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SECTION I

INTRODUCTION

One of the most useful diagnostic tools for studying a plasma medium
is a Langmir probe which consists of a small electrode immersed in the
medium and biased to collect the charged particles. Although the principle
is simple conceptually, the theory for its operation can become quite
complicated, especially in nonequilibrium plasmas.

With a Langmuir probe, we can determine the plasma parameters from
the current-volrtage (I-V) characteristic of the probe. These parameters
are usually the local charged particle density and temperature and the
plasma potentiale A more ambitious aim is to derive the form of the elec-
tron velocity distribution function. Thus far nearly all such measurements
were concerned with the isotropic component of the distribution function.
However, in an active discharge with a sufficiently strong electric field,
the distribution function is anisotropic ,and both the directional and tensor
components of the distribution function are nommegligible. Moreover, at
higher pressures, gradients, which exist in the collisional part of the
sheath, also induce a directional component to the distribution function
with associated diffusion effects. In this report, our basic aim is to
study the behaviour of electrostatic probes in a nonequilibrium plasma,
by vhich is meant one in which the electron distribution function is neither
Maxwellian nor isotropic. Pursuant to this goal, relations are derived
for the I~V characteristics and probe resvonse to a calculated distribution
function given by the solution of the collisional Bolt:mann equation.

The electron energy distribution function is of fundamental importance
in determining the operating characteristics of gas discharges. Numerical
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solutions of the Boltzmann equation including inelastic collisions have
yielded great insight to laser discharge operation. Certain features in
the calculated distribution functions can be associated with energy regimes
where electrons strongly excite the gas molecules, which is important to
know for laser operation. However experimental confirmation of the forms
of the distribution function and its components is lacking. Thus a major
objective of this research is to develop an accurate method of determining
the details of the electron energy distribution function in molecular gases
from appropriate electrostatic probe measurements.

The approach that is used depends on the pressure regime., At very
low pressures, collisionless probe theory is suitable, The sheath as a
whole can be considered to be collisionless when the sheath thickness is
greater than both the probe radius and collisional mean free path. Sections
II and III are concerned with such a situation. The electric field in the
discharge induces first and second order anisotropic parts to the distribu-
tion function, in addition to the isotropic part which exists in any case.
We calculate new results for the responses of probes in terms of arbitrary
forms for the three components of the distribution function. In Section
III, the change in potential across the sheath d.uc'.to the discharge electric
field is accounted for, whereas in Section II, the voltage drop across the -
sheath is associated only with the potential applied to the probe. The re-
sults in Section II are thus much simpler. Various geometries are investi-
gated, such as the one-sided plane probe, the spherical probe, the cylindrical
probe and & spherical grid system. Both electron retarding and accelerating
regions are analyzed.

We find that,by combining several probes of various geometries or
orienting a one-sided plane probe at several angles, one can separate the




three individual current contributions to the probe associated with the
three terms in the distribution function. After this is done, we deduce
relations which give each part of the distribution function in terms of

its respective current contribution. This generalizes previous works which
were restricted to the isotropic part of the distribution function.

We recommend the geometry of a one-sided plane probe for use in the
collisionless regime. In conjunction with this, in Appendix A, we pro-
vide a parameter map delineating the regimes of operation for a plane
probe in a nitrogen plasma,and, in Appendix B, we specify the construction
details of such a probe. Computer programs are listed and explained in
Appendix C. These programs provide numerical means for calculating I-V
characteristics from the distribution function and vice versa. In Section
IV, results based on sample calculations using the computer programs in

Appendix C are plotted.
As the pressure is raised, the quasicollisional regime is encountered

wvhere the probe radius becomes comparable to or larger than the mean free
path, with the mean free path still larger than the sheath thickness. This
situation is analyzed in Section V. The presence of the probe is felt by
the external plasma, since charged particles have to diffuse from the undis‘-
turbed plasma up to one mean free path from the probe surface. Diffusion
“through the quasicollisional part of the sheath implies that it creates a
directional part to the distribution function in addition to a change in the
isotropic part. Macroscopically, the plasma density in the quasicollisional
sheath near the probe can differ substantially from that in the undisturbed
plasma. To simplify matters, we omit in this section the anisotropic effects
associated with the external electric field and include only the new direc-

tional contribution and change in the isotropic distribution. We provide




relations for the I-V characteristics in this regime which include these
effects, generalizing the works of other authors who included only the
change in the isotropic part of the distribution function. Our results
reduce to the collisionless limit as the mean free path becomes very
large. In the quasicollisional regime, the isotropic part of the distri-
bution function can still be derived by iteration from the probe response.
However, the analysis based on free electron diffusion, omits ambipolar
effects and is valid only when the ion temperature is very much less than
the electron temperature.
At still higher pressures, corresponding to the continuum limit where
the mean free path i1s less than the sheath thickness, we are able to derive
I-V characteristics,given the isotropic part of the distribution function,
but not to accomplish to inverse. We provide in Section VI a hybrid theory,
modelled on a double layered sheath which consists of an inner collisionless
layer and an outer collisional layer. Our theory can be applied to any given
form of the isotropic part of the distribution function, any mean free path
variation with electron energy,and any of three geometries, namely,plane,
sphere ,or cylinder. It incorporates flow effects associated with ambipolar
diffusion and electrostatic space charge fields, both of which cause the
distribution function to acquire a directional component vithin the colli-
sional part of the sheath. Using our formulation in Section II, which allows
for anisotropic effects in the distribution function,we can match properly at
the boundary between the collisionless and collisional parts of the sheath.
Thereby, we provide proper moment relations, or averages over the distribution
function, which include these flow effects. Our relations generalize other
hybrid theories which did not have available our present results in Section II.
Finally, in Section VIX, we discuss our results, and give our conclusions.
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SECTION II

COLLISIONLESS PROBE THEORY FOR AN ANISOTROPIC DISTRIBUTION FUNCTION

1. INTRODUCTION

Due to the strong electric field within the active discharge, the
electrons acquire an anisotropic energy distribution function. Our
prime interest lies in the electron retardation region from which the
details of the electron distribution functions are obtainable. The
anisotropy is written in terms of spherical harmonic components,and the
analysis is performed by including fo, Ly and gz ,‘v:l'.z., up to second order
tensor terms. For the plane probe, we can generalize the calculation
of the electron current density to include all parts of the spherical
harmonic expansion of the distribution function. We find that all
parts contribute to the current at a plane probe. Consequently, the
isotropic part of the distribution function cannot be derived by the
usual method of taking the second derivative of the current with respect
to potential. Nonetheless, f1 can be deduced from the difference of the
currents intercepted by the probe facing forward from that facing
backward. ‘

Next we analyze the response of a sphericai probe and find that
the £y and f2 parts of the distribution function do not contribute.
This suggests using a spherical probe to deduce f a from the current in
the retardation region.

The response of a cylindrical probe is also investigated. In this
case, f1 doesn't contribute. If the isotropic currents in a retarding
potential are eliminated between a spherical and cylindrical probe, the
net current at the cylinder is due to the f» contribution. Thus, g.

5




can be deduced by using two probes, the sphere and the cylinder. A sphere
and a plane probe will do as well.

In a retarding potential, the current intercepted is found to be
independent of the sheath radius even with the £z anisotropic term which
appears in the cylindrical case. However, in an accelerating potential,
the current intercepted depends on the ratio of sheath to probe radius for
a sphere or a cylinder. The results become independent of this ratioc in
the limits of thin or large sheath;. For a thin sheath, the results for
a cylinder and sphere are derivable from the plane probe results.

An alternative electrostatic analyzer, namely, a spherical grid system,
is then investigated. Finally, the analytical results are summarized.

A few basic assumptions are made. First,we assume that the external
electfic field in the discharge is sufficiently weak that the particle
drift velocity is less than the thermal velocity. Furthermore, we
assume that the electric field variation multiplied by the collecting
probe plus sheath dimension (actually the part with normal projected
parallel to the electric field) is negligible compared to the probe poten-
tial. The following Section IIT redoes the analysis, including correction
terms due to this last effect. We also assume that the sheath is concen-
tric or parallel to the probe. In this section, we adopt a collisionless
sheath model which reqﬁirea a sufficiently low pressure that the mean
free path is gredter than the sheath width and probe dimension. We also
agssume that the electric field at the sheath edge is predominantly due
to the external electric field rather than to the potential decrease
associated with the potential on the probe. These assumptions are more
thoroughly discussed in Appendix A, which also provides a parameter map.

Appendix B gives the design and construction of a plane probe.

6




2. THE PLANE PROBE

a. Retarding Region. Calculation of Electron Current Density
from the Electron Distribution Function

Let the one-sided plane probe be oriented with the normal along the
Z-axis (seeFigure 1). Then each electron whose minus Z~-velocity compon-
ent, -v, Jis smaller than -v = ~(2V I/m)i' will reach the probe. Here,V I;,/e
is the magnitude of the pro}:é retarding potential with respect to the
potential at the sheath edge,and e and m are the magnitudes of the
electron charge and mass. The magnitude of the electron current density

at the probe surface is v

O o oo

%=e[‘[[vfﬁﬁhfu (1)

where f* is the electron distribution function just outside of the colli-
sionless sheath., The star signifies that f* is expressed in the XYZ
coordinate system attached to the probe. Transforming to spherical coor-
dinates (v, 8, &) in the velocity space, we write

collecting side

x

Figure 1. Coordinate System for the One-Sided Plane Probe, with the Outer Side
Collecting Charge




“ ‘lr-91(v)

o
=e f [ f (vcos 8)f*v?sin 6dvde 4%
where
8,(v) = cos™" (v /v) (2)

The electron distribution function is expanded in terms of Cartesian

tensors or,equivalently, in terms of spherical harmonica1 3 thus

£* = f;(v)-fg: (v)ey/v+ ;:(v) VY/V 4 eee

=Z f"(v)Pl (coae) [8 coamhs sinmi] (3)
1lms

l,m,s
where P'; is an associated Legendre polynominal and sa.b is the Kronecker func-
tion equal to 1 or 0 depending on whether its subscripts are equal or not.
Since © is the angle of y with respect to the Z axis, and & is the angle
in the XY plane of y with respect to the X axis, the two expansions in

Eq. (3) are equ:l.\mlemt‘l with,for example, the identities

* ft » o f o )
£i00 = 15 Taoo % Tans £320 = '6( oxx” fory) (W)
* »

The tensor £z also has gero trace, 1.0.,fm fm f2 0.

We first integrate Eq. (1) over & after inserting Eq. (3). This

yields
2n
fra-z:z £1 00F (cose)s 21[f +f coae+f
1

(]

—(3 cos® 8-1)]+.ce
(5)

22z 2

Further integration of Eq. (1) over © up to 1=2 yields




3z = g~ 91z* 2z (6) 1
with

Jop = T ] v’f:(v)sin’Q' (v)av = we [ vi1- (vo/v)zlf:(v)dv (7
v, v
iy = g e [ PL1- G/l (e (8 |
m (-]
3y = 1 T [ Pl + 23 /7 - 3(v /%) My (v)av 9)
Vo : 1
Defining
U-%mv’, 2re/m* and since VP-%mv: (10) 1

with U and V) in MKS units (i.e. in joules) one can express Eqs. (7) to (9) ]

as

g = K J (u-v ')f:(U)dU (11)

Wy =3 K [ 1- (v /Y]] (0)aw (12)
P

by = % J [0+ 27, - 5V /01E, 5 (0)am (13)

The above results can be generaliged to include higher order terms.

Substitution of Bq. (3) into (1) gives
v

o w [ 1
I = ZQZ[dv v’f;oo(v) [Pl(cosﬂ)ooaesm-he Z[ avvy’ f;oo(v)fpl(-x)m
< s -8, 1% x,

(1%)




where x_ = cos@, (v) = vo/v. e use the relations

Py(=x) = (-1)"P, (=) (15)
1[P(x)xd:u: m[(;;:3> (P ~P_,)+ (2n-1> pn)] (16)
x0

and obtain JZ =32 (-1)1.5mw1th
1

m i ?floo(') lﬁ 17P142) (1- >(P1-2-r ] (17)

where the argument of the P's is vo/v or (VP/U)’}. In terms of U,

hz= TéTfTS[dUUfloo(U) (1H PPy )+ (‘1_{)( 1)] (18)

Equations (17) and (18) reduce to Eqs. (6) to (13) when 1=0, 1 and 2,

upon using

Py=By =1y By = (L, 2y = dOV/0-1), By iYWV f-3)

and
. % [35(v/0)* - 30 /0+ 3] (19)

be Accelerating Region

In the case of an accelerating voltage, the upper limit on v, is

Z
gero, For generality, we investigate as well the particle accelerating

region and the effect of its anisotropic distribution function. Thus

10




o W/2 2w
.
e/ / [vcoaﬂf v*8in® dead

T
eo‘ll’/z
v 5106 cos8 Z(<1)12" P (cos8)
2me 8in® cos - - 100r1 %20 dvde

(-1, (20)

To perform the 8 integration, we use the following equality for n=0, 1

and n even, 1

.2
/Pn(x)zdx s (ﬂzt)r (%) (21)

o

where I' is a Gamma function. If n is odd and greater than one, the answer
is zero. We thus obtain (except for 1= 3,5,7 etc.) the following:

’/2 o * ,72 > *
= L4 . 3 e
le 5 oT <12ﬂjr ztzij oj floo(v) o T lzﬂ T tzl [ _Ufloo(u)‘m (22)

In particular - -
Sog = 70 [ Pe(vav = K, [ ue’ (v)aw (23)
o o
2ne .': . fﬂ 3 .
312 . % / f1z(v)dv =<3 [Uf1z(U)dU (2u)
0 o
and
we :, . 5 f 2
Iy = 2 [ £5,5(vaY = 2 f U, (0)a0 (25)
) )

Thus up to 1=2
J =K [ u[r (v) - 3 1z(tr) + e ,‘ 2‘.,‘z(u)]au (26)

11




¢. Electron Current Density for any Orientation of the Plane Probe

Let the coordinate system in the plasma be xyz with the z-axis along
the anode to cathode direction, parallel to a constant external electric
field within the active discharge. The previous results obtained for a
plane probe, with normal oriented along the Z-axis and coordinate system
XYZ attached to it, can be related to the xyz system. We perform a
transformation from the xyz to the XYZ system by 6-¢ rotations,where 6
and ¢ are Eulerian an51952’3 e« The ¢ rotation is performed first about
the z-axis in the xy plane ,changing to a coordinate system x'y'z' with
¢ as the angle between the x and x' axes. The 6 rotation is performed
next about the x' or X-axis with 6 as the angle between the new Z and
nriginal z-axes (see Figure2).let f‘ and f be,respectively >the electron
distribution functions in the coordinate systems attached to the probe
and to the plasma. The rotation matrix is

cos¢ sin¢ o
R = RgRy = (—coaO sing cos6 cosd siné ) (27)
8in0 sing$ -sinb cos¢ cosé

x',X ;

new probe
orientation

Pigure 2. EBulerian Angle Transformations from Coordinate Systems xys to XYZ

12




The components of f transform thus:

* * *
£, =1, fu = Ridf‘l.i and f,,, =Jz1 Rij“ufz,u (28)

e b4

In the matrix notation
*

fix | [P By Bya| [f4g

fix | = | Bz Byy By,| |fyy (29)

%12 Pox oy Pas| [Tas

and
fox fory Tom|  [Me Mty ] [Fom oy fore] [RaBr®
- - s 2xx "2xy " 2xz xX “yX =X
fgzx f':vnr fz:!z * [P Py Mvs| [foyx foyy Toys| | Rey Ryy Ry
forx Tozy fozz Box Rzy Pas| | fomx T2sy Tous| | Rxz Ryz Raz
(30)
In particular
f:z = f1xsin831n¢-f1ysinacos¢+ £,,0080 (%)
f;zz = fznsinzesin'¢ + fmain’m:os‘¢+ f2ucoa’0 - Zfoysinzeﬂi-n¢ cos¢
+ thzaine cosfsin¢g - 2f2y’sin6 cosf cos¢ (32)

We obtain j= jo- j1 ”4' 32” with the three contributions given by Egs. (11)

*
to (13) and £y, and f;zz given in Eqs. (31) and (32). When 6=0, only fie
and f2u contribute,and we denote the current by

3= 3= 94,% I (33)

The f1 . part of fremains only if one subtracts the currents obtained
from the one-sided plane probe oriented in the z-direction (6 =0) from that

oriented in the -g-direction (6 =gy), Denote this current difference by
,1._. Then

13
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4y ==, [l (v /oY 21e, (v)av (3)
vP
By so doing, the j“ = - -12- Jz— part can be deduced. Adding the currents

on both sides gives

(=
| 1
i, = XK, [ {[U- evp]fo(U)+ m [U+ 2vp- 3v;/U]f2u(U)} auv  (35)
v

p
which involves fo and f2zz only. Consider now slow rotation of the plane
probe around the x-axis with angular velocity less than ve/7ts ,where - is
the electron thermal velocity and As is the sheath thickmess., The average

current density after a complete revolution is
2

- 1
J”/x = E;[ J”(¢= 0,9)&9

o
0

1
- %, J (@7 )2,®) - § [0 27, 500kt @) ] aw (56)
P

which depends on fo and f2n only. Similarly,rotation about the y-axis
gives 3“ y with fzyy's replacing fm, and rotation around an i-axis located
in the xy plane gives '.'1'” /1 "ith £, s replacing £, . If j is cbtainable
by some other means — a spherical probe will do as is shown later — then
Bgs. (35) and (36), after subtracting Jo» ™11 contain only the £, com-
ponents,and the .12’ part can be separated.

d. Derivatives of Current with Respect to Potential and Deduction
of the Components of the Distribution function

In the case of an isotropic distribution f o’ the second derivative
of J with respect to Vp (in the retarding region) is proportional
to fo(vp). This result has been used to derive the distribution function

14




from probe characteristics. For anisotropic distributions, it turns out

that the second derivative includes terms in £1 and gz besides foz

Y06 =%o [ {[U—Vp]fo(U)-% ul1-(v p/0)7 ’]f:Z(U)-o-:: [us2v, - W;/U]f;zz(U)}dU
v, (37)

dJ ¥ [ {f (v) - )f1z(U)+1 (-B—EB >f2'zz(u)} au (38)

i) :
_‘;,2 = % f{fu 2zz(u)}me, Ko[fo(vp) - f1z(vp) + f;zz(vp)] (39)

Because of the integrals remaining in Eq. (39), one cannot get directly
£, £, and £5,, Trom & 3og/ 2V e

Suppose ,however ,that the j , J,,and J, parts of j=J - J;+ J, can
be separately deduced. (Let the 64 additional subscripts on j, and §,
be understood below.) In the previous subsection, we indicated that this
was possible. Then f_ is obtasinsble from j  given in Eq. (41) 4n the

usual manner:

1 dz“)o
fo(Vp) =T (40)
o O -
From Bq. (12), we can deduce f1z by differentiation in the following
manner s (
aj, (v
o o Y e | cles aedamelion
f1z(v ) = Ko V%- av '_.; av )] (41)
LY P

[ ]
To derive fzzz, we need the integral of .12 in addition to its derivatives.

We note that
® 3,(V) 1
_27. .- %xo [[:zvg’-vpy'/’u-u/vﬂ r;zz(u) av (42)
v v
P P

15




Using Bq. (42) and the J, parts of Egs. (37) to (39), we can now solve

*
for f2zz to give

* 1 (dzjz Jz(v) )
f2 - i f\—rdvp —37 32 8V 3/2 f va/a } (43)
v
P

* *
Thus fo’ f1z,and fzzz can be deduced if the currents ‘io’ .11,and :]2 in

=J -J,+ J, can be separated.
J o "1 2

3. THE SPHERICAL PROBE

a. Surface Integration

The total current to a probe is the integral of j“ over the probe
area. For a plane probe, this is simply .1“ times the surface area, A.
Edge effects can be reduced by using a flat ring concentric with a flat
disk, both of which have the potential Vp’ but only the current from
the disk is analyzed. A sphere has no edge problems, although its support
may introduce unwanted effects.

The total current to a spherical probe is

T 2w
I= [J”dA =[ [ j“r;sinﬂ de a¢ (%N
980 ¢=o
where r_ is the probe radius. We show in the next subsection that only

P
‘ .
the floo spherical harmonic components, or fo f z,a.nd f 277, UP to second

order, contribute to J“. Thus J” can be written as

q’“ o JO-J."“ ‘12 - Jo"i 1’1511"2 R’Jn 1‘241 (h-5)
similar to Bq. (28) for the f components. From Eq. (27) for R or inspect-
ing Bqs. (29) to (32), one obtains

16




2
[ JOdA = L rpjog /315.6. =0

[ 328 = % (g + Sy + 00) = 0 (16)

since ,12 is related to f;zz and the £2 tensor is traceless, viz.,it satis-
fies fh + 1’ayy + f2" = 0, Thus,we note tha.t"I is related only to jo’ or
I =l ' (87)

The above assumes that the sheath surface is spherical and concentric with
the probe., This is valid if the perturbations due to ;1 and £2 or .11 and
32 are small.

be Retarding Region

Consider an element of cpherical surface at the sheath position,

=T, and let the normal be in the Z-direction. In the XY plane we write

= qsind, = qcos® and q’=1’+v; (48)

x Yy X
A charged particle moving from the sheath surface to the probe surface

conserves its momentum and energy within the collisionless sheath, so that
2 2
T, = Tgl, and v'zp = v;'-t el [2(VP-VS)/m] (49)

Henceforth we write V P instead of VP-V' with the understanding that Vp
is measured with respect to V'. In order for the particle to reach the
2 2
probe, we require v‘zpa 0 and "Ea’ 0,and the condition on q is q € 4qj,
where

2 ov \}
G = o (v et % () (50)

Henceforth subscript s is to be understood on and q.

Yz

17
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The current 8I through a spherical element of surface at

r=r, can now be written as

er

gt 1 an "
I =[vzdvz 7 qdq[d’ £ (vz, qsin®, qcos @) (51)
s

-o0 o

*
Substituting Bq. (3) for £ into this expression and integrating over &

yield -

19
*
;}} = 21 f v,dv, ] qdqi £1 0oF1 (c026) (52)
8
-00 (o]

Hence the current is related only to the f;oo components ,and 812 is pro-
.
portional to fzzz for any orientation of the spherical surface. These

facts are used in the previous subsection to show that I, and I, do not

1 2
contribute upon integration over solid angle. We are therefore inter-

ested here only in 8I°, vige,

4
7qdq £ (v,a) (53)

5T, ¢
7!":- = 2 r devz
- o

In a spherical coordinate system with v, = vcos® and q=vsim® (see Figure 3)

we find q

A

o= o

glon of /’— 8
region
N

integration \ N\ -y
-y 0 Z

Pigure 3. Spherical Velocity Space in the Retarding Region. If v€ Ivol "
the integration region is nil., If v» |v |, the integration
region 1ies between 6 =7 -6 or q -q: fnd 0=1v
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SI

[v’dv b g (v) -[ d® sinb cosO (54)

The angle 8  1s here defined by the Q= q: oquality, which is

stin'eo = ;!u'!':ll'_;' [v‘cos‘eo-v;] or sin'eo = ;‘f[ "<:'2>.] (55)

Integrating Eq. (53) ylelds

L ;e f v‘avp-(%)z] £ (v)av (56)

or
81 >
I = o> = To| vavlv* - v21¢ (v)av (57)
and .
. 8r*rle [~
I= "’"‘p-’o = 4adI = _E"L [ [U-Vp] fO(U)dU (58)

v
P
This result shows that,as far as "'o is concerned, the Jo contributions for

the plane and spherical probes are identical and independent of r,o It
is known that this is true for the cylindrical probe as well, as will be
showmn later.

For the spherical probe, the £, and iz terms give no net contribu-
tion to the total ocurriate The second derivative of I can then be
used to determine the fo term;

TSN R - (59)
f°(vP) " 8r'rle %‘%p

19




c. Accelerating Region
For an accelerating potential, the sign of the 2(Vp-v°)/m term in
¥q. (49) is changed, so that in Eq. (50) the quantity q, is now

r? v
9 =;s-_‘-%[v;+v;]-a[v;+v;] with p-;—:ﬁ,—; (60)

Also the 1imits on v, are now=-e t00 . Thus Bq. (52) reads

Z

81 o $
?3- = 2me '[ v,dv, 7qdq}i 1’100(17z ,q)Pl(cose) (61)
-c0 o 3

As before, we are interested here only in the 1=0 term since the 1=1 and
1=2 terms give zero contribution. In a spherical coordinate system (see

Pigure 4), we find

51 w/'ﬂvo w ) g
;,2 = 219[ vav ro(v) f d9s1inBcos6 + 2ue[v’dv fo(v) [ d8sinBcosd
8
™ 7-8 VBv, w/2 (62)

where 9o is given by q= v coseo = q

sin@ = ;%[1 + (%)z:l (63)

or

Pigure 4. S cal Velocity Space in the Accelerating Region. If v«
| vl,tho;uloenriufronf(Ztov. Ir v> [VBv |, the
angl8 8 varies from 8=7-8_ or q=qy to 0=

20




Integrating Eq. (62) ylelds

81 Yo # /Voz
e [ arrmend [avem[+()] @
v

o
2

L= 2
Now §, = 810/:«; and I = l.:rrpdo, giving

VB =
I = e [r: fvodvv’ fo(v)+ r; f dvv fo(v)[f-v v;]]
o Jpvo
BV o
- if,& {r; [p avu £ (U) + r; [deo (v)(u+ vp]} (65)
(] ﬂvp

If the sheath position is close to the probe radius, as is often the case
in the pressure range above a f'ew torr, we approximate r, ® rP and B>> 1

to give

&z 2
I 3_;:_1-2 fdnuro(u) (66)

Note that this is the same result as for a planar element of surface
integrated over a sphere (see Eqs. (47) and (23)). This is reasonable
since the particles see a planar element of probe surface if the sheath
thickness is negligible. We also note that the more general expression
in Bq. (65) reduces to the standard Langmuir relation™’ for & Maxwellian
atstribution; vis.,if £ (U) = no(m/ak’l‘a)y' o U/XT; e cbtain

o (@) [ (B (B))
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4, THE CYLINDRICAL PROBE
a. Surface Integration

The total current to a cylindrical probe is
I=rlL / Jop2® (68)

where @ is @ or ¢ depending oi. the orientation of the cylindrical axis and
L 1s the length of the cylinder. Let the axis be oriented along the X-axis.
Then from Eq. (31), we have

,11” = ;)usinasinb- J1ysin0cos¢+ J1zcoaa

We assume again that the sheath is cylindrically concentric with the probe.
This implies that the £, and 52 perturbations are small, We can integrate

over 6 from O to 2r and find that IJ1“M = 0, so that
I = rPL[[wab Jm]du I+l (69)

In the next subsection, we evaluate the Io and I, contributions.

2
b. Retarding Region
Consider a strip element of cylindrical surface at the sheath posi-
tion, r=r_. Let the axis be in the X-direction and the normal to the strip
be in the .z-diroctim. The current element 3I passing through r=r, over

a length L 1is

Yo o 1
::%r s/ Vzd"z ]d‘x ] dv!f.('zv'xo'!) (70)

~q¢
Here 9y is obtained from momentum and energy conservation relations for a

particle moving from the sheath position to the probe, namely,

TVp = TaVy, S04 Yz = Vg ¢ vy - v -[2(V -V, )/a) (n)

22
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The condition for a particle to reach the probe is V. 20 and v; 30

Zp Zs
or 43‘ qf‘ ,vhere 2 .
G o) w7 ()

with Vp denoting vp-va. Also subscripts on Vs vY,and Vy are to be
understood henceforth.

Let us first integrate Eq. (70) in the XY plane over &. Let
¢ = Vi-v Vys Vg =qoos®, vy =qsin®

Referring to Figure 5, we see that, if q* ¢ <f1, then the limits on 3 are O
to 2w, If q’aq;, then the & limits are from -8  to & and from 78  to
7+8 . Here & 1is determined by the condition that f q: or

w3 O] o

*
Let us now substitute the spherical harmonic expansion in Eq. (3) for £

into Bq. (70).

'
A
q
LTI
= ri:te:agon 14 I . x
_i‘l,

Pigure 5., Velocity XY Plane for the Cylindrical Probe in the Retarding
Region
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The

n -V, . .
S, v, dv, a f‘ Pl(cos8) [a®[8 cosmd+ &, sinmd]
i 2% 993y pgy os 1s

o o

8
er
1lms

© -]
*
+fqdq f‘lmng_l(cosG) fdi[&ozcosnﬂ-r 81Bsinm§]
Qs -2

[¢]
o ""’Qo
L]
+[qdqflmP';(coae)] d@[805008w+81ssinm§]} (74)
-3
(o]

In the first term, we obtain a contribution only when m=0 and s=0. In
the second plus third terms, consider first the m=0 term. The & inte-
gration then contributes Mosossom' Consider now the m2 1 terms. The
8 i terms give zero contributions. The 808 contribution in the second
term cancels that in the third unless m is even, so that the & integra-

tion for both these terms gives (2/m)[1+ (-1)"] sinm® . Hence we obtain

-V
1
il n | w8 dqqZ 2mf. P (cos8)+ ma L £ P (cosd)ud
ereL' ZVZ\ qql loo 1'\°°3 qql loo 1'¢°%° o
-00 (o]

b

+ [ dqq z f;moP;(oose) 7.21 sinm¢°[1+ (-1 )m]}
-t l,m>1

= (SIa+ 8T, + 8‘[0)/ersL (75)
Now we integrate over € in the qZ plane with

v,

y = V0088, q=vsin® eand v’=v;+q’

Referring now to Figure 3 for the first term in Eq. (75), we can immediately
write




5 Yo ”
I
er:L = ZﬂZ [ v;dvf;:oo(v) j d8sinBcosd P, (cose)
l » )
o
where
s r? v, o
sin’® = ;% [:1 -(—;)] (76)
Let x = -cos®. Then, since Pl(-x) = (-1 )lpl(x), we obtain
5T ® 1
»
er:L = 2 Z[ vav £100(") [ dxx (-1 )lPl(x) (77)
1 v() coseo

Let us refer now to Figure 6, which indicates the region of integration for

the second and third terms in Eq. (75). If v¢ lvol , there is no contribution.

region of
integration

vz

Figure 6. Spherical Velocity Space in the Retarding Region in the Investi-
gation for a Cylindrical Probe
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If v» Ivol » then the limits on 8 are -8y to -8 ,where sinzeo is given
above in Bq. (76) and

co®y = vo/v (78)
Thus ,substituting Bq. (73) for & end letting x=-cosd, we obtain with

p = r;/<r;-r;,)

cose
-V
Z[ v v f (v) / dxx (-1 )]T’ (x)hsin -g-(wj—]-
i (79)
For 8Ic we write
o I ooaeo
c . 2 m
S =/dvv= z ne / dxxP';(-x); sinmd [14(-1)"]  (80)
3 Yo l,m» cosBy
with Qo given by
sin’® = Blvx* - VAV (1-2 )1 (81)

Consider first the 1=0 terms Since m € 1, we require m=0 and
therefore 81c = 0. The expression for BI in Eq. (77) gives immediately

BI
er L

-w;;[am (M)[¥ - ¥:] - (82)
0

The integral in Eq. (79) for 8I, can be evaluated thus. Let

Blvx* - v*]

=T (83)

When x = coseo, one obtains y=1,and,when x=co0s8y, one obtains y=0.
Equation (79) becomes

;;Tlc Jdv P2 (v) [1-('-)]] (f’”. (&)
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No

[t - gy - e [ (§552)] @

and
;
[ fghpS" - E[:(p :pa)a} ~ (11p)]
o
so that . & $
e r
L e;bL oy /dvvfo(v)[v" -] Gf : ;}) (86)

o

Adding Bqs. (82) and (86) yields
[ -]

8
To = [dvv f‘o(v)[v’ -v':]

L
er,

Yo

Thus 8Io - JorpL is independent of r,, as mentioned previously.
Performing the integral over & from O to 27 in Eq. (69) yields with
Usm oy /2

La'r Le
1, = 2 L, = et J ave  (0)[v-v.] (87)
P

This result for '10 is the same as for the planar or spherical probe but it
is multiplied here instead by the cylindrical area, arrpL.

Consider now the 1=2 terms. As mentioned in the previous sub-
section the 1=1 term integrates to zero over a. For 1=2, we equate
.

£ » r;zz (see Bq. (L)) and P,(x) = 4(3x" -1). Equation (77) for 8I,
integrates immediately to give

Fyov [ i [-(@)]B[-220-@))]

after Bq. (76) for sin’ 60 is substituted. With the substitution for y
in Bq. (83), 8T, in Eq. (79) becomes
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2 o o ) ot (-]

(89)

We use the formula in Eq. (85) and in addition the formulas
4

18 4 (90)

[ T - ey | B (L> -1] 9

Consequently,
By fo oG R R4 Gt
o

(92)
In the expression for SIc in Eqs. (80) and (81), we have only a contribu-

from m=2 for which sin2® = 2sin® cosd . We note from Eq. (4) that
*

. 1 * G * 2 8 ) = 2 2 z
000 = (fzxx fZYY)' Also P2( x)=3(1-x). Letting y=1-x*, we obtain

) NA
8I° * L ] % )
-G.IT;!: =/de(f2xx-f2YY)B /dy(a*bY* cy2)2' (93)
vo yo
where ﬂ=r;/(r:-r;) as before, a=- p(v* -v;), b=v (¥ -vz)(1+23),
c==v¥(1+8), Am l..ac-bz=-v‘(vz-v;)’,

@) = @)

Since ¢ and A are less than zero, we use the formula

[dy(a+by+ oy‘)’} ‘2_9m (a+Dby+ cy')% :’:—0),72 sin™! (ﬁ)

(9%)
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At the upper and lower limits, the arguments of the sin™! are,respectively,

1 and (a+by+cy’)=0., Thus
¥

(a+by+c )'}-"bz- g =%|1- L"z—z X (95)
S, At i (e PP B A | (1)

(o]

This yields for 3I, in Eq. (93) the following:

Zee i3 B o (@ i 00

Adding the three contributions in Eqs. (88), (92) and (96) finally gives

__ . [f ( _(%,) ([ 13 (1~ > X ’”5
+ o) (-() (-H] o

Let us now perform the integration over a« or 6 from O to 2m. Then

¥

from Eq. (32) we find that

2m
2 2 =
]}2zzae = n(f, o5in ¢4-f2yypos $+1,,, 2f2xysin¢cos¢]
(o] b 2 2
= ﬂ[fzncos b+ fzyysin o+ 2f21ysin¢cos¢]
since f, = - (f2xx+ fm). Similarly one can verify from Eqs. (27)
and (30) that o o
" £ a6 > abs o2 |2, 80
2nf pey = f oxxd0 = - 2 ]}ZYY = - f - (98)
o o o

Substituting Eq. (98) into the integral of Eq. (97) ylelds

3;12): e jf Pav ( -(-;2>’X1 .3 (%)3 (99)

for any orientation. In terms of U=mv’/2, this reads as
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ﬂzer L
I.=rk Lo U+2V f U)dau 100
2 = b [40-- [[ V2 o) (0) (200)
g v
P
It is remarkable that this expression is independent of r, and could have
been obtained from the plane probe result by integrating Eq. (13) with
Eq. (32) over 6 for ¢=0. This operation yields Eq. (100) with £,y and
generalizing to any other orientation means writing f oxx° This component
thus always refers to that along the cylindrical axis. Combining Eqs. (87)
and (100), one can write generally for a cylinder oriented along the i-axis

the following expression for the total current in a retarding potential:

lm"e ) Ay
1 4 e [ (to-v,1e, -4 [u+zvp-sv;/u1f2ﬁ(u)]au (101)

v
P

Thus,if € o(u) is obtained by using a spherical probe as outlined previously

and if T  is then subtracted from (101), the remaining current (12) varia-

tion versus Vp can yield the f2:li components by using the inversion

relation in Eq. (43). As a further illustration,if the cylinder axis is

in the 1j plane forming a 45° angle with respect to the i and j axis, one
klz er L /

([0-,16,(0) 4§ [0 27, = /01 30 (0= £, (0] a0
(102)

Hence, in pr:lnc:lple, with appropriate orientation of the cylinder axis, we
can derive any component of the £2 tensor,
ce Accelerating Region
Since the sign of the va/m term is changed, we redefine our quantity
q, in Eq. (72) to be
€ =Blvy+ V] with B ri/(r-r])
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The limits on v, are now -o to 0. Equation (75) reads for this case

Z
5I_+ 8L, + 81 4 $
51 a Ib (1
o Lehons 5 agemat f "23% [ 7 daq3 20t Py (cos)
-0 (o]

+q‘j dq qf floopl(cose)l..ﬁo +q!dq q Z f;moP;(oose) % sinmﬁo[1+(-1 )m]}
1,m31 (103)
where
2 [ f
sin’e (9-'-> s (104)

We proceed with the integration over © in the qZ plane. The first

term in Eq. (103), 8I,, can be evaluated upon considering Figure L, namely,

VBy, A
81
—_M:g f?dvtl (v) fdeairacoae P, (cos8)+Z [V:dvﬁ_ (v)|8s1rBcosoP,) (cosb)
-8 /2
o ’/BV
where

sin®@ = %[1 + (%)z] (105)

Let x=-cos®, Then

8 o 3 1 1
ﬁ:_;_f = i [ v’dvtloo(v) f dxx (=1 )lPl(z)-ri f v’dvfloo(v)[dx:(d )lPl(x)
» °

VBv cosd o

5 (106)
Let us refer now to Figure 7 for the integrations in s:b and 8T o® Ir
v< lw/'ﬁvol , there is no contribution. If v> |4'57°| , then the limits on ©
are m/2 to m-8_, where 8 is given in Eq. (105). Thus substituting Eq.

(104) for &  and letting x=-cosd, we obtain for 31,

com p(v’i'%"
= v G -
—’% z [d"floo( )oj axx ( 1)’1:1(3)1.4111 ﬂ- 9(1-9)}]&]

(107

b1

P ——




For 810 we write
o cosd

Se = [dvv’z f‘m /. g.xx P;‘(-x) % sinm§°[1+ (-1)™ (108)

er L
s

‘/Bvo 1,m>1 a

with Qo given by
sin’® = B[v'x* + ¥ 1/[v?(122)] (109)

Consider first the 1=0 term. Again 81c = 0 since m=0. The expres-

sion for 8I  in Eq. (106) yields

81 A . {Evo
0
st #] wvew( *G‘) Yo weem] o)
VBv, b
As far as 8I, is concerned, we obtain,instead of Eq. (84) previously, the
expression
5T, g g ek Ly
e =[ avv® fo(v) |;1+<?°'>][ %x (111)
s +p
VBv VBv /v
@ =g}

Figure 7. Spherical Velocity Space in the Accelerating Region in the
Integrations for a Cylindrical Probe
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where 2
Blv*x* + v*]
P e i (112)
v(1-x%)
and y=1 when x= coseo and y=‘/’§vo/v when x=0. We now use Eq. (85) and

obtain
ixg =16 j‘wdvv’ £ [1 (%] ok ::?.(?jv’/;) ) z(p: = ol

VB,
- By /¥
e (5]
1+ v /’v‘z
(113)
Adding Eqs. (110) and (113) gives for SI°=I°/21r= Jor L the following :

ErI:_rsi = ﬂ‘,?vgvf £, (v)+2 fdvv’fo(v) sif ( )+-2( (— >s1 {{v*.pfj

o VBv

x (114)
Equation (114) reduces to proper values in known limits. If fo(v)

is a Maxwellian distribution, Eq. (114) reduces to Langmuir's resultl”s-

e ) (@] = @0 )

where & is the error function. Also,when r, > rp or p << 1, we can appro-

ximate Eq. (114) by

I, -l.nrr.[dvv’t (v) [—*(”(—))“” [+ ) ]}

anr : [r(uv )’}+ (U+V )sin™* [("*V,y] f (U)dU (116)

Bquation (116) agrees with the recent expression given by Polychronopuloss.

Finally,when r ® rp or B>>1, we can reduce Eq. (1“'_) %o
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> anzer L
I, = ZrzerpL [ avv® fo(v) [

0.

davu f (U) (117)

which is identical to the plane probe result in Eq. (11) integrated over a
cylindrical surface 21rrpL. An incoming particle effectively sees a planar
element of surface if the sheath thickness is small,

We now proceed to the 1=2 results for the particle acceleration
regime. Evaluating BEq. (106) or I, for 1=2 gives

2t T e [ [ T3 -]

VBvo (118)

;r

[ ] L]
using £, = =f,,, and Pz(x) = (3x*-1)/2. The expression in Eq. (107) for
I, can be evaluated with the substitution of y® 4in Bq. (112), similarly to

the method leading to Eq. (111). The corresponding relation is

::"L dvv’ fzzz(") [1+< >][ @W[ %% (119)
VBv, vBv /v

Using Eqs. (85) and (90),we obtain

o et (5 (G- 3

w/'ﬁv

(G- i e [
AFEN 2@ ERDT)

Next we evaluate 8:[° in Bq. (108). Only the m=2 term contributes. We use

Fy(-x) = 3(1-2") and £350 = 3 (forz~ Thyy)+ Ve are lod to a relation
similar to Bq. (93), namely,




81, “
er L [ v (£, 'fé'n)p%f ay(a+ by + o )? (121)
’/B' ain’e

where

=1=-2, a,=-ﬂ(v’+v':)z, b=1"(v’+¢°)(1+$), ‘
c=-v‘(1+ﬁ), A =l+ao-bz=-v‘(v"+v‘;)’
204 = V[ (1+48)-¥] and a+bec = V(¥ -pY)

Since ¢ and A are less than zero, we use again the formula in Eq. (94) to
yield

=J€£av<fm £ry) {;P( P-” (‘?"Lr;ﬂ [ T%{]
(_2 ;yXu v’ein Kv‘ ﬁ

(122)

81

=ie

o

We have used the relationship illustrated in Figure 8 that

14 28)<v"- - v =BV
ot (BB g ()] o

?

=iy x

]

%o @
3 3 %
TG =
% . >

2v (148)2(v* B2)? (1+8)7

Figure 8. Relationship Between the Angles £ and x. Note that sin(v/2-€)=
2siny cosy or w/2-€ = 2y
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Combining the three parts in Eqs. (118), (120), and (122),we finally

obtain

. By, : = ;
:1:21, -1 f vy’ £,,, + [ avv fzzz {% sin™? (/Bv o>
’/Bvo
7 e 2 E i
R R T I el [y

B3O T () -a ])

o GO e (AR (T

".L,"‘»

VB,
GR @) [FH])

The above applies to a cylindrical strip whose exis is along the
X axis and whose normal is in the Z-direction. Let us now integrate
over all such strips by letting 6 vary from O to 2m. We obtain the result

in Bq. (98), which after substitution here ylelds

B CEEACE *'”‘ﬁ
) [ @ T
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This is our final result. When rs» rp or B << 1, it reduces to

1

[y

st~ o ) (703 () ) (+ ()0 G ) ()

or

- T oo ()3 (R )
o
Yhen r =r or f>> 1, we cbtain (126)

er’r L . .
I, =- —,‘,-;,L [dUU £ g (U) (127)

which again is equivalent to a planar surface element (see Eq. (25)) inte-

grated over 8 (see Eq. (32)) from 0 to 2m.

5. THE SPHERICAL GRID SYSTEM

A different type of electrostatic analyzer is the spherical grid
system, illustrated in Figure 9.

Let the normal to the hole in the plate be along the Z-axis. Then,

after integration over &, we obtain for a retarding potential

spherical grid at

V=V
ok

V=0

Figure 9. The Spherical Grid System
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8
= 2me f f dv v I f;ooPl(cose)(-1 )lsinecosed.e (128)
O

where 8_ is the acceptance angle and v = (2Vp/m)%. Integration over © gives

Jg = 2me [ dvv’ i 1&*100(-1)1::1 (129)

v
o

vhere,using Eq. (16), we have

R | $215) (o080, )P, (c0m0,)) (-2-:_—1>(Pn_2(cosea)-Pn(cosea))-J

In particular for 1 up to 2, we obtain
(=4
e
Jop = 22 J ok £ (V) - K, £y, (U) + &y, (U))an (130)

with

K, = % 8in? 6,5 (1-cos’9 ) and K= § sin®e (1+}ccia ) (13)

ul—s

Differentiation yields
Eﬂ=-ﬂ£{v['¢f(v) (V) + 62005V )]} (132)
dVP m P oo'p “ 1Z 2ZZ P
For this kind of probe then, the first derivative of J with respect to Vp
gives a linear relation for the different componenfa of f. The current
densities obtained for different orientations of the probe provide a set of
linear equations from which (knowing fo) one may determine the different
components of 51 and gz.

For an accelerating potential, the relation equivalent to Eq. (130)

is
Jop = 2 [ U{K £ (V)= K £}, (U) + K £y (W)]a0  (133)
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6. SUMMARY

We summarize here the results in this section for various probes
including anisotropic terms, up to £2 terms in the distribution function.
In the retarding potential region, the current intercepted by a one-sided

flat disk of area A is (see Eqs. (11) to (13))

I %?Afdu {(U-Vp)fo(U)-% U [1 -(-‘-;25' Jf:Z(U)

v
p

v ifvea, - W/ | €5, (134)

Here Vp is the retarding potential and a star on f allows for a 6¢ rota-
tion of the disk according to Eqs. (31) and (32). The Z axis is the
direction of the normal in this coordinate system attached to the probe.

In the accelerating potential region (see Eq. (26))
2meA 3 2 -
I =T/. du {fo(U)-'g f1Z(U)+Z fzzz(d)} U (135)
o

A spherical probe with surface area A collects in a retarding poten-
tial (see Eq. (58))

1 =24 [au(o-v ) (v) . (136)
vP
and in an accelerating potential (see Eq. (65))
r2 Py .
1«2p # REXOR [ au(u+ vp)fo(u)} (137)
o pvp

where r_ is the sheath radius, T is the probe radius,and p =r;/(r:-r;).

For & thin sheath, r, = T B > 1,and Eq. (137) reduces to

I = ronat) [ avue, (o) (138)
0
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A cylindrical probe has contributions from fo and 22. In a retarding
potential (see Eq. (101))

2meA 1 ¥
1-222 J au {(U—Vp)fo(U)- g (U+2v) 3V;/UIfm(U)} (139)
P
where X signifies the axis of the cylinder and A is its surface area. In

an accelerating potential (see Eqs. (114) and (125))

1 =_2£_35 {:_: p].p duu £ (U)-o--j duuf (U) L"" sin™' [(a—:JrB>%]
) P

<1+-2>sin [(g+3v>_’}-—. dUUfzxx( )
- 15 faUU f;xx(u) E: sin"" [‘@;2 %

PVp
R (G G- )
(140)
For a thin sheath, Eq. (140) reduces to -
1 - 2gh [ dUU{f' (-3 %, (U)} (141)

o]

A spherical grid system, with hole area A, collects in a retarding
potential

1 - 4ok f avlk, £_(U) -4 r:z(u)uzf;zz(u)]u (142)
"
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where the xn's depend on the hole acceptance angle and are given in

Eq. (131). In an accelerating potential (see Eq. (133))
o
eA
I-= 5—‘!'!5‘:- [ dU[xofo(U)-x1 1z(u)+ K, 2zz(U)]U (143)
°
By using several probes or different orientations in a retarding

potential case, the Io’ I1,a.nd 12 current contributions in I= Io- I1 + 12

can be separated from each other. Then from Io for the plane, sphere
or cylinder, one can obtain f_ by Bq.(40), i.e.,

o &1.iv.)
2reA ‘——‘Ld; (144)

fo(evp) =
*
From I, for the plane, one derives f,, (see Eq. (41)):
az, (v >
o zd
f1z<°v) Smeh Vp av. ["" _I (145)

where Z is the direction perpendicular to the plane. From 12 for the

plane or cylinder one obtains (see Eq. (43))

a1 ar, .
. o ( I (V)av
fo14 2ueA{ T 5 av bk 7 [ e ¢
= P P 8v72 Ve
P V

P
where c=1 for a plane and c=-—£- for a cylinder. Also,i is the direction
perpendicular to & plane surface or the axial direction for the case of a
cylinder. For a spherical grid system with normal in the Z-direction,
the first derivative gives directly a linear combination of the f's

(see Bq. (132)), namely,
"ofo(vp) i 1z(v ) + "2"2zz(v )= - Tmek z.:r:A g[ (147)

from which for different orientations one can sort out the various parts.
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SECTION IIT

ADDITTIONAL CORRECTION TERMS DUE TO THE EXTERNAL ELECTRIC FIELD

1. INTRODUCTIOUN

In Section II, it was assumed that the electric field, E, in the plasma
multiplied by the sheath dimension, As, was negligible compared to the probe
potential, Vp. In certain discharges, E mav be of the order of kV/m,vhich
means that for sheath thickness of the order of 41mm, EAS becomes comparable
to the probe potential. When this is the case, the previous expressions for
the current collected by the probe should be corrected, since the effective
potential between the sheath boundary and the probe can be substantially
different than Vp and the correction terms can provide contributions to the
current comparable to those due to higher order anisotropic parts of the
distribution function. Here we give the new expressions for the current
intercepted by a probe when the influence of the external electric field
around the probe is taken into account.

In doing this, we assume, however, that EAE is still small compared to
Vb so that we can ignore angular variations of the sheath thickness due to E.
This approximation allows us to avoid the treatment of non-symmetrical
sheaths and the case where spherical or cylindrical probes have accel-
erating and retarding regions on opposite sides which make the calcula-
tions almost impossible. On the other hand, this approximation may force us
to omit diagnostics pertaining to the lowest energy (U) domain of the
distribution function, namely,U< eEAb. Horever, since As also decreases
»ith Vp, then if Vp >> eE)xa for large Vp, this condition is usually obeyed,
although possibly to a lesser extent, at lover Vb.




™

In the first subsection, the current density intercepted by a plane probe
with the normal making an angle 6 with respect to E is expressed in terms
of the spherical harmonics of the electron distribution function fo, £1,
and £2’ including the above correction terms. Only the retarding case is
considered since, for the accelerating case, the expressions for the current
are the same as when E = O. Expressions for the limiting case of eEAs << Vb
are also given.

Following the plane probe, the spherical and cylindrical probes are
analyzed. We first derive the general case for an arbitrary ratio of sheath
to probe radius, rs/fp, and express the results in the limit vhen eEAB«‘Vp
for both the retarding and accelerating regions. The cylindrical probe is
assumed oriented along an axis perpendicular to the electric field E. When
oriented along the electric field, we get the same results as when EAS=(L
For the perpendicular cylindrical probe, integration over 6 cannot be per-
formed analytically for arbitrary rs/bp, which implies in this case a double
numerical integration to calculate the current.

Next, an approximate analysis of the sheath thickness As is presented.
This evaluation is required for the evaluation of Elh,which appears in the
expressions of the currents. We assume that the electron contribution to
As is mainly determined by the isotropic part of the electron velocity dis-
tribution and by the probe potentiale The ion drift is assumed monoenergetic
and is related to the electron thermal energy by the Bohm sheath criterion.
These approximations are justified if we comaider!:)\.5 as a correction term;
otherwise the analysis becomes extremely complex. The effects of negative
ions on As, on the Bohm criterion,and on the ion saturation current are

also presented.
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Finally, we treat the inverse problem of deriving the electron energy
distribution from the current with the additional correction terms. We

find that we can deduce fo’ £ z,and fzzz from the currents intercepted by a

1
plane probe oriented along five independent directions. Results are given
when the orientations 6 =0, 7/4, 7/2, 3/4,and m are chosen., The utiliza-
tion of diff'erent probe geometries under circumstances when EAB is non-
negligible (as proposed in Section II) is not practical because we can hardly
separate the different orders of anisotropy if we include the correction
terms. Thus, to determine the anisotropic terms of the electron distribu-
tion function, a plane probe is most sensitive. A design of a plane probe
is given in Appendix B.

As in Section II, we assume here again a collisionless sheath in a
low pressure plasma. Most of the fall in the potential that is applied
to the probe is assumed to occur in this region, and the electric field out-
side of this region is associated only with the external electric field.
This is velid if the mean free path is much greater than the sheath width
and greater than the probe radius. At higher pressures, there exists a
quasi-collisional sheath outside of the collisionless sheath. In Sections

IV and V, the combined sheaths will be discussed.

2. THE PLANE PROBE WITH CORRECTION TERMS

Let the external electric field E be oriented along the z-axis in the
anode to cathode direction,and let 6 be the angle between the normal to
the one-sided plane probe measured with respect to the z-axis. The magni-
tude of the effective potential between the sheath boundary and the probe

*
when it is retarding particles can be written as Vp-vg,where Vb is the




magnitude of the probe potential with respect to the potential at the
sheath edge (when the probe is oriented parallel to E with 6 = + n/2),
Letting As designate the sheath thickness, we note that V: = leEASI cosfm
V&cose is the magnitude of the potential drop of the external electric
field across the sheath and e is the magnitude of the electron charge.
(Remember that we assume Vp> V: throughout the calculations here.) Pre-
sently, we will include the effects of V: which were neglected in our
previous analyses. However, we neglect the small potential bump AV with
respect to potential at the sheath boundary which appears in the sheath
at the point where E+E = 0 when E E < O(where E, is the electric field
due to the probe). For Vp> V:, AV<<‘V: and neglecting it does not affect
the results too much.

For the accelerating region, the current density intercepted by the
probe is independent of the effective potential,so that we get the same
0. That is,

expression as for E

(-
2 * £k
Jop = Ko [U [fo(U) -3 f1Z(U) Ly fzzz(U):l au (118)
o
for the probe oriented along the (6,p)-direction (see Eq. (26)) with
L ]
K, = 2me/n’ and f:Z(U) and £,,,(U) given by Bgs. (31) and (32).
For the retarding region, we obtain the following for the current

density intercepted by a probe oriented along the (6 ,p)-direction:

J“ . Jm" 31“"' 32” (“0-9)
with A
L]
Youk ™ Ko[ [u- (v - V)¢ (u)av (150)
*
Vb-V;

L5




U [1 < ;v:>’/] f:z(U)dU (151)

‘
a.

2
=3K°[
P

[ [0+ 2(v, - V) = 37, - V,)* /0] £, (0)aw (152)

rl-s

O

<:

which are the same equations as Eqs. (11) to (13) after replacing V by the
effective potential V V .
Vhen Va << vp, we obtain after neglecting terms of order higher than

"
(Va)z the approximate relations:

Josg * o [(U- v )f (0)av+ KOV: f £ (U)av+ %KO(V;)’fO(Vp) - £953)

Vp Vp
2 e ZB ’/2— * * wzp '1" ®
31” ® 3K, [U[ -(U> Jf1z(U)dU+ xovaf(u> f,z(u)du
p p
o [ £ (0)au .

LR (VL) / e Ko (V)% 5,(v. ) (154)
v P
P

oo . [ 3v
3ze¢“‘11; K, [[m v, - 3v;/u]f22z(u)a0+ %Kov:‘J ('1'12' 1>f2‘zz(u)du

)4
D P

-2k (V) [ £ O a0 L K (V)85 (V) (155)

These results are obtained by first considering separately the integrals
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from VP to » and from Vp-V: to Vp. In the latter, we approximate

£(U) =~ f(Vp), then take it outside of the integral and perform the remain-
ing integration over U to yield the above indicated terms. The approxima-
tion on f also requires the assumption that higher order Taylor expansion
terms are negligible, viz., Iva(a 1n f/avp)l <<1. All terms except the first
in Eqs. (153) to (155) are the corrections due to external electric field
E. The first terms for Jm'a.nd 3 6¢ in BEgs. (153) and (154) have already
been obtained recently by Lukovnikov7, using a less general approach. The
third term of Eq. (453) is comparable to the first term of Eq. (155) when
|£ o/fal ~ (V p/Va.)z, so that, if .one is interested in including the f, con-

tribution, the effect due to Va should be included as well,

3¢ THE SPHERICAL PROBE WITH CORRECTION TERMS

For the spherical probe, the magnitude of the effective probe potential
is Vp ¥F V: where the ¥ sign is used, depending,respectively,on whether the
probe is retarding or accelerating. Here V: has to be redefined in terms
of the potential variation around a conducting sphere in an external

electric field. This is well known to be
*
A eE(rs- r’p/r:)coao- V0086 (156)

where ry is distance from the center, in particular the sheath position,
and rp is the probe radius. If Aa is the sheath thickness and rssrp-f A’a'rp’
then

V: % 3A, eEcos 6w V_cos 6 (157)

where we redefine V, = eE(x, -r;/r: )= 3A 6E for a sphere. We assume that
the sheath is spherically concentric with the probe, 1..0.,)6.a is not a funotion
of 0,
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a. Retarding Region

For the retarding case, the total current intercepted by a sphere is

T 2n
I =[ je¢dA =[ [ j%r;sinededsp (158)
0=0 ¢=0
where

Jop = Jo0p = I16g * Joeg = (SIO-BI1+-8I2)/r; = 51/&; (159)

is the current density on the element area located at (rp, 6, ¢)
and 81 is the current through a spherical element at (rs, 6, ¢)e
It has been shown in Eq. (52) that

-V ] 2
3 B a ® P (cos8) 6
e—r‘; = 2!!] v,dv, | qdq £ ooFp(cos (160)

A ¥ 1=0
where 6 is the angle of the electron velocity Y with respect to the normal
to the spherical element at (rs, 6, ¢) and where v, = vcos®, q = vsin®,
1

v, = (2Vp/m)-5, and q, given in Eq. (50)s Summation in Eqe (160) has been
truncated at 1=2 since it is assumed that higher order terms are negligible.
After changing variables [v= (v;-c- q® )% and 6 = ta.n"q/vZ] and integrating

over 8 using Bq. (16) and Figure 3, we obtain

2 -
C
81 L) * (Lrdp - 5
- 214 2T+ j.d"; f100 {21+3 [Py =Py plv 57 [P, PI]} gt
1=0 Yo

where the argument of the Legendre polynomials is

- 2 Voad
OOQO = L1 -;E ( '?‘)] (162)
and Pl(-coseo) = (=1 )]‘Pl(coseo). For an effective potential Vp-V:, we

note that .
v, = [2(v - V))/m)? (163)
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Letting 1=0, 1,and 2, we find that ‘1094:’ ‘j16¢’ 326¢ can be written from

Eq. (161) as

-

;]06¢ = xo[ (u-vp+ V;)fo(U)dU (164.)
*
LA
5 rz ) r rz rz "V: 3/2 ™
o = 2K, -,] o f -[1-;3*5(1——1, )] } £7 (U)a (165)
P . s s \
V-V
P a
and * *
2 v --va 3 r? v -Va .
Soep = K, [ U (1 --LU——> [1 - h;f 1"P_u"‘>] £ 5, (U)AU (166)
vp-v‘

where U = #mv® has replaced v and where K, = 2me/m*. From Eqs. (164) to
(166), we can now evaluate the integrals in Eq. (158). The first integral

can be written as

[ Jo%dA = 2nr? x [ / (U—Vp+ v cos G)fo(U)sinG aeau
6=0 V -V cosé
o T \ 02 V. 1 . ¥
= Zﬂr;Ko[[ f + [p [ - 7 J[-I(U-Vp+ Vacose)fo(U)dUsianG
3 v vp-va° s 02
where

c0s6s = (V,-U)N,, 0<6,¢7 (167)

The double integrals can be reduced to a single one by first integrating
over 6, The subdivision of the areas of integration is illustrated in
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Figure 10. Integration over 6 yields

f,jwdA lmrK /(U V)f (U)dU+J—Lf(U v +v)=f (U)dU

p Vp V
Vp+Va
2
+[ (U-Vp-Va) fo(U)dU:l (168)
v
P

In addition, from Rq. (31), integration over ¢ leaves only the P part of

#®
f,,.rand we have

12
,[319‘1’“ = [ [ [U/2-(a4 -bgcose)’/’]f1z(U)couOsinGU—%dUdG

6=0 V -V _cos @ . (169)

with g 5

r

e.(u)=(1-;1i’>0+;§vp (170)

r? r? r’
by =;fva-;§(ra-ra>en (171)

i

V +V REGION OF INTEGRATION
p 8 &
— U:VP V‘coa 6
% —> 0
Vp - V‘

FPigure 10. Double Integration over 6 and U for a Spherical Probe
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(For T, T, M = vp and by ® va.) Subdividing the areas similar to that

shown in Figure 10 and integrating over 6 yield

/J10¢<1A = % W:Ko [ {:b—"? [(a1-by )7: + (@1 +by )721 +7bﬁ [ (a4 -by ).’/2_(3'1 +i,' )1/11}.

v ; £, ’(U)dU

+—1rrK 7 ve o V)]f (v)av

L i, [{w [(a.-b.)7= Va Jﬂ+ - [(a.-b.)’/=.u'/=]}eu(u)au

V+V

-18—517:"1(‘] { [(wb. o ) u’] _— [0/2 (a4 b4 )/2] }f"(u)du

. (172)

Also, from Eq, (32), integration over ¢ leaves only the f,44 components of

L ]
222
uniform region of the plasma. Also,since gg is traceless, we can write

We associate fo with the external B ,which has ¢ symmetry in the

Pone * Topy = ° it . (173)
and obtain
/ Jppg3h= 'mpxo [ / (8z2+bs cos 6+c2c08%60)(cos®0 - sin"6)sindf, , (U)aUA0
6=0 V =V, 0s6 (17%)
with a v
% (V) = (U-V.) [1 -i ;f(1 --Uﬂ)] (175)
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3%0.%
b2 (U) =va[1-2;§<1 - U):J (176)
37
ez (U) =-h;f-u- (177)
Integration over 6 as before yields
[ szcu. = E mr K /czfzzz(U)dU
v
P
V +V
i 4 4
+ nr;Ko [ [azcosezsinzez + % b2(1 -cos 03 - a} sin'6,)
L T A + C2 (-13- cos>6, -g cos’oz)]fzzz(U)dU
VI?.+Va e
+ — ur’K L[v zz(U)dU -J czfzzz(U)dUJ (178)
p

where 0, is given by Eq. (167). Summation of Eqs. (168), (172) and (178)
gives the current I intercepted by the spherical probe. These expressions
are greatly simplified when Va<<'VP. In this case it is simpler to expand

directly Eqs. (164) to (166). Neglecting terms of order higher than V:,

we get

[qu ® Lar’K [ (v-V, )2 (0)au + £ ik vie o%) (179)

v
p

/JWM e K, f (1 - -:-% + %)éf”(u)an (180)
v
P

u"l.‘u’i"
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’ 2 r 3 V: o .
j J29¢dA s 5 & ;E- K°J ki f2zz(u)dU k7 15 I‘PKOV:.f2zz(VP) (181)
P

These same results in the limit of P, rp can aiso be obtained directly
from Bqs. (153) to (155) after integration over a spherical area. Then
r, >> rp, Va may be an important correction to Vp,and one may have to use
the more nearly exact Eqs. (168), (172),and (178) instead of Eqs.(179) to(181).
be Accelerating Region
In the accelerating region, we write again Eqs. (158) and (159),but
here Eqs. (62) and (64) have to be generalized to include the 1=1 and

1=2 terms. Using Eqs. (16), (21)sand (61), we obtain

Lz

3 o vo
%:%ﬂ/z e;g-r Ty I'1ﬂ fdvv’fioo(v)
P PP EP(E) o

2mer® [~ :
et [ e ) o (B Gu-mL) ey ()] (o)
VBv,
The argument of the Legendre polynomial Pl is
—  p? +
cose = L‘l -;B (1+ vzo/vz ):] (183)
84
AlSO’
v, = [2(vp+ V:)/m]% and P = r;/(r:-r;) (184)

(Note that cosd and v are the same as in Eqs. (162) and (163) except for

a plus sign.) PFor 1 = 0, 1,and 2, we obtain,respectively,

3
r? B(V +V ) »
Joop ;g K, [ it v (U)au + K [ .(mva:)fo(U)dU (185)
o p(vp+v‘)
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[ 2

*
BLV,+V,) 2 VAV
27s e 2 " ( 2 8 }f U)au
316¢=3gxoj Uf1z(U)dU+3;g'K° u{1 1 = 14~ (v)

. B (VP+V:) (186)
and
2 B(V.av) ® *
e r, P a V 4V r? +v
Io06 =T ;;Koo Uf ,,,(U)dU+ K [ ‘U<1 + e “) E ﬁ ;}; < )] 577 (0)aU
PipTe) (187)

Integration of Eqs. (185) to (187) over the area yields

fowu Jak ( [ uf (U)au+ r? [ (s v)f (U)duj

BY,
-ﬁ(V e U-B(V_+V
-7 Kov&rp f _Jf (U)dU+[ [—Ff;i—)] £ (U)du]
ﬂ(v =V ) pvp (188)

fgwu-—-—x ( f (nl_(a.-bc Y24 (a1 +by )7j — L Y2 (ay+by )72 yMOL

L—E (a4 + bq n—:ui (8¢ + by )1/':‘ £, (U)av

ﬂ(V =y )
B(V +v) :
- [ . .[3—10'; (a4 = by )7' + - (a4 = by )/']ru(u)au} (189)
pvp 1 1
rt r
s a (U) -(1-;};)0-;}; % (190)
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—~ W = (r;/r: v, (191)

(Note that Eq. (190) for ay differs from Eq. (170)s) Finally,

fdz”u - % K, ] 0af, (U)AU

)
B(V _+V ) 2
+ ‘l!‘szo j 5y [(az -1I ?’ U) 0059351.!129; - i’bg(1~008‘9; - %sin‘O,)
B(V,V,) e (13 cos® 05 -g cos®6s) J £,,.(U)aU
. BV +V,) L
" % K, L [ caf,, (U)AU - j c,lez(u)du-' (192)
B(V,-V,) B,
with i ” 1_72 -.'
w@ = ey [1-2F (14 )] (193)
r? v
b2 (U) =v.[1 -%;f(1 +-§>] (19%)
2 v
o) =-22F (195)
-]
and cosfs = (avp-u)/ﬁv‘ , 0€6s<w (196)

In the 1imit of V_ -+ 0, these results reduce to those in Eqs. (65) to (67).

4. THE CYLINDRICAL PROBE WITH CORRECTION TERMS

For a cylindrical probe oriented along the z-axis, we get the same
results as for BE=0 since the external electric field does not modify the
potential around the probe, provided that the radius of the probe is small
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compared to its length. If the cylinder is oriented along any direction
other than z, the external electric field introduces a f#-variation in the

effective probe potential VP ¥ V: which affects the current intercepted by
the probe in the retarding or accelerating regions. We will

treat here only the case where the cylinder is oriented perpendicularly to
the z-axis (say along the x-axis). The general case of arbitrary orienta-
tion is more complicated and does not illustrate any new phenomenon. The
magnitude of the potential variation around a conducting cylinder whose

axis is perpendicular to an external electric field is
*
- SnE e
v, = eE(1 rp/rs )r:3 cos 6 m V,_ cos 6 (197)
or, i.f'r8=rp+Aaz rp »
L]
Vg ® 2\ €E cos 6 (198)
Here rp is the cylindrical radius, ry is radial distance, here associated
with the sheath position, and A’s is the sheath thickness. We again assume
-
that the sheath is cylindrically concentric with the probe. Note that Va
differs from the spherical case in Bq. (157) and from the plane casee.
a. Retarding Region
The total current intercepted by the probe is
2y 2 2w
1
=r L déd =rL -1 1
xrp[% PZ()[JW‘” (199)
6 =0 1=0 6=0

where L is the length of the probe and rp is its radius. It has been showmn
in Eqs. (75), (77), (79), (80) that the current density Jw can be written as

€1) g = F 45 + 8Ty + 35 )elp 8T, (200)
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where
oo

8I,, = 2mer L [ avv’ fzoo(v) j dxx (-1 )lpl(x) (201)

v
0 cos®
o

Here 8 1is the same as that given in Eq. (162) with 6's being the angle between

the electron velocity y and the normal to the cylindrical element at (rB,O)

and x=- cosB, Alsos

o cosf
81, =er.L [ av v f;.oo(v) [ dxx (=1 )Jpl(x)uo (202)
Yo : cosBy
and o L5 00890
5T, = er L [dvx;;f;mo(v) f axx P)(-x) Zatnme [14(-1)" (203)
Yo i €086y
with
coBy = vo/v (204)
B =r/(x} - p) (205)
and
BV - ¥2)
sin’@o = Wj— (206)

The expressions of .1104, for 1=0 and 2 were given in Eqs.(87) and (97). For
strong external electric fields, one must substitute for . the value of

*
[2(Vp- Va)/m]% in these equations to obtain

Josg = K, f (U-Vp+ V;)fo(U)d.U (207)

VP-VG

ot v -v: , 3 v -v: - LI
-’zﬁb:xof."(" T ):[-8(1- T “I-%):lfzzz(u)
v,

3 (' l'nu-vsX1 ;e) o) = 3y @] a0 (208)
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*
where K = ore/u’. Since here ¢ =0, we note from Eq. (30) that £

2z -
S 2 2 S 2
foex? fogg = fzyysin 0+ £,,,508 6 2f2yzsin9 cosf,and fz.n.-fzyycos 6 +
2 ) gk
fzzzsin 9 + 2f'2yzsin9 cos6, For our situation with f2xx" f2yy" 5 f2zz

and f2yz = 0, we have
. sm e S * 2q _
(fm-fzﬂ)_ < sin"6 £, ~ end fzzz..-g(}cos 6 1):6'2zz (209)
For 1=1, we obtain from Egs. (200) to (203)
21’1'3149 . ™ { - rz r O /2
=8I, =—3 j avv’ f1z(v) L -<1-;~§ + ;z- ]

v
o

: z.rsnepj:ve f:z(v)<1 >[d.v (—1—’&;’—57 {y +1P-1- -,7]

Yo (210)
s p

where y° = p(vzco:sze-v':> )/(v*sin®8). After integrating by parts the second

integral of Eq. (210) and regrouping, we get

-81, = e jdvv’ f1z(v)- r Le dvv’ f1z(v) [(P) %— (211)

v
O o

where

y = BE/E = BVLVDA (B>Y) (212)

Also from Byrd and Friedmana

(69" - s [omttm] £ el bt |
) .

(213)
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with
-% »;%

bey, &, = ()" and ko=[-(5-31@ (214)
and where G(ko) and n(uz,ko,‘ are the complete elliptic integrals of second
and third kind,respectively. (We use G(k) here instead of the standard
notation E(k) in order not to be confused with the symbol for the electric
field,E.) We can then express 31“ as

on

-2:2 -2 Lyst : + a? $i% 1
'119¢—} r Ko[ .U {1 tLLLp})(;%:)El G(ko) m n( o’ko)_]} f1Z(I')dU

. vV -V
p & (215)

where y in Eq. (212) is a function of 6. Integratic‘nx of Eq.(199) over 6
With Jogqs Jygg and Jpgq Eiven by Egs. (207), (215)s and (208), must now
be performed. This must be done numerically for d160°

For T, rp, however, these relations reduce,respectively, to Egs. (150)
to (152). Integration over @ can be performed analytically after inverting
the order of integrationby using a figure similar to Figure 10, except t&t

now 0 varies up to 2m. Defining 6, as in Eq. (167), we obtain

m 0 vp+va U=V (8 | %
[ jwao = 21K J (U-Vp)fo(U)dU+ i [ va[1 '(Vf) 'l fo(U)dU
(4] P v -
P a
Vp \'s +Va
oo, | (U-vp)ezfo(u)du-moj' (07) (a0, )2 (W)U (216)
VpVa p
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Also,

T~ [5G - oG8 pofom

o V
-1 4 7 [(2va+ U)(VP+ G A A u)]i’fu(u)du
V
. 2
f rv ( 7B 1O )P (B )}-va[z(;f-) ot )-ote0 0}
£, ,(U)av
V +V
+ & x, f a(!%lﬁ)%{vp (;ﬁ- 1)1* (&0 k0 )V, [3+ (%)’}(E- i )}f,,(n)du
/S ; . (217)
vhere Vv +V_=U 2v %
& = o (Ap—) s = (7

and where K(k¢), F(Es,k1), G(ki) and G(Es,ki) are,respectively,the complete

and incomplete elliptic integrals of first and second kind. Finally,

2r «
] Joes0 = % K, ] (as +E o3 )f,  (U)au
o

A/
P

V+v
P

+ % K, j [as (62 +5 51n26.)+ 2bs sinbs (1 + cos®6, )

Vv, o (11‘ sinkf, + 54n26, +E 62))¢,, , (U)aU

V. 4V
P &
-%x f (a3 + 2 03)tp, (V)a (218)
v




with

as(U) = U+ 2V, + 3VEP/U (219)
bs(U) = 2Va(3Vp/U- 1) (220)
e es(V) = - 32/ (221)

In the limit Va« Vp, we can also obtain simplified results by expand-

ing Eqs. (207), (208), and (211). Using Eq. (209), we obtain
on ®
[ Jopgdd = 2K, / (U-v )£ (0)av + 2 VIRE, (V) (222)
(o]
and 'p

an o o
[.12%&9 -~ 1’5 K, j'La.; +-‘21 342 ;—%)] £,..(0)au
(o]

i % Ko a 22z V (223)

with as and cs given by Egs. (219) and (221). Alsoa,

[31% pv 5 def () [ = +p),/z (Yz:-ﬂ;p/'u %

Vﬁ
g

= 213"1‘ VK, j avf, () (4 +pvp/u)’l’e(k,) ; (224)
v
%

where G(ks) is the complete elliptic integral of the second kind and
k3w [(U-vp)/(pvp+ U)]J". If in addition r = T, oF B>> 1, Eq. (224) reduces to

o o
[31”5.0 = movaj (vP/U)% f1z(U)dU (225)
[+)

¥p
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Equations (222), (223) and (225) also follow directly in these limits from
Egs. (153) to (155) after integration over a cylindrical surface.

be. Accelerating Region

In the accelerating region, the 1th order current density 31

on a cylindrical element is from Eqs. (106) to (108) given by

$169 * e—; {zﬂ /dvv’ £ (v)/ axxpl(-x)+zﬂ[dvff ) /am -

w/Bvo cos8

coae

/ v £](v) [ dxx P (-x)U8
VBv

® coaeo
+ [ dvv® Z:f;mo(v) [ dxx P;(-x) % sinm¢°[1 + (=1 )m]} (226)
‘,37 1 o

o

(o)

with 8 , B,and v_ given by Egs. (183) and (184) and & now given by

B(VPx2+ ¥
gm [W (227)

Letting 1=0, 1,and 2, we obtain

V +V ) oo " * .
sti—: K, [ﬁ? ' Ur (U)dU+- [ U {sin" [ﬁﬂ%—v‘-):l{;ﬂo ,ZLJE) .

p(va:)
-B(V_+ v,
o sin™? T ji} f (U)dU

(228)

31,,-3, Uvr,zcu)w--[ e, /ax<x'-y)//f(x'+p>7=(1-x'>*lj
BV V) vy
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Integratinge, one obtains

hep=5 2 {ur (v)av-2 f &L;x(k.) ‘%ﬁ)-)-(}(k:h +p) n(a:,k,il}r:z(n)du
(o]

(229)
whére here

. %
y:ﬂ(vp'O- V.)/U, Qy = (1 -y)%, ke = %1%1:)

and where K(k), G(k),and M(a®,k) are the complete elliptic integrals of
first, second,and third kind,respectively. Finally,

B(V +v )
dags -};;3 jp 555 (U)AU+ -}:—;-xo - sin”! [ﬂ(v 7,
e p(v, +V)
v W v o r? u-a(v +v
= [0 B) e [
r N4V p(v v,

32 -zﬁs . T) 55 ()20
- p(v +v

lomy [ 4 t, 2 [0- (V) (14 28] -ﬁ—\T

p(va.)
.
+ ;f%u( v"v [o'm VT [fm(U)-f ()lav  (230)

When the cylinder is perpendicular to E, integration of Eqs. (228) to
(230) over 6 has to be performed. Once again the integration of J, 06 must
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be done numerically. For r = T, oF B>> 1, these relations reduce to Egs. (23)
to (25) ywhich are independent of V,. The total current in that case has

been given in Eq. (141). For an arbitrary ratio of rs/rp but for V -0,

the result has also been given in Eq. (140), and when ry>> T, or B<<1,

this reduces to the sum of the contributions in Eq . (116) plus Eq. (126).

5. DEDUCTION OF THE DISTRIBUTION FUNCTION WITH A PLANE PROBE

Due to the complexity of the equations involved, it seems that the
deduction of the distribution function from the current intercepted by the
probe can be done only for va« VP. Even then, it is not possible to
separate explicitly the different components of the distribution function
by using different probe geometries as we did in Section II for E=0.
However, we have from the expansion in spherical harmonics of the Boltzmann

equation up to the second order for time independent and homogeneous plasma.s‘I

e§‘£‘ v 0 E‘S‘

egafo 2 0 of

ot} LR A~ & (V’ ?-£z> =0 (232)
o (o(ED +2iE) | foE-En -

A&~ o "13' e );:_J- vaf2 =0 (233)

where v is the electron velocity, (8t°/8t)c is the collision term for £
the vl'a are the lth order collision frequencies,and I. is the unit tensor.
If E is oriented along the z-axis, Eq. (233) implies that,if (eB/mvv)® <<1
(or the electron drift to thermal velocity is small),then gg is a diagonal
tensor with £, _ = f,m, = - ;fz..,u given in Eq. (173). This result plus

Bq. (232) also means that £, = £4, = 0, so that the only components to be

y
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! Ry

N
determined are f , f, and f, . Also, for ¢=0, we have,as in Eq. (209),

12
f‘ R TR B e 5(3cos® 6-1)f and V. = V_cos 0
12z 1z * “2gg " 2 222 a a y

Vhen Va<<‘Vp, one can obtain the three components of f from the cur-
rent intercepted by a plane probe oriented along three directions with respect
to the z-axis if we omit the Va/Vb correction and along five directions if
we include terms up to (V;/Vb)z. In the latter case, the current density
on a plane probe with its normal oriented at an angle 6 with

respect to E can be written from Egs. (153) to (155) as

3 Ji B,cos'0 (234)
T=o
where B, =3,~% 3, (235)
By = -3, -V, (3!-%33)=-§,-V B! (236)
B, =2 3+ Vi + 5 ViR (237)
By=- 3 Vi e 3 - fviy

Here we use new definitions for jo, :]1 sand .12 with

o= K, [ (0-v.)£ (0)av (238)
p
- Vv {2 -
i %Ko U E- <-625 _}fu(u)cm (239)
\/
P

* It is interesting to note from this result that we would get no contri-
bution from f2 to the currept intercepted by a plane probe when cos’0 =1/3
or for the angles 60 =% 54,7 and £ 125.3
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and
oo
1
ey i K, / (u+ 2vp- w;/u)rzZz(u)dU (240)
v
P
as the contributions if Va were zero and 6 = 0. A prime denotes differ-
entiation with respect to Vp. If we choose the five orientations of the

probe to be 0=0, n/4, n/2, u/4,and w, we can solve Eq. (234) to obtain

By = dysp | (211)
By =V2 (4 = d3g,) = 33pp = 4p) | (212)
By = 203y p+ I3g ) = 33p 1= Eipg + 3y) (243)
By = (dpg=3) V24 p= 35gp) (244)
and B, = (Sppt 3p) = 2085 3% S50 0= 3 10) (245)

Thus,the B's can be thought of as experimentally available quantities in
terms of which we can express jo, 31,and Jpe Bquations (235) to (237)

allow us to write

i -.-3041332 +13-V‘B1' +%(V:B"))' (246)
dy ==B, - VB (247)
Iy = '§' B, + % VB o+ 1}' (V:B(',)' (248)

so that the problem now reduces to the inversion of the Eqs. (238) to (240)

since J o? .11 ,and .12 can be experimentally determined separately upon knowing the

B's. We can derive f from j_ 1in the manner given in Eq. (40):

£,(V,) = K‘—o i (219)




We can deduce f1z from J1 by differentiation as given in Eq. (L1) and f2’z

from Bq. (43):
1
£1.0) = - v [;‘f J,'] (250)

3 (V)
g 2' p’
gv_>/2 [W/’ vaJ
P ¢ P
P
N

£[5 05 [ )]
v P
P

22z P

)
~
<
~
]
?ﬁl_s
e |
e
D=
]
N
3
S
-
+
=
e
N

Thus fo’ f1z,and szz can be deduced from Jo’ J1,and 32 given by Eqs. (246)
to (248),where the B's are obtained from the current density on

the plane probe oriented along five directions as given by Egs. (241) to
(243). Equations (250) and (251) require a knowledge of the reference
plasma potential with respect to which Vb is measured. Plasma potential
can be obtained from the change (theoretically a discontinuity) in the
second derivative of the I-V characteristic with the plane probe oriented
at 6 =w/2,for which V; corrections do not occur. In so doing we assume
that the potential of the probe has fallen close to the plasma potential at
the sheath edge. The last term of Eqs. (246) to (248) may be found to be
highly inaccurate when replaced in Egs. (24,9) and (251) because of the
fourth order derivative involved. When v‘<<'vp, these two terms can be

omitteds so that Eqs. (246) to (248) can be written in terms of j's as
3o ® % (0% 30 0) =% (gt 3043 T IVE(Y, 5 = 33, 1) =5 (34,-30)]
(252)
3y % 5 Cog= 3) =VE(, 4= 350 ) = Vo dd 1o (253)
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2 1 1 ]
3% % Ut dmn) =2 =3 Upg* 4045 VIVE(s ) - 33, ) -5(33 - 301

(254)
In the limit Va» o, B3=Bl+= 0,s0 that "17/14- and ,13‘",/2+ become linearly

dependent on j, , J, ,and 3/2 (see Eqs. (244) and (245)). Then

m
(RS FIPRC RERERE (255)
3 =3 (3= o) (256
=1 (4, +3)-2 4 (257)
I =3 U 3)=3 4 o 51

Three orientations of the plane probe are sufficient. In this same limit,
the expressions for the current intercepted by the spherical and cylindrical
probes are also greatly simplified. By using several probes :r a retarding
potential region, the Io, I1,a.nd 12 current contributions can be separated
from each other by combining the responses from several probes. For
example, only ‘10 contributes to the current of a spherical probe,and one

can obtain ro(vp) directly from Eq. (249). The j 4 contribution can be

obtained from a plane probe by using Bq. (256),which,substituted in Bq. (250),

gives f"(vp). Knowing j and j,, one can then obtain j, from either the
plane or cylinder, which allows us to determine r2"(vp) from Eq. (251).
All these results are also deriveble with the hemispherical grid system.

In the more general case,when one has to allow for Va, the problem be-

comes the evaluation of V_=eR\ , where fo(U) has to be known to determine

As’“ shown in the next subsection. The simplest way to get As is by itera-
tion ,upon sssuming first an approximate value f,, (Vp) for fo(vp):

£09(V,) K1—o (£ 30 + 3 (4 20 (258)
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as given by Eqs. (249) and (255). Introducing f01(Vf) allows us to cal-

culate a first approximation As1 for As, which can then be reiterated.

6. EVALUATION OF THE SHEATH THICKNESS AND EFFECT OF NEGATIVE IONS

For the calculation of the current from the eleciron distribution
function, one must know the drop of potential V; of the external electric
field across the sheath in the retarding region, This implies an evalua-
tion of the sheath thickness As for negative probe potentials in a situa-
tion where electrons still provide the dominant contribution to the current.
For an anisotropic non-Maxwellian plasma and a strong external electric
field, this problem is extremely difficult. However, if we consider V;
as a correction term, an approximate expression for As may be acceptable.
One of the assumptions is that the sheath boundary is parallel or concen-
tric with the probe.

In many lasing plasmas, negative ions are present to an appreciable
degree. Their presenca influences the sheath criterion, the ion directed
velocity at the sheath edge,and consequently the positive ion contribution
to the current. It will be shown below that the ion saturation current is
sharply reduced if the negative ion concentration is high. Alsosin the
electron saturation region, the effect of negative ions is to lower the
electron saturation current, sincesdue to charge neutrality, the electron
density is lower in the presence (as compared to that in the absence) of
negative ions for the same positive ion density. Thus, negative ions are
included in the following analysis.

The negative ion contribution, j_, to the total current density in
the electron retardation region can be derived from Eq. (150). Allowing
their distribution function to be isotropic and Maxwellian, we obtain
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for a plane probe
J- =2 nn Zne (

mn) - 2 v)] (259)

where k is Boltzmann's constant, n, is the negative ion density, Zn is their

charge number, m is their mass, and T.is their temperature. (For a spherical
or cylindrical probe, this expression can be readily integrated over angle

as in Eqs. (158) and (160).) Because of their greater mass when compared to

the electrons, the negative ions contribute very little to the total current.

Space charge and sheath effects are determined from Poisson's equation,

v (g) - f; [ng-% Zn +Z 70 ] (260)

where V/e is the potential (V in joules), ¢ is the magnitude of the elec-
tron charge, e, is the permittivity of free space, np is the positive ion
density,and Zp is the charge number. The external electric field across the

discharge is taken to be constant,so that it does not cause any space
charge effects. Thus V is here associated only with the potential varia-
tion caused by applying a potential to a probe inserted in the plasma.

Consider a plane probe accelerating positive ions of mass mp and let
Z be the direction of the normal to the probe. The positive ion density,
np, within the collisionless sheath is given by

np(z) = [[[ fp(vé Vg vr)dv vy dvy
[ [ £ (vz, Vg 'Y) ('z/'i)d'zd'xdvt (261)

where v =lv, + 2 (v-v 1}
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Henceforth, V/e = |V/e| designates the magnitude of the potential
wvithin the sheath. Alsoq fp is the ion velocity distribution function and

vs/e is the potential, both at the sheath edge. For simplicity, we assume
that the ion velocity at the sheath edge is much greater than the ion
thermal velocity. (This assumption is valid provided the negative ion
concentration is less than the electron concentration.) Then f can be

considered as a delta function, as far as the v component is concerned, viz.,

[[ #5005 vgs vpargamy - o 3lv,~(2V,/m )] (262)

where nps is the positive ion density and Vi is the ion directed energy,

both at the sheath edge. Combining Eqs. (261)and (262) yields

¥ %
np(Z) = nps (W) (263)
s
For the electrons, we assume for simplicity that only the isotropic

part of the distribution function contributes to the density in the sheath.

Since electrons are decelerated, we have
- 1 1
ne(Z) = [ f [ fo(vz, Yy vY)dvzdvxde (264)

where v, = [v; - (2/m)(V-VB)]%, m is the electron mass,and f is the iso-
tropic part of the electron distribution function just outside of the sheath
edge. The assumption that f is isotropic plus the assumption that Vi is
independent of 6 imply that As is independent of 6. That is, as a first
approximation, the external electric field is considered weak enough not
to make the sheath thickness dependent on angle.

Below we restrict ourselves to a plane probe and later give the results

for the sphere and cylinder. In evaluating the integral in Eq. (264) for a

A




position Z where the voltage is V, one notes that,when VP-VB> %mv;> V—V3 ’
the electrons turn around in the sheath between the point Z and the probe
surface,and we have to count them twice. When %mv;> vp-vs, they reach the
probe and we count them once., If %mvzz< V-Vs, we do not count them since

they do not reach the point Z in the sheath, Thus we have
(v, x,vY)dvé:]

n(Z)-[dv[dv['f f("z’x’y j
(v; )2

f s [ Vs VysVy )v dvz - fo(vz, x,vY)v dv,
v. 4 _ __,__
‘/ v[ (v~ \r)E J z' e
o

Vo,

(265)
where vv [z(v v )/nﬂ’l- and v = [2(v 3L )/m]E We use the fact that
2 f + f 2 ! - J o

v,
v % Y - Y

Let ¢® = v;-l- A dvydv, = qdq d% and integrate over & to give

n (2) = Zr[qdq[ [ fzv 22 ) %Zj:?;] (266)

Let us change to polar coordinates with tan® = q/vz and U= m(v‘;+ q®)/2. We

obtain e
d8sinBcosd -——-j’ d8sinBcos®
" (z) .7 3 [fo(U)UdUO/ Ucos'e-(V—V )];' f i [U°°"e'(v-vs)]
V-Vs s (267)

where cos’e, = m;,/zu and cos’8y = m:/zu. Integrating over 6 yields

2,(2) = (%f' ,[2 f. cm(u-v»,v,)*fo(u) - /«» au[(u-vwa);"- (vp-v)’l’]fo(u)}

- VP-V‘ (268)
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If BB at the sheath position where V= VB, one can normalize and write

n,(2)

n
es

J (U-V+Vs)%fo(U)dU -3 J [ (U—V+VB)% - (Vp-v)%]fo(U)dU
-V -V
= s p_s

- - (269)
f U%fo(U)dU-% [ [Ujf- (vp-vs)%]fo(u)au
o VP-Vs

For sufficiently negative potentials when Vp is much greater than the elec-

tron thermal energy, Eq. (269) reduces to

ne(Z) > i‘ > i‘
= ] (U-v+v_)2¢ (U)au / [ v%r (U)au (270)
Nog s’ o o
V-v A
s .
The negative ions are also decelerated,and the assumption that Vp is
greater than their thermal energy is obeyed even for vefy small Vp. Further-
more their distribution function is Maxwellian. An equation similar to

Eq. (270) then applies, which, for a Maxwellian distribution, reduces to

nﬁ(Z) Fgr [_ <%>] o

where Do is the negative ion density at the sheath edge.

Let us assume that all the positive ions have the same V1 and all the

negative ions have the same T_. Also in Eq. (260) we can define
n = !sznp and n_=3Zn (272)

Equation (260) can be integrated once to give

- @)% [
)" \&)" %, f [n, =ng=n_lav (273)

VB
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where V is now the magnitude of V. From Eqs. (263), (268),and (271) we

obtain

A ¥
[n+<1v =2n { vi(vi+ v-vs)] -vi} (274)
v
[vn_dv =n_kT_ {1 - exp [- GE%)]} (275)
v
v 3 e w : .
f n dv = 535 <§>/2 { [ auy 2f°(U)- f deo(U)(U+V—Vs)3/j
v, 4 V-V,

+ % (%)/2 [ ave _(0)[ (U~ 7+ vs)7 2 /2. (VP-V)S/z o Y2]
v, . (276)

For large Vb, this reduces to

V o (-] oo

nav==2n awu/2e (0)- [ ave (v)ev-v )2 |/ [av B2 0) (e77)
[ fnPego- [ wioer-v | o,

o
Vs V'-V8

The Bohm criterion’’'® requires that (dv/dz)? - (av B/d:r.)z be greater
than or equal to zero at the sheath edge. Putting this equal to zero is the
condition used to determine the positive ion energy Vi at the sheath edge.
The same condition results by assuming a positive ion sheath with n+> n +n_.

If we now expand Eqs. (263), (270),and (271) or Bgs. (274) to (277) near

the sheath edge where V-V8 is small, we obtain
A
n+/n+s x 1= (W vs)/zv1 and [ n dv nﬂ[v v, (v va) /‘*"1]

vB

Th.

el




\

n/n % 1=-(V-V)/AT_  and f n_dvxn_[V-V -(V-V_)*/2kT_]
v
s
v
ne/nes % 1= (v-vs)/ve1 and [ n dv = neS[v-vs-(v—vs)’/zve1]
vs
In the above, e v
V=2 |f (u)u;fau £ (U)U"l’ au (278)
= et -

defines a new average energy or temperature (Ve 4 /e in eV) for a non-Maxwell-

ian electron distribution, which differs from the usual definition
-
s

V=2|f (U)lr:/zdu 3 |f (U)U’l’du (279)
= 2 fr o a5 fr,

(Por a Maxwellian distribution, LT Vo =Kk ,where T  is the electron

_temperature.) The Bohm criterion can now be applied to the above equations with

n,_=n _+n_ to yield n+s/2V1 = n_s/k‘.!_ +n, /V , or

+3
ve1 n+s
V, = = (280)
i 2 nog* Ve1 - e

This result is identical to that given in Swift and Schwa.rvI and in Boyd
and Thompson'Z, except for the new definition for V_, given in Bq. (278).

In terms of Vi, the positive ion contribution to the total current
density is

3, =320 0@V, /0)E < n (2v/m Ve (281)

When n_V /n“k‘r << 1, then V =v.1/2. When n_V_,/n KT >>1, vizk‘r_n”/Zn_,,

- el - i 01/ e
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but the lowest value of \Ti allowable before the delta function approxima-
tion breaks down is Vi> kT _/l;s. At first sight, the variation of j+ with
n_s/nes seems to be useful as a diagnostic to determine the percentage
negative ion concentration in the plasma. However, if Ve >>V_, Boyd and
Thompson12 show (for a Maxwellian electron distribution) that after the
quantities at the sheath position are related to those at infinity, the
positive ion current is an insensitive function of negative ion concentra-
tion except at about n_u/new ~ 2 where an abrupt transition occurs in Vi.
A similar conclusion probably applies to a non-Maxwellian electron distri-
bution function.

A1l the above quantities, such as density and electron distribution
function fo refer to the sheath position. Our previous assumption, that
the ion beam is monoenergetic and has attained an energy vi at the sheath
position, implies that the sheath potential Va/e is equal to Vi/e. If we
adopt Vs=Vi as is usually done, then unfortunately fo and the densities
at this sheath position differ from those in the undisturbed plasma and
corrections are necessary. Furthermore, at this position close to the probe,
the voltage gradient due to the applied probe potential may not be small
compared to the external electric field, as we would like it to be in order
for £1 and fo in our previous subsections to be related only to the external
electric field. For these reasons, we do not proceed further with the usual
analysis which provides the sheath radius, Aso’ up to the point V= vs=v1 by

integrating again Bq. (273) thus:
v

Ao = f av/(av/az) (282)

A
8
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Instead, we adopt Eq. (280) for V, and let it crudely apply even at a dis-
tance further away from the probe where the densities and distribution
function are close to those in the ambient plasma. If we were still to

use Bq. (282), we would now choose V, less than V, and determined by the
requirement that at the sheath position the gradient dv/dZ be much less
than the magnitude of the external electric field. However, Eq. (282)
involves several numerical integrations and is cumbersome. We use insteada
different definition for As which is much simpler analytically and numer-
ically. We define the sheath width in terms of the effective capacitance
of the sheath,and this will give a somewhat larger A  than that in Eq.(282).

Following Grard's >

method, we define

A= te /0 (283)
where (:s is the sheath capacitance, A the area of the probe,and &, the per-
mittivity of vacuum. The sheath capacitance is defined as the partial
derivative of the charge Qp carried by the probe with respect to its

potential Vp’ C, = BQP/GVP. From Gauss' law, one can show that

) av>
C == Ae —(._
v _\d
8 oap Zp

As avp 9Z b

and depends only on the potential gradient at the surface of the probe. From

so that As becomes

Eqs. (273) and (274), the relation for A, becomes

\)
L@ S (o) o0 T
vs
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where from Eq. (276)

[Pn av = ()3/2 {[ av [(v-v,+ vs)?’z, Jz-(vp-vs)’/z]fo(u)
vV, v,
-2 f dUUyzfo(U)} (286)

(o)

and
A
P 3/2 = 1
d_g; [ nedV i <§> - [ au[ (u- vp+ vs)%+ (vp- vs)f]fo(u) (287)
vs VP-VS

The negative ion contributions are similarly obtained from Eq. (275). Assum—
ing dvs/az % 0 and letting Vp be measured with respect to Vs yield finally

\'2 1
( 3 7 F
tz[vi(vi+ Vp)] -2V - j (ne+ n_)dv/n+s}

2n z
-A'—; & ( +se:1> 1 i . (288)
{ [vy/(vy+v 1% - (a/av ) f ?nem_)dV/nﬂ}

>

with the Debye length given by
Ay= (e V,,/n, 6% ; (289)

The main contribution to A  in Eq. (288) comes from the ions since the

ion density in the sheath is larger than the electron density. In the

absence of negative ions, Eq. (280) gives v, = /2 and in the region
VP >>V,, Eq. (286) reduces to

vp 3/! (-]
[ nedV = (%) 531 [ U%fo(u)‘m i nosve
o o




with V, defined in Eq. (279). Furthermore,Eq. (287) gives zero. Then we
obtain a relation similar to that of Grard‘13 (who assumes a Maxwellian dis-

tribution, so that V, = Ve1):

Ay =VE N[O 20 A V2= (e 20 A7, (14 V7, 01 (290)

This expression is plotted in Appendix A. However, in contrust to Eq. (288),

the approximate formula in Bq. (290, does not reduce to A, =0at Vp = 0.
For a spherical or a plane probe, the expression for ne(r) has to be

rederived with r as the radial distance from the center of the probe. In

the electron retardation region , an analysis similar to that in Eqs. (264)

to (270) yields for a spherical probe

n (r) = (;2;)72" {2 f ave _(U)(U-V+ vs)%- [«' ave _(u) {(U-V-& vs)%

V—Vs VP-Vs

SR RARE JUR AR INCD

For a cylindrical probe, we obtain

n (r) = (%)732 {w f ave_(U)(U-V+ va)’l‘r - [» duu’l‘ro(n)

L Y. 8
x ro A=V 4V,
. fc... sin"l: U V+V - U‘}L" (292)
where % - [(U- vp_._ va)/U]i'

These expressions have to be further integrated for use in Eq. (285). Per-

forming this operation on Eq. (291) and then evaluating the result at V= VP

7

B W T R R T S R - Y (U O G = = DI Rl B R PR



and r=r,we find an identical expression to that in Eq. (286). Thus for
the spherical probe, the expression for A_ in Eq. (288) is the same as for
a plane. The calculation for the cylindrical probe is more tedious, but
the value of As’ expressed in Eq. (288), is found again to be identical to
that for the plane. This can be shown by integrating Eq. (292) first over
V, then letting V= Vp and r= rp, and finally integrating over x. Thus,for
any of these three geometries, Eqs. (286) to (288) or (290) provide a fair
evaluation of As in the retarding region. This value can be used in the
previous equations for the calculation of the current from the distribution
function or inversely.

For the evaluation of the sheath thickness when the probe is positively

5,14

biased, attracting electrons, we can use the well-known Child-Langmuir law,

For a plane probe, we have

A, = % ﬁ)% vp% B_g. (1 +2.66 g)]% | (293)
P

where the electron distribution function is assumed Maxwellian as far as
the Ve/vp correction term is concerned and where the positive and negative
ion densities in the sheath are neglected. Here j is the electron current
density.

For spherical and cylindrieal probes, Eq. (293) has to be multiplied
by respective correction factors, which are functions of rs/rp, as given
by Langmuir and Blodgett??*15+16, since these factors and also j in Eq. (293)

depend on A g» One may have to evaluate A 4 numerically by iteration.
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7. SUMMARY OF RELATIONS IN THE ELECTRON RETARDATING REGION

The presence of a strong electric field E in the plasma modifies the
potential around the probe. If eEAa-_-va is comparable to, but still smaller
than,the probe potential vp, correction terms have to be added to the
expressions for the cmeﬁt intercepted by the probe in the retarding region.
For a plane probe vith normal along the (6-¢) direction with respect to

the z-axis, assuming V, << vp, we find in Eqs. (153) to (155)

& |
Sop = ; (1) 4104 (29
=0
with = e
i 5, J (0-V, )z, (0)an+ xov: J £ (U)av+ 3 KO(VZ)‘f o) (295)
P
- AL o [/Vp\E
31” = 3K0J u[ '(u> _lfw(U)dU*Kova f (U) f1Z(U)dU
P v
P

*
(]
f 1z(U)du

1 .., 1 * 2 R
-1x (7)) [ - Ko (V))2f,, (V) (296)
v, P
» . . 3V
3204, & -11: K, [ [U+ zvp- jv‘p/U]f;zz(U)dU-r% xov: [(—ﬁE- 1) f;zz(U)dU

v v

P
- ﬁ xo(v:)' J f;zz(U)D"dU + % xo(v:)'f;zz(vp) (297)

P

* * L]
where V_ = eEA cosd = V_cosf, K = 2re/uf, and f1z(!) . fzzz(x) are given by
Eqs. (31) and (32). For E along the z-axis, we find from Boltzmann's equation
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£1,(0) = £, (U)coss (298)

£55(V) = ¥, (U)(3c08%6- 1) (299)

so that for 6=% cos"ﬁ/}:v the plane probe sees no contribution to the
current from £2 and, for 6 = *#/2, no contribution from 21.
For the spherical probe, in the approximation Va« Vp, we obtain from

Egse (179) to (181) in the retarding case

z ,
I-= >: 1) [ T (300)
1=0
with i
[ Jopgh = l.:rr;KO [ (U-Vp)fo(U)dU + -‘;5 w;KOV:fO(VP) (301)
%
A S
/,j‘“dA - % n;xova‘j (1 2 ;E ! ;E-UR) £, (V)av (302)
P
4 »
[ Jpppth = -% ;%xo %; fzu(")w*% r;Kov:szz(vp) (303)
v
P

Here V, = oE(ra-r’p/r:), r, is the sheath radius, T, is the probe radius, and
A_=r -r,
s s p
Under the same approximations for a cylindrical probe, whose axis is

perpendicular to the electric field, we obtain

2 n
I=rl }:(-1 > [ 316430 (304)
=0 o]
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with (see Eqs. (222) to (225))

o )
[jmda - 2K J (U-V,)E (U)a0 + 5 K (V,)%2 (V) (305)
(o)

p

- " ©, BV} © N 3
Lol et [ o

P P

n ® v r?
[ 52%(10 = -’é KOJ I.U+ 2vp- - i -U—a <3+ 2 ;!:):l fzzz(U)dU+% xo(va)‘fZH(vp)
o

¥ (307)
In Eq. (306), ks = [(U-VP)/(BVP+ U)]’} and G(ks) is the complete elliptic

c:LH‘

integral of the second kinde The approximation on the right-hand side of
Eq. (306) applies when TR T, OF B>> 1, where ﬂ=r;/(r:-r;). Also here
we equete Va = eErs(1 -r;/r:).

The current intercepted by the spherical grid system is not affected by
the presence of E since the surrounding conductor prevents the external
electric field from penetrating the cavity. The results are then
the same as for E = O.

An estimate of the sheath thickness A_ can be obtained (in the absence
of negative ions) if we assume that the ion drift energy, Vi, is equal to
one half the electron mean energy V,,as defined in Eq. (278), and that
the main contribution by the electrons comes from the isotropic part. (In

the presence of negative ions, V, is redefined in Eq. (280).) Using the

i
definition for A_ in Eq. (284), we have from E%. (288)
%
% i {2[vi(v1+ vp)]’k-zvi- / p(ne/n”)dv}
A, = <°‘n:.) : (308)

V.
(/g 1E- @vaw) [P(a/m, av]
4}
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with the integrals given in Egs. (286) and (287) in terms of the electron
distribution function. Here n.g is the positive ion density Jjust outside the
sheath. (In the presence of negative ions, add n_ to n  and use Eq. (275).)
In order to recover the electron distribution function from the current,
it seems that only the plane probe (when Va << Vp) or the spherical grid sys-
tem are sensitive to £1 . We show that, upon using a plane probe and retaining
the correction terms up to V:, we need five orientations of the probe to
derive fo(U), fqz(U), and f2zz(U)' If we choose these five directions to be

=2m, n/4, n/2, 3n/h,and m, ve have from Eqs. (249) to (251)

n? aj
£ (V ) = -5!- (309)
m 3 d (1 d

212 (Tp) = 2re V3 &V, (;f w 31(Vp)) i

- 2 .(v.)av

2 .2 -

S - i (- S .31_13,_2

szz(vp) e d_V;[p d P <Vp72v/ vp 2 )] (311)
P

Here, Eqs. (241) to (248) give

(312)
3y =% Cpp= 3=V, = 850 1) =V, 38 1o (313)

2= % U dsg n)-28 1500t d,) GV IVECL -3 1 )-5C35,- 30014 5(VE 41 1)
(314)
where the subscripts of the j's on the right side of Eqs. (312) to (314)
refer to the O-orientation of the normal to the plane probe with respect
to the r-axis (E direction) and where the prime stands for the derivative

vith respect to Vp.




SECTION IV

COMPUTER CALCULATIONS FOR A PLANE PROBE

1. INTRODUCTION

As part of the present work, we have numerically programmed the equa-
tions presented in Sections II and IIT for a one-sided plane probe,and we
provide here the results. The computer programs are described in Appendix C.

Two computer programs were developed. The first one, called program
FT0J, calculates the total current intercepted by the probe for various
orientations, for a given electron velocity distribution function, with
components up to second order tensor terms. The second one, called program
JTOF, performs the inverse operation of deriving the three components (fo,

1! ” and f of the electron distribution function from the current intercepted

1 222)
by a plene probe oriented along five different directions. The integrations
and differentiations required in the main programs are performed by sub-
routines SUMT and DER, which are also described in Appendix C. In the

following, we discuss the results o these computations.

2. RESULTS FROM PROGRAM FTOJ

We calculate the total current to a plane probe for five orientations,
namely, when the normal to the probe makes angles 0, /4, /2, m/4yand w
radians with respect to the anode-cathode or electric field direction, E.
The parameters consist of energy interval in distribution function = 0.1 eV,
gas pressure, p = 0.14 torr, ratio of electron or ion density to neutral gas
density = 10" ®, gas temperature = 300°K, probe area = 1 mn?, and the gas is
Nye
and 9 V/em, which correspond to B/p = 15, 32.1,and 64.3 V/cm-torr,respoct—

Several electric field values are adopted, namely, 2.1 V/em, 4.5 V/em,

ively, or E/N=4e7 x 107'%, 107'% and 2x 107'® V-on’ respectively. (N is

the neutral particle density.)
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A solution of the Boltzmann equation including inelastic collisional

effects yields the actual values of fo’ £, .and s the latter two in

12 f2zz
the direction of E. The function fo is normalized,so that

ffo(U)U%dU =1 (315)
o
where U is the electron energy. Results for the above mentioned three

electric field values in a N2 plasma were supplied by ARL for use in the

present probe analysis. These plots for f‘o, £, .and szz are illustrated

129
later, when we compare them to the rederived results from program JTOF,
but certain features are noteworthy to mention here. First, fo deviates
appreciably from a Maxwellian distribution, a result already found some
time ago by Nfl.yla.z;l 7. At ARL, it was shown in addition by Bailey and Lons18
that the anisotropic parts, f‘lz and szz’ can become & noticeable fraction
of fo in magnitude in certain energy regimes. These regimes are correlated
to electron energies that excite strongly the gas molecules, important to
know for lasing media., The purpose of the present calculations is to
include both effects of a non-Maxwellian and anisotropic distribution in
the response of electrostatic probes. One-sided plane probes are most
sensitive to measuring the degree of anisotropy’as is indicated by the
theory in Sections II and III.

Using the supplied fo’ f‘!z and f2n input data, one computes the total
current in the electron retardation region. The electron current contri-
bution is calculated from Bqs. (149) to (152) and the ion contribution from
Eq. (281).

Pigure 11 illustrates results for E=2.1 V/em with ne/Ns 10"‘(11. = L.5x

10° om™®) and T, = C.78 V. We note that the curves are close together
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Figure 11. Current~Voitage Characteristics of a Plane Probe for Five Orienta-
tions when B=2.1 V/om, n=10"® and p=0.14 Torr in Nitrogen
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for this rather low E/p value. Figure 12 is a plot of the results for
E=4.5 V/em with Ty = 1.48 eV. Here the curves for different orientations
have separated considerably. Note also that the 6§ =0 and 6 =7 curves have
quite different shapes between floating and plasma potential. Figure 13
shows the results for E=9 V/em with T, = 3eV. As expected, there is an
appreciable separation of the curves,and the ion contribution becomes sig-

nificant only at larger negative voltage values.

3. RESULTS FROM FROGRAM JTOF

Given a collection of current-voltage (I-V) characteristics, such as
those shown in Figures 14 to 13, we wish to rederive the components of the
distribution function. The I-V curves are obtained experimentally, and
it is of importance to know whether the details of the distribution func-
tion can be obtained from such experimental data. The theoretical relations
for performing the inversions are given above in Egs. (309) to (314). These
relations have been programmed (see Appendix C), and the computer rederives

fo’ f1 z,e\.ud f,,,,using the I-V characteristics for five orientations of a

2zz
plane probe.

As is apparent from Eqs. (309) to (314), this program requires many
differentiation manipulations. This introduces computer noise in the results,
and a smoothing technique is advisable. In the results shown in this sub-
section and in the program given in Appendix C, the standard IBM smoothing

subroutine called SE35 is applied for f1z and f . for every differentiation

2z
within subroutine DER. (This subroutine SE35 uses for matching a polynomial
of degree 3 relevant to 5 successive points.) The accuracy of the input
data for fo’ ru,and szz is 5 significant figures for the results shown

here.
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The computer calculations for E=2.1 V/cm are illustrated in Figures

14, 15,and 16 for fo' £, and f

129 252,1'08P°°tivelyo We show both the original

functions calculated from the Boltzmann equation and the rederived results,
from the program JTOF,from the I-V characteristics. The I-V input data
in Figure 11 are used from -0.1 V to =14.3 V in 0.1 V steps. We find that
£, shomn in Figure 14, is reproduced nearly exactly (to within 6%) with
some deviation noticeable only near zero energy. The function -f, 1in
Figure 15 is reproduced properly around its maximum, but deviations appear
near zero energy up to about 0.8 eV,and computer noise is evident at high
energies above 3.8 eV. Similar remarks apply to f, . in Figure 16, but
the deviations are more evident for both low and high energies.

The results for E=L4.5 V/cm are shown in Figures 17, 18,and 19. The
input data use the I-V characteristics in Pigure 2 from -0.1 V to =15 V
in 0.1 V steps. In Figure 17, the rederived and original functions, f o?
show no noticeable difference throughout the energy range. The function,
-f,,» in Figure 18 geviates only at low energies below 0.8 eV, and some
computer noise appears for energies above 10 eV. Near the maximum, only
a slight difference ocours. On the other hand, stronger deviations appear

for f in Figure 19,especially at low energies below 1 eV,and appreciable

2z2
computer noise becomes apparent at 3.8 eV.

Finally, in Pigures 20, 21,and 22 we show the results for E=9 V/om.
The input data are those shomn in Figure 13 with voltage varying from -0.1
to =15 V in 0.1 V stepss For this case, V‘ is of the order of o!A’nur
Zero energy. (V‘/OIA.‘ 0.1 only for energies above 7 eV.) This is
probably the cause of the errors in the deduced values of fo and f1 . at

the lower energy values. The rest of the curves above L4 eV follows the
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original data quite reasonably, as is seen in Figures 20 and 21. Deduced
values are not shown in the f2zz plot in Figure 22, since they were com-
pletely in error. This is due to the very low values of szz as compared
to £, throughout the energy rangs.

Consider again Figures 14 to 19. The deviations near zero energy in
these curves are associated with the difficulties in differentiation pro-
cedures when the AU interval between points (here 0.1 eV) is comparable
to the energy, U. For better precision, it is suggested that the interval
should be taken to be 0.01 eV up to 1 eV. For use in the program FTO0J,
input values of f o? f1z ,and szz should be calculated from the Boltzmann
equation with such a finer grid.

The deviations at higher energy are due t; computer noise. Whenever

the derived values of |f1zl and |f, | are less than about 1/20 of £

2zg
errors in computation can arise in calculating j, and 32 (see Eqs. (313)
and (314)). Large values of the ‘otal current have to be subtracted from
each other for several probe orientations in order to yield the small diff-
erences, J 4 and .12. This gives rise to error in addition to the noise
which originates from subsequent differentiations. These wiggles in the
f1z and 1’2“ curves could probably be smoothened further by additional
manipulations acting only in this high energy regime.

Additional problems are to be expected in the more general use of the
program JTOF for experimental input data. These are now discussed.

The computer program assumes that olAB is less than Vp. Fortunately
for the first two cases illustrated above, it is indeed so. For the third
case, the two are comparable at low Vp values. Thus, if experimentally the
electric field is very strong (B/p > 60 V/om-torr), large errors can be

expected due to this cause.

101




The total current includes the ion current contribution. This con-
tribution dominates at large negative voltages,and the electron part
calculated from the total current will be subject to error. Thus ,the
distribution function components that can be deduced are limited at the
high energy end (at several times thermal energy) due to this cause.

Experimental data from plane probes under certain circumstances
9

do shcw1 and under others do not ahowzo clearly the break or discontin-
uity in the curves which is expected to occur at the plasma potential

point. We note that Eqs. (310) and (311) require a knowledge of vp vith
respect to plasma potential. Thus an error can arise if the exact plasma

potential reference point has not been properly identified in the Vp input

tabulated data.

4. SENSITIVITY OF RESULTS FROM PROGRAM JTOF TO INPUT DATA ACCURACY

Prior to the above calculations, we checked the sensitivity of the
JTOF program to the accuracy of the input data. We inserted I-V charact-
eristics with siéniﬁca.nt figures decreasing from 5 to 4 to 3 decimal
places and checked the output results.

A different smoothing method is adopted for these results. The IBM
subroutine SE13 is used to smoothen f‘“ and f2". In contrast to SE35,
subroutine SE13 uses a polynomial of degree one relevant to three successive
points. Smoothing is done both in the differentiation subroutine DER and
at the end of the deduction of fh and f2u' This method was abandoned
for the results shown in the previous subsection since it rounds off too
much the regions around the maximum and it also decreases the height of
the maximum, as is evident in the results presented below.
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The results are illustrated in Figures 23, 24 and 25 for E= 2.1 V/cm.
These calculations show that the accuracy of the input data can be reduced
from 5 to 3 significant digits with no appreciable degradation of the accur-
acy around the maximum values, although the noise content at the higher
energy values increases substantially.

In conclusion, we see that it is possible, by using numerical means, to
diagnose the anisotropy of a pia.sma with an imposed external electric field, by
using the experimental results measured vith a plane probe. Also, there is

room for improvement of the computer programs as indicated above.
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SECTION V

QUASICOLLISIONAL PROBE ANALYSIS

1. INTRODUCTION
The sheath surrounding an electrostatic probe becomes quasicollisional
when the mean free path, 10, is comparable to the probe radius, rp. In
Appendix B, we find that this occurs even at low pressures above 0.1 torr
in nitrogen for probe sizes of the order of 1mm. Plasmas found in lasing
media often fall into this regime. In the following, we discuss the quasi~-
collisional theory for the situation of a probe which is retarding electrons.
The different regimes that can occur are illustrated in Pigure 26, which
is a schematic diagram used by Wassertrom et a.lz". It can be seen from
Appendix B (see Figure 31 there) for lower probe voltages that, as the pressure
is increased from below 0.1 torr to about 40 torr, one passes from (a) region
C with 1 > r,> A, through (b) region A with r,> 1,>A, and then to (¢) region

B or rp> '\s> lc’ Pure collisionless theory, as given in previous sections,

lc« Aa

lc=A

4,

Pigure 26. Mean Free Path, 1,, Versus Sheath Thickness, A , Illustrating
Various Regimes

> lo/rp

107




strictly applies only if the conditions in region C are well satisfied. A
quasicollisional situation applies in region A as well as in the transition
from C to A. Region B is the continuum limit where As >> lc,and a summary
of relevant theories based on diffusion and mobility has been previously
given by Johnston25. In this section, we consider region A, rp) 1°> )«.s,

and in the next section we consider region B, r_> A ¥ 1 o In the former

P
situation, we still use kinetic theory,and we discuss below the methods due

to Swift26 and Lukovnikov and Novgorodov27. In the second situation, the
theory we discuss is based on a combination of free fall and continuum
theories using the moment relations, following that given by Waymouth28 and
Wilkins and Ka,trazg. For both situations, we provid? new relations extending
the works of the above authors.

We allow an arbitrary dependence for the zeroth order of the distribution
function, fo’ but,in order to make the analysis less formidable, we do not
include the first and second orders of anisotropy due to the external electric
ficld. Instead, we provide new relations which include the first order part 4
of the distribution function arising from diffusion. Theoretically, one
should be able to include the two £1 contributions, na.mely,ﬁ,z due to E along
the z-direction and f1r in the radial direction due to diffusion and space
charge fields, J . However, coupling exists within the quasicollisional
sheath between the four quantities f1z ’ f1r’ E and !r?' Obviously, the
ratios of f12 and f1r to their sum at the sheath position differ from those
at infinity, where f1 p 80es to zero but f,‘z exists. To simplify the analysis,
we adopt the opposite assumption from that in previous sections,where we
associated 21 with f“‘, and we associate £1 with f‘tr only in the following

worke
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2. APPROACHES BASED ON ANALYSES OF SWIFT AND LUKOVNIKOV

"hen lc < rp, the electron diffusion rate is not high enough to com-
pensate for the drain of electrons from the plasma to the probe. Thus fo
at infinity differs from fz at the collisionless sheath edge. Furthermore,
the drain of particles causes the distribution function to become anisotropic.

Assume for the moment that the distribution function at the sheath
position is  isotropic,so that only the fg part is of importance. (This
is modified in the next subsection.) At the sheath position, we can apply
Eqs. (134), (136),and (139) (essentially the same result for all three
respective geometries - plane, sphere, and cylinder) to yield the incre-
mental current, dI, to the probe associated with the energy interval, dU,
namely,

ar = AK (U- Vp)[fg(U)dU] (316)
where A is the area of the probe and K = 2re/w® . This equation applies only
within the collisionless part of the sheath. We are free to choose f: at
any position within the collisionless region provided we interpret Vp as
measured with respect to V$ (the potential due to the probe) at the same
position. We choose this position to be the furthest possible, namely,at
a distance of one mean free path, 10, from the probe surface.

The current reaching the probe is controlled by diffusion from the out~
side medium through the quasicollisional part of the sheath. The procedure
is to calculate in this region fz and relate it to fo at infinity, which is
then substituted into Eq. (316). A basic assumption used in this section
is that the diffusion process is free rather than ambipolar. This
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allows us to omit ion and space charge effects,but this applies only for
very large ratios of electron to ion temperature, i.e., '1."/"!."+ >> 1. For any
point r within the quasicollisional sheath, which is at least one mean

free path from the probe, kinetic theory1 gives

£, =" 1cafo/ar (317)

where f1r is the anisotropic part of the distribution function due to diffu-

sion. The mean free path is given by

1, = v, = (20/a)2p, (318)
where v 1 is the electron collision frequency for momentum transfer, U =mv? /2
is the electron kinetic energy,and v is its speed. The incremental diffu-
sion current due to f1r is

8rel U a[f dU]
ar _ _ 4ae 3 [ o
K 3 [V av = — 3r (519)

where e is the magnitude of the electron charge and Ar is the sheath area at
position r through which the charge is passing.

We now have to specify the geometry,and we consider,consecutively, the
one-sided plane, sphere,and cylinder, The spherical case has been analyzed
by Swift26 and the cylindrical case by Lukovnikov and Novgorodov27. (Note
thet Lukovnikov's £ is equal to our f‘oi.‘lr(Ze/m)%/n° and Swift's £ is equal
to our f L (200)*/1‘ o)

It. is difficult to specify a normalizing area Ar to give the current
sufficiently far away from the one sided probe of radius rp. For distances
in the normal direction, Z, less than rp, a reasonable approximation is

A, = w(z’p+ 2*). Thus Eq. (319) becomes
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alrelcU 2

— 2 2

I = —— 37 (fodU)ﬂ(rp+Z ) (320)
Since dI doesn't change with Z, we can integrate over Z from the start of the
quasicollisional sheath,Z = lc’ where f:f:, to 2 = rp ( 1 10 £ rp)’

where f:fo, its value within the ambient plasma. We obtain from Eq. (320)

i
83y - WA R )
fodU 573 fo‘1U Barelcer (1 m en rp> (3 21)

We can now substitute this into Eq. (316). Note that A=1rr; and K = 2re/of ,
Solving for d4I and integrating from Vp t0o o finally yield

(u=- Vp)fodU

0
B AKof VR NG (322)
v, ”Rif("' UX1-" tan r—p->

Since we assumed 1c< rp, this relation is not valid if 1c> rp ,out nonetheless
the correction term in the denominator goes to zero for 1c >> rp. The tan™!
term is usually negligible for rp» 10. For a probe with a guard ring having
an overall radius equal to Rp, one has to change the ratio la/rp to lc/'R.p
in the denomenator but leave A=1rr; the same.

The spherical probe is simple to analyze. Here,A =lar*, where r is
radial distance from the center of the probe. Thus,

Brel U 3
T = —or— 37 (f£,U) Lar* (323)

Integration from r=rp+ lo swhere f‘osfg,to infinity,where fo is its value,

gives

8 dal
£o40 = £,30 - Smwer r31) (324)

We substitute this expression into Eq.(31 6) and note that A= lar!‘;. Integrating
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from Vp to » yields

* (u- = )fodU
I=AK / . = (325)
1431 Zr +1) ) (1 = >
This is the result given by Swiftzs.

Consider now the cylindrical case. Lukovnikov and Novgorodov27 take
the normalizing area as A = 2rrL(1 + 2r/‘L), where r is radial distance from
the cylindrical axis and L is the length of the cylinder (L>> r). The factor
(1+2r/L) allows for end effect corrections. Consequently, we have

8rel U

T —m,— a (£ av)arry, (1 +2L (326)

Integrating from r=rp+ lc to » and equating f: to the value of fo at rp+ 1c
give

£44U = £,4U - 5 dIechU In (1 + ﬂ;ﬁ) ' (327)

Lukovnikov and Novgorodov omit the 10 part in the 1ln term, assuming that
1,< T Ve again substitute this expression into Eq. (316) with A= arrrpL

and obtain the result

5 (u=-v.)f av
I=AK f L (328)

R L
Vp1+10-1° 1-U>1r<1+—(——72rp+10>

This result differs from Lukovnikov and Novgorodov by a factor (rp/rs)(1+2ra/1)

both in A and in the second term in the denominator. The (1+ 2rs/L) factor
can be accounted for by allowing for edge effects,which modifies A to

A= 21rrpL(1 +2r ‘/‘L). In any case this correction is negligible since 2r << Le
Their rp/rs fastor, however,seems to be a mistake and stems from the fact that

in their calculation of Eq.(316), which is the same as Eq. (87) in Section IT,
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they have omitted the I . contribution in Eq. (86) and have used only the

b
Ia. contribution to I, which gives a rp/r:3 factor in front. We also wish

to mention that taking the limit to cylindricel geometry from an ellip-

soidal geometry provides the slightly different expression, Arz 2nrL(1 + br/aL).
Redoing the above analysis yields the same expressions as above but

with the factor # in the logarithm replaced by w/4. This is a negligible
correction, but it is adopted below.

Summarizing, we can write

3 2
£aU = £ dU - d.‘[:/:/2UAKO (329)
© (U=-V )f dau
o e oo sy (330)
AKo 1 +ﬂ (1 -2
2 U
v
P
where
nr 1
for a plane ¢ = 81° (1 -frt tan™! -r—:> ’ 105 I‘p (331)
3r
for a sphere ¢ = L : (332)
21 (1 + lc/rp)
and for a v _ir_p‘ PR s Sy (333)
cylinder 5 21, kzrp+ ch

We note that for the sphere and cylinder, ygoes to zero wher lc» rp, which
is the collisionless limit.

Ve can also investigate the task of deriving fo from the current. Ve
assume a constant mean free path, viz., 1° independent of U. Differentiating
Eq. (330) twice with respect to vp yields

a@1/ave

= ey~ (334)

113




where
o U"fo(U)dU

T

\')
P

(335)

An iteration process can now be used to derive the correct fo from d’I/dV;.
It is normally assumed that the space potential is obtained from either

the discontinuity or zero value of d'I/dV;. Equation (33L) however, indicates

that caution is necessary since the plasma potential can be incorrectly a.ss-.

ociated with the point IT'¢ = 1.

3« MODIFIED APPROACH

The above theory is subject to two basic assumptions, mentioned in the
previous subsection. First, the space charge potential and ambipolar diffu-
sion effects are omitted in favor of free electron diffusion. Secondly, f;
is assumed isotropic. The first assumption on free diffusion is valid (see
Section VI,where we do not make this approximation) only if

Te/‘l‘+»1 and Te/l'+ >> I+l)a/I°1)+ (336)

where T+, I+,a.nd D+ are the respective ion temperature, probe current magni-
tude,and diffusion coefficient and Te’ I e,e.nd. D° are the corresponding
quantities for electrons. Admittedly, this may be difficult to satisfy.
The second condition, that f: be isotropic,is contradictory to the basic con-
cept of a diffusion process from the plasma caused by f‘1r due to gradients
in fo. This anisotropic part exists even if we omit f" and r2“ due to an
external electric field. Below we correct the previcus analysis to include
the f1r contribution.

A radial £} ut the sheath position in addition to £ gives rise to
contributions to the current increment through the collisionless
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sheath edge. Generally we can write

al _ (oo 8 2 8
Z"x': = (U Vp)fodU -3 U H(U)f1rdU (337)

Equation (12) gives for a plane probe
7
H(U) = 1= (v /0)* (338)

For a sphere, we note that f1 - is in the radial direction, independent of 6
and ¢, in contrast to f1z’which is in the z-direction and which integrated to
zero over & spherical area. Thus,combining the respective relations in Egs.
(164) and (165) with V =0 gives for a sphere

o

H(U) =;{"[1 -[_1-% + ;;‘-:{l 7’} (339)

Similarly for a cylinder, we adopt Eqs. (207) and (215) with Vv =0, namely,

P 3
H(U) = é (1 --,2; [%f—;ﬂ G(k ) + p-"'ij_—)i n (af,,ko)] } (340)

+1

where

T A I T
"s-p’y' v ol:ﬁy+1 ’ o’m‘
Also G(ko) and n(a:,,ko) are the complete eliiptic functions of the second
and third kind,respectively. As previously, we associate ry with a distance
one mean free path away from the probe surface, ra=rp+ lo,a.nd also Vpis mea-
sured with respect to the potential at rge

For later use, the following limits are given. When 1° <«<rjorr.s rp

P
or f>>1, the three relations, Eqs. (338) to (340), reduce to the same limit,

namely,

H(D) = 1- (V,/0)% (341)
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When lc >> rp orr, >r or B<< 1, we obtain the following 1imits

P
from the three equations:

for a plane H(U) =1 - (VP/U)%
for a sphere H(U) = (3/2)( -vp/u)
for a cylinder H(U) = (2/x)[(2-V p/U)G(lco)-(Vp/U)K(ko)]

(3u2)
(343)
(3u4)

vhere K(ko) is the complete elliptic function of the first kind and k_ =

1
(1-VP/U)—§. Thus,in both limits, H(U) becomes independent of rs/rp.

We match at ry the value of f1rs to its velue obtained from quasicolli-

sional theory. We note from Eqs. (317) and (319) that

£, 00 = -1 g—r- (£hav) = - }%ai - -l (345)
Ar81reU hKoArU
where for a plane A: = n(r;+ 12) =A(1+ 12/1';) (346)
for a sphere A: = l.:r(rp+ lc)z= A(1+1 /r o (347)
§ 2(r +1
for a cylinder A = 21r(rp+ 10)1, (1 + )w A(1+1 /r ) (3u8)
where A is the area of the particular probe. Matching the two fn_s and usiné
Bq. (299) for f:dU yield after substitution into Eq. (337)
& . (g-v)[e - e, LED (349)
n P o ZA&' K :
Collecting terms and integrating from Vp to o yield with % iA/A:.
» (u-v )fodU
I=AK f " 3 (350)
v. 1+% (1--139) - 2 H(v)
P
where for a plane Z2=(1+ 1'/:-;)'1 (351)
-2
for a sphere Z=(1 +1°/rp) (352)
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for & cylinder £ = (11 /) (353)

and the corresponding ¢ values are given in Egqs. (331) to (333).
If we substitute dI from Eq. (349) into Eqs. (329) and (345) for f:
and f;';'respectively, we also obtain the relationships of these quantities to

fo at infinity. These are

1-2 g U) -
£2a0 = £,4u - -2-1% " fodu[1 ¢ <1 -2—27)-% N J (354)
o v v 1
f; au = -fg (1 --U£> £ du [_1 +% (1 --UB> - % H(U):l g (355)

The above analysis contains our new results,extending the previous relation
in Bq. (330).

If 1 >> Ty then Z » 0 and H(U) reduces to Eqs. (342) to (344). Hence,
this term and the ¢ term (see Egs. (331) to (333),which also go to zero) do
not contribute in the collisionless limit, If 10 << rp, then £ ~ 1 and
H(U) = 1= (V. l/u)’ 78, e dhosiokl Wikie o WS dson da. spscitebell Btih
the "blocking" action of the probe. It is also related to the "K" factor .
in Swift ' (pe 210). ™hen the mean free path is very large, the outside
plasma does not “see" the probe. When it is smaller than the radius, the
plasma is influenced by the obstacle,and the distribution function has to
read just accordingly. It can be seen that the Z and ¢ corrections are of
comparable magnitude when rp ~ lo but are of opposite signs. Both should
be included in a proper quasicollisional probe analysis., It is, however true
that,if r_ >> ‘lo’ the ¢ correction is more important than the g oorxﬁotion.

P
which may explain why no consideration was given to the latter by Lukownikov,

. M7
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SECTION VI

HYBRID PROBE ANALYSIS IN THE CONTINUUM REGIME

1. INTRODUCTION

In this section, we provide a generalized formulation for the operation
of a probe in a high pressure plasma where rp>»As> lc. The method is based
on the hybrid theory as formulated by Waymouth28 and Wilkins and Katra29.
Consequently, we will not cover all the other methods for the continuum re-
gime, which were reviewed by Johnston25.

Hybrid theory essentially combines the results from the thin collision-
less part of the sheath adjacent to the probe to the results from the ambipolar
layer valid in most of the sheath as calculated in the continuum limit. The
electrostatic space charge potential is included in the latter layer here,
in contrast to Section V. A proper hybrid theory deduces a Boltzmann line
if fo is a Maxvellian distribution and also resolves a problem pointed out
by Blue and Ingold30 and by Wilkins and Katra29. In many continuum theories,
one has the erroneous boundary condition that the density at the probe is
zero’and this leads formally to an infinite drift velocity. The hybrid
theory given here does not have this problem, :

Nearly all theories assume a Maxwellian distribution for fo,and averaged
quantities are based on this distribution. Here we do not restrict the form
of fo. Furthermore,we match proper relations for the flow (f1r effects) at
the collisionless edge by using our results in Section II. Other authors, who
did not have these results in SectionI] either omitted these effects (as
Weymouth did) or adopted an ad hoec form (as Wilkins and Katra did) for these
relations. For these reasons, our results differ from others. In the
following we point out how our generalized results relate to these previous
analysese
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2. GENERALIZED MOMENT APPROACH

As in Section V, we are concerned here with two components of the
distribution function, f. and £; , both at the boundary between the free
fall (or collisionless) part of the sheath and the collisional part. Below,
we use the word "boundary" to designate this position at r . The form of
fo in the plasma is alloved to be arbitrary. The directed part f1r is
associated with radial flow due to gradients and space charge fields in
the plasma. Let V,_ be the potential caused by the probe at the r_ boundary,
so that v“3 is the difference between the potential at the boundary and the
plasma potential, the latter taken as zero. The probe potential Vb is
measured with respect to plasma potential, We investigate below both the
acceleration and retardation regionse.

The method uses moment relations based on averages of the distribution
function. We define the following averages, for either electrons or ions,

where n is the density at the boundary:
s

n = L ffg(v)v'dv (356)

Ve (Q/ns) ff:(v)v’dv (357)
- o

D (4r/3n) ff:(v)(V‘ﬁu )av (358)

y -;gn’: :f:(v) Z (%) o (359)

Here D is the diffusion coefficient of a species, y is its mobility, vy is
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its collision frequency for momentum transfer, v is its speed, and v is

its averaged speed. We also define
%
v, = [2(vp-vs)/m] (360)

In the continuum regime, we note that rp> As> lc' Hence  the collision-
less part of the sheath (of order lc) is very close to the probe,and one
can use the thin plane sheath approximation (rs =3 1cz rp). In the case
of particle retardation, we have from Eqs. (7) and (8) the folloving result

for the current density to the probe,
=J3=3,-3 =me [ [v(v®- vZ)f:(U) - % (v -v;)f:r(v)]dv (361)

v
(o)

e

and, in the acceleration case, we have from Egs. (23) and (24)

o
L-5,-dy =me [ PLe2(v) -2 £2 (lav (362)
0
Since ro® rp and Ax A: ythese relations also give the. current densities at
the boundary, e
Collisional theory provides the form of f1r inside the collisional part
of the sheath. We include the space charge potential,y , associated with
charge imbalance and ambipolar effects. Now f1r is related to gradients in

fo and in (2, and in particular at the boundary it is given by

8 8

aof af

f colleals LS
f1r' va[ar tmvar dv (363)

where the upper sign refers to electrons and the lower sign to positive ions.

Substituting this into Eq. (361) gives for a retardation case

o 8 -]
are WV -v) pf Lo ap O
‘11 s 3 [ av vy . 6r° '55{ Tvg) (364)
v
o]

For an acceleration case we have the same result with Y " O.
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For later use, we define the following ratios for a retardation case,

making use of Egs. (357) to (359):

-]

[ v(v? - vg)f:(V)dv

KA -vo 7 —= M_ v(v2 - v;)f‘z(v)dv (365)
];’f:(v)dv ngv v,
o
[ wh) - 2268 mar 5
v
W, o ; =-§§FJ L (V- P)e(v)ay (366)
[ poze@as :
o
Pig v -y
d
j f:(v) = s €> dv ¥ ¥
v P e vav
W, = . N— ; PR = an:”‘] fz(v) ;= °> dv (367)
ffo(v) d—v<v—1') dv o ’
d :

For an acceleration case, these ratios are redefined as
W =W =W_=1 (568)

Wb.poatulate now the basic assumption in this section that f:/hs==f°/h°,
its value within the plasma, so that fo/h does not vary with position within
the collisional part of the sheath. This is obviously only an approximation
since the form of fo is generally a complicated function of position and
velocity within the sheath. The assumption supposes that all the spatial

variation can be described in terms of the velocity averaged quantity n_.
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Referring now to Eqs. (357) to (359) and (365) to (367), we see that
according to this assumption the quantities‘;, D, u, w;, Wq.and Wé do not
vary with position since all integrals are normalized with respect to n_.
Vith the new definitions in Eqs. (365) to (368), we can rewrite Egs.
(361) to (364), the relations for the current densities J, and J, at the

boundary, in the following forms:

3, = n;; ews/m. (369)
and
A o

The latter term is obtained by integration by parts in Eq. (364). Recall
also that the upper sign applies to electrons and the lower sign to
positive ions. :

We require another set of relations giving the variation of n and ﬁ’
with r in the collisional part of the sheath. From the momentum or flux

conservation equation, we have, in particular at the boundary, the relation

Z (m,) 7un -4 (371)

8 dr e

where j, as before, is the current density. Substituting ayvbr from Eqs.
(371) into (370) gives for j=j - J, the expression

3 =‘l1: nve W, +§ (w, -Wz) 'aa; (Dns) + W) | (372)

Consider now the ambipolar effects obtained by combining the following
electron (subscript e) and positive ion (subscript +) momentum relations
within the collisional part of the sheath,
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an J
21y aw_ Jo
Dyor “He%dr™ o (373)
on J
i e _ &
l)-0- ar T H e ar T e (374)

We adopt the quasi-neutral epproximation, namely, n,xn_=n. Solving for

n gives
edn _ jJ‘++ J+“e - ‘1+De+TJeD+ (375)
ar Deu++5+y° D+D9H+'r5
where
T - "+De/“ R% (376)

For a Maxwellian distribution 7 = e+Te/eT+ , 80 that an order of magnitude
value of 7 1is Te/'l‘+. Note that j, and .jp depend on the position r.

The integration of Eq. (375) for various geometries is given by Su and
Kiel ! and 1s summarised in Johnston25 . ( Note that their J is equal to our
(JA/laeDnorp), where n_ is the density outside of the sheath in the bulk of
the phasma.,) The quasi-neutral or ambipolar approximation yields in parti-

cular for n, at the boundary

-!_x_a. e 'J*D°+1'JQD*— SLA
ng D

,,5,(1+fr) Imenorp (377)

where for a two-sided disc sp = 7/2 and for a one sided disc ap =m, 8o that
in either case
A =7*r? 8
55 . (378)
for a sphere .= 1 and apA = lurr; (379)

u.ndfornoylindor 2r
- !L 2 IL
8 —fln(! ’undsA-larrln(! \ (380)

In the 1limit 7 >> J‘_D./J.D* and 7 > 1, Bq. (377) reduces to
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n j s A
s e
H; A5 1 fwen T D (381)

We can compare Eq. (381) with the results in Section V. If Eq. (329) is
integrated after multiplication by L4v2r U%/ms/z , then the result will agree
with Eq. (381) in the limit 1c o upon identifying D = lcv/3 and ¢1 = 3A8p/
(Grrrp) ,vhere ¢ is given by Egs. (331) to (333) for various geometries.
We now wish to solve for . Eliminating an/dr between Eqs. (373) and
(374) and then substituting Eq. (375) yield
) '_d+De_ jeD+ l D_e dlnn

ar j+De+'r.jeDJ Heo or (382)

Since the ratio within the brackets is independent of n or r, we can inte-

grate to give ue(a/be equal to the bracket times 1ln n/no. In particular at
the boundary we set ¢ =7 s/e and we obtain
u Vv JD -3 D- n
(30 Wl Sl 05 S
o, | TP wID | E (383)
o [‘1+ e”‘je el %o
Ve now examine the separate electron and ion current densities “and

insert the relevant subscripts. Substitute Eq. (375) into (372) to derive

the following relations for the two species:

D
e 3 Rg¥e® Woe * 2 11+-r lje(WZeJ'Tww) o 5+(W1e-w26) D_i‘ (384)

Cde
i

- D
- 1 +
'j+ % By Wo+ i WLJ+(TWZ++ w1+) b Je(W1+-W2+) -ﬁ-eL] (385)

Define the following normalized parameters:

_ 8+ i e > +
J°a+ i e » Pe grpbazhfr’ R i &rrpDJH’r; (386)
0 e,+
12
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(To compare with Waymouthzs, his Q, , are equal to our p +sp/2. To compare
’ N ’
with Wilkins and Katra.29, their are our J and their g are our
e,i e,+ e,i
Po.." Their geometries also refer to a sphere with A = lnrr; .) Then we can
s

write for Eqs. (377) and (383)

n ~ ~
s 1
et s,0gde *+P,4,) (387)
and ~ ~
boly 0o tate il B (388)
Ve 'r(pe'3e+p:5+) %o

Equations (384) and (385) can be similarly normalized. After substituting
ns/no into them, they become

N‘j 1_1 +§-Wepep W(WZG"'TWw):]

~

Pl P, ¥
3| Fod ot~ T 5 e er)J= Moo

; IV ps = P—°(w -W,)
e| 2 "oPe®p T 2(04r) P, M+ 2+

2 1
o J+ [1 g % wo-o-P+Bp i m (w1+ 4 TW2+)] g

~ ~

These two equations can be solved to yield separate relations for je and .1+.

We define the cross denomenator, A:

Aw P 2+1::-V1e ][_1 % ‘2‘(1:'1;-] E WP esp(1-3,,)

+EVop oy (1= ) = LT )T (Myg=Tog) (W =7,,)  (389)
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The solutions for Je and ,j+ are

et w |1 o P 3 P+
% '{ °°L T2 |t e T b, (W1e'W2.,)}/A (390)
and
i 2 W, +T1TW, - w P :
= ol 20 1e oe _e 2
J-'- i {wo+ L1 2(1") + 2T1+77 P+ (w1+ W2+)J/A (391)

If we substitute these values into s in Rq. (387) and into V_ in Eq.
(388), we finally obtain

=

- 1..-.2[pw (1- %W )+p (1-%’?726)] (392)

n e oe + O+

v TW(1-£W) W (1%, ) g
2 -{- - ege 1y } =2 (393)

eDe [pW )*PW (1~ ’}W H

+ O+

Equations (389) to (393) are our final results.
The procedure for calculating I-V characteristics is similar to that
required in Waymouth's method. The steps are as follows: |
1) Given forms of fo/no " f‘:;/na for electrons and ions, integrate Egs.
(357) to (359) to derive v, D and p for each species,and then calculate
T in Eq. (376). :
2) Adopt a value for v =V, in order to obtain v_ in Eq. (360), and then
integrate Eqs. (365) to (367) to derive W, W, andW W,, each as a func-
tion of VP-V .
3) For the particular geometry used, oa.lculate Pe, , and A from Eqgs. (386)
and (389), J from Eq. (390),and J from Eq. (391) Then obtain J_
and §_ from Eq. (386).
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L) Obtain n, from Eq. (392) and va from Eq. (393) after n is substituted
into its 1n term. Knowing V8 and recalling that a value of VP-Vs has
been adopted, we now have the correct value of Vp.

5) Redo the above for a whole range of Vp-Vs values,and compute the total

current I=1 -I = A(j+- je) as a function of Vp.

3. RELATIONSHIP TO ANALYSES OF WAYMOUTH AND WILKINS AND KATRA
Waymouth's analysis is the simplest formulation for a combined free fall
plus diffusion region. To obtain his results we have to make two simplifica~-

tions. First, we adopt a Maxwellian distribution,so that for a species i

- 5 2
% vi i (kTi/aﬂmi) 9 T = TG/T+’ Di/"i = kTi/ei (3%)
Also,W , = exp [-(Vp-vs)/k'l‘i] for the retardation region,and W, = 1 for the
acceleration region. Secondly, we have to set W1 = W2 = 0. Then,defining as
he does
- 1 - -
Q =2pgs,y Q =%p.s, end Q=W Q+W Q (395)

we obtain from Eq. (389) A=1+Q. Also,Eqs. (390) to (393) reduce to

n v QW _(147) '
?f”'TS“TlT’ -k-‘;—°=-[1- 222 :lln (1+Q) (396)
Jo =Wo/(14Q) and § =W /(1+4Q) (397)

For an acceleration region where wo = 1, we have for the saturation current,

I ,4*using Eq. (386), the result
I ne
sat 0
T A — (398)
A wfees

The two additive terms in the denomenator correspond, respectively, to the
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usual Langmuir contribution and to the ambipolar collisional contribution,

where ;/Q defines the flow velocity. As another example, consider the case
of a Maxwellian distribution, a constant mean free path (D=-!3- lc;), a
sphere (sP = 1), and an electron retardation region with Woe = exp[-(Vp—Vs)/
kKT ] and W = 1. Then,
e o+
-(V -v
: " 36:_11)[ §1£T_ ﬁsm)‘O] ol . | (12'r 7T ) (399)
P ce + e c+ e+

This relation is given by swirg'! (p. 229), vhere he uses Y=Q/rp.

Swift implies that the assumptions in Waymouth are self-contradictory.
On one hand, he is investigating the continuum limit where 1‘:= << rp And on
the other hand, he wants fo to remain isotropic up to the probe surface,
in order for W = W2 = 0, which requires 1c» T .

Wilkins and Katra attempt to improve the theory. They follow Waymouth,
except that they adopt W, = W2 = Wo = Wysay. With this approximation, Eqs.
(389) to (393) simplify thus:

A=(1-3W)-5W)+dWp s (1=5W)+3Wp s (1-3W)  (400)

v

n )
m=t g lp W, (1=2 W )+p W (1-3 V)] (101)

[}

v, P WN(=-2w)-pW(1-3W) n
?ﬁ:'{r[p:w:ﬁ-% W5+piw+ -3 W, }1" T:' (402)

o =W, (1-2W)/A and 1=w+(1 -2 W)/A (403)

We note,however, that the assumption W1 = W2 = Wo is incorrect according
to the analysis in Section II. Our analysis here in Eqs. (365) and (367)
would give the following expression,based on a Maxwellian distribution and

a constant mean free path (vy = v/le),
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Wy = exp[-(V, - V,)/kT] (404)

1

(S (Y (5 (e (7 o

where & is the error function. Thus,W differs from W, and W,, although W1

1 2
is equal to W2 for a Maxwellian distribution.

4o LIMITING CASES

Let us now go back to our generalized relations and look at several
limiting cases.

Consider the limit of free electron diffusion, that is,when ambipolar
effects become negligible. In Eqs. (389) to (393) we take the limits 7>> 1
and p >> p; or 'r?r'eD+ > 7+De ort > I+De/IeD+. Thes: inequalities were

already mentioned in Eq. (336). Except for V_ and j , the relations now

become independent of ion effects. We obtain A=A 0(1 -2 W2+)’ where

Ay =1 -%W1e+%woepesp (406)
Also,
;,3 =1 -s8p W /A (407)
HeVs 1p+W°+(1 = w‘\e) 5 Pewoe(1 =5 W1+)' Mg
- ] 08
eDe { Tpewoe - e }ln B, (& )
;o = Woe/Ay (409)
and
J+ - W°+(1 -i' w1e)/A » W°°(W1+-W2+)p°/(q>+-m) (MO)

From Eqs. (386), (4L06), and (409), the total electron current when r>> 1

can be written as
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8 Av -

W
I, =iAn°e ‘;e woe/[1 +%:36—°-%w1ej (411)

From Eq. (365) and since K, = 2re/of , we note that

o0
& ne v W = K f foau(u-vp) _ (412)
vV -V
P 8
As mentioned following Eq. (381), under certain conditions one can associate
the quantity 3As p/(Btrrp) =¢1 = %D /¥ with ¢ given by Egs. (331) to (333).
Then we can write Eq. (411) as

AK v[ £ du(u- vp)
-V
= P -

¢ ¥
1+2woe %W“

IO

(113)

This expression is strikingly similar to Eq. (350) in Section V. Here we
use a moment approach whereas there a kinetic approach is adopted. Our basic
assumption here (which is not used in Section V) is that f:/ns = fo/no is
independent of position. The consequences appear as separate averaged terms
over fo in the various parts of Eq. (413), rather than as a single integral
over f'o as in Eq. (350). Upon comparing the two expressions for Ie’ we see
that, if the two correction terms in the denomenator are omitted, the two I°
expressions become identical. The first correction term in Eq. (413) is our
¢ effect associated with the differences between t': and fo. The second
correction term is our £ effect associated with £ and ,as seen in Eqs. (351)

1r?
to (353), & = 1 when 1,<< T The two correction terms are of opposite signs,
as found previously in Section V. Although the moment approach is inferior
in this limit, nonetheless the more general relations have successfully
included the space charge electrostatic potential, a task which is exceedingly

difficult with a kinetic approach.
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Finally, we now adopt our generalized relations to the two situations
of electron acceleration and ion retardation and the converse. In the first
case we set W = W1° = W2e = 1 (see Eq. (368)), and we obtain from Eqs. (389)

o (393) the following results:

. W +-rw
A= 5{1 - -?(1_4'—)— + W +P+5p+ % Peﬂp(1 -% W2+) (¥14.)
;f= -B lp(1-2W, )+%p W ] (415)
uVs (27, W , =po(1-3W, ) "
eel)e o {T[peuo-ﬁ—) ’Ep::j} ™ (416)
+ 'rw
o -m ®17)
and
[
d, ={_J‘f wo-o- - -2-(‘11? i (w1+ 2+)_i/A (418)

In the opposite limit ,when electrons are retarded and ions are acceler-

ated, we set W°+ = w1+ = W2+ = 1 and find the following results:

g w +'rw
A=§[1 -—z(m— +iW°epea +%p, 5(1-% e’ (419)

_:;2, bl %EI?& Powoe o P+(1 -% WZO)] (420)
o
Ko¥ =i =k p W, - s
" Tl e, TE T | 5, oy

[iw * 30y P*( i wg,)]/A (422)
=|: -%;13 /A (423)
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In both cases, the total current is given by

I

I,-1, = A(3,- 3,) = % neA(S,3, - 7,3,) (121)

The above relations are thus appropriate to derive I-V characteristics
in the continuum limit, 1c<< rp. They reduce to all known limits and general-
ize the works of previous authors in including the following effects: proper
expressions or averages for Wq and Wé which are related to flow effects;
generalized expressions even for Wo to non-Maxwellian distributions; allow-
ance for any of three geometries, namely, plane, sphere,or cylinder; and an |

arbitrary energy dependence for the mean free path or collision frequency.
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SECTION VII

DISCUSSION AND CONCLUSIONS

Electrostatic probe measurements of the electron velocity distribution
function inside a plasma suitable for lasing action have become more and
more important. They provide us with valuable information about the excita-
tion mechanisms inside the medium and’hence,about ways of improving the

laser efficiency. Measurements have been made with cylindrical probes for

diagnostics to investigate the N, medium 227
the CO lasing mediumho. The nitrogen plasma has also been studied with a
11

plane probe’ .

both with and without 602 and

An active electrical discharge, when used as a lasing medium, usually
has an E/p value between 1 and 100 V/cm-torr, and the electric field, E, can

be greater than 3 V/mm. In the 002-N2 laser at low degrees of ionization,

inelastic processes are decisive in shaping the electron distribution func-
tion, f, and coupling occurs between f and the molecular vibrational energyss.
Direct electron impact excitation of vibrational levels plays an important
role in the 002 laser., The region where the isotropic part of the distri-~

37

bution function, fo, decreases sharply corresponds” to electron energies
at which the elastic and inelastic electron scattering cross sections by
molecules increase markedly. With probes, one can ascertain36’39’ho the
influence of different mixtures, pressure, current, gas flow, etc., on the

form of fo’ on the number of fast electrons in the tail of fo, on the average

electron temperature,and on the electric field in the plasma. Probe measure-
35,36

ments also show that the laser action induces a pronounced depletion

of electrons in the electron energy range around a few eV, Bletzinger and
Garscaddon36 find essential &agreement between their measured fo functions

42

and the calculated values of Nighan and Bennett™ for 002 laser gas mixtures.
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The interpretation of the Langmuir probe characteristics is largely
complicated by the presence of the external E and by collisional effectse
The field E causes f in the plasma to become both non-Maxwellian and ani-
sotropice In this report, we are concerned with the use of eléctrostatic
probes to study the nonequilibrium aspects of active plasmas with a low
degree of ionization. One of our aims is to provide information on deduc-
ing f from the probe current-voltage (I-V) characteristics.

There are three pressure regimes with differing theories in the study
of electrostatic probes and the sheaths they create in a plasma. The
regimes are characterized by the ratios of three basic physical
lengths, namely the probe radius (rp), the sheath thickness (As) related
to the Debye length, and the mean free path (lc) of charged particles in
the plasma.

In Sections II and III, the theory is based on the method of Langmuir
and Mott-Smithl". A collisionless sheath is considered, subject to the
conditions that 1c is greater than both rp and As and that the electric
field at the sheath edge is predominantly that due to the discharge. Colli-
sionless probe theory has been refined by many authors, for example,Bern-
stein and Ra.‘t)inow:!.tzl+3 and Lafra.mboise“". The refinements usually pertain
to the acceleration region,and the methods usually assume the electrons
to have a Maxwellian distribution and the ions to be either likewise or
monoenergetice For the electron retardation region from which the electron
distribution function is deduced, the reletions for the electron current
given by all these theories agree, even for a general isotropic fo' Most
of our interest lies in the analysis of this region. We pursue the

method of Langmuir and Mott-Smith, since it is the simplest approach, to
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provide the corrections due to the potential drop (Va) across the sheath
in the presence of E and/or due to an anisotropic distribution function.
We find that these correction terms depend on the probe geometry and on
the ratio rs/rp, where r_ is the position of the sheath from the center

of the probe. For a plane geometry, we obtain contributions, given in

Eqe (134),from all three parts of the distribution function (viz.,isotropic
fo, directional f1 2 and tensor fzzz components) and additional corrections
to each, given in Egs. (294) to (297), when v, is included. For a sphere,
only the £ term contributes if V_ is omitted (see Bq. (136)),and the e

and f, ~contributions appear only for finite V_ (see Eqs. (300) to (303)).

222
For a cylinder, f and f222 contribute if v, is omitted (see Eq. (139)).

However, £, contributes and corrections appear in eil the terms if Va is

7

12

included (see Eqs. (304) to (307)). Lukovnikov' has derived relations,
including the fo and f1z contributions for a plane and cylindrical probe,

which agree with our results. However, he didn't give the and Va

f2zz
corrections.

Certain relations require a knowvledge of the sheath radius (rs). "hen

Va= 0, the sheath radius appears as a separate parameter only in the accel-
erating region and even then only in the transition regi;)n from the space
- charge limited thin sheath (rs % rp) to the orbital limited thick sheath
(rs» rp). In either limit, the relations are independent of r_, as can

be seen from Eqs. (65) and (66) (where the second term only contributes

when r_>> rp) for a sphere and from Egs. (126) and (127) for a cylinder.
Our orbital limited relations for a sphere and cylinder agree with Poly-

chronopulos6, who gives the integral over a general fo in this limit. When

Va is included, we note that for a plane r  appears only in the expression
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for V,, and the results are given in Egs. (149) to (155). For the sphere
and cylinder, it also appears in correction terms multiplying va. It
thus appears that an approximate lmowledge of the sheath radius is suff-
icient, since it is required only in certain transition regions and for
correction terms. Our approximate expression for the sheath thickness is
given in Bq. (308)s It includes the Bohm sheath criterion and the effect
of negative ionse. We suggest that further effort be made to predict r,
from the solution of Poisson's equation and to include the changes in fo
from the sheath position to that in the plasma.

In this collisionless regime, we provide new relations to deduce all
three components of the electron distribution function from the I-V char-
acteristics. Because the cylindrical and spherical probes are insensitive
to £, (except for ¥ correctias), one contemplates the use of a plane
probe or a spherical grid system. (The latter may, however, be too cum-
bersome and thus perturb the plasma in an unwanted fashion.) Without the
% correotions, the response of a sphere could give fo directly. However,
the Va corrections complicate the anslysis, and, since a plane probe is
red wired if f1z is desired, it 1s simplest to use the plane probe to deduce
fo and qu as well, rather than to insert multiple probes. When V‘ is
negligible, we find that three orientations of a one-sided plane probe are
sufficient to deduce the three components of f. For stronger electric fields,
five orientations of the probe are necessary. The relations for this new
method of deducing the components of f are given in Eqs. (309) to (314).

2

Lukovnikov', who provides the relations for the current response for

given f_and f, , does not solve the inverse problem to obtain f,end £,

from the current.
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The three appendices cover the pressure (p) and E/p ranges of opera-
tion for such an one-sided plane probe, its construction and two computer
programs for its use. Sample computer results are given in Section IV.
These programs should be perfected to decrease the computer gener-
ated noise and to allieviate various other problems that are discussed in
Section IV. Eventually, one may hope to provide real time Langmuir probe
data reduced by a computer, as already done at ARLAS for other systems.
Our present programs allow us to diagnose by numerical means the anisotropy
of a plasma vith an imposed E from the data obtained by a plane probe in
a very low pressure plasma.

An inherent problem in designing a plane probe is that it is diffi-
cult to construct a probe of disc radius rp less than 1c’ for pressures
of the order of a torr, in order to satisfy the collisionless regime's
requirement that lc> rp. We conclude that at these and higher pressures,
probe theory has to include quasicollisional effects. If we were to choose
a cylindrical probe and forego the measurement of f1z due to E, then we
could possibly design s sufficiently small probe radius to fall into the
collisionless regime. In fact, Danilov et 3138 used two cylindrical probes
of different rP at pressures between 1 to 7 torr. They found that the
finite probe size became noticeable even at rp/'lc = 0.1 and that the
distribution function was properly determined By the second derivative
method only for very thin probes. With the larger probe, they obtained a
significantly broadened fo (with all fo's normalized to the same maximum
value). Self and Shih*® have also cbserved collisional effects at pres-
;urea as low as 0.4 torr with a spherical probe. Quasicollisional theory
thus seems to be a requirement for analyzing most measurements except those

at quite low pressures.
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In the quasicollisional regime where rp> lc>As, usually corresponding
to pressures of a few torr, the plasma sheath is a combination of collision
free and collision dominated regionse. It is still possible to use a kinetic
approach in the analysis,as shown by Swift26 and Lukovnikov and Novgorodov27
for a spherical and cylindrical probe,respectively. These authors also
show how one can derive by iteration the form of fo from the second deriva-
tive of the current in the electron retarding region. In Section V, we
extended these analyses, gave the result for a plane probe as well, and included
the blocking action of the probe. This means that we include the f1r radial
component of the electron distribution. The value of f1r is calculated from
the diffusion of electrons in the quasicollisional part of the sheath, It
is then used as an input function into the analyses given in Sections II and
IIT for the current determined by fo and‘g1 at the collisionless sheath
boundary, i.e.,region of transition between the free fall and diffusion
regions. The change in fo from the plasma to this boundary due to diffu-

sion is also calculated, somewhat as in the previous effort326’27

which
included only this effect.

Two basic assumptions are made in Section V. The first is that the
electron diffusion is free, which allows us to omit the space charge field
and ion effectse This imposes the condition in Eq. (336) that the electron
to ion temperature be very large. The second assumption is that, at the
matching boundary, only f1r due to diffusion contributes, whereas,in fact,
f1z and fZZz due to the external electric field should be included, as we
did in Sections II and III. We suggest that further efforts be directed
towards these factors. To tackle the problem involving the space charge

field, we require a solution of the ion dynamics. Also, including f1” requires
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a knowledge of the variation of each and coupling between f1r and f1z from
the boundary to the outside plasma.

OQur results on the quasicollisional sheath analysis are given in Eqs.
L (350) to (353), where the % factor represents the blocking action of the
probe and the ¢ factor is due to the variation of fo or density from the

boundary to the plasma. These relations agree with Swift26 and Lukovnikov

27

and Novgorodov ' if we omit the £ factore. The edditional Z factor is cal-
culated with the proper multiplicative energy function H(U) obtained from
the results in Section III. This H(U) function depends on the geometry
and on the ratio of rp/rs, except when the ratio is either large or small.
L Te find that the £ factor is of the same order as the ¢ factor when 1c is
comparable to rp. However, as 1c becomes small, the £ factor is of lesser
importance.

Attempts have been made by other authors to derive corrections similar
to ours which account for the blocking action of the probe. For example,

Wasserstrom et 512h

obtain an energy averaged factor for small Vp. They
include the ion motion but assume equal electron and ion mean free paths
and straight line trajectories between particle collisions, so that their
results cannot be readily compared with ours.

Besides Wasserstrom et 3124, various other analyses, such as Chou et

L ath, Bienkowski and Changl':8 and Suh9, have tried to derive moment rela-
tions from the Boltzmann transfer equation, both in the 1c> rp and rp> lc

regimes. Such analyses attempt to allow for the presence of the probe and
how it influences the trajectories of the particles. However, every attempt
at generalization introduces new approximations. Our analyses in Section VI

are also such an attempt for 1° < rp, and they are discussed below.
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If rp>;As> lc’ corresponding to pressures above 10 torr, the plasma
density and potential in the vicinity of the probe are nonuniform due to
diffusion and space charge effects, and collisions play an important role
in determining the sheath profile. Kinetic approaches are difficult to .
pursue and one resorts to the moment equations. For this reason, the
possibility of deducing f from I-V characteristics ié uncertain in this
regime. In Section VI, we calculate the probe currént for given fo and include
the space cha;ge potential and ambipolar diffusion effects. These effects
influence the form of fo, since fo depends on the density. Sufficiently
far from the probe, an ambipolar type of diffusion takes place in a
sheath which is more or less quasineutral. The transition region between
the collisionless and quasineutral sheaths is omitted in the analysis.
Instead, & hybrid sheath is adopted,and the solutions for the two layers
are matched at the boundary between them.

In obtaining the moment relations for the hybrid model, we have general-

ized the theories of W’aymouth28 and of Blue and Ingold30

by deriving more
accurate averages over the distributioh function. However, in so doing,

~e had to adopt the commonly used approximation that the ratio of fo to

the density (n) at the boundary is the same as in the undisturbed plasma.
This is valid for a Maxwellian fo whoge energy dependence does not change
within the sheath, an assumption made in most analyses. We adopt the same
concept for an arbitrary fo. We generalize as well to include the blocking
action of the probe and the anisotropic part of‘g1, namaly,f1r due to radial
flow near the probe, which was omitted by wnymouthza. Blue and Insold’o,
who included this effect, obtained a non-zero particle density at the probe
surface and were able to recover a Boltzmann line for a Maxwellian foo

Similarly, Wilkins and Katra?9 include the effects of the anisotropy.
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However, the matching conditions at the collisionless boundary for f,,. used
by these authors are not exact, whereas the matching equations used here
are based on the correct relations derived in Section II for a thin colli-
sionless sheath. Our final relations are given in Eqs. (414) to (424).

For a non-Maxwellian distribution function, the assumption that the

ratio fo/h is a function only of energy is,strictly speaking,incorrect.

The function fo is not necessarily a separable function of position and

energy for all positions inside the sheath. One suggestion is to

allow fo to be the sum of two Maxwellians, each of'ﬁhich is

separable in space and energy. However, even this supposition is not exact,
since this decomposition may not apply within the sheath, even though it can
reagonably be done within the bulk of the plasma. Further work along these
lines will be useful. We also suggest that our method, presented in Section VI,
be generalized to include the transition to the regime lo > rp, a task that
should not be too difficult.

In comparing the moment theory, wused here in hybrid form, with continuum
theory in the collisional regime, one has to realize that the fluid equations,
used in the latter approach, are obtained from the moment equations by letting
lc be infinitesimal and by ignoring the blocking effect of the probe.
Consequently, it does not teke care of the anisotropy of f near the probe
surface. The equations in continuum theory, so derived, are inapplicable
closer than a few mean free paths from the probe surface. It is assumed
that lc is so small that any particle in the sheath suffers enough collisions
to "forget" about the existence of the probe. Essentially, this is equival-
ent to omitting the Z, W,, and Wé factors in our theory, as Waymouth has done,

end regarding the equations as valid up to the probe surface. Thus the continuum
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theory can be regarded as the limit of the moment method for a negligible
mean free path. Consequently, relations based on the moment method are

superior provided they are tractablee
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APPENDIX A
PARAMETER MAP

1. INTRODUCTION

In this appendix, we deduce (1) the parameter map for the validity of
collisionless probe theory in an active discharge, with scaling conditions
and plots relevant to nitrogen and (2) the minimum time for an I-V sweep.

The effect of negative ions is covered in Section III.

There are many conditions that have to be obeyed for validity of colli-
sionless probe theory. Some of these pertain to the dimensions of the probe
and others pertain to the plasma and applied potentials. The latter criteria
are considered here whereas the former will be considered in the next appendix.
The limits for each of the three criteria for validity given below are drawn
on a plot of E/p versus p/n for various Vp, where E is the electric field
strength in the plasma, Vp is the potential applied to the probe, p is the
pressure, and n is the ratio of electron density to neutral particle density.

Such a plot has to be drawn for each gas or gas mixture. For illustration

purposes we have done this for a nitrogen plasma.

2. PARAMETER MAP AND SCALING
Besides certain conditions on probe dimensions, to be given in Appendix
B, the domain of validity of the present probe theory is determined by the
following assumptions:
1) For the spherical harmonic expansisn to be ccmvor;oui:1 , the elec-
tron drift velocity, V3 must be smaller than the electron thermal energy,
Ve That is,

%7
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.
where E i3 the electric field in the plasma , v, is the momentum transfer

1
collision frequency for electron-neutral collisions, and e and m are the
electron charge and mass,respectively. However, since Va varies non-
linearly with E for strong electric fields and since o increases with E,

it is more appropriate to use the experimentally and/or theoretically deter-
mined curves of Va and Ve Versus E/P to find the 1imits on the

condition Vg< Ve

2) For the sheath to be collisionless, the sheath thickness, Ags

must be small compared to the electron mean free path, lcz

As < 1c
3) For the perturbation due to the external electric field E to be

small around the probe, we must have

ems < VP
where Vp 1s the magnitude of the (negative) probe potential with respect to
plasma potential,

For a given gas temperature and ratio of electron to neutral densities,

nw nem, these assumptions impose limitations on the external electric

field, E, and on the neutral pressure, p, and eventually on the probe voltage,

Vp. We now discuss these limitations for each of the three conditions for
the situation of a nitrogen gas at 300°K.

* This electric field E is the one we find in the probing region far from
the electrodes. This means that for the experimental evaluation of E
one must exclude the strong potential drops occurring near the electrodes,
so that B 1s smaller than the potential difference between the electrodes
divided by the length of the discharge.
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Consider the first condition. A measure of v, and v = (k’l‘e/m)%,
or electron temperature, can be derived from experimental and theoretical
curves (k is Boltzmann's constant). Figure 27 plots both Var Vo and the
ratios 5\7‘1/ve and lwd/ve versus E/p from the experimental and calculated
data given by Lb.s:sey?'1 s Frost and Phelps%2 and Nighan17, as well as data
by Long et 81?7 of ARL. We note that vy is equal to ve/5 when E/p = 35.
If we take vy = ve/lq. as sufficient to satisfy the first condition, then
the upper limit on E/p is about 88. Thus, this condition is usually satis-
fied for cases of concern in pure nitrogen.

The ratio of sheath thickness to Debye length, AD’ is evaluated from

Eq. (290). Adopting V,=V,, for simplicity, we have
72 3

A 2v v

8a2fld(14=R) -(1+=L

L L Y

with
An(np)% = [1.717x107"" T,(ev)]"’ on-torr?
and V, = ld‘e/e = mv:/e. The ratio AS/XD is plotted in Figure 28, It is
not valid for V P/V o € 4,but the graph has been extrapolated towards zero.
Using the plot of v, versus E/p in Figure 27, we evaluate Vs A.D(r]p)%,
% % '

As/%.D ,and finally As(np) « Plots of Aa(np) versus E/p for various v
values are given in Figure 29,

We can also calculate the mean free path, 1°, from the A/ and LA data

in Figure 27, based on the formila

BN o _ 5 (x PR

1 =%'L<1rm> nge - 3('8') e E

where o is the dc electrical conductivity. This equation, although derived
(see p. 141 in Ref. 1) for a Maxwellian distribution function with a constant
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mean free path collisional model, is not too sensitive to the form of the
distribution if 1, does not vary much with E/p. Figure 29 shows calculations
of plc versus E/p based on this relation., As is evident, 1c does not vary
appreciably in the indicated range of E/p or Tye

Using the results in Figure 29, we can now evaluate the assumptions
(2) and (3) and provide a parameter map for nitrogen. For assumption (1),
we take v, = ve/k,which gives the horizontal line at E/p = 88 shown in
Figure 30. We note that the evaluation of (plc)z/l:)ss(rrp);""]2 =1 (or 1c=As)
for each E/p and each Vp velue also depends on the ratio p/n. Thus in
Figure 30 we show the A.B: lc curves for various Vp versus E/p and p/n values.
We also eveluate BA_ = Vp curves by equating Vap/[ (E/p) (As(np)%)]' =1 for
various VP versus E/p and p/n v-lues,and these are also plotted in Figure 30.

Assumption (1) implies the requirement that E/p lies below the horizon-
tal 1ine. Assumption (2) imposes a maximum value for p/n for a given probe
voltage. The maximum values for p are represented by the vertical curves
for different probe voltages. For lower probe potentials, the restriction
on p/n is less severe since the sheath becomes smaller and is less likely
to be collisional., In the region under the oblique lines, assumption (3)
is satisfied. The position of these curves also depends on the probe pot-
ential. The lowest V, value ie Vs =05 kT /o = 0.5 V.

From Figure 30, it appears that the most severe limitations on plasma
conditions come from assumption (2) at high vp values (vp> 10 volts) and
pressures above 0.1 torr, and from assumption (3) at low vp values (VPG 0.5
Volts) if B/p is sufficiently large (B/p » 70 V/oem=torr).
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3. SWEEP FREQUENCY

The sweep frequency, f_, of the probe voltage with time (t) must be
small enough so that the slowest particles, namely the ions, will pract-
ically detect no time variation of potential when crossing the sheath.

That is,

1 av L 4 v

+
Tr;TtB<x- or fsirs'

8
where v, is the ion drift velocity at the sheath edge, approximately equal
to (kTe/m+);“. For A = 1mm, kTe/e = 1eV,and m_ = L.65x 107%° kg for N,,

we have
fs < 1.86 MHz

Thus, the sweep frequency, which is usually lower than this value, does

not present any problem.

It is preferable to operate at frequencies below the ion plasma frequency

as well. This imposes the condition that
e (n.._e'/eom‘_)&/zf

or £ < 2.7 MHz if the ion demsity n, = L.5 x 10'°m™3, This condition is

thus also easy to satisfy.
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APPENDIX B

DESIGN AND CONSTRUCTION OF A PLANE FPROBE

1. DESIGN AND DIMENSIONS OF THE PLANE PROBE
The appropriate dimensions of the probe are determined mainly by the

value of the tube radius R, and the sheath thickness As.

t
The tube radius R t imposes & maximum value to the probe radius Rp.

If the electron density varies radially as
ne(r) e neoJo(Z.h- r/ht)

where Nyo is the electron density on the tube axis and Jo is the zero order
Bessel function, then the probe radius Rp must be at most*equal to 1/5 Rt
if we want a variation of density of less than 5% over the probe. For

Rt = 1,25 cm and Rp = 075 mm or 2mm, the variation of density over the
probe is about 0.5% or 4%, respectively.

Figure 31 indicates additlional conditions that the plane probe has to
satisfy. These are plotted on a VP versus p diagram for three E/p or elec-
tron temperature values (0.78, 1.5,and 3eV) and for n = n./N = 10", The
conditions are (1) 1,>A, in order for the sheath to be collisionless, &
condition already discussed in Appendix A, (2) znp> A (3) A > 8,where 8
is the gap between the central collecting disc and the surrounding guard
ring if a guarded probe is used,and (4) 1°>Rp. The dashed curves are for
a probe of radius 0,75 mm without a guard ring,and the solid curves are
for a probe with Rp = 2mm, disc radius = rp = 0.5 mmand § = 0.1 mm. The
A’ = 8 curves apply only to the latter, whereas the As = 10 curves apply

to both types of probes.
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The first condition requires operation at pressures to the left of
the '\s = 1c curves. The second condition, As < ZRP, requires Vp and p
values below the indicated curves. This condition is necessary in order
for the edge effects of the plane probe to be negligible. As seen, this
is more difficult to satisfy in low pressure plasmas for a probe without a
guard ring than for a probe with a guard ring, especially if the probe voltage
is varied beyond Vp = 10 voltse This is why we suggest that one use a
plane central disc with a surrounding guard ring. The same potential is
applied to each, but only the current to the inner disc is analyzed. The
third condition, AB> 8, ensures that the sheath overlaps the gap between
the central collecting disc and the guard ring and the plasma "sees" no
separation between the two. Operation is thus necessary between the A.s= ZRp
and the As = 8 curves. If one operates to the right of the A’s = § curves,
the guard ring is inoperative and in fact superfluous, Thus the guard ring

is unnecessary in high pressure plasmas. The fourth condition, 1°> R, is

necessary in order that the distribution function and its components :t the
sheath edge be unaffected by the presence of the probe. When 1,< Rp, the
probe introduces a perturbation, and Sections IV and V discuss this sffect
and the transition to the quasi-collisional regime . For a guarded probe,
this requires operation at pressures below 0.07 - 0.1 torr,whereas for the
unguarded probe one can work below 0.2- 0.3 torr. Thus it appears that
this condition is one of the more severe limitations and that the unguarded
probe has a distinct advantage in this respect.

In the next section, we provide details on the construction of the

guarded probe. As compared to the unguarded probe, the guarded one is more
diffiocult to fabricate,and an assembly drawing is useful,
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2., METHOD USED FOR THE FABRICATION OF THE GUARD RING PROBE
An assembly drawing and a photograph are shown in Figures 32 and 33.
This probe has been made to test the feasibility of the design.

The center of the probe has been cut with a diamond saw from a tungs

ten rod. According to Medicus19, the center of the probe and the guard
ring should be made of the¢ same metal., Molybdenum rod was not available;
tungsten has been substituted as only the mechanical difficulties of the
construction were to be tested.

The guard ring has been cut from molybdenum foil. Tantalum has been
tried and rejected because it deformed too easily at welding.

The ceramic washer has been cut with a diamond saw from a ceramic tube.
The ceramic handle is made of a 10 cm ceramic tube of 2.8 mm O.Ds This
tube has four holes, two of which are used to insulate the .010" nickel
connecting wires.

The 010 nickel connecting wires are spot welded to the center of the
probe and to the guard ring. The four holes of the handle have been plugged
with "TORR SEAL". ECCOCERAM SM-25 has been used to cover the back side of
the probe and to secure the whole assembly to the ceramic handle. A thin
ceramic coat of SM-25 is applied to the edge of the guard ring.

A slightly different version based on the above model has been con-
structed at ARL. An assembly drawing of the latter is shown in Figure 3.
In addition, an unguarded probe of radius 0,75 mm has also been used at ARL,
A major problem found with the first probe is the lack of a definitive break
in the I-V characteristic,which is required to identify plasma potential.
Another problem found with both probes is that the value of I/h: , or current
density in their particular discharge tube, could not be increased sufficiently

to satisfy both the conditions that 1° > A’ and lp > A‘.
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Figure 33.

4 mm

Photograph of the Guard Ring Plane Probe
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APPENDIX C

COMPUTER PROGRAMS AND USER MANUALS

1. INTRODUCTION

Two computer programs are presented here for a plane probe. First
we provide the program FTOJ for the calculation of the total current to
the probe. It also gives, if desired, the electron current and the electron
current density contributions from various parts of the electron velocity
distribution function. The second program, JTOF, performs the inverse
operation 6f' calculating the components of the distribution function up
to the second order of anisotropy from the current intercepted by a plane
probe for five orientations. Both programs call the subroutines SUMT and
SHEATH, which are used,respectively,for integration and for evaluating the
sheath thickness. The second program JTOF calls the additional subroutine
DER for differentiation, which in turn calls SE35 to smoothen the differ-
entiated data. (Decks of all these programs were delivered to ARL,)

Below we outline the above programs. Also,the subroutines are dis-
cussed, except for SE35 which is a standard IBM subroutine. Printouts of

all statements in both complete programs are given at the end in subsection 6.

2. PROGRAM FTOJ

a. Flow Chart

.A flow chart for this program is given in Figure 35. As can be seen,
the 1npgt instructions determine the number of regions for which the total
current is calculateds These regions are the electron acceleration region
and the electron retardation region, the latter based on exact theory

(Bqs. (149) to (152)) and with the options of also being based on approximate
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theory for V << Vp (Bgqs. (153) to (155)) or less approximate theory with
vV, =E=0 (Bq. (134)). The corresponding outputs are named "plane exact",

"plane approximate”,and "plane zero EA".

b. User's Manual

The procedures for the operation of this program are now provided.
The following set of input data is required.

(1) NW is equal to one or any other integer. If NW is one, a detailed
printout of intermediate and final date 1is written, including the electron
contributions; if it is not equal to one, then only certain specialized data
and results are printed.

(2) THETA (degrees) designates the orientation of the normal to the
probe with respect to the electric field, if results for a single orientation
are sufficient. In order to rotate the probe and obtain results for several
orientations, one sets THETA >1¢@@.@#. The difference THETA-1g@@.# is equal
to the angular increment IDEG in degrees. The minimum permitted value of

IDEG is #.1 degree. The program starts with THETA = @,, performs the cal-

culations and repeats the whole process with THETA = THETA + IDEG up to
THETA » 180°. For example, if we want results for five orientations corres-
ponding to 0°, 45°, 90°, 135° and 180° (as required for input to program
JTOF), we assign the value THETA = 1445.4.

(3) vPg (Volts) designates the initial probe voltage.

(4) DELTAZ (Volts) designates the increment of the probe voltage.

Various options are provided, depending on the values of VP@ and DELTAZ.
1f VPg < @.¢, only the retardation region between VPF and zero volts is

analyzed with increment of the probe voltage equal to the given value of
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DELTAZ. If VP@ is between zero and 19@@.Z, then only the accelerating
region between zero and VP is analyzed with the same increment DELTAZ.
The minimum permissable value of DELTA@ is @.1 volts. Program FTOJ allows
for a sweep through the whole range of negative and positive probe voltages
by setting VPZ > 19@fF.F. The difference VP@-1g0d.J is set equal to the
probe voltage increment DELTA@, overriding the previously assigned value,
The program sets the maximum probe voltage at the maximum value of the
tabulated electron energy U(K), or,if a Maxwellian distribution is selected,
it sets it at ten times the electron temperature Te- VE, in eV. The probe
voltage varies from =U(K) to U(K) or from -10 T, to 10 T, with the increment
VPg - 190@.8. However, the computer usually stops before the most positive
potential is reached, since the instructions in the program ensure that,when
two consecutive current values in the electron acceleration region differ by
less than 10"%, no more calculations are done for this region. As an
example, if 150 (determined by K in (11) below) electron energy values diff-
ering by @.1 volts are given, one sets VP¥ = 1@@f.1 and DELTAY = #.1, which
will give a complete sweep, in @1 volt steps, starting from -15.¢ volts
through zero and into the positive voltage region.

(5) BA (V/cm) designates the external discharge electric field.

(6) P (torr) designates the neutral gas pressure.

(7) ©EAP (V/cm-torr) designates E/P.

Here we provide the option of assigning a value either to EA or to EAP,
besides requiring a value for P. That is, the computer calculates EA if it
is initially equated to zero and if P and EAP are given. Similarly, EAP is

calculated if it is initially equated to zero and if P and EA are given.
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(8) XNE designates the electron density in cm >, but,if XNE is be-
tween zero and one, it is interpreted as the ratio of electron to neutral
density, 7, instead of simply the electron density. In that case, the
electron density is evaluated from 7, p,and TI (see (9)) below,and XNE is
redefined as the electron density. Furthermore, if XNE is between zero and
one, the positive ion densities, XPI (see (15)below) , and negative ion
densities, XNI (see (16)below) , are also interpreted as their ratios to
neutral density.

(9) TI (°K) designates the gas or ion temperature, '1‘8.

(10) A (mm®) designates the area of the collecting part of the plane
probe. If A=g@.@f, the program stops its execution. This option is provided
to allow for possible extensions of the program to other geometries.

(11) K designates the number of values of the tabulated distribution
function, £, if it is non-Maxwellian. K must be sufficiently less than 25¢
(say 247 as & maximum) to allow for the sum of positive and negative voltage
values to be less than or equal to 25¢, In order to insert s Maxwellian
distribution function, one assigns a value of K > 1@@d, such that the elec-
tron temperature in eV is equal to VE = FLOAT (K- 1g@@)/1@. In this case,
the program sets the first and second orders of anisotropy in f equal to
gzero and tabalates a Maxwellian form for fo’ so that it is not necessary to
read in fo' This option is seldom used (except for testing), since we are
normally interosted in a tahulated anisotropic fe

(12) MAZ 1s equal to gzero or is nonseros If NAZ=g, only the "plane
st rmeults for the retardation region are calculated. If NAZ is non-
- e e "plase spproxisate” and "plane zero EA" results are also
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(13) NP designates the number of positive ion species. The value
of NP must be less than or equal to five since up to five species only
are allowed.

(14) NN designates the number of negative ion species and one must
have NN< 5.

(15) XPI(I) values designate the positive ion densities (in cm °)
multiplied by their respective ion charge numbers, but,if @ < XNE< 1., then
XPI(I) values designate the ratios of the above to neutral density. Up to
five values of XPI(I) are allowed.

(16) XNI(I) values designate the negative ion densities (in cm ™)
multiplied by their respective charge numbers, and input values for these
quantities are needed only if NN is nonsero. Also,if @.<XNE < 1., then
XNI(I) values designate the ratios of negative ion densities multiplied by
respective charge numbers to the neutral density. Up to five values of XNI(I)
are allowed. If NN=g, no input card is needed for XNI(I).

(17) ©a(I) values in atomic mass units designate the ion masses, start-
ing from the positive ion species and following with the negative ion species.
Up to .ton values of YMI(I) are allowed.

(18) U(I) and F(I,J).

If the electron energy function is non-Maxwellian and given in tabulated
form, the input requires data for U(I) and for F(I,4), F(I,2),and F(I,3).
Here U(I), in eV, represents the electron energy, and,for each U(I), there
are corresponding values of the zeroth, first,and second order of anisotropy
of the electron distribution function, namely,F(I,1), F(I,2),and F(I,3) res-
pectively. The maximum velue of I is K. The zeroth order F(I,1) is normal-
ized as in Bq. (315),and the other two components are normalized with respect
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to it. The convention for F(I,2) in the input is that it represent 51

in the cathode to anode direction, so that it is generally positive. The

computer program alters its sign to correspond to our previous convention

in our equations that the positive direction be from the anode to the cathode.
The output I-V characteristics are printed with the currents in amps

and the voltage in volts. In addition, if VPF > 1¢@@.¢f and if THETA = 1gL5.¢

or IDEG = l..5° , then five I-V characteristics for the five orientations 0°,

1..50, 900, 1350, and 180° are printed and in addition punched onto cards for

use as input data in the program JTOF. Three sets of cards are punched

with respective significant digits in the current equal to 5, 4,and 3.

This allows us to check on the sensitivity of the output of program JTOF

to the accuracy of its input data. The present program FIOJ also punches

out additional cards for use in program JTOF, namely,(1) EA and P, (2) A,

(3) KK (the number of cards with negative voltage values), LK (vith zero plus

positive voltage ),and MI (equal to zero vhen the total current is calcul-

ated),and (4) TI.

¢c. Symbols
A 1list of symbols is now provided.

A : area of the plane probe
*
ARG : (VP-VG)MG
COSA : (3cos? 6-1)/2
DELTAZ : increment of the probe potential
B : magnitude of the electron charge (e)
EA : discharge electric field (E)
EAN : B/N,ratio of electric field to neutral density in

V-cm?
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EPS¢

F(1,J)

G

I

IDEG
IDELTA
IP

ITEM

JA

gH

£ B 98

[N

1

E/p, ratio of electric field to pressure in
V/cm-torr

permittivity of free space (eo)

electron velocity distribution function corresponding
to fo’ f1z and f2zz for J=1,2 and 3 respectively

non-integrand part in the current density equations
running variable

angular increment

integer increment probe voltage

parameter used to write 40 output lines per page
parameter used for pauiﬁg from one treatment to
another: ITBM=1 for "plane exact"; ITEM=2 for
"plane approximate"; ITEM= 3 for “plane zero EA"
integer equal to one less than the designation of

the largest voltage point for which the current is
calculated

running variable

variable used for designating currents evaluated for
different orientations

number of energy values U(I)

number of energy values initially; towards end it
is changed to the number of negative voltage values
in the calculated data

K-N+1, a running variable

KK+ 1

running variable

number of voltage values including gzero and positive
values in the calculated data

I1-1, lower limit of integration in subroutine SUMT

integer designating the point af'ter the lower limit
of integration in subroutine SUMT

m

N




MI

M1

PI

PRM(Ig. PRE1(I),
PRE2(I

PRN@, PRN1, PRN2
PRZ@, PRZ1, PRZ2
STP

SUM
THETA
TI

..

.

equal to zero when the total current values are used
as input in program JTOF

equal to one

K-1

running variable

equal to one if only "plane exact" results are needed;
nonzero if "plane approximate" and "plane zero EA"

results are also desired

mainly used for KK+ LK, or total number of voltage
points (negative, zero and positive)

running variable

number of negative ions
number of positive ions
NP+ NN

K-IVP

equal to one if a detailed printout is desired; not
equal to one if only specialized output data is wanted

equal to 2
neutral gas pressure (p)
m=3.14159

integrand of "plane retarding exact" for the zeroth,
first,and second order of anisotropy,respectively

as above for "plane retarding approximate"
as above for "plane retarding zero EA"

parameter equal to the inverse of the difference be-
tween two values of the tabulated electron energy

value of the integral calculated by subroutine SUMT
angular orientation of the probe if THETA < 1g¢@¢.Z

ion temperature (T 6)
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TTA

u(I)

VAST

XIP

angular orientation of the probe (6)
electron energy in eV
-V

P

drop of the discharge electric field across the
sheath (V;)

electron temperature (V ) in eV

effective potential drop across the sheath (V -V“')
in eV

the average electron energy (V ) in eV given in
Eq. (278)

ion energy in eV at the sheath edge given by Eq.(280)
probe potential (Vp) in volts

initial probe potential

ve1/kT 8

current in electron attraction region in initial
approximation

electron contribution to the current in the electron
attraction region :

function to be integrated by subroutine SUMT or for
use in subroutine SHEATH

value of XF when its argument is zero

XIT, or total current arrays for five orientations of
the probe

electron contribution to the current in the electron
retardation region

negative ion contribution to the current 1n the elec~-
tron retardation region

positive ion contribution to the current in the electron
retardation region

total current intercepted by the probe
electron current density in the electron retardation

region
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xPI(I)

XVAST (KN)
YF(I)

ZNB

ZNI(I)
ZPI(I1)

ZPT

contribution to XJE arising from fo
contribution to XJE arising from f1z
contribution to XJE arising from f2zz
constant (Ko)

normalization constant for the distribution functions
Debye length (,\D)

sheath thickness (AB)

electron mass (m)

ion masses

atomic mass unit

negative ion contribution tc the current in the elec-
tron attraction region

electron density (n‘)
negative ion density multiplied by the charge number
sum of XNI(I) over all species

positive ion contribution to the current in the elec-
tron attraction region

positive ion density multiplied by the charge number
sum of XPI(I) over all species

V2 array for different V. or A,

function to be integrated by subroutine SUMT

INE in cm?

INI(I) in om™?

XPI(I) in om™?

sum of ZPI(I) over all species

17%




3. PROGRAM JTOF

a. Flow Chart

Figure 36 presents the flow chart for this program. Three sets of the
components of the distribution function are deduced,based on three different
approximations, namely,Eqs. (246) to (248), Eqs. (252) to (254),and Eqgs.
(255) to (257), respectively. These outputs are designated in the formula-
tion by EA> 107'7, 1072°> EA> 10°'7, and EA=@. The first two outputs
require I~V input characteristics for five orientatiohs of the plane probe.
For the last output, input results for three orientations of the probe are
sufficient,

The program calculates a first approximation f01 for the zeroth order
of the distribution function, foo This approximation is used to calculate
the electron energy averages Ve . Ve1, the sheath_thiclmeaa, As, and the
electron density, nge A second approximation for f 4is then evaluated from
Eqs. (241) to (251). This is compared to foq by evaluating the parameter

ACCU defined as

ACCUm f{[fo(vp)-fm(vp):]'v} / [ ro(vp)vp -

If ACCU is less than 1074, fo is an acceptable approximation. Otherwise,
f01 is redefined equal to the second approximation, f o? and the procedure
is reiterated until ACCU is less than 10°* or until the 100th approximation
for fo is obtained. Usually less than ten iterations are sufficient for

convergence.
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b. User's Manual

The following set of input data is required to start the calculations:

(1) Nw is equal to one or any other integer. If NW is one, a detailed

printout of intermediate and final data is written; otherwise, only special-

ized data and results are printed.

(2) EA (V/cm) designates the external discharge electric field, and it
can be zero or greater than 107'7, 1If EA=g., three sets of data, namely,
xJ(1,1), x3(1,3),and XJ(I,5), for orientations 0=0° 90‘: and 180°, are

sufficient in the input data,and one printout is given. If a value of EAs> 10°'7

is assigned, three printouts are produced for three degrees of approximation
as mentioned above,and data values for all five orientations of the probe
are required.

(3) P(torr) designates the neutral gas pressure.

(&) A (mP) designates the area of the plane piobo. However, if A is
set equal to zero, the program interprets the input XJ's as being current
densities rather than currents. If A is greater than zero, the XJ's are
actual input currents,which ere then divided by A to change them to current
densities,

(5) K designates the number of values of the tabulated current corres-
ponding to negative voltages,

(6) L designates the number of values of the tabulated current corres-

ponding to gero plus positive voltage. (L may be zero in the present program.)

(7) WX is equal to zero or is nongzero. If MI is nongero, the program
interprets VP(I) as the magnitudes of voltage points covering the negative

range only, where VP equal to sero represents plasma potential, and the first point
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being the voltage increment beyond zero. Corresponding to these VP values,
the XJ's are the magnitudes of the currents (or current densities if A=f.)
due to the electrons only. If MI is equal to zero, the VP(I) values contain
their sign and run over the range from most negative to positive in which VP
equal to zero represents plasma potential. (The points VP 3 @. may be omitted by
setting L=f,) Also,the values of XJ contain their sign and include the
ion contribution. The ion contribution is automatically subtracted from the
XJ's, which are thereafter considered as electron currents (or current den-
sities if A=¢.)., Presently, the read input data are based on MI = #,

(8) TI (°K) designates the gas temperature.

(9) RNTED designates the ratio of the sum of negative ion density
multiplied by charge number to the electron density.

(10) VP(I) in eV designates the set of equispaced voltage values.
(See also (7) above.)

(11) xJ3(1,J) values designate the sets of currents in amps (or current
densities in amps/m® if A=@.) with J=1 to 5,corresponding to 6 = 0°, 45°,
90°, 135 and 1809 and 6 = 0° is the anode to cathode direction. (See also

(7) above.)

ces Symbols
The meaning of the various symbols is explained below.
A ¢ area of the plane probe
ACCU : parameter used in the test of accuracy of fo

B#(1),B1(1),B2(I) : mainly used for functions obtained from current
densities (B, B,, B, in Eqs. (241) to (243))

DBP(I), DB1(I)

mainly used for B!, B (see footnote*)

* The prime denotes the derivative with respeot to V p’
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DDJ1(I)

DER1(I),DER2(I)

DJ1(I), DJ2(I)
DV

DVP

D2B(I)

D2J2(1)

E

EA

EPS@

R

Fg(1)
FEN(T)
B (1)
(1), F2(1)

FIN(I), F2N(I)
; .

IA

P

: J?

first and second derivative of the function given in
the output of subroutine DER. (At the end of the pro-
gram, these symbols are also used for B3 and Bh in
Eqs. (2u4) and (245).)
1 ]
111, 32
voltage point just beyond the most positive input value
voltage difference between points
1)t
(#B?)
L]
32
electron charge (e)
discharge electric field (E)
permittivity of free space (eo)
exact values of f , f1 and f2 - deduced from the Boltz-
mann equation. TRese ' *functiSf8 are not used in the
present program but can be incorporated to evaluate their
respective derivations from values deduced by this program.
zeroth component of the electron distribution function (fo)
normalized value of fo

first approximation to fo, namely f°1

first and second components of the electron distribution
function

their normalized values

running variable

number of passes in the test of accuracy
parameter used to write 50 lines per page
runring variable for orientation of the probe

number of values of the tabulated current for negative
voltages

number of values of the tabulated current for zero plus
positive voltages
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- 4

PI

RNTED

SGMA

8J2(1)
SUM

T
VE

VE1

VI
VRAT
vP(1)
AR

xJ(1,J)

g

..

v

.o

K-1

equal to zero if actual current values are read in;
nonzero if electron current densities are read in

running variable

equal to one if a detailed printout is desired; not
equal to one if only specialized output is wanted

neutral gas pressure (p)
m= 3014159

ratio of summed negative ion densities (times respec-
tive charge numbers) to electron density

parameter used in the test of accuracy, equivalent to
a rms difference between two successive approximations
to f

o

4 2
AFRCANALTA
p

integrated result given by the output value in sub-
routine SUMT

neutral gas or ion temperature (Tg)
electron temperature (Ve) in eV

the average electron energy (V

e1) in eV given in
Eq. (278)

ion energy in eV at the sheath edge given by Eq. (280)
Vé1/kT8
probe voltage (Vp); also used for electron energy points

functions used as inputs to subroutines DER and SUMI;
XHZ is the zero energy value of the function XH

magnitude of the electson cgrreng for é orientagions,
J=1 to 5, namely 6=0", 457, 907, 135" and 180 res-
pectively

Jg» dps I, (in Eqs. (246) to(248) and (252) to (257))
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XX ¢ parameter used in the test of accuracy equivalent to
a normalization constant for fo

XK@ ¢ constant (Ko)

XK1 ¢ normalization constant for the distribution func-
tions

XLMDAD : Debye length (r;)

XLMDAS(I) : sheath thickness ("s)

XME : electron mass (m)

XNE : electron density (ne)

XNT ¢ sum over species of negative ion density times charge
number

XpPT : sum over species of positive ion density times charge
number

XVA

Va drop of the discharge electric field across the
sheath

4. SUBROUTINE SHEATH

a. Flow Chart

This subroutine calculates an array of values of the sheath thickness
XLMDAS(I), for a whole set of voltages equal to all the tabulated electron
energies U(I). A flow chart is given in Figure 37. The relations used in
calculating A, are given in Eqs. (286) to (288). The meaning of the input

data required by the CALL statement is explained in the list of symbols below.

be Symbols

A 1list of symbols appearing in this subroutine is given below,.
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SUBROUTINE
SHEATH

Calculate XNN,
VI, XLMDAD

L

DO 12

2’

Calculate ion tems,
VN in numerator and
VD in denominator

4

Dimensions

Calculate SUM of
electron contributions

|
|
|
|
| in numerator
00 13 |
: ! i i
r T : DO 15
I [ Callate integrand P
| for first electron — 5
i i
! LB ! : Calculate integrand
R it | y | for election tem
| | in denominator
! EUP—
] [ SIMT_\
: (o )
00 14 :
r--- | Combine electron and
| ion contributions and
| [TCalculate integrand | calculate XLMDAS(N)
I | for second electron
| | tem in numerator | IR p——— 7
S <>
[ SUNT_\
CALL
\__SUnB_/
>
Figure 37. Flow Chart for Subroutine SHEATH
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-

zvp/vu

[2(v, + V0,12

(v, /9, )t

running variable

N

number of data points of U(I)
equal to one

N+1

N-1

K-1

running variable from 1 to K
‘(,d/dvp)JP ngdV/n _ (see Eq. (287))
: [P n,V/(n_V,,) (see Eq. (286))

(]

respective first and second part of the integral
given in Bq. (286) without the constant in front

integral given in Eq. (287) without the constant
in front
array of electron energy values

v
P

(v /(v + 7, )1
electron temperature (v.) in eV (not used)

averaged electron energy (V“) in eV given in
Bq. (278)

ion energy in eV at the sheath edge

18,



\4
XP(1)
xrg
XK1

z(I)

z
{2[v1(vi+ vp)] -2v, /v,
ratio of Vo1 to gas temperature in eV
271/7 e1
array of f‘o values for each energy value
value of integrand at the lower limit
normalizing constant for the distribution function
2\%
(e °V°1/nue )* (see Bq. (289))
2
(eove‘l/ Bys° )
sheath thickness (A!)
electron density
[n_ald'_/(nﬂvﬂ)] (see Eq. (288))

sum over species of positive ion density times
charge number

function to be integrated by subroutine SUMT

5. SUBROUTINES SUMT AND DER

a. General Outline

Subroutines SUMT and DER perform respectively the integration and the diff-

erentiation of an input tabulated function f(x) with respect to the input

variable x,

In both subroutines, the functional behaviour of function f around

a certain point x is approximated by a parabola,

£(x) = o1x" =0 %+ Oy
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from which the first and second derivatives can be calculated as

L -
£1(x) = 2¢,x~ o,

f"(x) = 201

and the integral from a to b as

[:(x)dx . i [3 oy -3 optaxy s o am) |
. x=a+Ax

where Ax is the difference between two successive values of x. The evalua-
tion of parameters Cys cz,a.nd 03 are made from three successive points,
namely,x,, X,, ¥3, and the three corresponding values of f(x), na.mely,f(x1),
f(xz)’and f(xj):

¢c, =8a,+8

P, e s
oy = (x,+ x3)a1 + (x1 +x3)32+ (:t1 + :2)9.3
oy = f(xz) + (02-0112)x2

where f(x1 )

8 = (12-31)(23-217

f(xz)
& = (:2- xmg- ::37

f(zs)
.3 o (35- ,1 )—(23" 32_)

From these definitions, one can see that the relation f(x)= o,x" - o %+ 05 18
Ll.weed satisfied for all three points and in particular for the point Xy
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b. Subroutine SUMT

This subroutine integrates XF(U) from U(LI-1) to U(12+1) and the value
of the integral is SUM. A flow chart is given in Figure 38.

We first integrate from L=LI-1 to LI using point LI+ 1, then from
LI to LI+ 1 using point LI+ 2, etc., until the next to final interval L2-1
to L2 using point L2+ 1. The final interval L2 to L2+ 1 is obtained by using
the same Cys cz,a.nd c.a3 constants as in the interval L2-1 to 12.

The subroutine also allows for special cases of LI and L2,such as 0
or 1 or 2 values or differences between LI and L2 of O or 1 or 2.

The input data values required by the CALL statement are contained in

the 1ist of symbols given below., The following symbols appear in this sub-

routine,

A1,A2,A3 : parameters (a,, 8, a,)

¢1,02,C3 : parameters (01, Cys 05)

L : running variable

LA : 12+ 1, designated upper limit of integration

LB : L2+ 2

LI ¢ second designated x-point after lower limit
of integration

I : = LI initially

L2 : designated x-point before upper limit of
integration

SuM ¢ integral of the input function

SUM2 : integral of last interval L2 to L2+ 1

u(I) : the tabulated x-argument values in eV

xr(1) : the tabulated function, f(x), values
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SUBROUTINE

Caleulate coefficients)
associated with first
interval contribution

to the integral

Calaulate coefficients
associated with
intenmeds ate interval
contribution 1o the integsal

-——— = e = = o o =y

v
1
|
|
|
1

Calculate intenneds ate
interval contriution
to he integral

-

Figure 38.

Calculate first
interval
contribution to

the integral

Calculate last

Flow Chart for Subroutine SUMI
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xrg : value of XF for U=0 or L1=1, viz.,f(x=0), if
integration starts from x equal to zero

XF1, XF2, XF3 : three successive values of the input function

X1, X2, X3 ¢ three successive values of the input variable

c. Subroutine DER

This subroutine differentiates a function YF(VP) having K equispaced
points of VP, starting from K=1 to K=K. If IJ=1, the output ylelds only
the first derivative values DER1(VP), whereas,if IJ=2, the second derviative
values DER2(VP) are also calculated. In the process of calculating DER1,
subroutine SE35 is called to smoothen the differentiated data, It is again
called for the calculation of DER2., Sometimes no smoothing is desired,as
in the calculation of f_ . Then one sets IJ=,4,and both DER1 and DER2 are
calculated without calling SE35. A flow chart of this subroutine is given
in Figure 39.

The methods used in calculating the derivatives are now explained. If
Ax=VPD is the difference between equispaced x=VP points, then the equations

in part (a) of this subsection reduce to

o, = [£(x, )= Zf(xz) + f(xj)]/Z(Ax)‘

o, = (£(x, )= f(xj)]/Zqu- [f’(x‘I ) - 2f(32) + f(xB)]xz/(Ax)'
£'(x, ) = 2, (32- Ax) - o, = [-Sf(x1 )+ hf(zz) - f(:,)]/?Ax
£'(x,) = 20,3, -0, = [£(x, ,)-f(=,_)1/28x (15 2)

This we call method 1.

If instead of points X, xz,md :3, we choose points X, x3,and xg for
differentiation, then we have to change Ax to 2Ax and subscripts 2 and 3 to
3 and 5. We find
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Evaluate derivatives
for points 1 and 3
u<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>