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PREFACE

This report describes the computation of range and bearing to

target aircraft from BCAS measurements. Four different cases are

treated which differ in respect to the assumptions made about the

ATCRBS ground radar environment . In each case, only the minimal

configuration , involving the smallest possible number of radars

and targets necessary to obtain a solution, is considered . All

computations are performed on the basis of measurements at a single

point and assume no a priori knowledge of the configuration . All

the algorithms described and used in the simulations were developed

at TSC and implemented in FORTRAN on the DEC PDP—lO time—shared

computer system. The only exception is the search algorithm for

the solut ion of the single—site configuration , whose key steps were

implemented on a programmable hand calculator. The simulations were

conducted using simulated random measurement variations consistent

with the measurement errors observed in flight tests of the

Litchford BCAS feasibility model.

The work reported was sponsored by Richard F. Bock of ARD—250 .

The draft was reviewed by Robert W. Wisleder, DTS—531, and by Owen

E. Mclritire and John Brennan , both ARD—251. Much of the computer

programming was performed by Henrick 0. Lind , Barry I. Fink, and

Ronit Procaccia of Kentron International , Ltd. The typing of the

d r 2 f t , although complex , was well done by Barbara Davis.
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L INTRODUCT ION

1.1 OVERVIEW

This report presents analyses and a design of a set of

algorithms for determining the positions of intruder aircraft and

ground interrogators relative to the BCAS system from the measure-

ments that the BCAS system makes . Only the static cases are con-

sidered , i.e., the determination of positions on the basis of

measurements made at the current position .

Five distinct cases are considered:

1) Active interrogations of the intruder only.

2) Location of an intruder when there is only one ground

radar, but active interrogation is permitted.

3) Passive location of the intruder , given two radars with

azimuth references.

14) Passive location of the intruder , given two radars , of

which only one has azimuth reference signals.

5) Passive location of the intruder , given two radars, of

which neither has an azimuth reference signal . (In both this and

the previous case (4), two intruder aircraft must be rep.lying to

both radars or no solution is possible.)

For each of these situations , only the simplest case is

t reated , that is, the case involving the smallest number of air-

craft necessary to solve for the unknown quantities describing the

configuration . For instance , in case (2), where the position of

the intruder is determined by combining passive mode measurements

from one radar with active mode measurements , the solution

consists of the range to radar and bearing to only a single intruder.

1 
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If several targets are present , improved results can be expected

because the system of equations to be solved then becomes over—

determined. (Clearly , each single—intruder solution gives a

separate value for the distance to the radar.) The computed

results can then be expected to be more accurate because , in

effect , the measurement errors are reduced by averaging.

Similar improvements in the effective accuracy of computing

intruder positions are to be expected when aircraft positions are

determined at a succession of points and the tracks are smoothed

since , again , the errors are reduced by averaging over time . The

cons idera tion of t hese more comp lex cases is outs ide the scope of

the present report .

1.2 THE FUNDAMENTAL EQUATIONS

The basic measurements performed by passive BCPiS are of

(1) the differential time of arrival (TOA), i.e., the time dif-

ference between the reception of an SSR interrogatIon and the

reception of its elicited target reply , and of (2) the differ-

en tial az imut h ( D A Z ) ,  i.e., the angle at the interrogator between

the protected aircraft and the target . Also , for SSR sites t hat

have been suitably modified , own azimuth (OAZ), i.e., the magnet ic

be~”ing of own from the radar site , can be determined. The

quantities measured are indicated in Figure 1.2—1.

The purely active BCAS measures the TOA of replies to its

own interrogations. This is the round—trip travel time of the

signals between the BCAS aircraft and the intruder; in effect it

amounts to a direct measurement of slant range

.2
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FIGURE 1.2—1. SINGLE—SITE GEOMETRY.

Poth the active and passive BCAS obtain own altitude from

the on—board encoding altimeter and the intruder altitude by

decoding the mode C replies received.

Geometrically , the measurements from one SSR relate the

position of the target aircraft to that of the BCAS in the fol-

low ing way :

For a given separation d between the radar and the BCAS,

the TOA determines an ellipsoid of’ revolution on which the tar—

get must lie. The radar and the ECAS are at the foci of this

ellipsoid . The differential azimuth determines a vertical plane

passing through the radar and the target . The target altitude

determines its horizontal plane.

3
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The following equations describe the relationships among

the various parameters analytically . The subscript I designates

one SSR out of the available set.

The measured quantities for passive BCAS are:

= OAZ, azimuth of’ the BCAS from SSR

a1 = differential azimuth (DAZ)

= the time of arrival (TOA)

H = altitude of target

H0 = altitude of BCAS

The (initially unknown) quantities describing the configu—

ration are:

S1 = slant distance between SSR and target

= slant distance between SSR and BCAS

R = slant distance between SCAS and target

= bearing of target from BCAS

Then the TOA , by definition , satisfies

= 

~ 
+ R — D

1) 1.2.1

where c is the velocity of light . For convenience , all expres-

sions hereafter will be written In terms of T1 
= c t 1 = S1 + R

- D~ .

All angles are measured in the horizontal plane . By the

law of cosines, DAZ satisfies

+ D~ — R2 — 2 HI-i
coscti 

= — 1.2.2

2~~~ S~~_ H 2)(D~~_ H )~~

14
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Finally , it follows from the law of sines that

/ ~ 2 
-

sin (8~ — 0) = 2 2 sin a1 1.2.3
R - (H-H 0)

When active measurements are made , the TOA of the replies

elicited by the active interrogations is to and satisfies

t = . 1.2.14
0 C

The sect ions t hat follow des cribe the solut ion of these bas ic

equations for the various cases described above . Each is different

in that t he set of measurement s — and, hence , the set of unknowns

for which one must solve — is different . The solutions are

described qualitatively in terms of the locus curves determined

by the set of measurement s based on the replies to a given radar .

Then actual solution algorithms and simulation results are given.

1.3 ACTIVE BCAS

The case of purely act ive BCAS will not be t reat ed in detail.

Only the range to the intruder, but not the bear ing , can be

obtained. Flight test data show the measurements to be consistently

good . An illustrative plot of range measured by active interroga-

tion is shown in Figure 1.3—1.

The calculations of static separation are trivial. The slant

separation is

c t
R = 2 1.3.1

The horizontal separation is

r = ~~R
2 

— (H—H 0)
2 1.3.2

L~. . 
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2. THE LOCUS CU RVE APPR OACH TO DETERMINI N G POS ITION OF OTHER

The following discussion is intended to describe qualitatively

the nature of the solutions that may be obtained to the BCAS equa—

t~ ons. A sequence of essentially geometric arguments will be used

to construct the solutions by graphical means . In no sense is it

proposed that graphic techniques of solution are appropriate for an

cperational BCAS system. However , the graphical solutions do

illustrate the circumstances under which different kinds of solu-

tions are obtained , indicate the error sensitivity of the solutions

in various geometries , and suggest practical algorithms that might

be in~ 1emented to find the solutions .

2.1 TWO RADARS WITH AZIMUTH REFERENCE , THE PLANAR CASE
LOCUS CURVE SOLUTION

2.1.1 Construction of the Locus Curve

Assume that the radars and both the BCAS aircraft (OWN ) and

the potential threat aircraft (OTHER) are constrained to a hori-

zontal plane. The measurements based on one radar and the target

yield B , ~~~, and T, as indicated in Figure 2.1—1.

~~~~~~~ OuND :DA:~~~~~

FIGURE 2.1—1. BCAS MEASUREMENTS FROM ONE RADAR FOR ONE
TAR GET. ~~, ct, AND T ARE MEASURED , r, 4,, d AND S ARE
UNKNOWN.

7
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The radar—to—OWN distance is unknown . If it were known , the

position of OTHER could be obtained by the following geometric

construction:

With the position of the radar and the OWN aircraft fixed ,

the TOA determines an ellipse on which the target must lie . The

radar and OWN are the foci of this ellipse; its major axis is of’

length T + d. [This follows from the familiar property of an

ellipse: an ellipse is a curve such that the sum of the distances

from any point on the curve to two given points, called the foci ,

is constant — i.e., such that s + r = T + d , with T + d given].

Furthermore, the target must lie in a direction from the SSR deter—

mined by Its azimuth measurement , i.e., on the line eminating from

the radar in the direction (8+a ) from north. Thus , one may con-

struct the ellipse and intersect it with a line of known direction .

The target must lie at the point of intersection , assuming the

correct value of the radar—to—own distance was used in the con-

struction.

In fact , d is initially unknown . Thus all that can be deter-

mined from the measurements of T, a, and ~ is the set of positions

for ot her that is consistent with some a, i.e., the locus of

possible target positions. A graphical technique for constructing

the locus is shown in Figure 2.1—2. Two sets of actual locus

curves for the planar case are shown in Figures 2.4—1 and 2.4—16 .

Several properties of the locus curve are worth observing at

this time . In generalized form, they will provide the motivation

for many of the arguments In the more complex cases to follow .

8 
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a. b, c, d are successive
assumed redar positions

OWN

N ~~~ ‘
. 

/‘~~ 7~/ / ,/ /
I / / / I

1 1 i DAZ
a

I ~ 
—

—-.—— I
~ 1% 

.. -. 

~~~~~~ /

\ ‘
~• 

‘__

~~~

_— -_./ 
/

— — — —

_ ...- —
~~~~~ Locus of

— 
possi ble posi tions
o f OTHER

FIGURE 2.1-2. GEOMETRIC CONSTRUCTION OF TARGET LOCUS
CURVE FOR PLANAR CASE.

1) The locus curve Is confined to that sector of’ the plane

bounded by the line of position (LOP) of OWN to radar and a line

intersecting the LOP at OWN at the differential azimuth angle a.

Any point not in this sector can not be a target position con-

sistent with the given DAZ.

2) Given any presumed target position In the permitted

sector , on the locus curve or not , the corresponding radar position

can be determined geometrically by drawing a line through that

point to intersect the LOP at the angle a. The point of’ inter-

section is the radar position .

3) Given the assumed pos it ions of the target and the radar

relative to OWN , the corresponding TOA can be computed. This

gives

9
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Tc = S + H — D .

This computed quantity T0 is equal to the measured quantity T (the

TOA in units of time multiplied by c , the speed of light) if and

only if the assumed target position is on the locus curve .

4) The locus curve divides the sector of’ the plane to which

the target is confined by the DAZ measurement Into a region where

T > T an d a region where Tc < T. Hence , by comparing T and Tc one

can determine on which side of the locus curve a given point is

without knowing the precise shape and location of the locus curve

it s e l f .

2.1.2 Finding the Target Position

When OWN is observing two radars and the replies of a given

target to both , then two locus curves for the target can be con-

structed (as described above), one corres ponding to the set of

measurements from each radar . The target must lie on both. Hence ,

it must lie at their intersection.

Since the solution is determined by the intersection of two

loc us curves, it is of interest to examine the nature of the curves

and the ways In which they may intersect.

Figure 2.l—3a and 2.l—3b indicate schematically two kinds of

intersections that may occur , varying with respect to the angle at

which the locus curves intersect. It Is evident from the diagrams

that the solution is more sensitive to measurement errors when the

curves Intersect like those in Figure 2.l—3b than In the case for

the curves in Figure 2.l—3a. Any change in the values of a, 8,

and T used in constructing one of the locus curves will result in

a curve shifted somewhat from the original. The effect of such

10
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shifts is different in the two cases , as shown in Figure 2.l—11a

and 2 . l — 1 4 b .

a2
OTHER

OTHER

a2

a1 a1

Radar  1 OWN 

a 2

1

Radar 2

(a) (b)

~ IG~~ E 2. 1-3 . TWO GRAPH iCAL SOLUTION S FOR TARGET POSITION ,
DETERMINED FROM LOCUS CURVES. THE SOLUTION IN (a) IS LESS
SENSITIVE TO MEASUREMENT ERROR .

— fr—i ~
1- —

/ 1 1
(a) (b)

FIGURE 2.1-4. SHIFTS IN SOLUTION DUE TO
SHIFTS IN LOCUS CURVES.
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The shIft will be relatively small when the locus curves cross

approximately perpendicularly . The shift can be very large along

the direction of the curves when the curves are nearly parallel

when they cross.

2.2 CONSTRUCTING LOCUS CURVES FOR THE GENERAL THREE-DIMENSIONAL
CASE

The locus of possible target positions determined by the

measurement set from a single ground radar can be determined by a

similar geometric construction when the aircraft altitudes are

nonzero. However, the locus curves for the general case may have

qualitatively different properties , which must be understood if

some phenomena that may occur in the general case are to be

explained.

The steps in the geometric construction of the locus curve

for a given combination of TOA , OAZ , DAZ , own altitude H0 and

target altitude H are the following :

Again a succession of horizontal distances of OWN—to—radar ,

des ignated d, are assumed. The altitude of the ground radar is

taken to be zero throughout . The geometric construction of the

target position(s) corresponding to a particular OWN—to—radar

distance d is shown in Figure 2.2—1. The steps are the following :

1) With OWN Bearing 8, own height H0, and TOA T known and

d assumed , an ellipsoid of revol~it ion is determined on which the

target must lie. OWN and the assumed radar position are its foci.

The length of its major axis Is

T + D = T + ~
( d~ + H~

12
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— 
_________ _____

~~~~

I 
H0 H

Rada ,...
.“ 

~~

/7 ~~~~~~~~~~~~~~~ ~j ”/ / / / i/ / //  77
d

FIGURE 2.2—1. CONSTRUCTION OF POSSIBLE TARGET LOCATIONS,
GIVEN T, a, 8, H, H0 AND ASSUMED d. TOP AND SIDE VIEWS.
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2) This ellipsoid is assumed to intersect the horizontal

plane determined by the altitude H of the target . In the plane ,

the intersecti on is an ellipse whose major axis lies along the

LOP. (:t should be noted that there will always be some value of’

H > H~ for which the intersection will not exist — i.e., such that

the whole ellipsoid is below the target altitude plane.)

3) In the target altitude plane , a line (the “DAZ line”) now

can be drawn from the projected radar position at an angle —

determined by the DAZ , as before . It is at this stage that the

qualitative differences between the planar case and this three—

~iimensional case become evident . In the construction for the planar

case , the radar ~osition was inside the ellipse (at one focus) and

t h e  line determined by the DAZ always intersected the ellipse at

exactly one point . In the general three—dimensional case , any of

the following cases may occur , depending on the relationships

amom ~ the parameter values :

(a) The radar position projected vertically may fall inside

the ellipse in the altitude p lane (though it will not be at its

focus). Then the “DAZ line” will intersect the ellipse at exactly

one point , as in the planar case. At least for values of d in that

neighborhood , the target locus curve will have one branch.

(b) The projected radar position may fall outside the

ellipse in the altitude plane (cf. Figure 2.2—1). Then , depending

on the DAZ , there may be two intersections of the ellipse with the

“DAZ Line ” , one intersection (at the point of tangency), or no

intersectIon at all (when the DAZ is too large).

14
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The locus cu rves  for  the general case are the sequences of’

~:int s c~enerated for each value of’ d , as d varies from zero to

~n f i n i t y .  The nature of the curves depends on the relative values

~f t h e  p a r am e t e r s .  Fi~~ure 2.2—2 shows the cases that may occur .

The curve in Figure 2.2—2a is most nearly like that obtained

w i t h  all altitudes :ero. The only qualitative difference is that

the locus curves obtained in the planar case are always concave

toward  OWN . Here t he  curve  Is shown w i t h  an i n f l e c t i o n  away from

own in t h e  region corresponding to small values of d (cf. Figures

2.4—1 to 2.4—24). It will be seen that this may result in double

solutions for some geometries , which can not occur in the planar case.

The locus curve in Figure 2.2—2b has two branches , which come

about due to the radar being outside the ellipse in the altitude

n ame (Cf. Ftgure 2.2—1). The inner branch , i.e., the branch

nearer the LOP , eventually joins the LOP . This occurs for a value

of d such that the ellipsoid becomes so steeply inclined that the

projected radar position touches the ellipse in the target alti—

tude plane (cf. Figure 2.2—1). For smaller values of d, the pro—

jected radar position is inside this ellipse , and the “outer”

branch of the locus curve is qualitatively like the locus curve

in Figure 2.2—2a.

It is shown in the Appendix that a necessary condition for the

locus curves to have the character of’ those in Figure 2.2-.2b is

that T < H , the  target altitude . Furthermore , it is shown that

both branches of the locus curve become asymptotically parallel

to the LOP. Further , it  is shown t hat , if T, H and H0 are held

constant and the DAZ ~ Is increased , the “inner” branch of the locus

15 
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/ OWN Radar , OWN
LOP LOP 0

(a) ( )

OWN

Radar ~~~~~~~~ OWN 
-

(e)

FIGURE 2.2-2. TYPES OF LOCUS CURVES . a—d ARE POSSIBLE CASES .
e APPARENTLY DOES NOT OCCUR.
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curve moves away from the LOP and the “outer ” branch approaches

the LOP .

If a becomes sufficiently large , the two branches of’ the locus

curve do not go to infinity, but 1ns~ ead merge , as in Figure 2.2—2c

(cf. Figure 2.4—14). It is shown in the Appendix that a sufficient

condition for this to occur is that T < H sin a .

Figure 2.2—2d shows a case when the two branches of the locus

curve exist separately far from OWN , but which then join, instead

of terminating separately . In terms of the geometrical process

ror constructing locus curves described previously , such a locus

can come about when the following happens : Assume that the target

altitude is above that of OWN by so much that when the radar is

assumed directly under OWN , the ellipsoid does not reach the

target altitude plane . This will occur if’ and only if

— 
T < 2 (H_H

Q).

It is shown in the Appendix that for any T > 0, as the radar moves

away from OWN, i.e., as d increases , the ellipsoid eventually will

touch the target altitude plane at a point over the LOP and the

intersection will expand into an ellipse as d increases further.

For suff iciently small a, this ellipse will be cut by the line from

the radar at the angle determined by the DAZ. As d increases , th is

leads to the same asymptotic behavior as previously .

Geometric intuition implIes that a locus curve in the form of

a closed contour can not occur . If a is so large that no solution

exists for d -
~ ~~~, then there will not be a combination of circum—

stances such that the ellipse that forms In the altitude plane

17
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w ith the radar pos ition outs ide it can f irst ex pand with d fast

enough to be cut by the DAZ line and then fail to expand fast

enough, so that ultimately the DAZ line no longer Intersects It.

2.3 THE LOCUS CURVES AS BOUNDARIES OF REGIONS

In the discussion so far, the locus curves have been descr ibed

as geometrical constructions which can be drawn for given sets of’

measurement values T , a, B, H and H0 . It wil l  be convenient In

what follows to regard them from an alternative point of view as

boundaries separating distinct subregions of the region where the

other aircraft may be located .

If own a z i m u t h  (t h a t  is , the d i rec t ion  of the LOP ) and the

differential azimuth a are given , then the pot ential locat ions of

the target aircraft are constrained to a region bounded by the LOP

and a line eminating from OWN at an angle a to the LOP. This will

be referred to as the solution region . It is the region swept

out by the line from the radar at the angle determined by (OAZ +

DAZ) as the (horizontal) distance of the radar to OWN ranges from

zero to infinity.

The target may b€ assumed to be at any point within this

region defined by its polar coordinates (r ,4) where ~p is in the
appropriate interval. Then the radar location consistent with the

assumed target position and the given DAZ can be constructed geome-

trically by drawing a line through the point (r,~~) at an angle a to

the LOP. The radar position will be at the intersection of this

line and the LOP.

Given the position of’ the target and the radar relat ive to OWN ,

the  TOA corresponding to the configuration can be computed as

‘p

-- ---- -— ~~~~~~ —- - - _—
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T ,(r,~~ = r2 + H2 + ~/r 2 
+ (H—H 0)

2

sin a

- ~/ sin (~ + a) r 2 
+ H2 2.3.1

sin a

seen to he a function of r and ~ that is defined and con—

ttnuous everywhere , and in particular in the solution region ,

within whIch it has physical and intuitive meaning .

At every point on a target locus curve , Tc is equal to T , the

observed TCA ; T > T on one side of the curve and T < T on thec c

other. Thus the locus curves separate the solution region into

re- -ions wh ere T0 ‘ T and T
~ 

( T. This implies that the curves

must either end on a boundary of the solution region or at infin-

ity — otherwise there would be a path within the solution region

such that along the path the continuous finite function T0 
— T

charged sign without ever oolng through zero.

In terms of the Process for constructing locus curves

descrIbed previously, it Is seen that T
~ 

< T on the side of the

locus line lying on the inside of’ the constant — TOA ellipse and

> T on the side corresponding to the outside of the ellipse.

The Rreatest significance of the observation that the locus

curves are boundaries lies is its potential use for finding target
-

- aircraft positions by search in the solution region. An algorithm

arnlicable to the sinole—site geometry is described fully in

sectIon ~~• L~ • An algorithm similar In principle , though more

complex , could be constructed for the case of passive operation

with two radars with azimuth reference signals . The cases to be

~on~ idered are identified and described in Section 4.
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2.4 THE NATURE OF THE LOCUS CURVES

Plots of families of locus curves are shown in Figures 2.4—1

to 2.14_ 24. The shape of’ each curve is determined by the three

var iab les a, HIT, H0/T. The scale is determined by T. Only a

sampling of the possible combinations of parameters have been used

in plotting the curves. The families of curves to be plotted on

any one graph were selected to show the sensitivity of the curves

to changes in the individual parameters . The following conclu—

sions appear to be generally valid:

1) For T > H and T > H , the curves change relatively little

with changes in the differential azimuth (Figures 2—4 .1 to 2.4—5).

Hence , they are insensitive to DAZ measurement errors .

2) Over a very wide range of altitudes , the curves change

very little (except in the quadrant opposite the radar) if both

own and target altitudes change together , or , what is equivalent ,

the radar altitude deviates from its nominal (zero) value (Figures

2.4—6 to 2.4—12). The sensitivity is least when the target and OWN

are atcoaltitude. Hence , knowledge of true radar altitude is not

important to BCAS for determining target positions .

3) The curves do not vary drastically when the relative alti-

tudes of OWN and other change . The curves tend to come closer to

the origin — i.e., to OWN when the altitude separation Increases.

It is important to note that this happens whether OWN is above or

below the target (Figures 2.4—13 to 2.4—22). Hence , it does not

appear feasible to deduce the altitudes relative to own of other

aircraft not equipped with mode C transponders from other BCAS

20
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measurements. It does appear feasible to estimate the range and

bearing of such aircraft by assuming them to be at coaltitude , but

the horizontal range estimates will be somewhat too high .

li) The locus curves do change quite drastically as the

various parameters change when the TOA is small relative to the

altitude (Figures 2.4—23 to 2.14—24). Hence , solut ions based on

measurement sets including small TOA ’s are likely to be highly

error—sensitive .
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3. SINGLE-SITE SOLUTIO N

~.i -~~~~~-~v r ~~.-:

The ~~~~~~~~~~~~~~~~ :o l u t i o n  res ts  on measu remen t s  m ad e  up on  the

a cr- - ~:-c n-~ ‘SR whose direction from OWN is known and

w--~o~ t~ -~€- to r - e t r~~ l~ eo to active interrogations by OWN . The- 

ava~ lable from passive “listening in” on the ~-ro~ rd

S.-~ are

Swn : - - i t h  ~

: f - ~~~- i- t :ai  ~:in u t h  -y

~~-~i .~~~~ ’.’e TC.A , where T = TOA c miles

alt i1 ude

~ThEF~’~ o~ t~ tude

~°r-- -:-: thi s set of measurements , the correspondinr single radar

1ocu~ curve can be determined. The nature of this curve can be

of an: ’ one of the varieties descrIbed.

Aotive interrogation yields a measurement of slant range to

:-::i:R , R. With H and H
0 

known , the horizontal range to OTHER can

be determIned as

r = R~ — (H—H 0)
2

t h e  ocus of possible tositlons of OTHER determined by a c t i v e

Imterro t~ o~ is a circle of radius r centered on the vertical

The other aircraft must therefore be at a

r oi ’ .~ of t eroe t of this circle with the passive radar locus

~ : f f e : - -~~-.’ oo~~~:h:e kInds of interactions are shown in 

- -
~~~~

- 

~.1—l r~~-L ’h ~~. l — 5 .
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Locus de termined by
passive measurements

_____________ of TOA = c T
_ _ _ _ _ _ _ _ _ _ _  

I > T  and DAZ = U
C

T < T _______________________ 

Solution
C 

__________________________ 
Locus de termined
by active

_____________________________ 
measuremen t

___________________________ 
of range to

r other r .

SSR~~
LowN

FIGURE 3.1-1. NATURE OF SOLUTION FOR SINGLE-SITE GEOMETRY
WHEN ALTITUDES ARE ZERO (cC < 0).

j 9 1 ? , J 7 ;~~~~~~~~~~~~~~~~~~~~~~~~~
_

— Solution 2

T ~~T

OWN
Solution 1

FIGURE 3.1-2. NATURE OF SOLUTIONS FOR SINGLE-SITE GEOMETRY
WHEN LOCUS CURVE DETERMINED BY PASSIVE MEASUREMENTS HA S TWO
BRANCHES (ct < 0).
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T~ > T

Solu t ion 2 r

SSR 
cC

Solution 1

F I G U R E  3.1—3. SPECIAL CASE OF SOLUTION, RELATED TO THAT
IN FIGURE 3.1—2 (CF. FIGURE 2.14—15).

Solu t ion 2

7,

Solu t ion 1 
7,

SSR
4 

cC

FI GURE 3 . 1 — 1 4 . SPE C IAL CAS E OF SOLUTION , RELATED TO THAT
IN FIGURE 3.1—2 (CF . FIGURE 2.14—114).
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Solu t ionsi_
c 

~ 
7.

SSR m

FIGURE 3.l—~~. Ci~ND ITI ON WHEN T~?O SOLUTIONS CAN EXIST DUE TOC IR CLE DETERM INED BY A CTIVE INTERR OGATI ON INTER SECTIN G OUTER
ERANCH OF PASSIVE MEASUREMENT LOCUS CURVE TWICE (a < 0).

Two methods of solution are possible for this configuration .

The first is an algebraIc method that analytically finds all roots

of the equation relatinj measurements to the target position. The

equation is derived in Section 3.2. This algorithm has been imple-

mented as a FQRTRAN ~—ro~ ram written for the PDP—lO time—sharing

system at TSC and has been successfully tested.

The second method of solution is essentially a search algorithm

based on the promertles of the locus curves. The algorithm is out-

lined in Section 3.14 . The s~ arch procedure has been implemented on

-a rr’o.-r’ammabie han - i  calculator and successfully demonstrated. Due

t o  t h e  constraints of the calculator (100 program steps , 10 memo-

ries), only the search rrocedure , not the logic for determining

wh ich caue pertains , has been implemented as a program .
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3.2 PLANAR CASE , ALGEBRAIC SOLUTION

The geometry in the single—site configuration , with all

altitudes zero , is the simplest of the cases to be considered.

The solution will be carried out algebraically to illustrate what

must be considered in solving the BCAS equations algebraically .

The geometric configuration is defined by Figure 3.2—1.

T = S + r - d

FIGURE 3 . 2 — 1 .  SINGLE—SITE , PLANAR G EOMETRY

The quantities T, ct and r are known , ~ and d are to be found .

One may not assume that d > r. The TOA equation gives

T =  s + r — d  3 .2 .1

By the law of sines .

- 
S 

= •
r 3.2.2sin ~ si n a

and

d - 
d — 

r 3 2 3si n ( l O 0 — a — ~~) — sin (a+~~) — sin •

Then

T = si~ ~ 
sin ~ + r — si~ a si n ( c~+ a)  3 .2 . 14

or

sin a = sin c~ — sin (~ +a) 3.2.5
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No w define

3 . 2 . 6

Then

sin a = sin (~
_
~) — sin (~÷~)

= —2 cos y sin 3.2.7

Hence

= 
(r—T) sin a

2 r sin

= L I  
~~~~~~ 3 . 2 . 8

y = ~ cos~~ (L~I cos 3.2.9

and

• 
= — 

± cos 3.2.10

Thus it is seen that the equation by which 4) is determined has two

roots. It remains to be established which of these roots Is an

actual solution of the geometric problem.

Let

4) ], = — + c~~s~~’ (L. 1

= — — cos~~ (L~I cos 
~~

- )  3.2.llb

It is apparent that •2 results in a pos it ion for OTHER on the wrong

side of the LOP — i.e., inconsistent with the sign of a. Hence

only 4)~ is a valid solution to the problem posed. Thus this

problem is seen to have a unique solution , assuming that a solution

exists. It is to be noted that there obviously exist sets of

values of r, T, and cC such that

51
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L:.I cos > 1r 2 =

Then there is no value of 4) that satisfies Equation 3.2.5.

The fact that there may be sets of measured values for which

no solut ion ex i s t s  is important to recognize. Such a situation

could not arise if all measurements were noise—free. However,

given that the measurements are corrupted by independent random

noise , the  p o s s i b i l i t y  of “unreal izable ” measurement sets exis ts

and must be considered in designing any algorithm for determining

the position of other , lest there be a program “crash” when the

situation occurs .

3 .3  TH R EE—DIMENSIONAL CASE — AL GEBRAIC SOLUTION

The algebraic equation to be solved is derived as follows :

Given

B = ,~i r
2 + (H-H 0 ) 2 3.3 . 1

the time—of—arrival equation expressed in range dimensions can be

written

T _ R +~~d
2 + H ~~~~~s

2 + H 2 3.3.2

which squares to

(T-R)2 + d 2 + H~ + 2(T_R )~~ d2 + H~ = ~2 + H 2 3.3.3

so t ha t

CT—F )2 + d 2 
— ~ 2 + H~ — H 2 

= — 2 ( T _ R )~~/d 2 + H 2 
3 .3 . 14

Fy the law of sines (cf. Figure 3.3—1)

— 
r sin(O— B— cz )

~ n a
and

= 
r sin(8—B) 3 3 6sin a  .
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RADAR_ TARGET

FIGURE 3.3-1. SINGLE—SITE GEOMETRY/PLAN VIEW.

Subtraction of 3.3.6 from 3.3.5 and trigonometric manipula-

t i o n y i e l d s

d — = ci [si n ( O — B _ a )  — s in (O— B)]

= — 
2r cos(O— 8—~~

) sin ~~‘ . 3.3 .7

Similarly

d + ~ = si~~ a 
sin(O—B1’) cos(~-) 3.3.8

~u1tiplicatIon of ’ 3 . 3 .7  and 3.3.8 yields

— = — ~4r 2 s1 n(e— ~ — a/ 2 )  cos (O—B—a/2) sin(a/2) cos (cz/2)

sin 2 ci
3 .3 .9

Let y = 28 — 20 + ~
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Then Equation 3 .3 .9  can be written as

- ~2 = 
r 2 sin y 

3.3.10

Substitution of Equation 3.3.10 in Equation 3.3 . 14 gives

(T—R)2 + r sin y  + H 2 
- H 2 

= - 2(T-R) ~/d
2 + H~ 3 .3 . 11

so t hat , after squaring both sides

CT-fl)14 + ~~~ (H~ -R 2 ) 2 + 2 r
2(T-C)2 sin y + 2(H~-H

2)(T-R)2

+ 2 ( H 2—F12 ) r 2 sin y 14(T_R)2 (r
2 smn 2 e_8_ a) + H~~

)

Now 3.3.12

sin2 (8—8—a ) = 
— cos (2(0—8—a~)

- 1 - (-2 0-8-a )
2

= 
1 - cos (y+cz ) 

3.3.13

= 
1 — cos y cos a + sin y sin a

2

Substitution of 3.3.13 In 3.3.12, rearrangement and multiplication

by sin2 a gives

sln 2y r14 + siny {2r2 (H~_H2) sina}+ cosy{2(T_R)2 r
2 co~ ci}

+ ~( ( T _ R ) ~ sin 2a + (H~—H
2)2 sin2a + 2(H~—H

2)(T—R )2

- ‘4(T-R)2 H~ sin
2a - 2(T-B)2 r 2 }= 0 3 .3 .1 14

This Is of the fo rm

a1 sin
2y + a2 siny + a

3 
cos y + a 14 = 0 3 .3 .15

Transpose a
3 

cosy , square and substitute 1 — siri 2y for  cos 2 y .
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The result  Is

b 14 sln 4y+ b
3 
sin3y + b 2 sin

2y + b 1 sin y + b~ = 0 3.3.16

where

8
b 14 = r

b
3 

= 14~.6 (H~—H
2) sin a

b2 2r
14 

~(3(H~
_H2)2 sin2a + 2(T—R)14 cos2a + ( T — R ) 14 sin 2a

+ 2(T_R)2(H~_H
2_2}1~ sin

2a_r2)}

b1 
= ~4r

2 (H~—H
2) sin a{(T—R)

14 sin2a + (H 2— H 2 ) 2 sin2a

+ 2 ( T _ R ) 2(P~ —H 2_ 2H ~ sin 2 c~_r 2)}

b0 
= (CT_ fl)

14 siri 2a + (H~ —H 2 ) 2 sin2a

+ 2(T_R)2(1-i~
_H2_2Ii~ sin

2a_r2)}2 — 14r 14 ( T—R) 14 cos 2a

Equation 3.3.16 is a quartic equation which may be solved closed

form for sin y.

There may be up to four real roots of 3.3.16 ( i . e . ,  up to

four possible values of sin y) between —l and 1. There is at most

one value of 0 corres ponding to each poss ible va lue of sin y .

Eac h root is treated as follows :

Equation 3.3.15 is used to compute cos y. Since sin ‘
~
‘ and

cos y are now known , y may be computed uniquely .

y = 28 — 28 + a so

0 = ~ (2$+a—y ) 3.3.17

The difficulty now arises that 3.3.17 only determines 4) up to ± ~~~
.

(An angle has two half—angles.) However , there is only one solu-

tion 0 consistent with the requirement that 8 lie in the interval
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determined by B and ci ( c f .  Sec t ion  2 .1  and Figure 2 . 1 — 1 ) .  For

k — S I  < 180° , sgn (~ — 8 )  = sgn a .  Thus the bearing angle 8 corre—

spo nd~ n~ to  every real root of Equation 3.3.15 in the interval

(—1 , 1) can be determined uniquely . Then Equation 3.3.5 is used to

solve for d and 3.3.6 for s.

Equations 3.3.2 and 3.3.11 are squared en route to producing

3.3.15. It is , then , possible to introduce extraneous roots of

3.3.16 by these steps. If the signs of the left and right hand

sides of 3.3.2 or 3 .3 .3  disagree , the root is discarded.

The fourth—order polynomial equation 3.3.15 has a single root

of mu l t ip l i c i t y  four  when T = B. The root , obtained by factoring ,

is

1.12 H 2
sin ‘

~ = 

r 2 ~ sin ci 3.3.18

Numerical techniques of solving the equation will encounter dif-

ficulties (due to numerical roundoff effects) when this condition

occurs or nearly occurs , i.e., when T

The algorithm as coded tests for this condition , and when it

occurs , uses the express ion  in 3 .3 .18 as an i n i t i a l i z a t i o n  to

solve by Newton ’s method the nonlinear equation obtained by sub-

stituting in 3.3.2 the expressions for s and d in 3.3.6 and 3.3.7.

Alternatively, the search algorithm described in the next

section could be used .

3. 14 SINGLE—SITE GEOMETRY — SOLUTION BY SEARCH

The pos i t i on  of the target aircraft and the distance to the

ground SSR ’s can be determined by a one—dimensional search , based

on the  known p roper t i e s  tha t  the  so lu t ion  may have .
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The cases are distinguished by the behavior of the quantity

T0 along the boundaries of the solution region . In particular ,

Tc has to be evaluated at two points to distinguish the differences

among the cases that require different search algorithms . These

po in t s  are at

r = ~~R 2 
- (H-H ) 2 3 . 14 .1

and at 4) = 0 and 4) = 180 — a; when 4) is defined by Figure 3.3—1.

Tc (r , 0) = T 1 = H + R — ~/~~~+ H~ 3 . 1 4 . 2

and

T
~

(r ,1B0_ci) = T2 = ~Ir 2 + H 2 + R — H0 3 . 1 4 . 3

The cases of interest are defined in Table 3.~4—1

TABLE 3. 14_ i. DEFINITION OF CASES FOR SEARCH LOGIC
FOR SINGLE—SIT E GEOMETRY

T1 T
2 Case Corresponding Figures

< T > T I 3.1—1

> T > T II 3.1—2 , 3.1—3, 3.1—14

< T  < T  III 3 . 1— 5

> T < T Not possible

The condition that T1 > T and T 2 < T can not occur , since this

would require that
T1

> T > T
2 3.14 .14

or 

H + H0 > ~~r
2 

+ H 2 + ~ r
2. + H~ 3. 14 . 5

which can not occur for real values of r.

Once the pertinent case has been identified , the solution

coint s can be found by search. The search Is based on the observa-

tion that Tc is greater than T on one side of the locus line and
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less than T on the other. If (Tc
_T) is of opposite sign at two

points in the solut ion space , the locus line must lie between them .

The search then proceeds very simply . It is known that the solu-

tion point(s) must lie on a circle of radius r in a sector

0 < < 180° — a 3 . 1 4 . 6

for  a > 0 and a sector

0 > 4) — 180° + ci 3 . 14.7

for a < 0.

The search in principle proceeds by evaluating (T
~
_T) at a

succession of values of 4) at increments of t~4). When (T0—T) changes

sign, It is known that the solution point is within the last pre-

vious increment . According ly, the direction of search is

reversed , using increments of i~ half as large as before . As L~4)

is successively halved , the successive values of the  test  po in t s

approach the true solution point and

N N

B
OWN

— 

d 

e
s~~~~~~

*
,
/ _

F I G U R E  3 . 1 4— 1 .  R E L A T I O N S H I P  OF V A R I A B L E S  U S E D  I N  S E A R C H

ALGORITHM FOR SINGLE—SITE GEOMETRY SOLUTION . CASE WITH a
AND 4) POSITIVE IS SHOWN.
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true 
— 

test ’ 
< (2 

~

Thus , the iteration can be terminated whenever 
~4) 

is small

enough to guarantee the desired accuracy.

Simplified flow charts for the solution by search are shown

in Figures 3.14—2 and 3.14—3. The search algorithm necessarily

always converges when there is exactly one solution point in the

range being searched and that solution arises because the passive

radar locus curve intersects the circle determined by the active

radar.

When there is one solution point due to the passive radar

locus curve being tangent to the active radar circle , then the

algorithm will find the solution only in the unlikely event that

one of the test  point s selected happens to be the exact solut ion

point . Since the difference (T_T
~~~
) does not change sign along the

circle on either side of the solution point , there will be no

reversal of the search direction as when 4) goes past the solution .

The situation will be similar when a near—tangency condition

exists — i.e., when the curves cross twice , but the crossing points

are so close together that both lie between successive test values

of 4). The likelihood of this happening can be reduced by initially

choosing the spacing between test points small (i.e., choos ing the

parameter designated as N in the flow chart in Figure 3.14—2 to be

large) at the cost of lengthening the search procedure . In any

cas e, the algorithm must make allowances for not f inding a solut ion,

if only to accommodate the case that , due to errors in the measure-

ments , no solution compatible with the measurements exists.
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r - (H-H 0)
2

- H +  R .~~~
2 • H 2

12 — ~ r2 
+ H2 

+ R - H0

• 0

E - T  - T

T1<T 

1 

T1>T

T2>T T
2~T

sgn ~ (1RO ° - kl)/2 sg~ ~ (180° - k ’ ) / N  
1

I _ _ _ _ _ _ _ _ _ _

IT SEARCH SEARCH
EXIT 1 EXIT 2 EXIT 1 EXIT 2

I _ _ _ _ _  I
NO I d •d

ERROR SOLUTION I 0~ = B + 180 - 0
FOUND 1

Id i~~~ 1 I
18 1 8+18 0 -0 1  00 0

One 
E - T  I

solution o 1
only

sgn cg (180) - IaI-f0I )/2

L SFARC H
EXIT 1 EXIT 2

I 
ERROR ] ~~d 2 d

[ B + 180

______ _____ 
1 solut ions

C ENfl

F I G U R E  3 .1 4— 2 .  F L O W  C H A R T  FOR A L G O R I T H M  TO SOLVE SINGLE—SITE

GEOMETRY BY SEARCH.  TOA T , DAZ a, OAZ 6, SLANT RANGE R ,
ALTITUDES H A N D  H A R E  GIVEN M E A S U R EME N T S. SE A R C H  IS SUB-

ROUTINE ( F I G U R E  3 ?L $ _ 3 ) .  N AND M (FOR SEAR CH ) ARE CHOSEN
VALUES.
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Eold = E0

‘1
0 ~~~~ 1

d = r sin(a+$)/sin ~ No solution
found

D = +

s = r s in  ~/sin a

+ H2

Enew = I - (S+R-D)

X =

F = Eold new

~~~~~~~~~~~~~~~ 0~~~~~~ :O X = O  

d, 0

c~~~~
T 2 J solution

~ T T F E  3. 14_3. FLOW CHART FOR SEARCH SUBROUTINE USED IN SOLVING
TT~:ThE—SITE PROBLEM . T, H , r, a, H, H0, 4)~~, ~~~~~~

‘ 
E
0
, AND M ARE

;~~: PA FA ~-TETEP.~’.
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The f low chart s in Figure s 3. 14—2 and 3. 14_3 do not i n d i c a t e

how to treat cases when a solution is not found. The actual solu-

tion is likely to be q u i t e  sens i t ive  to measurement  error in any

case. Thus , unless the measured slant range is small , it may not

be worth finding until a new set of measurements is obtained. Two

techniques of finding the solution , wnich may be used in combina—

t ion , are to decrease the size of the increment of 4) used in the

search and to change slightly the measurement of R used in the

calculation. If R is changed in a direction to cause the passive 
d

radar locus curve and the active radar locus circle to intersect If

they do not (and to intersect at two more widely separated points

if they intersect already), then the search algorithm described

will be more likely to find the solution of the modified system .

The midpoint between the solutions using the modified measure-

ment set should be approximately the same as the midpoint between

the solutions based on the original measurements (if such solutions

e x i s t)  and should be a reasonable approximat ion  to the ac tua l

target position if no solution compat ib le  wi th  the measurements

exis t s  because of errors in the measurements .

These extensions to the algorithm are not shown in the flow

charts in Figures 3.14—2 and 3.14—3 . The flow charts are further

simplified in that they omit certain details that should be in-

corporated in any code that might be written but would only

obscure the basic logic if included here. In particular , crovi—

sion should be made to prevent division by zero (e.g., if a = 0)

and to prevent false termination of the search because the test

values of ~ appear beyond the solution region (I~~~! > 180° — a~ )

due to numerical roundoff errors.
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3.5 ACCURA CY OF THE SINGLE—SITE SOLUTION

A test was run In which RADAR was located 20 nautical miles

due south of OWN , OWN had height 20,000 feet, and OTHER flew a

level semi—circle of radius 3 nautical miles centered 1000 feet

above OWN.

The bearing of OTHER from OWN was initially taken as 1 degree

and was incremented by 2 degrees up to 179 degrees. The computa-

t ion wa s performe d 10 t imes at eac h ste p with random normally

distributed input errors based upon sigmas of .15 microseconds for

the two TOA ’s, 1001,112 feet for the two altitudes , and .2 degrees for

locating the center mark of the main beam passing through a point

(either North , OWN , or OTHER).

The algebraic solution was used. Let 0 denote the bearing of

OTHER from OWN relative to LOP. Two solutions were generally

found for 10 < 8 < 65° and 113° ( 8 ( 1790 . \‘fl-ien 1° < 0 < 10° and

when 163° < 0 < 179°, sets of perturbed inputs that produce no

solutions are not uncommon . It is also not uncommon , especially

In the second of thes e regions , for the perturbed inputs to produce

two nearby computed values of 4), one on either side of the t rue

value. This suggests near tangency of the circle determined by

active interrogation and the locus curve determined from the passive

measurements.

The error sensitivity (for the closest computed configurations ,

assuming there is at least one) varies with 9. In the best range,

o not very far from 90°, the standard deviation in the error for
0 is a little over 1/2 degree . For 0 in the worst ranges , close

to 0 or 180 degrees , the standard deviation is about 2 degrees.
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In the best range , the standard deviation of the error in the

computed radar distances is between 0.5 and 1 nautical miles. In

the bad ranges there are standard deviations of’ over 5 nautical

miles.

There is large inherent error sensitivity when the absolute

value of the differential azimuth is small (i.e., when OWN , RADAR

and OTHER are nearly colinear). Given such a configuration , it

is not uncommon for the algorithm to produce no solutions from

perturbed Inputs.

The algorithm , as coded , writes out a default solution if

either

1 ) no solution is produce d by the general metho d or

2) the differential azimuth is so small that error sensitiv-

ity makes the computed solutions suspect. In this case

the computed solutions are also output .

The default solution involves placing OTHER either in

between or opposite RADAR from OWN . The choice is made by con-

trasting the TOA as measured from RADAR with OWN TOPL. (if 1/2

OWN TOA is less than TOA , OTHER is opposite.)

If the default solution is used , d is riot computed .
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-- -~~ -~~~ -- 7
LL PASSIVE MODE RANGE -BEARING CALCULATION :

RADARS WITH AZIMUTH REFERENCES
L~.i ~VE PV IEW

t is assumed that for the purpose of facilitating the imple—

~-;entatIon of ’ B CAS , modifications will be made to either all or a

lar ge  fraction of the SSH ground sites so that they will emit

signals allowing B CAS systems to determine the angular orientation

of’ the 5SF antennas at any Instant .

This  w i l l  a l low the s implest  of the pure ly passive BCAS opera—

t i~i -  o~o de s .  In areas whe re there is coverage by two suitab ly placed

oa-Jiars with azimuth references , BCAS can determine range and

tearing t o  a s i n g l e  target.

There are configurations of two radars and a single intruder

for which the solution is extremely sensitive to perturbations

of’ the input variables , i.e., the measurements. In addition , it

w i l l  be seen tha t  under  some c i rcumstances  measurements from two

oa~ ars will give m u l t i p l e  solut ions , each of which corresponds to

a distinct radar—aircraft configuration , and all of which are

completely consistent with all the measurements from the two radars .

In c i t he r  of these troublesome cases , there is advantage to

u s i ng  o the r  measurements  if these are available. One may then

ottain a more accurate target position determination by get t ing a

less error—sensitive solution or at least having an average of

several error—sensitive solutions . When the measurements from two

radars result in multiple solutions , either active interrogation
- j or t h e  m easuremen t s  from some additional radar will generally be

Inconsistent with all but one of these solutions , whi ch can then

6~
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be taken to correspond to the actual configuration . The data

management schemes appropriate to select measurement sets and

check solutions for consistency are considered to be beyond the

scope of this report .

The particular method of Implementing the azimuth reference

signals is not important for the analysis that follows. Similarly ,

the question of whether true north or local magnetic north should

serve as the reference direction is not considered . In the simula-

t ions , it is assumed that the reference directions for the two

sites are the same, and the determination of own azimuth is subject

only to random measurement errors ,

Sinc e radar alt itudes are unknown , the radars are assumed to

be at sea level. The nature of the locus curves is such that this

assumption should have no significant effect on the results. In

general, the influence of small altitude variations on errors in

computed positions was found to be small.

1 4 . 2  THE SOLUTIONS DESCRIBED BY THE LOCUS CURVES

The nature of the solutions to the problem can be described

In terms of the locus curves. In addition , an enumeration of the

possible cases also suggests that the solution(s) can be found by

a search algorithm . The algorithm would have to be somewhat more

complex than that for the single—site geometry described In Section

3. -Li , in that it would have to perform search in two dimensions ,

rather than -one . The precise choice of the directions for search

is unimportant as long as the whole solution region can alway s be

spanned.
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The principle of the search algorithm would be similar to that

in Sect ion 3. -LI — i.e., a locus curve lies between a pair of points

such that T — T0 changes sign in going from one to the other. A

solut ion point is at the intersect ion of tw o locus curves, or the

point where four different regions (characterized by the algebraic

signs of T1 
— T

1~~ 
and T2 — T2c ) meet . Thus starting from one of

the straight lines bounding a solution region , the search algorithm

would find a locus curve by going in some trial directions and

then find the intersection by searching in a direction generally

along the locus line already found. If all possible cases are

properly cons idered , all solut ion points can be found to within

arbitrary precision. Difficulties will arise if near—tangeñcies

occur between locus lines . The solutions in such cases are bound

to be intrinsically inaccurate (measurement error sens itive),  but

their approximate positions can be determined, as in the single—

site case , by modifying the measurement paramet ers (generally the

TOA’ s) in a direction such as to increase the intersection region

that Is small.

The solut ion regions to be cons idered are c lass if ied in

Figure Zi.2~ l. Knowledge of the signs of the differential azimuths

by Itself restricts the target position to one of the four regions

indicated in the figure. The regions are separated from each

other by the extended lines of position (LOP’s) between OWN and

each radar. These are the lines passing through the position of

OWN whose direction is determined by the own azimuth (OAZ) measure—

ments.

L
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Region B1 / Region A

/ 
a1 < O ,a2

> 0

a
2 

< 0

N A  OWN

I
/ Region B2

/ cx1 > 0
SSR1 

/ 
a2 > O

Region ~ N B
a1

> O  2

a
2 

< 0

SSR 2

FIGURE 14 .2—].. DEFINITION OF SOLUTION REGION TYPES.

The regions A , 81 and B2, and C are qualitatively different ,

and the nature of the solution in each may be different when the

solution is sought in 3 dimensions .

Region A is bounded by the extensions of the LOP ’s beyond OWN

away from the radars. It is characterized by having no radar on

its boundaries. Barring exceptionally unfavorable situations

(to be discussed below), the locus curves for solutions in this

range will be like those in Figure 14.2—2. There will be one

solu tion , constrained to lie in the sector bounded by lines in

the directions B1 + a
1
(a1<0), and B2 + a2 (a2>0) from own . The

solution point can be determined either by some suitable algorithm

based on the analytical properties of the functions involved or
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B 1
SSR 1

~~~~~~ .—So1ution

N owN

a1

SSR 2 
— Ti~ 

<

~~ 
T2~ < 1

2

FI GURE 14 .2—2. USUAL NATURE OF SOLUTION IN REGION A .

by a search algorithm . Given any initial point in the region of

possible solutions , the direction of search for an improved approx-

imation can be determined readily from the sign of (T1
_T

1~
) and

(T 2— T 20 ) .

Fioure ~4 .2—3 shows a potential situation when there might be

mult iple solutions In region A. This might occur if the radars

are almost directly on opposite sides of OWN , one gives rise to

locus curves with two branches , and the other has a very small

differential azimuth. The case is shown (with all the small angles

drawn large , for clarity) for mathematical completeness; it Is

hiohly unlikely in practice. Solution 1 is the usual solution in

Region A , solution 2 the alternative . For realistic sets of’

measurement values there can not be two symmetrical solutions like

69
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SolutIon 2. The proof follows from arguments like those used to

show that there can not be three solutions for the single—site

geometry .

Solut ion 1

_ _ _ _ _ _ _ _ _ _  

~~~~~~ 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

SSR I ~ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

FIGURE 14.2—3 . EXCEPTIONAL CASE OF MULTIPLE SOLUTION IN REGION
A (ANGLES DRAWN EXAGGERATED ) .

Region B1 and B2 are sectors bounded on one side by the LOP

from OWN to a radar and beyond and on the other by the extension

of LOP beyond OWN away from the radar . They are characterized by

having one radar on their boundaries. Again barring exceptionally

unfavorable configurations , the locus curves determine solutions

according to the scheme of Figure ~4.2—1.

It is seen that solutions In region Bi are constrained to

lie in the sector bounded by lines emanating from own and ~-oing in

the directions (B 1—ii ) and (B 2—a 2). Two solutions may occur
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thIs sector , depending on the exact characteristics of the locus

curves. Either solution may be present alone , or both may be

present together.

The usual nature of’ the locus curves in Region B1 is that

on-o wn ~n F igure  14 . 2 _ L I .

N
Solution 2

SSR 1 
~~~

Solution 1

Ti~ 
< 11

T2~ <

N 
B OWN
2

SSR 2

a
1

FI GURE 14 .2-14. USUAL NATURE OF’ SOLUTION IN REGION B
1
.

The “ inner ” branch of the locus curve determined by the

measurements from radar 1 may or may not be present . Special cases

are shown in Figures 14.2—5 and 4.2~.6.

The cases shown can be distinguished by evaluation T1~ 
and

T2c along the lines bounding the solution region . The solution

designated in Solution 1 in Figures 14.2—14 and 14.2—5 will exist only

- - i f th ere is an interval along the LOP from OWN t owar d radar 1 such

t hat T
10 

> T
1 

and T 20 < T2, If such an interval does riot exist ,
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SSK

Solution Za

Sol ution 1

T 1~ < T 1

i i u  T Zc

N

82

SSR 2

FIGURE 4.2—5. SPECIAL CASE I OF SOLUTION IN REGION B1.

N

a.,
_ _ _  T, ‘T

SSR1 
LC

II 11 2c <

SSR 2
FIGURE 4.2-6. SPECIAL CASE II OF SOLUTION IN REGION B

1.
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then either the “inner” branch of the radar 1 locus curve shown In

FIgure 14.2— 14 is not present , or it does not intersect the locus

curve due to the measurements from radar 2. If T1~ > T1 every-

where along the LOP from own t oward radar 1, then the nature of

the locus curve determined by the measurements from radar 1 is like

that shown In FIgures 14.2—5 and 14.2—6. The question of the exist-

ence of a second solution in the region can then be determined by

evaluat ing T10 and T20 along the other boundary of the region in

which solutions are possible , i.e., the line in (usua l ly)  the

direction 
~2 

+ a2 from OWN .

Figure 14.2—7 shows that the boundary can sometimes be the line

from OWN in the direction B~ + a
1
. If a locus curve is of the form

in Figure 2.2—2c rather than of the form 2.2—2b — i.e., not going

to infinity , the nature of the solutions that may be obtained should

generally not change .

A special case , not illustrated, may occur if both radars are

in essentially the same direction from OWN and the locus curves

have “inner branches” that intersect. Then there will in theory

be three solutions. In practice , all the solut ions will arise

from the crossings of nearly parallel lines and will be extremely

error sensitive. (This is intuitively clear — if there are two

radars and a target nearly collnear with OWN , the (small) TOPL and

DAZ measurements will not permit good determination of range to

the target.)
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~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~

:::: “~~~
E1 

~~~~ ~~~~ 

:: : :: ~
FIGURE 14.2—7. POSSIBLE UNUSUAL BOUNDARIES
OF SOLUTION REGION 81.

Region C is that region bounded by the LOP’s — i.e., the

sec tor “between the radars” when viewed from OWN . Given that

there is a solution in this region , there may be one , two , or

three , depending on which of the “inner loops” of the locus curves

exists and intersects the outer loops , as Indicated in Figure

14.2—8 (a theoretical worst case is five solutions , if the radar

LOP’ s are so close that the “inner loops” also cross twice . This

is of no practical concern). The solution indicated as Solution 1

will always occur , the others may or may not . -

Figure 14.2—8 shows another possible configuration of solutions

in Region C which may occur if the target altitude is above that

of OWN . If the solution exists at all with locus curves of this

nature , then either the pairs of solutions 1 and 2 or the pairs 1

and 3 must exist together. Barring -tangency conditions , there are

either 2 or 14 solutions . Thus, for instance, if Solutions 1 and 2

exist , then either 3 and 14 both exist or neither exists.

Figure 14.2—10 shows the nature of the solution if

T2 > 2 (H—H 0
) T1.

It is seen that generally Solution 1 and 2 will both exist.
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SOLUTION 1 N SOLUTION ~

~~T < T
ic

SSR
2 

II ( T~~ < 12

FIGURE 14.2—8. SOLUTIONS IN REGION C.

N

S
SSR

1 
1 SOLUTION 3

SOLUTION 4

SOLUTION 1

N

SOLUTION 2

ss~2
FIGURE 14.2-9. POSSIBLE SOLUTIONS IN REGION C
WHEN 2(H-H0) > T1, T

2
.
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N

SSR
1 

SOLUTION 2

SOLUTIO ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

a2

N B.,
SOLUTION 3

SSR 2

FIGURE 11 . 2 _ l U .  P O S S I F L E  Sc-~ U T I 3NS IN ~E~ I - N C ,
T 2 

> 2 ( H — H 0
) > T1.

S o l u t i o n  3 is p o s s i b l e , and t h e r e  m ay be a f o u r t h  s o l u t i o n  l ike

S o l u t i o n  ~ in F igure  14 . 2 — 9 .

The p o s s i b i l i ty  e x i s t s  t ha t  the  locus curves for one or both

radars  may not go to  i n f i n i t y .  The p o s s i b l e  cases wh ich  give

results qualitatively different from those shown previously are

i l l u s t r a t e d  in F igure  1 4 — 2 . 1 ] .
N

FIGURE 11 .2—11 .  POSSIBLE SOLUTION IN R E G I O N  C .  RESULT IS QUALI-
TATIVELY THE SAME IF LOCUS CURVE DUE TO MEASUREMENTS FROM RADAR 1
IS OF ANY OF THE OTHER TYPES .
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!~~~ RANGE AND BEARING COMPUTATION ALGORITHM

This section describes the computer algorithm developed at

TS2 and implemented as a FORTRAN routine to run on the DEC PDP—lO

ti”e— ohar’Ing system at TSC . The algorithm converges to a correct

solution except in some cases when the solution is extremely

sensitive to perturbations in the parameters (i.e., measurement

errors). Since the algorithm starts by finding an approximate

solution based on the assumption that all altitudes are zero ,

the solution generally found is that closest to the planar solu-

tion. As p resen t ly  implemented , the algorithm does not attempt to

f i n d  more than  one so lu t ion .  The a lgor i thm is developed in the

f o l l ow in g:

Assume tha t  the  environment  of OWN conta ins  two radars at sea

level , equipped with azimuth reference signals , and a target air-

craft .

Let r denote the horizontal distance from OWN to the target

and let B be the bearing of the target from OWN , relative to

Nor t h .  For i = 1,2 let d1 denote the horizontal distance from OWN

to the i—th radar. The problem is to determine r,O and the d~

from the input  BCAS (g i v e n )  da ta .

Let

H
0 

= height of OWN

H = height of OTHER

and for  I 1, 2 let

= bearing of OWN from the i—th radar

a1 
= (bearing of OTHER from the i—th radar) — (bearing

of OWN from the i—th radar), i.e., the differential

az imuth  of the target measured from the i—th radar .
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For i = 1,2 let s1 be the horizontal distance from radar 1 to the

t a rge t .  Let

Ti 
= + H2 + y

c2 + ( H — H 0 ) 2 
— 

p
/d~ + H~ 1 4 . 3 . 1

T
(where c is the speed of light ) is the differential time of

arrival (TOA) measured from the i-th radar. The given data con-

sists of H0, H, ~l’ ~2’ 
a1, a2, T1, T2.

Consider the following diagram , where the points labelled OWN and

OTHER are really the horizontal projections of OWN and OTHER .

SSR .~~~~~~~~~~~~~~~~~~~~~~~~~

” OTHER

The angle of the triangle whose vortex is at OWN is — B and the

angle whose vortex is at OTHER is it — (B. —O+a .).

By the law of sines

r sin(B1—e+a. )d~ = sin ai 
14 .3 .2

may also be computed in terms of 
~~~~~~~ 

and 0 from the

geometry of t he same t r ian gle .

The expressions for d1 and s~ may be substituted in 14 .3.1.

The results is of the form

Ti = F(r ,0,a~~ B1,H,H )  I = 1,2 14.~~.3
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14.3.3 is a system of two equations which must be solved for

the unknowns r,0. Then 14.3.2 computes the d1.

The method of solution involves an initialization followed

by an iteration.

14.3.1 Initialization

The initialization assumes that the radar distances d1 are

large compared to r, H and H0. It then finds a function f(r,O ,a1,

such that for each I, f(r,e,ai,~~~
,H,H0) will approximate

F(r,8,a1,51,H,H0
) and solves the system 

-

T1 
= f ( r ,0 ,51,H,H0) 14 .3 .4

Let d(r,0,a ,5) = 
r s in ( a+8— o )  and for each i let

d1 = d(r,0,ai,5i). (Note that this definition is consistent with

14.3.2)

The law of cosines and some algebraic manipulation show that

r2 — 2rd1 cos (O—8 1) + H 2 — H2

T1 
= F(r ,B ,a1,51,F,H ~ 

= 
~ 2 2 2 ~ 2 2° Vd~ + r — 2dir cos(O—B 1) + H +Vd1 + H

2 2 11.3 .5
+ + (H— H 0

)

If it is assumed that di >> r, H , 
~~~~~~
‘ 
then the denominator of

the first term of F is close to 2 di, and

f ( r ,0,B,H,H0) = — r cos(0—B1) ~~~~~ (H—H 0)
2 14.3.6

is a good approximation of’ F.

Let

A = 1 — cos( 5 2 —8 1 ) 1 4 . 3 . 7

v = ~~ ((T1
+T
2)
2 + (11-2A)T1T2 

- 2A (H_R
0)2) 14.3.8
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and

2 ( T +T~~)
= 

1 ( 1 1 - 2 A ) T  T + (A 2-2A)(H—H )
2 14 .3.9

A
2 1 2  o

The sys t em of’ equatIons 14 .3. 14 has two solutions (r,0). The

two values of r are criven by V±W .

V+-. is chosen if the target lies in the smaller wedge determined

by Radar 1 
— 3.~~N — Radar 2 . Ot he rwise , V—W is chosen.

Once r is known , it is not difficult to solve for 0.

The initialization uses the (r,0) computed above to com-

pute numbers in such a way that the correct solution of the

system

= f ( r , e , B ~~,
H , H 0 ) i = 1,2

will be a better initialization than the one previously corn—

puted . The solution of this system is the initialization .

~~~~~ Iteration

Let M(r ,B) denote the 2x2 matrix

- 
~~~~(r , B ,a 1,8 1, H , H 0 ) 

~~~
(r ,0,ai,B l, H,H0)1M(r ,0) — i 14 .3. 10

~~~~ r , e ,a 2 , 8 2 , h ,H0 ~~~~ r~ o~~a 2 B 2~ H~ Hoj

If, after the ~~~ iterative step, the approximate solution

is (ri,01) then (r~ ÷i,
O 1+1 ) is defined by the matrix equation

r .~~1 r. 
~. 

~~~~~~~~~~~~~~~~~~~~~~~~
= + N ( r ,8) 11 .3 . 11

0 1 +1 T2—F (r .~~0.,a2~ B2~ H ,H0)

The i t e r a t ion  s tops  if

1) i = 20

or

2) ri+i
_r

i and 0i+l~
0i 

are both sufficiently small.
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The iteration is along a vector field. If (r,0) is the —

solut ion , then (r ,0) is a sink of this field , but it is not

the only sink. In part icular , (—r ,8) (which is geometrically

meaningless) and (r ,-it+0) are both sinks. If either of these

two additional sinks is chosen by the iteration , the computed

position of the other will be the reflection about OWN of the

true position. Fortunately, it is not difficult to tell, from

the input data , if this reflection has been computed. There—

fore , the algorithm can correct the “mistake” of finding the

wrong sink.

14 . 14 NAT U RE OF THE SOLU T ION

The algorithm described in the previous section converges

to a correct solution except when the aircraft and radars are

In certain configurations in which the solution is extremely

sensitive to small variations in the measurements. The iteration

then may not converge.

The term “correct solution ” designates a solution which

describes a configuration for which the noise—free TOA , DAZ

and OAZ measurement s would be precisely those from which the

solution was obtained . Generally , only one such solution exists,

but under some circumst ances there may be several solutions.

Such a case Is illustrated by the third simulation run described

In Section 5 and is discussed below .

It is important  to s ta te  again t hat the fals e solut ion Is

not a construct due to some deficiency in the algorithm or to

excessive measurement errors.

~ _ _ I__~ _~ 
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It Is instead one of two configurations of radars and

aircraft which result in identical sets of measurement s (of

TOA , DAZ , OAZ and altitudes) being made by the BCAS. When two

distinct configurations are possible sources of the measurements

obtained , the nature of the algorithm determines which it will

find , but it is essentially a matter of chance whether this Is

in fact the actual configurat ion.

Though calculations made at only one instant and based only

on the nominal inputs cannot determine whether a particular solu-

tion that has been obtained corresponds to the actual configu-

ration , in practice there may often be additional data available

that allow the decision to be made. It should be possible to

extend the algorithm to determine the alternative solutions when

these ex ist.

A number of checks can be performed on the solution : If

the range to one or both of the radars has been calculated in

some other context , a rough consistency check can be performed .

Active interrogations can be performed to get an independent

estimate of the range to the target as a check on the value corn—

puted from the passive measurements. Finally, if a time sequence

of successive configurations is computed , though the improper

solution may be found at each time, these configurations will

not be consistent in time. Thus, in the case of the example in

the simulated sequence , it may be observed that the calculated

distance between the radars is about 38 miles when the improper

solution is first found arid c ont inuously changes to about 56
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miles some 146 seconds later. It must be noted , however , that

the calculated distance to the radars is quite sensitive to

measurement errors and shows large random variation between

successive instants of calculation. Thus inconsistencies in

calculated distances to radars can be taken to be reliable in-

dicators of an improper solution only if they are very large or

susta ined over a period of t ime.

A more satisfactory answer to the problem of multiple solu—

tions would be an algorithm that determined all solutions wher—

ever several exist . Further software in the system could then

resolve the ambiguity, either by calling for active range mea-

surement s or by evaluat ing the tr ack data. It may be anticipat—

ed that when several distinct solutions exist which are quite

different , It should be easy to determine the actual configura-

tions. When the solutions are distinct but relatively similar ,

the resolution of the ambiguity may be more difficult .

In addition to configurat ions f or which the BCAS measure-

ments are such that several distinct consistent solutions may

be calculated , there exist configurat ions in which relatively

large displacement s of the targets or radars lead to small

changes In the measurements made by BCAS . Inversely , small

changes in the measurements (such as those due to quantization

and noise) lead to large changes In the configuration corres-

ponding to the measurement set . This means that the values of

range and bear ing calculated from noisy measurements will show

large deviations from their actual values as a result of the
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random errors.

Two problems then arise in these regions: First , the

va lues  of range and bear ing  t ha t  may be found when the equat ions

describing the measurements are solved may be quite far from

the actual values. Second , the nature of the problem is such

that the iterative algorithm described above for solving the

system may fail to converge.

The “bad” confi gurations generally are the following :

1. Both radars in the same direction from the BCAS air-

craft (OAZ1— OAZ2 
less than ~lO

0).

2. The intruder aircraft between the BCAS arid one of the

ground radar s ( I B
~~
_ e I less than ~ 15°) .

3. The intruder aircraft in the direction opposite the

radar from BCAS (
~~~~

_ e_  18O0~ less than ~ 3
°) .

The precise extent of the bad ranges depends also on the

other aspects of the configuration——altitudes , distances to the

radars , distance of the target , and the magnitude of the bearing

angle that is not the primary contributor to the problem . In

general , the bad ranges tend to be wider when the aircraft are

at higher alt itudes. In the case of configurations 2 and 3,

when the intruder is colinear with the BCAS and the radar , the

bad range widens and splits when the aircraft are at high alti-

tudes. The errors in the computed posit ions are large when the

intruder aircraft i s on either side of’ the radar—BCAS line , but

moderate when directly on the line .

- 
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All of’ the enumerated effects can be explained qualitatively

by the behavior of the locus curves shown in the Figures in

Section 2.
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5~ PASSIVE MODE BCAS WITHOUT AZI MUTH REFER ENCE SIGNALS

5.1 OVERVIEW

A purely passive BCAS system without azImuth reference

signals can operate when there are two radars and two targets.

Since all the measurements available to the system are

invariant under rotation of the whole configuration , the bearing

of one radar may be specified arbitrarily . The three relative

bearing angles in the configuration are defined in terms of the

arbitrary reference direction.

The quantities measured are four TOA ’s, four DAZ ’s, and

three altitudes , or eleven measurements in all.

The interrelationship between measured and derived narameters

is shown in Figure 5.1—1.

Solutions to be found are for the parameters describing the

configuration. These are two distances to the ground interroga-

tors from OWN , two distances to both targets , three bearing angles

and three aircraft altitudes , or ten parameters In all. Thus ,

the problem is overdetermined.

The method of solution is complicated and consists of a

number of steps. At the end , a solution is sought which In a

useful sense is a best fit to the data. The solution proceeds In

three separate essentially independent steps — coarse initializa—

tion , iterative refinement , and least—squared—error fitttn h . In

outline the steps are the following .

Step 1: The coarse initialization is based on the sinnilfy—

ing assumptions that the BCAS—to—target distances are nuch

smaller than the BCAF—to—ra dar distances and that all aircraft
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OWN

TARGET 1

~21

SSR2
S 22 

TARGET 2

SSR1

B.1 (a)

/

~~~~\ ~<4~~ ç \ ~ x~~~~ —~\ ~~~~
SSR2 N~~’~~~~~~~~ ~~~~~~

—
~~~~\ ~~—

‘
~~~~~~~

~
‘2 2

A 011 TARGET 1

~21

SSRI TARGET 2

(b)

FIGURE 5.1-1. DEFINITION OF VARIABLES IN TWO-RADAR , TWO
TARGET CONFIGURATIONS . (a )  SHOWS HORIZONTAL DISTANCES,
(b) DEFINES ANGLES ABOUT OWN . ALL ANGLES SHOWN ARE
POSITIVE IN SIGN.
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altitudes can be neglected. These simplifications allow the

inherently non—linear set of eight equations

Tij = S1~ + R~ — D~ 5.1.1

+ d2 — r2

COS
~1j 

= 
2 d  

1 5.1.2

(i=l ,2; J=1 ,2)

to be reduced by various algebraic manipulations and successive

elimination of variables to a pair of simultaneous linear equations

that is solved for the target distances r1 and r2. The original

set of equations for this simplified case is still overdetermined

(assuming the altitude to be 0, there are 8 equations correspond-

ing to the measurements to be solved for seven parameters defining

the configuration). Therefore inconsistent sets of values can be

obtained for the other variables defining the configuration ,

depending. on the order in which the variables already solved for

are substituted back into the equations to evaluate the others.

The choice made is to determine each radar—to—BCAS distance on the

basis of the greater DAZ (so as to minimize the percentage error

due to measurement errors). The other quantities are computed in

an essentially random order, with no attempt made to minimize the

resultant inconsistencies.

Step 2: The coarse initialization obtained in Step 1 serves

as the initial configuration to be improved iteratively in Step 2.

The main goal of the process is to take into proper account the

aircraft altitudes, neglected during Step I. Further, explicit

note is taken of the fact that the system of equations is over—

determined.
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The calculations are performed iteratively. Thus distances

and angles are computed for the projection of the 3—dimensional

configuration of the aircraft on the horizontal plane . The effect

of the aircraft altitudes is taken into account by modifying the

measured values of TOA to compensate for the altitude .

One may note that the TOA

T ~[2 + H 2 
+jr

2 + (H —Fl 0 ) 2

— %‘d2 + H~ 5.1.3

= s + + r + £ — d — E
D

where

CR =p
fr2 + (H— H0)

2 
— r 5.1.5

5.1.6

H — altitude of target

H — altitude of BCAS
0

One can therefore write a simplified , apparently linear TOA

equat ion

t s + r — d 5.1.7

where

t = T
~~~

ES~~~
cR + E D .  5.1.8

A t each step of the iteration , the value of t is recomputed on the

bas is of the best current es timates of s , r and d until convergence

is achieved — i.e., until the values do not significantly change

from step to step . (In.certain “bad” configurations the process
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does not converge and it is therefore always terminated after some

fixed number of iterations.)

A set of three independent equaUons in the two unknowns

and d2 is developed. This overdetermined system Is solved at each

iterative step in the following way :

Three equations developed on the basis of geometric arguments

require that :

F1(d 1,d2
) = 0

F2
(d1,d2

) = 0 5.1.9

F
3
(d1,d2

) = 0

where F1, F2, and F~ are functions only of the BCAS—to—radar

distances Cd 1 and d2) ,  the measured differential azimuths , and

(the best current estimates of) the adjusted TOA’s (Equation 5.1.3).

These equations are mutually inconsistent — i.e., for any

pair of values (d 1,d2), not all t hree funct ions F1, F2, F3 will be

identically zero, but rather th ey will have va lues

F
1(d1,d2

) = e
1

F2(d1,d2) = e2 5.1.10

F
3
(d1,d2) = e

3

such that

E = (e~~ + e ~~+ e ~~)~~~0 5.1.11

At each step , the iterative algorithm determines changes (Ad 1,

Ad 2
) to d1 and d2 such as to reduce E , the measure of the incon—

sistency of the equations.

The changes (Ad 1,Ad 2) are computed as follows : The equations

are made into linear equations in A d1 and Ad 2.
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F
1 
(d
1 
+ Ad1, d2 + Ad 2) 5.1.12

= F1 (d1,d2) + ~~-~~A d 1 +

= e
i (Ad 1, Ad2)

One seeks the values of Ad1 and Ad2 which minimize

E (A d1, Ad 2) = ei (Ad1, Ad 2)
2 5.1.13 1

The minimum occurs when

3E ,, f~~ 1

~Ad — u  ~J . L ,

j

This is a set of two linear equations in the two unknown Ad1 and

Ad2. Its solutions are used to improve the current values of

and d2, to compute the other parameters that determine the con-

figuration from these, and to update the values of the adjusted

TOA ’s. The iterative step is then repeated until convergence is

obtained (or failure to converge is evident).

When this process is used to compute the configuration from

simulated noise—free measurements , perfect results are obtained

(where the process converges). When noisy measurements are used

(i.e., in the practical case), then reasonably good fits to the

actual configuration are obtained. However, these are not the

best fits to the data. Furthermore , as In the case of Step 1, the

parameters defining the configuration are determined by first

finding one pair of them — here d1 and d2 — and then determining

the rest successively by substituting the values of the parameters

already solved for into expressions involving the others . Since

the overall set of equations is overdetermined , the values obtained

9].



— 
.
~~~~~; - - - - -- ________ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

w~ l1 not ~n general be c o ns i s t e n t . No a t t e mp t Is made In t h i s

s~ er to revolve thes~ incons istencies. The theoretically optimum

~o1ut~~on obt a L n e ~i hy St er  ~~, fo r  w h i c h  th e  r e su l t r  ob ta ined

h ere serve as i n t t i a l  v a l u e s .

Ster R. The f i n a l  step is ac~ain an iterative squared—error

mini :- :i : at i on  or o c e s s .  The e leven q u a n t i t i e s  measured by BCAS are

e xr r e s s ed  as f u n c t i o n s  of the  ten  var ious  coord ina tes  d e f i n i n g  the

r a d a r — a i r c r a f t  conf ~~ u r a t i o n .

= F~ ( X )  5.1.15

where is the Z—th measurement and X (x1 
.. . x 1~~) is the vector

of coordinate values defining the radar aircraft configurations.

The comc cnents of X are the two BCAS—to—radar distances , the two

PCAS—to—aircraft distances , the three relative angles to aircraft

and radar from the BCAS , and the three aircraft heights. The y~

are the following: four TOA ’s, three reported altitudes , and for

each radar the sum and difference of the differential azimuths of

the two target aircraft relative to that radar. (The sum and dif-

ferences of the DAZ’ s are used , rather than the DAZ’s themselves ,

because there is correlation between the measurement noise corn—

ponents of the DAZ’ s, but not between the noise components of their

sums and differences.)

The actual measurements are noise corrupted , so that there

will he a random discrepanc y e~ between the predicted value y~ of

a ~ivem m e a s u r e m e n t  when the  con f l gu r a t i o n  is desc r ibed  by a given

set of ~arameterc X and the actual measurement m~ .

e~ = m~ — y~~(X) 5.1.1f
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This ilscrerancy e Is ascribed to measurement error . By what is

known as the principle of least squares , the assumed configuration

best fits the measurement data when

2
~~, e~

E =  ~ 
—

~~~ 5.1.17

- 
~ m~ - y~

- 

2.

is minimized (where a~ ’s are the variances of the Independent

errors in the measurements ).

The X minimizing E is found iteratively. The set of equations

for the errors are first made Into a set of linear equations in

terms of AX , incremental changes about the true minimum configura-

tion. The set of equations is of the form

m 2. — 
F
~~

(X)
~~~~ = ~~ 5.1.18

The partial derivative s are evaluated at the current best approxi-

mation of the true configuration. Temporarily holding these

martial derivatives fixed , standard multivarlate regression tech-

niques are used to find the AX that minimizes E. The set of

coordinates X Is then corrected by adding the computed AX and the

process Is repeated until it converges — i.e., unt il success ive

AX ’ s become sufficiently small.

5.2 INITIALIZATION

The case considered is Illustrated in Figure 5.1—1. The

notation throughout Is the following .
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rj 
= the horizontal distance from OWN to target j

d1 
= the horizontal distance from OWN to radar 1

sij 
= the horizontal distance from radar I to target J

~~~ D1 and are the corresponding slant distances

is the differential azimuth of target j measured from

radar I

is the angle between the i—th radar and the j—th

target , viewed from OWN

H is the height of OWN
0

is the height of the j—th target

For i = 1,2, j = 1,2

T1~ =~~fs~~ + H~ +&/r~ + (H .— H ) 2 
y

”d~ + H~ 5. 2 .1

= (bearing of target j from radar i) — (bearing of own from

radar 1. From the law of consines

r~ = ~ 2 
+ d~ - 2d. .5 . . cos~ . 5.2.23 i j  1 L 13 i j

Equation 5.2.1 is the (i,j) TOA equation and Equation 5.2.2 is the

(i ,j) differential azimuth equation.

Assume all heights are zero and that the distances r~ (E CAS

to target) are small compared to the distances d1 (BCAS to radar).

By the law of cos ines

s = r 2 + — 2r .d. cosO . . 5 . 2 .3
13 j  1 3 1  11

Hence , by the TOA equation

T1~ = + d~ — 2r j d i co sO 1~ + r. — d 1 5 . 2 .~

9L~



and

Tij/di 
= j 1_2( rj /d i ) cos O1~ 

+ (r~ /d1)
2 — 1 + r~/d1 5. 2 .5

By the approximat ion
(l+X)n 1 + nx (Ix I<< 1) 5.2.6

which will be used repeatedly in what follows

T1~/d1 
— r

i
/di cosd 1~ 

+ 1/2 (rj/di)
2 

+ r~/d1 5.2.7

= r~/d1 
(l_cos

~ ij
)

Multiplying by d1

T1~ = r~ (1—cosd 1~~) 5.2.8

According to the differential azimuth equation

r
1
2 

= s~~ + d~ — 2 s 1~~ d1•cosa1~ 5.2.9

Therefore

2 2 2
+ d~ — rjcosa1j = 

~ ~~~~~~ 
5.2.10

Substitution of 5.2.1 in 5.2.10 and simplification yields

di 
— r 4 cos

~ i= 
2 2 5 . 2 . 11

~ ~
1r~ + d1 

— 2.r~ .d1 cos
~ ij

Let t 1~ =

Then 5.2.11 becomes

l—t c o st ,
cosd ij = 

2 
5.2.12

cosc
~ij 

+ t 1~
l_t

1~ cos
~ ij

= 

)/(l_t 1~ cos~ jj)
2 

+ t~~ sin~~~~
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and , since i—t~~ cos~ 1~ 
is positive , 

2 sin 2~ 
—1/2

cosa . . = = 11 + ~ — \ 5.2.13

~~ ~~~~~~~ . + 

ifl 2
~ 

\ ( l — t 1~ cos~~j j ) I

(l- t~~ cos~~j j ) 2

To an ap p r o x i m a t io n  neg l ec t i ng  all powers of t~~ higher  than

the  se cond

cos 1 — ~ t1~ sin 2~ 1, 
5.2.111

so that

2 2 . ( 1 — cos cz1.)
~~~ ~i j  2 

5 .2 .15
tij

Let

A 1~ 
= 1 — cosa 1~~. 

5.2.16

The n

= ~~~~~~~~~~~~ 5.2.17

and

cos~ 1j 
= ±V’~

- ~~~ 5.2.18

Substitution of 5.2.18 in 5.2.~ yields

T1~ = rj~~~~~ ~~~~ 
5.2.19

1 - 

2 A~~ 
- 

~)2 5. 2 . 2 0
t 1~ I
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2 A ~~ 

T.~ 

= r
L /~~ r~ - T1~ 

5 . 2 . 2 1

~-y ~ief~ nit~ on

t 1~ = r~/d1

~ence

t / t
11 

= r
2
/r1 . 5.2.22

flivide the (1,2) equation of 5.2.21 by the (i,l) equation and

use 5.2.20. The result is

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 5.2.23

~.‘hen 5.2.23 is squared , the result is a linear equation In

the variables r1, r2. There are two such equations corresponding

to i=l ,2. These may be solved simultaneously for r1, r2.

Given i , choose j such that A 1~ is maximal and compute

d1 
= r1/t 1j = 

~~~ 
~~~~~~ r1 

- Tij 5.2.2~

may now be computed by

= T
1~ 

— rj + d1 5 . 2 . 2 5

3 ITERATIVE IMPFOVE~ENT

This sec t ion  descr ibes  an a lgo r i thm that takes the output of

the initialization algorithm of the previous section and produces

a resu l t  t ha t  Is correct  (except  for  the bad ranges described in
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(5.6) if the measured quantities (TOA’s, differential azimuths and

heights) are correct.

An observation that is central to the algor ithm I s that  the

TOA equations

T1~ /

/
5

2 + H 2 

+j/r~ + (FI~~
_ l.l

0
)

2 
— ~~ + I-I~~ 5.3.1

simplify considerably to

T1~ 
= 

~~~ + r. — d i 5. 3 .2

if the heights are assumed to be 0.

If approximate values are known for s~~~, d1 and r .  the  error

in 5.3.2 can be approximated and absorbed into the left—hand side

• of the equa t ion .

Let

U 1~ = T11 + 5
ij —~~~si~ + H~ + r

j~~/r~ 
+ (H ~ — H0 ) 2 

— d 1

5.3.3

Then from 5.3 . 1  and 5.3.3

Uij = ~~ + r~ — d1 5. 3. 14

Given old values for the variables d1, r ., ~~~ the a lgor i thm uses

5.3.3 to approximate the U.~ and then uses the simplified TCA

equations 5.3.!!.

There is another important observation to be made . Super-

ficially , it seems that the system to be solved consists of eL’~ht

equations (the four TOA and four differential azimuth equations ’

• in the  eight unknowns d 1, r~~. 5lj~ 
The re is , however , an additional

constraint  that  must  be placed on the d , r . ,  S .~~~ so as to e n s u r e1 j  13

tha t  t h i s  var iable  set actua l ly  corresponds  to a ~e o m e t r ~ c
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configuration. One way of seeing this is to count dimensions.

The input measurement space is 11—dimensional (four TOA ’s, four

differential azimuths and three heights). The configuration space

locates four points (the radars and targets) on the ground , eight

dimensions, and includes three heights for a total of 11, but two

configurations are ‘the same ’ if they differ only by a rotation

about own . This takes away one degree of freedom from the config-

uration space. Thus, the set of measurement vectors that corre-

spond to geometric configurations is a 10—dimensional subset of an

11—dimensional set . If a measurement vector does not lie in this

subset , there is no configuration that corresponds to that vector .

For ‘most’ measurement vectors , then , it is impossible to solve

for ~ configuration and reality is best represented by an over—

determined system .

There are two obvious ways to modify the original system of

eight equations in eight unknowns;

1. Change the variable set describing the configuration from

1d 1, rj~ sij~ 
H~} to a set of ten variables in such a

way that each set actually corresponds to a configuration .

2. Add an equation to the original system of eight equations

in such a way that if the equation is satisfied then the

variable set corresponds to a configuration.

The second of these options will be chosen.

Let be defined as in 5.3.3 so

U1~ 
= S

jj 
+ rj — d1

and

= — rj + d1 5.~~.5
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Substitution of 5.3.5 into the (i ,j) differential azimuth

equat ion

r~ = + d~ - 2 d1s1~ cosa 1j

results in

0 = A 1~ d~ - A~~~d 1r
~ 

+ A 1~ U 1~ d1 - U 1~ r j  + ~ U~~ 5.3.6

where

A . = 1 — cosa .
i j  13

5.3.6 may be solved for r~

A . .d~ + A . U . ci . + 1 u
r = 13 1 i j  I j  1 2
j U. + A . .  d. .

• i j  13 1

For fixed j, 5.3.7 gives two expressions (1=1 ,2) for rj.

These expressions may be ~et equal to each other. Cross—multiplica-

tion of the resulting equation yields

(A 1.d ~ + A 1.U 1~ d 1 + + A 2j d
2) 

5.3.8

= (A 2~ d~ + A 2 . U 2~ d 2 + ~~~ + A 1~ d
1)

A f t e r  regrouping

O A 1~ A 2~ d 1 d 2 - A
1~~ A

2~~ d
1

.d~~ + A 1~ U 2~~.d~ 5.3.9

+ 

(~1~A 2~u1~ - A 1~
A 2~ U2~~ d1 d2 

- A 2~U1~ d~

+ (A 1~ul~u2~ 
— ~~~ A

~~
U2~)d1 

+ (~ 
A 2 . U

1~~ - A 2j Ul jU 2j) d 2

+ ~ u.~ u2~ (U 1. _U 2~~)
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5.3.9 represents a system of two equations (j=l,2) in the two

unknowns d1, d2
. Once these two variables are known , it is easy

to find the others.

It was mentioned earlier that the computation of the variables

di, r 1, S 1j 
involves solving an overdetermined system of equations .

Therefore , another equation must be found.

will be taken to be a positive angle of less than 180

degrees if and only if ajj is positive . With this convention , the

angle with vertex 0 that is spanned by d1 
and d2 is given by

~2j 
— 

~~lj~~

Thus

• 
0 = sin(~ 22—~ 12

) — sin(~ 21— ’~11) 5.3.10

5 .3 .10  can be wr i t t en  in terms of the sines and cosines of the

and wi l l , then , yield a th i rd  ques t ion  in d1, d 2 if the sin

cos~ 1j are expressed in terms of d1, d2.

By the law of cosines

2 2 2s~~ — di — 
r 4

cos~~ 4 = —i- .., 5.3.11

Al so

= U 1~ + — rj 5.3.12

and 5 . 3 . 7

rj 
= 

A 1~~~~~ ~ 
~~~~~ 

~~~~~
—

+ 
2 ~~ 5 .3. 13

ii Ij i~

SubstItution of 5.3.12 and 5.3.13 in 5.3.11 gives cos
~

I
ij as

a func t ion of d1, d2.
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Similarly, by the law of sines ,

sin~ 1~ = —~~~~~ - sina~~ 5 .3 . 111

and substitution of 5.3.12 and 5.3.13 in 5.3.114 gives sin4 1~ as a

function of d1, d2.

When 5.3.10 is expressed in terms of sin~ 1~~ cos4 1~ the

result is a third equation in d1, d2 .

The iteration may now be described.

An iterative step starts with approximate values of the d1,

rj~ sjj. Next the U1~ are computed by 5.3.3.

Let

0 = F1(d1, d2)

~ ~~~~ A
u — “~1’ 2

be the two  equations of 5.3.9 and let

— ~~~~ A— I I. U~~~~~ 2

be the equation derived from 5.3.10

The iteration proceeds by finding an approximate solution to

the system

0 = F1(d1, d 2 ) 5 .3 . 15

2,0 — F ~d 1, d 2 )

— 1’3(A A
V ‘ l ’2

then computing the rj and ~~ 
in terms of the di and then going to

the next Iterative step unless the changes in the variables have

been small enough.
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It only remains to describe how the approximate solution to

5.3.15 is computed.

Suppose d1, d2 denote the approximations obtained prior to

the current iterative step . The object is to find Ad1, Ad2 in

such a way that d1 + Ad 1, d2 + Ad2 are better approximations .

The best linear approximation to 5.3.15 is given by the

matrix equation

— F1(d1,d2) = ~~~ (d1,d2) Ad1 + 
}~~

— (d 1,d2) Ad 2 5.3.16

— F2(d1,d2
) = 

~~~~~
— (d1,d2) Ad 1 

+ .

~~~~~

— (d1,d2) Ad2

• 
— F (d1,d2

) = -
~~~~

— (d~ ,d2) Ad1 
+ 

~~~~~
— (d 1,d2) Ad2

The approximate solution to 5.3.16 that is found is the

weighted least square solution where the weights are chosen as

follows:

First, each equat ion is weighted in such a way that the ith

row of the coefficient matrix of 5.3.16 will have norm 1.

For j = 1, 2, let rj = mm (U1~~U2~ ).

The ~th equation of the normalized system is then weighted by

f~ 2 for j = 1, 2
+ r2

No claims are made for the optimality of this set of weights.

They were chosen by trial and error and probably can be improved

on.
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5. 14 LEA ST SQUA RES FITTIN G

5.11 .1 DerIvation of the Normal Equations

Assume that there are defined M functions 
~m ’ 

which are all

linear combinations of’ N independent variables x~ , where M > N.

• 
~m = 

n~ l 
8mn X 5. 11.1

The are taken to be known constants. The are given

as noise—corrupted measurements.

5. 14.2

where rim is the noise component in the m—th measurement , assumed

to be random with zero expected value . The problem is to deter—

mine the values of the x
~~

’s that best explain the measurement s

obtained. (This problem is somewhat different in principle from

a more familiar problem , in which both the 
~m 

and a set of

variables Xmn are measured , and the task is to determine a set

of B defining the functional relationship of the measurements.

However , the equations to be solved will have the same form,
with the 3’s and x ’ s in interchanged roles.)

A measure of how wel l the x~ s explain any given measurement

is the residual

• 
rm 

= - 

n~ l 
Bmn X~ 5.14 .3

The principle of least squares states that the best overall explana-

tion y ’ Is that set of x ‘s for whichn

l0~4 

-—- •~~~~~~~~~~~~~~ -~~~~
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M 2R ( x
1

x2. . .x~
) = 

m~1 
rm

is a minimum . The conditions satisfied at the minimum are that

____ = 0 (n = 1,2.. .N) 5 .14 . 14

Now

M a r 2
a n  m 5 . 1 4 . 5
a X ~~ m=1

M
= 2 r  3rm 5. 14 .6m ax

or M N
an 

= 
Z 2 ( y~ — Z 8mL X 2.

)(_Bmn)ax m 1  t=l

• 5.4 .7
M N M

= —2~~1B,~y~ +2~~~ x2. ~n~1 ~ 1T12.~~TU)

Hence , there are N equations

m~ l Bmn ~‘rn = &~l~m~l 
BmL Bmn) X 2. 5.4.8

to be solved for the values of x2.. These are N linear equations

in N un knowns , and the solution is straightforward . Using

matrix notation , if corresponding to equation 5.4.1

Y = BX , 5. 4 .9

then t he solut ion to 5.4.8 is

X (B BT)—l BT .~~
‘ 5.14.10
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It is a known result that when the errors flm are normally

d istributed , independent , and with zero means and equal vari-

ances , the resultant solut ion is also a maximum likelihood est i-

mate of K.

5.4.2 Linear Approximation of the BCAS Equat ions

The equations relat ing the positions of the aircraft and

radars to the quantities measured by BCAS are :

The TOA equation

T
1~ 

= + Li~ + Jr j
2 

+ (H~~~~~0
)
2 —J di

2 
+ H0

2 5.4.11

The DAZ equat ion
2 2 2

1 d ~~~~~~~~~~~~~ — r,
a + cos~~ ~,•;

~~JJ ~ 5.14.12
i, j  — c~

where the sign must be chosen properly.

The subscript I designates the radar and J the target .

rj is the horizontal distance of OWN to target ; d 1 is t he

horizontal distance of OWN to radar ; H0 and H~ are OWN and

target alt itudes; 
~~ 

is the distance of target to radar .

= (d~
2 

+ rj
2 

— 2d 1r~cosø 1~~ ) 5.4.13

where is the angle at the BCA S between the direction toward

the i— th radar and the i—tb target . (All angles are defined in a

• horizontal plane.)

The coordinates describing a given configuration will be

• defined as components of a vector X as follows :
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= d 1

x2 =

x = r3 1

= r~

= B2

(the angle between the directions

to the radars, equal to the

difference of the radar azimuths

with respect to some arbi-

trary reference)

x6 = 

~l,l 
= 0

1 
— B1

(e~ is the az imuth of target I

with respect to the arbitrary

reference)

X
7 

= 
~2 ,l 

= 0
2 —B1

x8 = H0 
(the alt itu de of OWN )

x9 = H1

= 112

(H~ is the altitu de of target i)

The basic BCAS measurement s in modified form are the corn—

• ponent s of a vector Y. The modifications assure that the mea-

surement noise in eac h term is independent of that in the others
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and has variance of’ one . It may be observed that the differen-

tial azimuth measurement s of the two target aircraft for the

same radar have correlated errors. Hence , the sums and the

differences of the differential azimuths are used, since t he

errors In these will be shown to be uncorrelated . The proof Is

the following :

Let

ajj = Oi,j 
— 01,0 5~~~ l4

where and ~~~~ are the bearing s of the target and own air-

craft from radar I, measured with respect to some arbitrary

reference. a1 
~ 

is in fact measured as the difference of two

such angles. The error in measurement for each Is the error in

defining the radar interrogator beam center .

Hence , the measured DAZ is 5.4.15

U j,j 
= 

~~~~ 
+ ni j

) — ~~~~ + n1 0 )

where n1 ~ 
and n1 are zero—mean , independent noise terms as-

sumed to have equal variances, ~
2 = ~~~ where is the vari-

ance of the DAZ measurement error , estimated from flight test

data. Then the noise component of a is n = n — ni,j a~ i,j i,o

The covarlance of n and n isa1 1  a1 2

E( { n a j 1
n a j 2

} )= E({(ni,1
_n

1,0
)(nj,2

_n
i,0)} )

= E tn 1 1  n1,2 
— ri

1,0 
n~ ,2 

— fl
1,0 

n11 + n~~0} 5.14. 16

since the noise component s n1 1’ ~1 2 and n1 are mutually, , ,o
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independent . Hence it Is seen that the measurement noise of

~~ 
is correlated with that of a1, ,
Consider now the variables

s = a1 1  + a1 2  5.4.17

and

d = a1 1  
— a

1 2  5. 14.18

Then

= 
~~~~ 

— 

~~~~~~~~~~~ 
—

= 
~i , l + 

~i , 2 — 20i o  5.11.19

and the noise component of s is

( 3 . 14 .2_b ) n
5 = n1 1  + n1 2  — 2

~~~,0 
5.4.20

which has the variance

= E 
[
~
5
2 ] 5. 14.2 1

= E 
[ni 1  + n~ ,2 — 2n 1 0 )2]

= E + ~~~~ + 4n 1~0

+2n11n12 ~~n11n10~~n12n10 ]
2 2= 6a = 3

%
Similarly, d = 

~~~~~~~~~ 
— 

~ I,2 
— mi,)

= 
~i,l ~i,2 

5.4.22

and the noise component of d is 
~d 

with a variance

= 202 = ~2 5 . 1 4 . 23

109

- -

~

.• 

~~

~-



~

Now the covarlance of and

Cs,d 
= E[n ndl 5. 11.2 11

= E[n1,1
+n1,2

_2n
i,0~~

nj,1
_n
1,2 I

= E[nI,l
2
~~i,2

2_
~~i,Ø

nil+~~iOni2 ~

= a2 a2 = o
Hence the errors in s and d are uncorrelated .

The errors in the other measurements are Inherently un—

correlated (exce pt for a poss ible common bias in the alt itude

mea surement s, which we ignore). Then the components of the

vector Y ar e:

(a
1,1 

+ a1 2 )

1
= 0a (a1 1  

— a142
)

y 3 (a 2 1  + 2 , 2~

= % (a2 1  — a2,2)
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= T11 5. 14 .2 5

1= aT 
T12

= a,~ 
T2,1

= a~ 
T2,2

= a~

= a~ 
Hi

~ll = 112

• where ca , aT and aH are the standard deviations of the DAZ , TOA

and alt itu de measureme nt errors , respectively .

There is, then , a set of non—linear equations

y1 = f1(X) 5.11.26

which In the vicinity of x =X0 may be approximated by a set of

linear equations.
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U ar (x)
= 1’

i~~~~~~~ 
+ Z a~ 

5. 14 .27
n 1  ii

which can be written in the form

11 ~f (x)Ay 1 = a~ 
Ax~ 5.11.28

n 1  n

where Ay and Ax are the deviations from the values at the assumed

configuration X0. The set of equations 5.4.28 corresponds In form

to the set 5.14.1 for which the solution was derived in the previous

section. The partial derivatives evaluated at a point near the

assumed solution play the roles of the B’s. The non—zero partial

derivatives of TOA , DAZ , and altitude with respect to the coordin-

ates are listed in Table 5.14— 1.

5.5 EFFECTIVENESS OF THE INITIALIZATION ALGOT~ITHM

It may be noted that the overall process of finding the solu-

tion consists of (1) a coarse initIalization , (2) an iterative

Improvement on the Initialization and (3) an iteratIve squared

error minimization . This is a complex process , and one is

naturally led to consider whether it can not be simplified.

The function of the steps Is the following : the coarse

initializatIon (1) i~ necessary to establish the approximate

region in the space of configuration coordinates for the more

refined further steps to be applicable .

The iterative squared error minimization (3) will converge

to the same solution independent of the precise initialization as

long as the initial point is within a sufficiently small region

about the solution point (a local minimum of the summed residuals).
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TABL E ~.11-l. PA RTIAL DERIVATIVES OF BCAS MEASUREMENTS WITH
RESPECT TO COORDINAT ES ABOUT OWN

TOA Derivatives:

~T1. 
= — 

d1 
+ 

di 
— rj cos~ 1~

ad
~

r j  r~~— d 1 cos 1~

~~~~~~7H~~H~~
2

r. s1n~~~
ao1 

+

= 
d~ r sin42~

3 }-!
~ 

1%/r~ 
+ (H ~~~H0

)
2

_ _ _ _ _  
+ 

H
i

— H

aH~ 
~~~~~ 

+ H~ + (H ~ _H0)
2

DAZ Derivatives:

_____ — 

r
1 

sin

ad 1 
- — 

~~~~~~— 2d
1
r
1 

C0S4
11 

+ r~

• aa1~ 
— 

d1 5ifl~~~~j
— 

d~ — 2d1r1 
cos~ 11 +
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TABLE 5.14—1. PARTIAL DERIVATIVES OF BCAS MEASUREMENTS WITH
RESPE CT TO COORDINATE S ABOUT OWN (Cont inue d )

2
____ — 

—d1 
rj CO5~~jj +

ae1 
— 

d~ — 2d 1 rj CO5~~1j + r~

____ — 

d2 r~ cos4 2~ — r~
— 

4 — 2d2 rj cos~ 21 
+

Alt itude Measur ement Der ivat ives:

= 1 (i = 0,1,2)
i

All other partial derivatives of the measurements with respect to

the coordinat es are ident ically zero.
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If the initial approximation Is too far from the proper solution ,

the Iterat ion may conver ge to an ent irely di ffer ent solut ion,

corresponding to some other local minimum of the summed residuals.

The appropriate measure of’ effectiveness of an initialization

sche me in t his context then Is not t he accurac y with which It

itself determines the conf igurat ion of t he airc raf t  and radars ,

but rather the probability that the least square minimization which

follows will converge to the proper solution . That solution is a

maximum likelihood estimate of the configuration , given the measure-

ments , an d Is indepen dent of t he algor it hm use d to f ind I t .

The coarse initialization step (1) was not expected to lead

to particularly accurate approximations of the solution . It was

for this reason that the Iterative procedure for improving the

initialization (2) was developed. This procedure , too , will eith er

converge to its best fit to t he data If it is starte d close
• enough to it , or to some other solution otherwise. The regions

of convergence of the two iterative procedures are, however ,

different . Again, if this procedure to improve the coarse initial-

izat ion is use d In conjunct ion with the final squa red error

minimization procedure, the measure of its effect iveness is the

• probability that the overall process ultimately converges to the

proper solution.

When t he three process es ar e app lied success ively , a number

of things may happen:

a) The first coarse initialization may be so bad that no

convergence to the proper solution can take place — i.e., the

iterative processes will converge to some other solutIon.
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h~ The first coarse initialization may not give a good

starting point for the final least—square minimization process ,

but the subsequent iterative Improvement to the Initialization

(2) may result in such a “good” starting point .

c) The iterative squared error minimization process may

converge to the proper solution starting from either the approxi-

mate solution produced by process (1) or the presumably improved

approximation of process (2). It may take fewer iterations to

converge from one than from the other.

d) The iterative squared error minimization may converge to

the proper solution if started at the approximation produced by

the first coarse iteration (1), but not if started at the approxi—

• matlon produced by the Iterative process (2).

Since both the first , coarse InitIalization (1) and the

iterative improvement on it (2) are heuristic algorithms , it was

considered necessary to test them experimentally In a range of con-

fIgurations . The performance of both was compared to what could

be achieved if the true configuration were used as the starting

point for the next iterative stage. (The true configuration

should not itself be the solution produced by any of the algorithms,

since it Is not in general consistent with the noise—corrupted

measurements from which the algorithms derive their solution.)

The following series of computations then were performed for

a range of configurations and the results were compared:

A. (1) Coarse Initialization

(2) Improved InitIalization

• (3) ResIdual Minimization
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B: (1) Coarse Initialization

( 3 )  Res Idua l  M i n i m I z a t i o n

C: (0) Initialization with True Configuration

(3) Residual Minimization

D: (0) InItialization with True Configuration

(2) Improved Initialization

(3) Residual Minimization

It is also of interest to see how well the initialization

• a lgori thms ( 1) and ( 2 )  approximate the true configuration, since

if t he i r  performance  were reliably good , the f ina l  step (3) mIght

be an unnecessary refinement .

The configurations for which these tests were performed are

shown in Figures 5.5—1 through 5.5—3. In each case, the BCAS air-

craft and one Intruder aircraft were assumed to be at fixed posi-

tions relative to a configuration of two radars. Results were

then evaluated with a second intruder aircraft placed in a sequence

of’ positions on a circle about the BCAS aircraft . At each posi-

tion , the calculation was performed ten times , with a different

set of simulated random measurement errors each time . A represent-

ative set of outpu t s  for one configuration is shown in Figures

5.5—14a to 5.5— Llc.

Qualitatively, the results were the following : Im most con-

figurations , the final squared error minimization process converges

to the proper solution , independent of what process Is used to

arrive at the starting approximation.

Ther e are some conf igurat ions in which neIt her sequence A nor

the sequence B for obtaining the starting approximations allowed
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d
1 

= 15 mi.

d2 33.54 mi.

r1 
= 5 mi , H

~ 
= 22 , 000’

= 3 mi , H2 
= 18 , 000’

H0 
= 20 , 000’

/ SSR 2

N

/ ~2

r
TARGET 1

OWN

r 
SSR 1

TARGET 2

FIGURE 5.5-1. SIMULATED PATTERN 1.
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N

SSR 2

d2 20 mi

55 .77

138.590
r ,f 1/ I

• TARGET 1 -~l-—-—----—,K~ I I)
TARGET 2

d 1 
= 25 mi

r1 
= 5 mi ., H~ — 22 , 000’

~ mi., H 2 — 18 , 000’
SSR

H0 20 , 000’

FIGURE 5.5—2. SIMULATED PATTERN 2.
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r 1 3 m i . ,  H 1 
= 22 ,000’

r 2 
= 5 m i . ,  H 2 

= 18,000’

H 0 
= 20,000’

N

SSR 2

d = 20 mi.
5 5 . 7 7 °

r2 TARGET 2
1390

d1 
= 25 mi.

TARGET 1

SSR 1

FIGURE 5 .5—3.  SIMULATED PATTERN 3
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— No Convergence with Either Initialization (Neither

A nor B) 17.7%

The squared error m i n i m i z a t i o n  process (3) converged when the

actual configuration was used as the initialization more than with

any other initialization (though this does not imply that the

s o l u t i o n  found was always a good approximation to the actual con-

figuration). There were also configurations in which the sequences

involving step (2), the iterative improvement of the initialization

(i.e., sequences A and D) diverged , whereas all other sequences

converged. These observations indicate that the heuristically

derived initialization algorithms could possibly be improved. On

the whole , however , the initialization algorithms tend to fail in

what are inherently bad ranges for the system of equations — that

is , configurations in which the situation is inherently highly

sensitive to measurement errors . Hence , improvement in the initial—

• ization procedures would not necessarily lead to significantly

improved system performance.

The approximate configurations computed by the initialization

schemes on the average are considerably farther from the true

configurations than the configurations computed by the final step

which minimizes the residual. Hence , the Initialization algorithms

by themselves do not give results indicative of how well the con-

figuration can be determined from the measurements. The values

that they , by themselves , determine should not be used for target

tracking.
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5.6 OVERALL ASSESSMENT OF THE SYSTEM WITHOUT AZIMUTH REFERENCE
SIGNALS

The accuracy of the target range and bearing calculations that

can be obtained from the BCAS measurements base d on radars without

azimuth reference signals can be Judged from the results of the

simulat ions shown in Sect ion 6.

As in the case of radars with az imuth reference signals ,

there are ranges of conf igurat ions in which good solut ions can not

be obtained. These configurations include the following :

(1) when the two radars are colinear when viewe d from the

BC AS

(2) when either of the target aircraft is in between the

BCAS and one of the radars

(3) when the BCAS is directly betwee n either target aircraft

and one of the radars

(LI) when the BCAS aircraft and both target aircraft are in a

- line.

The extent of each band range is a function of the total con-

figuration.
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6. SIMULAT ION

6.1 SIMULATION TECHNIQUE

The various algorithms for determining radar and target range

and bearing from own on the bas is of the BCAS measurements were

tested In a series of digital computer simulations .

In principle , all the simulations contained the following

steps. A configuration of radars and own and target aircraft was

as sumed. The TOA ’s , DAZ ’s , and OAZ ’s that the BCAS would measure

in such a configuration in the absence of noise and other sources

of error (such as quantizatlon effects) were computed. Random

numbers were generated to represent the var ious error sources and

were added to the “perfect measurements ” . The resulting “noise—

corrupted measurements ” were then used as inputs to the computa-

tional algorithms , which used them to derive the positions of the

radars and targets relative to OWN . The results of these computa-

tions were compared with the originally assumed configuration to

find the errors .

The random error terms added to the measurements were drawn

from normal dis tr ibut ions with variances chosen to match the

variances of the corresponding measurements , as determined during

the test f l igh ts .  Where angular measurements have correlated

errors , the random error terms In the simulations reflected this.
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The errors introduc ed were the following :

TOA: Normally distributed error, mean zero , standard

deviation 0.15 mIcroseconds , independent for each measurement .

Altitudes: Normally distributed error, mean zero ,

• standard deviat ion 30 ft., independent for each measurement .

(This is probably not a good way to model altitude errors;

however , the computed results were quite Insensitive to alti-

tude errors , so that the faults of the model are not important.)

Azimuth measurements: The measurement error is due to

the incorrect determination of the beam center position from

the bursts of pulses received when the beam is pointed at OWN ,

at OTHER , or in an azimuth reference direction . The errors

were modeled as zero—mean , normally distributed , random compo-

nents with standard deviation of 0.20 in ea ch measurement

of direction. This leads to DAZ and OAZ errors with standard

deviations or 0.30 and the proper mutual correlat ion.

Although the simulations were set up in such a way that

one or more of the aircraft were placed at consecutive posi-

tions of what might be flight trajectories, the calculations

at each position were carried out completely independent of

each other. The purpose of the simulations was to determine

how well the BCAS measurements at a single point could deter-

mine the aircraft configuration . An actual operational system

should do better since it would smooth the data, i.e., combine

the measurements at a given instant with previous measurements
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in such a way as to give a better estimate of the true posi-

tion. The simulation In each case used the minimum number of

measurements to determine the configuration. Again, an opera-

tional system might frequently do better , using more than the

minimum number of radars to track a target aircraft, or basing

calculations of radar position on more than the minimum number

of tracked targets.

Since the simulations were strictly for static position

calculations rather than for dynamic computation of aircraft

tracks , one complicating factor with regard to the measurements

was neglected . It was assumed that the measurements, subject

to the errors discussed , were available at the nominal times.

In the actual BCAS environment , the measurements are made at

times determined by the asynchronous rotation of the locked

radars, i.e., roughly every four seconds for the short—range

SSR ’s. Thus, when the measurements from one radar are re-

ceived , t hose from t he ot her may be up to about four seconds

old . An operational system would have to include some mecha-

nism for taking the differences in measurement times into

account . Experience with test data (see Section 7)  indicates

that the effect of the asynchronous measurement times is

minor . The refore , the results of the static simulation should

not be significantly affected by omitting this factor from

consideration.
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6.2 THE SITUATIONS SIMULATED 
-

The purpose of the simulations was to test quantitatively

the accuracy of the BCAS range—bearing calculating algorithms

for the cases with and without SSR azimuth reference signals.

A succession of configurations with two radar s , a BCAS

aircraft , and two target aircraft were set up and the “noise—

free measurements” of TOA , DAZ and OAZ were calculated. To

this set of “measurement s” appropriate “noise ” terms were

added to create a set of “noisy measurements” . Each algorithm

then used the appropriate subset of these “noisy measurements”

to compute the range and bearing from OWN of the target air-

craft and the radars. The errors of the resulting solutions

were computed by comparing the solutions obtained with the

configuration initially assumed .

The calculations using azimuth reference pulses from two

radars were carried out f or each target aircraft

separately. The calculations using the “no az imuth reference ”

solution were carried out for the configuration as a whole.

Two different situations were assumed for this case. These

were (1) partial equipage of radars with azimuth reference

signals and (2) no azimuth reference signals from any ground

radars.

For the f irst  situation, i t i’s assumed that in each radar

coverage region , one SSR is equipped with az imuth reference
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signals. Then , once the BCAS has computed the relative direc—

tions of the radars and target aircraft , it can use the di-

rectly measured direct ion to this one radar to properly orient

the whole configuration.

For the second situation, it is assumed that the BCAS

computes the shape of the configuration , but has no direct way

of establishing its orientation . This can be done only in a

dynamic situation when the BCAS is flying in a known direction

and computing the shape of the configuration at successive

points along its path. The distance between the two SSR ’s and

the direction from one SSR to the other do not change with

time. In concept, the BCAS can then determine its own position

relative to this fixed line at a number of successive points

in time. The angle between the fixed line between the radars

and the line determined by the successive positions of the BCAS

aircraft (which lies along the known flight direction) can then

be determined and used to orient the whole configuration of

radars and aircraft .

For the first of these two situations, the measures of

accuracy for the c omputed results are the RMS errors in range

and bearing to the radars and the other aircraft. For the

second situation, the range errors are inherently the same as

for the first. The bearing errors are computed relative to the

line connecting the radars, which is assumed known.
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6 . 3  SIMULATION RESULTS

The patterns of simulated configurations of radars and air-

craft are shown in Figures 6.3—1 to 6.3—LI . The aircraft were placed

at successive positions of their “tracks” as thou gh they were

moving in straight lines at a constant speed . In all but the

final pattern , there was a “near miss” between the BCAS and

Target 1.

Figures 6.3—5 to 6.3—38 show the errors in the computed range

and bear ing values , that is, the differences between the com-

puted and true values. All points that would have been outside

the limits of the plots (in either direction) are shown below

the horizontal axis. These may be regarded as “wild” points

in the results.

All the values of a given var iable which were computed by

different techniques are shown on the same plot , indicated by

different symbols. It is to be noted that when radar distances

were computed using the az imuth reference signals from both

radars , a separate calculat ion was carried out for each target.

The results are shown separately. The radar bearings for this

case are then merely the simulated measurement errors.

The bearing errors shown for the computations based on no

azimuth reference signals are calculated relative to the line

connecting the radars.

When one radar only is assumed to have azimuth reference

signals, it is always radar 1.
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P a t t e r n  1

For Pattern 1 (Figure 6.3—1 and FI,gures 6.3—5 to 6.3—12), the

initial configurations allow accurate computations of most

variables by all the computational schemes. In some cases, the

no—azimuth—reference algorithm fails to converge because of bad

initialization. This occurs because the SCAS is almost di—

rectly between radar 2 and target 1. Where the algorithm over—

comes this difficulty, the computed results are very accurate.

The final configurations are generally unfavorable to

accurate computation , largely because target 1 comes between

the BCAS and both target 2 and radar 2.

The computations of distance to radar 2 are bad throughout

because the different ial az imuths of both targets with respect

to radar 2 are consistently small. - :

The bearing errors are seen to be large for the no—az imuth—

reference system and quite acceptable with two radars with azi-

muth references. The results for the system with one azimuth

reference signal are intermediate.

Pattern 2

For Pattern 2, good solutions are found by all systems in

all but three limited conditions.

The initial configurat ion is such that radar 1 is very

close to the ECAS and between the BCAS and target 1. BCAS

operation in such a configuration is not anticipated . All

systems fail to compute the configuration .
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When the BCAS aircraft and target 1 are in immediate

proximity of each other, the solutions fail. Finally, at both

ends of the pattern there appears to be a false solution for

the position of target 2 computed using the technique utilizing

only that target and azimuth references on both radars.

Where good solutions are obtained , the accuracy of the

computed distance to radar 1 (the nearby radar) is very good

for both systems of computation. The accuracy of the computed

range to radar 2 (the far radar) is much worse. It is better

for the no—azimuth—reference system with two targets than for

the system with azimuth references appl ied to each target

separately.

The errors in the computed target distance are comparable

for the two systems and are mostly less than 200 feet.

Target—bearing errors are comparable for all the systems ,

with an RMS value of less than one degree (except when the

target is quite close). Radar—bearing errors (for the systems

that do not measure OAZ directly ) are larger. In this instance,

the error in bearing to radar 2 is greater if the OAZ to radar

1 is measured , (one azimuth reference case) than if no azimuth

reference is measured , but the radars are assumed to lie In a

known direct ion , one from the other. This atypical result is

due to the very high accuracy with which the distance to radar

1 is computed , and the insensitivity of the angle computations

to the distance to radar 2.
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For the configurations that constitute pattern 3, the algor—

ithr depending on azimuth reference signals from both radars con—

verges to a satisfactory solution almost everywhere . The exceptions

are two individual points near the beginning, when the calculations

i nvo lv ing  target  1 f a i l  to converge . It must be noted that in

these instances BCAS , the target , and radar 1 are at the vertices

of an approximately equilateral triangle — a configuration that

violates the assumptions about the nature of the solutions that are

to  be sough t .

It may also be note d that at about th e point of nearest

aporoach (at the time of the near miss), the computed target bear-

ing and radar distance values have large errors , but the target

distance does not .

In contrast , it may be noted that the no—azimuth—reference

solutions for the configurations near the beginning of the pattern

show large errors in the computed distance to target 1, while the

other computed quantities do not have exceptionally large errors.

This example illustrates the rather subtle nature of the “bad

ranges” that may be encountered in solving for the shape of the

configuration in the absence of azimuth reference signals. All

the solutions obtained are correct in the sense that the computed

residuals show that they fit the measurements quite closely . The

great error sensitivity seems to arise from the circumstance that ,

when viewed from the BCAS , both targets (in direct ion) lie between

the radars , 3 30  and Z4 6 ° from the radars. When these angles become

slightly larger, the error sensitivity of the solution disappears .
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The range errors to both targets become approximately 200 feet

RMS.

Pattern LI

Patt ern 14 illustrates the case of an alternate solution being

found by the technique relying on both radars being equipped with

azimuth reference signals. The false solution is consistently

found for target 2 from the 314th sampling point on. The smoothness

and continuity of the false track is evident in the error plot for

the computed distance to radar 1 (Figure 6.3—29), and the distance

and bearing to the target on the plots for which the scale has

been compressed (Figures 6.3—33 and 6.3—38).

The other effects seen for this pattern that merit comment

are:

The differential azimuth measurements relative to radar 2 are

small for both targets. Correspondingly , the errors in the com-

puted distance to radar 2 are large. This has the further effect

of making the error in the computed bearing of this radar (for the

no—azimuth—reference and one—azimuth—reference cases) large.

For the later conf igurat ions in the pattern, bot h targets are

approximately between the BCAS and radar 1. In these configura-

tions , the no—azimuth—reference solution has very large errors in

computed range. The bearing errors appear to have a somewhat

narrower bad range .

In the same set of conf igurat ions , the 2—azimuth—reference

solution for target 1 is also bad , again because target 1 is

between the BCAS and the radar.

-
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SUMMARY

Analyses have been performed for the static case and algor—

ithrr s have been developed for computing range and bearing to

potential threat aircraft and to ground radars, using passive—mode

~CAS measurements as well as a combination of active and passive

node measurements for the single ground site geometry . Only the

static solutions are presented. These are solutions based on the

differential time of arrival (TOA), differential azimuth (DAZ)

and , where appropriate , own az imuth ( OA Z )  measurement s taken at

one instant for the configuration as it exists at that time .

The algorithms comput e range and bearing to intruder aircraft

and radars on the basis of only the current measurements , making

use of no a priori knowledge of either the positions of the air—

craft or radars or of any previous measurements. For this reason,

the accuracies of the computed positions are likely to be worse

‘ than those that would be obtained by dynamic tracking algorithms

which would smooth out - the effects of measurement errors over

time .

The so lut ions obta ined are the solut ions that best f it the

measurement data. Thus, their accuracy is the intrinsic accuracy

to within which the relative positions of intruder aircraft and

locked radars can be determined from the measurements made with the

given accuracy at one point in time . Dynamic tracking algorithms ,

when they are developed , may be expected to have better overall per—

forrnance because they will have available sequences of positions

over a period of time and will be able to smooth out measurement

errors by effectively averaging over time . The statically computed
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accuracies should be suggestive of the accuracies that the tracking

algorithms should be able to achieve .

Algor it hms to de termine target range and bearing from the

~CAS measurements were developed and tested in simulations . In

addition , an approach to the problem using target locus curves has

been developed both as an aid to assessing the nature of the

solutions qualitatively and as a potential basis for improved

solution algorithms . -

Three different modes of purely passive operation have been

simulated. These assume all radars equipped with azimuth refer—

ence signals , none so equipped , and only one radar so equipped

available at a given time .

It appears that when no radars are equipped with azimuth

references, the target bearing cannot be derived sufficiently

accurately to give good target tracks . This conclusion should be

verified b~ dynamic simulation ,

When all radars are equipped with azimuth reference signals ,

the positions of single targets can be determined. The range of

configurations in which the solution is excessively error—

sensitive is smaller than for the other cases, but under some

circumstances the measurements lead to ambiguities in that several

distinct configurations can give rise to the same measurements.

When only one radar has azimuth reference signals, two target

aircraft must be observed to make calculations of position based

on passive measurements possible . The range of configurations in

which the solution is excessively sensitive to measurement error
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is larger than when all radars have azimuth reference signals;

mult iple solutions do not occur .

In the good configurations of radars and aircraft , target

aircraft positions can be determined to within an RMS error of

less than 300 feet, assuming measurement accuracies like those

obtained by the experimental BCAS system . Radar positions can be

P 
determined only to within a few miles using the system of two

radars with azimuth reference and one target; radar position error

P 
is under one mile when the system with  two target aircraf t  is

used.
‘ 

It is judged that either system — assuming all radars equipped

with azimqth reference signals or only one radar within BCAS range

so equipped — is technically feasible .

The results for the individual cases are summarized below :

1. All radars are assumed equipped with azimuth reference

signals.

In this situation , the range and bearing from BCAS of a

single intruder aircraft can be determined if it is being tracked

by BCAS using two or more ground radars . The range to each radar

can also be calculated .

Both simulated and flight test data verify that this mode of

operation Is possible in all but a set of unfavorable configura-

tions. The unfavorable configurations are the following :

a) BCAS on an extension of the line connecting the two radars.

b) The intruder aircraft between BCAS and either of the

radars.

p c) The BCAS aircraft between one of the radars and the

intruder.
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The width of the bad ranges depends on the characteristics

of the configuration as a whole. In the worst part of each,

the iterative solution algorithm fails to converge to any solu-

tion. Near the edges of the bad region , the configuration com-

puted from the measurement s is highly sensitive to measurement

errors. This error sensitivity is intrinsic in that the con-

figurations are such that large changes in the relative posi-

tions of the aircraft (and radars) cause small changes in the

observed measurements. Then, inversely, small changes in the

measurements, such as those arising from measurement noise,

cause large changes in the configuration that can be deduced

from the measurements.

Outside the bad ranges, the relative position of the in-

truder aircraft can be calculated with an RMS error in position

of generally less than 300 feet, depending on the configuration.

The ranges to the radars can also be calculated , but the

values obta ined are quit e sensit ive to errors in the measurement

of different ial azimuth and may have errors of several miles.

It is important to notice that , under some circumstances,

several distinct configurations of radars and aircraft will produce

the same set of values for all the measurements obtained by the

BCAS. In such a case, it is theoretically impossible to deter-

mine from th~ set of static measurements obtained at one time

which of the possible configurations actually gave rise to the

measurements. The ambiguity can be resolved by making other

measurements, e.g., an active measurement of’ target range. In

addition , although the possibility of the false solution may
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persist for a period of time, so that a false track for the in-

truder may be established instead of the true one, the radar

posit ions computed in conjunction with the false track will

in time be seen to be inconsistent in that the radars will

appear to move relative to each other.

2. No radars are assumed equipped with azimuth reference

signals.

In th is situat ion, BCAS can determine the shape of the

configuration of radars and aircraft if there are two radars

and two or more target aircraft. The measurements contain no

absolute azimuth reference signal. Hence, the orientation of

the configuration cannot be determined directly, but only the

bearing of each radar and aircraft relative to some arbitrary

reference within the configuration .

It has been suggested that the BCAS—equipped aircraft might

be able to compute its own position relative to the radars at

a number of consecutive times. Then it could relate its own

flight direction to the fixed direction of the line connecting

the two radars and use that as the known reference direction in

determining the bearing angles toward the intruder aircraft .

It was found in the course of the simulations that the

range of configurations in which the computed results are in-

trinsically highly sensitive to measurement error is more exten-

sive In this case than in the case where both radars are

equipped with azimuth reference signals. The bad configurations

include the following:
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a) BCAS on extension of line connecting the two radars.

b) Either intruder aircraft between BCAS and either of

the radars.

c) Both intruder aircraft in the same direction as viewed

from BCAS.

In addition, the current heuristic algorithm used to obtain

an initial approximation tends to fall when an intruder air-

craft is in the direction directly opposite that of a radar,

when viewed from BCAS, or when BCAS is directly between the

intruder aircraft. The difficulty in these regions can be

eliminated, since it arises from the algorithm used and not from

the nature of the dependence between the configuration and the

measurements.

For those configurations in which the aircraft and radar

positions can be reliably computed , (i.e., in the good ranges),

the errors in range to the target aircraft are comparable to

the errors obtained using radars that are all equipped with

azimuth reference signals. The computed radar distances are

considerably more accurate. However, the bearing angles com-

puted relative to the line connecting the radars have errors on

the order of several degrees. This suggests that the proposed

scheme of operation with no azimuth reference signals at all

may have difficulties. A definitive judgment must rest on an

analysis of a tracking scheme in the dynamic situation .

3. Some radars , but not all , are equipped with azimuth

reference signals.

l8~



It is assumed that the BCAS at any one time would be in

range of only one radar with azimuth reference signals. Other

radars would be available for locking and for tracking targets,

but these would not have azimuth reference signals.

In such a situation, the problem of computing the configu-

ration of radars and aircraft at any one instant is essentially

the same as in the case of no azimuth reference signals. Two

radars and two aircraft are required . The only difference is

that , once the shape of the configuration has been determined ,

it can be properly oriented on the basis of the azimuth measure-

ment .

The extent of the bad range for this case is identically

the same as in the case of the system with no azimuth refer-

ences, as is the error sensitivity of the computed ranges to the

intruder aircraft and the radars. The bearing errors to the

radars and the aircraft are comparable to those achieved when

all radars are equipped with azimuth reference signals.

Li .  Limited simulations were also performed for the case of

a single—site geometry , where active interrogation is used to

establish target range. It was found that the accuracy to be

obtained is comparable to that for the purely passive cases.

The worst accuracies occur when the radar, the BCAS, and the

target are approximately colinear . Two distinct solutions can

occur if the target is at a sufficiently high altitude .
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APPENDIX

ALGEBRAIC CONDITIONS FOR PROPERTIES OF LOCUS CURVE

A.l GEOMETRIC ARGUMENTS

The properties of the target locus curves described in Section

2 largely depend on the relative values of T, H and H0. The single

most important determinant of the nature of the locus curves, in

terms of the geometric construction carried out previously , is

whether the vertical projection of the radar position is inside or

outside the ellipse in the target altitude plane.

Figure A—l shows a side view of the ellipsoid of revolution ,

cut along the LOP . The critical question is whether x is positive

(as shoyn) or negative. For positive x, the radar projection is

inside the ellipse; for x negative, it is outside .

The quantities in the figure are defined by

D = ,
1~2 + H~ A l . l

H

H
0

S,

If f/ f  I If I / f l/ Ill Il l f l / fl

X d

FIGURE A-i. SIDE VIEW OF ELLIPSOID OF REVOLUTION USED TO
CONSTRUCT TARGET LOCUS CURVES.
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+ H2 Al.2

B’ = ~~(d+x )
2 + (H—H0)

2 Al .3

By definition

T = S 1 + R 1 — D  Al.1I

Hence

(T+D—S 1)2 = (B 1)2 Al.5

or

(T+D ) 2 — 2(T+D) ~/x
2 + H 2 + x 2 + H 2

= d2 + 2dx + x2 + H2 — 2HB0 + H~ Al.6

Hence

T2 + 2TD + 2MB0 
— 2dx = 2(T+D)1x2 + H2 Al.7

and , after squaring

(T 2+2TD+2HH0)
2 

— Li (T2+2TD+21-!H ) dx

+ ~4d
2 ~2 = LI (T+D )2 (x 2+H 2) A 1.8

or 

[Li(T+D)2 — Lid2] ~2 + Li (T2+2TD+ 2HH0) dx

+ Li (T+D)2 ~2 — (T 2+2TD+2HH ) = 0 Al.9

This is a quadratic equation in x , which has real roots only if

its discriminant is positive . The discriminant is

= 1E d2 (T 2+2TDI-2HH0)
2

- 
~~~~ [ + ~~ 

- d2][Li (T+n)2 H2 - (T 2+2TD+ 2HH0)2] Al .10
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1 .
or 

= 16 (T+D ) 2 [LiT2D2+Li (T3+2THB 2TH2) D

+ + LiT2 HH
0 

— LiT2 H2] A]..ll

It is ev ident that  t~ is always positive for P sufficiently large .

To a first-order approximation , for P large

2 ’ T2 + 2HH — 2 H 2 ~
6Li (T+D )2 T2 D ~l + ) Al.12

Then show

/ T2 + 2HH — 2 H
2

,‘Xz8(T+D) TD~~1 +  2TD

= 8 T D 2 +12 T2D + 8 H H 0D — B H 2D Al.l3

With this approximation and the approximation P ~ d for large D,

Equation 5 may be solved to yield , for large D

— Li (T2+2TD+2HH ) D + ( 8TD2+12T2D+811H D—8H2D)
0 — 0

X 16 ~p 
Al.l

This gives

T2 H2

2’P Al.15

• and

— D. Al.l6

The second solution x2 is always negative . It corresponds to the

end of the ellipsoid nearer the radar cutting the target altitude

plane and is of no interest. The solution x1 is seen to be

positive for T > H and negative for T < H. This is the important

result :
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When T > H, for any P sufficiently large, the radar position

will project inside the TOA ellipse in the target alt~ t~ ~ plane .

Hence there will be exactly one branch of the target locus curve

compatible with large radar distances.

When T < H, for any D sufficiently large, the radar position

will project outside the TOA ellipse in the target altitude plane .

Hence , if the target locus curve exists at all for large radar

distances , it has two branches. Furthermore, it is seen that as

D becomes large, the distance along the LOP from the radar posi-

tion to the TOA ellipse approaches a constant value (Equation

Al.l5). A lso, as D becomes large, the ellipse locally near the

LOP becomes more and more nearly a straight line perpendicular to

the LOP (of. Figure A—2). Then for the radar approximately

2 2x ~ 2T A1.17

from the elipse along the LOP and a sufficiently small, the line

determined by the PAZ will intersect the ellipse at a distance

tan a Al.l8

from the LOP ; y is approximately constant for large D. Hence the

“inner branch ” of the target locus curve is seen to approach

asymptotically a line parallel to the LOP a distance y from the

LOP.

The next section gives in a concise form a more formal and

complex algebraic proof of the properties of the locus lines far

from OWN.
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FIGUR E A-2. DETAIL OF DIAGRAM FOR CONSTRUCTING
TARGET LOCUS CURVE .

CONCLUSIONS

Let

H = height of TARGET

a = differential azimuth, assume d to be posit ive

T = T O A

The line parallel to the line joining OWN to RADAR and height

H above it will be called the base line.

Then

1) If T > H the locus curve has a single asymptote. It is

parallel to the base line at a distance of

T cosa + V’T
2 — H2 sln 2

a
sinct

2) If H sina < T < H the locus curve has two asymptotes

parallel to the base line at distances of
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F’T~ 
-- —

T cosa ± ~~ H~ sin
2a

si-na

~
) If ’  T < H si-na the locus curve is bounded.

A .  2 JU ST IFICATION

Let

H 0 = height of OWN and define 0, r, s, d by the following

TARGET

RADAR OWN

Here the points labeled TABGET and OWN actually represent the

hcr~ zontal projections of TARGET and OWN .

Let x =

By the law of sines

d = 
si-n (~#c&)

x sina

ari d

— sin’s’
5 x s t ha

Now T = j~2 + H2 + ~(—~ + (H—H0)
2 

— ~/~2 +

Substitution anc~ multiplication by T si-na results in

sinci  (TX — + (H—H )2 x
2 ) ~ /sin 2~ + H2x2sin2a

— ~
l
sin 2 ( ‘~‘+a) + H~x

2 sin
2a A2.l

Suppose there is a not necessar ily cont inuou s or un ique

funct ion •, defined for small non—negative values of x, and taking
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values between 0 and ~ 
— ci (the only physically realizable bear-

ings ) such that

slna (Tx — ~“l + (H—H0
)2 x~) = ~~ in20(x )  + H2x2 sin2a

— ~/sin 2(0(x) + cx) + H~ sin
2cx x2 A2.2

0 < o ( x )  < ~t 
— a

If’ x is close to 0

— si-na sin0 (x) — sin (0(x)+a) = — 2 cos ( 0 ( x)  + sin

so 

005 0 0 5( 0 ( X)  +

Since 0(x) — a is not possible

o ( x )  0.

It follows that o(0) = 0 and that 0 is continuous at 0. By

Taylor ’s Theorem applied to the sine function A2.2 may be written

in t he form

sin ci(Tx — + (H—H 0
)2 ~2)= ~1~R~) 2 + H2x2 sin2a + o (x)3g(o(x))

— V~l+H
2x2) sin2a + 2 si-na cosa 0(x) + 0(x)2 h(0(x))

A2.3
where g and h are smooth functions

Let u(x) = H2 x2 sin 2a + 2 si-na cosa 0(x) + 0 ( x ) 2 h (0 (x) ,

+ H~ x2)s in2a+ 2 si-na cosa 0(x) + 0(x)2 h(0(x),

= ~
‘sin2cx + u(x )

Use the fact that the square root function is differentiable at

positive arguments to write
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~~i-n
2cx + u(x) = si-na + 2 s~tna 

u(x) + R(u(x)) A2. Ll

where B is a function with the properties

li-rn 
R (v) = 0 and R(O) = 0.

v-~O 
V

R ( u ( x ) )  R ( u ( x ) )  u ( x )
x u ( x )  x

Since li-rn 0 ( x )  = 0 , li-rn u ( x )  = 0 from which it follows that
x-~0 x -’-O

li -rn R( u ( x ) )  
= 0

x-.~0 u x

Note that  u ( x )  
= 

0( x) (2  si-oct cosa + ~ ( x ) )  where u r n  c ( x )  = 0X x~ O
It follows that

~
‘sin 2ct + u ( x )  — si-na = ~~ X ) (c + ~x x 2 sina /

+ 
R~~~~ )) 

. (2 si-na cosct + e( x) )  0~ x~

= 
0 ( x )  (cosct + 6 ( x ) )  where

li-rn 6 ( x )  = 0.
x~ 0

Then , taking d i f fe rence  quotients of both sides of A 2 . 3 ,

T si-na ,,(~~x))
2
+H2 si-n

2a ÷ (0x)2 0(x)g(o(x))

— 
0( x )  

(cosa + 6 ( x) )  A 2 . 5

It is easy to see that  if is very large , the right hand side

of A 2 . 5  will  be much larger than the left  hand side when x Is
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small. It follows that 0(x) is bounded and A2.5 may be rewritten

T si-na x +H2 sin2a— ~~~~ cosa A 2.6

Manipulation of A2.6 results in

(
~~
,
~~)2 si-na — (0?)) 2T cosa + (H

2_’r2) si-na

from which

0(x) - T cosa + V~i~ — H2 si - n a  A2x sina .7

If T < H s~na a contradict ion results and result 3 follows

immediately .

0(x) 
must be positive . A2.7 gives two positive expressions

if and only if T2 cos 2a > T2 — H2 si-n2a or T < H. Note also that

the limiting distance from the base li-ne i-s li-rn sin~
(x) 

= li-rn
x~ 0 x~0 

X

It suff ices to show that for small x

1) if T > H there is a value of 0 satisfying A2.l

2) i-f H sina < T < H there is a value of 0 satsi-fying A2.l and

T cosa + 1 p42 — H2 sin2a
— si-na

and one satisfying

P cosa — ~~~1T
2 — H2 sin2ct

si-na

Def ine F by

F(x,0) = sina(Tx - ~
/
~I + (H_ F0

)2X
2)

— ~
[si-n

20 + H2x2 sin 2a + ~~sin
2(0+a) + H~ x 2 sin 2a

F(x ,0) = siria
(

Tx — + (H_H
0)

2x2)_ Hx si-na + sina 1/i~~ H~x
2

(T—H)x si-na
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Therefore , F ( x ,fl) < 0 i-f T < H and F(x,0) > 0 if T > H.

F(x,~~) = si-na (Tx — + (H—H 0)
2x2)

— 
~~ + H2x2 sin 2 ct + ~

‘cos 2a + H~x
2 sln2ct

— 1 — si-na + cosa < 0

Thus if T > H there must be a 0 with 0 < 0 < and F(x,0) 0.

Claim I) has been established.

Now supPose H si-na < T < H.

Let T cc~~ xsina

The second claim will be established if it can be shown that , for

small x, F(x,y) > 0.

To a close enough approximation , sin y = y and

sin 2(y+ci) = sin2a + 2  si-na cosc*•y (by differential approxirnation

Therefore

F ( x ,y) sina(Tx - + (if_H )2X
2) ...
V

’
T2 ~os 2: 

x2 + H2x2 si-n2a

+ y~
’
sin2a + 2 si-na cosa T coscg X + H~x

2 sin2a

F ( x ,~~) ~ifla (TX — + ( H_H
0 ) 2 X 2)

— x j
~~ 

cos 2 ct + H2 sjn2a + %‘~sin 2a + 2Tx cos~ a+H
2x2 sin 2a

V sin2a
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F (x ,’y) — si-na + Tx sina — x ~~~~ 
cos a + H2 sin2a
si-n a

+ si-na + Tx

F (x ,y) x 
($i~a 

— ~/2 

~~~ 
H2 sin2a)

F (x ,y) will be positive if and only if

_T2 
> ~2 cos 2ct + H2 sin2a

si -na si-n a

if and only i-f

T > H s ina
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