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ABSTRACT

N
_’—\This is the second of a series of papers in which we construct an
information based general theory of optimal error algorithms and analytic
computational complexity and study applications of the general theory. 1In
our first paper we studied a general information model; here we study an
"Ttera tive informtiona'mode}D

Swe give a general pa;:;ligm, based on the prek-image set of an informa-
tion operator, for obtaining a lower bognd on the error of any algorithm
using this information. We show that the order of information provides an
upper bound on the order of any algorithm using this information. This
upper bound on order leads to a lower bound on thc‘ complexity index. F

Certain problems are tr;dicioully solved by iteration; others are

not. Must this be so? More precisely, for what probl'an is the class of
iterative algorithms empty? For one-point stationary iterations we solve
this problem, showing the class is empty unless the problem "index" is
finite. We advance a conjecture which characterizes all problems with
finite index.

We end the paper with some open problems.
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1.1

CHAPTER I

BASIC CONCEPTS

1. INTRODUCTION _

This is the second of a series of papers in which we construct an
information based general theory of optimal error algorithms and analytic
computational complexity and study applications of the general theory. 1In
Traub and Wozniakowski [77c] we studied a general information model ; here we
study an "iterntive information'" model. Because of the close connection
between this paper ‘and Traub and WoZniakowski [77c] we shall refer to the
first paper as Part A.

Although we define all concepts required here, it would probably be
helpful ‘to the reader to be familiar with the concepts introduced in Part A.
We will sometimes use the same name for ab concept here which was defined
somewhat differently earlier.

In Part A we showed that given information may not be "strong" enough
to solve the problem to within the desired ¢. It may however turm out
that the information can be used to compute a better approximation from a
given approximation. By repeating this procedure one may finally be able
to solve the problem to within € even for arbitrarily small ¢. This
informal description of iterative information and iterative algorithm will
be formalized below.

Certain problems are traditionally solved by iteration; others are not.
For example, a zero of a scalar nonlinear function is approximated by itera-
tion using function evaluations; the value of a definite integral of a
scalar function is not. Must this be so? More precisely, for what problems

is the class of iterative algorithms (in the very general sense of this
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paper) empty? For one-point stationary iterations we solve this problem,

showing

the class is empty unless the problem "index" is finite. We advance

a conjecture which characterizes all problems with finite index.

Among the major questions we pose and at least partially answer are:

1.

We

What is a lower bound on the limiting error of any algorithm

using given iterative information? See Section 2.

In general is there an algorithm which gets close to this lower
bound? See Section 2.

What is an upper bound on the order of any algorithm using
given information? See Sectionm 2.

In general is there an algorithm which achieves this bound?
See Section 2.

What is the most "relevant" information operator for a given
problem? See Sections 6 and 8.

When is the class of iterative algorithms empty? See Sections
5 and 6. |

When is the class of iterative algorithms of order m empty?

See Section 7.

summarize major concepts and results of this paper.

Section 2. We define d(%,S), the limiting diameter of information R for
the problem S and show (Theorem 2.1) that %d(ﬂ,s) provides a best possible

lower bound on the limiting error of any algorithm using the information R.

The information M is convergent for the problem S iff d(B,S) = 0. We define

interpolatory algorithm and show (Theorem 2.2) that any interpolatory algo-

rithm has an error which differs by at most a factor of two from a lower

bound on the error. We define p(R,8), the order of information R for the
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1.3

problem S and prove (Theorem 2.3) that p(M,S) is an upper bound on the order
of any algorithm. This upper bound is achieved (Theorem 2.4) by any inter-

polatory algorithm.

Section 3. We develop the methodology for complexity analysis and show

why it is desirable to minimize the complexity index.

Section 4. In Sections 4-8 we consider linear information operators. The
cardinality card(®) of a linear information operator is defined and we show
(Lemma 4.2) that information operators with finite cardinality equal to n

can be represented by n linearly independent linear functionals.

Section 5. We define iterative algorithm and IT(R,S), the class of all

iterative algorithms which use the information operator M. We prove (Theorem

5.1) that if d(M,S) is positive then IT(R,S) is empty.

Section 6. We define index(S), the index of the problem S and prove (Theorem
6.1) that if card(®) < index(S), then d(R,S) is positive. We define the basic
information operator 'R* such that cud('ﬂ*) = jndex(S) and prove (Theorem 6.2)
that 9‘* is a convergent information operator. Furthermore if M is any con-

%
vergent information operator then R contains R (Theorem 6.3).

Section 7. We define index(S,m), the mth index of the problem S and prove
(Theorem 7.1) that if card(® < index(S,m), then p(R,S) < m. We define the
P *

basic information operator R‘ such that card(mn) = index(S,m) and prove

(Theorem 7.5) that p(m:.s) am. We also show that p(R,S) 2 m implies that

% contains ﬂ: (Theorem 7.3).

L3

———————




R —

‘1.4

TR g—

Section 8. We specify our model of computation for the linear case. We

obtain lower and upper bounds on the complexity index and on the mth minimal

complexity index. 8

Section 9. We define information operator with memory and generalize our

concepts and theorems on diameter and order of information, interpolatory
algorithm, and complexity index.
Section 10. We list some extensions and open problems. !

Section 11. We compare the results of the general information model of

Part A with the iterative information model of this paper. ‘

Appendix A. We prove (Lemma A.l) that under very weak assumptions, our i )

definition of order of an algorithm agrees with the "classical" definition. [
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2.1

2. DIAMETER AND ORDER OF INFORMATION

As in Part A we consider a linear or nonlinear solution operator §

such that

(2.1) s: 30 - 32

where 80 is a subset of a linear space 31 over the real or complex field and
32 is a linear normed space over the real or complex field. We wish to

approximate the solution element @ = S(f) for all problem elements f € 30

Let Xg be an initial approximation to the solution o and let €', e' € (0,1),

be a given real number. By solving (or approximating) the problem S we

mean that we seek an e¢'-approximation y = y(f), y € ’;}2, to & such that
(2.2) |l y(£)-a|| < €| xy-af| .

To find such an approximation we need to know something about the problem

element £f. Let

2.3) Mmpgcy x3 -3

be an iterative information operator (not necessarily linear) where

- (£,x) € Dy for all £ € 30 and all x close enough to o = S(f) and where 33

is a given space. We call N an iterative information operator since we
compute N(f,x) for different x and the next approximation et 1 is based on
the information ﬂ(f,xk), k= 0,1,... . For brevity % will also be called an

information operator. The information R i{s stationary and without memory

in the sense of Traub [64]. For most problems the information operator %

is not one-to-one and N(f,x) does not uniquely define the solution o = S(f).




2.2

This means there exist many different f € 30 with the same information
N(f,x). Thus for a given £ the set of problem elements ‘E(x) such that

E(x) € 30 and 'Jl(f(x),x) = N(f,x) determines the "uncertainty" of the informa-
tion operator M. Note that f= ?(x) is a function of x which has the same
information as a problem element f for every x close enough to a. For tech-
nical reasc‘ms we have to assume that the function f is "regular" at a. To

formalize this idea we define equality with respect to 7.

Definition 2.1

We shall say f = E(x) is equal to f with respect to M iff

(1) £ FC R ~ &, few

where W is a given class and there exists [ = [(f) > 0 such that

J(r) = {x; ” x.a“ < n { o= D‘f' where a = S(f)p
(i1) MEx),x) = WE,x), ¥ x € Dz .

For brevity we write £ € V(f) where V(f) is the set of all functions f which
are equal to f with respect to . [ ]
The class W describes the regularity of f and its definition depends
on the regularity of the solution operator S. We always assume that the
constant functions E(x) ® f belong to W.

We define the limiting diameter of information as the maximal distance
between S operating on two problem elements with the same information at x
as x tends to o = S(f). In Section 5 we prove that the limiting diameter of

a linear information operator has to be zero in order to solve the problem S

iteratively.

e .




2.3

Definition 2.2

We shall say d(®,S) is the limiting diameter of information M for the

problem S iff

(2.4) d(R,5) = sup _ sup lim sup || s<fl<x))-sc'f'2(x))|| :
fQo fl,fZEV(f) X—a

We shall say the information % is convergent for the problem S iff
(2.5) d®,s) = 0.

N is called divergent iff d(R,s) > 0. a
Note that the limiting diameter of M coincides with the diameter of M
introduced in Part A for information operators independent of x, i.e.,
N(E,x) = N(E).
We give a geometrical interpretatiqn of (2.4). Assume that S(f(x)) is
continuous at o for any £ € V(f). Then

(2.6) 4(%,S) = sup _ gup ||s(El(a))-s(Ez(a)>||.

fl,fze\l(f)

Note that U(f) = [S(E(a)): fe V(£)] is the set of all solutioms S(f(a))

which share the same information as f at a. Then (2.6) yields

(2.7) d(®,8) = sup diam(U(£))
£

where diam(U(f)) denotes the diameter of the set U(f). See Section 2 of Part A.

This can be schematized as follows:

i Sy ?mew —————

T
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2.4
5 5(3y)
U(f)
() 2
£ S .a=S(f(a))
.0=S (f)
m‘l
M(Dm)
N(E, )
Figure 1

The information M is convergent iff the set U(f) contains only one
element o = S(f). Thus Figure 1 shows a divergent information operator,
i.e., d?,s) > 0.

We illustrate the concept of limiting diameter of information by an

example.

Example 2.1

Let 31 be the class of analytic operators f, £: D < Bl - B, where By

2
and Bz are Banach spaces and dim(nl) - d:l.m(Bz). Let 30 be the class of

analytic operators with a unique simple zero, i.e., f € 30 iff £ € 31 and
there exists a unique o € Df such that f(a) = 0 and f' (a)-l exists and is

bounded. Define

- -1 =
(2.8) S(f) = £ (0), 3, = B,.

|
-




2.5

Thus o = S(f) is the solution of the nonlinear equation f(x) = 0. Let
2.9 AE,x = (£ 0, 0D (3

for a nonnegative integer j, and f 6} denotes the jth Frechet derivative.
In this example E(x) = E(x,-) is an analytic operator with respect to the
second argument. Let W = CJ+1 be the class of all functions f which are
(j+1) times continuously differentiable at a. An exaﬁple of f which belongs
to V(f) is given by
7 f(t) + ¢ for j > 0,

f(x,t) = 2

f(t) + L(t-x) for j =0

where c i{s a suitably chosen element of 31 and L is a bilinear .operator. It
is easy to verify that
+® for j>o,

(2.10) d(%,s) -{
. 0 for j = 0.

Thus for j = 0 we have convergent information. s

Remark 2.1

In Part A we defined r(:M,S), the rad':l.ul of infomtim_x M for the prob-
lem S, where r(R,s) € [ild('ﬂ.S) ,d(®,8)]. Since our focus in this paper is
on convergent information operators, d(R,S) = r(M,8) = 0, we need not con-
sider the limiting radius of informationm. |

We solve the problem (2.2) by an algorithm ¢ defined as follows. Let

(2.11) o: D¢C32 X R(D!) - % 3

(See also the definition of "permissible algorithm" in Section 3.) Recall

that X is an initial approximation to the solution a = S(f). Then ’i‘s

& &
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2.6

algorithm ¢ generates the Gequence of approximations by

(2.12) x, ., = o(x;; ME,x.))  i=0,1,...

i+

Thus, ¢.is a stationary algorithm and since x depends only on the pre-

i+l
viously couiputed approximation Xg» the algorithm ¢ is without memory in the
sense of Traub [64]. In Section 5 we impose some conditions on ¢ and define

the -.concept of iterative algorithm. Information operators with memory and

stationary algorithms with memory are considered in Section 9. We shall not
pursue the analysis of nonstationary algorithms in this paper.

Let #(R,S) be the class of all algorithms defined by (2.i1) and (2.12).
Let ¢ € ¥(N,S). We examine the convergence of the sequence {xi] to a.

Since @ is stationary it suffices to find how X, depends on x. and 'whe.ther

0

x, converges to o as X, tends to @. Recall that the algorithm uses the

1
information M(f,x). Suppose that f € V(f) which means that the information
on @ = S(f) and @ = S(f(x)) is exactly the same. Hence any algorithm ¢ will
produce the same approximation to the solution elements o and &. Since we

are unable to distinguish f(x) from £, an algorithm ¢ should approximate not

only the solution element « but also the solution element . This motivates

Definition 2.3

We shall say e(w) is the limiting error of algorithm ¢ iff

(2.13) e(9) = sup _ sup lim sup || o(x,R(£,%))-S(E(x)) ]| -
ffso fEV(£) X0t

The algorithm ¢ is called convergent iff e(¢p) = 0. A

We are ready to prove that %d(m.s) is a lower bound on e(¢) for any
algorithm @ from the class ¥¢(}R,s).

-
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Theorem 2.1

For any algorithm ¢, ¢ € $(R,s),
(2.14) e(9) 2-21-d(‘.n,3). 4 a

Proof

Choose any fl and fz from V(f) where o = S(f). Then

Tim || s(fl(x>>-s(§2(x>>l| < Tim(|| PCx, R(£,20) -5 (£, () || + || o(x,R(£,x))-
X~y : A~

S, ||) 2 e(@.

Taking the supremum with respect to f and ?1’ fz wa get from (2.4), d(M,S) < 2 e(9)

which proves (2.14). . L (- ]
Theorem 2.1 states that ild(m,s) is the inherent error of information M

for any algorithm ¢. This is upccull:y interesting for divergent information

R, d(R,s) > 0, since it is then impossible to find an algorithm whose error

is less than %d(m,s) no matter how .oophi.lticated an algorithm is used. We

showed in Example 2.1 that it is even possible that d(R,S) = + =,

We now show that d(M,S) is an upper bound on "interpolatory algorithms"

R

which are defined as follows. 3

Definition 2.4

We shall say cpI, an € #(R,s), is an interpolatory algorithm iff
(2.15) . ¢ (x, TE,x) = S(E(x))

for some £ € V(f). s

This means that knowing the information M(f,x) one finds a problem ele-

ment .f'(x) which has the same information as f at x and the next approximation




.

2.8

is the solution of the problem S(f(x)). In practice F(x) is chosen to be
"simpler" than f. In some cases, an assumption how to choose an unique

E(x) is added. Examples of i.'nterpolat:ory algorithms in the sense of this
paper include Newton, secart o.r: any In,s interpolatory algorithms for the

solution of nonlinear equations. See Traub ([64] and WoZniakowski [74].

Theorem 2.2

For any interpolatory algorithm <pI, q:I € &(},s),
(2.16) e(ph) =d(@,S).

Proof

Take any £ € 30 Then (pI(x,m(f,x)) - S(fo(x)) for some EO' such that

fo € V(f). Hence

| Tim || " x,2¢,2))-5E) || = Tim || s(Eyx))-sE) || < a(®,9)
X X

for any f € V(f). Taking the supremum with respect to £ and f ve get

S ———

.(QI) < d(%,8)-. ' |

From Theorems 2.1 and 2.2 we get

There exists a convergent algorithm in &(R,S) iff the information % is

r
— T ——————

{

i

: i
Corollary 2.1 ’

| convergent for the problem S, i.e., d(M!,s) = 0. ; . .;
For convergent information operators, S(Z(x)) approaches a = S(f) as x ‘
tends to o for all £ € V(f). We define the "order of information" which

b measures the speed of convergence of S(f(x)) to S(f) for a worst case. Let |

A be a set of real numbers defined by




2.9

(2.17) A= {q:'q 21, V£ € Y» @ = S(f), and ¥ £ € V(f) we have

un-ILS_Lf_(ﬁhs_LfLU-o. v >0l

x~er Il x-e|f" n

Definition 2.5

We shall say p(R,S) is the order of information M for the problem S iff

0 if A is empty,
(2.18) p(Rys) = ; :
sup A  otherwise. - |

Note that for divergent information operators p(R,S) = 0. It is easy
to verify that p(®%,S) is an integer for a sufficiently regular function
S(£(x)). Roughly speaking, the order P = p(M,S) measures how fast
S(£(x)) tends to S(f), || S(E(x))-5(£) || = o(|| x-|f) for all ¥ € v(£). we
prove that any algorithm from #(M,S) has order "no greater than the order of
information. This significantly simplifies the complexity analysis since -
the maximal order of an algorithm is independent of the "structure" of that
algorithm, dependiag only on the Lnf_omtion used. See Section 3. We illus-

trate the concept of the order of information by an example.

Example 2.2

Consider the solution of nonlinear equations defined in Example 2.1,
Let
¥ (n" 1) 0
(2.19) N(E,x) = [£(x),£' (X),.00,f (x))], n =22,
be standard information. Let W = cn be the class of all functions f which
are n times continuously differentiable at @. Then £ € V(f) means

't'('” (::.t)l‘:q - !U) (x) for j = 0.1.....u-i wvhere ?U) denotes the jth Frechet

derivative with respect to the second argument. Furthermore

agEpIn s e PRI R
R s




Jeg) ™

| e
oo - £ = [ F™ xrer-10-£® (res (1-10) (o) ® 1)

d
0 ( i

vhich yields for t = a, £(x,a) = 0(|| x-a|[. Since
0= E(x,&) = E(x,a) + E' (x,0) (c~a) + O(” a"-dIF)' and £' (x,a) tends to f' (@)

which is invertible, we get

Il &all = ocll Ex,0) || = o] x-a|f.

" This bound is sharp which yields

p(m,S) = n.

See also Wozniakowski [75] where the order of information for nonlinear
equations was first defined and analyzed. The study of standard information
can be found in Traub and Wozniakowski [76c, 77a, 77b]. =

For convergent information Corollary 2.1 guarantees the existence of

convergent algorittns. Let 9 be an algorithm from $(M,S). We want to examine //-/

how fast o(x,R(f,x)) converges to o = S(f) as x tends to @. Let B be a sei :

of real numbers defined by «

L
-

(2.200 B={q: q21, v£ €Y, a=5(), and ¥ f € v(£) us have

‘.Mﬁ)_.*l(ln.u-o‘/;ﬂ>g].
x=0 | x-alf

v

Definition 2.6 //’
We shall say p(9) is drdor of algorithm ¢ iff

o 1! B is empty
(2.21) p(9) l
sup l otherwvise. m

/

/

|
.
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Note that for a divergent information operator R, the . stder of any 1
algorithm @ from &(®,S) is equal to zero. Dcfinitigv/z;6 of the order
p(w) differs from the "classical" definition of, o{':'lcr where @(x,M(f,x)) is
compared only wi:h_ = S(f). In Appcndix/.’(/wc show that for all algorithms

of practical interest the "clnlic/u%'dnr is equal to p(y).

Let g(x) = cp(x.ﬂ(f.x))-%)). Then (2.20) yields t:hat g(j) () = 0
for j = 0,1,...,k vhcrc/"f"‘)P(Q)-l if p(9) is an integer and k = |p(9)J
othervise. /I:y@/"’i- ® and g/il analytic in a neighborhood of o then

g(x) =0 wh’ir means that @(x,N(f,x)) = S(I(x)) = o for x close to a.

Thus ,_t!'.d'fproblu S can be solved in one step. Therefore, we shall say @ is

_4 direct algorithm if - 4 ®
S

s We now prove that the order of information is an upper bound on the 4
P 4 = v order of any algorithm ¢ and that avcry' interpolatory algorithm achieves
this bound.
For any algorithm 9, ¢ € 3(%,s), ' i
(2.22) p(®) =p(%,8). ’ [ ]
t Proof | t
g |
Suppose first that B = . Then p(p) = 0 < p(R,S). without loss of gen- 5
p ;
: erality we can then assume B # . Let q be an arbitrary element of B. Let & |
g £€9 and £,5, € V(D). Then
. I s x0)-5(E,(00) || = || oex,Reg,20)-5¢E, o) || + q
+ |l oex, £, x0)-8(E, ) || = o || x-alf"™, v 75> 0. |
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This proves that q € A, see (2.17), and B CA. Thus sup B < sup A which 1
means p(¢) S p(N,S). Hence (2.22) is proven. a ]

Theorem 2.3 states that no algorithm can approximate S(E(x)) with order
higher than the order of information p(M,S). We show that the bound p(R,s) ) 1

is achieved by the order of any interpolatory algorithm.

Theorem 2.4

For any interpolatory algorithm an, an € 3(M,5) A

Ao

(2.23) p(vl) = p(R,8). . a

Proof : : {

Without loss of generality assume that A # #. Let q €A. Then
@.26) || sE ) -sE, ) || = ol x-alf™™, w >0,

for any £ € 30 and El.fz € V(f). Since q;I(x,!l(f,x)) - S(fo(x)) for 'f'o € v(f),
ve get from (2.24) '

I @ x,¢E,%))-5Ex) || = || S(£yx))-sE@) || = o(|| x-a|f"™ : f

since f,fo € V(f). This proves that q €EBand ACB. Thus sup A < sup B and
p(R,8) < p(q)I) . From Theorem 2.3 we f£ind p(cpI) = p(R,s) which completes the }
proof. e [ 1

From Theorems 2.3 and 2.4 we obtain

Corollary 2.2

An interpolatory algorithm oI achieves the maximal order p(R,S) in the
class ¥(R,S), ' g |

P(‘PI) = p(R,5) = sup p(¢).'.
€S (N




‘The problem of maximal ;rder algorithms was first pg;:d/by Traub [61)
for nonlinear equations. It was solved for a particular class of non-stationary
iterations using s;andnrd'information for scalar equations by Brent, Winograd,
and Wolfe [73]. 'Theorems 2.3 and 2.4 were established in full generality for
nonlinear equations by Woihiakowski [75] and used by many people to establish

the maximal order of certain’1terativehalgorithms and/or to compare different

Wasilkowski [77] and WoZniakowski [72, 74, 76]. Compar so with recent

papers of Werschulz [77a, 77b] who uses information operators R(f,h) for num-

T N
- erical quadrature apd differentiation. ‘
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3.1
3. COMPLEXITY OF GENERAL INFORMATION
ﬁ‘ds We present our general model of computation; it is quite similar to

.

the model in Part A. We discuss complexity in this model and derive bounds

on the "complexity index”.

Model of Computation

(1) We assume that the computations are performed on a random access

(11),

(111)

machine. Let p be a primitive operation. Examples of primitive

operations include arithmetic operations, the evaluation of a
square root or of an integral. Let comp(p) be the complexity

(the total cost) of p; comp(p) must be finite. Suppose that

P is a given collection of primitives. The choice of P and comp(p),

p € P, are arbitrary and can depend on the particular problem

being solved.

Let % be an information operator. We say that % is a permissible
iﬂformntion operator with respect to P if m(f,x) can be computed
by a finite number of primitive operations from P for all (f,x)
under consideration. Let comp(M(£f,x)) denote the information
complexity of computing M(f,x). We assume that if N(f,x)

requires the evaluation of primitives PI’PZ""’PR then
k

comp (R(£,x)) = z comp(p,) .
i=1
Let ¢ be an algorithm which uses the permissible information :.

To evaluate @¢(R(£f,x)) we:

(a) compute y = N(f,x),

(b) compute @(x,y).

U —— e p—
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3.2

The complexity of computing y is given by (ii). We say that ¢ 1

is a permissible algorithm with respect to P if ¢(x,y) can be

computed by a finite number of primitive operations from P for
all (x,N(f,x)) under consideration . Let comp(¢(x,y)) be the

combinatory complexity of computing ip(x,y). We assume that if

o(x,y) requires the evaluation of primitives ql,qz,...,qJ then
3

comp (@(x,y)) = E comp(q,) . £

i=1

Let N be a convergent permissible information operator with order of

information p(RM,S) greater than unity. Let ¢ be a convergent permissible

algorithm from the class (M,S) with order p = p(¢) greater than unity. We

e mAAa o ee sl .

analyze the complexity of finding an approximation y = y(f) to the solution

a= S(f) for £ € 30 using algorithm @ where

(3.1 || yH)-all = e || x5-afl

for a given initial approximation X and a gi'vdn number e' €(0,1). ‘ﬂ;e . . J

analysis is primarily based on Traub and WoZniakowski [76a, 77b] where ; ",A

the nonlinear equation problem is studied. - |
Assume CMC‘Q generates the sequence x, m(xi_l.m(f.xi_l)) i=1,2,...,k

such that
(3.2). e, - G, .:;'1' e, = ] xi-a" s 1= 1,2,...,k

where G, = G, (f) satisfies 4 ;

i

(3.3) 0<G's6, SG<+®

!

and algorithm @ is terminated after k steps. From (3.2) we get




- |

1

i e

p-1 i-1 i-2 1
(3.4) e, -(%) e wherei = (Gq Gp Gi)p 1 e
i

i 2 0

Note that (eowi) l-p is the geometric mean of the GI’GZ’“"Gi' Furthermore

e. <e, iff w, > 1. From (3.3) we have

i 0 i
e i
_]; - p-l —1— s C p-l = -];
(3.5 5= @7 e s - @ e ==

Assume that w > 1. For a given e', let k be the smallest index for which |

e‘k s ¢'e°. Define ¢ < e¢' so that

(3.6) e = ece_..

k 0

From (3.4) and (3.6) we find

)

1 Pk‘I 8(% |
3.7 (q) .‘mdk-logp

where
(3.8) g(w) = log(l "’R':“?' t = log Ve : 4

We take all logarithms for the remainder of this paper to base 2.

Let comp = comp(w,f) be the complexity of computing X starting at Xy
We do not consider the complexity of finding an initial approximation Xg-
See Kung [76) where this problem is considered. The cost of the ith step

is equal to eoq(’(f.xt)) + eup(.(ttﬂ(f,xt))). For simplicity we assume that

the information complexity and the combinatory complexity do not depend on |
x,. Then the cost of each step is equal to c(w,f) = comp(T(f,x)) + comp(@(x,R(f,%) é
and comp(9,f) = ke(p,f). From (3.7) we get ‘

o gt
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3.4

(3.9) comp(y,f) = z g(y)

where

d (w0, £)
(.10 = = 29,0 L F2D

is called the complexity index of ® for f. By the complexity index z (@) of

an algorithm ¢ we mean

(3.11) z(p) = sup z(gp,f).
f€30

Remark 3.1
We have been considering the case p = p(w) > 1. For completeness we
exhibit the case p = 1 with the additional assumption that Gi <1,

i
1 1
i=1,2,...,k. Then e, -<_“’1> 0 with —:I. - (G 2 e Gi)l/i. Hence
— is the geometric mean of GI’GZ""'Gi’ Assume that e, = ee

mi k 0

k = (log 1/¢)/log w,  and the complexity comp(p,f) of computing x, is given by

Then

comp(p,f) = z los%

where z = z(9p,f,c) = coro :'k and z(w,¢e) = gg z(9,f,¢) is called the complexity

index for p = 1. Assume that I/ua < l/w < l/m with @ > 1. Then

S0, f) < z(o,f,¢) S—W g .

log w log w

We shall not pursue the case p = 1 further and shall assume for the remainder
of this section that p > 1. ]
We analyze the complexity comp(®,f) defined by (3.9). Since g(w) is a

monotonically decreasing function, (3.5) yields bounds on the complexity

(3.12) z g(w) S comp(w,f) <z g(Ww).

PSR RA S A
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3.5

As € - 0, g(w) = 1log t and comp == z log t. Furthermore if we assume that
(3.13) 2swswst

then (3.12) becomes

z(log t - log log t) < comp(y,f) < z log (l+t).

See Theorem 3.1 in Traub and WoZniakowski [76a]. 1In this case z log t
is a good measure of complexity. However if W in (3.9) is near unity, the
g factor dominates and for e fixed, comp =2z log log w Thus for @ =1,

the effect of the error coefficients Gi and the initial error eo cannot be

neglected.
Remark 3.1 and (3.12) show how the complexity comp(w,f) depends asymp-

totically on €. Using the @-notation of Knuth [76],

(3.1%4) comp(p,f) = {9(108 -]:) 1 sl
©(log log —‘) for p(y) > 1.

This may be contrasted with Theorem 9.2 of Part A where we prove that the
complexity of a linear problem can be an "arbitrary" decreasiﬁg function of e.
We want to minimize the complexity of computing x#, i.e., we want to
find a permissible algorithm ¢ with minimal complexity. Since we do not
know the value g(m‘) in (3.9) we are not able to minimize complexity. How-
ever, if (3.13) holds or ¢ is small enough then the minimal complexity is

approximately achieved by an algorithm with minimal complexity index.

Therefore we seek an algorithm with the smallest complexity index.

This discussion motivates the following definition.

SSis e
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3.6

Definition 3.1

We shall say z(R,S) is the complexity index of the information M for

the problem S iff

(3.15) z(%s) = inf {z(p) : 9 € (R,5)]

where .Qpem(ﬂ,S) is the class of all permissible algorithms.

We shall say :pm, (pmc € Qpem(m,s), is a minimal complexity index algorithm

iff
(3.16) z@ ) = z2(R,9). 5

Let

(3.17) comp(®) = sup comp (R(£,x))

(fox)%

be the information complexity of R. Every alﬁorithm @ which uses % has to

perform a certain number of primitive operations to produce the next approxi-
mation. More precisely, icc
(3.18) m(R,S) =  inf sup  comp(P(x,M(£,x)))
(Pe‘p.m(mn s) (f,x) €
where D, D C Dy, denotes "hard problems”, i.e., (f,x) € D iff
comp (R(£,x)) = comp(N). In general, m(N,S) depends at least linearly on the
total number of "independent pieces" of information R. See Sections &4 and
8 where the "cardinality" of information M is introduced and its influence
on the combinatory complexity of ¢ is discussed.

In Theorems 2.3 and 2.4 we showed that the order p(¢p) of any algorithm ¢

from the class $(M,S) is no larger than the order of information p(M,S) and




3.7

there exist algorithms such that p(¢) = p(MR,S). From this and (3.14),

(3.17), (3.18) we get a lower bound on the complexity index z(%:,S),

comP('m + m('n,sl
log p(%,5)

(3.19) z(?,s) =

Furthermore if there exists a maximal order permissible algorithm ¢,
p(®) = p(R,S), such that comp(@(x,R(f,x)) << comp(M) for all (f,x) € Dy then

~ _Com

(3.20) z(®,s) = Tog p(R,5)°

Equations (3.19) and (3.20) motivate our interest in the information complex-
ity comp(®) and the order of information p(M,S).

Suppose that the problem a = S(f) can be solved by the use of different
information operators from a given class Y. We want to know which informa-
tion operator is more relevant for the problem = S(f). '!h!.l.dis'cunion
motivates the definition of an information operator with minimal complexity

index.

Definition 3.2
We shall say an information operator Rl is more relevant than an

information operator !Rz for the problem S iff
(3.21) 2(31,3) < 2(32.8).

We shall say an information operator 2° is optimal in the class Y,
2° ey, 1

(3.22) z(°,8) = inf z(R,S). a
mey :




In Section 8 we will study optimal information operators for the

linear case.

We compare two information operators by their complexity indices and
’ -

an information operator with minimal complexity index is called optimal.

Note however that the complexity of an algorithm using an optimal infofma-

tion operator also depends on error coefficients Gi and the initial #pproxi—

mation. As noted earlier the minimal complexity index can be a:poor measure
of complexity. See Traub and WoZniakowski [76a] for a discussion of this
|
point. |
‘,
|
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4.1

CHAPTER II

ITERATIVE LINEAR INFORMATION

We assume throughout this chapter that the iterative information operator

M is a linear operator.

4. CARDINALITY OF LINEAR INFORMATION

Let N be an information operator such that

%.1) M 31")( X - 33

‘where X is an open subset of 32 Ve deal with information operators which

are linear with respect to the first argument, i.e.,

“.2) m(clfli—czfz,x) = clm(fl,x) + czm(fz,x)

for any elements fl' fz from 31, any constants €y <, and any x € X. Let
(4.3) ker M(-,x) = {£: M(£,x) = 0}

be the kernel of M(-,x) for any x € X. As we shall see in Section 5 the
kernel of M will play an essential role.
Let 9‘1: 31 XX = 33 and mz: 31 x X = 33 be two information operators

where the space 3’ is not necessarily equal to 33

Definition 4.1
We shall say !1 is contained in 32 (briefly 9“1 c 9!2) 1ff

ker '.lz(-,x) C ker 31(-,::). ¥x € X.
» -
We shall say ™ is equivalent to !2 (brlctly RIA %2) iff

ker !l(c.:) = ker ﬂz(-,x), Vx € X. \ ]




— PEs—
//

//

4.2 S
e
/
Note that A = ker N(:,x) is a linear subspace o 1 Recall that there
e
exists a linear subspace A* of 31 such :h",:, //'
i

-

' : (4.6) 3 =A@l //

where A* is isomorphic to/the/ quotient space 31/A'and
~

(4.5) codim A d-ﬁ«ﬁ.ﬁ Al = dim 3,/A.
/

7

S

7 1!/"((26 an algebraic complement of A.

-

" To simplify further considerations we assume that the domain X of
| the information is chosen in such a way that codim ker M(.,x) = const for

i every x € X.

‘ Definition 4.2
| We shall say that card(M) is the cardinality of the information % iff

(4.6) card(M = codim ker R(-,x), x € X. =
As an example consider the information operator M defined by

@.7) R(ED = [Ly(£,%), .0, L (£,2)]

where Lj: 31 XxX-C is a linear functional with respect to the first argu-

ment, j = 1,2,...,n, We assume that L,(-sX),...,L (+,x) are linearly inde-

" i
b pendent for every x € X.
{
Lemma 4.1
b i Let M be defined by (4.7). Then
4.8) card(M) = n |




4.3

Proof

Note that A(x) = ker M(-,x) = (f: Lj(f,x) =0 for j = 1,2,...,n}. Let

31 = A(x) @A(x)l and lin(§1,§2,...,§m)C,A(x)L for linearly independent
m

§1,§2,....§m. let f = L).. cjgj, f EA(x)"‘. We want to find T = (¢

j=1
so that £ € A(x). ("t" denotes the transposition of a vector.) Observe that

t
1’°2' Sk .cm]

o
L (f,x) = ch Liffj,x) =0 for { = 1,2,...,n i{s equivalent to the system of

homogermu;_j-1 linear equations,
G.9) Me=10

vwhere M = (1.1(§j »X))

To prove (4.8) assume that m > n. Then (4.9) has a nonzero solution
m ' ’
(cl,cz...'. ,c-Jtand £= Z cjgj‘ € A(x)"' NA(x). Thus £ = 0 which contradicts
: j'l
the linear independence of §1,...,§m. Hence card(M <n. To prove that

card(M) = n it suffices to observe that LI(-,x),...,Ln(-.x) are

linearly independent iff Mta‘ = T has the unique soluf:lon 3‘ - -6 which holds

iff m = n. i m
We now show that any linear information operator M may be represented

by linear functionals.

Lemma 4.2
Let M be a linear information operator and n = card(M) <+ ®, Then there

exist Ll,l. e ""Ln such that

(1) x.j: gxx-C, §=1,2,...,n
(i1) I.J(-,x).....l.n('.x) are linearly independent linear functionals

and RX R, vhere R, = [1,,1,,...,L,)

3 <
sh. She o amec. aos -
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4.4

Proof
Let 31 = A(x) eA(x)J' where A(x) = ker M(-,x). Then
A(x)" = lin(gl(x),...,gn(x)) where §1(x) are linearly independent. Every

element £, £ € 31, has a unique representation
a g
£ = fo(x) + 2‘ Li(f,x) gi(x) for some linearly independent functionals L:I. such that

i=1 §
Li(gi(x)’x) - 6tj and £,(x) € A(x). Then the information operator

'Rl = [Ll’L2""’Ln] satisfies

ker !Rl(-,x) = {f: L(f,x) =0, 1= 1,2,...,n} = A(x) = ker R(-,x).

This proves that M X ml. : ¥
Let “3).) be the class of all linear subspaces of 31. Consider :

(4.10) A: X C 3, = Ay,

i.e., A(x) is a linear subspace of A(Sl) for any x € X . We show the rela-

tionship between transformations A and linear information operators.

Samse &3

let A: X C 32 - A(Sl) and codim A(x) = n, ¥x € X. Then there exists a e

Vs
et

linear information operator

(4.11) m(f,x) - [Llcfl:)"'°01‘u(f’x)1

where 1.1( *3X) yeeosl n( *,X) nri limJ:g,ly 1;tid¢pcnd¢nt_ linear functionals such

that et i

6.12) ker B(,%) = AX). . ®

e S

—p———
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4.5

Proof
Let 3, = A(x) ®A(X)" vhere A(x)* = 1in(§, (x) ,...,§,(x)) for lineacly
independent §1(x),...,§n(x). Then every element £ € 31 has a unique repre-

sentation

n
(4.13) £=~£,(x) + 21 e (£,%) &)
_ P

where fo(x) € A(x) and cj(f,x) is a linear functional with respect to £,

cj(§i(x),x) = Gij' Define

(b.14) L,(f,x) =c (f,x) for j=1,2,...,n.

] j

It is obvious that Ll(-,x),...,Ln(-,x)'are linearly independent and

ker R(-,x) = {f: L (£,%) =0, j = 1,2,...,n} = A(X),

3

which completes the proof. : il

In the following sections we will consider "regular" linear information
operators defined as follows.

Let £: DFCY =9 where 3, < 31 Assyme that 31 is a linear normed
space. We shall say that f belongs to the class Lip(k), k 2 0, iff the kth
Frechet derivative of f ;Xiltl at every solution element d‘E 5(30) and satis-
fies a Lipschitz condition. That is, fe Lip(k) iff for any a € 8(30) there
exist [ = M(a,f) > 0 and q = q(o,F) such that

) i
w.15) || £¢ )(xl)-f(k) (x) I = all x|

for || x;-x,|| = T.
Let L: §; x X = C be a linear functional with respect to the first

argument. We shall say that L E.Lip(k) iff L(h,*) € Lip(k) for any h € 31

We are ready to define what we mean by % € Lip(k).

e




—

4.6

. g—
I e e

Definition 4.3

e

We shall say a linear information operator N belongs to the class Lip(k)

(briefly R € Lip(k)) iff there exist linearly independent linear functionals

Lj: 31 xx-C, j=1,2,...,n= card(M) such that

(i) ker R(-,x) = (h: L ,(h,x) =0, j = 1,2,...,n}, w¥x €X,

3

(1) L, €Lip(k), j = 1,2,...,n. : -] L |

3

Thus, R € Lip(k) means that the linear functionals which form the kernel of
R are k times differentiable and the kth derivative satisfies a Lipschitz § |

condition.

Lemma 4.4
Assume that q: 31 X X - 33 belongs to Lip(k) and n = c#rd(m); Let 1

E € ker N(-,a). Then there exists a function h: X - 31, such that

(1) R(h(x),x) = 0, wx €X,

(11) h € Lip(k),

S R e R

(1ii) h(a) = 8g- o4 ; B

Proof

2
’ s
-——

From Definition 4.3 we have

(4.16) ker M(-,x) = {g: Lj(z.'i) =0, j=1,2,...,n}, x €%,

where Lj € Lip(k) and I.l(-,x),...,l.n( «,x) are linearly independent linear
functionals. Let §1(x),...,§n(x) be elements of 31 such that Lj(gi(x),x) = 6ij

for i,j = 1,2,...,n and §, € Lip(k). Define

3




>
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% n
(4.17) h(x) = g, o Z Li(so.x) §i(x)-

i=1 H
n '
Note that Lj(h(x) )X) = Lj(go,x) - Z Li(so,x) Gij = 0 which means that : [
i=1

in(.it) € ker M(*,x), ¥ x € X. Clearly h € Lip(k) and h(a) = 8 since 1

g € ker N(*,a) means I‘i“o'“) = (0 for i = 1,2,...,n. This completes the

proof . a




5.1

5. WHEN IS THE CLASS OF ITERATIVE ALGORITHMS EMPTY?

Recall that the solution operator S transforms 30, 30 c 31, into 32

Throughout the rest of this paper we assume that
L ]
(5.1) 31 is a linear normed space,

(5.2) 30 is open, i.e., for any f € 30 there exists a positive number

5 = 8(f) such that f+h € 3 for any h € J, with | n]] s 8,
(5.3) 32 is a Banach space,

(5.4) S is a Lipschitz operator at every £ € 30, , I TR ;
I s¢e=s(£) Il = a(s,£) || £,-£, || for all £, and £, sufficiently close

to f.

Let % be an information operator. Recall that f : Df - 30 belongs to
V(f) and V(f) CW. See Definition 2.1. We assume that W is the class of

functions f such that

(5.5) || E0)-£|| <8¢h),
(5.6) fisa Lipschitz function at a = S(f), i.e.,
I i(’1)’i(x2) | = Q(i? I xl'*zll

where x, x, and x, belong to the ball J = {x: || x-af| s [} for a sufficiently

small positive = [(f).

emark 5.

Since M is linear, M(E(x)-£,x) = 0. This means that h(x) = £(x)-f

belongs to ker R(-,x). Furthermore || #(x,)-£(x,) || =|| h(x,)-h(x,) || and

.
— e — =




5.2

(5.5), (5.6) state that ||h(x)||< 6 and h is a Lipschitz function at a.
From Lemma 4.2 we know that h(x) € ker M(.,x) is equivalent to
Li(h(x) »X) = 0 for i = 1,2,...,n = card(M) for some.linear functionals

Ll(-.x),...,Ln(-,x). Thus h = h(x) has to satisfy n homogenous equations. 3

We deal with "iterative'" algorithms which are defined as follows. Recall

that ¢ is an algorithm, see (2.3), if ¢: D(p c 32 X m(Dm) - 32.

Definition 5.1

We shall say ¢ is an iterative algorithm (or briefly an iteration) iff

for any £ € 30, a = S(f), there exists a positive number [= [(£) such that

for every x, €J= {x: || x-all < [} the sequence x . = tp(xi,m(f,xi)) is well-

i+
defined and

(5.7 1lim x, = a,
-

58) a = ¢(a,R(£,a)). ' ]

The conditions (5.7) and (5.8) mean that the algorithm ¢ produces convergent
sequences whenever an initial approximation belongs to the ball J and the solu-
tion o is a fixed point of ¢. Let IT(R,S) be the class of all iterative algo-
rithms which use the information operator A, For which information operators
N is the class IT(M,S) non-empty? We show that this problem is related to

the limiting diameter of information d(M,S) defined by (2.4). We need the

following Lemma.

Lemma 5.1

Assume there exists f € J,, a = S(f), such that for any > 0 one can

find £, € 30 satisfying

————— -



5.3

(1) o< || ao-all < [ where @ = S(fy),

(1) R(Eg,ap) = RE,qp) .

0)
“Then IT(R,S) = @. - |

Proof

Suppose to the contrary that IT(R,S) # 0 and let ¢ € IT(M,S). Then for
£, o = S(f), there exists [ = [(f) > 0 such that x _, = @(x;,M(£,x,)) is
convergent to o for all | xg-a|l = . Let £, satisfy the assumptions of
Lemma 5.1. Applf the iterative algorithm ¢ to fo with the initial approxima-
tion x5 = oy Since % = S(fo) is a fixed point of ¢, we get
P(ay. R(Egs2p)) = 5. But | ap-all = [ which means that a) can be used as an
initial approximtion of @. However X, = cp(ao,m(f,ao)) "w(ao,m(fo,ao)) = a,

which yields x = ao f @, This contradicts that {xi] tends to a. - |

i+l

Lemma 5.1 states that if one can find a problem element f_ which shares

0

the same information as f and a, is sufficiently close to but different from o,

0
then the class of iterations IT(N,S) is empty. Compare with Theorem 4.1 in

Kung and Traub [76b] and Lemma 3.2 in WozZniakowski [76) where a similar proof
technique is used.

We are ready to prove

eor o !

Su'ppon that (5.1) to (5.6) hold. Let M be a linear information operator.

If d(R,8) > 0 then IT(®,S) = p. &

-
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5.4

Proof

Since d(%,5) > 0 there exist £ € J), o = S(f), and f € V(£) such that
(5.9) S(£(a) # S(f) = «

Let h(x) = -f(x) ~ f for x close to @. Then h(x) € ker M(.,x) and due to (5 .6)

f is a Lipschitz function at o,
Inex)-boe) = | Exep-Ex) | < a® || xp=x, |l

Due to (5.2) and (5.5), f + ch(x) €  for c € [0,17 since || ch(x) || < 8(F).
Consider g(e¢) 2 S(f+ch(a))-S(f) for ¢ € [0,1]. From (5.4) it follows that g

is continuous. Note that g(0) = 0 and g(1) # 0 due to (5.9). Choose

¢, € [0,1) such that g(c)) = 0 and g(cy+8) # 0, for & € (0,1-c]. Let £,°f + c h(a).
Note that fl € 30 and fl + ch(x) € 30 for ¢ € [0.6(f1)/6(f)]. For 'suc'n c

define F(x) = S(f,+ch(x)). Then S(f,)= o and F(a) = S(f +ch(e) # o for

small positive c. We consider the equation x = F(x) for x € J = {x: |[k-a|| < ]

for small positive . Note that ||[F@d-o]| = IIS(f1+ch(x))-S(f1) || s ea(s,£)) sup || h(x) |
; x€J

< [ for small ¢ and [. Furthermore || F(x,)-F(x,) | = cq(s,f,) “h(xl)-h(xz) [l
s eq(s,5)) a |l xl-lel . Thus for small c, F is a contraction mapping in
J. Since J is a closed ball in the Banach space :&, there exist % € J such
that ay = F(ap), i.e., ay = S(f +ch(ay)) and a) F a. Let £, = £, + ch(ep.
Since h(ao) € ker m(-,ao), m(fo.ao) - ﬂ(fl,ao). Applying Lemma 5.1 for f1

and f, we get IT(R,8) = §. ]
Theorem 5.1 states that d(M,S) = 0 is a necessary condition for the class

of iterations IT(M,S) not to be empty. We prove in the next section that unless
the cardinality of the information operator R is sufficiently large, d(R,S) > 0.
Assume then that R is a convergent linear information operator and let

p(N,8) be the order of information N. Since S is a Lipshitz operator and W is

the class of Lipschitz functions, p(R,S) = 1.

S~ oy~ -
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Lemma 5.2

1f p(M,S) > 1 then IT(R,S) is non-empty.

Proof

Let cpI, (pI € $(M,S), be an interpolatory algorithm. From Theorem 2.4

we get p(cpr')- p(R,s). This yields
I -y
(5.10) || @" (x,R(£,%x))-al| = o(|| x-alf”H, ¥1 > 0,

for all x sufficiently close to a = S(f) with p = p(R,5). Set M= (p-1)/2

and q = (p+1)/2. Then there exist positive constants C and | such that (5.10)

can be rewritten
I ‘PI(x,m(f,x))-a” < c| x-a|fl, for || x-a| s T.

Let e, = || x;-af| vhere x, = 9'(x ,R(f,x,)). Then e

sc.‘;. Since q > 1,
< Y (-9

i+l

then for e the sequence {xi} is convergent to a. Of course,
a= ¢(a,R(f,a)). This means that cpI is an iterative algorithm in the sense
of Definition 5.1 and IT(R,S) is non-empty. (]

From the proof of Lemma 5.2 it easily follows

Corollary 5.1 .

If cp € $(N,s) and p(9) > 1 then ¢ is an iterative algorithm, |
For p(R,8) = 1, the class of iterations IT(M,S) is non-empty if § is a

contraction mapping, more prociuiy if || S(f(xl))-S(E(xz)) Il = a6 || xl-lel

2
q(f) < 1. For p(R,S) = 1 and for non-contraction mappings S it seems plausible

for all x, and x, close enough to a = S(f) and for all ?1. € V(f) where

to conjecture that IT(M,S) = §. We do not pursue this problem here.

e
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6. INDEX OF THE PROBLEM S

Recall that S: 30 - 32 where 30 is a subset of a linear space 31 Let
a € 8(30). Define

(6.1) G(a) = {h €3): ¥ €3, S(D = a, we have

S(f+ch) = S(f), ¥ |c| < &8)/| n| I

That is, G(a) is a set of elements h which multiplied by a small c and added
to - f do not change the solution element o = S(f). Due to assumption (5.2),

f+ch € §) for |c] < 8£)/ || n|] and therefore S(fich) ,!.s: well-defined. Note

that G(a) is a homogenous set, i.e., h € G(a) implies ah € G(a)A for aay

constant a. If S is analytic at any f € 30 then

(6.2) G = h €3: vEET, (B = o sV (@nd =0, for 5 211
Let A(sl) be the class of all linear yubspncel of 31.

Definition 6.1

We shall say that index(S) is the index of the problem § iff ¥

(6.3) index(S) * max min codim A.

a€8(3)) AT (a) and AR (D) "

Lsc A(a) be a subset of G(a) such that A(a) is a linear subspace of 31
and has minimal codimension, i.e., A(a) € G(a), A(a) € A(31) and

(6.4) codim A(a) = min codim A.
ASG (@) ana AEA(SI)

1f G(a) is linear then clearly A(a) = G(a). The index of the problem §
is the miﬁsl codimension of A(e). 1If G(a) is linear for all a € 3(30)

then (6.3) becomes




6.2.

(6.5) index(S) = max codim G(@).
&S (J,)

In Section 5 we showed that if the limiting diameter of informationm
d(®,S) is non-zero, then the class of iterations IT(RM,S) is empty. We now
prove that d(®,5) = 0 implies that the cardinality of R is at least equal
to the index S. Recall that throughout this paper we assume that (5.1) to

(5.6) hold. We also assume that S.(So) is an open subset of 32

Theorem 6.1
Let :: 31 X 8(30) - 3" be an arbitrary linear information operator such

that M € Lip(0) and card(M < index(S). Then
(6.6) d(R,s) > 0. : a

Proof
Assume that there exists an information operator % such that % € Lip(0),
n = card(M) < index(S) and d(R,5) = 0. This means that for any f and f such

that £ € v(f), Il S(E(x))-a” -~ 0 as x tends to @ = S(f). Since f and S are

continuous, S(f(a)) * o. The information M is linear and belongs to Lip(0).

SO T A3 i

This yields that h(x) = f(x) - £ is an element of ker R(-,x) = (h: Lj(h,x') -0,

j = 1,2,...,n} vhere the linear functionals Ly €Lip(0). Take o« € $(3,) such
that codim ker A(@) = index(S). Let 8 be am arbitrary element of ker M(-,a).
From Lemma 4.4 it follows that there exists a function h = h(x) such that
R(h(x),x) = 0, h € Lip(0) and h(a) = 8y- Define ?(x) = f + ch(x) for

le] < 8¢8)/|| 8gll where S(f) = a. Then f € v(f) and (o) = £+ cg,- Thus

S(f + qgo) = S(f) which yields that & € G(a) and ker N(-,0) € G(a). From
(6.4) we get n = codim ker M(-,a) 2 codim A(a) = index(S). This is a

contradiction. Hence d(%,S) > 0 which completes the proof. |




6.3

Theorem 6.1 states that the limiting diameter of information d(M,S) is
nonzero for any linear information operator with cardinality less than

index(S). From Theorems 5.1 and 6.1 we get

Corollary 6.1

The class of iterative algorithms IT(M,S) is empty for any linear informa-
tion operator o such that % € Lip(0) and card(M < index(S). - |
We now show that there exists a linear information operator M such that
R € Lip(0), card(M) = index(S) and d(M,S) = 0. Recall that A(a) is defined
by (6.4). We assume that the domain 30 of S is chosen in such a way that
codim A(a) does not change for o € 5(30) , i.e., index(S) = codim A(@),
Y a € 8(30).. We apply Lemma 4.3 for A(x)’ where x €X = S(So). This yields

a linear information operator

6.7) T(£,2) = [Ly(£,%),000sln(£,%)]

* *
such that L, (+,x),... L »(-»X%) are linearly independent linear functionals

* %
for every x, n - = card(®) = index(S) and ker M (:,x) = A(x), ¥ x € 5(30).

*
We shall call B a basic linear information operator.

Definition 6.2
We shall say a solution operator S belongs to the class Lip(0) (briefly
S € Lip(0)) iff B € Lip(0) vhere B* is defined by (6.7).. *

Compare with Definition 4.3. Thus, S € Lip(0) means that linear func- i

tionals whose kernels form A(x) satisfy a Lipschitz condition.
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6.4

Theorem 6.2

*
Assume that S € Lip(0). Then ® defined by (6.7) is a convergent linear

information operator, i.e., d(m*,s) =0, > |

Proof

Take any f € 30. o= S(f). Let f be any function, £ € Lip(0). such that
f € V(f). Let h(x) = £(x) - £. Then "h(:;)_”< 6_'(f) and h(x) belongs to
ker M (-,x) = A(x). Thus :1‘__.-12“ s’(’E(x)‘)QS('f) || =|| s(E+h(a))-S(£) ||. Since
h(e) € A(a) and A(a) € G(a) e ‘get S(f+ch(a)) = S(£) for |c| < 8B/ ||b@]l.
But || h(a) || < 6¢£) aﬂd setti.nﬁ, c = 1 we get S(f(a)) = S(f). This proves
that d('R*,S) = 0 which means that 2 is convergent. %
Theorem 6.1 and 6.2 state that it is nccesur); ‘in;l sufficient to use
linear information ¢perators with cardinality at le;st equni to the index of

the problem S if we wish to compute o by an iterative algorithm.

3 £
We proved that the basic linear information operator U is convergent.

We now show that provided a certain technical assumption holds any convergent linear '

o *
information operator contains % . This means that the information U must

be computed. See Definitiom 4.1.

Theorem 6.3
Let G(o) be a linear set for all a € S(So) and let N be a linear informa-
tion operator such that % € Lip(0). Then d(N,5) = 0 implies = a.

Proof |
Since G(a) is linear, ker !*'(-.a) = G(a), Va € 8(30). Take any o and

£ such that o = S(f). Since d(%,5) = 0 then S(£(a)) = S(f) for any ¥ € V(D).

Let g, be an arbitrary element of ker N(-,a). From Lemma 4.4 we know that

there exists a function h € Lip(0) such that R(h(x),x) = 0 and h(a) = 8y

d TR A
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6.5

Define £(x) = £ + ch(x) for [c| < 86(f)/||h(e) |l Then f € V(f) and hence
S(f + ch(a)) = s(f). This proves that h(a) = 8o belongs to G(a) which
yields ker M(:,a) ¢- G(a) = ker m*(-,a). Hence = N which completes the
proof. . =
We discus§ the implications of Theorems 6.1, 6.2, and 6.3 from a com-
putational point of view. What is the most general form of
linear information operators which is permissible? Consider an idealized
model in which every linear functional is a primitive. Then every linear
information operator M defined by a finite number of linear functionals,
i.e., card(M) < + », is permissible. However even this idealized model of
permissible information does not help for problems with infinite index.
See also Section 8.
As we now show in several examples, the indcx may be infinite. Then
linear information operators with finite cardinality do not supply enough.

information to solve the problem with an iterative algorithm.

Example 6.1

Assume that S is a one-to-one operator. Then G(a) = [0] and

codim G(a) = dim 31 Hence
(6.8) index(S) = dim 31.

Thus 1f dim § = + ® then the problem S cannot be solved by an iterative algo-
1
rithm using a linear information operator with finite cardinality.
Many problems can be defined by a one-to-one operator on an infinite

dimensional space 31 One instance is provided by the approximation problem

S(f) = £ and 31- Cl[a,b]). As a second instance consider the solution of any

-
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6.6

linear differential equation Da(x) = fl(x) for x € Q and a(x) = fz (x) for
x € AN. Then S(f) = o where £ = (fl,fz) is a one-to-one operator. This
shows that such approximation and differential equation problems cannot be

solved iteratively by means of linear information operators with finite

cardinality. ' ] .

Ex le 6.2

Let 30.- 31 = C[a,b] and let k be a positive integer. Define

1 %
(6.9) S(f) = ll‘[f(::)] de,

Since S is analytic, (6.2) yields h € G(a) 1£f s (£)nd = 0 for j = 1,2,..

where o = S(f). Note that

1 ' 1 :
s D (npkl @ l[f(:)h*"“(c)cic. s (eyn* = l{\."(:)clc-

and sV (£) = 0 for § > k.

Assume that k = 1 Then

1 Y,
G(a) = {n: {h(t)dt = 0} and codim G(a) = 1. 1

Thus index(S) = 1. This mum there exists a linear information operator

R with card(®) = 1 such that d(R,8) = 0. 1Indeed, the buic information X ;
defined by (6.7) is now given by W (£,x) = Li(f,x) - { £(t)dt and a(®,S) = 0.
rur:honoro the order of informatiom p(ﬂ ,S) = + ® and we can solve this

v dircctly. In this case, k = 1, the solution operator S is a linear functional
and can also be used as a linear information operator whose cardinality is |

equal to unity. (Of course if we want to approximate S we rule out Q* =g

as a permissible information operator.)
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Assume that k 2 2. Then if k is even, s(k) (f)hk = 0 implies h = 0.
If k is odd then s(k-l)(f)hk.l = 0 for a positive f implies h = 0., Thus
G(a) = {0} and '

index(S) = codim G(a) = + =.

1
Hence it is impossible to iteratively approximate the value of { fk(t)dt by

means of linear information operators with finite cardinality, for k 22. ®

Example 6.3 Nonlinear Equations

T 32 where Bl

and Bz are real or complex Banach spaces and N = ‘_“-“'(31) = dim(B We

Let 31 be.the class of analyfic operators, £, f: DCB

2)'

assume that D is an open set and || £]| = sup || £(x)|| <+ = for £ € 3,- Let
x€D ;
30 be the class of analytic operators with a unique simple zero, i.e.,

£ €3 1ff £ €3 and there exists @ € D such that £(o) = 0 and £' (@) "

exists and is bounded. Define
(6.10) S(O) = £10), 3, =»,.

Thus @ = S(f) means £(a) = 0 and the problem S is that of finding the solution
of nonlinear cquaﬁions. It is easy to verify that G(a) = (h € 3;: h(a) = 0}

and

index(S) = dim Bl = N.

Thus if N < + ® ye can find a convergent linear information operator with

cardinality equal to N. 1Indeed, the basic information ﬂ* is now given by
V) Tt = £ = (£,00,5,® ... 8,@]

where fj: D = ( are the components of £.

vvvvvvv
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For N = + », the index of the problem S is equal to infinity. This
means that we have to use linear information operators with infinite cardinal-

ity to assure the existence of iterative algorithms. For instance,

MN(£,x) = £(x) is a convergent linear information operator. s




7.1

7. THE mth ORDER ITERATIONS

In the prcv:l.ous.uction we proved that if we use linear information
;:porators with cardinality less than the index of the problem S, the class
IT(R,S) is empty. | :

Let m be a real nuﬂ:er. m 2 1. We now pose and answer the following
question: what is the minimal cardinality which assures. the existence of
a mth order 1:.:::10:1& See Definition 2.6. From ‘rhe.otun 2.4 follows that
we seek a linear infonntiot.: operator R with minimal cardinality such that

the order of information p(R,S) is -at -leut equal to m. Let
(7.1) kx=k(m = [l -1
In this section we assume that 8(30) is an opcn—lubs.ct of 32 and W is

the class of functions f such that (5.5) holds and the condition (5.6) is

strengthened by the assumption that f €Lip(k).

Let H be the class of functions h such that h: 8(30) - 31 and h € Lip(k).

Define

(7.2) Gm) = {h: h €EHand ¥ £ € I, 1im “iLf*“—“"-‘)-’—’—smﬂu -9
| % | x-sco) || ™

x-5(f)
viO>0, v || < &)/l nescee)) ] }
‘where 6(f) is defined by (5.2). Note that S(f+ch(x)) is well-defined for x

close to a= 8(f) since || ch(x) || < 8O || hex) || /]| h(a) || = 8(E) (140(1)). Let

g(x) = S(f+ch(x)) - S(f). Then (7.2) implies that g3 (o) = 0 for

J=0,1,...,k(m). If S is sufficiently regular then '(J) (a) = 0 involves

—
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conditions on h(a) ,h'(c),...,h(k) (®). Thus G(m) is the set of functions h 1

for which S(f+ch(x))-S(f) has a zero a of multiplicity k.

Suppose that A(x) is a linear subspace of 31 such that codim'A(x) = const

for every x. € 8(30). Define
€7.3) A= f{h: h €H and h(x) € A(x), ¥V x € S(Jy 1.

The set A contains functions from the class H whose values at x belong

to A(x). Clearly A is a linear subspace of H. Denote 4

(7.4) codim A H codin; A(x) . |

Let A(H) be the class of all sets of the form (7.3). We are ready to {

define the mth index of §. : ' 4

Definition 7.1

We shall say that index(S,m) is the mth index of the problem S iff

(7.5) index(S,m) = min codim A ' J
ASG(m) and AEA(H) [

Theorem 7.1

Let 2: 3 x S(Jy - J; be an arbitrary linear information operator such
that % € Lip(k(m)) and card(M) < index(S,m). Then

7.6 PR, <n. _ &

Proof

Assume that there exists an information operator M such that M € Lip(k(m)),

e e

n = card(M < index(S,m) and p(M,S) 2 m. Let N X (LysLy,..e5L, ] where
L, €Lip(k), 1 = 1,2,...,n. Define




s ]

(7.7 X = {h: h €H and L(h(x),x) =0, i=1,2,...,n, ¥ x € 5(30)}.

Since Ll(.,x),...,Ln(-_,x) are linearly independent for every x € 8(30) '
then K € A(H) and codim K = n. We show that K C G(m). Let h be an arbitrary
element of K. Take any £ € 30, a = S(f), and define E(x) = f4ch(x) for
|c| < 8(f)/ || h(a) || . Then E(x) € 30 for x close to « and ‘R(E(x),x) = N(f,x)
since h(x) € ker M(:,x). Thus f € v(f). " since p(N,S) 2 m, Definition 2.5
yields S(f+ch(x)) - S(f) = o(“ x-alr.n)for every N > 0. This means that

h € G(m) and implies K€ G(m). From (7.5) we get
index(S,m) < codim K = n = card(M).

This is a contradiction. Hence p(M,S) < m which completes the proof. [ ]
Theorem 7.1 states that any regular linear information operator T with :
order of information p(RM,S) greater or equal to m has to have cardinality at
least equal to the mth index of the problem S.
! We now construct a linear information operator M, M € Lip(k) and
card(M) = index(S,m) such that p(R,8) 2 m, : | 4
%* ) b YR
Let A = {(h: h € H and h(x) €A (x), ¥ x € 8(30)] be a linear subspace !

of H such that the minimum in (7.5) is attained for A , i.e.,
* *
(7.8) A C€G(m) and codim A = index(S,m).

This means that codim A*(x) = index(S,m) for every x € 8(30). Decompose
y - A GA*(x) » L.e., for every £ € 3 : .

R L G = 11 A B R g NI e e T
n s ‘
(7.9) £=£,+ z Ly (£,308, (%)

-
-
i
-

i=] , i
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7.4
* * * * ]
vhere n = index(S,m), fo €A (x) and Ll(a,x),.... Ln*(-,x) are linearly 1
independent linear functionals for every x € 8(30). )
Let
# % *
(7.10) R (£,x) = [L,(£,%),0..,L 4(£,0)]
be an mth basic linear information operator.
Definition 7.2
We shall say a solution operator S belongs to the class Lip(k(m)), i
$ € Lip(k(m)), iff there exists m; of the form (7.10) such that m; € Lip(k(m)). B
*
Note that U € Lip(k) means that L: € Lip(k) for i = 1,2,...,n*. Clearly 1
* *
card(!ﬂ) = index(S,m). From (7.9) we have Li(gj(x) X) = 61_1 and we can 4
assume that the functions ‘j € Lip(k).
3
We estimate the order p(mﬂ.s) of the mth basic linear information !R:.
Theorem 7.2
Assune that S € Lip(k(m)). Then . ;
A
¢ ; s !
(7.11) p(R,8) 2 m. [ ] 3
Proof

“r'l.kg any £ € 30. a= S(f), and any £ € V(f). Then h(x) = £(x) - £ s “’
- bclongs to ker !:(-,x), i.e., L:(h(x) ,X) ® 0, Since f € Lip(k) then also
h € Lip(k). From this and (7.9) we get that h(x) € A*(x) for every x € 5(30) ‘
This means h €A . Since A" CG(m), b € G(m). Note that [| head || < 8¢H)
which implies that we can put ¢ = 1 in (7.2) getting

Il sEx))-s¢) || = oc|| x-al"™, v 7> o0.

This proves that r(f..s) 2m.
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Theorems 7.1 and 7.2 state that we have to use linear information
operators with cardinality at least equal to the mth index to assure the
existence of a mth order iteration. If index(S,m) = + ® then linear
information operators with finite cardinality do not supply enough informa-
tion to guarantee the existence of a mth order iteration.

As in Section 6 we prove that in some cases any linear information

",..oi'e’;:acor N with order of information at least equal to m contains the

+*
information mm.

Theorem 7.3

Let G(m) be a linear set such that G(m) = A*. Let N be a linear informa-

*
tion operator such that M € Lip(k(m)). Then p(M,S) 2 m implies mm c M [ ]

Proof

Take any £ € 30, o= S.(f). Since p = p(R,S) 2 m then
S(E(x)) - S(E) = o(|| x-alr.n), v 1> 0, for aﬁy f EV(E). Let g, be an
arbitrary element of ker M(-,a). From Lemma 4.4 we can find a function h
such that h € Lip(k), ﬂ(h(x) »X) 20 ;nd h(a) = go. Since
S(greh(x)) - S(B) = o(|[ x=alP™ D, ¥ 1> 0, and |e| < 6(8)/|| (@) || then
h €G) =A'. Thus h(x) €A (x), i.e., L;(h(c),0) = 0. This implies that
8y h(a) € ker m:(-,a) and ker N(.,a) C ker ﬁ:(-,a). Since o is arbitrary,
ﬂ: C % wvhich completes the proof. [
Compare with Theorem 4.2 in Traub and Wozniakowski [76b) where a similar
problem is considered for nonlinear equations.

We illustrate the concept of the mth index by two examples.
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Example 7.1 Nonlinear Equations
As in Example 6.3 define S(f) = £ 1(0). Let h € H. Now h(x) is a

function from ~3°, i.e., h(x) = h(x,*). It is easy to verify that

G(m) o {h: aj—:x(%ﬁl- 0, §=0,1,...,k(m), Va'ES(So))

where k = k(m) is defined by (7.1).

This means that h(x,t) = O((x-t)“l) belongs to G(m). The mth index is

index(S,m) = I(N:k>

where N, N< + =, is the dimension of :.he problem. FOr N = 4 =,

given by

index(S,m) = + ®, The information !B; is now given by
)
R (0 = (£00,£ (0),...,£% )
and was intensively studied by Traub and Wozniakowski [76b, 77a, 77b]. [ |

Example 7.2 Linear Equations
Ccmsidcr,'u in Example 7.1, S(f) = ffl(O) with the additional assump-

tion that £ is an affine function, i.e., £(t) = At - b where A is a nonsingular
NXN matrix and b is a Nx1 vector. Then

Gm) = {h: ﬂ:_—‘;’ﬂﬂ- 0, J=0,1,...,k(m), ¥ o €S53y}

vhere h(x,t) is a linear function of t. It is easy to check that

index(S,m) = N(N+1), ¥ m > 1.

o~ —— -
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From this follows that every algorithm ¢ which uses any linear informa-
tion operator N with cardinality less than N(N+1) has order p(tp) sp@,s) s1.
Furthermore every interpolatory algorithm q)I which uses the linear informa-
tion operator m*(f,x) = [£(x),f'(x)], cnrd(m*) = N(M+1), has order
p((pI) = p(‘.ﬂ*,s) = +l". Since f(x) = Ax - b and f'(x) = A, f is fplly

o
determined by % (£,x) and c.pI requires the solution of a linear system and

cpI is a direct algorithm. f ]
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8. COMPLEXITY INDEX FOR ITERATIVE LINEAR INFORMATION

We specify our model of computation for iterative linear information

b operators which is similar to the model for the linear case in Part A.

Model of Computation for Iterative Linear Information

(1) Let P be a given collection of primitives. We assume that the
addition of two elements of 32. f+g, and the multiplication of
an slement of 32 by a scalar, cf, are primitive operations which
belong to P. We also assume that every linear functional L(',x)
is l.prhitivo operation which belongs to P for every x under
consideration. This implies that any linear information operator
R= [I.l.l.z....,l.n] of finite cardinality is permissible where

LisLy,e..,L are arbitrary linear functionals.

(11) To normalize the complexity measure we assume that the cost of
the addition of two elements of 32 and the multiplication of an
element of 32 by a scalar is taken as unity. Assume that the
complexity of evaluating a linear functional L(-,x) does not
depend on x and let comp(L) = comp(L(f,x)). let M= [1’.1....,1.“,]
be a linear information operator, card(®) = n. We assume that

R(£,x) is computed by the independent evaluation of

k :
Ll(!.x)....,l.n(f,x) and the information complexity of R is given
by
n
g (8.1) comp(® = Z cc-p(l.i).
1 i=]

1f cup(l.‘) ] € then comp(M) = nc, vhich shows how the information complex-
ity depends on the cardinality of R,

s U e R L
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(ii1) Let ¢ be a permissible algorithm which uses M and finds an ¢'-
approximation to o = S(f). Let comb(p) be the combinatory
complexity of . For all problems of practical interest, ¢
has to use every Li(f.x). {i=1,2,...,n, and the current
approximation x at least once and therefore. comb(o) 2 n. We
rule out special problems and information operators, assuming

that comb(¢p) 2 n for every algorithm under consideration. |

We analyze the complexity index of iterative algorithms using a linear
 information operator M. Assume that p(R,S) is greater than unity where

M= (L »L,] . Let @ be a permissible algorithm from the class Qpem(m,s)

12
and p(9) > 1. See Section 3. Therefore ¢ also belongs to the class IT(R,S)

of iterative algorithms. See Corollary 5.1. The complexity index z (o) is

defined (compare with (3.11)) as

(8.2) z(p) = S22 LEmD

n

where comp@®) = Z comp(L,) is the information complexity and
i=1

comb(p) = sup comp(P(x,R(f,x))
(fox)

is the combinatory complexity of ¢. For simplicity assume that co-p(l.i) = €.
From Theorem 2.3 we know that p(¢9) £ p(R,S). Since comb(¢) 2 n, this yields

i nc1+n

~ @3 @ 2 oy
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8.3

Furthermore, Theorem 2.4 guarantees the existence of algorithms whose order
is equal to the order of information. Assume that one of these maximal order
algorithms is permissible. Let 'conb(m,s) denote the minimal combinatory com-
Plexity of algorithms with maximal order, i.e.,
(8.4) comb(R,S) = inf comb(q) .

@: p(P)=p(R,S)
Let comb(®,S) denote the minimal combinatory complexity of algorithms ¢ from

Qpem('ﬁ,s)' with p(p) > 1, i.e.,

(8.5) comb(R,S) = inf comb(¢p).

¢: p(p)>1
0f course n < comb(R,S) < comb(R,S). From (8.4) and (8.5) we get bounds on
the complexity index z(RM,S) of the information M for the problem S. See

Definition 3.1.

Lemma 8.1
ne, + comb(®,S) nc, + Somb (%, 5)
6.0 —aFmn 9 = igTmn— - .,

Note that if nc, >> comb(R,S) then

|

@D =29 =T rmn
and every maximal order algorithﬁ P is close to a minimal complexity index
algorithm since z(¢p) = ncl/log pR,8).

The above discussion motivates the following problem. For fixed n find

a linear information operator R with card(M < n and maximal order of informa-

tion. Let 'n be the class of all linear information operators N which are

sufficiently regular and card(®) € n. We assume that S is also sufficiently

regular.




8.4

v —— r——p——

Definition 8.1

We shall say p(n,S) is the nth maximal order for the problem S iff }

P (8.8) p(m,S) = sup p(R,S).
qNey

We shall say UPO,N‘M € Yn’ is a nth maximal order information for the

problem s iff

(8.9) p(M°,s) = p(n,s). . | a

The results of Sections 6 and 7 enable us to find the nth maximal order
and the nth maximal order information. Recall that index(S,m) is the mth
index of the problem S, m 2 1. See Definition 7. Note that index(S,m) is
a nondecreasing function of m. .

Suppose first that index(S,1) = + ®. Then index(S,m) = + . and Theorem
7.1 yields p(R,5) = 0 for every R with card(M) < 4+ ® Thus p(n,S) = 0 and
every linear information operator satisfies (8.9).

Suppose then that

(8.10) n, = index(S,l) < + =,

0
From Theorem 7.1 we immediately get p(n,S) = 0 for n < n,. For n 2 n, define
(8.11) q(n,8) = inf {m: n < index(S,m)]}

with the convention q(n,S) = + ® if index(S,m) £ n, ¥V m. The function q(n,S)

a is a nondecreasing function of n and q(n;,S) 2 1. We are ready to prove

b ]
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8.5 |
| |

Theorem 8.1
Let n, = index(S,1). Then

0 for n<n , |
0

(8.12) p(n,S) = ’
q(n,8)  for m Zn. [ ] :

Proof J
It suffices to prove (8.12) for n, <+ ®and n 2n,. Let q = q(n,S).

0 0
Take any positive T|. From (8.11) index(S,q=-T) < n. Theorem 7.2 guarantees

that there exists a linear information operator M such that
card(® = index(S,q-T) = n and p(R,S) 2 q-T. Since T is arbitrary,
p(n,S) 2q = q(n,S). |
From (8.11) we have n < index(S,q+1). 'n;.orﬁ 7.1 states t
7S) which completes
w

REY, p(RS) <q+Nl. Thus p(n,S) < q. Hence p(n,S) = q

R b N

the proof.
Theorem 8.1 states the dependence of the <ith maximal order p(mn,S) on
the problem S. Since we assume S and ti@ linear information operators M .are

sufficiently regular, the nth 1 order p(n,S) is nn integer. We find a -

TERT TN -

nth maximal order info on for n 2 n, = index(S,1) where n, <+ = Let (
T € (0,1) and let % be a linear information operator such that ! 1
card® ) = (S,p(n,S)-TN) € n and p(mn,S) 2 p(n,S)=-M> p(n,S) = 1. The | -}

e of !ﬂ is guaranteed by ‘nuo'nil 7.2. Since p(ﬂn.s) is an integer,

wve get p(",s) = p(n,S). This proves the following theorem. ; ; |

Theoren 8.2
Let n, = index(S,1) <+ ®, For n 2 nys Ru is a nth maximal order | /1

information for the problem §S. w 7 e
|




}

We examine the complexity index z(M,S) of the information operators

N from the class Yn-

Definition 8.2

We shall say z(n,S) is the nth minimal complexity index for the problem 1
s iff : '

(8.13) z(m,S) = inf z(R,S).
ney

n

We shall say that nopt = nopt(sb is the optimal cardinaid.tx number for i
the problem S with respect to the complexity index iff |
(8.14) z(nopt’s) = :I.:f z(n,S). ' i

We shall say a linear information operator 9!5”’ is an optimal information - |

operator for the problem S iff e e

i
(8.15) card(®°l) = Bype (S) and p(®is) = P(nyy(S) - = |
Let comb(n,S) = inf comb(R,S) and comb(n,S) = inf comb(RM,S) (where ";
qneyY, Rey! '

Y; = (R: N € Yn and p(m,§) = p(n,S) ) be the minﬁn’l coﬂbiutory complexity
of comb(R,S) and the minimal combimtory‘camﬁlexity of comb(M,S) for the
information operators with the maximal order p(n,S) respectively. See (8.4) : t
} and (8.5). From Lemma 8.1 and Theorems 8.1 and 8.2 we get the following
estimates of the nth minimal complexity index. '

Lemma 8.2

ne, + comb(n,s) ne, + conb(n s)

(8.16) —-—a—y— £ z(n,S) ‘W ., o (




— |

Observe that (8.16) is simpler if nc, >> comb(n,s). Then

ne, _ :
(8.17) z(n,S) Zl—og-—m)- £ !

This shows that the nth minimal complexity index depends on the cardinality

of information and the nth maximal order. To find the optimal cardinality num-
ber one seeks the minimum of the function f(n) = z(n,s).‘ The value of
nopt(s) depends only on how fast the functions comb(n,S), comb(n,S) and p(n,S)
tend to infinity with n. Knowing nopc(s) one. can .eas:lly ‘find an of;timnl
information operator moi from Theorem 8.2. We conclude this section by an

example.

Example 8.1

Consider the solution of nonlinear equations, S = f-l(O) whera N is the
diumion of the problem, N < +®, Traub and Wozniakowski [77b] showed that § .
3 for N = ], the scalar case,

(s) -{ ;

n !
e 4 N(N+1) for N 2 2, the multivariate case. i |

The optimal information operator Rol(f,x) = [(£(x),£'(x),f"(x)] for N=1

and %L (£,x) = [£(x),£' (x)] for N = 2. 5 o

i //

~
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CHAPTER III

EXTENSIONS AND COMMENTS

9. TINFORMATION OPERATOR WITH MEMORY

In this section we briefly indicate how the concepts of the limiting

diameter and order of information can be generalized for information operators

with memory. As aiways we want to approximate the solution a = S(f).. Suppose

that xo,xl....,x , T 21, are known distinct approximations to a. Let

(9.1) B Dy ©J; X 3?'1 -3

be an information operator with memory (not necessarily linear) where
(f”‘Of’l"“"’t) € Dy for all £ € 30 u;d all discinct XX, cccoXy sufficiently
close to a, and 3, is a given space. The parameter T n‘u\;ros the size of

‘the memory used by R. 1In general R(f .xo.xl,...,gt) does not uniquely define
the solution @ and many different problem elements have the same information

At X XX as £f. Ve define the concept of equality with respect to R.

Definition 9.1

We shall say f= ?(xo.xl. ....x) is equal to f with respect to R 1££

W £ D;c,ﬂf"-l- %, E€w

where W is a given space and there exists [= r(f) > 0 such that

(3N ™!  p; vhere 3(NH = fx: || x-all.s 1 wieh o= 5(D),

(11) ‘R(i(zn .ﬁ.....z_r),xn.zl,....zr) - !(f,:o.xv....gt), v(x.o,xl.....x‘) € Dg.

equal to f with respect to 2.

9
For brevity we vrite £ € V(f) where V(f) is the set of all functions f which are ;
|
!
!
|

- ———— 2




9.2

The space W describes the regularity of f with respect to XX X

1 e’

The limiting diameter d(M,S) of M for the problem S is defined as follows.

Definition 9.2

We shall say d(R,S) is the limiting diameter of information B for the

probles S iff

(9.2) d(R,S) = sup _ sup lim sup SCE. (Xp =erx)) = S(E (X peeurx )]
£Q £125,5(D) x-a i £ 2(gee-x ) |
' i=Q,1,...,r

We shall say the informatim % is convergent for the problem S (or simply

R is convergent) iff

(9.3) d(R,8) = 0. ]
Let

g +1
(9.4) ""’vc:g x MDY ~ 3,

be a stationary algorithm.with memory which generates the sequence of approxi-

-mtions by
(9.5) xj_'_l - v(xj,xj_l.....xj-r, ﬂ(f.xj,xj_l.'...,xj_r))

for § = r,r+l,... . Note that ¢ uses r previously computed approximations
and the information R computed at them. Usually R consists of "new informa-
tion"at %y and reuses previously computed information at x o100 Xy g
Let #(M,S) be the class of all stationary algorithms with memory. We want

to examine the convergence of the sequence [xj] to @. As in Section 2 we

define the limiting error of ¢ as follows.

aha
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9.3

Definition 9.3

We shall say e(y) is the limiting error of algorithm ¢ iff ‘

(9.6) e(®) = sup _ sup lim sup|| @(xnyeee X, R(E,XnpeeesX ))=S(E(Xnseoarx )]l - ' ]
£€3) £EV(H) xa-oau Il o6xq g2 MEs%g r X9 x)) || |
i=0,1,...,r :

The algorithm .p is called convergent iff e(q) = 0. n

PESSREES SENErS

Using the same argument as in Theorem 2.1 it is easy to prove

Theorem 9.1

{

For any algorithm ¢, ¢ € &(R;S), i

|

(9.7) e@ 23 4R,9). ' © !
_ {

Thus, % d(R,S) is the inherent error of information R for any algorithm . :
The diameter d(M,S) is an upper bound on “interpolatory aléorithms" which -

are defined analogously as in Section 2.

Definition 9.4

We shall say vI, QI € #(?,s), is an interpolatory algorithm iff

/
(9-8) @xgp-eerx e MExge.o %)) = S(E(xgy...1x))

for some £ € V(f). : : o]
This means that an interpolatory algorithm @ constructs as the new
approximation to o the exact solution of a problem element E(xo.....x_t)

which shares the same information as f at x;,...,x In practice : : ‘ ;

o
A f(xo,....xr) should be "simpler" than f. It is straightforward to prove : ‘

I T R G gt




9.4

Theorem 9.2

For any interpolatory algorithm :pI, q)I € 3(N,s),
(9.9) e(@h) sd@,s). ' &

Thus, there exists a convergent algorithm in ¥(R,s) iff T is convetgent..
Assume then that % is a convergent information operator, We examine how

fast S(f(xo,...,xg) tends to S(f) as x, approaches o for i = 0,,1;..;,.r.

We generalize the concept of order of information as follows., Let A be a
set of real (r+l)-tuples defined by

r

(9.10) A= {(qpqyre- 49D 9 =0, : 4, 21 such that
i=0
VEEY, a=5(f), and ¥ £ € V(f) we have
I sEarysenx ))-seo) ||

1im =0, v>ol
qqp-1l -1
| x gelf- . .l x_-alpo I xgoall ® - ?

r
ool x el

Su;;pou for a moment that A is non-empty and define

\

A r+l -
(9.11) t(A) = supfe: ¢ » qott-t- qltr s 9, for (qp.9qs...59) €A}
' x:
Note that the polynomial tﬂ'l - (qott-i» A q‘) for 9y 20 and Z q, 21
: B

has a unique positive zero cl 2 1. Therefore t(A) 2 1. o

Definition 9.
We shall say p(R,S) is the order of information R for the problem S iff

(1] 1f A is empty,
t(A) otherwise. N

(9.12) p®,s) '{




Theorem 9 3

VA $ = —— —

9.5

-~

- -

For r = 0, i.e., for information operators without memofy, the set A
coincides with the set defined by (2.17) and t(A) = sup{q: q € A}. There-
fore Definition 9.5 for r = 0 coincides with Definition 2.5. See also
¥ung and Traub [76] where a similar technique for measuring the speed
of convergence is proposed.

We state a theorem which often helps the calculation of the order of

information p(R,S).

r
,...,p‘r such that Py 20, Z P, 21, and
i=0

If there exist pO,P1

(i) for all £ € 30 and all £ € v(f),

& - Po P
9.13) || sExgse- XSO S (5,0 || xgall onc I xal T

for all x,,...,x sufficiently close to o = S(f), || xg-af| S ... = || x-o|

and cl(f,f) < + @, then ;

9.14) p(!,s) 2p

1

where p is the unique positive zero of . (pocr + . + Pr) .

(ii) If additionally there 'exiﬁ: f € 30 and £ € V(f) such that
9.15) || SCE(xys0esx 0)=S(D) || 2 ¢ (£, || x -a||P°- o I -alr'
v -l - - i 0 kK 4

for all XypeeesX, sufficiently close to o = S(f),

| xg-all € - || x_-all and ¢, (£,£) > 0, then

(9.16) p(W,5) = p- -




9.6

Proof
From (9.13) it follows that (PO’pl""’pr) €A. Thus p(M,S) = t(A) 2 p
due to (9.11). This proves (9.14).

Suppose that (9.15) holds. Let (q0 ,ql',...,,qr) € A. Then

i Po P 2
(9.17) e, (£,9) || :-(Ol-a" ML "r’“” s“s(f(xo,...,xr))-S(f))“.

R M s - q
olllxpall® . llx el T ), ¥ > 0.
r
We need the following lemma.
Lemma 9.1

Letm(t)=ptr' # ewn P, ) wog BT + ... + q where p, 20,
o 0. b o 0 r i

=
9y 2 0 and L 9, 2 1. Let p and q be the unique positive zeros of tm'l- w(t)
i i=0
and £t - u(t) respectively. Then
(9.38) B, # P + . 49y B, +tq 4 .ot q, Vi € [0,2],
implies p 2 q. d @
Proof
Let w(t) = "’121) + 0 (1) (t-1) + ... +%,- @ (1) (e-1)F.  Note
e J
that m(k)'(l) = p.¢, where ¢, = (r-i)!/(r-i-k)! for i = 0,1,...,r-k. Set
L P17} i
i=0

0. It is easy to see that c, > Civl for i = o,i,...,g-k. Multiply

Cr-k+l = i
the inequality Py + P, 4+ ...+ pj 2 q, + q1‘+ cee + qj by (cj'cj-l-l) and add

for j . 0.1,00¢’r'k- Then o

oSl SRR SRIVILY RIS S

i i




9.7
r-k r-_k r-k r-k j
(k)(l)- 2 (N : (c,-c )-Z(c-c ) 0 2
w LRt ™ L% L Grea W Paes L8y
i=0 i=0  jmi j=0" i=0
l'-'.k j
B -Ebigg
L lefeny) LA et
j=0 i=0
for k=0,1,...,r-1. This implies w(t) 2 u(t) for t 2 1. Set t = q.

w(q) 2 u(q) = qr. Thus qr - w(q) < 0 which yields p 2 q.

Let i be any integer from [0,r]. Assume that x

i+

Tet x: = x. ™ ., "o Then (9.17) yields

1 2

+
Po Pl

p(R,S) S sup q < p.

i tend to «a.

Due to (9.14), p(M,8) = p which proves (9.16).

Then

A Py 2 q0 + q1 + oo +q. From Lemma 9.1 and (9.11) we get

177 ,xr are fixed and

Let ¢ be a convergent algorithm from ¢(M,S). The order of ¢ is defined

in a similar way as the order of informatiom.

tuple sequences defined by

r
(9.19) B = [(qo,ql,...,qr): q 20; Zqi 2 1 such that
i=0
v f € 30, a= S(f), and vEE V(f) we have

Let B be a set of real (r+l)-

“ (p(xo, K ,xr,m(f,xo,. % ,xr))-s(g(xo, = ,xr)) I

lim q4-T
Il x,-ells. . .<|| x_-alpo Il xy-<ll Ty

Suppose for a moment that B is non-empty and recall that

t(B) = sup{t: ™! - qof-r + qltr-l

Ve L R
ST EROW N A SR

q =T
.II xr-a” X

v 1> 0].

+ -¢-+qr£°r (qo'ooogqr) GB}‘

Sl

e WA e L L




—— e

9.8

Definition 9.6

We shall say p(¢) is the order of algorithm ¢ iff

0 if B is empty,

(9.20) p(p) '{ '
t(B) otherwise. (> |

Forr = 0, Definition 9,6 is equivalent to Definition 2.6 since
p(®) = t(B) = sup B for ﬁon—empty B. Note that in (9.19) we compare the
value of ¢(xo,...,xr,m(f,xo,..,xr)) to every solution elementIS(E(xo,...,xr))
where f € V(f). The "classical" definition of thd'order is based on the
comparison between ¢(x°,...,xr,m(f,xo,...,xr)) and the solution a = S(f).
ﬁe show in Appendix A that for all algorithms of practical interest the
“classical" order is equal to p(9). .

It is obvious that a result aﬁalogous to Theorem 9.3 can be stated for

an algorithm ¢. Namely if
f [ =
(9.21) || @(xgse-esxp s BE K- o 5% ) ) =S (£, -0 ox D) || = O] xg=aff "-...- |k =all )

r i
- r ’
for p i 2 0 and L). Py 2 1, then the order p(¢) 2 p where p is the unique

i=Q i
positive zero of t:r+1 - (potr P el e pr). Furthermore if (9.21) is sharp

then p(¢) = p-

S A TR M S o s A

F We now prove that the order of an algorithm can not exceed the order

_ of information. {
{

Theorem 9.4

\ ; For any algorithm ¢, ¢ € ¥(Q,s),

(9.22) p(9) =p(R,S). L}

oy ) Lol uo ot amte
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e —

Proof
Compare with the proof of Theorem 2.3. Without loss of generality

we can assume B )‘ H. Let (qo,ql,...,qr) be any element of B. Llet f € 30
and f € V(f). Then

Il sExgs-eoux )-8 | < || @xgs - oo ux W RCE kg0 e s X)) =S (£(xgsvnex)) || +
9= q.-M
Il cp(xo,...,xr,m(f,xo,...,xr))-S(f) [| =o(|] xo-a” 0 AL lb(r-(y” * ), ¥ 1> 0.

This proves that (4,,d;,--+,d4,) €A, see (9.10), and t(B) S t(A). This
yields p(¢) s p(®,s). : =

The bound p(M,S) is achieved by the order of any interpolatory algorithm.

Theorem 9.5

For any interpolatory algorithm ¢I, ¢I e’¢(m,s),
(9.23) p(eh) * p(},5). #

Proof
The method of proof is similar to that used in Thcorems 2.4 and 9.4. B
Theorems 9.4 and 9.5 prove that any interpolatory algorithm achieves the

maximal order p(®,S) in the class ¥(R,S).

.

Example 9.1 Nonlinear Equations ' - |

As in Example 6.3 define S(f) = f'l(O). Consider

(9.26) M(E,xpy.enx) = [ExQ 8 (xg)uee o £ M) sen ), 8 )t @ )




9.10

for a given k 2 0. Let W be the class of analytic functions. Thus few

means that E(x,c) is analytic with respect to x and t.

Case 1, N =1. Thus, f is a scalar function of a real or complex scalar

~

for an analytic function G(x,t). It is easy to verify that the ordc/i'a/

information p(®M,S) = p(k,r) where p(k,r) is the unique pooig;vc'fero of the
: e ,

2 :

polynomial t;r+1'(k+1) L“tj and k+l1 S p(k,r) < k+2, lim p(k,r) = k+2. It is
=0 SR i '

well-known that the iﬂterpolatory algorithm P K is now defined as follows:

»

(i) find an interpolatory polynomial w of degree = (k+l) (r+1)-1 such that
o® x,) = f“)(xj), £=0,1,...,k; = 01,...,1,

I
(ii) define X" (pr’k(x‘o,...,xr,M(f,xo,...,xt)) as a zero of w
with a certain criterion of its choice (for instance the nearest

zero to xo\ .

For some values of k and r we get the known iterations. For example, k = 0
and r = 1 yields the secant iteration, k = 1 and r = 0 yields the Newton

iteration. For a detailed discussion, see Traub [64].

Case 2, N 22. Thus, f is a multivariate or an abstract function. From

Theorem 5 in Wozniakowski [74] follows
(9.25) p(R,8) = k+l, v r.

This means that p(MN,S) does not depend on r and the information contained in

¢ (x) for 1 = 0,1,...,k and j = 1,2,...,r does not help to increase the

J

order.

-

- —

-

g

R & T
variable. Then f € V(f) yields that f(x,t) = £(t) + G(x,t) [—L(x-xj)k+1 /

e L S SR A
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However if a certain position of XysXgsreeesX, is assumed than p(M,S) can be
larger than k+l1 for r 2 N+1. Examples include multivariate secant iteration
(k =0, r = N), and the generalization of the interpolatory iteration ¢: K

- ’

See for instance Brent [72], Jankowska [75], Ortega and Rheinboldt {707,

Pleshakov [77] and Wozniakowski [74]. 7

We briefly discuss the complexity of an algorithm ¢ which uées an

information operator M with memory. Supéose that for given initial approxi-

mations X),X;s--+sXps the algorithm o produces the sequence {xi}

X1 ™ q)(xi,...,xi_r,'ﬂ(f,xi,...,xi_r)) such that

i+
Pg P Pr
0326) 4 TS 1 Mar T Mg g s ixeall. 1wl
: .1
where P; 2 0 and q = Z. pi 2 .Let: p be the unique positive zero of
; i=0

gr"'l - (pocr + ... + P:)' Assume that the constants G

1 - Gi(f) satisfy the

relation

(9.27) 0<G <G, sG <+ =,

i

To simplify the complexity analysis we assume that there exist constants [, '

r<i, C, and C, such that

i i
9.28) ¢, se sc, for1=1,2,....r,
©.29) cl<g, els G,

1 2

Then, it is easy to verify that.

i

o' ®
(9.30) Cl ‘.i ‘Cz PorRL. A

. g—— e ——
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L

wggra-*g"('i;;q =k log p = (log log 1/¢€) (1 + 0(e)) and

.

Recall that we want to find X, such that k is the smallest integer for
which e < c'eo for given e' € (0,1). Let ¢, ¢ < ¢', be such that e = ¢ ey

From (9.30) we find

/¢ c
log éog\:i;)/log -}) 103@03(%)/1% —]".>
- 2 sk s

log p log p

(9.31)

For small ¢, k = (log log 1/¢)/log p. Let comp(p,f) be the complexity of
computing % from xo,xl,...,xr. Assume that the cost of every iterative

step is equal to c(®,f). Then

(9.32) comp(@,£) =k e(P,) = z(2,) 8(k,€)

(9.33) z(o,f) = %;—'4?-

AR R A S - 37 S

is the complexity index of @ for £. * A }

We discuss the cost of one iterative step. To perform the ith step we ; ;

-5

have to compute m(f’xi-l’xi-z”"’xi-r-l) and next Q(xi-l""’xi-r-l’m(f'xi-l’""xi-u

- ————

Assume that

(9.36) M(E,xy_goeeenxy )= (e ) RCExy Joee Butx, ()]

for a certain permissible information operator R without memory. Thus the ; !

information complexity comp(R(£,X, 1s.0-0%y o D= comp("l(f,xi_l‘)) since we

reuse the previously computed information ﬂl(f.xi_z) > ..,m(f,xt_r_ 1) . This :
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-

/’ .
/means that the information complexity does not depend on r, the size of
/ memory. Let comp(T) = comp(m(f,xi)).

r Let comb(¢p,r) denote the combinatory complexity of an algorithm ¢. Then

o cmﬂ!} + comb(¢,x)
(9.35)  z(9:5) s

We seek an algorithm with the minimal complexity index. Since the order

of an algorithm @ is no larger than the order of information p(®,S) and there

exist algorithms ¢ with p(¢p) = p('ﬁ,s) we get

comp (M) 4 comb@R,r) comp(®) + comb(R,r)
(9.36) log pa's) s 1;f z(p,f) = log ,pﬁTS)

where comb(M,r) is the minimal combinatory complexity of algorithms which use
information ® and have order gfutot than unity, comb(R,r) is the minimal com-
binatory complexity of algorithms with the maximal order p(R,S). T1f

comp(M >> comb(R,r) then
(9.37) inf z(9,£) ”% .
®

Note, however, that the inequality cor,(®) >> comb(R,r) can usually hold only

for small r or for "sufficiently hard-to-compute" £.

room
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10. EXTENSIONS AND OPEN PROBLEMS

We conclude this Paper by a partial list of extensions and open prob-

lems which will be studied in the future.

1. We show in this paper that if the iﬁdex of a problem is infinite the prob-

lem cannot' be solved iteratively by a one-point linear information operator with

finit:e cardinality. What is the characterization of all problems with

finite index? Furthermore, what is the characterization of all problems

with index(S) = s for a given integer s? We are also interested in the same

question for the mth index of a linear information operator with or without
We proved timt finite dimensional nonlinear equations S(f) = f-l(O) can

be solved by iterative algorithms of finite order x;sing linear information

operators with finite cardinality. 1Is that the most general form of S

which can be solved iteratively? The following example shows this not to

be the case.

Example 10.1
let £ : [0,1] = R be a smooth scalar function. Define

(FCE) 1) = [A£1(E) + d(t,£(0)), ¢ € (0,1,

where A is a linear operator and d is a smooth function of two variables. Let
3° be a class of functions f for which the equation [F(f) ](t) = 0 has a unique
simple zero in [0,1]). Define the problem | .

(10.1) S(£) = g([F(H)]"1(0))




10.2

where g is a smooth one-to-one function and its inverse g-l is a Lipschitz
function. Thus, (10.1) means find the solution P of the equation
[F(£)](t) = 0 and then compute o = g(B). Consider the following. one-point

linear information operator
R(E,x) = [[A£1(3),[A£]' (3),E(3) £ ()] where y = g~ > (x).

Note that card(®) =4. Rnowing R(f,x) we can compute [F(£)](y) = [A£f](y) +
d(y,£(y)) and [F(£)]'(y) = [A£f])' () + ald(Y.f(Y)) +'azd(Y.f(Y)) f'(y) and
then apply Newton iteration to approximate B = g-l(a). (31 denotes the

partial derivative with respect to the ith argument.) Consider the algorithm’

P(x,R(£,x)) = g(y-(F(£) IF)/(F(H) ] ).
Then
2 -1 -1 2
P(x,M(£,x))-a = g(BrO((y-B))) - g(B) = 0((8 (x)-8 (a))“)
- ox-0)2).

This proves that the order of ¢ and the order of information are at least
equal to 2. Thus, problem (10.1) can be llolv.d by iteration. As a particulg; 5
cmpie set Af = f(j), d ® 0 and g(x) = x. Then a = S(f) is the uniqg;//"
simple solution of the equation £ (¢) = 0. o ®

We wish to find the most general form of S which can be solved itera-
tivcl‘y and propose the following conjecture. ./ :

Let Dy and 1)1 be open subsets of d:u,/ll S"ii/< + ®, Let 31 denote the

class of functions £ : Do - Dl' /

Conjecture 10.1
If the problem S can be solved by iterative algorithms using one-point

operators with finite cardinality then there exists an

B e g—




10.3

an operator F : Dy C 31 - 31 and a function g : l)s Cq:N - 32 such that I
(10.2) s(B) = gAFDOT (O, ¥ €Y. &

Conjecture 10.1 states that essentially only nonlinear equations can be
solved by iteration. Indeed, (10.2) means that o = S(f) is the transformed
value of B, o = g(B), where B is a solution of the transformed nonlinear :
equation [F(f))(t) = 0. Note that in Conjecture 10.1 we do not specify
properties of F and g. We merely lllw; existence. Example 10.1 pro--
vides an example of F and g such that 'thc problem g([F(f) ]-1(0)) can be solved
iteratively. It would be interesting to find the most general form of F and
g which permits a problem to be iteratively solved. {

In Part A we showed many apparently diverse problems could be handled ]
within the same general £'r:mu;)rk. However {f Conjecture 10.1 is true then
essentially only problems that we already knew could be solved by iteration

are included within the iterative information model of this paper.

2. We discuss the classification of more general linear information operators
than those considered in this paper. These operators are also of practical 3
and theoretical interest. We define an iterative ‘linear information operstor -2

as follows. Let b

(10.3) l(f.xo, e ,xt) =

[y (€283 (Xg)) s e e oL (£,8 (%)) see oLy (£,8, (X D) 5o ey L (£, 6 (x ) 1° o

§ (x) = x '
€01 (0 = €ypy (KL (£,8,(0)0ee s Ly (£,6,(0)), 3 = 1,2,0.0,001 L

b >

and Lj(t.x) is a linear functional with respect to £. Thus Lj(f.{j(x))

‘
|




depends on the previously computed information. The parameter r measures the

size of "memory". For r = 0, M is an iterative linear information operator

without memory. For r 2 1, N reuses the previously computed information at

xl,...,xr and is an iterative linear information operator with memory. For

(x) =x, j=1,2,...,n ve get a one-point iterative linear information

%
operator which for r = 0 was considered in Sections 4 to 8. If there exists

j such that ;j (x) #x, M is a multipoint iterative linear information operator
since the information Ll(f,gl(x)),...,Ln(f,gn(x)) is computed at least at"’

two different points. Examples of multipoint iteratioﬁs for nonlinear equa-
tions may be found in Brent [76], Kacewicz [(75]), Kung and Traub (74],
Meersman [76a, 76b] and WOz'x;iakowski [(761].

This classification is schematized in Figure 2.

r=0 r21

one-point one-point

Y j, g,‘j (x) = x without memory | with memory

multipoint multipoint
13 gj ) A= without memory | with memory
Figure 2

Remark 10.1

For nonlinear iterative information operators there is no difference
between one-point and multipoint operators. For the nonlinear case we can
distinguish iterative information operators without memory N = R(£ .xo)
which are considered in Section 2 and iterative information operators with

memory which are considered in Section 9. [ ]

N TSR3 121 Sl A
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It would be of interest to generalize t;he results of Sections 4 to 8
to multipoint iterative linear information operators with or without memory.
In particular, we are interested in the questions raised in extension 1 to
multipoint iterations or iterations with memory. We would also like to
extend the concept and properties of basic linear information operator (see
Sections 6 and 7). That is, given a number m, find a linear information
operator 9!* with minimal cardinality of order at least m. Does the conclu-

sion of Theorem 7.3 continue to hold?

3. What is the minimal number of linear functionals in (10.3) to iteratively
solve the system of nonlinear equations f(x) = 0, £: D C (.N - (LN? Newton
iteration shows that O(Nz) linear functionals are sufficient. It follows
from Lemma 4.3 and Theorem 4.2 in Traub and Wozniakowski [76b] that any
iteration based on a one-point linear information operator requires at
least the evaluation of f and f'. This holds even if N = ®, This result
is related to informational requirements of convergent price mechanisms in
mathematical economics. See Saari and Si.mon'-[ 76].

Kacewicz (77] conjectures that N + ¢ “2 linear functionals are needed
(without the restriction to one-point iterationm), wﬁerc c is a positive

constant. Kacewicz has obtained partial results on the minimal number of

- 1inear functionals for N = 1 and 2.

4. In order to derive l_.mr bounds on complexity we require upper bounds on
the order of information for fixed information. In particular, let f be a
scalar nonlinear function with a simple zero and let S = 5-1(0). Kung and
Traub [74] show there exists a multipoint linear information operator using

the linear functionals




10.6

(kjy)

(10.4) Lj(f’x) = f (x), kj =0, 3J=1,2,...,n,

such that
(10.5) p(®,5) = 2L,
They conjecture that

(10.6) p(®,5) < 2™!

for all linear multipoint information operators which use the functionals

of the form (10.4). This conjecture was established for n= 1,2 by Kung and
Traub [76b], for n = 3 by Meersman [76a, 76b] and for "Hermite" information

with arbitrary n by Wozniakowski [76]. Wasilkowski [77] proves this conjec-
ture holds whenever the information operator is well-poised in the sense of

Birkhoff complex interpolation. v

We generalize the Kung-Traub conjecture.

Conjecture 10.2
Let f be any non-linear problem with a simple zero and let S = f-I(O).

Let Ll""’Ln be arbitrary linear functionals and let §1,...,§n be arbitrary

functions. Then

p(R,8) =< g for r = 0,

p(®,s) < 2® for-o <r<o»

See also Kacewicz and Wozniakowski [77] where the maximal order of informa-

tion for multipoint iterations is discussed.

¥
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11.1

11. COMPARISON OF RESULTS FROM GENERAL AND ITERATIVE INFORMATION MODELS

For the reader's convenience we compare some of the results from the

general information model of Part A and the iterative information model of

Part B. See Figures 3 and 4 for a summary.
Part B Iterative Information Model
p(?,s) =0 p(R,s) =1 1<p@®,s) <= p(R,S) = =
a@®,s) >0 0 0 0
comp(®,S,€) undefined ~ 1g(1/e) ~1g 1g(1/e) constant
Figure 3
Part A  General Information Model
r(M,8) =0 0<r(Ms) se r(R,S) > ¢
p(R,8) ~ 0
comp (R, S, €) constant "any" monotonically] undefined
. increasing functionj

We comment on these Figures.

Figure &4

dependence of comp(®,S,e) as a function of e.

solved to within ¢, we say the complexity is undefined.

information model, the order of information, p(RM,S), is basic.

In both Figures we give the asymptotic
If the problem cannot be
In the iterative

Thus if

p(R,5) = 0, the diameter of information is positive and the complexity is
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undefined. In the general information model, the radius of informatiqn,
r(M,s), is basic. Thus if r(MN,S) = 0, then the order is infinite and the
complexity is independent of e.

Order of information was not defined in Part A. However the definition

of Part B can be used if we recognize that in Part A, M(£f,x) is independent

of x. Then the order of information must be either zero or infinite.
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APPENDIX A 3

We discuss the relationship between the order p(¢) of an algorithm ¢
defined by (2.21) or (9.20) and the "classical" definition of order which

can be stated as follows. Let Pgre-+sP, be real numbers such that p; = 0
T

or p, 21 and q = Z P, > 1. Suppose that ¢ uses the information operator
i=0

’xr) for £ € 30 Assume that for every f € 30, a = S(f), there

exist [ = [(£) > 0 and ¢ = ¢(f) < + © such that
v p P
0 1
@a.D || O(Xgs---s%_; m(f,xo,. : .,xr))-a” < c(f) || xo-a” "’_‘l-q“ L ||xr-a|rr

for all |[x,-af| < || x-ef| = ... s || x_-af| = [(f).
Assume that (A.l) is sharp, i.e., there exists fo € 30, o = S(fo),

such that

Py P1 Pr
(A.2) lh)(xo,...,xr,ER(xo,...,xr,fo))-%"Zco(fo)llxo-ao" [bey= el -...~l|xr-ao||

for all || xo-aou £ ... %} x - 0” < r(fo) and c (f,) > 0. Then we shall

r+l

call the unique positive zero p of :he_ polynomial t - (potr + oo + Pr)

the "classical" order of @. (See among others Traub [64].) Note that for

r=0, i.e , N is an information operator without memory, p = Py-

It is easy to verify that if

(A.3) e® MH¥l<

and all initial approximations Xgs Xgaeee0X, satisfy

1

(A.b) e = ||x-al|  [(£) for i =0,1,...,r

O — e ———
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then ¢ generates the sequence {xi], x; = ¢(xi,...,xi_r,m(f,xi,...,xi_r))

for i 2 r+l which has the property

) (A.5) 1lim X =a
i

(a.6) e, = 0(5"1)

for a certain { < 1.

| The number [(f) can be interpreted as the radius of a ball of convergence
since @ convergences for all initial approximations from J = {x: lk-o|| = T¢£) 3.
The constant c(f) can be interpreted as the "asymptotic constant" which
satisfies

e
(.7 Tim—3L
i p0 pr

ei '-c-'ei-r

Ssc(f).

We are ready to prove

Lemma A.1
Let M be convergent information. Suppose that (A.1l) and (A.2) hold
and additionally . : : !

a8 fg=  Um o (Egpzgeesnsx)) > 0,
xo,...,xt"d' i i

v
B —

" (A.9) ¢ = Tin c(E(xo,...,xr)) <+ ®
xo,.-.,xr-’d ] |
! : ;
for all £ € ) and all f € V(f). Then p(e) = p. 5 F




A.3

Proof

Since R is convergent, & = S(E(xo,x .xr)) tends to o = S(f) as

1
XgsXys--+X_ approach o for every f € V(f). From (A.8) we get

Hxg-all s Felmpeennx ) 4% 0,1,...2,

for sufficiently small t:;x ” xi-a” « This means that xo,.»..,xr can be
treated as approximations to o and o lLet x = (p(xo,...,xr,m(f,xo,....xr)).
From (A.l) we have
r r >
@100 [o-all = [h-al + [hesl] = c(8 I k-l ¥ + cCBlxgs-eeun ), eyl -
4

Ll ~
Choose j such that Pj 2 1. Since L Py > 1 and c(f(xo,...,xr)) is bounded

i=0
due to (A.9) tnen (A.lU) can be rewritten

Il owall = ocll xyall> + ocll xy-all+ I =il .

This yields || o-a|| = o(|| xj-a" ). From this and (A.10) we get

Il o-all = 0T, ll x,-all .

This proves that (’0"1""":) € B, see (9.19), and consequently p < p(9).

Set E(’to.---.x'_,) = f where f, satisfies (A.2). Let (qo,ql,..-.qr) € B.

0 0
Then 3

Y I Q(xo....,x%ﬂ(fo,xo....,kr)z::"
-alls. .. - q,~ q_-1
[ zg-alks. . . <|| x_-aff0 xgall® oot ll xmall ®

=0, vN>0.

From (A.2) it easily follows that

Q@+ 9 + ... +q ‘p°+ Py + e+ Py for i = 0,1,...,r.

i e ot T Iy Lt

N ———p———— -
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From Lemma 9.1 we get t € (0,p] where tr+l

= qotr + ... + 1 Since

(qo,...,qr) is any element of B, p(9®) = t(B) S p. Thus p(p) = p which

completes the pr_oof. _ [+ §
Equations (A.8) and (A.9) state that the radius I'('E(xo,...,xr)) of

the problem element -f'(xo,...,xr) is bounded from below roughly by ro >0

and the asymptotic constant c(f(xo,...,xr.)) is bounded from above roughly

by o < + ®. The assumptions (A.8) and (A.9) hold for all algorithms of

practical interest since r(’f(xo,...,xr)) and c(.f(xo,.

with respecb'to XgseceaX, and l'o = r(f(a,...,a)) > _0, ¢:

L ,xr)) are continuous

0o c(?(a,...,a)) <+ =,

Therefore for all practical cases, the "new" definition of order coincides

with the "classical" one, p(¢p) = p.

—.
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We list basic concepts used throughout the paper.

G.1l

GLOSSARY

its meaning and section reference where the symbol appears for the first

time.

Symbol

Meaning

T — g —

We mention a symbol,

Section Reference

S

&
31
%

h

the solution operator, sometimes called the prob-
lem, S: 30-032, SOCSI

the domain of §

linear space, 30 (2 31

the range of S

the sc;lution element, a = S(f)

the problem element, f € 30

error parameter

a given initial approximation

an ¢'-approximation, || y(£)-afl < €' || x -<l
the iterative information operator, M:” Dy = 33
the range of %

a function, £: Df - 30, f €W.and
RE ) ,x) = R(E,%)

the regularity space
the set of functions f

the limiting diameter of information B for the
problem S

an algorithm, ¢: D¢ [ 32 X M(Dm) - 32

the class of all algorithms using the information T
for the problem S

the 1limiting error of algorithm ¢

2, (2.1)

2, def. 2

.1

2, def. 2.1 )

2, def. 2.1

2, def. 2.2 R ¢

2, (2.11) -

2, (2.13)




G.2
Symbol Meaning ction Reference i
mI an interpolatory algorithm / 2, (2.15) ,
e
p(R,s)| the order of information R for the problem S 2, (2.18)
p(p) | the order of algorithm o 2, (2.21) !
P| the set of primitives - 3
. 1
comp(R(,V)] the information complexity for computing R(f,x) 3 : 4
where R is a permissible information operator
comp (9(x,R(f,x)))| the combinatory complexity for computing 3
o(x,R(f,x)) where ¢ is a permissible algorithm
z(g,f)| the complexity index of ¢ for £ 3, (3.10) 1
z(¢p)| the complexity index of algorithm ¢ 3, (3.11)
z(R,s)| the complexity index of the information N for 3, (3.15) {
problem S
Qp.m(m,S) the class of all permissible algorithms 3 | 4
9| a minimal complexity index algorithm 3, (3.16)
comp(R) | the information conpleiicy 3, (3.17)
o |
i % | an optimal information operator in the class Y - 3, (3.22) ;
mlcnz ker mz(.,x) C ker 911(-,:), v x 4, def. 4.1 4 ':
RN xR | ker R (-,x) = ker R (+,x), V¥ x 4, def. 4.1 . i
1 2 1 1 i
A*| algebraic complement of A 4, def. 4.4 ,g
codim A | codimension of A 4, def. 4.5 3 b
' )
card(®) | the cardinality of the information 2 4, def. 4.2 X
Lip(k) | the class of k times differentiable functions 4, (4.15) 1
whose kth derivatives satisfy a Lipschitz F
condition g
M € Lip(k) | M belongs to the class Lip(k) 4, def. 4.3 1
il |
IT(R,S) | the class of all iterative algorithms using 5, def. 5.1 ! L |
the information M for the problem S ‘ |
index(S) | the index of the problem S 6, def. 6.1 |
2* a basic linear information operator 6, (6.7)
S € Lip(0) | the solution operator S belongs to the class 6, def. 6.2 |

Lip(0)

e

=5 SR USRS SR FRPRP S




G.3
Symbol Meaning Section Reference
index(S,m) | the mth index of the problem § 7, def. 7.1
%
B'lm an mth basic linear information operator 7, (7.10)
S € Lip(k(m))| the solution operator S belongs to the class 7, def. 7.2
Lip(k(m))
p(n,S) | the nth maximal order for the problem S 8, def. 8.1
ﬂmo an nth maximal order information for the problem 8, def. 8.1
S : :
z(n,S) | the nth minimal complexity index for the problem 8, def. 8.2
S L
% .
n (S) | the optimal cardinality number for the problem § 8, def. 8.2
9101 an optimal information operator for the problem 8, def. 8.2

S
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