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ABSTRACT

Es%his report describes a computer code which solves the
wave equation for sound propagation in the ocean with arbi-

trary depth dependence and arbitrary but gradual range de-

'pendence of the sound velocity distribution.

The present volume (vol, 1) is concerned with the depth
functions which arise from the expansion of the velccity pot-
ential into a normal mode sum that leads to a near-separation
of the range and depth dependent parts of the problem. The
resulting depth functions satisfy locally a cne-dimensional
wave equation which together with the imposed boundarvy con-
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described here permits tc solve this problem for a wide
variety of conditions. DPeep ocean profiles can be treated for
frequencies up to a few hundred Hz. For shallow water cases
the frequency range easily extends to several kHz,

A further volume of this report will deal with the range

functions and with the solution of the mode coupling problem,
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I. INTRODUCTION

The purpose of the computer code described in this volume
is to find the solutions of the eigenvalue problem given bv

the differential equation

2wy, (2,8) x ew -

2 Rl -
oz Tz, 8) k’/G)]"‘r‘sz)-o (%2a)

and the boundary conditions

My (0, §) =0 (1.1b)
Ko A (2,[?)=0 (l.1e)
Z o0

The variiable é? is considered a parameter. The solution
consists of sets of eigenfunctions
~y a ;-
4ty (= 0) p=1,2,.. NIf)
and théir associated eigenvalues kp(é?) for each desired value éf.

—

Inputs are the sound frequency 4’,2‘.—"- and a function c(z {:’)

T ‘
corresponding in this case to the measured or simulated sound
velocity distribution in some part of the ocean.

In the program it is assumed that c(%,%z ) is given in the

form of a two-dimensional grid of values:

T i), S20 P Y. w2 )
T (2 , é;) — iz OEL'F;) .

and that one can interpolate linearlv between grid voints. The

set of values

e
<(Ze, ) Ard.. K




will be referred to as the sound velocity profile at range

point '§a- « In practice series of sound profiles are usually
-
taken along a straight line course so the vectors fﬁ can be
replaced by thevscalar range variable fy' .
The problem as outlined above arises as part of the
attempt of solving the wave equation
e(RIV.[ XDV p )]+ k*(2) pr7) = 3 (7-7)
describing the pressure filed of a unit point source (located at
> ) in an inhomogeneous ocean medium of density;;(??)and a
propagation constant k(ES::u%%(P)where c(;B is assumed to depend
arbitrarily on the depth z and arbitrarily, but gradually, on
the horizontal range coordinate ?E(X,g).

Assuming the density ?(;r) to be constant throughout

horizontal layers and defining a velocity potential(ﬁ(ﬁjv such that

p(r)=ecr)2% (¥)/2,

. (1.2)
one obtains for each layer a Helmholtz equation
2 2 :
V (‘7:‘) + /4 i ,(" — fr =5
P CEdi el = 7Ry, (1.9
For a range independent sound velocity distribution, i.e. for
c(;s = c(2z) the solution of (1.3) can be written as a normal
mode sum of the form <
~n
¢(;)=§ Yp () Mp(2). ,
The "range functions" f\h,,(i;) then satisfy
2 2 - e
il e > /u
[Ve e - ,410 {P )]'\l/’o(?) J{P /‘)o) r('Za), (1.5)

which is easily solved, while the “depth functions” up(za are
obtained by solving (1l.1l) with EEamst. For arbitrary but
gradual range dependence one can attempt a solution in the form

of an almost separated




normal mode sum which takes the form

- S > —
¢ (~) —,P_\h,(g).u,,(z,p) (1.5)
The equation satisfied by the range functions becomes now

much more complicated involving terms which couple all the

modes together, whereas the depth functions can still be

obtained from ({-1) except that they are now no longer range
independent, but gradually range-dependent "local" depth functions.
The problem of arbitrary z~-dependence, and arbitrary but
gradual range dependence of ¢(?) is the case for which the pro-
grams described in this publication have been developed.
Vol. 1 is restricted to the discussion of the depth functions

AW(%)E» and a method for calculating them., A discussion of the

general range equation and a method for obtaining the modal
range functions\hofg) together with a description of the
associated computer code may be found in Vol. 2.

The method for solving (l.1l) which was used in the computer

code described here is based upon the assumption of vpiecewise 1

linear sound velocity profiles, This assumption does not re- ;
strict the range of applicability of the code in any way. On

the contrary, it enables one to obtain analytic solutions for

the depth functions and thus makes it possible to obtain numer-

ical solutions much more efficiently than by the mathod of numer-

ical integration which is necessary for arbitrary profiles. In

this way, normal mode theorv becomes accessible to a much larger

class of problems than otherwise possible. This is of particular

Pl >




importance in view of the fact that the normal mode treatment

is the most exact method of investigation sound propagation
problems, which still works in cases where other methods
(ray tracing, PE-method, etc.) fail. On the other hand, by
inserting additional segments any velocity profile can, at
least in principle, be apnroximated to any desired degree of

accuracy by the present method. This would, of course, increase

the computational effort again to unrealistic magnitudes.

However, in practice, a very large number of segments is neither
necessary nor is it in general possible, since for anv given range
point there is usually only a relatively small number of data

points available to define the local sound velocity distribution.




BE, DEPTH FUNCTIONS FOR A PIECEWISE LINEAR SOUND VELOCITY PROFILE

Since the boundary conditions are given at z = 0 and z = c0,
the depth functions u (/,F ) have to be found within these limits,
The vertical sound velocity distribution at some narticular range
point}? which determines the general solution of the depth
function equation at this noint is, as mentioned earlier, usually

approximated by a piecewise linear function:
CfR)Y = Cl2p)+ 5 (2-2:) 2. L2 2Bt (2.1a

MEE s =@ -T@)] /(2. - 2:) (<=12,.. Kr1) (2.1b

The range 0 € z ¢ o¢c 1is thus subdivided into horizontal layers with

boundaries at z = z for the ith layer. The method to proceed

iy
with is therefore to find the solutions of the depth function i

equation within each layer and match the solutions at the

layer boundaries. The conditions to be satisfied are that i

Q) u(,,(z,?) ‘ anda 944‘9 (Z,F’,)/Qz (2.2)’

are continuous across each boundary. These follow from the require-

ment that the pressure ;

. P—:jp9¢/9t
and the velocity i
v ==V

be continuous evervwhere,
The water extends from z = 0 to z = zpe The water densitv
is assumed to be constant everywhere i,e.
gi (Z) = FW, s 2 & ee (2'. 3)

The ocean floor is assu@ed to consist of iscvelocity lavers




with the density constant within each layer. At the present
time only one layer is considered, hence the ocean floor is
characterized by 2 numbers

elz) =L, T(z)= Ty 2> Zg -
However, if the need arises these assumptions can easily be
generalized to several layers with linearly varying profiles.

Within the water c(z,f;) at some particular E’varies

between c_. (P ) and c ° , ~ ) 2
min® P max( £ ), where always cmax(P )< cB( P .
A solution of the eigenvalue problem (1l,.,1) is obtained only

if the local vertical wave number KP(Z'F'),

4/2

- 2 —

K, z,p)= %[w/’C(E,F)]‘ "rz(P)} (2.4
is real for at least part of the range 0< z< zB(g;). This limits '
the range of possible eigenvalues to

kp (F) <« W/ T o (F)- . (2.5¢

Discrete eigenvalues are obtained for

ko kB B oo /e, 1P
(2.5t
For

-~ . —
kp () < w/Ty (F),
any value of Kk will provide a solution to eigenvalue problem (1.1).
This report is concerned only with the calculation of discrete

eigensolutions. With the assumptions made above the solution

within the ocean floor, i.e. for the range

2Bf§)sz < oo

which satisfies the boundary conditons at eo is simply

,o@p (2,0) = ,a}f @) exf{ - Jr (,5");_;} : o
ikt ' -~ 1~ !
¥r (F) = Lk = W/ (@} | (2.6b)




This leaves only the solutions for the range
o< Z £ 2y (p),
i.e. M;’ (Z,F ), the solutions within the water, to be determined.
They are obtained by solving (1l.la) with c(z) as given by

(2.1) or more precisely with piecewise linear distribution of

f/cii®
k: (7:.) = s(‘&)/’c (2)37‘ = S.UJ/’C (%;)}7--1- S; (2-—24:) 2-&24%,,
with (2,7a)
s; = { o/ (2 T -[w/c@ol /(2o s -=22)- ¢‘=1(_,z,..k)
2.7b

Assuming a linear dependence Qf kg on z is compatible to first
order with the assumption of a linear z-dependence of c if the
variations in c(z) are small compared to the magnitude of c(z):
ki) =fw/c@f = o Mhezg)+ 55 2-20)) %,
which with :
ac; = [/C(zi+¢)_zc(%,;)l<<c(%,;) (2.8)

can be written as
k? )= fuo/C(z;)}"— 2 fw/elzi)y § S,;C/C(z{)}(z-é;)

Hence, if c(z) is a linear function with slope sg then kg(z) is -
also approximately a linear function with slope s; = -2(.015; /{rt‘(ii)}?’
and vice versa, if (2.8) holds. Condition (2.8) is satisfied for

A}
sound velocity profiles since typically

DT <« 50 m/sec ; T 2= 1500 m [/sec .

Proceeding with the assumption that kz(z) can be linearized

according to (2.8) the depth function equation for the ith layer




{ _ at some particular E becomes
| diu, (2, )/t +{ o/ 2, )1 s (B) (z-2)- Ky ) w2 p)=0
or
A, (z,p)/42* + ;dp; (L) + % )= § axp () = ©
with
dp; (ﬁ’):{w/xc(zglfs’)il— S (B)zi-kp (F) . (2.9)

The substitution

G f) = s @) P {dpe B0+ sc = 3= opllzePuen])

(2.10)
transforms this equation into the Airy equation

2 2
Therefore, the solution for -the pth mode in the ith layer in the

water becomes

3 . YV =2 = A, l: - g - . = 2"5252.{#1
’ up‘ (ZIP ) P(A {51) ér' B—L (r&a(.) & (2.11)
! There are 2 constants to be determined for each layer. By watch-

ing the solutions and their derivatives at the layer boundaries
the coefficients of one layer can be expressed in terms of quanti-
ties from the preceding layer.

E w o ‘

w
Upi(x) = Mo (z,p ) up:- (2)=Up;

A=Al A=A )], s 9B Ae,

one can write the matching conditions at the boundary between

i &),

Abbreviating{

s

the ith and the (i-1)st layer as

Wpes ()20 A b, B, = Cpi Ac + e Bi = . (20)

(2.12)
/ / / / U Vd y
U’, s (B)=- O‘.'-i[op4‘-1A;‘-1+4>ya‘-4B4'—1]"' = o(\'[a/;{ A{ +‘bln' ’J}‘ ] = \/l"- (z; )~
Solving these two equations for a; and bi in terms of ui_l(zi)




9
and u (z ) yields
7 -4 /
Olpi = qupi_i @)D+ . Up o-1 (2:)B; i’ (2,13)
/bpi = I {—upi_i (%;)A:; = o(,-qfu‘;-:_a. (ZL)Bi k .

The first derivatives of the depth functions are obtained from

(2.11) as

- ! / Y
= oA ‘@,f) = 0, Ai (2;,,-)«»19,,; Bil(;;"))(z.lu)

4

keeping in mind that the derivatives of the Airy functions are
with respect to Zf . ﬁhen matching derivatives at the layer
boundaries one has of course to use derivatives with respect to Z,
as was done in (2.12). Howeber, in order to propagate the

solutions for each mode from one layer to the next, one can, as

suggested by eqs. (2,13) and (2,.,14), use just as well g’-derivatives.

This approach was taken in the program described here. Defining
u‘r/{ (%‘h)z T v di_ pt L= )
the coefficients (2,13) then become:
Op:=’f[*’~pe1 (2:)B = Tup,1(2) B]
1’1"' = Tr[' p«.—a (z; )A +Tu‘“ 1 (i A‘]

W e e ‘

An alternate form for propagating the solutions, also used in

(2.13)

the program, is

- K /
up\:{ (%,P) = rc41 b(l“:_‘ (2-( ) -+ ,CA-L ur;.‘_ (2‘«“)2

/ (2015)
u\r‘{ : (219)~; = %, up,c-a (2:)+ Taa My;i—«. (zc)t

wheve

by s e i
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oo =W AL (5,)B; - B (5,0)A}
e =nT{Btg WA - A (5..)B: }
e = A (T B = Bi (. 3 A ]
Can =T TABI (50 A; = A (X, )Bi § .
Using egs. (2.11), (2.13) and (2.14), the full solution u” (z,p )
in the water can be determined in terms of just two unknown con-
stants, which can be eg.apl and bpl’ i.e. the coefficients
in the layer nearest the surface. One constraint for these

coefficients comes from the boundary conditions at the surface:

w -3
Wy (0, pl=0 . (2,16)
Hence from (2,11):
a A, + ’AM'B1 = (2.17)
If one chooses for apl the arbitrary but convenient value
Aps = By, | (2.18)
then bpl 1s determined:
bpa T - Aas (2.19)

and one obtains for the slope of the solution just below the

surface from (2.1u4)

w J =\ _ L i S e
WUpe (O p )=~ (B.AS-AB) = o (?)/T\ (2.20)

This choice of coefficients ensures that all solutions start

out with a positive derivative near the surface:

w ol :
Rpa (9 ) >

P P : (2.21)
which makes the Z derivative

W ) & 17+ W - - S
Upe (0,8), = - [t (0)] “ps R ‘3”[“‘“’)} "(2.22)
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Using (2.11) and (2.1%) with (2.18) and (2.19) one can determine
the solution and the derivative at the lower boundary of the
first layer. In terms of these quantities the coefficients

for the second layer can be found using (2.13)., In this way the
solution uV('Z, E; ) can be propagated to z = Zg the ocean
floor., There the functions u;(2, F ) and ug( %', F ) have to

be matched. This leads to the conditions

w - B = -
. Pw Uy (2,0 ) =Pl (25, ¢) (2.23)
A\ - B =
By f)| | e BF) | ~ 5 (Flup Gz 7).
P 22, © 9% 2-2, .
(2.24)

As indicated in (2-7a), ug contains one undetermined

coefficient. It can be found by using (2,23). The choice (2.18) was

made because it provides a convenient starting point for numer-
ical calculations, as will become apparent below, But it was
arbitrary in the sense that solutions calculated with this choice
do in general not satisfy the normalization condition for normal

mode solutions, in this case: N

Cpr)

o PV‘/ ”up (2,—(3?,1 dz = 1 .

(2.25)




RO S

To remedy this situation the integral over the square of the
unnormalized solution is evaluated to find the necessary

normalization factor

zB i B =12 ~af
oy d
A;Uo lug(2,5) 3 H&/Pwil% 3, pl*da} S

Z’,,; (%;,(?)
%p 0 N 1 ' -
/; Iur‘"’(%,p)l d=z = Z —_ j [a ;A.‘@;;)*L’{Bt (Z,‘;,; )] de;

— i tp) ;
=1 P f -

- ;“ (2;_“P) v (2 027a)

% [lu® ey =
23 .
oo o B g
B a2 @] 2= _ 6 [awe] oy g)e,
=—[las ()| € = e
Pw4 P (PJ Pw 2p,08) Phiria

The first integral can also be carried out analytically using

]

rz g ) " Y i
{’ A (2), dZ=[f(A* g )"~ (A*(E’))‘_]El : (2.28a)

Similarly -

£ 0 o
éA«'(z;)Bz(;’)d[: [ ZAg) Bicg)- A (1) (Z)]z, ;

and

z / 2 Z}.
;[ (Bies)™4dz= [ & (Bix)*= (Bi'1x) ]z, ;

(2,28b)

(2.28¢)




These expressions follow from

[C&.@)C.x)ar =7 CtrICr) - Cl(z)C (x)

by differentiating with respect toJ :

qu ) C‘,C,_ i - (C,’Cz—*C‘C‘Z_’)—C‘”C',_"'C,/C',_" :

Upon rewriting this equation as

C;-/ ((q ”..Zf(j,) i (jal (C;‘V- Z'Cl.)==(3

it is apparent that it is satisfied for Cl and C, being any ‘

2
solution of the Airy equation.

The functions up('Z,(;;l ) as discussed so far still do not
satisfy eq. (2.24)., The coeffic nts of the two partial solutions
u;( 2, F ) and ug( Z,F ) were chosen such that the boundary con-
ditions at 2 = 0 and % =00 were satisfied and that up( &, F )
is continuous everywhere. The derivative ug(sz) is.at this
point continuous everywhere inside the water and inside the
ocean floor. However, so far no provisions have been made to

A}

make it also continuous at z = 2z In order to achieve this/

B.
u: and ug have to be adjusted such that (2.24) is satisfied. This
can be done by choosing the proper values for kp( ?? ) which
enter u; and ug through (2.9) and (2.6b). In this sense eq.

the
(2,24) provides the characteristic equation for/gzgenvalue problem

at hand. A more convenient form of the characteristic equation

i
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is found by dividing (2.24) by (2.23), which corresponds to

matching log arithmic derivatives at the ocean floor:

2uy (2,7) P . &
G e Wil g e 0T (2.29)

E-—-—ZL

The characteristic equation defining the eigenvalues kp(;: )
can, of course, be established at the boundary between any

two layers. It turns out that sometimes it is advantageous to
propagate the solution from infinity up to the boundary between

two water layers. The characteristic equation is then

= / — / 3 =
Upy @ f) g G Y= Yo (20, F) vty Gnif)
(2.30)

assuming the match occurs at the boundary between the (M-1l)st
an@ the Mth layer. ‘Here up& is the solution started at z = 0,
up.T the solution started at co .

Both (2.23) and (2.30) are used in:the paper and will be

referred to later on.

\
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ITII. ARGUMENTS OF THE AIRY FUNCTIONS AND GENERAL
PROPERTIES OF THE EIGENVALUE SPECTRUM

Since the Airy functions play a central role in the
problem discussed in this report it is useful to point out
some general properties of these functions and to try to get

an idea of how the various parameters which enter the problem

"affect the regions in which the Airy functions are needed.

It turns out that the arguments of the Airy functions within

a particular layer can be expressed to a good approximation

in a relatively simple way in terms of the frequency, the

slope of the velocity profile and a quantity with the dimension
of a sound velocity which indicates how far the eigenvalue is
above or below the wave number corresponding to thevlocal
sound speed. This formula can not only be used to determine
the range over which the arguments of the Airy functions vary
for a particular profile but also to estimate the total number
of modes possible and the average separation between successive

eigenvalues as a function of mode number.,

The Airy functioﬁs are characterized by the observation
that they behave like an oscillating function for negative
arguments and like an exponentially rising or falling function
for positive arguments, The characteristics are clearly

brought out by the asymptotic expressions for large'arguments

(g|>1):
BT Al ()~

5 1
2\!' Z‘/H § 4 - 2'16 . }

Bc (t)—' ——z—./-" §1+ .Ls._i..,...i

(nagz&R)
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1 S (1 - 3% x99 _!-_ *'“) sis (7* {!’)

Al(-%5)~ 7 s
s 1
2.’_'_5 ?__...)C0$(7+ ;’f); PR

Bi (%)~ g, § (1- 2o i) conts )

(-é%,li-'--)fin (y+3) } .

The argument of the Airy functions is given by (2.10) with
- =B .
dpi(Q). and s;(¢) defined by (2.9) and (2.7b). It follows

that (ignoring the ? -dependence and writing c(zi) as c; etc.):

Zpi_ (3) = - (s“)-‘/, [ k:(%)"krz]
(3.2)
2
L:(;):.- —2—’;_ + S; (2-23)

A

denoting the k2 - value as a function of z along the profile.

As indicated by (2.5a) and (2.5b) the range of discrete eigen-

values is restricted to

2 =k

<k, ck o o2
’CB g o 't.rm‘

min
“

This is indicated in Fig. 1 where schematically a typical profile

is shown,
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The quantity which essentially determines the argument of the
Airy functions as a function of z for a particular mode P is the

local vertical wave number Kp(z) defined by
G 2 2 i
KP (2) = ko (2) - ke - (3.3) |

Defining new variables

'J(.: (2) = - kol(%) + wl/'c'mi:-

*

‘k; W, l‘_‘? b w&/,cm:“

with the ranges

(2 % E k5 by
w w w w 2w
0 ¢ XKJ(2) ¢ - = - 2 A
£ 'Cw\\::\ /Cm: '3 'cm:n,z ('CM\ u+ A's) 2 M? “ :
and
O (p=1)
'3$T='§ wt w* w? Lt n 2w (A +AL) (p=N)
— - o= = =
'cM\“o\t ’ch 'clm': ((‘\Mc‘“ "As + A‘)" rc“‘:“S r

one can see that

Kp™ (2= % - %2 (2)

varies between

3 |
= zszz /,C‘be\ ‘

for p = 1 (i.e. for the eigenvalue with the lowest mode number)

and at z = zg (the z-value with the highest sound velocity), and




2w? (A‘s tA, )/C'mw\s

for p = N (for the eigenvalue with the highest mode number
and at z = Z, (the depth with the minimum sound speed), with

values

Q.w"'A(""—')/’C;..?w

'in between, where

~84 $ AR)LA, + Ay (3.4)

Hence the coordinate axis of A (z) has the same units as c(z)
but its origin is not fixed in Fig. 1. Instead, it shifts
around and its position corresponds to the location of the

2

square of the eigenvalue (kzp) on the k” - axis,

The slopes S; can be written as

4 wr w*
S"Z‘-(c* ot
1 iva 1

L

2 255 wr/w?, = 2 (A (wa,

m Miw

(3.5)

: With these definitions and approximations the argument of
the Airy functions in the ith layer for the pth mode can be

written as

) ,’

2/3 .
. Qe (2)= — = (A:j& ) A(z), (3.6)

min
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Hence, it turns out that positive arguments are generally obtained

for low wave numbers, negative arguments for high wave numbers.

The slope of the profile in a particular layer does not affect

the sign of the argument. However, the absolute value of the
argument may grow very large as the slope approaches zero.
Layérs with small or vanishing vertical sound speed gradients
are frequently encountered near the surface and of course near
sound speed minima. Some care is necessary to maintain the

accuracy of the solutions in these cases as will be shown below.

In order to get some numerical values the following

parameters were chosen:
--f= 250 Hz
STe Ay b, = 04, & 100 sfac por B0
SS=A,/ /R, = 5m/sec pac 100m
Sy = Ay/By= 4.5 m/sec per 100m

Tomin & 41500 m/sec.

The three values chosen for si correspond to low, average and
high sound velocity gradients as usually encountered at small
or intermediate depths., The value chosen for s3 is typical for

greater depths, With these numbers are obtained for the Airy

function arguments &

L0 ()= -14.4A(2), —-0.84 Ar2), -0.44494(2)

‘-sz (2)=-0.84 A (z2)
Cps (2)=-1.87aA1(2).
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For f
02/3

1

25 Hz all coefficients are smaller by a factor of

4,64, For the lowest eigenvalue:

A)E — (AL +A4,)
A (al)g —Az

A (23,)20 (3.7a)
A (23)?_- -A3 .

For the highest eigenvalue:

DY Ay + Dy - Ay -4,
A(2)2LDy T Ay - D,

A ()2 Ay + A,

A (2g)s Ay .

(3.7b)

The parameters encountered in a deep ocean case may be e.g.

{1 =‘-400m, £z= éoo—m., 23 = 3000 m

A, =04 m/sec, Az-‘-‘-%Om/sec’ By shsmfsec, Ag=300m/see .

(3.8)

This leads to the following Airy function arguments for the

lowest mode:

346
340

at the surface (z = 0)
at the end of the first layer (z = z2)
at the beginning of the second layer (z = z,)

2
at the end of the second layer (z = zs)

[FEAEE



~ 0 at the beginning of the third layer (z =

23)

~ 84 at the ocean floor (z = zB)

The corresponding numbers for the highest mode are

~ -3570, -3575, -263, -288, -6u44, =560 for the quoted value

of Ab
~ -165‘ -170’ -4, -38. -8'4, 0 fOI‘Ah = 00

It is apparent that a combination of high frequency, small
slopes in the profile, very low and very high mode numbers can
result in very large posifive or negative arguments for the
Airy functions. From the asymptotic expressions for the Airy
functions one can see that large positive arguments are
particularly serious since they can lead to exponents of the
order of several thousand. For the lowest mode e.g.,the Airy
functions are of the order of unity near z = z,, but in the

example given,of the order

Y
ex/s &y 5 45 223

near z = z,, i.e, tﬁe eigenfunctions for the lowest mode grow
over more than 200 orders of magnitude between the ocean floor
and the location of the sound speed minimum., For very small
slopes which may occur near the surface or near a sound speed

minimum the exponents may be even higher. As the small slopes

= CURUURENEES,

|
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do not usually persist over large distances the growths of
the Airy func#ions between the beginning and the end of a
layer are relatively small, but the coefficients obtained
when matching the solutions to the other layers become

small to the same order as the Airy function" grows large,
and near-cancellation of very large numbers occurs., Special
i precautions have to be taken to avoid overflows and under-

| flows in the computer and to ensure that the accuracy of the
results does not deteriorate due to the near cancellation of
large numbers, This problem will be addressed in the next

section.

Eq. (3.6) can be used to estimate the number of discrete

modes available for a particular profile and frequency.

The highest mode is aﬁ oscillatory function all the
way from the surface to the ocean floor since the arguments
of the Airy functions are negative throughout. Also since the
arguments are large in most of the region the Airy functions

can be approximated by

Al (-%) = sin ($27. )

Bi (%) o sin (32%47%) .

By keeping track of the phase differences of the sines between

the two boundaries of each layer and adding them up over the

whole water depth one can aporoximately determine the number




of half-waves accomodated in the water column and thus de-

duce the wave number for the highest mode and at the same

time th:e total number of modes supported by the profile:
2 r Y. s,
e & - SR e .y\7~
N = 3w %;4, ' L Zv; (zj-u)] L Iy (24)) I s (3.9

or using (3.6)

M 3
. 2 ﬁw £. /2 Y
N = 3T <k Z-: I’J- \A (21.“)-A (z;)‘. (3.9b)

Usually a good estimate can be obtained by approximating

the profile by two or three straight lines.

With (3.7b) one obtains

wi f 4
N= § =’o { 3 (Ay*A,- 2-) (A +84-4, A‘) I(3.10)
y, e
+£,(A5+As)m‘ (A3+A5-A,_)/ l |A3/z‘ (857 A"Yz” §
B, ;

For Ab >> Ai )Az’ A5 :

N~ iizf s‘e (A-;"' Ab -—A;)V +-£ (A;*Ab) (3.11)
+ K, .,; }

= 22 f HV'A_"

c .

MW

b




where H is the total water depth.
above one obtains 843 modes.
Nz 42 Sl; (A~

.

"-
"(A\,‘Aa.),/l] o a“;A'a/ } 2 215 wmodes.

8,)"

£ 3
i 'Zz;_' [As “-

Two approximations of (3,12) are of special interest :

Ay=A,: N= wz "f'i (L. +R,)Va,

and

s
Dye Ay N = "32' ( k.t"' 4 -Me,)\/—

Hence it turns out that the total number of modes lies

approximately in the range

N=(1-2) Wz H VA

3 o =20 3/2.

with A = maximum sound speed difference, H =

depth.

For the parameters chosen

For A* = 0 the result would be

(3.12)

(3.13)

= total water

To determine the average spacing between eigenvalues

ana only has to divide the difference

koK = e s

w
2 (A:."'A'b)

M

-

0

2}
]

(3.14)
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by the total number of eigenvalues as determined above,
However, some care is necessary to obtain a useful result.

It turns out that in the two regions

iy
Wflet., ¢ k¢ wifen. S

2

g
CJ*/IC: ey k 4 w‘/C..,., )

(3.16)

the eigenvalues are spaced very differently. For the first

region to which the eigenvalues are confined when - T

(i.e. Ay = 0) the approximate structure of the eigenvalue
spectrum can be found by calculating thg number of modes as
a function of the wave number for a two-layer profile

(i.e. k. = 0). Then the total nhase accumulated in the pro-

1

file is given by the two Airy function arguments at z = Z3,

l.€.

A (z) = A (E;)-

If one takesA(zs) as a function of k varying between 0 and

A3 one can obtain the number of modes as a function of k as

Wz f L o5 ) 17

sk b whaly vl §EIAR)

wit_}_xA(k) determined by
w? £le w i
'cum'-\z [’tﬂ“.o\ + A ‘ k)]z

E S

Koy = ( kwax - Fk)*
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or ARz ("'-.m /w)Jk (.....‘ /w)(kmcr. » ) (3.17)
Hence 3 (3.18)
i 2C...e-.a' £z 4 ¥
bode I’ LY { —+-K:£(S’d
= 2 Y A v 2
I(.,," -k (m) = (—) —,:ij (A:. A, ) m"? =an/‘")

Miwn,
i.e. the wave number changes with the two-thirds power of

the mode number, Differentiating with resnect to the mode

number yields

[ dkfdn =- % am ™ 2 Ak/Am.

For An = 1 one obtains the spacing between eigenvalues as

a function of the mode number:

-2
Ak{'n.)- (2'-f)us ( s ) 3%'4/3.

As €3.19)

4

For the region (3.16) the eigenvalue distribution is quite

different as one can see by inverting (3,11) and differentiating

it with respect to n, after replacing Ay by (3.17):

k)= 225 g [ 2y, -0T™
Koae -k = (wc....-n /qmm’-,
with the result:
Ak("') Y (Tr m“/sz")n, (3,21)

L_.,.:t i

. s i e et




i.e. in this region the spacing between eigenvalues increases

; linearly with mode number, whereas in the region k > w/'cm,.

; it decreases slowly. Hence, the average eigenvalue spacing

égk) is a useful quantity only in the latter region, since

there the spacing remains relatively constant except for

the first few modes. (Ak) can be defined for this case

by dividing (3,18) with Ay = 0 by (3,12):

lawy= Jx( 2 ){l (-2 2N (-2 ey

(3 22)

Taking as a snecial case A, =A, and A.,_ & Ay ,'one gets

(ak>=22 (2 p ey (ama))

(Aky =2 (8 (R thar ) (8,20,).

Hence a good approximate guess is

S/
{AkS = 3w (A5 ) i (3.23)
272 ‘Cuw/ H
where H is the total water denth,
This expression is useful for establishing the stepo
size for the wave number in the search for the eigenvalues.

Upon some further manipulation one can obtain the exnression

Abkin) . “4/3
(A:) = %‘("t)

(3.24)
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From this one can see that near the highest mode (n = N) the
actual spacing is 2/3 of the average, for n = N/8 i.e. for

a very low mode the actual spacing is 4/3 of the average.
Hence by using 6 x{Ak)> as the step size one has approximately
four steps between the highest modes, 16 steps between modes

N/64 and N/64 + 1 which is usually sufficient to catch all

modes except when nearly degenerate modes are present.
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IV. SOLUTION OF THE CHARACTERISTIC EQUATION

As outlined in section 2, the eigenvalue problem (1.1)
~ can be recast into the form (2,29) or (2,30) with the pro-

S . w =» b - =
vision that the functions up(z,g ) and uy (z,@ ) oru Z4f )

p, &
satisfy the wave equation (1l,la) and the boundarvy conditions
(1.1b) and (l.lc). This requirement has been met by starting
solutions of (l.la) at the boundaries z = 0 and z =0,
matching the boundary conditions there and propagating them
layer by layer towards the joining point z = zg (for 2.29)

or z = zy, (for (2.30)),

The subscripts p on the solutions indicates that the
particular functions describe the pth eigenmode corresponding

to the eigenvalue kp' Hence all the solutions u;, ub and

b
up,, u g can be considered implicit functions of a variable

k which for the pth eigenfunction assumes the value k = kp.

The task of solving the eigenvalue problem (1.,1) is thus
reduced to finding those values of k for which (2.29) or (2.30)

are satisfied, more precisely to finding the zeros of the

functions

944,"'(-2,"]‘) P ~ w )
W (k) = T - F;B""_,fx(?/“)“ (%'h?/k) (4.1)
or

g

AN

L RN W=

[Ny SRS,



W(k)=wy (24 ,F‘L) “:. (Zm 0?1 k)

_lui (ZM Ié’/ l‘) uf (ZM IF/ k) (4,2)

As eq. (4.2) suggests, finding the eigenvalues corresponds

to finding the zeros of the Wronskian between the down and up
solutions at the joining point. Eq. (4.1l) is essentially
equivalent to (4.2) except that in this case use has been made
of the fact that the up-solution is a simple exponential.

This made it possible to factor out the up-solution and in

fact drop it since it is nonzero everywhere.

An important property of the function W(k) is that it
alternates signs between successive eigenvalues. For (4,1)
this fact can be deduced in a straightforward way if this
equation is interpreted as a matching condition of the

derivatives of the down- and up-solutions:
w / B = Y
W(k)= w”zg,5 k) - u=(2g,p, k)
where subsequently the relation
B - B -3
w ‘23/?/")/=b’(f’,} k)u (ZB/?/")
and the matching condition of the functions themselves
w -

have been used,
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It is well known that eigenfunctions of the type
up(z,?), regardless of their specific form, always have a
standing wave type pattern of some sort with p nodes for
the pth eigenmode. Hence if the functions u; (z,é’ ) are
always made to start out with the same slope at one boundary;
e.g. the surface, they will have alternately positive and
negative values at the other boundary. Therefore, since there
are no modes within the ocean floor, u” (zp» ?’, k), and
because of (2,23) also u’ (z, ?', k), have different signs
between successive eigenvalues., Hence the derivatives of
uw(zb, ? » k) as a function of k oscillates continuously
between positive and negative values whereas the derivatives
of uP (z,, g? , k) is positive (negative) as long as u” (zb,E:, k)
is negative (positive) and it shows the discontinuous behavior
indicated in Fig. 2, switching signs whenever uw (zb, E’, k)
changes sign (which is assumed to take place at points a, b, ¢

etc. in Fig. 2). The plus and minus signs in Fig. 2 mark the

areas where

P b (ZB,?,H’ 2 ub (24, k)

The numbered circles indicate the locations where W(k) changes

sign, i.e. the locations of the eigenvalues,
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For eq. (4.2) an argument similar to the one just given apolies
if zy was chosen such that the up solution is of the exnonential
type throughout. If both the down- and up-functions have
oscillatory behavior at z = z, one can simulate their behavior

M
there schematically by the functions

. kr
W, (2, k) = A sin —
J ) ) S 'ZB. 0< L EH‘

Up (2, k) = Bsin -‘-‘% (2g-2) 2Zpm<2Zc2Zy

which have matching logarithmic derivatives at zy whenever k is

an integer. Then

)

[Wik)],., = 5 AB sinkm

i.e., the Wronskian is zero for eigenvalues and alternatessign
only there., This simple example can also be used to show that
had one taken the condition of matching the logarithmic deriva-

tives directly ,

VoK)= W Ur

instead of in the form of the Wronskian (4.2), the desirable

property of the signs alternately only at»the eigenvalues




would be lost:

Siw ‘< T

| g

. . Z
Sta ;—BEM Sin l(T\‘.(i- -—z’i)

While V(k) still has zeros only for k = integer the sign of
V(k) now switches not only when an eigenvalue is passed (i.e.
for k = integer) but also when one of the sines in the denomi-

nator has a zero,

Even though the arguments given above were not rigorous
the qualitative conclusions apply directly to the general case

of arbitrary eigenfunctions as long as these eigenfunctions

are all non-degenerate. If this restriction is lifted and
degenerate eigenmodes are possible the situation may become
rather complicated and the simple method of finding the eigen-
values outlined in this section would certainly no longer work.,

However, it is very unlikely, as long as one is dealing with

empirical sound velocity distributions, that one should encounter
cases with truly degenerate eigenmodes., On the other hand,
almost degenerate eigenmodes may occur occasionally in cases
where the socund velocity distribution has pronounced local minima.
The method of this section may then still be applied. However,

a little care may be necessary to catch the sign change of W(k)

between the almost degenerate eigenvalues,
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For the purpose of this report it will be assumed that
W(k) changes sign at every eigenvalue and only there. Then,
in order to find the eigenvalues, i.e, those values of the k

W(k)=0

is satisfied, one may simply use the following procedure. W(k)

is calculated as a function 0f k with k changing in small enough
steps and, whenever the result changes sign between two successive
steps, one switches over to an iteration routine which locates

the exact position of the zero., The range of discrete eigen-

values is‘restricted to
R T T (4.3)

The lowest eigenmode is found for kzkma Hence the search is

x*
started at k = kmax and proceeds by decreasing k steps of XKD;'

the quantity XKD has to be chosen properly, If it is too small,
excessive amounts of computer time will be required to complete

the search. If it is too large the search will locate only

part of the eigenvalues, A good choice is usually
‘XKD = Lnk)/6, (4.4

where (Ak) is the average eigenvalue spacing as defined in

section 3, If the bottom velocity g is much larger than Crax®

the maximum sound velocity in the water, one may save consider-
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able computation time by lettering XKD increase linearly

with mode number for wave numbers

’< < kh“n ="“/’t

maxn °

Occasionally there are almost degenerate eigenmodes which are

separated by only

Ak = <akd / 400

or even less. In those cases it is usually still best to use
(4.4) and catch the missed eigenvalues by a more detailed local

search.

Formally eq. (4,1) and the method outlined for finding
uw(z,?, k) is sufficient to find all eigenvaluec. In practice,
however, several difficulties arise which have to be dealt with.
Usually no problems arise for intermediate or high mode numbers
since in these cases the function W(k) is sufficiently well-
behaved near the sea floor z = Z,,» The problems which do appear
are basically caused by the fact that for low mode numbers
uv(z, z, k) has only a small oscillatory part near the sound
speed minimum and two long exponential sections between there
and the surface and the ocean floor, within which the function

drops sometimes over several hundred orders of magnitude (see

section 3). However, despite the exponentially falling appearance,

both exponentially falling and exponentially rising components

erew-hae to be present in the solutions to allow matching of the

logarighmic derivatives at the boundaries, Very near the eigen-
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valuesl the coefficients for the exponentially rising parts
are of course extremely small so that the required exponentially
falling appearance can be achieved. However for wavenumbers
away from the eigenvalues matching at the boundary between the
oscillating and the exponential part of u” require large
coefficients for the exponentially rising part. This way W(k)
can assume very large values near the sea floor which may easily
exceed the capacity of the computer, And more seriously, since
a zero of W(k) has to achieved essentially by cancellation
between u" and its derivative the loss of accuracy due to very
near cancellation of very large numbers does not permit to
obtain a solution. Even the use of double precision arithmetic
is not sufficient in many cases. Four steps were taken to
permit the calculation of the eigenvalues despite these diffi-
culties:

(1) Instead of always matching the down- and up-solutions
at the sea floor (i.e. using eq. (4.1)) the matching is sometimes
carried out at some appropriate boundary between two layers in
the water (i.,e., eq. (4.2) is used). This makes W(k) much more
well-behaved for the low mode numbers,

(Z) 1In the cases which up-layers are introduced the
solutions increase very rapidly between the sea floor and the
matching point. To prevent exceeding the capacity of the
computer the function u,(z,?,k) and its derivative u'f(z, F, x)

are scaled down at each layer boundary in steps of 1010

5

until
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(3) If the solution is of the exponential type over
the whole extent of a wide layer the propagation of the
solution between the two boundaries becomes inaccurate if
it is carried out in one step. In these cases the layers
are divided into sublayers and the solutions are only propa-
gated from one sublayer boundary to the next. This way the
chances for errors due to near cancellation of large numbers

is very much reduced.

(4) If the Airy function arguments are large and
positive the corresponding values for the Airy functions
can easily exceed the capacity of the computer. In these

cases the Airy functions can be approximated by
2 72
Al(r ) = {i5)e-=%

Bi ) < gx)e?t

with corresponding expressions for the derivatives, where ;

may be of the order of 100 or even more.

Forfunately it turns out that one can find a formu-
lation of the problem (see egs. (2-15) and (2-16) where these
very large or very small numbers are never needed individually
but only in pairs in such a way that each pair contains one
positive and one negative exponent. Hence, by carrying ¥ (%),

g(& ) etc. and the exponents along separately one can avoid
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overflows and underflows since the exponents appearing in
the results are always only the small differences of two

large numbers,

The computer code described in this report uses the
method for solving the characteristic equation outlined
earlier in this section. With the additional features just
discussed it can be used to solve a wide range of practical
problems. Propagation problems in the deep ocean (HA~ 4000 m)
can be solved for frequencies up to several hundred Hz with
high precision. For shallow water cases (water depth = a few
hundred meters) the frequency range in which the program can
be used extends up to several kHz. If a few precautionary
measures are taken in preparing the profile data (see Section 7)
then the range of application is basically only limited by

the amount of computer time one is willing to spend.

The computer code consists of the main routine SEARCH
and a set of subroutines, A detailed description of these
programs is given in the next two sections. It should be noted
that use has been made of this program in the following publi-

cation: A. Nagl, H. ﬁberall, A. Haug and G. L. Zarur, "Adiabatie

Mode Theory of Underwater Sound Propagation in a Range Dependent

Environment", J. Acoust. Soc. Am, 63, 737(1978).




V. DESCRIPTION OF THE COMPUTER CODE (MAIN PROGRAM)

Purpose of this section and the next is to discuss
the set-of computer codes written to solve the problem out-
lined in section 2 using the method described in section 4.
The set consists of the main program SEARCH to which this

section is devoted and the subroutines

PROP, LARGE, START, PR, LG, DAIRY, EXTREM, SINCOS,
PARAM and SELAUT

which will be described in the next section.

The main program obtains input data from the sub-
routine PARAM, which provides mainly control parameters,
and the file NFILE(4) in which the sound velocity profiles
are stored, The inputs consist of the quantities (indices
I refer to ith layer or ith layer boundary, indices J refer

to jth profile):

NUMBER = number of boundaries for selected profile;
(X(I), Y(I), I = 1, NUMBER) = depths zy and sound
velocities c(zijﬁ) for profile selected ;

CBOTM = sound velocity within the sea floor. These data come

40

from the file NFILE(1l), the following ones from the subroutine

PARAM.




FREQ =
RHO1 =
RHO2 =
XKD

" IPRMIN
IPRMAX
XKST(J)

XINCR1,

XMAX1

NOPT =

XINCR2,
XMAX2

NFILE(K)

sound frequency r
water density vw
density of sea floor material < B

step size of wave number k

for jth profile

depth functions are to be calculated
parameter to indicate whether or not the depth
functions are to be calculated at a second

set of depths, (NOPT = 1, NO; NOPT = 2, YES)

set of depth function values (needed only

first profile to be investigated
last profile to be investigated

starting value of k for eigenvalue search

depth increment and maximum depth at which

depth increment and maximum depth for second

it o ;~:, e — E
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if NOPT = 2),

Names of
NFILE(1)
NFILE(2)
NFILE(3)
NFILE(4)

NFILE(S)
NFILE(6)

NFILE(7)

data files

Profile data file

Intermediate file

Depth function values at source denth
Depth function values at receiver
depth

Eigenvalues

Wave functions and derivatives at
layer boundaries

Intermediate file
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given, connected by an arrow.

JMIND = maximum number of up-layers allowed (once the
down-solution has reached this layer a switch

to the up-solution part may occur,)
ICT = maximum number of eigenvalues allowed for this run.
NPPL(I) = number of depth function values in ith layer.

ISLAY = number of points at which the depth functions are

calculated (dimension of first depth function array).,

ISOU = index of element in depth function array for source

depth.

IREC1l = index element in depth function array for receiver
depth for those modes for which there are no up-
layers (if there are up-layers the index is called
IREC and is computed in the program).

IRLAY = dimension of second depth function array for those

modes for which there are up-layers (needed only if

NOPT = 2).

IRLAY1l = dimension of second depth function array for modes

without up-layers (needed only if NOPT = 2).

In executing the main program a number of essential steps can

sponding symbols in the computer code both labels are sometimes

the appendix the instruction, or set of instructions, each of the
following steps is concerned with, are marked by arrows or

brackets and are labeled by the appropriate step numbers,
)

-2

In the program listing provided in

be distinguished which are described below. In order to facilitate

associating variables used in the previous section with the corre-




p—

(1
(2)

(3)

(%)

(5)

(6)

(7
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Control parameters are read in from PARAM

A profile is selected and the data describing it are
read in.

The wave number k -» XK for the first iteration is deter-
mined. Generally the starting value is ouﬁc.“‘.
However, if for a particular profile a value XKST <u/c,.,~,,
is provided the iterations will start with this value.
This step determines the slopes S(I) and the internal
derivations for each layer. All quantities are multi-
plied with powers of H such that they come out dimension-
less (H = total water depth).

The search for the first eigenvalue is started at
deterrent number 890, The program returns to this

point each time the calculations for a particular eigen-
value have been completed in order to initiate the search
for the next eigenvalue,

At statement number 990 the wave number k —» XK is

reduced in steps of Ak ®» XKD, For each value of k thus
selected the program proceeds to calculate the Wronskian
W(k). This process continues until W(k) has different
signs for two subsequent values of k. Then the value

of k is determined by a different part of the program as
described below. Control of the value of X remains
there until k has converged to an eigenvalue.

Calculation of W(k), whatever the value of k, is commenced
at the statement number 994, First y-»UK is calculated.

This is up to a minus sign the logarithmic derivative of
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the function ui (z) inside the sea floor.

Then in a DO-loop which extends to statement 3 the
solution in the water is calculated by starting at the
surface with the boundary conditions u; (0) = 0 and

u; (b)' = Jal/and propagating the function layer by
layer down towards the sea floor. The solution and

its derivative at the end of a layer (UOUT, UPOUT)

in terms of the solution and its derivative at the
beginning of the layer (UIN, UPIN) are calculated in one
of the three subroutines START, LARGE, PROP. PROP is
chosen if the argument - DX of the Airy functions is
smaller or equal DM, which is chosen to be 11, LARGE

is called if the argument is larger than DM. START is
-used for the first layer regardless of the argument.
However, START can call LARGE if the argument is larger
than 15 in at least part of the first layer., Similarly
PROP willjikaE if the argument is € 11 at the beginning
of the layer but grows > 11 somewhere within the layer.
Conversely, if the argument drops from ) 11 to £ 11 some-
where within a layer, LARGE calls PROP at this point to
complete the layer,

This process is carried through all the way to the

sea floor unless at the start of the calculations for
some layer it is found that the argument of the Airy
fﬁnctions at the end of the layer is larger than 7,

and that in addition the layer number J is larger than JD,

-
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the number of completed down layers, which can be

set as a parameter. In this case control of the

program is transferred to another section of the program
which is described in the next two paragraphs,

If this transfer does not occur and the propagation

of the solution through all the layers is completed the
program proceeds to calculate ug (zB)—>SCALE and W(k)->
FUNC which in effect corresponds to the Wronskian of the
sea floor as outlined in section 4, and then skips to
statement 45 in order to calculate the overall normalization
constant (see paragraph 12,) The program actuallv assumes
u_ (z,) =1 and ug (zB)' =¥-)’ withy-» UK. In this

sense SCALE is the mismatch between u; (zb) and ug(zB).
Since u;(z)' is calculated as the derivative with-respect
to the argument of the Airy function (see Section 2) and
not with respect to z, ug (zB)?->UPBOTM has to be divided
by the internal derivative at z = zg (= -AL) before it
can be used to calculate the Wronskian. The additional
factor is contained in the definition of UPBOTM to keep
the derivative dimensionless. This is also necessary
since u; (z)' is dimensionless by virtue of the fact that
the argument of the Airy functions is defined to be
dimensionless.

The section of the program described in this and the

next paragraph are entered if the apguments of the Airy fns.
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grow too large in the lower layers of the profile for

a reliable solution of the eigenvalue problem to be

- possible with the procedure outlined in the previous

paragraph. If this part of the program is entered the
result of the downward section of the calculation (UIN,
UPIN) is kept for later use and a new solution is
started at z =00 . The coefficient of the solution
within the sea floor is chosen such that the value of

the solution at the sea floor is

upy (2g)= XFACT * 2072,

The quantity XFACT is at first set equal to one., Later
it is adjusted to provide a métch of the upward part

of the solution with downward part. Since up (z) for

z 7 Zg is an exponential the derivative at the sea floor

is simply:
Up' [28)/ =- UK % XFACT » 10725,

In the program this result is divided by (-AL) in order
to give the derivative-with respect to the argument of
the Airy functions rather than with respect to z. The
reason for this was explained in section 2, The factor
H (=total water depth) which also appears is included

to keep the derivative dimensionless,

Hence, because of conditions (2.23) and (2,.,24), the

boundary values for the upward solution at the sea floor are
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UDL N=RHO2 /RHO4 » XFACT # 10-3
UPDIN = (-UK)* H /(- AL) * XFACT »410~%

Lo, - g il Lo bt o ol

Starting with these values the solution in the water,
uw(z), is then propagated upward layer by layer in a
DO-loop which extends to statement #4 whereby the solu-
tion and its derivative at the end of a layer, i.e. the
upper boundary of the layer (UDOUT, UPDOUT) are calcu=-
lated in terms of the solution and its derivative at the
beginning, i.e. the lower boundary, of the layer (UDIN,
UPDIN). To carry out this calculation the subroutines

PR and LG are called if the arguments of the Airy function

are £ 11 and » 11 respectively. Transfers between PR

and LG within a layer can occur analogous to the procedure

outlined in paragraph 8.

(10) Since for the lower modes the upward solution may grow

very rapidly over many orders of magnitude (Xexp 2/3 3,‘3/2

sometimes Y ~ 50 or even more) it was found necesséry

to provide the possibility of scaling down the éﬁiﬁéigggmw——“
and their derivatives at the end of each upward layer,
Generally, the downscaling consists of reducing u and u'

10 intil Iul Z 107%, No scaling is performed

in steps of 10
in the uppermost up-layer. To keep track of the number
of scalings at the end of each layer, this number is

stored in the array ISC(J)., This array is updated for

each new value of k. However, once the Wronskian has

changed signs the number of scalings at each boundary

- is kept constant in order to prevent the scaling pro-
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cedure from disrupting the iteration process which finds

the k for which
W(k)=o0.

If the number of scalings in two successive iterations

were allowed to be different the convergence of the

iteration process would be uncertain.

The fact that the quantity XFACT may éhange its value
adds another complication. XFACT corresponds to the
mismatch between the down-and up-solutions at their

joining point. Until k has converged to some eigenvalue

Kps XFACTis actually kept equal to one. This does not
interfere with finding the eigenvalue. However, in order
to get a continuous solution and to find the correct value
for the normalization integral it is neceséary at the end
to recalculate the solution with the eigenvalue just found
and with XFACT assuming its proper value,

In this calculation the number of scalings in each layer

may be different than before. Hence in order to keep

track of the number of scalings in the final iteration
another array has to be introduced: MSC(J)., If the
solutions are required at two different set of depths
(NOPT = 2) an additional iteration is carried out where
the number of scalings to be performed in each layer is

taken from MSC(J).

e
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After the calculation for all the up-layers has been
completed the Wronskian at the layer boundary where the
up- and down-solutions join, is determined. If the
program is in the phase where an eigenvalue has been found

in the previous iteration (MFLAG = 1) two additional cal-

‘culations are carried out in this section. First, the

array NSC(ICOUNT, K) is determined which gives the total
number of scalings which have been carried out on the
solution with mode number ICOUNT between the sea floor
and the Kth layer. In other words,in order to obtain the
correct values for the solution for the mode p -» ICOUNT
in the Jth layer, the solution as stored in the file at

this point has to be multiplied by

10 40% WS¢ (ICOUNT, K) )
The second operation carried out in this section concerns
the contributions of the up-layer to the normalization
integral. They are also affected by the scalings and
have to be corrected, XS(J) and XT(J) are contributions
to the normalization integral accumulated in layer J while
the solution was calculated in subroutines PR and LG,
respectively. It was assumed that only the uppermost
up-layer (J=JX) contributes significantly to the normali-
zation integral. The solution can be assumed to be
exponentially decaying for at least a considerable part
of this layer so that in the lower layers the square

of the solution will be
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insignificantly small. Hence, the contribution of all
the up-layers to the normalization integral was taken to

be

XNORM 2 = (XS (TX)+XT(TX)) % 1020 NS
where NS is the difference

ISCc (7)- MSC(T)

assumed over all up-layers.

The contributions of the down-layers to the normalization
integral are accumulated through the variable XNORM, each

layer adding the quantity

z'&"‘.
B
f " 1% dz.

~n
The contributions of the up~layer are calculated similarly,

added up to yield XNORM as outlined in the previous para-
graph. The calculation of these integrals is described
in the section on the subroutines. The contribution of
the solution inside the sea floor,
o0
2

f lMPB | < d=

28 B
is called XNORl. It is obtained by observing that up (z)

is an exponential with the exponent —¥’» -XK. Hence the

overall normalization constant is obtained as

sav = ( ZNORL , XNORM+ XNORM2.)

where the fact was taken into consideration that SCALE

is the mismatch between 9wu;

-4/2

(zB) and 93“2 (.ZB)' SQN is
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stored in the file NTYPE(2) with FORMAT (D).
If MFLAG

1 (= eigenvalue found in previous iteration)

and NOPT = 2 (= second set of depth functions requested)

the program will return to statement #994 (see paragranh 7)

to calculate the depth functions in the range
O¢z ¢ XMAX 2

in steps of XINCR2., These values are also stored in file

NTYPE(2). The format in this case is FORMAT (D 20,.8).

If MFLAG = 1 then all calculations concerning a narticular

eigenvalue are finished when statement #8392 is reached and

the program returns from this point to statement number

890 (see paragraph 5) to start the search for next

eigenvalue,

The program enters this section only once for each eigen=-

value, namely if it is found that the wave numbers for

two successive iterations differ by less than 1015

. This
condition:is used as the criterion that the search for the
eigenvalue has converged., The value k -» XK obtained is
stored in file NTYPE(2) with FORMAT(D). If there are up-
layers the mismatch between the down- and the up=-solutions

(XFACT) is calculated here and the program returns to
statement number 994 (see paragraph 7) with MFLAG = 1
for one (NOPT = 1) or two (NOPT = 2) additional iterations
in which the following quantities are calculated and

stored (as already partially indicated above):

(i) contributions from each layer to the normalization

integral




(16)

(17)

(ii) the values of the solution u;(z) at one or two
different sets of depths.
(iii) the values of the solutions and their derivatives
at each layer boundary.
This section of the program determines the wave number
k for the next iteration. If the Wronskian W(k) has
not changed sign since the last eigenvalue was found
(IFLAG = 0) the program returns to statement #990 where
k =pXK 1s reduced by Ak =pXKD. If the Wronskian has
changed sign between this iteration and the previous one,
JFLAG is set equal to 1 and the wave number for the next

iteration is calculated by quadréticr interpolation:

B W (ka) - y
Kooy = Kun R T (ko= kios).

If JFLAG = 1 already, k for the next iteration is

calculated by linear interpolation:

i W (k) E
Kovea = Ko = LY~ Wilkoa] (on ™ Eneed,

and the program also returns to statement number 994.

This section of the program is entered after all eigen-
values for a particular profile have been found. It

essentially reads back all the data written into file
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NFILE (1), pickes out the depth function values at the
source and receiver depths and normalizes them. Then

it stores the values at the source depth for all modes
into file FILE (3), the corresponding values at the
receiver depths into file NFILE (4), the eigenvalues into
fileﬁFILE (5), the wave functions and their derivatives
at the larger boundaries into file NFILE (6). 1In all

cases FORMAT (86D) is used.

o BT

o




VI.

DESCRIPTION OF THE COMPUTER CODE (SUBROUTINES).

Subroutine SELAUT

This routine transfers the data for the selected profile
from the profile data file NFILE (1) to the temporary
file NF1LE (2) converting them in the process into a
format which is convenient for reading them to the main
program SEARCH. This arrangement is convenient éince
the main program does not have to be changed if for some
reason the arfangement of the data in the profile data

field should be altered.

~ Subroutine PARAM

Purpose of this program is to provide a convenient input
channel for all the input parameters except the profile
data. Through the set of input parameters provided it is
usually possible to set up the program for specific cases
without having to change and recompile the main program
and any of the other subroutines every time. The set of
parameters provided is listed in the previous section,
where the main program is described. Information on how

to set up a run is given in section 7.




Subroutines DAIRY

It calculates the Airy functions and their derivatives
to 14 significant digits for arguments in the range
-1000<€ DX< 15 .

It is called from START, PROP and PR. The arguments

for which the Airy functions are needed in these subroutines
are usually smaller than DM, which is 11 in PROP and PR
and 15 in START.

If the argument is larger than that value in some part

of a layer the program switches over to LARGE or LG.

The only time when the argument can be larger than 11

in PROP and PR is in the case ot a layer in which the
argument decreases from above 11 to below 1l1. Then the
program starts the layer in LARGER.or 1G ané then switches
to PROP or PR at the beginning of the sublayer in which
_the argument decreases below 1l. At this point the argu-
ment may be larger than.1ll by the amount DA by which the
argument may change within a sub-layer. Hence if one

makes sure that DA<4 the arguments for which DAIRY is

used always stay below the upper limit for which DAIRY

is defined.




For layers with very small slopes in the velocity profile
the arguments may fall considerably below -1000 (see

section 3). For these cases the

Subroutine SINCOS

is called which uses the asymptotic expansion for large

negative arguments given in (3.1).

Subroutine EXTREM

Calculates the Airy functions and their derivatives

for large positive arguments. This routine is called
from LARGE and LG. The arguments fcf which the Airy
functions are needed there are usually larger than 11.

An exception are the calculations in a sublayer in which
the arguments rise above or fail below 11, i.e._.the.
sublayers at the beginning (the end) of which the switch
from (to) the routines PROP, START or LG occurs. Then
the arguments can be below 11 by the amount by which they
can change within é sublayer.

This means that the ranges of arguments fa which EXTREM
is called extends from about 7 to possibly several hundred.
To avoid overflows resulting from the corresponding large
values for the Airy functions the results are given in

2 parts, one being the exponent of the asymptotic form

(= 2ETA), the other one the value of the polynomial
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multiplying the exponential (see (3.1)). In order to
take advantage of the high precision of the subroutine
DAIRY for the smaller arguments, this routine is called
by EXTREM to calculate the-Airy functions for arguments
< 15.
Purpose of the remaining five subroutines (PROP, PR,
START, LARGE, LG) is to carry out the following functions:
(1) To provide the depth functions and derivatives at the
end of an interval in terms of the depth function and its
derivative at the beginning of the interval. START, PROP
and LARGE are used for down-layers, and PR and LG for up-
layers. (2) If MFLAG = 1, to calculate the integral of the
square of the depth function over the range of the layer.
k3) If MFLAG = 1, to calculate the depth-function at
integer multiples of XINCR. The inputs to all 5 of these
routines are with a few exceptions:
AL, BE quéntities in terms of which the arguments of

the Airy functions are defined. According to

(2.10) the arguments can be written as

$pi @R = (@)[2+P: )] or - AL* (BE+ X)),

where AL corresponds to the internal derivative JAY/Jz

and BE to d",a,(é’)/si (é’), with dpi (F) being

defined'by (2.9). AL and BE can always be assumed

i
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U, UP

XNEW

XINCR

TT

. .interval. Hence the arguments of the Airy

to be constant within the range (X,XJ) of the

functions are always either a monotonically
increasing or a mono t onically decreasing function

of the depth.

Depth variables defining the beginning and the
end of the depth interval for which the calcu- i

lations are performed.

Depth function and its derivative at beginning

of the interval.

Depth variable which is changed in increments
of XINCR inside the subroutines. It specifies
the depth at whiéh depth functions may be calcu-
lated and it is used to define the boundaries
of sublayers. The input value of this variable
is always < X for START, PROP, LARGE énd 2 X for

PR, LG.

Step size with which the depth variable XNEW may
be changed.

Ratio of internal derivatives at boundary‘between
two intervals as defined in (2.13') (internal
derivative for previous interval divided by

internal derivative for this interval).
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MFLAG Flag that is set in the main program SEARCH and

transmitted to the subroutines through a COMMON

statement. It indicates that an eigenvalue has

just been found. 1In the subroutines it sets up

the conditions for calculatiné the contribution

to the normalization integral from the layer under

consideration and, if in addition MFLAGL = 1, for

calculating the depth functions at prescribed depths.
MFLAGY This flag is also transmitted to the subroutinés

through a COMMON statement. It is set to 1 in the

main program SEARCH if the maximum depths (XMAX1

or XMAXZ), down to which the values of the depth

functions are reqhested,are within or below the
layer under consideration. If the flag has the
value 1 it causes the subroutines to calculate the
depth functions for all values of XNEW which fall

inside the interval, provided MFLAG also has the

\

value 1.

v |

——
'
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The output from the subroutines consists of:

UJ, UPJ Depth function and its derivative at end of interval.

During execution of the subroutines this variable
has been increased (START, PROP, LARGE) or decreased
(PR, LG) by an integer multiple of XINCR from its
input value. 1Its output value is always < XJ for

START, PROP, LARGE, and 2 XJ for PR and LG.

XNORM This is the variable through which the contribution
to the normalization integral of all the down-layers
is accumulated, i.e. whenever any of the subroutines
START, PROP, or LARGE is called and the condition
MFLAG = 1 exists the integral of the square of the
depth function within the layer boundaries is
calculated and the result added to XNORM. The
variable is transmitted to and from the main program

via a COMMON statement.

X1sQ, These are the contributions to the normalization

X28Q integral calculated in the subroutines PR (=X1SQ)

and PG @xZSQ). PR and LG have both quantities as
arguments since a transfer between the 2 subroutines
can occur within a layer. The contribution of all

the up-fayers are added up in the main program.
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Subroutines PROP and PR have a similar structure and are therefore

discussed together. They consist essentially of 3 sections:

Section (1): Calculations at the beginning of the layer. The

coefficients AJ, BJ of the Airy functions defining the depth
function in this layer are determined here following eqgs. (2-13').
If MFLAG = 1 the value of the normalization integral at the start

of the integration interval ( =BEG) is also calculated at this point.

Section (2): Calculations at sublayer boundaries. This section

is entered in two cases:

(a) If the argument of the Airy function at XJ, the end of the
layer, is > 11.

(b) If MFLAGY =1, i.e. if the calculation of the depth function
at points within this layer is requested. 1In both cases sublayer
boundaries are established within the layer at regular intervals,
starting with the input value of XNEW increased for PROP (decreased
for PR) by XINCR and then proceeding in steps of XINCR. At each
boundary the values of depth function (WF) and its derivative (WP)
are calculated. 1In case (2) the depth function at each sublayer
boundary is stored in file NFILE (2) with FORMAT (D20.8). 1In
case (1) the program proceeds from one sublayer to the next until

at some sublayer boundary the argument of the Airy function exceeds

s ackiaitih dadi -~ aed o L L
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11. Then subroutine LARGE is called using as inputs

X = XNEW

U = WF

upP

WP
TT = 1 (since the internal derivatives do not change across
the sublayer boundaries),
completing there the remainder of the calculation for this layer.
After completion of the CALL statement the program immédiately
returns to the main program. If MFLAG = 1 the value of the norma-
lization integral at the latest XNEW is calculated (-CEN) and

the quantity (-CEN -BEG) is added to XNORM before returning to

the main program, i.e. the contribution to the normalization integral

of the region between the beginning of the layer and the XNEW at

which the transfer to LARGE occurs as added to the total.

Section (3): Unless a transfer to subroutines LARGE occurred

in Section 2 the calculations in PROP and PR are wound up by
calculating the depth function and its derivative at the end of
the-layer (i.e. UT, UPJ) and if MFLAG = 1 by calculating the
normalization integral at the end of the layer (-CEN) and adding
the difference to XNORM. If Section 2 was skipped (i.e. if the
argument of the Airy functions was smaller than 11 for the whole

layer and if MFLAGl was O, so that the depth functions did not

—————— . v e =
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have to be calculated inside this layer), then XNEW still has J
its initial value and it has to be updated. If the argument of 3
the Airy functions is § 11 at the beginning of the layer but > 11

at the end, only the solution for the first part of the layer is

calculated in PROP ( or PR) up to the last sublayer baundary at 'A
which the argument is less than 11. The solution for the rest

of the layer is then calculated in LARGE (or LG) as indicated above.
The argument at which the transfer occurs may be from very slightly

less than 11 to considerably less than 11. The latter is the case

if the slope is large and the argument at the next sublayer boundary
is just above 11. The reverse case where the argument is » 11 at
the beginning of the layer and< 11 at the end, i.e. when the calcu-
lations for the first part of the layer are made in LARGE (or LG)
and then the transfer is madé to PROP (or PR) is discussed in the
section on LARGE and LG.

Subroutine START is called to perform the calculations in the

layer nearest the surface. It contains 4 sections: the first
three are used if the argument of the Airy functions remain below
15 for the whole layer, the fourth one if the argument exceeds 15
for at least part of the layer.

Section 1l: calculations at the surface. Calculation of the

coefficients to the Airy functions according to assumptions
(2-18) and (2-19). If MFLAG = 1 the value of the normalization

integral at the surface is also determined here.
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Section 2: calculations at the end of the layer. This
section determines the depth function and its derivative

at the end of the layer and, if MFLAG = 1, the contribution
ZNORM of the layer to the normalization integral XNORM.
Section 3: updates XNEW to the largest value £ XJ and for
MFLAGY = 1 calculates the depth function inside the first
layer at intervals XINCR and writes them into file :NFILE (2).
Section 4: This section is used to transfer the calculations
for the entire first layer to LARGE. This is done if anywhere
inside the layer the argument of the Airy function exceeds

15. For the part of the léyer for which the argument is

< 15 the calculation should actually be done in START but

it is assumed that if the argument is > 15Vsomewhere in

the layer it is not much less anywhere else. .This is a
reasonable assumption since surface layers with large argu-
ments are never very wide. So the argument may be large but

it cannot wvary much over the extent of the layer.

Subroutines LARGE and LG again have similar structure and may
therefore be discussed together. These subroutines are used for

those intervals in which the Airy function arguments are large

(27 DM). Such an interval may extend over a whole layer or over
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part of a layer. Since the Airy function arguments are monotonically

in
increasing or decreasing with/a layer, it is clear that of the
arguments at the beginning (= DX) and at the end (= DX1l) at least
one must be larger than DM, if the routines LARGE and LG are involved

in the calculation for a particular layer, and one can distinguish

3 cases:

(1) DX > DM and DX1 > DM. The layer is calculated entirely |
by LARGE or LG (interval extends between the layer

boundaries X and XJ.)

(2) DX > DM but DX1 & DM. First part of layer is calculated

in LARGE or LG (interval extends from X to value of XNEW

at switch. For calculations of remainder of layer PROP

or PR are called.

(3) DX < DM, DX1> DM. 4First part of layer is calculated

in PROP or PR. For calculations of remainder of layer
LARGE or LG are called by PROP or PR (interval extends ‘

from value of XNEW at switch to XJ).

All intervals for which LARGE and LG are used are divided up

into sublayers of width XINCR, and the depth functions are
propagated from one sublayer boundary to the next using egs. (2-15).
The first sublayer boundary extends from X (= interval boundary,
which is the layer boundary in cases (1) and (2) and the value of

XNEW at the switch in case (3)) to XNEW, = o¢ + XINCR, the first

P s = = -
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sublayer boundary within the interval. Subsequent sublayers are
established by changing the depth vagiable XNEW in steps of XINCR
and using these values as boundaries. The last sublayer extends
from the highest (lowest) value for XNEW which is £ XJ (> XJ),

or in case (3) to the first value of XNEW for which the Airy function

argument is <11.

Both LARGE and'LG.esSentially‘consist'of 3 sections:

Section (1):* At the beginning of the interval only the Airy
functions for the argument -at this point are calculated.

Section (2): Calculations for each sublayer. The solutions are
propagated from one sublayer to the next by expressing the depth
functions and their derivatives at the end of each sublayer (Ul,
UlP) in terms of the corresponding values at the end of the previous
sublayer (U, UP) and the coefficients Cij following egs. (2-16).

If MFLAG = 1 the depth function value is .written into the file
NFILE (2) at every value of XNEW inside the interval.

If MFLAG = 1 the contribution of the sublayer to the normalization
integral is calculated.

If at some sublayer boundary it is found that within the following

sublayer the Airy function argument goes below DM, the calculations

———
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are transferred to PROP or PR, in the case MFLAG = 1 after the
contribution of all the sublayers up to this point to the norma-
lization integral is calculated and added to XNORM.

The argument at which the transfer occurs may vary from slightly
larger than 11 to considerably larger than 11. The latter case
may happen if the argument changes very much over the extent of
the sublayer and it is only slightly less than 11 at the next
sublayer boundary. This means that the Airy function argument
could be larger than 11. This means that the Airy function argument
could be larger than 15 for calculations in PROP or PR. This could
cause problems since the subroutine DAIRY which is used in PROP

and PR for calculating the Airy furc tions is accurate only for
arguments below 15, and more seriocusly, the value of the Airy
functions may exceed the capécity of the compﬁtgr if the argument
is allowed to go too high. 1In order to avoid these problems the
width of the sublayers should be chosen.small enough' to keep the -
change in the Airy function arguments within a sublayer below

4.

According to (3.6) the difference in the Airy function arguments
can be written as

AL = - (2/c.:) (ﬁ% )1/3[4-"’«*4) - 4]

where

Az, )-8@)= (8:/0:)(2,,,-2.) = (8:/4;)xINCR
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i.e. the difference in the A's is just the sound velocity slope
in the layer times the thickness of the sublayer. Hence
V%
2% 3/3 &% 43
AESL= oo -l b 4 XINCR
min 4
So in order to keep the Airy function arguments from exceeding

15 for calculations in PROP and PR, XINCR should be chosen such

that an
2 2 | A |
e ik lf-r XINCR < 4
A <

for all layers.

(6.4)

Section (3): Calculations at the end of a layer consist of propa-

gating the solution from the last sublayer boundary to the end of

the layer and if MFLAG = .1 of'calculating the contribution of the

whole interval to the normalization integral and adding it to

XNORM.

O e |

v |




VII. INSTRUCTIONS FOR USING THE COMPUTER CODE
This section outlines the steps necessary to obtain the solutions
to the eigenvalue problem (1.1) using the computer code described

in the previous two sections.

(1) _Preparation of input parameters (entered into PARAM).

(NFILE(J), J = 1.5) Naming of files:

J 1. profile file

J = 2 temporary file

J =3 depth functions at source depth

J =4 depth functions gt receiver depth
J =25 eigenvalue file
J =6 file for depth functions and

derivatives at layer boundaries

FREQ, RHOl, RHO2 Sound fregquency, water density, sea floor

, density
IPRMIN, IPRMAX First and last profile to be investigated
XKST (J) Starting value of k for eigenvalue

search for jth profile. Ordinarily
the values of this array are all set
equal to 1000; This way the first
mode to be found will be the one with
mode number one. If desired a run
can be started with a higher mode

number by specifying the appropriate

Y4
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JMIND

XKD

>N (N = maximum number of modes for a

- for sign change of W(k). This quantity
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values of the wave numbers XKST for
each of the selected profiles.
This parameter specifies the number

of modes to be calculated. If a number

profile) is selected all modes are
calculated.

Maximum number of up-layers allowed.
Usually a good choice is to take one
less than the number of layers below
the location of the sound speed minimum.

Step si%ze of wave mtumber during search

determines to a large extent the amount

of computer time required for a parti-
cular profile. A good value to start
with is XKD = {Ak)) /6 with(Ak) as

defined by (3-23). For the region

W
k < c C5 Chax > Conax Smin
max

the spacing between eigenvalues increases
linearly with mode number according to (3.21)
Hence, if

Cs ~ Cmax %> Spax ~ Smin
with,e.q.,

T, “.='-_.1490 n/s, Cmax"é 1540 m/s,

min
c, 2 1800 m/s,




NOPT

XINCR1,

XINCR2, XMAX2

-2

XMAX1

the spacing between eigenvalues can
grow very large and one can save a
considerable amount of computer time

if the step size XKD is made to increase

linearly with mode number when searching

for eigenvalues in the region k<éa,
max

This can be done by making use of (3-21),
increasing XKD by

Rc.

min

2 fu?

each time an eigenvalue has been found.

These quantities specify the depth

at which the depth functions are calculated.

In addition XINCRL and XINCR2 determine

the widths of the sublayers.

If the source and receiver depths are
related by an ihteger or if they have

a convenient common facﬁof the depth
functions at both locations can be calc;;
lated with one pass through the program
after a particular eigenvalue has been

found. 1In this case one sets
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NOPT = 1
and XINCR2, XMAX2 are not needed.
XINCRl is chosen such that both the source
and receiver depth are an integer multiple
of it and XMAX1l is taken to be the source
or receiver depth, whichever is larger
(e.g., source depth = 200m, receiver depth
= 500m, XINCRl = 100m, XMAX1l = 500m).
If the source and receiver depth have no
convenient common factor (e.g. sorce depth
= 29m, receiver depth = 100m) the depth
functions at these depths are calculated

at two different passes through the program.

In this case

S —— S S

o

S e =]




NPPL (I), ISLAY,
ISQU, IREC1,

IRLAY, IRLAY]

NOPT = 2

XINCR1= XMAX1 = Source depth

XINCR2 = XMAX2 = Receiver depth.
The option NOPT = 1 must also be used if
the receiver position falls into an
up-layer. This case occurs when the
water depth is very large and the mceiver
is located near}the ocean floor. At
the end of section 6 it was mentioned
that there is a constrainton XINCR,
which took the form (6.1). Accordingly

XINCR1l and XINCR2 have to satisfy the

~ condition

1/3

XINCRl, XINCR2<E 1400 f-2/3(A/h):tlax

where f is the frequency and b/m .

the maximum sound speed gradient of profile.
are the parameters needed to extract

the desired output data (eigenvalues,

normalized depth function at source

'and receiver and the depth function and

their derivatives at each layer boundary)

from the temporary output file NFILE(2).
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If NOPT = 1 only the first 4 parameters
are needed. NPPL(I) gives the number
of data points in each layer (the
surface is not counted as a data point,

data points at layer boundaries belong ;

to the preceeding layer), i.e. if XINCR1

=~

= 50 and the widths of the first and sec-
ond layer are 100m and 240m, NPPL(l) = 2

and NPPL(2) = 5, etc.

XINCR1l which falls into the layer in

Data are taken at intervals of

XINCRl to the largest multiple of
which XMAX1 lies. ISLAY is the total

number of data points taken, ISOU and

IREC1 specify the data points which
correséondb the source and receive ¥ ; %
depths respectively. 1If e.g; the source
depth is 100m, the receiver depth 150m,

in the example given above, then

ISLAY = 7 (= NPPL(1) + NPPL(2))
ISOU = 2
IREC1 = 3

If NOPT = 2 the depth functions at the

receiver depth are obtained in a second
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loop through the programs as explained
above. If the receiver position does
not fall in an up-layer for any of the
modes one sets
IRLAY = IRLAX1 = total number of
data points taken.
If the receiver depth does fall into
an up-layer for some modes then it
is necessarily very large and one sets
XMAX2 = total water depth H.
Then
IRLAY1 = total number of data
points taken (& H/XINCR2)
~and
IRLAY = IRLAY1l if the ocean bottom
is not a data point.
IRLAY = IRLAY1l-1l if the ocean botfom
is a data point.

Preparation of profile data file. The data essentially consist

————————

of the array (1.2) plus the corresponding depth values Zi'
Sometimes the sound velocities are not given as the same depth
for all profiles. Therefore the depth values are also taken

as a function of range.




The profile data file is read by the subroutine SELAUT. At

present the following data structure is assumed:

lst line: N = Number of layer boundaries for first profile,
FORMAT (I3).

2nd-jth lines: N + 1 velocity values, 5 to a line, FORMAT (5D14.7)
= sound velocity at each layer boundary + bottom velocity
for first profile.

(] + 1)st-kth line: N + 1 depth values, 5 to a line, FORMAT
(5D14.7) = depth values of layer boundaries + bottom depth
for first profile.

lst-kth line repeated for each additional profile.

If this arrangement is found inconvenient it can easily - be

changed. The only program affected by this change wouid be the

short subroutine SELAUT.

The{program in’its general form does not accept isovelocity

layers. From (3.6) one can see that for those cases the Airy

function arguments become 60 and (3.1) shows that the Airy
functions are not defined there. 1Isovelocity layers do rarely
occur in empirical profiles and if they do they can easily be
avoided by replacing the vanishing slopes by very small slopés

(e.g. .01 m /sec per 100m). If desired the program can
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easily be generalized to include the (essentially trivial case)

of isovelocity layers by adding 2 subroutines which propagate

. the down-. and up- solutions for these cases between layer

boundaries and which are called by the main program in place
of PROP, LARGE or START and PR or IG.

Before setting up the profile data file it is necessary to check
the widths of the vertical layers and to make sure they do not
exceed a certain maximum value which is given by the requirement
that the Airy functions should not grow or decay within one
layer by more than the maximum number the computer can handle.
The program in its present form was Qritten for the PDP10
in which the exponents are limited to 4 + 35. At the end of
each up-layer the depth functions are scaled down to & 10—5.

-~

Hence the maximum allowable growth within one up-layer is

1040 (or 1060 for the bottom layer where the depth function is

made to start out withe10 2°), Layers which do not satisfy
this requirement have to be subdivided. An estimate for

the maximum allowable layer width can be obtained by using

the formulas derived in section 3. From there it follows that

the Airy function arguments within the lowest 1layer (which

is usually the one causing trouble) is




A 2 1/3 %
Z(2z) = 2w* A /) (zB z)/cmin.
The ratio of the Airy function values at 2 locations within

that layer is

A L o —[7,’(;_,) - Lz ]

Ai(g)
3 ‘E Vo f (A../Q )/t (E /x. ~‘u ’A[(%.—El)’h Vi (;-GT:?:)’,‘] )

where A&n/hn is the sound speed gradient and h the width of
the layer. For the example chosen in section 3 (£ = 250 He_ "

A n/hn = .015 1/3 and h = 3000 m):
Ai(5) S [ (En'_"‘.- )5,,__ (zn -2, 3/;]
Aoy~ 10 A

At (L’,) '

With Z2_ =3

2 = 4000 m, Z. = 1000 m as in the example one

B it

obtains
/\l(Z;) 223
/xt(éa) 2

as before (see section 3). Hence in this case the 3000 m wide
bottom layer would have to be divided up into about 6 separate
layers of ~ 500 m each.

The example presented is actually something like an extreme

case singe 250 2 for a deep ocean case is about the upper limit
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of application for the normal mode theory and furthermore the
layer thicknesses as they are usually given rarely exceed 1000 m.
Hence only in rare cases do layers have to be divided up. The
program presented in this report was written for the PDP10

in which the exponents are limited to o~ + 35. For a machine
with a larger exponent range the restrictions on the layer widths
can of course be relaxed correspondingly.

Adjustment of array dimensions.

The maximum number of layers in any of the profiles determines
the dimension of the arrays.
IsC, Msc, s, B, X, Y, T, ™D, C, P, ALPH, XS, XT, NPPL,

and the second dimension of

NSC.
The dimensions of these quantities should be chosen as the
number of layers + 2.
The dimension of the arrays
JUPA, IRECA,
the first dimension of
NSC
and the second dimensions of
U0, UF, XKA
are determined by the maximum number of modes obtained for any

particular profile.

-+
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The array
XKST
has to be dimensioned according to the number of profiles.

Dimensioned arrays are limited to the main program, except for

XKST and NFILE

which appear both in the main program and in the subroutines

PARAM and
X and Y
which are used in SELAUT.

Execution of program.

After the preparations described in (1)-(3) are taken care of
the program can be exeauted. The following routines and files
are involved:
Main program: SEARCH
Subroutines: PARAM, START, PROP, LARGE, PR, LG, DAIRY,
EXTREM, SELAUT
Profile data file: NFILE (1)
The results of the calculations is output through the files
NFILE (3): depth functions at source depth
NFILE (4): depth functions at receiver depth

NFILE (5): eigenvalues

NFILE (6): depth functions and derivatives. at layer boundaries




(5) Mode number test,

If the eigenvalue spectrum contains almost degenerate modes

it is possible that the search procedure contained in the
program skipped over some modes. Therefore after execution of
the program one has to carry out a check to sce whether the
eigenvalue spectrum for each of the profiles is complete.

This consists of rerunning the program for the highest mode,

T T T P T Ty R W NN TS NGl RN s LAy v

for each profile (using the appropriate starting values XKST

for the eigenvalue search) with a sufficiently small XINCR1

to obtain a complete picture of the modes and plotting the modes
as a function of depth. The depth function values can be taken
from the temporary file NFILE(2). If one finds that for a
particular profile the number of modes corresponds to the mode
number then one can conclude that the sélution of the eigenvalue
problem was successfully completed for this profile. If the
number of modes is larger than the mode ﬁumber this means that
some modes are missing. The missing modes can be found by
repeating the procedure described above for some lbwer modes
(e.g. starting with a mode number 22 1/4 of the highest mode
number), until the mode number of the missing modes has been
established. The exact location of the missing modes can

then be found by running the program between the neighboring two

modes with a sufficiently small XKD.

O ——. ¥
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20990 € SEARCH
|11 ]') €
PP%p0 ¢ (MAIN PROGRAM).
20009 € :
90010 IMPLICIT DOUBLE PRECISION(A=H,0w2) :
00020 DIMENSION_FU(102).E16(120¢).15C(62),MSC(60): JUPA(BAY |
92230 DIMENSION S(62),B(80),X(68),Y{60),T(68),TD(68),C(60)
. 8p040 OIMENSION P(60),ALPH(6A),U0(6,80)UF (6.,80)0XKAL6,80)
09050 DIMENSION XS(62),XT(60),NPPL(60),NSC(80,25),IRECA(8D)
— 00960 DIMENSION _XKST(1@) NFILE(Z) Ao
04070 COMMON /1FLAGS/Z MFLAG,MFLAGL1,MTYPE /JC/JCOUNT
pR28Q COMMON_/SQNORMZ_XNORM _
00390 COMMON /DATCOM/XKST, FREG:,RHOL,RH02,XKD,XMAXYL XMAX2, 1
20109 XLNCBL;XJNSRZJNPEL;JMLNDzNElLE;LSLAxLlRLAY
Po110 1SOU+IRECSNOPT, IPRMINJ JPRMAX, ICT, IRLAYL, JRECY i
29120 CALL PARAM < L)
20130 OM=11,0800 N :
20140 ¥K0S=XKD ‘
28159 MTYPE=NFILE(2)
P2160 NIYPE=NFILE(2)
2170 DO 15 JPR=I1PRMIN,IPRMAX
20180 CLOSE (UNIT=NFILECL))
00490 CLOSE (UNIT=NFILE(2))
?02080 CALL SELAUT(IPRyNFILE(1),NFILE(2))
00210 CLOSE (UNIT=NFILE(2))
. P@220_ - XNQR120,0D0
9082382 SCALE=1,0D0 (2
o 08240 SCALER21,008_ - )
= 9950 DSCALE=1.0028
S PP260_ 1COUNT=Q
00270 READ(NFILE(2),26) NUMBER
— 1] 26 FORMAT(]13)
202992 READC(NFILEC2),1) (XC1),Y(]),181,NUMBER)
__ 093p@ = READ(NFILE(2),1) CBOTM
00310 CLOSECUNIT=NFILE(2))
_9n320 CMIN=Y(1)
09330 DO 199 r=1 NUMBER .
_0p340 1F(Y MINzSYCR)
@350 199 CONTINUE s
98360 NMIN=NUMBER=1
20370 HzX (NUMBER)
20380 JO=NMIN~JMING
pa390 H2=HaH i
00400 P1=3,141592653589783238408
90410 EDIF=1,000
00420 % FORMAT(20)
043¢ 0M=2,PDO%FREQ#P]
00440 O0M230Man2 (2
0450 XK=0M/CMIN !W'
Pp460 1F (XK+GY o« XKST(IPR)) XK=XKST(IPR).
2 20479 P(1)eH280M2/(Y (1) 882) y
n 00480 00 43 f=1,NMIN
10 2¢490 X(I¢1)eX(1+4)/H
o 20500 43 P(1+1)5H200M2/(Y(181)882) , (%)
® 90510 DO 44 [53,NMIN !
7 p0P520 s(l)s= ‘P(xz;)-ecx))/(x;1¢11px(1z)
s 295390 C(l)’?(l)nS(l)'Xll)
5 20540 44 CONTINUE
4 00550 1TER=D . L
3
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00568 _ TH=1.200/3.000_ |
00570 D0 66 131,NMIN
. Bp%8B ___ ______SN=S(l)sDABS(S(I1)) : i
20598 66 ALPH(1)=SNe(S(1)aaTH) 1()
20600 Y€1)=S(1)/DABS(S¢1))
Q9610 00 67 1=2,NMIN
1111 YC1)=SALPHCI=1)ZALPH(L)
006390 67 CONTINUE
90640 _ 890 {FLAGEA <9
00650 ICAL=8
20660 XMAXEXMAX1ZM
00670 XINCR=XINCR1/H )
. 0p68@ ___ {F(ICQUNT.EQ.ICT) GO YO 982
" PpR690 MFLAG=0
____@9@700 MFLAGl=@ _
02710 XNORM=g,02D0
- 09729 JIER=Q
20730 KFLAGSD
- 20749 o XFACTS1,200
20750 990 XK=XK~XKO - <«——/0)
00760 _____UBOTMIRHO2/RHO1
09770 IF(XKsGT (OM/CBOTM)) GO TO 994
29780 i1F_(xKD.NE.XKDS) GO TO 98@
PP790 XK=XK*XKD
... . bp8po _ XKD=XKDS/40
00310 G0 YO 990
.. 90820 _ 991 __ CONTINUE ;
20830 DO 28 1=4,NMIN
. @98ap  __ _ 1Sc(l)s@
00854 2@ MSC(1)=0
00860 _ 994 _CONTINUE. g Q)
20870 UK=0SART((XKea2)~({(OM/CBOTM)2u2)} :
. ©0889  JF(MFLAG+EQ.1.AND,JCAL.NE,1) JUPA(ICOUNT)=JUP
02890 JTEREJTERe1
00990 XN=H2®(XK#82)
00910 oo 3 JZ1.NMIN \
PP920 _ _______JuP=@ :
00930 TT=T(J)
. PP9%4@ _  IF(X(J) . GT.XMAX) MFLAG130
29950 fF(J.EO,L) XNEW==XINCR
.. .P2%6@ __ ___ __ _SN=S(J)1/DABS(S(J))
00970 AL=SN®(S(J)asTH)
P0980_ .  _ __ _BtJ)=C(JI=XN
22999 BE=B(J)/S(J)
. Q3098 == DX==ALs(X(J)eBE)
01040 DX1s~AL#(X(J*1)+BE)
01020 ~  Sw=1.08 4 _
91030 IF(J.EQ, 1) CALL START(AL,BE,X{J),X(Je1),U0UT,UPOUT, 8)
P1040 1 XNEW,XINCR,SW,YT) }(
01050 1F(J,Eq,l) GO TO 812 ) (
A1) CONTINUE
01070 IF(J,LE.JD) GO YO 605
. P08@ = JF(KFLAG.F0.1) GO YO 690
01090 IF(OX1,LE,7) GO TO 685
B3390 KFLAG*}
01110 Jo=J-1
01120 e co_To 609
1130 695 CONTINUE
__ 03340 ___IF(DX«GTsDOM) CALL LARGE(AL.BE X(J)eXtJ®4),UIN,
01459 1 UOUT,UPIN,UPOUTXNEW,XINCR,TT) J
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21160 . s IF(DX:LE+DM) CALL PROP(ALBE,X(J)sXtJe1),UIN,
( a1179 1 UOUT.UPIN,UPOUT, XNEW,XINCR,TT)
... PBiyge 812  ulN=yOur
P1190 UPIN=UPOUT _
€ 0120  IF (MFLAG,NE.1.0R.ICAL.EQ.1) GO TQ 119%
21210 IF(J.NELL) GO TO 120
14220 CALL DAIRY(=AL®*BE.Al.AIP.B1,B]P) £
¢ 01230 uouTesa, (
4240 UPOUT@sDARS(BI®AIP~AlsAlP) (3L
21250 JPL=1 , :
€ 012¢0  WRITESNFILE(?).13@) JPL,KFLAG.X(1).AL,BE,U0UTR.,UPOUTS
01278 122 CONTINUE
01280 JPLEJsL S Wi 1 e
€ 81290 WRITE(NFILE(7),338) JPL,KFLAG,)XtJ®1),AL,BE,UOUT,UPOUT
. 01392 139 FORMAT(2]14,50) i 4
91310 115 CONTINUE 1
& 094320 3  CONTINUE
01330 SCALE=UBOTM/UIN
21340 . SCALE2s(SCALE##2) T s £t S
€ 01350 UPBOTMz=HaUK/=AL :
P1340 FUNC=UIN®*UPBOTM~=UPIN»UBQTM
01370 XNORM2=2,000
€ 01340 GO TO 45
01390 400 CONTINUE
?1420 KFLAG=L . oo 4
€ 01410 1SW=1COUNT+1 ‘1
71420 JdXel T = _
@1430 DO 4 J=NMIN,JXiet
< . 21440 JUP=SNMIN= X1
: 23,4°9 FCT=1,000
E 91460 MS=0 N 1M i e B o TN
€ 21470 IF(MFLAGL,EQ.1) MS31
Bi4gb IF(X(J)GT . XMAX AND.MS.EQ.1)_ MFLAGL3# b
21490 IF(JLEQ.NMIN) XNEW31.000
€ 04500 ~ SN=S(J)/DABS(S(J)) v
21519 AL=SN®(S(J)anTH)
94520 ~ _TOD(J)SALPH(J+1) ZALPH(J) S i 0 i A
€ 24539 IF(J,LT,NMIN) GO TO 606 ]
= 01540 . TD(J)=1,0D9/AL
04550 UDIN=UBOTMaXFACT/1,08025 @
€ 01560  UPDIN=~HOUK/~AL A
81570 UPDIN=UPDINaXFACT/1,2025
L 04580 686  CONTINUE Sl
1 « 21590 B(JI=C(J)=XN
P 01600 ; BE=B(J)/S(J)_ o
91610 DX1==~AL®(X(J)+BE)
€ 01628  pXz=ALs(X(J+1)+BE) i
01630 IF(OXsGTo0M) CALL LGCAL,BE,X(J*4),XtJ)oUDIN,
. P1640 1 UDOUT,UPDIN,UPDOUTsXNEW,XINCReTDCJ) »XSCJ)pXT¢JY)
(§ 21650 1IF(DXsLEsOM) CALL PRCAL,BE,X(J+1)X(J)sUDIN,
. Pi6s0 1 UDOUT,UPDIN,UPDOUT s XNEW,XINGR,YO(J) 4 XSCJ) ¢ XTCJ)) .
12 01670 1F(J,EQ,WX) GO TO 300
€ nw_ @16a0 o IF(MFLAG,EQ,1) GO TO 1140
19 21690 IF(IFLAG/EQ,1) GO TO 608
s__ 84708 603  1F(1FLAGWNE,1,AND,DABStUDOUY),GT.1.0-5)1SCJ)$I1SC(J)}
C - 01710 1F(1SC¢J),EQ.2) GO TO 300 (1)
7___@Pi720 upoUT=UDOUT/1,D10
6 01730 uPDOUT=yPOOUT/1,010@
C s 01740 _ IF(DABS(UDOUT).GT,.1,0~5) GO TO 603
e 91750 G0 TO 309 »
3
L
k -~
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—— .B1760 __ 608 ____UDOUTEUDOUT/1@.0082#(I1SC(J)1e1d) 3
04770 UPDOUT=UPDOUT/10.0088(1SC(JI)48)
. @370 60.T0_3Q9
01790 110 CONTINUE
21800 1F(ICAL.EQ.1) GO YO 301
81818 604 1F (DABS(UDOUT) ,GT,1,0-5)MSC(JI=HSC(J)*1 (10)
.. P3820 __  ____ _ _1F(MSC(J),.EQ.2)_GO _TO 39@ _
91830 ubouT=UDOUT/1,010
— 23840 _uppQuUTzUPDQUT/1,D10
91859 1F (DABS(UDOUT).GT,1,0-5) GO TO 624
@186 GO _TO0 320 L
21878 391 UDOUT=UDOUT/10,DBa>(MSC(J) =10} 9)
91880 _uPDQUI= UPDQuILIQ.QQQQLMSCLJl_lﬂl
91898 308 CONTINUE
#1929 JPLIJ*Y
01910 ux=9
84939 IFtJ,EQ,JXAND.JX,NE.NMIN) UX3UDIN
03948 1F(J.EQ«JX.AND.JX.NE.NMIN) PXsUPODIN
21950 IFCICAL NE.1.AND.MFLAG.EQ.LIWRITE(NFILE(7),130)
01960 1 JPLaKFLAG, X ()2 ALLBEUX.PX
01970 UDIN=UDOUY
Q1980 _UPDINSUPQOQUT.
04994 1F(MS,EQs1) MFLAGL31 J
__ @20p8 4 _ _ CONTINUE i o
22210 uDoUT=UDOUT/1,0A015
. . @e@2@  _ _ _UPDOUT=UPDOUT/1.2015
22030 FUNC=UIN*UPDOUT=UPIN2UDOUT
.. 02049 _1F(MFLAG.NE,1)GQ TO_45_
020540 NS=0
82868  IF(JX4EQ. NMJNL_GQ,Iq_az
22070 DO 28 1=JX+1,NMIN
N 02080 28  NS=NS-MSC(I1+1SC(1)
02090 DO 47 KsJXsNMIN
02180 NSCCICOUNT,K)=NS ()
02110 1F(K.LE,JX) GO TO 47
2120 ... .. bo 4s N=Jx.
92138 46 " NSC(ICOUNT,K)=NSC(ICOUNT,K)+MSC(N)
. B2142 47 _CONTINUE __
22458 22 XNORM2z0,008
3 2160 _ XSTEXS{JX)I*XTLIX)
02179 IF(NS'EQ:«P) XNORM2=XST
2188 IF(NS¢NE«D,AND,.DLOGLO(XST)~27,008NS,6Y,=30,00) }
22190 1 XNORM2=10,002#(DLOG1O(XST)~NS®28,00) J
. 022p@ A5 _____CONTINUE
02210 IFCICAL,EQ.1) GO TO 892
02220 € YYPE_1,XK,FUNC
02230 XNOR1S z ?2p2 R
.. @224 _IF(KFLAG,EQ.@). XNORL=RH02/(2. coa-u;uK)
02250 XNR=XNOR1+ (XNORM2+ XNORM)SCALE?2 Ql)
82260 IF(XNR,GT,2,000) SON=(1 WDGLDSORY[XNRAAPDABS(SGALE)7
p2278 xr(MrLAc.cu 1) NRlTE(NTYPE-l) SQN
i 02280__ _ IF(MFLAGyNE.1) 6O _T0_ 165
02298 C STORE U,UP AT LAYER BOUNDARIES FOR MQDE JCOUNT
. .@23p® ___ WRITE(21,170) NUMBER
92310 170 FORMAT(14)
___B2320 =~ CLOSE{uUNIT=29)
02330 D0 160 IN=1,NUMBER
02340 READ(NFILE(7),130) JC,KCsXC,ALC,BEC,i/XC,UPXC
92350 UXCRUXC2SQN

e it i il i iR
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22360 . . . UPXC=UPXCaSON.. . L
C 02370 IF(KCsEQs1) UXCZUXC»1@sa(~18aNSC(ICOUNT,JX))
. 82380 1F(KC4EQ:1) UPXC=UPXCe1Qee(=1R0aNSCLICOUNTJX))
02390 160 WRITE(21+132) XC,ALC,BEC,UXC,UPXC
C 92498 332 FORMAT(5D)
: 02410 165 CONTINUE
. B2420 CLOSESUNIT=NFILE(7)) ___
[ ¢ 02430 IF(MFLAGNE.1,0R.NOPT,EQ.1) GO TO 892
. .@2440 __  __ QCAL=} e W
22450 XMAX=XMAX2/H
€ ___ 02460 XINCR=XINCR2/H e (13)
82479 MFLAGL=1
bR P 02480 s i e ne 8 " GOTO 991  SPIUR
€ 02498 892 IF (MFLAG.,EQ,1) GO TO 899 P U/
. B25@0@ __ ____ IF(DABS(EDIF),LY,1,00-15) ITER=4
2519 IFCITER.EQ.@) GO TO 444
€ @250 _____ _1COUNT=1CQUNT+1
02530 EOIF=1,000
. P2548___ __ ___MFLAGi:=l ;
[ { 22550 MFLAG®1 - g ; 05)
02560 IF(KFLAG,EQ.1) XFACT=UIN/Z(UDOUT#1,0045)
82570 WRITE(NTYPE,1) XK
( 02580 . ___TYPE 770:XK,1COUNT
#2590 {TER=D
. P26p®  _ _ _ 60.TJ 994 ,
€ 02618 444 CONTINUE =
92620 ~ __ FUCJTER)ZFUNC
, 82630 EIGCJUTER) sXK .
€ _ 02640 _ . IFCIFLAG.:E0.1)_Gao _To 888
g 026-0 IFC(JTER,EQ,1) GO TO 990
2. 2660 PROD=FU(JTER)/DABS(FU(JTER))
€ 92670 PROD=PROD®FU(JTER~1)/DABS(FU(JTER=1))
2688 . 1F(PROD,GT.Q.9D2) _60_TO 990
. 02690 IFLAG=1
¢ __ 02790 . XK=EIG(JTER)=DSQRT(FU(JTER)/(FU(JTER) ~FULJTER=1D))
02710 1 o(EIG(JUTER)-EIG(JTER~1))
02720 . GO TO 994 _(16)
! ¢ 22730 880 JMINSJTER=L A
02740 K=JMIN.
32759 60 TO 882
C 82760 DO 881 K=JMINsLls=l 2
02770 PROD=FU(JTER)/DABS(FUCJTER))
92780 _ . _ . PROD=PROD#FU(K)/0ABS(FU(K))
¢ 02790 {F (PROD,LT.2.808) GO TO 882
_ 028@0 881  CONTINUE
02810 882 SE=(FU(JTER)<FU(K))/(EIG(JTER)=EIG(K))
€ _ 02820 SINSFULJTER)=(SE*EIGUJTER))
22830 XK=~SIN/SE
2840 ED[F=XK=EIG(JTER)
C 82850 770 FORMAT(10,15)
02840 GO _T0 994
12 02870 980 CONTINUE .
C v 02880 _  TYPE 31,(JUPACI),1%1,1COUNT)
10 @28908 31 FORMAT (! UP=LAYERS 2'/1014)
o @298 CLOSE_(UNIT=NTYPE) o
L 02910 NTT=0 .
782920 = DO 41 1=1,NMIN 3
6 02930 41 NTTENTTeNPPL(I) >Q7)
C s 02940 00 16 1=1,ICOUNT *
s 02950 IFCT1.GE,ISW,0R,NOPT,EQ.1) TRLAY=IRLAY J
3
C
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. 02968 {RECSNTYT=[REC1+1_ a
02970 D0 42 J=1,NMIN~JUPA(I)
P2980 42  IREC=IRECeNPPL(J) .
2998 95 IF(1.GE,ISW) IREC=]REC1
. @3%gd IRECA({1)FIREC
23010 READ(NTYPE,1) XKA(IPR,1I)
23020 _ D0 70 K=1,1SLAY
23230 READ(NTYPE,2) BXTMP
ol P3040 1F(K.E0.,JSOU)_BX=BXTIMP
p3050 70 IF(K.EQ.JREC.AND,NOPT,EQ.1) CX=BXTMP
£ P3960 _ READ(NTYPE,1) XN
39270 1F(NOPT,EQ.1) GO TO 30
23080 DO 71 K=1,IRLAY_ as 3
83090 READ(NTYPE,2) CXTMP
- 83100 71 1F(K.,EQ,JREC) _CX3CXTMP
93110 30 CONTINUE
___@3128 _NSPPL=@__
03130 DO 39 L=i,NMIN (\7)
23140 ) NSPPLENSPPL+NPPL (L) e F, J e e
23150 KL=L
= N3160 1F(NSPPL.GT,IREC1) GO TQ 49 B
93170 39 CONTINYE
_ 23180 40 CONTINUE. M
23190 UOCIPR,1)=BXaXN
03202 16 UFC(IPR,[)=CX#XN®#1Q,D02a(~1@#NSCCLyKLYY
03210 CLOSE (UNIT=NTYPE)
03220 19 XKD2XKDS. o SR OIS S —
23230 TYPE 48, (JRECA(]1),1=51,1COUNT)
23240 48 FORMAT (! # OF REC IN WFCT FILE ='»y214y |
23259 TYPE 18,1PR,I1CO'NT, 1SW
23260 18 FORMAT (! END OF PROFILE #',12,'  # OF EV IN THIS P _ R
23270 1RQFILE 3,12, 1SW=',12)
83280 15 CONTINUE e T R R e e LR PR S T |t RO
23290 DO 17 J=1PRMIN, [PRMAX _
93320 WRITE(NFILE(3)+7) (UO(Ja1)ol=3,IM) | L T —
023310 WRITECNFILE(4),7) (UF(Jy1)s1=1,1M)
03320 WRITE(NFILE(5),7) (XKACJoD)al3tpIMY | s i ot 3
23330 17 CONTINUE
23349 2 FORMAT(020,8) J-—' S .
03350 7 FORMAT (860)
23360 996 stoP e ey Bl A B R v ——
93370 END
9
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009192 SUBROUTINE SELAUT(IP,NFIL/NTEMP)
-~ 2092@ . . DOUBLE -PRECISION-X¢55),Y(55)
29932 00 1¢ 151,.]IP
——23240 READCNFIL-p2 3N
00250 READI(NFIL,1) (Y(J),J=1,N+1)
—— 80@68— 12 - — —READINFIL) 1)—(XtP)rd=1vrN+L)
20270 WRITE(NTEMP,2) N
—-20080—— D0-208--1=1 N
PPY9d 20 WRITECNTEMP,3) X(1),Y(1)
—230198————————WRFTE(NFEMP 3 ) ¥ N 1 —
; 90119 1 FORMAT(5014,7)
— 00282 FORMAT(LS)
09130 3 FORMAT(2D)
. — 90142 RETURN :
vo150 END
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FROM COPY FURNISHED TODDC
20010 SUBROUTINE PARAM
( —- 00820 . . . IMPLICIY DOUBLE -PRECISION--(A=H,0=%}
902330 DIMENSION NPPL(6Q) ) XKST(18) ,NFILE(7)
—20248 __ COMMON ./DATCOMZAKST,EREQ+RHOL ,RHO2 XKD 4 XMAXS +XHMAXD s
« 20450 1 XINCR1,XINCR2,NPPL,JMIND,NFILE, ISLAY,IRLAY,
—--00060 2. _1SOU,IREC,NORT »IPRMIN)IRRMAXICT-+IRLAYL,JRECYE
2pd78 DATA NPPL/10,14,24,5740/
« —02280 _____ __ __ DATA-XKST/1021220,03L
PReon DATA NFILEZ38,24,25,27,28,21,29/
—plne _CON3,304878034- :
« 29110 FREQ=%,D0 '
—Bgl2d _ RHOL=1.D2
0130 RH02=1,09
—— 20140 XMAX1=104,
( 20152 XINCR1:z50,
— 29160 XMAX2=100,
eg170 {SLAY=10
( — 22180 IRLAY=51
20190 1Sou=1
— Bp270 _ JIREC=2
¢ 0210 IRLAY1=51
292223 {REC1:=2
0230 XINCR2=14dg.
¢ —-Bp240 _ XKD=,4p=d
22259 1CT=20
g 28260 JMINDZQ
2p27i IPRMIN=1
—-0p282. IPRMAX =4
09290 NOPT=1
€ L ——k2328 ___  ___RETURN
T ea3c END
¢
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@P01P® = SUBROUTINE DAIRY(DX,Al,AlP.BL,BIP) L S 26234
20020 IMPLIC1T DOUBLE PRECIS!ION (A=H,0e2)
@038 € FOR DOUBLE PRECISION_ARGUMENTS. THIS RQUTINE CALCULATES TYHE AIRY _ 2624@
ge240 C FUNCTION Al(X) AND ITS DERIVATIVE AIP(X), IT ALSO FINODS 26250
_ Q@e@sd C  THE OTHER REAL_LINEARLY INDEPENDENT_SOLUTION BI(X)_ AND 26260
20062 € 1TS DERIVATIVE BIP(X), 26278
ov70 €  THE DEFINITIONS ANO_NORMAL1ZATIONS ARE _AS IN NBS WANDBOOK 26284
. 2@989 C OF MATHEMATICAL FUNCTIONS,P,446 26299
& Q009@ C __ THE METHODS USED ARE POWER SERIES _EXPANSION_FOR_SMALL X 26304
2P0 C AND GAUSSIAN INTEGRATION FOR LARGE X 26310
PO318 DIMENSION X(16),W(16),XSQ(16) 26320
20120 C DOUBLE PRECISION DX,Al,AIP,BI,BIP 26330
20339 C  DouBLE PRECISION __ XS ,XCUBEsAISUMsAlPSUM . 26344
¢ 20340 C DQUBLE PRECISION OF +OFP,DG.0GP 26358
. @pis® _C ___ DOUBLE PRECISION_FJUM2.FEUM1,FJsFJPL:FJP2,FACTOR 26360
) ¥g168 C DouUBLE PRECISION C1,C2,R00T3 26370
K 29370 C__ POUBLE PRECISION DZETA.DARG.DROQTX __ 26384
go189 C DOUBLE PRECISION ROOT4X,S,CO0,RATIOIEFAC,ZETASQ 26390
) @019¢9 € DQUBLE PRECISION SUMR,SUM!,SUMRP,SUMIP,TERMR,TERM] 26490
{ 20292 € DoUBLE PRECIS]ON DZERQ,DA,0B,DEN,ONE 26440
op218 C DoUBLE PRECISION X.WaXSQ_. . 26427 |
29220 c DQUBLE PRECISION RSQ,TEMP, RTPI,RTPI2 26430
) PP230 €  DOUBLE PRECISION._TERMA,TERMB 26440 |
99240 LOGICAL NEEDB] 264590
] 7209259 DATA DZEROsONE /0,000,1.000/ 3 T, e 2646a |
{ 40260 DATA R00T3/1.73205080756887708/ 26470
0a270 DATA C1:€2 /.35502805388781700, .258819403792807D22 26480 |
20280 DATA RTPI /,2820947917738781D08/ 264990
g 20290 DATA RTP12/.5641895835477562D00/ _ R N 26500 |
= 22:3% C POSITIGNS AND WEIGHTS FOR 1@=TERM SUM FOR AIRY FUNCTIONS 26549
- 09310 DATA W( 1) / 3.1542515762964787D-44/__ 26520 |
€ 00320 DATA W( 2) / 6.639421028195849210-11/ 26530
00330 DATA W( 3) ¢/ 1.75838890613456690=08/ 26548
00348 DATA W( 4) / 1.,37123923704358150~06/ 26550
QI 29350 DATA W( 5) / 4.43509666392843500-0%2 26560
00360 DATA W( 6) / 7.15550109177182550-04/ 26578 |
A 09379 DATA W( 7) / 6.48895661033353810-03/____ Mol e e L __ 26580 |
( 9380 DATA W( 8) / 3.,644034158757732820-02/ 26590
_ 09390 DATA W( 9) / 1.439979241859099990-01/ 26400
; 00400 DATA W(10) / 8.,12311413362614860°01/ 26610
0 e@418  DATA X{ 1) /. 1.4883@81072180964D+01/ _ _pes28}
= 60420 DATA X( 2) / 1,0214885479197331D+081/ 26630
: 00430 _ DATA X{ 3) /  7,44160184504509300+00/ . 26640 _
) ( 20440 DATA X( 4) /7 5,30709430617819270+¢2@/ 26650
; % 20450 _ DATA X( 5) s 3,63401350291324620+¢0/ . 26660
; 22460 DATA X{ 6) /7 2,33106523030524500+00/ 26670
P« . P@470  DATA X( 7) / 1.344797P8246@92680+00/ oo 26680
; 20480 DATA X( 8) / 6,4188858369567296D~01/ 26690
i . B@490 DATA X¢ 9) / 2,0108345998121046D~01/ . 2670Q__
i« 20500 DATA X(10) / 8,05943591720528330~03/ 26740
; .. B@510  DATA _XSQ( 1) /P.198333172485621700_ 93/ 26720 _
= 02 2520 DATA XSQ¢ 2) /3,184343885353136590 03/ 26730
C v 90530 DATA XSQ(_3) /0,55377438021178170D 02/ 26740 _
10 ¥08540 DATA XSQ( 4) /P,28165249974668990D 02/ 26750
. P@550 ____ DATA XSQ¢ 5) ,0,1320602541393558000 02/ 26769
S T ELY DATA XSQ( 6) /2,543386510793804400 @1/ 26770
7 @0578 _ DATA XS0¢ 7) ,0,18084791929954200D 01/ 26780
L8 209580 DATA XSQ¢ 8) /0,4120209538788369a0 00/ 26799
( s @05980  DATA XSQ( 9) /0,404023909244180700~01/ 26800 _
4 2p68¢ DATA XSO(19) /0.649545073935383900-04/ 26810
3
| ¢ 4
S e g e




3-2
THIS PAGE IS BEST QUALITY mcnum
]
___@@61@ € POSLTIONS_AND WEJGHTS. EOR__4=TERM_SUM_FOR_AIRY_FUNCILONS 26820
[ 00620 DATA W(11) / 4,77639030575772630-05/ 26830
Q@630 _ DATA W(12) _/ _4.,9914306432910959D=23/ 26840__
| 00640 DATA W(13) / 8.61698469938493120-02/ 26850 i' 5
i | 20650 DATA W(14)_2__9,08790958459811020-01/ 26860
008660 DATA X(11) /7 3.91983295544550910+007 26878
o BO67@_____ __ _DATA X(12) ./ _1,69156190048235040+002 268680 _
[ 02689 DATA X(13) 7 5,02755324672630480~01/ 26890
00690 DATA X(14) /__1,92478605620156920~024 26900 ___
20700 DATA XSO(11) /2,153650903985966700 02/ 26940
| _ @071@____ __ DATA XSQ(12) /@8.2861381663163461A0 01/ 26920
00720 DATA XSQ(13) /0.25276291648668180D0 00/ 26939
.. @739 __ __ __DATA_XSQ(14) /2,37244934027789988D=23/_ 26940
[ 00740 € POSITIONS AND WEIGHTS FOR 2=TERM SUM FOR AIRY FUNCTiONS 26959
— _ R@75@ ___ __ DATA W(15) 2 _9.68072805957736040=0214 26960 __
28740 DATA W(16) / 3.1927194047:539580=02/ 26970
I _ 90770 DATA_X(15) /2 3.68006018661530440=027 26980
28730 DATA X(16) 7 1.,05924693821123780+00/ 26990
80792 ____ __ DATA XSO0(15) /@.1354264297711102a0-02/ 27008 __
| 20820 DATA XSQ(16) /0,112200407619988100 @1/ 27010
... ®88@2 ____ IFADX:GT.~1200.008) G0 _10 991
02804 CALL SINCOS(OX:Al1,AIP,Bl.BIP)
i _PP8p6________ RETURN
§ ¢98p8 991 CONTINUE
__. _bp810 IF(OX,LT.=5,000) _GO_TO_ iﬂﬂ 27029 __
i 08820 NEEDBI=,FALSE, i 27030
i . 0p833 IF(DX.GT,3.702)_60_ T0 209 27049 __
} 09848 ¢ THIS ROUTE FOR SMALLX. USING POWER SER{ES, 27059
8  wgesse ¢ CINITIALIZE 22060
B 20860 10 XS = DXeDX . 27970
IS 8g878 _ _ XCUBE =_XS #DX =, 27089 __
| 2p880 XS = XS 0,500 27990
| . vesgs _DF = C1__ e 27108 _
3 2¢990 OFP = ClsXS 27143 ‘
09910 _ _ _D6_= C2e0X 2712@
i 20920 DGP = €2 27130
. :99930 __ AISUM.= OF = DG ____ 7140
3 90940 AIPSUM = DFP = DGP 27150
! __ 88958 Bl = DF_+ 06 __ 27160 _
00960 BIp = DFP * DGP 27179
| 00970 __FJM2z=2,p00 27180
‘ Q2988 20 FJM2=FJM2+3,000 27190 .
. 00999 _  FJUM1=F JM2+0ONE _ 27200
| 21000 FJ=FJM1+ONE 27210 |
! . B1018 _  _ FJP1=FJ*ONE 27228 __
01920 FJP2=FJP1+0NE _ 27230
I _ 01030 _RATIO = XCUBE/FJ 27248 __
01040 OF = OFSRATI0/FJML 27258
. 91050 DFP _= DFPSRATIO/FJP2 27269
; 21060 DG = DG*RATIO/FJPL 27278
—_. 01070 _ ____DGP_= DGPeRATIO/FJM2 27280
12 21080 B] = Bl ~ (DFeDG) 27290
§vn__ 01090 BIP_= BIP_* (DFP*QGP) 27300
10 21100 IF(NEEDBI) GO TO 80 27340
v 091310 __AISUM = AISUM e (DF=0G) 27320 __
. 21120 AIPSUM = AIPSUM * (DFP=DGP) 27330
1 " 841438 € CONVERGENCE TEST 27340___
o P1140 80 IF(DABS(DF),6T.1.A0~16) GO TO 20 27350
| s 04158 C __CONVERGENCE, COMPUTE_FUNCTIONS 27360
a 91168 99 81 = ROOT3®B] 27370
A e e 11
1
.
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. B1190 __ C  ACCURATE VALUES_ OENAJ_ANQ_AIB_HAVE.ALBEADX_§£EN~EQUND_81_§AUSSLAN_______2749.

@ &0 v

- 01170 _B1P = ROOT3#BIP..

91180 C THIS RETURNS IF X IS BETWEEN 3.7 AND 8,0: SINCE IN SUCH CASES MORE

21230 C INTEGRATION 27410
91210 __IF(NEEDBL)RETURN 2742
91220 Al = AISUM . . 2743
@130 . ALP = AIPSUM 2744
@1240 RETURN : 2745
. 01258 _ C GAUSSIAN INTEGRATION FOR_LARGE_NEGATLIVE X ; 2746
91268 100 DROOTX = DSQRT(-DX) J . 2747
91270 __ROOT4X _® _DSORT(OROOTX) _27480
21283 D2ETA 2 ~,66666666666666676DX#DROOTX 2749
21290 DARG_= DZETA =~ ,7853981633974483 275¢
91300 SuMR = DZERO 2751
. 81318 Suml = _0zERQ 2752
913520 SUMRP = DZERO 2753
_P1330____ ___SuMmlp_ s DZERO 2754
01342 C TEST 7o SEE HOW MANY TERMS ARE NEEDED IN GAUSSIAN INTEGRATION 275%
01358 . 1F(DOXsLT.(+202.D2)). 60 _T0_140 2756
21362 IF(DXsLT,.("15,00)) GO TO 13@ 2757
. 91370 C__THIS CASE FOR_DX_BETWEEN =-5,8 ANO_+«15,0 2 27589
21389 LIMLOSL 27594
21398 LIMH1=10 2768¢
01490 Go TOo 149 , 27634
P141@ C _THIS CASE_FOR_DX BETWEEN -15,@ AND _-200, 2762
©$1428 139  LiMLO=11 , : . 2763
01430 e LIMHI=14_ i 2164¢
01440 Go TOo 149 : 2765¢
91450 G THIS CASE FOR DX.LT.=208, s _27662
01450 143  LIMLO=15 _ 27670
R1470 . LIMHI=16 _ _ _27680
01480 149 ZETASQ=0ZETA®e2 : 2769¢
1490 Do 159 K=LIMLO,LIMHL _ 227003
81509 TERMR=WCK)/( (ZETASQ*XSQ(K))»22) 27718
.@1518 _ SuMR = SUMR *+ TERMR 211721
01520 TERMR=TERMR2X (K) 27738
_P§4538.  _ __SUMI=SUM1+TERMR _2774¢
21540 TERMRSTERMRaX (K) 2775¢
_P1550 _ ______ SUMRP=SUMRP+TERMR 277681
21560 158  SUMIP=SUMIPSTERMRaX(K) 27778
-P1578__ __ SUMR=(SUMR®ZETASQ*SUMRP)=ZFTASQ 27780
91580 TEMP=SUMI#ZETASQ 27794
§1598  SUMI=(TEMP*SUMIP)®DZEYA : __27808
01600 SUMRP=SUMRPSDZETA . 278149
91610 _ . SUMIP=SUMIP~TEMP 27820
#1620 C FORM AIRY FUNCTIONS 27838
01630 196 S = PSIN(DARG) i 2784¢
91640 Co = DCOS(DARG) _ ' 27850
01650 =~ RATIO = RTPI2/R0OOT4X_ 2786¢
#1660 Al s RATIO®(CO#»SUMR & SaSUM]) - 27872
,_ﬂ19ZQ,M*M.____Ejmivﬂélxo:isngsunl = S®SUMR) 27882
1630 SUMRP=SUMRP +SUMRP 27892
1698 RATIO = »,2500/0X% 2790¢
1720 FACTOR 2 ~RTP12#R0O0OT4X 27910
_BL710 _ _ A1P = RAT!OsA]l - DROOTX®B] & FACTOR®(CO®SUMRP+SaSUMIP) 2792¢
T P1720 BIP = RAT]0sB] + DROOTX®Al * FACTOR'(COGSUMIP-SOSUNRP) 2793¢
_P1738  RETURN_ 2794¢
01740 € GAUSSIAN INTEGRATION FOR LARGE POSITIVE X 2795¢
4750 298 _ DROOTX 3 _DSORT(DX) 2796¢
91760 DZETA = ,66666666666666679DX>DROOTX 2797¢
3
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| 4 —— 84770 EfFAC = QEXP(-DZETA) 27980
£ 01789 RQOT4X = DSQRT(DROOTX) 27998
_@3790 Al = DZERO 28009
018a0 81 = DZERO : 28010 |
€ o opteg AlP_= DZERO_ 28029 _
21820 BiP = DZERO 28030
. @183@____ 1F(OX.LT.8.008) NEEDB!=,TRUE, 28040
¢ 21840 C TEST 70 SEE HOW MANY TERMS ARE NEEDED IN GAUSSIAN INTEGRATION 28059 |
. 91850 JF(DX.GY.15.2p2) G0..T0 238 280640 _
©1860 C TYHIS CASE FOR DX BETWEEN 3.7 AND 15, : 28070
LAy 218790 __L1MLO=}L 28084
i 01880 LiMHIR40 280950
: 01890 _ 6o TOo 249 - b 28190
g { 21980 C THIS CASE FOR OX GREATER THAN 15, 28110
21910 230 LIMLO=131 _ LB 28120
; 91920 LIMHI=14 28130
A 3 24930 249 00 250 K=zLIMLO,LIMHI A 28140 _
01940 DA=DZETA+X(K) 28150
21950 TERMA = W(K)/DA S _ 28B16@
21960 Al = Al « TERMA 28170
731970 AIP=AIP*TERMA®X(K) /DA : 28189
21980 IF (NEEDB1) GO T0 258@ 28190
21990 D8=0ZETA=-X(K) _ 28201
220p0 TERMB = W(K)/08 28210
02210 Bl = Bl « TERMB__ AN . 28228
{ #2820 BIP=BIP*TERMBaX(K) /DB 28230
2030 250 CONTINUE s _ 28240
22949 C FORM FUNCTIONS 28259
22050 FACTQR=RYP!#DZ2ETA/ROQTAX _ et e e S ) 1))
92360 RATIO = 0,2508/DX 28270
p2¢70 Al=AISEFAC®FACTOR L. . 28280
22080 AIP=~(DROOTX+RATIO)#A[+RTPISROOTAX#EFAC#ALP 28290
22892 C THIS 1S SATISFIED ONLY FOR X BETWEEN 3,7_AND 8,Q@ _IN THESE CASES ____ __ 28304@.
2190 C THE B! AND BIP ABOUT TO BE COMPUTED ARE NOT SUFFICXENTLV ACCURATE, 28310
2114 C THUS RETURN TO POWER SERIES FOR Bl AND BIP, il 28328
921290 IF(NEEDBI) GO TO 1@ 28332
02130 FACTOR=FAGTOR+4FACYOR = Aok e G ) - 1 1 I ;
02140 B1=B1%FACTOR/EFAC 28350
92150 . B1P=(DROOTX~RATI0)#B1-RTP128RO0T4X2BIP/EFAC B . 2836p.
221640 RETURN 28378
3

92470 END : 28380
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.. oo1e¢ _ ___SUBROUTINE SINCOS(Z,Al,AIP,RI,O1P)
[ 60209 IMPLICIT DOURLE FRECISION (A-W,0-2)
0030¢ #1=3.141592€359000
00400 APS2,%(=2)**(1.5)/3.
¢ gos%ec AKG=AR+PI /4
3060¢ Z1=(=2)**(~0.25)
001¢6e 72=1./71
( 00500 PI2=1./0SCRT(PI)
003CC RI=PI2#21*(DSINCAFRG)=5.7T72./AR*DCOS(ARG))
0100C 20 FOF“AT(2D)
( o11c¢ NI=PI2*21 *(PCOS(ARG)+S5./T72./AR*CSIN(ARG))
01200 ATP==PT2%22*(DCOS(ARG)+7./72./AR*DSIi(ARG))
01300 RIP=PI2*Z2*(DSINCARG)=7./72./AR*DCOS(ARG))
( 01400 FETURN
01206 E4D
(
{
3
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4100

00010 .. . SUBROUTINE EXTREM(X,AsAP.B+BP,ZETA)
20020 IMPLICIT DOUBLE PRECISION (A-H,0~2)
90030 . ___ DIMENSION XL(4),W(4)
99032 IF (X.GT.15,00) GO TO 100
00934 . .- CALL DAIRY(XsAsAP,B,BP)
08036 ~ 2ETA=1,00
00938 .. RETURN
20039 100 CONTINUE
00049 . __ ___ ¥1€1)33,9198329554455091D4
0050 X1(2)%1,691541900482350400
PPQ6Q@ . X1¢3)=5,02755324622632180~44
00070 X1(4)=1,92470605620156920=02
. P@0R0 _ W(1)=4,77639030575222630-05
02090 W(2)34,99143064329109590-03
Q0300 __ __  W(3)38,61698469938403120-02
00110 W(4)=9,08793958459811020~01
.P@12@ _ . DROOTXsDSQRTLX)
00330 ZETA=0,666666666666667D3+X8DROOTX
P9340 _______ ROOT4X=DSQRTY.(DROATX)
20150 As0,000
00160 AP=0,0D0
09470 8s0,800
P0180.____________BP=0.0pA_
00190 00 1 Ksi.4
090200  _ _ _ DA=ZETAeXI(K)
00210 TERMA=W(K) /DA
£022@__ _ __ ___ ASA*TERMA -
020230 AP=AP+*TERMAaX](K)/DA
00240 _ . 0BzZETA=XI(K)._.
009250 TERMB3W(K) /DB
00260 B=B*TERMB _ . __. e B L S A R PRI L
29278 BP=BP+*TERMBaX1(K)/DB
P0280 1. CONTINUE .
Q0290 RTP]=0,282094794773878100
. PP3@@ ___ RIP1232,564189583547756200
20310 FACSRTPI®ZETA/ROOT4X
ga320. . RAT=2,25008/X Lo
20330 AsASFAC
003408 . AP==(OROOTXeRAT)#A*RTPIsROOT4XsAP
90350 FAC=FACeFAC
Q0360 ___B3BFAC ;
02379 BP=(DROOTX~RAT)#B«RTP]28R00T4X»BP
P9380. .. ____ RETURN
9p39¢ END
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00110 AJ=Pl#((BIPaU)~(TT#Bl#UP)) e
t — 1 _BJ=PIe((YTeAIaUP)ntALIPY))
20125 TT=1,000
_ . @Po130 _ __ {F(MFLAG.NE,.1) GO T0 5 __
( 08i40 BL=(AJo82)8(((DX/AL)®(Al®82))=((AIPA22)/AL))
' _Pa1s59 B2=(BJe#2)s(((DX/ZAL)®(Ble82))=((B]lP082)/AL)) _
20160 B3=(2,008»AJsBJ)s(((DX/AL)®(AJeBL))~((AIP#BIP)/AL))
( payza BEG3-B1~82-83
¢olse 3 CONTINUE
. 20199 1F(MFLAGL.EQ.1) GO 70 4
( 90200 1FCCOX.LE,OM),AND, (DX1.LE,OM)) GO TO 3
: 20210 4 CONTINUE._
1 99220 1 XNEW=XNEW+X INCR
( 09230 IF(XNEW,GT.XJ) GO TQ 2
00240 DX==Al#(XNEW+BE)
092359 1F (DX LE.DM,0R.1A . EQ.Q) GO Y0 &
{ (¢ 08255 1F (XNEW=XINCR,LE.X)GO 10 6
1 . Q09260____ _____ XNEWsXNEWeXINCR
20270 IF(MFLAG«NE,1) GO TO 7
90288 DXs=AlLe(XNEWsBE)
s 20290 Clz(AJes2)8(((DX/AL)®(A»82))w((AlP#82)/AL))
b 00300 = C2=(BJas2)a(((DX/ZAL)®(DBlen2))=((BIP282)/AL))
( 90340 C3=(2.0002AJ8BJ)a(((DX/AL)#(AJoB]))=((AIPWBIP)/AL))
. _@p320 . CENSC1eG2+C3
00330 ZNORM=-CEN~BEG
€ 00340 XNORM=XNORM« ZNORM
20350 7 . CONTINUE
29379 _ ___CALL_ LAEQELALLﬂLLXNEULXJLHELQJLHELUEJLxuiﬂlXJNQRJIJ)
( 90389 RETURN
__ 09398 6 CONTINUE
PP490 CALL DAJRY(DX.Al:AIP/B1,BIP)
L — LT 1Az]A%]
90420 WF=AJPAI*BJeB]
90430 _ _ o _WPzAJPAIPeBJsBIP :
( 90440 IF(MFLAGL,EQ.1) WRITE(NTYPE,11) WF
. Po4so 14 FORMAT(2020,8)
P0460 GO T0 1
( __ po470 _ 2 XNEW=XNEW=XINCR
00480 3 DX=~ALa(XJ+RBE)
PR482 _ 12p  CONTINUE
v 20484 IF(XNEWSXINCR,GT.XJ) GO TO 150
1 00486 XNEW_= XNEWsXINCR
12 g0486 GO TO 120
(n PP488 150 XNEW=XNEW=XINCR
10 p0490 CALL PAIRY(DX,Al:AIP,B1,B]P)
°_ 0590 UJ=AJPAl*BJaRL
€ = 08510 UPJ=AJsAlP+BJ=B[P
) 00520 IF(MFLAGsNE 1) _RETURN
[ 29530 C1=(AJan2)5(((DX/AL)#(Al#82))=((A]P®02)/AL))
C s 090548 C2=(BJ»82)0(((DX/AL)®(B1282))=((B]Pna2)/AL))
4 P0550 €3=(2,0D00aAJuBJ)A( ((DX/AL)®(AloBI))=C(ALPBIP)/ZAL))
3
« -
mHISPZQEI
( S BEST 11, .
' m‘mﬁrmmmﬁml ‘“‘““mnm—
=) POS560_ CEN=C1+C24C3 10 oog
« - 90570 100 FORMAT(7014,3)
' - P05a0 ZNORM2-CEN=BEG
29599 XNORM3XNORM+ZNORM
t  ___ _Pp6p@ RETURN
00610 END
= Sy

L

. eplpe___-  P1=3.341592653509783238404

e — 000108 SUBROUTINE. PROPLAL +BEsXsXJsU.UJ,UP,UBJs XNEW,XINCR,TT)
LJ 20020 IMPLICIT DOUBLE PRECISION (A-H,0~Z)
00030 COMMON_ZIFLAGSZ MFLAG,MELAGL,NIYPE
- 09240 COMMON /SQNORM/ XNORM
! 20050 DM=11.000
¥e970 0OX=~AlL#(X+BE)
s —. @oved_____ 0X1e=AL 8 (XJ+BE)
( 299098 CALL DAIRY(DX,Al,AlP:BI,BIP)
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— 00010 o ———__SUBROUTINE. PR(AL.BE|XQXJtUtUJD‘UPDUP—J;XNE“DX'NCRO-T-t%
00020 1 X150,X2SQ) ,
. @oo3e ___________iMPLICIY DOUBLE_PRECISLON. (A=H.Q=Z)
00240 COMMON /IFLAGS/ MFLAG,MFLAGL,NTYPE
v 00045 __________COMMON /JC/_JCOUNT
00950 X150=0,000
PE960 _ . . x2s50=0,000
0Pa870 DM=11,009
90080 = 1A=0
20090 DX==ALs(XeBE)
Pe120 __ DX1s-ALe(XJeBE)
009110 CALL DAIRY(DX,A1,AIP»BI1,BIP)
__ . @9120___ P1=3.141592653589783238400
90430 AJsPI#((BlPaU)~(TT8BI®UP))
00140 BJzPl2((TY®AlaUP)=CALPBUY))
08150 17=1,000
20160 iIF(MFLAG'NE.1)_GO Y05
20170 B1=(AJsa2)s(((DX/AL)#(Ale82))~((AlP8a2)/AL))
. PPABR B2z (BJe#2)s(((OXZAL)®(Blen2))=((BIPee2)/AL))
29190 B83=(2,000sAJuBJ)o(((OX/AL)#CAT=B1))~(CAIPeBIP)/AL))
— . 00200 _BEG==-B1-B2-B3
00210 9 CONTINUE
009220 IE(MFLAGL.£Q.1) GO _TQ 4
29230 1F¢tDX,1.E,OM) ,AND, (DX1,LE,DM)) GO TO 3
. PR240 __ 4 __CONTINUE
209250 2 XNEWEXNEW-XINCR
. PP260______ __ IF(XNEW,LY.XJ)_GC Y0 2
P@270 OXa~AL#(XNEWBE)
o—- 209280 1F(OXsLE.OM)_GQ T0_6
- 2p290 XNEWEXNEW+#XINCR
ES PP3@@ _ _ JF(MFLAG.NE,1) GO0_10 7
¥9310 DX==ALa(XNEW+BE)
. 08320 Cls(AJss2)e(((DX/AL)®(AL292))-((AIPeaR)/AL))
09330 C2=(BJan2)s(((DX/AL)»(Bles2))~((BIPan2)/AL))
PP340 __  C3=(2,0D0YaAJeBulo(((DX/AL)S(Al=BI))et(AIP*BIP)ZAL))
20350 CENSC1+4C2+C3
PP360 _ X3S0=CEN*BEgG
ep370 7 CONTINUE
.. #0398 375 _FORMAT(' PR',5D15,3) s
v0409 CALL LGCAL,BEXNEW,XJoWF,UJs NP, UPJ, XNEW,XINCR,TT,
... Pe410 1 X2SQ.Y2S50Q)
09420 RETURN
. .. PR430 6 __ CONTINUE_._ :
BB440 CALL DAIRY(DX,Al.,AlP,B1,BIP)
. 6pd4s58  WF=AJ*A[*BJeB]
00460 WP=AJ*AIP+BJ#BIP :
_@p478 __  IF(MFLAG1,EQ.1) WRITE(NTYPE,11) WF
vp4s0 11 FORMAT (1020,8)
= PR498 60 _T0 1.
08500 2 XNEW=XNEW+XINCR
__ . Pp518 3 = DX==AlLa(XJ*BE)
12 9p520 CALL DAIRY(DX,Al,AIP,BI,BIP)
W__ _@@530 _  UJ=AJ®Al*BJeB]
10 90540 UPJ=AJaAlP*BJ*B]P
o PB0O550 _ _  IF(MFLAG«NE.1)_RETURN
8 99560 Ciz(AJae2)s(((DX/AL)S(AL»32))=((AJPan2)/AL))
7____ _Pe570 C2=(BJse2)a(((DX/AL)2(Bla®2))=((BIPan2)/AL))
6 00580 C3=(2,0008A nBJ)a(((DX/AL)*(A]oBI))In((AIP#BIP)/AL))
s___ __P0590_ CENE=C1+4C24C3
o 00600 X1S0=CEN*BEG
3
[ 11) RETURN
00620 END
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o _SUBROVUTINE START(ALsBE+XsXJ)UsUP2LXNEW.XINCR,SH.T)

s — .. Q0019 _
11 00020 IMPLICIT DOUBLE PRECISION (A~H,0-2)
90030 COMMON_/IFLAGS/ MFLAG:MFLAGL.NIYPE
_ 00040 COMMON /SQNORM/ XNORM
. 0e@9sS@._ __________ DX=~AlLe(X+BE). __
90060 DX13~-AL®(XJ+BE)
. .. @pQ70 ___IF((DX.67,15.000),0R.(DX1,61.15,202)) GO_Y0 4 _
{ 90080 CALL DAIRY(DX,Al,Al1P.B1,BIP)
€098 A=SWeBlalY
20100 B=-Al®SWATT
(  _ _ 29%:0 _AJ=A
V0120 8J=8
.. PPA3®_____ IF(MFLAG,NE.1) GO Y0 .5_ !
( 00140 B1=(AJes2)8(((DX/AL)#(A1282))=((AlP»22)/AL))
__ReisS0_ ___ _B2=(BJes2)a(((0X/AL)2(B[222))((B]P®B2)/AL))
00360 B3=(2,0D00A #BJY) 8 (((DX/AL)*(AI®BL))~(CAJPaBIP)/AL))
( _____Qax70  BEG:=-B1-B2-83
P18 % CONTINUE
. Pole@___ DX=~ALa(XJ*BE)
( 00200 CALL DAIRY(OX,AL1,AIP,BI,BIP)
_ .ep210 UsA®Al+B*B1
209220 UP=A®AP*B#BIP
( _____@m230 _ IF(MFLAG.:NE.1) RETURN
008240 2AzAJ®02
. ..R@2se _ _______zB=(DX/AL)
( 20260 2CzAl9s2
00270 ____20=(AlPe®2)/AL
00280 Ci=ZA®((ZB#2C)~2ZD)
€ 80298 Cil={AJe®2)a(((DX/AL)®(Al®22))-((AIP882)/AL))
= 20320 C2=(BJa82)a(((DX/AL)®(Bl2%2))=((BIPP»22)/AL))
] 5 U __€3= (ZeQDUDAJGBJ)°(((DX/AL1'LAL§8L)L_t(ALPoBLlelL)) o
{ 008320 CEN=C1+C2¢C3
o332 _2NORM==-CEN-BZG !
208340 XNORM=XNORM#+ZNORM
¢ _  @e@35@ 1 YNEW=XNEWSXINCR
20362 IF(XNEW,GT.XJ) GO TO 3
: 80370 _ DX==AL#(XNEW+BE) 3
( 20380 CALL DAIRY(DX,A1.,A1P,BI,BIP)
Up398  WFsAw#AleBeBl
o400 IF((MFLAG1.EQ,1),AND.(XNEW.GT,0,B800)) WRITE(NTYPE,11)
C . @od10 1 WF ‘
79420 WP=A=AIP*B>B1P
.. _9pA430 11 _FORMAT(2029,8)
€ PP440 GO TO 1
... 2%0458 3 L XNEW=XNEW=XINCR
00460 RETURN
¢ 08470 4 CONTINUE._
p0488 ¢ DX==AL®& (X+BE)
. bps9p ¢ __.CALL EXYREM(DX,AZ,AZP,BZ,BZP,2)
( 20509 XNEWsX
. @b@530 _ _ 1=1,00@-
12 g@520 G A=BZaSW
Cw_ 00530 C__ Bs~AZoSW_
10 0540 (v Ul=AsAZ+BnBZ
e PB556_ € UP13A®AZP+BaBZP
( e 00555 ui=0 _
7_ . @p556  uP1=-T1/3,141592653589783200
6 #9555 C TYPE 11,X,DX,U1,UP1
( 6 @p580 ____CALL LARGE(CAL,BE,XsXJoUL,U,UPL,UP,) XNEW:XINCR,T)
4 20590 " RETURN
3
¢ = et LR
(
... . Qateo___ . _ ____ _ENO__.

p— e e e . . e s e e, 0 . e

e
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Q8010 . SUBROUTINE LARGEC(ALBE+XsXJaUsUJ)UP,UPJSXNEW,XINCR,ZT) -~
00020 IMPLICIT DOUNLE PRECISION (A-H,0-2)
P93 COMMON /IFLAGSZ MELAG.MFLAGL.NIYPE _
000402 COMMON /SQNORM/ XNORM .
9095Q _ . DM=11.,000 ___
08069 UINIT=U _
pevze . Sum0=0,00a _ 3
00989 SUME=0,008
900990 ___ _  _____ 1A=@._
20109 P1=3,1415926535809783238400 *
] 00&1@_--_,w-._u_ox=sALotxtB£)
009120 CALL EXTREM(DX,AZ,AZP.B2,82P,%)
2pA30 . 1 - XNEWsXNEW+XINCR
90135 IF(XNEW,LT.X) GO TO &
_9R346 IF(XNEW.GT.XJ) GO_TO_2
20150 X==AlL o (XNEW+BE) i
PPY68 _ __  IF(DX.GT.0M) GQ_T0 4 |
09170 XNEW=XNEW~X[NCR i
29488 . 1IF(MFLAG«NE,1) GO T0.5_ =
29199 1F(1DF ,EQ,®) SUME=SUME~-(4,0006U14U1) ! 4
00298 IF(IDF,NE,Q) SUMO=SUMO~(2,0000ulsUl) !
pe210 SEND=(U!NIT-»2)*(UinG2) {
0220 _ZNORMZ(XINCR/3.2D0)atSUME+SUMO+SEND) ¥
20230 XNORM=XNCRM+ZNORM
gp240 3 _CONTINVE i 0.
09259 CALL PROP(AL,BE,XNEW,XJ,UsUJ,UP,UPJ, XNEW,XINCR, TT)
90260 _ _____ RETURN__
¥p270 4 CONT INUE :
00280  CALL EXTREM(OX.AZ21AZP2,8322,B%P2,22) o s 2
03290 DEX=DEXP(Z=22)
24300 CL1=PJe((AZ24BZPo0EX)~((BB20AZPY/OEXY )
29310 C12=(P1aTT)a(((BZ2#AR) /DEX)=(AZ22B2<DEXY)
©0320 C21=(P1/TT)a((AZP28BZPSDEX)~({BZP22AZP)/DEX)) AT
pe330 C22=Pla(((B2ZP22AZ)/DEX)»(AZP2#B280EX))
P34 _U1=C1lsU*C124UP_ el
B350 IF(MFLAG1,EG.1) WRITE(NTYPE.11) U1
P30 11 . FORMAT(2022,.8).. =
9372 IF(MFLAG.NE.I) Go 10 3
g0380  ______ _1A=]lA*1
00398 IH=1A/2
00490 o 1DF=(]A=221H)
004310 1F(1DF,EQ,@) SUMEsSUME+(4,000%uisyl)
¢a420 IFCIDF NE.Q) SUMOSSUMO+(2.00028U18U1) ol
00430 3 CONTINUE
08448 uip=C2isUsC228UP
02450 UlP3ULPaTY
pgp4e0 rr 1,000
9470 -AL:(XNEH«BE’
09480 Az =AZ2
24992 AZPZAZP2
PP529________BZ=B22
©P510 BZP3B2P2
20520 2=22 o
0e530 usul
0p540 _UP=ULP
29550 180  FORMAT(4015,6)
PP560 G0 TO 1
pp579 2 “CONTINUE
PP588 XNEW=XNEW«XINCR
20590 DXz~ALa(XJ*BE)
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’ . 2@@@ _ ____ ___ CALL EXTREM(OX.AZ2,AZP2,822,82p2,22)
eR 00610 DEX=DEXP(Z=22)
. 8@620  _ __ C113Pla(tAZ2#BZPaDEX)~((BZ22AZP)/DEX))
20630 C123(P1aTT)w(((B225AZ)/DEX)~(AZ25BZ2DEX))
C  ___ geb40__ __€213(P1/TT)e((AZP28B2P2DEX)~((BZP2eAZP) /0FX) )
09650 C223Pla(((BZP20AZ)/DEX) = (AZP22B24DEX))
NN I s UJ=C1laU*C120yP
( 00670 UPJSC212U+C224UP
. AP68@ ______ UPJSUPJBTT
28690 IF(MFLAGINE,1) RETURN
SRR | [ SEND=(UINITes2)¢(UJan2)
00710 ZNORM= (X $MCK/3.000) s (SUME+SUMO+SEND)
0720 XNORM=XNORM+2ZNORM
( 20730 RETURN
20740 END
(
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IR 00948 . SUBROUTINE LGCAL.BE,XsXJsUsUJsUP,UPJ, XNEW,XINCR, 2T, 1
11 20022 1 X1S0,X25Q)
pP030 IMPLICIT DOUBLE PRECISION (A-H,0=2) ,
60040 COMMON /IFLAGS/ MFLAG,MFLAGL,NTYPE
{  ____@P9s@ ___ _____ COMMON ./JCZ_JCOUNT
39954, ~ DIMENSION W(259),WP(250) : J
009%6@ . DM=11.p0%
¢ Q9082 X1s0=0,000
2099Q___ _ X250=0.400a_
v@110 1A=0 ,
90838 _UINIT=u PR
€0140 SUM0=0,080p -
. @@is@___ = SumMEs@,000
( 20160 P1=3.14159246535889783238400
90170 DX=~ALe(X+BE)___
opls9d CALL EXTREM(DX,AZsA2P,B2,B2ZP,Z)
( 99192 3 XNEWSXNEW-XINCR .
292008 FCT=1,000 :
. _._@e@21@ ___ 1F(XNEW,LT.XJ) G0O_Y0 2
( ©p220 DX=~AlL & (XNEWBE)
20230 _ __ iF(DX.GT:DM.OR,!A,LT.1)_GO _T0_4 1
] ¥p240 XNEW=XNEWeX[NCR
. @P@250___ _ ____ IF(MFLAG.NE,1) G0 _T0.5
29260 IN=1A-1
; ... ©o265 _JFCIMLT1) GO YO 20 -y
{ vp270 D0 14 K=1.1M,2
20280 14 . _1F(DABS(W(K)).GY.1,0~18) SUMOSSUMO+(2.0D0aW(K)aW(K])
no285 IFC(IM,LTs2) GO TO 20
Ead 99298 . D015 K=2,IM.2_ _ . _ 1o
= 2328 15 lF(DABS(h(K)) GT.4.,0-18) SUMEZSUME+(4,0D95W(-)aW(K))
S va3p5 23 _CONTINUE AR TR b s
{ 29310 SEND=(UINITes2)eW(lA)a22
. Q@320 _ _ _ _X1SQ=(XINCR/3,000Q)#(SUME+SUMO¢SEND) s =
) pe330 ig¢e FORMAT(5D14,3)
] R340 3 _CONTINUE . __
89350 CALL PRUAL,BE,XNEW:XJ»U,UJ»UP, UPJ.xnsw.xxncn.rr,
4 @a3s0 L. %2sSQ,Y2sQ)
¢ 00370 RETURN
V@380 4 CONTINUE_ __ _ __
00390 CALL EXTREM(DX,AZ2,A2P2,B22,B2P2,22)
€ _ _ vespd _  _ _ DEX=DEXP(Z=22) _ ,
28410 C11=Ple((AZ2sBZPaDEX) ~( (BZ20AZP)/DEX))
; 00420 C12=(PlaTT)a(((Bz2sAZ)/DEX)=(AZ22%BZaDEX)) .
L Po430 C21=(P1/TT)u( (AZP28BZP40EX)~((BZP20AZP)/DEX))
20440 €C22=Pla(((BZP2»AZ)/DEX)~(AZP22BZS0EX))
80450 Ul=C1lley*C12sUP
C . ep%® 11 - FORMAT(1D29,8) _
08470 uiP=(C214Y+C22=YP) =TT
2 PR430 . ... 17=4,000._ PRI B
: ¢¥0500 1A=1A+1
= PE510 %82 ___ FORMAT([3)
12 208520 W(IA)SUL
C w_ 20530 WP(IA)=zUAP
10 00610 Usu(1A)
9 @B@620 ___ _ uP=WP(IA) 2%
( s 20628 30 FORMAT(13,0)
1 P@eé3p - IF(MFLAGL,EQ,1) WRITE(NTYPE, 11) W(1A)
s 00640 DX==ALa(XNEW*SE)
(s 99650 AZ=AZ2
et 00660 AZPEAEP2
P . = il




9670 ey e S R N DR O N O e o Fin 5« el g 2o KT O T =
20680 BZP=B2Zp2
99690  2=22 s
90790 GO TO 1 ;
I 20710 2 - SeANTINOE Lo o i LENES e
09720 IF(MFLAG'NE.1) GO Y0 3
00725 1F(1A«LT:1) CO.TO 3 _ LAY =) e TR0 R e S
20739 DO 16 K=4,1A,2
20740 16 IF(DABS(W(K)).GT.1,0~18) SUMO=SUMO+2.2D@sH(K)ae2 - L
20745 IFCIAWLT2) GO TO 3
29750 T Y DO A7 ka2, tAs2 - o SN
20760 17 1F (DABS(W(K)),GT,1,0=18) SUMESSUME+4,002sW(K)s2
0977¢ 3 CONTINUE = o Bt S e s A
0780 XNEN XNEW+XINCR
8097992 __DX==ALe(XJ+BE)
20795 xr(ox.LT.S) TYPE 28,0X
90798 28 FORMAT (! WARNING: IN LG ARG OF EXTREM 1S ',0)_ .
00820 CALL EXTREM(DX,AZ2:AZP2,B22,BZP2,22)
20819 DEX=DEXP(Z~22) . IR oL o L .
29824 C11=Pls((AZ25BZPADEX) - ((BZ2%AZP)/DEX))
09830 C12=(P1aTT)u(((BZ22AZ)/DEX)~(AZ20BZ2&0EX)) EECIEESS
R840 €C213(P1/TT)a((AZP28RZP=DEX)~( (BZP2#AZP) /DEX))
20854 €22=Pla(((BZP2#A2)/DEX)~(AZP28B250EX)) pel o -
20860 UJ=C11lsy+*C12sUP .
ap87¢0 LPLEECofajeeonepmt e et il e S T e .
2098892 IF(MFLAG«NE,1) RETURN
92930 SEND= <U1N17«»2>¢(u4»o2) LI e e e S T (O ¥ =
20940 X18Q= txlNCR/s 80@)* (SUME+SUMO+SEND)
90959 AETURNE Sttt R En e e Lol e R N e TR Sl N SR _ -
3% 68 END
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