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Abstract

This report summarizes the work completed to date. Copies of all
papers presented to date are included in the appendix.
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• 1.0 Summary of Work

~~~~~ ~~~
The work accomplished to date can be divided into two categories:

• (1) component models and (2) model integration. The latter is ____

accomplished with a general purpose process simulator program for
water reuse processes.

— 1.1 Cornponent Models

The component modules include the following: (1) ultrafiltration ,
(2) reverse osmosis, (3) ozonation, and (4) hypochlorination. The
simulator structure enables a model for the equalization tank to
be created using the general features of the simulator.

1.1.1 Ultrafiltration

The presen t model for the tubular ultraf iltration module is based L
on the film theory for mass transfer through the boundary layer
at the inner wall of the UP tube. Permeability coefficients are
included for water , dissolved solids , and TOC. For a given module
configuration, inlet flow, inlet suspended solids concentration,
inlet dissolved solids concentration, inlet TOC concentration, and ____

pressure drop across the module, the model predicts the permeate 
____

flow, permeate dissolved solids concentration, and permeate TOC
concentration. The model assumes that no suspended solids pass
through the membrane. This model is described in detail in the
interim report “A Mathematical Model of a Tubular Ultrafiltration
Unit for Water Re—Use Systems”.

1.1.2 Reverse Osmosis

The model for the hollow fiber reverse osmosis module is also based
on the film theory for mass transfer through a boundary layer formed

N at the outer surface of the hollow fibers. For a given module ____

• conf iguration , inlet flow rate, inlet dissolved solids concentration ,
inlet TOC concentration, and pressure drop across the module, the
permeate flow, permeate dissolved solids concentration, and permeate
TOC concentration are predicted. Analogous values for the concen—
trate stream are calculated by material balance. This model is
described in detail in the interim report “A Mathematical Model of 

_____

a Hollow Fiber Reverse Osmosis Unit for Water Re—Use Systems”. 
____

1.1.3 Ozonation

The model for ozonation in the presence of TN light is based on -

basic kinetic mechanisms for the reaction and decomposition of ozone. ____

-
~~~ The ozone enters as a gas, is dissclved into the aqueous phase and I

then either reacts with the organic material in the water or decam—
poses. For a given contractor configuration and inlet water con—

~ ditions, the - ~del predicts the effluent water TOC concentration.
The model is aescribed in detail in the interim report “A Mathema-
tical Model of an Ozonation Contacting Unit for Water Re—Use Systems”.
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1.1.4 Ryp.ochlorination

The model for the hypochlorination module is based on the dis—
sociation mechanism for hypochlorite. The model predicts the
free and available chlorine concentration from inlet stream con— L.~.
ditions . The model is described in detail in the interim report
“A Mathematical Model of a Hypochlorination Unit for a Water Re—

— Use System”.

1.2 Model Integration

The componen t modules were incorporated into the process simulator
-
~~~ to facilitate the simulation of a variety of configurations for

water reuse processes.

1.2.1 Dyflamic Process Simulator ‘ I

In addition to the modules specific to water re—use processes , ~~~~~~~~~

the simulator includes modules for general process elments such
as mixed tanks , pumps , stream splitters, etc. The simulator :--~;~.~•
permits the configuration of the water reuse process to be
specif ied via da ta cards, along with specifications for the input ~~
streams. The simulator calculates the flow and concentration
of each stream in the process as a function of time. The results
may be presented in tabular form or may be plotted . To provide
some assurance that the models and process configuration is con—
sistent, total and component material balances are computed for the

N 
run. The dynamic process simulator is described in detail in the
interim repor t “A Dynamic Model for Application in Water Re—Use
Systems”.

1.2.2 Integrated Model Example

Using the dynamic process simulator, a simulation run was made
using the configuration proposed for the MUST %‘JPE. The run demon—
strated that the component models behaved as expected in an inte—
grated conf iguration, and that the dynamic process simulator could

• successfully simulate a realistic water re—use process. Simulation
of a 20—hour cycle required 24 minutes of computer time on an IBM
370/3033.
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2.0 Publications and Presentations

~~The following publications and presentations have resulted from
this work: ____

1. Starks , D. N . ,  and C. L. Smith , “A Dynamic Model of a Water
Treatment Unit ” , Proceedings of the 1977 IEEE Conference on

— Decision and Control , New Orleans, December 7—9, 1977 .

2. Starks , D.M . , and C. L. Smith , “A Mathematical Model of a ____

Reverse Osmosis System for Water Purification Use”, Proceedings 
____

of the Ninth Annual Pittsburgh Conference on Modeling and
Simulation , Pittsburgh , April 27—28 , 1978. 

:~•~~~
3. Starks, D.M., and C. L. Smith, “A Mathematical Model of an

~~ Ultrafil tration System for Water Purification Use” , Proceedings
of the 1978 Summer Computer Simulation Conference, Newport
Beach, July 24—26, 1978.

..~~~~~~~
Copies of all of these papers are included in the appendix.
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A DY)WIIC MODE OF A WATER TREATMENT UNIT 
_____

Cecil L. Smith David N. Starks

Louisiana State University Louisiana State University— 
Department of Chemical Engineering Department of Chemical Engineering

Baton Rouge , Louisiana 70803 Baton Rouge , Louisiana 70803

Abstract

For support of field medical units , the U.S. composite waste. The methodology to appl) .j
~
. ~S

i-my is developing a self—contained waste water the model to other configurations and
treatment 5yste~ to produce potable water for use other wastes will be developed and doc—
within the unit. To aid in developing the control umented.
strategy and the faul t detection/fault isolation 2. Usin g the dyn amic model as the basis , de— ______

logic, a dynamic model of the system is being de— velop a control/monitoring system for the
veloped. operation of the WFE.

The first phase of the effort  is to develop 3. Us ing the dynamic model as the basis , de—
models of the system’s components , such a ultraf ii— velop a fault detection/fault isolation
tration , reverie osmosis , ozonation , etc. These package for the WPE.
models are then combined to obtain a model for the This presentation will only consider the first of •

complete system. To the greatest extent possible , these objectives.

In determining coefficients for the models , the
fundamental equations form the basis of the models.

the data was obtained from the dxperiments that 2. System Description
formed the basis of the design of a pilot plant ver-
sion of the unit. To refine the model, this data When in the re-use mode of operation , the WPE
is then supplemented by operational data from the utilizes the following components in series:
pilot plant . 1. Equlization (mixing) tank

2. Ultrafiltration
3. Microfiltration

1. Int roduction 4. Reverse osmosis
5. Ozonation (accompanied by exposure to

The U.S. Army has a requirement to provide a ultraviolet light)
mission—oriented medical treatment system which is 6. Clorinat ion

designed and equipped to facilitate rapid estab— Dynamic models are required for each of these con—
ltahment and disestablishment. The flexibility ponente.

• 
permits i~~ediate response for a medical support 

The sources of the recycle water include
unit to any tactical, environmen tal or geographical showers, operating room, kitchen, laboratory , and
change. This system will provide a contamination— x— ray . Due to the large number of sources of con—
free and controlled environment in which medical taLiflants , it is impractical to identify every
surgical and ancillary procedures and other sup molecular compound. In such cases , the usual prac-

medical treatment system is termed the MUST Medical consist of several molecular compounds of similar
pozging functions can be performed. The mobile tine is to introduce pseudo—counpounda , which will

Complex . tasodiated with the MUST Medical Complex characteristics. Currently, only two pseudo—con-
is a Water and Waste Manage ment Subsystem (WWMS) pounds are being used , with all contaminants
This subsystem is required to treat and dispose of , being treated as either dissolved or suspended
without degradation of the eavironment or danger to solids.
personal health , all toxic and contaminated waste Ifl develop ing the design f o r  the WPE, the
materials generated within the functional areas of first step was to develop and operate a 1/4—scale
the Medical Complex. In addition to the waste breadboard system. The next step was to construct
treatment and disposal , the WPE within the WWS a full scale pilot plant. Data from both serve as
must be capable of producing potable water from a the experimental basis for the dynamic model.

L fresh or brackish water source and noncomsumptive
reuse water from the MUST Medical Comp lex waste
water effluent. 3. Model Pormulatjon

The obj ectiv, of the present program is to:
1. Develop. an integrated dynamic model de— I~~ dynamic models for each component of the

scribing the operational characteristics ~~~ are based on fundamental concepts , such as
of the water proces sing element. ~~~hasis heat balances , material balances, mess transfer
will be placed cm the reuse áode of opera— equations, etc. For example , the model for the

b tion utilizing the MUST hospital composite ultrafiltration unit involves the follcving equa-
waste or the x—ray, laboratory, and 01‘p.

,

-6-
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1. Material balance on total contaminant “-f.?2. Total material balance
3. Diffusion of the contamin ant into and out of

thi boundary layer at the tub e wall.
Models of other elements of the WPE involve rela—
tionships such as heat transfer , reaction kinetics,
etc.

Although the basic theoretical equations are
re lativell easy to develop , numerical values for
the various coefficients are more difficult to ob—
tam . Empirical correlations are also often nec—
essary. In the ultrafiltration model , the follow— ______

- 
- ing are used: -

1. The mass t ransfer  coefficient is related ~
to the diffusivity.

2. The osmotic pressure is i-elated to the
concentration of contaminant.

Furthermore , some physical properties (such as the 
______

diffusivi ty)  may be functions of operating condi— r

tions (such as contaminant concentrations).

4. Model Calibration :-~~~~
In order for the model’s behavior to match that :~4 of the physical system, the unknown parameters in _____

the various relationships are adjusted until  the ‘I i
model results agree with the experimental results -

to within an acceptable tolerance. In the ultra—
fil trat ion model , five parameters must be deter—
mined in this manner. In this case , experimental :
data is currently available only for steady opera—
tion , although future plans call for data to be
collected during periods of non—steady state op—
eration .

After the parameters have been fit to the cx—
perimental data , the model behavior must be ob—
served under several different conditions to
verif y that its behavior appears to be “reasonable”. ‘-, 

-

Futher tests of this type are necessary after the
component models have been integrated into a model •

of the complete system.
The presentation will describe the experiences

of the authors in deve lop ing componen t models for
the WPE , wiht emphasis being on the process of es—
tablishin g a valid model from the available experi— •
mental data.

S
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A MATHEMAT ICAL MODEL OF A REVERSE OSMOSIS
SYS1EM FOR WATER PURIFICATJO~ USE

• David M. Starks and Cecil 1. Smith
Department of Chemical Engineering -

Louisiana State divers i ty

:~ 
Baton Rouge, Louisiana 70803

— 

ABSTRACT - 

-

This paper describes the development of a mathematical model depicting the reverse os—osis ur. lI~ ~employed in the water processing element under development by the U.S. Army Medical F~esearch .t..
and Devel opment Conmand for support of’field medical units . Methodology for solving the mode 

~~~~~~~equations and fitting the model parameters to experimental operating data has been de-ieloped :-.~ .
and programs written for a digital computer. This article presents in detail the model eoua- ~~~~tions, the parameter fitting procedu!es. and some typical results.

DEV ELOPM ENT OF BASIC EQUATIONS AND METHODS US ED

The model equations developed characterize the operation of the duPont B-iD Reverse O~r-osis
Separator as Illustrated in Figure 1. Contaminated water enters via the high pressure feed
tube. Flowing in the radial direction, contaminated water becomes progressivel y more concen-

• trated as water preferentially permeates through the membrane wall into the inner bore of th~f ibers . Concentrate is collected at the flow screen and moves axially towards the ccncentr~ ~~
—

outlet. Purified water collected inside the fibers exits the module as permeate.

- -I • -

• • pon Is

~~~~~~~• I - nowrw’ 4 1 ~~~~~ 
•

\ / /~ 
.ç 

~~/ / ~~p 
_

~~~~~~~~~~~~~~~~~~~~~~~~~ 
Ptrn~EA t

• ~~~~~~~~~ ‘p

Figure 1. Reverse Osmosis Separator -

—

~~~~~~~~~~~~~

•. FORMULATION OF EQUATIONS

• . i~ dev elop the area ava ila ble for the flux of wat er and contaminants Into the fiber bore, ~e
3 be the number of perfecfly straight, evenly distributed fibers parallel to the axial dirt

I’ - tion per unit of cross sectional area. Collectively, these idealized fibers would have the
- - ~•r-1 same fluxes of water and contaminants as the actual fiber configuration.a

~~~
N

.4
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F or the  U ~l 1c-rcntia i e1L’unc~nt in ri gur - 2. the erc~i aw ilable for flux becomes:

(N fX’JDfL)[m (r -
~ 6r)

2 ii(r) 2 )

where: DF is the outside diameter of tI,e fiber (m)
• I is the length of the fibers (rn) •

r is the radial coordinate (m)
A steady state material bala nce on the dissolved solids , component ‘A’ , for the sl i ce ofmodule between r and r + t~r in Figure 2 yields:

- Input rate of A = Output rate of A
(2lIrL)V(r)CA (r)  ~ 2i~(r + l~r)LV(r + Ar)CA

(r + .~r) + JA ( r ) (N
f~
DFL)[n(r + ~r)

2 
~1w

2: 
~~:

— . where: V (r) = radial velocity of fluid (rn/hr)

j • C~(r) = concentration of A (gm/rn3) 
_____

JA(r) 
= flux of A into inner channel of hollow fibers (gm/hr-rn2)

A similar steady state mater ial balance on the TOC , component ‘C’ , for the differential ~~~~~element in Figure 2yields :
.• • ~- - . - — --.

(21rrL)V(r)C
~
(r) = 2ii(r + ~r)LV(r + A r)C

~
(r + ~r) + 

~~~~~~~~~~~~~ 
+ Ar)2-irr2; ~~~j whe re: C

~
(r) = Total Organic Carbon (b c) concentration (gm/rn3)

- = flux of C into inner channel of hollow fibers (gm/hr-rn2)

:~ 
A steady sta te total ma ter ial bala nce yields :

- 
• 
.(2itrL)V(r)p(r) 12m (r + Ar)L)V(r + Ar)p(r + Ar) + IJA (r) + J8(r)

+ JC(r ))(N fi~flFL)(~ (r + ~r) 2 
- mr2) 

_____

where: p(r) = total mass density (gm/rn3) • 2:‘ J0(r) = flux of water, component B. into the fiber bore (gm/rn -hr)o

In addition 3 a steady state mater ial balance on component ‘B’ can be written to obtain an
equation analogous to -equation (1). However, this equatior, is not necessary as it become .

- . ‘
~~
.‘\, ‘

dependent equation when equations (1), (2), and (3) are used in the model . - .\.% .

V(r-fAr),CA(r+Ar) ,CE(r+Ar)/ ~~~~~~~~~~~~~~~~~~~~~~~~ \
C
~
(r+

~
r ) , P(r +

~
r) ‘ ) c /~~-~ ‘

~ 
_-.

—.-

,.

‘ \
• • f~/7 

_• 
- ( ( js ( Ri2~~~~

=_)flI \
V(r),CA(r),CB(r),p(r) 

- r :~~:::

I _
- . • • .

. 8r

:~ 
•-1- .~ :

F igure 2 . Ra di al D i f feren tial Eleme nt

~~ ANALYTICAL EQUATIONS . -• I
Equations Ci) , (2) and (3) are readily converted to differential equations by tak ing the

~~~~~~~ l imi t  as ~r approaches zero. The results are:
--

• 
• .
,

m - - ,

-— _ — — - — - - -- -: - - _i I
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .3:
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~~ IrV(r)C1~(r )3 = - N
f
lD FrJA

(r)

~~ IrV (r)C~(r)) = - Hf 1TDFrJ C(r)

~~~~ trV(r)p(r)) - N
f
1
~
DFrtJA

(r) + .)
6

(r) + 
~~~~~ 

( ‘
~~
.:•‘

~

-The boundary conditions are as follows:

V (R~) = F
0/(2mR1

L) 
-

4 CA( R~
) = CAO

— 
“ ‘ = CC’ i’ Co

p(R1) 
= calculated from CA (R

l) and Cc(R 1)

where: F0 = feed rate to module , m3/hr •

C = inlet concentration of A , gm/rn3Ao 3 ~~~~~~

• 
C~0 = inlet TOC concentration , gm/rn

• 
• :~~-~

P FLUXES AT THE BOUNDARY LAYER - -

To obta in the fluxes 3A’ ~B’ and ‘~c’ a stagnant boundary layer is imagined to exist near
outer surf ace of the hollow fiber as shown in Figure 3. The fo l)owlng fluxes into and ou .~

. .~

the boundary layer are defined: - • 

-

= B(CA2 
- C

A3
) (7) • 

~DA = kA (CA2 
- CAl) (10)

= y(t~P - Air) (8) 30B = k6(C61 - CB2) (ii)

= C(CC2 — Cc3) (9) 
- ~oc kc (Cc2 Cci ) (12)

where : = diffusional flux of contaminant out of the boundary layer, gm/m2-hr.I • 
• • 

~ = diffusional flux of water into the boundary layer, gm/m2-hrD 
- 2= di ffusional flux of TOC out of the boundary layer, gm/rn -hr

CA1. concentration of A in bulk f luid , gm/rn3 - 

:
CA2 concentration of A in boundary layer, gm/rn3 

--- 
CA3 concentration of A in permeate , gm/rn3

C = concentration of B In bulk fluid, gm/rn3

C = concentration of B- In boundary layer, gm/rn
• C = concentration of B in permeate, gm/rn

c = concentration of C in bulk fluid, gm/rn
C~2 concentration of C In  boundary layer , gm/rn -

C = concentrat ion of C in permeate, gm/rn
y permeability coefficient for pure water, gm/rn —hr-atm
B = permeability coefficient for dissolved solids , s/hr
C permeability coefficient for TOC, rn/hr 

-
tP pressure drop across membrane, atm

Mt = osmotic pressure difference across membrane it2 - I3~~ ~tm

112 = osmotic pressure at boundary layer , atm

113 
C osmotic pressure of permeate, atm

kA.kC mass transfer coefficients for solids and TOC, respectively, s/hr

- 
-

-10- . -
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Bulk Fluid CA1 ICBI .Cci
• ‘IDA 

F 
~DB ‘~DC •

• 
- 

~~ 4 -

I - I I
• 

•

I i. I
- I 

- •

- Boundary Layer cA2.c82.cC2

— 
- 

- 

Fiber Menibr~ne 
-

~ 
J- - j - 

~~~~~~ 

- 
- 

-

— 

- 
Permeate - 

~A ~B 
•

- 

. 

- - •  

• 
CA3.CB3 CC~

• Figure 3. Fluxes into and out of boundary layer
• •

The osmotic pressure is related to the concentration of contaminant, C , and the absol ute
• tmnperature, T, by the empirical relationship -

- 

f(CE.T) aTCE( l+  BCE)2 
• 

(13) :~~
where: a coefficient , atm-ri 1gm - i( 

- • 
- •

B = ‘coefficient , rn3/ grn 
- 

-

• • - I = absolute temperature, degrees Kelvin
CE C effective contaminant concentration CA + kECC, gm/m3

:~ k( = coefficient expressing the concentration of A equivalent to a unit concentrati• of C for purposes of osmotic pressure, dimensionless

• To obtain Mt 1r2 
- ¶3. It is necessary to evaluate 

~2 using C~~ and C~2; ¶3 using CA3 and
• - C3 

• 

-

:~ The flux 4 due to the bulk flow toward the boundary layer can be obtained by writing a to
material balance around the boundary layer:

~F 3A~~~ B~~ 
‘3C~~ 

‘IDA 
— 

~DB + ~DC - 
(14)

• in addition, componeit balances for component A and for -component C can be written:

- 

- 

- 
JFXA1 1A 

+ 
~DA • 

(15) JEXC1 = ‘~c 
+ 

- 

(16)

- where XA1. X~1 mass fractions of dissolved solids and TOC In bulk stream, respectively.

A component balance can also be written for component B, but it will not be an Independent
equation.

• In addition, the mass fractions X~~ and X~~ are related to 
~A’ ~B’ and as follows:

• ‘I 
- J

x A (17) • x C (18)
- - A3 

~~~~~~~~~ 
C3 

~A~~~B
4
~~C

V -

- Correlations for the mass transfer coefficients , kA and k,, have been developed analogous
to those available for flow across heat exchanger tube buhdles. The final result is:

• 
. e D V

Ic — C1(N~~) , 119) ‘¼. — + - 
- 

(20)
‘I. - 

. -

it -

. - 

y . 
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where: HR 
= Reynolds number C — coeff icient whicn is a 1UlI~.Liut t  ui
= outer diameter of fiber - 

e
1 

z t~~~~~~~R~~~~~~
t
~umber

V = radial velocity 1
v = kinematic viscosity

• Ic = mass transfer coefficient
The same values for the exponent ei will  be used for both the solids and TOC but different

- values will be used for C1, owing to different physical properties of the two components.

- 

- APPROXIMATIONS IN THE FLUX EQUATIONS - 

-

In the reverse osmosis unit , the concentrations of dissolved solids and TOC will be relati~small. Furthermore, the Rp membrane will tend to reject these components. For these rea~cthe following assumptions will be made:
— 1. The membrane permeabil ity fluxes 3A and are small compared to

— 2. The diffusional fluxes 
~DA’ ~DB’ and ‘~c -are small compared to J6.

3. The density is that of water namely p.
Table F gives the flux equations with these approximations included .

Table I. Simplified Equations for Fluxes at the Boundary Layer

j - Trans port Equations Osmotic Pressure Relations hip s
~~~~

B(CA2
_ C

A3) 
• 

‘~~~ 2 ”3
- - • = y(1~P - Mi) = aTC,,.~(1 + BC )2

• ~~~~~~~ . ~~~= C(C~2 - • Cc3) 
• = UTC~3(1 + BC E3

)
3PA kA(cA2 

- CAl) • 

CE2 = CA2 + kECC2
:~ ~DC 

= kC(C C2 - Cc1
) - CE3 CA3 + kECC3 -

Material Balance at Boundary Layer Mass Fraction/Density /Concentration Relationshi

- JFXA1 ~DA 
- 

• 

~ ~x~2

XA2 
- XC2 :~:~: : ~lX~3

XA3 
- X

C3

‘ 4 ci - ‘~C DC C32 = PX32 CB3 PXB3 
-

• 
- - 

- x = -~~~ x = c CC2 PX~2 c~3 C

A3 C3 
~B -

SOLUTION METHOD 
- 

- 

- 

- -

- The solution method basically consists of numerically integrating the differential equati
• resulting from the total and component material balances. However, this is somewhat camp

:~ - cated by the fact that the fluxes must be determined at each increment by solving the set
• nonlinear equations sunmarized in Table I.

-is

PARAMETER ESTIMATION CONSIDERATIONS
.
•,

Values of several key variables, such as mass transfer coefficients -and osmotic pressure
L relation coefficients , must be determined f rom experimental data. A Pattern Search strat

was used to find a set of values for these parameters which minimized a cost function exr
sive of the difference between model calculations and experimental -results .

- Table II lists the parameters whose values have been obtained by the parameter estimatic
procedure. The parameters Hf. y, B, and C may only be obtained from the operation of the

- 
- module Itself. • 

. -

Of the remaining parameters, three of these (CiA. C1~, and e1) are required for the mass
transfer relationships-and three (a, B, and kE) are required for the osmotic pressure rel
ship. It should be possible to develop experimental procedures to evaluate these indeper

• of the RO module test, but in the absence of these independent experiments, these six par
- meters are also evaluated from the MO test data. -

If. - —

- 
• —12— . 

-
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Table II Model Parameters

Hf Number of ideal fibers per unit cross-sectional area of the fiber bundle
Permeability coefficient for pure water

B Permeability coefficient for dissolved solids - ,~ ~

C Permeability coefficient for b C  -

e1 Exponent of Reynolds number in transfer correlation
a Coefficient in osmotic pressure correlation

• 
- B Coefficient In osmotic pressure correlation

P - • - k~ I-lass of dissolved solids equivalent to a unit mass of TOC for use in the [_ .....
osmotic pressure correlation •C Coefficient in mass transfer correlation for A

— 
c~ Coefficient in mass transfer correlation for C

COST FUNCTION -

The test data basically consists of two types: -

1. Permeate flux data • 
- :-.~:-~:2. Permeate concentration data (dissolved solids and TOC)

The above values are read -directly or computed from the experimental data.

The cost function employed is the following:

• COST = ~~ Z. We.. 
~~F 

Fm i  
2 

+ w - 

CAe,i - CM i  
2 

+ w - 
Ccci - CCm ,1 

2

• - 1=1 i ~ e,i - 
- 

Di 
~~ 

CAe,i . 

/ 
Ti 

~ 
CCCI 

/ ~~~~~~~~~,‘ •‘~i
•

where: Zi, ~~~~~~~ 
WDi, and V11 are weighting factors for, respectfvely, the point as a

whole, permeate flux , permeate solids concentration , and permeate TOC concentration.
C,~
, C~ represent permeate dissolved solids and TOCconcentrations , respectively. Subscri~

e and in indicate experimental data and model predictions, respectively. • 
-

Table III provides a comparisoo between a typical data point and model predictions for U
same feed and operating conditions after having determined values of the model parameter~as outlined above. (Module pressure 54.37 atm, temperature 302.?8°K)

-. -

-_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

• -
-

Table III. Comparison of Experimental Data and Model Predictions

- - 

- Feed Permeate Concentrate Permeate Concentral
Flow rate (m3/hr) - 1.02 0.36 0.66 - 

0.335 O.6~Solids concentration (gm/rn3) 12100.0 104.0 18600.0 105.0 18000.0
TbC-concentration ( gm/rn3) - 581.0 31.0 881.0 30.0 850.0

• 
—

• . . . 
-
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A )iatI-,mi,etical lodel of an Ultrafiltrat ion
System for tiater Purification Use

David 1. Starts and Cecil 1. Smith
Department of Chemical Engineering

Louisiana State University
— Caton Rouç~e , Louisiana 70803

Abstract
This paper describes the development of a mathematical tinguish between the effects of dissolved solids and suspended

solids on the fluxes. •model depicting the ultrafiltration unit employed in the water
processing element under development by the U.S. Army Medical
Research and Development Conriand for support of field medical A steady state material balance on the total solids, compo-

‘ 
units , Methodology for solving the model equations and fitting nent ‘A ’ , for the differential element in Fig. 1 yields :

the model parameters to experimental operating data has been
developed and programs written for a digital computer. This !nput rate of A • Output rate of A k ,.,.

• article presents in detail the model equations , the solution
techniques employed, the parameter fitting procedures, and some F(z) CA(z) — F(z+ Az)C A (z+ Az) + WDSJA (Z )AZ (1)
typical results. where: F(z) ‘ fluid volumetric flow rate (m3/hr)
Development of Basic Equations CA (z) . concentration of A (pe/mI)

The model equations developed charaterize the operation JA ( z) • flux of A through membrane (pa/ hr -rn2 )
of the Abcor NFl) ultrafiltration unit shown in F$g .l. Contami.
nated water enters the tube at Z— O and flows in the Z direc- As the permeate contains no suspended solids , 

~A 
Imist consist

tion, exiting at z’L ,and is collected as concentrate. While in entirely of dissolved solids.
the tube. some of the water and contaminants pass through the
mey4~rane attached to thc tube s inner surface and is collected Similarly, a steady state total material balance on the dif.
as permeate. ferentlal element in Fig. 1 yields :
________________ 

Input rate - Output rate
AZ

F(z )p  . F(z+ az)o + WDJ J A(z ) JB flAZ (2)

where: p — total mass density (mt~m
3)

C~’(z+Az~

~~

F(z) 

— — 

~~~~z) 

Zn addition, a s teady state material belanc e on component

C JB(1) flux
,~
f water , component B. through the membrane
-hr)

1’~

z—O 1 j ~ 
z-t. ‘B’ can be written to obtain an equation analogous to equation1’ ,

JB(z) 
(1). However, this equation is not necessary as it becomes a
dependent equation when equations Ct) and (2) are used in the

JA (z) model.

Fig. 1. Abcor IWO Tubular Ultrafiltration Unit Equations (1) and (2) are readily converted to differential

.~~ - 
3 equations by taking the limit as AZ approaches zero. For equa-

inlet concentration of contaminant’ pa/rn tion (1), the result is:
• C~~ - inlet concentration of wa ter; pii/m~

- diameter of module; S 
~~~

. (F(z)C~(z)) — wD,~J~(z) (3)
F0 - inlet flow rate;

C,’
- flux of contaminant acros s membrane; pa/m2-hr Equation (2) becomes;
- flux of water across maubrane; go/rn2-hr 

- (~~(Z) • (4)L - length of module; rn
- - a - axial special coordinate; m

The boundary conditions are as follows:
Each ultrafi ltration tube is modeled as a long hollow cy-

linder with a semi-permeable .~~ran. adhering to the inner sur- F0(O) • F0 CA (O) •face of thu tube. The .~~ rane acts as an extra fine mash, me-
tam ing suspended solids and s~~ very large organics. but pass- where: F0 feed rate to module, m3/hr
ing water and sick of the dissolved solids. During operation,
a this boundary layer Is assunad to form at vie m~~ rane oupsi C~ 

. inlet concentration of A, pa/m3

which water mist pass before reaching the tubs wall. botailad
opiiations derived fran writing c~~~sest and overall terial Fluxes at ~~~~~~~~~~~~~ and • a stagnant boundary layer isbslaaces f.r the bulk asd boimdsry lsyev ssctions of th,tube tomb
form th, basis of thu d l .  imagined to exist near the nner 1l1 of the tube as shmo in

Fi,. 2. The follcwing fluxes into and out of the boundary layer
4,’ - For the present work, the .sdsl is only concerned with the are defined:

suspended selids and the dissolved bu ds in the feed. Experi-
• mental data indicates that both Stave an effect on the flux of .)

water and dissolved solids through tit. m~~rame, ~~ peme~. 
A~ 

I(C~~ - Cu) (5)

being essentially fri. of any suspended solids. As prisistly
written, the model assunes that the effect of suspended solids ‘~I 

r(AP - Am ) (5)
and dissolved solids on the fl un is the sama, which permits the

I • dissolved and suspended solids to be lisped into a single con- k~(C~ - Cu) (7)
teni~~nt, ‘A’ , for the feed and concentrate streme. U mare
experimental data bacomes avail able, it may be possibl, to dis-

I’
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• 
_ _

I • V -

• k~(c81 - CB2) (8) 
Zn addtion, 3A3’ the mass fraction of dissolved solids ~n

the permeate is related to 
~A and as follows :

Bulk Fluid ________

r 
CA1 .Cb1,X A1 .X B1 3A3 J • ( 12)

- ~DA ~DB

~ ~ 

This complete’~ the set of equations describing the fluxes at theboundary layer.a
In the ultrafiltration - unit , the concentration of dissolvedBoundary layer 

— 

C~~,C82, X~~,X~~ solids will be relatively small. Furthermore , the membrane will
tend to reject these components, For these reasons , the follow-

‘I. Nembrane 
~ 

,j , in9 assumptions will be made:

1. The membrane permeability flux 
~A is small compared to

Permeate 
~A C~~,C~~,X~~,X03 ~B’ •.~\•~2. The diffusional fluxes and ore small compared 

______

Fig. 2. Fluxes into and out of 3oundary Layer to

3. The density is that of water.

Table I presents the flux equations with these approximations
included. Observe that iti s no longer necessary to evaluate

layer , piVm2-hr
where: • diffusional flux of contaminant out of the boundary 

~DB’
diffuslonal flux of water into the boundary layer, _____________________________________________________________pa/.2-hr 

It

L CAZ • concentration of A in bulk fluid, pa/m3 Table I

.‘
~ 

CA2 — concentration of A in boundary layer , palm3 Simpl i fied Equations for Fluxes at the Boundary Layer

Transport Equations Osmotic Pressure Relationships
C~~~ concentration of A in permeate, pa/m3

• concentration of B in bulk fluid , pa/rn3 ~A 
• B(CAZ - CA3

) Am • ‘2 - 13
2C82 

. concentration of B in boundary layer, pa/m3 • ‘r(AP - Am) ‘2 OTCR(1 • 
~ A2~ ______P C33 • concentration of B in permeate,

• permeability coefficient for pure water , pn/m2- 
= kA(CAZ - CAl) m~ ~stC~1~(1 • ~A3~

hr-ate
B • permeability coefficient for dissolved solids , Material Balance at Boundary Layerm/hr

AP • pressure drop across mot ra ne , at ,
Am • osmotic pressure difference across m~~ rane = ~F

‘2 - 1131 atm 
~F~Al ‘~A 

• ‘1DA

S ‘2 • osmotic pressure at boundary layer fluid, atm

kA,kB • mass transfer coefficients for solids and water.
13 - osmotic pressure of permeate, ate JA

respectively. Whr

The osmotic pressure is related to the concentration of Mass Iract ion/Densi ty/Co ncent ratio n Relationships
contaminant , C,~ and the absolute t peratu re, T, by the mepiri-
cal relationship ~B2 1-  X,~ X$3 1 - 5A3

w • f(C~~T) QTCA (l + 
~

C
*

)
~ 

(9) CR ~
1A2 CA3

where: o •  coefficient, p.lu3ir,._0K C~~ p33~ C83 - 
~ S3

B • coefficient, 
_____________________________________________________________• T • absolute t~~ erature, deg Kelvin 
~~lution Method

The solution method basically consi sts of numerically tate- • 
- -To obtain Am • m - s it is necessary to eval ua te ‘2 usi ng grati ng the diff erential equations (3) and (4) resulting franand 13 usIng c

~3. the total and c~~ onont material balances. However, this is
saniwsiat complicated by the fact that the fluxes mist be deter-£1 The flux .1 due to the bulk flow toward the boundary layer mined at each Increment by solving the set of nonlinear equa-

can be obtaine/by writing a total material balance around the tions si arizad in Table I.
boundary layer: TIie c ~~ utation of J- and J at every point s re-S

• 
~~
• ~~ •J.~ - j_

~s 
(10) quires the solution of vi set of1equatioss in Table I. which

entails ~~ nested iteration loops.
In addition, a c~~ on.nt balance for c~~ onent A can be writtin:

• For both loops, the interval halving mathod was found to

~F3Al ~A 
• (11) be necessary to achieve a reliable c~~~.j...c a of the leaps. A

si.flar situation exists in thus reveres osmesis unit dsmstrea
where • mass fraction of dissolved sol ids in the bulk stream. of the ultrafiltraion unit. The equations proved to be highly

nonlinear, and with waring degrees of sensitivity. Censequ..tl~A c~~ oment balance can also be written for cispuitant I, but it th~ reliability of the interval halving method had to take pro-
will not be an independent equation . cadence over c~~wtatio.iul efficiency.

Per the first or outer iteration loop, a value of C~ ~~ t

— 15—
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be estimated. It is known that CA! < C
*2 p. which permits in- If CR* Is not equal to CR, a new value for C~2 must be assumed .terval halving to be utilized . The interval halving logic permits the interval of uncertainty 

______

However, knowing the value of C42 only permits J~~ to be 
for CR to be reduced and the calculations repeated,

calculated. To proceed further, a value is assumed for CA 3. Using this procedure , the nonlin~~r flux equations are 
~~~
I
~~Ii~~

which oust be in the interval 0 < CA3 < CA ! .  This permits j8 to 
Solved for each integration step.

be readily calculated as follows : . Parameter Estimation Considerations
Values of severa l key variables , such as mass transfer co-

• k~~o (~a - 1.0) • (13) efficients and osmotic pressure correlation coefficients, must
be determined fry. experimental data . A Pattern Search stra t-

by combining the following three equations: 
(4) was used to find a set of values for these key variables _______

which minimized the difference between model calculations and
experimental results.

1A3 - ~~~~ 
The Pattern Search technique was chosen for several rca- , • • - -sons:

~
3A3 Simplicity

Relative insensitivity to numerical error , i.e..
and 

~A k4(C 42 C43
). . Ease of use

Harriott and Hamilton (2) give the following relationship no partial derivatives are evaluated
for tubular ultrafiltration modules: 

‘ Reasonably fast convergence to the solution

0.913 0.34 6 . The method is fairly well known
(14)

NSh ‘ 0.0096 NRc 
NSc Table II lists the parameters whose values have been obtained

by the parameter estimation procedure .

where: NSh • • Sherwood number
AB

NRC PJ. . Reynolds number Table II ~~~ Aè’q

Fit Parameters
r~ -~~ ~~

-N5 
. • Scheidt number

y Permeability coefficient for pure water
where: k • mass transfer coefficient, rn/hr

v • kinematic viscosity, m2/hr B Permeability coefficient for A

diffusivity, uss2/hr o Coefficient in osmotic pressure correlation
D — characteristic length , rn

B Coefficient in osmotic pressure correlation
This relationship was incorporated directly into the model.

However in att empting to Impro ve the accuracy of the model, the a ,b,c Coefficients in the diffusivity relationship
relationship

0A8 — aX 41 b ex p (.CX
AI

)

.ç was used to make the diffusivity a function of concentration
where a, b. and c are coefficients . The experimental data on which the parameters ware fit

was essentially a ‘snapshot” of a steady-state condition for
Now that values are ava ilable for CA2 and CA3. the osmotic the UF unit. The following information was available:

pressures ‘s-i and can be computed, and then 33 can be evalu- 1. SpecIfics of Module Configuration and Geometry
ated using a. Length (m)

b. Inner diameter (n) _______

c. Jn 9er surface area of module available for flux
(
~

) 
_____

:~ 
and 2. Operating Test Data ______

a. Inlet volumetric flow rate (m3/hr)
— (AP - Al). b. Inlet contaminant concentration (pa/rn3)

c. Inlet pressure (ate) ‘~If the values of and do not agree, the value of C
43 

oust d. Outlet pressure (atm)
e. Temperature (OK)

be changed. Using the intervel halving technioue, the interval f. Average flux of contaminant (pa/m2.hr)
of uncertainty for C43 is reduced and the ccnputatlons repeated. g. Average flux of water (gej~,2-hr)

Once a value of C is obtained that gives the same value
for .1. and 4”, the as~~mption for C42 must be checked. Since Table III lists one set of the experi.ental data that was avail .

able.values are available for ‘~0• ~A’ and J~~, we can compute C42 as
follows:

~S3AI - k4(C~~” - CA1) • S(CR* - CA3)
‘~~‘ rewritten as _______

L .  
_ _ _ _ _

42” - ~B
3Al

~
.
lI ‘ C
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Present efforts are being directed toward incorporating
Continuing Work .

.

Table III TOC (Total Organic Carbon) relationships into the model, but
work is awaiting the availability of experimental data on TOC.

Experimental Data At that time, additional efforts will be directed toward improv-
tag the model fit beyond that illustrated in Table IV. The

Diameter: 0.0254 xi 
ultrafiltration model Is also being c~~ ined with models for - .
reverse osmos is, ozon.tion. and hypochlorination to provide a— 

Inner Surface Area: 1.64 a2 cOuIlPreMnSIve model for the water processing unit. %
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1. Flory. P. J., Principles of Polimer Chemistry, Cornell Uni-

versity Press , Ithaca, New York, (1957). ...__
,.

_
,..

1240 226 . 517 2. Harrlott , P. and R. N. Hamilton , Chem. Engr. Sd . 20:1073
7620 33.2 1560 (1965). _______
2090 153. 869

3. Gollan, A. 2. et a l . ‘Final Report on Evaluation of Membrane• 13400 71.3 2120
Separation Processes , Carbon Adsorption , and Ozonation for
Treatment of P0.1ST Hospital Wastes’, for USA1~ DC, Contract N~ ‘

~__________________________________________________________ 17.74—C-4066 (August 1976) .

4. Hooke, R. and 1. A. Jeeves , “~flrec t Searc h’ Solution of
In fitting the data, the cost function employed was the fol- Numerical and Statistical Problems’, J. Assoc. Comp. Mach., .“..‘ .

lowing: 8, 2 (April 1961), pp. 212-229. ‘

5. deFilippi , R. P., and R. L. Goldsmith, ‘Application and
Theory of Nexbrane Processes for Biological and Other

I e,i n.h ____________COST ‘ Z~ Fl (
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Fe,i / ‘CAe 

411.
1)] 

logy’, 3. E. Flinn , ed. • Plenum Press , New York, 1970. pp.
n 

F 

/F - F ~ 2 

+ W01 (C
Ae - c 2 Nacromolecular Solutions’, in ‘Membrane Science and Techno-

33-46. • ._ -, .
i’l

6. Goldsmith , R. 1., ‘Macromo lecular Ultrafiltration with 
~~~~

~ 

‘ where: COST • cost function to be minimized Nicroporous Membranes’, Ind. Engr. Chem. Fund., Vol. 10, No.
1, pp. 113—120 (1971).

I — date point identifier
7. Michaels, A. S. at al ., ‘Solute Polarization and Cake For-n — number of data points nation in Membrane Ultrafiltrat ion: Causes, Consequences.

- weighting factor of point I relative to other and Control Techniques’, In ‘Meutrane Science and Technol-
data points ogy J. I. Flinn , ad., Plenum Press , New York , (1970), pp.

NFl — weighting factor for flux for data point I ~~~~~
,~
.
. (0 < NFl ~ 

1)
— weighting factor for contaminant concentratior i”
for data point I (O< w oi ~~1) _____

Fe,1 • experimental value of permeate flux for data 1~— —~1point i
F~,i = permeate flux predicted by model for data point i

C~~ 1 • experimental permeate dissolved solids concentra-
tion for data point i

CMI - permeate contaminant concentration predicted by 
-

model for data point I

In addition to the requirement that the weighting facto rs
and W0~ oust each be less than 1.0

, they should logically sum to
1.0 for each point i:

N
~ 1 • W~ = 1.0 -

Table IV illustrates the quality of the fit to the data
given in Table II I .  The weighting factor z was 1.0 for each
po int , wi th W~1 and W11~ being 0.8 and 0.2, ?‘espectlvel3’. for 

r ieach point .

Table IV _______

MDdel Fit 
_______

Permeate Flux Permeate Concentration
(50/5-lW) (eai(m3)

Data Model trier Data Model Error
226. 216. -4.4% 517 476 -7.9%
153. 161. .5.2% 869 766 -11.4%
$3.2 0.3 .7.3% 1560 1637 +4.9%
71.? 0.6 -8.0% 2120 2336 .10.2%
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