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Abstract

AV

In this paper, we—traee—eufuthe solution of large optimization
one Taea ko st

problems for regional planning,by a decomposition program that is based

N

on the use of standard LP programs. The underlying method is the decom-

position principle of Dantzig and Wolfe.

The concept is tested by solving an optimization problem with

about 1250 columns and 900 rows. Furthermore, it is investigated to

what extent the efficiency of the solution procedure can be influenced

by an appropriate choice of starting solutions or specific matrix

divisions.
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1. Introduction

The programming formulation of a large spatial equilibrium model
of the agricultural sector of Germany, which is in preparation, results in
a very large linear programming problem with a block-angular structure in
the problem matrix. For solving it, existing standard computer programs
for linear programming problems (standard LP programs) provide too little
capacity.

In this paper, we trace out the solution of such problems by a
decomposition program that is based on the use of Standard-LP-Programs.
The underlying method is the decomposition principle of Dantzig and
Wolfe [ 1]. The concept is tested by solving a similar but smaller prob-
lem with about 1250 columns and 900 rows. Furthermore, it is investigated
to what extent the efficiency of the solution procedure can be influenced
by the choice of starting solutions or specific matrix divisions.

Some of the results are of general interest for the solution of
linear optimization problems with a similar matrix structure. They are
based on experiments that have been partly reported in [ 5] and [ 6] and

that are outlined in detail in section 4 of this paper.

2. Background information

Since 1970, a large spatial equilibrium model of the agricultural
sector of Germany is in preparation. The first (completed) version of the
model was designed as a linear optimization problem with about 8000 con-
straints. While this problem could still be solved by means of standard
LP programs, the formulation of a more disaggregated version and/or the

incorporation of other "Common Market" countries (suggestions which are
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under consideration) would result in a model too large for the available
programs (see appendix 1).

However, the special (block-angular) structure of the problem
matrix that was due to the distinction of a limited number of "regions"

1)

as aggregated economic units of production and/or consumption ’ would
allow the solution of the problem by means of a computer program that is
based on an appropriate decomposition method (see, for example, Geoffrion
[ 2]).

However, despite the fact that decomposition methods are aimed
at solving large-scale optimization problems, efficient programs for the
solution of really large problems are not commonly available. Of the
standard LP programs,only "LP 600/6000" and "OPTIMA"
offer (as an alternative) a decomposition procedure that could be used
for solving large-scale optimization problems. Unfortunately, these pro-
grams are designed for the use of specific computers.only.

As the development of a specific decomposition program was not
possible, it was suggested to base the solution of the optimization
problem on a decomposition approach that allowed the use of one of the
highly efficient standard LP programs. The approach that has been devel-
oped is, 1in principle, based on the decomposition method of Dantzig
and Wolfe. It is outlined in more detail in the following chapter.

The efficiency of the concept has been tested in several experi-
ments with a similar but smaller optimization problem. The organization
of the experiments and the results of the computations are discussed in

chapters:4 and 5 and in appendices 2, 3 and 4.

1) For a detailed discussion of such models see [ 71.
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During the following discussion,we assume a familiarity with the
decomposition principle. Its application requires the division of the op-
timization problem into “subproblems" and a "master problem".

The matrix of each subproblem is formed by one or several of the
diagonal "submatrices" of the block-angular problem matrix.

The matrix of the master problem includes the common constraints
of the problem matrix and, in addition, might also include one or several
of the diagonal submatrices.

In an iterative solution procedure, the decomposition principle
generates columns for the master problem from solutions of the subproblems
and objective functions for the subproblems from solutions of the master

problem.




3. Computational concept

In an optimization process based on the decomposition method of
Dantzig and Wolfe [ 1], standard LP programs can be used for solving the
subproblems and the master problem in each of the cycles of the iterative
solution procedure. In this case, only computer programs have to be devel-
oped that transform the solutions of the subproblems and the master prob-
lems according to the requirements of the decomposition method.

Like most of the available standard LP programs for large problems
(see appendix 1), the standard LP program that was available for the experi-
ments (program XDLA of ICL) could not be used as a subprogram in computer
programs which were written in a user-oriented programming language like
ALGOL or FORTRAN.

The experiments were, therefore,based on a cycle of programs which
included:

1) standard LP program for solving the subproblems;

2) FORTRAN program for generating columns for the master problem;

3) standard LP program for solving the master problem;

4) FORTRAN program for computing revised objective functions for the
subproblems.

During the solution procedure, this cycle had to be activated repeat-
edly. Each repetition corresponded to one cycle of the solution procedure
(1.e., one iteration of the decomposition process).

The optimization approach differed from the original presentation
by Dantzig and Wolfe:  insofar as the following suggestions for shortening

the solution procedure could be realized within the outlined concept:
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ferent cycles (example: experiment I).
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Exhibit 2: Number of simplex iterations that were necessary for

solving the subproblems in different cycles.(In experiment

VII,the optimizations were based on optimal basis solutions
from preceding cycles; in experiment I,on the optimal basis
solutions from the first cycle.)




1)

g,

2)

3)

In any cycle of the solution procedure, the master problem included
all columns that had been generated from solutions of the subproblems

in preceding cycles (see Lasdon [ 3]). However, the experiments

showed that the optimal basis solution of a master problem usually
included only variables which referred to solutions of subproblems

that (a) were obtained in some of the latest cycles and (b) were in-

cluded in the optimal basis solutions of preceding cycles, i.e., in 1
cases of limited storage capacity, columns that had been generated
during preceding cycles could have been deleted if the corresponding
variables were no longer realized in the optimal basis solution of J

a master problem. (see exhibit 1 ).

The optimization of subproblems and master problem in each cycle was
based on the optimal basis solutions that had been obtained in the
preceding cycle. This allowed a reduction in the number of simplex

iterations that were necessary for solving the problems (see exhibit 2 ).

In each cycle of the solution procedure,a lower limit (= objective
function value of the master problem) and an upper limit (calculated
as described in Lasdon [ 3]) for the optimal value of the problem's

objective function were computed. A solution procedure was ended when

(upper limit - lower 1limit)#*100 .
0.01
upper limit

(Exhibit 3 shows an example fo; the development of the upper and lower

limit for the objective function value of the optimal solution of the

problem during the iterative solution procedure.)
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4, The experiments

4,1 Optimization problem

The experiments were based on an optimization problem where the
block-angular structure of the matrix was formed by n=32 diagonal subma-
trices A1 (i=1,..,n) and a "main matrix" H = [B1 B2 St Bn D] and which

could be formulated mathematically as

max z = clx1 + c2x2 C S cnxn + dy
3.to ‘
A% o
&
Azx2 a2
&
Anxn 8

lel + Bzx2 £ see F ann + Dy = b

XY 20 (i=1,..,n)

with xi(iﬂl,..,n) and y representing vectors of decision variables.
In the following, we will refer to the constraints that are connec-
ted with the main matrix H as "common" constraints. The size and density

of the different matrices are outlined in exhibit 4.

Matrix size (rows,columns) (907,1265)
Density 0.71
Number of submatrices 32
Size (rows,columns) (28,39)
Density 18.58
Size of the main matrix (11,1265)
Density 7.73

Exhibit 4
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4.2 Organization of the experiments

The experiments were aimed at testing the efficiency cf the compu-
tational concept and investigating ways of improving the convergence of the
iterative solution process by
a) an appropriate choice of the feasible starting solution that has to be
formulated at the beginning of the solution process (see experiments I,
II, III and VII),

b) the incorporation of submatrices into the master problem (see experi-
ments I, IV and V) and

c) the variation of the size of distinguished subproblems (see experiments
VI, VII and X).

The organization of the different experiments is outlined in detail
in exhibit 5 .

The distinguished starting solutions A, B, C and D (see column 2 of
the exhibit) were feasible solutions of the optimization problem that
differed
a) in the values of their objective functions (except solutions A and D),

b) in the values of the dual variables that corresponded to the common
constraints (except solutions A and B) and
c) in the values of the primal variables,

The number of constraints in the master problem (see column 6) refers
to the common constraints of the optimization problem, the additional con-
straints necessary for forming convex combinations of subproblem proposals

and (in experiment IV and V) constraints that are due to the incorporation

of submatrices into the master problem.




PP TV —

S S ———

Z jo anfTea

*sjuawyiadxa OFseq ayj jo uoriezyueliQ : ¢ ITqFYXF

*aanpadoid UOTINTOS DATIRILIT 3yl jo Suyuuyl8aq 2y3 e
Tewrldo 3yl woij anTeA UOFIdUN} 3ATId2{qo Tewyidos,ma1qoid ia3sewm 3yl JO UOFILFAQ (x

T+11 8¥Z1°968 T % 0¢- a X
swsTqoadqns v + 11 AN T4 Y X 0z~ a 1IA
3o 2zTs ULI33IITQ 8 + 1T 9sT ZTIT 8 %z 0z- a 1A
waTqoad 193sEW BY3 T+ 8% + 1T (AL AR T4 -/ % vi- v A 2
ojuy sadfijeuqns €+ %2 + 11 AN 744 € Z 91~ \4 AL
jo uor3jexzodiodug v+ 11 TSN 744 Y Z 0z~ v 1
v+ 11 AN 744 ] z 91- QHO+E+V IIIA
Y+ 11 (AN 744 Y z 0zZ- a IIA
suoyanios v + 11 A (M T44 Y Z 0S- b) 111
Surjae3ls Jua1933IQ v + TIT TIE“ YT 4 %z 0y~ g 11
7+ 11 (AR Y44 Y z 0z~ v I W
wafqoad (xonTeA uogaInyos
lajsew 3yl ug (ucm) uog3IdouNny Suriaels
uorjes8yisaaug sjureilsuod | wayqoadqns jo suatqoadqns | aay3oafqo ayl Jo uorl 3
jJo 3o0adse urey Jo xaquny | 9ZFS XFIIBW Jo aaqumny 3o uofieras(q ~edFJFIULPI Juswyaadxy 1 ]




In addition to these basic experiments some computations were
performed in which
a) the objective function of the optimization problem was changed in
one of the experiments after an optimal solution with regard to the
original objective function had been reached (see experiment IX in 1
chapter 4.36) and
b) differences in common constraints that had been observed in the basic
experiments were examined with regard to their influence on the opti-

mization process (see experiments XI, XII, XIII and XIV in appendix 2).

4.3 Discussion of results

We will discuss the results of the experiments with regard to the
usefulness of an approach in terms of its effects on
a) the computation time and
b) the generation of ''good" suboptimal solutions at an early stage of the
iterative solution procedure.
In the following context, a suboptimal solution is considered to be
"good" if it is a sufficiently good approach to the optimal solution, i.e.,

an approach that would allow the termination of the iterative solution

procedure if some deviation between the computed solution and the optimal

solution 1is considered to be acceptable.

4.31 Relevance of results

The results that are of relevance for an experiment's computation ‘

 C—

time are outlined in exhibits 6 and 7 .
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In exhibit 7, the terms "core time" and "transfer time" are used.
In this context, the term "core time" refers to the time that was necessary
for performing the simplex iterations in the subproblems and the master
problems and for performing the calculations of type a=b+c*d, the calcula-
tion of indices, etc. in the FORTRAN programs. An identification of the
relevant CPU time was not possible. The term "transfer time" refers mainly

to the time that was necessary for

a) exchanging data between LP programs and FORTRAN programs (with discs
as temporary storage units) and

b) the transfer of subproblems and master problems from the central pro-
cessor unit to storage units (discs) and reverse.

At any time, there was only one optimization problem (a subproblem
or a master problem) in the central processor unit for performing computa-
tions.

The specified average core and transfer times are closely related
to the used computer facilities and the organization of the programming
cycle whereas the other figures in the exhibits are related to the optimi-
zation problem that had to be solved.

It should be noted that the percentage of computation time that
could be specified as core time was relatively low in all experiments
(between 11% and 39%), i.e., an efficient organization of the storage fa-
cilities is one of the most important possibilities for increasing the
efficiency of the optimization process. This is especially true with re-
gard to the LP programs which were responsible for most of the needed

computation time (usually for more than 75%).

14




0f a more general interest are the variations of results within the
distinguished groups of experiments. Their analysis can provide information
which could be of interest for the optimization of problems with a similar
structure in the problem matrix. The same is true for a comparative evalua-
tion of the suboptimal solutions that were generated during the iterative
solution procedures.

The more important observations and conclusions are discussed in

detail in the following sections.

15
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4,32 Different starting solutions

A comparison of different starting solutions was based
a) on differences in their objective fuction value,

b) on deviations of the values of the dual variables that refer to the
common constraints from their values in the optimal solution and

c) on deviations of the values of primal variables from their values in
the optimal solution.

A comparison of the experiments I, II, III, and VII showed that it is
not possible to judge the usefulness of a specific starting solution merely
on the basis of one of these criteria, not to mention the problem of deter-
mining at least some rough estimates for the optimal values of the objective
function or the primal and dual variables.

For example, the experiments I, II and III could be finished in an
approximately identical number of cycles despite the fact that the objective
function values of the starting solutions differed significantly (see ex-
hibit 6).

Furthermore, differences in the objective function values of differ-
ent starting solutions were of no relevance for the development of these
values during the solution procedure (see exhibits 8 and 9).

The same conclusion could be drawn with regard to the values of the
dual variables that correspond to the common constraints and with regard to
the values of the primal variables.which were examined by distinguishing
a) variables with coefficients in the main matrix only,

b) variables with coefficients in the submatrices only and

¢) other variables.

16
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tion value
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) S CHa v
6.0
{
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3 % = ) P4 % %

Exhibit 8: Development of the objective function values during
the experiments I, II and III.
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Exhibit 9: Development of the objective function values during
" the experiments I and VII.
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Exhibit 10 shows the relative deviations of the dual variables'

values in the different starting solutions from their optimal values.

Experiment Common constraints
1 2 3 4 5 6 7 8-11
I -100 -100 -100 -100 +114 -100 =100 0
I1 -100 -100 =100 -100 +114 =100 =100 0
III +676 -100 -100 -100 -100 =100 =100 0
Vi1 =100 +15450 -100 -100 ~-100 +431 -196 0

Exhibic 10

Comparing them with the number of cycles that were necessary
for performing the experiments (see especially experiments I and III
with different deviations but identical numbers of cycles) and the devel-
opment of the objective function values during the solution procedures
(see especially experiments I and II with identical deviations but differ-
ent developments of the objective function values as shown in exhibit 8 )
no definite relationships could be identified.

The same is true for the development of the relative deviations
during the solution procedures as can be concluded from exhibit 11. It
shows for each of the common constraints the maximal relative deviations
of the dual variables' values from their optimal values that could be ob-
served in the experiments (a) during the whole solution procedure

(column "0"), (b) after 10 cycles (colummn "10"), (c) after 20 cycles
(column "20") and (d) after 30 cycles (column "30").

18
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Experi- Common constraint
ment a 2 2 4
0 10 20 30 0 10 20 30 0 10 20 30 0 10 20 30
b ¢ 167 54 39 7 | 100 54 29 21| 100 24 11 5| 100 66 19 11
II 295 58 16 5 1120 80 29 25| 100 13 13 ?7 | 100 7% 21 1
III 676 61 24 7 1165165 73 29 | 100 12 8 4 | 100 100 17 2
VII 199 199 34 8 | 15450/2329/29/29] 100 63 10 10 | 100 100 45 3
Common constraint
6 Y4 8-11
0O 10 20 30 0 10 20 30 0 10 20 30
I 114 100 33 18 | 690 142 79 11 | 196 196 45 12 0
II : 114 100 76 9 | 444 109 18 18 | 196 196 78 13 0
IIX 114 100 45 45 | 620228 77 25 | 196 196 38 97 (o)
v 114 114 100 21 | 690 690 132 38 | 196 196 99 31 ()

objective func-
tion value

(million)

!

6.2

6.0 1

Exhibit 11

(1) experiment I
(2) experiment II
(3) experiment III
(4) experiment VII
(5) experiment VIII

cycles

D

19

v =/ -
20 2s

Exhibit 12: Development of the objective function value during experi-
ment VIII (for a comparison see experiments I, II, III and VII).
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However, the determination of a "useful" starting solution could
be simplified by specifying not a single solution but several ones, each
of which might be less useful or even not feasible but which could be com-
bined to a more useful "starting solution" in the first master problem of

the solution procedure (see experiment VIII and exhibit 12 ).

4.33 Incorporation of submatrices into the master problem

The incorporation of submatrices into the master problem (while re-

ducing the number of subproblems) results
a) in a higher flexibility of the master problem and
b) usually in a change in the time that is required for computing one cycle
of the solution procedure.
Because of the master problem's higher flexibility in the experiments
IV and V compared to experiment I it was possible to reach in the first jter-
ation objective function values that differed from the optimal value not
more than 16 Z or 14 %, respectively. In addition, the number of cycles
could be reduced from 42 to 15 or 13, respectively. (See exhibit 13.)
The computation time that is required for computing one cycle of the
solution procedure is subject to conflicting influences. On the one side,
it tends to decrease because of a reduction in the number of subproblems,
on the other side, it tends to increase because of the enlargement of the
iaster problem. The resulting changes in the computation time depend on the
computational facilities and the used computer programs and have, therefore,
to be estimated individually.
For example, a comparison of experiments IV and V showed that in this

case the incorporation of an additional submatrix into the master problem

20
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240)
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y (2) experiment IV
i (3) experiment V
5.0 ®
4.9+
4 cycles
L L L AJ o .
5 0 113 20 y -

Exhibit 13: Development of the objective function values during
the experiments I, IV and V.
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would be of interest if the number of cycles could be reduced by (theoreti-
cally) 0.1.

If such a calculation is based on figures that have been obtained
during the first cycle of the solution procedure, the reduction in the
number of cycles that is considered to be necessary to make an incorpora-
tion of submatrices into the master problem interesting usually turns out
to be higher than if based on average figures. (This is due to the fact
that the solution of subproblems and master problems usually requires
more simplex iterations during the first cycles of the solution procedure
s (see also exhibit 2).)

In the case of experiments IV and V, the relevant number would be
0.5 cycles. Therefore, if a calculation based on these figures shows an
incorporation of submatrices into the master problem to be efficient, it
can usually be implied that it will be efficient with regard to the (still

unknown) average figures as well.

4,34 Variations in the number and size of subproblems

r Changes in the number and size of distinguished subproblems in-

fluence (a) the number of cycles that are necessary for solving an opti-
mization problem and (b) the time required for performing a single cycle
within the solution procedure.
Theoretically, the number of necessary cycles can be minimized by
distinguishing as many subproblems as possible (see, for example, Lasdon [ 3]).
As an example, the number of cycles that were necessary for per-

forming the experiments X, VII and VI could be reduced from 103 to 49 and 35.
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In addition, by distinguishing more but smaller subproblems it
was possible to reduce the average time that was necessary for performing
the simplex iterations in a cycle of the procedure. This was due to the
fact that the computation of a simplex iteration takes less time in smaller
problems and that this reduction in computation time was not compensated
in the experiments by an observed slight 1increase in the number of sim-
plex iterations.

However, due to the use of standard LP programs, the increase in
the number of distinguished subproblems is only useful within a certain
range. The activation of these programs requires a basic amount of time
which is independent of the size of an optimization problem., Because of
this, the average time for computing a cycle in experiment VI was about
500 seconds longer than in experiment VII, while the transition from
experiment X to experiment VII still caused a reduction in computation
time of about 250 seconds.

The extent to which an increase in the number of distinguished
subproblems remains useful can only be estimated individually. If such
an estimation is based on figures that have been obtained during one of
the first cycles of the solution procedure, it has to be taken into account
that the solving of subproblems usually requires more simplex iterations
at the beginning than towards the end of the solution procedure, i.e.,
the possible savings in computation time are usually lower than indicated

during the first cycles of the procedure.
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4.35 General remarks about the values of primal and dual variables

In situations where the solution process has to be ended before an
optimal solution has been reached, the values of the primal and dual vari- ’
ables and their deviations from the optimal values might be of interest.

In the experiments, the values of the primal variables usually varied
only within a relatively small range within the feasible range during the
iterative process (disregarding the very first cycles). However, the devia-
tions from their optimal values could still be relatively high (with regard
; to the value of the objective furction) in almost optimal solutions (see
exhibit 14). There were no significant differences between variables with
a) coefficients only in the common constraints,

b) coefficients only in the submatrices and
c¢) other variables.

The values of the dual variables (that corresponded to the common
constraints) that had been observed during the iterative solution processes
are outlined in appendix 4. They varied significantly around their opti-
mal values and usually showed some kind of convergence properties, as demon-

strated in exhibit 15 (see also exhibit 11).

4.36 Postoptimal calculations

For the examination of the effects of changes in the objective
function or the capacity vector of an optimization problem on the computed
optimal solution, the iterative solution procedure has to be restarted.

However, the columns of the last cycle's master problem can be in-

cluded in the master problem of the restarted process if changes in the
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number of
units

25 0001- .

1702

150 -

-

obj.func.value
optimal value >Q.995

cycles

v

45

Exhibit 14: Changes in the value of a primal variable during
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experiment I.
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Exhibit 15: Changes in the value of a dual variable (that corre-
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sponded to one of the common constraints) during ex-
periment I (deviations from the optimal value in %).
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objective function or the part of the capacity vector that refers to the
common constraints have to be considered. While the columns can be used
unchanged in cases of changes in the capacity vector, their coefficients
in the objective function have to be revised in cases where the objective
function had been changed.

An example for such a computation is shown in exhibit 16, where
experiment II was continued after 39 cycles with a revised objective

function (experiment IX).

cycle objective objective
function 1 function 2

3N

.....

......
-------
........

...........

39/8

39
39

» it

30 4

........

251 .. ol e e v wne

.............
......

zow Eehiy
151 -

cycles

subproblem solutions from cycle

25 30 35 3939/0 39/5  39/10  39/15

0.4
03 !
02 !

w / cycles

T A o

25 30 35 3939/0 39/5 39/10 39NS

Exhibit 16: Solutions of subproblems that were included in the optimal
basis solution of the master problem and the relative devia-
tions of the objective functions' values from their optimal
values when objective function 1 was replaced by objective
function 2 (experiment IX).
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5. Conclusion

The solution of large optimization problems with a decomposition
program that is based on efficient standard LP programs 1is usually no
alternative to a simultaneous optimization, i.e. an optimization with-
out decomposition by means of a standard LP program. The realization of
the computational concept requires additional efforts for establishing
the programming cycle, organizing the data etc.,which reduces its
efficiency.

However, for the solution of optimization problems that are too
large for the available computational facilities,the proposed procedure
might be efficient.

As the experiments showed, an appropriate identification of sub-
problems could allow the reduction of core time that is necessary for
solving an optimization problem to an amount similar to the amount of
time that is necessary for a simultaneous optimization (see, for example,

exhibit 5).
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Appendix 1: Standard LP programs for solving large.scale optimization
problems

The size of optimization problems that can be solved by means of
standard LP programs is limited by
a) the capacity of the available computers and
b) the efficiency of the standard LP programs.
The crucial figure in this context is the number of constraints that have

been formulated in the problem (see exhibit 17 ).

4 Name of the program (Company) Rows (m) Columns (n)
FMPS (UNIVAC) 8 192 unlimited
ILONA (UNIVAC) mtn = 9 500
LP 4004 (SIEMENS)* 6 000 32 767
LP 600/6000 (HONEYWELL BULL)* 4 095 262 000
MARIE CLAIRE (UNIVAC) 12 000 unlimited
MPSX (IBM) 16 383 unlimited
OPHELIE II (CONTROL DATA)* 10 000 unlimited
OPTIMA (CONTROL DATA)* 4 094 unlimited
XDLA (ICL) 25 000%** 100 000
* Information from 1972, others 1973 (XDLA 1974)

*% Problems with m=2500 reported

Exhibit 17

For problems with a block-angular structure in the matrix the stan-

dard LP programs "LP 600/6000" and "Optima" offer an alternative solution
procedure which is based on a decomposition method developed by Orchard-
Hays [ 4] and which is designed for solving problems with up to 50,000
constraints. However, practical experiences with this procedure seem to

1)

be very scarce,

1) Orchard-Hays in private correspondence.
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Appendix 2: Additional experiments with different common constraints

In the experiments I - X, it turned out that some of the dual
variables that corresponded to the common constraints always reached
their optimal values in the first cycle of the solution procedure while
; the remaining dual variables changed their values iteratively. The
common constraints that corresponded to the first group of dual variables
were numbered 8 - 11, the remaining commom constraints 1 - 7,
For getting more information about the influence of different
kinds of common constraints on the solution procedure, experiments
XI, XII, XIII and XIV were outlined, basically as described for experiment X

but with the following specifications:

t

! 1) In experiments XI and XII, the master problems included only one of the

common constraints whereas the remaining common constraints were added

to the subproblems. In experiment XI we considered explicitly comstraint
11, in experiment XII constraint 1.

2) In experiments XIII and XIV, the master problems included only one

| of the distinguished groups of common constraints whereas the remaining

group of common constraints was added to the subproblems. In experi-

ment XIII we considered explicitly the common constraints 8-11 in the

master problems, in experiment XIV the common constraints 1-7.

The results of the computations are outlined in exhibits 18 to 19.
The most noteworthy results seem to be:
a) the similarity in the experiments XI and XII despite the fact that differ-
ent kinds of common constraints were considered,

b) the solution procedure of experiment XIII.
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Experiment XI

Experiment XII

Experiment XIII

r———

k Experiment XIV

experiment ended

Exhibit 18: Development of the lower and upper bound for the optimal
value of the objective function in experiments XI, XII, XIII
and XIV. (Optimal value: 6,194,083).

TRy T T
Lower Upper bound "Lowest" com-
Cycle bound computed in puted upper
cycle bound
1 &4 955 266
2 o 6 268 201 6 268 201
3 6 140 388 |17 117 741 .
4 6 181 931 6 481 359 o
5 6 193 908 6 248 256 6 248 25
6 6 19 023 6 194 53 6 1% 53
? 6 19 083 6 19% 097 6 19 097
1 4 955 266
2 . 8 559 708 8 559 708
3 . 6 460 372 6 460 372
4 6 806 6 279 672 6 279 672
5 6 143 447 6 234 462 6 234 462
6 6 187 820 | 6 195 371 6 195 371
? 6 1M 760 6 199 105 .
8 6 193 735 6 19 327 6 19 327
9 6 19% 013 | 6 1% 344 3
10 6 1% 6 19 083 6 19 083
1 4 955 266
2 6 194 083 6 194 083 6 194 083
1 4 955 266
2 s 108 019 791 | 108 019 791
3 . 12 857 900 12 857 900
4 5 15 858 291 .
¢ : 16 555 369 :
7 . 8 986 892 8 986 892
8 . 12 328 003 .
9 . 9 698 789 .
10 o 9 230 287 .
1 . 8 923 979 8 923 979
12 . 9 760 913 .
13 . 8 559 648 8 559 648
14 . ? 945 981 7 945 981
15 . 10 879 345 .
16 é 12 621 243 &
17 . 8 623 7% .
18 . 8 204 922 .
19 5 335 049 7 142 742 7 142 782
20 5 425 €95 14 211 884 .
21 5 674 791 9 989 5 .
22 5 678 287 7 737 021 .
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constraint 11)

Cycle 1 2 3 4 5 6 7 8 9 10
Experiment XI:
(common 0 -1073.6 -101.0 -68.2 -58,7 -58.6 -58.6 - - -

(common
constraint 1)

Experiment XII:

0 100.1 311.3 159.3 225.3 193.1 209.9 218.3 214.4 215.2

(common con-
straints 8-11)

Experiment XIII:

optimal values in
first cycle (remained unchanged)

Exhibit 19:

Values of the dual variables that corresponded to the common
constraints in experiments XI (common constraint 11), experi-
ment XII (common constraint 1) and experiment XIII (common
constraints 8-11) during the solution procedure.

i1

S N




Appendix_3: Bounds for the optimal objective function values in the basic
TTTT - experiments

The exhibits in this section show for the basic experiments the

development of
a) a lower bound for the optimal objective function value which equals |
the objective function value of a cycle's master problem (in the
exhibits referred to as "lower bound"),
b) an upper bound for the optimal objective function value which was
computed in each cycle in the way suggested by Lasdon [ 3] (in the
exhibits referred to as "upper bound in cycle") and
c) the lowest upper bound for the optimal objective function value that
had been computed in preceding cycles (in the exhibits referred to

as "“upper bound"). J
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Cycle Lower bound

Upper bound Upper bound

£ Sl o R S Sl

36

in cycle

1 4 955 266

2 . 420 978 653 420 978 653

3 " 18 889 849 18 889 849

4 . 32 725 385 .

5 c 13 258 772 13 258 772

& = 19 824 079 -

7 . 8 907 348 8 907 348

8 c 9 131 240 A

9 5 24 040 963 o

10 ¥ 12 142 211 ;

11 4 955 266 11 347 691 8 907 348

12 . 8 962 272 v

13 . 15 737 733 o

14 > 16 463 484 -

15 ; 11 4326 065 :

16 5 406 210 9 452 740 .

17 S 656 894 7 812 594 7?7 812 59

18 5 546 7 792 453 7 792 453

19 5 776 902 7 063 807 ©7 063 807

20 5 785 511 6 603 430 6 603 430
! 21 S 830 713 6 419 268 6 419 268

22 S 909 971 6 494 145 :

<3 5 972 189 6 494 856 .

2u 6 011 365 6 636 554 .

o5 & 019 900 6 411 896 6 411 896

26 6 095 565 6 33 410 6 343 410

27 6 101 241 6 285 538 6 285 538

3 6 118 197 6 226 617 6 226 617

29 6 152 7 6 270 220 .

30 6 160 182 .

31 6 162 637 6 237 298 3

32 6 176 106 6 211 897 6 211 897

33 6 176 160 6 369 322 o

34 6 178 110 6 241 221 C

35 6 178 376 6 257 250 a

36 6 178 946 6 204 284 6 204 284

37 6 179 477 6 207 337 v

38 6 180 367 6 220 992 o

39 6 183 673 6 198 519 6 198 519

40 6 187 123 6 204 489 s

41 6 188 282 6 196 300 196 300

42 6 189 385 6 201 608 g

43 6 191 879 6 195 268 195 268

44 6 191 998 6 196 583 .

45 & 192 380 6 195 239 6 195 239

46 6 192 684 6 195 963 ¥

47 6 192 909 6 196 245 .

48 6 193 279 6 194 475 6 194 475

49 6 193 876 6 194 362 6 194 362

50 6 193 934 6 194 562 .

1 6 193 955 6 194 273 6 194 273

52 6 1 008 6 194 229 6 194 2

53 6 1 037 6 194 149 6 194 14

54 6 194 067 6 19 119 6 19 119

55 6 194 082 6 194 096 6 19 (096

56 6 194 082 6 194 083 6 194 083

57 6 194 082 6 194 o082 6 194 082

Opt. 6 194 082
Experiment VII
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égggggix 4: Values of dual variables in the basic experiments

The exhibits in this section show the development of the values
of the dual variables that corresponded to the common constraints during
the solution procedures of the basic experiments (only common constraints
1-7 considered, as the dual variables that referred to constraints 8-11

remained unchanged).

Cycle Common constraint
1 2 3 4 ) 6 2
1 0 0 0 0 7.9 0 0
2 0 0 532.5 0 7.90 0 0
3 296.6 0 506.0 0 7.9 0 0
4 275.4 206.8 542.7 0 7.90 0 (¢}
5 120.0 110.8 520.5 9.96 7.90 =15.90 0
6 114,0 217.7 S42.6 9.03 7.90 -14.34 0
7 132,2 89.0 678.2 1.88 7.90 - 5.9 0
8 135.1 225.1 694.3 0.22 7.90 - 5.38 0
9 265.0 2219.4 671.3 3.81 7.90 - 5.35 0
10 572.0 123.3 94,3 18.0 o 20.0 0
1 131.8 236.3 619.0 18.0 o - 0.88 =50.0
12 330.6 249.3 818.7 18.0 o 1.44 =39,35
13 5 182.9 641.4 6.9 0 1.21 126,
14 «5 182,9 641.4 6.9 0 1,21 34,28
15 17?-5 “0".0 %7-7 18.0 ¢} - ?l% 590“5
16 179.6 143.6 568.1 18.0 0 - 7.76 24.61
17 22905 "1505 68106 9052 1022 - 5059 57-65
18 216.4 114,6 658.8 11.92 3,05 = 2.67 1,
19 12705 128.“ 6‘8. 6.58 1.“5 - 6-85 ‘29023
20 223.6 182.0 642.2 10.74 4,10 - 3.36 14,83
21 131.8 115.4 604.7 10.62 4.92 - 6.07 61.68
22 160.3 115.8 667.1 10.71 3.29 - 5.86 56.98
23 160.4 116.0 591.5 10.66 3.23 =~ 5.81 56.83
24 198.0 115.4 655.0 10.73 3.42 =~ 4,42 .
25 229.9 124.5 603.5 10.64 4,43 <« 2,57 57.49
26 32.5 127.5 651.5 10.67 4.30 - 2.53 .
27 20505 1150“ 70“-6 10053 5020 o=t 5015 29-68
28 205.5 116.1 668.1 10.49 3,12 - 3,10 28.71
29 219.0 123.1 678.7 11.07 4.01 - 3,33 47.07
30 230.6 151.1  613.3 04 3.77 - 2.97 .
31 228.7 150.8 629.4 11,00 3.86 - 3,02 56.42
32 225.6 144.,7 675.6 10.74 3.81 - 3,18 51.36
33 -“ 139'0 o4 . 10. no11 s }055 -5“
34 215.6 128.2 677.2 10.87 3.20 - 3.47 58.05
’5 21507 12701 . 10.8“ 50“ ! ’-37 ’s-“
36 215.8 163.6 663.7 10.84 3.80 = 3,23 .
3?7 216.8 153.5 8 10.87 3.65 =« 3,26 54.54
38 216.4 141.2 630.0 10.74 4,06 =~ 3,18 53.06
39 220.0 163.1 653.3 10.83 3.78 - 3,10 51.96
40 221-1 155-5 652-5 10-85 5-?2 e 5-12 52005
41 218,33 162.7 662.3 10.81 3.75 - 3.48 51.95
[ 42 | 214.6 160 661.2 1 3,25 - 3.1 52,16 |
t. 214,6 161 662,11 - 1.8
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