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SYNTHESIS OF FEEDBACK SYSTEMS WITH NONLINEAR UNCERTAIN PLANTS

Baxter F. Womack and Hin Wo Lo
Department of Electrical Engineering

and Electronics Research Center
The University of Texas at Austin

Austin, Texas 78712

Abstract linear one. The derivation of this LTI plant set from
A synthesis theory for feedback systems With non— the nonlinear plant set and the set of acceptable out—

linear uncertain plants to satisfy prescribed output puts is presented in Section 3.

tolerances is presented. For any element in the finite Section 4 gives a brief account of the LII technique
for the design of feedback systems with linear uncertain

input set, I_{iG,c&_l,2,.. .,N}, there is specified a set plant. Application of this technique to feedback eye—
of acceptable responses, Za(w). The theory guarantees tems with nonlinear uncertain plant will also be

discussed .
that for any i°tI, the system responses satisfy the Replacing the nonlinear plant set by the LII plant
corresponding Za(W) over the range of plant uncertainty. set and applying the LTI design technique to the eye—

The essence of the theory ia to Convert the nonlinear tel. shown in Fig. 1 yields two compensation blocks—
plant set to a linear time—invariant one f or which a F and C. The remaining problem is to shoe that when the

design procedure exists. Schauder ’s fixed point theo— nonlinear plant replaces the LTI plant, the output also

rem is applied to prove the equivalence of these two satisfies the performance criteria. This is done in
plant sets. Section 5. In this section, Schauder’s fixed poin t

theorem is applied to prove the equivalent of the non—
1. Problem Description linear plant set and the LIZ plant set derived in Sac—

A nonlinear plant is imbedded in a single—input, tion 3. This chapter in essence proves the validity of
single—output, two—degree—of—freedom feedback structure the synthesis theory.

as shown in Fig. 1. The nonlinear plant is assumed to A design example which illustrates the synthesis

be t ime invariant . Because of parameter uncertainty, theory is presented in Section 6.
the plant is given as a denumerable set of mappings , 3. Derivation of LII Plant Set

one for each different parameter combination. 3.1 Generation of the Set of Acceptable
The system input is given as a finite set R— {r (s) }.  All Output time Functions
extraneous signals are lumped as a set of disturbance
inputs d at the output of the system. Let 1_ (jm) de— For any ~a(5), in g U (5)  may be considered as one of

note the set of inputs for which the design is to be a pair of conjugate functions, specifically as the real

executed . Each element of I may consist of a coemand part of
in za(jw)..ln~z

m (jw)l+j arginput , a disturbance input, or a combination of both.
For each im~1, there is specified a distinct set of 

Using Hilbert Transform,

acceptable plant ouputs, denoted as ZG(w)_{a~(w)}. arg 5a() Eu ln

(The subscript K is usually dropped unless it is needed W

explicitly.) The objective is to choose compensating then

networks F and C such that, for any ia~i, the output is n j ~~~~~~(w) Exp(j arg
andguaranteed to satisfy the performance aperifications.

As might be noticed, the specification is given in ~a (5)—5 a (15) 1 _
~~~~

•

the frequency domain. This is because the synthesis
theory presented in this paper is based on the avail-
ability of a synthesis technique for linear t J*e— To assure that arg s~ (j u) and 5a (•) are unique ,
invariant (LII) systems, which exists f or frequency g Q

(~~)  most be a minimom phase function (1) , i.e. it has
domain specification; no such design procedure is no finite zeros in the right—half of the complex plane .
available for the time domain specification. However , Using the inverse Laplace Transform , z~ (t ) can be ob—the specification can be given in the time domain pro-
vided it can be tvanslated to the frequency domain. tam ed from zn (s) .
While no exact translation exists, there is little dif— in view of the foregoing discussion , each Z

n
(JW)ficulty in approx imating one for engineering purposes. a,Two methods are currently available: (1) The approx i— uniquely generates , via a ‘.1w) and 5n (5) , a z°(t) .

mation can be done on a digital computer using the Hence , a set of output time funct ions Za (~ )_ (E a (~ ))  iS
Fast Fourier Transform algorithm. However , the algo-
rithm is intended for periodic waveforms; when applying obtained from the set of acceptable responses Z~ (w) .
to nonperiod ic waveforms , the error introduced can be This set of time functions will be used to generate
quite large , especially at high frequency , due to the the LTI plant set.
aliasing effect .  The error can be reduced to some ex- 3.2 Generation of the LTI Plan t Settent by choosing the sampling period sufficiently small.
(2 )  The approximation can also be done by assuming a An importan t stsp in the synthesis theory is the
simple second— or third—order system model in frequency
domain, and finding its bounds on the model parameters generation of a LTI plant set, one for each ia~ t , from

the nonlinear plant set end the set of acceptablewhich correspond to the bounds on the t ime response. responses (for that a value) .
2. Synopsis Consider any pair of Za (E)C Ze(t) and w~eW , the

As noted earl ier , th. synthesis theory for nonlinear input to the plant is given by
feedback systems presented here is based on the avail-
ability of a design technique for LII system. Hence, x~1(t) (w~)~~ z ( t)
in order to apply this LTI design technique , it is

ed the inverse exists. To assure this, anecessary to convert the nonlinear plant set to a prov

78 12 2 1 ~~~~~~~~~~
L
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restriction is imposed on the nonlinear plant set. 2) Derivation of bounds on L(jw)~ G(Jw)P(jw ) .
(R3): The nonlinear time invariant plant is a de— 3) Shaping of L(j w) .

numerable set of mappings w:x(t)~z(t) with 4) Derivation of G(jw) and F(jw).
unique continuous inverses whose values are The effect of feedback is to reduce the sensitivity
Laplace transformable. of system response with respect to plant parameter

Using the Laplace Transform, define variation. The measure of this sensitivity is given by

aG(s) the sensitivity function S~—l/(l+L). The idea is to

wai(
s)_ ~~~~~ choose L(jw) such that the system exhibits low sensi—

tivity over some frequency range of interest. This is
achieved if S cl. Obviously, S~~O as IL (jw)I -P .. , thus

w i(s) is the LII transfer function which is equi— L(jw) should be chosen as large as possible. However,
valent to w1 in the sense that, for a specific system any practical L(jw) must go to zero at infinite w, so

input i°, the input x~~(s) applied to w~i
(s) will give it is necessary that L(jw) be allowed to go to zero.

To assure that this can be done, the following restric—
the same Output as the input X

~i
(s) applied to Vj. tion is invoked:

Repeating the above procedure for all w~eW gives the (P5): lii. in {b(w)/a(u)} >
LII plant set w(~(s)_{v

C
~j(s)}. w~(s) is equivalent to w ~ in IP(iw) I

in the sense that when mG is fixed , the set of plant Restriction (P.5) simply means that, at sufficiently
a high frequencies, the plant parameter variation isinputs required to obtain z (s) as w
Ki

(s) ranges over smaller than the permitted closed—loop output van s—
w (s) is precisely the same as when the nonlinear plant tion. Consequently, feedback is not necessary since

sensitivity reduction is, of course, not needed.element w~ ranges over W~ The satisfaction of Restriction (R5), then, guaran—
Repeating the procedure again for all ZG(s)CZG(w) tees that there exists w.~ such that W>uh, B(w) lies

gives WG(s)=(wG(s)}. This LII plant is equivalent to V inside a finite closed region F in the complex plane,

for any pair of a (s)eZ~ (s) and wieW. This equivalence enclosing the (—1 ,10) point but not the origin6. The
is good only for a specific system input in. In gene— existence of r assures the existence of an acceptable
ral, different sets are obtained for different system L(Jw). The fact that r does not enclose the origin is
inputs, crucial, because it is the dynamic u—equivalent of the

Once the LTI plant set is obtained, the LTI design critical (—1,10) point in the complex plane, and it
procedure can be applied. To assure the applicability most be suitably bypassed as L(jw)+O at infinite w.

of this design procedure, a restriction is imposed on If r does not enclose the origin, then L(jw) will be
able to find its way to the origin without crossing F.

W°(a). In view of the foregoing discussion, L(jw) can be

(R4): All wG(e)tWn(e) are minimum phase. shaped in the following way. For w<%, L(ju) should be

This restriction is imposed because only for such sufficiently large; for u>Wh, L(jw) should decrease for
plants does the linear design technique guarantee any
tolerances are achievable regardless of how large the a certain interval to avoid r, and then go to zero at

plant uncertainty uay be, providing an additional the rate required by its excess of poles over zeros.

restriction (which will be discussed in Section 4) is L(ju) can be shaped this way if it is a minimum phase
function.also satisfied. In the discussion of the LTI design procedure, only

4. Synthesis of Uncertain Plants one f ixed input and the corresponding Set of acceptable
4.1 LII Technique responses is considered. The design produces a single

set of boundary curves, B(w). The design procedure can
In Section 3, the nonlinear plant set was converted be extended to .a act of N inputs (say step functions

to the LII plant set. The next logical step is to carry of different magnitudes), and one set of acceptable
out the LTI design procedure for this LII plant set, outputs for each of the N inputs. Because of the
However, it seems appropriate to give a brief intro— superposition principle, an input of 2u(t) will pro-

duction of this LIZ design technique first1’2. This duce en output twice as large as the unit step response.

section will discuss the LII design technique as well Consequently, there is only one transfer function for

as the application of this technique to feedback sys— the system, and the LII design will still produce only

teas with nonlinear uncertain plants. one single set of B(s). However, this is not the case

Consider the feedback structure depicted in Fig. 2. in nonlinear feedback systems simply because a unique

P denotes the transfer function of a LII uncertain transfer function lust does not exist. As a result, a

plant. The plant parameters are not known precisely, different  set of Ba (U) is obtained for each i~cI. To
only the ranges of their values are known. These plant apply the LTI design , a single B(w) is f ound , at each
parameters , though uncertain , are assumed to be fixed.
(Strictly speaking , this LTI design techniqu, is appli— w, which satisfies the requirements for all Bn(W).

cable only to a fixed parameter plant; however , it is Once this set of B(5) is obtained , the deemgn proc.—
also applicable to slow—varying parameters for .ngm— dunes can proceed as discussed in previous sections.

neering purposes.) P and C are the transfer functions 5. Equivalence of WG (S) and Wof two compensation networks to be designed such that
the system output satisfies the prescribed tolerances; By applying the LTI design technique to the LII
an example of each tolerances is depicted in Fig. 3. plant set derived in Section 3, there emerges with
4.2 Design Procedure two compensation networks F and C. The design guaran—

1) Translation of IC(iw)I to IT(is) I which is the tees that: if iGel is the system input , then the output

magnitude of the system transfer function . If the input satisfiea ZG (w) regardless of which wa (s)c~f(s) happens
is chosen to be a unit impulse, then IT(lw)I is the to represen t the plant. It remains to be proven, how—
same as I C ( J w ) I .  ever , that the output performance is also satisfactory

~1~ :T 1 IT T ~~~
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when the nonlinear plant set W replaces the LII plant 6. Design Example
set WG(a). Suppose a hypothetical output sequence, 6.1 Introduction
paired with wiEW, generates the LII plant set. Then, In this section, a design example is given to illus—
this plant set is equivalent to W if and only if the trate the synthesis theory. The set of acceptable
actual output sequence is precisely the same as the responses is represented by the frequency—domain to—
hypothetical sequence used to derive the LTI plant lerances shown in Fig. 4, the corresponding time—
set. In this section, Schauder’s fixed point theorem domain tolerances are shown in Pig. 5. The nonlinear
is applied to shc.v that the nonlinear plant set V and 2(t), where Fplant is described by the equation z(t)kz
the LTI plant set W°(s) are equivalent. k £ (0.5,2]. The input set consists of a unit step.

5.1 Schauder’s Fixed Point Theorem The objective is to design two compensation networks
F and C (Fig. 1) such that the system’s responses to

Schauder ’s fixed point theorem states that “a con— the unit step satisfy the prescribed tolerances oven
tinuous operator mapping a closed convex compact set the range of plant uncertainty.
of a Banach space into itself has a fixed point .” 6.2 Synthesis Procedure
The space of Continuous real functions C[O,~’) with Three output curves and six different values of k
I ~za(w)I 1_supjz

a(w)f is used as the Banach space. An are chosen. Following the procedure discussed in
C Section 3, an 18—point transfer function is generated.

additional restriction is imposed on ZG (w) to assure The LII design technique discussed in Section 4 is
that it a closed, convex, and compact set in the then employed to derive a set of bounds on L(jw). One
Banach space. possible set of such bounds for selected values of u

is shown in Fig. 6; also shown in the figure is the
(P.6): d Z

a
(W) is uniformly bounded, i.e. there chosenL(jw). The series compensation network is

exists K>0 such that d 5a(5)
1 < K for all C(s) — 

3.5(s+l.5)(s+lOO)
dw s+O.2)(s+3)(s+16)

u, and for all Za(W)€Za(5). It turns out that, for this particular case,

It follows from Schauden’s theorem that there IL/l+L I satisfies the prescribed tolerances, hence no
prefilter is needed.

exists at least one fixed point i~(w) such that 
6.3 Discussion of Results

Simulation results are shown in Fig. 7. The curves
labeled 1 through 6 correspond to ~ix different values5.2 Ap~licatic,n of Schauder’s Theorem of k ranging f rain 0.5 to 2 at a uniform increment of

Having rihown the ~~~~~~~ 
... ~~ 0.3, respectively. The results are considered satis—

t $ .z (w)-~q Cu) is a continuous factory.
operator mapping a closed, convex, and compact set It should be noted that the specifications are
into itself, and that in accordance with Schauder’s satisfied only for those inputs belonging to the input
fixed point theorem, a fixed point exists such that set. For any other inputs, it is conceivable that the

system responses may not be satisfactory or even Un—we are now in a position to show 
bounded due to the nonlinear nature of the system. The

that the LII plant set and the nonlinear plant responses of the system subjected to an input of Su(t)
set V are equivalent, is depicted in Fig. 8, which can be seen as rather

At the outset of the formolation of the synthesis sluggish. In practice, if any input not in the input

theory, a hypothetical output sequence ~~(u), paired 
set gives undesirable performances, then it can be
added to the input set and the whole system redesigned.with the nonlinear plant sequence w, generates the

LII plant sequence 0
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