
F— —

AD—A 062 915 CATHOLIC UNIV OF AMERICA WASHINGTON 0 C DEPT OF PHYSICS FIG 9/2
A FORTRAN CODE FOR THE CALCULATION OF SOUND PROPAGATION IN A RA——ETCCI))
JUN 70 A NAGL1 6 L ZARUR, H UEBERALL NO0173 .77 C 0006

UNCLASSIFIED NL

I _________



rir ~TP
• _
•

DEPARTMENT 01? PHYSICS

,
~D D C

~~E~~ETLEL~~~1LJ~ JAN 2 1919

The Cath olic University of America

Washington, D.C. 20064

p
~~~~~EThT~MENT A1 

78 1 2 14 039
A~pro”u i fox pub li~ Te1et19e~ ~

~~~~~~~~~~~~~~~~~~~~~~~~~ 
_____________

~ ~~~~~~~~~ ~~~~~



_ _  

LEV~L~ 0
I~~It SUTIu,&Y AtLA ~t L I TY CO GU

•s~ AV A I L ~ SPEL~L A FORTI1~~ Code for the
Calculation of Sound Propagation

in a Range Dependent Ocean I.

The Depth Functions.

• Anton Nagi

Department of Physics ~~~~~~~ ~,

Catholic University of America

Washington, D.C. 20064

G.L. Zarur

Versar Inc.

Springfield , V.A. 22151

~~1
ft

11. Uberal].

Department of Physics

Catholic University of America D D c
Washington, D.C. 20064

tI~__

JA N 2 ~979

L~~JL~U U
D

Supported by Code 8120, Naval Research Laboratory
I?vlashington, D.C. 20375 under Contract No, NO —77—C—3Oo~

DISTrnBUnON STATEMENT A IS 12 14 ~~~Approved for public release;
- 

Distr ibution Unlimited —

— —~



_ _ _ _  -~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

~~~~~~~~~~~
---

~~~
-

~~~~
-- ---——-

~ 
— —•-- • • .  —-

~~~~
—- •-

~
-

SECURITY CLASSIFICATI ON OF THIS PAGE (II ~t.n Oat. Ent.rt.d) _________________________________

REPORT DOCUMENTATION PAGE BEFORE COMPLETING FORM
I. REPORT NUMBER 2. GOVT ACCESSION NO 3. R~ CIpIEN r’s CATALOG NUMBER

TITLE (and S ~~~— .  5. TYPE OF REPORT a PERIOD COVERED

• 
~ ~~~~~~~TRAN çIDDE FO HE CULATION OF

/ O 15 1976~~an~~5 197~

~~~~~~~~ 
I. THE ~EPTH FUN~~ IONS~~ 

J 6. PERFOR:ING ORG. REPORT NUMBER

S. CONTRA..T OR GRANT NUMBER(&)

~ it~on~Nagl, G.L.~Zarur9...a~id Hl~ i l /~~~ Nooo )~~77-c- o oo
L PERFORMING ORGANIZATION NAM E ANO ADDRESS I). PROGRAM ELEMENT. PRCJECT , TASIC

Department of Physics/ ~~~~~~~~~~~~~~~~~~~~• Catholic University of America SF52-5S2 ,Task SFS2-552-
— Washington DC 20064 691,Worl: UnitSOl-94.802
ii. CONTROLLING OFFICE NAME AND ADDRESS / 12. REPORT DATE

Naval Sea Systems Command I rj ~~~UP ~if June 7, 1978 
—

• Washington DC 20362 
~1 (I 1 ‘~ NUMBER OF PAGES vi + 8! pp

I ~ ~~~ ~l pp pr o cr Jist ing
14. MONITORING AGENCY NAME a AOORESS(S1 differant troa, o tolling 0111 c.) IS. SECURI1~~ CLASS. (ol thi. r.poil)

Code 8121 Naval Research Lab Unclassified
Washington DC 20375 

‘5.. DECLASSIFICATIO~I/DOW NG RAOING

15. DISTRIBUTION STATEMENT (at thIs R.p ovt)

Approved fo~~~~~~ ic_release ; distribution unlimited

~ Ft’ ± 
_ _17. DISTRIBUTION STAT EMENT (ol 1k. .b.I ,aci t.ved In I r

~~~~~ ~~~~~~~~~II. SUPPLEMENTARY NOTES

~~~ 
Nb~ i-1~ 

— - - ~~--~ oo
L__  

--

IS. KEY WORDS (ContIriu. an r.v.ra. aid. ii n.C.ae~~y an~ Sdantlly 4, block n~~~bsr) 
—

Sound Propagation; Ocean Acoustics ; Range Dependent Ocean ;
Depth functions ; Arbitrary depth dependence ; FORTRAN code ;
Normal Modes; Near-separation ; Local depth functions ; Eigen-

• value p roblem
20. A PSIRACT (Coaffilu. an ,.,.roc .14. II n.c.a..y and IduntiIy by block ni bo~)

This report describes a comp uter code which solves the
wave equation for sound propagaU.on in the ocean with arbitra-
ry dep th dependence and arb itrary but gradua l range dependence
of the sound velocity distribution .

The present volume (vol.1) is concerned with the depth
functions which arise frcm the expansion of the velocity poten-
tial into a normal mode sum that leads to a near-separation of

DO j AN 73 1473 EDI TION OF ‘ NOV 65 IS OBSOLETE

S/N 0102- IF- 014- 6601 IECUR,TY CLASSIFICATION OF THIS PAGE (iTh.n D.fa ta.I. ,sdI

O ‘l 1~
, 

~~~~~ ~~~ 

~~: /

-~~~~~~~



SECURITY CLASSIFICATION OF THIS PAGE (1Th n Oat. EnI.r.d)

the range and depth dependent parts of the problem. The resulting
depth functions satisfy locally a one-dimensional wave equation
which together with the imposed boundary conditions defines an
eigenvalue problem. The computer code described here permits to
solve this problem for a wide variety of conditions . Deep ocean
profiles can be treated for frequencies up to a few hundred Hz.
For shallow water cases the frequency range easily extends to
several kllz.

A further volume of this report will deal with the range
functions and with the solution of the mode coupling problem.

S/N 0102- LF-014. 6601

SECURITY CLASSIFICATION OF THIS PAOC(Wb. .~ .tS tnN,o ~~

_ _ _ _  

I
_ _ _ _ _ _  —4



ABSTRACT

‘

~~I’his report describes a computer code which solves the

wave equation for sound propagation in the ocean with arbi-

trary depth dependence and arbitrary but gradual range de-

• pendence of the sound velocity distribution.

The present volume (vol. 1) is concerned with the depth

functions which arise from the expansion of the velocity pot-

ential into a normal mode sum that leads to a near—separation

of the range and depth dependent parts of the problem. The

resulting depth functions satisfy locally a one—dimensional

wave equation whith together with the imposed boundary con-

ditions defines an eigenvalue problem. The computer code

described here permits to solve this problem for a wide

variety of conditions. Deep ocean profiles can be treated for

frequencies up to a few hundred Hz. For shallow water cases

the frequency range easily extends to several kHz.

A further volume of this report will deal with the range

functions and with the solution of the mode coupling problem .
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I. INTRODUCTION

The purpose of the computer code described in this volume

is to find the solutions of the eigenvalue problem given by

the differential equation

‘2~~u~~(~ ,)~~~ I 
_ _ _ _ _  ~. -

~~ ~~~ ~~~~~~~~~~~ ~p ~~~~~~~~~~~~~~~~~~~~~~ (l.la)

• and the boundary condition s

• ....
~~
) (l.lb )

• __&
~~i. ~~~~~~~~~~~~~~~ (l.lc)

~~~~ c’C

The vax4iable is considered a parameter. The solution

consists of sets of eigenfunctions

p~~~.2 - -- ‘~~~~)

and their associated eigenvalues k~(~~) for each desired value

Inputs are the sound frequency~~~~ - and a function

corresponding in this case to the measured or simulated sound

velocity distribution in some part of the ocean.

In the program it is assumed that c( ~, ~“ ) is given in the
form of a two-dimensional grid of values:

‘C (
~~L 

,j ~~
) , ‘c(~~, ) 

/ - -

and that one can interpolate linearly between grid toints. The

set of values

( - i i L
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will be referred to as the sound velocity profile at range

• point . In practice series of sound profiles are usually

taken along a straight line course so the vectors can be

replaced by the scalar range variable if1
The problem as outlined above arises as r art of the

attempt of solving the wave equation

describing the pressure filed of a unit point source (located at

2 ) in an inhomogeneous ocean medium of density F (r
~
) and a

propagation constant k(r)=~ fr(~) where c(~) is assumed to dei end

arbitrarily on the depth z and arbitrarily, but gradually, on

the horizontal range coordinate• • Assuming the density ~(~~) to be constant throughout
horizontal layers and defining a velocity potential~~(~~) such that

çt~ (i~~) ~ ~ 
(~(:?)/ ~ -t ) (1.2)

one obtains for each layer a Helmholtz equation

V
L

~~ (~~~)+  ~~~~~~) ~~~~~~~~~~ (1.3)
For a range independent sound velocity distribution , i.e. for

—9
c(r) = c(z) the solution of (1.3) can be written as a normal

mode sum of the form

~
r
~
’ ) E  ~~~~~~~~~~~~~~~~~~

F’ (l. L l )

The “range functions” ~~~~ (~~) then satisfy

[v 2 
~~ 

‘
1~~j~,) ~

t~F’
(.~l)) 

(1.5)
which is easily solved, while the “depth functions” are

obtained by solving (1.1) with p~ co~tct . Fo~ arbitrary but

gradual range dependence one can attempt a solution in the form

of an almost separated
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normal mode sum which takes the form

-
~ 

v-. --~ —11~ 
N )  

~~~ (ç~)~u5, (~~, p  ) (1.5)
P

The equation satisfied by the range functions becomes now

much more complicated involving terms which couple all the

modes together, whereas the depth functions can still be

obtained from (t~1) except that they are now no longer range

independent , but gradually range-dependent “local” depth functions. I
The problem of arbitrary z—dependence , and arbitrary but

gradual range dependence of c () is the case for which the pro-

grams described in this publication have been developed.

Vol. 1 is restricted to the discussion of the depth functions

and a method for calculating them. A discussion of the

general range equation and a method for obtaining the modal

range functions ‘q’p (~ ) together with a description of the
associated computer code may be found in Vol.. 2.

The method for solving (1.1) which was used in the computer

code described here is based upon the assumption of piecewise

linear sound velocity profiles. This assumption does not re—

• strict the range of applicabili ty of the code in any way. On

the contrary , it enab les one to obtain analytic solutions for

the depth functions and thus makes it possible to obtain numer-

ical solutions much more efficiently than by the in~thod of numer-

ical integration which is necessary for arbitrary profiles. In

this way , normal mode theory becomes accessible to a much larger

class of problems than otherwise possible. This is of particular

I

_ _ _ _ _ _ _  _ _ _ _  -- ---— ---~~~~-- ••—~~~ - ~~——--—- -----
~~~

—--
~~~~~~~

--— 

~
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,—~
- 

~~~~~~~~ 

— - - ~~~-- •--- — - - - -  -—----- -—- —------ --- - --—--- 
~

importance in view of the fact that the normal mode treatment

is the most exact method of investigation sound propagation

problems , which still works in cases where other methods

(ray tracing, PE-mathod, etc.) fail. On the other hand, by

inserting additional segments any velocity profile can, at

least in principle , be api roximated to any desired degree of

accuracy by the present method. This would , of course, increase

the computational effort again to unrealistic magnitudes.

However, in practice, a very large number of segments is neither

necessary nor is it in general possible , since for any given range

point there is usually only a relatively small number of data

points available to define the local sound velocity distribution.

_
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II.  DEPTH FUNCTIONS FOR A PIECEWISE LINEAR SOUND VELOCITY PROFILE

Since the boundary conditions are given at z 0 and z 
~ /

the depth functions u ) have to be found within these limits.

The vertical sound velocity distribution at some narticular range

point~~ which determines the general solution of the deoth

function equation at this noint is, as mentioned earlier, usually

approximated by a piecewise linear function:

CLZ) = ~
- S~~~(2 - ~~ - )  ~~~~~~ ~~~~~~~~ (2.la

with 
~ ~~~~~~~~~~~~~~~~~~~~ ~~~ I 2~~..• g

~~i) (2.lb

The range 0 ~ z ~~~~ is thus subdivided into horizontal layers with

boundaries at z 
~~~~~ for the ith layer. The method to proceed

with is therefore to find the solutions of the depth function

equation within each layer and match the solutions at the

layer boundaries. The conditions to be satisfied are that

ç (~) kL ~. (~~:~ ~ ) a -ui 
~~

ur (E , ~ ) /)  Z (2 • 2)

are continuous across each boundary. These follow from the i~equire—

iaent that the pressure

p ç>~~~~/dL

and the velocity

be continuous everywhere.

The water extends from z = 0 to z = ZB. The water density

is assumed to be constant everywhere i.e.

f ‘
~~~~)  

~- f-k-- C’ ( 2 • 3)

The ocean floor is assumed to consist of isc~velocity layers

L~~~~~~I11~~~I
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with the density constant within each layer. At the present

time only one layer is considered, hence the ocean floor is

characterized by 2 numbers

However, if the need arises these assumptions can easily be

generalized to several layers with linearly varying profiles.

Within the water c(z,~
’) at some particular ~

‘varies

between c~~~( 1D ) and Cmax( F ) , where always c (  j~
’ ) � c~( ~~ ).

A solution of the eigenvalue problem (1.1) is obtained only

if the local vertical- wave number

• <~ (~ ,~~) =  ~{~/ ‘ (~-) f ~~~~~~~~~~~~~~~~~~~~~ (2.~~
is real for at least part of the range 0

~~
z<zB

(
~~
). This limits

the range of possible eigenvalues to

• 
~~~~~~~~ (? ) (2.5w

Discrete eigenvalues are obtained for

k~~~
) > L*J /’C~ (

~~~) • .
(2.5t

For

k~ 
(
~~

) < ~~~~ (p),

any val~..e of k~ will provide a solution to eigenvalue problem (1.1).

This report is concerned only with the calculation of c~iscrete

eiger,solutions. With the assumptions made above the solution

within the ocean floor, i.e. for the range

which satisfies the boundary conditons at oo is simply

‘-4 (
~, ~

) — 

~ p ((5~) e’)cp I ~~ 
(j5”) 

~~~ 
2.6a

with ~ 
~
< _  ~~/‘c~ cF~~~~ 

(2. 6b)
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• This leaves only the solutions for the range

~~~

i.e. A4’ (i,~~~~) , the solutions within the water1to be determined.

They are obtained by solving (l.la) with c(z) as given by

(2.1) or more precisely with piecewise linear distribution of

k~~(~~’) =  /‘c(~~~
1
~ /‘c(~~)r* s ( ~ -~~)

• (2.7a)
with -

~

= { [
~- k (~~~ ~ )] ~ ~~~ ~ I(’~ ~~. 

- a = i~1;i
•

.

Assuming a linear dependence of k~ on z is compatible to first

order with the assumption of a linear z—dependence of c if the

variations in c(z)  are small compared to the magnitude of c(z) :

/{~
c

~~~
) + S~~ (~~-~~ )} 2

• which with

/ . ~t (~~~~-t .i ) — ~~~~ c~~ )
can be written as

k: ~~ ~ 1~.,/’c’a~1~ - ~~~~~~~~~~~~ g C
/ ç ~~ ) 1(~~.~~ )

Hence, if c(z) is a linear function with slope s~ then k~(z) is

also approximately a linear function with slope s~ = -2cu~S~ /{C(~~)~ ’

and vice versa , if (2.8) holds. Condition (2.8) is satisfied for

sound velocity profiles since typically

~A~c 
~~
- ~O~~/se~ 

,C~ =/5 OO~,y t/ S~~C

Proceeding with the assumption that k0
(z) can be linearized

according to (2.8) the depth function equation for the ith layer 

• 1 • .  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _

~~~~~~~~~~~~~

• •

~~~~~~~~~~~~~~ 

~ • • • • • •~• •
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at some particular 
~ 
becomes

or

1~ 1dp~
( j6~) - f  ;‘ (f5 ’)~ ~~~~~ (a,p~) 

0

with

~~ (j3’) = /ic(~ 1j5’ )~
2’ — ~~~ 

((~ )~~ 
— )

~ 1~O )  • (2 .9)

The substitution

~~ ~~~~ 
— i f s -., (1~’)r j~~ 

{.dp: (~~) ~ 
S~ (,5~)~~ ~~

trans forms this equation into the Airy equation

-

Therefore, the solution for the pth mode in the ith layer in the

• water becomes •

U I, -(2.11)
There are 2 constants to be determined for each layer . By watch-

ing the solutions and their derivatives at the layer boundaries

the coefficientg of one layer can be expressed in terms of quanti-

ties from the preceding layer.

• 
—i / W I

f Up (~ )~~ ~tt~~~ (
~ ,p ), u.,~ 

(;~~ ).= 
~~~~~ 

(3 .’ ,
• Abbreviating I

t A ; At. (c’JL.t; ‘ ~~~~ (~p •~-i)L=:~ / ~~~~~~~~~~

one can write the matching conditions at the boundary between

the ith and the (i—l)5t layer as

(2.12 )

up/
c_~_ (a) ~

_
~4 Jo, ~~~~~~~~~~~~~~~~ +1~~A ”1~ tA1~ ~~~~

Solving these two equations for a1 and b. in terms ’ of u1_1(z1)
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and u~ _ 1(z 1
) yields

~~~ ~~~~ 
(z~ )B~’+ c~~ U~~ 1 -~ 

(
~() ! 3,, ~ (2.13)

f / -~~~- I= ~r ~~~~~~~ (3 )A 4 — 
~~~~~~~ (~~ 1i~

The first derivatives of the depth functions are obtained from

(2.11) as

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ B~’(ç~
))(2 1~)

keeping in mind that the derivatives of the Airy functions are

with respect to • When matching derivatives at the layer

boundaries one has of course to use derivatives with respect to z ,

as was done in (2.12). However, in order to propagate the

solutions for each mode from one layer to the next, one can, as

• suggested by eqs . (2. 13) and (2. 1t ~) , use just  as well v —derivatives ,

• This approach was taken in the program described here. Defining

• u.~ ~~~~~ = — o~~~ ~~ ~~
)

• the coefficients (2 ,13) then become :

r[~~~~~ 1 ~~~~~~~~~~~~~~~~~ ~~~ (2.1/)
— 

~~[~~~~ J~i-~ ~~~A~’- V u ~~~ ~~~~wL-Lh — 1~~.~1 -I — %.~~~~ ._ .j  f~
_
~
.
~•;

An alternate form for propagating the solutions, also used in

the program , is

4 
. U?’ (~~,~ ‘) ‘-c~ ~~~ (a-i ) -

~~ ‘-c~~ ~~~~ 
(:~~)~

• w _ / (2.15)• upt ‘ (i.,c~)~ — .c,~ ~~~~ 
(~~)* C~~~ AJ~~~ -~. ~~~

-• 
where

• 
~b-

_ _ _ _ _ _  -~~~~~~~~—~~~~~~~ ~~~~~~~‘• •••• • •~~~~~~~ --•~ - . ‘ ~••
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C~~ - B-

= cç~z )~A~ - , A~ C~~~i& }
Y
~C:z~t 

= A~~~(~~~) 13’— ~~ (ç~ )A~’3

~~ ~~~~~~~~~~~~ — 
At

’
(~~~~

’

~~JB~~ 
} -

Using eqs . (2. 11), (2.13) and (2.14) , the full solution ~~ ~~~~~~ )

in the water can be determined in terms of just two unknown con-
stants, which can be ~~~~~~~ and b 1, i.e. the coefficients

in the layer nearest the surface. One constraint for these

coefficients comes from the boundary conditions at the surface:

(2.16)
Hence from (2.11):

o~~ A~ ~~~ 0 - (2~~l7)

If one chooses for a~ 1 the arbitrary but convenient value

— ‘~~~‘- ‘ • (2.18)
then b 1 is determined:

• = - 
‘ (2.19 )

and one obtains for the slope of the solution just below the
surface from (2.14)

LL~~ ~ co, F~ 
= — ~~ (~~~ A~~

’-A ~~i3~~’) ~‘~~~~ /7r . 
(2 . 2 0 )

This choice of coefficients ensures that all solutions start

out with a positive derivative near the surface:

U~~L (
~~~‘)>O ,to 

(2.21)
which makes the 

~
“ derivative

u~~’ (o,~~~ ~~~~~~~~~~~~ c24o~~~~ (2.22)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



1].

Using (2.11) and (2.14) with (2.18) and (2.19 ) one can determine

the solution and the derivative at the lower boundary of the

first layer. In terms of these quantities the coefficients

for the second layer can be found using (2.13) .  In this way the
• wsolution u (~~~~- , ? ) can be propagated to z ZB~ 

the ocean

• floor. There the functions u~’(~~ , ~ ) and u3( 
~~
, 7 ) have to

be matched. This leads to the conditions

~~~ ~~~~~~~~ = Ur (~~3~~~ (2 .23)

• 
_ _ _ _ _ _  

_ _ _ _ _ _ _  =

(2 . 2 4 )

As indicated in (2— 7a ) , ~B contains one undeterminedp •
coefficient. It can be found by using (2 . 2 3 ) .  The choice (2.18) was

made because it provides a convenient starting point for numer-

ical calculations, as will become apparent below. But it was

arbitrary in the sense that solutions calculated with this choice

do in general not satisfy the normalization condition for norma).

mode solutions, in this case:

L
°°

~~ ~~~~~~~~~~~~~ = I
• 

• (2 . 2 5 )
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To remedy this situation the integral over the square of the
unnormalized solution is evaluated to find the necessary
normalization factor

A~~~f0 (
~~’)J~ ~~~~~~~~~~~~~~ (2 .26)

where 
_ • •

~~~~~ -
~ ,rI.J

£ IU~~(%,~~)I~~~ 
~~~~~~~ 

o(,~ ’) J ~~~~~~~~~~~~~~ )]~~d~~
(2 .27a)

-
~~~~~

. -P~v~~ 
P

• 
=-~~f1~~ s’iJ e = f ~

_ 
~~~~~~~~~~~~~~~~ . (2.27i )

The first integral can also be carried out analytically using

I ~~~~~~~~~ ~~~~~~~~~ 
(Ai(~))~] . (2 .28a)

Similarly

f ( ~
)
~3~~

)
~~ ~~~~~~~~~~~~~~~~~~~~

and -

(2 .28b )I •• 

[
~ (~~~~ 

(~~))t (~~~.I(~~))2]

(2 ,2 8 c )

_ _ _  _ _ _ _  _ _ __
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These expressions follow from

[ c )~~~~~~~ )~~~ (
~~~~~~~~

) C
L

(
~~~~~~ ) 

-

by differentiating with respect to~~~ 
-

Upon rewriting this equation as

÷ C~’ ~~~‘-~~ CJ =~o

it is apparent that it is satisfied for C1 and C2 being any

solution of the Airy equation.

The functions u~
( ’

~~~e ) as discussed so far still do not

satisfy eq. (2 . 2 4 ) .  The coeffic •nts of the two partial solutions

) and ~~~~~~ ) were chosen such that the boundary con-

ditions at ~ 0 and ~~~
- c~ were satisfied and that u~,( ~ , ~~

‘ )

is continuous everywhere. The derivative u’( 
~~~~~~~ is~ at this

point continuous everywhere inside the water and inside the

ocean floor . However , so far no provisions have been made to

make it also continuous at z Z
3
. In order to achieve this,

and have to be adjusted such that (2.24) is satisfied. This

can be done by choosing the proper values for k~( ~~ ) which

enter u’~ and ~B through (2 . 9 )  and (2.6b). In this sense eq.p p
(2 . 24 )  provides the characteristic equation for/~Igenva1ue problem

at hand. A more convenient form of the characteristic equation

1~~ . 

•

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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is found by dividing (2 . 2 4 )  by (2 . 2 3 ) , which corresponds to

matching log arithmic derivatives at the ocean floor:

• 

— 

~~ ~~~~~~~~~~~~~~ (2 .29)

The characteristic equation defining the eigenvalues k~~(j ’ )

can , of course , be established at the boundary between any

two layers . It turns out that sometimes it is advantageous to

propagate the solution from infinity up to the boundary between

two water layers • The characteristic equation is then

u~ t~~~)u~ ~~~~~~~ 
u~~ ~~~~~~~~~ 

(
~~~i~~) j

• (2 .30)

assuming the match occurs at the boundary between the (M— 1)st

and the Mth layer. Here 
~~~ 

is the solution started at z = 0 ,

u ~ the solution started at oo
~~ 1

Both (2 .23)  and (2 .30)  are used in the paper and will be

referred to later on.

- 

•— •

~~

• - 

- 

•_ _ _ _ _



15

III. ARGUMENTS OF THE AIRY FUNCTIONS AND GENERAL.

PROPERTIES OF THE EIGENVALUE SPECTRUN

Since the Airy functions play a central role in the

problem discussed in this report it is useful to ~oint out

some general properties of these functions and to try to get

an idea of how the various parameters which enter the problem

• affect the regions in which the Airy functions are needed.

It turns out that the arguments of the Airy functions within

a particular layer can be expressed to a good approximation

in a relatively simple way in terms of the frequency , the

slope of the velocity profile and a quantity with the dimension

of a sound velocity which indicates how far the eigenvalue is

above or below the wave number corresponding to the local

sound speed. This formula can not only be used to determine

the range over which the arguments of the Airy functions vary

for a particular profile but also to estimate the total number

of modes possible and the average separation between successive

eigenvalues as a function of mode number.

The Airy functions are characterized by the observation

that they behave like an oscillating function for negetive

arguments and like an exponentially rising or falling function

for positive arguments . The characteristics are clearly

brought out by the asymptotic expressions for large arguments

( I ~~1*i  ) :

Ai~(~~) —

e ’Z
~~

)
~~~~~~~~ yq S i + j j + ”
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~ ~~~~~~~~~~~ ~~~~~~~~~~~~~~

— (
~~ 

i_ ...)CO$ (74~~~~)~ (3.1)

B4. ~~~~~~~~~~~~~~~~~~~~~ ~

•1• ( J  4._...)c;n(y#fl~ •

The argument of the Airy functions is given by (2.10) with

and s1( q )  defined by (2 .9 )  and (2. 7b) .  It follows

that (ignoring the ¶~ 
—dependence and writing c(z .)  as c~ etc.) :

(3) = - (~;)~ %/3 [ k~~~~~~1 (3 .2)

1~: (a) =  -
~~

--
~ 

+

denoting the k2 — value as a function of z along the profile.

As indicated by (2 .5a) and (2 .5b ) the range of discrete eigen—

values is restricted to

This is indicated in Fig. 1 where schematically a typical profile

is shown~
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The quantity which essentially determines the argument of the

Airy functions as a function of z for a particular mode p is the
local vertical wave number K~ ( z) defined by

2.

Kr ( ) “ o ( 3 ~~~k~ • (3,3)

Defining new variables

J~~~~(~~) g -  ~~~~~~~~~~~~~~~~~~~~~~~

= — +

with the ranges

o Z~~~~) ~~~~~~~~~~ 
= 
,~~~~2 

— 

~~~~~ 
L~3

and C o 
~~~~~~

_ _ _ _ _  

t~~ _ _ _ _ _ _ _ _ _ _ _ _
p — -= — 

( ~~~~~
one can see that

k~
t =x,2 _ i 0~~ )

varies between

- 2c~~~t~~ /‘c,~~
for p 1 (i.e. for the eigenvalue with the lowest mode number)

and at z Z
B 

( the z—value with the highest sound velocity) , and
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2~~~ (A1 -~-A~ ~~~~~

for p N (for the elgenvalue with the highest mode number

• and at z = z 3 (the depth with the minimum sound s-’,eed), with
values

2~cu
1 .A

‘in between , where

— ~~ .~ ~ A ~~
) 

~ (3.4)

Hence the coordinate axis of A (z)  has the same units as c(z)

but its origin is not fixed in Fig. 1. Instead , it shifts

around and its position corresponds to the location of the

square of the eigenvalue (k2 ) on the k2 — axis .

The slopes s~ can be written as

~L ( L)~

~\ ~~~~~~~~~~

— —

~~~~~~~~~~~

-

• a4j 
(3.5)

2 s C ~/~4t 

~ (~~/~;)(u~
’/.c,J )

With these definitions and approximations the argument of

the Airy functions in the ith layer for the pth mode can be
written as

-• 

2”~ / u~
~~~~ &)-=  — 

.ç,,~ ) L~~~~~ ( ?) .  (3.6)
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• Hence , it turns out that positive arguments are generally obtained

for low wave numbers , negative arguments for high wave numbers.
The slope of the profile in a particular layer does not affect

the sign of the argument. However, the absolute value of the

argument may grow very large as the slope approaches zero .

Layers with small. or vanishing vertical sound speed gradients

are frequently encountered near the surface and of course near

sound speed minima. Some care is necessary to maintain the

accuracy of the solutions in these cases as will be shown below.

In order to get some numerical values the tollowing

parameters were chosen :

•f I:* 250+k

• 

S / ~~~~~~~~~~ = O.i~ 5 , iOO~ t/sec pt
~ ~too~~.

S~ 
- t~2./~ 2 = c.n1/~~c p Qi. £00 ~~

= ~~~~~~~~ i.5~~~/s~c per 1OO~~

• ~~~~~ ~
‘ iSOO se~c~.

The three values chosen for s~ correspond to low , average and
• high sound velocity gradients as usually encountered at small

or intermediate depths. The value chosen f or s~ is typical for
• greater depths~ With these numbers are obtained for the Airy

function arguments :

~
‘
~~~( =—i i .~I.A (a), _ O.9~,.A t~ ),

_ 0.d1
~
t1A (

~ )

,m’- -- 

~~pZ (~~) - O.~~ t A ( ~~)

3 (? ) =— i .9 7~~~
(
~~) .
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For f = 25 Hz all coefficients are smaller by a factor of

io 2/ 3  4.64. For the lowest eigenvalue :

A (o)
~ —(A~~iA,~)

~~~~~ —A 2

A (~~‘i~~ ° C3.7a)

i~~ 
(~~~~~~- .A3 •

For the highest eigenvalue:

-I A b -~~~~~~~4~.

(1)~~~j~~,
-i- b~~~ -A 2

(3 • 7b)
~A (a~ ~~~~~~~~ -+ A1~, -

• 
~~ ~~~~~~ ~Ai.

The parameters encountered in a deep ocean case may be e.g.

• 
~~~~~~~~~~ ~~1= 6 O O .wt.~ ~~~~~~~~~~~~~

-• • (3.8)

ó~~=Ot*~~/sec, 3O~~ /sec, tS~ M./5QC, Ab=~
oo
~~/~

Qc .

This leads to the following Airy function arguments for the

lowest mode :

• 346 at the surface (z 0)

,~ 340 at the end of the first layer (z = z2 )

,‘ 25 at the beginning of the second layer (z = z2 )
,-. 0 at the end of the second layer (z z3)
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0 at the beginning of the third layer (z z
3)

— ‘ 84 at the ocean floor (z zB)

The corresponding numbers for the highest mode are

~ —3570, —3575, —263, —288, —644, —560 for the quoted value

of

— —165 , —170 , — 4 , —38, —84, 0 for
~~b 

= 0.

It is apparent that a combination of high frequency, small

slopes in the profile, very low and very high mode numbers can

result in very large positive or negative arguments for the

Airy functions. From the asymptotic expressions for the Airy

functions one can see that large positive arguments are

• particularly serious since they can lead to exoonents of the

order of several thousand. For the lowest mode e.g.3 the Airy

functions are of the order of unity near z z2 ,  but in the

example given,of the order

a,s Sq” 
_ 

a2.3e

near z = i.e. the eigenfunctions for the lowest mode grow

over more than 200 orders of magnitude between the ocean floor

and the location of the sound speed minimum. For very small

slopes which may occur near the surface or near a sound speed

minimum the exponents may be even higher. As the small slopes 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • •••
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do not usually persist over ‘arge distances the growths of

the Airy functions between the beginning and the end of a

layer are relatively small , but the coefficients obtained

when matching the solutions to the other layers become

small to the same order as the Airy funct ion-- grows large~
and near—cancellation of very large numbers occurs . Special

precautions have to be taken to avoid overflows and under—

flows in the computer and to ensure that the accuracy of the

results does not deteriorate due to the near cancellation of

large numbers. This problem will be addressed in the next

section .

Eq. (3.6)  can be used to estimate the number of discrete

modes available for a particular profile and frequency.

The highest mode is an oscillatory function all the

way front the surface to the ocean floor since the arguments

of the Airy functions are negative throughout. Also since the

arguments are large in most of the region the Airy functions

• can be approximated by

Ac ( — c )  oc

‘B4 (— k . ) 
~ 

~.

By keeping track of the phase differences of the sines between

the two boundaries of each layer and adding them up over the

whole water depth one can apDroximately determine the number
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of half-waves accomodated in the water column and thus de-

duce the wave number for the highest mode and at the same

time th:e total number of modes supported by the profile :

N’~ ~~~~~~~~ ~[i’~1 
(
~‘~)?~I

or using (3. 6)

N~ .~~~ ~ ~I 4~ ~~,~
) _ A ”i~.j)1. (3. 9b)

• ‘N~n J

Usually a good estimate can be obtained by approximating

the profile by two or three straight lines.

With (3.7b) one obtains

~~~ c~~~
i. ~ ~~~~~~~~~~~~~~~~~~~~ 

+t 4 -1~~A.)” 1(3 10)
* ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘A~&_ (t~+A fr)~2I ~ .

For A
b ~~~A L , 4~~a,  A

3 .

• 

• N~ 
2.41f ‘A  ~~~~/L~~~~~ 

(3 .11)

‘4.
+
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where I-I is the total water depth . For the parameters chosen

above one obtains 843 modes. For = 0 the result would be

( A~ ~~ A 3, ) :

N ~ ~~~ —c,,. ~ ~ (~~~
_4 )

t/L 4~: [A
” — 

(3.12)

_ ( _ ~a~)”~1+ ~~iJ~~t ~~ 2,g vsDd.s.

Two approximations of (3.12 ) are of special interest :

~~~~~ ~~~~~~~ 
(L+~~

)
~~Mse~

~~~~~ 
N~=

Hence it turns out that the total number of modes lies

approximately in the range

N m ( i~4) ~~~~, 
H~~~ (3.13)

with A maximum sound speed difference , H total water

depth.

To determine the average spacing between eigenvalues

one only has to divide the difference

C4.)

c ~ ~~~~~~~~~~~ 
(3.14)
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by the total number of eigenvalues as determined above .
However , some care is necessary to obtain a useful result .

It turns out that in the two regions

cI/c~~~~ ~ . L< 2 
< W 2/C , .4 1  

‘ 
• 

(3.15 )

~~~~~~
• ~~~

(3.16)

the eigenvalues are spaced very differently . For the first

region to which the eigenvalues are confined-when c = c- b max
(i.e. A1, 0) the approximate structure of the eigenvalue

spectrum can be found by calculating the number of modes as

a function of the wave number for a two—layer profile

(i.e. k1 = 0). Then the total nhase accumulated in the pro-

file is given by the two Airy function arguments at z

i.e.

L~ 
(~~) t~

If one takesA( z 3
) as a function of k varying between 0 and

43 one can obtain the number of modes as a function of k as

‘Vt = I d~
t

,. ~~ 
~ [t~ CL) 3”~

with 4(k) determined by

_ _ _  _ _ _ _ _ _ _ _ _  
ii ~Iv -— = — Ic%~.~~$ ~~u-~~I[,v,.~~ +~~~(1c)~~

• -~~ -~~~~~~~~ --- —------ • - - ‘- — -~-- — -- -- 
--- - •-—--— -

~
•— -• —---•

~
-- -—

~~~~
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or 
~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ k). (3 . 1 7 )

Hence 3i~. (3 .18)
~~~~ Lz~ 

{ 
~~~~

-‘-

~~~~~ 
~

or 

~~ k ~~ (~ ~ 2,~

i.e. the wave number changes with the two—thirds power of
the mode number. Differentiating with resnec-t to the mode
number yields

dk/~~. ~~~~~~~~~~~~~~~~~~~~~~
For.An 1 one obtains the spacing between eigenvalues as
a function of the mode number:

• ~~~~~~~ (
~~~~~~~~~~~

)

2/3 

~3.19 )

For the region (3.16) the eigenvalue distribution is quite
different as one can see by inverting (3.11) and differentiating
it with respect to it , after replacing A~~by (3 .17):

~~~~~ ~ ((~~..:1~~( — (3 . 20)

k 1.,~, — k  = ~~~~~~~~~~~~~~~~~~~

with the result:

~~k ( n ) = —  (~~~~~~/2fUt)~~~1 (3 21).
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i.e. in this region the sDacing between elgenvalues increases

linearly with mode number, whereas in the region k >

it decreases slowly. Hence, the average eigenvalue spacing

is a useful nuantity only in the latter region , since

there the spacing remains relatively constant except for

the first few modes . 4Ak> can be defined for this case

by dividing (3. 14) with 4~ 0 by (3.12) :

~~k 

~~ 
~ I&

{ ~ 
( - ~~ 

)
t~2. - (i-~~ 3 

)
%9
&] 

~~(3 . 22 )  

•

Taking as a s~,ecia1 case - A.,~ and 4~
i
~a ~~. A 

~ 
one gets

• 3r. 
(4)

t/3. 

( )  - 

-

= 
~~~~ (k ,. (

~~~~ 
~~~~~~f lt  ~~

• Hence a good approximate guess is

n L/Z~
J~~~ , \ — ~~ (~~~ ~A. (3.23 )
~
‘ ~ “ z4i ‘~ç~ J J-I

where H is the total water det th .

This expression is useful for establishing the sten

size for the wave number in the search for the eigenvalues.

Upon some further manipulation one can obtain the exnression

4 Ic (n) 2. / _ _ _3~~w / . (3 . 2 4 )

• 
- 

--~~ -- - -—  •-—~~~ -~~-———------~~-
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Prom this one can see that near the highest mode (it U) the
actual spacing is 2 / 3  of the average , for a = N/8 i.e. for
a very low mode the actual spacing is 4/3 of th~e average .
Hence by using 6 x (A k> as the step size one has approximately

four steps between the highest modes, 16 steps between modes

N/6 4 and N/6 4 + 1 which is usually sufficient to catch all

modes except when nearly degenerate modes are present ,

L _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _
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IV. SOLUTION OF THE CHARACTERISTIC EQUATION

As outlined in section 2 , the eigenvalue problem (1.1)

can be recast into the form (2 .29 )  or (2.30)  with the pro—
w -. b -. -~vision that the functions u~ (z ,~~~) and u~ (z ,ç ) or u~~~,cz 1~ )

satisfy the wave equation (l.la) and the boundary conditions

(l.lb ) and (l .lc) , This requirement has been met by starting

solutions of (1.la) at the boundaries z = 0 and z
matching the boundary conditions there and propagating them

layer by layer towards the joining point z ZB 
( for 2 .29)

or z ZM 
(for (2.30)),

The subscripts p on the solutions indicates that the
particular functions describe the pth eigenmode corresponding

to the eigenvalue k~ . Hence all the solutions ~~~ u~ and
u , u can be considered imi,licit functions of a variable

k which for the pth eigenfunction assumes the value k k~ .

The task of solving the eigenvalue problem (1.1) is thus

reduced to finding those values of k for which (2 .29 )  or (2 .30)

are satisfied, more precisely to finding the zeros of the

functions

~j (k) = k)~~~~~ (4 .1)

or

____ - ‘S

L — -—- —-- - —---— -— 
— -



p1 -~~ ‘~~~~~~~~~ J T i ~~:T:~~~~
:-- • • • -

3].

= u~, (~~~ ,~~,k )  ~~~ (~~~ ,~~~, k)

_ u~,&~,~’,Jc)U p (~~~~~N , p ,
k) .  (4 . 2)

As eq. (4.2) suggests, finding the eigerwãlues corresponds

to finding the zeros of the Wronskian between the down and up

solutions at the joining point . Eq. (4 .1) is essentially

equivalent to (4 .2) except that - in this case use has been made

of the fact that the up—solution is a simple exponential.

This made it possible to factor out the up—solution and in

fact drop it since it is nonzero everywhere.

An important property of the function W(k) is- that it

alternates signs between successive eigenvalues. For (4 .1)

this fact can be deduced in a straightforward way if this

equation is interpreted as a matching condition of the

derivatives of the down— and up—solutions:

I w — i i ’W k )  (A.. (~~~ .g , p, ~~~~
C)  ... tA

where subsequently the relation

~~~~~~~~~~~~~~~ k)~~~~ ~
-(

~~ 
k ) u  ~~~~ lv, k)

and the matching condition of the functions themselves

• 
~~~~~~~~~ ~ ~~ 

Id — ~~~~ 
(~~~ ,

have been used.
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It is well known that eigenfunctions of the type

u ( z , ) , regardless of their specific form , always have a

standing wave type pattern of some sort with p nodes for

the pth eigenmode . Hence if the functions u (z,~
’) are

always made to start out with the same slope at one boundary~
e.g. the surface, they will have alternately positive and

negative values at the other boundary . Therefore , since there

are no modes within the ocean floor, uW (Z~~~ ~~ , k) , and

because of (2.23 ) also ~b (Zb , ~ , k) , have different signs

between successive eigenvalues. Hence the derivatives of

uW(%, ~ ,. k) as a function of k oscillates continuously

between positive and negative values whereas the derivatives
• b • wof u (%, ~ 

, Ic) is positive (negative) as long as u (z~ ,ç, k)

is negative (positive ) and it shows the discontinuous behavior

indicated in Fig. 2 , switching signs whenever uW (zb , ~ ~ k)

àhanges sign (which is assume d to take place at points a, b, c

etc. in Pig. 2) • The plus and minus signs in Fig. 2 mark the

areas where

w -‘~~~~~~~~~~‘~~~~ ~~~~~
i

.4U U 
~~~~~~~~~~ ‘

The numbered circles indicate the locations where W(k) changes

sign, i.e. the locations of the eigenvalues.

Fig. 2 

k < 

- 

-

LJ~~~~~~~
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-‘

For eq. (4.2) an argument similar to the one just given apolies

if ZM was chosen such that the up solution is of the ex~onential

type throughout. If both the down- and up—functions have

oscillatory behavior at z = ZM one can simulate their behavior

there schematically by the functions

which have matching logarithmic derivatives at whenever k is

an integer. Then

[w (kf~ 
k~rr A3s~nk ~r

i.e., the Wronskian is zero for eigenvalues and alternatessign

only there. This simple example can also be used to show that

had one taken the condition of matching the logarithmic deriva-

tives directly ,

u~
instead of in the form of the Wronskian (4 .2) , the desirable

property of the signs alternately only at the elgenvalues

• ~—~=

_ _ _ _ _ _ _ _ _ _ _ _ _  
___________________________________________________ —- - •- - - -
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would be lost :

V (I~ ) o c  - -

~~~~ 

~~a~~~ t*~ 
51’~k rc -(1~~~~)

While V(k )  still has zeros only for k integer the sign of

V(k) now switches not only when an eigenvalue is passed (i.e.

for k = integer) but also when one of the sines in the denomi-

nator has a zero . -

Even though the arguments given above were not rigorous

the qualitative conclusions apply directly to the general case

of arbitri~-y eigenfunctions as long as these eigenfunctions

are all non—degenerate . If this restriction is lifted and

degenerate eigenmodes are possible the situation may become

rather complicated and the simple method of finding the eigen-

• 

- 

values outlined in this section would certainly no longer work .

However, it is very unlikely, as long as one is dealing with

empirical sound velocity distributions, that one should encounter

cases with truly degenerate eigenmodes . On the other hand ,

almost degenerate eigenmodes may occur occasionally in cases

where the sound velocity distribution has pronounced local minima.

The method of this section may then still be applied. However ,

a little care may be necessary to catch the sign change of W(k )

between the almost degenerate eigenvalues. 
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For the purpose of this report it will be assumed that
W ( k )  changes sign at every eigenvalue and only there. Then ,

in order to find the eigenvalues , i.e. those values of the k

for which
-~ 

-

is satisfied, one may simply use the following procedure. W(k)

is calculated as a function Of Ic with k changing lit small enough

steps and, whenever the result changes sign between two successive

steDs , one switches over to an iteration routine which locates

the exact position of the zero . The range of discrete eigen—

values is restricted to

> k > (4 .3)

The lowest eigenmode is found for k~~k~~~~ Hence the search is

started at k = kmax and proceeds by decreasing Ic steps of XKD;

the quantity XKD has to be chosen properly. If it is too small,

excessive amounts of computer time will be required to complete

the search. If it is too large the search will locate only

part of the eigenvalues. A good choice is usually

-X K 1~ ~ ~ AI~)/~ , (4 . 4)

where c~Ak) is the average eigenvalue spacing as defined in

- , section 3. If the bottom velocity CB is much larger than c~~~ ,
the maximum soun d velocity in the water , one may save consider—
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able computation time by lettering XKD increase linearly

with mode number for wave numbers

k <. =

Occasionally there are almost degenerate eigenmodes which are

separated by only

t~k~ <A ~1c) / .fOo

or even less. In those cases it is usually still best to use

(4 .4)  and catch the missed eigenvalue s by a more detailed local

search .

Formally eq. (4.1) and the method outlined for finding

Ic) is sufficient to find all eigenvalue~.. In practice,

however, several difficulties arise which have to be dealt with.

• Usually no problems arise for intermediate or high mode numbers

since in these cases the function W(Jc) is sufficiently well—

behaved near the sea floor z 
~~

. The problems which do appear

are basically caused by the fact that for low mode numbers

u~~ z , ~
‘
, Ic) has only a small oscillatory part near the sound

speed minimum and two long exponential sections between there

and the surface and the ocean floor , within which the function

drops sometimes over several hundred orders of magnitude (see

section 3) . However , despite the ex~onentiafly falling appearance ,
both exponentially falling and exponentially rising components

he~~ to be present in the solutions to allow matching of the
- • logar34hmic derivatives at the boundaries . Very near the eic~en~G



I :  37 
—

values 1 the coefficients for the exponentially rising parts

are of course extremely small so that the required exponentially

falling appearance can be achieved. However for wavenumbers

away from the eigenvalue s matching at the boundary between the

oscillating and the exponential part of u~ require large

coefficients for the exponentially rising part. This way W (k )

can assume very large values near the sea floor which may easily

exceed the capacity of the computer. And more seriously, since

a zero of W(k) has to achieved essentially by cancellation

between uW 
and its derivative the loss of accuracy due to very

near cancellation of very large numbers does not permit to

obtain a solution. Even the use of double precision arithmetic

is not sufficient in many cases. Four steps were taken to

permit the calculation of the eigenvalues despite these diffi—
• 

- 

culties :

(1) Instead of always matching the down- and up—solutions

at the sea floor (i.e. using eq. (4 .1)) the matching is sometimes

carried out at some appropriate boundary between two layers in

the water (i.e. eq. (4 .2) is used) . This makes W(k ) much more

well—behaved for the low mode numbers.

(2 )  In the cases which up—layers are introduced the

solutions increase very rapidly between the sea floor and the

matching point. To prevent exceeding the capacity of the

computer the function u~(z,~~ ,k) and its derivative u t
~~(z , ~~, -k)

are scaled down at each layer boundary in steps of 1010 until

~~~~~~~

_ _ _ _
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(3) If the solution is of the exponential type over

the whole extent of a wide layer the propagation of the

solution between the two boundaries becomes inaccurate if

it is carried out in one step. In these cases the layers

are divided into sublayers arid the solutions are only propa—

gated from one sublayer boundary to the next. This way the

chances for errors due to near cancellation of large numbers

is very much reduced.

(Li) If the Airy function arguments are large and

positive the corresponding values for the Airy functions

can easily exceed the capacity of the computer. In these

cases the Airy functions can be approximated by

A~(~ ) °

~B; (z )  oc

with corresponding expressions for the derivatives , where

may be of the order of 100 or even more .

Fortunately it turns out that one can find a formu-

lation of the problem (see eqs. (2—15) and (2-16) where these

very large or very small numbers are never needed individually

but only in pairs in such a way that each pair contains one

positive and one negative exponent. Hence , by carrying ~C (~ ),
g(~~~) etc. and the exponents along separately one can avoid

-a
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overflows and underf lows since the exponents appearing in 
F

the results are always only the small differences of two

large numbers.

The computer code described in this report uses the

method for solving the characteristic equation outlined

earlier in this section. With the additional features 5ust

discussed it can be used to solve a wide range of practical

problems. Propagation problems in the deep ocean (H’~’1e000 in)

can be solved for frequencies up to several hundred Hz with

high precision. For shallow water cases (water depth = a few

hundred meters ) the frequency range in which the program can

be used extends up to several kHz. If a few precautionary

measures are taken in preparing the profile data (see Section 7)

then the range of application is basically only limited by

the amount of computer time one is willing to spend .

• The computer code consists of the main routine SEARCH

and a set of subroutines. A detailed description of these

programs is given in the next two sections. It should be noted

that use has been made of this program in the following publi-

cation: A. Nagl, H. Uberall, A. Hat4.g and G. L. Zarur, “AdiabatiO

Mode Theory of Underwater Sound Propagation in a Range Dependent

Environment” , J. Acoust. Soc. Am. 63, 7~39(1978).

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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V. DESCRIPTION OF THE COMPUTER CODE (MAIN PROGRAM )

Purpose of this section and the next is to discuss

the set of computer codes written to solve the problem out-

lined in section 2 using the method described in section 4.

The set consists of the main program SEARCH to which this

section is devoted and the subroutines

PROP , I~ARGE , START , PR , LG , DAIRY , EXTREM, SINCOS,

PARAM and SELIAUT

which will be described in the next section.

The main program obtains input data from the sub-

routine PARA}1, which provides mainly control parameters ,

and the file NFILE(L) in which the sound velocity profiles

are stored. The inputs consist of the quantities (indices

I refer to ith layer or ith layer boundary , indices J refer

to jth profile) :

NUMBER number of boundaries for selected profile ;

(XCE ) , Y( I) , I 1, NUMBER ) = depths z . and sound

velocities c(z1,~~) for profile selected ,

CBOTM sound velocity within the sea floor. These data come

from the file NFILE(l) , the following ones from the subroutine

PARAN. - 

~~~~~~~~~~~~~~~~ ----~~~~ - - - -  ~~~~~~ ------—~~~~~~~~~~~~~~~~ • - - .-
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FREQ sound frequency r

RHO]. water density p

RHO2 density of sea floor material

XXD = step size of wave number Ic
- IPRMIN = first profile to be investigated

IPRMAX last profile to be investigated

XKST (J) starting value of k for eigenvalue search

for ~th profile

XIMCR1, depth increment and maximum depth at which
XMAX 1

depth functions are to be calculated

NOPT parameter to indicate whether or not the depth

functions are to be calculated at a second

set of depths. (MOPT 1, NO; NOPT = 2, YES)
XINCR2, depth increment and maximum depth for second
XiIAX2.

set of depth function values (needed only

if NOPT=2). -

NFIL~E(K) = Names of data files -

NFILE (l) = Profile data file

NFILE(2) = Intermediate file

NFILE(3) Depth function values at source depth

NFILE(LI) = Depth function values at receiver

depth

NFILE(5) Eigenvalues

NFILE (6) = Wave functions and derivatives at

layer boundaries

NFILE(7) = Intermediate file 
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-
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JMIND = maximum number of up-layers allowed (once the

- down—solution has reached ±his layer a switch

to the up-solution part may occur.)

ICT = maximum number of sigenvalues allowed for this run. -

NPPL (I)  = number of depth function values in i.th layer.

ISLAY = number of points at which the depth functions are

calculated (dimension of first depth function array)-.

ISOU = index of e~Lement in depth function array for source

depth.

IREC]. index element in depth function array for receiver

depth for those modes for which there are no up-

layers (if there are up—layers the index is called -

• 

- 

IREC and is computed in the program). 
-

IRLAY = dimension of second depth function array for those -

modes for which there are up—layers (neede d only if

NOPT = 2).

IRLAY1 = dimension of second depth function array for modes

• without up—layers (neede d only if NOPT ~ 2).

In executing the main program a number of essential steps can

be distinguished which are described below . In order to facilitate

associat ing variables used in the previous section with the corre-

sponding symbols in the computer code both labels are, sometimes

given, connected by an arrow . In the program listing provided in

the appendix th~ instruction , or set of instructions, each of the

following steps is concerned with, are marked by arrows or

brackets and are labeled by the appropriate step numbers.

I 
~~~~~~~~~~ 

-~~- - —  -~~~~
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• (1) Control parameters are read in from PARAM

(2) A profile is selected and the data describing it are

read in.

(3) The wave number k -+ XK for the first iteration is deter-

mined. Generally the startin g value is

However, if for a particular profile a value XKST

is provided the iterations will start with this value.

(4) This step determines the slopes S(I) and the internal

derivations for each layer. All quantities are multi—

plied with powers of H such that they come out dimension-

less (H total water depth).

(5) The search for the first eigenvalue is started at

deterrent number 890. The program returns to this

point each time the calculations for a particular eigen—

value have been completed in order to initiate the search

for the next eigenvalue.

(6) At statement number 990 the wave number k-4 X1( is

reduced in steps of Ak -~ XXD. For each value of k thus

selected the program proceeds to calculate the Wronekian

W(k). This process continues until W(k) has different

signs for two subsequent values of Ic. Then the value

of k is determined by a different part of the program as

described below. Control of the value of Ic remains

there until Ic has converged to an eigenvalue.

(7)  Calculation of W (k ) , whatever the value of Ic , is commenced

at the statement number 9914~ First .~ -~ UK is calculated.

- - This is up to a minus sign the logarithmic derivative of

_ _ _  
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the function uB (z) inside the sea floor.

(8) Then in a DO—loop which extends to statement 3 the

solution in the water is calculated by starting at the

surface with the boundary conditions u (0) = 0 and

(b)’ = IcgL/1~and propagating the function layer by

layer down towards the sea floor. The solution and

its derivative at the end of a layer CUOUT, UPOUT)

in terms of the solution and its derivative at the

beginning of the layer (UIN , UPIN) are calculated in one

of the three subroutines START, LARGE, PROP. PROP is

chosen if the argument ~4DX of the Airy functions is

smaller or equal DM, which is chosen to be 11. LARGE

is called if the argument is larger than DM. START is

used for the first layer regardless of the argument.

However, START can call LARGE if the argument is larger

than 15 in at least part of the first layer . Similarly
Ca Ll.

PROP will/LARGE if the argument is ~ 11 at the beginning

of the layer but grows > 11 somewhere within the layer.

Conversely, if the argument drops from > 11 to ~ 11 some-

where within a layer, LARGE calls PROP at this point to

complete the layer. -

This process is carried through all the way to the

sea floor unless at the start of the calculations for

some layer it is found that the argument of the Airy

functions at the end of the layer is larger than 7,

_ _ _ _  ~ 
and that in addition the layer number J is larger than JD,

~~~ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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the number of completed down layers , which can be

set as a parameter. In this case control of the

program is transferred to another section of the program

which is described in the next two paragraphs,

If this transfer does not occur and the propagation

of the solution through all the layers is completed the

program proceeds to calculate uB (zB
)
~
)SCALE and W(k)-*

FUNC which in effect corresponds to the Wronskian of the

sea floor as outlined in section 4, and then skips to

statement 45 in order to calculate the overall normalization

constant (see paragraph 12.) The program actually assumes

~
B 
(ZB
) = 1 and u3 (ZB)’ —Y with~~.4UK. In this

sense SCALE is the mismatch between u” (
%

) and uB(z3).

Since u’~(z)9 is calculated as the derivative with respect

to the argument of the Airy function (see Section 2) and

not with respect to z, u (ZE
) !...,.UPBOTM has to be divided

by the internal derivative at z Z
B 

( —AL) before it

can be used to calculate the Wronskian . The additional

factor is contained in the definition of UPBOTM to keep

the derivative dimensionless. This is also necessary

since u (z)’ is dimensionless by virtue of the fact that

the argument of the Airy functions is defined to be

dimensionless. -

(9) The section of the program described in this and the

next paragraph are entered if the arguments of the Airy fns.
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grow too large in the lower layers of the profile for

a reliable solution of the eigenvalue problem to be

• possible with the procedure outlined in the previous

paragraph. If this part of the program is entered the

result of the downward section of the calculation (UIN,

UPIN ) is kept for later use and a new solution is

started at z oO • The coefficient of the solution

within the sea, floor is chosen such that the value of

the solution at the sea floor is

tL ;’ 
~~~~~~~E) 

x cAcTTh~~o ar.

The quantity XFACT is at first set equal to one . Later

it is adjusted to provide a match of the upward part 
-

of the solution with downward part. Since u (z) for
p

z) ZB is an exponential the derivative at the sea floor

is simply:

~•t~ v (~~~ ) ‘ - Uk’~ A CT~~~iO~~~~.

In the program this result is divided by (-AL) in order

to give the derivative with respect to the argument of

the Airy functions rather than with respect to z. The

reason for this was explained in section 2 . The factor

H ( total water depth ) which also appears is included

to keep the derivative dimensionless.

Hence, because of conditions (2.23) and (2.24), the

-______ - 

boundary values for the upward solution at the sea floor are

~~~~~~~~ 
_
~~~~
_______±__ - - - - - —  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~
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UD:rIv= ~HOZ /~14O i ~~ XFA CT *
UPDX (-U~~~Id4/ (-AL)*X ~~~CT *iO~~

Starting with these values the solution in the water ,

u~
(z) , is then propagated upward layer by layer in a

DO—l oop which extends to statement #4 whereby the solu-

tion and its derivative at the end of a layer, i.e. the

upper boundary of the layer (UDOUT, UPDOUT) are calcu—

lated in terms of the solution and its derivative at the

beginning, i.e. the lower boundary , of the layer (UDIN ,

UPDIN). To carry out this calculation the subroutines

PR and LG are called if the arguments of the Airy function

are ~ 11 and ) 11 respectively. Transfers between PR

and LG within a layer can occur analogous to the procedure

outlined in paragraph 8.

(10 ) Since for the lower modes the upward solution may grow

very rapidly over many orders of magnitude (~ exp 2/3 ~. 3/2

sometimes ~~ ~~- 50 or even more) it was found necessary

to provide the possibility of scaling down the solutions

• and their derivatives at the end of each upward layer.

Generally , the downscaling consists of reducing u and u ’

in steps of 1010 until ~u (  ( l0~~~. No scaling is performed

in the uppermost up-layer. To keep track of the number

of scalings at the end of each layer , this number is

stored in the array ISC(J). This array is updated for

each new’ value of k. However, once the Wronskian has

changed signs the number of scalings at each boundary

is kept constant in order to prevent the scaling pro-

i
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cedure from disrupting the iteration process which finds

the Ic for which

If the number of scalings in two successive iterations

were allowed to be different the convergence of the

iteration process would be uncertain.

The fact that the quantity XFACT may change its value

adds another complication. XFACT corresponds to the

mismatch between the down—and up-solutions at their

joining point. Until k has converged to some eigenvalue

Jc~ , XFACTis actually kept equal to one. This does not

interfere with finding the eigenvalue. However, in order

to get a continuous solution and to find the correct value

for the normalization integral it is necessary at the end

to recalculate the solution with the eigenvalue just found

and with XFACT assuming its proper value.

In this calculation the number of scalings in each layer

may be different than before . Hence in order to keep

track of the number of scalings in the final iteration

another array has to be introduced: M SC(J) .  If the

solutions are required at two different set of depths

(NOPT 2) an additional iteration is carried out where

the number of scalings to be performed in each layer is

taken from MSC(J).

—•--

~

-- -- - •--

~ 

- -~~~~~~~~~~ -- - -~~~~~~~~~ 
-
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(11) After the calculation for all the up—layers has been

completed the Wronskian at the layer boundary where the

up— and down—solutions join , is determined. If the

program is in the phase where an eigenvalue has been found

in the previous iteration (MFL.AG 1) two additional cal—

- culations are carried out in this section. First, the

array NSC(ICOUNT , K) is determined which gives the total

number of scalings which have been carried out on the

solution with mode number ICOUNT between the sea floor

and the Kth layer. In other words1 in order to obtain the

correct values for the solution for the mode p -, ICOUNT

in the Jth layer , the solution as stored in- the file at

this point has to be multiplied by

~O* N~~ (ICOON~~ K)
10

The second operation carried out in this section concerns

the contributions of the up-layer to the normalization

integral. They are also affected by the scalings and

have to be corrected. XS (J) and XT(J) are contributions

to the normalization integral accumulated in layer J while

the solution was calculated in subroutines PR and LG ,

respectively. It was assumed that only the uppermost

up—layer (J JX) contributes significantly to the normali-

zation integral. The solution can be assumed to be

exponentially decaying for at least a considerable part

of this layer so that in the lower layers the square

of the solution will be
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insignificantly small. Hence, the contribution of all

the up-layers to the normalization integral was taken to

be

)CNORM � = ( X ~~ ( r x ) + X T  t~x)) * ~~~~~
where NS is the. difference

I~~C (7) - t~i~~C (T)

assumed over all up—layers .

(12) The contributions of the down—layers to the normalization

integral are accumulated through the variable XNORN, each

• layer adding the quantity 
-

‘it* d.

[ 1 stt~”I ct2 .

The contributions of the up—layer are calculated similarly,

added up to yield XNORM as outlined in the previous para-

graph. The calculation of these integrals is described

in the section on the subroutines. The contribution of

the solution inside the sea floor,

B
is called XNOR1. It is obtained by observing that U (z)

is an exponential with the exponent —~~~-XK. Hence the

overall normalization constant is obtained as

- 

- s~w =  (~~~~~~* xwoRr~1+xNoRM2.Y~
’
~

where the fact was taken into consideration that SCALE

- 
- 

is the mismatch between ?u ’~ 
(z3
) and ~~u

B Cz B). SQN is 

_ _ _
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stored in the file NTYPE (2) with FORMAT CD).

(13) If MFLAG 3. ( eigenvalue found in ~revious iteration)

and NOPT = 2 ( second set of depth functions requested)

the program will return to statement #994 (see paragraph 7)

to calculate the depth functions in the range

O~~~~ r Xt 1AX 2~
in steps of XIN CR2 . These values are also stored in file

N TYPE(2) .  The format in this case is PORNAT CD 20. 8) .

(14) If MFLAG 1 then all calculations concerning a particular

eigenvalue are finished when statement #892 is reached and

the program returns front this point to statement number

890 (see paragraph 5) to start the search for next

eigenvalue.

(15) The program enters this section only once for each eigen-.

value , namely if it is found that the wave numbers for

two successive iterations differ by less than ~~~~~ This
condition~is used as the criterion that the search for the

eigenvalue has converged. The value Ic -~ XK obtained is

stored in file NTYPE( 2) with FORMAT (D) • If there - are up—

layers the mismatch between the down— and the up—solutions

(XFACT) is calculated here and the program returns to

statement number 994 (see paragraph 7) with MFLAG = 1

for one (1’IOPT 1) or two (NOPT = 2) additional iterations

in which the following quantities are calculated and

stored (as already partially indicated above):

-- 
(1) contributions from each layer to the normalization

integral

L 
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(ii) the values of the solution U’~ (Z ) at one or two

different sets of depths .

(iii) the values of the solutions and their derivatives

- at each layer bc*indary.

(16) This section of the program determines the wave number

k for the next iteration. If the Wronskian W (k) has

not changed sign since the last eigenvalue was found -

(IFLAG = 0) the program returns to statement #990 where

k..~~XK is reduced by~~k -’)XKD . If the Wronskian has

changed sign between this iteration and the previous one,

JFLAG is set equal to 1 and the wave number for the next

iteration is calculated by quadratic- - interpolation:

~~~~~~ -[ W ( k~ -W ( k~ )I (L-k~-~).
If JFL~~ = 1 already , k for the next iteration is

calculated by linear interpolation:

w ( k .~
) ( 1

\W ( kqi ‘
) — \Af (Ji ~:,~~ j) ~. — 

~~~~~~~ I ,

and the program also returns to statement number 994.

(17) This section of the program is entered after all eigen—

values for a particular profile have been found. It

essentially reads back all the data written into file

• 
• 

‘I
, -

- • . - — — - 

-
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NFILE(l), pickes out the depth function values at the

source and receiver depths and normalizes them. Then , 
-

it stores- the values at the source depth for all modes

into file FILE (3), the corresponding values at the —

receiver depths into file NFILE (4), the eigenvalues into

Li1eNFILE (5), the wave functions and their derivatives

at the larger boundaries into file NFILE (6). In all

cases FORZ4AT (86D) is used.
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VI. DESCRIPTION OF THE COMPUTER CODE (SUBROUTINES).

Subroutine SELAUT

This routine transfers the data for the selected profile

from the profile data file NFILE (1) to the temporary

file NF1LE (2) convertIng them in the process into a

format which is convenient for reading them to the main

program SEARCH. This arrangement is convenient since

the main program does not have to be changed if for some

reason the arrangement of the data in the profile data

field should be altered.

- 
Subroutine PARAM

Purpose of this program is to provide a convenient input

channel for all the input parameters except the profile

data. Through the set of input parameters provided it is

usually possible to set up the program for specific cases

without having to change and recompile the main program

and any of the other subroutines every time. The set of

parameters provided is listed in the prevIous sect ion ,

where the main program is described. Information on how

to set up a run is given in section 7.



_ _ _  -

- 55

Subroutines DAIRY

It calculates the Airy functions and their derivatives

to 14 significant digits for arguments in the range

—l000< DX<15

It is called from START, PROP and PR. The arguments

for which the Airy functions are needed in these subroutines

are usually smaller than DM, which is 11 in PROP and PR

and 15 in START.

If the argument is larger than that value in some part

of a layer the program switches over to LARGE or LG.

The only time when the argument can be larger than 11

in PROP and PR is in the case 0± a layer in which the

argument decreases from above 11 to below 11. Then the

program starts the layer in LARGER or LG and then switches

to PROP or PR at the beginning of the sublayer in which

- 
the argument decreases below 11. At this point the argu-

ment may be- larger than~ll by the amount DA by which the

argument may change within a sub—layer. Hence if one

makes sure that DA (4 the arguments for which DAIRY is

used always stay below the upper limit for which DAIRY

is defined.

—--- - - - -- -  --S

_ _
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For layers with very small slopes in the velocity profile

the arguments may fall considerably below —1000 (see

section 3). For these cases the

Subroutine SINCOS

is called which uses the asymptotic expansion for large

negative arguments given in (3.1).

Subroutine EXTREM -

Calculates the Airy functions and their derivatives

for large positive arguments. This routine is called

from LARGE and LG. The arguments for which the Airy

functions are needed there are usually larger than 11.

An exception are the calculations in a sublayer in which

the arguments rise above or fall below 11, i.e. -th e.

sublayers at the beginning (the end) of which the switch

from (to) the routines PROP-, START or LG occurs. Then

the arguments can be below 11 by the amount by which they

can change within a sublayer.

This means that the ranges of arguments fo which EXTREM

is called extends from about 7 to possibly several hundred.

To avoid overflows resulting from the corresponding large

values for the Airy functions the results are given in

2 parts, one being the exponent of the asymptotic form

(= ZETA), the other one the value of the polynomial

--

~

— ——— -_ -- - —
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multiplying the exponential (see (3.1)). In order to

take advantage of the .high precision of the subroutine

DAIRY for the smaller arguments, this routine is called

b~ EXTREM to calculate the Airy functions for arguments

~ 15.

Purpose of the remaining five subroutines (PROP, PR,

START. LARGE, LG) is to carry out the following functions:

(1) To provide the depth functions and derivatives at the

end of an interval in terms of the depth function and its

derivative at the beginning of the interval. START, P~~P

and LARGE are used for down—layers , and PR and LG for up—

layers. (2) If MFLAG = 1, to calculate the integral of the

square of the depth function over the range of the layer.

(3) If MFLAG = 1, to calculate the depth function at

integer multiples of XINCR. The inputs to all 5 of these

routines are with a few exceptions:

AL , BE quantities in +er,~s of which the arguments of

the Airy functions are defined. According to

(2.10) the arguments can be written as

or — Al— k ( B E ÷ X ) 1
where AL corresponds to the internal derivative 4~’/da

and BE to d pL(~’)/ç (f’), w~~k d~. (~~~~~~~ ) 
being

defined by (2.9). AL and BE can always be assumed

—4 
- - —- --“- - - -- - - -- - - ---

~~—-——-— 
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to be constant within the range (X,XJ) of the

- interval. Hence the arguments of the Airy -

functions are always either a monotonically

increasing or a monoionically decreasing function

of the depth.

X , XJ Depth variables defining the beginning and the

end oI the depth interval for which the calcu—

lations are performed.

U, UP Depth function and its derivative at beginning

of the interval.

XNEW Depth variable which is changed in increments

of XINCR inside the subroutines. It specifies

the depth at which depth functions may be calcu-

lated and it is used to define the boundaries

of subJ.ayers. The input value of- this variable

is always ~ X for START, PROP, LARGE and ~ X for

PR, LG.

XINCR Step size with which the depth variable XNEW may

be changed.

TT Ratio of internal derivatives at boundary between

two intervals as defined in (2.13’) (internal

derivative for previous interval divided by

internal derivative for this interval).
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MFLAG Flag that is set in the main program SEARCH and

transmitted to the subroutines through a COMMON

statement. - It indi cates that an eigenvalue has

just been found. In the subroutines it sets up

the conditions for calculating the contribution

to the normalization integral from the layer under

consideration and, if in addition t.WLAGL = 1, for

calculating the depth functions at prescribed depths.

MFLAG~ This flag is also transmitted to the subro~.ttines

through a cOMMoN statement. It is set to 1 in the

main program SEARCH if the maximum depths (XMAXL

or XM~X~.), down to which the values of the depth

functions are reqüested~are within or below the H

layer under consideration. If the flag has the

value 1 it causes the subroutines to calculate the

depth functions for all values of XNEW which fall

inside the interval, provided NFLAG also has the

value 1. -

— -—  —-—-~ - --- --.  4.
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The output from the subroutines consists of:

(Jr , (J?J Depth function and its derivative at end of interval.

During execution of the subroutines this variable

has been increased (START, PROP, LARGE) or decreased

(PR, LG) by an integer multiple of XINCR from its

input value. Its output value is always ~ XJ for

START, PROP, LARGE, and ~ XJ for PR and LG.

XNORM This is the variable through which the contribution

to the normalization integral of all the down—layers

is accumulated . i.e. whenever any of the subroutines

START, PROP , or LARGE is called and the condition

MFLAG = 1 exists the integral of the square of the

depth function within the layer boundaries is

calculated and the result added to XNORM. The

variable is transmitted to and from the main program

via a COMMON statement.

XISQ, These are the contributions to the normalization

X2SQ integral calculated in the subroutines PR (iIxlsQ)

and PG (~X2SQ) . PR and LG have both quantities as

arguments since a transfer between the 2 subroutines

can occur within a layer. The contribution of all

the up—tayers are added up in the main program. 
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Subroutines PROP_and PR have a similar structure and are therefore

discussed together. They consist essentially of 3 sections:

Section (1): Calculations at the beginning of the layer. The

coefficients AJ, BJ of the Airy functions defining the depth

function in this layer are determined here following eqs. (2-13’).

If MELAG = 1 the value of the normalization integral at the start

of the integration interval ( =)EG) is also calculated at this point.

Section (2): Calculations at sublayer boundaries. This section

is entered in two cases: -

(a) If the argument of the Airy function at XJ, the end of the

layer, is > 11.

(b) If MFLAGi = 1, i.e. if the calculation of the depth function

at points within this layer is requested. In both cases sublayer

boundaries are established within the layer at regular intervals,

starting with the input value of XNEW increased for PROP (decreased

for PR) by XINCR and then proceeding in steps of XINCR. At each

boundary the values of depth function (WF) and its derivative (WP)

are calculated. In case (2) the depth function at each sub].ayer

boundary is stored in file NFILE (2) with FORMAT (D20..8). In

case (1) the program proceeds from one sublayer to the next until

at some sublayer boundary the argument of the Airy function exceeds

L - -
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11. Then subroutine LARGE is called using as inputs

X = XNEW

U W F

UP = WP

TT = 1 (since the internal derivatives do not change across

the sublayer bcundaries),

completing there the remainder of the calculation for this layer.

After completion of the CALL statement the program immediately

returns to the main program. If MFLAG = 1 the value of the norma-

lization integral at the latest XNEW is calculated (-CEN) and

the quantity (-CEN -BEG) is added to XNORM before returning to

the main program, i.e. the contribution to the normalization integral

of the region between the beginning of the layer and the XNEW at

which the transfer to LARGE occurs as added to the total.

Section (3): Unless a transfer to subroutines LARGE occurred

in Section 2 the calculations in PROP and PR are wound up by

calculating the depth function and its derivative at the end of

the layer (i.e. U3’, UPJ) and if MFLAG = 1 by calculating the

normalization integral at the end of the layer - (—CEN) and adding

the difference to XNORM. If Section 2 was skipped (i.e. if the

argument of the Airy functions was smaller than 11 for the whole

layer and if MFLAG1 was 0, so that the depth func tions did not 

~—_------ ‘- - --~ ----- -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
——---—- --- 
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have to be calculated inside this layer), then XNEW still has

its initial value and it has to be updated. If the argument of

the Airy functions is ~ 11 at the beginning of the layer but > 11

at the end , only the solution for the first part of the layer is

calculated in PROP C or PR) up to the last sublayer baa ndary at

which the argument is less than 11. The solution for the rest

of the layer is then calculated in LARGE (or LG) as indicated above.

The argument at which the transfer occurs may be from very slightly

less than 11 to considerably less than 11. The latter is the case

if the slope is large and the argument at the next sublayer boundary

is just above 11. The reverse case where the argument is)~ 11 at -

the beginning of the layer and~ 11 at th e end , i.e. when the calcu—

].ations for the first part of the layer are made in LARGE (or LG)

and then the transfer is made to PROP (or PR) is discussed in the

section on LARGE and LG.

Subroutine START is called to perform the calculations in the

layer nearest the surface. It contains 4 sections: the first

three are used if the argument of the Airy functions remain below

15 for the whole layer, the fourth one if the argument exceeds 15

for at least part of the layer.

Section 1: calculations at the surface. Calculation of the

coefficients to the Airy functions according to assumptions

(2—18) and (2—19) . If MFLAG = 1 the value of the normalization

integral at the surface is also determined here.

_—_------—

~

---
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Section 2: calculations at the end of the layer. This

section determines the depth function and its derivative

at the end of the layer and, if MFLAG = 1. the contribution

ZNORM of the layer to the normalization integral XNORM.

Section 3: updates XNEW to the largest value~~ XJ and for

MFLAG{ = 1 calculates the depth function inside the first

layer at intervals XIbICR and writes them into -file - NFILE (2).

Section 4: This section is used to transfer the calculations

for the entire first layer to LARGE. This is doe if anywhere

inside the layer the argument of the Airy function exceeds

15. For the part of the layer for which the argument is

15 the calculation should actually be done in START but

it is assumed that if the argument is > 15 somewhere in

the layer it is not much less anywhere else. This is a

reasonable assumption since surface layers with large argu-

ments are never very wide. So -the argument may be large but

it cannot vary much over the extent of the layer.

Subroutines LARGE and LG again have similar structure and may

therefore be discussed together. These subroutines are used for

those intervals in which the Airy function arguments are large
- ()  DM). Such an interval may extend over a whole layer or over  

—  
. - - -- . - — -- . 

— -- .— —-.-
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part of a layer. Since the Airy function arguments are monotonically

increasing or decreasing withYa layer, it is clear that of the

arguments at the beginning (= DX) and at the end (= Dxl) at least

one must be l arger than DM, ~f the routines LARGE and LG are involved

in the calculation for a particular layer, and one can distinguish

3 cases:

(1) DX> DM and DXI> DM. The layer is calculated entirely

- 
by LARGE or LG (interval extends between the layer

boundaries X and XJ.)

(2) DX > DM but DX1 ~~ DM. First part of layer is calculated

in LARGE or LG (interval extends from X to value of XNEW

• at switch. For calculations of remainder of layer PROP

or PR are called. -

(3) DX ~~DM, Dxl> DM. First part of layer is calculated

- in PROP or PR. For calculations of remainder of layer

LAROE or LG are called by PROP or PR (interval extends

from value of XNEW at switch to XJ).

All intervals for which LARGE and LG are used are divided up

into sublayers of width XINCR, and the depth functions are

propagated from one sublayer boundary to the next using eqs. (2-15).

The first sublayer boundary extends from X (= interval boundary,

which is the layer boundary in cases (1) and (2) and the value of

XNEW at the switch in case (3) )  to XNEW. + XINCR, the f irstinput

_ _  -- -—- -_ - - - .- - - -—
~~~~~~
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sublayer boundary within the interval. Subsequent sublayers are

established by changing the depth variable XNEW in steps of XINCR

and using these values as boundaries. The last sublayer extends

from the highest (lowest) value for XNEW which is ~ Li (~~~ xJ).

or in case (3) to the first value of XNEW for which the Airy function

argument is <11.

Both LARGE and LG essentially consist of 3 sections:

Section (1):- At the beginning of the interval only the Airy

functions for the argument -at this point are calculated.

Section (2): Calculations for each sublayer. The solutions are

propagated from one sublayer to the next by expressing the depth

functions and their derivatives at the end of each sublayer (Ul,

U1P) in terms of the corresponding values at the end of the previous

subl.ayer (U, UP) and the coefficients C~~ following eqs. (2—16).

If MFLAG = 1 the depth function value is written into the file 
-

UFILE (2) at every value of XNEW inside the interval.

If MELAG = 1 the contribution of the sublayer to the normalization

integral is calculated.

If at some sublayer boundary it is found that within the following

sublayer the Airy function argument goes below DM, the calculations 
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are transferred to PROP or PR, in the case MFLAG = 1 af ter the

contribution of all the sublayers up to this point to the norma-

lization integral is calculated and added to XNORM.

The argument at which the transfer occurs may vary from slightly

larger than 11 to considerably larger than 11. The latter case

may happen if the argument changes very much over the extent of

the sublayer and it is only slightly less than 11 at the next

sublayer boundary. This means that the Airy function argument

could be larger than 11. This means that the Airy function argument

could be larger than 15 for calculations in PROP or PR. This could

cause problems since the subroutine DAIRY which is used in PROP

and PR for calculating the Airy furc tions is accurate only for

arguments below 15, and more seriou sly, the value of the Airy

funct ions may exceed the capacity of the computer if the argument

is allowed to go too high. In order to avoid these problems the

width of the sublayers should be chosen small enough- to keep the -

change in the Airy function arguments within a sublayer below

4.

According to (3.6) the difference in the Airy function arguments

can be written as -

= - (Z~’k,M;,~) 
~~~~~~~~~~~~~~~~~~~~

where

- ~ = (&/&~) (~~~~~+~~ 
- &/ ~~)~IWC R 

~~~~~~~~~~~~~ ±:~.
-
ii±~

_ 
- -
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~~~

i.e. the difference in the a’s is just the sound velocity slope

in the layer times the thickness of the sublayer. Hence

“3 E’~~ 
£/3

~~~~~~~~~~~ (
~~df~~~
) XIW ~R ,

So in order to keep the Airy function arguments from exceeding

15 for calculations in PROP and PR, XINCR should be chosen such

that

_ _ _ _ _  

2, ~~~
. ~~

_ _ _ _- ~ xP~JCR .~ 
(s.d.)

L

for all layers.

Section (31: Calculations at the end of a layer consist of propa—

gating the solution from the last sublayer boundary to the end of

the layer and if MFLAG = .1 of calculating- the contribution of the

whole interval to the normalization integral and adding it to

XNORM.

_ _  _ _  _  ~~~~~~~~~~~~~~~~~~~~~
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VII. INSTRUCTIONS FOR USING ThE COMPUTER CODE

This section outlines the steps necessary to obtain the solutions

to the eigenvalue problem (1.1) using the computer code described

in the previous two sections.

(1) Preparation of input parameters (entered into PARA .~~~

(NFILE (J) , J = 1.5) Naming of files:

- - J = 1- profile file

= 2 temporary file

3 = 3 depth functions al source depth

3 = 4 depth functions al receiver depth

3 = 5 eigenvalue file

3 = 6 file for depth functions and

derivatives at layer boundaries

FREQ, RHO1, RHO2 Sound frequency, water density, seafloor
density

IPRMI N, IPEMAX First and last profile to be investigated

XKST(J) Starting value of k for eigenvalue

search for jth profile. Ordinarily

the values of this array are all set

equal to 1000. This way the first

mode to be found will be the one with

- mode nunther one. If desired a run

can be started with a higher mode -

number by specifying the appropriate

L _ _ _ _ _ _  _ _ _
_ _ _ _ _ _ _ _ _ _
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values of the wave numbers XKST for

each of the selected profiles.

ICT This parameter specifies the number

of modes to be calculated. If a number

)N (N = maximum number of modes for a

profile) is selected all modes are

calculated.

JMIND Maximum number of up—layers allowed.

Usually a good choice is to take one

less than the number of layers below

the location of the sound speed minimum.

XKD Step siZe of wave fl~tmber during search

- 
for sign change of W(k). This quantity

determines to a large extent the amount

of computer time required for a parti-

cular profile. A good value to start

with is XIW = (Ak)/6 with
<~k) 

as

defined by (3-23). For the region

• - k< ~~ c-c * c - c .C B max max mmmax
the spacing between eigenvalues increases

linearly with mode number according to (3.21)

Hence, if 
-

C - C  >~
-.
~~~C - C .•

B max max mm

with, e.g.,

C . ~ 1490 rn/a, C ‘~ 1540 rn/a,mm - max
C
B~~ 

1800 rn/a , 
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the spacing between eigenvalues can

9row very large and one can save a

considerable amount of computer time

if the step size XKD is made to increase I

linearly with mode number when searching

• • _ _ _for emgenvalues in the region k
~c 

-

max
This can be done by making use of (3—21).

increasing X}~ by

iremm

each time an eigenvalue has been found.

XINC~1, XMAX1 These quantities specif y the depth

XINCR2, XMAX2 at which the depth functions are calculated.

NOPT - In addit ion XINCR1 and XINCR2 determine

the widths of the sublayers.

If the source and receiver depths are

related by an integer or if they have

a convenient common factor the depth

functions at both locations can be calcu-

lated with one pass through the program

after a particular eigenvalue has been

found. In this case one sets

- ~i:i~~ ~~~~~~~ -±--- ~~~ -~~~~~~~~~~~~~~~~~~~ -~~ --- 
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NOPT 1

and XINcR2, XMAX2 are not needed.

XINCR1 is chosen such that both the source

and receiver depth are an integer multiple

of it and XMAX1 is taken to be the source

or receiver depth, whichever is larger

(e.g., source depth = 200m, receiver depth

= 500m, XINCR1 = lOOm, XMAX1 500in).

If the source and receiver depth have no

convenient common factor (e.g. sorce depth

= 29m, receiver depth = lOOm) the depth

functions at these depths are calculated

at two different passes through the program.

In this case

- 

- 
-

J ~~~~~~~~~~~ 
-

______
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NOPT = 2

XINCR1= XMAX1 = Source depth

XINCR2 = XMAX2 = Receiver depth.
The option NOPT = 1 must also be used if

the receiver position falls into an

up—layer. This case occurs when the

water depth is very large and the mcèiver

is located near the ocean floor. At

the end of section 6 it was mentioned

that there is a .constrairt~on XINCR,

which took the form (6.1). Accordingly

XINCR1 and XINCR2 have to satisfy the

-

• 

- 
condition

XINCR1, XIt~CR2< 1400

where 1 is the frequency and (A /h)

the maximum sound speed gradient of profile.

NPPL(I ) , ISLAY, are the parameters needed to extract

ISOU, IREC1, the desired output data (eigenvalues ,

IELAY, IBI1AYj. normalized depth function at source

and receiver and the depth function- and

their derivatives at each layer boundary)

from the temporary output file NFILE(2).

- - - - —--- ~~ -

_ _  _ _ _ _ _ _  
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If NOPT ~~~~
- 1 only the first  4 parameters

are needed. NPPL(II gives the number

of data points in each layer (the

surface is not counted as a data point,

data points at layer boundaries belong

to the preceeding layer), i.e. if XINCR1

= 50 and the widths of the first and sec-

ond layer are lOOm and 240m, NPPL~1) = 2

and NPPL(2) = 5, etc.

Data are taken at intervals of

XINCR1 to the largest multiple of

XINCR1 which falls into the layer in

which XMAX1 lies. ISLAY is the total

number of data points taken, ISOU and

IRECi specify the data points which

correspond o the source and receive r -

depths respectively. If e.g. the source

depth is lOOm, the receiver depth 150m,

in the example given above , then

ISLAY = 7 (= NPPL (l) + NPPL(2))

ISOU=2

I RE C 1 =3

:—----—- - ---—---
~~~~ If NOPT = 2 the depth functions a t the

receiver depth are obtained in a second

___ 1_ _
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• loop through the programs as explained

above. If the receiver position does

not fat]. in an up-layer for any of the

modes one sets

IRLAY = IRLAX1 = total number of
data points taken.

If the receiver depth does fall into

an up—layer- -for some modes then it - 

--

is necessarily very large and one sets

XMAX2 = total Water depth H.

Then

IRLAY1 = total number of data

points taken (~~~ H/XINCR2 )

and

IRLAY = IRLAY1 if the ocean bottom

is not a data point,

IRLAY = IRLAY1—l if the ocean bottom

is a data point.

(2) Preparation of profile data file. The data essentially consist 
-

of the array (1.2) plus the corresponding depth values Z., .

Someti’mes the sound velocities are not given as the same depth

- - for all profiles. Therefore the depth values are also taken

as a function of range.

_  _ _ _ _  _ _  _
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The profile data file is read by the subroutine SELAUT. At

present the following data structure is assumed:

1st line: N = Number of layer boundaries for first profile,

- FORMAT (13) .

2nd—jth lines: N + 1 velocity values, 5 to a line , FORMAT (5Dl4.7)

= sound velocity at each layer boundary + bottom velocity

for first profile.

(j + l)st—-k th line: N + 1 depth values, 5 to a line, FORMAT

(5Dl4.7) = depth values of layer boundaries + bottom depth

for first profile.

lst—kth line repeated for each additional profile.

If this arrangement is found inconvenient it can easily be

changed. The only program affected by this change would be the

short subroutine SELAUT.

The program in its general form does not accept isovelocity

layers. From (3.6) one can see that for those cases the Airy

function arguments become eô and (3.1) shows that the Airy

functions are not defined there. Isovelocity layers do rarely

occur in empirical profiles and if they do they can easily be

avoided by replacing the vanishing slopes by very small slopes

(e.g. .01 ‘n /sec per lOOm). If desired the program can

S

.

-~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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easily be generalized to include the (essentially trivial case)

of isovelocity layers by adding 2 subroutines which propagate

- the down — . and up— solutions for these cases between layer

boundaries and wh ich are called by the ma in program in place

of PROP , LARGE or START and PP or LG.

Before setting up the profile data file it is necessary to check

the width s of the vertical layers and to make sure they do not

exceed a c-9rtain maximum value which is given by the requirement

that the Airy functions should not grow or decay within one

layer by more than the maximum number the computer can handle.

The program in its present form was written for the PDP1O

in which the exponents are limited to 
~ ± 35. At the end of

each up—layer the depth functions are scaled down to ~

Hence the maximum allowable growth within one up—layer is

40 6010 (or 10 for the bottom layer where the depth function is

• —25
made to start out with~-’1O ). Layers which do not satisfy

this requirement have to be subdivided. An estimate for

the maximum allowable layer width can be obtained by using

the formulas derived in section 3. From there it follows that

the. Airy function arguments within the lowest layer (which

is usually the one causing trouble) is

_ __ __ __ _
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~~ (z) = (2~a)2 A ./ h . )
”

~~ (Z -ZJ / C i .

The ratio of the Airy function values at 2 locations within

that layer is

_ _ _ _  — ~~~~~~ ~
.(•~~~)~

I’L1

r~ (
~~~~
/
~
4
~
)
~
Ft R , 1(~~~~)~

t

where .A ,/h is the sound speed gradient and h the width of

the layer. For the example chosen in section 3 (f 250 Ha.
A / h  = .015 1/3 and h = 3000 m):

_ 
iO~~~

23 [( ! 1)

AL~~) -

Wi th = 
~ B = 4000 m , Z1 = 1000 m as in the example one

obtains

- • 
- 

A~~~ -~ 2.13,•—~ $ 
~~)2./

as before (see section 3). Hence in this case the 3000 m wide

bottom layer would have to be divided up into about 6 separate

layers of 500 m each.

The example presented is actually something like an extreme

case sire 250 fJ~ for a deep ocean case is about the upper limit

L._ _ _  ~~~~~~~~~~~~~~~~~ 
_ _
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— of application for the normal mode theory and furthermore the

layer thicknesses as they are usually given rarely exceed 1000 m.

Hence only in rare cases do layers have to be divided up. The

program presented in this report was written for the PDP1O

in which the exponents are limited to~~..± 35. For a machine

with a larger exponent range the restrictions on the layer widths

can of course be relaxed correspondingly.

(3) Adlustment of array dimensions.

The maximum number of layers in any of the profiles determines

the dimension of the arrays-

ISC, MSC, S, B, X, Y, T, TD, C, P. ALPE, XS, XT, NPPL.

and the second dimension of

NSC.

The dimensions of these quantities should be chosen as the

number of layers + 2.

The dimension of the arrays

JUPA, IRECA,

the first dimension of

NSC -

and the second dimensions of

UO, UF, XKA

are determined by the maximum number of modes obtained for a~y

particular profile. -

~

0 

-

~~

_ _ _ _ _ _ _
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The array

XKST

has to be dimensioned according to the number of profiles.

Dimens ioned arrays are l imited to the main program, except for

XKST and NFILE

which appear both in the main program and in the subroutines

PARAI4 and

X a n d Y

which are used in SELAUT.

(4) Execution of program.

After the preparations described in (1)— (3) are taken care of -

the program can be executed. The following routines and files

are involved:

Main program: SEARCH

Subroutines: PARAM, START. PROP, LARGE. PR , LG, DAIRY,

EXTRE M. SELAUT

Profile dat a file: NFILE (1)

The results of the calculations is output through the files

NFILE (3) :  depth f unctions at source depth

NFILE (4) : depth functions at receiver depth

NFILE (5): eigenvalues

NFILE (6) :  depth functions and derivatives, at layer boundaries

—

--

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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(5) Mode number test ,

If the eigenvalue spectrum contains almost degenerate modes

it is possible that the search procedure contained in the

program skipped over some modes. Therefore after execution of

the program one has to carry out a check to see whether the

eigenvalue spectrum for each of the pro-files is complete.

This consists of rerunning the program for the highest mode

for each profile (using the appropriate starting values XKST

for the eigenvalue search) with a sufficiently small XINCR].

to obtain a complete picture of the modes and plotting the modes

as a function of depth. The depth function values can be taken

from the temporary file NFILE(2). If one finds that for a

particular profile the number of modes corresponds to the mode

number then one can conclude that the solution of the eigenvalue

problem was successfully completed for this profile. If the

number of modes is larger than the mode muinber this means that

some modes are missing. The missing modes can be found by

repeating the procedure described above for some lower modes

(e.g. starting with a mode number -~ 1/4 of the highest mode

number) , until the mode number of the missing modes has been

established. The exact location of the missing modes can

then be found by running the program between the neighboring two

modes with a sufficiently small XKD. 
-

~~~~
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00610 00 67 !~ 2 INMIN
- 1062L_ 1t11~ALPHU~U.1ALPM1 I)

( 00630 67 CONTINUE
____ 00 6 40 _190 ~ELA1i~~ 

-
~~~

00650 !CAL O
C _____ 90660 _ XikX~XMAXtL~__________________________________________________________________

00670 XINCR X !NCRIIH
iF1LCQuNT.~ O.- I~ T~ ~O Tfl ~80

( - 00690 M F LAG O
____ 00700 ___ . _JtELAG3.!0__________________________________________________________

OøljO XNORM O,000
( ffi0720______________ __________________________________________________________________________

00730 KFLAG:O
0074 9 . .  — _ _ _~~rAar;1.LDo

( ~Ø750 990 XK :X K XK D - 
~~~~~ — (Ga)

- _ .  00760 _ U8QT RNQ2tR~(Ot - 
-

00770 I F ( X K , G T . ( O M / C R O T M ) )  GO TO 991
( ____ 007~0 _ _t[_CX ~D.~~~~~~ S j G LIL980

00790 X K:X K.xK D
xKo~xXo$~10_____________________________________________________________

( GO TO 999 -

- 

-

00830 DO 20 I:3.,NMIN
( - 0Ø8~0 ___ JSCtR~

0______________________________________________________________________
008;0 20 MSC (I)~000860 - 994 CONT INUE ___ __ . —

~~~ ~L7)
( 00870 UK O S Q RT CCXK * .2 )~~( ( OM/CBO T M)e *2 )~00880 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~- 00890 JTE R~JTER.1
( 

~~~~~~~~~ 
_ _ _ XN~H2!iX~!~2i _____________________

009j0 00 3 J~ i.NMIN -
- - 00920 _ . . JUP~0 -

( @0930 T T 2 T C J )
00940 _ _ _ _

~IEJ~~C.~
) .~ T.XHAXLMFiLAGt~

0_________________________ ____________________

a~ 9~ 0 j F(J .EO , t) X NEW :—X I NCR
( 00960 -— ______________________________ _________________

00970 AL:SN9(S(J)**TH)
- OO 9a Ø $IJ !ctJ)~XN~.______________________________________ ____________________

- ( 00990 BE:B(J)/S(J)
0,1090_~~~ _________________________ ___________——
01010 0X12—AL*(X (J.I)*8E)

- ( 
- 

_ SW~~~~0~~__. —___________________ ____________________-

0,1030 IF (J.EO,t) CALL STARTCAL,BE.X {J),X (J,1),UOUT,UPOUT,
- - 0,1040 _ ._L_ XNEW,XiNC.R1 SM,II)___________________________________________________

03.050 1F J,Eo,&) CO TO 83.2

12 0,1070 !F(J .LE.JD) GO TO 605
( _ i i  0,1080 -- ___!f iKFLA~ j EQ~I)~~ Q_lO_600 - ________________________

ic 01090 I FC 0 X 3 , . L E.7) CO TO 605
______________________________________________ 

-
d 013.10 j o :J—3

____Co TO 600 _____________________

• 
- 03130 605 cONTINUE

& 0~,140_ _ _ _ _ _ _  ______________ _____________________

033 50 1 UOUT,UP1N .UP OUT ,XNEW ,XIN CR,TT) . -

3 
_____________( .

L. ~~~~~~~~~~~~~ 
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01160 jF (DX .LE~OM ) -CALL PROP (AL,8E,X~~~~1LL’i.),UIN,( 03.370 1 UOUT.UPIN ,UPOUT ,XNEW ,X INCR .TT)
03.180 - .!,12 ..  U1N~ U O UT ______________________________________________________________
03.390 UPIN :UPOUT -( 03200 IF (MFLA ~ .NE.i.OR.ICkL~tO.IJ_GO TO jiS — __________________ -

012j0 IF (J .N(.t) GO TO 120
03.220 - — - - CALL 0AIRYC~ AL*9E,A A PaEL~8~PL — ________—- - — —--- — —

( 03.230 - UOU10 0.
- - 03240 UP0U1T0;OABStBL~A1P—AL’0LP) -i,~L —

03.250 JPL:1 -
( 01260 WR ITE ( NFILC1 7J 30J~~ PL~KFLAGLX(,1LAL,9EIUOU1~0 UPaUT0 _____________

01270 120 CONTINUE
— 01280 - - - JPLuJkL _

~~~~.  _ _ __ _ _.  - _______— 

( 03290 WR ITE ( N F ILE ( 7 )  .3.30) JPL,pCFt AG ,X (J ’j )  .A L,BE.UO UT ,UPO UT
- 0j 3~ 0 130 F O R M A T( 2L4,5~

) 
- ____________________

03.3j0 115 CONTINUE( 
- -- - -  01.320 - - 3 CONTINUL _ ______________________________________ J __ __ 

_____-

03.330 SCALE UBOT M/U IN
- 

03.340 - - ScALE2;(SCAL~**a)_~~~~~__________ -( 03.350 UpBOT M=~.NaUK/ ~.A L
-- 03.360 - FUNCs UIN’ UP9OTM ~ LJ P L N * L jBO X & . _  ____________________

03.370 XP-40RM 2 0,000( 
- - 0i380 GO T O  4 5_ _ ___ _ ____ _____________________  ___________

03.390 600 CONTINUE
- Øj 4~ 0 KF LAG I ~~~~~~~~~ _ __ _ ~~~~_ _ _  ________ - _____

( Øj 4 jO IS w~ ICOUNT.j
01~ 2ø J X:J  ___________________ __________

01~ 30 00 4 J=NM !N,Jx,.j
( 

- - 03440 - JUP~ NMIN”JX.L __ _ _______ _~~_~~~~~__________ ___—__ - -

FCT ~ 1,0D0
03.460 M SO  - - _ -~~ ( 03.470 IF (MF LA G1.EQ. j )  MS;j
0148w - ! r ( x c ~~) .Cy . x MA x ,ANo. Ms.E o~n_j 1rJAai a~~~~ _.________ 

____ _____

03.490 IF(,J .Eo. NM !N) XN EW ~ 3 ,000( 03.500 - - SN : S ( J ) / OABS t S ( J ) L~~~~~~~_ _________________________ - —-_____

0~ 5j0 A~~ S P 4 * ( S C J ) * * y ~~01520 - - T D ( J ) AL PH(J .1)/ALP M[.L) ____ 
~~~~~~_ _ _____ -( 03530 !F(J .LT. NM !N) GO 10 606

- - 03.54 0 -- TD )1,000/AL__ ___________________________________ _____________

03.550 UD!N:UPOT M*Xr ACT ,1,0025( 
— - 03.560 UPOIN~~ H°UK/~ AL_ _ ____________________________- -______

01570 UPDIN UPDIN*XFACT/ j,0025
- - 03560 606 -- CONT INUE _

~~~~~~~~ .____ _________ 
____________-- 

____________-( 
- 

01590 8(J)~ C ( J ) — X N
-- 

01600 
- BE:B (J)/S(J~ - ____________________________________ _____________ —- 

016 10 
- 

Dx1 :—AL .(X (,J),RC) 
— --_____________

( 
- 01620 _ _ O X ~—A L!X J  •~E~E~

)____ _________-— - ___________

01630 jr (ox,cT,op-i) CALL LG (AL IBE,XCJ .1) ,XtJ).UT31N ,
03.640 ~~~_~~~1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~( 03650 IFCDX .LE,OM ) CA L L PR (AL,BE ,X J.3),X (J),UO (N,

—- 03660 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ __________________--
12 Ø~670 !F(J, EO,JX) GO 10 300( i i  03.680 __ _ j LAC~EO,~J_ GQjO 1j0______________________ _______ __________________

01690 IF (!FLAG ,E0.1) GO TO 608
a_~ 03700 ~~~0 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ lsC(4J~ _____________( ~ øj7j0 I FCI S C C J ) ,Eo.0 CO TO 300
~~_  017 20 

_____ __ UO OY T ~ UDOV J3..P~~ ______________________________ _______ ____________________—01730 UPOOUT :UPOO UT/ 1,D10
( e 0j 740

,, 

!F(OA 0s ( UQQ u1) .GT, j p~ 5) GO T0~~ Ø3 - 
______ __________________

- 03.150 GO TO 300 -~~
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• ~ 
_ 03J60._ .~ 6ø8 UDOUT!UDOUT/10 00**LLSCC.fll3.0) -

OjliO UPOOUT:UPOOUT/tO.O0.D( ISCCJ)*3.0)
— - 93.780 - - - - - G0 10 30!L .._______________________________ 

_______ _______________

03.790 13.0 CONTINUE
____ ____________rnLICAL.tQ GD_t0 301 _______ _______________

Oj8jO 604 IF (OABS (UOOUT ) ,CT,1.O-5)MSC (J) MSCCJ).t 
!flSCLJ).EQ.0 GO _tO_3a~ ______

0,1830 UDOUT UDOUT/1.D10
. 0j84L_ _ _ _ u P o O ut ~UPD ouii.t ,at~ -

03.850 IV (OABSCUDOUT).CT.t,0—5) CO TO 604 -

~ L8.6ø____ _G0 10 309 _________________________________ 
______ -,

01870 301 UDOUT~U0OUT/10.D0**(MSC (J).3.0I03889 __~
_ UPDQUJEU~OQUILjO~DOe.jM$C (J)*10)03890 300 CONTINUE -

03900 - JPL~
J41 

-Oj 9jO ux~ ø

03930 ~F(J.EO,JX.AND .JX .NE.NM !N) UXsUOIN
— j3940 _ .__!NJ. EQ . JX.AND .4X~.ME.N!i LN~~~~X~ UE01N _________________

0j950 tFUCAL .NE.1.ANO .MFLAG .EO.UWRITECNFILE(7),3.30 -

01~60 - I _JPL.J(FLAG I.X ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _________________

0j970 UOIN :UOOUT
~~1 0 _ _ _ _ _ UPOh14~U~~OU!_

_______________________________________ 
________________

03990 IF MS .EQ,1) MFLAG1~102000 ~~ . .  CONT1N UE _
~~~~~ -- —- -. - _______________

02010 UOOUT UOOUT/1.0015
- 02~20  - - UP D QU T~U?OOUii1~0O15________________________ ______________—

02030 FUNC~UIN*UP0OUT~UP IN~U0OUT
- 02040 - _ _tFLMF.LAG .NE iIGO iO_ 4 5_  ____ _____________________- 

02~5~ NS O -

02060 !~ (~X ro,N~ IN, Go_LQ_ az __
~~ ______________ _____—-_______

02070 00 28 !2JX4I,NMLN -

- - 02080 _ 28 NS N .M$C (I).1S~
LLL__________________________ 

- -02090 00 47 K~~JX .NM IN
—_  02100 - -- - — NSC~~ICOW’!TIi( NS__ _________________________—_____ - (II)

023.10 IFit (.LE,~ x) GO 10 47
- - - 02120 

- - - D0 46 N X , _ _ _ _______________________ ______________________

02130 46 NSC (ICOUNT,IO :NSC (1COUNT,IO+MSCCNI -

02140 - 47.~~~
_ CONTINUE ______________________________ _____________________

02,150 22 XNORtI2=0sO0 -02160 _ ._ _ %ST:xS(J

~

XT (J _________________________ ___________________

023.70 IF (NS.EO.0) XNORM2:XST
023.80 . -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- 
____________________—

023.90 1 XNORM2~ 1O .D0a*(DLOC10 (XST)—NS.20,O0)

02210 tF (ICA L ,EQ .i ) GO lD 892
- - 02220 _ 

- - ~
__ ._flPL3,X’~.,.F U~4C_______ ____________________________________ _________—02230 XNOR1 O,000 -

02240 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ____

02250 XNR XNOR1’ (XNORM2,XNORM)OSCALE2 - -

02?6O __

~

_ iF ~~,G~J~flO0L$QN~S3. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘ ‘02270 tF (MFLAG,EO,3.) WRITE (NTYPE .j) SON
02280 _ .  i M r kAc ,NE.3 )__ 60 10J.L65 -_______________________________

02290 C STORE U,UP AT LAYER BOUNDAR IES FOR NOPE JCOUNT
~~ 02~ 0ø

_ _  WRITE (2 1 , 1 7 L O J U E R ___________________ ____________________

02310 3.70 FORMATU4)
7 __ J232!_.. cLQ c 4 ~

fla9J________________________________________________________
02~30 00 3.60 IN;1,NUMSER

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ XC~ A~ C ç ~~~~J~~ Xg
02~5ø UXCnU~C.SON

_  Iii--- 
-
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• 02360 - - - UPXC~UPXC*SON _________________

( 02370 IF (KC .EQs1) UXCZUXC.10.. ..10.NSCUCOUNT ,JX))
02380 .. IF(KC.(Q~3.) UPXC U~XC~3.0.•(i~10*NSCiLCO!.LNL.iXi)02390 160 WRITEC21.132) XC,ALC .BEC ,LJXCgUPXC

( 02400 . 132. F00MA1L50)
024j0 165 CONTINUE
@2420  C L O SE (UN I T :N F ILL L 7 ) )_ _ .  -_________

( 02430 IF (NFLAC ,NE.1,OR ,NOPT .EQ.1) GO TO 892
.02~40 

__jCAL~
3.__ ___

-—
02450 XMAX XMAX2/H

( ___ 02460 ___ XINCR XI.NCRUH (J 3)
02470 MFLAG3.31
02480  G O b  994i_  __________________

( 02490 892 !FOIFLAC,EO.1 GO TO 890
_ 02~ o0 _ ._•-i Fl OAOS CEQ I E1,LL ,1,0Dz3~L..LI~H.!j. __________________________

02510 IF (ITER.EQ,0) GO TO 444
( ____ _ _  !COUNT.!LCOUNt+1 ________________________

02530 E0!F~ 3..0Q0
- -  @2540 - - - — MFLAG1eI_ __ . -

( 02550 NFLAG2I -

_
~~~0256ø

.__ _ 1~ (K ,AG ,EQ .1LXE A C1! UIN/C U QOUXj 1~0D1~ ) -

02570 WR ITECNTYP E,1 ) XK
( 02580.. _ 1YPE 770,XK,JCOUNT

02590 tTER;0
02600    CO 99 _ ..______________ 

— - _____  _____________

( 02610 444 CONTINUE -
02620 VU TER~~~UNC_ 

_______________________________-
02630 EIG (JTER);XK

( 02640    IFUFLAGIEQ .iLCa IQ S8a
026 0 IFCJ T IR , EQ .1) GO TO 990

- 02660 PROO:FU~ JTCR /OABS (FUUTER L —————- 
-

( 02670 PROD:PROD.FU (JTER_1)/DABS (FU (JTER~ t))
- 92680 1FtPROD.GL.o.oD0 _Go_ta 9~ø___________________ ________________________

- 02690 !FLAC ~ 1( 02700 XK EIGCJTER .).DSQRt(FU LTE_R1/~~ UC.tTER 1~U1JIEL .J~1L~ —____

02710 1 .(EIG (JIER)—EIG(JTER—1 ))
02720  G0 TO 99k_ _ . .1161( 02730 880 JMIN;4TER.1 - ~~~~~ 

I
02740 _ _K!J-MItL - ______________________
02750 CD TO 882 -

C —— 0276ø. .~~~ D O 8 8,1 Ec!JMLN,i,~.1. ___________________

02770 PROD~ FU(J TE R)/OA BS ( F U(JTE R))
92780 - —  _ .PROD !PROD ,FULK )/DABSIEULK. ) )  

_______________________

C 02790 IF PROD,LT.0.000 GO TO 882
02800 

- - 
881 CONT .INUE. . _ .  - — __________________________

02810 882 SE:(FU JTER,.FU (K))/(EIG JTER).EIG (K))
C __________________ ______________________

02830 XK~~SI N/SE 
—

02840
. .~~~ ___ EO[F~~XtC~~EiG LJIER) ___________________— 

-

C 02850 770 FORMATC IO,15)
— fl.29*0. cQ_LOi9.~__________________________________________ 

_____________________________ -
12 02870 980 CONTINUE

C “ __  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~10 02890 31 FORMAT ’ UP—LAYERS ~‘/10I4)
~~~~~~~~O2~~0O

~~~~
__ _ . .CLOSE_LUNII!NJYPEI

C a 02910 NTTPO
~ 0292 L . ______ ._DO

~~~

i __________________________

~~ _____ 

NTTCNTT,NPPLC !) 
__________________

4 02950 IF (I,GE,ISW .OR .NOPT .EQ.X) IRLA Ya IRLA~ i.
3

- . 

• 

_  - . - - ----- -- -- -
~~~

- 



- w 
-- - —

THIS PAGE IS BEST QUALXTY PRLCT~CA3LZCOPE 21 JL~51iED TO DDC - 
~~~~~~~ — 

-

- - —- 02960 _. -  iRE C;N i1-IRE C 1+i_
02970 00 42 J;1,NM!N- .~j U P A ( I )
02980 42 IREc~ IRgC.NppLi~ L._~~ .
02990 95 IFC !.Gt,ISW ) IREC :LRECI 

IRECAt L )9REC__ ________________ ____________ — ____ _____ ________

03010 READ (NTYPE.j) XKAUPR,I)
- —- 0302@ 00 70~ K: ISLA .Y . _____________________

03030 READ (NTY PE,2) BXTMP
—- ~~~~~~~ !F(K O.IS~ ULBX~Bx-TMP__03050 70 IF (~~,Eo,i RcC .AND.No PT .EO.1) CX~ BX T HP
— 03060 __ .~~~~~~ READ (NTYPE,1) -XN -______________________ _________—___________

03070 IF (NOPT,EQ.1) GO 10 30
— 03080 _ _ .  DO 71 K~ 3, IRLAY~~~~~~~~~_~~ ——-—-— — - — — -  —~~~~~~ -— — - — - - — -—- —-- -—

03090 REAQ (NTYPE,2 ) CXTMP
03100 73. -

03110 30 CONT iNU E
033.20 ~~~~~~ NSPPL!0 _ _______________________ _____________

033.30 DO 39 L~ t ,NM IN
03,140 . — - NSPPL NSPPL4NPPI.ft) —-----——-----——-—-—_____ — _

-- --  —

03150 KL:L
— -  - 03360 

- — ____

03170 39 CONTINU E
03,180. 40 

- - -  - C O N T I N U L  _____ _________

033.90 UO (IPR .I) F3XaXN
03200 16 UF (1RR .I):CXaXN*10,O0!*1~10*NSC (LiKL)L _~~~~ _ .  

Ø32j0 CLOSE CUN IT8NT YPE )
03220 19 XKD :XKOS — _ - - —-~~~~~ —-—- - --- —--—— -_ -~~~~~~~~~

03230 TYPE 4~ , IR E CA C I) • !~~1, ICOUNT)• 03240 48 PORMA T (’ # OF. R ECJ N W F C T F1LE !!/1ØL4 L - — -

• 03250 TYPE 18,IPR .1C0 N1,ISW
03260 18 FORMA TC ’ END OF PROFILE $_’~~t2.L !_OF EV H TWIS P
03270 1ROFILE ~~~~~~ tSW~ ’,I2)
03280 1•5 CONTINUE ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
03290 00 17 J IPRMT N .IPRHAX
03300 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -

033j0 WR ITE (N FILE( 4 .7) (UF (Ja I) • 1:1, IM )
03~20 WR ITE (NFILE (5)_,7j~~X~(AjJ,J ,j!j,jJiJ _ __ — - -—

03330 17 CONT INUE
03340 2 - - - FORMA ~ CQ~~~~~

_ ____ _ 
— —-—--  -— - —— — —

03350 7 FORMAT(860) —
- 03360 996. STOE ._ _

__ _ __ _  ________ _

~~~~~~~~~~~ 

- _

03370 END

t I i  _________________________________________________________________________________________________ ________

10
9 

_ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _

~~~ ~~~~~~~~~~~~~~~ 

____ ___________—-______________ _ _ _

8
6 

________

4

3 
_____________
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0003.0 sUBROUTINE SELAUTC IP .NF IL,NTEMP )_ -— - 00029- .---._—-—- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~
DO 10 I~ i.IP

_23Z4~’ ~~~~~~~~~~~~~~~~~~ ~~
OØO5U READ (NFIL .1) (V(J),Jcl,N,j)
00060— ---3.0--
0ø0~0 WRITE (NTCMP .2) N

-~~-0008kI —-----———DO--20---!-:1.N
00090 20 wR!TE (NTEMP ,3) XC I ),YCI )

—00-140 wR-z-T-E4~o;E-sP-,3) Y(Nej)00110 1 FORMAT(5014 ,7)
—00120 2 FORMAT(434

00130 3 FORMAT(2D) -

__OØI40 RE-TURN
00150 END - 3

q

_ _ _ _ _ _

-_ 
— - — - -~~~~ -——-- ---—-—— - _______________________ 

— - - - - -— - - -  —- -- - - -~~~~ - - - ---- - - - -~~~--— - ——------- --- - ~~~~~ -----_--- --~~~~~~~~
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£OMNGN --ID A-T-CG$-4 4~c s~~~RE- R~~1-14L~O2 .- y< 0, XMAXI , XMA~ 200050 1 XINCR1,XINCR2,NPPL,JMIND,NFILE,ISLAY.I RLAY.

‘ -—---00060--—_ __—2-- _I-SOU,-I-REC ,NOPT,- IPRM PRMA~X-,-ICT 4RL.A-Y~j-,4RE-C~100~i70 DA TA PJPPL/10114 ,24,57.O/
, __--0Ø0~0-—- ~~~~~~~~~~~~~~~~~~~~~~~~~00090 DATA NF!LE/3R,24.25,27,28~21,29/

OOliO FREQ~5.D0
~ __001~kL-._

003.30 RHfl2~1.D0

( 00150 X INCR1 5O ,

00170 ISLAY IO
‘ _Z0-18~--

00190 ISOU~1__ooaoa . ___-4REC~ 2IRLAY1:51 -

__0022~- !PEC ~~~200230 XIMCR2~ 100.
‘ __0924(.1~

00250 1CT 20
g ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-

00270 IPRMIN :1 
-

—4 R4Th-A~X-4 -

00290 UOPT:1
~~ 

~~ ——00300--_-——--——-----R -T UR-N-—— - —________________________

~ 0~3iC ENI)
(

( -

( —-- - -—  -- - - -- ---— __________________________ _ _ _ _ _ _ _ _ _ _ _ _ _

( 
_ _ _  _______________________________

(

( 
_ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

C —— -- ------ ----- - --—- -
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PROM CODY y~iJIj.SIj~

) TO DDC ~~~~~~~~~~

O00j~ SUBROUTINE OA !RYCOX ,A I.A !P19 !.RIP) ________— 2623L~00020 IMPLI C IT DOUBLE PRECISION (A-H,O-~ )00030 - C. . FOR OOUBL E PRECI S ION . ARGUMENTSL..IHLS ROUTj NLCALCULA1ES...ThLJIIR V _2~ 24!
00040 C FUNCTION A I(X ) AND ITS DER IVATIV E A IPIX ), IT ALSO FiNDS 26250
00050 ~ ~~~ O THER REAL_LiI4EARI.Y INDEPENDENT_ ~OLU1 O N B1LXJ_AND . __2626-i
00060 C ITS DE RIVAT IV E BIP (X ). 26270
00070 C THE DEF IN ITIONS AND NORMA L 1~ ATIONS~ARL AS !N N9S i4ANOBOOIL _

~~ 2o280.00080 C OF MATHEMA T ICAL FUNCTIONS,P,446 26290
00090 .C THE~ METHODS USED AR E POWER SERIESIXPANSLONJ0R .SNALL .X .. 2630*
00100 C AND GAUSSI AN INTEGRATION FOR LARGE X 26310
001.10~ DIMENS ION X(i6),W (t6),XSQtt6L_~~~~~~~~~~~~~~~~~~~~~~~ 

________2

~

321
00120 C DOUBLE PRECISION DX,A I,A !P,B !,BIP 26330
001.30 C DOUBLE PRECISION XS.~~X CIJBE,Aj SUft1Aj PSW4  2034L
00140 C DO UBLE PR ECIS I ON OF,OFP,DG,OGP 26350
0O1.50~~ ~~~~~ DouBLE ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 2636L
00160 C DOUBLE PRECIS ION Cl.C2.ROOI3 26370
001.70~ C.~ DOUBLE PRECISION D~ EJA .DARG 1DROQTX _ _ _ ~~~~~~~~~_____ 2638t
00180 C DOUBLE PREC ISION ROOT4X, S,CO ,RA7IQ ,EFAC,~ EYASQ 26390
001.90 C~ DOUBLE PRECISION SUMR,SUMI~ SUMRP,SUMIP,TERMR,TERM~~

_ _
~~~~

__ .
~~

_  2640L
00200 C DOUBLE PRECISION D~ ERO,DA ,DB,DEN .ONE 26410
002j0 C DOUBLE PRECISION X .W JXSQ . . . ~~

.__________________ 26420.
00220 C DOU BLE PRECIS ION RS O ,TE MP ,  RT P ! , RT Pj 2  26430
ØØ2 30 - C DOUBLE PREC!SIDN .IERMAJTERMB ___________________________________ 26440.
ØØ240 LOGICAL NEEDRI 26450
00250 DATA O~ ERO ,ONE /0,0D0,j,0OO/_ _.~~~~~~ ________________

~~~~~~~~~~~~~~~

_ _ .  - 2646L
00260 DATA ROOr3/1.73205080756887700/ 26470
00270 DATA C1.C2 /.355028B538879j7DO~~_.2~ 88j94037928O2~DO) _ _. _~~~~~~~~~~ . 26480.
00280 DATA RIPI /.2820947917738781.D0/ 26490
00290 DATA RTPI2/.9641895835477562D0/ _

~~~~~
_ 

_____ 26500.
C POSITIONS AND WEtG HTS FOR IOwIERM SUM FOR AIRY FUNCTiONS 2651.0

Ø03j0 DATA W I 1.) ~/ 3.1542515762964 7 3 7 D — i 4 /_ _ .~ 26520_
00320 DATA W I 2) / 6.63942108195849210—11/ 26530
00330 DATA W I 3) / t.758388906t345669O.0et _

~._~~
____ 2~54t.0034 0 DATA W I 4 )  / 1.37123923704358150w06/ 26550

( 
- -  00350 DAT A ~ W ( 5) / 4~43 50966639 284350D,O5L _ _ _ . _ ~  26560.

00~ 60 DATA W I 6) / 7. 15550109 17718255 0—04/ 26570
00370 DATA W ( 7) L 6 .4 8895661 033353 8 1D—03/. _ ~~~~~~~~  2658 0_
00~ 8ø DATA W ( 8) / 3.64404158757732820.02/ 26590
0O39O~~ _~~~_ DATA 1~L9) /.~~1,43997924i8590999a~01/ —_______________ 26600.
ØØ 4~ 0 DATA wh o) / 8.12311413362614860—01/ 2661.0( 004tg~ - -  - DATA Xh~ 1.

). / j.4Ø83Ø8~Ø7218Ø964~4Ø1~~~~~ ~~~~~_ __ _~~~~~~ 26620.
00420 DATA XI 2) / 1.02148854791973310*01/ 26630
00430 DATA XI 3) / 7,44 160184504509300.+00 i_____________________ 26640..

( 00440 DA TA xl 4) / 5.307094306 178 19270’00/ 26650
00450 DA TA X l _ 5) / 3 ,6 34 0 1350291.324620*00t .______  ~~~~~~~~~~~ 2666 0..
00~ 60 DATA X I 6) / 2 .33 10652303052450Q*00/ 26670
00470

. _~~~~ _ DA T A X ( 7) ] 1.344797 08246 09?68 D~ 00./ __~~~~~~~~~~ _~~__ _~~~~~~~~~~~~~~~~~~ _ 26680..
0ø~e0 DATA XI 8) / 6 ,418885836956 72960—01/ 26690
00490 DA TA ~ X I 9L/__2 ,0100345998 121046D—J 1/_________  __~~~~~~~~ _~~~ 26700_( 00500 DATA X ( iO )  / 8 ,0594359 17205283 30—0 3/ 267 10
005j 0 ~~_ _ . D A T A _ XSQ.L_1.Lj 0..j 9833317.a48562x7~o.13/ 26720..

2 00520 DATA XSQ ( 2 ) /0 .104343885353116500 03/ 26730
ii 

~0O530 ._____ DATA XS Q (_ .3J_jo. 55377438020 1.78 1700 02/ _ 2674 L.
00540 DATA XSQ ( 4~ /0,281652499746689900 02/ 26750

_ 0O550 _~~~ .~~~ DA TA XS 0( 5) /0 ,13206054 13935 58000 02/ __________—_________ 26760..( 
~ 00560 DATA XSO ( 6) /0 ,54338 6510793804400 01, 26770
7 00570 __

0A7A XSQI 7) /ø ,180847919299542000 01/ 26780_
6 00580 DATA XSQ ( 8) /0.412020953878836900 00/ 26790

_~~ø~ 59o _ _~~~~~ DATA XSQ ( 9) /0 ,4 O4 02 3 90 92 4 4 18 0 7 0Q—0 ~.j ___________________________ 26 800
4 00600 DATA XSO (1.0) /0,649545073035383900—04/ 26810

L i~:ii~~iii ~i
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rRoiii co~x PUMuS1~~ ~‘o ~a _~~~~~~~~~

—

006t0___ C ... POS LtLON S_AND_ WE4 GHSS. E.OR_ 4~tTERM_ SUlLEO R._ A -Y..IUPLCLI.0P43
00620 DATA W ( 11)  / 4 .776390305757726 3Q~ 05/ 26830
0g630 ~~~~~~~~~~~~~~ W ( 12)_i_ ,4 ,993. 43064329 109590—03/ ...26840_ ~00640 DATA w (j3) / 8.61698469938403 120—02/ 26850

_4AIA~ W 14.)_L__.9... 0879095845.9811020—Ot/
00660 D A T A  X ( i 1 )  / 3.9 19832955445509 1Q.Ol/ 26670
00~

70___
~ 

._ D A TA X(12).J_~~L.6915619OO48235O4Q+OO/ 26880..._:
00680 DATA X~13) 

/ 5.027553246726301.80—O1,/ 26890
.00~ 90_ _____——_-..-OA-Tk.-X(14 L-L_ t-..92470605.620X5692D~.,ø2/ 26900__
0~7ø0 DATA X S Q ( l 1 )  /0 .153650903985966700 02/ 26910

..107t0 .__.~~ 0AtA XSQ I.2 _/0 ~286t3at.663t6346 t0D.....0s./ 26920_
00~ 20 DATA XSQ ( j 3 )  /0 ,252762916486681800 00/ 26930
0O 730 .~~. . 0AT A XSQ (t4 )~ /0.3 704493402778998OD-03L... —— 26940......
00740 C POS IT IONS AND WE IGH TS FOR 2 ’ T F R M  SUM FOR AIRY TUNCT!ON$ 26950

075(._ ... DA TA . wti5LL_.9 .6807280595~ 73604o!a1j 26960. ...
00160 DATA WC I6) / 3.t927194042~~ 39580~02/ 26970

__ OO77O~~~~~~~
__ .

~DAtA_ X (i5LL_.L680060j866153O44a,J.2I 2.6980_
10780 DATA X116) / 1.05924693821123780.00/ 26990
ØØ79 ._. ..DATA. XS O( 15)  /0..13542842977.1ii070D~22/ . 2700B~~~.ØØ 8ØO D ATA XS Q ( 16 ,  /0.1122004076 10988 100 01/ 270 10

I — 0080? _ _ . . I F I O X , G T , — i 0 0 0 ..DOL.GO IO ...991[ 00804 CALL S !N C O S ( O X , A I , A I P . 8 1 . 8 1p )
I _____________________________________________________________

00808 991 CONTINUE
I 008j0 .j FCDX , LT .~ 5.0O~ L.GO _iO_1ø0~__________________ 

_____________

00820 NEEDB!: ,FALSE . 27030
00830 ... . .. IFCDX .G~~.3..700

)_GO.T.O. 2O0..~
_.~ _____ __________  ________27040.

00840 ~ T HIS RO UTE FOR SMAL LX . USING POWER SER!ES , 27050
I 00850 c . INttIALI~ E _ __ .__ ..~._  .

3 00860 10 X S OX .OX 27070
t i.... o~ 870 ~~. XCUBE :.. X$..! DX..~~

_ 
_____ .~~_..______________ _____________ ._27080_ .1 00880 Xs = xS ~~~~~~ 27090

________________________-________

L 0g9~ 0 OFP ct .XS 27 14$
I ... ø0~ x0 .~~~ -- .. ~~~~~~ C2~ DX_ . ________ __________________ 

____________________ 271a0._.
00~ 2ø DGP = C2 271.30

I . 00930 AISUM ..DT ..” D G  —— ----________________  27i.401 00940 A PSUM = DFP — OCP 27150
00950  . BL-~ OF OG._ _~~ -

00960 8 P DFP • OGP 27170I -- - 00970 . FjM2=-2 ,0Oø 2U80 ..
00980 20 F,JM2=FJM2.3 ,000 27190

I •~~~~~ . 00990 FJi1~.FJM2.QN E__....._ _________ ________ ___________ 
______________27.200__1 01.000 FJ:FJM14ONE 27210I ....0&010. _ ._ _ J1JP. !F.IJ~ ONE 272~ 0.._

01.020 FJp2=F,JP1.ONE . 27230
—. -- 01.~ 3~ RA T IO . :XCUO(LE.J ~~~~~~~01.040 OF OF’RATIO,FJMI 27250

01.050 . .  OFP ..DFP*RAT.IO/FJP2. ______________________.. _ . 27260 _~01060 DG • DG* RA T IO/V .JP1 27270
P 01~1! _ PGP.~~ ..O !R&tIO/i,It~t2 27280_..

01080 s B! • (DF.OG) 27290
“..... .. ._.. ~~~~~~~~~~~~ B I P _ . . J~~~~J OLP ’OGP) 213!J. . .

01100 !F(N(E08I) CO To 80 27310
01110 AISUtI • .AI SUM..~ jOr!0c.L _ .... 27320_....
01120 A IPSUM AIPSUPI • (OFP— OG P) 27330

‘__~~. 
0~ 1.30 C . . .~ c.Q~ .VERGENCE_ TE~ L....___________________________________________________

• 01.140 80 I F ( OA BSCD F ) ,CT.ldJO-16) GO TO 20 - 27350
.__ .0115!.~. 

C 
—~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 27~6g_

4 01.1.60 99 B~ = RO O T3~BI 27370LI lrn I
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rP.oM OO~P~ 1~2IISk~ED TO D~,O ~~~~~~~~~~~

- . 
- 01.170 _ ...B 1P. = ROoT3,R,IR..__~~

_ 
.—— ..__27301

01180 C THIS RETURNS IF x IS BETWEEN 3,7 AND 8.0, SINCE IN SUCH CASES MORC 27391
- 0tX90~~ ~ ACCURATE VA~~~S_oF ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 27.401

0j2~ 0 C INTEGRATION . 2741.1
012i0 __IflNEEDQL)~~EIURN 27..4?I
01220 A j  • A ISUM • 21431

- Øj2 30 . - . ..AIP .AIPSIJM ________________ 27441
01.240 RETURN 2745i

- . - 01.25.0 . C.. GAUSSIAN INtECRAtIQN 1OR~LARGE N~GAtIJI.E...X~~ _27.46~01260 100 OROOTX O S Q RT ( — D X )  • ~747i( 
- 70 .. ~~RQO T4.X. .! ..D$Qq.tLQRQO..TX1.~~01.260 D2E TA ~,66666 66666666667 e DX.DROOTX 2749 

01.?90. _ . DARG_ ! D~ EIA.~~~.185.3.98.t63a9Z44.8L..... 2750( 01300 SUMR O~ ERO 2751.’
— 0.1.31!_ - S.UftL —~~ ~~~~~~ 27.52

01320 SUMRP OZ ERO 2753’( 
- 01~ 30 .~~~~~~SuMm~~ OZ ERO — .1.754

01340 C TEST TO SEE HOW MANY TERMS ARE NEEDED IN GAUSSIAN ZN T TG RAT IO N 2755
- 01350 . .~~__ I 0X .LT ..C.~ 2 0O.D 0L) . . .G Q . .IO i40  _____________________._ .._ .

~~

2756
( 01360 IF (DX,LT .(~ 15.O0)) GO TO 130 2757

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- 

- .2758
0t~80 LIPILO:i 2759( .0~390._~

_
~ LjM ~~ :.~0 2760

gj4øO GO TO 149 2161.
— 0i~ iø c - T~HIS CA SE Fo.R DX eErwEEN~~15..L AND~.!200.... 2762

01420 130 LIMLOaII . 27~3
•  01.430 - .L1flH1 14__ _ - . 

-—________

01440 GO TO j49 2765
01.450 G. THIS .CAS( FOR.DX.~LT..i’Z0t. - __ __

~~
_
~~~~ _2766l01~60 1.40 LIML0 15 27671

0j470 - L I M H I F I O _ _ _ _ _ _ _ _ _  
______

( - 01480 1.49 ~ETASQ=0~ ETA..2 . 27691
- 01.490 Do 150 K=LIMLOILU .$HL__ __________—-— _. 27101

21500 1ERMR :W (PC)/((~~ETASO .XSQ(K))..2) 27711
- .81510 - -~~~~~ SUMR . SUMR . ,±_.~IRMR ..~~01520 T ER M R2 T ER M ReX (g )  27731
- -  01530 ~ SUMI SUMI~ TERt4R — ___________________ . 27742( 01540 T ERMR:T ERMR.X (g) 27751

_ ..._fl1~ 50 . .~~~~~~SUMRP SUM~~±1ERMR___________________________________________

01.560 150 SUIIIP SUMIP.TERMRaX (X) 27770( 
_ i~.70L ____ ~ ..SUN.Re (S UMR~ Z~ErASQ±SU,MR21,2LTASO .177.80

01.580 TEMp=SUMI.~ ET As Q 27/92
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ 27802( 01600 SUMRP SUMRP*O~ ETA 27811
01.610 SUMIP!SUMIP.’TEP4P 27820
01620 C FORM A IRY FUNCTIONS 27832( 01630 196 $ OSIN DARG ) • 27840- . 
01640 CO OCOS (0A R~ . 

- 27850
•_ 01650 ~~_ _.?A1I.a . 6T!i?LRQQ.!.4x ._______________________________________ _2786o~( Øj~~ Ø A l  RA T tQ~ (Co*SutlR • SiSUMI) . 27670~
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — S’.SjJtiR) 2i88~01680 SUMRP SUMRP.SUMRP 2789e

~ 1I ..._..._... Ø~,690 —- ____

~

AiIO..!

~~

.?5O0E.DX...._ 2790~~0j7$O FACTOR • —RTPI2.R00T4X 279ta~ 01710__ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~27922~01720 BIP = RATIO .8I • OROOTX*A I • FACTOR.(CO*SUMIP..S.SUMRP) 279W
,
—- _fi1’3~~_ .!E tU. - 

. 27940
6 01740 C GAUSSIAN INTEGRATION FOR LARGE POSITIVE X 2795~•_~. . _ 2115 ~2øL OR0OtX._~

_PSORTJD.XL..__..__- 2716e
01760 DflTA • .6666666666666667 .OX .DR OO TX 27970
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FRJOU ~~PY (t~~ ISU~~ TO DDO ~~~~—

_ _ _  ______—______________________________________ i i

-- — - 01?70_ .____ .._ . .1VAC ;.DEXP -D~E.!A -27980-_ ~01780 RøO T4X D SQ R T ( O ROO T X )  27990
- - 01790 A ! = D~ERO  2800L..

0j8~0 81 = O2ERO 28010
— . .0t8t.0 _ _ AIP~ : O E R O  _28020_.

01820 B IP z D~ERO 28030
.. !F(DX ,LT.81CD0 NEEDB~~.tRUC. _.~~~~~_  2804L

Øj 84 0 C T EST TO SEE HOW MANY TERMS ARE NEEDED IN GAUSS IAN !NTCG RA -? 10P4 28050
01.850 _... lFtDX.GT. .t5.000-LGO O_..2.30 2806L
01.860 C THIS CASE FOR OX BETWEEN 3.7 AND 15. 28070
01.870 - . LIMLO’1 —- —  —_- ---. ~~28080
01880 LIMH IPIO 28090
01890 - GO TO 249 . ..~~~~__ ___ _ __ ___ _ _.. __~~~~~~

_________

Oi~ OØ C THIS CASE FOR OX GREATER THAN 15. 28112
0 1.91.0 230 L!MI..0*X 1, _ _  __________________________ ___________________

01920 LIMW I’14 28130
* - 0i~930 249 00 250 K :LIMLO .LIM4I

0j 940 D A D ~ E T A e X ( K )  28150
01950 . TE RMA ; wtK)/oL~~ ~~~~~~~~

._________ ____ _____ _____ -. 281.60_
$1960 A l = A ! • T ERMA 28170
$1970 A !PsA1 P$TERMA .X (K)/~ k.._..~ . _ _________ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 28180.
01980 !F NEEDBI) GO TO 250 28190

- - 
0j 99k) DB:0 T A—X ~K ) _ ~~$200 0 TERPI B • W (K)/D8 2821.2
02010 RI = B! • T ERM9 . _ _ .~~~~~~___~~~~~~_______ .~~~~~~~~~~~~~~ _ . 28220. -

02 02w R I P = a ! P + T E R M B e X P () / 0 9 28230
02030 250 C0NT INU ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~_ . ______ 28 a40..
02040 C FORM FUNCT IONS 28250
02050 FACTQR 3RTP!6 ETA/RO.QT.4X _ __ .___

~~_.~~~~~
__ 

~~~~~~~~~~~~~~~ 28260
• 

- 0~.-~60 RAT IO Ø,250$IDX 28270
• 02070 A !:A! .EFAC*FACTOR _ . . _ ~ 

_ _ _ _
~~~~~.2828002080 A !P :_ (DROOTX4RATIO )*A !.RTP!ØRQOY4X*EFAC .A !P 26290

C THIS IS SATISFIED . O~LY.FOR J( BEtWEEN 3.7...AND 8.0~~ IN .THESE CA$ES~~~~._.~~,28300..02100 C THE 8! AND RIP ABOUT TO BE COMPUTED ARE NOT SUFFICIENTLY ACC URATE, 2831.0
02110 C THUS RETURN TO P0wER SERIE ..r.0R 81 M40_AIP_ . ___ .__ _ _ _ _ _ . .283~0_02120 IF (NEEDBI) GO TO 10 28330
02130 FA c To R=FAC T O R.F A C ~ QR ______

~~~~~~

._____ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
__ . _ . 28340

021.40 RIaBl .FACTOR /EFAC 28350
- 02150 . . _ 8 IP :(QR QotX ~ RkT I.o),B1—RTPia~RQOj .4.X,Bj Pj EFAC 2836L

02160 RETURN 283 70
- .  021.70 ._ . .~ ND~

____ _
~ -— -
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• 
-— -- - PROM COFY YUR24ISH~ ) TO DDO

•. OQ1 . _ 1 f l !~~~~~~~ (L,iL,II~~~JAJLL~
J_________________________

I OO2o , I?’PIJCIT OOU!!.’~ Vi~ECTSIOr:
OO 3O~ ~I=3.141’j ) 2 t3b 9f l O O

~~~~~~~~~~~~~~~ AI~C=~~I +!1J4OOi~OG
_______-____________________________________________________________

( O O oOO P r 2 = 1./ U S~~ T ( P I )
Q.9~ CC A1 P12”Z1’tPS t !~UPC)—5./7 7. /A R*O C ps (AR p))
01000 ~~ EOF”flL2O)

( 011CC f lL = P T2* Z 1 9 ( f l C O S (A R I ; ) , 5 . / 7 2 . / p R * C$ rp~j A p c ) )
O~ 2OO A I P = _ P I2* Z2*(DC O S(A ~ G ) + 7 . /7 2 . / AR *D SI ~~( A p G ) )
01300 RYP=PI2*~ 2*(D3IN(AR~ )_7./72./?.R*oCOs(ARG))C 01400 PJ~TURN
OIiCG_ - - FlU

C

(

C 
___________________________________________
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_______ ___________
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PROM COPY ~JRNISI1ED TO DDO ~~~~~—

00010 . .  SUBROUT !NE EXTREM(X.A,AP.8.BP,2E.YA-)__
00020 IMPLICIT DOUBLE PRECISION CA-H,O—~~)
00030 .. •_  OIMENSION .XL.C4 ),W.L4L_ .
0003 2 IF (X ,GT ,15 .D0) GO TO 100
00034 • • - -  — - -  CALL DA!R’UX .A .AP,B.BP-)-______________________________________________ 

-

00036 ZETA~ 3.O0
- 00038 - . RETURN .... -

00039 100 CONTINUE
- 00040 _ - _~~~~. Xl.C-i) 3.9198329554455091D0 

-

00050 XI(2)~~1.69156190 04823504O0
- ____ xu3 =s.027553a467263.0i8a~01.00070 Xl 4 1 . 92470605620156920-02

00080 —- W Cj? 4J7639030575t72630-05 —____________________________________
( 03090 wC2)~

4.99143064329i0959O—03
00100 _ .i1.C3). 8.61.6984699.3840312O~.ø2
001.10 W ( 4) 19.08790958459811O20 01.

( .001.20 __~~ DRQOiXiDSQRUXJ ____ — —- -

00130 IETA :0 .666666 66666666700.X .OROOTX
00140 RO0T4X;DS0RT~DRQaIXL - —

001.50 A :0.000
001,60 . AP_:ø,0D0
00170 BzO .000

~~_ 0018t. ._ _ ~~~~ _SP~ 0.0OL.____________________________________________________
001.90 00 1 (.1.4 
00200 -  OA :~ ETA ’ ( K ) . .  - 

-_________ __~~~~~~~~~~~ . —( 00210 T ERMA w (K ) ,DA -.

—— 0022 L~~~._ _ A 3A +T ERMA _ 
____ 

___________________________________________
00230 A P:AP +T ERMA .XI ( K) / OA

1’ 
- 00240  OB ;2E TA — X 1( K) _ __ —___________________

00250 TERMR W C K ) / O 8
00260 8.8•TERMB - -

00270 BP=9P+T ERMR.xtc IO,DB
-  00?80 I. - ... . CONT !NUE .._ _

~~~~~~
____ _____ 

-

00290 RT P I O .28209479 1773878100 
00300 R~p~2=Ø~ 56 4j 895~354775.4ao0____ _____ __________—__________

003 10 FAC:RTPI*~ E T A / RO O T 4 X
00320 - -  RAT O,25000tX__ _

_ .  ____ _______ _______

( • 00330 A A ~VAC 
00340 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~00350 FAC FAC eFAC -

C —- 00360 _ .__ B !BDFIAC _____ ______--_________________________________ -______________

00370 BP: COROOTX—RAT ) .B.RTPI2.ROOT4X.BP
- 00380 - - ~~~~~~ . RETURN~~.__________________________________________________( 00390 END

( 
_ _ _ _ _ _ _ _ _ _ _ _  ________________________
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—- — — •  •• —- - - — - - —  ________ _____ ____________________________________________
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00020 IMPLICIT DOUBLE PRECISION ( A —H , O — ~
)

- - 
O0030~~~ _______COMMON IIELACSLJ4ELAG,JIELAGI, NTYPE
00040 COMMON /SQNORM / XN ORM

I 

~
_

~~ ØØ~ 5~ flK=1i.000
00070 DX —A L,.CX .BE)
0o0a _

~~ OX1s~AL*ixJ..a~~__ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

00090 CALL DAIRY (Ox ,AI .AIp,BI,BIP)
—- - - 00 1.0 0~

__._. p1 3.14t~9a6sa5O.9u3a3&4o000110 AJIP!*UBIP.U)—CTT.BI.UP)) - s
’’ . - 

001.20 B J I ~!LL !A L~UP~ .t1A1P U1)
00125 TT 1.ODO
00 1.30_ .  ~FiNFLkGLNE4i GO 1~~5 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

00 1.40 01 (AJ . .2 )* ( ( (OX/A L) . (A l* .2 ) ) . ( IA IPØ .2 )/A L) )
•
~~~~~ 00150 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~00 1.60 93 C2 ,000*A J .8J ) . ( ( ( DX /A L) ’ (A lø B I) )A ( ( A IP* B IP)/AL ) )

( polio ____________________________________________________________________

001.80 5 CONTINUE
___ 00~ci !E MFJ GLEo~tL.co TO -4

C 00200 !rC (OX .LE ,Opn ,ANO .COX1.LE,DM,) GO TO 3
-_ _OØ? IØ 4 CONTJNUE_

00220 1 XNEW=XNEW,XINCR( 
_ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _  cn yi~ 2

00240 OX~~~AL .tXNEW *8E)
0025! tFJD.X tLL.D~LeRJAJQ.0LCO_T1L6________________________________________

C 00255 !F (XNEW- .X INCR ,LE .X)GO TO 6
.?02~60 - XNE~W:XNEM~iLt4C.R_____________________________________________________________
00270 IF (MFI, AG. t4E ,1) GO TO 7( . 0fl?8$________ DX! ,AL~ LXNEW~+8EJ________ 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

00290 C1 CAJ . .2 )e CC ( DX/ AL ) . CA e.2))~~C ( A !Pea2 )/A L))
? _ ØØ3ØO _. - CZ=(B ..Z1 1.UDXIAL1*10IDØ2JJ.~1 (2IP~~21tALLL____________________________( 0O~3j0 C3 (2.0D04AJ.BJ).(( (DX/AL)*CAI.0I))’.UAIPIIB!P)/AL.))

00330 2NORM —C~N-BEG
- 00~ 4Ø .____ X~ O . !XNORH NOBM______________________________________________________
00350 7 - CONTINUE

- - 003 70 _ - _ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~( 003$0 RETURN
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00795 !F (OX,LT,5) TYPE 28.DX
00798 28 FORMAT ’~’ WAR NIN G ; IN LC ARC OF EXTRtM.1S ’.IO1_ .~~

__ 
00800 CALL Ex TREM cDx ,A ~ 2, A~ P2,B~ 2,B~ P2, ~2)

0Ex :DEXP (~~—~ 2)  — - -— --- - -- -———- - —  ---—-- — — - -   - - ——

0082 0 c11:PI*C (U2*B~ P*DEx )_U 8Z2*A~ P )/OEX )
00830 C 12 :C P I * T T ) C ( B ~ 2*A ~ )/ OE X .) .,CA ~ 2* BZ*0 EX ) ) . ._ . _ . _~~~~. -—

00840 C21~~(PI,TT)* ((AZP2*R ~ P*OEX ). (CBZP2*A~ P)/DEX ))
00850 C22:PI* (C 8~ P2*A /DEX EA~ P2*8~ !DEX 3) —

00860 UJ :C11OU*C12*UP
00870 UpJ~~(C2j.GU+C22*tJp )aTT - -_  — -

00880 IF (M FLAG1NE .1) RETURN
00930 SEND :CUINIT*~ 2)e UJ**2). . ._ . _ .~~ - - —

00940 XISQ :(XINCR/3 .000)* (SUME4SUMO .SEND)
00950 RETURN ~~~~-~~- - —  -   - —

END
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