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Abstract

This paper presents two results: (i) a new
structure for the solution of nonlinear analytic
systems, and (ii) an application of Bellman's
Fundamental Technique to obtain the sub-optimal-
feedback control of a class of quasilinear systems
with non-quadratic performance indices. The ap-
plication of the Fundamental Technique with a non-
linear auxiliary equation is shown to result in
higher order approximating equations which are
linear. Using the method by separation of vari-
ables, two examples are solved.

1. Introduction

The determination of an optional feedback
control law for a nonlinear systems is an impor-
tant problem in engineering. The method of dy-
namic programming yields the feedback solution
directly. Unfortunately this method reduces the
problem to solving a nonlinear partial differential
equation. This is a complex problem, in general.
However, the solutions of feedback problems for
linear finite-dimensional systems with a quadratic
criterion (known as L~Q problems) are available
{1-3]. A more difficult problem than the usual
L-Q problem has been mentioned by Anderson and
Moore [3-p.22), and Moylan and Anderson [4]. The
solutions of the nonlinear partial-differential
equations resulting from the applications of dy-
namic programming to such problems are unresolved
in general. However, for this particular problem
{31, which involves a linear system with a non-
quadratic performance index, the exact solution is
available [5]. The close examination of this an-
alytical solution reveals the complexity both in
deriving the exact feedback law as well as in
implementing it.

In this paper, a method is developed to obtain
an asymptotic solution of the feedback laws for
more general problems.

2. Problem and Detailed Analysis

n
x = Ax+Bu 4 Y(x) + | e UN.f(x); x(t)) = x5 (1)
i=1

*Thiz rescarch has been supported by the National
Science FPoundation, Grants NSF 77-05200 and NSF
77-2844, and the U.S. Air Force Office of Scien-
tific Research, Grant 77-3281.
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te T
min J(U) = I‘o (U'u + g(x))at )

vhere for t <t<t., U(tlel; y(x) and f(x) are vector

polynomials in x; A and Bare n by n and n by
matrices respectively. Ni(iﬂ.,z,....n) are ma-
trices representing mappings defined as follows:
"1' R" + 5. The vectors ci(i-l,z,...,n) are the
standard basis vectors; and g(x) is an entire
function of x, in general. a

Let F_(x,u) A,w(x) + Z e.UN, £(x) £
= i=1

iTi
Assumption (A): Assume that Fl(x,u) satisfies the
following conditions: ;
(i) The nonlinear function Fl (x,u) is continuous
and its first partial derivatives are also

continuous.

(ii) lim Y(x) = 0; lim Pi(x) = 0 uniformly
|x|>0 |x|+0

for te[to,tfl l (Fl(x,u) “

(1ii) lim = 0 uniformly for
[+ [[exwi]

tE[toltfl

where, (x,u)eC, and C denotes the Banach space of
continuous functions (x,u): [to,ts]»n“ x RY with

the usual sup norm,
n r
I x,w ] =suP{ Ylx.(6) + § u (t)]: telt .t):
t (=1 & gu1 3 v'E

n
L xw)] = sup: Y | F .(x(t,),u(t))lf
1 ¢ li=1 1i

(iv) The linear time-invariant system

X=AX+BU; x(to) =X,
is uniformly completely controllable in the sense
of Kalman (7] for bounded coefficients A and B.
Here the over-bar denotes variables corresponding
to the linear part of system (1) only.

If all the conditions cited above are satis-
fied by system (1), then the quasilinear system
(1) is uniformly controllable ([8].

Assumption (B): Assume that g(x) satisfies the
following conditions:

Approved for public release:
distribution unlimited.
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(i) g(x) is even and positive in x,

(ii) g(x) is continuous and its first derivative
is also continuous and mnotonically increasing
for positive x.

(iii) lim g(x) = 0 uniformly for te(to,tfl
Ix -0
(iv) g(x) is analytic in x.

Now we apply the method of dynamic programming

to system (1-2) in order to obtain the optimal
feedback law for the system.

The basic Hamilton-Jacobi equation for the
above system can be written (3] as °

T
v T W
TE--nm{uu-r-&—mxuaus«v(x)+

u(t)
+ 1 eUNf(x)} 3)

i=1
Vix(t), t) =0 (4)

where the function V(x(t),t) is assumed to be a
scalar function satisfying the conditions on
Liapunov's Theorem on asymptotic stability (6],
and is twice continuously differentiable.

It can be shown that the minimizing control
for equation (3) is qiven by

wr -2 oy 2 N, —mxn 5)

assuming the above inverse exists. Compactly, we
can write the above expression as

U*(x) = G[v(x)] {6}

where G represents the optimal feedback operator.
Substituting equation (5) into equation (3), we get

b o T T
g‘t’s--l—avaxns'r%+%—‘\x+g(x)+avax Vix)
T
T oTV 3V
G (121__{ UL i L
(2 ax N, £(x)))
i=1
1, % v, % av
-] ==} £ (x)N IN,£(x); n
4 Jui axj i=1 axi 3

with the terminal condition V(x (tf),tf) = 0. (8)

The differential system (7)-(8) is called
Hamilton-Jacobi-Bellman (H-J-B) equation and re-
presents a first order partial differential equa-
tion with one dependent variable V(x,t), and two
independent variables x and t.

The results can be summarized as follows.

Theorem 1. Let the guasilinear systems (1)-(2)
satisfy assumption (A) and (B). Then the optimal
fecdback control for the system is given by (5)
after solving (7).

Obviously, ecuation (7) is a nonlinear first

order partial-differential equation. Under the
assumptions (A) and (B), the Cauchy-Kowaleswki
Theorem [9] guarantees a unigue local analytic
solution of equation (7). However, in general,
the solution of equation (7) cannot be obtained in
a closed form.

Since the solution of equation (7) is analytic,
the Cauchy-Kowalewski Theorem motivates the appli~
cation of a regular perturbation expansion of the
complete solution to obtain the approximate

solution. 3 .ne pellman Pundamental Technique

Thus, to obtain the optimal feedback solution
U*(x), we have to solve equation (7) with the
terminal condition (8). Im this section, we
apply Bellman's Fundamental Technique ([10;p.2] to
the solution of Hamilton-Jacobi-Bellman equation
(7) but using a nonlinear (rather than linear)
auxiliary equation. The philosophy behind the
Fundamental Technique has been explained by Bell- .
man {10] for the solution of nonlinear problems
using a standard equation (called auxiliary equa-
tion which is linear and whose solution already is
well known. The central idea of the Fundamental
Technique was thus demonstrated by obtaining an
infinite set of linear eguations as a solution to
the given nonlinear problem.

In this paper, the solution of a nonlinear
system is desired using a nonlinear auxiliary
equation whose solution is well-known. The method
yields an infinite set of linear equations as an
equivalenc solution to the original problem. The
salient features of the solution obtained are the
following: (i) the first approximating equation
is nonlinear and has structure similar to that of
the auxiliary equation, (ii) the subsequent ap~
proximating equations are linear equations; and
{(iii) all the equations are recursively connected.

The motivation for extending the application
of the Fundamental Technique using a nonlinear
auxiliary equation lies in the fact that the form
of the nonlinear auxiliary equation used in the
technique is closer to the form of the nonlinear
problem (which is to be solved) than any form of
linear auxiliary equation. Hence this should
yield more rapidly convergent approximations to
the exact solution. Further, the results of the
linear quadratic theory (L-Q Theory) can be ex~
ploited to achieve this goal.

Now we define some notation which is to be
used in the analysis which follows.

Define nonlinear operators H and G as
H: v =+ G;
where
v: R'x [tgetyl Cric: R"SEr

n o ..n
H: CIr" x Iyt dl + CIRY

Consider a nonlinear system characterized by
Hivl =6 9
Assune the nonlincar operator H is analytic in v

and is thus continuously differential with respect
to V(e).




AT

The function V(x), we have in mind, is the
solution of equation (9).

Assume an auxiliary equation with appropriate
boundary conditions:

l&[vl = Gl (10)

whose solution is known. For example, this aux-
iliary equation may have a form whose solution can
be found using a Riccati equation or Bernoulli
equation or some other known nonlinear equations.
In general, the auxiliary equation may be linear
or nonlinear.’ The application of the Fundamental
Technique using a linear auxiliary equation has
already been presented (10]. Here we shall deal
with a nonlinear auxiliary equation in the Funda-
mental Technique. In general, the highest degree
of nonlinearity present in the auxiliary equation
may be the same (if possible) or lower than that
of the original nonlinear equation (9).

Using equation (10), we can rawrite equation
(9) as :

f&(vl + IH[vl-Hl(vn = G1 + [6-G))

or
H].[Vl = G + H)[V], where the expression
v & (V) - KV + 6 G a1

Introduce a small positive artificial param-
eter € in the above expression. Here ¢ is a pa-
rameter whose nominal value is one. This is ba-~
sically a perturbation parameter that can enter
the expression (11) in various combinations and
powers of as demanded by a particular problem.
The placing of € in (11) offers high manipulating
power to the Fundamental Technique for solving
complex nonlinear problems. In general, the in-
troduction of this small positive perturbation
parameter may be necessary even though the system
equation (9) may contain one or more small positive
system parameters. However, in special cases, the
role of this perturbation parameter may be played
by a small positive physical parameter that may
enter the system naturally.

For brevity of presentation, let us introduce
this artificial parameter in the following form:

Hllvl - Gl + eﬂzlvl (12)

Thus, this is the required format of the Fundamen-
tal Technique.

Since the nonlinear system (11) has been as~
sumed to be analytic in V(¢), the solution function
can be expressed as

V=V_ + eV +€2V

o \ 2+...+c"v"+... 13

where vo' v ,...,vn... are independent of ¢. For

1
fixed vo, Vir Voreens the nonlinear operator Hzl-]

itseclf becomes an ordinary function [11] of e.
Thus

fz(c) » HZIV)

At the same time fz(e) is also analytic in ¢ and

hence it can be expanded as a Taylor's series about
€=0. This yields a power series in ~ as given
below:

£,(E) = H (Vorev +eV b ees x) = N (Vg +

+ ch (Vogvlp X)+... (14)

where NO' "1"" are Taylor's series coefficients
of the functional Mz[v], and can be also obtained
by constructing a power series of HZ(V) in g.

Now we proceed to obtain an expansion of the
functional H, (V] in €. since ﬂ]_[Vl is analytic

in €{11] for fixed vo, V.. vz,...,vn,..., this

functional becomes an ordinary function of €. Thus

2
1+€V2+ . | (15)

in analytic in ¢ about ¢=0.

The Taylor's series expansion of a functional
has been constructed by Volterra [11;p.24) and he
called the expansion an "Extension of Taylor's
Theorem" to a class of functionals. Exploiting
his ideas, we state a lemma as follows:

£, (e) = "1”0 + eV

Lemma 1: Assumi.né the functional is continuous
and differentiable on a class of functions over
the interval [a,b]. Then the Taylor's series ex-
pansion of the functional HllV(t)l can be expres-
sed as

H =H L 2 x

LV LVl el IV 34e"L v ) 4. . 4 L i+...

(16)

where

LA PN U PRIPPUN LA PROS

are the Taylor’'s series coefficients having the
following properties: Hﬁ"o’ is a nonlinear func-

o Ll (v,1 is a linear function of 'vly
L2 (v,} is a linear function of Vv, and so on.

tion of V

Proof: We calculate terms of the Taylor's series
expansion of a functional as defined by Volterra
[11;p.24).

The first term is given by

Hvif =H(v.] (i)
1 £=0 10 .
The second term has been defined as
ay [b " : 356(51)
(5 . Iv_+eél) = ‘voted; ] ——— a4
d 10 o0 & 0 17 3 LI

where Hi(vl denotes the first derivative of the
functional with respect to V at the point F‘l' Here
El is a parametcr which varies continuously within
fa,bl; and in our case,

+ eV #sz + cee (17)

°A"1 2 3
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Substituting the value of ¢ in the above expres-
sion and evaluating at =0, we get

a 2 .
G "1"’0*"“’90 = z!, H Woi &1V (E))A & = (i)

Clearly for a given V_, we write (ii) as a

linear function of vl. Thus

v.1 = v_; £V (E))AE. .

L™ f“l il e S T

Similarly, we have the third term
dz b b

& Hvn - s ELEIV, (E)e
dc? 1 =0 { {‘50 1€211

b
v, (€,)a8, &€, + 21 { HiWVor £V, (€088, (iid)

For given V_ and vl' (iii) is a linear function

of v,. @ Q.E.D.
Theorem 2 Assume that the auxiliary eguation

(10) has a known form of solution. The nonlinear
system (9) can be imbedded into an infinite set of
recursive equations with appropriate boundary con-
ditions:

Hllvol = G1
Lllvll = Notvozl
L‘,lvzl = Nllvo.vlzl

LIV = N VeV, 1) (18)

ne=1,2....

Proof: Using Lemma (1) and equation (14), we can
write nonlinear system (9) in its standard4 format
(12), Equating coefficients 6F €", equation (18)
follows.

Equation (18) represents the basic structure
of the solution of a nonlinear system using a non-
linear auxiliary eguation in the Fundamental Tech-
nique. This- has been schematically represented in
Figure 1.

The following steps are involved in the method:

1. Choose an auxiliary equation (10). 2. Define
a nonlinear function H_[V] (11). 3. Put the
problem in the format %12). 4. Obtain equation
{18) starting from equation (12). 5. Solve equa-
tion (18) and plug the solution into equation (13).

4. The Application of the Method

We shall apply the methodology of the Funda-
mental Technique to solve the nonlinear systems
(7) and (8).

From the knowledge of L-Q Theory, it is well-
knovn that

av” v a0 . =
%5} o T px o & 5o Vix(tg),t, = 0

T
ol ~H at
(20)

has a solution of the form
Vix(t),t) = xTE(t)x (21)

Here Q is a positive definite matrix which is
known, and K(t) is a symmetric matrix satisfying

N

«
o

. 6‘:3 . ;‘
r bt e

the Riccati matrix equation

K=KBB k- (Ka+A"R) - Qi Kle,) =0 (22)
Assuming equation (20) to be an auxiliary equation
for the solution of nonlinear equation (7), we can
apply the Fundamental Technique to obtain the so-
lution of equation (7).

Now observe that the term xTQx is not present
in equation (7). Hence we shall add and subtract
this term in equation (7) in order to obtain an
equation with the standard format (12). Thus equa-
tion (7) can be converted to the form of equation
(12) as follows. .

T L 4
1 oV T NV v v’ T
T—“ —--——Ax-—-xQxi'CHz(Vn!)i
v(x(tj).t!) =0 (23)
where

: T n
Hywon 4 g0 - xTox + Eyoo - 1 ‘521 g—j-

n
(3 Z Foo)n
1

n
1 v T T
£0x)) + (] =— £ (x)N})
axi 4 in1 axi i

3

e 3 _. % w
B 5-;7;3(‘.21-8;1-“;&))1. (24)

Now we can substitute equation (13) in equa-
tion (23) and equate the coefficients of various
powers of €. Using equation (18), the following
equations are obtained:

T T
€ : l.iv.o—BBTiv_Q_ﬂ—Ax-—guxTQx
4 x ox ax ot
T T T T
G aTh e 1 owl
T4 ¥ 3x 4 x ox x
avl
3% = “0 (VO:X) (25)
T T “ T
A T P N G B R P ol
Sy e 9x 4 ox x 4 ox ax
W, w,
--TX-AX -Tt;- NI(VO' Vit x)
T T
en. .1. ‘i (.alrﬂ_ag'r&) _ﬁ‘.m i’l‘- -
o 41_0 ax 9x ox ot

= "n—l (Vo. Vl....,-vn_lz x) nm Y2000
(i) Observe that the first equation in (25) iz a
nonlinear (quadratic) first-order partial differ-
ential eguation in Vo(t) and has a well-known so-

lution as given by equation (21). The other sub-
sequent equations are linear first order partial
differential equations in vl’v2’ ... Yespectively.

(ii) They are recursively connected and the ﬂth
equation contains all the solutions of the previous
(n-1) equations.

m
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The above result can be summarized as follows:
Theorem 3: Let Fi.(t) =0 for all xcRn, and system

(1) and (2) satisfy the assumptions (A) and (B).
Then the solution of equation (7) can be used to
construct the optimal feedback control as

Tov ., ¥ v
* —
Ut(x) = [B 3+ ) n;q“"” (26)

Using equation (6), we can write equation (26) as

u*(x(t),t) = Gv(x(t),t)) (27)
The schematic representation of the open-loop
and closed loop nonlinear controllers are given in
Figure 1 and-Figure 2 respectively. Figure 2 shows
that the nonlinear controller has been imbedded in-
to a hierarchy of subcontrollers.
Example Given: x = ux3 +u; x(0) = X
T
min [ (u2+x2+ 3 X )dt.
0
Here U is a small systun parameter that has en-
tered the governing equation in a natural way. The
HJB equation for the system is

g!"’l"r’ ZouE -l vaemm = 0
and the minimizing control: u* = - & éﬂx

In order to apply the szdamental Technique,
let us proceed as follows: the auxiliary equation:
1v2
4 Ix it

v 3

The nonlinear functional: Fl.z[v.x] é Mo X *

3 x‘. The standard format: .

= x%; Vix(1),T) =0

?% 2 _ g% = x> + € FLy[v,x); V(x(1),T) = 0

Sl= N

Observe that if FL2 [v,x) is expanded in terms

of U, the first approximating equal of the basic
structure (18) cannot be obtained. This must be
of the same form as that of the auxiliary equation.
This is essential for the method to work. Hence
the straight-forward perturbation expansion sub-
stitutions [12-16] do not work. Thus the intro-
duction of € in a proper way is essential.

Applying the methodology of the technique, we
obtain the basic structure:

v, 2 Qv
0. 3%% 0_.2
€ : ZW— - -ﬁﬂ X ; Vo(x('l‘),'l‘) =0
vV, v v 4 v
5 3170 1. % _o.3 =
€t 35% 0= -5t "3 VPR X V.m0
PO b 0 TG i | g TR B
T 293x 0x 4\ 9x ot ox =}
v, (x(T),T) =0
3 T T W
‘4 i=0 F] ax 3(‘. 9x Z

n=2,3....

Vn(x('l‘),'l‘) =0

The solution of the first equation is
2
Vo(x(t).t) = Ko(t)x

where the gain xo(t) is the solution of the Ric-
cati eguation

dak_(t)
0 2
T-Ko(t) +1=0;

The basic solution becomes [17;p.133]).
Vo(x,t) = tanh (T-t)x” ()

K(T) =0

Assuning the power series expansion of the solution
V(x,t) for small ||x||, equation (13) beccmes

Vi, t) = Volet) + v (xt) + v, (x,t) 4.,
e'\ln(x.t)+...

= K (e)x” + d(l(t)x‘ + x5 4.

€k () i

Hence, we have

Vl(x.t) = xl(t)"‘i vz.(x't) = %(t)xsl--or
v be,t) = K(e)x "2

Obviously the method of separation of variables
[18] can be applied to obtain the solutions of the
higher approximating equations in the basic
structure.

Usihg this, the second approximating equation
can be equivalently written as

dKl (t)
at

- 4 tanh (T-t)K, (£) = -(F + 2y tanh(T-t));
5(1‘) =0

It may be noted that if we had used an onlinary

series

Vix,t) = Koxz + e&i(t)x + e%(i(t)x‘ +...4

f:ﬂlc;l )2 ...

then, separation of variables in order to yield a
set of ordinary first order differential equations
for xi(t), K.."(t),... would fail.

The exact solution for Kl(t) is given as
X, (t) =*2i {1-cosh™ 4 (1-t)] + [(—- - ——) +

+ % sinh 2(T-t) + -:ﬁ sinh 4(7-t)) cosh 3(7-t).

Hence, the function v1 (x,t) becomes

¢ .

= BL® “4 oo
vl(x,t) = = x [l-cosh (T-t)] + x [(16

3t
2 W

+ L sinh 2(7-t) + 2 sinh 4(r-t)lcosh™ (2-t).
The suboptimal feedback control is

e




u*(x,t) = -[tan h(T-t)]x + 2ux° (1-cosh 3 (T-t)) +

3.(37-3¢) .1 . _ X 2
+ x [-—-——4 + 3 sinh(T-t) + 16 sinh 4(T-t)].
co;h" (T-t) + ...

Comments and Conclusions: A systematic perturba-
tion method has been developed based on the Bell-
man Fundamental Technique of perturbation. The
method can be applied to solve a class of nonlinear
analytic systems whose dependent variables (solu-
tion variables) can be expanded in a regular per-
turbation series near the equilibrium.solution.
The salient feature of the method is that the aux-
iliary equation used in the technique is nonlinear.
Thus the central point of success of the method
lies in choosing a suitable auxiliary equation
(whoseé solution is known) which should be as close
in form to the nonlinear problem to be solved as
possible. 2
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