)

b. Accelerating Region

In the case of an accelerating voltage, the upper limit on VZ ie

zero. For generality, we investigate as well the particle accelerating

region and the effect of its anisotropic distribution function. Thus

10



c . i 2 2 V
= e J f’ J vcos

0

~ ir/2

= 2we 
f J 

v’ sinO cos-8 E(—i )~‘f~00
P1(oo~~ )dvd0

= 
~~~~~~~~ 

(20)

To perform the 0 inte gration , we use the following equality for n = 0, 1

and n even,

~~~~~~~~~ 

= 

(~~)r(~~) 
(21)

where r is a Gramma function. If n is odd and. greater than one, the answer

is zero. We thus obtain (except for 1 a 3,3,7 etc.) the following:

3

= 

~r (i.~ )r (~) = 

~~~ (~~)r (~) ~~ 

~~~~~~ 
(22)

In particular

= ire f v3f*(v)dv . X0fuf:(U)dU (23)

and 

ulz = = tJ’~1
*
z”~~

3 (21.)

= ?fv’t~~~
(V)aT = .~~fur~~(u)4.u (25)

Thus up t o l .2

i f  u[r (u) 
~ 

t~~(u) + 
~ 
r
~~

(u)]au (26)

- . - .  ____• .  • ••. -- • . .

~ 

- 
-



c. Electron Current Density for any Orientation of the Plane Probe

Let the coordinate system in the plasma be xyz with the z—axia along

the anode to cathode direction , parallel to a constant external electric

field within the active discharge. The previous results obtained for a

plane probe , with normal oriented along the Z—axis and coordinate system

lIZ attached. to it , can be related to the vz system. We perform a

tran sformation from the vz to the XYZ system by 6.4 rotations, where 0

and. ~ are Eulerian ang].es2’3. The ~ rotation is performed first about

the z-axis in the v plane ,changing to a coordinate system x’y’z ’ with

as the angle between the x and x~ axes. The 8 rotation is performed

next about the x’ or I—axis with 0 as the angle between the new Z and

criginal z-axes ( see Figur e 2). Let f and. f be, respectively ,the electr on

distribution functions in the coordinate systems attached to the probe

and to the plasm. The rotation matrix is

/ cos~ 0
R — R R ~ = ( —oos O s1n~ cos0 cos~ siu0 ) (27)

\ sin G sin~ —sinG coa’ cos 8 /

x ’ ,X ~

normal

new probe —.4 ~~ z ,z ’
orientation

/
/

II ,

7 r
7’ y

Figure 2. lulerian Angle Transformations from Coordinate Systems zys to XYZ

12



‘ii

p

0 ____________________

The components of f tran sform thus :

= 
~~~~ 

= ~ R~~f~ ~ 
and. f;ft = Z R R ~ f~J1 (28 )

In the matrix notation

~iX BXZ~~ rY~~ XZ tim
fjy = R1~ R17 H75 f17 (29)

~iz 
Rz~ 

Rzy Rzz L°1z
and

f~~ f~ y f~~ R~~ R~y R1~ f~~ f217 f~~ R~~ R~~ R~~

~‘z~x ~
‘2yy ~ z = H7~ H7~ H7z ~

°2yx ~~~ f~~ R~~ R71 R21

~2zx ~2zy ~2zz ~ 1Zy Rz5 ~2zx ~2zy ~2zz R~~ R~ R~

(30)

In particular

= tix8 O 5 _ f
ly5inO0~

5 + t lz 008O (31)

~~~~~~~~~~~~~~~~~~~~~~~ f231~,sin
26cos2~+ f2~~ooa 2 O — 2f~~,sin28sin~ cos~

+ 2f~~5siflO cos G sj~~~— 2f~~ gin O cos O ooa~ (32)

We obtain j a  J 0
_ J~~~+ i2~~, with the three contr ibutions given by Eqs. ( i i )

to (13) and f~ and f~~ given in Eqs. (31) and (32). When 8=0 , only f11
.

~~~ ~25~ 
contribute, and we denote the current by

= 
~o ’ ~lz ’ ~2z

The f15 part of f remains only if one subtracts th. currents obtained

from th. one-sided plane pr ob. oriented in the z-direotion (0=0)  from that

ori.nted in the -i-direction (6 ir ). Denote this c~wrsnt difference by

Ji-. Then

13
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= — x0 f
u(1 — (v~~J)Y2] f

1 (u)au (34-)
VP

By so doing, the = - ji- part can be deduce d. Adding the current s

on both sides gives

= 1~ 
e ] t (U) +~~ [U +2V ~_ 3 V AJ]f255(U)] dU (35)

which involves f
0 

and f
25 

only. Consider now slow rotat ion of the plane

probe around the x—axis with angular velocity less than ve/’A ,where Te is

the electron thermal velocity and A is the sheath thickness. The average

current density after a complete revolution is
2w

— i r  0 80, d

= x
c] 

[(u_v ~)r0
(u) - ~ [u+ 2v~_3v /u]f~~~u)] dU (36)

which depends on t0 and f~~~ only. Similarly ,rotation about the y-exia

gives with f2,,,’s replacing t~~~~, and rotat ion around an i—axi s located

in the my plane gives i~~~/j 
with fm’s replacing f~~~. If J0 is obtainable

by some other means — a spherical probe will do as is shown later — then

Eqs. (35) and (36), after subtracting j0, will contain only L~ ~2 °°~~
ponents,and the J 25 

pert can be separated.

d. Derivatives of Current with Respect to Potential and Deduction
of the Components of the Distribution functj o~

In the oase of an isotropic distribution f0, the second derivative

of J with respect to V~ (in the ret arding region ) is proportional

to f
0

(V~~). This result has been used to derive the distribu tion function

14.



from prob e characteristics. ~or anisotropic distributions , it turns out

that the second derivative includes terms in and 
~~2 

besides

= x0 f [lu_v~]rju - ~ U(1_(vp/tI)~’2]f~
l
~ (U) + (U+2V~~ 3V4J]f zz(U)]dU

dj •____ - x0 f [f0 u) - (~) f1~~(U) +.
~~ ~ 

- l)ç~~ (u)] d.U (38)

* *
= .

~~
. x0J ~~~~ 

- ~ zz~ ]~’~ x0(t0(v~) 
- fiz(V) + r,~~

(v )] (39)

Because of the integral s remainin g in Eq. (39), one canno t get directly

to, ~~~ ~~~~~~~ 
from d.2j~4/d.V .

Suppose ,however ,that the j0, j1 ,and j2 parts of j  = j0— j~ + j2 can

be separate ly deduced .. (Let the 04 ’ add itional subscripts on j1 and

be understood below.) In the previous subsection, we indicated that this

was possible . Then f0 is obtainable from j~, given in Eq. ( i i )  in the

usual manner :

f
0

(V~~) = 
~~~~~ 

~~~~~~~~~ 

(4.0)

From Eq. (12 ) , we can deduce f~~ by differentiation in the following

manner :
C 

_ _ _ _

~~i z~’p~ 
= p ~i#~

• [~~ ~~V ]

To derive f~~~ , we need the integral of in addition to its deriv atives.

We note that

f ~ - f [ ~vt- v~
T’Ai- u’~t] ~~~~ Lu (42 )

Vp 

15



Using Eq. (42) and the j2 parts of Eqs. (37) to (39) , we can now solve

for f2~~ 
to give

* i ____ 
dj~ ~ ~j (v) -

‘

~2ZZ = 
~~~~~ 

- 

~~~~~ 
+ — 

8V 3/2 f 
V~
3/2 

dVJ (id)
P Vp

Thus f0, f~
’
2 ,and f~~~~~ can be deduced if’ the currents 

~~~ 
j1, and. j2 in

j  = j  — j1 + can be separated.

3. ~~~~~ SPI~ RICM.. PROBE

a. Surface Integration

The total current to a probe is the integral of j~~ over the probe

area. For a plane probe , this is simply j04~ times the surface area, A.

Edge effects can be reduced by using a flat ring concentric with a flat

disk, both of which have the potenti al 7 , but only the current from

the disk is analyzed. A sphere has no edge problems, although its support

may introduce unwanted effects.

The total current to a spherical probe is

I = = I T j~~r2sin0 dO d4’ (44)

0=o 4’=o

where r~ is the probe radius. We show in the next subsection that only

the 
~~~~~~~ 

spherical harmonic components, or t0, f~ , and f~~~~~ up to second

order , contribute to j~~. Thus J
84~ can be written as

= j0 — j 1 + j 2 = J0
_ Z k jJji+ Z R 5jR iJ2~ . (‘~~

)

similar to Eq. (28) for the f components. From Eq. (27) for R or inspect-

ing Eqs. (29) to (32), one obtains

-~  

_



J J 0dA = 1f1rr ~,i0~ fi1d A = O

J ~~~~~~ 
= ~ wr2 (j ~~~ + j~~ + j2 ) = 0 (4.6)

since j2 is related to f 2~~ and the £2 tensor is traceless, viz.,it satis-

fies f2~~ + f
2~~~ + f

2~~~ = 0. Thus,we note that I is related only to j0, or

I = 4rr j0 (~~.7)

The above assumes that the sheath surface is spheric al and concentric with

the probe . This is valid if the perturbations due to and £2 or j1 and

are unfl ,

b. Retarding Region

Consider an elen~ent of ~pher ica]. surface at the sheath position,

r = r 5, and let the norma]. be in the Z—di reotion. In the XI plane we write

v1 = qsin~~, v~~= qoos * and. q2 =4 + 4 (48)

A charged particl e moving from the sheath surface to the probe surface

conserves its momentum and energy within the oollisionless sheath, so that

~~~~ = r 5q3 and. 4 = 4 + q - q~; — (2(V~ — V5)/m] (i~.9)

Henceforth we write V~ instead of V~, - V3 
with the understanding that V~,

is measur ed with resp ect to V3. In order for the particle to reach the

probe, we require 0 and. 4~
) 0,and. the condition on q3 is q’3~ c4 ,

where

r r z [v~~ - and ~~~~ ( )  (50)

Henceforth sub script s is to be understood on v~ -~~~ q.

17



The current 81 thr ough a spherical element of surface at

r = r can now be written as

~~ ~~~~~~~~~~~ ~d qJ dl q sini, q 003 •) (51 )

Substituting Eq. (3) for f~ into thi s expression and integrating over I

yield —To
= 2w~f 

vzdv
z l  

qdq Z t~~~P1(oos e) (52)

Henc e the current is related only to the f~~~ component s aM 812 is pro-

portions ]. to f~~~ for ax~ orientation of the spherical surface. The se

facts are used in the previou s subsection to show that I ,~ aM 12 do not

contribute upon integ rati on over solid angle . We are therefore inter-

ested here only in 8I~, viz.,

81 -v 5?
= 2w f°vzdvz ~~ f0(v~,q) (53)

In a spherical coord inate system with voos e and q = v sith (see Figure 3)

we find q

~~~region of e
inte~~’sti on i ~~ ____________

0

Figure 3. Spherical Velocity Space in the Retarding Region . If v( T
~
J ,

the integration region is nil. If v) I v  I ,  the integration
region lies b etwe en O .v—00 or q’ .q~ &de ~~z-
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V

61 0 IT

= 2w f v’dv f0(v) [ i.e sine cos8 (~~~~~)

ir4
~

The angle 8~ is here defined by the q2 
= q~ equality , which is

v2 sinZOo =~~,z~~~~x [lcos1e0 — v 2] or ain2e0

Integrating Eq. (53) yields

or 

O _ l ~~~~~~
’

v3dv [1_(Z.~)]
f (v)dv (56)

— = ieJ vdv(v2 — y~,]f0(v)dv (57)
p

and V
0

8?r’e
I * 4a’r~,J~ = 4.w6I~ 

=_ ~~~
L. f EU- V~,] f0(U)dU (58)

This result shows that ,a.s far as ~~ is concerned , the contributions for

the plane and spherical probes are identical and independent of r 5 . It

is known that this is true for the cylindrical probe as well, as will be

shown later.

For the spherical probe, the and 
£2 

terms give no net contr ibu-

tion to the total ourr at. The second derivat ive of I can then be

used to deterMne the f
0 

terms

~ 8w~~ e 
~~~

19



c. Acceleratin g Region

For an accelerating potential, the sign of the 2(V — V 5)/m term in

Eq. (49) is changed, so that in Eq. (50) the quan tity q~ is now

r2
= 

D~~ 
t 4+  y )Il ~[v~+ y

2)  with ~ — (60)
B

_
p 5 p

Also the limits on v~ are now —.~ toO • Thus Eq. (52) rea ds

= 211e
f 

vzdv~ f~
d~E f

00
(’v~,q)P1(~~s8) (61)

As before , we are interested here only in the 1 0 term since the 1= 1 and

1=2  terms give zero contribution . In a spherical coordinate system (see

Pig ure 4.), we find.

61 1~v~ IT 0 IT

—~~~~ = 2se f v3 &v f 0(v) f ~~siz~ cos8+ 2we f w~dv f (v) f d8sithcos8
a 

w-e ~~v0 ir/2 (62)

where e0 is given by q. v coae0 = 01
or r2 v 2

sin’e0 = + (.
~)]  (63)

q
A

12 
=

1i~~w. 4.. 8 cal Velocit~y Space in the Aoo.lerating Region. ~f v~v , th. angle 6 varies from to IT . I t v) liv j,  the
angi~ e varies rrom e=v_ e0 or qac~~toe i w
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Integrating Eq. (62) yields

v
T2 =we~~ 

O
d.vv3 fo(v)+ITe;~ J dvv3 f (v) [ 1+ (. 2) ]  

(614.)
0

Now = 8I0/r~ and. I = 1,x r j 0, giving

.1~~ v
~I = 4ir2 e[r f dvv3 f0(v)+r , f

dvvf0(v)(v
2+v~,]]

o

= 
8v~e 

[r f  dUU f0(U) + r; 
f

d.Uf0 (U)(U+V ~]] (65)
0

If the sheath position is close to the probe radius, as is ofte n the case

in the pressure range above a few torr , we approximate r 5 ~ r~ and ~~>> i

to give 2 Cs

I = ~~~~~~ 

f
dUUf0(tT) (66)

Note that this is the same result as for a planar element of surface

integrated over a sphere (see Eqs. (4.7) and (23)). This is reasonable

since the particle s see a planar element of probe surface if the sheath

thickness is negligible. We also note that the more general .xpre salon

in Eq. (65) reduces to the standard Langmuir relation4.’5 for a Waxwellian

distri but ions viz. , if tju) = n~~(m/2JkT~~) ~ e •, we obtain

I = 4t ? en~~(~~~) [~ 
[1_ex~~(_~~~~)}

ex~~(_~~~~) ]  (67)
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if. THE CYLINDRICAL PROBE

a. Surface Integration

The total current to a cylindrical probe is

I = r ~L f i ~~da (68 )

where a is 8 or~~ depending o~ the orientation of the cylindrical, axis and

L is the length of the cylinder. Let the axis be oriented along the I—axis.

Then from Eq. (31), we have

= Ji~~~~~~~~~~~~4’-’ ~~~~~~~~~~~ 
j1 coaO

We assume again that the sheath is cylindrically concentric with the probe.

This implies that the f 1 aM 2 perturbations are RIn~i 1 • We can integrate

over 8 from 0 to 2w aM find that fj 1~~da = 0, so that

I = r L  f [3~~~~ + j~~~]da — 1+  12 (69 )

In the next subsection, we evaluate the I~ 
and 12 contributions.

b. Retarding Region

Consider a strip element of cylindrical surface at the sheath posi-

tion , r r5. Let the axis be in the I—direction and the normel to the strip

be in the . Z—direction. The current element 31 passing through r = r 5 over

a lengthLis
-T

=i Yz&Tz.LdTx2:dvI
~

(
~
z Tx

~
Ty)

Here is obtaine d from momentum and energy conservation relations for a

partiole moving from the sheath position to the probe, namely,

r~v1~ = r 5v~5 and 4 = 43 +4 5 _ 4~~_ ( 2( V~~_ Y
5
)/m] (71)
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The condition for a particle to reach the probe is v~~ )~ 0 and. ~~~~ 0

or V
2 ~~~~ ~~~~~~~
Y a i  r’ 2V

and v~~=~~~E (72 )

with V~, 
denoting V~,

- V
5
. Also subscripts on v~, v~,ath v1 are to be

understood henceforth.

Let us first integrate Eq. (70) in the IT plaxm over ~ • Let

q2 4+ 4, v1 = qoos~~, v~~= qsin *

Referring to Figure 5, we see that, if q~~ q’~, then the limits on. are 0

to 2w. If q2 aq~, then the ~ limits are from .4~, 
to {0 and from ~-4~ to

w + ~~~~~ Here is determined by the condition that 4 = or

= [r~~~r (~~)]~ 
(73)

Let us now substitute the spherical harmonic expansion in Eq. (3) for f

into Eq. (70).

‘1

_ _ _ _-- ~~~~~~~~~~~
- region of ~~~integration — —  I

i i  I I —— 41 1

Figure 5. Velocity I! Plane for the Cylindrical probe in the Retarding
Region
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Then -v

= 

~~ 
f v~

d’Vz [~~~
qdq f~~ P~(cos8) fd~ {a

05
coan~~+ 615sirm&]

lins

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 81 sj~~~]

+ f qctq f~~~P~(coa9 ) f d~( 8 cosn~~+ 6 1 sinn~ ]] (74.)

IT-.0

In the first term, we obtain a contribution only when in = 0 and 8 = 0. In

the second plus third. terms , consider first the m = 0 term. The ~ inte-

gration then contributes 
~~o8os6om• Consider now the in) I terms . The

terms give zero contributions. The contribution in the second

term cancels that in the third unless in is even, so that the ~ integra-

tion for both these terms gives (2/m)[1+ (_1 )m] sinm*0. Hence we obtain

ii~L 
=

~~~ 
~z

d.vz ~~~aqq z 2Irf~ooPi(cose)+Jdq q~ f~00
P1(cos8)4.*0

+ 
f d ~~~~ 

‘

~L 

f~~~P~(oose) ~ sinm~~ [I + (-1 )m
]]

1,m ) I

— (&I + 8Ib +81 )/ez. L (75)

Now we integrate over 6 in the qZ plane with

v~~= voos6 , q= v a i n O and. v~~~v~ + q2

Referring now to Figure 3 for the first term in Eq. (75), we can Immediately

write
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V0 iT81

e r L  = 2ir~~~ f v’d.vf 100(v) J d9sinOcose p
1(oos9)

i c o

where

sin2e0 =~~~[i _ (~~)] (76)

Let x = —coaS. Then, since P1(—x) = (—1 )3’p1(x), we obtain

= 2w ~~~[~~dv f~00
(v) f dxx (-I )~~~ (x) (

~~~~)

00860

Let us refer now to Figure 6, which indicates the region of integration for

the second and third terms in Eq. (75). If v( Jv 0J ,  there is no contribution.

region of
integration -

q2 = q ~ , -

/ 
v

/
I 6

-v z

~i e

Pigur. 6. Spherical Velocity Spac. in the R.tarding Region in the Inveati-
gation for a. Cylindri cal Probe
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If v) I v01 ,  then the limits on 0 are w - a, to ii — 0  ,where sin20 is given

above in Eq. (76) and

coaS, = v0/v (78)

Thus ,substituting Eq. (73) for and letting x= -coaS , we obtain with

~
I•  r/(r

2 .~r~)

cosO
00 0 [v2x2 -V2] ~

~~t = ~~~~J d v V 2  f100(v)
J 

dxx (-I )1’p1(x)4.sin” [[~ ,~I ( I  Zi~ ] ]
1 o ooa6~ (.

~~~~ )

For 8I~ we write
cosO

= ~~~~ f~~~ f dxx P~(-x) ~ six,n~0[1 +( -I )
m] (80)

1,m 1  coa0,

with *~ given by

sin2
~ 0 = p(V2x2 

— v ]/ty2(j _ .j~)1 (8].)

Consider first the 1=0 term. Since m (  1, we require m = 0 and

therefore 81 = 0. The expression for 81a in Eq. (77) gives immediately

ir~ 
= 1r~~~

f
dvvr (v ) (V2_ v2] (82)

The integral in Eq. (79) for can be evaluated thus. Let

~~(v2
x*~~~v

h]

7’ = ,ir (1_ $ (83)

When x = co86~ , one obtains y= 1,aM ,when X x coaS, , one obtains yx O .

Equation (79) becomes

j

co 

v’f 0(v) 
[i 

- I ~~ :~
;“
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Now

(~~d.vsin
4v _ -stn~ y I ~~~~~~~ 85

J 
(~yZ +~~)Z — 2(yk +p J  2(p + p’)V28 L~ 

~ +y X )
and.

I
fv~.vsin~ y ~~r i I
j &z +P) =rL(P+P 2)* (1+~

)

so t hat

~~~L = I T
•
f(Ivvf0(v)(V2 _ v

0] ( 2_ Ø ’j  (86)

Adding Eqs. (82) and (86) yields

81
IT fdv~~ f0(v ) [ V 2 _ v~]

Thus 8I
~ 
— i0r~L is independent of r5, as mentioned previously.

Performing the integral over a fr om 0 to 2w in Eq. (69) yields with
2

U my /2
4ir2r L e~~~~

10 2vr~LJ0 = dUf0
(U)[U_V~) (87)

P

This result for is the sane as for the planer or spher ical probe but it

is multiplied here instead by the cylindrical area, 2wr~L.

Consider now the 1=2 terms. As mentioned in the previous sub-

seotion ,the lx I term integrates to zero over a. For 1 2, we equate

f
00 

f~~ (see Eq. (4.)) and P2(x) = 4’(3z’— i ) .  Equation (77) for It

integrates immediately to give

= if  dvv’ 
~~~~~ [i - (

v

)

2

] 
~~~~~ [i 

- 

~~~ ~~~~ 
(i - (

~
)‘)] (88)

after Eq. (76) for sin’ ii substitut~L. With the substitution for y

in Eq. (83), 81b in Eq. (79) becomes
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I
~~~ dy sin 1y ____

6~~~~ 

fav~~ ~~~ [i 
- (
~~ j iy~ + ~~~ [~ ~ ~~~~ (~ 

- 

(

~~~

)

2

)]5 V0 0
(89)

We use the formula in Eq. (85) and in addition the formulas

J yd.~~sirf’4 y 
- ~i~~~iv y (i -~~ )~ 20+1 

_ _ _ _ _

~~~
- sin- 

4.(y +~~~ 
+ 8~(ffi+I)(y~+~J 

- 

8(~ 2 +~~~~ 2 [(~(i~~)J
and. i (90)

tydy sjn y ~ E~~± i/’~±i)~~.11 (91)J (yZ +~~)~ = 8(I +~
) 2 L 2

~ 
(
\~~~

0

Consequently,

r ~+~ ( 
,v 2 r61.0 

ITJ d.vv’f2~~(v)~~_ (.2)][

1’ 
-= v ) J r ~~ 2

5 8  5 ‘.. i i  s \ sV
0

(92)

In the expression for 81 in Eqs. (80) and (81), we have only a contribu—

from in = 2 for which sin2~ = 2 sin e cos~ • We note from Eq. (4.) that
0 0 0

f;20 =
~~~ 

(
~;~~—~;~ )• Also P~’(—x)= 3( I—x’). Letting y = I — x 2 , we obtain

61 ~°

C
ei~~ = 1 d.vv (41_ r~ )~ dy(a+by + ~ y

2~~~ (93)

where~~=r2/(r
2 — r’)as before , a = — p (V 2 — v~), b = V 2 (V 2 — v ) ( 1 + 2~),p a p

o z—1 (I +~~~) , t~~•

) and y~ =i~~
(

~.2
’\y (_LYi 

V
0

2 V

~~~
1A -(7)

Since c and t~ are less than zero , we use the formula

f
dY(a + by + o7’ )~~ 

= 
2oy + b (a + by + o7’ )~ + 

~~ — 
b’ sin ’ ( 2oy + b \

-

(9’)
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At the upper and lower limits , the arguments of the sirf ’ a.re,respectively,

~ I and. (a+ by+ c?) = 0. Thus

2 ir b2 — 4.ac ir 
~ 

V
\ _______f dy (a+by+cy ) ~ (~~C) 3 /2~~~~~[ 

-(~ ] 
( 1 +~~~)il ~

yo
This yields for 6I~ in Eq. (93) the following:

81 r r2 00 2 2

er:L~~~~~~~ (~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (96)

V
0

Adding the three contributions in Eqs. (88), (92) and (96) finally gives

81 V00 

~~~~~~~~~~~~~~~~~~~er = ~ / 
dvv’ (1 -

p J ‘\ 
t
\V J

V0

+ (r~~- f;~~~ ) (i - (

V

) 
(I - ]

Let us now perform the integration over a or 0 from 0 to 2w • Then

from Eq. (32) we find that
2w

f
~0;ZZ

d0 = ir[f 2 sin2
~ + %

~cos2~ + 
~
‘
2~5 

— 2f 2,~,siz#coa~]

-— i r [f ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~2xx

since f = — (r 2~~+ ~~~~~~~~ Similarly one can verify from Eqs. (27)
2zz

and (30) that 2w 2w 2w
* r *  I’ .

2irf~~~ = 
J
f~~~~~dO = — 2 Jf 2~~

dO = —2 

~ 

f~~~~~dO (98)

0 0 0

Substituting Eq. (98) into the integral of Eq. (97) yields
00 2

1
2

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(99)

V
0

for any orientation. In terms of U = m v’/2, this reads as
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w2erL 00 

*
12 r L  fi dB = — 2mz j

~ 
[u+ 2V~

_ 3V ,AJ)f~~~(U)dU (100)
0

p
It is remarkable that this expression is independent of r5 and could have

been obtained from the plane probe result by integrating Eq. (13) with

Eq. (32) over 0 for 
~~ = 0. This operation yields Eq. (100) with and

generalizing to any other orientation means writing ~~~~~~~~~ This component

thus always refers to that along the cylindrical axis. Combining Eqs. (87)

and (100), one can write generally for a cylinder oriented along the i-axis

the following expression for the total current in a retarding potential:

‘437
2 00er L

i = m~ 
~ 

J
{[u v~~0(T~)~~ IU+ 2Vp

_
3V;AJ]fai(U)]dU (101)

V
P

Thua,if f0(u) is obtained, by using a spherical probe as outlined previously

and. if I~~ is then subtracted from (101), the remaining current (12) varia-

tion versus ~~~ can yield the 
~~~~ 

components by using the inversion

relation in Eq. (4.3). As a further illustration,if the cylinder axis is

in the iJ plane forming a 4.5~ angle with respect to the I and j axis, one

gets
liz’er L

I = 
, ~ 

f[
[u_v~]r0(u)+~ ~~~~~~~~~~~~~~~~~~~~~~~~~ dU

m 
(102 )

Hence, in principle, with appropriate orientation of the cylinder axis, we

can d erive any component of the tensor.

o. Accelerating Region

Since the sign of the 2V~/m term is changed, we redefine our quantity

°i in Eq. (72) to be

= 4 + v’] with P .  r /(r’ -

-

. 

Ti — 

. .  

- 

~~~~~~~~

- 

-

~~~~~



The limits on v~ are now ~~ to 0. Equation (75) reads for this case

0 V8i~+ ‘b 810 
= f v~dv~ [ J  dqq Z 2~f 00P1(cos8)er er L

S S
-00 0

00 00

* 
+ fd q q ~~

“ 
f* P~(ooe8 ) ! s inmej i+(—i )m

]]+ f dqq E f1 P1(cos$)4. 
.~ 

~~~~~ 

m
q, qi

(103)

where 2 

~ [ y
2 

+ v~]
ain2

* = = Z ~ (i oi~.)0 q2

We proceed with the inte~~ation over $ in the qZ plane. The first

term in Eq. (103 ), 8I~, can be evaluated upon considering Figure 4., namely,

ii o ii’

L V3dVç00 v f d e b l z B c o se  p1(coa$)+E f ‘dvç0 (v)fdesf~~ooa8P1(oose)2irer3L =

ir/20

where
r2 2

sin2O =4[i+(~~)] 
(105)o r

Let x=-coaO . Then

6I
2ver5L ~~ 

j00 

v’dvt
00
(v) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

a - z
o 0

(106)

Let us refer now to 11.gure 7 for the integrations in 81b and 8I~. If

v~ 1/ ~v0I ,  there is no contribution. If c)  ~~~~~ then the limits on B

are i/2 to IT - e , where 9 is given in Eq. (l os). Thus substituting Eq.o o
(iOu.) for and letting xx -oos$, we obtain for 8tb

• 0o~~
. Z f dv~~f 00

(v) f ~xx (-I )~’p1(x)4.sin ’ [f~~~~~~ 0>
1~]v’(i-x’) _J

(107)
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For 61 we writec

= 
J

av v3
~~~ 

CO~~ 
~~ sin m B~(i + (_ 1 )m.1 (108)

l,m) 1 ~

with 
~~ 

given by

sin2~~ = ~ fy 2~ 2 + v~1/tv2(1—x~)] (109)

Consider first the 1=0 term. Again 6I~ = 0 since m=0 . The expres-

sion for 61a in Eq. (106) yields

2 00 2

~~~~~~ 4] dvv’ f0(v) (1 + C_~) )+ f ° d v v 3f (v)1 (110)

~~
vo 

0

As far as 81’b is concerned, we obtain,instead. of Eq. (8k) previously, the

expression

= j dvv3 f (v) 
[i +(,~)

2
I1f 4~~ydy 8in:~ y 

(iii)

~~vo ‘~~vJv

q2 q2

~ 
00 (1

1’ ’
~\ ~~~~~~~~

Figure 7. Spherical Velocity Space in the Accelerating Region in the
Integrations for a Cylindrical Probe
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where 
~(v~x~ + v ~,) (112 )
~2 (1_ x2)

and y I when x = cos90 and y = I~v0/v when x= 0. We now use Eq. (85) and

obtain

sin ’(,~~ /v)
4.~~+ 1) 2~ ( 1+~ J~~) 

+ 

2~~~+~~2 ) ~S J

~~
vo

sirç’ r r1 - pv~/v~
t t A + v2 / v 2 J

(113)

Adding Eqs. (110) and (11 3) gives for 8I~ = 1/2w = j  r L the followingo p

I ~~~ r / y 2

—2~i +— 2  (1+
v j  r~~ (~~) >in- 

~L~~~ JJ3
0 ‘/~vo (114.)

Equation (114.) reduces to proper values in known limits. If f (v)
0

is a Maxwellian distribution, Eq. (114.) reduces to Langeuir’s result4.’5:

V V~514$ )~~y (115)= 2wer~L% (~mf [ !  
~ 

+ exp (
~

) [~ 
- (( ~

>> r or~~ < < 1 ,we oan appro—where B is the error function. A].so,when r5 ~
zimate Eq. (114.) by

00 v /
= ~~er~L f dv ~~f~(v) [~ ~~ \VJ )

~~~~~~
1[(1 +(

~~~
)2)

4

]]0 +

0

Bier L •
,-

= ? f ’ (uv )~~+ (u+ v~)sin ’ f0(U)dU (116)
a i t  P

0

Equation (116) agrees with the recent expreesion given by Polyohronopulos
6.

• ?fnally, when r5~ r~ or ~~)> 1, we can reduce Eq. (114.) to
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CO 4.ir2 er L
10 = 2w2 er~L f dvv’ f (v) = ~ f duuf0(u) (117)

0 m
0

which is identical to the plane probe result in Eq. (ii) integrated over a

cylindrical surface 2irr~L. An incoming particle effectively sees a planar

element of surface if the sheath thickness is small.

We now proceed to the 1= 2 results for the particle acceleration

regime. Evaluating Eq. (i 06) ~~ ‘a for 1= 2 gives
V 2 00

a f
___  

- f 
O
dv v~f~~~ + 

_
~ E f dv c’ ~zz £1 + (~)~ E - ~~~ (i + 

(

~~

)

2

Ja
4v0 (118)

* *using f = f and p (x) = (3x2 —1 )/2. The expression in Eq. (107) for2oo 2ZZ 2

can be evaluated with the sub stitution of 7’ in Eq. (112), similarly to

the method. leading to Eq. (i i i) .  The corresponding relation is

= Id v v~ ~~~ [i + (2)

2

]J dy ‘:~~ [i 
- 

~~ 
+ ~ J (119)er5L j

~~vo
Using Eqs. (85) and. (90),we obtain

v ‘aT

er) J
&vv’ 

~~~~~~~~ {~sfn ’ ( 0)+*(i~~
(

~~)’)’(?5_i(i+ (.t) )
~~~

vo

+ 2 2 
(i 

+ p)’
) E~ 

-~ (i + ~~~~~

)

‘

y

~~~~ + 1)}iñ
1 ~~~~

~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 3 (120)

Next w evaluate 8I
~~ 

in Eq. (108). Only the mx 2 term contributes. We use

P~(-x) . 3 (1- t’) ~ g f;20 ~ (t~~~-f ~~~). We are led to a relation

similar to Eq. (93) , namely,



- CO01 P *
= J dvv ~~~~ 

f~~~)P~ f dy(a+ by+ oy’)~ (1 21)

sin2 9

where

y = 1 — x 2 , a=4(v2 +v~
)2, b= ’i~(v

2 + V~)(1+~~~),

c = — v 4( 1 +~~), A = 4 a c _ b 2 = _ v t’(v* + v ~)’

2c+b = Y 2(v~(,( i+ ~~~) _ V 2] and a+b+o =

Since c and A are less than zero, we use again the formula in Eq. (94.) to

yield

81 00 

* * 
~

r1 
(;r

2

)

~ ~~~~ v 4
c _ _ _

~~~~t 
= jf d . v ( f~~~~f~yy) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

r r3 2 2

~~sin
5

(122)

We have used the relationship illustrated in Figure 8 that

( 1+2~ )—v2-
~~~~~ [“

~
° ~~~~~~~~ j = f 2~c~.~~’- 2sin 1 (1 23)

A
/wK

0

+

• 
2v~(14)*(v*4I~)~ + p

Figure 8. Relationship Between the Angles ~ and ~~. Note that sin(v/~4) a

3,

_ _ _ _ _ _ _  - 

2sin% ooa~~or T/24 a



Combining the three parts in Eqs. (118), (120) , and ( 122), we finally

obt~tin

8 
2 

~ ° 
f;~~ + f d.v~~ f~~~ ~~ sin ’

qv

+ 1)}i~~1 

~~~ 
)
~10 /_ i

r2 ,r2 — r2 ~ v ,v ~2\ r 2 
~v \2

.~~4 l 5  P _ _ _+ 
~ r ~ r~ ) _.

~~~ (i + 
(_2 ) ) fl - r~ ~~2 (~

) 1
\ //L s p 1_I Js \  p

00 r2 
1r

2 — r2 ~~,2 r2 y 2

+ 

~J d.v(f~~~- f~~~) [~ ~ ~ )~ [v2
~v (i + ~~~~~]vo[i ?~~~~~ 

(.;q)]

r r~ - ____ (12k)~~t’.1--~’v’i~‘r r’A ~ v j )

The above app lies to a cylindrical strip whose exis is along the

X axis and whose normal is in the Z-direotion. Let us now integrate

over all such strip s by letting 0 vary from 0 to 2w. We obtain the result

in Eq. (98), whioh after substitution here yields

‘2 

00

ewr5L 
= - 

~ 
f dv V3 f;,1 + f dvi’ f~~~ [_ ~ sin

1

o

v ’

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~

2

2~~7,R~,r _ r )  [i
_

( . t) ]  
]

125) •

I
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This is our final result. Whe n r > >  r~ or ~ << I, it reduces to

e1rr~L = - ~ j dvv3 f~~~(v) ~_E (i + 3 (2 ) )+ (i + (‘)
2
X -

~~~ (2 )

2

)sirc l[(1+ 
(

~~~

)

2

)

= - ____ U f~~~(U) + + (i + - sin 
[( u f ~

]
(126)

When r z r ~ or ~~>> 1 , we obtain

eir2r L 00 

~
‘2 = — 2m1t~ fdUUf~~~(U) (127)

which again is equivalent to a planar surf ace element (see Eq. (25)) inte-

grated over 0 (see Eq. (32)) from 0 to 2w.

5. THE SPHERICAL GRID SYSTEM

A different type of electrostatic analyzer is the spherical grid

system, illustrated in Figure 9.

Let the normal to the hole in the plate be along the Z-axis. Then,

af ter integration over B , we obtain for a retarding potential.

collector at V~ V~ 
~~~~~/1e 

/

;ph;rioal. gr id at

plate at

Figure 9. The Spherical. Grid System
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= 2lre ray v3 
~ f P 1(cos8)(-1)1sjnOoos9dø (128)

where is the acceptance angl: and. v0 (2V ~/m)~. Integration over e gives

= 2we J dvv’ Z f~~~(— 1)~~1 (129)

V0
where , using Eq. (1 6) , we have

IC n = (2n+1 ) [(~:~3) 
(P

fl
(cosea )_P n+2 (cOsea )) + (2:_i)(Pn 2 (cose&

_P
~~cosean]

In particular for I. up to 2 , we obtain

with 

= Klf~~(U)+ 1C2f;~~
(U)]d.U (130)

• ICo = 
~~~~~~~~ ~~ =j ( 1 — o os’e~ ) and *~~=~~ ain2øa(1+3oGIOa) (1 i)

• Differentiation yields

= — 4~ 2~ [vkf (v) — IC
1f~ (v) + K2f;~~ (V~)]] (132 )

For this kind of probe then, the fir st derivative of j with respect to V
P

gives a linear relation for the different oomponents of f. The current

densities obtaine d. for different orientations of the probe provide a set of

linear equations from which (knowing f0) one may determi ne the different

component s of and

For an accelerating potential , the relation equivalent to Eq. (1 30)

is

j~~ =~~~!J U( K0fo(U ) _ K l f~Z (U) +  K2f;~~(U)]dU (133 )
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6. SUMMARY

We summarize here the results in this section for various probes

including anisotropic terms, up to 
~2 terms in the distribution function .

In the retarding potential region, the current intercepted by a one—sided

flat d.isk of area A is ( see Eqs . (ii) to (13))
00

I = dU 1(u v ) r (u) ~~~~~ U - (~4” ] ~‘
z~~

+ ~ [u+ 2V - 5V /U] f;~~~(U)] (134.)

Here V~ is the retarding potential and a star on f allows for a 0~ rota-

tion of the disk according to Eqs. (31) and. (32) .  The Z axis is the

direction of the norn~l in this coordinate system attached. to the probe .

In the accelerating potential region (see Eq. (26) )

2ieA

f

~~~ U [f 0(u) _
~~ t~(u) ~ f;~~(U) ] U (1 35)

A spherical probe with surface area A collects in a retarding poten-

tial (see Eq. (58))

~ -~~A f~1u(u...v)f (u) (136)

VP
and in an accelerat ing potential (see Eq. (65))

CO

I = ~i~[ #. f diJuf0(u) +fdu (u+ V~)r0(u)] (137)

0 PV~

where r 5 is the sheath radius , r~ is the probe radius ,and ~ a r~,/(r’~ -

For a thin sheath, r5 ~ r , ~ 
)> I and Eq. (1 37) reduoes to

I~~~~~~e~~~~~ fd.UUf~(U) 

• 

(138)



A cylindrical probe has contributions from f and f • In a retardinga
potential (see Eq. (1 01))

00

2ireA r dU {(u_ v )f 0(u) — ~ [U+ 2V —  3v2/U]f u(u)] (139 )

p

where I signifies the axis of the cylinder and. A is its surface area. In

an acce lerating potenti al (see Eqs. (11 14.) and (125))

2n eA r~~~~ 
00 r

= —r— ~~ [~~dUUf (u)+~ d U U f  (U) sin 1
m ~r~~~j  o 1 t J  o p ) ]r L tY

0 p

V U-~~V~~~ r ~~~ 
*

+ (1+.~)
siff1 [ (~+~ )] ] -~ - f  dUUf 2,1(U)

0

- 

f~
u U f;~~

(U) 
~~ 

sin ’
p

rfU - v ~~ r2 ~~ r2 V
• + (i + 

~ X1 - [~u+ v)~~ J+ (~) (~ -~r~ ~~~~~- ~~~~~~ (p1]]s p/L s p /1
(114.0)

For a thin sheath, Eq. (14.0) reduces to
CO

2veAI = — v — f d U U { f0(U) _ .~~f ,, (U)] (14.1 )
0

A spherical grid system, with hole area A, collects in a retarding

potential
CO

I ~~~~~~ A f d U ~~ f (U)_Ki f~
’
~(U)+x2r;,~(u)]u (142 )

V.
P

4.0



where the x ’s depend on the hole acceptance angle and. are given in

Eq. (131). In an accelerating potential (see Eq. (133))

I = 
47reA dU[K f (U) - Kifiz(U)+ 1C2f ;zz (U)lU (14.3)

By using several probes or different orientations in a retarding

potential case , the I~, ~ ,and 12 curren t contributions in I = I
~ 

— I~ + 12
can be separated fr om each other. Then from I for the plane, sphere

or cylinder, one can obtain f0 by Eq.(4 .O), i.e.,

2 d2 1( V )
f0(eV ~) = 

~~~ dV~, 
(j ~~)

From I.~ for the plane , one derives f (see Eq. (4.1) ):

e
~~
(eV ) = ~ 4 ~ [~ 

(i~5)

where Z is the direction perpendi cular to the plane . From 12 for the

plane or cylinder one ob tains (see Eq. (4.3))

• 
cf ;jj~~~~~e

_
A [d r~~~~~~ ~~~~~ 

t ’2
’ 

8V~/2 
1 1 2(v) d V ] ( 1 4 . 6 )

p V~

where c= I for a plane and. c=-4 for a cylinder. Also ,i is the direot ion

perpendicular to a plane surface or the axial direction for the case of a

cylinder. For a spherical grid system with normal in the Z-direction,

the first derivative gives directly a linear combination of the f ’ s

(see Eq. (132)) , namely,

K f 0(V) —K 1 Z ~~p~ 
+ K ~f;~~(V ~~ — 4ireA (14.7)

from which for different orientations one can sort out the various parts.
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SECTION III

ADDITIONAL CORRECTION TERMS DUE TO THE EXTERNAL ELECTRIC FIELD

I • INTRODUCTI(iN

In Section II, it was assumed that the electric field, E, in the plasma

multiplied by the sheath dimension, A~, was negligible compared to the probe

potential, V~. In certain discharges, B may be of the orde r of kV/ni,vhich

means that for sheath thickness of the orde r of lmm , E~L~ becomes comparable

to the probe potential. When this is the case , the previous expressions for

the current collected by the probe should be corrected , since the effect ive

potential between the sheath boundary and the probe can be substantially

different than V~ and the correction terms oan provide contributions to the

current comparable to those due to higher order anisotropic parts of the

distribution function. Here we give the new expressions for the current

intercepted by a prob e when the influenc e of the external electric field

around. the prob e is taken into account.

In doing this, we assume, however, that EA5 is still small compare d. to

V so that we can ignore angul ar variation s of the sheath thickness due to E.

This approximation allows us to avoid the treatment of non-symmetrical

sheaths and the case where spherical or cylindrical probes have accel-

erating and retarding regions on opposite side s which make the calcula-

tions almost impossible. On the other hand , this approximation may force us

to omit diagnostics pertaining to the lowest ener~ r (U) domain of the

distribution function , name].y,U< eEA5. Hoi’ever, since A5 also decreases

~-ith Vs,, then ,if Vp >> eEA for large V~, this condition is usually obeyed.,

although possibly to a lesser extent , at lower Vi,.
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In the first subsection, the current density intercepted by a plane probe

with the norma]. making an angle 0 with respect to is expressed in ter ms

of the spherical harmonics of the electron distribution function f0, f1,

and 
~2’ including the above correction terms. Only the retarding case is

considered. since , for the accelerating case , the expressions for the current

are the same as when B = 0. Expressions for the limiting case of eEA3 << V~,

are also given.

Following the plane probe , the spherical and cylindrical probes are

analyzed. We first derive the gex~eral case for an arbitrary ratio of sheath

to probe radius , r5/r~~ and express the results in the limit ‘then eE A << V~
for both the retarding and. accelerating regions. The cylindrical probe is

as~umad. oriented. along an axis perpendicular to the electric field E. When

oriented along the electric field., we get the same results as when E X =  0.

For the perpendicular cylindrical probe, integration over 0 cannot be per-

formed. analytically for arbitrary r5/r~ which implies in this case a double

numerical integration to calculate the current.

Next, an approximate analysis of the sheath thickness A5 is presented. .

This evaluation is required. for the evaluation of EA5,which appears in the

expressions of the currents. We assume that the electron contribution to

A is mainly determined by the isotropic part of the electron velocity dis-

tribution and by the probe potential. The ion drift is assumed monoenergetic

and. is related. to the electron thermal ener~ r by the Bohm sheath criterion.

These approximations are justified if we consider EA 5 as a correction term;

otherwise the analysis becomes extremely complex. The effects of negative

ions on A3, on the Bohm criterion ,and. on the ion saturation current are

also presented.
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Finally , we treat the inver se pr oblem of deriving the electron ener~~r

distribution from the current with the additional correction terms. We

find, that we can deduce f 0 , f1~~,
and 

~2~5 from the currents intercepted by a

plane probe ~riented along five independent directions. Results are given

when the orientations 0= 0 , ir/4., ir/2 , 3ir/li ,and ir are chosen. The utiliza-

tion of different probe ge ometries under circumstances when BA is non—

negligible (as proposed in Section II) is not practical because we can hardly

separate the different orders of anisotropy if we include the correction

terms. Thus,to determine the anisotropic terms of the electron distribu-

tion function, a plane probe is most sensitive. A design of a plane probe

1~~ given in Appendix B.

As in Section II, we assume here again a collisionless sheath in a

low pressure plasma. Most of the fall in the potential that is applied.

to the probe is assumed to occur in this regior~ and the electric field out-

side of this region is associated. only with the external electric field.

This is valid if the mean free path is much greater than the sheath width

and greater than the probe radius. At higher pressures , there exists a

quasi—collisional sheath outside of the col],isionless sheath. In Sections

IV and. V , the combined sheaths will be liscussed,.

2. THE PLANE ~~OBE WITH CORRECTION TERMS

Let the external electric field ~ be oriented. along the s—axis in the

anode to cathode direction ,and let 0 be the angle between the nor ma]. to

the one—side d plane probe measured with respect to the z—a xis. The magni-

tud e of the effective potential between the sheath b oundary and the probe

when it is retarding particles can be written as V
p — Va,

where V~ is the
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magnitude of the probe potential with respect to the potential at the

sheath edge (when the probe is oriented parallel to B with 0 = ± ,r/2).
Letting A

5 
designate the sheath thickness, we note that V

a = I eE A3 I cos 8.

Vco s0 is the magnitude of the potential drop of the external electric

field. across the sheath and e is the magnitude of the electron charge.

(Reme alber that we assume V~ > Va throughout the calculations here.) Pre-

sently, we will include the effects of Va which were neglected. in our

previous analyses. Howe ver , we neglect the small potential bump AV with

resp ect to potential at the sheath boundary which appears in the sheath

at the point where + = 0 when .
~~ 

< O(where E~ is the electr ic field

due to the probe). For V~> Va~ 
L~V<< Va and neglecting it does not affect

the results too much.

For the accelerating region, the current density intercepted by the

probe is independent of the effective potential,so that we get the same

expression as for ~ = 0. That is,

= K~,fU [f0(u) - ~ 
+ 
~ ~ zz(U)] dU (11+8)

for the probe oriented along the (8,~ )—direotion (see Eq. (26)) with

K
0 

= 2ire/m2 and f
~~

(U) and r zz(u) given by Eqs. (31 ) and. (32).

For the retarding region, we obtain the following for the current

density intercepted by a probe oriented. along the (0 ,~)-dix’ection:

j8~ = jO0~ — ~~~~~~ ~~~~ (14.9)

with

= ‘
~~ 

f ( U —  (V
~~

— V:)]f0
(U)dU (150)
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*
2 _______= 
~~ 

K~ ~~ [~ 
- 

(

V - V~~~~2

j  ~~~ 
(U) du (151 )

V -Vp a

* *= ~~ K~,J  
(U+ 2(V — V ) — 3(V — V )2,4j] zz(U)dU (152)p a  p a
*Vp~Va

which are the same equations as Eqs. ( i i )  to (13) after replacing V~, by the
*effective potential Vp

_ V
a•

*
When V

a 
c< V , we obtai n after neglecting terms of order higher than

(v )2 the app roximate relations:

K~ f(u_ v~)f0(U)du + KØV f f~,(U)dU + X0(V*)2f (V ) (153)s o p
VP V

P

V
3
/ * * IV~~~3 •(u)d.u + X V1z o a J  \UJ

V
P 

V
P

* U)dU ,
~— K (V )2 I IZ~o a j (v U)~~~ 

+ ~~~ 
KO(v:)2r~Z (V~) (i~~ )

V
P 

P

]i~ (u)du+—x v I~~ —2 i r (u)duJ2~q, m~~ K0 f(U+ 2V~ _ 3V 4 J  
* ~ •~~13’V ) *2ZZ 2 o a

~
J \ U  2ZZ

V
P 

p

* f *
K (V )‘ I f— 

4. o a j 2zz U’ d,U+~~ K (V*)t f
* (V ) (155)0 a 2ZZ p

V
P

Thee. results are obtained by first considering separately the integrals

4,6
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from V~ to ~ and from Vp — V a to V~. In the latter , we approximate

f(U) f(V~)~ then take it outside of the integ ral and perf orm the remain-

ing integration over U to yield the above indicated terms . The approxima-

tion on f also requires the assump tion that higher order Taylor expansion

terms are negligible , viz.~ Iva (a ln f/~Vp ) I < c 1 .  All terms except the first

in Eqs . (153) to (155) are the corrections due to external electric field

E. The first terms for j~ and. j10
~ 

in Eqs. (153) and (154.) have already

been obtained recently by Lukov nikov7, usirig a less general approach. The

third term of Eq. (153) is comparable to the first term of Eq. (155) when

If 0/f2I~’(V1/V5
)2 , so that,if one is interested in including the f 2 con-

tribut ion, the effect due to Va should be included as well.

3. THE SPHERICAL PROBE WITH CORRECTION ~~RMS

For the spherical probe , the magnitude of the effective probe potential

is V~ ~ V where the sign is used, depend.ing,respe otively,on whe ther the

probe is retarding or accelerating . Here Va has to be redefined in terms

of the potential variation around a conducting sphere in an external

electric field. This is well known to be

V~~. eE(r5— r’/r)cosOu. V5
cos O (156)

where r 5 is distance from the center , in particular the sheath position,

and r~ is the probe radius • If A
8 

is the sheath thickness and r 5 = r~ + A5 ~ ~~
then

V z 3A5 eEcos B V o oa O (157)

where we redefine V5= eE(rs — r’/r’)~ 3A eE for a sphere. We assume that

the sheath is sphsrioslly concentric with th. probe, i.e.,)5 is not a function

of e.
4.7
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a. Retarding Region

For the retar ding case , the total current intercepted by a sphere is

i = f j
9•~~~ 

= f J j~~r sin O dO d~ (158)
O=o ~=o

where

= — + = (SIo
_ 311 + 8I2)/r~ = 8I/r (159)

is the current density on the element area located at (r~ 0, ~)

and 81 is the current through a spherical element at (r , 0 , ~).

It has been shown in Eq. (52 ) that

• 
= 211

J 
vzd.vzj’qdq 

~~~ 

f~00
P1(cos6) (160)

where 6 is the angie of the electron velocity ~ with respect to the normal

to the spherical element at (r8, 0, ~) 
and where v~ = vcos 8, q = v sin 8,

= (2V~/m)~ and q~ given in Eq. (so). Summation in Eq. (160) has been

truncated at 3. = 2 since it is assumed that higher order terms are negligible

After changing variables (v = (v~ + q
2 )~ end e = tan~ q/v~] and integrating

over 0 using Eq. (i 6) and Figure 3, we obtain

= ~~~i Jd.Tv~ ~~oo 1~
j  [Pl— P

l+2 ~~~~~~~~ (161 )

p 
where the argument of the Legendre polynomials is

- r ~=Li _
~

(1_
~)1 (162)

and P1(— cos0 0) = (—1 )
1P1(cosO0). For an effective potential V

p
— V:, we

note that
To = [2(V

~—v:)/
m]
~ (163)



Letting 1 = 0, 1, and 2, we find that 
~~~~ 

j
1 ~~, 

j20~1~ can be written from

Eq. (161 ) as
*

ioo~ = ( u — v + v  )t (u)du (i6z~.)a o
*V -Vp a

r 2 r 2 r 2 V — V  /2 *2~ ~ ____j ~~~ _
• 

_
~
.J u[1_ [1_~~ +(~~~ 

P

~~ 
a)] ] ~~~~ 

(1 65 )
p 

* S
V -Vp a

and *V-
j2~~~= K  r U~~

’
1- ~ ____

* 

V
a) [i - ~ (~ - 

Vip V
a)] ~ zz (t~)cm (~ 66)

0
•j 

t.~ U

Vp
_V
a

where U = inv2 has replaced v and where K0 = 2ire/m2. From Eqs. (164.) to

(‘~66), we can now evaluate the integrals in Eq. (158). The first integral

can be written as

ir

fi0~~dA = 2ir r2 K ~ f (U_V
p+Vacoso)fo(U)sin o dOdU

p o J
0=o V —V cos0p a

+V ir~ IT a ~~
—

2irr~K~, [ J f + f  j _  
~ 

I ku-v + V cosO )f (TJ)d.UsinO dD
~~~ 

p a o
° Vp~•~V~° V~,

where

cosO a = (V~,—U )/v~~, o~e~ ‘ ( 1 67 )

The double integrals can be reduced to a single one by first integrating

over 8. The subdivision of the areas of integ ration is illustrated, in



Figure 10. Integration over 0 yields
V

f i~~ dA = 1f1rr~,K0 f
(u _ V~)f0(U)dU + ° [ J ~ 

(U-  V~~+ Va
)2 f0(U)d.U

V~, Vp~Va
Vp+Va

~1 ( U_ Vp
_ V

a
)2 f o(U)dU] (168)

V
P

In addition, fr om Eq. (31), integration over ~ leaves only the f1 ~ 
part of

f1~~
and. we have

fi 1e~dA = ~ irr K~ f f ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

6=0 Vp
_V
aOO5 O (169)

a, (U) =(i 
__

~J U + ~~~~Vp (170)

r2 r~
bi =~~~

Va
_
~~~ (rs

_
~~ )eE 

(171)

vi~~~~ 

10

~~~~~~~~~~~~~ 10N 

— 

:
~~~~~~~~~~

005 8

Figure 10. Double Int egration over 8 and U for a Spherical Probe
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(For r~ r5, a, Vp and bi ~ 
Vat) Subdividing the areas similar to that

shown in Figure 10 and inte~~ating over 0 yield

fii 0~dA = ~ iir K~, J [—~ 
( (ai —bi )~~

‘2 
+ (a, +b, )~~ ] + 

2 ( (a, —b, /2 -(as +b1 )~
‘
1]].

7b~ U~v • •r (u)d,up •  Is

V +Va v2 _ ( u _ v ~)’
1 (u)du+ ‘ ~~irr ~K0 J ’ u [a  

~Vp
_V
8

V (u-v ) 
___

+ ~~ irr~K JP{_l [(as _bi 9’a + V u~j+ 2 ((a —b1 )/ 2 J2]]f. (u)du

7b~ TJ~p a

V + V  (u-v )
+ 

2 [U~
’2_ (aq +b,/~]

• 
- 

~~ Irr K~~~ 
a 

{‘ i [ +bi )~~
‘2_ 

Va 7b~ u* ~ 
(u)aU

p
(172)

Also, from Eq. (32), inte~~ation over ~ leaves only 
~~ ~2ii components of

* We associate with the external ! ,whioh has~~ eymeetry in the

uniform region of the plasm. Also ,sinoe Li is traoelesa , we can writ.

(173)2zs

end obtain I

I ~~~~~~~~~ 2wr~K f f (s~,+b1 cos O+o~oos’O)( oo~’O — ~sin’O)sithf2~~(U)dUdO

8=0 V~_V
5 os8 (171+)

with
r’ V

a,(u) (u_v~)[I
_
~~.(i_ .~)1 (175)



b2(U)=V a[1
_
~~;~~(I 

_
~~)] 

(176)

r 2 V2
ca (U) = —

~~~~~
-j

~ 
(177)

Integration over 0 as before yields

J ~2O4~& = Irr
P
KO JO 2f2ZZ(U)dU

V +V
+ irr ,K0 Pj  

a 
[aa cosO isin2 O a + ~

- b2( 1 — O O 8 ~~~02 — ~~ sin4 
02 )

• Vp~Va + O2 ( ~~ cos3 O2 —
~~~~ 

cos50a)] f 2~~ (U)dU

V Vp+Va 0

+ ~ 7 r r K~ LI o2f 2 (U)d U 
_,~J cif2ZZ(u)dU] (i~~~)

Vp~Va p

where 02 is given by Eq. (167) . Summation of Eqs. (168), (172 ) and (178)

gives the current I intercepte d by the spherical probe. These expres cions

are greatly simplified when Va << V~. In this case it is simpler to expand

directl y Eqs. (164.) to (166). Neglecting terms of order higher than

we get

fi~~~dL 43r K0 J (TJ—V~)f0(U)d.U + .
~~ irr

2K V 2f(V ) (179)

2 2

• fi1~ ai~s 1~ir;x0v8J (i 
_
~~~+~~~~)~

r15 udu (180)

V
P
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j j
2~~~dA — 

~~~~~ K J  
-

~~~~ f2 (U)dU + ~~ r
2K V 2f2 (V) (181)

These same results in the limit of r8 ~ r~ can also be obtained directly

from Eqs. (153) to (155) after integration over a spherical area. V’hen

r >> r , V may be an important correction to V~~and one may have to use

the more nearly exact Eqs. (168), (172),and (178) instead of Bqs.(179) to(181).

b. Accelerating Region

In the accelerating region, we write again Eqs. (15 8) and (159),but

here Eqs. (62) and (64.) have to be generalized to include the 1 = I and

1=2 terms. Using Eqe. (16), (21),and (61), we obtain

2
~ r 0 

*81 
= e ~ r ~~~~~~ 

f dvv’ f100(v)

+ 

~~~ 
f dvv~ f~~~ (v) 

~~~~ ~~ 
(p

3. 
- p

1~~2
) + 2~~~ 

(
~1~2-Pl)] (~ 82)

~~
vo

The argument of the Legendre polynomial P1 is
a

coae~ = [
~~

_

~~~~ 

( 1 + v~,/v2) ]  (183)

Also,

(2(Vp + V:)/m]~ and ~ = r /(r -r ) (18i~)

(Note that oos0~ and v0 are the same as in Eqs. (162 ) and (163) except for

a plus sign.) F~r 1 = 0, 1,and 2, we obtain,respectiv.ly,
*

~ p(v +V )
= K

0 f ~ ur0(u)d.u + K
0 f (U+V +V )f0(U)d.U (185 )

°
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*
~ (V + V 2  

r r 2
~~ V * 3/r 2 ) p  a2 s  _ _ _

~~~~~ 
~~~~~~~~~~~ J z~~~~~~~~~~ Ko fu{i_ i 1_ ~~~~( 1+ 

+V \—y2 -~ * (u)du
L u ) J j i Z

o *
(186)

and *

V+V r2 *
a,, 

____ ____

p (v~+v8) * 
~~ u /i + 

0 ~) ~~~ - ~~~~ 
(I 

+~~~~~~~~~~~~~~ ~~2zz~~~dtT ,1, 
j uJ 

*~~~p(v +v )p a (187)

Integration of Eqs. (185) to (187) ver the area yields

Ji0~~dA = 4wK 1r~ tj~ (u)dTJ + r’ f (u+ V )t (u)d&p o
0

p
P(Vp+Va)u-p (v~+v8)_1 

(u)du~K V r’ r j  
~ 

[

U_P ( Vp_Va)
1i f [ ~V Jo a p

P (Vp
_’Va) PV~ (188 )

7, 7,

118. 15 K0 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

2 ((as~bj Y2_ (a, +b, )/’i ]~~15 (U)dU 
0

7b~U~PVp

PV
+ 

~ L~ 
(a, +b,)~2 _ 2 

~7b~U~p (v~,-v8)

p(v +V )_ f  p 
~~~~~~~~~~~~~~~~~~~ + 

2 (~~_ b l~ cjr15(U)aU] (189)
7b~U~

PVp

with
a, (u) = (i _

~~~~~~~~ u - ~~~~ 
(190)

5’



and. b~ = (x!,/r2)Va (191)

(Note that Eq. (190) for 81 d iffers from Eq. (170).) Finally,

Ji28.dJt = ~~ Ir
2K 

f
caf2 (U)diJ

PVP

p v + V )
+ vr ,K0 

•

~ 
a 

[(
a2 — .

~4 u) cos8~ sin2 03 — ~b2 (i —oos4 03 — ~sin4 0,)

+ 0i(~~ cos’O, —~~~ cosC O~ )
_j ~~~~~~~~ 0

pv p(V +V )

+ ~ ~‘‘~~ L f o2f225(U)dU — J o2f 255(U)dUj (192)

P(V~
_V
8)

with 
a.(U) = (u+v~)[1

_
~~~~(1 +

~)i 
(193)

b2( TJ) = V8[ 1 
_
~~~~~~(i + .~)1 (19 14.)

r2~~1
c, (U) = —

~~~~ ;*
•# (195)

aM 0050, = (Pv~_u)J~V8 , 0( 0, < (196)

In the limit of V
8
. 0, these results reduce to those in Eqs. (65) to (67).

4.. THE CYLINDRICAL PROBE WITH CORRECTION ~~~~~~

For a cylindrical probe oriented along the s-axis , we get the same

results as for E = 0 since the external e1.otrio field does not .odify the

potential around the probe, provided that the radius of the probe is sa”~11
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compared to its length. If the cylinder is oriented along any direction

other than z, the external electric field introduces a 0—variation in the

effective probe potential V~, ~ V~ which affects the current intercepted by

the probe in the retarding or accelerating regions. We will

treat here only the case where the cylinder is oriented perpendicularly to

the z—axis (say along the x—axis). The general case of arbitrary orienta-

tion is more complicated and does not illustrate any new pheno menon. The

magnitude of the potential variation around a conducting cylinder whose

axis is perpendicular to an external electric field is

= eE(i — r 2/ r2 )r 5 cos e — Va 
cos e (197)

or, if r5 = r~ + A 8 ~ r~ ,

V:~~ 2A 8 eE cos 8 (198)

Here r~ is the cylindrical radius, r5 is radial distance, here associated

with the sheath position, and A
5 

is the sheath thickness. We again assume

that the sheath is cylindrically concentric with the probe. Note that V

differs from the spherical case in Eq. (157) and from the plane case.

a. Retarding Region

The total current intercepted by the probe is

I = r~,L J  i8.d0 = r L  ~~ (_ 1 )1J~~~~~d9 (199)

0=0  1 = 0  0= 0

where L is the length of the probe and r~ is its radius. It has bs.n shown

in Eqs. (75) , (77) , (79) , (80) that the owrent density j
~~ can be written as

= ~~~~ (8z.~ + Ulb + 6I~~) = ~~i,~ 8I~ (200)
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where

811a = 2irer5L f dvv’ * (v) 
j  

dxx (—1 )1p1(x) (201)loo
V0 cos80

Here 8 is the same as that given in Eq. (162 ) with 9 ‘s being the angle between
0

the electron velocity z and the normal to the cylindrical element at (r 3,0)

and x = —  cos9. Also,
co~~

81 = er L Jdv v
3 f10 (v) f dxx (—1 )1P1(x)4~ (202 )lb s

v0 cosO,

and cos8

0[1~~(_ 1 )m) (203)8110 = erLfavv ~~~~ (v) f dxxP~(-x) ~~sin xr~
0 OO5O~

with
cosO, = vjv (204.)

= r2/ ( r2 
— r 2) (205 )

P’ s p

and
- ~~2 )

sin2 40 = v~( 1—x’) (206)

The expression s of j1~4~ 
for 2. 0 and 2 were given in Eqs.(87) and (97) . For

strong external electric fields , one must substitute for v the value of
0

[2(v — Va )/m]~ in the se equation s to obtai n

= (u—v + V  )f (u)du (207)ioo~ K0J *

P 8 0
*

V -vP a

* *V - V  V - V  r 2
t u ”l- 

p 
_ _ _

~ ~~ 
~~ 

[i — ~~~ (i — U 8X1 + 
~ 

f;~~
(U)

Vp~Va 
~

- _~ •
I p a

~ 
X 1_

~~~
r
~~

u _f ;
~

u
~] d u  (208)
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*
where K — 2ire/ni2 . Since here ~~= 0, we note from Eq. (30) that f~~~~ =

* *
f = f sin2O+f cos2O— 2f2y5sin0 cosO~axid f2~~=f~ ,~cos

2O +
2ZZ 2yy 2zz

f sin20 + 2f sinU cosO. For our situation with 
~~~~~~~~ 

f
2~~~~= —

~~ 
f 2552zz 2yz

* 
— 

* 
‘= — ~ sin

2 0 f and. f;~~ = ~(3cos2 0 — ~ ~
‘2zz (209)(f 2Y!1 2 2zz

For 1 = 1 , we obtain from Eqs. (200) to (203) 
0

2irr Le r 2 r 2 V2\ /2

~ 
j a y  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
]

V
0

y sizf ’y [2  n o
+ 4 r 5LePfdvv’f~~

(v)( 1_4)
f 

r~
/ r2 12 V + r2 —r2 ?
(y2 + ~ ~ p

V
0 ° ~ r~-r ~) 

(210)
8 p

where y2 
= ~ 

(v2 cos2e—v~)/(v
’ sin2O). After integrating by parts the second

integral of Eq. (210) and regrouping, we get

2trr Le 1 3’
_____  

____  

~~~~~ (2ii)
~~811 = 3 J

dv~~~f~~(v) _
~~~r 5Le fdv v’ f l2 (v) f ~f +~) 

~f1fo

where
= = P (V~ —V:)AJ (P> y) 

- 
(212)

Also from Byrd and Friedman8

___  _ _ _ _  f d t  t*y I it t t4Y)

~~~~~ 
2 J ( t 4) [ (t4~ )t~1_t ) J

4
~~~f ( t 4) [ ( t.$) (1_ t)J

(y+i )~(v—ø) G(k ) + fl(a1,1c
0)0

(21 3)
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with

B ~M k
0 (~~ )Pj (2114.)

and where G(k ) and fl (u’,~~) are the coep lete elliptic integrals of second

and third kind, re~pect 1ve 1y . (we use G(k) here instead of the standard

notation E (k) in order not to be confused with the symbol for the electr ic

field,E.) we can then express as

~io. ~~~ 
~~~~~ 

~~ 

{i -
~~~ L~~~~~~~~~~

P0 )  
G(k

0
) + 
[~(y+I 

fl(a 2 ,k )j] t~z(h3~~uT
Vp

_v
a (215)

where y in Eq. (212) is a fur~tion of 0. Integration of Eq.(199) over 0

with ~~~~ ~~~ and given by Eqs. (207), (215), and (208), must now

be performed. This must be done numerically for j18.
.

For r 8 ~ ~~ however, these relations reduce ,respectively,to Eqs. (150)

to (152). Integration over 0 can be performed analytically after inverting

the order of integration by using a figure similar to Figure 10 , except that

now 0 varies up to 2ir. Defining 02 as in Eq. (167), we obtain

V +V

fi~~~de = 2 1 r K 1( U_ Vp
)f

o
(U)dU + ~x f v8 - (r 1)j ~ f 0(U)dU

V
P

_V
a

+ 
~~ J (U—v~)02f0(~)~~ — 

~~~ 1 (U—V~) (ir-02)f 0(U)d.U (216)

V
p~ V

8

L 
. 

- 

~~~~~~~~~~~~~~~~~~~~~~~~ 

• .



A.lso,
2ir ‘° v + v ~~ ~f j10 d8 = - 

~~0 f ~ 
a) 
[vp(v~ 

- i)icOci ) -~~ [3+(
~~

) •j ~ 
(]c~ )]f12 (u)au

0

V

- -h- K 
1

+Va 2V_31J

) 
+u )( v +v _U)(3Va_Vp+U))~flz1 5 o  a p a

Vp~Va

V + V
- ~ 

/ ~ a\ ly 
(~~

_ I)(X(]cl )-~(~ ,k4 ))_vs[3+~~~ ](G(k~ )-~~ , ,ks
5 o~ ~~ U )~~~~ p V

V -vp a 4 (u) dulz
V +V
~ a~~~÷v ~ V~~

2

0 j  (~
_ 
a)~{V (~~

_ 

~~ 
(~
, ,ki )_Va [3+ (

~~ 
j (~ ,k, )]f1~

(U)du

V
P (217)

where 
2V~ ~~+ V_ 1 ( a  p _ _ _

= 
\~ 

2V~ 
~~ ~ = ~ +

and where K(k ,) ,  P(~, ,ic,),  G(k, ) and G(~, ,k ,)  are,respeotively~the oo~plete

and incomplete elliptic integals of first and second kind. Finally,

2w

f 3 2G~~ b8 z~~ X
oJ

(a~ +~~~o, )t (U)dlT2zz
0 Vp

V +Vp a

+ 
~~, f ~~~~~ +~~ ain2Oa ) +  2b,sin8a(i + oeeaO,)

+ e,(~~ sin4B2 + ain2e,+~~ ea) ]f 2~~(U)du

V +Vp a

— ~ K0 J (a, + ~~ o,)f2~~(U)dU (218)

V
P

60

_______ _ _ _  _ _ _ _ _ _



with

a,(U) = U+ 2 V +  3V2
~AJ (219)

b3 (U) 2Va(3V 1,
/U_ 1 ) (220)

and c3(U) — (221)

In the limit Va << ~~ we can also obtain simplified results by expand-

ing Eqs. (207), (208), and (211). Using Eq. (209), we obtain

2ir

J j ~~ d0 = 
~~~o f (u-v)f (U)du + L V2

~~ f (v ) (222 )
2 a o o  p

0

and

2w r2

Ji2~~d O = ~~~Ko f [a 3 +~~~(3 + 2 ~~~
’
J1f (U)dU2zz

0 V
P

+~~~ K V 2f (v) (223)lb 0 a 2zz p

with a, and c, given by Eqs. (219) and (221). Also8,

2ir 2r
= ~~~~~~ ~V~K0 f dUf1 (u) r ~~ (7

2 + ~V /iJ ~
Z 

0
J (72+~~)3/2 

~ 1-~~~ )
V
P

= 2~
4V K  ‘ dUf (U) (i + ~v~flI )~~(k3 ) (2v~.)a o J  l z

VP .

where C(k , ) is the complete elliptic integ ral of the second kind and.

k,. ((U—V ~)/(PV~+ U)]~. If in addition r ~ r or ~~>> 1 , Eq. (221~.) reduces to5 p

2w

fi18~d.0 = ~
X

o
V
a J ~~~~~~~ 

~Iz~~~~’ (225)

0
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Equations (222), (223) and (225) also follow directly in these limits from

Eqs. (153) to (155) af ter integration over a cylindrical surface.

b. Accelerating Region

In the accelerating region, the order current density j1
on a cylindrical element is from Eqs. (106) to (108) given by

I ~~~ v

= e —~~ {2ir f dvv’ f~~~(v) f dxx P1(-x ) + 2w f dvv’ f (v) Jdxx p
1

(—x )

0058
0 

0

cosOr *
+ j  d.v v3 f1 (v)

J 
dx~~p

1(—x)2,.~
0

cosO

+ f d v v3
~~~,

r~~~(v) f ~~~~~~~~~~ 
~ sinm*0[I + ( _ 1 )m

]] (226)

~~vo 
0

with e0, ~,and v0 given by Eqs. (183) and (184.) and now given by

~
j
~~~ o [ Y~( l — x ’)]  (227)

Letting 1= 0 , 1,and 2, we obtain

* K
0 [7~

’
~r0(U) dU + 

~ f 
u {sin~

1 
[P 

(V~~V~~
1

~~ 
~~ (i + 

V + V )

- 
. siiç j

(228)

K
o [[~~~~~Z

(t )dh1
~~~~ J duuf

~z
(u) Jx( Y)/ lA(~

2 .p) a(1~~a)~]]
PCV~p4~

!
a)

•
0~~~ 

. -



Inte~~ating8, one obtains

* 3/

z—~x 
r~~ * a r ~r ~~ ~~~~~~~~~~~~~~~~~~~~ fl(a

~
,k I1t~Z (U)&Uf~ .,(u)~u—ul O 3 r  o~ V Ip * 

t~(y.~)* (~~~~
a

p(v +v )p a (229)

wh5re here

Y P(’Vp~~~~ )AJ9 a~ = ( 1 - y )~, ka =[
~~

]
~

and where X (k), G(k),and fl (a’ ,k) are the complete elliptic inte~~ale of

first, seoond ,and third kind,rezpeo ti~ely. Finally,

*
*P1’V+v )

28 

r 
K J (u)du+.~

. ~ ~ r ~ sin ’ p a’
r 0 2ZZ I r e I  ~2 I Up p ~

*2r V + V  V + V
+.~~~ (i+ 

P 
aX [1

_ .
~ (i+ 

P 5X1+
~~]5’~~ [~

+ + , j

*r /V + V \ P ( V + V ) - ~~~ *

~~~~~~~~~~~~~~~~~ 
[i - 

~~~

*r 
*

+~~~~~~~~ ~ 
I_2 [U V+ V ( 1 + 2 ~

V + V _~~~ ~
0 I )r 5 p a ) ](

~~~~~~~~1 
~~ — U JJ

P (Vp
4V5)

V + V * 1 *

+ u (i + ~~ 

a) ein 1 

~~~~ ~~~ ~~~~~~~~~~~~~~~~~~~~~ (230)
- I

When the eyllnd.r is p.rp.z~ioulsr to A’ int.~~ation of lqs. (228) to

(230) over S has to be p.rfonisd. Onoe agsin the int.~ration of must
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be done numerically. For r z r  or ~3>> 1 , these relations reduce to Eqs. (23)

to (25) ,which are independe nt of Va • The total current in that case has

been given in Eq. (14.1). For an arbitrary ratio of r3/r~ but for

the result has also been given in Eq. (14.0), and, when r5>> r or (3<< 1 ,

thi s reduces to the sum of the contributions in Eq . (116) plus Eq. (126).

5. DEDUCTION OF TBE DISTRIBtYrION FUNCTION WI~~ A PLANE H~0BE

Due to the complexity of the equations involved , it seems that the

deduction of the distribution function from the current intercepted. by the

probe can be done only for Va 
CC V~. Even then, it is not pos sible to

separate explicitly the diff erent components of the distribution function

by using different probe geometries as we did in Section II for E = 0.

However , we have from the expansion in spherical harmonics of the Bolt~mann

equation up to the second order for time independent and. homogeneous plasmas’~

eLfi E.f,.

~~~~ + c ~~~~
+ (8rJat)0 = o (231 )

eE8f eE
~~~~

O _~~~1~~1 ~~~~~~~~~~~~~ .~.~2)=o (232)

a e(Efj+ fiE) eE.~, 
-,

v~~~~~
[ ~~~~~~~~~~ 

_
~~~(-~~~.)~ 2J_ v2~ a =o  (233)

where v is the electron velocity, (afJ8t)0 is the collision term for

the v1’s are the 1
th order collision frequencies,and ~~2 is the unit tensor.

If ~ is oriented along the s—axi s, Eq. (233) implies that,if (eE/mvv)’ ccl

(or the electron drift to thermal velocity is small),then ~~2 is a diagonal

tensor with f~~~~ = f~~ 3~ = — j~f255 ,as given in Eq. (173). This result plus

Eq. (232) also means that f 1~~ = f~7 
= 0 , so that the only components to be

64.
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determined are f , f
1 

and f255. Also for ~ = 0, we have, as in Eq. (209),

= c~s 0, f = ~(3cos2 0—1 )f255 and V = Va
COS 0.

When V ccv , one can obtain the three components of f  from the cur—a p

rent intercepted. by a plane probe oriented along three directions with respect

to the z—axis if we omit the V
a/Vp correction and along five directions if

we include terms up to (V a/Vp
)2
~ In the latter case, the current density

on a plane probe with its normal oriented at an angle 0 with

respect to can be written from Eqs. (153) to (155) as

4.

= ~~~~05~0 (2~~ .)

where B
0 = j ,,, — 

~
- i2 (235 )

B
1 

= 
~~~~~~~~~~~~~~~~~~~~~~~~~~~ (2 36)

B2 =~~~ j2
+ V j ~’+~~~fB” (237)

B
3 = - ~~ V j ~ - and. B

4. 
= ~~ V2 j~

Here we use new definitions for j , j1 
,and. with

— K
0 f (u—v~)f(u)d.u (238)

V
P

j1 
_

~~~
K
of U E _ ( .

~~~~~j fi5(U)dU (239)

V
P

* It is interesting to note from this result that we would get no contri-
bution from to the otwregt intercepted b~ a plan. probe whn ooa~O s 1/3or for the angles0=± 54. .7  and±12 3 .3 .
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and

~ 
K J (u÷ 2V~_ 3v /t)f255(u)dU (240)

V
P

as the contributions if Va were zero and 8 = 0. A prime denotes differ-

entiation with respect to V~. If we choose the five orientations of the

probe to be 0=0 , w/4., ir/2, 31r/4.,and w, ~ can solve Eq. (23~i.) to obtain

= (241 )

B1 =
~~~~ ~~~~~~~~~~~~~~~~~~~~ 

(242)

B2 = 2(j1,,~,+ i~~14.) 
— 

~ 112 
~ (j ~~~+ 

~~~ 
(~~~~ )

B3 = (ia— 
~~~ 

—
~~~~~V/z~

— 
~3IJ4.’ (244)

and B4. = (i~~~+ i7) - 2(i1/4.+ ~~~~~ il/2)

Thus,the B’s can be thought of as experimentally available quantities in

terms of which we can express j, j~,end. 
~2
, Equations (235) to (237)

allow us to write

10 
= B0 +~~ B2 + ~~‘ V B ~ + ~ (v~B~,) ’ (246)

= — B1 — V B ’  (~~.i)

— B2 + ~~ V B ~ + ~ (v~B~)’ (248)

so that the problem now reduces to the inver sion of the Eqs. (238) to (24.0)

~~~~ I ,’ ~ ,and 
~2 

can be experimentally determined separately upon knowing the

B’s. We can derive f0 from in the manner given in Eq. (4.O)~

f 0(T~) . 
~~~ 

J (249)

66

_ _ _  -- -~~ - _ .. -~—-- —



We can deduce f~~ from j,~ by diff erentiation as given in Eq. (4.1) and

from Eq. (4.3) :

= 

~ ‘~1~ ~1 (250)

~~~~~ 
(vp) = ik [i~ 

- 2V~ 2 + - 

8v~3/2 

~~~~~~ 

dVPI

N
= - j~

— [v~ (V;3
/2 f 2 

V 3
~
’2 )  ] (251 )

Vp

Thus f0, f15,and f255 can be deduced from i
~~

, j1,ax~ ~2 
given by Eqs. (2I~.6)

to (24.8),where the B’s are obtained from the current density on

the plane probe oriented along five directions as given by Eqs. (24.1) to

(24.3). Equations (250) and (251 ) require a lcnowled.ge of the reference

plasma potential with respect to whioh V~, is measured. Plasma potential

can be obtained from the change (the oretically a discontinuity) in the

second derivative of the I—V characteristic with the plane probe oriented

at 8 v/2,for which V corrections do not occur. In so doing we assume

that the potential of the probe has fallen close to the plasma potential at

the sheath edge. The last term of Eqs. (24.6) to (248) may be found to be

highly inaccurate when replaced in Eqs. (24.9) and (251 ) because of the -

fourth order derivative involved. When Va << V~, these two terms can be

omitted, so that Eqs. (24.6) to (248) can be written in terms of j’s as

2 1 1 , I
~ (j1,)~,+ ~~~~~ — g  (i~,+ ii,.) +3  

V ( v
~~

(ivA_ ~ w,’Q ~
(252)

.
~~ (ia,— 3,.) — 1!(j,.~~— i3,,Ii~

) — Va4/2 (253)
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i~~/~) - 2i,J./2
_
~ ~~~~ 

1,.) +j Va[’f~(i;/4.
_ i~~/4.)—~ (i~~~’ i;)1

(25~)

In the limit Va~ 
0, B3=B4.= 

0 ,so that J~~/4 
and i~~/4. 

become linearly

dependent on 
~2i,’ 

i,.,and ~ii/2 
(see Eqs. (244.) and (24.5)). Then

2 1
io = 3 ~ir/2~~~ 

(j~~ + ~~ (255)

ii = j  (in — i~~) (256)

1 , ~~2 /

3 ‘~12w ”~ ~1r ’ 3  ~v/2 ~257

Three orientations of the plane probe are sufficient . In this same limit,

the expressions for the current intercepted by the spherical and cylindrical

probes are also greatly simplified. By using several probes :r a retarding

potential region, the I~
, I~, and 12 current contributions can be separated

from each other by conibining the responses from several probes. For

example , only i
~ 

contributes to the current of a spherical probe , and one

can obtain f 0(V~) directly from Eq. (21,9). The contribution can be

obtained from a plane probe by using Eq. (256) ,whioh ,subetituted in Eq. (250),

gives t1 5(v~). Knowing i
~ 
and j~ , one can then obtain 

~2 from either the

plane or cylinder, which allows us to determine f 2 (V~) from Eq. (251).

All these results are also derivable with the hemispherical grid system.

In the more general case ,when one has to allow for Va~ the problem be—

comes the evaluation of Va Z 
~~~~~ 

where f0(u) has to be known to determ ine

A ,as shown in the next subsection . The simplest way to get )L~ is by itera-

tion ,upon assuming first en approximats value t0~ (v) f~~~ f ( V ) :

r01(v~) ~~

- (j + 
~~ (i~,.+ i;)] (258)
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as given by Eqs. (24.9) and (255). Introducing f01(V~) allows us to cal-

culate a first approximation A~~ for )L~, which can then be reiterated.

6. EVALUATION OF THE SHEATH THICKNESS M~D EFFECT OF HEGATIVE IONS

For the calculation of the current from the ele~~ron distribution

function, one must know the drop of potential Va of the external electric

field across the sheath in the retarding region, This implies an evalua-

tion of the sheath thickness for negative probe potentials in a situa-

tion where electrons still provide the dominant contribution to the current .

For an anisotropic non—Maxwellian plasma and a str ong external electric

field , this problem is extremely difficult. However , if we consider Va
as a correction term , an approximate expression for ?L~ may be acceptable.

One of the assumptions is that the sheath boundary is parallel or concen-

tric with the probe .

In many lasing plasmas, negative ions are present to an appreciable

degree. Their presenca influences the sheath criterion, the ion directed

velocity at the sheath edge,and consequently the positive ion contributi on

to the current . It will be shown below that the ion saturation our rent is

sharply reduced if the negative ion concentration is high. Also,in the

electron saturation region, the effect of negative ions is to lower the

electron saturation current , sinoe’clue to charge neutrality, the electron

density is lower in the presence (as compared to that in the absence) of

negative ions for the same positive ion density . Thus , negative ions are

included in the following analysis.

The negative ion contribution, j_ , to the total current density in

the electron retardation region can be derived from Eq. (150). Allowing

the ir distribution function to be isotropic and Maxwellian, we obtain
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for a plane probe
V - V

= E n~ Z~e (
~ 

exp [_( ~ ~)] (259)

where k is Boltzmann ’s constant , n2~ is the negative ion density, Z3~ is their

charge number, m~ is their mass, end T~ie their temperature. (For a spherical

or cylindrical probe, this expression can be readily integrated over angle

as in Eqs. (158) and (160).) Because of their greater mass when compared to

the electrons , the negative ions contribute very little to the total current.

Space charge and sheath effect s are determined from Poisson’s equation ,

V2 (
~
) = 

~~ 
- E z n  + z Z n ]  (260)

where V/c is the potential (V in joules), e is the magnitude of the elec-

tron charge, c,, is the permittivity of free space , n~, is the positive ion

densit y, and Z~ is the charge number. The external electric field across the

discharge is taken to be constant , so that it does not cause any space

charge effects . Thus V is here associated. only with the potential varia-

tion caused by applying a potential to a pr obe inserted in the plasma.

Consider a plane probe accelerating positive ions of mass arid, let

Z be the direction of the normal to the probe. The positive ion density,

n , within the collisionlees sheath is given by

n~(z) = fff f~(v~, v1, YT)dv~ d.vx dv~

= 1ff ~~~‘~‘ v
~
, v,~) (v~/Y~)dvzdvxdvy (261 )

where
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Henc eforth , Vie = I V/cf designates the magnitude of the potential
within the sheath. Als~ f is the ion velocity distribution function and

V5/e is the potential, both at the sheath edge. For simplicity, we assume

that the ion velocity at the sheath edge is much greater than the ion

thermal velocity. (This assumption is valid provided the negative ion

concentration is less than the electron concentration.) Then f can bep
considered as a delta function , as far as the v~ component is concerned. , viz.,

Jf 
f (vs, v~, v~)dv1dv~ = n~58 (vi-. ( 2Vj/m~ )

4.] (262 )

where n~,5 is the positive ion density and V~, is the ion directed ener~~,

both at the sheath edge. Combining Eqs. (261)and. (262) yields

V
n (z) = n 

+ V_V8) 
(263)

For the electrons, we assume for simplicity that only the isotropic

part of the distribution function contributes to the density in the sheath.

Since electrons are decelerated, we have

ne (Z) = f/ ’f f0(v~, v~, v~)dv~dv1dv~ ( 261.,.)

where v~ = [v~ — (2/m) (V— V5)]4., m is the electron mass ,and. f0 is the iso-

tropic part of the electron distribution function just outside of the sheath

edge. The assumption that f is isotropic plus the assumption that Vi is

independent of e imply that A5 is independent of 0. That is , as a first

approximation, the external electric field is considered weak enough not

to make the sheath thickness dependent uri angle.

Below we restrict ourselves to a plane probe and later give the re sults

for the sphere and cylinder . In evaluating the integral in Eq. (264.) for a
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position Z where the voltage is V, one notes that ,when V — V >  3inv~> v—v ,

the electrons turn around in the sheath between the point Z and the probe

surface,and we have to count them twice. When 4inv~ > V -V , they reach the

probe and we count them once. If 4m4< V—V , we do not count them since

they do not reach the point Z in th? sheath. Thus we have
(,2_~~2)~~

~~ =1 ~v~f iv~ L201 
o Vf(v~,TX,yy)d . f(v~,vX,vy)dv~I1

= [d v  ‘ d v  r2 fl~~o (v~ ,vi,vy)vzdv~ - 7 f0 (v~ , v1,v1)v~dv~
J X J  ~ L~J (v2 _ v 2) * (v2~~~v2) *

V Z V Z V

where 
~V 

= [2(V -V 5)/ml4. and v0 = [2(V~ - V3 )/m]~~. We use the fact that

2 ;
O
÷ j = 2 / — /

TV V V
V 

v
0

Let q2 
= ‘4+ 4, dv~dvy = qd.q d~ and, integrate over ~ to give

00 00 0Ofv d v  fv dv
= 2ir

f  ~
dq[2

J 
~ Z -~~ -f  O Z ]~~~~~~ (266)

Let us change to polar coordinates with tax~ = ~/T~ and U= m(v~+ q
2)/2. We

obtain e
.~ ~ t~ r r / r V ~~sithoo~O r r dBsithcc sOn ~Z ,s =  2 f ~U)TJdTJ - I f (U)UdU I

a’ 2 ° J (Ucos2O—(V —V )]
~~ 

J ° J [TJcos2O—(V—V )]
~~V-V ° V-V °

(267)

~~~r, oos’Ø~ z ar%/2U and cos28, = my /2U. Integrating over 8 yields

- (af w[2 f au(u-v+v5~
’r0(u) - f d.U((U-V+V

5
)4.- (v_v)4.]f(u)]

V-V
. V~—V

5 (268)
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If n = n at the sheath position where V = V , one can normalize and writee es s

~ 
(u-V+V 8)

4.r (u)du -4. ( [(u-V+v5)
4.- (V~ v)

4.)f0(u)du
n (z) ‘va-v V-Ve 

= (269 )fl 00 00es 

~ 
U4.f0(U)dU

... 

V~~V8 

(V~
_V
5)
4.]f0(u)du

For sufficiently negative potentials when V~ is muc~i greater than the elec-

tron thermal energy , Eq. (269) reduces to

~ = J (u-v+V3)
4.r0(u)du /f

00

u4.f 0(u) du (270)

The negative ions are also d.eoelerated,and the assump tion that V is

greater than their thermal energy is obeyed even for very small V~. Further-

more the ir distr ibution function is Maxwelliaxi. An equation similar to

Eq. (270) then applies, which, for a Maxweflia.n distribution , reduces to

n (Z) V-V
= exp [- (

~
)] (271 )

where is the negative ion density at the sheath edge.

Let us assume that all the positive ions have the same V~, and all the

negative ions have the same T_. Also in Eq. (260) we can define

= Z Z n  and n_ = ZZ~n (272 )

Equation (260) can be integrated once to give

- 

V 

- 

~e 
- ri dV (273)
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where V is now the magnitude of V. Fro m Eqs. (263), (268), and (271 ) we

obtain V

Vj 

= 
~~~~ 

~ [v1 v,. + v- V’
s)
j  

- v
1] (271f)

dV = n 5kT {1 - exp [ _ (~!)] ] (275 )

V8 

= ~~ ~2~~
’2 

t~
’2
f o (u) _

[duf O (U) (u+v-v

+ ~2~/2 J dUf
0(U)( (u- v+ V5)~

’2 - ~~
‘2 - (V~_V)~

/2 
+ (V~_V5)~

’2]

(276)

For large V , this reduces to

f
n d V  = n~5 [f 2ro ja.uro(u) +V_ v3

2
.Vf

00

axr u4.r (u) (277)

The Bohm criterion9’~° requires that (dV/dz)2 — (dV/d.z)2 be greater

than or equal to zero at the sheath edge. Putting this equal to zero is the

condition used to determine the positive ion energy V~, at the sheath edge.

The same condition results by assuming a positive ion sheath with 
~~~~ 

% + n_ .

If we now expand Eqs. (263), (270), and. (271 ) or Eqs. (274.) to (277) near

the sheath edge where V—V5 is small , we obtain

n / n  ~~ I - (V_V5)/2V~ 
f

V

n
+

dV ~ n (V—V —(V—V )2AV1]



n / n 5 z I - (v-v )ilc Jn_dV~ n 3[V-V5-(v-v5)2/2Jc~r_]

I (V~•~V3)/V~1 ~~ 

V5 

~e s
(V
~
•Vs

_ (V_V
s
)2/2Vei]

In the above,

Vei — 2 f ;0(u)u~d u / / J r0(u)Tr ~ du (278 )

defines a new avera ge ener gy or temperat ur e (Vei /e in eV) for a non—Maxwell—

ian electron distribution, which differs from the usual definition
00 CO

Ve — 2jf0(U)U~
’2d.U/ 3ff0(U)U~du (2~~)

(For a Maxweilian distribution , Vei = Ve = ~~~~~~~~~ Te is the electron

temperature.) The Bohni criterion can now be applied to the above equations with

to yield. n /2V1 = n_J~cT_ + fles/Vei or

V Uel +5
= ‘T 

~ es + Vei n_5/kT_) 
280

This result is identical to that given in Swift and Sc~hwar~ and. in Boyd.

and Thompson12, except for the new definition for V~1 
given in Eq. (278).

In terms of V~, the positive ion contribution to the total current

density is

= ~~~~~~~~~~~~~ = n~5(2Vj/m~f~’e (281 )

When n~ V~1/fl.8kT_ cc I , then v~, = V.1 /2. When fl.,sVei /ries~~_
>> 1~ V~, . k~r_n~8/2n_5,
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but the lowest value of V1 allowable before the delta function appro xima-

tion breaks down is V1) kTJ’4s. At first sight, the variation of j,,. with

~—s1~es seems to be useful as a diagnostic to determine the percentage

negative ion concentration in the plasma. However, if V > >  V,, , Boyd. and

Thompson12 show (for a Maxwellian electron distribution) that after the

quantities at the sheath position are related to those at infinity, the

positive ion ciwrent is an insensitive function of negative ion concentra-

tion except at abou t n / %~,, ~ 2 where an abrupt transition occurs in V1.

A similar conclusion probably applies to a non-Maxweflian electron distri-

bution function.

Al]. the above quantities, such as density and electron distribution

function f
0 

refer to the sheath position. Our previous assumption , that

the ion beam is monoenerget ic and has attaine d an energy V~ at the sheath

position , implies that the sheath potential V3/e is equal to V1/e. If we

adopt V = V 1 as is usuall y done, then unfortunately f0 and. the densitie s

at this sheath position differ frcm those in the undisturbed plasm a, and.

corrections are necessary. Furthermore, at this position close to the probe,

the voltage gradient due to the applied. probe potential may not be small

compared to the external electric field , as we would like it to be in order

for ~ i and ~2 in our previous subsections to be related only to the external

electric field. For these reasons , we do not proceed further with the usual

analysis whi ch provides the sheath radius, A30
, up to the point V = V5 = V1 

by

integ rating again Eq. (273) thus:

A
30 

(282)
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Instead, we adopt Eq. (280) for V~ and let it crudely apply even at a dis-

tance further away from the probe where the densitie s and distribution

function are close to those in the ambient plasma . If we were still to

use Eq. (282), we would now choose V5 less than V1 and determined by the

requirement that at the sheath position the gradient d.V/dz be much less

than the magnitude of the external electric field. However , Eq. (282)

involves several numerical integ rations and is cumberso me. We use instead a

different definition for A 5 which is much simpler analytically and. nu~~r-

ica].].y. We define the sheath width in terms of the effective capacitance

of the sheath , and this will give a somewhat larger A
3 
than that in Eq. (282).

Following (~rard’s
13 method, we define

A = A€JC (283)
5 5

where C3 is the sheath capacitance, A the area of the probe ,aM €~ the per—

mittivity of vacuum. The sheath capacitance is defined as the partial

derivative of the charge Q carried. by the probe with respect to its

potential Vi,, C3 = aQ9ibv~. From Gauss’ law, 
one can show that

c5 = _ ~€ 0~_ (~j )
so that A become s

= - 

* (~
) (284.)

and depends only on the potential gradient at the surface of the probe. From

Eqs. (273) and (274.), the relation for A becomes

= 
[(

d~
•

)

2 

+ 
4n
:8
02 

[(V1(v1 - V + V 
))~ - v1] - 

~~~~VJ 
~~e + n_ )d

• V
1 [v1(v1

_V
5+ V~)]

4_ 
~~~~

- [~. 
J
~P (n~ + nJ dV]

] 
(285)



where from Eq. (276)

V
5 

- ~2~
3/2 

~~ ~~V~~~V3~~~ 

[(U~~V~+V/:~ ~~2~~~~~~~
5
~~~ 3f 0

~~~

— 
2J 

dUU~~ f0(U)] (286)

~~~~ 

= (
~
)“

~ 
(U- V .i. v5)~+ (V - v )~]f (u) (287)

The negative ion contributions are similarly obtained from Eq. (275). Assum-

ing dV
3/dZ 0 and letting V~ be measured with respect to V

5 
yield finally

= (
~2n

;s 

[2tV1
(V

1
+ v~)]~- 2V1 (n + n ) d V / n

]~ 
(288)

+s el i
— (d/dV~ ) J  ~

ne+n )dV/n 5]

with the Debye length given by

A~~— (eV 1/ n e2)~’ (289)

The main contribution to A3 in ~q. (288) comes from the ions since the

ion density in the sheath is larger than the electron density. In the

absence of negative ions , Eq. (280) gives V~ = V~~ /2, and in the region

V
p

> > Vej Eq. (286) rednoes to

J

V
P

n d V  = (2)
~
/
2 ~~~~~~~~~~ 

f
0

(U)dU = n V
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with Ve defined in Eq. (279). Furthermore,Eq. (287) gives zero. Then we

obtain a relation similar to that of Grard13 (who assumes a Maxweflian dis-

tribution, so that Ve = Vei ) :

A 3 = 1~ AD[(1 + 2V
p/V~

1 )
~

”2 —(1 + 2Vp/Vei)(1 +Ve/Vrei ))~ (290)

This expression is plotted in Appendix A. However , in cont~~st to Eq. (288),

the approxima te formula in Eq. (290j does not reduce to A
3 = 0 at V~ = 0.

For a spheric al or a plane probe , the expression for ne(r) has to be

red.erived. with r as the radial distance from the center of the probe. In

the electron retardation region , an analysis similar to that in Eqs. (264.)

to (270) yields for a spherical probe

= 
(

~~~
‘2
,r {2 j  dUfJU)(U.

_V +V
8)~_J dUf0(U) [(u_V+ V5)~

V-V
5 

V~ _V
3

(291 )

For a cylindrical probe , we obtain

ne (r) = (2)
~
I
~a 

[ir
f 

dur0(u)(u-V+ V5)~ _ J d u u + f0(U)

X r U - V + V -.f c~c sin ’ 
[~~ (U_V~~V3~-~~~)J] 

(292)

where x0 — ((u_vp + v )Ai]~

These expressions have to be further integrated. for use in Eq. (285). Per-

forming this operation on Eq. (291 ) and. then evaluating the result at V = V
P
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and r = r  ,we find an identical expression to that in Eq. (286). Thus for

the spherical probe , the expres sion for A
5 
in Eq. (288) is the same as for

a plane. The calculation for the cylindrical probe is more tediou s, but

the value of A3, expressed in Eq. (288), is f ound again to be identical to

that for the plane . This can be shown by integ rating Eq. (292) first over

V, then letting V= V~ and r = ~~~ and finally integrating over x. Thus,for

arty of these three geometries, Eqs. (286) to (288) or (290) provide a fair

evaluation of A
5 
in the retarding region. This value can be used in the

previous equations f or the calculation of the current from the distribution

function or inversely.

For the evaluation of the sheath thickness when the probe is positively

biased , attracting electrons, we can use the well-known Child—Langmuir5’~~ law.

For a plane probe , we have

A = 

~~ 
(
~ 

V~~~
’
~ [2 (i 

+ 2.66 

~)T (293)

where the electron distribution function is assumed Maxwe].lian as far as

the Ve/Vp correction term is concerned and where the positive and. negative

ion densities in the sheath are neglected. Here j is the electron current

density.

For spherical and cylindr fcal probes , Eq. (293) has to be mul tip lied.

by respective correction factors , which are functions of r 3/r~ , as given

by Langmuir and Blodgett~’~~’~
6. Since these factor s and also j  in Eq. (293)

depend on A 5, one may have to evaluate A 5 numerically by iteration.
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7. SU)~fl~ARY OF RELATIONS IN THE ELECTRON R~ rARDATING REGION

The presenc e of a strong electric field ~ in the plasma modifies the

potential around the probe . If eE~ = V is comparable to , but still smallers a

than ,the probe potential V , correction terms have to be adde d to the

expressions for the current intercepted by the prob. in the retarding regi~ i.

For a plane probe ‘rith normal along the (0.4) direction with resp ect to

the z-axis, assuming V < C Va we find, in Eqs. (153) to (i55)

= (~~i)
1
j~~~~ (294.)

with S r
= K0 

(u—V )f (u)du+x V I f (u)au + ± K0(V )2f0(V ) (295)P 0  o a i  o 2v~p

d.U+KV ro a j  ~~~~~~~~io 
~~~~~~~~~~~~~~~~~~~~~~ *

p V~
* (u)du

— 1 x (V
5

)~ 
~ - + 1 x (V*)2f * (va) (2%)4. 0 a J (v~u)k 

2 o a IZ
V

P

I
= ~ ~ f (U+ 2V~, - 3va

pAT]f;ZZ(u)dU+— IC V ~~~~~~~~ i)  f~~~(U)dU2 o a f ~~ U

V Vp p

~ x0~v~~ 
~
‘ *

— + 
~~ 

Xo(Va) f ;zz (Vp) (297)

P

where V = eEA5cosO — V~ 008 0, 
~~ 

~~ 2’d/’~, °~~~~ t~z(E), f;~~
(E) are given by

Eqs. (31 ) and (32).  For ~ along the s—axis , we find from Boltsman n’s equation
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that

~~z
(T
~
T) = f 1 (U)cos 0 (298)

and

= jf”233 (U)(3 cos~o — i )  (299 )

so that for 0=± cos 1/ ~/3±ir the plane probe sees no contribution to the

current from g2 and., for 0 = ±v/2, no contribution from f 1.

For the spherical probe , in the appro ximation Va <C V~, we obtain from

Eqs. (179) to (181) in the retarding case

with 

= (-i 
~~ (300)

f ~oo~ k = 4sr~K0 f(U_ v~)r0(u)du + .
~~

. vr ,K0V f 0(V~) (301)

J
r~~8~dA = ~ wr~K :

aj (~ _~~~~~~~~ + f1 (u)du (302)

I f ‘~204~~ 
= - K~ f 

~~ 
t

255
(U)dU+~~~~ r

2KVaf2 (V) (303)

V
P

Here Va = eE(r5 
— r~,/r2) , r 5 is the sheath radius, r is the probe radius, and

A = r  -ra a p
Under the same approximations for a cylindrical probe , whose axis is

perpendicular to the electric field , we obtain

2 2~
I = r L  ~~~(—i )lfJ d. (304.)



with (see Eqs. (222) to (225))

fi~~~d0 = 2lrK
oJ

( U_ V
p

)f
o

(U)dU + 
~ 
Ko(Va

)2fo(Vp
) (305)

f j~~ d0 = 2~~
4K V  f ~ 

+ G~(1c.~)f15(U)dU z v W V  f (~)~1 (U)dU
o V ( 306)p p

f i 2~~d.o = ~ ~ [u+ 
~~~~~~~~~~~~~~~~~ 

- ~~ (3+ 2 

~)] 
f
255(U)dU +~~~ Ko(Va

)2f2z5(Vp)

p 
(307)

In Eq. (306), k3 = [(ii — V~)/(~V~ + u)]~ and G(k, ,)  is the complete elliptic

integral of the second kind . The app roximation on the right—hand side of

Eq. (306) applies when r5zr~ or ti>> 1,wher e ~ =r / ( r — r ,). Also here

we equate V = eEr8(I 
—

The current intercepted by the spherical grid system is not affected by

the pre sence of ~ since the surr ounding conduc tor prevent s the external

electric field. from penetrating the oavity. The results are then

the same as for ~ = 0.

An estimat e of the sheath thickness A8 can be obtained (in the absence

of negative ions) if we assume that the ion drift energy’, Vi, is equal to

one half the electron mean ener~~ Vel , as defined in Eq. (278), and. that

the main contribution by the electrons comes from the isotropic part. (In

the presence of negative ions , V1, 
is redefined in Eq. (280) .) Using the

definition for A in Eq. (28Z~.), we have from Eq. (288)

2: 
~~ [2(Vi

(V
1 
+ v~)]~

_ 2V~ - f~~(n./n 5)aV]~

A 0 0 
(308)a e n 

[iv~/ Vi+v~~
]
~

— (a/aV~) f P (%/n )dV]



with the integrals given in Eqs. (286) and~ (287) in terms of the electron

distribution function. Here n~5 is the positive ion density just outside the

sheath. (In the presence of negative ions, add n_ to and use Eq. (275).)

In order to recover the electron distribution function from the current ,

it seems that only the plane probe (when Va << V~) or the spherical grid sys-

tem are sensitive to 
~~~~

. We show that~ upon using a plane probe and retaining

the correction terms up to V~, we need five orientations of the probe to

derive f0(U), f15(U), and f25~
(U). If we choose these five directions to be

9=2ii , ir/4, ir/2 , 3ir/4,and ir, we have from Eqs. (24.9) to (251)

2 U

r0(v~) =~~i ’av~

f1~
(V
~
) =~~~~~ V~~~~%_ (~~~~~3_ i1 (V~ )) (310)

and. p

= - ~~ ~~r [f ~f ( J  i2(V:)d.V
P)] (3 1 1)

Here, Eqs. (241) to (248) give

= ~~ (j
7,

~
4.

+ j
3

~~
4

)~~~~~~~ 
(j~~ + j,,) + ’~ Va[•/

~ ~~~~~~~ 
j
~,14.)4 (j

(312)

= j  
~~~~ ~ir~ 

~~~~~~~~~~~ ~~~~ 
_ v

ai;/2 (313)

j2 = ~~ (j ,,,~~+ ~~~~~~~~~~~~~~~~~~~~ ~ Va[~~(j i~~~/4.
) ( i ~~~~i,~)] +

(314.)

where the subscripts of the j ’s on the right side of Eqs. (3 12) to (314.)

refer to the 0—orientation of the normal to the plane probe with respect

to the ,-axis (
~ 

direction) and where the prime stands for the derivative

with rebpsct to V
i,
.
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SECTION IV

COMPUTER CALCULATIONS FOR A PLANE PROBE

1. INTRODUCTION

As part of the present work , we have numerically prograimned the equa-
tions presented in Sections II and III for a one—sided plane probe,and. we

provide here the results. The computer programs are described in Appendix C.

Two computer programs were developed. The first one, called program

proJ, calculates the total current intercepted. by the probe for various

orientations, for a given electron velocity distribution function, with

components up to second. order tensor terms. The second. one, called. program

JTOF, performs the inverse operation of deriving the three components (f0,

f j~ ,and f255 ) of the electron distribution function from the current intercepted

by a plane probe oriented along five different directions. The integrations

and differentiations required in the main programs are performed by sub-

routines SU~f1~ and D~~, which are also described in Appendix C. In the

following, we discuss the results 0jd~ these computations.

2. RESULTS FROM PROGRAM FTOJ

We calculate the total current to a plane probe for five orientations,

namely, when the normal to the probe makes angles 0, ir/4, ir/2, 31r/4, and ir

radians with resp ect to the anode—cathode or electric field direction, E.

The parameters consist of ener~~ interval in distribution function = 0.1 eV,

gas pressure, p = 0.14. torr, ra t io of electron or ion density to neutral gas

density = 10 6
, gas temperature = 300°X, probe area = I sm’~ and the gas is

N
2
. Several electric field values are adopted, namely, 2.1 V/cm, 4.5 V/am,

and . 9 V/oat, whicl correspond. to I/p = 15, 32.1 ,and 64.3 V/om—torr,reapect—

ively, or E/~~= 4.7 x iO~~’, 10”, and. 2 x 1O~~ V—oat2, respectively. (N is

the neutral particle density.)
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A solution of the Boltzmann equation including inelastic collisional

effects yields the actual values of fe,, 
~~~~ ~~ ~~~ ~2~~’ 

the latter two in

the direction of B. The function f is normalized so that-
~ 0

J f 0(U)U~dU = 1 (315)

where U is the electron ener~ ’. Results for the above mentioned. three

electric field. values in a N2 plasma were supplied by ALL for use in the

present probe analysis. These plots for f0, f1 zi~~~ ~2zz are illustrated

later , when we compare them to the rederived. results from program IJTOF,

but certain features are noteworthy to mention here. First , f0 deviates

appreciably from a Maxwell&an distribution, a result already found some

time ago by Nighan1 
~
‘
. At ALL, it was shown in addition by Bailey and Long18

that the aziisotropic parts, f1 £ 
and. 

~2~~’ 
can become a noticeable fraction

of f0 in magnitude in certain ener~~ regimes. These regimes are correlated

to electron energies that excite strongly the gas molecules, important to

know for lasing media. The purpose of the present calculations is to

include both effects of a non—Maxwe].lian and. anisotropic distribution in

the response of electrostatic probes. One—sided plane probes are most

sensitive to measuring the degree of anisotropy,as is indicated by the

theory in Sections II and III.

Using the supplied f0, t1~ and 
~2z, input data , one ocuputea the total

curr nt in the electron retardation region. The electron current contri-

bution is calculated from Eqs. (il i.9) to (152) and. the ion contribution from

Eq. (281).

Figure 11 illustrates results for E =2 .1  V/cm with

10’ osC~’) and T0 = C.78 eV. We note that the curves are close together
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Figure 11 • Current-Voltage Characteristics of a Plan. Prob. for Five Orie nta-
tions when I ~ 2.1 V/oa, ~ ~ 10’ and p ~ O.1~ Torr in Nitrogen
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f or this rather low I/p value. Figure 12 is a plot of the results for

1=4.5 V/cm with T~ = 1.48 eV. Here the curves for different orientations

have separated considerably. Note also that the 0= 0 and. 0 = v curves have

quite different shapes between floating and. plasma potential . Figure 13

shows the results for B = 9 V/cm with Te = 3eV. As expected , there is an

appreciable separation of the curves, and. the ion contribution becomes sig-

nificant only at larger negative voltage values.

3. RESULTS FROM PROGRAM JTOF

Given a collection of current—voltage (i—v) characteristics, such as

those shown in Figures 1~ to 13, we wish to rederive the components of the

distribution function. The I—V curves are obtained experimentally, and

it is of importance to know whether the details of the distribution funo-.

tion can be obtained. from such experimental data. The theoretical relations

for performing the inversions are given above in Eqs. (309) to (314) . These

relations have been prograsmied. (see Appendix C), and the computer red.erive s

~~~~ 
~~~~ 

~
‘
21~~ 

using the I—V oharacteristics for five orientations of a

plane probe.

As is apparent from Eqs. (309) to (314) , this program requires many

differentiation manipulations. This introduces computer noise in the results,

and a smoothing technique is advisable. In the results shown in this sub-

section and. in the program given in Appendix C, the standard IBM smoothing

subroutine called. 5E35 is applied for t1 ~ ~~~ 
for every differentiation

within subroutine DIR. (This subroutine 5E35 uses for matching a polynomial

of degree 3 relevant to 5 successive points.) The accuracy of the input

data for f’0~ ~‘lz ,~~~~ ~2zs 
is 5 significant figures for the results shown

h.r .
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Figure 12. Current—Voltage Characteristics of a Plane Probe for Five Orient-
ations when 1=4.5 V/ca, y~i l O ’  and p.0.14 Torr in Nitrogen
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The computer calculations for I = 2.1 V/em are illustrated in Figures

14, 15,aad 16 for f0, f1~ ,
ath f25~,respeotively. We show both the original

functions calculat ed. from the Bo].tzmann equation and. the rederived. results,

from the program JTOF,from the I—V characteri stics. The I—V input data

in Figur e 11 are used from -0.1 V to -14.3 V in 0.]. V steps . We find that

shown in Figure 14, is rep roduced nearly exactly (to within 6%) with

some deviation noticeable on~.y near zero ener gy. The function f1 ~ 
in

Figure 15 is repro duced properly around its maximum, but deviations appear

near zero ener~ r up to about 0.8 eV, and computer noise is evident at high

energ ies above 3.8 eV. Similar remark s apply to f25~ 
in Figure 16 , but

the deviations are more evident for both low and high ener gies.

The results for 1= 4.5 V/em are shown in Figures 17, 18,and. 19. The

input data use the I—V characteristi cs in Figure 12 from —0. 1 V to -.15 V

in 0.1 V steps. In Figure 17, the red.er ived. and. original function s , f0,

show no noticeable difference throu ghout the energ range • The function ,

in Figure 18 deviates only at low energie s below 0.8 eV, and some

computer noise appears for energies above 10 eV. Near the maximum, only

a slight d ifference occurs • On the other hand. , stro nger deviations appear

for f2~~ in Figure 19, especia lly at low energ ies below I eV, and. app reciable

computer noise becomes apparent at 3.8 eV.

Fln.l ly, in Figures 20, 21, aM 22 we show the results for 1= 9  V/ca.

The input data are those shown In Figure 13 with voltage varying from -0.1

to —15 V in 0.1 V steps. For this case, Ta is of the order of eEA8 near

zero ener~ r. (Va/e3As~ 0.1 only for energies above 7 eV.) This is

probably the cause of the errors in th. deduced. values of f0 and f1 £ 
at

the lower ener~~’ value s. The rest of the curves above 14. eV follows the

9~ 
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Figure 15. Comparison of Original f~~ with that Deduced. from Program iTO?
when 1=2,1 V/cm
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original data quite reaso nably, as is seen in Figures 20 and 21 • Deduced.

values are not shown in the 
~~~~ 

plot in Figure 22, since they were corn—

pletely in error. This is due to the very low values of as compared.

to f0 throughout the energy range.

Consider again Figures 14. to 19. The deviations near zero ener~~ in

these curves are associated. with the difficultie s in differentiat ion pro-

cedures when the t~U interval between point s (here 0.1 eV) is comparab le

to the energy-, U. For bettor precision, it is suggested that the interval

should. be taken to be 0.01 eV up to I eV. For use in the prog ram FTOJ,

input values of f0, f1 ~ ~~~ ~25~ 
should be calculate d. from the Boltzrn ann

equation with such a finer grid..

The deviations at higher energy are due to computer noise. Whenever

the derived values of If 15 ! G~~ I~’2~ I are less than about 1/20 of

errors in computation can arise in calculating j1 and j2 (see Iqs. (313)

and (314)). large values of the .otal current have to be subtracted. from

each other for several probe orientations in order to yield. the small diff-

erences, j1 and. j2. This gives rise to error in addition to the noise

which originates from subsequent d.ifferentiations. These wiggles in the

~~~~~~~ 

~~~ 
curves could probably be amootbened further by a itional

manipulations acting only In this high energy- regime.

Additional problems are to be expected. in the more general use of the

program JTOF for experimental input data. These are now discussed..

The computer program assumes that eKA5 is less than V~. Fortunately

for the first two cases illustrated above, it is indeed so. For the third

case , the two are comparable at low V~ values. Thus, it experimentally the

eleotrio field is very strong (I/p > 60 V/om-torr), large errors can bi

expected due to this cause.
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The total current includes the ion current contribution. This con-

tribution dominates at large negative voltages,ansl the electron part

calculated from the total current will be subject to error. Thus ,the

distribution function components that can be deduced are limited at the

high ener~~ end (at several times thermal energy-) due to this cause.

Experimental data from plane probes under certain circumstances

do show 19 and under others do not show2° clearly the break or discontin-

uity in the curves which is expected to occur at the plasma potential

point. We note that Eqs. (310) and (311) require a knowledge of V~ with

respect to plasma potential. Thus an error can arise if the exact plasma

potential reference point has not been properly identified. in the V~ input

tabulated data.

4. SINSITIVITY OF RESULTS FROM PRO~~AM J TOF TO INPU T DA~fl~ ACCURACY

Prior to the above calculations, we checked the sensitivity of the

JTOF program to the accuracy of the input data. We inserted I—V charact-

eristics with significant figures decreasing from 5 to 4 to 3 decimal

places and checked. the outp ut results.

A different smoothing method is adopted. for these results. The ThY

subroutine S313 is used to smoothen f 15 and f255 . In contrast to 3135,

subroutine 3113 uses a polynomial of degree one relevant to thr ee successive

points. Smoothing is done both in the differentiation subroutine DIR and.

at the end of the deduction of f1~ and f2 . This method was abandcned

for the results shown in the previous subsection since it rounds off too

much the regions around the maximum and it also decreases the height of

the maximum, as is evident in the results presented below.
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The results are illustrated. in Figures 23, 24., and. 25 for 3= 2.1 V/cm.

These calculations show that the accuracy of the input data can be reduced

from 5 to 3 significant digits with no appreci able degradation of the accur-

acy around the maximum value s, although the noise content at the higher

energy values increases substantially.

In conclusion, we see that it is possible, by using rn~~ rical means, to

diagnose the anisotropy of a plasma with an imposed external electric field, by
using the experimental results measured. with a plane probe. Also , there is

room for improvement of the computer programs as indicated above.
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SECTION V

QUASICOLLISION.AL ~~0BE ANALYSIS

I • IN~~0DUCTI0N

The sheath surrounding an electrostatic probe becomes quasicollisional

when the mean free path , 1~ , is comparable to the probe radius , r~. In

Appendix B, we find that thi~ occurs even at low pressures above 0.1 torT

in nitrogen for prob e sizes of the order of 1mm. Plasmas found. in lasirig

media often fall into this regime. In the following, we discuss the qua si—

collisional theory for the situation of a probe which is retarding electrons.

The different regimes that can occur are illustrated in Figure 26, which

is a schematic diagram used by Wassertro m et al24. It can be seen from

Appendix B (see Figure 31 there) for lower probe voltages that, as the pressure

is increased. from below 0.1 torr to about 40 to~~, one passes from (a) region

C with l~ > r >  A5 through (b) region A with r~ > 10> A~ and then to (o) region

B or r~ > A 5 > li,. Pure ooU.isionless theory, as given in previous sections,

1 A

>> A

A 
~ L 1JV~

Figure 26. Mean Free Path, l~, Versus Sheath Thickness, A 5, Uluetrating
Various Regimes
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strictly applie s only if the conditions in region C are well satisfied. k

quasicollisiona]. situation applies in region A as well as in the transition

from C to A. Region B is the continuum limit, where A 5 >> I~~~nd a summary

of relevant theorie s based on diffusion and mobility has been previousl y

given by Johnston25. In this section , we consider region A, r~ l~ > A 5 ,

and in the ne~ct 8ection we consider region B , r~ > A 5 > l~ . In the former

situation , we still use kinet ic theory,and. we discuss below the method s due

to swift 26 and. Lukovnikov and Novgoro d.ov27. In the second situation, the

theory we discuss is based on a combination of free fall and continuum

theories using the moment relations, following that given by Waymouth28 and

Wilkins and Katra ~~. For both situations , we provide new relations extendi ng

the works of the above authors.

We allow an arbitrary dependence for the seroth order of the distribution

function , f , but,in order to make the analysis less formidable , we do not

include the first and second orders of anisotropy due to the external electric

~~~~~ Instead , we provide new relations which include the first order part

of the distribution function arising from diffusion. Theoretically, one

should be able to include the two £~ 
contributions, namely, f 1 ~ 

due to B along

the z-direction and in the radial direction due to diffusion and. space

charge fields, V~ D. However, coupling exists within the quasicollisional

sheath between the four quantities f~~, sir ’ 
B aM V ~$O. Obviously, the

ratios of f~~ and ~ir 
to their sum at the sheath position differ from those

at infinity , where 
~
‘
ir goes to zero but f~~ exists. To simplify the analysis,

we adopt the opposite assumption from that in previous seotiona ,where we

associated with f,~ 
~~‘ 

and we associate with 
~jr 

only in the foll owing

work.
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2 • APPROACHES BASED ON ANALYSES OF SWIFT AND LUKOVN]XOV

When 1c ~ r , the electron diffusion rate is not high enough to com-

pensa te for the drain of electrons from the plasma to the probe . Thus

at infinity differs from f at the collisionloss sheath edge . Furthermore ,

the drain of particles causes the distribution function to become anisotropic.

Assume for the moment that the distribution function at the sheath

position is isotropic,so that only the f part is of importance. (This

is modified in the next subsection.) At the sheath position, we can apply

Eqs. (13Z4.), (136),arid. (139) (essentially the same result for all three

respective geometries — plane, sphere, and cylinder) to yield the incre-

mental current , di, to the probe associated with the ener~y interval, dU,

namely,

dl = AX (u—v )( r (u)du] (316)

where A is the area of the probe and = 2ire/m’. This equation applies only

within the collision].ess part of the sheath. We are free to choose f 8 at

any position within the collisionless region provided we interpret V~, as

measured with respect to V5 ( the potential due to the probe) at the same

position. We choose this position to be the furthest possible , name].y,at

a distance of one mean free path , 1~’ from the probe surface.

The current reaching the probe is controlled by diffusion from the out-

side medium through the qua sicollisiona ]. part of the sheath. The procedure

is to calculate in this region f aM relate it to f 0 at infinity, which is

then substituted into Eq. (3 16). A basic assumption used. in this section

is that the diffusion process is free rather than cab ipolar. This
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allows us to omit ion and. space charge effeots ,but this applies only for

very large ratios of electron to ion temperature, i.e., T/!r >> 1. Par any

point r within the quasioo].lisional sheath, which is at least one mean
Ifree path from the probe , kinetic theory gives

~1r 
= — l8f~~ r (317)

where f1 
is the anisotropic part of the distribution function due to diffu-

sion. The mean tree path is given by

= v/v.~ = ( 2U/m)~/v1 (31 8)

where is the electron collision frequency for momentum transfer , u=mv2/2

is the electron kinetic energy,and. v is its speed. The incremental diffu-

sion ourrent due to is

- - f v3d.v - ° ~~ 0 19A 3 Ir - 3at~ 8r

where a is the magnitude of the electron charge and. is the sheath area at

position r through which the charge is passing.

We now have to specify the geometry, and. we consider, conseoutively, the

one—side d plane , sphere,and. cylinder. The spherical case has been anal yzed.

by Swift26 and the cylindrical case by Lukovnikov and. Novgorodov27. (Note

that Lukovnikov ’ s f0 is equal to our f ~r(2e/m)~’2/n~ and i f ts  f0 is equal

to our f0t4c (2eU)~/J” .)

It is difficu lt to specify a normalizing area Ar to give the current

sufficiently far away from the one sided. probe of radius r~. For distances

in the normal direction, Z , less than ~~~ a reasonable approximation is

Ar ~ w(r~1,+Z’). Thus Eq. (319) becomes

-

1I0

--
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Birel U
dl = 3m2 ~~ (f dU)ir (r 2 + Z 2 ) (320)

Since dl doesn’t change with Z, we can integrate over Z from the start of the

quasicollisiohial sheath,Z = 1 , where f=f , to ~ = r~ ( if 1~ ~

where f = f , its value within the ambient plasma. We obtain from Eq. (320)

f8diJ = f d U  — 

3~~e~~r U  (
i — ~ tan 1 ± .

) 
(321 )

We can now substitute this into Eq. (316). Note that A= irr ~ and K0 =2 i re/m2 .

Solving for dl and integrating from V
P 

to finally yield

( u - v )f du
I = A K  I p (322)

O

~~~~~~~~

3l

~

r

(4 X~~~~~ 

1
O)

Since we assumed 1 ~ r , this relation is not valid if ]. > r but nonethelessc p c p ’
the correction term in the denominator goes to zer o for 1 >> r • The tan 1

c p

term is usually negligible for r > >  1c• For a prob e with a guard. ring having

an overall radius equal to R , one has to change the ratio ].0/r to

in the d.enomenator but leave A = n r 2 the same .p
The spherical probe is simple to ana lyze. Here , Ar = 4irr2, where r is

radial distance from the center of the probe • Thus ,

Bwel U
di — 3ni’ j  (r0du) 4irr 2 (323)

Integration from r = r~ + 1~ ,where f 0 = f , to infinity,where f 0 is its value ,

gives

f d U  = f d U  — 3ar’el0~~~ + l 0)

We substitute this expression into Eq.(31 6) and note that A = 4~rr ’~. Integrating

I I I



from V to ~ yieldsp ( u — v ) f du
I = A x f ° (32 5)

J 1+ .~ ~V~ 4.1c(r p + l c)~~ u )

This is the result given by sWitt26.

Consider now the cylindrical case • Lukovnikov and Novgorod.ov27 take

the normalizing area as Ar = 2irrL(1 + 2r/~) where r is radial distance from

the cylindrical axis and L is the length of the cylinder (L>> r). The factor

(1 + 2r,’t) allows for end effect corrections, Consequently, we have

8irel U
dl = 3ni’ ~~

— (t dU)2irrL (i +
~

) (326)

Integrating from r = r~ + i~ to and equating f to the value of f 0 at r~ + 1
0

gFv e

= fdU - 1~~
2 el LU i~ (i  + 2( i -)) (327)

Lukovnikov and Novgorodov omit the 
~~0 

part in the in term, assuming that

1 <  r. We again substitute this expression into Sq. (316) with A= ~r r L

and obtain the result

(u-v )r dU
I= A X  

J 
D 

(328)°
v~, ~~~~~~~ 

_
~~Y<1

+ 2 r + l )

This result differs from Luko vnikov and Novgorod.ov by’ a factor (r /r )(1+2xyt)

both in A and in the second term in the denominator . The (1 + 2r~ t) factor

can be accounted for by allowing for edge effeots,whioh modifies A to

A = 21Tr~L ( i + 2 r 5~/ t) .  In any case this correction is negligible since 2r c< L.

Their r~/r3 factor, however, seems to be a mistake and stems from the faot that

in their calculation of Eq.(316), whioh is the same as Eq. (87) in Section II,
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they have omitted the ~ b contribution in Eq. (86 ) and have used only the

‘a contribution to I,which gives a r/r factor in front . We also wish

to mention that taking the limit to cylindrical geometry from an ellip-

soidal geometry provides the slightly different expression, Ar = 2,rrL(1 + 4.r,4rL).

Redoing the above analysis yields the same expressions as above but

v ith the factor ~ in the logarithm replaced by ir/1,~. This is a negligible

correction, but it is adopted below.

Summarizing, we can write

f5dU = fdU — d.1~fr/2UAX0 (3 29)

~ (u-v )f dU
(330)

where

for a plane c~. = ~~~ (i — ~~ tarf
1 

, l~~ r (331)

for a sphlere = 
3r~ (33 2)

2l
~
(I + 1/r)

~~~i~~:r
a 

= .r~ [I + 1~(r

we note that for the sphere and cylinder , #goes to zero whe.’- ~~~>> r~ , which

is the collisionless limit.

We can also investigate the task of derivi ng f0 from the current . We

assume a constant mean tree path, viz., l~ independent of U. Differentiating

Eq. (330) twice with respeot to V
P 

yields

d’ I/d.V’
AX0 

P r0(v~)(i — r ~] (334.)
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where
~
.°° iT’f (u)du

r . f ( V ) J ° • (3~~)
° “ 

~~ 
[ i4(i_ .~~)]

An iteration process can now be used to derive the correct f from d.21/d.V,.

It is normally assumed that the space potential is obtained from either

the discontinuity or zero value of d.’I/ dV ,. Equation (334.), however , indicates

that caution is necessary since the plasma potential can be incorrectly ass-

ociated with the point r# = I.

3. M0DIF~~D APPROACH

The above theo ry is sub jeot to two basic assumptions , mentioned in the

previous sub seotiori . First , the space charge potential and ambipolar diffu-

sion effects are omitted in favor of free electron diffusion . Secondly, f

is assumed isotropic. The first assumption on tree diffusion is valid. (see

Section VI,where we do not make this approximation) only if

I and T/ P  >> I D e/leD (336 )

where T+, I+,and D+ are the respective ion temperature, probe current magni—

tude ,and. diffusion coefficient and. Te~ 1e’~’~ 
D~ are the corresponding

quantities for electrons. Admitt.6]y, this may be difficult to satis fy.

The seoorid condition , that f be isotro pio ,ie contradictory to the basic con-

cept of a diffusion proce ss from the plasma caused. by 
~1r due to gradient s

in to. This anisotrop ic part exiata even it we omit f1 ~ 
and 

~2z due to an

external electr ic field. Below we correct the previous analysis to include

the 
~1r contribution.

A radi al 
~~~ 

4t the sheath position in addition to 

~: gives rise to

contributions to the cur rent increment t1~’~~~~ tha ooUistcmlss,



sheath edge. Generally we can write

= (u _ V ~)f a.U - .
~~~ U H(U)f~~dU (~y~’)

Equation (12) gives for a plane probe

H(U) — i — (v~AJY~ (338)

For a sphere , we note that is in the radial direction, independent of 0
and~~, in contrast to f15, whioh is in the z—direction and which integrated to

zero over a spherical area. Thus,combining the respective relations in Eqs.

(164.) and (165 ) with Va = 0 gives for a sphere

r~ r~
H(U) =~~~ {1 _ [i _

~~~ + �.~~] 
2] ( )

Similarly for a cylinder, we adopt Eqs. (207) and (215) with Va = 0 , namely,

H(U) = 
~~~~~ Ii - .~~ [(v+i )~(v-e) a(1c0) + 

~~~~ * ~ (a~,,kO )~]] ( 34.0)

where
V

P = 
~~~ ~~~~ 

‘
~‘ 

= P 
~~~ 

~~ = 
[~~~~i] ~~~ = 

(y+I )*

Also G(k 0) and. TI (a~,,1c0) are the complete elliptic functions of the second.

and third. kind., respectively . Aa previously , we associate r 5 with a distanoe

one mean free path away from the probe surface , r 5 = r~ + 1~~, and also V~, is mea—

sured with resp ect to the potential at r 5.

For later use , the following limits are given. ~hen l~ << r~ or r 5~ r

or~~ > > 1 , the three relation s, Zqs . (338) to ( 3Ze.O ), red.uoe to the same limit ,

namely,

H (u) = 1 _ ( V pi4T)~~ (~~ i )
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When la >> r~ or r >> r~ or (3 .c< I , we obtain the following limits

from the three equations:

for a plane H(u) = I — (v
1,AJ)

312 (34.2)

for a sphere H(U) = (3/2) (i  — v~,,ki)
for a cylinder H(U) = (2/ir)( ( 2 — V 1,flJ)G(k0)—( V~AJ)K(k0)) (344)
where K(k0) is the complete elliptic function of the first kind and k0 ~
(i-v~AJ)~. Thus,in both limits, n(u) become s independent of r5/r~.

We match at r 5 the value of 
~
‘
1r

5 to its value obtained. from quasicolli—

sional theory. We note from Eqs. (31 7) and (319) that

= —l 
~~ 

(f d.u) = — 
3n12 dl 

= — 
3d~ (

~~
)

A~8ireU 4 X A U

where for a plane A = ,r(r + ].)  = A(1 + lVr )

for a sphere A = 4~r(r + l~
)2 = A(I + l0/ r~)2 (y~.7)

2(r +1 )
for a cylinder A5 

= 2ir(r + l)L (i + ° ) ~ A(I + l0/r~) (34.8)

where A is the area of the particular probe. Matching the two fir
s 

~~~~~~~

Eq. (299) for fdu yield after substitution into Eq. (337)

= (u- v~) [f0du - 2UAXJ + 
dI H(U) (

~~
)

Collecting terms and integrating from V~ to yield with ~

(u-v )r dU
I _ A X

J 
° (350)

where for a plane = (i+~~/r~,~~
1 (351 )

f or  a sphere — (1 + i0/r~Y
2 (352)
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for a cylinder = (i + lc/rp )~
1 (~~)

and the corresponding ç& values are given in Eqs . ( 331) to (333 ).

If we substitute dl from Eq. ( 34.9) into Eqs. (329) and ( 34.5) for

and ç
3
~,respective1y, we also obtain the relationships of these quantities to

f at infinity. These are

1-~~H(U)
f d . U  = f d U  - 2UAX~ 

f d . U
[ 

~~ (~ ~~~~~ 
11(U) ]

and. 

dU = - ~ (~ 
4) f0d.U LI 4 (

~ 
4) - ~ 11(U)] ( 355)

The above analysis contains our new results , extending the previous relat ion

in Eq. (330).

If 1~ >> ~~~ then ~ -, 0 and 11(U) reduces to Eqs. (342) to (344) . Hence,

this term and the ~fr term ( see Eqs. (331) to (333),which also go to zero) do

not contribute in the collisionless limit. If l~ << r , then ~ ~ I and.
3/  

p
11(U) ~ I — (vj ti) 2 The physical meaning of this term is associated with

the “blocking ” action of the probe . It is also related to the “IC ” factor .

in Swift11 (p. 210). when the mean free path is very large, the outside

plasma does not ‘see” the probe • When it is smaller than the radius , the

plasma is influenced by the obstao le ,and the distrib ution function has to

readjust accordingl y. It can be seen that the ~ and ~s corrections are of

comparable magnitude when r~ l~ but are of opposite signs . Both should

be included in a proper quasico]iisional probe analysis. It is,however ,true

that,if r~ >> 10, the çb correction is more Important than the ~ correction ,

which may explain why no consideration was given to the latter by Lukovnikoy.
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SECTION VI

HYBRID PROBE ANALYSIS IN THE CONTINUUM REGIME

I • INTRODUCTION

In this section, we provide a generalized formulation for the operation

of a probe in a high pressure plasma where r~>A 5> 1~ . The method is based

on the hybrid theory as formulated by Waymouth28 and. Wilkins and Katra29.

Consequently, we will not cover all the other methods for the continuum re-

gime, which were reviewed by Johnston25.

Hybrid theory essentially combine s the results from the thin collision—

less part of the sheath adjacent to the probe to the results from the ambipolar

layer vaJ.1.d in most of the sheath as calculated in the continuum limit. The

electrostatic space charge potential is included. in the latter layer here,

in contrast to Section V. A proper hybrid theory deduces a Boltzmann line

if f 0 is a Maxwellian distribution and. also resolve s a problem pointed out

by Blue and Irigo].d3° and. by Wilkins and Katra29. In many continuum theories ,

one has the erroneous boundary condition that the density at the probe is

zero ,and this leads formally to an infinite drift velocity. The hybrid

theory given here does not have this problem.

Nearly all theories assume a Maxviellian distribution for f0,and. averaged

quantities are based on this distribution. Here we do not restrict the form

of fe,. Furthermore,we match proper relations for the flow 
~~ir 

effects) at

the collisionless edge by using our results in Section II. Other authors, who

did not have these results in Section ll, either omitted these effects (as

Wayinouth did) or adopted. an ad. hoc form (as Wilkin s and Katra did.) for these

relations. For these reasons , our results differ from others . In the

following we point out how our generalized. results relat e to these previous

analyses.
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2. G~~KRALIZED MOMENT APPROACH

As in Section V, we are concerned here with two components of the

distribution function, f and. 
~~r ’ both at the boundary between the free

fall (or collisionless) part of the sheath and the collisional part. Below,

we use the word. “boundary” to designate this position at r3. The form of

in the plasma is allo” ed to ~e arbitrary. The directed part 
~1r ~~

associated with radial flow due to ~~adient s and. space charge fields in

the plasma . Let V8 be the potential caused by the prob. at the r boumiary,

so that V3 is the difference between the potential at the boundary and the

plasma potential , the latter taken as zero. The probe potential V~ is

measured with respect to plasma potential. We investigate below both the

acceleration and retardation regions.

The method uses moment relations based on averages of the distribution

function. We define the following averages , for either electrons or ions ,

where n is the density at the boundary:
5

xis .. ~~~f
r:(v)~~av (356)

.‘ (4~r / n ) f f~(v)v3dv ( 357)

D (14~r / 3 n ) f f~( v ) ( v4A’i )dv ( 358)

~• ~~~~~J f ( v ) ~~~~(~~.) dv (359)

Here D is the diffusion coefficient of a specie s, p is its mobility, v~ is
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its collision frequenoy for momentum transfer, v 1.5 its speed, and v is

its averaged. speed. We also define

v0 — [2(V —V)/m ]~ (360)

In the continuum regime , we note that r~ > A 5 > 1
~~
. Hence,the collision—

less part of the sheath (of order 1) is very close to the probe,and one

can use the thin plane sheath approximation (r =r +l~~~r). In the case

of particle retardation, we have from Eqs. (7) and (8) the follov’ing result

for the ourrent density to the probe,

= j  = j -  j 1 = ire f [v(v 2 _ v~)f (U) - & _ r( dv (361 )

and, in the acceleration case, we have from Eqs. (23) and (24.)

= j - j1 = lre
J 

v3[f8(v)_~ f~r(v)]dv (362)

Since r5~~r~ and A~~A ,these relations also give the current densitie s at

the boundary, r 5.

Collisional theory provide s the form of 
~1r inside the collisional part

of the sheath . We include the apace charge potent ial ,p ,  associated. with

charge imbalance and ambipo].ar effects. Now 
~1r is related to ~~adients in

f and lxi $0 and. in particular at the bounda ry it is given by

8f5
- — .L1...~ + .2- ~f _...21 ( 363)Ii’ — 

Vi L 3r - my 8r dvj

where the upper sign refers to electron . and the lower si~ i to positive ions.

Substituting this into Eq. (361 ) gives for a retardation case

- - .~L! r dv 
v(v’ - 

+ .2- ~~‘ (3~~)1 3 j  ~ar mv 3r dv)

~~0

For an acceleration case we have the same result with v0 = 0.
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For later use, we define the following ratios for a retardation case,

making use of Eqs. (35 7) to (359):

vf
v (T2 — v2)f3(v)dy

w ° -— =- ~~~- fv(v 2 _ v Z)f 5(v)dv (365)
° 

f~~
f:cv)av 

n3v 
~~ 

° °

I (v~~i )(~ - ~~)f
5(v)dv

WI — 

~~~~~~~~ J ~~~~
- (v~ - v ’)f 8(v)dv (366)

f(v
4 /iii )f (v)dv

J f ( v) ~~~
(

~~~~~o) dv

~~~ d 
= 

3
44T

~ ,J ?(v) dv (367)

J o dv \vi) 0
0

For an acceleration case, these ratios are redefined as

w0 = = W2 = 1 (368)

We postulate now the basic assumption in this seotion ,that f / n3 = f 0/n0,

its value within the plasma, so that f0/n does not vary with position within

the collisions], part of the sheath. This is obviously only an approximation

since the f orm of f0 is generally a complicated function of position and

velocity within the sheath. The assumption supposes that all the spatial

variation can be described in terms of the velocity averaged. quantity x i .
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Referring now to Eqs. (357) to ( 359) ax~ (365) to (367), we see that

according to this assumption the quantities v, D, p, W0, W11and W2 do not

vary with posi tion since all inte~ ’al a are normalized with respect to n .

With the new definitions in Eqs . ( 365) to (368), we can rewrite Eqs.

(361 ) to (364) , the relations for the current densities j  and. j1 at the

boundary , in the following forms:

10 
= x i v  eW /1i. ( 369)

and

ii = — 
~ 

~~ (Dn ) v’ ii ~ (370 )

The latter term is obtained by thte~~ation by parts in Eq. (364) . Recall

also that the upper sI gn applies to electrons and the lower sign to

positive ions.

We require another set of relations giving the variation of xi and

with r in the collisional part of the sheath. Prom the momentum or flux

conservation equation, we have, in particular at the boundary , the relation

~~— (Dxi ) ; pn = .111 (371)

where j, as before , is the current density. Substituting ag.tbr from Eqs.

(371) into (370) gives for 
~~

= 
~~~~~~

— j
~ 

the expression

(372)

Consider now the ambipolar effects obtained by combining the following

electron (subscript e) and positive ion (subscript +) momentum relations

‘~ithin the collisional part of the sheath,

122



De I’•~~~~Pe
fle~~~~

= 7 (373)

an I
(374)

We adopt the quasi—neutral approximation, namely, ne = n. Solving for

n gives j +j~ jD +rj D
e8ri e~+ +e _ +e e+

= D~I4 +D p 
— D

+
De

( l + r )

where

— p,~1)~/p5D (376)

For a Maxwellian distribution r = e+Te/eT+, so that an order of magnitude

value of T is Te/~r • Note that and. 3 depend on the position r.

The inte~~ation of Eq. (375) for various geometries is given by Su and.
31 and is siimm~rized in Johnston

25. ( Note that their 3 is equal to our

(i.A/Z~reDn r~) where n0 is the density outside of the sheath in the bulk of

the $.aaIna.) The quasi—neutral or ambipolar approximation yields in parti-

cular for xi at the boundary

n - jD + r j D - -  s A

~~— i  + e  e + I  ~
no 

- — 

L D De(l1’T) J 4iren r~

where for a two—sided. disc s = ir/2 and for a one sided disc ~~ = ii , so that

in either case

a~A i r2 r (3~~)

for a sphere = I and a~A = 4s’r (379)

and for a cylinder
•
~
, ~~~~ in (

~
) and s~A = 1*srr;ln (

~ 
(380)

In the limit r >> J~D/J •D~ and. r >> 1, Eq. (377) reduces to
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— 
3e~p

A

n 4irenrD 3
o o p e

We can compare Eq. (381 ) with the results in Section V. If Eq. (329) is
1 3/

integrated after multiplication by 4.I~ir U~/m 
2 

~ then the result will agree

~-ith Eq. (381 ) in the limit l
~ << r~ upon identifying De = 10v/3 and cbl0 = 3As~/

(8irr~ ) ,where çfr is given by Eqs . (331 ) to (333) for various geometries.

We now wish to solve for~Q. Eliminating 8n/~r between Eqs . (373) and

(374.) and then substituting Eq. (375 ) yield

r j D - j D  D
I + e  e +  e a l n n

= 
Li+De+TIeD.J 8r

Since the ratio within the brackets is independent of n or r, we can inte-

grate to give Pe9~
/be equal to the bracket times ln n/n0. In particuiar,at

the boundary we set = VJe and we obtain

p V I D — j D  ne s _ r + e  e+ 1~~ 8
- L 3+

De~~
jeD+J ~~ ~

We now examine the separate electron and ion current densities tid

insert the relevant subscripts. Substitute Eq. (375) into (37~) to derive

the following relations for the two species:

~ 
ns~e

e Woe + 2(i+r) [1e~~2e
’4’TW1e) + 3+ 1 e ’W 2e) 

~J (~‘~~‘)

= ~ n e  W
0~ + 2 (i+i’ ) [i+ (rw2~+ w1 ~) + 3e 

(w1 + 
— w2~) .15~:~1 (385)

Define the following normalized. parameters:

4.3 A r v
= 

ne ’ ‘ Pe = 

~~~pDe(1 +T ) ‘ P~ = 8vr~D~(1÷r) 
(386)
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(To compare with Waymouth28, his Q are equal to our p s /2. To comparee,i e,+ p

with Wilkins and Katra29, their 3 
~, 
are our 3 and their 

~ ~ , 
are oure, e,+ e,

Their geometries also refer to a sphere with A = 41rr ,.) Then we can

write for Eqs . (377) and ( 383)

= — 

~ ~p~~e~e + ~+&) (387)

and. —

p V  r p i — p i ne s  + +  e e  ln— ~ (388)eDe T(pe
’3

e + p i )  
U0

Equations (384.) and (385 ) can be similarly normalized. After substituting

n / n0 into them, they become

~e [i + ~~~ WoeP esp — 

2(i÷r) (W2 + TWIe )]

+ 

‘

~~
+ ~~ +

5p — 
2(i+r ) ~‘ (w.~ e — W

2 )] 
= w

‘

e [
~ 

W •~•p s  - 

~(i+r) ~± (wj, -

+ ~+ [ i + ~~~ W
04

j 3 5  — 

2(i+r ) (w1~ + rw2 )] =

-I
These two equations can be solved to yield separate relations for 3e and

We define the cross denomenator, A:

W +rW W +~~W
A~~~[i — 

2~
(
~~7’;e ][i 

— 

2tl+r) 1 
+ 
~ 
WJ~s~(1 

..
~3’w2÷)

+ ‘
~~
‘ W

04
p s

~ 
(I_

~
W2e) — 4.( i + r) 2 (Wie

_ W
2e)(Wi+

_ W
2+) ~~~

---~~~-~~~• - ~~~~ 
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—

The solutions for and 3 are

= [W [i — _j + W 
2(i+iJ ~ (Wie

_ W
2e)]/A (390)

and.

= [w [i - 

W2 
~
Tl!

;e jj + 2~~~rj 
~.! (w1~ - w2 )~/A (391)

If we substitute these values into n lxi Eq. (387) and into V
3 in Eq.

(388), we finally obtain

= i —
~~~~~ 

[PeWoe(I_ ~ W2+)+p +
W
o+
(I_

~
W
2e

)] (392)

and

~~~~ ~ 
T Y o+ (1 ie Pe YY oe~~~4~

!i) 
~ ~ (eDe T(P eWoe 2 ) + P . W ( 1 .j W ) T J  

xi

Equations (389) to (393) are our final results.

The procedure for calculating I—V characteristics is similar to that

required in Waymouth’s method. The steps are as follows:

i )  Given fermi of fjn0 = f/n5 for electrons and. ions, integrate Eqs.

(357) to (359) to derive v, D,and. p for each species, and. then calculate

r in Eq. (376).

2) Adopt a value f or V~, — V 5 in order to obtain v0 in Eq. (360), and then

integrate Eqs. (363) to (367) to derive W0, WI ,and W2, each as a tune—

tion o fV — V .p a
3) For the particular geometry used, calculate 

~e ~~~ A from Eqs. (386)

~~ (389)’ i~ from Eq. (390), and. j,~, from Eq. (391). Then obtain

~~ 
from Eq. (386).
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4) Obtain n from Eq. ( 392 ) and V from Eq. (393) after n is substituted.

into its ln term. Knowing V and recalling that a value of V _ V  has

been adopted , we now have the correct value of V .

5) Redo the above for a whole range of V~-V 5 values,and compute the total

current I = I — I = A(j — 3 ) as a function of V
+ e + e p

3. RELATIONSHIP TO ANALYSES OF WAYMOUTH AND WILKINS AND KA’JEA

Waymouth’s analysis is the simplest formulation f or a combined free fall

plus diffusion region. To obtain his results we have to make two simplifica—

tions. First, we adopt a Maxwellian distribution,so that for a species i

~ 
= (kTi/2,rmi)

~ , 
~ 

= T~/’1~4,, D1/p~ = kT1/e~ (394.)

Also,W01 = exp (— (v ~—v )/kT1] for the retardation region,and. W01 = I for the

acceleration region. Secondly , we have to set WI = W2 = 0. Then ,d.efining as

he does

= 
~ ~e

8
p’ ~ + 

= ‘
~~
‘ P~

8
~ 

and Q = W Q  + W~ ,Q4

we obtain from Eq. (389) A = I + Q. Also,Eqs. (390) to (393) reduce to

xi V Q W  (I+r)
.;;~~= 1  — T~~=’~d:~’ ~~_ =_ [i  — (I + Q) (396)

= W /(1 + Q) and = w~ ,/(I +

For an acceleration region where = 1 , we have for the saturation current,

I~~~ usin~~Eq. (386),the result

I sat 0—I- - (398)

The two additive terms in the denomenator 0orrsapca~~, respsotiv.ly, ~~
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usual Langinuir contribution and. to the ambipolar collisional contribution,

where /Q defines the flow velocity. As another example, consider the case

of a Maxweflian distribution, a constant mean free path (D=j l0v), a

sphere (s~ - 1), and an electron retardation region with Woe = exp[—(V —v )/

k T ]  and w = 1 .  Thene o+

3exp(-(V -V )i~r] 
_ _ _ _ _ _ _ _ _ _

p s  e~~~ 3 ( )- lce~~~~ ,/’Te)

This relation is given by Swift11 (p. 229), where he uses Y = Q/r~.

Swift implies that the assumptions in Wayinouth are self—c ontradictory.

On one hand., he is investigating the continuum limit where l~ c< r~ ,and ,on

the other hand, he wants f0 to remain isotropic up to the probe surface,

in order for W1 = W2 = 0, which requires la>> r.

Wilkins and Katra attempt to improve the theory. They follow Waymouth,

except that they adopt W1 = W2 = W0 = W,say. With this approximation, Eqs.

(389) to (393) simplify thus:

A = (1— 3 ’ We)(I_ •3’ W)+ * Wep esp( 1_ 3 ’  w~) +1 W4p~s~(1_3 We) (4.00)

—~~ = I 
~ tP eWe _ 3 ’W+ P+W+ _ 3 ’We~ 

(~oi)

_ _  

rp w ( i -4w ) - p W ( i - 3 ’ W )  xi

:~ 
- 

~~~~~~ 
...

~~~ 
w)+ p~~~t1 —~~ w ) ) ]  in

~e = W e( I _ 3 ’ W ) / A  and 
~+~~~+

(1 3’1!e)/
’
~ (4.03)

We note ,however, that the assumption W1 = W2 = W0 is incorrect according

to the analysis in Section II. Our analysis here in Eqs. (365) and (367)

would give the following expression ,based on a ~~xwellian distribution and

a constant mean free path (v~ =
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= exp[—(V —V) /1d~] (4.oi~.)

3 1

= = (1 + 
V
P
_V) 

exp 
[<

V 
8)~

j 
- 

~~~ 

(

VP
_V

s) 
2

[ 
~ 
- 

~ [(V _ v

)

~]] ( )

where ~ is the error function. Thus,W0 differs from W1 and. W2, although W1
is equal to W2 for a Maxwellian distribution.

4.. LIMITING CASES

Let us now go back to our generalized relations and look at several

limiting cases.

Consider the limit of free electron diffusion , that is,when ambipo].ar

effects become negligible. In Eqs. (389) to (393) we take the limits r > >  I

andp >>p ’ orr D > ‘
~~D o n - >  I D/I D .  These inequalities weree + e +  + e  + e  e +  

—

already mentioned in Eq. (336). Except for V and. 3 ,  the relations now

become independent of ion effects. We obtain A =A 0(1 — 3’ w2), where

A0 = I — 3’ W1 + 3’ Woep esp (4.06)

= I — 89eWoe/
’Ao (4.07)

l4eVa ç rp~ W~,.(I 3 ’  W15 ) _ p ~W~~( I _ 3 ’  W1~~).~ ~~eD
e 

- I l’peWoe(I — * W2 )

= Woe/A (4.09)

and

= ~ 3’ e )/A + W e ~~~ + 
— W2)p e”~~ +7’~~~ (4.10)

From Eqs. (386), (4.06), and (409), the total electron current when r>> I

can be written as
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W s Av —

= * A n e  e w
/[i + I~~r

D
De

e 
— 3’ W1J  

(4.11)

From Eq. (363) and since K0 = ~re/nP~, we note that

~ n~e 
‘
eWoe = Ic

~f f0d.U(U 
— v~) (4.12)

As mentioned. following Eq. (381), under certain conditions one can associate

the quantity 3As~/(8lrr~ ) = 
~~c 

= 
~~ e’~e 

with ç~ given by Eqs. (331 ) to (333).
Then we can write Eq. (4.11) as

11c~)J 
f0d.U (U— v~)

(4.13)
I +

~~~
Woe _ 3 ’Wie

This expression is strikingly similar to Eq. (350) in Section V. Here we

use a moment approach whereas there a kinetic approach is adopted.. Our basic

assumption here (which is not used in Section v) is that f / n5 = f0/n0 is

independent of position. The consequences appear as separate averaged terms

over f0 in the various parts of Eq. (4.13), rather than as a single integral

over f0 as in Eq. (350). Upon comparing the two expressions for ‘e’ we see

thai~ if the two correction terms in the denomenator are omitted., the two

expressions become identical. Th. first ocrreation term in Eq. (4.13) is our

* effect associated with the differences between f and f0. The second

correction term is our ~ effeot associated with f~r,and~,aa seen in Eqs. (351 )

to (353), ~ = I when l~<c r~. The two correction terms are of opposite signs,

as found previously in Section V. Although the moment approach is inferior

in this limit , nonetheless the more general relations have auooessful].y

included the space charge electrostatic potential, a task which is exceedingly

difficult with a kinetic approach.
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Finally, we now adopt our generalized relations to the two situations

of electron acceleration and ion retardation and the converse. In the first

case we set W = W = W = I (see Eq. (368)), and we obtain from Eqs. (389)oe Ia 2e

to (393) the following results:

r W + i W
~ 1+ 2+A = i - 

2(1+r ) + ~ W~~~ S +  3’ p ~ ( 1 -3 ’  w ) (~i~~)e p  2+

n s
-~~-I ’--~n0 

- 2& [P e (~~~3’~ Y 2+) 4 3 ’ P w ] (~i~ )
+ 0+

~~~ 13•T p +
Wo+

_ p
e (I_ 3W i+) xi

~~~ = t
~,7’[pe

(1_ iW
2+)+*P..Wo+J] 

in —1 (4.16)

-
~ V

3 =
1.-

Ie L 
- 2(I+y) j /’A (4.17)

and
“ r I ~ej = I 3 ’ w  +

+ L 0+ ~ (I+r) ~~ (w1+ _w2+)j i’A (4.18)

In the opposite limit ,when electrons are retarded and ions are acceler-

ated, we set V = W = W = I and find the following results:0+ 1+ 2+

r- V +rW
i i 4  _ _ _ _ _ _A = 2(I-w) ] + ~ Wj~s~ + 3’ p ,,s~(I — 3’ V ) (419)2e

-‘~~= i  ~~~2r3’p W + p  ( i — 3 ’ W2 )
_j 

(4.20)e o e  +

~ ~ Ip ( I -4 - w 
~~ 3’Pe~

! - na a + le oe ~~ —~ (4.21)eD
0 

= 
T[*Pe

Woe + p~ (I—j W2~fl 
( n

-, 0

= [3’ W + 2 ( 1+r) ~~ (w1 e — W2 ) ]/A (4.22)

and
Vp

~~~ =[
~ 

— 
2(1 -ir) j/A (4.23)
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In both cases, the total current is given by

= ~~
+

“ 

~e 
= A(j — 

~~ ~ xio~~~~+~1+ 
— 

e~e~

The above relations are thus appropriate to derive I—V characteristics

in the continuum limit, l~ cc r .  They reduce to all known limits and general-

ize the works of previous authors in including the following effects: proper

expressions or averages f o r  V1 and W2 which are related to flow effects ;

generalized. expressions even for VT to non—Mazwellian distributions; allow-

ance for any of three geometries, namely, plane, sphere, or cylinder; and an

arbitrary energy dependence for the mean free path or collision frequency.
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SECTION VII

DISCUSSION AI~1D CONCLUSIONS

Electrostatic probe measurements of the electron velocity distribution

function inside a plasma suitable for lasing action have become more and

more important. They provide us with valuable information about the excita-

tion mechanisms inside the medium and., hence ,about ways of improving the

laser efficiency. Measurements have been made with cylindrical probes for

diagnostics to investigate the N2 medium
32”39 both with and without CO2 and

the CO lasing medium4.0. The nitrogen plasma has also been studied with a

plane probe41.

An active electrical discharge , when used as a lasing medium , usually

has an E/p value between I and 100 V/cm-torr, and the electric field, E, can

be greater than 3 V/nun. In the C02—N2 laser at low degrees of ionization,

inelastic processes are decisive in shaping the electron distribution func—

36tion, f, and coupling occurs between f and the molecular vibrational ener~~r

Direct electron impact excitation of vibrational levels plays an important

role in the CO2 laser. The region where the isotropic part of the distri-

bution function, f0, decreases sharply corresponds
37 to electron energies

at which the elastic and inelastic electron scattering cross sections by

molecules increase markedly. With probes, one can asoertain~
6’~~’~° the

influence of different mixture s, pressure, current, gas flow, etc., on the

form of f0, on the nuthber of fast electrons in the tail of f0, on the average

electron temperature,axid on the electric field in the plasma . Pr obe measure—

ments~~’~
6 also show that the laser action induces a pronounced depletion

of electrons in the electron energy range around a few eV. Bletzinger and.

Garscadden~
6 find. essential agreement between their measured. f0 functions

and the calculated values of Nighan and Bennett~~ for CO2 laser gas mixtures.
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The interpretation of the Langniuir probe characteristics is largely

complicated by the presence of the external E and by collisional effects.

The field E causes f in the plasma to become both non—Maxwe].lian and ani-

sotropic. In this report, we are concerned with the use of electrostatic

probes to study the nonequilThrium aspects of active plasmas with a low

degree of ionization. One of our aims is to provide information on deduc-

ing f from the probe current—voltage (i—v) characteristics.

There are three pressure regimes with differing theories in the study

of electrostatic probes and the sheaths they create in a plasma. The

regime s are characterized by the ratios ~~ three basic physical

lengths, namely the probe radius (r~)~ the sheath thickness (A 5) related

to the Debye length, and the mean free path (is) of charged particles in

the plasma.

In Sections II and III, the theory is based on the method of Langeuir

and Mott—Sinith4.. A coflisionless sheath is considered, subject to the

conditions that 1~ is greater than both r and and that the electric

field at the sheath edge is predominantly that due to the d.ischarge. Colli—

sionless probe theory has been refined by many authors, for example,Bern—

stein and Rabinowitz4.3 and Laframboise~~. The refinements usually pertain

to the acceleration region,and the methods usually assume the electrons

to have a Maxwellian distribution and the ions to be either likewise or

monoenergetic • For the electron retardation region from which the electron

distribution function is deduced, the relvtions for the electron current

given by all these theories agree, even for a general isotropic f0. Most

of our interest lies in the analysis of this region. We pursue the

method of Langmuir and Mott—Smith, since it is the simplest approach, to

I3~
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provide the corrections due to the potential drop (Va) across the sheath

in the presence of E and/or due to an anisotropio distribution function.

We find that these correction terms depend on the probe geometry and on

the ratio r5/r~~ where r3 is the position of the sheath from the center

of the probe. For a plane geometry , we obtain contributions, given in

Eq. (131i.),from a].]. three parts of the distribution function (viz.,isotropic

f , directional f1~,
and tensor f2~~ 

components) and additional corrections

to each, given in Eqs. (2%) to (297), when Va is included. For a sphere,

only the f0 term contributes if Va 
is omitted (see Eq. (i 36)), and. the 

~1 z

and contributions appear only for finite Va (see Eqs. (300) to (303)).

For a cylinder, f0 and contribute if Va is omitted (see Eq. (139)).

However, f1 ~ 
contribute; and corrections appear in a].]. the terms if V is

included (see Eqs. ( 3OZf ) to ( 307)). Lukovnikov7 has derived relations,

including the f 0 and f1 ~ 
contributions for a plane and cylindrical probe,

which agree with our results. However, he didnt t  give the f2 and Va

corrections.

Certain relations require a knowledge of the sheath radius (r ). when

Va = O~ the sheath radius appears as a separate parameter only in the accel-

erating region and even then only in the transition region from the space

- charge limited thin sheath (r3 ~ r~) to the orbital limited thick sheath

(r> r). In either limit , the relations are independent of r , as can

be seen from Eqs. (65) ~ind. (66) (where the second term only contributes

when r5>> r~) for a sphere and. from Eqs. (126) and (127) for a cylinder.

Our orbital limited relations for a sphere and cylinder agree with Poly—

cbronopulos6, who gives the integral over a general f0 in this limit. When

V
~ 
is included, we note that for a plane r3 appears only in the expression
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for Va~ and the results are given in Eqs. (14.9) to (155). For the sphere

and. cylinder, it also app ears in correction terms multiplying Va~ It

thus appears that an approximate knowledge of the sheath radius is suff-

icient, since it is required only in certain transition regions and for

correction terms. Our approximate expression for the sheath thickness is

given in Eq. (308). It include s the Bohm sheath criterion and the effect

of negative ions. We suggest that further effort be made to predict r 5
from the solution of Poisson ’s equation and to include the 3hAng.~s in

from the sheath position to that in the plasma.

In this oo].lisionless regime, we provide new relations to deduce all

three components of the electron distribut ion function from the I—V char-

acteristics. Because the cylindrical and. spherical probes are insensitive

to f
1~~ (except for Va correcti ons), one contemplates the ’use of a plane

probe or a spherical grid. system. (The latter amy, however, be too cum-

bersome and thus perturb the plasma in an unwanted. fashion.) Without the

Va corrections, the response of a sphere could give f
0 directly. However,

th~s V ~or reotions complicate the analysis , and. , since a plane probe is

r~~~~re’d if f1 ~ 
is desired , it is simplest to use the plane probe to deduce

~~~ as well, rather than to insert multipl e pr obes. When

negligible, we find. that three orientations of a one—sided. plane probe are

sufficient to deduce the three components of f. For stronger electric fields ,

five orientations of the probe ar e necessary. The relations for this new

method of deducing the components of f are given in Eqs. (309) to (314).

Luko~nikov7, who provides the relation s for the cur rent response for

given f0 and f11, does not solve the inverse problem to obtain f0 and

from the current .
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The three mppendIoes cover the pre ssure (p) and E/p ranges of opera-

tion for such an one—sided plane probe, its construction and two computer

programs for its use . Sample computer results are given in Section IV.

These prog rams should be perfected. to decreas e the computer gener-

ated noise and to allieviate various othe r problems that are discussed in

Section IV. Eventually , one may hope to provide real t ime Langmuir probe

data reduced by a computer , as already done at A1Ua~~ for other syrtems.

Our present programs allow us to diagnose by numerical mean s the anisotropy

of a plasma with an imposed B from the data obtained by a plane probe in

a very low pressure plasma.

An inherent problem in designing a plane probe is that it is diff i-

cult to construct a prob e of disc radius r~ less than for pressur es

of the order of a torr , in order t o sat isf y the collisionleas regime’s

requirement that l~ > r~ . We conclude that at these and higher pressures,

probe theo ry has to include quasico llisiona l effects. If we were to choose

a cylindrical prob e and forego the measurement of f1 ~ 
due t o E , then we

could possibly design a sufficientl y small probe radius to fall into the

co].lisionless regime . In fact , Danilov et used two cylindrical probes

of different r~ at pressures betw~~n I to 7 t orr . They found that the

finite probe size became noticeable even at r~4~ 0.1 and that the

distribution function was properly determine d. by the second derivative

method only for very thin probes. With the larger prob e , they obtained a

significantly broad ened f0 (with all f0 ’s normalized to the same maximum

value). Self and Shih~~ have also observed collisional effects at pre s-

sure s as low as 0.4 torr with a spherical probe . Quasico llisional theo ry

thus seems to be a requirement for analyzing most measurements except those

at quite low pressures.
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In t I e  quasicoflisional regime where r~ > lc > X s~ usually corresponding

to pressures of a few torr , the plasma sheath is a combination of collision

free and collision dominated regions. It is still possible to use a kinetic

approach in the analysis, as shown by swif t26 and Lukovnilcov and Novgorodov27

for a spherical and cylindrical probe,respectively. These authors also

show how one can derive by iteration the form of f0 from the second deriva-

tive of the current in the electron retarding region. In Section V, we

extended these analyses, gave the result for a plane probe as well, and included

the blocking action of the probe. This means that we include the radial

componen t of the electron distribution. The value of is calculated from

the diffu ’don of electrons in the quasicollisionaJ. part of the sheath. It

is then used as an input function into the analyses given in Sections II and

111 for the current determined by f0 and f 1 at the collisionless sheath

boundary, i.e.,region of transition between the free fall and diffusio n

regions. The change in f
0 

from the plasma to this boundary due to diffu-

sion is also calculated, somewhat as in the previous efforts26~27 which

included only this effect.

Two basic assumptions are made in Section V. The first is that the

electron diffu sion is free, which allows us to omit the space charge field

and ion effects. This imposes the condition in Eq. (336) that the electron

to ion temperature be very large . The second assumption is that , at the

matching boundary, only 
~ir due to diffusion contributes, whereas ,in fact ,

f and f due to the external electric field should be included , as weIz  2zz
did in Sections II and III . We suggest that further efforts be directed.

towards these factors. To tackle the problem involving the space charge

field, we require a solution of the ion dynamics. Also, including f1, requires

138

- —.——-——-——-.—-—-—- -----——-——--——.—-—-—-——————-———----~—-—— ~~— ~- — — - -— - - - - - - -



a knowledge of the variation of each and coupling be tween and. f~~ from

the boundary to the outside plasma.

Our results on the quasicollisional sheath analysis are given in Eqs.

( 350) to (353) ,  where the ~ factor represents the blocking action of the

probe and the ~ factor is due to the variation of f 0 or density from the

boundary to the plasma. These relations agree vr ith Swift26 and. Lukovnikov

and Novgorodov27 if we omit the ?~ factor . The cd.ditional ~ fac tor is cal-

culated with the proper multiplicative ener~ r function H(U) obtained from

the results in Section III. This H(u) function depends on the geometry

and on the ratio of r~/r5~ except when the ratio is either large or small.

~‘7e find that the ~ factor is of the same order as the ~ factor when 1 is

comparable to r .  However , as becomes small , the ~ factor is of lesser

importance.

Attempts have been made by other authors to derive corrections similar

to ours which account for the blocking action of the probe. For example,

Wasserstrom et al24 obtain an ener~ r averaged factor for small V~. They

include the ion motion but assume equal electron and ion mean free paths

and straight line trajectories between particle collisions, so that their

results cannot be readily compared with ours.

Beside s Wasseratrom ot ala, various other analyses, such as Chou et

Bienk owsid. and Chang~~ and. Su
49
, have tried to derive moment rela-

tions from the Boltzma.nn transfer equation , both in the l~> r~ and. r~> l~

regimes. Such analyses attempt to allow for the presence of the probe and

how it influences the trajectories of the particles. However, every attempt

at generalization introduces new approximations. Our analyses in Section VI

are also such an attempt for 1 c r , and they are discussed below.
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If r > X > 1
~
, corresponding to pressures above 10 torr , the plasma

density and potential in the vicinity of the probe are nonuniform due to

diffusion and, space charge effects, and collisions play an important role

in determining the sheath profile. Kinetic approaches are difficult to

pursue and. one resorts to the moment equations. For this reason, the

possibility of deducing f from I—V characteristics is uncertain in this

regime. In Section VI, we calculate the probe current for given f and include

the space charge potential and ambipolar diffusion effects • The se effects

influence the form of f 0 , since f 0 depends on the density . Sufficiently

far from the probe, an ambipolar type of diffusion takes place in a

sheath which is more or less quasineutral. The transition region between

the collisionless and. quasineutral sheaths is omitted. in the analysis.

Instead, a hybrid sheath is adopted.,and. the solutions for the two layers

are matched at the boundary between them.

In obtaining the moment relations for the hybrid, model , we have general-

ized the theories of Waymouth28 and of Blue and Ingold.3° by deriving more

accurate averages over the distribution function. However, in so doing,

re had to adopt the commonly used approximation that the ratio of f 0 to

the density (n) at the boundary is the same as in the undisturbed plasma.

This is valid for a Maxwellian f0 whose ener~ r dependence does not change

within the sheath, an assumption made in most analyses. We adopt the same

concept for an arbitrary f0. We generalize as well to include the blocking

action of the probe and the anisotropic part of ~~~~~~~, namely, 
~1r 

due to radial

flow near the probe, which was omitted by Weymouth28. Blue and. Thgol4~~,

who included this effect, obtained a non—zero particle density at the probe

surface and were able to recover a Boltzmann line for a Maxwel].1.an fe,.

Similarly, Wilkins and Katra29 include the effects of the anisotropy.
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However, the matching conditions at the co].lisionless boundary f~r used

by these authors are not exact, whereas the matching equation s used here

are based on the correct relations derived in Section II for a thin colli—

sionleas sheath. Our final, relations are given in Eqs. (4.14.) to (4.24.).

For a non—Maxwelliaxi distribution function , the assumption that the

ratio f0/n is a function only of energy is, strictly speaking, irioorrect.

The function f 0 is not necessarily a aeparab].e function of position and

energy for all positions inside the sheath. One suggestion is to

allow f to be the sum of two Maxwellian s, each of which is
0

separable in space and enar~y. However , even this supposition is not exact ,

since thi s decomposition may not apply within the sheath, even though it can

reasonably be done within the bulk of the plasma. Further work along these

line s wi].]. be useful. We also suggest that our method , presented in Section VI ,

be generalized to include the transition to the regime 1~ > r , a task that

should not be too difficult .

In comparing the moment theory, used here in hybrid. form, with continuum

theory in the collisional regime , one has to realize that the fluid. equations,

used. in the latter approach , are obtained from the moment equations by letting

l
~ 

be infinitesimal and by i~~oring the blocking effect of the probe.

Consequently, it does not take care of the anisotropy of f near the probe

surface. The equations in continuum theory, so derived, are inapplicable

closer than a few mean free paths from the probe surface. It is assumed

that l
~ 

is so small that any particle in the sheath suffers enough oollisions

to “forget” about the existence of the probe. ~zsentially, this is equival-

ent to omitting the ?~, W~, and W2 faotora in our theory, as Waymouth has done,

and regarding the equations as valid up to the probe surface. Thus the oontinu~~
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theory can be regarded as the limit of the moment method for a negligible

mean free path. Consequently, relations based on the moment method are

superior provided they are tractable.
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APPENDIX A

PARA~~m MA~P

1. INTRODUCTION

In this appendix, we deduce (1) the parameter map for the validity of

collisionless probe theory in an active discharge , with scaling conditions

and plots relevant to nitrogen and (2) the minimum time for an I—V sweep.

The effect of negative ions is covered in Section III.

There are max~ conditions that have to be obeyed far validity of colli—

sionless probe theory. Some of these pertain to the dimensions of the probe

and others pertain to the plasma and applied potentials . The latter criteria

are considered here whereas the former will be considered in the next appendix.

The limits for each of the three criteria for validity given below are drawn

on a plot of E/p versus p/~ for various V . where E is the electric field

strength in the plasma, V~ is the potential applied to the probe, p 1. the

pressure, and ,7 is the ratio of electron density to neutral particle density.

Such a plot has to be drawn for each gas or gas mixture. For illustration

purposes we have done this for a nitrogen plasma.

2. P 1 A~~TER MAP AI’~D SCALING

Besides certain conditions on probe dimensions , to be given in Appendix

B, the domain of validity of the prea.nt probe thscry is determined by the

follow thg assumptions:

i)  For the spherical harmonic expansion to be converge nt 1 , the elec-

tron drift velocity, Td’ must be smaller tha n the electron ther mal energy,

v~
. That is,
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efi

~e mvev l 
*where E is the electric field in the plasma , v~ is the momentum transfer

collision frequency for electron—neutral collisions, and e and m are the 
V

electron charge and mass, respectively. However, since varies non-

linearly with E for strong electric fields and since Te increases with fi ,

it is more appropriate to use the experimentally and/or theoretical ly deter-

mined curves of and ye versus fl/p to find, the limits on the

condition 
~d ’

~
Te •

2) For the sheath to be oollisio~ilesa, the sheath thickness, X~,

must be small oompared. to the electron mean free path, l
~
:

5 0

3) For the perturbation due to the external electric field fi to be

small around the probe, we must have

eE~ c V
S

where V~, is the ma~~itude of the (negative) probe potential with respect to

plasma potential.

For a given gas temperature and ratio of’ electr on to neutral densitie s,

,7 these assumptions impose limitations on the externa l electric

field, fi, and on the neutral pressure, p, and eventually on the probe voltage ,

V • We now discuss the se limitations for each of the three conditions for

the situation of a nitrog en gas at 3000X.

* This eleotrio field. E is the one we find in the probing region far from
the electrodes. This means that f or the experimental evaluation of fi
one must exclude the strong potential drops occurring near the electrodes,
so that I is smaller than the potential difference between the electrodes
divid.d by the length of the discharge.
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Conside r the first condition . A measure of and V
e 
—

or electron temperature , can be derived from experimental and theoretical

curves (k is Boltzmann’s constant). Figure 27 plots both 
~d’ ~ and the

ratios and 4.vd/v versus fl/p from the experimental and. calculated

data given by Massey2’
~, Frost and. Phelps~

2 and Nighan1 
‘

~~
, as well as data

by Long et a123 of ARL. We note that is equal to v0/5 when fl/p 35.

If we take Td = ~~~ as sufficient to satisfy the first condition, then

the upper limit on fl/p is about 88. Thus , this condition is usually satis-

fied for cases of concern in pure nitrogen.

The ratio of sheath thickness to Debye length, X~, is evaluated from

Eq. (290) . Adopting Ve = Vei for simplicity , we have

with 

= 2 [
~ 
(i + 

2~
.

)

~
’2 

- (i + .
~

R) :f 
V

= (1 ,7 17x1(i”1 Te(eV)]~
’ cm—torr~

and Ve = kfrj e = mv /e. The ratio A514.~ is plotted in Figure 28. It is

not valid for Vp/V’e ~ 4.,but ~~~ graph has been extrapolated towards zero.

Using the plot of Te versus fl/p in Figure 27, we evaluate Ve~
X5,&~,and finally A5(77p)~ . Plots of A5(i~p)~ versus fl/p for various V

value s are given in Figure 29.

We can also calculate the mean free path , 10, from the 
~d and. data

in Figure 27, based on the forim~la

= * (~
)
~ i

’
~’~ 

= 3 (
~ ~

where 0 is the do electric al conductivity . This equation , althou~ i derived

(see p. 14.1 in Ref. i)  for a Maxwellian distribu 1~.on function with a constant
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mean free path collisional model , is not too sensitive to the form of the

distribution if l~ does not vary much with fl/p. Figure 29 shows calculations

of p10 versus fl/p based on this relation. As is evident , 
~~ 

does not vary

appreciably in the indicated range of fl/p or Te~
Using the results in Figure 29, we can now evaluate the assumptions

(2) and. (3) and provide a parameter map for nitrogen. For assumption ( 1),

we take Vd = ve/Lf,which gives the horizontal line at fl/p = 88 shown in

Figure 30. We note that the evaluation of (pl0
)2 1’tA5(~p)~)2 = I (or l0 =A 5)

for each fl/p and each V~, value also depends on the ratio p/is. Thus in

Figure 30 we show the A = l~ curves for various V versus fl/p and p/77 values.

We also evaluate = V~, 
curves by equating V/t(E/p)(A5(,7pY~))2 = I for

various V~ versus fl/p and p/7~ v .lue s, and. these are also plotted in Figure 30.

Assumption ( 1)  implies the requirement that fl/p lies below the hori,~on—

tal line. Assumption (2) imposes a maximum value for p/,7 for a given probe

voltage . The maximum values for p are represented by the vertical curves

for different probe voltages. For lower probe potentials, the restriction

on p/i’ is less severe since the sheath becomes smaller and is less likely

to be collisional. In the region under the oblique lines, assumption (3)

is satisfied. The position of these curves also depends on the probe pot—

entia].. The lowest V value i~ V~, = 0.5 IcTe/e = 0.5 Ve~
From Figure 30, it appears that the most severe limitations on plasma

conditions come from assumption (2) at high V~ values (V~ a 10 volts) and

pressures above 0.1 tori’, and from assumption (3) at low V~ values (V~ 0.5

Volts) if I/p is sufficiently large (fl/p ) 70 V/cm-tori’).
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3. SWEEP FREQUENCY

The sweep frequency, f 5, of the probe voltage with time (t) must be

small enough so that the slowest particles , namely the ions, will pract-

ically detect no time variation of’ potential when crossing the sheath.

That is,
dV v v

or f c Xt

where v~ is the ion drift velocity at the sheath edge , approximately equal

to (1~ e~
’m+ )~. For A5 = 1mm , kTe/e = I eV, and m~ = 4.65 x 10 26 kg for N2,

we have
f 1 .86 ~U1z

Thus, the sweep frequency , which is usually lower than this value, does

not present any problem.

It is preferable to operate at frequencies below the ion plasma frequency

as well. This imposes the condition that

f c (n~e~/sm~)k/2w

or f 5 < 2.7 MHz if the ion density n~ = 4.5 x I0~’m ’. This condition is

thus also easy to satis fy.

V 
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AP ENDIX B

DESIGN MID C ONSTRUCTION OF A PLAI~ PROBE

I • DESIGN MID DI~~NSI0NS OF TBE PlANE PROBE

The appropriate dimensions of the probe are determined mainly by the

value of the tube radius Rt and the sheath thickness A5.

The tube radius Rt imposes a maximum value to the probe radius R1,.

If the electron density varies radially as

ne(r) ~ fleo3o( 2 4  r/tt )

V where 
~eo is the electron density on the tube axis and is the zero order

Bessel function, then the probe radius R~ must be at most~equal to i/5 Rt
if we want a variation of density of less than 5% over the probe. For

Rt 1.25 cm an d R ~ = 0.75 mm or 2mm, the variation of density over the V

probe is about 0.5% or 4%,respective ly.

Figure 31 indicates additional conditions that the plane probe has to

satis fy . These are plotted on a V~ versus p dia~ ’am for three fl/p or elec-

tron temperature values (0.78, 1 .5, and 3eV) and for i~ — = 10 6 
• The

conditions are ( i )  10 > A 5 in order for the sheath to be collisioriless, a

V condition already discussed in Appendix A, (2) 2R~ > A5, (3) A5 > 8,where 8

is the gap between the central collecting disc and the surrounding guard

ring if a guarded probe is uaed,and (4.) 1~~ R~. Th. dashed curves are for

a probe of radius 0.75 mm without a guard ring,axd the solid curves are

for a probe with R~ = 2mm, disc radius — r~ 0.5 mm ,and 8 = 0.1 mm. The

A5 = 8 curve s apply only to the latter, whereas the A5 = 1
~ 
curves apply

to both types of probes.
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The first condition re quire s operation at pressures to the left of

the A3 = ~~ 
curves. The second condition , A3 < 2R~~ require s V~ and p

values below the indicated curves. This condition is necessary in order

for the edge effects of the plane probe to be negligible . As seen, this

is more difficu].t to satisfy in low pressure plasmas for a probe without a

guard ring than for a probe with a guard ring, especially if the probe voltage

is varied beyond V = 10 volts. This is why we suggest that oi~e use a

plane central disc with a surrounding guard ring. The same potential is

applied to each , but only the current to the inner disc is analyzed . The

third condition, A5 > 8 , ensures that the sheath overlap s the gap between

the central collecting disc and the guard ring and the plasma “sees” no

separation between the two. Operation is thus necessary between the A5 = 2R~

and the A = 8 curves. If one operates to the right of the A5 = 8 curves,

the guard ring is inoperative and in fact superfluous. Thu~, the guard ring

is unnecessary in high pressure plasmas. The fourth condition, ]0)R~~ is

necessary in order that the distribution function and. its components at the

sheath edge be unaffected. by the presence of the probe • When 10< ~~ the

probe introduces a perturbation, and Sections IV and V discuss this effect

and the transition to the quasi-collisional regime . For a guarded probe,

this requires operation at pressures below 0.07 — 0.1 torr,whereas for the

unguarded probe one can work below 0.2 — 0.3 torr . Thus it app ears that

this condition is one of’ the more severe limitations and that the unguarded

probe has a distinct advantag. in this respect.

In the next section, we provide details on the oonstruotion of the

guarded probe • As compared to the unguarded probe, the guarded one is more

difficult to fabricate ,end an assembly drawing is useful.
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2. METhOD USED FOR THE FABRICATION OF THE GUARD RING 1~ 0BE

An assembly drawing and a photo~~aph are shown in Figures 32 and 33.

This probe has been made to test the feasibility of the design.

The center of the probe has been out with a diamond saw from a tungs-

ten rod. According to Medicus19, the center of the probe and the guard

r ing should be made of thc dame metal. Molybdenum rod. was not available;

tungsten has been substituted as only the mechanical difficulties of the

construction were to be tested.

The guard ring has been cut from molybdenum foil. Tantalum has been

tried and rejected because it deformed too easily at welding.

The ceramic washer has been cut with a diamond saw from a ceramic tube.

The ceramic handle is made of a 10 cm ceramic tube of 2.8 mm O.D . This

tube has four holes, two of which are used to insulate the .010” nickel

connecting wires.

The .010 nickel connecting wires are spot welded to the center of the

probe and to the guard ring. The four holes of the handle have been plugged

with “TORR SEAL” • ECCOC ERAM SM-25 has been used to cover the back side of

the probe and to secure the whole assembly to the ceramic handle. A thin

ceramic coat of SM-25 is applied to the edge of the guard ring.

A slightly different version based on the ab ove model has been con-

structed at .ARL . An assembly drawing of the latter is shown in Figure 3l~..

In add ition, an unguarded probe of radius 0.75 mm has also been used at AR!.

A major problem found with the first probe is the lack of a definitive break

in the I—V characteristic ,whioh is requ ired to identify plasma potential .

Another problem found with both probes is that the value of i/k~, or current

density in their particular discharge tube , could not be increased s~d’fioient1y

to satisfy both the conditions that 1~ > A.3 and R >  A 5.
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APPENDIX C

COMPt7~ER PROGRAMS AND USER MkNUALS

I • I~~RODUCTION

Two computer programs are presented. here for a plane probe . First

we provide the prog ram ~ro~ for the calculation of the total current to

the probe . It also gives, if desired, the electron current and. the electron

current density contributions from various parts of the electron velocity

dist ribution function. The second pro gram , JTOF , performs the Inverse

operation of calculating the component s of the distribution function up

to the second order of anisotropy from the current intercep ted by a plane

probe for five orientations. Both programs call the subroutines SU~f~ and

SHEA~~, which are used ,respective].y, for integration and for evaluating the

sheath thickness • The second program JTCIP calls the additional subroutine

DER for differentiation, which in turn calls 5E35 to smoothen the differ-

entiated data. (Decks of all these programs were delivered to ARL.)

Below we outline the above programs • Also ,the subroutines are dis-

cussed , except for SE35 ,whioh is a standard IBM subroutine . Printouts of

all statements in both complete programs are given at the end. in subsection 6.

2. PR OGRAM PTO~
a. Flow Chart

A flow chart for this prog ram is given in Figure 35. As can be seen,

the input instruotions determine the number of regions for which the total

current is calculated. These regions are the electron acceleration region

and the electron retardation region, the latter based on exact theory

(Eqs. ( lA i.9) to (152)) and with the options of also being based on approximate
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theory for Va C< V
P 

(Eqs. (153) to (155)) or less approximate theory with

VS I E = O  (Eq. (13k)). The corresponding outputs are named “plane exact”,

“plane approximate”,and “plane zero EL” .

b. User ’s Manual

The procedures for the operation of this program are now provided.

The following set of input data is required.

( i)  NW is equal to one or any other integer. If NW is one , a detailed

printout of intermediate and fins], data is written , including the electron

contributions; if it is not equal to one , then only certain specialized data

and results are printed.

(2) THE TA (degrees) designates the orientation of the normal to the

probe with re spect to the electric field, if result s for a single orientation

are sufficient . In order to rotate the probe and obtain results for several

orientation s, one set s THETA >iØØØ.Ø. The difference ThET&— 1Ø .% Is equal

to the angular increment IDEG in degrees. The minimum permitted value of

IDEG is %.I degree • The program starts with THETA = 0., performs the cal-

culations ,and. repeats the whole process with THETA = THETA + IDEG up to

THETA 1800 . For example, if we want results for five orientations corres-

ponding to 0°, 4.5°, 900, 135~, and. 1800 (as required for input to program

JTOF), we assign the value THW~A I ~5 .0.
(3) vpØ (Volts) designates the initial probe voltage.

(4.) DELTA% (Volts) designates the increment of the probe voltage.

Various options are provided, depending on the values of’ VPØ and DELTAØ.

• If VPØ c 0.0, only the retardation region between VPØ and zero volts is
analyzed with increment of the probe voltage equal to the given value of
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DELTAO. If VP% is between zer o and 1ØØØ .%, then only the accelerating

region between zero and VPØ is analyzed with the same increment DELT.AØ.

The minimum permissable value of DELTA.Ø is 0.1 volts. Program FTOJ allows

for a sweep through the whole range of negative and. positive probe voltages

by setting VPØ > i Ø.Ø. The difference VP%—lØØØ.Ø’ is set equal to the

probe voltage increment DELTAIO, overriding the previously assigned value.

The program sets the maximum probe voltage at the maximum value of the

tabulated electron ener&y u(K) , or,if a Maxwellian distr ibution is selected ,

it sets it at ten tines the electron temperature Te VE~ in eV. The probe

voltage varies from —u(x) to u(x) or from — 10 Te to 10 Te with the increment

VPØ — i ØØØ.Ø. However, the computer usually stops before the most positive

potential is reached, since the instructions in the program ensure that,when

two consecutive current values in the electron acceleration region differ by

less than I O~~%, no more calculati ons are d one for this region. As an

example , if 150 (determined by K in ( i i )  below) electron energy values diff-

ering by %.1 volts are given, one sets VPØ = 1000.1 and DELPA% = 0.1, which

wifl give a complete sweep, in Ø.i volt steps , starting from —15.% volts

through zero and into the positive voltage region.

(5) EL (V/cm) designates the external discharge electric field.

(6) P (tori’) designates the neutral gas pressure .

(7) RAP (V/cm—tori’) designates E/~’,

Here we provide the option of assigning a value either to RA or to RAP ,

besides requiring a value for P. That is, the computer calculates RA if it

is initially equated to zero and if P and RAP are given. Similarly, RAP is

calculated if it is initiall y equated to zer o and if P and RA are given.
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(8) XHE designates the electron density in cm’3 , but ,if ]O~ is be-

tween zero and one, it is interpreted as the ratio of electron to neutral

density, i~, instead of simply the electron density. In that case, the

electron density is evaluated from r1, p,and. TI (see (9)) below,and. XNE is
redefined as the eleotron density. Furthermore , if XNE is between zero and

one, the positive ion densities, ~~I (see (15)below) , and negative ion

densities, XMl (see (16)below) , are also interpreted as their ratios to

neutral density.

(9) n (°x) designates the gas or ion temperature, Tg~
(10) A (~~~ 2)  designates the area of the collecting part of the plane

probe • If  A = 0.0’, the program stops its execution. This option is provided

to allow for possible extensions of the program to other geometrIes.

( i i )  K designates the number of values of the tabulated distribution

function, f, if it is non—Maxwellian. K must be sufficiently less than 25%

(say 24.0’ as a maximum) to allow for the sum of positive and negative voltage

values to be less than or equal to 25%. In order to insert a Maxwel].ian

distribution function, one assigns a value of K > iØØ%, such that the elec-
tron temperature in eV is equal to VE = FLOAT (K - i %%%)/i%. In this case,

the program sets the first and second orders of anisotropy in f equal to

zero and tabulates a Maxwellian form for f0~ so that it is not necessary to

read in 
~~ 

This option is seldom used (except for testing) , since we are

ri~a1ly interested in a tabulated anisotropic f.

( ‘~ ~I7 I s equal to zero or is non zero. If ?U~Z =0, only the “plane

• I f a r  • Iis r.tardatiom region are calculated. If N&Z is non—

.t~~ sçt’r’~ t t s’ and eplari. ro EL results are also

0~~



(13) NP designates the number of positive ion species. The value

of NP must be less than or equal to five since up to five species only

are allowed.

(14.) NN designates the number of negative ion species and one must

have NN~~5.

(15) XPI(i) values designate the positive ion densities (in o~i~~)

multiplied by their respective ion charge numbers, but,if 0. < XNE < 1., then

XPI(I) values designate the ratios of the above to neutral density. Up to

five values of fl~I(I) are allowed.

(16) XNI(I) values designate the negative ion densities (in cm ’3)

multiplied by their respective charge number s, and input values for these

quantities are r~edd only if NN is nonzero. Also, if 0. c XNE < 1., then

XNI(I) values designate the ratios of negative ion densities multiplied by

respective charge numbers to the neutral density. Up to five values of XNI(I)

are allowed. If NN = 0~ no input card is needed for XNI(I).

(17) fl~I(t) value s in atomic mass units designate the ion masses, start-

ing fr om the positive ion species and following with the negative ion species.

Up to ten values of x~i(i) are allowed.

(1 8) u(i) and F(i ,J ) .

If the electron ener~~r functIon is non—Maxwellian and given in tabulated

form, the input requires data for u(i) and for 7(1,1) ,  7(1,2) , and F(I ,3).

Here u(i), in eV, represents the electron energy, and ,for each u( i), there

are corresponding values of the zeroth , first, and second order of aniaotropy

of the electron distri bution function, namely,F(I ,1), F(I ,2) ,and F (I ,3) , r es—

peotively. The maximum value of I is K. The zeroth order F(i ,i )  is normal-

ized as in Eq. (315) ,and the other two components are normalized with respect
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to It. The convention for F(I ,2) in the input is that it represent £~
in the cathode to anode direction, so that it is generally positive. The

computer program alters its sign to correspond to our previous convention

in our equations that the positive direction be from the anode to the cathode.

The output I—V characteristics are printed with the currents in amps

and the voltage in volts. In addition, if vPØ > 1 Ø.Ø and if THETA =

or IDEG = 4.5°, then five I—V characteristics for the five orientations 00,

4.5
0 

90
0 

135°, and 180
0 are printed and. in addition punched onto cards for

use as input data in the program JTOF. Three sets of cards are punched

with respective significant digits in the current equal to 5, 4.,and 3.

This allows us to check on the sensitivity of the output of program JTOP

to the accuracy of its input data. The present program ?1’OJ also punches

out additional cards for use in program VrOP, nam.ly,(1) EL and P, (2) A,

(3) KK (the number of cards with negative voltage values), LX (rith zero plus

positive voltage ),ath MI (equal to zero when the total current is oalou].—

ated),and (4.) TI.

o. symbols

A list of symbols is now provided..

A : area of the plane probe

ARG :

CO SA : (3oos’ 0— 1 )12

DELT.AØ : increment of the probe potential

E z magnitude of the eleotron charge (e)

EL : discharge electric field (3)

IAN : E,41,ratio of eleotrio field to neutral density in
V-cm2

170

-4



KAP : l/p, ratio of electric field to pressure in
V/cm-torr

EPS% : permittivity of free space ( a )

: electron velocity distribution function corresponding
to f0, ~~~ 

and 
~2zz for J = 1 ,2 and. 3 respectively

: non-integrand part in the current density equations

I : running variable

IDEG- : angular increment

IDELTA : integer increment probe voltage

IP : parameter used to write 4.0 output lines per page

I~~M : parameter used f or passing from one freathent to
another: ITEM = 1 for “plane exact”; ITEM = 2 for
“plane approximate”; ITEM = 3 for ‘plane zero EL”

IVP : integer equal to one less than the designation of
the largest voltage point for which the current is
calculated

J : runni rig variable

JA : variable used for desIgnating currents evaluated for
different orientations

K : number of energy values u(i)

XX : number of energy values initially; towards end it
is changed to the number of negative voltage values
in the calculated data

XN : K - N +  1 , a running variable

KX+ 1

L : running variable

LX : number of voltage values including zero and positive
values in the calculated data

146 : LI —I , lower limit of integration in subroutine StJ~~
LI : integer designating the point after the lower limit

of integration in subroutine ST.ThfI ’
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MI : equal to zero when the total current values are used
as input in program JTOF

Ml : equal to one

:K - 1

N : running variable

NAZ : equal to one if only “plane exact” results are needed ;
nonzero if “plane approximate” and. “plane zero IA”
results are also desired

NK mainly used for XX + LX, or total number of voltage
points (negative , zero and positive )

NM : running variable

NN : number of negative ions

NP : number of positive ions

NT : NP+ NN

NV? : X -IVP

NW : equal to one if a detailed printout is desired; not
equal to one if only specialized output data is wanted

N2 : equal to 2

P neutral gas pressure (p)

P1 :t=3 . 14. 159

PREØ(I), PRE I ( I ), : integraxid of “plane retarding exact” for the seroth,
PRE2(I) first,aM second order of anisotropy,respectively

PR~NØ, PRNI , PRN2 : as above for “plane retarding approximate”

PRZØ, F~Z1, I~ Z2 : as above for “plane retarding zero EL”

STP : parameter equal to the inverse of the difference be-
tween two values of the tabulated electron energy

SliM value of the integral calculated by subroutine SUMT

THETA : angular orientation of the probe if THETA c 1000.0

TI : ion temperature (T
a

)
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TTA : angular orientation of the probe (o)

u(i) : electron energy in eV

UP :_ V ~
VAST : drop of the discharge electric field across the

sheath (V~)

VI : electron temperature (Ve) in eV

VIP : effective potential drop across the sheath (V ~v~)in eV ~‘ 
a

VII : the average electron energy (V 
~ 

in eV given in
Eq. (278 ) e

VI : ion energy in eV at the sheath edge given by Eq.(280 )

VP : probe potential (vp) in volts

VPØ : initial probe potential

VRAT : Vei /lCTg
XA : current in electron attraction region in initial

approximation

XE : electron contribution to the current In the eloctron
attraction region

XF(I) : function to be integrated by subroutine SlJV~ or foruse in subroutine SHEA1~i

XFØ : value of IF when Its argument is zero

XI(XN,JA) : lIT, or total current arrays for five orientations of
the probe

XII : electron contribution to the current in the electron
retardation region

XIN : negative ion contribution to the current in the elec-
tron retardation region

XIP : positive ion contribution to the current in the electron
retardation region

lIT : total current intercepted by the probe

133 : electron current density in the electron retardation
region
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LTØ(KN) : contribution to 131 arising from f

LII (IN) : contribution to X31 arising from f1 ~
XJ2(KN ) : contribution to LIE arising from f 255
XKØ : constant (x )

XKI : normalization constant for the distribution functions

EJ(DAD : Debye length 
~~~

XLMDAS(I) : sheath thickness (xe)

XM~ : electron mass (m)

11(1(1) : ion masses

X1~~ : atomic mass unit

IN : negative ion contribution t~ the current in the elec-
tron attraction region

XMl : electron density (n
•
)

XNI(I) : negative ion density multiplied by the charge number

: sum of XNI(I) over all species

IP : positive ion contribution to the current in the e]eo—
tron attraction region

XPI(I) : positive ion density multiplied by the charge number

wr : sum of xPt(i) over all species

IVAST (IN) : V array for different V
P 

or

function to be integrated by subroutine SUE’

zill : X N E i n o a i~
3

zNI(I) : XNI(I) in om~
zpi(I) : ~~i(i) in cm~2

ZPr : sum of ZPI(I) over all species
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3. I~(OGRAM JTOP

a. Flow Chart

Figure .36 presents the flow chart for this program. Three sets of the

components of the distribution funotion are deduced ,based on three different

appr oximat ions, namely ,Eqs. (24.6) to (24.8), Eqs. (252 ) to (25~1.), and Eqs.

(255 ) to (257) , respectively. These outputs are designated in the formula-

tion by IA> j (7 17
, 10-20 > EL> 10-17 , and EA= 0. The first two outputs

require I—V input characteristics for five orientations of the plane probe .

For the last output , input results for three orientation s of the prob e are

sufficient .

The program calculates a first approximation f01 for the zeroth order

of the distribution function, t0. This appr oximation is used to calculate

the electron energy averages Ve~ 
Vei) the sheath thickness, A 5, and the

electron density, n0. A second approximation for f ,, is then evaLuated from

Eqs. (24.1) to (251). This is compared to f01 by evaluating the parameter

ACCU defined as

ACCU _f{[f0(V~) - f01 (Vp)1~
vp]~

av
p/f 

ro(v~)v~ (V

If ACCU ia less than l0 ’, f0 is an accep table approximation. Otherwise ,

is redefined equal to the second appro’~imation, t0, and the procedure

is reiterated until ACCU is less than 10-’ or until the 100th aprroxinzation

for f is obtained. Usually less than ten iterations are sufficient for

convergence.
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b. User ’s Menus].

The following set of input data is required to start the calculations :

(i) NW is equal to one or any other integer . If NW is one , a detailed

printout of intermediate and final data is written ; otherwise, only special-

ized data and results are printed.

(2) IA (V/ono) designates the external discharge electric field,, and it

can be zero or greater than iO”. If EA=% ., three sets of data , namely,

Lr (I,i ) ,  XJ( I ,3), and LT(I , 5) ,  for orientations 0 = 0 °, 90~ and 1800
, are

sufficient in the input data ,and one printout is given. If a value of EL, 10 . 17

is assigned, three printouts are produced for three degrees of approximation

as ment ione d, above ,and data value s for all five orientation s of the probe

are require d.

(3) P(tor r ) designate s the neutral gas pressure.

(4.) A (~~~1)  designates the area of the plane probe . However , if A is

set equal to zero , the program interprets the input XJ ’ s as being ourrent

densities rather than currents. If A is greater than zero, the Li’s are

actual input ourr.nts,whioh are then divided by A to change them to current

densities.

(5) K designates the number of values of the tabulated current corres-

ponding to negative voltages.

(6) L designates the number of values of the tabulated current corres-

ponding to zero plus positive voltage. (L any be zero in the present program.)

(7) ~~ is equal to zero or is nonzero . If MI is nonzero , the program

Interprets VP(i) as th. m~gnl tu4.a of voltag, points covering the negative

rang. only, where VP equal to isro represents plaaa ~ potential , and the first point
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being the voltage increment beyond zero. Correspor4ing to these VP values,

the XJ ’ s are the xnngnitudes of the currents (or current densities if A=%.)

due to the electrons only. If MI is equal to zero, the VP(i) values contain

their sign and run over the range from most negative to positive in which VP

equal to zero represents plasma potential. (The points VP) 0. may be omitted by

setting L=%.) Also,the values of 13 contain their sign and include the

ion contribution. ‘I’he ion contribution is aut omatica lly subtracted fr om the

Li’s, which are thereafter considered as electron current s (or current den-

sities if .A=Ø.). Pr esently , the read input data are based on MI =

(8) Ti (°K) designates the gas temperature .

(9) RI’~TED designates the ratio of the sum of negative ion density

multiplied by charge number to the electron density.

(io) Vp(i) in eV designate s the set of equispaced voltage values.

(See also (7) above.)

(ii) x~(I,J) values designate the sets of currents in amps (or current

densities in ampS/r/ if Â=Ø .) with J = 1  to 5,oorresponding to 0 =0
0
, 4.5~,

90°, 135~ and. 180~ and 0 = 00 is the anode to cathode direction. (See also

(7) above.)

c. Symbols

The meaning of the various symbols is explained below.

A : area of the plane probe

ACCU : parameter used in the test of accuracy of

BØ’( I ) , B 1(I ) , B2(I) mainly used for functions obtained from current
densities (B0, B1 , B2 in Eqs. ( 24.1 ) to (24.3))

DB% (I) , DB I ( I )  : mainly used for B~, B,; (see footnote*)

a The prime denotes the derivative with respect to Vi,.
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DDJ I (I) :

DERI(I),DER2(I) : first and second. derivative of the function given in
the output of subroutine DER. (At the end of the pro-
gram, these symbols are also used for B and B in
Eqs. (2?i4) and. (24.5).)

DJI(I), DJ2(I) : i,;~ i~

DV : volta ge point just beyond the most positive input value

DV? : voltage dif fer ence between point s

D2B(I) : (‘V~B~, ) ’

D2J2(I ) :

B : electron charge (e)

BA discharge electric field (I)

EPsØ : permittivity of free space

exact values of f , f 1 and f2 ~ 
deduced from the Boltz—

FE 2(I) mann equation. T~ese 
Zfunctio~s are not used in the

present program but can be incorporated to evaluate their
respective derivations from values deduced by this program.

~Ø( I) : zeroth component of the electron distribution function (f)

F~~(I) : normalized value of

F % 1(I) : first app roximation to f0 , namely f 01
F 1(I), P2(I) : fir st and second. components of the electron distribution

function

FIM(I),  F2N(I) : the ir normalize d values

I : running variable

IA : number of passes in the teat of accur acy

I? : parameter used to write 50 lines per page

3 : runr l.ng variable for orien tation of the probe

K : number of values of the tabulated current for negat ive
voltages

L number of values of the tabulated, current for zer o plus
positive voltages
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M : K-1

MI : equal to zero if actual current values are read. in;
nonzero if electron current densities are read in

N running variable

NW equal to one if a detailed, printout is desired; not
equal to one if only specialized output is wanted

P : neutral gas pressure (p)

P1 : ir=3 .1 1~.159

RNTED : ratio of summed negative ion densities (times respec-
tive charge numbers) to electron density

SG.MA. : parameter used. in the test of accuracy , equivalent to
a rms difference between two successive approximations
to 1’0

SJ2(I) : f [j2(V )/~1
’2]c1V

p p  p
p

SUM : integ rated resul t given by the output value in sub-
routine SU~~

TI : neutral gas or ion temperature (Tg)

VE : electron temp erature (Ve) in eV

1/El : the averag e electron ener ~~r (V 
~~ 

in eV given in
Eq. (278) e

VT : ion ene r~~r in eV at the sheath edge given by Eq. (280)

1/RAT : Vei /kTg
v~(i) probe voltage (vp); also used. for electron ener~~ points

XF(i) , xc.(i), : functions used as inputs to subroutines DER and StJIW;
XM(I), XH% XHØ is the zero energ y- value of the function ~ i

xJ(i,~) : magnitude of the e].ectSon c~rren~ for ~ orienta~ions,
3 = 1  to 5, n am elye=0 , 4.5 , 90 , 135 and. 180 res-
pectively

XJ%(I),Li1(I), : j0 , j1,  ~2 (in Eqs. (24.6) to(24.8) and (252) to (257))
132(I)
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XK : parameter used in the test of accuracy equivalent to
a normalization constant for f

0

XK% : constant (x)
XKI : normalization constant for the distribution func-

tions

XW~~D : Debye length (AD)

UMDAS(I) : sheath thickness (As)

IME : electron mass (m)

electron density 
~~~

XNT : sum over species of negative ion density times charge
number

XPT : sum over species of positive ion density times charge
number

IVA : Va drop of the discharge electric field across the
sheath

4.. SUBROUTINE SHEATH

a. Plow Chart

This subroutine calculates an arr~y of values of the sheath thickness

XL~DAS(I), for a whole set of voltages equal to all the tabulated electron

energies u(i). A flow chart is given in Pigure 37. The relations used in

calculating A are given in Eqs. (286) to (288). The meaning of the input

data required by the CALL statement is explained in the list of symbols below.

b. Symbols

A list of symbols appearing in this subroutine ii given below.

182

- - — —



I 
___________(~~ SU BR 0UT IN E ~~~~~~

SHEATH j——— — L Dimonslons
]

I Cal co late XNN71
LVI, XLM DAD

‘I,I 00 12 ]

F— — — — —
I ~aicoiate ion term s, !
I VN in numerator and I 

__________________LVD in denominato~~j  I I Calculate SUM of1 I electron contflt xi tions
1 L~ numerator

L0013 1 
_ _ _ _

00 15
Ca lat e integr~~] I
for fi rst electron I

% term in n meiatoi_j I I Calculate integrai d
13 I for electron term

____________ 
in deroininator

SUNT I L__ .__ ._j is

SUMA I 
(7SUMT

>

r—
~H Combine electron an dj

____________________ 
ion contri bu tions and I

Calailate integtaid I calailate XLMD~~~j
for second electron I
term in num erato~_j 

________L___ ...J14 C RelumD

(:~ 
CALL )

\~~ Ju B 7

Figure 37. Plow Chart for Subroutine S}~ ATH

183

- -~~~~~~~~~



A :

B : (2(Vp+Vi)/V~ei
]i•

C s
I : m i m ing variable

IV

K : number of data points of u(I)

L : equal to one

Li. : N + f

X :11-1

M2 :K- 1

N : running variable from I to K

SAM : (d/dV ) n
•~~/~~5 (see Eq. (287))V P O

SUM n~dV/(n V01) (see Eq. (286))
SUEL, SUIIB : respective first and second part of the inte~ ’algiven in Eq. (286) without the constant in front

suvc : inte~~’al given in Eq. (287) without the constant
in front

u(r) C array of’ electron ener~~- valuea

V :V p
VD C (v~/(v~ + v~) ]

~
vi electron temperature (v0) in cv (not used)

vii : averaged electron ener~~ in .7 given in
iq. (278)

VI : ion ener~ ’ in .7 at the sheath edge

ie~

_ _ _ _  _ _  _  
I



VN : 
[
2[vi(v

~
+V

~
)]
~
_2vi]/V.1

VRAT : ratio Of Vei to gas temperature in eV

Vi :

: array of f~ values for each ener~ r value

x~Ø : value of’ integrand at the lower limit

xxi • normalizing constant for the distribution function

ILMDA : (a oVeI /neae2 )~ (see Eq. (289))

mmAD :

XLMDAS(I) : sheath thickness ( A )

XNE : electron density

INN 5 (n_akTj(n+sVej)] (see Eq. (288))

XPT : sum over species of’ positive ion density times
oharge number

z(x) : function to be integrated, by subroutine SUET

5. SUBROUTINES SUlif AND DiR

a. General Outline

~ub~outines SUET and DiR perform,respeotive1~y, the integration and. the diff-

erentiation of’ an input tabulated function f’(x) with respect to the input

variable x.

In both subroutinea, the functional behaviour of’ function f around

a certain point x is approximated by a par abola ,

i~ 
t 1(x) o 1z’ — o2x+ o~
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from which the first and second derivatives can be calculated as

f” (x) =2o 1x — o 2
f (x) =

and the integral from a to b as

ff(x)dx = 

~~ 
o~ (Ax) 3 - ‘

~~~ 
°2~~~~ 

+ o3(Ax)j
a x=a+Ax

where Ax is the difference between two successive values of x. The eva].ua-

tion of parameters o~ , o2,and 0
3 

are made from three successive points,

naznely,x1, x2, x3, and the three corresponding values of f(x), namely,f(x1),

f(x2 ), and f(x3) :

c~ = a 1 + a 2 + a 3
02 = (x2 ÷ x3)a1 + (x1 + x3)a2 + (x1 + x2)a

3
0

3 = f(x2) + (o2 — o 1x2)x2
where f(x1 )

a1 = (x2 — z 1 )(x3 —x ~J

= (x2— x 1)(x2 — xjJ

I I  1(1 )

Pram these definition s, one can see that the relation 1(x) = a 1x’ — o2x+ 0
3 

is

i~~.ed satisfied for all three point s and in particular for th. point x2.

- _ _



b. Subroutine StM~
This subroutine integ rates xF(u) from U(LI—i ) to u(L2+1) and. the value

of the integral is SUM. A flow chart is given in Figure 38.

We first integrate from L = LI - I to LI using point LI + 1, then from

LI to LI + I using point LI + 2, eta ., until the next to final interval L2 — I

to L2 using point L2 + I • The final interval L2 to L2 + I is obtained by using

the same c~, 02 ,and 0
3 

constants as in the interval L2—1 to 12 •

The subroutine also allows for special cases of LI and L2, such as 0

or I or 2 values or diff erences between LI and 12 of’ 0 or I or 2.

Th. input data ralues required by the CALL statement are contained in

the list of symbols given below. The following symbols appear in this sub-

routine.

A1,.A2 ,A3 : parameters (a1, a2, a
3

)

Cl ,C2 ,C3 : parameters (o~~ C2~ 0
3

)

L : rminimi ng variable

12+1, designated upper limit of integration

LB : L 2 + 2

LI : second designated x-point after lower limit
of int.gratioss

LI : a LI initisUy

12 : designated i-point before upper limit of
integraticts

SUM : integral of’ the input function

SU~~ s integral of’ isat interval L2 to 12 + I

u(i) a the tabulated i-argument values in eV

xP(x) a the tabulated function, t(x), values
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IF% t value of IF for U = 0 or LI = I , viz.,f(x = 0), if
integration starts from x equal to zero

XFI , 112, IF3 : thre e successive value s of the input function

Xl , 12, 13 : thre e successive values of the input variable

c. Subroutine DiR

This subroutine differentiates a function YF(VP) having K equispaced

points of VP, starting from K I to K = K. If 13= 1, the output yields only

the first der ivative value s DiRI (VP) , whereas,if IJ = 2 , the second derviative

values DER2(VP) are also calculated. In the process of calculating DERI ,

subroutine SE35 is called to smoothen the d ifferentiated data. It is again

called for the calculation of DiR2. Sometimes no smoothi ng is desired ,as

in the calculation of f. Then one ets 13= 4.,and both DERI and DER2 are

calculated without calling 3335. A flow chart of this subroutine is given

in Figure 39.

The methods used in calculating the derivative s are now explained.. If

Ax = VPD is the difference between equispaced. x = VP points, then the equations

in part (a) of this subsection reduce to

01 = (f’(x1)— 2f(x2)+f(x3
)]/2(bx)’

a (1(x1) 
— f(x

3
)]/26x+ (f(x1 ) — 2f(x

2) + f(x
3
)]x2/(8.x)’

f”(x1 ) = 201(x2—Ax )— o2 = (—3f(x1)+4t(x2)-f(x3
))/2~x

r’(x~) 
a 2c1

x~— ~2 (f’(z~~1 ) — f(x~~1 )]/2óx (i) 2)

This we call method 1.

If instead of points z1, x2,aM X3~ we choose points x1, x
3 dlnd x

5 
for

di.ff.r.ntiation, then we have to change Ax to 2Ax and subscripts 2 and 3 to

3 and 5.. We find
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f’(x1 ) = 2o1(x
3

— 2 O x ) — c 2 = [—3f (x1)+ 4f(x
3

)—f (x
5)]/ii4x

f’(x2) = 2o1 (x3
— Ax)— 02 = (f(x

3
)—f(x1 )3/2Ax

= 2c1
xi

_ o
2 = (f’ (x~~2)— f ( x ~_2)3/14x (i. ~ 3)

f’(~~) = 2o1 (x3
+Ax )—c2 = [f(x5

)—f(x
3
)]/2Ax

This is named method 2. For the first three initial points we use method I

if the derivative is rapidl y varying and. method 2 if it varies slowly.

Considar point Xj  and. its derivative using three triplets , namely,

(a) points x12 , xi,and xi~2, (b )  x1 3 ,  x~~1 ,and x~41 ,and. (o) x~_1 , 
~~~~ ~

and Xi+,• Then one can obtain some “smoothing” by averaging the three values

of f’(x~); thus ,

fi  (Xi) =~~~ • ~~~ [r(x~+2
)_f(x~~2) +2f(x~+1 )_2f(x~~1 )+2f(x~ ~ 

)_2f(xi_i )]

a [f(x~~2)+  4.f(x~41) —  4.f(xj  ~~
) f(xj_2)J / 1~~x

We use this third method for 3< icX — 6 when f”(x) varies slowly. When f’(x)

varies rapidly, we use a fourth method, namely,tho 5 point method given in 
- -

Abramowitz and Ste gnn~~ which yields

f”(xi) = (—2f(x~~2) + I 6f(x~~~) — I6f(x~ ~ 
) + 2f (x

12 )) / 2 4Ax 
V

For th. points 1—5 to 1—2 inclusive, we use the previous method 2.

Final].y,f’or K-I and K, we adept a straight line extension of f(x) through

points 1—3 to 1+2 so that

and f’(x1.1) a [f (x~~~) — f(xx_3)] /4Ai a (r(x1_1) - f(x1_3)]/2t1x

V 

Similarly, f ’(x1) = ( f (x~)— f ( x ~~,2)]/2Ax

LL__
~~~~~~~

. ~~~~~~~~~~~~ -.



After the value s of the first derivat’ ~‘a are obtained , these are then

used as the data to redo the calculation for the second derivative • The

output yields the first derivative DKRI and., if a sked. for , the second deri-

vative DER2 . The input data value s re quire d by the CALL statement are ex-

p].ained below in the list of symbols.

Many different versions were tried for this subroutine ,and the one

given here was found thus far to be the best.

We list below the symbols appearing in this subroutine.

.AP, ~~ : the derivatives at two consecutive points which
are compared to see how quickly the derivative
is varying

DA (L) : the derivative value at a given point

DBRI (I) : the first derivative set of values of the input
function

DER2(I) : the second derivative set of’ values of the input
function

I : running variable

13 : equal to one if only DERI is required.; equal to
two if DBR2 is also required; equal to four if
both derivatives are wanted with no smoothing

IT = 13 initially

I : number of data points for differentiation

K~~ :K-2

KM.5 : 1-5

: 1-6

L : runni ng variable

vP(t) a value s of the tabulated x points in eV
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VPD : the value of Ax

XF(I) : equated to YF initially , then later equated to
DiRI

17(I) : f(x) tabulated set of value s

Z : (2t~.Ax)’

Z12 (2 Ax)~

Z2 : (12 Ax) ’

Z6 : ($4. A x) ’

_ _ _ _ _ _ _ _ _  - __V 
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6. PRINTOUT OF THE COMPLETE PROGRAMS

a. Program FTOJ and its Subroutines

PROGR AM FTUJ (INPUT ,OUTPUT,TAP ~b ,TAPf6. TAPE7 ,
DI MENS ION U (?50) ,F(250.3) .XLMDA S(25O) ,XF(2 ~ 0) .X ! (?~ 0.5).CXvAST _(25 0) ,PREO (250) ,PREZ (250) ,PRE2(250) ,YF (250),

-- - - -- xJoT~SUriXJTTz5or 1rJZ (~ 5U) .ANI IbI ,APJ (~~P T T T ,~7i4!T5T ,7P7 (5) -

S READ (~~,1Ote ) NW
108 FO RMAT IC1 )

REAU (~~,10)TP 4~TA,VP0 ,DELTA 0 ,EA,P,EAP ,*NE ,TI,*,K ,NA7.NP ,N N
1 0 FORMA T ( 3F6 .1/3P7.2/E 9.3.~ 7.1/~b .3/4!4

KM.K
1l~ NK I (  - V~ V - - -—

IF(~IP.GT . t~) GO TO 141
N T N P
RFAD (5,7) (XPI (I),I .1 ,NP )
IF( NN.EQ.0) 00 TO 25

15 IP ( NN .GT.5) 00 T~ 141
REAl) (5 , 7)  ( X N C ( I )  ,II1.NN)

7 FOMM AT ( 5E9,)
25 REA D(b, 77 )  (XMl (1 ,I.1,NT)
77 FORMA T ( lOfto .3)

20 IF (EAP .LT.1 .E—2 0) (Ap €t~/p
IF (EA.L.T.1.L—20) CA—EAPeP
EAN.EAP.TIe~~,03gsE.~ 9
WRIT ((6,18)E*,P,EAP .EAN ,A

18 FOR 4AT (. EA..,F5.2,*V/CM* ,1OX, *P.*,F4,~ ,*T0PR..l~ X ,.E/P..,r6.2,
25 C.V/CM TORW ’,~ 0X,.E/N.0,t1l ,4,CV CM2C ,IÔX. CA .•,F6.3,.MM2CI

W p IT ~ (6 ,2) ( X M I ( I ) . I . 1 , P 4 T )
2 ~OR MAT (.  AT OM IC MA55E$..,1O~ 8.J~C

C CONS T AN TS
30 P1.3.14159

L.1 .602E— 19
- EpS0.te .854~ .12

x~C.9. 109b1—31
XMO.1 .66ObI.~7

35 IP.0
C
C RAT IONA L I IATI O P4 TO

$A .EA 100.
P.P.133.3

TI.T1 E ’11b0 4.
00 6 1.l,NT

6 X M I ( I ) .X M I ( I ) e X M I)
IF ( XN5~— 1 . )  15. 15, 16

45 15 XNE.XNE.P/TI
00 5 Zs~~ NP

5 XPIfI) .XPI(I)’P/TI
IP( NN .E0.0) GO To 11
DO 4 I 1,NN

So 4 X N I I I ) . * N I I I ) • P / T I
Go TO 17

16 XNEU*NC*1.16
DO 3 I 1,NP

3
IFINN .~ 0.0) GO TO 11
DO 1 I 1,N N

I X N I ( I ) .X NI( l )~~1.E6 
- —

• 

VV ~~~~~~~~~~~~~~~~~~~

• - . • V ~~



17 ZNE .XNE/1 .~ 6

60 00 100 I.1.NP
Z PI(T) ’XP I  (r) ’ l .E—o

100 ZPT.ZPI(I).ZPT
X PT.ZPT*1 .1.6
ZNT.XPT.XN1.

65 IF (NN .EO .0) GO Tn 102
00 101 !.1,NN

101 Z N I ( I ) X N I ( I ) * 1 . E — 6
102 WPITE (6.19)ZNE,(ZP!(I),I.1,NP )

~9 FORMAT I . P4t.se,E12.4,5X,ePO$.DtP4b..e,5(~2.4)
IFCNN.E Q.o) GO To 104
WP ITE ( b ,103) (ZN I( I) , Iu l ,NN)

103 FORMA T( . ‘4 L GAT IV E DENS..’,SEU.4)
10’ CONTINUE

C
75 C M A XW E L LI A N OP TARU LAT ~D DISTRIBUT IONIF (Ic—b OO) 11.11 , 12

12 VE .FLUAT (K—10 00) ,LO .
Ic.loe(k.1000 -

IF(K . (.*T .250) GO TO 141
DO i3
U (I) .VLOAT (I 1/10 ,
F (I, 1).2.IPI.e.5/VEC•1,5*EXP(.U( I) /VE)
F (I .2) 0.

13 P11,31.0.
00 70 27

11 CONTINUE
IF(r .GT .250) 00 TO 141
RLA l ) ( 5 ,14H0( f l , (F ( I ,J ) ,J . 1 ,3) , I .1,K ,

14
~0 O~ 150 !.1,ic

150 P( I .2 ) — F ( I ,2)
27 STP.1./1U (2).U~ 1,)

C
C CALCU LATION OP A Id

93 00 20 X.1,Ic
~0 XF ( I ) . S Q R T ( U ( I ) ) e F ( I , 1 )  - -

M1.1
N2.2
M2.Ic—1

100 XFO.Q.
CALL SU MT ( U,X F,M1,M2 ,XF O.XK1)

C
C CALCU LATION OF v~DO 21

103 Y P ( I ) S F ( I , 1 ) / S G R T ( U ( l ) )
21 XF (I).S4IRT (U (I)e .3).F(Z,1)

CALL SUMT (U,XF.I41,M2 .AFO .SUM )
VEUSUM*2./(X K103,)
CAL L SUM?(U,yF.N2,M~ ,XF 0,SUM)

110 SIJ Mu$UM. p( 1.1)C2 ,.S~JR T ( U U , )
V t 1.2. ‘XI 1/SUN
XNO.*NE.Ee$QeT(t,XMI/2., /2./A Id
V RAT V EC.t/7 E
VI. .S’V E1IXPY/IX PIE.ANT .V RAT)

195 
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X I P.O.
DO 1O~ Iul,P4P

105 X IP.XIP.A’ 1.*X PI( I)*SORT (Z ..C*V1 /XMI ( I) )  ____ —

~~~~~~~ 
~~~~~~~~~~~~~~~~~ •V~~~~~•_ ~_ _ ~

V ___

IP( NN.E0.O)0O TO 106
120 DO 107 I.1.NN

107 XN .XN A*E’ANI (I)’S0I~T (TI/ (2.’P1’AMI(NP.I)))106 CONTI NUE
C
C CALCULATIO N OP A LMOASIt) - - - - -

125 XLMOAI).SGI4T (EPSO .Vt1/ (C.ANE))
DO 22 I . L . I c

2? XF(I )~ P (I ,1)
CALL SIIEAT II(U ,XF .VI .V 11.VPAT ,APIL,XPT ,*K1.XL NOAD ,K .,ILMDAS ,V F)
WRI TE (6,Zb )V ,,VE1 ,X IC1 ,VRAT .V I ,ALMOAO

130 26 FORMAT (* Vtu.,F6JjUoIVZ3 ,?b.lo5x,.~~ 1k. .Ej1,4,MA,~ VR*T .*,FB,2,
CSX ,*V I z’.F 6.2,SX .*XLMDAO .’.t11.4)
WR ITE (b ,73) (XLMI)AS(I),I.1,k)

73 ~ORM ~ T( *O (2 X.E11.4))
C

135 C
C PLANE EXACT —

IF( A .LT.1.L—20)0O TO *40
30 IF(NW.t0.1) WPITE(6,31)
31 PORMA T (’O’llHPLANE EXACT)

140 ITEMUI
C
C ROTATE OP FIX

44 TTARTPIITA
IF(TT A .GT.1000.) GO TO 4~

145 32 JA.INT ((TTA.45.),43...1)
IP( NW .E0.1)

SWPI TI (6,33)TTA ,JA
33 F~RMA T (.OTMEyA u.,~~~,~~,5x,.JAUI.i4 )

TTA.TTA.PI/ 150.
150 C O SA . (3 . .COS TTA ). ’Z— l . ) / ? .

IP(V PO,L T .0 .)  eo TO 34
IP(VPO .L T.1000 . )  00 10 35

C
C RET SwEEP

155 DILTAO .VPO”lOOO .
IDILTA .INT(STP.DELTAO . .2,
IVP .( (I.1 )/IDELTA *IDELTA.1
I F ( I V P . E Q . K )  IVP.IVP .IOEl.TA
00 T0 36

160 C
C RET

34 IVP .INT (—STP .VPO ..9)
IDELTASINT (STP’DCLTAOe .l)

36 NVP .1 1VP
165 IP(P4W.E0 .1)

$WRITE (6,29)IOILTA ,TVp,$Vp
29 FflRM AT C * W(1.TA..,14,3*.’IVP.’,14,SX,.NVp.. ,I4,

IF (NW.E0.1) WPITE (6,5$)
28 P0RMA T(øO* ,3X.*VPø.1OX,.XIt*,dUA,.XI ~.,11X, .F0.,I~~~,.F1.,I~~X ,*F2e ,

17~ C8*,.VAST.,IX.*LO.)
00 37 NUNVP ,K , ID (L TA

V 

V~~~~~~~~ I~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



KN..(—N. 1
VP.FLOAT (IN) ,STP
VAST .1.A .XLMDAS (KN )*COS (TTA)

175 XVA ST(1N).VA ST - -

V EPa V~~ V AST
IF (VE P .LT.0 . )VE F.O .
00 TO(43,b1,62) ,ITEM

C
18~ II DO ~2 I.1,IcPON0 .XK0*~ U( T ) .V E F ) * F( I , I )

PRN1 .AK 0*(2./3..U (I)*(1~~(Vp/U (1 ))*a1.5).vA5T .$OPT (vP/U(I))_O.25.VA
CST*.2/SGRT(VP*U (fl ) )*F(I,2)*CUS (TTA
PRN?.XIco*(0,,5*(U (I).2,.VP.3.ØVP**2/u (T)).o.5.VAST.(3,.vp/I,(I)_ I.)

lBs C—O ,75’VA$T”2/U (I) ).F(I,3)*COSA
52 YF( I) PRNO PRN1.PRN2

G.O .5’XK0’VA5T’e2*( kN ,1)—F(~ N ,2)4.CoSlTtA).P’(KN ,3,.c0SA)
L1eIN~ 1
GO TO 46

19~ 62 DO 63 1.1,)
PPZO *XK0’ (U(T) VP) .F (l,l)
PRZ1 a~ ./3.’XK0’U (I)’(1—(VP/U (d))’ø1,5).F(I,2)’CoS(TTA)
PPZ2.0.25’X100(U(I).2.’VP.3.’VP”2/LJ(I,).F(I,3,’CO IA V

63 YF (I I ~PRZO—P qZ1.pRZ2
195 0.0,

LLaI CN~ 1
GO TO 46

C
45 DO 38 1.1,1

20~ PR E o ( L ) . X I c O . ( U ( I )—~iZ~~) ’ F( I,1)
PREl(I).2./3,.XKo .U (~~)*U..v tP /UU1) .,1,5).F(7,~~).CoS er TA)
PPE2( Cl .XI~O/4.’ (U( I) .2.*VFF.3.’VIF**2/I,( I) ) a F ( T ,3 )  .COSA

~$ CONT INUE
LI3INT (VEP*STP .1.5)

205 IP(L1.GT .I)L1.K.1
CALL SUMT (U,PPEO,L1 ,M2 ,xFo ,SUN)
A JO (IN) .$UM
CALL . SUM T (U ,PRC1,L1 ,M2,XFO,SUM )
1,11 (KN).SUM

210 - CALL. SUMT( U ,PREZ,L l ,M2 ,XFO,S UIUI )
XJ2 (IN) .SUM
KJ C. *J0 (IN) .XJ 1 (IN) —1J2 (IN)
Go TO SS V

46 C&LL SUMT(U ,YF ,LJ ,M2 ,XPO,SUM)
215 XJE.—SUM—G

58 CONTINUE
X I IsA’ A
XIN.O.
ARO.VIF.E/T I

220 IP ( (A N0 .RT . 100 . ) .OR . (A RG , EQ. O .) )  00 TO 74
XIN .AN’EXP(—ARG)

74 CONTI NUE
IF(ARG.EG.O .) XINaX$
XIT.AIE.A1P.XIN

225 UPS—V I’
L0.L1 1

V IF(NW.tG.1)
3WRITI (b,39)Up,XIy,xIC,F(I (N,1),P (IN,?,,,(KI(,3),~ VA$,(K N , .1.0
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39 FORMAT ( Fb.1 ,2X,2 (2*t11 .4),3 (~ AL12 ,4),2X.F7,4,éX ,!4)
230 IF(IP .Nt .39) GO TO 56

IF(NW .EQ. 1J WRITI(6 ,571
57 FØRMA T (A la )  - V - — - —- — - V

‘P .— ’
56 IPU IP 1

235 GO TO (S5 ,91,91) ,TTE M
55 X I ( KN ,JA ) X IT
91 CONTI NU E

~7 CON TINUE
115K—N VP. 1

240 00 TO (47,54,54),ITEM
47 IF (NW.IQ .1) wPITE (6.70)
70 POR~4AT (*O .3X ,’U*,11X ,*XJO..1OA, XJI..IOX.*XJ2 .)

DO 72 NSNVP ,K,IDELTA
IsK.N•1

245 IP(N W .EQ,1)
9WRITE (6,71)U( I) .XJO ( I) .XJ1 ( I)

71 FORP4A T ( Fb.1,2X,3(2AE11,4 ) )
IF (IP.NE .39)GO TO 72
IF (NW .EO.1) W R ITE 6.57)

25n Cpu — i
7? I P . I P•1

IF(VP O.L T .1000 . )  00 TO 54
C
C ACC

255 1vP 1’
GO TO 42

~5 IVP .INT(STP*vP O. ,1)
IOELT A .INt (STP’DELTAO ..I)

42 IF( NW ,EQ.1)
%Wp ITE(6 ,8)IOPLTA ,!VP

R FOPMAT (.OACCFLERA TING REO!ON,PLANE EXA C T !QFLT*..,14.IX .*IVP . .
C14,SX/’O’,3X,’VP .,IOX ,’XIT.)
00 41 1.1.1

4 1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
265 CALL S UM T ( U,XP , M I ,M 2 ,XF O , SUM )

A E~ — A’ SUM
XA sQ.
DO 43 Nu1 ,1Vp, IDELT*
VP.FLOAT (N’ 1) /STP

270 XP.X1I”E*P (~ VP~ E,TI)
XIT .XE.X P ,AN
LI—N
NM eN .11
!r( NK .GT.250) GO TO 141

275 X! (NK .JA ).*IT
IF( NW. EG .1)

;WPITL (6 ,39)Vp ,X IT
IFIIP.NE. 39) GO TO 39
IF( NW.LO .l) wR ITE (b,37)

280 Cpa—i
59 IP.IP.1

IP1(1 XA/XI T ,.LT ,i.E.5) Go To b4
XA.XI T

43 CONTINUE
28~ 34 CONTINUE

198
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IF( NW .I0 .1)
%WPITE (6 ,82)l~K ,LI (,NK

82 FORMAT (.OIcIc.’, I4,5X~ ’LK.’. 14.bA.’NK.* , T~~)
IF(tHET A 1000.)48.40,’O 

— - - _ __  V • -

49 1DE0.LNT (TP~ETA— *0OO .4.1
IF (N W.C0.1)

SWPITL (6,9) IDFO
9 FflI~MA T (’ IUE0a’,14)
00 40 NM e1, 1~~1.IDEG

29~ TTA .FLOA11N14.l ) - - -

00 TO 32
40 CONTINUE -

IF((V PO .GT ,0,0).AND .(VPO .t.T.1.t3)) STOP
48 IF(NAZ .EU.0) 00 TO 64

300 GO TO(53 ,61,64),ITEM
C
C
C PLA NE A PP M O X I NA TE

53 WRI TE (6 ,5O)
305 50 FORMAT (.O ’I7HPLANE APPROA !MAT 1.)

ITEM.2
00 10 44 V

C PLANE ZERO LA V

61 WR ITE(b,60)
31o 60 FORMAT (.O ’I3HPLANE ZERO LA)

ITE M.3
GO TO 44

64 CONTINUE
C

315 C ~‘MEP A RAT1O N ~OM SUBROUTINE .JTOF
lP( (1 U10.Nt.,45).OR. (VPO,LT .IOUO.)) 00 ?0 90
EA .€A/100.
P.P/ 133.3
M Iso -

A.A’1.(6
1.TI’11604,,E

wRITI (6,65)
65 FORMAT (,0* ,9X.U..5Z..XI(I ,1)*,bA ,*XI (!,2).,SX .*X T (T,3)~~,

CSX ,.AI(I,4)’,5A.’*Z (l ,3l’.L1A. ’P 0S,lOX. ’Pl.,1OX,.F2.)
32S DO 80 N.IOELTA ,KK .IOELTA

1.I* N~ I DEL T A
04 I). PL OA T (I)/STP
W PITL (b ,bb )U(I),(X lfI.J) .Ja1 ,D).(P (I,L ,,La1 ,i)

66 PORMA T( . ‘.P)2.2.3E12.4,5X,3112.4)
33~ IF IZ P. NE.39 )OO To 6$

TI (6 ,57)
I Pu—I

68 IPRIP•1
WPITL(7.69) (U(g( IC.IOELTA .I),(Ad(KI( ,IDELTA .T.J).J .1,5).I.TDrLTA.

435 9 KIIsIDELTA )
wpt?117,75) (U(IC IC.IOELTA .l),(A1(Ic Ic.IOELTA .I,,),J.,,s).!uTon.Ta ,

S IK , IDELTA)
WQI?E(7,7 6) (U (IK.II)ELTA !),(AZ (KK.IOELTA ..I,J) ,J .l,3),IUIDFLTA ,

S II,Ifl EL.TA )
340 AS F OP.4 AT ( ‘12.2,3112,S)

7S PflRM A T( F12.2,5112.4)
76 PO~MA T ( ‘12 ,2,5112.3)

- .



KP1.KIc.1
DO MO Iu K PI ,NK.IOE LTA

345 U (I)SP LOAT (I—I (P1)/STP
vPITEIS,66) UU), (*rui~ri-J.1-i~1----—- — ——--—
I r ( T P .c 4 E . 3 9 )  GO TO 80
w RIT E (6 ,57)
I Ps —i

~o IP.IP•1
wRI TE ( 7,6~ ) (u( I), (X I (  1..? ) , J ul ’51, I.KP1 ,NIc , IDELT A)
iIRITL(7 ,Th) (U (I),(XI(1ij7,Js1.b)~~flIpl ,NJ~,1VttT*)
W R I T E  (7 ,76)40 (I) . (X I(I,J ) ,J—1.b) ,I.1P1.NK ,IOEL TA )
KK.Kk/IDELTA

355 LKs(L k~ l)/IDELTA .1
NKsl( K~ LK
WRITE 46,82) I(Ic,LK ,NK
WRI TE (7 ,61) EA ,P,A,IcIc,LI ,Mt .11

A l  FORMA T ( 2F7 .2fl6.3/314/F7.i)V 
360 o~~ To 9O

141 W R I T E ( 6 , ) 4 2 )  NP,MN.I,NK
142 FORMAT (a DECREASE NO.OF ENTRIES IN ONE OF NP.’,14 ,AX, ’NN.’.14,5X,

C’K.’,14 ,5X,’NK5’,I4)
90 CONTINUE

365 140 CONTI NUE
STOP
END

200 
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SUBROUTINE SHEA TN (U , XF,V 1 ,VEI,VRA T ,XNE ,XPT ,XK I, XLP4 OA ,K ,X LNO A S , V E I
DIMEN SI ON U(250),XF (250),Z (250),XL MOA S (2501
XN N=(X PT— XNE ) /(XPT ’VRAT )
V1z2 .’V IFVEI -

5 CzSORT (V i)
XFO.O.
La I
Il2~~K—I
XLNDAD z XLM OA •SGRT (XNE/XPT)

10 DO 12 Nsl,K
V~ U (NI
A.2.’V/VEI
8’ SORT I A + VI)
VM~ 8’C—Vt

15 VD .C,e
IV.N
LIsIV 4I
Ma I V— I
00 13 IaIV ,K

20 13 Z ( I ) z ( ( U ( I ) — V ) ” i . 5 — U ( I I ” t , 3 — V ” i . 5 I ’X F I I )
CALL SUM T (U ,Z ,Lt, N2 ,XFO .SUNA )
DO 1’. Ia I,IV

1% z(I)a(U (I)’ l.S)’XF(I)
CALL SUMT (U,Z,L,H,XFO,SUMB )

25 SUMz(2 .’SUMB—SU MA ) ‘XNEI (3.’XPT’XKI•VEI)
00 15 I IV ,$C

15 Z (I)u(SORT (U (I)—V )+SQRT (V ))’XF (I)
CALL SUMT (U ,Z,L1,NZ ,XFO, SUMC) V

SANzSUNC’XP4E/(2. ‘XPT’XKI)
30 17 X~NOAS(N) z XLN0 A D SORT (~ .’(VN SUM X$N))~~IVD SA M )

12 CONTINUE
RETURN
ENO

201



SUBROUTINE SUM T (U ,*F ,LI,U ,*Fu,SUM)
DIMENSION U(2SO) ,XP (250)
Li aLl
LAIVL? eF — -  ~~~~~~~~~~~~~~~~~~~~~~~~~ -- - —-

S LR.L2 2
S0MSO .
Ic (Li .OE.Lb )RE TURN
IP1 (L1.EQ.1).OR .(L.2.t0.1)) GO !° S06IF (L1.IO .LA) GO TO 911

10 0O T 0 902 V
906 *2.0(1)

*3.0(2)
X,2 u A P ( 1 )
AF3.AF (2)

15 A).XFO/ (X2’A3)
A 2 .X P2/ (X2 ’ (X2 aX3 ) )
A 3 .XPJ / (X 3 ’ ( 13—x2) )
C1.Ai .A2 .A3
C2u(A 2.X3) ’A l .X3’A2.12’A3

20 C3ai IF2.~ C2’Ci ’A2) .XZ
So 10 9)3

SUN.C1’*2.’3,3.—e25x2.x212. .C3’XZ
IP(L2 .EO.i) GO TO 915
IF(L2.EO.0) RETURN

25 L 1 2
902 00 900 LCLI,L2
910 X1 .U( L— 1)

*2.0(L)
X3aU (L .))

3o
XF2 .XP IL)
XF3 .APIL .1)

(AZ—A l)’ (X3 X1 )

A3U XPJ/ ((A3—x1)’ (X3 .X2)) V

Ci.A1’A2.63

C3uAU.(C2.Cl’A2)aX2
IP(Li.EO .LA) 00 TO 915

900 SUM.SUMaCI’(x2’al.X14*31/3,—C2’i*PX2.I1ix)1i2..C3i(*2.X l )
913 SUMZSC1. X3a.3.X2.•3)/3,.Ct’(Ai’*3.xZ,A2)/21.C3,(X,_X2)

SUMuSUM,SUMZ
903 RETURN
911 L.LZ

43 GO TO 910
(NO

-_ - - 

2: 

: V V
~~~~~~~~~~
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b. Program JTOF and its Subroutines

PROGRAM JTOF (ZNPUT ,OUTPUT ,T*PIS,TAPE A)
DIMEN SIO N VP(~ 5O ,XJ (25O,5),F4I1 (?50), XLl40AS (2SO),

C801250) .81 (ZsO) ,N2(250)_,Q80(2.O) ,FEO (250) ,FFI (250) ,PE2 (2c0) ,
COil CZ~ O)jUZi T2SO) ,xJO iZ,Oj ,AJ& ~i9gr,ZI~173~T ~p.fl f ? ~~O ) ’  

—

C0J Z (250 ) ,SJ a (2 S0 ) , r0 ( Z 5O ) , F1(
~~~9).’ 2(25O) .

COOJZ (~
5O) .02J2(2SO) .01011250) ,UER2(Z30~~.

CAF (23 0) ,*0 1250) ,*H (250) ,*VA (?b0hFON I2~ 0) ,P1N(?5 0) ,F2N (250)
REAOIS ,l08) NW

108 Po~øAT( I1 )
10 READ (5 ,10) FA ,F,A ,k,1.,MT

10 PO) IMAT( ZP 7 ,;/P e,3/314)
RFAU(5 ,ll) TI

11 POR MA T( F7 .1~
REA0 (5 ,1 09)RNTED

15 109 PORMA T (Ell .3)
KuK.L
READ(b ,09)(VP(l),(*J (I,J),Js1,b).IUl,M 1

9 PORMAT (P12.2.5t1?.S)
Ks K. L
OV P .V P (2 )—V P( 1)
IF( 41.NE.O) SO TO 71
DV .VPII) .UVF
Do 73 1.1.1
N. K— I ’l
XVA (N) OV VP(I )
t40 (N) XJ (I,1 )‘*.I(l.l)
81 (N)~~—XJ (l,p) ~*J (1.Z)
52(N1 XJ (I,3)’XJ (l,3)
080 (N) 

~— *J I I , 4 )  ‘AJ I 1.4)
3o y3 DM1 (N .—XJu .S .xJ11,S)

DO 14 1.1,1
V P (I)5*VA (I)
*J4 I , l ) .80( I)
XJ(I,Z).81(I)

35 Xj ( I,3 ) .B2( l )
A J ( I,4 )s OdO ( I)

74 XJ (I,S).OB1(I)
WRITC (6.9Z)

92 FORMAT( .1a ,$X ,~ U,,l0*,eXJ (1) ,9A, *J (2) .9X, *J(3) ,9*, XJ (4)•,9*,

‘0 C’XJ(S)’)
WRITEIB,72) (Vp (I),(*J (I,J).J L’~ ),I’1.M)

72 P ORMAT( F1Z.~ ,3I~4.3)
71 CONTINUE

WPIT I ( b ,W )  IA,P,A
45 8 FORMAT ,GEAs,.F6.1,1ox,.P.a,F1.Z.10X,•la*,rSsl)

C
C CONSTANTS -

P1.3.14159
L.1 .6021 .19

50 £PSo.8.A54E—iZ
*M(.9.1096I—31
IA.,
IPsO

C
C RATIONALI ZAT ION TO MISA

I*.EA’lOO. —— V

203

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  V



P.P’133,3
A .A ,l ,E— 6

60
39 IF(A.LT.1,L .20) GO TO 1* - -  — V

DO 13 1.1,1
DO 13 J.i.5

*3 XJ (I ,J).XJ(I,J)/A
65 C APPROX IMA TED FO

18 DO 50 1.1,1
X JO (I ).2./3.OXJ (T ,3).(XJTT,1).XJU ,5))4,

30 XF (I).XJO (I),XK0
CALL OER(V P ,XF ,K ,OER1.FOl,4)

C
C DEDUCTION OP F FROM PLANE PROBE

IF(EA .GT.1.E .20)0O TO 35
DO 10 1.1,6 - -

*j1(I)— (XJIZ ,5)—X J (I.i)I#2 ,
73 X J 1( I ) . — X J 1 ( I )

F0(I )UPO )(I) V

10 XJ2 (I).(XJII .5).xJ (I,1) )/3,—*.’AJ(1,3,,3.
00 TO 12

33 DO 21 Iul ,M
$0 BO (I)~~XJ4I ,3)B1 (I)~ 2.”,50(XJ(I.2)—*J(Z.4)I .50(X,UI,1)— XJ4T,5))

21 $2(I) 2.’I*J(I.2).XJ(I,4) )u3, ’A~~( I ,3).,5. (XJ ( I , 1 ) . AJ ( I , 5 ) ,
CALL OER (V P ,NO, K ,DeO,DERZ,1 )
CALL DER( VP ,q1,K,D81 ,DERZ ,1)

85 C 
V

C CALCULATION OF AK1~ V~ • XNE
12 CONTI NUE

00 31 1.1,1
X ,(I)~~VP(I)’.,3’,0l(I)

51 XG(I )~~V P(I)’0l.S’F0lII)CALL SUMT (VP,XF,l,M.O.,xI1)
CALL SUMT (VP .*G,1,M.0,,SUM)
VEU SU M’2./(*K 1’3.)
XNE.2.’XKl’PI’ (2, OE/*ME)” l .5

95 XNT .ANIORNTEI1
XpT.*N(.XNT
DO 47 1.1,1 

V

47 *F (!) Fol(l)/$QRy(VR(l))
CALL SUMT (VP,*P,2.M.O ..SUN)

100 SUMu SUM.FO1 (1)’Z.’SQRT (VP (l))
VE1 .2.’XKi/SUN
VRAT SII4O4.’VEl/TI
Vt . .5’V !l’XPt/ (XN( .ANT’VRAT)

C
103 C CALCULATION OF *LNOAS (I)

20 XLN DAU.SONT(!P100V11/(EOXNC))
Ir(EA .LT.1.I—2O eo TO 26
CALL SPIEAT N(vP,ro 1.vI , Vt 1.V RA T ,XP4 E.XPT,*K1 ,X L MOAD,K,XL MOAS ,V E)

C
il~ Do 22 1.1.1

XVA (I).tA’AL MDA S (I)
IP (VP(I .8T.XVA( I) GO TO 22
WRITE (6,91) VP I Il,XV A ( I)

9) POQMAT (. U..,F1.2,SA,,VA.e,E13.4)

-

. - 

. .  
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11~ AVA(I )SVP (l)
22 XF(f) .XVAU). ’2008O (I)

CALL UIP(VP ,xF,Ic,02)3,DERZ,L)
DO 24V 1.1,1— _~ _ V~~ ~~~~~~~~~~~~~~ -— — - - —--——----- — --

24 A .iO (I) R0 (l) .B2(T)/3.~ *VA (I) Ll8l (I)/3..D28(j),6.
120 36 DO 2~ 1.1,

1
2S AF( I)~~XJO (I),X I(0

C
C CALCULA TION OF F all )

CALL DEplv (’,*r ,~(o1,ro,I)
125 C

C TEST OF ACCU RACY
60 DO 52 Isi ,K

AF( I )~ AB S (Fn (I)— FO 1 (I) )‘VPII)”O.S
32 AG( I)~~VP (I)”.5”0(I)

l3~ CALL SUM T (VP ,XP,1,M,0 .,SGMA I
CALL S~JM T IV P ,*0,t,M,0.,XM)
ACCIJ.SGMA/XM
IA.I A~ 1
IF (ACCU .LT.1.14) GO TO 26

135 23 DO 27 1.1.1
2~ 

F01 (I)uFO (l)
IFUA .LE.100 GO TO 29
WRITE (6,2$) ACCU

28 FOR MAT (’ •26)4F0 nOES NOT CONVENI±E,&CCU.P8 .4)
14~ Go TO 26

29 WPI TL(b ,31)IA ,ACCU ,*Ki ,XNE,V I ,V 1.1 ,VRA T ,VI.XLMDAO
31 FORMAT I’ IA. ,,13,3*,OACCUUO,F7.è ,3X ,*XKIRs ,E1i.4,3x,AXNE5 a .EI1 .4,

1 3*
AOVI.0,P6.3,3X ,OVEI.0,F6.3,3A ,OVNATU * ,F5.2,3X,OV ISO ,F6.3.IX .

143 B’XL$DAO.’,L11.4)
GO TO 12

C
C CALCULATI ON 0? F~ (I) • P2 (I) -

26 WRITI (6,31)IA.ACCU ,*I1 ,XNE.VC ,VL 1,VRAT ,V I ,XLM D AD
150 WRITE (6,32) (XLMOAS (I),I.1,K)

32 FORMAT I i0 (2*,(jl,4) )
IP1EA .LT.I,(.20110 TO 39
00 45 1.1,6
DEPI(!).AJU,1).xJ(I,5)— 1.41*llf’i*JU,flu*J(I.4))

135 DER2II)SXJIZ ,1).XJ (I.3)—2.’(AJU.2) .*J(Z,4)—XJ (I,3)
XJ1 (I)U.B1(I)—AVA (j)’D$O (I)
Aji (I)’—XJl (I)

43 *J2(1).12.’82U )•2.OXVA(I )’DSL (I).D?8(I) 1/3 ,
39 IFINW .EO.1 ) WRIT ((6,37)

160 37 PORMAT (41a ,9X ,aUo ,IOX ,0PO6,1O*~’PIS,1OXj~ F2o ,1 6X,oyAo)00 40 1.1,1
40 *N (I)5*Ja (l)/ (VP (I)001.9)

CALL U(RCVP,XJ1,K,OJI,00JI,2)
CALL U(R4VP,KJZ,k,OJ2 ,O2J?,2)

163 *NOs2.’*H(1)—AM (2)
D0 33 1.1.~ 

V

CALL SUMT (VP,*M ,I.1,M ,XIl0 ,SUM)
33 5J2 1).SUM

Ip.O
£10 DO 30 1.1.1

,1 (I)•(OOJ1u —.~ .OJ1 II)/VP (Il )/*kO



F2 1 1 u 0 2 J2u —1.5/V P I’OJZU). .13/vP( I)’ .2 .xJ2(r)—3./ s.aVP U
C’*1.S)’SJ2(I) )/J IK0
FOMII ) FO (1)/All

175 F1NII)IF1III/XKi - — ~~~~~ —~~~~-

F2N (I)5F2 (1)/XIcl
IF(N W ,CQ.i)

SWRITE (6 ,34 ) VP(I),P 0 (I),F1 (1),P2( I) ,XVA (I)
34 F0RM~ T1’ ‘P 12,Z,3E12.4,$*,P12,2)

iBo IF(IP .LT.49)GO TO 41
IF (N W.EO.I)

SWRITE (6,42)
42 FOW4AT (*10)

IPs—l
185 41 IP.IP•l

30 CONTINUE
62 CONTINUE

IPsO
WRITE (6,38)

19~ 38 FOR MAT( ,1.,TX, OU..7X ,’FONO ,SX, V lNO .Q*,eFZNI,qt,,V*.)
DO 43 1.1,1
WRITE (6,46) V P( I )  ,PON(I) ,P1N(1) ‘FZNII, .X V A ( I)

46 FORMAT( F1O,2,3112.4,F12.2)
IF(IP.LT.49)GO TO 44

195 WRITE (6,421
I P s— i

44 IP5IP 1
43 CONTINUE

IF (EA,LT.1 ,E—20)GO TO 61
200 IP(” W.EQ,I I

SWRIT E (6 ,55)
55 FOR MAT (01•,ZKOBO a ,10X’N1’,10X0820 ,10x0 13.,10A084,,IflX’DRO .,9X.

C’D$i’ .9*,’028’,9X, 00’)
Ir(Nw .EO .l)

203 •WRITEIS.56 ) IRO( I ) ,B1 ( I ) ,82 11) ,U ! .R1( I) ,o IR2 (T ) ,f lBou ) ,OR* ( I I ,0281 I
C, V P( I )  .1.1.1)

56 FORMAT 1 9112.4)
61 IF (NW.tQ.1) WRETC(6,37)
57 FOR MAT (’1’,4*, OXJO*,9X,*AJ10 ,’.A ,’XJ2.,QX,’OJ1I .9X..nJZ’.9A.000J1’.

C8x,002J2’,8*,.SJ?0,9X,’U’
IF (P4W.EO.1

SW R ZTI (b,5NH XJO (I) ,AJ1(I) ,*J21A) .DJI(I) ,0J2 (I) ,00J1 (T’ ,O’J’II) .SJ2
CII) ,VP(!) .1.1,1)

SB PORNAT I 9112,4)
Zls IP(IA .LT.1.t—20) STOP

IP( (IA .GT.l.F—20 .ANO. (EA .LT. 8.E 15)) 00 TO 96
DO 97 1.1,6
XJO (l)aR0(I).B2(Zl/3..XVAII )0Ob111)/3.
*F (I).*J0 (I)/XK0

97 XJ2 (I).2.’0Z4I)/~..2,0XVA (I)’U81 (I)/3 ,
CALL OIR (V$’,XF,K,*Il,F0,4)

SO 70 39
96 IA.0.

22~ GO TO 18
(NO 

-- - . - - -  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



SUBROUTINE SHEATN (U ,XF ,VI ,VEI ,VRAT ,XNE ,XPT,XK1, XLMOA, K, XLNDA S,VE)
DIMENSION U(250),XF(251) .2 (250) ,XLMDAS (250S
XNN . (XPT— XNE ) Il XPT ’VRAT)
V1z2.’VIFVfl - - _ V  _~~~__ _ _~V_ _V_ __ -

5 CaSORT IV 1)
XFO.0.
La I
H2a1-1
XLNOAO .XLMOA •SQRT (XNUXPT )

10 DO 12 P4~ 1,K
VaU (N )
A.2.~ V /VE1
SzSORT (A +VI )
vw~ a’c—vi

IS VDzC/8
IVaN
1.1.19.1
P1.19—I
00 13 1.19,1

20 13 Z (I)a( (U(I)—V)’ 1.5—U (I)”I.5—V”1.3)’XP(I)
CALL SUMT (U ,Z.Li,N2 ,XPO ,SUNA)
00 14 Ia1,ZV

11. Z (I)a(UII1’ i.S)’XF (I)
CALL SUHT(U,Z,L,M,XFO,SUPIB)

25 SUNa(2. SUN8—SUMA )’XNE~’(3.’XPT’XK1’VEI) 
-

00 15 1—19,1
15 ZIIJsISQRT(U IP—V +SQoT v~~ ’XF (I

CALL SUPIT (U,Z ,t1,N2 ,XFO,SUMC )
SANaSUNC ’XNE / 12. ‘XPT ‘Xli)

30 17 XLNOAS (N).XL.NOAD ’SGRT (2 .’ (VN—SUN XNNP) ~(VO— SAN )V 12 CONTINUE
RETURN
END

‘
i i 

. -
.
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SUBROUTINE SUMT (U,XF ,LI,L2,AFU,SUM)
DIMENSION U(25O ),XF(ZS0)
L1aL I

- -

S LR .L2 2
SUMsO.
IF (Li .GE.Lb)RETURN
IP((L1.E0.1).OR,L2.CO.,)) GO !O 9o6
IF (L1.EO,LA) GO TO 911

10 0 0 T 0 902 V •  ~~V -

906 X 2 s U ( i)
*3.0 (2)
A F2S A P ( i )
XF3 .XF (2)

15 A 1aAF O/ (x2 ’A3)
A 2 .x Y2 / (x2 ’ (*2aA3 ) )
A3 .KFJ/ (X3’(A3—Xp))
C1sAl.A2.A3
C2 (A2 .X3 ) ‘A1•X3’*2•*2’A3

20 C3.*F2.(C2—CI’AZ)’XZ
IFI(L1.E Q.2).AND .(L2.EG .l)) GO !O sis
SUMuC 1’ K2”3i3 .—C2’X2*X 2/2. 4C3’X2
IF (L2.EO.l) GO 10 915
IF (L2 .EQ .O) RETURN

25 L 1s2
902 DO 900 LSLI ,L2
910 X IuU (L—i )

*2.0(L)
A3.U (L .1)

3~ AFi.X~~(L—i)
*F2 XP IL)

A 1SXF1/ (  (* 2—* 1) ~ ( * 3— A L )  I
A2 .XF2/ ( (X2—Xl)’(X2.*3))
A35XFi/ ((A3 X11 .(X3*X?))
C1.Ai•A2.4 3
C2a (X2 .X3) ’A 1.(Xi ., i3,.A2 .(,(1.A2 )e *3
C3.xF2. (C2 .C1SAZ).*2
IF(Li .IQ.LA GO TO 915

900 SUMUSUM•C1’(x20e3.*1443 /3,.C2 *1**2.xlàxtF#2..t3i x2.xi
9i6 SUM2uC1a(X3•.3—X2003 /3..CZC(* ’A3.X,a*2 /2..C3CIX,.X2)

SUMSSUM.SUM2
903 RETuRN
9 11 Lut Z

43 00 10 910
END

V I - - - - _ _ _ _ _  -



SU8I~0UTINE OER (vP,YF ,K,DCR1,DEKa,ZJ)
OIM~NS!ON VP(25O),*F(250),DERI (250),0E92(250),YF(250),DA(250)KNMsK 2
I(M5.1 5

S 1N6u1(’ b
V POuVP (2) 9P(l)
Z.1 ./(24 ,’V PD)
Z’.Z*2.
Z6.Z’b.

10 Z1aiz’r2 . - - - -  - V -

I T— I l
DO 808 Iul,l

808 XF(T )uY P (I )
806 DA (1)~~(—3 .’*P(1).4.’X!(3)—XF (b))’Z6

15 0A 12 ) (—*FI1)4*F(3))’Z12
- -

APa AW S (DA(2 ))
I F I A P .OT.11,1’EP)),OR.(AP .LT.(O.91’EP )  GO TO 850

2o GO TO 8IS 
V

850 DA (1 )~~(—3.’XF(1).4.’*FI2)—XF (J))’Z1?
DA (3).(~ XFI2).X~~(6)) WZ12 

— V

8~5 00 803 L.4,1N6
DA(L )s (.XF (L~2).4.’*F(L.l).4.’XF (L.1).xF (L.?~~ sZ2

25 LPuA SS (DA (L— 1)) V

AP SA BS ( DA ( L ) )
I F U A P .GT .I i , 1 e EP ) ) .OR .(AP .L T . ( 0 . 9 1’E P , ) )  GO TO $52
00 10 803 - -

852 DA (L)~~(2.’*F(L 2)—1 6.’*F(L—1)•1b .’XF (L.1)—2 .**F(L.,) )‘Z
3o 8o3 CONTINUE

DO $53 L.1M5.KMN
853 D4(L)~~( XF(t..2).XF(I..2))’Z6

DA (K—1).(—AF(K .3).*F(K—1) )ØZ1~

35 IF (IT.EO,3) GO TO 841
1F(IT.EO.4)GO TO 811 V

IP (IT .1O.5)OO TO 813
GO TO 856

841 CALL SC3SIUA,D R2 ,l,1

~0 RFTURN V -

834 CALL S135 (OA ,DERI ,L,I()
1F ( IT .EQ.1) RETURN
11.3

8~ 2 D~ 804 1.1,1
45 804 XF I)sOER1(I)

00 70 806
0,1 DO 856 L.1.I
856 DIR) (L).DA (L)

IT.S
So GO TO ~12

813 00 855 La l,MV 
855 DER2 (L)uDA (L~

RETUR N
END

_ _  - - 
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Su OUTu~E SF35(Y,Z ,L 1.tc )
V DINF NSION Y (2 5 O ) ,Z (2 5 0 )

LaK-’L1—4
IF(L,L( ,O) R ETURN V~ —

S L I a L I
L2sLI~ 1
L5.L I~ 4
BuY (L i)
C~ Y ( L~

)
10 D~ 3 ~~~~~~ 

-—

—
B.C
C.Y(I~L2)0.C .8 Y ( I’Li)

Is 0.D.04C
D.D,04A.Y(1
IF U-L 5)2 ,2 - ,3 - 

-

2 Z(L1)~ A .~.O14~857t*OZ (L2)~~~’,Ob7 142B6’Q
3 Z(I—LZ).C ’.O~37l429*DZ 1K—i ‘V (~~i) .,O~714286*QZ(K).Y(K).,01420571*D -

RETURN
END 

~~~~

- --- --



LIST OF SYMBOLS

The symbols used in this report are given below with their interpre—

tation in alphabetical form. Greek letters are treated towards the end..

In many instances, the location of a symbol within the text is indicated

instead of repeating here the equation for it.

a1, a2, a3 
coefficients in Appendix C.5

e1(U) 
function defined in Eq. (170) or (190)

a2(U) 
function defined in Eq. (175) or (193)

a
3
(U) function defined in Eq.(219)

A area of the probe

A area for current flow at position r within the
r sheath

area at the sheath position for current flow

b1 
variable defined in Eq. (171)

b2(U) 
function defined in Bq. (176) or (194.)

b
3
(U) function defined in Eq. (220)

B (i = 0 to 1,.) combinations of current densities for various
- 1. orientations as given in Eqs. (2l ~i) to (24.5)

c~ , 02~ 0
3 

ooef f icients in Appendix C.5

O - coefficient in Eq. (146)

c2(U) function defined. in Eq. (177)

o
3

(U) function defined in Eq. (221)

C8 sheath capacitance

D, D5, D diffusion coeff icient , for electrons and ions
+ respectively

• magnitude of the electron charge

3 electric fi•ld. in the aoti, disoharge

I electric field due to the probe volt ge its.2.t

211



*f , f  ur1er~ r dist ribution function in coordinate sy3tems
attached to the probe and to the plasma respectively

f isotropic part of the distribution function

approximate f orm for f

- value of f at the collis1onle~is sheaft boundary

(8f o/’
~
t) c 

- collisional term for 1’ in the Boltzmann equation

* 

directional part of the distribution function
f 

, f , f , 1’ various components of abovel x ly lz  IZ
, f~ radial component of f1 and its value at the colli—r r sionless sheath boun’~ary respectively

~~ 
second order tensor part of the distribution function

f~~~, 
f ~~~, f2~~ various components of above

~~~~ 
f~~~, etc.

*
spherical harmonic components of the distribution
f unction

f voltage sweep frequency applied to the probe to
derive experimentally the characteristic

f(x) function in Appendix C.5

p(~ ,k) incomplete elliptic integral of the fir5t kind

G(k), G(~,k) - respective complete and incomplete, elliptic inte-
grals of the second kind

11(U) function given in Eqs. (338) to (344.)

I, I~, I current to the probe (either tots]. or of a species
+ according to the context) and the electron and

positive ion currents respectively

dl element of the current to the probe in a certain
electron ener~ ’ range -

I , II, X~ various contributions to the current arising from
the f 0,~~1 aM~~2 parta~~~~f

31 ourrent contribution to a surface element before
integration over the probe surface



~I()~ & E a~ 81b’ 81c variou8 contributionc to ôI

unit tensor

jj 
~e’ ~+‘ ~ current density to the probe and the electron,

positive and negative ion contributions respectively

current density norma]. to the probe
*

~~~ 
1~~’ 

j
~~, i~~ contributions to the above from the 

~0’ ~1~ ’ ~~~and ith tensor parts of f

j
~~, j1~~

, j~~~, 
j
~~~ 

contributions to j, from total f, f1, f and
tensor part respectively, for a plane pcobe with
normal orientation having Eulerian angles 8 and ~

~iz ’ ~2z 1
~z ~~~ with C = 0

i
~
_ , I difference and ~um of two currents to both sides of

a one—sided plane probe

~~ ~~ 
contribution to j from f , f  and f as given in
Eqs. (238) to (24.0) o ~“1

j current densities to a plane probe for five orienta—
r~th O =2w ,ir/4.,ir/ 2,3ir/Z. tions of the probe
and v

1e’ ~ 
electron and ion current dens~.ties normalized as inEq. (386)

3 (r) z eroth order Bessel function

k Boltzmann ’s constant

k - variable defined in Eq. (214.)0
V variable defined following Eq. (21 7)

- 
variable defined following Eq. (229) V

k3 variable defined. following Eq. (224.)

K
0 

equal to ~~e/m
2 -

K(k) complete elliptic integral of the first kind

1~, l~~, 1 mean free path, for electrons and ions respectively
0+ 

-

L 1~ngth of a cylin~ ’iO&l probe

electron mass

213
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a or a V I t I ye ion c.a
p +

n chargei particle ien~ity

n , n electron and. positive and negative ion densities
— respectively, the latter two summed over species

after multiplication by the respective charge
numbers

ns~ %s’ ~+5~ 
n above at the colli .‘iionless sheath boundary

n , n individual negative and. positive ion densitiesn ~ respectively

nus, n~~ ebove at the collisionless sheath boundary

charged particle density in the bulk of the plasma

nec electron density in the bulk of the plasma

N neutral gas particle density

p gas pressure

associated Legendre harmonic function

p
1 Logendre polynomial

q velocity squared. parameter defined in Eq. (4.8)

a~_, q respective values of q, at the probe surface and. at
V k’ the sheath boundary

q1 
variable defined in Eq . (50) or (60)

~ ~e’ 
Q+ Waymouth’s parameters defined in Eq. (395)

r radial distance from the probe center

r~ radius of the probe

r5 
- distance of the sheath boundary from the center

of the probe

R , R0, R,, R~1 
rotation matrix and various components, defined. in
Eqs. (27) to (30)

R~ radius of a plane probe including its guard ring

Rt radius of the plasma tube

a - parameter used in collisional theory. iefined inp Eqs. (378) to(380)
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t time

T temperature

P , T , T , P respective electron, positive and negative ions
e + — g and gas temperatures

u energy of the charged. particle in jou].es

v, v particle velocity and. its speed.

v~, v,~., ~~ 
components of v in the probe frame of reference

v , v values of V!7 at the probe surface and at the colli—
Zp Zs sion].ess sh~ath boundary

v v same for v
Yp, Ys ‘I 

Y 4

(kTe/m)~ 
electron thermal velocity

v (1
~~e/m+

)
~ 

ion drift velocity at the sheath edge

V, ~ , average speed as defined in Eq. (357) and the oorres—e + pending values f or electrons and positive ions res-
pectively

Vd electron drift velocity

v (2V /m)’~, [2(v c V )/m]’~ or (2(V —V8)/m]~ accord—ing~to the con~ext a p

(2(V-V5)/m]~

V potential in joules

V probe potential with respect to the collisionless

V 

p sheath edge if V is not specifioally written

V5 - potential at the oo].lisionless sheath boundary

v potential drop across the collisionleas sheath d.ue
~ ~~‘ to the external discharge electrio field for az~r

orientation and for 8 — 0  respectively

V1 ion directed ener~ r at the oollisionless sheath
boundary

V electron temperature in joulea, kT~ , defined. in
Eq. (279)

V averaged electron ener~ r in joulea defined inel Eq. (278)
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w , WI
, w, n v ~ r~~;’~~ over the distr ibution function defined

in Eqs. (365) to (368)

W , W , W above for electronsiu  2e

W , W1 ,  W~ above for positive ions

x, y, z, x’, y’, z’ three respective coordinate system representations
x ,Y,z

x1, ‘2 ’ ~~ t.~x variables used in Appendix C.5

variable defined after Eq. (292)

y parameter defined in Eq. (83)

y0, y1 parameters defined after Eq. (93)

Z , Z charge numbers for positive and negative ionsp respectively

azimuthal angle. around a cylinder

coefficient defined in Eq. (214)

coeff icien t def ined af ter Eq. (229)

r2/(r _ r )

y ~v~,/v defined. in Eq. (212) and after Eq. (229) 
V

r integral defined, in Eq. (335 )

a (x) delta function

Kroneclcer function

8 gap separation between the central disc probe
and. its guard. ring

perinittivity of free space

parameter, defined in Eqs. (351 ) to (353) ,
which depends on l/ r~

ratio of electron density to neutral gas density

8 spatial angle def4nl ng th. orientation from the 
V

s—axis of normal to the probe surface element.

02 angle defined, in Eq. (16 7)

0~ angle defined in Eq. (196)
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P ‘~r ~i ~~ 
j 4  

~~~~~~~~~~~

0 angle defined ir. Eqs. (55) and (63)

angle defined, in Eqs. (2) and (78)
V 
acceptance angle for the spherical grid sy $5tem

angle defined after Eq. (267)

= 1 ,2,3) coefficients defined in Eq. (1 31)

A sheath thicknessa
A

D 
Debye length defined in Eq. (289)

A - cross denomenator defined in Eq. (389)

denomenator defined in Eq. (4.06)

~~ ~e’ ~~+ 
mobility and corresponding values for electrons
and positive ions respectively

v , v , collision frequencies appearing in Boltzrnann’s equa—
‘I tion for f and t~

angle appearing in Eq. (123)

angle defined. after Eq. (217)

ii’ 3.14.159

if (a2,k) complete elliptic integral of the third kind

~~~~ ~~+ 
parameters defined. in Eq. (386)

a electrical conductivity of the plasma *

z summation si~~
r a measure of electron to ion temperature defined.

in Eq. (376 )

• azimuthal angle in configuration space

• azimuthal angle in velocity space

•0 angle defined. in Eqs. (73) and (10L1)

• (x) error function

space charge potential in volts

angle appearing t n lq. (123)

1’ function defined in Eqs . (331 ) to (333)
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