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ABSTRACT

This is the second of a series of papers in which we construct an

information based general theory of optimal error algorithms and analytic

computational complexity and study applications of the general theory. In

our first paper we studied a general information model; here we study an

‘~~tera tive infor matio n’1 mo~~ l . )

~~We give a general paradig m , based on the pr~- image set of an infor ma-

tion operator, for obtain ing a lower bound on the error of any algorithm

using this information. We show that the order of information provides an

upper bound on the order of any algorithm using this information . This

upper bound on order leads to a lower bound on the complexity index . ________

Certain problems are traditionally solved by iteration ; others are

not. ~ this be so? More precisely, for what problems is the class of

iterative algorithms empty? For one-point stationary iterations we solve

this problem , showing the class is empty unless the problem “index ” ii

finite. We advance a conjec ture which characterizes all proble m. with

finite index.

We end the paper with some open proble m. .
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CHAPTER I

BASIC CONCEPTS

1. INTRODUCTION

This is the second of a series of papers in which we construct an

information based general theory of optimal error algorithms and analytic

computational complexity and study applications of the general theory. In

Traub and Wo~niakowski (77c ) we studied a general information model; here we

study an “iterative information” model . Because of the close connection

between this paper •
~~~~~~~~ Traub and Wo~niako wskj (l7c ) we shall refer to the

first paper as Part A.

Although we def ine all concepts required here, it would probably be

helpful to the reader to be familiar with the concepts introduced in Part A.

We will sometime s use the same name for a concept here wh ich was defined

somewhat differently earlier.

In Part A we shoved that given information may not be “strong” enough

to solve the problem to within the desired 1. It may however turn out L

that the information can be used to compute a better approximation from a

given approximation. By repeating this procedure one may finally be able

to solve the problem to within S even for arbitrarily small c. This 

I ~• informal description of iterative information and iterativ, algorithm will

be formalized below. :~
Certain problems are traditionally solved by iteration ; others are not.

For example, a zero of a scalar nonlinear function is approximated by itera-

tion using function evaluations ; the value of a definit, integral of a

scalar function is not. Ilust this b. so? More precisely, for what problems

is the class of iterative algorithms (in the very general sense of this

L11______ 
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paper) empty? For one-point stationary iterations we solve this problem,

showing the class is empty unless the problem “index” is finite. We advance

a conjecture which characterizes all problems with finite index.

Among the major questions we pose and at least partially answer are:

1. What is a lower bound on the limiting error of any algorithm

using given iterative information? See Section 2.

2. In general is there an algorithm which gets close to this lower

bound? See Section 2.

3. What is an upper bound on the order of any algorithm using

given information? See Section 2.

4. In general is there an algorithm which achieves this bound?

See Section ~~~.

5. What is the most “relevant” information operator for a given •

problem? See Sections 6 and 8. 
-

6. When is the class of iterative algorithms empty? See Sections

5 and 6.

7. When is the class of iterative algorithms of order is empty?

See Section 7.

We suemarize major concepts and results of this paper.

Section 2. We define d(~l,S), the limiting diameter of information !fl for

the problem S and show (Theorem 2.1) that ~d(~t,S) provides a best possible

lower bound on the limiting error of any algorithm using the information ~~~.

i i

The information !B is convergent for the problem S iff d(~I,S) — 0. We define

interpolatory algorithm and show (Theorem 2.2) that any interpolatory algo-

rithm has an err or which differs by at most a factor of two from a lower

b czand on the error. We define p(~,$), the order of information ‘3% for the

. 4  _____ - --- — ~~~~ —•
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problem S and prove (Theorem 2.3) that p(m S) is an upper bound on the order

of any algorithm. This upper bound is achieved (Theorem 2.4) by any inter-

polatory algorithm.

Section 3 We develop the methodology for complexity analysis and show

why it is desirable to minimize the complexity index.

Section 4. In Sections 4-8 we consider linear information operators. The

• cardinality card(’3%) of a linear information operator is defined and we show

( Len~~ 4.2) that inf ormation operators with finite cardinality equal to n

can be represented by n linearly independent linear functionals.

Section 5. We define iterative algorithm and tT(~R,S), the class of all

iterative algorithms which use the inf ormation operator ~*. We prove (~Theorem

• 5.1) that if d(m,S) is positive then IT(’3l,S) is empty .

Section 6. We define index(S), the index of the problem S and prove (Theorem

61) that if card(!~) < index(S), then d(~t,S) is positive. We define the basic

information operator such that eard (’3L*) index(S) and prove (Theorem 6.2) r

that ~ is a convergent information operator . Furthermore if ~t is any con-

vergent information operator then ‘3% contains (Theorem 6.3) .

Section 7. We define index(S,ia) , the mth index of the problem S and prove

(Theorem 7.1) that if card(’3%) < index(S,a), then p(’3L,S) <i s.  We define the

* *bas ic information operator ~ such that card( ~ . )  — index(S ,a) and prove

(Theorem 7.2) that p(~~,$) am . We also show that p(~ ,S) ~ is Lmplie~ that

~ contains ‘31
* (Theorem 7;3).

~ 4 ~~~
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Section 8. We specify our model of computation for the linear case. We

obtain lover and upper bounds on the complex ity index and on the mth minimal

complexity index.

Section 9. We define information operator with memory and generalize our

concepts and theorems on diameter and order of information, interpolatory

algorithm, and complexity index . V

Section 10. We list some extensions and open problems.

Section 11. We compare the results of the general information model of

Part A with the iterative information model of this paper .

Appendix A. We prove (Les sa A.1) that under very weak- assumptions, our

definition of order of an algorithm agrees with the “classical” definition.
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2. DIAMETER AND ORDER OF INFORMATION

As in Part A we consider a linear or nonlinear solution operator S

such that -

(2.1) S: 3~ ~2

where 33 is a subset of a linear space over the real or complex field and

is a linear normed space over the real or complex field. We wish to

approximate the solution element a — 5(f) for all problem elements f E

Let x0 be an initial approximation to the solution a and let 5’ , C’ E (0,1),

be a given real number. By solving (or approximating) the problem S we

mean that we seek an C’-approximation y y(f), y E 3~
, to a such that

(2.2) JI y(f)—aJJ ~ C’ J~ x0—aJJ . 
V

• To find such an approximation we need to know something about the problem

element f. Let

(2.3) ‘3l: D~~C31 X 32 -.33
be an iterative information operator (not necessarily linear) where

(f ,x) E for all f € and all x close enough to a — 5(f) and where 33
is a giv*n space. We call ‘31 an iterative information operator since we

compute ~(f,x) for different x and th. next approximation x.,~~ is based on

the information 
~

-(f ,xk) ,  k — 0,1,... - For brevity m will also be called an

inform.tion operator. The information ‘ii is stationary and without memory 
V

in the sense of Traub (64]. For most problems the information operator ‘31

is not one-to-one and ~(f,x) does not uniquely define the solution a • S(f) .

‘~~~~~~~~~~~~~~~~~~~~~ j~~~ : .~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V T
_ _ _ _ _ _
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This means there exist many different f E 33 with the same information
V ‘3L(f,x). Thus for a given f the set of problem elements f (x) such that

f(x) E and ‘3t(f(x) ,x) ‘3L(f,x) determines the “uncertainty” of the informa-

tion operator ‘3%. Note that f — f(x) is a function of x which has the same

information as a problem element f for every x close enough to a. For tech-

nical reasons we have to assume that the function f is “regular” at a. To

formalize this idea we define equality with respect to fl.

Definition 2.1

We shall say f f (x )  is equal to f with respect to ‘3% if f

(i) f:D~~C~~~ -.33, ~~EW

where W is a given clas s and there exists I 1(f) > 0 such that

J(r) — ~x: il x-alI ’ f lcD~~where ~~~~S(f),

(ii) ‘3t(~ (x) ,x) — ‘3%( f ,x) ,  V x E D~ .

For brevity we write f E V(f) where V(f) is the set of all functions ~ which

are equal to f with respect to ‘3%.

The class V describes the regularity of ~ and its definition depends 
V

on the regularity of the solution operator S. We always assume tha t the

constant functions f (x) is f belong to V.

We define the limiting diameter of information as the maximal distance

between S operating on two problem elements with the same information at x - -
as x tends to a 8(f) . In Section S ye prove that the limiting diameter of

V

a linear information operator has to be zero in order to solve the problem S

iteratively.

• 
V V V~~~~~~~. V~~ - V -,  - 
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Definition 2.2

We shall say d (’3t,S) is the limiting diameter of information ‘3% for the

problem S iff

(2.4) d(’3t,S) — SU~ SUP 11.m sup fi S(f
1(x))-S(~ (x) ) J~f1, f2EV(f) x-’a 2 V

We shall say the information ‘it is convergent for the problem S if f

(2 .5) d(’i%,S) — 0.

‘it is called divergent if f d(’i%,S) > 0.

Note that the limiting diameter of ‘it coinc ides with the d iame ter of ‘it

introduced in Part A for information operators independent of x, i.e.,

‘it(f ,x) 5 ‘31(f) .

We give a geometrical interpretation of (2.4). Assume that S(f(x)) is

continuous at a for any ~ E V(f). Then

(2.6) d(’3L,S) — sup 
— ~up Il S(f 1(a )) — S(~’2 ( a )) J I .

f~ 30

Note that U( f )  — ( S( f (a) ) :  f E V(f) 3 is the set of all solutions S(~ (e) )

wh ich share the same information as f at a. Then (2.6) yields

(2.7) d (’3t,S) — sup diam(U(f) )
f€33

where diam(U (f) ) denotes the diameter of the set 13(f). See Section 2 of Part A.

This can be schematized as follows:
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~ 0 S(33)

U ( f )

. f S 
~~~~~~~~~~~~~~~~~~~~~~~~~~~

1

‘it(f , o)

Figure 1 
V 

- 
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The information ‘it is convergent if f the set 13(f) contains only one

element a S(f) . Thus Figure 1 shows a divergent information operator ,

i.e. ,  d(’it,S) > 0.

We illustrate the concept of limiting diameter of information by an

example.

Example 2.1

Let be the class of analytic operators f , f :  Df ~ B1 
-. B

2 
where

and B2 are Banach spaces and dim(B1) — dim(B2) .  Let 33 be the class of

analytic operators wi th a unique simple zero , i . e . ,  f E 33 i f f  f E 3~ and

there exists a unique a E Df such that f(a) 0 ano V (a)~~ exists and is

bounded. Define

(2.8) S(f) — f 1 (0), 
~2 

—

1; _ _ _ _ _  ~~~~~ ~~~~
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Thus a — S(f)  is the solution of the nonline~,r equation f (x) — 0. Let

— 

(2.9) ‘3t(f ,x) — [f (i) (x) f Ci+l) (x) 
~

for a nonnegative integer j, and denotes the jth Frechet derivative.

In this example f (x) — f(x .) is an analytic operator with respect to the

second argument. Let W — be the class of all functions f which are

(j+1) times continuously differentiable at a. An example of f which belongs

to V(f) is given by

— ~ f ( t )  + c for j  > 0 ,
f(x , t) — 

2(f(t) + L(t-x) for j — 0

where c is a suitably chosen element of and L ii a bilinear .operator . It

is easy to verify that 
V 

—

ç+ f o r j > 0 ,
(2 .10) d(’3L,S) —~~ -

(- 0 f o r j O.

• - - Thus for j  — 0 we have convergent informat ion . U

Remark 2.1

In Par t A we defined r (’3%,S) , the radius of information ‘3% for the prob—

1cm S, where r(~t ,S) € (fd(’3t,S), d(~t ,5)]. Since our focus in this paper is

on convergent information operators , d(~t ,S) — r(’3%,S) • 0, we need not con-

sider the limiting radius of information. 
V

We solve the problem (2.2) by an algorithm ~ defined as follows . Let

(2.11) ~ : D ,C3~~X~~ (D~) - . 32.

(See also the definition of “perm issible algorithm” in Section 3.) Recall

that x0 is an initial approximation to the solution a — S(f) . Then ~~jt

-V ~~~~~~~ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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2.6

algorithm p generates the sequence of approximations by

(2.12) x~~ 1 — p(x~ ; m(f ,~~)) i — 0,1 

Thus, cp.is a stationary algorithm and since x~~1 depends only on the pre-

viously computed approximation Xi, the algorithm p is without memory in the

sense of Traub (64]. In Section 5 we impose some conditions on p and define

the-concept of iterative algorithm . Information operators with memory and

stationary algorithms with memory are considered in Section 9. We shall not

pursue the analysis of nonstationaxy algorithms in this paper.

Let •(‘3t,S) be the class of ali-algorithms defined by (2.11) and (2.12).

Let p E +(‘it,S). We examine the convergence of the sequence (xi) to a.

Since cp is stationary it suffices to find how x
1 depends on x0 and whether

V x1 
converges to a as x0 tends to a. Recall that the algorithm uses the

information ‘3L(f,x). Suppose that ~ E V(f) which means that the information

on a — S (f) and & — S(f(x) ) is exactly the same. Hence any algorithm p will

produce the same approximation to the solution elements a and &. Since we

are unable to distinguish f(x) from f, an algorithm p should approximate not

V only the solution element a but also the solution element &. This motivates

Definition 2.3 -

We shall say e (w) is the limiting error of algorithm cp iff

- (2.13) e(qi) — sup — sup h i s  sup 
~ p(x ,Ut(f ,x) ) ..$(?(x) ) IIf E33 fEV(f) x’a

The algorithm p ii called convergent iff e(p) — 0. U

We are ready to prove that .~d(m,S) is a lover bound on e(p) for any

algorithm p from the class •(~,S).

1 

-~~~~~~~~~~~~__ _ _  
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Theorem 2.1 -

For any algorithm p, p E •(‘3t,$),

(2.14) e(p) ~~~-d(!R,S). -

Proof

Choose any and f 2 from V(f) where a — S(f) . Then

fl S(f 1(x) ) — S (f 2 (x) ) jj i1 (fl p(x,~~(f ,x))~ $(11(x)) ~ + H •(x,!*(f,x))—
x’a - 

- x-a
S(f 2 (x))~J )  ~~2 e(p) .

Taking the supremum with respect to f and f ], 1~ ~~ get from (2.4) , d(’3t,s) � 2 e(p)

which proves (2.14). 
V U

Theorem 2.1 states that ~d(~ ,S) is the inherent error of information ‘it

V 
for any algorithm p. This is espec ially interesti ng for divergent information

‘it, d (’3t,S) > 0, since it is then impossible to find an algorithm whose error

is less th an ~dC*,S) no matter how sophistic ated an algorithm is used. We

showed in Example 2.1 that it is even possible that d(’it,S) — + •.

We now show that d (’it,S) is an upper bcund on “in terpola tory algorithms” V

which are defined as follows .

Definition 2.4

We shall say ~~ p~ E •(m,S), is an interpolatory algorithm if f

- 
- 

(2 . lS) .pt(x,’it(f ,xY) — S(f(x) )

for s c w e f E V ( f ) . U

This means that knowing the Lnformatiofl ‘it(f ,x) one finds a problem ele-

ment f(x) which has the same information as f *t x and the next approx imatio n

J 
_ 

_ VL
V  _ _ _ _ _ _
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is the solution of the problem S(~~(x)) .  In practice ~(x) is chosen to be

“simpler” than f .  In some cases , an assumption how to choose an unique

f (x) is added . Examples of inter-polatory algorithms in the sense of this

paper include Newton, secadt or any I~~~ interpolatory algorithms for the

solution of nonlinear equations. See Traub [64) and Woz’niakowski (74].

Theorem 2.2 
-

For any interpolatory algorithm p~, p1 E •(~1,S),

(2 .16) •~~(pI) � d(’it S) .

PrOof

Take any f E 33. Then p1(x ,’it(f ,x)) S(f 0 (x) ) for some such that

E V(f) . Hence

him fi p’(x ,’3t(f,x))-S(f(x)) fi him H S(10(x))—S(f(x)) fi ~ d(t lt,S)
X-’~

for any ~ € V(f) . Taking the supremum with respect to f and I we get V

e(q~) � d(’3t,S). . U
From Theorems 2.1 and 2.2 we get 

V V

Corollary 2.1

There exists a convergent algorithm in •(‘it,S) if f the information ‘it is

convergent for the problem 5, i.e., d (’it,S) — 0. - U
For convergent informat ion operators , S(!(x) ) approaches a — S(f) as x

tends to a for all I E V (f). We define the “order of informat ion” which V

V

measures the speed of convergence of S(?(x)) to S(f) for a worst case. Let

A be a set of real numbers defined by V

• __ _
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(2 . 17) A — ( q : -q  � 1, V f E 33, a — S(f) , and V f E V(f) we have

h i s  IIS(1(x))-S(f) H - o, ~ ~~> o .
x-’e ~j x-a~~

Definition 2.5

We shall say p (m,S) is the order of information ‘it for the problem S if f

(0 if A is empty,
(2.18) p(’3l,S) — -

!su p A otherwise.

Note that for divergen t information operators p(’it,S) — 0. It is easy

to verify that p(’i%,S) is an integer for a sufficiently regular function

S(f(x)). Roughly speaking, the order p p(’3L,S) measures how fast

9(1(x)) tends to S(f), fl ~
(1(

~
))-$(f) lI — o(II x—aIP)- for all ~ E v(f) . We

prove that áy algorithm from •(‘it,S) has order no greater than the order of

information. This significantly simplifies the complexity analysis since

the maximal order of an algorithm is independent of the “structure” of that

algori thm , depending only on the information used. See Section 3. We illusa.

trate the concept of the order of information by an example.

Example 2.2

Consider the solution of nonlinear equations defined- in Example 2.1.

Let

(2.19) ‘3l(f,x) • (f(x) ,f’ (x) , . . ., f~~~~~~ (x) ),  n � 2, 
V

be standard information. Let W • C’~ be the class of all functions I which

are n times continuously differ*ntiable at a. Then I E V(f) means

• ~~~~~~ for j — 0 l ,... ,n—1 where denotes the j th  Frechet

derivative with respec t to the second argument. Furthermore

_ __ _ _ _ _

~ 

- 

— 
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f(x ,t) - f ( t )  — j~ 
(I~ (x ,Tt+ (1—T) X)-f ~~~~(Tt+(1-T)C))(t_ ~ )~ • di-

which yields for t a, f(x ,ry) — O( II x-ar lf5 , Since

0 — I(x,&~ — I(x,a) + V ( x a ~ ( - a) + 0(11 -~lF) and f’ (x ,a~ tends to f’ (a)

which is invertible, we get

II ~—~II — 0(11 I(x ,o’) II) — 0(11 x—aIP) - V

This bound is sharp which yields

p~ fl ,S) — n.

See also Wo€niakovski (75] where the order of information for nonlinear 
V

equations was first defined and analyzed . The study of standar d information

can be found in Traub and Wo z~niakowski (76c , h a , 77b). U

For convergent information Corollary 2.1 guarantees th. existence of

convergent algorithms. Let p be an a1gor i~b. from $(~~5). We want to examine

how fast ~(x ,’it(f,x)) converges to a — S(f) as x tends to •. Let I be a s~t V

of real numbers defined by ~~~~ --

(2.20) B — (q: q ~ 1, V f E 33 a 5 (f) , and V I E V(f) Vz. have
- 

V 

— 
V t

him ~ 
m(z.~(f,x))~S~1(x)) — o,/i~i i~> 0).• _ .  

~ II~~aI~ 
V.V V VV,

/ ~~~~~

V

Definition 2.6

We shall say p(p) is th~~~~der of algorithm ~ iff

~O .—‘i f l is smpty
(2.21) PC,) — I

V V~~~~~5Up $ otherwise. U

_ _  

I
_ _ _ _  - ~~~~

— -

~~~
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Note that for a divergent information operator 
~~~~, the irder of any
‘

V

V algorithm p from •(‘i%,S) is equal to zero. Definiti
4y

i.6 of the order

p(~) differs from the “clas sical” d.finitj on o~. o~ãer where p (x,’it(f,x)) is J
compared only with a — S(f) . In APp.IIdLx~4 we show that for all algorithms

of practical interest the “classi~~JYorder is equal to p(p).

Let g (x) . ~(x .~*(f .x))-~~~(x)) .  Then (2.20) yields that g~~~ (a) — 0

for j  — 0,1,...,k where )’~~ p(,)-1 if p (cp) is an integer and k —

otherwise. If PJ~~
6 + and g is analytic in t neighborhood of a then

g (x) is 0 wbpiat’ieans that 9(x ,~ (f ,x)) — S(I(x) ) — a for x close to a.

Thuu ~~1 problem S can be solved in one s tep . There fore , we shall say ~~~
~~~~ V d1r•~~ algorit hm if p(~p) — + ..

— 
We now prove that the order of information is an upper bound on the

order of any algorith m p and that every int.rpolatory algorithm achieves - 

3

this bound . 
V

• 
Theorem 2.3

For any algorithm ,, p € •(‘it S) , 
-

(2.22) p(~) ~ p(’it,$).

Proof 
V

V
~~

Suppose first that 3 — 0. Then p(p) — 0 � p(’it,S) . Withou t loss of gen-

erality we can then asstme B ~ 0. Let q be an arbitrary element of 3. Let 
~V 

-

f € 33  and f1,f~ E V(f) . Then

II ~~!1(z))— S(I2 (x)) (
~ II p(x,’it(f ,x))—S(11 Cx)) II +

+ U p(x,~(f ,x))-S(I2(x)) ~ — 0(11 x—orIr ’~) ,  ‘~ f l >  0.

_ _ _ _  V s., ~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-
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This proves that q E A , see (2.17) , and B CA .  Thus sup B � sup A which

means p(cp) ~ p(~%,S). Hence (2.22) is proven .

Theorem 2.3 states that no algorithm can approximate S(f(x) ) with order

higher than the order of information p (’iL,S) . We show that the bound p (’it,S)

is achieved by the order of any interpolatory algorithm.

Theorem 2.4

For any interpolatory algorithm ~I, ~I E ~ (‘it,S),

V (2.23) p(,1) — p(~t,S) .

Proof 
-

Without loss of generality assume that A ~ 0. Let q € A. Then

(2.24 ) ff S(11(x))-S(12(x))lI — o ( f J x_ aII~~
T)) ,  V T ) >  0,

for any f E 33 and 11,12 E V(f)•• Since cp’(x,’it(f,x)) S(I~(x)) for € V(-f), 
V

we get from (2.24) -

fi p1(x ’it(f x)) S(I(x)) fl — ~ S(1
0 (x)V)-S(I (x) ) II — 0(11 x— a fr ~ ) V

since I,i~ E V(f). This proves that q E B and A V C B .  Thus sup A � sup B and

p (’iI,s) ~~p(p
1). From Theorem 2.3 we find p(~

1) — p (’it,$) which completes the 
/

proof. - 
V 

U /
From Theorems 2.3 and 2.4 we obta in

Corollary 2.2

An interpolatory algorithm achieves the maximal order p (’it,S) in the
class •(~ ,S), 

- : 
V Jp(, ) — p(~%,S) sup p(,).

pE0(~,S)

H I 
-~~~~

~4 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - 

-

~~~~ 
-
~ 

V
~~~~ V 4 j~~~~~~ _~&•  ~~~~~~~~~~~~~ - - — ~~~~_ - --
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The problem of maximal order algorithms was first ~~~~~~~ Traub (613 
V

for nonlinear equations. It was solved for a particular class of non-stationary

iterations using standard information for scalar equations by Brent, W inograd,
V 

and Wolfe (73]. Theorems 2 .3 and 2.4 were established in full generality for

nonlinear equations by Woz’niakowski [75] and used by many people to establish

the maximal order of certain iterative algorithms and/or to compare different

information operators from a computational complexity point of view , s .g.,

ICacevicz (75 ,. 76a , 76b], Meersman (76a , 76b], Traub and WoInia i [76],

Wasilkowski (77] and Woi’niakowski (72, 74 , 76]. Compar 10 with recent

papers of Werschulz (ha , 77b) who uses information operators ‘iI(f,h) foiVnum_

erical quadrature and differentiation.

H V 
~~~~~~~~~~~~~~~ ~~~~~~ ~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
V ~~~ 

~~~~~~~~~~~~~~~~~~~~~~~ ~~~~1~~~~~~~~~~~~ ,V -
~~~~~~~~~~~ Vi V .

- I
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3 C~ 4PL~X ITY OP GENERAL INFORIIATION

We present our general model of computation; it is quite similar to

the model in Part A. We discuss complexity in this model and derive bounds

on the “complexity index”.

Model of Computation V

(i) We assume that the computations are performed on a random access

machine. Let p be a primitive operation. Examples of primitive -

operations include arithmetic operations, the evaluation of a 
V

square root or of an integral. Let comp(p) be the complexity

(the total cost) of p; comp(p) must be finite. Suppose that -

P is a given collection of primitives. The choice of P and coinp(p),

p E P, are arbitrary and can depend on the particular problem

being solved.

(ii)• Let !R be an information operator. We say that ~ is a permissible

information operator with respect to P if ~R(f ,x) can be computed

by a finite number of primitive operations from P for all (f,x)

under considetation . Let comp(~t(f ,x)) denote the information

complexity of computing ~t(f,x). We assume that if ~R(f,x)

requires the evaluation of primitives 
~1’~2 ’ • ’~k 

then

ccunp(~t(f,x)) — comp(p~). V 
V

i l

Ciii) Let p be an algorithm which uses the permissible information ~.

To evaluate p (~(f,x)) we:

(a) compute y — ~t(f x),  -

(b) compute ~ (x y) . 
- 

VV 

V ( 

~~~~~~~ 

— 

______________________ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~
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3.2 

V

The comp lexity of computing y is given by (Li) . We say that p

is a permissible algorithm with respect to P if p(x,y) can be

computed by a finite number of primitive operations from P for

V all (x ,~l(f ,x)) under consideration . Let comp(cp(x,y)) be the

combinatory complexity of computing q,(x,y). We assume that if

w(x,y) requires the evaluation of primitives q1,q2,...,qj then
j

comp(q,(x,y)) — coinP(q~ ) .  I

i l

Let ~t be a convergent permissible information operator with order of

information p(~R,S) greater than unity. Let p be a convergent permissible

algorithm from the class s(~t,S) with order p — p(cp) greater than unity. We

analyze the complexity of finding an approximation y — y(f) to the solution

a — S(f) for f E 33 using algorithm p where V

(3.1) II y(f)—aII ‘ ‘ U xO—a If -

for a g iven initial approximation x0 and a given number a’ E(0,1). The -

analysis is primarily based on Traub and Wo~niakowski (76a , 7V7b) where V

the nonlinear equation problem is studied. - - 
-

Assume that ~ generates the sequence U,(x~. 1 , m(f ,x~~.1) )  L — 1,2,. ..,k

such that -

(3.2) . •
~ 

— G~ e~~1, e~ H x~-cll ~ — l,2,...,k -

where — G~ (f) satisfies V - 
V

(3.3) 0<2’G~~ � ã< +  
-

~~

and algorithm p is terminated after k steps . Prom (3.2)  we get

~~1~~~~ .V V r ~~~ - 

V~~~~~ _ V~~~~~~_  - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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3.3

I

(3.4) e~ e0 
where — (C~~~~G~~~~ - ...~ ~~~~~~~ e~ .

Note that (eowi)
’
~~ 

is the geometric mean of the G1,G21. - . ,G~~. Furthermore

c
i 
< e~ if f > 1. From (3.3) we have V

(3.5) — (2)
~~~ 

e
~ 

� � (~)P ’  e0 
—

Assume that ~~> 1. For a given C ’ , let k be the smallest index for which

ek 
� e’ e0. Define C V< s so that

(3 .6) ek — C~Q • 
-

From (3.4) and (3.6) we find 
-

k
~ 

p — l  g(wk)(3 .7) (;~) — e and k — 1 p

where

(3.8) g(uO • log(1 + 

~ 
J, t — log i/c.

We tak s al l logarithms for the rema inder of this paper to base 2.

Let comp coup(.,f) be he complexity of computing x~ starting at x0 . - -

We do not consider the complexity of finding an initial appr oxii~~tion x0.
See Xung (76) where this problem is cossidered. The cost of the ith step

is equal to coup(~ (f ,x~)) + ccsp( (xtI(f ,x~~~. For simplicity we assume that

the information c~~~1sxity and the cO~~tnatory complexity do not depend on

x1. Then the cost of each step is sqisal to cCw,f) • co.p(~(f,x)) +

and co.p(p,f) kc(,, f). Pro. (3.7) we get 
-

- ~ ~~~ d ~~~~~~ ~~~~~~~~~~~~~~~~~~~~ -_______________  ____ _____ -
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3 .4

(3.9) comp(cp ,f) — z

where

(3.10) z — z( cp,f) 
~~~~ log p(p) 

V

is called the complexity index of co for f. By the complexity index z(cp) of

an a lgorithm p we mean

(3.11) z(q,) — sup z (p,f).
- fE53~

Remark 3.1 -

We have been considering the case p p(ro) > 1. For completeness we

exhibit the case p — 1 with the additional assumption that Gi < 1,

i — 1,2,.. .,k. Then c
i — (k) e0 with — (G 1 C2 ... ~~~~~~ Hence

is the geometric mean of G
1~G2I...IG~ . Assume that ek 

— Ce
0. Then

k — (log I/c)/Iog w.~ and the complexity comp (cp,f) of computing X
k 

is given by

- camp(p,f) — z log

where z — z(cp,f,c) — ~~~~~~~~~~~~~~~ and z(co,e) — z (cp,f,c) is called the complexity

index for p — I. Assume that 1/w � I/wi 
� l/~ with ~~> 1. Then

c(p,f) 
~ z(w,f,c) ~ .

10g w log w

We shall not pursue the case p • I further and shall assume for the remainder

of this section thatp> 1. U

We analyze the complexity comp(p f) defined by (3.9). Since g(w) is a

monotonically decreas ing function , (3.5) yields bounds on the complexity

(3.12) a g(j~) ~ comp (c~,f) S z g(
~
). 

—

- — V _ ______
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3.5

As C 0, g(w) ~ log t and comp ~ z log t. Furthermore if we assume that

(3.13) 2 S w S w � t V

then (3 12) becomes

z(log t - log log t) S comp (p,f) S z log (l+t). 
V

See Theorem 3.1 in Traub and WoIniakowski [76a). In this case ~ log t

is a good measure of complexity. However if in (3.9) is near unity, the

g factor dominates and for c fixed , coup ~ z log log w.~. Thus for ~

the effect of the error coefficients G~ and the initial error e0 
cannot be

neglected. - -

Remark 3.1 and (3.12) show how the complexity ccmp(cp,f) depends asymp-

totically on C. Using the 8-notation of Knu th (76],

çe(log 
~) for p (cp) — I,

(3.14) comp(cp,f) — 
I

V 
~9(log log 

.
~) for p(p) > 1.

This may be contrasted with Theorem 9.2 of Part A where we prove that the

complexity of a linear problem can be an “arbitrary” decreasing function of e.

We want to minimize the complexity of computing Xk, i.e., we want to

find a permiss ible algorithm p with minimal complexity. Since we do not

know the value g (UQ in (3.9) we are not able to minimize complexity. How-

ever, if (3.13) holds or C is sm*ll enough then the minimal complexity is

approximatel y achieved by an algorithm with minimal complexity index .

Theref ore we seek an algorithm with the smallest complexity index .

This discussion motivates the following definition.

£ 
—~~~~~~~
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Definition 3.1

We shall say z(~1L,S) is the omplexity index of the information !fl for-

the problem S if f

(3.15) z(~l,S) — m E  tz(cp) : ~ € perm~~ 1S~~

where •perm (
~~

S) is the class of all permissible algorithms.

We shall say ~~~ cD~~ E ‘perm~~ ’~~’ 1~ a minimal complexity index algorithm

if f -

(3.16) z(p
5
~) — z(~t,S). a

Let

(3.17) comp(~) — sup comp(m(f,x))
(f,x)ED~ 

V

be the information complexity of tJl. Every algorithm p which uses ~t has to

perform a certain nuabe’r of primitive operations to produce the next approxi-

matioit. More precisely, let - -
,

(3 .18) m(~t,S) — inf sup co.p(p (x,~ (f ,x))) -

(f ,x)~~) 
V

where D, DCD~, denotes “hard problems” , i.e., (f x) E D  iff

comp(m(f,x)) — ccmp(~). In general, m(~l,S) depends at least linearly on the

V 
total number of “independent pieces” of information ~l. See Sections 4 and

8 where the “cardinality” of informat ion ~t is introduced and its influenc e

on the cosbinatory complexity of p is discussed.

In Theorems 2.3 and 2.4 we showed that the order p(p) of any algorithm p

from the class 4Ø~,S) is no larger than the order of information p(~L,S) and

L I

V ;:.. ~~~ _ - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ V V V V 

V ~~~~~~~~ 
-~
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there exist algorithms such that p (q’) — p(~ ,S). From this and (3.1.4) ,

V 

(3. 17), (3 .18) we get a lower bound on the complexity index z(~JL,S),

(3 .19) z(~I,S) � comp (!R)+rn(t~%,S) -

F~~thermore if there exists a maximal order permissible algorithm p, 
-

p(cp) — p(~l,S), such that comp(p(x.~t(f ,x)) << coup(s) for all (f,x) E D~ then

(3.20) z(~t,S) 
~ log p (!R,S)

Equations (3.19) and (3.20) motivate our interest in the information complex-

ity comp (m) and the order of information p(~R,S).

Suppose that the problem ~ — S(f) can be solved by the use of different V

information operators from a given class Y. We want to know which informa-

tion operator is more relevant for the problem ~ — S(f) . This discussion

motivates the definition of an informat ion operator with minimal complexity

index.

Definition 3.2

We shall say an information operator 
~l 

is more re1syan~ than an

information operator ~~ for the problem S if f

(3.21) 
~~~~~~ 

< z(
~
t2,S).

We shall say an information operator is optimal in the class Y,

51°E Y , iff 
V 

V .

(3.22) z(~l ,S) — m t  z(~,S).

— V__V V ~~~~~~ - 

-

~~~~ _ _ _ _  r i  ~ ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ _________ _ _ _ _  _ _ _ _
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In SectiOn 8 we will  study optimal information operators for the

linear case.

We compare two information operators by their complexity indices and - V -

an informat ion operator with minimal complexity index is called V op t .iuial.

V Note however that the complexity of an algorithm using an optima l informa-

tion operetor also depends on error coefficients G
i 
and the initial approxi-

ination. As noted earlier the minimal complexity index can be a poor measure

of complexity. Se~ Traub and Wo~niakowski (76a ] for- a discussion of this

point. - 

V

S

-4- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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4.1

CHAPTER II

ITERATIVE LINEAR INFOR]IATION

We assume throughout this chapter- that the iterative information operator

~ is a linear operator . 
V

4. CARDINAL ZTY OF LINEAR INFORMT ION -

Let ~R be an information operator such that

(4.1) m: X -.
where X is an open subset of ~~. We deal with information operators which

are linear with respect to the f i rs t  argument , i.e.,

(4.2) ~ (c1f 1+c2f 2, x) c1!1~(f 1,x) + c2~
L(f2 ,z)

V for any elements f1, f
2 

from 
~~ 

any constants c 1, c2 and any x E X. Let -

(4 .3) ker ~ ( , x) — (f: ~fl(f,x) — o3 
V

be the kernel of ~l ( , x) for any x E x. As we shall see in Section 5 the

kernel of ~t will play an essential role . -

Let 
~l
: ~~ X X and x X -‘ be two information operators -

where the space is not necessarily equal to 33 . 
V

Definition 4.1

We shall say 
~~ 

is contained Lit ~1t2 (briefly ~~ c ~~) ~~
ker ~I~(•~z) C ker ~1(.,x), Vx EX.

We shall say 
~~ 

is equivalent to (briefly ~~~~~~ j f f 
.

ker~~1
(.,x) •k.r~~2(.,x), Vx E x .

I:

4— —.~~~~.- — - V--V - - ____ -

~~~~~ ~~~~~~~~~~~~ 2 i~~~4~~ - _ _ _ _ _ _ _ _ _ _
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Note that A — ker ~(• ,x) is a l inear subspace 9t~4 .  Recall that there
exists a linear subspace A~ of such that ~~

V 
(4 .4) - A ~ A~ 

-

where A 1 is isomorphic to~~h~iluotient space 3~/A and

-~~~~~~~~

- 

V

(4.5) codim ~~~~~-~ im A 1 dim 31/A. 
- 

V

- A~ >V
9a

~
ried an algebraic complement of A. V

V V V VV 

To simplify further considerations we assume that the domain X of

.V V
~~~ V V V V V V V V 

the information is chosen in such a way that codim ker ~f l ( ,x) ‘ cons t for

every x E X.

Definition 4.2

We shall say that card(~) is the cardinality of the information ‘3% if f

(4.6) cardØl) — codim kar ~ft(. ,x) ,  x E x. a

As an example consider the information operator ‘3% defined by V

(4.7) ‘3t(f,x) —

V where L~: 3~ 
x X -. C~ 

is a linear functional with respect to the first argu-

ment, j — l ,2 ,...,n We assume that L.1( . x) . . . .. L~(. .x) are linearly jude-

pendant for every x E x.

Lemsa 44

Let ‘it be defined by (4.7). Then

(4.8) card (’iI) • it S

- ~~~~~ 

_
~~~~~~~~~~~ 

- - - V 

L
4- ~~~~~~~~ t*~ V~~~ ~~~~~~~~~ r _ - — ______ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Proof

Note that A(x) — ker ‘3%(.,x) (f: Lj (f ~x) — 0 for j  — 1,2 ,...,n) .  Let

— A(x) •A(x)1 and lin(~1,~2
,...,~~)CA (xY’ for linearly independent

~~~~ — 
~ ~~~~~ f E A (x)~ . We want to find ~ - (c

1,
c2,... ~cm)

t

i—i
so that f E A(x). (“t” denotes the transposition of a vector-.) Observe that

L~(f.x) — ~~~ C
j  
L~i~~1x) — 0 for i — 1,2,...,u j V~~ equivilent to the system of-

h ou%ogeflVQuL~~
1 linear equations,

(4.9) Mc — 0

where N — (L~(~~~x))

To prove (4.8) assume that m > r~. Then (4.9) has a nonzero solution

(c lp c2 , • •~~p cm] t and f — Cj~ j  E A(xt fl A(x) . Thus I — 0 whIch contrad icts

the l inear independ ence of ~1 ...,ç5. Hence card(’il) Sn .  To prove that

card(’3I) — it it suffices to observe tha t ~~~~~~~~~~~~~~~~~ ar e

linearly independent if f Mt~~
_ 

?~ has the uniqt.eolution t I which holds

j f f m n. - 
- 

V

.

We now show that any linear information operator ~ may be represented

by linear functio nals .

Lsmsa 4.2 V 

V

Let ‘it be a linear information operator and it — card (~t) S+ .. Then there

exist ~~~~~~~~~~ such that

U) 3 x x  ~~~ C , — 1,2,...,it 
V

(ii) ~~~~~~~~~~~~~~~~~~ are linearly independen t linear functionals

U 

- 

V 

_ _ _  

__ 1_ V _I
~4 ~~~~~~~~~~~~~ ~ 

- ~~~~~~~~~~~~~~~~ 

V 

- - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

V - 
~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ 

- V
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Proof

Let A(x) e A(xYL where A(x) • ker ¶fl(.,x). Then

— lin(~ 1(x) ,. . . , ~ (x)) where are linearly independent. Every

element f, f E has a unique representation

f — f~(x) + ~ L~(f~x)~ 1(x) for some linearly independent functionals L~ such that

i—i -

Lj(~i
(x) ,x) — end f0(x) E A(x). Then the information operator

‘t
i 

— (L11L2..~~~,L~) 
satisfies

ker ~1(. ,x) — (f: L~ (f~x) — 0, i — l,2,...,n) — A(x) — ker ‘3t(- ,x).
This proves that ‘3L~~ -

Let A (33) be 
the class of all linear subspaces. of 3~~

. Consider - 
V

(4.10) A: X C 
~2 A(3l) ,

i.e., A(x) is a linear- subspa ce of A(31) for any x E X .  We show the rela-

tionship between tra nsformations A and linear information operators .

Leema44 -

V 

V 
tat A: X C A(3~

) and codim A(x) • n, ~~ E X. Then there exists a

linear information operator - 

~~~~~~~ V

(4.11) ~t(f,x) — (L1(f~x)....1L~(f~x)) ~~~~~~~~~~~~~~~~~~~ 
-

where Li
(.,x),...,L~

(,X) are lia*~~j,-1~d.p.itd.itt. linear functionals such

that

(4.12) liar ‘it(.,x) — A.(x). V 
S

U :  - -V _V 

_ _
_  _

—
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V

4.5 V

Proof

Let 3~ — A(x) ~ A(xY~ where A(x)~ — lin (~ 1(x) ,. . . , ~~(x)) for l inearly

independent ~1(x) ,.. . ,~~(x). Then every element f E has a unique repre-

sentation

(4.13) f f0(x) + ~~ c,(f ~x) ~j (X) 
V

V j l

where f 0 (x) E A(x) and c~~(f ~x) is a linear functional with respec t to f, V -

cj (~ j (x)~ x) • Define - 
-

(4.]4) L~ (f x) — c
1
(f ,x) for j —

It is obvious that L1
(. ,x) ,... ,L~( ~,x) - are linearly independent and

ker ‘3L(.,x) [f: L~(f.~x) — 0, j — l,2,...,n3 A(x), 
V

which completes the proof. 
V 

U 
V

In the following sections we will consider “regular” linear information

operators defined as follows. - - V 

V
.

Let f: D~ C 33 33 C 3~ . Assume that- is a linear- n}~rmed - F
space. We shall say that ! belongs to the class Lip(k), li 

~~~Q, iff t~e kth

Frechet derivative of ~ exists at every solution element ~ E S(33) and sati s- - V

V 
fies a Lipschitz condition. That is , f E Lip(k) if f for any a E S(33) there

exist r — r(0,f) > 0 and q q (ar,!) such that

(4.15) ~ 
~(k) (x1)—f~

’
~ (x2) II ~ ~~ X1~XZ II 

- 
V

~~r 
~ 

X
1

X
~~~ ‘ 

r. V 

-

Let L: x x — C be a linear functiona l with respect to the first

arg~~~~smt. We shall say that L E Lip(k) iff L(h,’) E Lip(k) for any h E

We are ready to define what we mean by ~ E Lip(k). 
-

_ _ _ _  7 - 
. - V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Definition 4.3 -:

We shall say a linear information operator ‘it belongs to the class Lip(k~

(brief ly ~ E Lip(k)) if f there exist linearly independent linear functionals

L~: 3~ X X -. ~~~~~~~ 
j  — 1,2,...,n — card(’3t) such that

(i) ker ‘3%(.,x) — [h: L~ (h~x) — 0, j — l,2,...,n3, ,
~c E X,

(ii) L~ ELip(k), j • l,2,...,n. V 3
V g

Thus, ‘it E Lip(k) means that the linear functionals which form the kernel of

‘it are k t imes differentiable and the kth derivative satisfies a Lipschitz

condition. 
V

Lesmsa 4.4 - 
- 

. -

Assume that It: 
~l 

X X — belongs to Lip(k) and n — card(’it). Let -

E ker ‘it(. ,a). Then there exists a function h: X -. 3~ , such that

(i) ‘3%(h(x),x) — 0, ~ c E X, -

(ii) h E Lip(k), - 

V

V 

(ii i) h(~) — g0. 
V - -

Proof V - 
V

Prom Definition 4.3 we have 
V

(4.16) ker ‘it(.,x) • [g: L~(s.~ ) — 0, .j — l,2 ,... n3, x E x, 
V

-

V

where L~ E Lip(k) and L1(.,x),. ..,L (. ,x) are linearly independen t linear

functionals. Let ~1( x ) , .. . ,~~~(x) be elements of 3~ such that L~(~j(x)1x) — ~~~
for i , j  — l,25...,n and E Lip(k). Define
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(4.17) h(x) — g0 - L~ (g 0,x) ~1(x) .

i—i

Not e that L~ (~~(x)~ x) — L~(g0,x) - L~ (g 0,x) 6~~ — 0 which means that

V V

V h(x) E liar !l%(- ,x), V x E X. Clearly h E Lip(k) and h(~,) — g0 since

E ker tR(- ,cr) means L~(~~0 a) S 0 for i — l ,2 ,...,n. This completes the

proof . U

I V 

- 

V 

V

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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5.1 V 
p

5. WHEN IS THE CLASS OF ITERATIVE ALGORITIeIS EMPTY?

Recall that the solution operator S transforms 33, 3~ C into 33.
Throughout the rest of this paper we assume that

(5.1) 3~ 
is a linear normed space,

(5.2) 33 is V~~~~~~~~~~’ 
i.e., for any f E 33 there exists a positive number

6 — 6(f) such that f-i-h E 33 for any h E ~l with f i hfl ‘ 6,

(5.3) 33 is a Banach space, -

(5.4) S is a Lipschitz operator- at every f E ~~ i . e . ,

II 
~~~~~~~~~~~~ 

II ‘ q(S ,f) II f 1-~2 II for all f1 and f 2 sufficiently close

to f .  V

Let tIt be an information operator . Recall that ! D~ -
~ 33 belongs to V

V(f) and V(f) C~J ,, See Definition 2.1. Je assume that V is the class of

functions f such that V

~1

V (5.5) II ?(x)—f II <6(f), —

(5.6) 1 is a Lipschitz function at 0 •  S(f) , i.e., V

II ?(x~)—f(x~) II ~ q(~) II X1_X 2 11

where x, x1 and x2 belong to the ball .1 — Cx: ~ x-aJI ~ 1) for a sufficiently --

sma ll positive r— r(~). V

V 

-

Since ~ is linear, ~(7(x)-f ,x) • 0. This means that h(x) — 1(x)-f 
V

belongs to liar ~ (- ,x).  Furthermore ~ ~(x1) — f ( x 2) I t  ‘.fl h(x
1)-h(x2)II 

and -

—~~~~ - - - _ _ _ _ _ _ _ _  
- - 

V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

V _ _ _
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-- 

5.2 
V 

V~~~~~~

(5.5), (5.6) state that (( h(x) ~ < 6 and h is a Lipschitz function at a.

From Lemma 4.2 we know that h(x) E ker !ll(.,x) is equivalent to

L~(h(x) x) — 0 for i — l,2,...,n — card(!JL) for some linear functionals

V 
t1
(.,x),...,L(,x). Thus h — h(x) has to satisfy a homogenous equations. ~

We deal with “iterative” algorithms which are defined as follows. Recall V

that p is an algorithm, see (2.3) , if ip: D~ C 33 x ‘3t(D~) -.

Definition 5.1 V

We shal l say ip is an iterative algorithm (or briefly, an iteration) if f

for any f E 33, a — S(f) , there exists a positive number 1 — 1(f) such that

for every x0 E j  — [x: ~I x— orII s 1) the sequence x
~i-1 

— ,(xi,!R(f ,xi)) is well-

def ined and

(5. 7) lim x ~~~~~a~

V 

~~~~~ ::p(a,~~(f ,a)).

The conditions (5.7) and (5.8) mean that the algorithm p produces convergent
V 

-

• sequences whenever an initial approximation belongs to the ball J and the solu-

- 
V 

tion a is a fixed point of p. Let IT.(’i%,S) be the class of all iterative algo-

rithms which use the information operator L For which inf ormation operators — 
~. -

‘it is the class IT(~*,S) non-empty? We show that this problem is related to

the limiting diame ter of information d (’iI ,S) defined by (2.4).  We need the

following Lemsa. V - -

L~~~& 5.l

Assume there exists f E 33, a 8(f), such that for any r> 0 one can

find f~ ~ 33 satisfy ing

-- - 
V~~~ ~~~~~~~~~~~~~~ 

— 
- — V~~~~ V

- ~~
-
~~~~~~L~~~~: .P4-4~~~~~~~~~~~ V~ ~~~~~~~~~~~~~~~~~~~~ 

V
~~ ~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~
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(i) 0 < 
~ 
o’0

— aII � l where a
0 

— S(f 0),

(ii) ‘it(f0,a0
) — !Jt(f ,a

0
).

‘Then IT(’Jl,S) — 0. 
-

Proof

Suppose to the contrary that IT(’iL,S) ~ ~ and let p E ET(’it,S). Then for

f, a S(f) , there exists 1 1(f) >0 such that x
~i-1 

— cp(x~ ,’i~(f ,x~)) is

convergent to a for all f i � 1. Let f0 satisfy the assumptions of

Lemma 5.1. Apply the iterative algorithm p to f0 with the initial approxima-

tion x 0 z~. Since a0 S(f
0
) is a fixed point of p, we get

p(a0,~1(f 0,a0)) — 00. 
V~~~~~

t fi 00_ Oil r~ hL~h means that can be used as an

initial approximation of a. However x1 p(a
0

’it(f,a
0
)) — p(~0,’it(f0,~ 0)) — 0

0
V which yields x~ i-1 ~ °o ~ ~~~~ contr-adicts that tends to a. S

Lemma 5.1 states that if one can find a problem element f 0 which shares

the same information as f and cr
0 
is sufficiently close to but different from a,

then the class of iterations IT(!It,S) is empty. Compare with Theorem 4.1 in

Kung and Traub (76b ] and Lemma 3.2 in Womnl.akowski (76] where a similar proof

technique is used.

We are ready to prove V 4
Theorem 5.1

Suppose that (5.1) to (5 -6) hold. Let ‘it be a linear information operator.

If d(~ ,S) > 0 then IT(’il,
S) — 6.

_ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _  4t~VV ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~



-.~~~
—- V V 

•—V_ _ V~ V 
~

• V

5.4

Proof

Since d(’it,S) > 0 there exist f E 33 a — S(f), and ? E V(f) such that

(5.9) S(f(~~)) ~ S(f)  — a

Let h (x) ~(x) - f for x close to a. Then h(x) E ker ‘ii(.,x) and due to (5 .6)

? is a Lipschitz function at a,

~ 
h(x~)—h (x~) f i II f(x

1)—~~
(x
~
) Ii ~ q (?) JJ xl x

2 II.

Due to (5.2) and (5.5), f + ch(x) E 33 for c E ~O,i~J since I j ch(x) I~ < 6(f).

Consider g(c) S(f+ch(~~))—S(f) for c € (0,1]. From (5.4) it follows that g

is continuous. Note that g(0) — 0 and g(1) ~ 0 due to (5.9). Choose

c0 E (0,
1) such that g(c

0) — 0 and g(c0+6) ~ 
0, for 6 E (0,1-c

0]. Let f1•f + c0h(a).

Note that f1 E 33 and f1 + ch(x) E 33 for c E (0,6(f 1)! 6(f)]. For- such c

define F(x) — S(f
1+cb(x)). Then S(f i~ 

a and F(~) • S(f 1+ch(a))~ a for

small positive c. We consider the equation x — F(x) for x E 3 — Cx: ~~~~ ~ 1)

for small positive r. Note that JJ v O~~orJ) 5 ii S(f 1+ch(x))—S(f1)~ J � cq(S,f1) sup ~ 
h(x)

- xEJ 
V

~ I for small c and 1. Furthermore Q F(x
1)—F(x2)II ~

~ cq (S ,1) q(f) If x1-x 2 ( f - Thus for small c , F is a contraction mapping in

3. Since 3 is a closed ball in the Banach space 33 there exist E 3 such V

that 0
0 

F(~ 0), i.e., — S(f
1+ch(a0

)) and 0
0 ~ a. Let f

1 + ch(a0).

Since h(c0) E ker ‘it(.,~~), ‘it(f0,cr0) — ‘it(f 1,a0) .  Applying Lemma 5.1 for f1
and f~ we get IT (’it S) — 0. U

Theorem 5.1. states that d (’it,S) • 0 is a necessary condition for the class

of iterations IT (’iI,S) not to be empty. We prove in the next section that unless

the cardi nality of the information operator ‘It is sufficiently large , d(’it,S) > 0.

Assume then that ‘It is a convergent linear information operator and let

p(~~,S) be the order of information ‘It. Since S is a Lipshitz operator and W is

the class of Lipschitz functions , p (’it,S) � I. 
-

- 
‘~~4I!A! ~~~~~~~~~~~~~~~~~~~~
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Lemma 5.2 
V~ 

V

If p (’It,S) > I then IT(’it,S) is non-empty. p

Proof

Let cp’, p1 E ~(tR , S) ,  be an interpolatory algorithm. From Theorem 2.4

we get p(cp
t)~
. p(t~t,S). This yields 

V 
V

(5.10) Ii ,‘(x ,’It(f ,x )) _ aII — 0( 11 x—~IP~ 5, ~~ > o ,

for all x sufficiently close to a — S(f) with p — p (’It,S). Set 11 — (p- l)/2

and q — (p4-1)/2. Then there exist positive constants C and I such that (5.10)

can be rewritten

II p’(x ,’Ii(f ,x )) _ a II ~ Cfl x_~~J(l , for Ii x—afI ~ r.

Let e~ — f~ x1-oJf  where X
~.i-1 

— CP’(x~ ,’I~(f ,x~)). Then e
i+1 ~~~~~ Since q > 1 ,

V 
then for e0 < 

~ l/ (l_q) 
the sequence (x1 ) is convergent to a. Of course,

a — p(a,t*(f,a)). This means that cp’ is an iterative algorithm in the sense

of Definition 5.1 and IT(’It,S) is non-empty.

From the proof of Lemma 5.2 it easily follows

Corollary 5.1 - 
V

If p E I(’IL,S) and p(cp) > 1 then p is an iterative algorithm. S

• For p(m,S) • 1, the class of iterat ions IT (’it S) is non-empty if S is a
contraction mapping , more precisely if If S(~~(x 1))- S(~~(x2) ) f  I ~ q(f) ~I x1-x2lf
for all x1 and x2 close enough to a — S(f) and for a].l 

~l’~ 2 
E V(f) where

q(f) < 1. For p(’il,S) — I and for non-contraction mappings S it seems plausible

to conjec ture that IT(’it,S) — 0. We do not pursue this problem here .

H

_ _ _ _ _  

V 

- 

_~~~~~

V 

~

V~ — 
-
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6. INDEX OF THE PROBLEM S

Recall that S: 33 -. 33 where 33 is a subset of a linear space 33. Let
a E 8(33) . Define

(6.1) G(a) (h E 33: ~i’f E 
~~ 

S(f) — a, we have

S(f+ch) — S(f) , V fc~ < 6(f)/ Il h il )• 
-

That is, G(~) is a set of elements h which multiplied by a small c and added

to- f do not change the solution element a • S(f) - Due to assumption (5.2),

f+ch E 33 for Id < 6(f ) /Il  hff and therefore S(f*ch) La well-defined. Note

that G(a) is a homogenous sat , i.e . ,  ft E G(a) implies- ah E G(~ ) for a~iy

V constant a. If S is analytic at any f E then

V (6.2) G(a~) — (h € 3 3 :  V f E ~~ S(f) • a, S~
1
~~(f)h~ — 0, for j � 1).

Let A(33) be the class of all linear subspaces of 33.

Definition 6.

We shall say that index(S) i. the index of the problem S if f

(6.3) index(S) — mix mm codim A.
aES(33) ACZ(a) and AEA(33)

Let A(a) be a subset of G(a) such that A (s) is a linear subapace of 33
and has minimal codtaensjon. i.e., A(a) C 0(a), A (a) E A(33) *nd

(6.4) codim A(a) — min codim A.
AC~~(a) and AEA (33)

If 0(a) is linear then clearly A(a) — 0(a). The index of the problem S

is the maximal codimsnsion of A (e~) - If GCa) is linear for all a 6 S(33)

then (6,3) becomes

V 
- - 

V V
~~~~~~~~~~C V :’ V~~~~~d .~~~~~~~. V  V 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~
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(6.5) index(S) • max codim G(a). V

In Section 5 we showed that if the limiting diameter of information

d(’it ,S) is non- zero , then the class of iterations IT(’it,S) is empty. We now

- 
- prove that d (’It,S) — 0 implies that the cardmnality of ‘it is at least equal 

- 
-

to the index S. Recall that throughout this paper we assume that (5.1) to V

(5.6) hold. We also assume that S(33) is an open subset of 33 .
Theorem 6.1

Let ‘IL: 33 x S(33) -. ~J3 be an arbitrary linear information operator suchI
that ‘It E Lip(0) and card(’IL) < index(S). Then 

- 

-

(6.6) d(’IL,S) > 0. 
-

Proof

Assume that there exists an information operator ‘It such that ‘it E Lip(0) ,

ii — card (’il) < index(S) and d(’iL,S) - 0. This means- that for any f and ? such

I that f E V(f) , JJ S ( f (x) )-a j f -. 0 as x tends- to a S(f) . Since f and S are

continuous, S(f(a)) a. The information ‘ii is linear and belongs to Lip(0) . V

This yields that h (x) — f(x) - f is an element of ker ‘It(. ,x) (Li: L~ (h,x) 0

j  — l ,2 ,...,n3 where the linear functionals L~ 6 Lip(O) . Take a 6 S(33) such

that codim ker A(a) — index(S) . Let be am arbitrary element of ker 
~~~~~~~~

From Lemna 4.4 it follows that there exists a function h • h(z) such that
V 

- 

‘It(h(x),x) • 0, h E Lip(O) and h(a) • g0. Def ine ?(x) — f + ch(x) for

I 

- 
Id < 6(f)/ft g~ J~ where 8(f) — a. Then 7 E V(f) and ?(a) — f+ cg0. Thus
S(f + cg0) — 8(f) which yields tha t 

~~ 
E G ( a )  and ker ~ ( ‘ , a) C G( a ) . From

V 

(6.4) we get n — codim ker ~
(. ,o) � codim A(a) • index(S) . This is a

contradiction . Hence d(~ ,S) > 0 which completes the proof. S

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~: ~~~. •
~

- ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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6.3

Theorem 6.1 states that the limiting diameter of information d (’it,S) is

nonzero for any l inear information operator with cardinality less than

index(S). From Theorems 5.1 and 6.]. we get -

V Corollary 6.1

The class of iterative algorithms IT(’It,S) is empty for any linear informa-

tion operator ‘It such that ‘It E Lip(O) and card (’I~) < index(S).

We now - show that there exists a linear information operator ‘It such that

‘it 6 Lip(0), card(’Il) — index(S) and d (!Jt,S) — 0. Recall that A(a) is defined

by (6.4) . We assume that the domain 33 of S is chosen in such a way that
codim A(a) does not change for a E S(33), i.e., index(S) • codlm A(a),

V a E S(33). We apply Lemma 4.3 for A(x3 where x E X  — S(33). This yields

a linear information operator 
V 

V

* * * 

V

(6.7) ~ (f,x) — (L1(f.x)~ ... ~L~*(f~x)]

* *such that Li
(.,x),...,L

~~(.,x) are linearly independent linear functionals

for every x, n~ — card(’it) — index(S) and ker ‘It*(. ,x) — A(x), V x 6 S(33).

We shall call ‘it a basic linear- information operator. -

Definition 6.2

We shall say a solution operator S belongs to the class Lip(0.) (briefly

S E Lip(0) ) if f E Lip(0) where is defined by (6. 7).. 5

Compare with Definition 4.3. Thus , S E Lip(0) means that linear func-

tionals those kernel’ form A (x) satisfy a Lipschitz condition .

- —

—~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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6.4 
V

Theorem 6.2

Assume that S E Lip(0). Then defined by (6.7) is a convergent linear

information operator, i.e.V, d (!$t*,S) — 0. 5

Proof V

Take any f E 
33, a — S(f). Let f be any function, ~ E Lip(0). such that

f E V(f) . Let h(x) — i~(x) - f. Then j ( h(x)fJ < 6(f) and h(x) belongs to

ker Dt*(. ,x) • A(x). Thus Ti~~ S( f(x) V)~~ S(f) (f ~ S( f+h (a ) )—S( f )  I f .  Since 
V

h(a) E A(a) and A(or) CGV(a) we get S(f+ch(a) ) — S(f) for Id < 6(f)/Jf h(a)Jf .

But 
~ 
h(ev) ff< 6(f) and setting c — 1 we get S(f(a)) — S(f) . This proves

V that d(t**,S) — 0 which means that ‘It’~ is convergent. 
- 

S

Theore m 6.1 and 6.2 stkte that it is necessary and sufficisnt to use V

linear information Operators with cardinality at least equal to the index of

the problem S if we wish to compute a by an iterative algorithm.

We proved that the basic linear information operator ‘iL~” is conver gent.

We now show that provided a certain technical assumption holds any conver gen t linea r -

information operator contains ~t .  This means that the information ‘It~ must

be computed. See Definition 4.1.

Theorem 6.3 V 
-

Let G(c~ be a linear set for all a € 8(33) and let ‘It be a linear informa-

t ion operator such that ‘It € Lip(O). Then d(’Il,S) — 0 implies ‘It
t 
C ‘Ii.

Proof V

Since G(a) is Linear, ker ~~~~~~~ — 0(a), V a E 8(33). Take any a and

f such that a • S(f) . Since d(’IL ,S) — 0 then S(~~(a)) • S(f) for any 7 E V(f).
Let be an arbitrary element of liar ~(.,or). Pros Le~~~ 4.4 we know that

there exists a function h € Lip(0) such that ‘Il(h (x) ,x) — 0 and h(a) —

_  _  _  

-- I
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6.5

Define f(x) — f + ch(x)  for f e f  < 6(f)/ Il h(a) ~f. Then I E V(f) and hence

S(f + ch(a)) — S(f). This proves that h(a) — g0 belongs to G(a) which

yields ker ~(• a) C.. G(r i )  — ker ‘It ( . ,ct) . Hence ‘it* C’Itwhich completes the

proof. - 
. I

We discuss the implications of Theorems 6.1, 6.2, and 6.3 from a com-

putational point of view. What is the most general form of

linear information operators which is permissible? Consider an idealized

model in which every linear functional is a primitive. Then every linear

information operator ‘it defined by a finite number of linear functionals,

i.e., card(’it) <+ •, is permissible. However even this idealized model of

permissible information does not help for problems with infinite index.

See also Section 8. 
- 

-

As we now show in several examples , the index may be infinite. Then

linear information operators with finite cardinality do not supply enough .

information to solve the problem with an iterative algorithm.

Example 6.1

Assume that S is a one- to-one operator . Then 0(a) — (0) and 
-

codim 0(a) — dim 33. Hence - 
-

(6.8) index(S) — dim 33.
Thus if dim 3 • + • then the problem S cannot be solved by ~an iterative algo- V

1
rithm using a Linear information operator with finite cardinality .

Many problems can be defined by a one-to-one operator on an infinite

dimensiona l space 33. One instance is provided by the approximation problem

8(f) — f and 
~~~~ 

C(a ,b]. As a second instance consider the solution of any

- 
V 

- 

~~~~~~ ~~~~~~~~~~ -~~~ ~~~~~~~~~~~~~~~~~~~~~ -
~~~~~~

- V
~~~~~~~~

- 
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V
~~~~~~~
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T -~~~~
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linear differential equation Da (x) . f1(x) for x E 
C) and a(x) — f2(x) for

* E BC]. Then S(f) — a where f — (f1,f2) is a one-to-one operator. This

shows that such approx imation and differential equation problems cannot be

solved iteratively by means of linear information operators with finite

cardinality. V V

V 
Example 6.2

V 

Let 3 3 —  33 — C(a,b) and let k be a positive integer. Define

k(6.9) 8(f) — ~
‘(f(t)J dt. 

-

Since S is analytic, (6.2) yields h E 0(a) iff S~~~(f)h~ • 0 for j  — 1,2,...

where a — S(f). Note that 
V 

-

V $(k_l)(~~h
k_1 

— lit ~f(t)h~~~(t)dt, $
(k)(f)hk — lit ~~

k
(c)~~ 

V

and ~~i) (f) • 0 for ,j > Ii.

Assume that k • 1. Then -J I

0(a) ~ h(t)dt — 0) and codim 0(a) • 1.

Thus index(S) — 1. This means there exists a l inear information operator V

‘it with card(’il) • 1 such that d(~ ,S) • 0. Indeed , the basic information

defined by (6.7) is now given by ‘Il*(f,x) • L~ (f ,x) — f(t)dt and d(~
t
,S) — 0.

Furthermore the order of informa tion p(’Il
t
,S) • + • and vs can solve this

directly. In this case, k — 1, the solution operator S is a linear functional

and can also be uled as a linear information operator whose cardinality is

equal to unity . (Of course if we want to approximate S vs rule out ‘it
t 

— S

as a permissible information opera tor .)

___ - V 

— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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V~~V

Assume that Ii � 2. Then if k is even, s~~
)
(f)hk — 0 implies ii — 0.

If k is odd then s~ (f)h~~
1 — 0 for a positive f implies h — 0. Thus

0(a) — (0) and

index(S) codim G(a) + •.

1
Hence it is impossible to iteratively approximate the value of ~~

‘ f
k(t)dt by

means of linear information operators with finite cardinality, for Ii � 2. 5

Example 6.3 Nonlinear Equations

Let 33 be the class of analytic operators , f , f :  D C 
~ ~2 

where 
~l 

- -

and B
2 

ar~ real or complex Banach spaces and N — dim(31) — dlm(B
2
) .  We

assume that D is an op en set and f i f f l  — sup j f f(x) f <  + • for f. E 33. Let
x~) V

33 be the class of analytic operators with a unique simple zero, i.e.,
f E jff f E and there exists a E D such that f(a) — 0 and f’ (a) 1

exists and is bounded. Define

(6.10) S(f) — f~ (0) , 33 — 
- 

V

Thus ~ — 5(f) means f(~) — 0 and the problem S is that of f inding the solution

of nonlinear equations. It is easy to verify that G(à) — (ii € 33: h(a) — 0)
and .

index(S) — di* • N.

Thus if N <+ we can f ind a convergent linear information operator with
card inality equal to N. Indeed , the basic information ‘it

t 
is now given by

(6.11) ~
t
(f,x) f (x) —

where f~: D ~ (are the components of f.

- 

- - 

V 
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V 

For N — + •, the index of the problem S is equal to infinity. This

means that we have to use linear information operators with infinite card inal-

Lty to assure the existence of iterative algorithms. For instance,

!1t(f ,x) — f(x) is a convergent linear information operator. I
j

V j

V 
V

H
V 

V 

V~~~~~

~~~~~

V

~~~~

V 
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7 . THE mth ORDER ITERATIONS V

In the previous section we proved that if we use linear information

operators with cardinality less than the index of the problem 5, the class -

IT(~ ,S) is empty. V 

-

V -

Let m be a real number, m � I. We now pose and answer the following -

question: what is the min imal cardinality which assures- the existence of

a .th order iteration? See Definition 2.6. Prom Theorem 2.4 follows that

we seek a linear information operator ~ with minimal cardinality such that

the order of information p(~ ,S) is at least equa l to m. Let

(7.1) k k(R). r 5 1 - i

In this section we ass~~ that S(33) is an open-subset of 33 and V is

the class of functions f such that (5.5) holds and the condition (5 .6) is

strengthened by the assumption that 7 € Lip(k) . V V

Let K be the class of functions h such that h: 5(33) -. 33 and h E Lip(k) V

Define V r

(7.2) 0(m) (ii: h E U and V f E 33, ll.a 
IS(f+ch(x))—S(f)II — 

-

~-‘~(~) IIx—S(f ) lI
V fl> 0, V Id < 6(f)/ li h(S(f)) II )

where 6(f) is defined by (5.2). Note that S(f+ch(x)) is well-defined for x 
V

close to or •. 8(1) since fi ch (x) 
~ 
< 6(f) ~ h (x) ~I / ~ h(a) II 6(f) (L+o(1)). Let

g(x) — S(f+ch(x)) — 5(1) . Then (7.2) implies that g~~~ (a) — 0 for

j — 0,l,...,k(m). If S ii sufficiently regular then g~~~(a) — 0 involves

V - _ _  _ _ _ _ _ _
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V conditions on h(a) ,h’ ( a) , .. .,h~~~~(a) . Thus 0 (m) ii the set of functions h

for which 
V
S(f

~~~~~
h(X) )

~~~~
S(f) has a zero a of multiplicity k.

Suppose that A(x) is a linear subspace of 33 such that codiin-A(x) ~ const

for every x. E 
~~~~~ 

Define :1

(7.3) A — Cli: h EU and h(x) E A(x), V x E s(33)). V

The set A contains functions from the class H whose values at x belong

to A(x). Clearly A is a linear subspace of H. Denote

(7 .4) codim A codin A(x) .

Let A (H) be the class of all sets of the form (7.3). We are ready to

define the mth index of S. 
V 

-

Definition 7.1 - -

We shall say that index(S,m) is the mth index of the problem S iff

(7.5) index(S,m) — win codim- A
A~~(m) and AEA(H) U

Theorem 7.1 
- 

— I
Let ‘it: 33 X S(33) -. 33 be an arbitrary linear information operator such

that ~ E Lip(k(m)) and card(’iI) < index(5 ,~ ) .  Then

V - 
(7.6) p(~,S) <a. U

Proof
- Assume that there exists an information operator ‘it such that ~ E Lip(k(a)),

a . card(’il) < index(S,m) and p(~ ,S) ~ a. Let ‘it~~ [L1,L2I...,L ) where

€ Lip(k), i — 1,2 ...,n. Define V

— ~~~ .- ~~~~~~~~~~~~~~~~ 

-
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(7 .7) K — th: h E H and L~ (h(x)~ x) 0, i — l,2,...,n, V x E S(33)J.

Since L1
(.x)~~....L~(.~x) are l inearly independent for every x E S (33)

then K E A (H) and codlin K — n. We show that K C 0(m). Let h be an arbitrary

element of K. Take any £ € 33, a a S(f), and def ine f(x) a f+ch(x) for

id < 6(f)/Il h(a) II • Then f(x) ~ 33 for * close to a and ~t(f(x),x) ~fl(f,x)

since h(x) E ker ‘it( ,x). Thus ~ E V(f). 
- Since p (’it,S) ~ m , Definition 2.5

yields S(f+ch(x) ) - S(f) — °~II x-aIr~~) for every 11 > 0. This means that

h E 0(m) and implies K C 0(m). From (7.5) we get

index(S ,m) � codim K n — card(’iL) .

This is a contradiction. Hence p(~t,S) < m which completes the proof. U V

Theorem 7.1 states that any regular linear information operator ‘it with

V order of information p(’it,S) greater or equal to in has to have cardinality at

least equa l to the mth index of the prob lem S.

We now construct a linear information operator ‘it , ‘it E Lip(k ) and

card(’it) — index(S,a) such that p (’it S) � a. V

Let A (ti: h E H and h(x) E A
t
(x), V x E S(33) ) be a linear subspace

- of H such that the minimum ifl (7.5) is attained for A , i . e . ,

* *(7.8) A C 0(m) and cod Lw A — index(S ,m).

This means that codim A*(x) — index(S,m) for every x E S(33) . Decompose -

• A~(~) • A ( x) , i.e., for every I € 33
V V_ V~VV_ V_

* ~~~~~~~~~~~

(1.9) 1 f0 + L~(f.x)I~(x)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V _ _ _ _
V . . 

~~~~~~~~~ ~t VV~~~~~~~~~ 

-- 

-
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1

where ii ~ — index(S,a), f 0 E A~ (x) and L1
~(. ,x) ,..., L*( ,x) are linearly 

V

independent linear functionals for every x E S(33) . V

Let V -

(7.10) 2 ( f ,x) — (L
1
~(f,x),...,L *(f,x)) V

be an ath basic linear information operator.

Def inition 7.2 V

We shall say a solution operator S belongs to the class Lip (k(m) ),

S ELip(k(m)) , ill there exists ‘it of the form (7.10) such that E Lip(k(a)). I

Note that E Lip(k) means that L~ E Lip(k) for i — 1,2,... ,n*. Clearly

card(~* )  • ind.x(S ,w). From (7 .9) we have L~ (~~~(x) ,x) — 
~~~ 

and we can

assume that the functions E Lip(k). -

we estii~~te the order p (’it ,S) of the ath basic linear information

• Theor em 7.2

Assume that S E Lip (k (m)). Then -

(7.11) p(!*,S) �a. U

Proof — —Tak.a n y f E 3 3 .a .S(f), anda ny fEV(f) . Thsn h(x) f(x )-f

V V V
~~~~~~ 

V 
VV 

belongs to kar ~~ (. ,x) , i.e., L~(h(x) ,x) mO . Since ~ ELip(k) then also

-
. h E Lip (k) . Prom this and (7.9) we get that h(x) E A ( x~) for every x E S(33) . 

V

This means It K A ,  Since A
t 

C 0(w) , It K 0(m). Note that f i h(or) f i < 6(1)

V 
which impli.s thatwe canp u tc lth (l.2) $ettii%g V

V II S(f(x))-S(f) Ii 0(11 x—arIr~), V fl> 0. - :

This pr oves that p(~~ ,5) � a.

1
” 

_  
LVV

~~~~~

~~~r:~~

V

~ 

- 

- -
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7.5

Theorems 7.1 and 7.2 state that we have to use linear information

operator s with cardinality at least equal to the mth index to assure the

existence of a mth order iteration. If index(S m) • + • then linear

information operators with finite cardinality do not supply enough informa-

tion to guarantee the existence of a mth order iteration.

As in Section 6 w e  prove that in some cases any linear information

‘it with order of information at least equal to in contains the

*V informat ion ‘ita

Theorem 7 .3

Let 0(m) be a linear set such that G(m) — A
*
. Let ‘it be a linear informa-

tion operator such that ‘it E Lip(k(m)).  Then p( ’it,S) � a implies ‘itrn 
C ‘it. •

Proof V

Take any f E 33, a • S(f). Since p • p (’it,S) � a then

S(f(x) ) - S(f) — °(II x-aIr~) , V 1~ > 0, for any 7 E V(f). Let g~ be an

arbit r ary element of ker ‘it(. ,a). From Lemsa 4.4 we can find a function It

such that h E Lip(k), ‘it(h(x) ,x) m 0 and h(a) g
~
. Since

S(f+ch(x) ) - S(f) • 0(11 z-aIr~), V fl > 0, and Id < 6(f)/li h(a) fi then

h K 0(a) — A .  Thus h(x) E A
t
(x), i.e., L (h(a),a) a 0. This implies that

— h(a) K ker m*(.,a) and ker ‘it(.,~ ) C tier ‘i12(.,or). Since a is arbitrary,

C ‘ii which compløtes the proof. I

Compare with Theorem 4.2 in Traub and WoIntak owski [76b ] where a similar
problem is considered for nonlinear equations. V

We illustrate the concept of the mth index by two examples . V

3 —~~~~~~~~~~~~~~~~ 

- 

-
~~~ 
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~V 
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7.6

Example 7.1 Nonlinear Equations

As in Example 6.3 def ine S(f)  f~~(0). Let It E H. Now h (x) is a

function from -

~~~~~~
‘ 

i.e., h (x) — h(x , . ).  It is easy to verify that

0 (m) (It: ~~~~~~~~~~ — 0, j — O , l ,...,k(m) , V a E S(30) )  
V

V - V

V where k — k (m) is defined by (7.1) . -. -

- This means that h(x t) — O ((x_t)k~~) belongs to G(m) . The mth index is

given by V

.

index(S,m) <N+k)

where N, N <+ —, is the dimension of the problem. For N — + —, 
V

- 
index(S,a) — + . The informat~.on is now given by

‘iC(f,x) —

and was intensively studied by- Traub and Woz’niakowski (76b , h a , 7Th) .  U

Example 7.2 Linear Equations 
- 

V

Consider, as in Example 7.1, S(f) — f~~(0) with the additional assump— - 
:

tion that I is an affine function , i.e., f(t) • At - b where A is a nonsingular

NXN matrix and b is a Nxl vector . Then

0(a) — (It : ~~
1h (a.or ) — 0, j • 0,l,...,k (a) , V a E S(33))

where h(x,t) is a linear function of t. It is easy to check that

index(S,m) — N(N+l), V a >  1.

- ..

~~~~~~~~ ~~~~~~~~~~~ ~~~~~ --
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From this follows that every algorithm cp which uses any linear informa-

tion operator ‘it with cardinality less than N(N+1) has order p(~) ‘- p (’it,S) ~ 1.

Furthermore every interpolatory algorithm which uses the linear informa-

tion operator ‘il*(f ,x) — (f(x) ,f ’( x)], card (’iL
t) N(N+l ) , has order

• p(’it
t

S) — + .  Since 1(x) — Ax - b and f’ (x) ~ A , f is fully V

determined by ‘i~~(f ,x) and cp’ requires the solution of a linear system and

is a direct algorithm. - 

i

V 

.

~~~~~~~~~

V V~~~~~~~~~:~ k.~

V

1

V
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~~ 
V~~A .~~ :_ V.  ~~ VV 

- 
V



_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - V _V~~~~~~~~~~ V —

V 8.1

8. COMPLEXITY INDEX FOR ITERATIVE LINEAR INFOR~~TION

We specify our model of computation for iterative linear information

operators which is similar to the model for the linear case in Part A.

Plod. 1 of COUIpU tat ion for Iterative Linear Informaç ion 
V

(i) Let P be a given collection of primitives. We assume that the -

addition of two elements of ~~~~~~ , fig, and the moltiplication of

an element of by a scalar, cf , are primitive operations which

belong to P. We also assume that every linear functiona l L( - ,x)

is a~prisitive operation which belongs to P for every x under

consideration. This implies that any linear information operator

~~~
— of finite cardinality is permissible where

are arbitrary linear functional,.

(ii) To normalize the complexity measure we assume that the cost of

the addition of two elements of and the moltiplication of an
V element of 3~ by a scalar is taken as unity. Assume that the

complexity of evaluating a linear functional L(. ,x) does not

depend on x and let camp (L) — comp(L(f,x)). Let ~ — (L1,...,L .)

be a linear information operator, card(s ) — it . We assume that

~(f,x) is computed by th. independent evaluation of 
- 

V

L1(f ,x) ...,L5(f ,x) and the information complexity of ~ is given

by
it

(8 . 1) coup (s) — cosp(L~).
V i—i

V If comp (L~) a c1 then cosp(~ ) — no
1 
which shows how the information complex-

icy depends on the cardinality of ‘ii.

— 

~~~~~~~~~~~~~~~~~~ V V~~~~~~~~~~~~
VV V V

~~~~~~
V 

_ _  

~~~~
. -



V 
-- ~~

_ -V V V —r-----V - - - - - -- V 
-

8.2

(iii) Let ~ be a permissible algorithm which uses ‘it and finds an c’-

approx imation to a — S(f). Let comb(ip) be the comb inatory

cømplexity of .
~
. For all problems of practical interest, 

~ 
V

has to use every L~(f~x). i — l2...,n, and the current

approx imation x at least once and therefore comb(~) � it. We

rule out special problems and information operator s , assuming

that casb(,) ~ it for every algorithm under consideration. U

We analyze the complexity index of iterative algorithms using a linear

information operator ‘ii. Assume that p (’il,S) is greater than unity where

‘it .’ (Lj,...,L
~

] . Let ~~be a permissible algorithm from the class perm(’i~~~

and p(q,) > 1. See Section 3. Therefore ~ also belongs to the class IT(tR,S)

of iterative algorithms. See Corollary 5.1. The complexity index z(~) is

defined (compare with (3.11)) as

V (8.2) z(~) — 
CO.P(~~) 

~. 

V

where comp(~) — cc.p(L
i
) is the information complexity and

- i l  
-

comb (~) — sup coinp(~ (x,~ (f ,x))
( f m) 

V

is the combinatory complexity of 
~
. For simplicity ass~~ that ccsp (Lt) • c1.

From Theorem 2.3 we know that p (,) ~~p(’.*,S) . Since co.b (~) � it, this yields

no + n
(8.3) z(~) 

~ log p(~,$)

_ _ _  V -  V
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Furthermore, Theorem 2.4 guarantees the existence of algor ithms whose order

is equal to the order of information. Assume that one of these maximal order

algorithms is permissible . Let comb (’it,S) denote the minimal combina tory com-

plexity of algorithms with maximal order, i.e.,

(8.4) coab(’il,S) — inf comb(q).
~~: p (cp) .’p(’it,S)

Let coab(’il,S) denote the minimal combinatory complexity of algorithms c from

with p(,) > 1, i.e., 
-

(8.5) comb(’it,S) • inf comb (cp).

~~: p (q,)>l

Of cour se it ~~comb (’it,S) ~~comb(’it,S) . From (8.4) and (8.5) we get bounds on

the complexity index z(’it,S) of the information ‘it for the problem S. Sic

Definition 3.1. 
V

Lemea 8.1 V

no1 + comb (’il,S) nc
1 + comb(tR,

$) 
V

V 

(8.6) log p(~,S) ~ z(’it1~S) 
~ log p(~~S) U

Note that if nc
1 >> comb (’it,S) then 

V

(8. 7) z(’it,S) 
~ log p(~ ,S)

and every maximal order a1gorithm~~ is close to a minimal complexity index

algorithm since z(~) ~ nc1/]og p(~~S) .

The above discussion motivates the following problem. For fixed it find

a linear information operator ‘it with card (’it) ~~n and maximal order of informa-

tion. Let be the class of all linear information operators ‘it which are

suffic iently regu lar and card(’it) �n . We assune that S is alsO sufficiently

regular . 
*

IJIL V V 

- 
~~~~~~~~~ V~~~~~V 8cJ~~~~~~~~~~~
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V 
Def inition 8.].

We shall say p(n,S) is the nth maximal order for the problem S ill p

(8.8) p(n,S) — sup p (’il,S). 
V

it

We shall say ~~~~~~~ E ‘1 , is a nth maximal order information for the V

problem S if f

(8.9) p(?°,S) — p(n ,S). - U

The results of Sections 6 and 7 enable us to find the nth maximal order

and the nth maximal order information. Recall that index (S,in) is the ath

index of the problem 5, a ~ I. See Definition 7. Note that Lndex(S m) is

a nondecreasing function of ~~ 

V 

V -

Suppose first that index(S,l) — + •. Then ind ex(S ,m) • + •and Theorem

7.1 yields p(’it,S) — 0 for every ‘it with card(’it) < +  •. Thus p(n,S) • 0 and

every linear information operator satisfies (8.9).

Suppose then that - ‘

(8.10) n0 
— index (S,l) < +  •.

Prom Theorem 7.1 we imesdiately get p(n,S) — 0 for it < n e. For it ~ it0 define

(8.11) q(n S) — m l  [m: it < index (S,m)) V

with the convention q(n,S) — + i if index(S,a) ‘it, V a. The function q(n , S)

is a nondecreas ing function of it and q(n015) ~ 1. We are ready to pro vis
V 

V~~~~~1
, 
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8.5 
V

Theorem 8.1

Let n0 — index(S ,l). Then

V tO f o rn < n ,
(8.12) p(n,S) — ‘

~ 

0

(q(n S) V for it ~~ it
0.  U

Proof

It suffices to prove (8.12) for it
0 <+  and it � it

0
. Let q • q(n ,S) .

Take any positive fl. From (8.11) index(S,q- fl) ~~n. Theorem 7.2 guarantees

that there exists a linear information operator ‘it such that

card(’iI) — index(S ,q- fl) ~~n and p (!R,S) ~ q- fl. Since 1’~ is arbitrary ,

p(n ,S) 
~
� q — q(n S) .

From (8.11) we have n < index(S,q+1~~. Theorem 7.1 states p4r for any

‘it E ‘ç~ 
p(’il,S) < q+fl. Thus p(n,S) ~~q. Hence p(n,S) _

~ $P~i which completes
the proof. 

~~~

-“ U

Theorem 8.1 states the depend ence of t d ~i maximal order p(n,S), on

the problem S. Since we asst S ai~~ t~lg{linear information operators ‘it are

sufficiently regular , the nth ~~~~~~~~ order p(n,S) is an integer . We f ind a

nth maximal order info~,.t 1~~~ for it ~ it0 — thdex(S, 1) where n0 < ê  . Let

fl E (0,1) and ly,.!*~~~e a linear information operator such that

~~~~~~~~~~~~~~~~~~~~~~~~~~ �n and p(’il ,$) ~ p(n,S.)-fl> p(n S) - 1. The

e~~.d~ce of Is guaranteed by Theorem 1.2. Since p (~~,S) is an integer , 
V

~ 

, ,
_ ...

._ e  gsc p(~~ ,S) — p(n,S). This prove s the following theorem. 
I V

Theorem 8.2

Let it0 
— index(S ,1) < +  •. For it � 

~~~~ ~~ 
is a nth maximal order

information for the problem S • U //

~~

J V V

~~~~~~~~~ 
_  

_ _

• V V V V - V V 

~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ ~V 
- V

V~V -J ‘V~~~~~~~~ VIVMV~~~~~ ~- 
~
- 
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We examine the complexity index z (’it,S) of the information operators V

‘ii from the class ‘V . V

U

V Def inition 8.2

We shall say z(n ,S) is the nth minimal complexity index for the problem

S iff

(8.13) z(n ,S) — inf z(’iL,S) .
~~EY~

We shall say that ~~~~ — is the optimal cardinality number for

the problem S with respect to the complexity index iff

(8.14) z(n0~~iS) inf z(n ,S). V 

- 

-

We shall say a linear information operator is an optimal information

operator for the problem S if f

(8.15) card(m
01) — and p(!R°t ,S) — U

Let coab(n,S) — inf ~2~~ (’it,S) and comb (n,S) — inf comb (’it,S) (where V

• (‘ii: ‘it E and pØt,I) — p(n ,S) ~ be the minimil co&binatory complexity

of comb(~ ,S) and the minimal combinatory complexity of comb(’it,S) for the

information operators with the maximal order p(n ,S) respectively. See (8 .4)

and (8.5) . Prom L.~~~ 8.1 and Theorems 8.1 and 8.2 we get the following

estimates of the nth minimal complexity index. V

L.mea 8.2

nc3 + ! ( n ,s) nc 1 + ccmb (n ,S)
(8.16) log p (i\~,S) ~- z(n ,S) ‘ ~~g p(n,s) U V

iL V~~~~~~
V V

V~~~~~~~~V J V ~~~~~~~~~~~~~~~~ 
V ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Observe that (8.16) is simpler if nc1 
>> com~ (n,s). Then

(8.17) z(n,S) 
~ log p(n,S)

This shows that the nth min imal complexity index depends on the cardinality

of information and the nth max imal order. To find the optimal cardinality num- - -

ber one seeks the minimum of the function 1(n) z(n ,S). The value of

itopt
(S) depends only on how fast the functions comb (n ,S), comb (n ,S) and p(n ,S)

tend to infinity with n. Knowing n e (S) one can easily find an optimal

information operator from Theorem 8.2. We conclude this section by an

example. - -

Example 8.1 V . -

Consider the solution of nonlinear equations, S — f~~ (0) where N is the V 
-

d imension of the problem, N < + .  Traub and Womntakowski (77b ] showed that

3 for N — 1, the scaler case ,
n (S) 1.

{ -

- Opt N (N+l) for N � 2 , the imiltiva-riate case . I

The optimal informat ion operator ‘it°1(f ,x) — (f(x) f’ (x) ,f”(x) ] for N • 1

and !*°~(f,x) — (f(x) ,f’(x)-] for N � 2. U

L 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V V  ~~1:V~~~~ - 

V •  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ Vj ~~
T

~~

V V

~~~~~~~
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CHAPTER III

EXTENSIONS AND CO~~~NTS

9. INFOR~4ATION OPERATOR W ITH MEMORY V

T.n this section we briefly indicate how the concepts of the limiting V

diameter and order of information can be generalized for information operators

with memory. As always we want to approximate the solution a 
— s(f) . - Suppose

that x0~
Xl •••~

Xr~ 
r � 1, are known distinct approximatiOns to a. Let

(9 .1) ‘ii. fl~ 
c~j1 x 

-. 33

be an information operator with memory (not neces sarily linear ) where

~~~~~~~~~~~~~~~~~ E D~ for at]. f E and .11. distinct xO,zI,...,xr sufficiently

close to a, and 33 is a given space. The para meter r measures the size of

the memory used by ‘ii. In general. m(f,x01X1,.~~
,x
~
) does not uniquely define

the soluttoit a and many different problem elements have the same information

at x O
,x].,...,Xr 

as 1. We define the concept of equality with respect to L- V

~~~ init~~~~ 9.i~ V

We shall say f — f(x 01x 1, . . .,z)~~ is equa l to I with respec t to ‘ii 1ff

(I) 7 : D ~ C 3 3~~ -. 33, ~~E W

where W is a given space and there exists t — f(f) > 0 such that V

C where j O~ — Cx: II x-orjI ,’ fl with a — S(f) ,

(ii) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-• 

~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ 
E DT. V

for brevity we write f (V(f) where V(f) is the set of all functions i which are

V U

~~~
-

~~
--

~~~~~~~~~~~~~~ 
-

V
.

- __  

-
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9.2

The space W describes the regularity of f with respect to x
0 x1

,.. ,x .

The limiting diameter d(’it,S) of ‘it for the problem S is defined as follows.

Definition 9.2

We shall say d(~~,S) is the limiting diameter of information ‘it for the

probl j  1ff

(9.2) d (~,S) — sup sup lim sup IJ ~~~~~ ..,x )) — S(f2(x ,...,x ))II•
fE~t~ f 1, f 2 Ev(f) x4 -.a 0 r 0 r

V iaO, 1,...,r V

We shall say the informa~ on ‘it is convergent for the problem S (or simply

~ is convergent) ill V V

(9.3) d(~,S) — 0. U

C ~~+l x ~(])~) 3~ 
V 

V

be a stationary algorithm.vith memory wh ich generates the sequence of approxi-

mations by V 

-

(9.5) xj+l 
— ~ (X J •

Xj_1~ •••I X
J~~~ ~~~~~~~~~~~~~~~~~~~~~~~

for j • r,r+1,... . Note that , uses r previously computed approximations V

and the information ‘it computed at them. Usually ‘it consists of “new informa-

tion”at and reuses previous ly computed information at Xj _ 1i~~ ••  ~~~~~~

• Let •(~ ,S) be the class of all stationary algorithms with memory . We want V

to .xa 4vI-~~ the convergence of the sequence Cxi ) to a. As in Sect ion 2 we

• define the limiting error of ~ as follows.

V V V (V ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
— 

~~~~~~~~~

- 

- V V 
~~~~~~~~~~~~~ V V  

I

‘*~~ ~(V5VuI~ - — — V~~~1k? J~ ~~ . ~~~~~~~~~~~~~~~~~~~~ ~~~~~~ .VVVVVVVVVVVV VI! ~~~~ —
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_______________ 

V 
V

Definition 9.3

We shall say e(cp) is the limiting error of algorithm ‘p 1ff

(9.6) e(’p) • sup sup u r n  supli cp(x0,..., x ,‘i%(f,x0,. . . ,x ) ) — S ( ~’(x0,...,x ))J~. -fE  fEV(f)  x1—.a r r - r

- r 1
The algorithrn .~ is called convergent if f e (cp) — 0. U

Us ing the same argument as in Theorem 2.1 it is easy to prove

Theorem 9.1

For any algorithm ‘p, ‘p E I(!R,S),

(9.7) e (’p) d(’it,S).

Thus, -~ d(~,S) is the inherent error of information ‘it for any algorithm cp.

The diameter d(tfl,S) is an upper bound on “interpolatory algorithms” which

are defined analogously as in Section 2.

S
Definition 9.4 - 

V

V 

We shall say ~I, tpt E I(’it,S), is an interpolatory algorithm iff

I
(9.8) ~~~~~~~~~~ ~~~~~~~~~~~~ S(f(x0,.. •~xr))

for scmelEv (f). V

This means that an interpolator y algorithm ‘p constructs as the new -

approximation to a the exact solution of a problem element

which shares the same information as f at x0,. .. ,x~ . In practice 
V V

should be “simpler” than f. It is straightforward to prove

_VVVVV___VV____~__ V • V 
V VVVVJ~VV_V - VVVV_•~~ VV V 

V

~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ — _ _ _  -~~~
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Theorem 9.2

For any interpolatory algorithm cp1, ,I E •(‘iL,S),

V (9.9) e(q)1) �- d(’it,S). 
- 

U

• Thus , there exists a convergent algorithm in •(‘iL,S) iff ‘it is convergent . V

Assume then that ‘it is a convergent information operator . We examine how

fast S(~ (x0,...,x1)) tends to S(f) as x~ approaches a for i —

We generalize the concept of order of information as follows . Let A be a

set of real (r+l)-tuples defined by 
- 

V V

r
(9.10) A [(q 0sq 1,...,q~): q~ 

� 0, L q1 ~ 1 such that 
Vi—0 
V

V f E ~~~~~~, a — S(f), and V ~ E V(f) we have
V 

~~ 
S.(f(x

~
,...,xr

))_S(f)JIu r n  o , v 1 l > o ) .
II x~çaII~. . . �it x~-aIf.o ~ ~~~~~~~~ II

Suppose for a moment that A is non-empty and define

(9.11) t(A) — sup (t: ~~~~ — q0t
L + q 1t~~~

1+ ... + q~ for ~~~~~~~~~~~~ E- A) .

Nate that the po1~~ om~~l t~~~
l 
- (q~~~~~ ... + for q1 ~ 0 and q 1 � ]. - V

V 

i—o
has a unique positive zero t

1 
� 1. Therefore t (A) � 1. -

Definition 9.5 
V

V 

We shall say p(~ ,S) is the order of information 
~~~

- for the problem S if f V

( 0  if A is empty ,
(9 .12) p(~ ,5) •(

(t(A) otherwise . 
- 

a V

V - V

• 
—V— 

—VVV- 

~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ 
—

~
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~
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-

For r 0, i.e., for information operators without memory , the set A 
V

coincides with the ~et defined by (2.17) and t(A) sup [q: q E A) .  There-

fore DefinitiOn 9.5 for r • 0 coincides with Definition 2.5. See also 
V

Kung and Traub (76] where a similar technique for measuring the speed

of convergence is Proposed. V

We state a theorem which often helps the calculation of the order of

information p(tR,S).

Theorem 9.3 - 

r

If there exist p0
,P
1
,...,p such that ~ 0, P t 

� 1, and

i— 0

(i) for all f E and all f E V(f),

(9.13) ~ 
S(~ (x0, . .  ~Xr))

~~S( f ) 
~ 
� c

1
(f ,f) ~ x0-ai~~

°. ... •~j 
-

for all x
0
,.. - .x r sufficiently close to a — S(f), fi x0-a~J ~ ... ~ ~

V and c1(~ ,f) < +  , then

(9.14) p(tlt,S) ~~
p

where p is the unique positive zero of t
r+l _

V
(p

O
t
X + ... +

(ii) If additionally there exist f E 33 and f E V(f) such that

(9.15 ) JI S(f(x0,...,xr)) S(f) ~f � 02(fJ) fl xo
_ a,r0 . ... II

for all Z
~
P •• IX

r 
sufficiently close to a — S(f) ,

II x0-aU ‘ • ~ II xr~afl and c2(f ,f) > 0, then

-(9.16) p(’iI,S) — p.

- 
V 

- 

,J- 

~

~~~~~~~~ —
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9.6

Proof

Prom (9 .13) it follows that 
~~~~~~~~~~~~~~ 

E A .  Thus p( ’it,S) t(A) 
~ 

p

due to (9. 11) . This proves (9. 14) .

Suppose that (9.15) holds. Let ~~~~~~~~~~~~~~~~~~~~ EA. Then

(9.17) c2(f ,f)11 x0-aII °.... 11 x -aII r � 
~~~~~~~~~~~~~~~~~~~~~~

V q - f l
0(11 x 0-cr II 0 P

~
.
~~IIx r_aII r ) ,  V T~> 0.

We need the following 1cm.

Lenmia 9.1 
V

Let w(t) p + ... + p , u(t) — q tr + ... + q where p . � 0 ,
0- r 0 r

~ 0 and L ~~ 
� 1. Let p and q be the unique positive zeros of t - w(t)

V j_
~~

and u(t) respectively . Then

(9.l8) p
o
+p i

+...+ Pj~~~
q
o
+qu + ...+q

~
, W i

~~~
(0,r],

impliesp�q. -

Proof - -

Let w(t) — w(1) + w’ (1> (t—l) + ... ~~~ ~
(r) (1) (~~ l) r 

Note 
—

V 

that w(k) (l) — ~ 
p1
c~ where c~ — (~~i)~/(r-i-k)~ for 1 — 0 ,l , . . . ,~~ k. Set

Cr_ k..f.1 — 0. it is easy to see that c~ > cj÷1 for i — 0,1,...,r-k. Multip ly

the inequality p0 + p 1 + . . .+ Pj  � q 0 +q j + ...+q~~by (c~_c,~ 1) and add

for j — 0,l,...,r-k. Then 
V 

V

- 

- 

~~~~~~~~~~ V V V ;: -T 
~~~~~~~~~~~~~~~~~~~~~~~~~ 

-
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9.7

r-k r-k r-k r-k j

w~~~ (l) L ~~~ — ~ ~~~~ L (C jV~~
C

j
~~~
1 

— (c
1
-c~~ 1) 

~~
i~~ i—a i—i _j— 0 i—0

r-k j V

V L (C
j

_ C
j4 .~~) ~~~~ u~~~ (l)

j.O i 0  V

for k’O l,...,r-l. This implies w(t) � u(t)  for t ~ 1. Set t — q. Then
-r rw(q) � u(q) q . Thus q - w(q) ~ 0 which yields p ~ q.

Let i be any integer from [0 ,r). Assume that xi+1, . . . ,x are fixed and

let x
1 

x2 — ... — x~ tend to a. Then (9.17) yields

p
0
+ p1 + ... + p~ ~ q~ + + ... + q~. From Lemma 9.’]. and (9.11) we get

p (’il,S) � Sup q ~~p. Due to (9.14), p (’it,S) — p which proves (9.16). U

V 
Let ‘p be a convergent algorithm from $(‘it,S). The order of ‘p is defined

in a similar way as the order of information . Let B be a set of real (r+l)-

tuple sequences defined by

V 

(9 .19) B — ~~~~~~~~~~~~ ~~ 
� 0; � 1 such that

i—a
V f E 3 3~ a S(f) , andv f E V ( f ) we have

I~ ‘p(x ,...,x ,‘it(f ,x , . . . ,x ))—S(f(x ,.. . , x )) filirn r 0 r r

11x 0-aII’...’II xr_aIESO IIx o lr0 ’. ..II xr_ a r~~
’l V 1

1

V1 1 > 0). 
V

Suppose for a moment that B is non-empty and recall that

T t(3) — sup (t: ~~~ — q0t
r 

+ qjt
r_l 

+ ... + 
~~ 

for (q0~...,q1) E B).

— 

V 

~~~~~~~~~~~~~~~~~~~~~~~ 
- ~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~ 
V~~~~

VV V V~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~
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Definition 9.6

We shall say p (cp) is the order of algorithm ‘p i ff  
V

( 0 if B is empty,
(9.20) p(q~) ~ 

V

!. t(B) otherwise.

For r — 0, Definition 9.6 is equivalent to Definition 2.6 since
p (’p) — t(B) — SUP B for non- empty B. Note that in (9.19) we compare the V

value of ç(x0 , . . ., xr ,’it(f ,x0, . ., xr)) to every solution element S(f(x0,...,xr) )

where ? E V(f). The “classical” definition of the order is based on the

comparison between ç(x0,.. . ~~~~~~~~~~~~~~~~~ and the solution a — S(f).
We show in Appendix A that for all algorithms of practical interest the

“classical” order is equal to p(cp).

It is obvious that a result analogous to Theoreá 9.3 can be stated for

an algorithm ‘p. Namely if

(9.21) ~J ~~~~~~~~~~~~~~~~~~~~~~~ . ~~Xr))_S(f(X0~~• •~~xr)) Ii — 0(fl ,co_aJrO ....

r

for ~ 0 and L ~~ ~ 1, then the order p (ç) � p where p is the unique
i—o

positive zero of tr~~ - (p0t
Z 
+ -~~• + pr) .  Furthermore if (9.21) is sharp

then p(cp) — p .

We now prove that the order of an algorithm can not exceed the order S
of information. V

Theoretn.9.4

For any algorithm ‘p, ‘p E •(‘it,$) ,

(9.22) p (’p) ~ p(~ ,S) . U

V 
— —

,-——— — V
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9.9

Proof

Compare with the proof of Theorem 2.3. Without loss of generality

we can assume ~ ~ tS. Let (q0,q1,. 
~~~~~ 

be any element of B. Let f E 33
and f E v(f) . Then

II S(f(x 0~ •~~•~
xr
))_S(f) lI ‘ ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-

q0-1~ q~ -~I
JJ p (x0,. ••~ xr i !R(f

~x 0~~ • ~)~~~5(f) ~J Q ( I ~ x0— cx ll - 

~~~~~ J~C~~•4~’1 
r ) ,  ~ > 0.

This proves that (c0.q1~ ...
~ q~) E A, see (9.10), and t(B) � t(A). This

yields p (cp) � p (’it,S).

V The bound p(’it,S) is achieved by the order of any interpolatory algorithm.

Theorem 9.5 
-

For any interpolatory algor ithm ‘p
r , cp1 E •(‘it,s) ,

(9.23) p(q,1) ~ p(m,S). 
V 

U

Proof

The method of proof is similar to that used in Theoremi 2.4 and 9.4. 1

Theorems 9.4 and 9.5 prove that any interpolatory algorithm achieves the

maximal order pC.R,S) in the class I( ’it, S) .

Example 9.1 Nonlinear Equations

As in Example 6.3 define $(f) — f~~(0). Consider 
V

(9.24) ‘it(f ,x 0,...,x r) —

V
V i

~~ 

-

- 

r -
~~~~~~



V
~~~~~~~

. 
~~~~~~~~~~~~~~~~~~~~~~~~~~ 

V
.~~~~~~ r~ 

V V

9.10

for a given k � 0. Let W be the class of analytic functions. Thus f E w

means that f(x,t) is analytic with respect to x and t.

Case 1, N — 1. Thus, f is a scaler function of a real or complex scalar

variable. Then f E V(f) yields that f(x,t) — f (t) + G(x ,t) 
I1b

(x
~
x
j
)”
~~ 

_-

~~

“

for an analytic function G(x,t). It is easy to verify that the or~~~~~
5

~V VVVe f ~~~~~

V
i1

~
f0rmatioh1 p(!R,S) — p (k,r) where p(k ,r) is the uàiqu. pomitjveVizero of the

polynomial tr+l_(k+l) Lt1 and k+l ~-p (k,r) < k+2, u r n  p(k,r) — k+2. It is

well-known that the idter-polatory algor ithm 
~~~~~~~~~~~ 

is now defined as follows:

(i) find an interpolatory polynomial w of degree ~ (k+1) (r+1)-l such that

— f ’~~ (x~)~ i — 0,l,...,k; j  — o, 1,...,r, -

(ii) define X r+l ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ as a zero of w

with a certain criterion of its choice (for instance the nearest

zero to x~~. 
-

For some values of k and rye get the known iterations. For example, k — 0
and r — 1 yields the secant iteration, k — I and r — 0 yields the Newton 4
iteration. For a detailed discussion, see Traub (64).

Case 2. N ~ 2. Thus, f is a imiltivariate or an. abstract function. From

Theorem 5 in Wo~~iakowski (74) follows 
V

(9.25) p(~ ,$) — bil, V r..

This means that p(~,S) does not depend on r and the information contained in

f~
t
~(x) for L — O,1,...,k and j — 1,2,...,r does not help to increase the

order.

V ~~~~IIIVJ~~ TT I~- T - - . _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • V~~~~~~~~~~~~~
V ’
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V - 

~~~~~~~~~~~~~~~~

.i~~ever if a certain position of x l~x2 P . . . , xr is assumed than p (’il,S) can be

larger than k+l for r � N+l. Examples include inultivariate secant iteration 
V

(k — 0 , r — N ) ,  and the generalization of the interpolatory iteration 
~~~~~ V

See for instance Brent (72), Jankowska (753, Ortega and Rheinboldt (70], —

Pleshakov (77] and Woz’niakowski (74].

We briefly discuss the complexity of an algorithm ‘p which uses an

information operator ‘i~ with memory. Suppose that for given initial approxi-

mations XQ~
Xl~~

•.P Xr~ 
the algorithm cp produces the sequence (x

i)

x~~1 
— ~~~~~~~~~~~~~~~~~~~~ ~

Xi_r )) such that

p
0 

p
1 

p
(9.26) e

~ 
— C~ e~_ 1 e1_2 . ... ei...r_l, c

~ 
j~ x~-aJJ , i — r+l ,...

- r

where p~ � 0 and q — L ~~ 
> 1. Let p be the unique positive zero of

V i—0

- (p0tZ + ... + ~~~) .  Ass~~e that the constants G~ — G~(f) satisfy the

relation 
-

(9.27) 0 < ,~ � �ö <+  —.

To simplify the complexity analysis we assume that there exist constants 1 ,

r< 1, C1 and C2 such that : V

(9.28) c11’ ~- e~ ~~C2I’ for i — l ,2,...,r,

(9.29) ~~~~ <2, ~‘-~ > ~~. - - 
-

Then, it is easy to verify that.

(9.30) c11~ ~~~~ ‘C2I~ , Vi.

V — 
V -V ~~~~~~ - ~~~ V~ V -- V V

- 
.
~ -~~~~~~ ~~~~ wl~_ — _________________________________________
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Recall that we want to find x,~ such that k is the 
smallest integer for

which ek ~ C ’ e0 
for given s’ E (0,1). Let C , C < c’, be such that ek — e e0.

- 
From (9.30) we find -

V 

V 

9 31 
log (1os~~~ )/lo~ 

+). 
� k � 

log(1o4~_)/1o~ ~~ 
V

(. log p log p

For small e, k ~ (log log ~~c)/log p. Let comp(cp,f) be the complexity of

computing x.K from x
0
,x
1
,...,x.  Assume that the cost of every iterative

step is equal to c (cp, f ) .  Then -

(9.32) ccmp(’p,f) _ Vk c(,,f) — z(cp , f) g(k ,c) -

— k log p • (log log ]/ e) (]. + 0(c) ) and

- 
V V - 

(9.33) z(~~,f) - V

is the complexity index of ‘p for f. -

We discuss the cost of one iterative step. To perform the ith step we 
- 

-

have to compute !fl(f ,xj.u,xi..2,...,xj_~~.i
) and next

Assume that -

(9.34) *(f,xj l,...,xi.M) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

for a certa in permissible information operator ~I without q~emory. Thus the

information complexity comp (~ (f ~xj _ 1a . . .,xj ...~~~1)) — comp (~I(f~x~_ 1) )  since we

reuse the previously computed information ~I ( f ,xi_2 ) , . . .,
~

t(f
~

xi..r_ j). This

~~ 

- V ~~~~~~~~~~~~~~~~ V V
V V VV ~ 

~~~~~~~ V
~~V~~~~~~~~~~~~~~

V 

_ _ _  

- V
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~~~~~means that the information complexity does not depend on r, the size of

- - 
VVV 

memory. Let comp(tR) 
~~~ 

comp(
~

(f ,xi) ) .

Let comb(ç, r) denote the coinbinatory complexity of an algorithm ‘p. Then

(9.35) z(’p,f) — comp(1R)+comb (~p,~~ .

We seek an algorithm with the minimal complexity index. Since the order

of an algorithm ‘p is no larger than the order of information p(t~t,S) and there

exist algorithms ‘p with p(cp) — p(tB,S) we get

(9.36) 
cciap(~)~~~co b(m,r) 

~ inf s(’p,f) ~ comp (~) + ~~~~~~R,r)

where ~~(~l,r) is the minimal combinatory complexity of algorithms which use

information ~ and have order greater than unity, ~~~~i~R,r) is the min imal corn-

b inatory complexity of algorithms with the maximal order p(~t,S). 
- 

If V

comp (~l) >> comb(~,r) then

(9.37) inf z (’p,f) m

Note , however , that the inequality C0C~~(~~ )> ~~~~ V(~~ r) can usually hold only

for small r or for “sufficiently hard-to—ceupute” f.

-
~~~~~~~~~~~~~~~~~~~~~~~~ 

V --~~~~ _ _

•*~~~~
V
~~~~~~~~~~~ 

V- ~~~~~~~~~~~~~~~~~~~~ ~V -~~
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10.1

10. EXTENSIONS AND OPEN PROBLEMS 
V

We conclude this paper by a partial list of extensions and open prob-

- lems wh ich will be studied in the future .

- I. We show in this paper that if the index of a problem is infinite the prob— 
V

lea cannot be solved iteratively by a one-point linear information operator with

finite cardinality . What is the characterization of all problems with

finite index? Furthermore, what is the characterization of all problems

with index(S) — s for a given integer 5? We are also interested in the same

question for the mth index of a linear information operator with or without

memory. 
-

V We proved that finite dimensional nonlinear equations S(f) — (1(0) can V

- be solved by iterativ, algorithms of finite order using linear information - 
-
~

operators with finite cardinality. Is that the most general form of S

which can be solved iteratively? The following example shows this not to

be the case.

~

Example 10.1 V

Let I : (0,1] R be a smooth scalar function. Define - -

. ( F (f ) 3 (t) — (Af](t) + d(t,f(t)), t € (0,1.],

‘vbere A is a linear operator and d is a smooth function of two variables • Let
- 

be a class of funct ions f for which the equation (7(f) ](t) — 0 has a unique

. 
simple zero in (0,1]. Define the problem -

(10.1) S(f) —

Ui _ _ _ _ _  

- -  -  

H

_1_ - ~~~~~~~ - 

— 

— -. - — — _ _ _ _ _ _ _  ~~~~~~~~~

— i~~~~ir _ _ _ _ _ _ _ _ _ _ _ _ _
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10.2 V

where g is a smooth one-to-one function and its inverse g~~ is a Lipschitz

function. Thus, (10.1) means find the solution ~ of - the equation

(7(f) ](t) — 0 and then compute ~~ — g(f3) . Consider the following, one-point

linear information operator

~l(f ,x) — ((Af ](y),(Af]’ (y),f(y),f’ (y)) where y — g 1
(x).V

Note that card(s) ~ 4. Knowtng.~~(f ,x) we can compute (7(f) )(y) — (Af](y) +

d(y,f(y) ) and ~(7 (f)] ’ (y) — (Af]’ (y) + à1d(y ,f (y) ) + ‘~~ d(y f (~t)) f ’ (y) and

-then apply Newton iteration to approximate ~ — g4(cir) . (L~ denotes the

partial derivative with respect to the ith argument.) Consider the algorithm

V ‘p(x,~ (f ,x)) — g(y—(F(f)3(y)/(F(f)] ’(y)). V

Then V

— g(~~.O((y_~)
2)) — g(~)

- 

— (~(x_ cr)2). -

This proves that the order of ‘p and the order of information are - at least

equal to 2. Thus, problem (10.1) can be solved by iteration. As a particul&;--

example set Af — f~i), d u 0 and g (x) — x. Then ~ — S(f) is the unique -

simple solution of the equation f(i) (t) — 0. I

We wish to find the most general form of S which can be solved itera-

tively and propose the following conjecture. - - -
~~~~~

- 
Let D0 and D1 be open subsets of (1 N , 

V
t ~~

‘N <  + .. Let denote the - 

V

class of functions I : -. D1.
Conjecture 10.1 - 

-

V 

If the problem an be solved by iterative algorithms using one-point

linear informa operators with finite cardinality then there exists an 
L

~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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~~~ 
V

-~~~~~~~~

- V

an operator P D.1 C . and - a function $ : D
5 

ca~N 
~2 such that

(10.2) S(f) — g((P(f)f~
1
(0)), VI E 

~~
.

Conjecture 10.1 states that essentially only nonlinear equations can be

solved by iteration. Indeed , (10.2) mean.s that ~ — S(f) is the transformed V

value of ~~~, o’ g(~) ,  where ~ i s a  solution of the transformed nonlinear

equation (P(f)J(t) — 0. Note that in Conjecture 10.1 we do not specify

properties of V and g. We merely Example 10.1 pro— -

vides an example of F and g such that the problem g((F(f)f
1(0)) can be solved

iteratively. It would b’s interesting to find the most general form of P and

g which permits a problem to be iteratively solved.

In Part A we showed msny apparently diverse problems could be handled

within the same general framework. Rowever if Con~.cture 10.1 is true then

V essentially only problems that we already b Lew could be solved by iteration

are included within the iterative information model of this paper.

2. We discuss the classification of more general linear information operators

than those considered in this paper. These operitors are also of practical

and theoretical interest. We define an iterative linear information operator

as follows. Let

(10.3) ~(f iX0~ •• •~X~) —

where

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ j —

and L~(f .x) is a linear functional with respect to I. Thus L~ (f .~~~(x))

I 

- L V V

VV 

—- —
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10.4 V

depends on the previousl~’ 
computed information. The parameter r measures the

size of “memory”. For r — 0, ~ is an iterative linear infozinat~on operator

without memory. For r- ~ I , ~t reuses the previously computed information at

~~~~~ .,X~ and is an iterative linear information operator with memory. For

~ x, j — 1,2 ,.. ., n we get a one-~point itera tive linear information

operator which for r — 0 was considered in Sections 4 to 8. If there exists 
V

~ 
such that ~ j

(X) f t  x , ‘it is a multipoint iterative linear information operator

since the information L1(f .~~1(x) ) , . . . .L~ (f ~~~ (x)) is computed at least at

two different points. Examples of zmiltipoint iterations for nonlinear equa-

tions may be found in Brent (16], Kacewicz (75], ICung and Traub (74],

Meersman (76a , 76b ) and Wo~niakowski (76].

This classification is schematized in Figure 2.

r-~~~l 
V

V ~ (x) • 
one-point one-point

3 3 X without memory with memory

4 
~ (x) ~ x 

multtpoint multipoint
“ 3 without memory with memory

Figure 2

Remark 10.1

For nonlinear iterative information operators there is no difference

between one-point and wltipotht operators . For the nonlinear case we can - 

-distinguish iterative information operators without memory ‘ii — ‘i%(f,x0)

which are cons idered in Section 2 and iterative information operators with V

memory which are considersd in Section 9. I

_

~~~~~~~~~
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It would be of interest to generalize the results of Sections 4 to 8

to multipoint iterative linear information operators with or without memory.

V In particular , we are interested in the questions raised in extension 1 to

utult ipoin t iterations or iterations with memory. We would also like to 
V -

extend the concept and properties of basic linear information operator (see

Sections 6 and 7). That is, given a number a, find a linear information

opera tor !R* with minimal cardinality of order at least a. Does the conclu-

sion of Theorem 7.3 continue to hold? V

3. What is the minimal number of linear functionals in (10.3) to iteratively 
V

solve the system of nonlinear equations f(x) — 0, f: D C £
N ~~N, Newton

iteration shows that 0(N
2
) linear functionals are sufficient. It follows

from Leulsa 4 .3 and Theorem 4.2 in Traub and Woz’niakowski (76b ] that any

iteration based on a one-point linear information operator requires at

least the evaluation of f end f’ . This holds even if N — •. This result

is related to informational requirements of convergent price mechanisms in 
- 

V

mathematical economics. See Saari and Simon-(76].

Kacevicz - (7 7 ) conjectures that N + c N2 linear functionals are needed

(without the restriction to one-point iteration), where c is a positive

constant. ICacevics has obtained partial results on the minimal number of

linear functionals for N — 1 and 2.

4. In order to derive lower bounds on complexity we require upper bounds on
V 

the order of information for fixed information. In particular, let f be a

scalar nonlinear function with a simple zero and let S — f~~ (0) . Kung and

Traub (14 ] show ther e exists a multipoint linear information operator using 
- 

-

V

the linear functionals

-4 - ,
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V (kj)
(10.4) L

3
(f ,x) ~ £ (x) , k

1 ~ 0, j —

such that

(10.5) p(’it,S) — 2n-l V

They conjecture that V 
- 

V

(10.6) p(~t,S) 
~ 2

n-l V

for all linear multipoint information operators which use the functionals

of the form (10.4). This conjecture was established for n — 1,2 by Kung and

Traub (76b], for n — 3 by Meersman (16a , 76b ] and for “Ilermite” information

with arbitrary n by Wo~niakowski (76). Wasilkowski (77) proves this conjec-

ture holds whenever the information operator is well- poised in the sense of

Birkhoff complex interpolation.

We generalize the Kung-Traub conjecture.

Conjecture 10.2

Let f be any non-linear problem with a simple zero and let S — f ’( O) .

Let ~~~~~~~~~ be arbitrary linear functionals and let s,... ,
~~~ 

be arbitrary

functions . Then

p (’it,S) ~ 2
f l 1  

for r — 0,
for O < r <

U

See also Icacewics and Woz~niakowski (77 3 where the maximal order of informa-

tion f or altipoint iterations is discussed .

I
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11.1

11. COMPARISON OF RESULTS FROM GENERAL AND ITERATIVE INFORMATION MODELS

For the reader’s convenience we compare some of the results from the

V 
general informa~on model of Part A and the iterative information model of

Part B. See Figures 3 and 4 for a surmary.

Part B - Iterative Information Model V

p(~t,S) — 0 p(~L,S) — 1 1 < p(~b,S) < p(~L,S) —

d(m,S) > 0 0 0 0

comp( ’it,S,C) undefined lg(l/e) ig lg(1/i) constant

Figure 3 
V

Part A General Information Model

V 
r(’il,S) — 0 0 < r(’i%,S) � C r(tlt,S) > e

p(’i~,S) 0 0 -,

coap(’it,S,e) constant “any” monotonically undefined -~

___________________- 
V increasing - functio~ ________________ - -

Figure 4

We coument on these Figures. In both Figures we give the asymptotic

dependence of comp (~ ,S,e) as a function of C. If the problem cannot be -

solved to within c , we say the complexity is undefined. In the iterative

information model , the order of information, p (’it,S) , is basic . Thus if -

• 0, the d iameter of information is positive and the complexity is

V _ _ _ _ _ _  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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11.2 V 
V

undefined . In the general information model, the radius of information,

r (’it,S), is basic . Thus if r (~f l S )  0 , then the order is infinit e and the

complexity is independent of c.

Order of information was not defined in Part A. However the definition V

of Part B can be used if we recognize that in Part A, ~t(f ,x) is independent

of x. Then the order of information must be either zero or infinite.

- 

V~~~~~~~~~~~~~~~~~

—
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APPENDIX A -

We discuss the relationship between the order p(cp) of an algorithm ~

de~ined by (2.21) or (9.20) and the “classical” definition of order which

can be stated as follows. Let p
0
... ‘~r 

be real numbers such that p~ — 0 V

or p
1 ~ 

1 and q — p~ > 1. Suppose that ~ uses the info~~~tion operato~
V 

i 0  V

~~~~~~~~ ,x )  for ~ E ~~ Assume that for every f € — S(f), there

exist r r(f) > 0 and c c(f) < +  ~ such that

(A.~~ ~~ 
w(x0,. . ~~~~~ ~L(f ,x0,.. .,x ))-~~j f � c( f ) 

~ 
xo Iro Ik1 aIr1.....I~~~~Irr

for all 
~ 
x0—aII 

� 
~ 

x1—~~fl ‘ ... � II X ‘..cvII ~ r(f) .
Assume that (A. 1) is sharp, i.e ., there exists E ~~ c~ S (f 0) ,

such that - 
- 

V

p p p 
V

(A.2) 
~~~~~~~~~~~~~~~~~~~~ ~ co (f 0)~~c0—~ 0~J 

0
f~t ~ II ~ 

~~r °’0 11 r

for all 
~ 

x0-~ 0 I ( � ... � fi x~-cr0fl ~ r(f 0) and c0 (f 0) >  0. Then we shall

call the unique positive zero p of the polynomial - ~~~~ + +

the “classical” order of cp. (See among others Traub (64].) Note that for 
V

r — 0, i.e , ~t is an information operator without memory, p — p0.

It is easy to verify that if

(A. 3) c(f) 1(f) q 1  
< ~ 

V

and all initial approximations x0, xl, ...,xr 5att5~~r

(A.4) e~ — ~ x~—~~fl ~ r(f) for i — 0,l,...,r 
-

_ _ _  

_  

_ _ _ _ _ _  

V 

- 

I
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A.2

then p generates the sequence tx 1 ), x~ —

for i � r+l wh ich has the property

(A.5) lim x1 ~. V

i
i

(A.6) ci — O(CP ) V

for a certain C < l.~ 
-

The number 1(f) can be interpreted as the radius of a ball of convergence

since p convergences for all initial approximations from J Cx: I~c-or (~ �

The constant c(f) can be interpreted as the rtas~~~totic constant” which

satisfies

(A.7) � c(f) .
e f~ ~~•~

•Ci_r V

We are ready to prove

Lemaa A.l V - 
V

Let ~t be convergent information. Suppose that (A.l) and (A.2) hold

and additionally V V

(A.8) 1~’ lisa I(f(x0,x1,...,xr)) > 0,-

(A.9) C
0 

— Ti c(?(x
0
,...,xr

)) < +  •
~

for all f E and all f E V(f). Then p(cp) — p. U

__________- ------s.., . V V

-L VV- ~V — tV ~V-V~L:~J ~~~~Vi~V
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A.3

Proof 
V

Since ~ is convergent, & — S(f(x0,x1,. p X~)) tends to y — S(f)  as

x0,x1,...,x app roach ey for every f € V(f). From (A.8) we get

IIx~— II ~ 1(~ (x0 , . . . , x ) ) ,  i —

for sufficiently small sax x —~fl . This means that x0 , . . . , x can be V

r
treated as approximations to ~ and ~~. Let x —

From (A.l) we have

(A.lO) ll~-~Il ~ I~c-oH + ~c-&fl �C (f)~~O I~~~OIri + c(~~(xO , . . . , x y ) i
fl

Ô ftc j~ &lI
i.

r
Choose j such that p

1 
� I. Since 

VL 
p~ > 1 and c( f (X 0~~~~•~

xr)) is bounded
i—0

due to (A.9) then (A.lU) can be rewritten

(I °~~Il 
— °(l1 x~-~II ) + o(ll Xj~~II + II ri-&lI ) .

This yields fi o.&fl — 0(11 x1—or lI ). From this and (A.l0) we get

IJ c~.&fl - °c~~II xj~af(i). -

This proves that 
~~~~~~~~~~~ 

E B, see (9 .19) , and consequently p S p(c$. - 
—

Set f(x
01...,x )  — f

0 
where f

0 
satisfies (A.2). Let (q0~q1~

...i~~) E B.

Then 
- 

-

fl ‘p (x ,...,x ,~l(f 0,x0,...,x ))—a11
— 0 r r _ o , v 1l > o.

IN0 I �IIz-orj f ~o li m o 1~
q0-I 

~•~I I x r-~
I N 1

~ 
V

-. - From (A.2) it easily follows that

+ q1 + ... + 
~ p0 + p 1 + ... + p~ for i — 0,1,.. .,r.

~:i~-iT - — - - - - _ _ _ _  V-



From Lenma 9.1 we get t E  (0,p) where — q 0tr ~ ... + q .  Since

(q
0
, . . . ,q) is any element of B, p(cp) — t(B) 

~ 
p. Thus p(~) — p wh ich

completes the proof .

Equations (A.8) and (A.9) state that the radius l(~~(x0 , .  ..,x ) )  of

the problem element ~(x0,. ..x) is bounded from below roughly by 10 > 0 
-

-

and the asymptotic constant c(f(x
0~~ •~~

xr?) is bounded from above roughly

by c0 < +  .. The assumptions (A.8) and (A.9) hold for all algorithms of

practical interest since r(?(~0,...,~ )) and c(f(x0,. ..,xr
)) are continuous

with respect to 
~~~~~~~~ 

and — r(f( c~, .. . , or) ) > 0 , -c0 — c(f(~ , . . . ,a)) < +  •.

Therefore for all practical cases , the “new” definition of order coincides

wi th the “classica l” one, p(p) — p .  V

a V

V - 

V

— VV V

V 
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GLOSSARY

We list basic concepts used throughout the paper. We mention a symbol,

its meaning and section reference where the symbol appears for the first

time.

Symbol Meaning Section Reference

S the solution operator , sometimes called the prob- 2, (2.1)
lem, S: 

~~~~~
‘ 

~~~~ 
C

the domain of S 
- 

2 -

linear space , ~~ c 
~l 2

the range of S V z

~~ 
~~~~~~~ solution element, ~ — S(f) 2

f the problem element, f E - 2

e’ error parameter 2

a given initial approx imation 2 V

y — y(f) an C’-approximation, II y( f) -o~I � C’ 
~ 

x0~~~fl 2 -

~t the iterative information operator, ~L: ~~ 2

~~ the range of~~I 
V 

2

f a function, f :  Df -‘ ~~~~~~~ 
f EWVand 2, def. 2.1 V

— ~ (f ,x)

V the regularity space 2, def. 2.1

V(f) the set of functions ~ 2, def. 2.1

d(m,S) the Limiting diameter of information ~L for the 2 , def. 2.2
problem S

m an algorithm , ,: C X 
~(D& 

-, 2 , (2.11) -

•(~t,S) the c lass of all algorithms using the information ~t 2
for the problem S

e(~) the limiting error of algorithm 
~ 

2, (2 .13)

4~~~~~~~~~~~~~ V V V~~~~~~~~~~~~ 

- 

V 
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S~~~o1 ~~~~~~~~ Ref erence~~~~~~~~

J

an interpolatory algorithm 2, (2.15)

p(~L,S) the order of information ~R for the prob~1em S 2 , (2.18)

p(q ) the order of algorithm w ~~~~~~~ 
2, (2.21)

V 
--~~~~ V

P the set of primitives - - 3 
V

comp(5t(f,~) the information complexity for computing ~fl(f ,x) 3 V

where ~% is a permissible information opera tor

comp(q,(x,!*(f,x))) the combinatory complexity for computing 3
cp (x,~R(f,x)) where p is a permissible algorithm

z (cp,f) the complexity index of -p for f 3, (3.10)

z(p) the complexity index of algorithm p 3, (3.11).

V z(~L,S) the complexity index of the information ~L for 3 , (3.15) V

orob lem S

perm~~M the class of all permissible algorithms 3

a minimal complexity index algorithm 3, (3. 16)

comp(~) the information complexity 3, (3 .17)
0

an optimal information operator in the class Y 3 , (3.22) 
V

~l 
~~~~ ker ~I2(,x) C ker ~l1

(.,x), W~~ 4 , def. 4.1

~l’ ~2 
ker !*1(,x) — ker !ll1(~ ,x) ,  V x 

- 4 , def. 4.1 I V

A L algebraic complement of A 4, def. 4.4 V

cod im A cod imension. of A 4 , def. 4.5 4
card(m) the cardinality of the informat ion tJt 4 , def . 4.2

Lip (k) the class of k t imes differentia ble functions 4 , (4.15)
whose kth derivatives satisfy a Lipschitz
condition

~ E Lip (k) ~l belongs to the class Lip (k) 4, def. 4.3

IT(~I,S) the class of all iterative algorithms using 5, def. 5.1
V the information ~l for the problem S

index(S) the index of the problem S 6, def . 6.1

a basic linear informat ion operator 6 , (6.7)

S E Lip(0) the solution operator S belongs to the class 6 , def. 6.2

IV Lip(O)

~ 
_ _ _  

L
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Symbol Meaning Section Reference

index(S,rn) the sath index of the problem S 7 , def. 7.1

an mth basic linear information operator 7, (7.10)

S E Lip(k(m) ) the solution operator S belongs to the class 
~~V, 

def. 7.2-
Lip(k(m)) 

V 
V

p(n,S) the nth maximal order for the problem S 8, def. 8.1

an neh maximal order information for the problem 8, deE. 8.1
S - V

z(n,S) the nth minimal complexity index for the problem 8, def. 8.2
S —

n*(S) the optimal cardinality number for the problem S 8, def . 8.2

an optimal information operator for the problem 8, def . 8.2
S 

V

a

4
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