AD=A064 032 WISCONSIN UNIV=MADISON MATHEMATICS RESEARCH CENTER F/6 12/1
EXTREMUM PROBLEMS FOR THE MOTIONS OF A BILLIARD BALL. III. THE ==ETC(U)
SEP 78 1 J SCHOENBERG DAAG29=75=C=0024
UNCLASSIFIED MRC=TSR-1880




1.0 5 fi2e [j2s
= & 2 g
s ”m“ =

lllo

™
III'!I_E S
22 Tt s

MICROCOPY RESOLUTION TEST CHART
NATIONAL BUREAU OF STANDARDS-1963-3




£

( -
L 7
MRC Techn1ca1 Summary Repart #1880

=l —
EXTREMUM PROBLEMS FOR THE MOTIONS OF A

BILLIARD, BALL, ITT. éu-: MULTI-DIMENSIONAL |
_CASE OF K@QIG AND_SZ

\
\
- N

v J./Schoenberg_

2

ADAO G403

Mathematics Research Center
University of Wisconsin—Madison
610 Walnut Street _
Madison, Wisconsin 53706

2SS z4
)/‘f f ' ..,//[“' .
September 1978 il

Received August 17, 1978

1)/ F TSR -2£55YY

[][][: FILE com

Approved for public release
Distribution unlimited

Sponsored by

U. S. Army Research Office )~ 4 Y 173
- i < { ,/

P.O. Box 12211 oA A AU

Research Triangle Park

North Carolina 27709




oy

UNIVERSITY OF WISCONSIN-MADISON
MATHEMATTCS RESEARCH CENTER

EXTREMUM PROBLEMS FOR THE MOTIONS OF A BILLIARD BALL ITI.
THE MULTI-DIMENSIONAL CASE OF KONIG AND SZUCS.

I. J. Schoenberg

Technical Summary Report #1880
September 1978

ABSTRACT
Let
(1) u :0 <X Sl (v = L,:qe0)

be the unit cube of R'. Using ideas pioneered in 1913 by Kdnig and Sziics in [2],

we study the following problem. Let
k k3
(2) L :x = FX u +a (k <n)
n V) i=1 vV 1 v
be a k-flat, so that the point (av) is interior to U, and such that L: is in

a general position (G.P.) and write Lf e G.P. By this we mean that any k among

i

the xv of (2) may assume preassigned values for appropriate values of the u, .

We interpret Li as an optical signal starting from the point (a ) at the time
\Y

t = 0 , and spreading uniformly within the k-flat L; . We assume the 2n facets
xv =0 or 1 , of Un , to be mirrors, so that the reflected path of the signal
is a finite or infinite k-dimensional skew polytope n: & Un . Using the auxil-
iary function
(x)=x if O <X ;:1, (x)=2-x if 1 izx,:=2, and (x+2) = (x)
if X e R ;
we may represent the reflected path by the parametric equations
k :
(3) Hz : xv = (igl Ai uy + av) ’ (v = Lyocs i)

For the xv defined by (3), we study the quantity

M ™ (0P inf (max val) p

Vv
Ln e G.P. (“i)

and wish to determine, or to estimate it.

Sponsored by the United States Army under Contract No. DAAG29-75-C-0024.

i



3 k
TheQEew 1. o, L 2572 1 <k <n-1)
e e R i
=[eorem <. Pi=1.5 2 2n 2n °

3 ;s : vn-1 .
It is shown that there is an essentially unique IT: which does not penetrate

into the cube
| wae |w - X <L
v v 2 S oR

\
The polytope Hi is identical with the surface of Kepler's regular tetrahedron

# inscribed in U3 » and Theorem 2 gives, for n = 3 , an apparently new extremum

property of T . Finally we state

. : B T, AR
Conjecture 1 . p, . =5~ 35 ¢ {1 =k <n-1)

This was established in [4] for k =1
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SIGNIFICANCE AND EXPLANATION

Suppose that we have a square billiard table a b c¢ d, and that we shoot a-

billiard ball ( b.b. ) along any of the paths represented by the diagrams

d e
|
a b
These are very simple closed paths that we see on windows of numerous suburban
homes. A famous theorem of the late 19th century mathematician L. Kronecker

implies the following: If we shoot a b.b. in a direction having an irrational
slope (like 2, say) with respect to the sides of the table, then the path of the
b.b., if pursued far enough will come as close as we wish, to any point of the
table. We then say that the mction is ergodic.

In the opposite direction we ask: What is the largest square A B C D such

Al
g . = that an appropriate b.b. shot, no matter how far pursued,
D @ will never penetrate inside the square? (We do mean here
a L b' that A B C D is concentric with, and parallel to the table
- = a b c d.) The answer is the square A B C D of the diagram,
a a' : 1 .
with AB = — ab, and the appropriate shot runs for ever

2

slong the boundary of the square a' b' c' d' whose vertices are the midpoints of

' the sides of the table. This can be shown: The path of any other slanting shot

nust eventually penetrate inside the square A B C D (See our reference [5]). By
:lanting shot we mean that the shot is not parallel to any of the side of the table.

This represents a characteristic extremum property of the shot a' b' c' d'. The

present paper explores the problem in higher dimensions.

responsibility for the wording and views expressed in this descriptive summary
with MRC, and not with the author of this report.
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EXTREMUM PROBLEMS FOR THE MOTIONS OF A BILLIARD BALL IIT.
THE MULTI-DIMENSIONAL CASE OF KON1G AND SZU_CS

I, J. Schoenberg

1. Introduction and main results.

This is the third paper on the subject, but can be read independently of the first two
({31, [4]). Let

(1.1) U:0 <x
n =

1A

N 1, e, . om)
be the unit cube in R'. Iet (av) be a point interior to U, and
(1.2) Ln : xv= Xvu+av r (=l,...,n;=-® <y <=)
a rectilinear and uniform motion, where u = t denotes the time. We interpret (1.2) as
the motion of a billiard ball (b.b.); as we wish to reflect the b.b. in the usual way on
striking the 2n facets xv =0 or 1 of Un , we use the function (x) defined by
x if o<1,
(1.3) (x) = and (x+2) = (x) for all x .
2=x| 1t 1L.< % <3,
We have used this function in [3] and [4] in a slightly different normalization. The re-
flected path of the b.b. within Un may be described by the equations
(1.4) nln : xv= (Avu+av), (v1,...,n;~®<y<w),

A classical theorem of Kronecker (See [2]), and its generalization (See [1]), show
the following: If the n components (Xv) are arithmetically linearly independent, then
the motion (1.4) is ergodic, i.e. the path ni is dense in Un « TE L ER Sn=L,
while 'the (Av) admit precisely n~k 1linearly independent linear homogeneous relations
with integer coefficients, then the path I‘l"ln is contained in and is dense in a finite
k-dimensional skew polytope H: . 'This was shown by Konig and Szucs in [2) for k = 2
and n = 3.

This result shows that the b.b. motions generalize naturally as follows: Let

i

.s) F e ol @m0 @ gk gee

be k linearly independent vectors. We replace (1.2) by

{1.6) L: P X, = E Atui ta ., (v=1,...,n;-= <ni < =™ ,

Sponsored by the United States Army under Contract No. DAAG29-75-C-0024.




which we interpret as a k-dimensional optical signal starting from the point (a ) inside
Un at the time t = 0, and spreading uniformly within the k-flat L: . As we now think
of the 2n facets of Un as mirrors, the reflected path of the signal is a finite or in-
finite k-dimensional skew polytope Yf: . The function ( x) may again be used and shows

that the reflected path is parametrically represented by the eguations

k ]\( 3
E7) Bz % =40 ) Xu +8 ¥ , (=), ...;000% <y, <
n 7 v i
In order to avoid degenerate lower-Jimecrnzicnal prchblems we shall assume that the

original signal (1.6) is in a general sition.

Definition 1. We say that the signal (1.6) is in general position (G.P.), provided

that

(1.8) the n by k matrix Ph | has no vanishing minor of order k .

FI]!]inlO(l&h'_: i 4 S :'lf o R <n , then the k 1linear functions
X 40X TR '

of (1.6), may assume arbitrarily prescribed values for appropriate ug .

1
et © < %,x=(x‘),c=(;,};,. ,-l—),andconsiderthecube
(1.9) s lix=ch < p,
where lxl = max ({x;) :

v

Definition 2.  We_say that the path (1.7) is (-admissible, and denote it by Tﬁ(.)

provided that it is in G.P., and that Il never penetrates into the cube (1.9), hence
= e

that
(1.10) Cad « g
n i
As an extreme opposite of the ergodic case, we study the following
Prgblem 1. To determine, or to estimate, the quantity
’ p = §1 mum
(1,11) e upre 3
’ . Eaka k
the supremum being taken for all [ having ¢ -admissible path :ir ()
,,,,, Lhodeatloia e B AL oL PR et b Sl \
Our main result is an estimate.
Theorem 1. We have the inequality
1 k
(1.12) Px,n 2" 5 (1 k < n-1) .
. k
In 19 we establish Theorem 1 by constructing a path 1 n(‘) for values of | which
are as close to - as we wish,

2
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In [4) I have shown that the equality sign holds in (1.12) for the case when k = 1.
We can now do the same for the other extreme case when k = n-1

Theorem 2. We have that

@.13) Bl ey S e e (n > 2)

| The simplest case when n = 3 , and therefore

1
| (1.14) 92’3 = '6_' '

leads to what I call Kepler's tetrahedron. J. Kepler was the first to notice that four

appropriate vertices of the cube U3 are the vertices of a regular tetrahedron T . As

any two facets of T intersect in a facet of U3 forming equal angles with that facet,

e e ey

it should be clear that the surface of T carries a reflected signal ﬂ23 . It carries,

of course, many such, but let us single out one of them and denote it by ?fi . Actually,

: : 2 : :
this signal II3 is readily found to be %—admiss1ble, and it is essentially the only TZ23

which is 3 -admissible. This is an apparently new characteristic extremum property of

Kepler's tetrahedron: BAny other signal ﬂi in general position, must penetrate into the
3 . ¥
cube Cp,w:Lth p=€.

Theorem 2 allows us to generalize this extremum property of T : There is an essen-

! ; tially unique signal ’i\(:-l which is in general position and is 51; -admissible. It is

o

explicitly given by

' B ')sfn—l X, = (uv), (v=1,...,n-1),

| ¢ n ; = n-1 i

E s i (u1+uz+...+un_1 + 2—) y (=> < u < e s
|

In our elementary paper [5] we considered the case of n=2, when the path of I is the

square with vertices in the midpoints of U2

R v 1
Theorem 3. We construct explicitly the signal ﬂ:( T ) for the two cases

Bl

l (1.16) (k,n) = (2,4) and (k,n) = (2,6).

Notice that (k,n) = (2,5) is missing: I could not do it.
In view of Theorems 1,2 and 3, I wish to state

Conjecture 1. The value of (1.11) is

ST R

A ki T2 2

(1 2k £a=l).
The remainder of this paper is in two parts and an Appendix. Part I deals with

monochromos and n-chromos in Rk already used in [4] for k = 1. We derive Theorems 1',

-3-




(1.18)

Problems 1°

=

2°.

< e

2', and 3'; in Part Il it will be shown that these theorems are equivalent to the above
Theorems 1, 2, and 3, respectively.

There are three outstanding problems that we leave unresolved:

A proof of Conjecture 1.

A general arithmetic-analytic construction of a signal

kX k
[‘n( 2 " 2n oy

as done by Theorem 3 in two very special cases.
To show that the number of signals (1.18) is finite, as shown in [4]
for k = L.

and 2° are probably related and all three difficult.

In the Appendix (5§10 and 11) we study the same extremum problems, where the recti-

linear reflected k-flats are replaced by k-dimensional Lissajous manifolds. Again,

Theorems 1', 2', 3' on n-chromos, allow us to derive immediately three Theorems lL,

L

L . . 3
27, 37, concerning the new situation.

S
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I. n-chromos
GUIomos

2. Monochromes.

we consider the function

(2.1) {x} = min |[x-m| for m X ,

which is related to the function (1.3), in fact {x} =(2x)/2. It seems tailor made for

2 k
dealing with systems of parallel and equidistant planes in R = {u = (ul""’uk)}' For
k .
if Z xlui + a is a non-constant linear function of the variables ug o then the equa-
a !
tion
x i
2.2) {} Xu, +al=o0
1 i §
represents such a system of planes, it being equivalent with the system of equations
k 3
(2.3) J Yu, +a=3 G em.
1
1
Let !
|
(2.4) o< é =<1,

and let us replace (2.2) by the inequality
k X i §

(2.5) M8 : ] Xu +alzz
This represents a system of coigruent, parallel, and equidistant slabs of space. We call
the point-set Mk(é) a monochrome (M.C.) of Rk , because we like to think of its points
as carrying a certain color Yy . The most familiar case is k = 2, when Mz(d) assumes
the aspect of an awning, of the kind used to provide shade to storefronts.

We shall refer to the planes (2.3) as the central planes of the monochrome (2.5)
(central lines if k = 2).

The distance between two consecutive central planes (2.3) is found to be p = I/Z(Ai)z,
while the width of a slab of (2.5) is seen to be w = 5/Z(Xi)2. Therefore

’

el
P
and for this reason we call ¢ the density of the monochrome Mk(é). Clearly §&

represents the density of the color vy in the space Rk containing Mk(G)

-5~




3. n-chromos.

Let

(S PR w >k,
k

and let us have . R n monochromes
k k k

2 - Y. oo s £8Y
(3.2) MI(G) M2( ) In( )
all of the same density ¢ . To make matters more picturesque, we think of Mk(:) as

carrying the color Yo

Definition 3. We say that the n monochromes (3.2) define an n-chromo ,n(:), pro-

vided that

n
k k
(3.3) U (8) = 2
v=1
The characteristic prorevzy cf an n-chromo is therefore that every point (ui) of
e = .
R is covered by one or more of the colors Yy . Using (2.5) we may represent our
v
monochromes by
k :
i S
(3.4) Mile) = f )k, +a ) s fv=l v . ym)
v 1‘ v i v 2

Definition 4. wWe say that the n-chromo ,x]k(*‘) is admissible, provided that the set
==—u S s ———— 39
of n vectors

jL ) k
(3.5) e = X e S (v=1,...,n),
v v v v

which are the normal vectors of our monochromes, have the following property: Every sub-

> > »
set of k vectors )v ' ‘\v ,--~.)v (‘Jl~‘ \“k), spans the space Rk
i 2 k
3 n
Equivalently: Aall (k) kth order minors of the matrix
(3.6) A= I
A%

. kT
are different from zero.
The following lemma seems evident and requires no proof.

i : - k. ;
Lemma 1. A non-singular affine transformation of R into itself maps monochromes

and n-chromos into like objects of the same density.

77 5

To see examples of n-chromos in R, the reader is invited to inspect the 5-chromo . (2/5)
of Figure 1 (55), and the 4-chromo 2(1/2) of Figure 2 (i7). The first is not 2

admissible, because its monochromes ME'M4' and MS' are parallel; the second is admissible,
since no two of its monochromes are parallel. ey —-a

e e b e

i
1
|
]




4. An extremum problem for admissible n-chromos.

Let
@.1) XS (8) = (MF(8) M5 (6),. . 1N (8}
denote the n-chromo defined by (3.4). If we keep everything fixed in (3.4), except that
we replace the density & by &' > 6, then it is clear that ;:(F’) is a fortiori an
n-chromo. This is no longer true if we try to diminish the density & . 1In fact, keeping
only k and n fixed, it will be our main concern to find an admissible n-chromo ;:(ﬁ)
having as small a density & as possible. Evidently, & can not be too small. It is
trivial that we must have

(4.2) S >

5|k

’

: ; 1
for if 6 < iy then our monochromos (3.2) are clearly unable to cover Rk , as required
by (3.3): There just isn't enough paint around!

As mentioned above we are interested in

¥

roblem 1'. To determine, or to estimate, the quantity

(4.3) 8 = infimum §
k,n

for all densities & of admissible n-chromos x:(5)

The main result of Part I is

Theorem 1'. We have the inequality
k
(4.4) ék,n 2= @ <k <n-1)

Remark. The result (4.4) is rather trivial if k = 1, in fact

1
(4.5) dl,n o

Proof of (4.5): By (4.2) it suffices to exhibit an admissible

Proof of X

l(li of density 1 .
n n

)¢ G o
Observe first that the requirement that Gn be admissible drops out because it is

automatically fulfilled for k = 1: The relations (3.4) reduce to

=

(4.6) L R o LT T 9 T
v Vi ik i

where we implicitly assume that xl # 0 for all v , or else we could not speak of mono-
v

chromes: The matrix (3.6) reduces to a column of non-vanishing elements. Secondly, :* is

5 1
clear that the monochromes of R1 of density o

1 L |
4.7) M\)(YT): {ul + = } < Se (v=1,...,n)
1
do not overlap and cover the real axis R . Therefore &1 = % and this established (4.5).
'

-




5. A proof of Theo
We shall proceed as follows: We shall exhibit an admissible /(:(6) having a density

which is as close to = as we wish, thereby establishing the inequality (4.4). This

is done in two stages.

B

A. Construction of a certain non-admissible ,K:(fﬁ) of density § =
Let
(5.1) 8= = q = n-k .
We use the freedom afforded by Lemma 1 and may, without loss of generality, assume the
central planes of the first k monochromos to be the planes uv - %—= j , hence
(5.2) M}:(A) 6 {uv - ;—) zé ‘ =l o k)

In Figure 1 we exhibit the case k =2 and n = 5 of our construction, but the same

construction holds for any k and n (k).

k=2, 0=5 q=nk=3

Figure 1.




Notice that monochromes (5.2) already cover all of Rk, with the exception of the lattice

of cubes having sides = 1-§

1-68 - k
S, m—(mi)cz s

5

5. 3) C(ml""'mk) :lhx - il <

The remaining g = m-k monochromes are to cover all those cubes.
I claim that the monochrome

k

L vy

1 1

q =

5.4) m':ﬂ(&) :

Jjust covers all cubes

k
) such that Zmi =0 (mod q) .
L 4

(Sie5) C(ml,...,m2
Proof of claim: We look at the cube C(0,...,0) and let
1-6 1-68 1-§ 1-¢8
(5.6) A= (-T,...,-—'z—), B = (—2—,...,—2—-)

be its vertices such that Ag has direction numbers (1,1,...,1). The slab of (5.4)

containing the origin is defined by

?
u,
1t )
e

q 2
Notice that the right bounding plane E ui/q = §/2 contains the point B , because at

3
5= 7) =

A

B we have by (5.6)

k
1% epd kPSR anm % 4
q q q 2 2n g 2n 2

by (5.1). Similarly the left bounding plane =-(§/2) = (Zui)/q passes through A . The
normal to the monochrome (5.4) being the vector (1,...,1), it is clear that (5.4)
contains the set

U
C(ml,. oo ,mk)

. 3 (i exm),
e k
ana ithese pass through the centers of all cubes C(ml,....mn) such that ;mi =qj
1

This proves our claim.

By parallel translation we now define

G




k 1 §
5.8 M B e — = S
( ) k+!_(<S) { = } 5 ¢ (r=1,2, Bt .
and this covers all cubes
k
c(m, ,....Mm. ) such that 2 m, = -r+l (mod q) ,
1 2 1 i

because the central planes of (5.8) pass through their centers. The n-chromo
k k k
¢ x_ (8) = 8),.ea,M (8}
(5.9) ;\n() {Ml(), 'n(
defined by (5.2) and (5.8) is the inadmissible n-chromo of density & = k/n we wish to
construct. (5.9) is not admissible because its last n-k=q monochromes are pairwise
parallel.

B. Construction of an admissible n-chromo of density & close to k/n.

This will be achieved by an appropriate slight perturbation of (5.9). We start by
selecting a fixed matrix
(5.10) A=||a!iH (=t o epai=l, s ook

having the following properties:

(5.11) The elements a, are_integers,
(5.12) All minors of A, hence of orders from 1 to min (g,k) are # 0 .

From the known total positivity properties of the binomial coefficients, both conditions

are verified if we select

(5-13) a.=( )

We are now going to modify the n-chromo (5.9) as follows. We will select for it a density

g to be determined later. We replace the first monochromes (5.2) by
Y

Y\ §

(5.14) WSO8 ¢ o= B x5 e

v v 2 2
For the last n-k=q monochromes we prescribe their central planes to be

k
5 u, + (r-1)
1’ 1

(5.15) “r,j : N ——————:;~———~—-+ a Y +a u, % oo ¥ a U =3 (7 e =),

(6 -RE 8 SERPEI.

Here N is a positive integer to be made large later. We claim that every lattice point

(mi) € Zk is in one of these planes T 4
'

=1 0=




For if (m,) € Zk is given, we determine the unique r such that

k
(5.16) rz-]m +1 (mdq)

1
and then

a0
(5. 17) (mi) € "r,j' for some j' € X .
Thus
g 8=

(5.18) 2 < v u w .

r=1 j=-w °*J

Let us now look at the geometric aspect of the planes L 8 (5.15) may be written
’
as
k q -

. : + + = =3 =
(5.19) "r,] E u, = (alrlu1 a u, + + arkuk) = z+l .,
and this shows that

k
(5.20 ) all the planes . 3 are nearly parallel to the plane Z u, = 0, provided
’
1

that N is sufficiently large.

————}
Let A(mi)B(mi) be the diagonal of the cube C(mi), which is parallel to the old

o
diagonal AB of C(0,...,0). Let r be fixed such that (5.17) holds. We construct a
monochrome M.:: (§ ), parallel to n_ ., which just covers the cube C(m. ). It is

+£° ¢ r,j i
obtained by bounding its slab of color (containing C(mi)) by the two planes parallel to
L 5 and passing through the points A(mi) and B(mi), respectively. This monochrome
’

will also cover all cubes C(mi) such that (5.16) holds, or

k
(5.21) ym, = -r+l  (mod q)
N

We may write

K
5 z u, * r-1 " Gr
(5.22) Mear (6 (N = + g a0y

In view of (5.19) we conclude that its density Sr will be as close as we wish to
the old density k/n of (5.9).
vk : T
For the final selection of our monochrome ﬁv , we keep the inequalities (5.14) and

(5.22), only modifying the density, by selecting for both groups the common density

defined by
v k
(5.23) 6=max(;, 51,82,....5q)
Tk ek
Thus 6 > =. If § > 5 then (5.14) shows that our old cubes C(mi) have shrunk,
2 %

k Y
and are therefore a fortiori covered by the Mku-('S)

-1~




Since § - E as N * ® , the n-chromo
(5.24) X5 = B, M (B
) “n 1 3 0
! k 2 1o
will have a density ¢ as close to = provided that we select N sufficiently large.

The question: 1Is the n-chromo (5.24) admissible?

By (5.14) and (5.19) we see that the matrix (3.6) for its central planes is

i ? 0 0
0 i §
Q 1 Ik
TGt T 50 q g -
5.25) A I JI 1+ & any 5 0 = alk
a
ol A"
4 a
1+ 3 aql' vas g L = aqk

We claim that all its kth order minors are # 0 if N is sufficiently large.

This will be the case if and only if

for sufficiently large N the matrix L + % ariu has no

(5.25)
vanishing minor of any order from 1 to wmin(q,k).

To verify this statement let us look at an sth order minor of the matrix of (5.26).
-
We inspect the leading minor det [l + % a ! for r = ly..c18y £ = 1yes.,8. Splitting

each of its columns into two columns, we find

(5.27) Get 1 +La | - (%)s det |a

=5 L,
N %ril1,s t§? =

rill,s 4

where S is the sum of s determinants obtained from detiaril by replacing each of

l,s
its columns successively by a column of 1's. We distinquish two cases:
1. I1f S # 0 , then the right hand side of (5.27) will surely be # 0 if N is
sufficiently large.
2. If S8 =0, we reach the same conclusion in view of the property (5.12) which
implies that det!arill,s # 0. We have shown that the n-chromo (5.24) is

admissible, which completes our proof of Theorem 1'.

t :
The same reasoning will apply to any other minor.
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6. solution of Problem 1' if k = n-l .
Among the n-chromos (5.9) for k = 2,3,...

6.1) k=mn-1l ,

,n-1 we single out the case

this being the only one which is admissible. Its density is

®6.2) '~
n

By (5.2) and (5.8), its monochromes are described by

n-1 ) 4 n~1
(6.3) Mv(—n—): {uv - 2} 3 o=
and
n-1 * n-1
(6.4) M (—) : () u b < =,
R B 1 1" = 3In

since g=1.

We wish to prove the

Vel , v on=1)

Theorem 2' We have that
e
(6.5) Sn-l,n et (n 2 2)
Proof: We know from 55 that the monochromes (6.3) cover all of Rn-l with the

exception of the lattice of cubes

(6.6) C(ml,...,mn_ ) (ml,..

centered at the lattice points and having sides

..m ) € ’n-l -
n-1

n=-1
n

- &

21
" n

We also know that the last monochrome (6.4) just covers all these cubes.

For convenience we say that a monochrome

n
M

-1

(6')

of

that all n-1 components of its normal vector are positive.

Lemma 2. If the slanting monochrome

n-1
" 4%y
6.7 M (§*) (u1 * You, + Lk S R
where
(6.8) Yy 3+ PP Yot >0

covers the set

(6.9) r= U i Cme.m ),
(mJ) [ 1

then we must have that

(6.10)

o

Rn

=3

is slanting, provided




pProof of Lemma 2: Let S denote the set of planes n which are parallel to (6.7)
and intersect the set [ , hence
n-1
(6.11) =1 wm:s . + 5 Y., = const. ; nnl # &}
1 é 3

Crucial in our discussion is the nature of the set

(6.12) =8n Rl P
: where
(6.13) Rl = {(u) v, = ... =0 = 0]
- 2T n-1

is the ul-axis.

We claim: If

(6.14) (12:Y3. o Yn_l) ¥ o1
then
(6.15) Q= R1 ¢

Proof of Claim: The set S 1is the union of those planes 7 which intersect the

individual cubes C(ml,...,mn_l). At this point it is more convenient to shift the origin

of Rn—l

to the "lower left hand corner" of the cube C(0,...,0). This is the point A
y 1 .
of (5.6), for k = n-l. Since 1-§ = =L we see that after this shift of origin
1 ;
(6.16) C(ml,...,mn_l) = ((uv) TE S SBF S, (=L, - oo u=1) |-
2 ¢ 1
Let us project this cube onto R by planes parallel to our monochrome. The two extreme

planes are two planes of support of C and their equations are

n-1 n-‘l 1
(ul—ml) + g yi(ui-mi) =0 and (ul—ml- EJ + % Y (ui—mi- E—) = 0 3
respectively. To intersect them with Rl , we set u2 B o= W = 0 in these equa-

tions and solve them for u, . 1In this way we find that the cube (6.16) is projected

1
into the interval
n-1 n=-1 1
(6.17) I(m,eeoom ) = Im ) Ymoem zzyimi to ey ety
For the set (6.12) we now find that
(6.18) Q=0 nml,...,mn_l) for (mi,...,mn_l) € zn-l s

We distinguish two cases.

1. Among the Y there is an irrational one, Y, say. Setting m, = 0 for i>2,

we find the lower endpoint of I(ml'mz'o""’O) to be

(6.19) m

1 + Y, m, (y, 1is irrational)

2




and Kronecker's theorem shows that these lower endpoints are dense in Rl . By (6.18) our
conclusion (6.15) clearly follows.

2. All vy, are rational. Writing them in simplest terms with a common denominator

we have
ay

(6.20) ) e (v=2,...,n-1), (b,az,...,an_l) 3 |
As our assumption (6.14) excludes the case when b = B, ™ s & B g 1, we have
b+a,+ ... +a > n and therefore

2 B=l =
(6.21) l'(l+y+ + )>l-

. n 27t T ha! =g

However, the lower endpoints of the intervals (6.17) form the arithmetic progression
3/® () € Z). Since (6.21) shows that the common length of our intervals (6.17) is > 1/b,
again we have by (6.18) that (6.15) holds.

Completing a proof of Theorem 2°'. By Lemma 2 we learn that a monochrome (6.7)

covering the set (6.9), must be of the fomm

n-1 n 5
(6.22) M (8') : {] u +bls=.
i =l
1
As this must also cover (6.4), we conclude that &' > —:;_1 . This establishes Theorem 2':

For if we diminish the common density of the (6.3), then this would increase the common

side of the cubes (6.6), and then these could only be covered by a slanting monochrome
5 n-1

of density > ) as we have seen.

In view of Theorems 1', 2', and the examples of Theorem 3', I wish to state

Conjecture 1'. The value of (4.3) is
k

C = = 1 - .
(6.23) 6k‘n 5 (1 <k <n-1)
Remark. Just a comment on the monochromes (4.7) of Rl , of density 6 = % Clearly,

the inequalities

k, 1 v-1 1

) + _— s
L B (ul = };Zn " (v=1,...,n)
X

also define an n-chromo x:(‘_lT) in Rk, having the density & This does not contradict

the above conjectured relation (6.23): The quantity was defined as the infimum of

)
k,m
k . k e " I |
§ for n-chromos xn(G) in R, which are admissible, while the above n-chromos i (;)
P e n
is far from satisfying that essential requirement. In fact all of its n monochromes

are parallel.

~-15-«




7. Twe special explicit n-chromos.

Theorem 1' was not established by exhibiting an n-chromo

(7.1) T
n n

)

which is both admissible and of density k/n. Rather in 85 we construct admissible

x k(\), with & as close to k/n as we wished. In view of our Conjecture 1' of % , the
n s

construction of an admissible n-chromo (7.1), for prescribed k and n (k < n), is a
most desirable but as yet unsolved problem. Even for low values of k and n , the
success depends, so far, on luck and visual inspection. Needed is a general arithmetic-
analytic construction.

As a guide to the nature of this problem, the following two specific examples

might be useful.

Theorem 3'. We give explicit constructions of the n-chromo (7.1) for the following

two cases

¢2.2) (k,n) = (2,4) and (k,n) = (2.6).
1, k=2,n=4. Here the density is
1
5 = =
(7.3) 5 -
2,1
The four monochromes of x4(2—) are

- 3 1 1 p 2 | 1 .
-y wd - =} & - -) . S & -
Ml(2).u1 5 7 M2(2).{u 2}7_4,

LI &, Yoo (Y DR 0 0 . Sk ekl TP Y
i 2 2 ¥ AR 2 -4

These are easily derived from Figure 2 which shows that we have an admissible 4-chromo

(7.4)

2
of R .

The first two monochromes (7.4) cover the plane with the exception of the lattice

of squares ('(ml,mv)) having sides = 1/2. The third monochromo M,3 covers all those

m,2 +m,is even, while M4 covers those with an odd sum m1 + m2 "

squares such that 1

-16-




2.
(7.5)
The six

(7.6)

(7.7)

(7.8)

These are easily derived from Figure 3 which shows that we have an admissible 6-chromo

of RZ .

A quiding word in this maze of lines seems appropriate. The two monochromes (7.6)

cover Rz, except for the lattice of squares C(ml,mz) having sides = 2/3. The mono-

chrome

into two congruent isosceles triangles; we denote the lower one by '1'1 (ml,mz) and the
upper one by Tz (ml,mz). The monochrome My, having central lines u-u, = 3 (3 € %), is

seen to cover all pairs

N
09,
<X
N/

‘V

k=2 ,n=6. Now

monochromes of xz(%') are

21 4 1 1
Ml(3) : {ul —5};-6—, M (3-): {u2 -

B
lia
o=

FORNE fee e 0 S S TUOR B R R X Y
5 3 § 3 2(=6 ' 6 3 i 3 2 =6

M_, having central lines u1+u2 =3 (j € X), is seen to slice each of the squares

] Y




Figure 3
Ty g amy) . T,y m,)
such that ml-m2 =0 (mod 3). The last two monochromos M5 and M6 are to cover all
-

remaining triangles.

At this point we observe, by (7.6), (7.7), (7.8), that each of the six MV admits a
(double) periodicity of period 3 in each of the variables uy and u,. It follows that
it: suffices to inspect our Figure 3 only in the square

1 1 1 1
5 = 5 ul 20 5 S u2 S 5
which in Figure 3 is indicated by a solid frame. In that square we are only left with the
following triangles as yet uncovered:
Tl(l,O), T2(1.0), T1(2,1), T2(2,l), T1(2,0), T2(2,O),
and the symmetric set

Tl(O,l), T2(0,1), T1(1,2), T2(1,2), T1(0,2), T2(0'2).

-18-
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However, MS covers

’

Tl(l,O), T2(0,1), T1(0,2) and T2(2,0), T1(2,1), T2(1,2)

while MG covers their symmetric images

’1‘1(0,1), T2(1,0). T1(2,0) and T2(0,2), T1(1,2), T2 (2,1} =

This proves that we have a 6-chromo; it is admissible because no two monochromes are

parallel.

Let me add that I could not discover a 12(2/5).




W —

This equivalence appears immediately as soon as we switch the problems (or "action")

from the space R" = ((xv)f to the lower dimensional space Rk = {(ui)} . Indeed, let
k :
k Al
(8.1) no s ox, =< 121 A8 ta, e (=l,...m),
be a p-admissible reflected signal. Let p and § be related by
8 L 5 8 1-2
(8.2) p = 3 5‘ or = 1=2p.

That (8.1) is p-admissible means that it is contained in the cubical shell
@8.3) 8" =u —c';,
having the width % - p = 8/2. The structure of the function (x ) implies the following:

The point of g

Xvui + a, s SESRE )

(

i
-
-

has the property that for every (uv) and for some V the number Z Atui +a dif fers

from an integer by < §/2. However, this last property can be expressed thus:

b ¥ 8
(8.4) For every (u ) and for some v we have { Au o+ av} S
In termms of the monochromes

e e

(8.5) Wl § hd e ml g S b bl

v i v i PE =02
the property (8.4) is equivalent to the set relation

R

= U

(8.6) R v;l M\J ¥

which is the definition (3.3) of an n-chromo. The steps can be reversed and establish

Lemma 4. Let the relations (8.2) hold. The reflected signal (8.1) is p-admissible

if and onlx if
(8.7) x5ty = (W 8), 0 MABYY
n 1 n

defined by (8.5), is an n-chromo. That (8.1) is in general position if and only if (8.5)

is_admissible is obvious, because they are expressed by the same condition on the

matrix A = HAiH.




- = ve— w

9. A icati Proofs of Theorems 1, 2, and 3.
The relation (8.2), Lemma 4, and the definitions (1.11) of pk 8 and (4.3) of
’
=
6k,n , show that "
B k,n
313 Pnr 2 o
or
9. =1 =
(9.2) 5k,n Zpk,n
k . 1 k
’ k . 1 _ k :
By Theorem 1 6k,n =(’-‘n and (9.1) implies that pk,n ;2 = and Theorem 1 is
established.
: =i impl e e
By Theorem 2 6n-1,n = and (9.1) implies that pn-l,n 5 o 5 and
Theorem 2 is proved.
: o . . a1 I
Let us use Lemma 4 to derive for k = n-1 the equations for the signal Lo (K)'

From the relations (6.3), (6.4), we find by Lemma 4 for this signal the equations

1
x ={m, - =%, (=1, n=1).
vn- Vv 5 ’ v
©.3) ! Gt ™ PR
n 2n
xn = ui)
ik
Replacing here uV by u\) + = , we obtain
x. w (a0 (@03 SEEPERES . § |
- V] ’ ’ ’
9.4) etk o o1
n 2n e E u +n—1>
n a8 2 4

1

which are identical with (1.15). The essential unicity of the n-chromo (6.3), (6.4),
established in 6, implies the essential unicity of the signal (9.4).

In the special case that n = 3 , we obtain Kepler's tetrahedron T mentioned in

connection with the relation (1.14). By (9.4) its parametric equations are

v2 .1
113(6): X, = (ul), x2—(u2) ¢ Xy = <u1+u2+1).

The vertices of T = ABCD are

(9.5)

A= (0,0,1), B= (2,0,0), C= (0,1,0), D= (1,1,1) .
An even simpler case is n = 2 when
vl 1 1
” =y = = + =
(9.6) ﬂ2(4) 2 Xy (ul)' Xy (ul 2)
This is the square having as vertices the midpoints of the sides of U2 (see [5]).
As a last application of Lemma 4 we use Theorem 3' to give the explicit constructions

of the two signals for the cases (1.16) of Theorem 3. From (7.4), and Lemma 4, we find

immediately

G 3




R TR R W SR

5 1 1 2 2 2 2 .

n(=)

44
g Sl x=<u1‘u2fl>
3 2 : 4 2

< 1
Replacing ui by ui +-2—, we obtain

. =fu ¥, %=, Ga g
2

Likewise, (7.6), (7.7), (7.8), and Lemma 4, show that

= ) =
xl u - x2 ( u2)
u
u, - u
b 1 2
216(-3*) X, = <11+1:“+1> ‘ xq:( : )
2u, +u u, + 2u
x 1 2 = 1 2
x. = ( - T X ( 3 +1) .

It is to be expected that these explicit parametric equations, as well as (9.4),
should reveal pertinent geometric aspects of the polytopes that they represent.
Our approach via n-chromos suggests that a promising attack on the three problems

stated at the end of #1, should be to solve the corresponding problems for n-chromas in

Rk . These are:

1'°. A proof of Conjecture 1' ,

2'°. A general arithmetic-analytic construction of the admissible n-chromo
©.7 - I

3'°. A proof that the number of n-chromos (9.7), no two of which are affinely

equivalent, is finite. This was done in [4] for k = 1 .

-22~
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Appendix. Extremum problems for Lissajous-txpg_ﬂ__@___';fo_;gs;
10. Applications of n-chromos to Lisgajousfpxgg manifolds.
In [3,56) we discussed our extremum problem for Lissajous curves in the unit cube
-%-; &J el % » (v=1,...,n), the underlying nomm being the Euclidean one. Here two changes

alter the situation:

1. We replace the above cube by our cube Un of (1.1). This requires replacing the
basic function w(x) = cos x of {3,5] by the fw ction
(10.1) L(x) = sin® S5, (see Figure 4).

Observe that L(x) interpolates at the integers the zigzay curve of (x ) defined by (1.3).
The absence of comers assures the smoothness of the resulting motions within Un . How-
ever, the l-dimensional Lissajous motions
(10.2) X, = L“vt + av), (0.2 SEESE % 1
of [3, relation (6.3)] again exhibit the ergodic (or denseness) property described for b.b.
motions in the second paragraph of our Introduction. For this reason, and following again
the lead of Kanig and Szucs, we replace the motion (10.2) by the k-dimensional Lissajous-
type manifold

k X X
(10.3) ALs X = L 12 Nug +a) , (vl,....n) .

i=1

2. We replace the Euclidean nom of [3] by the L _nomm of the present paper.

The Definitions 1 and 2, of 51, concerning the reflected path (1.7) carry over without
any changes to the L-manifold (10.3). We may therefore safely assume that we know what is
meant by "“a Aﬁ in general position", and by "a /\: that is ()L- admissible", The latter
will again be denoted by A::(CL).

As in the Introduction we propose

L ¢ ‘ .
Problem 1 . To determine, or estimate, the quantity

L L
(10.4) pk,n = supremum p ,

RN . k, L
the supremum being taken for all pL having pL-adm:.ss.lble L~type manifolds /\n o).

: k
It does seem remarkable that our results of Part I , on n-chromos in R . apply
L
equally well to establish Theorems lL, ZL, and 3, below, that correspond to Theorems L

2, and 3, on b.b. motions. 1In particular the Gk # below, is again the old constant (4.3)
'

for n-chromos. These theorems are as follows.




Theorem lL. We have the inequality

L N R )
{10.5) “k,n 3" sin” ( 550 L i} k n-1)
ggggggg;ZL. We have that
L 1 a2 ST nel
(10.6) pn-l,n o BRI G 3;-)

ghgg;gg:3L . We construct explicitly the L-type manifold

k. L L_ X 2. m 'k
(10.7) An(p ), where o = 5 sin ( 5 o5 )
for the two cases
(10.8) (k,n) = (2,4) and (k,n) = (2,6) .

At this point we need an analogue of Lemma 4, that we shall call Lemma 4L , which
will relate L-type manifolds to n-chromos. Let (10.3) be DL-admissible. This means

that for every (ui) € Rk , the point of R

o
(10.9) L( ) ol Y1 ORRRE I S
1 NHC v

should belong to the closed cubical shell

n n L
(10.10) B, =0 - , where C L= fx-cl_ <o
P P o
Equivalently:

For some v , the number L(X&l u. + a ) should differ from an integer
(10.11) = AT B

by <38/2 , where

L
§ 1 L

(10.12) 2 = 2 [¢] .

How is this condition expressed in terms of Z Xiul +a ? If we define §/2 as a
v
solution of the equation

6L
(10.13) ek Ll =)

N|o,

then the symmetries of the graph of L(x) show (Figure 4) that (10.11) will hold if
and only if

B, 5
(10.14) { i, e a e 2
1 2

=Jdw




This establishes

Lemma 4L. Let oL b O0S pL < ;— , be prescribed, then GL be defined by (10.12),

and finally & such that (10.13) holds. The L-manifold (10.3) is oL-admissible if and

only if the n monochromes

X By 5
(10.15) My(8) + { ] X, +al < 2, (wl,...m),
i

& > k
define an n-chromo in R .

Eliminating & between (10.12) and (10.13), we find that

L 1 §
(10.16) oS L(E-) i
If pL tends to its supremum pi’ i then § tends to its infimum Gk o and we obtain
6 . L
B =l k,n
(10.17) Dk,n e 3 L( 2 ) ’

which is the analogue of (9.1).

Theorem 1', hence that 6k o k/n , and (10.17), immediately establishes (10.5),
| g

hence Theorem lL. Likewise Theorem 2' , hence that Gn—l e (n-1)/n , gives (10.6),
’

: : L
hence Theorem ZL , again in view of (10.17). Finally, Theorem 3' implies Theorem 3 .




11. Examples of extremal Lissajous manifolds.

It was not mentioned above, but is evident by Lemma 4L, that if (10.15) are the
inequalities defining an n-chromo x:(x‘;) . then (10.3) defines an L-manifold which is

L L . 4 -
pL—adxnlss.\ble, where ¢p is defined by (10.16). As an example, the n-chromo ”nl (&),

defined by (6.2), (6.3), (6.4), give the L-manifold of Theorem 2L

P
x, = sin (2—uv) ’ (v=1,...,n-1),
atay A Reh
n n-1,n
o = i Bl +r-’———1)
n S R RS e
L & >
whe re Dn—l,n is given by (10.6).

Let us look at this for the smallest values of n

1. k=1, n=2. Here - %—— sinz(ﬂ/s) = (2/2-)-1 . The extremizing L-motion

k=l,n=2 o1 .2

X, = sin2 '"—ul = l(1—c057ru )
) < 2 2 1
L aaa2nn Wy oL ’
X, = sin ( 7Yt i ) = 2(ZL + snnml) ’

is seen to be a circular motion along the circle inscribed in Uz. This is the analogue

of the b.b. motion (9.6).

2. k=2,n = 4. The extremizing L-surface is found to be
X, = sin2 El—-= l-(1 - cosqu. )
1 2 2 i
m,
W Sy N
(EE.2) Xy = &in° —= = 2(l cosmz) ’
2 W 1
X, = cos é-(ulﬂxz) = 2—(1 + cosn(ulmz)).

This is the I-analogue of Kepler's tetrahedron T parametrically given by (9.5). The
1 2 :
largest cube inscribed in T was found to have its side = 3 For our ,ﬁ} we find a

larger cube lIx-cii < % of side = ;— , because

R S
L 7 T T el

The intersections of (11.2) with the planes xv=c (O 26 <), vl 2,3) are

ellipses, inscribed in the unit square, with axes parallel to the diagonals of the square.

The surface is convex.




—

ks Harald Bohr,

2 D. Konig and A. Szics,

From (10.17), for k = n-1, we find that

L
] -n
Ax.3) lim ”n-l,n

) g

Most likely tre above A2 » given by (11.2), is the last A:-l which is the boundary

3 n
of a convex set jn R

3, K= I general n.

With this last example we come close to the subject studied

in [4]. The n-chromo (4.7) and Lemma 4L show that
o d W -1
(11.4) X = sin E-(ul + V—n—~) » (v=1,...,n; 0 sy <2) .

describe an extremal curve )\rl] From (10.17), for k = 1 , we obtain that
. L ]

15 = =,

(EL.5) lim pl,n 5

n-*o
*
The curve (11.4) is the Lissajous-analogue of the “lucky” billiard ball shot In of
[4, relation (10.2) for n = 3, and Figure 2].
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(v=1,...,n)

be the unit cube of R. Using ideas pioneered in 1913 by Konig and Sziics in
. (2], we study the following problem. Let
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Abstract continued

) L ax. = ) A u +a (& <n)
n v : . v

i=1
be a k-flat, so that the point (av)

ik . k
is interior to Un . and such that L i

r
n

gLE . k ;
in a general position (G.P.) and write Ln € G.P. By this we mean that any k

among the x  of (2) may assume preassigned values for appropriate values of

s k : : . -
the ui. We interpret Ln as an optical signal starting from the point (a )

at the time t = 0 , and spreading uniformly within the k-flat L: We assume

the 2n facets xu =0 or X , of Un , to be mirrors, so that the reflected

path of the signal is a finite or infinite k-dimensional skew polytope Tk U
n
Using the auxiliary function

(x)l=x if 0 <x <1, (x)=2=x 4Ff 1 cx <2, and (xs2)={x)

if x € R

we may represent the reflected path by the parametric equations
K .

(3) B cx =€ ] X wu ok b fodidesn)
n v g 4B v

For the X, defined by (3), we study the quantity

p = _sup inf (max |x |) ,
k
L L, € G.P. (ui) 2 i
and wish to determine, or to estimate it.

1
Zheoxem L. oy . 2 5 55 (L <k =n-1}.

Theorem 2. p «2.BY L

’ ; ’ : yn-1 :
It is shown that there is an essentially unique Rn which does not penetrate

into the cube

max |x - 11 <=,
9 v 2 2n
The polytope ﬁi is identical with the surface of Kepler's regular tetrahedron

T inscribed in U3 , and Theorem 2 gives, for n = 3, an apparently new extremum

property of T . Finally we state

: 1 k
Conjecture 1. Pen T 5 (& <k < n=iy.

This was established in [4] for k = 1
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