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A Transformat ion Techni que for Optimal Control Problems

with Partially Linear State Inequality Constraints1

by

A. MIELE2, A.K. wU3, and C.T. LIU4

Abstract. This paper considers optimal control problems in-

volving the minimization of a functional subject to differ-

ential constraints , terminal constraints , and a state inequa-

lity constraint. The state inequality constraint is of a

special type , namely , it is linear in some or all of the com-

ponents of the state vector.

1
This research was supported by the Office of Scientific
Research , Of f i ce  of Aerospace Research , United States Air
Force , Grant No. AF-AFOSR--76-3075, and by the National
Science Foundation , Grant No MCS-76-21657

2
Professor of Astronautics and Mathematical Sciences , Rice C

University , Houston , Texas.

• 
3Graduate Student , Department of Mechanical Engineer ing and
Mater ia ls  Science , Rice University, Houston , Texas.

4Graduate Student , Department of Mathema tical Sciences , R ice
University , Houston , Texas.
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ii AAR—l37

A transformation technique is introduced , by means of

which the inequality constrained problem is converted into an

equality constrained problem involving differential constraints,

terminal constraints , and a control equality constraint. The

t ransformation technique takes advantage of the par tial l i nea r i t y  of

the state inequal i ty  constraint so as to y ie ld  a t ransformed

problem characterized by a new state vector of minimal size.

This concept is important computationally , in that the com-

puter time per iteration increases with the square of the

dimension of the state vector.

In order to illustrate the advantages of the new trans-

formation techni que , several numerical examples are solved by

means of the sequential gradient—restoration algorithm for

optimal control problems involving nondifferential constraints.

The examp les show the substantial savings in computer time

for convergence , which are associated with the new transforma-

tion techni que.

~~~~~~~~~~ Optimal control , numerical methods , compu ting

methods , t ransformat ion techni ques , sequential gradient-

res tora tion al gori thm , nond i f fe ren t ia l  const ra in ts , state

inequality constraints , l inear state inequal i ty  cons t ra in ts ,

partially linear state inequality constraints.

I~~’~ “ . ‘ ‘ ‘
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1. Introduction

In recent years , considerable attention has been devoted

to the study of optimal control problems with bounded state.

The approaches employed are of two types: (i) the direct ap-

proach , in which a predetermined number and sequence of subarcs

are assumed, and (ii) the indirect approach in which no pre-

determined number and sequence of subarcs are assumed .

Direct Approach. In the direct approach , the extremal arc

is viewed as being composed of several subarcs, some internal

to the state boundary and some lying on the state boundary . At

the points of junction of different subarcs, discontinuities in

the control and the multipliers are allowed . In practice , this

view of problems with state inequality constraints can be im-

plemented through a variety of techniques, all of them requir-

ing satisfaction of the state inequality constraint , with this

understanding: strict inequality must be enforced for the

subarcs internal to the state boundary , and strict equality

must be enforced for the subarcs lying on the state boundary .

Indirect Approach. tn the indirect approach , the extremal

arc is viewed as a single subarc , even though a portion of it

may lie extremely close to the state boundary. Along this

single subarc , the control and the multiDliers are reqarded to

be continuous functions of the time . In practice , this view of

problems with state inequality constraints can be implemented

through either penalty function techniques or transformation

- . d  
- I
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2 AAR—l37

techniques. The latter techniques (see, for instance , Refs.

1-5) constitute the key concern of this paper.

Transformation Techniques. In a transformation scheme , a

Valentine-type representation is employed for the state ine-

quality constraint L0(x,O) >0 (Ref. 4). If k is the order of

the state inequality constraint5, the dimension of the state

vector is increased by k. That is, the n-vector state x is

augmented by the k-vector y, which is defined in such a way

that the state inequality constraint L0
(X,8) > 0 is satisfied

automatically at each point of the trajectory .

Concerning the rn—vector control u, one has two options:

(i) to leave its dimension unchanged through a substitution

technique (Ref. 4); or (ii) to increase its dimension by one.

In the second option , the m-vector control u is augmented by C

the scalar control w. In turn , the augmented control (u,w)

must satisfy a nondifferential constraint everywhere along the

trajectory (Ref. 5).

Research Objectives. A drawback of the transformation

schemes of Refs. 4 and 5 is that they cause an increase in the

5A state inequality constraint L0(x,O) � 0 is defined to be of
order k if the kth time derivative of the function L0(x,5)is the first to contain the control explicitly.

I 
- -



3 AAR—l37

dimension of the state vector and , consequently, an increase

in the computer time per iteration. As an example , if one

uses the sequential gradient-restoration algorithm for optimal C

control problems with nondifferential constraints (Ref. 5),

the computer time per iteration is proportioned to the square

of the dimension of the state vector. Clearly, in devising

transformation techniques converting an inequality constrained

problem into an equivalent equality constrained problem , it is

important to prevent or limit the increase in the dimension of

the state vector ; in other words, it is important that the

dimension of the new state vector be as small as possible.

In this paper , we pursue this point of view with reference

to a special category of optimal control problems , namely,

problems where the state inequality constraint L0(x,6)>0 is

linear in some or all of the components of the state vector.

We consider the k—vector function L(x,0), composed of L0(x,0)

and its first k-l derivatives. We make the following assump-

tions: (i) the n—vector state x can be partitioned into vec-

tors X
A 

and X
B 
having dimensions a and b, respectively; (ii)

the k-vector function L(xA ,xB,E3 ) can be partitioned into two

vector functions L(xA,xB~
O) and L(xA ,xB,O) having dimensions

a and c, respectively ; and (iii) the a-vector function L(XA ,XB,O)

is linear in X
A~ 

With this understanding , the elimination of

X
A 

becomes possible and one can formulate a new optimal control

~~~~~~~~~~~~~~~~~~



4 AAR—l37

prob].em involving a state vector of reduced size. In other

words, the augmented state vector (x,y) having dimension n+k

is replaced by the new state vector (xB,y) having dimension

b÷ k , with the following implication : if the algorithm of

Ref. 5 is employed , the computer time per iteration is scaled

according to the square of the ratio (b+k)/ (n+k).

In theory , the transformation technique proposed here

appears to have a very particular nature. In practice , a large

number of technical problems fall within the scheme described

here. With this in mind , the advantages of the new transforma-

tion technique are illustrated through several examples , which

are solved by means of the sequential gradient—restoration

algorithm for optimal control problems with nondifferential

constraints (Ref. 5). The examples show the substantial savings

in computer time for convergence , which are associated with

the new transformation technique .
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5 AAP.—137

2. Statement of the Problem

2.1. Notation. Let B denote the independent variable ,

and let x (6), u(O) denote the dependent variables. The time 0

is a scalar , the state x(0) is an n—vector , and the control

u(0) is an rn-vector. The initial time is 6= 0  and the final

time is 0= T . The final time is either given or free.
7

2.2. Optimization Problem. With the above definitions ,

the optimization problem can be stated as follows.

Problem P1. Minimize the functional

1= f(x,u,0)dE~ + [g(x ,0)]~ (1)

JO

with respect to the state x (0), the control u(0), and the para-

meter T which satisfy the differential constraints

dx/dB 4(x,u,0), 0< 0 < T , (2)

the state inequality constraint

L0(x,0) > 0, 0 < B < T , (3)

and the boundary conditions

6A11 vectors are column vectors.

71n the latter case , is a parameter to be optimized .

--- - —. 
. -~ ~~~-,.. - 
-



6 ~~~R-l37

x(O) = given , (4)

(5)

In the above equations, the quantities I,f,g,L0 are scalar , the

function ~ is an n-vector , aad the function ~ is a q-vector.

1~
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3. Transformation of the Problem

In this section , we convert the inequality constrained

problem into an equality constrained problem . We employ the

Valentine-type transformation proposed by Jacobson in Ref. 4.

We assume that the state inequality constraint (3) has order k.

This means that the kth time derivative of the function L0(x ,O)

is the first to contain the control u explicitly.

3.1. Valentine-Type Transformation. We introduce the

auxiliary state vector y(O) and the auxiliary control variable

w(O), where y is a k—vector and w is a scalar. We require the

k—vector y and the scalar w to satisfy the differential equa-

tions

dy1/d y2

dy2
/dE, y

, (6)

dyk l /dO =

d.yk/dO w.

Next , we discard the state inequality constraint (3) and re-

place it with the state equality constraint

L0(x,O ) - A 0 (y )=O , A0 (y)=y ~ , (7)



- —~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .—.--—— . 
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where y1(O) denotes the first component of the auxiliary state

vector y(O) . Then , we execute k time derivatives of both

sides of Eq. (7). This yields the relations

L 1
(x , O )  — A1(y) = 0

L2(x,O) 
— A2

(y)  = 0

L3 (x,O) 
- A3(y) = 0 ,

(8)

L4(x,O) 
— A4(y) 

= 0

Lk l (x,B) 
~
Ak_l (y) =0 ,

and

Mk (x,u,B) 
— Bk (y,w) = 0. (9)

In Eqs. (8)-(9), the symbols L1 
and Mk denote the successive total

derivatives ofL0(x,O), and the symbols A1 
and Bk denote the successive

total derivatives of A 0(y). Specifically , the derivatives

0,l,...,k-l, are given by

_ _ _  J
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2A0 (y) =

A1 (y) = 2y1y2

A2 (y) = 2y~ + 2y1y3 , (10)

A3 (y) = 6y2y3 + 2y1y4

2A4 (y) = 6y3 + 8y2y4 + 2y1y5

and the derivative B~~(y~w) is given by

B1(y,w) =2 y1w, if k = l ,

B2 (y,w) = 2y~ + 2y1w , if k= 2,

(11)

B3 (y,w) = 6y2y3
+2y1w , if k = 3 ,

B4 (y,w) = 6y~ + 8y2y4 + 2y1w , if k = 4,

B
5 (ye

w) = 20y
3y4 

+ lOy 2y5 + 2y
1
w, if k = 5 ,

Note that Eqs. (7) and (8) are successive first integrals

of Eq. (9). Also note that Eqs. (7)-(8), when applied at the

initial point , yield the initial conditions for the auxiliary

state vector. Si’ice x(O) is given , Eqs. (7)—(8) imp~~ that

y(0) = given . (12)

~~~~ IIL~~. 
•

.

— 
- 
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Summarizing , the state inequality constraint (3) can be

replaced by the state equality constraint (7). In turn , (7)

can be replaced by the control equality constraint (9), which

is to be employed in combination with the differential equa-

tions (6) and the initial conditions (12).

3.2. Notation. In more compact notation , the differen-

tial equations (6) can be rewritten in the form

dy/dO = w (y,w) , 0 < ~~~< T , (13)

where y and ~i denote the k—vectors

T
y= [y 1,y2 ‘~ k...l’~ k] (14)

w (y,w)°°[y2,y3 

In turn , the relations (7)-(8) can be rewritten as

L(x,O) — A(y) = 0 , (15)

where L (x,O) and A(y) denote the k-vectors

L (x,O) = [L0
(x,O ),L1(x,O) ,Lk_l (x,O)]

T ,

(16)

A(y) = [A 0
(y) ,A1(y) ,A~_1 (y)]

T

Finally, the relation (9) can be rewritten as

S(x ,y,u ,w ,O) = 0 , (17) 

--- 



-- —
~~~~~:‘1r

T-- 
~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- 

~~

‘ 

~~~~~~ ~~~~~~~~~~~~~~~~~ 
-

11 AAR—l37

where

S (x ,Y~ulw ? e ) = M ~~(xl u,o ) _ B ~~(y,w) . (18)

With the aid of this notation , Problem P1 can be reformulated

as follows.

Problem P2. Minimize the functional

1= f(x,u ,O )dO+ [g(x ,O)] (19)

- 
with respect to the state x(O), y(O), the control u(O),w(O),

and the parameter T which satisfy the differential constraints

dx /dO=q (x,u ,O) , 0< f l < T , (20)

dy/do = w (y,w) , 0 < ~3 < T , (21)

the nondifferential constraint

S(x,y,u,w ,O) = 0, 0< 0< ‘t , ( 22 )

and the boundary conditions

x(0)=g iven , y (0)=g iven , (23)

[~~(x,O)]1 = 0 . (2 4 )

In the above equations , the quantities I,f,g,S are scalar , the

function is an n—vector , the function is a k-vector , and

_ _ _  
~~~‘ -- -. -~~~~~ ~~~

_ _ . f 
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12 AAR— 137

the function i~ is a q-vector .

Note that the vectors x(O) and y(
~~) are automatically

consistent with the relation

L(x,O) — A(y) = 0, 0 < < T , (25 )

at every poi,nt of the trajectory, providing they are consistent

with (25) at the initial point. Therefore , the initial condi-

tions (23) must be such that

L (x ( 0) ,0) - A(y(0)) = 0. (26)

3.3. Partitioning of the State Vector. Assume now that the

n—vector state x(O) is partitioned into vectors x
A

(fl) and x
5
()

having dimensions a and b, respectively, such that

a + b= n , 0 < a < k , n - k < b < n .  (27)

Under these conditions , Problem P2 can be reformulated as fol-

lows.

Problem P2. Minimize the functional

c T
I \ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (28)

J o

with respect to the state x
A

( O ) ,  xB
(O), y(~~), the control u(~~),

w ( O ) ,  and the parameter T which satisfy the differential con-

straints 

-•.~~ . — -‘ ~~~~~— ~~~~~~~~~~ - •
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dx
A/dO = 

~A
(x
A 1 xB

,u ,0) , 0 < B < T , (29)

dxB/dO= 4 B (x
~~
,xB,u,O ) ,  0< 0 < 1 , (30 )

dy/dO=w (y,w), 0 < 0 < t , (31)

the nondifferential constraint

~~~~~~~~~~~~~~~~~ = 0, 0< 0 < 1 , ( 32)

and the boundary conditions

x
A

(O )  = given , xB
(0) = given, y ( O )  = given , (33 )

[
~~
(x
A ,xB

,e)]T =o . (34)

In the above equations , the quantities I,f,g,S are scalar , the

function 
~A~~~

an a-vector , the function ‘
~B 

is a b-vector , the

function w is a k—vector , and the function ~ is a q-vector.

Note that the vectors x
A

( O ) ,  x5(O), y(O) are automatically

consistent with the relation

L(x ~~f x~~ O )_A( y ) = 0 , 0< 0 < i  , (35 )

at any point of the trajectory , providing they are consistent

with (35) at the initial point. Therefore , the initial con-

ditions (33) must be such that

L (xA (O),xB
( 0 ) , 0)_ 1\(y (0)) =0. (36)

- 
- 

— 
- -
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Full advantage of the partitioning of the state vector x

into vectors X
A 

and X
E 

is taken in the following section .

-- -- - - -~~ 
. --.-

~~~- -
_-
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4. Further Transformation

In many technical applications , the left-hand side of the

state inequality constraint L
0
(x,B) is linear in some or all

of the components of the state vector. In addition , depending

on the form of the differential system , some of the successive

total derivatives L
~~
(x,O) might be linear in some or all of the

components of the state vector. In other words, it is plausible

that situations exist such that the following properties hold.

(i) The n—vector state x(O) can be partitioned into vec-

tors xA ( O )  and x
B
(0) having dimensions a and b , respectively,

such that

a+b n, O < a < k , n — k < b < n .  (37)

(ii) The k-vector function L(xA ,xB,O) can be partitioned

into two vector functions L(x
A
,xB, O) and L(xA ,xB,O) having

dimensions a and c, respectively, such that

a + c = k , 0< a < k , 0 < c < k .  (38)

(iii) The a-vector function L(xA,xB,O) is linear in XA ;

that is,

L(x A ,xB,B )=M(O)xA +N(xB,O), (39)

where M(O) is an a x a  matrix and N (xB~
O) is an a-vector.

Under the above conditions , important simplifications are

possible. If the square matrix M (O) is nonsingular , Eq. (39 )

- 

- 
:- . .  -



- .,.... .~~~~ — ~~~..- ... .~• .—.~~~ ~~~~—. . ‘ ‘ ‘,, .- --.- - .—.,•. 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . , .  

~~
_ _ _

~~~~~

16 AAR— 137

admits the formal solution

XA = M 1(O)[L(x A ,xB,
0)_ N (x3,0)] , (40)

which in the light of (35) can be rewritten as

xA =M (o)[A(y)_N(x B,0)] (41)

Here, A(y) is obtained by partitioning the k-vector function

A(y) into two vector functions A(y) and A(y) having dimensions

a and c, respectively.

Under the above premises , the elimination of XA becomes

possible, and one can formulate a new optimal control problem

involving the reduced state vector XB as well as the auxiliary

state vector y.

Problem P3. Minimize the functional

rT
I=~~ f(x~~,y,u~ 0)de+ [g (x5f7P 0)]1 (42)

0

with respect to the state xB (O),y(0), the control u(B),wft),

and the parameter I which satisfy the differential constraints

dxB/dO = 
~B

(XB,Y,u,O) , 0 < 0 < I , (43)

dy/dO=w (y,w), 0 < P < T , (44)

the nondifferential constraint

S(xB,y,u ,w ,O) = 0, 0 1 , (45)

- -A _. — — - - - .~~-=
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and the boundary conditions

x5(O)=g iven, y(0) = given , (46)

= 0 • (47)

In the above equations, the quantities I,f,g,S are scalar , the

function 
~B 

is a b—vector , the function c~ is a k-vector , and

the function ~ is a q-vector.
8

4.1. Remark. Comparison of Problem P2 with Prob-

lem P3 shows that the augmented state vector (x,y) having di-

mension n+k has been replaced by the new state vector (xB,y)

having dimension b + k , with the following implication : if the

algorithm of Ref. 5 is employed , the computer time per iteration

is scaled according to the square of the ratio (b+k)/ (n+k).

In theory , the transformation technique proposed here ap-

pears to have a very particular nature. In practice , a large

number of technical problems fall within the scheme described

here. With this in mind , the advantages of the new transforma-

tion technique are illustrated in the following sections through

several examples, which are solved by means of the sequential

gradient-restoration algorithm for optimal control problems H

with nondifferential constraints (Ref. 5). The examples show

the substantial savings in computer time for convergence , which

are associated with the new transformation technique.

8After Problem P3 is solved and the functions X j 3 ( ) , y ( f l )  are
known , the function x1\( - )can be computed  a p o s te r io ri  with (41)

___________  - - -  - . 
—— -—~~ 

— j
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5. Description of the Algorithm

With the sequential ordinary gradient—restoration algori-

thm for optimal control problems involving nondifferential

constraints (SOGRA , Refs. 5—6), numerical solutions can be

obtained using either the formulation of Problem P2 or the

formulation of Problem P3.

5.1. Time Normalization. The sequential ordinary gradient-

restoration algorithm (SOGRA) requires that the actual time 8

be replaced by the normalized time

t=0/T , 0 < t < l , ( 4 8 )

defined in such a way that t= 0  at the initial point and t= l

at the final point. The actual final time T , if it is free,

becomes a parameter to be optimized .
9 

In this way , an optimal

control problem with variable final time is converted into an

optimal control problem with fixed final time. Even though

this replacement of independent variable is necessary computa-

tionally, it was not employed in the description of Problems

P1 through P3 , for the sake of brevity . However , this 
• 

:

9The dimension of the parameter is p = 0 if I is fixed and p = 1
if I is free.

j
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replacement of independent variable is employed in the

description of the numerical examples of Section 7.

5.2. Auxiliary Functionals. In addition to the function-

al I, several auxiliary functionals are of interest in the

implementation of SOGRA . These auxiliary functionals are

denoted by the symbols J, P, Q and have the f llowing meaning :

J is the augmented functional , that is, the functional I

augmented linearly by the constraints through Lagrange multi-

pliers; P is the constraint error, that is, the norm squared

of the error in the feasibility equations; and Q is the optim-

ality condition error , that is, the norm squared of the error

in the optimality conditions. In the definitions of J, P, Q,

it is tacitly assumed that the given initial conditions are

satisfied at every iteration of SOGRA.

5.3. Convergence Conditions. The auxiliary functionals

P and Q are defined in such a way that

P= Q = 0  (49)

for the optimal solution . For an approximation to the optimal

solution , Eqs. (49) are replaced by the inequalities

Q < 6 2, (50)

where and c2 are small , preselected numbers.
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5.4. Sequential Ordinary Gradient-Restoration Al gorithm.

The sequential ordinary gradient-restoration algorithm (SOGRA ,

Refs. 5—6) is an iterative technique which includes a sequence

of cycles having the following properties: (i) the functions

available both at the beginning and at the end of each cycle

are feasible ; that is, they are consistent with the feasibility

equations within the preselected accuracy (50-1); and (ii) the

functions produced at the end of each cycle are characterized

by a value of the the functional I which is sma ller than that

associated with the functions available at the beginning of the

cycle.

To achieve the above properties , each cycle is made of

two phases, a gradient phase and a restoration phase. These

phases are now described .

The gradient phase is started only when the constraint

error P satisfies Ineq. (50—1). It involves a single itera-

tion, which is designed to decrease the value of the functional

I or the augmented functional J, while satisfying the con-

straints to first order. During this iteration , the first

variation of the functional I is minimized , subject to the

linearized constraints and a quadratic constraint on the van —

ations of the control and the parameter.

The restoration phase is started only when the constraint

error P violates Ineq. (50—1). The restoration phase involves

~~~L1
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one or more iterations. In each restorative iteration , the

objective is to reduce the constraint error P, while the con-

straints are satisfied to first order and the norm squared of the

variations of the control and the parameter is minimized . The restor-

ation phase is terminated whenever Ineq . (50—1) is satisfied .

In summary , the main properties of the sequential ordi-

nary gradient—restoration algorithm can be written as follows :

(51)

(52)  H

1 < 1 , P~~. c1, (53)

where (51) hold for a gradient iteration , (52) hold for a res-

torative iteration , and (53) hold for a complete gradient—

restoration cycle. In the above relations , I , J, P denote

quantities at the beg inning of an i te ra t ion  or a cycle ; I, J ,

P denote quantities at the end of an iteration ; and I, ~~~~, P

denote quantities at the end of a cycle.

Each iteration , gradient or restorative , involves two dis-

tinct operations : (i) the computation of the displacements per

u n i t  s tepsize and ( i i )  the compu tat ion of the steps i ze ~~. Here ,

the terminology of Refs. 5-6 is employed . Operation (i) entails

the solu tion of a linear , two-point boundary-value problem by

means of the method of particular solutions (Refs. 7-9) . Operci-

t ion (ii) entails the execution of a one—dimensional search

(Refs. 10—il) .
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5.5. Computational Effort. At each iteration of the

gradient phase or the restoration phase , a linear , two—point

boundary-value problem must be solved . If the method of parti-

cular solutions is employed (Refs. 7—9), one must execute

n
~~
+ p +l  independent sweeps of the linearized system governing

the variations associated with the gradient phase or the

restoration phase, where is the dimension of the state vec—

tor and p is the dimension of the parameter .
10 Note that

n2
= n + k  for Problem P2, (54—1)

n
3
= b + k  for Problem p3. (54-2)

Hence , the following factor  is indicative of the al gorithmic

time per iteration :

W~ = 2n. (n
~ 

+ p + 1), i = 2 or 3 , ( 55 )

with the implication that

W2
=2(n +k) (n+k+p+1) for Problem P2 , (56)

W
3
=2(b+k) (L+k + p + l )  for Problem P3. (57)

10The subscript i = 2 is employed for Problem P2, and the subs-
cript i = 3  is employed for Problem P3.
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5.6. Gradient Stepsize. The computation of the gradient

stepsize requires the consideration of the functions

cJ = J ( c z )  , P=P(a) . ( 5 8 )

Then , a one-dimensional search scheme is applied to (58-1), and

a value of the stepsize a is selected for which the following

relations are satisfied :

J ( c z )  <J(0), P(a) 
~ ~ (a) > 0 , (59)

where I is the final time and P~ is a preselected number , not

necessarily small. Satisfaction of Ineq . (59—1) is possible

because of the descent property of the gradient phase. Ineq .

(59—2) is introduced to prevent excessive constraint violation .

And Ineq. (59-3) is required for problems with free final time.

Prior to the satisfaction of (59), a scanning process is

employed , leading to the bracketing of the minimum point for

J(ct). This operation is then followed by a Hermitian cubic

interpolation process (Refs. 10-11), which is stopped whenever

the following relation is satisfied :11

< c 3 or Ja /Ja (0) I < 6 4 , (60)

1
~~’rhe symbols r

3 
and denote small , preselected numbers.
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subject to an upper limit for the number of search steps N
~
.

Once a stepsize a0 has been selected consistently with either

(60) or the prescribed upper limit for the number of search

steps, Ineqs. (59) must be checked. If satisfaction occurs,

then the stepsize a0 is accepted . If any violation occurs ,

then the stepsize a0 must be bisected progressively until sat-

isfaction of (59) is finally achieved .

5.7. Restoration Stepsize. The computation of the restor-

ation stepsize requires the consideration of the function

P P(a) . (61)

Then , the stepsize a must be selected so that the following

relations are satisfied :

P(a) < ~ (0) , ~ (ct ) > 0 . (62)

Satisfaction of Ineq. (62—1) is possible because of the des-

cent property of the restoration phase . Ineq . (62-2) is

required for problems with free final time.

In order to achieve satisfaction of (62), a bisection

process is applied to the restoration stepsize t , starting from

the reference stepsize ct0=l . This reference stepsize has the

property of yielding one—step restoration for the special case

where all the constraints are linear.
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5.8. Iterative Procedure for the Restoration Phase. The

descent property (52-1) of the restoration phase guarantees

satisfaction of Ineq. (62-1) at the end of any iteration , but

not satisfaction of Ineq. (50—1). Therefore, the restoration

algorithm must be employed iteratively until Ineq . (50-1) is

— satisfied . At this point, the restoration phase is terminated .

5.9. Descent Property of a Cycle. A descent property

exists for a complete gradient—restoration cycle under the

assumption of small stepsizes. More specifically, let I, I, I

denote the values of the functional under consideration at the

beginning of the gradient phase, at the end of the gradient

phase, and at the end of the subsequent restoration phase.

Note that I and I are not comparable , since the constraints are

not satisfied to the same accuracy. On the other hand , I and I

are comparable , and the gradient stepsize can be selected so

that

1< 1 .  (63)

This inequality constitutes the descent property of a complete

gradient—restoration cycle. In order to enforce it, one pro-

ceeds as follows. At the end of the restoration phase , one

must verify Ineq . (63). If it is satisfied , the next gradient

phase is started ; otherwise , the previous gradient stepsize is

bisected as many times as needed until , after restoration ,

Ineq . (63) is satisfied .

— ----- — - - -~~ -
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6. Experimental Conditions

In order to evaluate the transformation techniques dis-

cussed in Sections 3—4 , several numerical examples were solved .

The sequential gradient-restoration algorithm of Ref. 5 was

programmed in FORTRAN IV , and the numerical results were

obtained in double—precision arithmetic.

Computations were performed at Rice University using an

IBM 370/155 computer . For each example , the interval of in-

tegration was divided into 50 steps. The differential equations

were integrated using Hamming ’s modified predictor—corrector

method with a special Runge-Kutta starting procedure (Ref. 12).

The definite integrals I, J, P, Q were computed using a modified

Simpson ’s rule. The method of particular solutions (Refs. 7-9)

was used to solve the linear , two—point boundary-value problems

associated with both the gradient phase and the restoration

phase.

6.1. Convergence Conditions. The parameters 61, 62, 64

appearing in Ineqs. (50) and (60) were set at the levels 12

c2 =E-04 , c4 E-03 . (64)

The tolerance level (64-1) characterizes the restoration phase;

12The symbol E±ab stands for 10±ab 

—.-• .-, --
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the tolerance levels (64-1) and (64—2), employed in combina-

tion, characterize the algorithm as a whole; and the tolerance

level (64—3) characterizes the one—dimensional search for the

gradient stepsize.

6.2. Safeguards. For the gradient phase , the parameter

P~ appearing in Ineq. (59-2) was set at the level

• P~~~ l0. (65)

The tolerance level (65) limits the constraint violation which

is permissible during the gradient phase. Also for the grad-

ient phase, the number of Hermitian search steps N
~ 

required to

satisfy Ineq . (60) was subject to the upper bound

N5 < 5 .  (66)

6.3. Nonconvergence Conditions. The sequential gradient-

restoration algorithm was programmed to stop whenever violation

of any of the following inequalities occurred :13

< 30 , N < 100, Nr < 10 , ( 6 7 )

Nbg~ 
10~ Nbr < 10~ Nbc

< 5~ (68)

M <0.83E+75 . ( 6 9 )

13lnequality (69) is characteristic of the IBM 370/155 computer.

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
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Here, Nc is the number of cycles , N is the total number of

iterations , N is the number of restorative iterations per

cycle , Nbg is the number of bisections of the gradient stepsize

required to satisfy Ineqs. (59)~ Nbr is the number of bisec-

tions of the restoration stepsize required to satisfy Ineqs.

(62), Nbc is the number of bisections of the gradient stepsize

required to satisfy Ineq. (63), and M is the modulus of any of

the quantities employed in the algorithm .

A ~~~~~~ --~~~ --~~~~ -—~~~~~-
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7. Numerical Examples

In this section , eight numerical examples are described

employing scalar notation. In particular , the symbols

x1(O),i = l ,...,n, denote the components of the original state

vector; the symbols y~~(0),i= l~~...,k~ denote the components of

the auxiliary state vector; the symbol u(0) denotes the origi-

nal control variable (a scalar in the examples reported here);

the symbol w(O) denotes the auxiliary control variable (a scalar);

and the symbol I denotes the final time.

For all of the examples , a time normalization is used in

order to simplify the numerical computations . Specifically,

the actual time 0 is replaced by the normalized time

t= 0/Yr , (70)

which is defined in such a way that t=0 at the initial point

and t= l at the final point. The actual final time I , if it

is free, is regarded as a parameter to be optimized . Thus, the

dimension of the parameter is p = 0 if i is fixed and p = 1 if I

is free .

The dot denotes derivative with respect to the normalized

time, i.e.,

*1 =dx 1/dt , ~c2
=dx 2/dt,..., ~~~=dx~ /dt~ (7 1)

= dy1/dt, = dy2/dt,..., = dy~/dt . ( 7 2 )

- .  — -- --• - - —~~ --- -x
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Concerning the convergence history , the terminology is as

follows. N
~ 

denotes the cycle number , N
g 

is the number of

gradient iterations per cycle , Nr is the number of restorative

iterations per cycle , N is the total number of iterations , P

is the constraint error , Q is the error in the optimality con-

ditions , and I is the value of the functional being optimized .

Example 7.1. This example involves (i) boundary condi-

tions of the fixed endpoint type , (ii) fixed final time 1= 1 ,

and (iii) a linear state inequality constraint of the first

order. Problem P1 is as follows:

I = (x~ + u 2
) d t  , (73—1)

(73 2)

x1 
— 0.9 > 0 , (73—3)

x1(0) = 1, (73—4)

x1(1) = 1 . (73—5)

In this formulation , the unknowns are the state variable x1 (t)

and the control variable u(t).

We introduce the auxiliary state variable y1 (t) and the

auxiliary control variable w(t) defined by
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x1 — O . 9 = y~ , ~‘1 =w. (74)

With this understanding, Problem P2 is represented by

1= (x~~+u
2)dt , (75—1)

x1 =x 1— u , y1 =w , (75—2)

x~ — u — 2y1w= 0 , (75 3)

x1 (0) = 1 , y1 (0) = /(0.1) , (75—4)

x1 (1) = 1 . (75—5)

In this formulation , the unknowns are the state variables x1 (t),

and the controi variables u(t), w(t).

Since L0 is linear in x1, the elimination of the state

variable x1 is possible through the relation

x1 = i .9+y~ . (76)

i~s a consequence , Problem P3 is represented by

I = [(0.9 + y~ )
2+u 2]dt , (77—1)

(77-2)
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( O . 9 + y ~~) 2 - u - 2 y 1w = 0 , ( 7 7 - 3 )

y1(0) 
= /(0.1), (77—4)

= /(0.1) . ( 7 7 — 5 )

In this formulation, the unknowns are the state variable y1 (t)

and the control variables u(t), w(t). After Problem P3 is

solved , the function x1(t) can be computed a posteriori 
with

(76).

In the computer runs, the following nominal functions are

employed for Problem P2:

x1(t) = 1, y1(t) = 1 (0.1), (78—1)

u(t) 1, w(t) = 1 , (78—2)

and Problem P3:

= 1 (0.1), (79—1 )

u(t) = 1, w(t) 1 . (79-2)

The numerical results are given in Tables 1-4. Convcr :ence

to the desired stopping condition occurs in N= 12 iterations

for Problem P2 and N= 10 iterations for Problem P3. The L~~U

time for convergence is T=21 .2 sec for Problem P~ ~nd T =  i 
•
.

sec for  Problem P3.  The r e d u c t i o n  in  CPU time the t • he

of the new f o r m i l a t i o n  i s  3 7 . 3

A 
- - -•
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Example 7 . 2 .  This example is a minimum time problem and

involves ( i )  boundary conditions of the f ixed endpoint type ,

( i i )  variable f ina l  time I , and (i i i)  a l inear  state inequa l i ty

constraint of the f i r s t  order. Af ter  in t roducing  the normal-

ized time ( 7 0 ) ,  Problem P1 is as follows:

I =  T , ( 8 0 — 1 )

2 2
xl 

= T u  , x2 = I (u — x1) , (80—2)

0 . 4  — x2 > 0 , (80—3)

x1(0) = 0 , x2 ( 0 )  = 0 , ( 8 0 — 4 )

x1(l) = 1, x2 (1) = 0 . (80—5)

In this formulation , the unknowns are the state variables x1 (t),

x2(t), the control variables u(t), and the parameter I.

We introduce the auxiliary state varible y1(t) and the

auxiliary control variable w(t) defined by

20.4—x 2 =y 1, y1 = 1 W.  (81)

With this understanding, Problem P2 is represented by

1= 1 , (82-1)

2 2
= iu , x 2 = I (u — x1) , y1 = TW , ( 8 2 — 2 )

x~ - u2 
- 2y1w= 0, 

(82-3)

- ——~~~~~~~~ -
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x1(0) = 0 , x2(0) = 0 , y 1( 0 )  = / ( 0 . 4 ) ,  ( 8 2 - 4 )

x1 (l) = 1, x2 (l) = 0 . (82—5)

In this formulation , the unknowns are the state variables

x1(t), x2(t), y1(t), the control variables u(t), w(t), and the

parameter I.

Since L
0 is linear in x2, the elimination of the state

variable x2 is possible through the relation

i~2 =0.4—y ~~. (83)

As a consequence, Problem P3 is represented by

I = I , (84—1)

= -ru 
~
‘l = 1W , (84—2)

2 2
x1 

— u — 2 y1w =  0 , (84—3)

x1(0) =0 , y1 (O) = / ( 0 . 4 ) ,  ( 8 4 — 4 )

x1(l) = 1, y1(l) = / ( 0 . 4 ) .  ( 8 4 — 5 )

In this formulation , the unknowns are the state variables x1 (t),

the control variables u(t), w(t), and the parameter -r .

After Problem P3 is solved , the function x2 (t) can be computed

a posteriori with (83).

In the computer runs , the following nominal functions are

— 
_
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employed for Problem P2:

x1(t) = t , x2(t) = 0 , y1(t) = /(0.4), (85—1)

u(t) = 1 , w ( t )  = 1 , T = 1 , (85—2)

and Problem P3:

x1(t) = t , y1(t) = /(0.4), (86—1)

u(t) =1 , w(t) =1 , T l  . (86—2)

The numerical results are given in Tables 5-8. Convergence

to the desired stopping conditions occurs in N= 34 iterations

for Problem P2 and N= 35 iterations for Problem P3. The CPU

time is T l03.3 sec for Problem P2 and T 75.9 sec for Prob-

lem P3. The reduction in CPU time due to the use of the new

formulation is 26.6%.

Example 7.3. This example involves (i) boundary condi-

tions of the fixed endpoint type , (ii) fixed final time I = 1,

and (iii) a linear state inequality constraint of the first

order. Problem P1 is as follows:

1= ~~~(x~~+u
2)dt , (87-1)

~
c1 = x~~— u , (87—2)

x1 - 0. 8-t+t
2 > O , (87-3) 

:- -

~~~~~~~~~~~~~~~~~~~~~~
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x1
( 0 )  = 1 , (87—4)

x1
(l) = 1 . (87-5)

In this formula t ion, the unknowns are the s ta te  v a r i a b l e  x 1( t )

and the control variable u(t).

We introduce the a u x i l i a r y  s tate var iab le  y 1(t )  and the

auxi l i a ry  control variable w ( t )  de f ined  by

x1 -0 .8-t+t
2 =y~~, ~~~~~~ (88) —

With this unders tanding ,  Problem P2 is represented by

1= ~~~~(x~~+ u 2 )d t , (89-1)

x1 x1 — u , y
1
=w , (89—2)

x~~— u - l + 2 t - 2y 1w = 0 , ( 89 - 3 )

x1
(0) = 1, y1(O) = / ( 0 . 2 ) ,  ( 8 9 - 4)

x (1) = 1 . ( 8 9 — 5 )1

In this formulation , the unknowns are the state variables

y1
(t) and the control variabl es u (t), w(t).

Since L0 is linear in x1, the elimination of t he  s t a t e

variable x1 is possible throuqh the relation
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x1 = 0.8+t-t
2
+y~~. (90)

As a consequence , Problem P3 is represented by

• ~=~: 
[ ( 0 . 8 + t — t 2 + y ~~) 2 + u 2 ]dt , (91-1)

( 9 1 — 2 )

(0.8 + t — t2 + y~~) 2 - u — 1 + 2t - 2y1w = 0 , (91-3)

— = /(0.2) , (91-4)

~~~~~ = /(0.2) . (91—5)

In this formulat ion, the unknowns are the state var iable  y 1(t )

and the control variables u ( t ) , w ( t ) . Af te r  Problem P3 is

solved , the func t ion  x1(t) can be computed a posteriori with (90).

In the computer runs , the fol lowing nominal func t ions  are

employed for  Problem P2:

x1(t) = 1 , y 1(t )  = /(0.2), (92—1)

u ( t )  = 1, w ( t )  = 1 , (92—2)

and Problem P3:

y1
(t) /(0.2) , (93—1)

u ( t )  = 1 , w ( t )  = 1 . (93—2)
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The numerical results are given in Tables 9- 12. Conver-

gence to the desired stopping condition occurs in N = 24 iter-

ations for Problem P2 and N= 23 iterations for Problem P3. The

CPU time is T =  4 3 . 9  sec for  Problem P2 and T = 2 9 . 4  sec for

Problem P3. The reduction in CPU time due to the use of the

new formulation is 33.2%.

Example 7 . 4 .  This examp le involves ( i )  boundary condi-

tions of the f ixed endpoint type , ( i i)  f ixed f i n a l  time I = TT/2 ,

and ( i i i )  a l inear state i nequa l i t y  cons t ra in t  of the second

order. Problem P1 is as follows :

I = - (u 2 
— x~ ± t t ) d t  , (94-1)

Xj~ = ru = t(2 — 4 x~ ) (94—2)

1— x2 
> 0 , (94—3 )

x1
(0) = 0 , x 2 ( 0 )  = 0 , (94—4)

x1 (l) = 1, x 2 ( l )  = 0 . (94—5)

In this f o r m u l a t i o n , the unknowns are the state var iables  x1 ( t ),

x2
(t) and the control variable u (t).

we in t roduce  the a u x i l i a rj  s ta te  v a r i a b l e s  y 1( t ) ,  y 2 ( t )

and the auxiliary control variable w(t) defined by

~ -
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l — x 2 =y~~, y
1

= I y 2 ,  ~~2
T~1. (95)

With this understanding, Problem P2 is represented by

1

I~~~~~~ T ( u 2 _ x ~~+ T t ) dt , ( 9 6 — 1)

X1
TU , X

2
T ( 2 4X~~) ,  y1 y 2 ,  y

2
= T W , (96-2)

24x1u — y 2 — y 1w 0 , (96—3)

x1 (0) = 0 , x2 (O) = 0 , y 1( 0 )  1, y 2 ( O )  = —1 , ( 9 6 — 4 )

x1(l) = 1, x 2 ( l )  = 0 . (96—5)

In this formulation , the unknowns are the state variables

x2 (t) , y1(t), y2(t) and the 
control variables u(t), w(t).

Since L0 is linear in x2, 
the elimination of the state

variable x2 is possible throug
h the relation

x2 — l y 1. (97)

As a consequence, Problem P3 is represented by

I = T (u 2 
- x~ + Tt)dt , ( 9 8 — 1 )

= -ru 
~ ~

‘l 
-ry

2 ‘ ~
‘2 

1W , (9 8 2 )

4x 1u - y ~~— y 1w O  , 
(98 3)
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x1(0) = 0 y1(0) = 1 , y 2 ( 0 )  = — l , (98-4)

x1(l) =1 , y1(1) =—l . ( 9 8— 5 )

In this formulat ion, the unknowns are the state variables

x1(t), y1(t), y2(t) and the control variables u(t), w(t).

After  Problem P3 is solved , the func t ion  x 2 (t )  can be computed

a posteriori with (97).

In the computer runs , the following nominal func t ions  are

employed for Problem P2:

x1( t) = t , x 2 ( t ) = 0 , y1( t ) = l -2t , y 2 (t ) 1, (9 9—1 )

u ( t)  = l/t , w ( t )  = 0 , ( 9 9 — 2 )

and Problem P3:

x1(t )  = t , y1( t) = 1—  2t , y 2 (t )  = — 1 , (100—1 )

u ( t) = lfr , w ( t )  = 0 . (100—2)

The numerical results are given in Tables 13—16. Conver—

gence to the desired stopping condition occurs in N = 1 7  itera-

tions for Problem P2 and N = 6  i terations for Problem P3 . The

CPU time is T = 6 6 . 7  sec for  Problem P2 and T = 2 0 . 0  sec for

Problem P3 . The reduction in CPU time due to the use of the

new formula t ion  is 7 0 . 1 % .

-~~ 
- -

~~ -k--—
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Example 7.5. This example involves ( i )  boundary cond i-

tions of the fixed endpoint type , ( i i)  fixed f ina l  time T = 1,

and ( iii )  a linear state inequality constraint of the second

order. Problem P1 is as follows :

I = 
~ u2dt , (101—1 )
J O

= = u , ( 101—2 )

0.15 — x1 > 0 , ( 101—3 )

x1(0) = 0 , x 2 ( 0 )  1, (101—4 )

x1(1) =0 , x2(1) =—l . (101—5)

In this formulation , the unknown s are the state variables x1( t),

x2(t) and the control variable u(t).

We introduce the auxiliary state variables y1(t), y2(t)

and the auxiliary control variable w(t) defined by

20 . 1 5 — x 1= y 1 , y 1= y 2 ,  y 2 = w .  (102)

With this understanding , P roblem P2 is represented by
(1

= \ u~~~t , (1 03—1 )
J o

(1 03—2 )

u + 2y~ + 2y
1
w = 0 , ( 1 0 3- 3 )

Li” 
_
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x1(0) = 0 , x 2 ( 0 ) = l , y1( 0 ) = / ( 0 . l 5 ) ,  y 2(0~ =-l/ ~~( O . 6 O ) ,  (103 -4)

x 2 ( i ) = — l .  ( 103-5)

In this formulation , the unknowns are the state variables x1( t),

x 2 ( t ) ,  y1(t) ,  y 2 ( t)  and the control variables u ( t ) , w ( t ) .

Since L0 and are linear in x1 and x2, the elimination

of the state variables x1 and x2 is possible through the rela-

tions

= 0.15 — y~ , x2 = — 2 y
1y

2 
. (104) H

As a consequence , Problem P3 is represented by

.~~~

= \ u2dt , (105-1)

Jo

= 
‘ 

~-
‘2 

w , (105-2)

u + 2y~~+ 2y 1w =  0 , (10 5—3)

y1( 0) = 1(0 .15) ,  ~ 2 (0
~~~ i~’1 ( 0 . 6 0 ) ,  (105-4)

y1(l )  = 1( 0 . 1 5 ) ,  y 2 (l) l/ / ( O . 6 O ) .  ( 105—5 )

In this formulat ion , the unknowns are the state variable

y 2 (t )  and the control variables u(t), w(t). After Problem P3

is solved , the functions x1 (t) and x2(t) can be computed a

posteriori  with  ( 1 0 4 ) .

In the compu ter runs , the fol lowi ng nominal  f u n c t i o n s  are

- i
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employed for Problem P2:

x1(t)=O , x2(t)=1--2t , y1(t)=/(0.l5)(2t—l)
2, y2(t) (2t1)~ ”(0.60), (106—1)

u ( t )  = - ( 2 t — l ) 2 , w ( t )  = 1 , (106-2)

and Problem P3:

y1( t)  = / ( o . l 5) ( 2 t — l ) 2 , y 2 ( t)  = ( 2 t — l ) / / ( O . 6 0 ) ,  (107—1)

u ( t )  = — ( 2 t — l ) 2 , w ( t )  = 1 .  ( 107—2)

The numerical results are given in Tables 17—20. Conver-

gence to the desired stopping condition occurs in N= 16 iter-

ations for Problem P2 and N= 17 iterations for Problem P3. The

CPU time is T=63 .4 sec for Problem P2 and T= 34.7 sec for

Problem P3. The reduction in CPU time due to the use of the

new formulation is 45.3%.

Example 7.6. This example involves (i) boundary condi-

tions of the free endpoint type , (ii) fixed final time i = 1,

and (iii) a linear state inequality constraint of the first

order . Problem P1 is as follows:

I = (x~ + x~ + u2/200)dt , ( 108—1)

x2 = u x 2, (108—2)

8t 2 - 8t + 1.5 - x 2 > 0 , ( 1 0 8 — 3 )

- -  - — -
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x1 (0) =0 , x2(0) — l . ( 1 0 8 — 4 )

In this formulat ion , the unknowns are the state variables x1 ( t ),

x 2 (t )  and the control variable u ( t ) .

We introduce the auxiliary state variable y1(t) and the

auxi l iary  control variable w ( t )  defined by

8t 2 - 8 t +l . 5 - x 2 = y ~~, ~‘1= w .  ( 109)

With this understanding , Problem P2 is represented by

I = ~~ (x~~+ x ~~+ u 2/ 2 0 0 ) d t , (110 -1)

= x2, = u — x 2 ,  ~‘1 
= w , ( 110—2 )

l6t — 8 — u + x 2 — 2y 1w = 0 , (110—3)

x 2 ( O ) = l , y 1( O ) = / ( 2 . 5 ) .  (110—4 )

In this fo rmulation , the unknowns are the state var iables

x 2 (t ) , y1( t) and the control variables u ( t ) , w ( t ) .

Since L0 is linear in x 2 ,  the e l iminat ion of the state 4

variable x 2 is possible th rough the relation

x 2 = 8t 2 
- 8t + 1 . 5 —  y~ . (111)

As a consequence , Problem P3 is represented by 

-
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I = [x~ + (8t 2 — 8t + 1.5 - 2 ) 2 
+ u 2/200]dt  , (ll2 1)

= 8t 2 — 8t + 1.5 — = w , ( 1 12— 2 )

8t2 + 8 t — 6 . 5 — u — y ~~-2y 1w = 0 , (112-3)

x1(0) =0 , y1(0) = 1 (2.5). (112-4)

In this formulation , the unknowns are the state variables x1 (t),

y1(t) and the control variables u(t), w(t). After Problem P3

is solved , the function x 2 ( t) can be computed a posteriori with

(111).

In the computer runs , the following nominal fu nctions are

employed for Problem P2:

x 1(t )  = 0 , x 2 ( t )  = — l , y
1

( t )  = 1 (2.5), (113—1)

u ( t )  = 1, w ( t )  = 1, ( 113— 2 )

and Problem P3:

x1(t )  = 0, y1( t )  / ( 2 . 5 ) ,  (114 — 1)

u ( t )  = 1, w ( t )  1. ( 114—2 )

The numerical results  are given in Tables 21—24. Conver-

gence to the desired stopping condition occurs in N= 19 iter-

ations for Problem P2 and N= 19 iterations for Problem P3. The
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CPU time is T =  5 0 . 2  sec for Problem P2 and T = 3 6 . 5  sec for

Problem P3. The reduction in CPU time due to the use of the

new formulation is 27.4%.

Example 7.7. This example involves (i) boundary condi-

tions of the free endpoint type, (ii) fixed final time I = 1,

and (iii) a linear state inequality constraint of the second

order. Problem P1 is as follows :

1= ( x~~+ x ~~+ u 2/ 2 0 O ) d t , (115-1)

(115—2)

8t 2 — 8 t +  1 . 5 —  x1 > 0  , ( 115—3 )

x1( O )  = 0 , x 2 ( 0 ) = — l  . (115—4)

In this formulat ion , the unknowns are the state variables

x1(t), x2(t) and the control variable u(t).

We introduce the auxiliary State variables y1(t), y2 (t)

and the auxiliary control variable w(t) defined by

8t2 -8t+1.5-x 1 =y~ , yl — y 2, ~2 w. (116)

With this understanding, Problem P2 is represented by

= (x~ + x~ + u 2 / 2 0 0) d t  , (117-1)
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( 117—2)

16- u +  x 2 - 2y~ — 2y1w= 0 , (117—3)

x1( 0 ) =  0 , x 2 ( 0 ) = — 1 , 
~~

7

l
( 0 )_ 1 ( l . 5 ),  y 2 ( 0 ) = — 7 / / 6 . ( 117-4)

In this formulation , the unknowns are the state variables x1( t), H

x 2 ( t ) , y 1(t) , y 2 (t )  and the control variables u ( t ) , w ( t ) .

Since L0 and are linear in x1 and x 2 , the elimination

of the state variables x1 and x 2 is possible through the rela-

tions

x1= 8t 2 — St +  l . 5 — y ~ , x 2 = l6t — 8 —  2y1y 2 . (118)

As a consequence , Problem P3 is represented by

i = 5 [(8 t 2 — 8t +1 . 5—y ~ ) 2 + ( l 6 t - 8 — 2 y 1y 2 ) 2 + u 2/20 0]dt , (119—1)

= w , (119—2)

l6 t +  8 — u —  2y 1y 2 - 2y~ - 2y 1w =  0 , (119—3)

y1( 0 )  = 1(1.5) ,  y 2 ( O ) =  — 7/ / 6 .  ( 119—4 )

In this formulation , the unknowns are the state variables y1(t ) ,

y 2 (t )  and the control variables u ( t ) ,  w ( t ) .  After  Problem P3

is solved , the funct ions  x1( t) and x 2 (t )  can be computed a

posterior! with ( 118) .

In the computer runs , the fol lowi ng nominal funct ions  are
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employed for Problem P2:

x1(t)=0 , x 2 ( t ) = — l , y 1( t) = / ( l .  5), y 2( t ) =  — 7 / / 6  , ( 1 2 0— 1 )

u ( t )  = 1, w ( t )  = 1, ( 1 2 0 — 2 )

and Problem P3: H

( t )  1( 1 .5) ,  y 2 (t )  = - 7/16 , (121-1)

u ( t )  1, w ( t )  = 1 . (121—2)

The numerical results are given in Tables 25—28. Conver-

gence to the desired stopping condition occurs in N = 22 iter-

ations for Problem P2 and N=26 iterations for Problem P3. The . -

CPU time is T= 81.9 sec for Problem P2 and T= 55.6 sec for

Problem P3. The reduction in CPU time due to the use of the

new formulation is 32.2%.

Example 7.8. This example involves (i) boundary condi-

tions of the fixed endpoint type , (ii) fixed final time r = 1,

and (iii) a linear state inequality constraint of the third

order. Problem P1 is as follows :

(1
I = ~ u 2dt , (122—1)

Jo

= = X
3 ~ 

= u , ( 1 2 2 — 2 )

0 . 5 —  x1 > 0 , (122—3)

_ _ _  

- J
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x1(0) = 0 , x2
(O) = 1 , x 3 ( 0 )  = 2 , (122-4)

x1 (l) = 0 , x2
(l) = — l , x3 ( l )  = 2 . ( 1 2 2 — 5 )

In this formulation , the unknowns are the state variables x1(t),

x2(t), x3 (t) and the control variable u(t).

We introduce the auxiliary state variables y1(t), y2 (t) ,

y3(t) and the auxiliary control variable w(t) defined by

O .5—x 1 =y~~, yl =y 2, ~2 =y 3, y3 = w .  (123)

With this understanding , Problem P2 is represented by

f l
I = \ u

2dt , (124—1)
J o

(124—2)

= 
‘ 

~
‘2 = y 3 = w , ( 1 2 4 — 3 )

u+ 6y2y3 + 2y1w= 0 , (124—4)

x1 
( 0 )  = 0 , x2 (0) = 1 , x3 

( 0 )  = 2 , (124—5)

y1( 0) = 1//2 , y 2 ( 0 )  = —1/12 , y 3 ( 0) = — 3 / / 2 , ( 12 4 — 6 )

x1 
(1) = 0 , x 2 (1) = — l , x 3 ( 1)  = 2 . (124—7)

In this formula t ion , the unknowns are the state var iables

x 2 (t ) , x 3 ( t ) ,  y 1(t ) , y 2 (t ) , y 3 (t )  and the control  var iables

u ( t ) ,  w ( t ) .
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Since L0, L1, L2 are linear in x1, x2, x3, the elim-

ination of the state variables x1, x2, x3 is possible through

the relations

x1 
= 0 . 5 -  y~~, x 2 = — 2 y 1y 2 ,  x3 = —2y~ — 2y

1y
3 

. ( 125)

As a consequence , Problem P3 is represented by

fl

I = \ u
2dt , (126 1)

Jo
= y 2 ~

‘2 = y 3 = w , ( 1 2 6 — 2 )

u + 6y 2y 3 + 2y
1

w = 0 , ( 126-3)

y1( O )  1//2 , y 2 ( O )  = -1/ 12 , y 3 ( 0 )  = -3//2 , ( 126-4)

1/ 12 , y 2 (l )  = 1//2 , y 3 (1) = —3/ 12 . (126—5)

In this formulat ion, the unknowns are the state var iables y 1( t) ,

y2 (t), y3 (t) and the control variables u(t), w(t). After Prob-

lem P3 is solved , the functions x1(t), x2 (t), x3 (t) can be

computed a posteriori with (125).

In the computer runs , the fol lowing nominal func t ions  are

employed for  Problem P 2 :

x1
(t ) = O~ x2

(t) = 1 —  2t , x 3 ( t )  = 2 , (127—1)

y1
( t )  = 1/ 12 , y 2 (t )  = ( l / / 2 ) (2 t . - l ) ,  y 3 ( t )  = -3//2 , (127 - 2 )

u ( t )  = 0 , w ( t )  = 0 , ( 1 2 7 - 3)
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and Problem P3:

(t) = 1/12, y2 (t) = ( l/v ’2 ) ( 2 t — l )  , y 3 ( t )  = —3/ /2 , (128—1)

u ( t )  = 0 , w ( t )  = 0 . (128—2)

The numerical results are given in Tables 29—32 . Conver-

gence to the desired stopping condition occurs in N= 26 iter-

ations for Problem P2 and N= 21 iterations for Problem P3. The

CPU time is T= 171.0 sec for Problem P2 and T= 60.0 sec for

Problem P3. The reduction in CPU time due to the use of the

new formulation is 6 5 . 0 % .

— :~.~~
_ k
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Table 1. Convergence history, Example 7.1 , Problem P2.

N
g 1”

~r 
N P Q I

0 0 0 0 O . 14E + Ol
1 0 3 3 O .52E—09 O.35E -+-0O 1 .83569
2 1 2 6 O . l 5 E — l 6  0 . l 4 E — O l  1 .66599
3 1 1 8 O . 1O E — O 9  O . 2 4 E — 0 3  1.6 5 7 4 2
4 1 1 10 0 . 6 l E — l 7  O . 1 5 E — 0 3  1.65697
5 1 1 12 0 . 9 2 E — 18  0 . 9 7 E — 0 4  1.65678

Table 2.  Converged solut ion , Example 7.1 , Problem P2 .

t X
1 ~j

•
1 

U W

0 . 0  1 .0000 0 .3162 1 . 7 4 7 9  — 1 . 1 8 2 6
0.1 0 .9410  0 . 2 0 2 5  1.3353 — 1.1104
0 . 2  0 . 9 0 9 5  0 . 0 9 7 8  1 .0097  — 0 . 9 3 2 3
0 . 3  0 .9 0 0 6  0 .0 2 4 7  0 . 8 3 6 6  — 0 . 5 1 7 7
0 . 4  0 . 9 0 0 0  — 0 . 0 0 9 0  0 . 8 0 6 7  — 0 . 1 8 6 6
0 . 5  0 . 9 0 0 3  — 0 . 0 1 7 6  0 .8 104  — 0 . 0 0 18
0 . 6  0 . 9 0 0 0  — 0 . 0 0 9 4  0 .8 135 0. 1818
0 . 7  0 . 9 0 0 5  0 . 0 2 3 8  0 . 7 8 6 3  0 .5158
0 .8  0 . 9 0 9 4  0 . 0 9 7 3  0 . 6 4 4 2  0 .9 3 9 6
0 . 9  0 .94 10  0 . 2 0 2 4  0 . 4 3 6 0  1.1098
1.0 1 .0000  0 .3162  0 .2 4 7 4  1.1898

I = 1 . 0 0 0 0 0

- ~~~~

- -- - -- 

~~~~

- _ -

~~ 

~~~~~~~- - - -
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Table 3. Convergence history , Example 7.1, Problem P3.

N
g 

N
r 

N P Q I

o 0 0 0 0 .14E+Ol
1 0 1 1 0.20E—28 O.76E+00 2.00000
2 1 2 4 0.22E—18 O.26E—Ol 1.67338
3 1 1 6 O . l O E — l 1  O . 2 4 E — 0 3  1 .65745
4 1 1 8 O . 8 6 E — l 8  O . l 4 E — 0 3  1 .65697
5 1 1 10 0.39E—l9 0.9lE—04 1.65675

Table 4. Converged solution , Example 7.1 , Problem P3.

t x1 y 1 u w

0.0 1.0000 0.3162 1.7627 —1.2060
0.1 0 .9410 0 . 2 0 2 5  1.3324 —1.1035
0.2 0.9095 0.0977 1.0106 —0.9379
0. 3 0 . 9 0 0 6  0 . 0 2 4 5  0 . 8 3 6 2  — 0.5111
0 .4  0 .9000  — 0.008 1 0 . 8 0 7 2  — 0 . 1 7 5 9
0 . 5  0 . 9 0 0 2  —0.0161  0 .8104  0 . 0 0 0 0
0.6 0.9000 —0 .0081 0.8129 0.1763
0 .7  0 . 9 0 0 6  0 . 0 2 4 6  0 .7858  0.5116
0.8 0 . 9 0 9 5  0 . 0 9 7 8  0 . 6 4 3 9  0 . 9 3 7 4
0.9 0.9410 0.2025 0.4383 1.1037
1.0 1 .0000 0 .3162 0 .2 3 8 4  1 . 2 0 4 0

I = 1.00000

- -- ~~~- _ - - -~~~~~~~~~ ---
- -
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Table 5. Convergence history , Example 7 . 2 , Problem P2 .

N N N N P Q Ic g r

0 0 0 0 0.53E+01
1 0 4 4 0.69E—lO 0.1OE+00 1.63945
2 1 2 7 0.70E—ll O .15E—01 1.59570
3 1 2 10 O.28E—16 O .74E—02 1.59032
4 1 1 12 O.30E—09 0.5lE—02 1.58767
5 1 1 14 O.l4E—09 0.22E—02 1.58626
6 1 1 16 O .74E—ll 0.25E—02 1.58530
7 1 1 18 0.75E—ll O.89E—03 1.58468
8 1 1 20 O . 5 6 E — l 2  0 . l 4 E — 0 2  1 .58422
9 1 1 22 O . 7 l E — l 2  O . 4 0 E — 0 3  1.58390
10 1 1 24 0.72E—13 0.87E—03 1.58364
11 1 1 26 0 . l O E — l 2  0 . 19 E — 0 3  1.58346
12 1 1 28 0.13E—l 3 O.55E—03 1.58330
13 1 1 30 O . 2 5 E — l 3  O . 1 OE — 0 3  1.58319
14 1 1 32 O . l 9 E — l 4  O . 3 3 E — 0 3  1.58311
15 1 1 34 O . 7 3 E — l 4  0 . 6 2 E — 0 4  1 .58304

Table 6. Converged solution , Example 7.2 , Problem P2.

t X
1 

x 2 y1 u w

0.0 0.0000 0.0000 0.6324 0.8971 —0 .6363
0.1 0.1414 0.1253 0.5241 0.8860 —0.7298
0.2 0.2793 0.2382 0.4022 0.8527 —0 .8070
0.3 0.4103 0.3274 0.2693 0.7982 —0.8704
0.4 0.5303 0.3832 0.1294 0.7098 —0.8595
0.5 0.6355 0.3990 0.0302 0.6482 —0.2694
0 . 6  0 . 7 4 2 8  0 .3 9 6 6  0 . 0 5 8 2  0 . 6 9 2 6  0 .6178
0.7 0.3425 0.3595 0.2010 0.5483 1.0172
0.8 0.9183 0.2728 0.3565 0.4084 0.9487
0 . 9  0 .9712  0 .1488 0.5011 0 .2581 0 . 8 7 4 7
1.0 1.0000 0 . 0 0 0 0  0 . 6 3 2 4  0.1144 0 . 7 8 0 2

T = 1.58304

-~~~~~~~~~~~~~~~~~~~~~~~
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Table 7 .  Convergence h istory , Examp le 7 . 2 , Problem P3 .

N N N N P Q Ic g r

O 0 0 0 O . 4 8 E + O l
1 0 5 5 O . 4 1 E — l 6  0 . l4 E + 0 0  1 .65592
2 1 2 8 O . l 7 E — l O  O . 16 E — O l  1 .59799
3 1 2 11 0 . l lE — 15  O . 9 7 E — 0 2  1 .59082
4 1 1 13 0 . 3 9 E — 0 9  0 . 4 7 E — 0 2  1 .58787
5 1 1 15 O . 5 5 E — l O  O . 2 6 E — 0 2  1.58641
6 1 1 17 O . 5 5 E — l l  0 . 2 3 E — O 2  1 .58544
7 1 1 19 0 . 2 6 E ll O . l 0 E 02 1.58481
8 1 1 21 0 . 3 6 E — l 2  0 . 1 3 E — 0 2  1 .58434
9 1 1 23 O . 2 7 E — 12  O . 4 9 E — 0 3  1.58401
10 1 1 25 0 . 4 2 E — l 3  O . 8 7 E — 0 3  1 .58374
11 1 1 27 0.44E—l3 O.25E—03 1.58355
12 1 1 29 0 . 7 3 E — l 4  O . 5 7 E — 0 3  1.58339
13 1 1 31 O . 1 OE — l 3  O . 1 3 E — 0 3  1 .58327
14 1 1 33 O . l 3 E — l 4  O . 3 6 E — 0 3  1.58317
15 1 1 35 O .33E—l4 O.81E—04 1.58310

Table 8. Converged solution, Example 7 . 2 , Problem P3.

t x1 x2 y1 u w

0 . 0  0 . 0 0 0 0  0 . 0 0 0 0  0 . 6 3 2 4  0 . 8 9 7 4  — 0 . 6 3 6 6
0.1 0.1414 0 .1253  0 . 5 2 4 0  0 . 8 8 6 2  — 0 . 7 3 0 3
0.2 0.2794 0.2383 0.4020 0.8530 —0 .8077
0.3 0.4104 0.3276 0.2690 0.7980 —0.8706
0 . 4  0 . 5 3 0 3  0 .3831 0 .1299  0 . 7 0 7 8  — 0 . 8 4 5 5
0 . 5  0 . 6 3 5 4  0 .3 9 8 8  0 . 0 3 3 2  0 . 6 4 9 0  — 0 . 2 6 2 1
0 . 6  0 . 7 4 2 6  0 . 3 9 6 3  0 . 0 6 0 4  0 . 6 9 2 0  0 . 6 0 0 8
0 . 7  0 . 8 4 2 5  0 .3 5 9 6  0 . 2 0 0 8  0 . 5 4 9 4  1.0156
0 .8  0 .9 183 0 .2 7 2 9  0 . 3 5 6 4  0 . 4 0 8 1  0 . 9 4 9 2
0 . 9  0 .9712  0 . 1 4 8 9  0 .5010  0 . 2 5 7 7  0 . 8 7 4 9
1.0 1.0000 0.0000 0.6324 0.1158 0.7799

1.58310
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Table 9. Convergence history , Example 7.3 , Problem P2.

N
~ 

N
g 

Nr N Q 1

0 0 0 0 O .2 l E + O l  h
1 0 4 4 0 . 4 8 E — 1 4  0 . l lE + O l  2 . 4 3 9 5 9
2 1 2 7 0 . 7 4 E — 16  0 . 9 0 E — 0 2  2.1018 1
3 1 1 9 0.79E—l 3 0.l5E—02 2.09857
4 1 1 11 0.23E—l3 0.25E—02 2.09694
5 1 1 13 0.59E—l5 0.62E—03 2.09599
6 1 1 15 0.99E—15 0.llE—02 2.09535
7 1 1 17 0.34E—16 0.30E—03 2.09492
8 1 1 19 0.49E—16 0.59E—03 2.094b0
9 1 1 21 0.26E—l7 0.l6E—03 2.09437
10 1 1 23 0.43E—17 0.34E—03 2.09419
11 1 0 24 0.66E—08 0.98E—04 2.09396

Table 10. Converged solution , Example 7.3, Problem P2.

t x1 y1 u w

0.0 1.0000 0.4472 1.3993 -1.5645
0.1 0.9748 0.2912 1.0571 —1.5565
0.2 0.9786 0.1367 0.7664 —1.4938
0.3 1.0104 0.0222 0.6505 —0.6597
0.4 1.0400 —0.0064 0.8809 —0.0527
0.5 1.0500 —0.0070 1.1025 —0.0009
0 . 6  1.0400  — 0 . 0 0 6 5  1 . 2 8 2 3  0 . 0 5 4 0
0 . 7  1.0104 0 . 0 2 2 4  1.3912 0 . 6 6 1 4  •

0 .8  0 .9 7 8 6  0 .1367  1 .1495 1. 4 9 2 0
0.9 0.9748 0.2912 0.8434 1.5566
1.0 1.0000 0.4372 0.6007 1.5644

1 . 0 0 0 0 0
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Table 11. Convergence history, Example 7.3 , Problem P3 .

Ng Nr N P Q I

o o 0 0 0 . l 6E+ Ol
1 0 3 3 0 . l 8 E — l 4  0 . 2 5 E + O l  2.85114
2 1 2 6 0 . 6 2 E — l 7  0 . l 8 E — O l  2 . 1 0 4 4 7
3 1 1 8 0 . 5 8 E — l 4  0 . l 4 E — 0 2  2 . 0 9 8 4 8
4 1 1 10 0 . 2 1E — l 5  0 . 2 4 E — 0 2  2 . 0 9 6 5 5
5 1 1 12 0 . 2 5 E — 1 7  0 . 5 2 E — 0 3  2 . 0 9 5 6 4
6 1 1 14 0 . 2 8 E — l 7  0 . 9 l E — 0 3  2.09511
7 1 1 16 0 . 3 0 E — l 8  0 . 2 6 E — 0 3  2 . 0 9 4 7 5
8 1 1 18 0 . l 7 E — l 9  0 . 4 9 E — 0 3  2 . 0 9 4 4 9
9 1 1 20 O . 3 2 E — l 9  0 . l 5 E — 0 3  2 . 0 9 4 2 9
10 1 1 22 0 . 3 0 E — 2 1  0 . 2 9 E — 0 3  2 . 0 9 4 1 4
11 1 0 23 O .63E—08 O.93E—04 2.09396

Table 12. Converged solution , Example 7.3, Problem P 3 .

t x1 y1 
u w

0.0 1.0000 0.4472 1.3996 —1.5648
0.1 0.9748 0.2912 1.0572 —1.5571
0.2 0.9786 0.1364 0.7671 —1.5001
0.3 1.0104 0.0217 0.6495 —0.6543
0.4 1.0400 —0.0063 0.8809 —0.0475
0.5 1.0500 —0.0066 1.1025 —0.0011
0.6 1.0400 —0 .0064 1.2823 0.0488
0 . 7  1.0104 0 .0219 1.3921 0 . 6 5 6 6
0 . 8  0 . 9 7 8 6  0.1365 1.1485 1.4981
0 .9  0 . 9 7 4 8  0 .2912  0 . 8 4 3 2  1 .5572
1.0 1 .0000  0 . 4 4 7 2  0 . 6 0 0 5  1 . 5 6 4 6

T = 1 .00000

_ _ _ _ _ _ _ _  
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Table 13. Convergence history , Example 7.4, Problem P2.

Nc N
9 

Nr N P Q I

0 0 0 0 0.54E+Ol
1 0 3 3 0.85E—08 0.18E—0l 1.24356
2 1 1 5 0.19E—ll 0.55E—02 1.23749
3 1 1 7 O.98E—l6 0.20E—02 1.23593
4 1 1 9 0.l3E—16 0.15E—02 1.23520
5 1 1 11 0.98E—19 0.69E—03 1.23481
6 1 1 13 0.20E—l8 0.llE—02 1.23438
7 1 0 14 0.l4E—08 0.24E—03 1.23427
8 1 1 16 0.1OE—l8 O.63E—03 1.23405
9 1 0 17 0.27E—08 0.97E—04 1.23391

Table 14. Converged solution , Example 7.4, Problem P2.

t x 1 x 2 y1 y 2 u w

0 . 0  0 . 0 0 0 0  0 . 0 0 0 0  1.0000 — 1 . 0 0 0 0  0 .9911 — 1 . 0 0 0 0
0.1 0.1568 0.3090 0.8312 —1.1438 0.9914 —0.8258
0.2 0.3099 0.5875 0.6421 —1.2580 0.9555 —0.6201
0.3 0.4558 0.8081 0.4380 —1.3342 0.8903 —0.3579
0.4 0.5875 0.9494 0.2247 —1.3778 0.7875 —0.2128
0.5 0.7040 0.9999 0.0062 —1 .4010 0.6968 —0.0726
0 . 6  0 . 8 0 5 9  0 . 9 5 4 1  — 0 . 2 13 9  — 1 . 3 9 7 2  0 .5 9 6 9  0.1308
0 . 7  0 . 8 9 0 2  0 .8143  — 0 . 4 3 0 8  — 1 . 3 5 7 6  0 . 4 7 1 7  0 . 3 7 8 5
0 . 8  0 . 9 5 2 7  0 . 5 9 2 4  — 0 . 6 3 8 3  — 1 . 2 7 7 6  0 .3211 0 . 6 3 9 8
0 . 9  0 . 9 9 0 1  0.3108 — 0 . 8 3 0 1  — 1 . 15 7 2  0.15 17 0 .8893
1.0 1 .0000  0 .0 0 0 0  — 0 . 9 9 9 9  — 1 . 0 0 0 0  — 0 . 0 2 6 2  1. 1049

i = l . 0 0 0 0 0

_
_ _

_
_ _  

j



- -  -- 

~~~~~

---—--- -

59 AAR—137

Table 15. Convergence history, Example 7.4, Problem P3.

Ng Nr N P 0 I

0 0 0 0 0 .79E+ 00
1 0 3 3 0.33E—09 O.l4E— 02 1.23414
2 1 1 5 0.27E—l6 0.16E—03 1.23377
3 1 0 6 0.9lE—lO 0.44E—04 1.23373

Table 16. Converged solution , Example 7.4, Problem P3.

t xl x2 y
1 U W

0.0 0.0000 0.0000 1.0000 —1.0000 0.9874 —1.0000
0.1 0.1555 0.3090 0.8312 —1.1448 0.9846 —0.8395
0.2 0.3076 0.5882 0.6417 —1.2633 0.9542 —0.6571
0.3 0.4538 0.8098 0.4361 —1.3482 0.8996 —0.4231
0.4 0.5884 0.9515 0.2200 —1.3969 0.8104 —0 .1994 4
0.5 0.7075 0.9999 —0.0009 —1.4115 0.7039 0.0126
0 .6  0 .8089  0 .9508  — 0 . 2 2 1 6  — 1 . 3 9 3 2  0 . 5 8 4 8  0 .2199
0 . 7  0 . 89 0 6  0 .8090  — 0 . 4 3 6 9  — 1 . 3 4 2 5  0 . 4 5 3 7  0 .4251
0 .8  0 .9509  0 .5880  — 0 . 6 4 17  — 1 . 2 5 9 7  0.3112 0 .6 2 8 2
0 . 9  0 . 9 8 7 9  0 . 3 0 9 2  — 0.8311  — 1.1453  0. 1578 0 .8 2 7 9
1.0 1.0000 0 . 0 0 0 0  — 1 . 0 0 0 0  — 0 . 9 9 9 9  — 0 . 0 0 5 3  1.0214

1 =1 . 5 7 0 7 9  

~~~~~~~ --~~ - ~~~~~~~~~~~~ - -—~~~~~~~~~~~ —— -~~ , - - 
—-
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Table 17. Convergence history , Example 7.5 , Problem P2.

N N N N P Q Ic g r

0 0 0 0 0 .76E+0l
1 0 4 4 0.93E—08 0.l5E—Ol 5.94696
2 1 1 6 O.88E—16 O.33E—02 5.93350
3 1 1 8 0.lOE—15 0.l5E—02 5.92983

4 1 1 10 0.18E—19 0.62E—03 5 .92838

5 1 1 12 0.l5E—18 0.42E—03 5.92763
6 1 0 13 0.40E—08 0.23E—03 5.92713
7 1 0 14 0.34E—08 0.13E—03 5.92683

8 1 0 15 0.70E—08 0.l6E—03 5.92658
9 1 0 16 0 . 7 6 E — 0 8  0 . 4 2 E — 0 4  5 . 9 2 6 4 6

Table 18. Converged solution , Example 7 . 5 , Problem P 2 .

t xl ~
‘l 

U W

0 . 0  0 . 0 0 0 0  1 .0000 0 . 3 8 7 2  — 1 . 2 9 0 9  — 4 . 4 3 0 9  1 .4169
0.1 0 .0794  0 .6055  0 . 2 6 5 5  —1.1399  — 3 . 4 5 5 1  1 .6124
0 . 2  0 . 1 2 4 3  0 .3091 0.1600 — 0 . 9 6 5 4  — 2 . 4 7 3 8  1 . 9 0 4 5
0 .3  0 .1445  0 .1096  0 .0741  — 0 . 7 3 9 4  — 1 . 5 0 6 5  2 . 7 8 6 9
0 . 4  0 .1497  0 .0129  0 .0162  — 0 . 4 0 0 2  — 0 . 4 4 5 3  3 . 8 4 8 3
0 . 5  0 .1499  0 .0 0 0 0  — 0 . 0 0 4 0  — 0 . 0 0 1 2  0 . 0 3 2 3  4 . 0 4 8 4
0.6 0.1497 —0.0128 0.0160 0.3994 —0.4 435 3.8777
0 . 7  0 . 1445  — 0 . 10 9 6  0 . 0 7 3 9  0 . 7 4 0 7  — 1 .5 1 0 1  2 . 7 8 9 2
0 .8  0 . 1243  — 0 . 3 0 9 2  0 . 1600 0 . 9 6 5 9  — 2 . 4 7 3 3  1 .8971
0 .9  0 . 0 7 9 4  — 0 . 6 0 5 5  0 . 2 6 5 5  1.1400 — 3 . 4 5 4 7  1.6104
1.0 0.0000 — 1.0000 0.3872 1.2909 —4 .4300 1.4157

I = 1.0 0 0 0 0
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Table 19. Convergence history, Example 7 . 5 , Problem P3.

N0 Ng Nr N P Q I

o 0 0 0 O.44E+Ol
1 0 2 2 0 . 6 9 E — l O  0 . 2 5 E + O 0  6 . 14 4 0 2
2 1 1 4 0.1OE—09 0.l6E—Ol 5.95065
3 1 1 6 0.28E—l6 0.4lE—02 5.93466
4 1 1 8 O . l 2 E — l 5  0 . l 6 E — 0 2  5 .93041
5 1 1 10 0.42E—l9 0.76E—03 5.92872
6 1 1 12 0.21E—l8 0.46E—03 5.92786
7 1 0 13 0.64E— 08 0.29E— 03 5.92727

8 1 0 14 0.44E—08 0.l3E—03 5.92693
9 1 1 16 0.30E—2l 0.23E—03 5.92676
10 1 0 17 O.38E—09 O.4lE—04 5.92661

Table 20. Converged solution , Example 7.5, Problem P3.

t x
1 x

2 
y1 y2 u w

0.0 0.0000 1.0000 0.3872 —1.2909 —4.4377 1.4258
0.1 0.0794 0.6054 0.2656 —1.1397 —3.4540 1.6117
0.2 0.1243 0.3091 0.1601 —0.9655 —2.4720 1.8973
0.3 0.1445 0.1096 0.0740 —0.7400 —1.5095 2.7963
0.4 0.1497 0.0129 0.0162 —0.3987 —0.4435 3.8649
0.5 0.1499 0.0000 —0.0038 0.0000 0.0308 4.0305
0.6 0.1497 —0 .0129 0.0162 0.3987 —0.4435 3.8647
0.7 0.1445 —0.1096 0.0740 0.7400 —1.5096 2.7964
0.8 0.1243 —0.3091 0.1601 0.9655 —2.4720 1.8973
0.9 0.0794 —0.6054 0.2656 1.1397 —3.4540 1.6117
1.0 0.0000 —1.0000 0.3872 1.2909 —4.4377 1.4258

1 = 1 . 0 0 0 0 0
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Table 21. Convergence history, Example 7. 6, Problem P2.

N
0 

N
g 

N
r N Q I

0 0 0 0 0.53E+02
1 0 4 4 0 . 9 7 E — l O  0 . 2 0 E + 0 0  0 .61522
2 1 2 7 0.l9E—ll 0.22E—Ol 0.33462
3 1 2 10 O.43E—l5 0.46E—02 0.23701
4 1 2 13 0 . l 4 E — l 4  0 . l 3 E— 0 2  0 .18428
5 1 1 15 0.85E—lO 0.37E—03 0.17757
6 1 1 17 0.20E—08 0.41E—03 0.17444
7 1 1 19 O . l 5 E — l l  0 . 8 0 E — 0 4  0 .17283

Table 22. Converged solution , Example 7.6 , Problem P2.

t x1 x 2 y1 u w

0.0 0.0000 —1.0000 1.5811 11.8479 —6.5926
0.1 — 0 . 0 5 2 9  — 0 . 2 0 2 5  0 . 9 9 0 2  4 . 0 0 8 0  — 5 . 3 5 6 6
0.2 —0.0603 —0.0227 0.4927 —0.2990 —4.5906
0.3 —0.0691 —0.1922 0.1105 —2.7927 —2.7103
0.4 —0.1006 —0.4212 —0.0347 —2.0552 —0.4898 t
0.5 —0.1482 —0.5025 —0.0509 —0.4993 0.0316
0.6 — 0.1957 —0.4203 —0.0186 1.2095 0.8015
0.7 —0.2275 —0.2047 0.1572 2.1037 2.8354

0.8 —0.2384 —0.0355 0.5055 0.9462 3.7765
0.9 —0.2 387 0.0178 0.8730 0.2981 3.5047
1.0 —0.2352 0.0587 1.2005 0.7978 3.0240

i= 1 .00000 

- -~~~~~~----- -~~~~~~~~~ --~~~~~~~~ -------

_~~~~~~~~~~~~
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Table 23. Convergence history, Example 7 . 6 , Problem P3 .

Ng N r N P Q I

o 0 0 0 0.70E+02
1 0 4 4 O.26E—lO O.20E+00 0.62152
2 1 2 7 0.79E— 09 0.l2E—Ol 0.29797
3 1 2 10 0.3lE—l6 0.3lE—02 0.20454
4 1 2 13 0 .28E— 14  0 . 2 3 E — 0 2  0.18697
5 1 1 15 O.l3E—09 0.32E—03 0.17853
6 1 1 17 0.99E—09 0.40E—03 0.17288
7 1 1 19 0.33E—ll 0.30E—04 0.17157

Table 24 .  Converged solution, Example 7 . 6 , Problem P3.

t x l x 2 y1 U W

0.0 0.0000 —1.0000 1.5811 12.8747 —6.9174
0.1 —0.0503 —0.1664 0.9728 3.9858 —5.4232
0.2 —0.0550 —0.0038 0.4730 —0.4751 —4.5’48
0.3 —0.0628 —0.1908 0.1043 —2.8834 —2.4311
0.4 —0.0943 —0.4203 —0.0195 —2.0359 —0.39 92
0 . 5  —0.1417 — 0 . 5 0 0 7  — 0 . 0 2 7 5  — 0 . 4 9 6 1  0 .0838
0.6 —0.1891 —0.4200 —0.0034 1.1839 0.5831
0.7 —0.2209 —0.2022 0.1492 2.1949 2.6900
0.8  —0.23 11  — 0 . 0 2 6 1  0 . 4 9 6 1  0 . 9 6 7 9  3 .8354
0.9 —0.2306 0.0234 0.8697 0.2259 3.5626
1.0 — 0 . 2 2 7 1  0 . 0 5 3 4  1 .2027  0 . 6 5 9 7  3 .0736

T = 1.00000

~~~~~~~~~ ~~~~~ - - ~~~~~ ~~~~~~~---~~~~~~
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Table 25.  Convergence history , Examp le 7 . 7 , Problem P 2 .

N0 N
9 

N r N P Q I

0 0 0 0 0 . 3 7 E + 0 2
1 0 4 4 0 . 3 0 E — l 5  0 . 8 5 E — O l  0 . 9 7 9 1 0
2 1 1 6 0.l9E—08 0.32E—02 0.79284
3 1 1 8 0.1SE—09 0.llE—02 0.75471
4 1 1 10 0.13E—l4 0.36E—03 0.75132
5 1 1 12 0.24E—l4 0.57E— 03 0 .74892
6 1 1 14 0.l7E—l5 0.l9E—03 0.74719
7 1 1 16 0.18E— 15 0 . 3 4 E — 0 3  0 . 7 4 5 8 5
8 1 1 18 0.28E—l6 0.llE— 03 0.74482
9 1 1 20 0.2lE—l6 0.22E— 03 0.74399
10 1 1 22 0.55E—l7 0.77E—04 0.74332

Table 26.  Converged solution, Example 7 . 7 , Problem P2 .

t X
1 ~

‘l U W

0 . 0  0 . 0 0 0 0  — 1 . 0 0 0 0  1 . 2 2 4 7  — 2 . 8 5 7 7  — 3 . 4 3 4 0  0 . 8 5 7 6
0.1 — 0 . 1 0 8 5  — 1 . 1 4 3 5  0 . 9 4 2 6  — 2 . 7 8 8 2  — 1 . 9 1 8 9  0 . 6 5 0 9
0 . 2  — 0 . 2 2 5 6  —1.1872  0 . 6 6 7 5  —2 . 7060 — 1 . 2 9 5 2  1 .0958
0.3 — 0.3430 —1.1382 0.4038 —2.5527 0.2239 1.9870
0.4 —0.4453 —0.8539 0.1591 —2 .3435 3.6035 1.7528
0 . 5  — 0 . 5 0 4 9  — 0 . 3 2 5 4  — 0 . 0 7 0 6  — 2 . 3 0 2 9  4 . 9 0 8 9  — 1 . 1 2 0 5
0 . 6  — 0 . 5 1 5 9  0 .0519 — 0 . 3 0 9 8  — 2 . 4 9 8 3  2 .1866  — 2 . 2 3 0 4
0 . 7  — 0 . 5 0 4 4  0 . 1 4 3 2  — 0 . 5 6 9 6  — 2 . 6 8 3 1  0 .1680  — 1 . 3 8 4 0
0 .8  — 0 . 4 9 1 4  0 .1087 — 0 . 8 4 3 4  — 2 . 7 8 0 9  - 0 . 4 3 5 0  — 0 . 6 3 7 9
0.9 —0.4832 0.0585 —1.1239 —2.8211 —0 .2957 —0.1943 _ -

1.0 — 0 . 4 7 7 8  0 . 0 6 7 0  — 1 . 4 0 6 3  —2 . 8 2 0 4  0 .8164  0 . 2 3 4 2
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Table 27. Convergence history, Example 7.7, Problem P3.

N N N N P Q Ic g r

0 0 0 0 O . 4 0 E + 02
1 0 4 4 0 . 4 9 E — l 8  0 . 8 9 E — 0 1  0 . 9 8 8 6 9
2 1 1 6 0.44E—08 O.40E—02 0.79388
3 1 1 8 O.llE—ll 0.36E—02 0.76835
4 1 1 10 0.24E—12 O.8lE—03 0.75838
5 1 1 12 0.l9E—l4 0.lOE—02 0.75313
6 1 1 14 0.3lE—l4 0.32E—03 0.75009
7 1 1 16 0.l7E—l5 O.49E—03 0.74799
8 1 1 18 0.l9E—l5 O.l7E—03 0.74647
9 1 1 20 O.36E—16 0.29E—03 0.74531
10 1 1 22 0.24E— 16 O.llE—03 0.74441
11 1 1 24 0 . 6 2 E — l 7  0 . l 8 E— 0 3  0 . 7 4 3 6 8
12 1 1 26 0.45E—l7 0.76E—04 0.74309

Table 28. Converged solution, Example 7 . 7 , Problem P3.

t x1 x 2 y 2 u w

0.0 0.0000 —1.0000 1.2247 —2.8577 —3.4315 0.8565
0.1 —0.1084 —1.1428 0.9426 —2.7886 —1.9086 0.6433
0.2 —0.2254 —1.1858 0.6674 —2.7075 —1.2929 1.0830
0.3 —0.3428 —1.1381 0.4035 —2.5547 0.1944 2.0000
0.4 —0.4452 —0 .8562 0.1588 —2.3413 3.6041 1.8130
0.5 —0.5049 —0.3244 —0.0705 —2 .2985 4.9466 —1 .1524
0.6 —0.5158 0.0532 —0.3095 —2.49 85 2.1647 —2.2655
0 .7  — 0 . 5 0 4 2  0 . 1 4 2 7  — 0 . 5 6 9 4  — 2 . 6 8 4 3  0 .1643  — 1 . 3 7 5 6
0.8 —0 .4912 0.1093 —0.8433 —2.7809 —0.4146 —0.6262
0.9 —0.4828 0.0607 —1 .1237 —2.8205 —0 .2915 —0.19 63
1.0 —0.4773 0.0654 —1.4061 —2.8212 0.7183 0.2035

-r = 1.00000

- —~~~~~~~~ - -- —~~~ -
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Table 29. Convergence history , Example 7.8, Problem P2.

N0 N
9 

Nr N P Q I

o 0 0 0 0 . 5 6 E + 0 2
1 0 7 7 O . l 5 E — l 7  O . l5 E+ 03  2 7 6 . 2 2 4 0 2
2 1 2 10 0 . 9 2 E — 2 1  0 . l OE + 0 2  201 .10661
3 1 1 12 0 . 5 2 E — l l  0 . 2 6 E + O l  193.87600
4 1 1 14 0 . 4 7 E — l 4  0.5 1E+00 1 9 2 . 4 8 9 4 9
5 1 1 16 0 . l 6 E — l 6  0 . l 8 E + O O  192.13689
6 1 1 18 O . l 3 E — l 8  0 . 4 1E — O l  192 .03952
7 1 1 20 0 .7 9 E — 2 l  0 . l 5 E — O l  192.01184
8 1 0 21 O . 9 2 E — 0 8  0 . 3 7 E — 0 2  192 .00340
9 1 1 23 O . l 9 E — 2 2  O . 13 E — 0 2  192.00105
10 1 0 24 0.llE— 09 0.4lE—03 192.00023
11 1 0 25 O .l2E—09 0.1OE— 03 192.00002
12 1 0 26 0 . l 7 E— 0 9  0 . 5 5 E — 0 4  191.99993

Table 30. Converged solution, Example 7 . 8 , Problem P2 .

t x1 x 2 x 3 U

0.0 0.0000 1.0000 2.0000 —23.9758
0.1 0.1062 1.0880 —0.1601 —19.2074
0.2 0.2112 0.9839 —1.8405 —14.3999
0.3 0.2981 0.7359 —3 .0402 —9.5955
0.4 0.3551 0.3919 —3.7596 —4.7917
0.5 0.3749 0.0000 —3.9990 0.0000
0.6 0.3551 —0.3919 —3 .7596 4.7918
0.7 0.2981 —0 .7359 —3.0402 9.5958
0.8 0.2111 —0 .9839 —1.8404 14.4002
0.9 0.1062 —1.0880 —0.1601 19.2058
1.0 0.0000 —1.0000 2.0000 23.9878

t -“1 y 2 y3 
w

0 .0  0 .7071  — 0 . 7 0 7 1  — 2 . 1 2 1 3  10 .5894
0.1 0 . 6 2 7 5  — 0 . 8 6 6 8  — 1 . 0 6 9 9  10 .8698 4

0.2 0.5374 —0.9154 0.1528 14.1789
0.3 0.4492 —0.8191 1.8903 21.0205
0 . 4  0 . 3 8 0 5  —0.5149 4.2429 23.5208
0 . 5  0 . 3 5 3 5  0 . 0 0 0 0  5 . 6 5 5 2  0 . 0 0 0 0
0 . 6  0 . 3 8 0 5  0 . 5 14 9  4 . 2 4 2 8  — 2 3 . 5 2 0 9
0 . 7  0 . 4 4 9 2  0 .8190 1 .8904  — 2 1 .0 2 0 9
0.8 0.5374 0.9154 0.1528 —14.1789
0 . 9  0 . 6 2 7 5  0 . 8 6 6 8  — 1 . 0 6 9 9  — 1 0 . 8 6 8 5
1.0 0 .7071  0 . 7 0 7 1  — 2 . 1 2 1 3  — 10 . 5 9 7 9

I = 1 .00 000

1
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Table 31. Convergence history , Example 7.8, Problem P3.

N g Nr N P Q I

0 0 0 0 0 . 3 9 E + 0 2
1 0 5 5 0 . 9 0 E — l 8  0 .4 0 E + 0 2  2 2 0 . 6 1 7 7 5
2 1 1 7 0 . 7 5 E — 0 8  0 . 5 0 E + O l  196.13345
3 1 1 9 O . 3 7 E — 15  O . l2 E + O l  1 9 3 . 0 0 4 7 4
4 1 1 11 0. 15E— 14 0.31E+00 192 .27617
5 1 1 13 0 . l O E — l 8  0 . 9 9 E — O 1  192 .08057
6 1 1 15 0 .4 5 E — l 9  0 . 2 7 E — O l  1 9 2.0 2 4 0 1
7 1 0 16 0 . 7 6 E — 0 8  0 . 9 0 E — 0 2  1 9 2 . 0 0 7 2 3
8 1 1 18 0 . 9 4 E — 2 2  0 . 2 6 E — 0 2  192 .00201
9 1 0 19 0 . 6 0 E — l O  0 . 8 2 E — 0 3  1 9 2 . 0 0 0 4 9
10 1 0 20 0.23E—09 0.29E—03 191.99995
11 1 0 21 0 . 2 4 E — 0 9  0 . 6 1E — 0 4  191 .99982

Table 32.  Converged solution, Example 7 .8 , Problem P3.

t x 1 x x u

0 . 0  0 . 0 0 0 0  1 .0000 2 . 0 0 0 0  — 2 4 . 0 2 1 4
0.1 0.1061 1 .0879  — 0 . 1 6 0 7  — 1 9 . 2 0 0 6
0 . 2  0.2111 0 . 9 8 3 8  — 1 . 8 4 0 6  — 1 4 .3 9 7 4

— 0.3 0.2981 0.7358 —3 .0401. — 9.5932
0.4 0.3551 0.3918 —3.7591 —4 .7858
0.5 0.3749 0.0000 —3 .9981 0.0000
0.6 0.3551 —0.3918 —3.7590 4.7858
0 . 7  0 .2981  -0 .7358  - 3 . 0 4 0 2  9 . 5 9 3 2
0 .8  0.2111 — 0 . 9 8 3 8  — 1 . 8 4 0 6  1 4 .3 9 7 4
0 . 9  0.1061 — 1 . 0 8 7 9  — 0 . 1 6 0 7  1 9 . 2 0 0 6
1.0 0 . 0 0 0 0  — 1 . 0 0 0 0  2 . 0 0 0 0  2 4 . 0 2 1 3

t 
~ l ~~3 W

0 . 0  0 .7 0 7 1  — 0 . 7 0 7 1  — 2 . 1 2 1 3  10.6217
0.1 0 . 6 2 7 5  — 0 . 8 6 6 8  — 1 . 0 6 9 3  1 0 . 8 6 7 2
0 . 2  0 . 5 3 7 4  — 0 . 9 1 5 3  0 .1533 14.1786
0.3 0.4492 —0.8139 1.8907 21.0169
0 . 4  0 . 3 8 0 5  — 0 . 5 1 4 8  4 . 2 4 2 3  2 3 . 5 0 2 9
0 . 5  0 . 3 5 3 6  0 .0 0 0 0  5 .6530  0 .0001
0.6 0.3805 0.5148 4.2422 —23.5028
0 . 7  0 .4 4 9 2  0 .8189 1.8908 — 2 ] . 0 l 7 1
0 .8  0 . 5 3 7 4  0 .9153  0 .1533  — 1 4 . 1 7 8 6
0 . 9  0 .6 2 7 5  0 . 8 6 6 8  — 1 . 0 6 9 3  — 1 0 . 86 7 1
1.0 0 .707 1  0 . 7 0 7 1  — 2 . 1 2 1 3  — 1 0 . 6 2 1 7

I = 1 . 0 0 0 0 0
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8. Discussion and Conclusions

In this paper , we consider optimal control problems in-

volving the minimization of a functional subject to differen-

tial constraints , terminal constraints , and a sta te inequality

constraint. The state inequality constraint is of a special

type, namely , it is linear in some or all of the components

of the state vector .

A transformation technique is introduced , by means of

which the inequality constrained problem is converted into an

equality constrained problem involving differential constraints ,

terminal constraints , and a control equality constraint. The

t r ans format ion  technique takes advantage of the pa r t i a l  l i n e a r i t y  of

the state inequal i ty  constraint  so as to y ield a t ransformed

problem characterized by a new state vector of minimal  s ize .

This concept is important coinputationally, in that the compu-

ter time per iteration increases with the square of the di-

mension of the state vector.

In order to illustrate the advantages of the new trans-

formation technique , eight numerical examples are solved by

means of the sequential ordinary gradient—restoration algorithm for

optimal control problems involving nondifferential constraints

(R e f s .  5 — 6 ) .  Two f o r m u l at i o n s  are employed : tha t  associated

with Problem P2 and that associated with Problem P3. If n

is the number of o r iq in a l  s t a t e  v ir i a bl os  and k is  the  order

-ì --_ _
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of the state inequal i ty  const ra in t, the t ransformed Problem P2

is characterized by n
2

= n + k  state variables, whi le  the trans-

formed Problem P3 is characterized by n3 
= n + b state varia-

bles , with b < k .

For Examples 7.1 through 7 . 8 , the convergence h i s to ry  and

the converged solution for both Problem P2 and Problem P3 are

given in Tables 1—32. To facilitate the comparison between

Problem P2 and Problem P3 , summary results are presented in

Tables 33—36.

Table 33 shows the number of cycles N
0, 

the number of

gradient iterations EN
9
, the number of restorative iterations

and the total number of iterations N for both Problem P2 
H

and Problem P3.

Table 34 shows the CPU time for Problem P2 , the CPU time

for Problem P3 , the ra t io  of CPU times T3/T2 ,  and the relative

saving in CPU time (T2-T3) / T 2
. From Table 34 , it appears that

savings in computer time ranging from 2 6 . 6 %  to 70. 1~ are o b t ain e d

by employing the formulation associated with Problem P3 ,

rather than the formulation associated with Problem P2.

Table 35 shows the CPU time per iteration for Problem P2 ,

the CPU time per iteration for Problem P3 , the r a t io  of CPU

times per iteration 1
3/121 and the re la tive sav ing  in CPU time

per iteration 
~
‘2 

— -r
3

)/ - r 2 - From Table 35 , it appears that

savings in computer time per iteration ranging from 15 .1~ to
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56.6 % are obtained by employing the formulation associated with

Problem P3, rather than the formulation associated with Prob-

lem p2. From Tables 34-35 , the beneficial effects due to the

use of the new transformation technique are apparent .

Table 36 shows the value of the functional I at conver-

gence for both Problem P2 and Problem P3. It is clear that

the value of the functional I obtained with Problem P2 is the

same as that obtained with Problem P3 [of course , within the

tolerance limits specified by the stopping conditions(64)1.

The converged state variables and control variables for

Problem P2 and Problem P3 are also the same [of course , within

the tolerance limits specified by the stopping conditions (64)].

This can be seen by inspection of Tables 1-32.

A - 
- - , ~~~~~
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Table 33. Summary results.

Problem P2 Problem P3
Example - ___________  _____________________

N EN N N N EN EN Nc g r c g r

7.1 5 4 8 12 5 4 6 10
7.2 15 14 20 34 15 14 21 35
7.3 11 10 14 24 11 10 13 23
7.4 9 8 9 17 3 2 4 6
7.5 9 8 8 16 10 9 8 17
7.6 7 6 13 19 7 6 13 19
7.7 10 9 13 22 12 11 15 26
7.8 12 11 15 26 11 10 11 21

Table 34. Summary results.

Example T2 T
3 

T
3/T2 

(T
2-T3

)/ T
2

(sec)  (sec)

7.1 21.23 13.32 0.627 0.373
7.2 103.34 75.94 0.734 0.266
7.3 43.99 29.42 0.668 0.332
7.4 66.79 20.03 0.299 0.701
7 . 5  6 3 . 4 4  3 4 . 7 3  0 . 5 4 7  0 . 4 5 3
7 . 6  5 0 .2 4  36 .51  0 . 7 2 6  0 .2 7 4
7 . 7  81.99 55 .61  0 . 5 7 8  0 . 3 2 2
7 . 8  171.02 6 0 . 0 0  0 .350  0 .6 5 0
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Table 35. Summary resul t s .

Example 12 1

3 
1
3
/T

2 

(-t
2—

-r
3)/

-r
2

(sec/ i ter)  (sec/ i ter)

7.1 1.769 1.332 0 . 7 5 2  0 . 2 4 8
7 . 2  3 .039  2. 169 0.713 0 . 2 8 7
7 . 3  1.832 1.279 0 . 6 9 8  0 . 3 0 2
7 . 4  3 . 9 2 8  3.338 0 . 8 4 9  0.151
7 . 5  3 . 9 6 5  2 . 0 4 3  0.515 0 . 4 8 5
7 . 6  2 . 6 4 4  1.921 0 . 7 2 6  0 . 2 7 4
7 . 7  3 .726  2. 138 0 .573  0 . 4 2 7
7 .8  6 . 5 7 7  2 . 857  0 . 4 3 4  0 . 5 6 6

Table 36. Summary results .

Example Problem P2 Problem P3
P Q I P Q I

7.1 O .92E—l 8 O.97E—04 1.65678 0.39E—l9 0.9lE—04 1.65675
7 . 2  O . 7 3 E — l 4  O . 6 2 E — 0 4  1 .58304 0 . 3 3 E — l 4  0 . 8 l E — 0 4  1.58310
7 . 3  O . 6 6 E — 0 8  0 . 9 8 E — 0 4  2 . 0 9 3 9 6  0 . 6 3 E — 0 8  0 . 9 3 E — 0 4  2 . 0 9 3 9 6
7 . 4  O . 2 7 E — 0 8  O . 9 7 E — 0 4  1.23391 0 . 9 1E — l O  0 . 4 4 E — 0 4  1. 2 3 3 7 3
7 .5  0 . 7 6 E — 0 8  0 . 4 2 E — 0 4  5 . 9 2 6 4 6  0 . 3 8 E — 0 9  0 . 4 l E — 0 4  ~~ 9 2 6 6 1
7.6 0.l5E—ll 0.80E—04 0.17283 0.33E—ll 0.30E—04 0.17157
7 . 7  0 .55E— 17 0 . 7 7 E — 0 4  0 . 7 4 3 3 2  0 . 4 5 E — 17  0 . 7 6 E — 0 4  0 .7 4 3 0 9
7 . 8  0 . l 7 E — 0 9  O . 5 5 E — 0 4  191.99993 0 .2 4 E — 0 9  0 . 6 l E — 0 4  191 . 9 9 9 8 2  

~~~- -- ——— - — —— — — -— —~~- ~——
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9. Appendix: Computational Effort

At each i te ra t ion of the gradient phase or the restora-

tion phase a linear , two-point boundary-value problem must

be solved . If the method of particular solutions (Refs. 7-9)

is employed in conjunct ion with  the sequential  ord inary

gradient—restoration algorithm for optima l control problems

with nondifferential constraints (Refs. 5—6), one must exec ute

÷ p + 1 independent sweeps of the linearized system goverrJng

the variations associated with the gradient phase or the res-

toration phase , where n~ is the dimens ion of the state vector

and p is the dimension of the parameter.
14 Note t ha t

for Problem P2 , (129-1)

n3 b + k  for Problem P3. (129-2)

Hence , the following factor  is ind ica t ive  of the al gori thm ic

time per iteration:

i = 2 o r 3 , (130)

subscript i = 2 is employed for Pr h 1 t ~~-~ P2  • r~-~ I 2 - -

c r ipt  i 3 i s employed for PrO})l en P 

- -- - -~~~~~~ -~~~~~~~~~~~~ - -
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with the implication that

W2 2(n+k) ( n+ k + p+ 1)  for Problem P2 , (131—1)

W3 =2(b+k) (b+k+p+l ) for Problem P3 . (131-2)

In certain applications, the nond i f f e r en t i a l  constraint

can be solved in terms of the original control u, assumed to

be a scalar. Then, one can arrive at a new formulation of

Problems P2 and P3, where the original control u is absent,

while the auxiliary control w is present. This procedure is

feasible with Examples7.l , 7.3 , and 7.5 through 7.8, owing to

the fact that the nondifferential constraint is linear in u.

It is not advisable with Examples 7.2 and 7.4, owing to the

presence of square roots (Example 7.2) and singularities

(Example 7.4) in the analytical solution for u.

For the sake of argument , assume that the above substitu-

tion procedure is employed . Then , one can use the sequential

ordinary gradient-restoration algorithm for optimal control

problems without nondifferential constraints (Refs. 13—14).

Here , one must execute q+ l independent sweeps of the linear—

ized system governing the variations associated with the gra- 
- 

-

dient phase or the restoration phase , where q is the number

of final conditions. Hence , the following factor is indicative

of the algorithmic time per iteration :

_ _ _ _ _ _ _ _ _ _ _ _
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W~ = 2n~ (q + 1) , i = 2 or 3, (132)

with the implication that

w 2 2 (n + k )  (q + 1) for Problem P2, (133—1)

W3 =2(b+k) (q+l) for Problem P3. (133-2)

Numerical results illustrating the above analysis are

given in Tables 37—39. Table 37 contains the principal data

for  Example 7.1 t.hrough 7 . 8 , more spec i f i ca l ly :  the number of

original state variables n, the order of the state inequality

constraint k, the number of parameters p, and the number of

final conditions q. The table also contains the dimension a

of the vector X
A

I the dimension b of the vector x5, the trans-

formed number of state variables n2 
associated with Problem

P2 , and the transformed number of state variables n3 associa-

ted with Problem P3.

Table 38 pertains to SOGP.A with nondifferential con-

straints (Refs. 5—6) and contains the work factor W. ,i = 2  or 3,

which is indicative of the algorithmic time per iteration [see

Eqs. (131)1. The table also contains the ratio W3/W 2 and the

relative difference (W2-W 3
)/W 2, which constitutes an upper

limit to the savings in CPU time per iteration to be expected

by using the new transformation technique in connection with

the algorithm of Refs. 5—6.

~~h..L L.~~~ - -— - .~~~~~~~~~~~~~~~
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Finally, Table 39 pertains to SOGRA without nondifferen-

tial constraints (Refs. 13-14) and contains the work factor 
-

W ,i = 2  or 3, which is indicative of the algorithmic time per -~~

iteration [see Eqs. (133)], . The table also contains the ratio

W3/W2 and the relative difference (w2-w 3
)/W 2 ,  which constitutes

an upper limit to the savings in CPU time per iteration to be

expected by using the new transformation technique in connec- 
-

tion with the algori thm of R efs .  13-14. 

-- -- -~~~~~~ 
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Table 37. Principal data for the examples.

Example n k p q a b n 2

7.1 1 1 0 1 1 0 2 1
7 . 2  2 1 1 2 1 1 3 2
7 . 3  1 1 0 1 1 0 2 1
7 . 4  2 2 0 2 1 1 4 3
7 . 5  2 2 0 2 2 0 4 2
7 . 6  2 1 0 0 1 1 3 2
7 . 7  2 2 0 0 2 0 4 2
7.8 3 3 0 3 3 0 6 3

Table 38. Computational effort, SOGRA with nondifferential
constraints, Refs. 5— 6.

Example W
2 

W
3 

W3/W 2 (W
2-W3 )/W 2

7.1 12 4 0 .3 3 3  0 . 6 6 7
7 . 2  30 16 0 .533  0 .4 6 7
7 . 3  12 4 0 .333  0 . 6 6 7
7 . 4  40 24 0 . 6 0 0  0 .4 0 0
7 . 5  40 12 0 .3 0 0  0 .7 0 0
7 . 6  24 12 0 . 5 0 0  0 . 5 0 0
7 . 7  40 12 0 .300  0 . 7 0 0
7 .8  84 24 0 . 2 8 5  0.715

Table 39. Computational effort, SOGRA without nondifferential
constraints, Ref s .  13—14.

Example W
2 

W
3 

W
3/W 2 (w2-W3)/W 2

7.1 8 4 0 . 5 0 0  0 . 5 0 0
7 . 2  18 12 0 . 6 6 7  0 . 3 3 3
7 . 3  8 4 0 . 5 0 0  0 . 5 0 0
7 . 4  24 18 0 . 7 5 0  0 . 2 5 0
7 . 5  24 12 0 . 5 0 0  0 .5 0 0
7.6 6 4 0.667 0.333
7 . 7  8 4 0 . 5 0 0  0 . 5 0 0
7 . 8  48 24 0 . 5 0 0  0 . 5 0 0

_______________
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