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ABSTRA CT

This paper provides a basic description of the operation

of a shearing interferometer used for phasefront sensing. The

signal processing of the interferometer ’s outputs are studied.

A basic demodulation scheme and a phaselocked loop configuration

are discussed and compared. Some elementary phaselockei loop

theory is provided. A possible configuration using opticc~

feedback for determining off—axis tilt of a plane is prescnted.

The signal—to—noise ratio of the shearing interferometer ’s

out puts is improved by a slight modifi cEtion of the optical

configuration . Finally , a geometric rEpresentation of a :
distorted phase profile is provided which will describe the

deleterious effects of a planar phasefront propagating througPi

the turbulent atmosphere.
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I Introduction

Thc turbulent atmosphere , which • s sometimes referred to

as a random inhomogeneous medium , distorts and deforms optical

radiation as it propagates outward from it~ sour ce (Refs . 1—3).

That is, if a source is radiating quasi—monochromatic light

(Ref. ‘4, pg 13), a distorted plane wave will be received in the

far fielid. If this source were a laser , then its far field

target would not receive a focused , intense beam because of

atmospheric turbulence. The problem of maximizing the intensity

of a laser beam on a far field target is evident .

It has been shown through reciprocity (Ref. 5) that an

optical system which projects a laser beam onto a far field target

will experience identical atmospheric turbulence effec ’~s as

the image of a radiating target on the optical system . There-

fore, if one can measure the phase profile of a target ’s

radiation , then the effects of the turbulent atmosphere will be

known . Compensation for these effects can then be made so that

a laser beam will not suffer the same deleterious effects but

will instead have maximum intensity on the target.

A common configuration for the optical system which

compensates for atmospheric turbulence is shown in Figure 1.

The telescope acts as the exit aperature for the laser beam

and the receiving aperature of the target radiation . The optical

radiation from the target enters the telescope , reflects off the

t ilt mirror , reflects off the deformable mirror , an d upon

incidence to the beamsplitter is reflected into the phasefront

sensor. The phasefront sensor reconstructs the phase profile1



_______________________________ — - . —----- —-.- - -  — - -- -~~---.--

~~~ moveable telescope secondary

_

for focus 

movable

telescope mirror

beamsplitter
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___________ 7

~~~~~~~~~~~~~~~~~~~~~~~~~~

de formable
mirror

phasefront
sensor

control
commands
fedback to
tilt , focus
and
deform ab 1 e
mirr ors

Figure 1. Basic configuration of complete o~~ ical 
system2
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of the target’s radiation . Through appropriate signal processing

of the reconstruct ion , the atmospheric turbulence can be

compensated for so that the intensity of the laser beam is

maximized on the target. This compensation is accomp lished by

control signals to the tilt , focus , and deformable mirrors .

The laser beam propagates through the beamsp litter , reflects

off the deformable mirror , reflects off the tilt mirror, and

exits the telescope to propagate through the turbulent

atmosphere to the target.

The device of concern in this paper is the phasefront

sensor. Specifically, a type of phasefront sensor referred to

as a shearing interferometer is ~tuaied. Also the signal

processing of the interferometer output is analyzed.

The following chapter provides description of the

shearing interferometer . Chapter 3 discusses the processing

of detector signals using Phaselockcd loop and Optimal Linear

Filter theory . A geometric representation of a distorted

phase profile is discussed in Chanter 14.

3
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II Phasefront Measuring by use of a Shearing Interferometer

There are no direct detectors that can measure the phase

of a field. Detectors measure the Intensity of a field and thus

phase information is lost. The shearing interferometer provides

a solution to this problem .

A shearing interferometer (Refs. 6—9 ) Is a phasefront

sensor whose out puts  can be use d to recons t ruc t  the phase

profile or contour of the input optical field .

The basic components of a shearing interferometer are two

Fourier transform lenses , a rotating Ronchi grating (Ref. 10,

pg 207), and a detector array as shown in Figure 2.

In Figure 2 z0, z1, and z2 are specific locations along

the z or optic axis, and f is the focal length of lenses

and L2. The Ronchi grating consists of a circular disk with

alternating clear and opaque radial lines extending from near

the center to the outer edge (Ref. 9) as shown in Figure 3,

pg 6.

The rotating Ronchi grating which has radius r, rotat ing

at w0 radians per second , and having N pairs of radial spokes

will have a linear velocity of

V = w0r (1)

and a grating perIod of

d = 2irr/N (2)

At any radius the amplitude transmittance function of the

grating can be approximated by a square wave , which can be

14

— —---- 
- —  --



r~ ~~~~~~~~~~~ 
T~ T T .: T~~~ i~~~~~

rotating
Ronchi
grating 

________

motor j detector
________ 

arra y:
~/\

f TTi Z2

~~~~ •

~~~~~~~ J~
. - - - . - . . .

~~~~~~~~~~
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L1 / L2 function]

F [w (x ,y)]

F[w(x ,y)] . (grating t ransmittance funct ion)

Figure 2. ShearIng Interferometer

represented as the following Fourier series

g(x 1—vt) = ~ A~ exp [+j271n(x 1—vt)/dJ (3)

• where the A ’ s are Fourier coefficients. The coefficients

for the Ronchi grating are shown in Table 1. (Ref. 11, pg 28)

In the following analysis constant phase delay terms have

5
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Figure 3. Rotating Ronchi grating

been neglected. A time dependence of exp[j2-ii f0t] for the

incident quasimonochromabic field is assumed. When an incoming

field w(x0,y0) = A .~~~(x0,y 0)exp [+i~~(x0~ y 0)] (where A inc ~~ a

real amplitude and x0,y0 are coordinates at z0 of’ the optic

axis) is located at f in front of lens L1, the Fourier

order n amplitude of An phase of A~ intensity

0 .5000 0 0 .2500

±1 1/-it ±90° .1013

±2 0 — —

±3 1/3-it p 9 Q
O

Table 1. Fourier Coefficients for a Ronchi grating

6
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t ransf orm of the wav ef ront

F [w(x0,y0)J W(x1,y1) 
(14)

= x1/Af

= y1/Af

is proportional to the field at the plane of the rotating

grating. (x1 and y1 are coordinates at z1 of the optic axis,

and f are spat ial f re quenc ies , and A is the optical

wavelength) Immediately following the grating the field becomes

U ( x 1,y 1) W ( x 1,y 1) ’ E  A~ e xp [j 2 i rn ( x 1— vt ) /d ] (5)

At the detector’ plane (at location z2 of the optic axis) the

f ield becomes

FLU(x 1,y1)] w (—x2,—y2)

• = x2/Af’

=

® F[g(x 1—vt )] (6 )

= x 2/A f

=

where the symbol ® represents a two dimensional convolution

(Ref .  11, pg 82). The Fourier transform of equation (3) 
becomes7



-

F[g(x1—vt)] G (x2—vt)

= x2/Xf

=

= E exp[_j(k/f)x2vt ]An

~(x2-nAf/d )~~(f~ ) (7)

The above equation is nonzero only when x2 = nAf/d, and by

substituting for x2 in the first term of equation (7) we have

exp[—j(k/f)x2vt] = exp [—j 2 tnvt/d] where w0 
= 2-rtnv/d is the

modulated frequency of the electric field . Now equation (6)

becomes

U(x2,y2) = F(U(x1,y1)] w(—x2,—y 2)

f = x2/Af

®~ exp [—jw0t]n=0,+l,—l

A~ ô (x2—nAf/d)

(8)

where n is restricted to 0, +1, and —1 since higher orders

result in higher frequencies which are filtered out by the

electronics. The above expression for the field at the detector

plane shows that the shear distance is

s = Af/d (9)

8

4



n=0

t

Figure LI. Shearing pattern produced at the detector plane

where A is the wavelength of the field. Figure 14 shows the

shearing pattern of the first three terms produced at the detector

plane . The three electric fields of Figure 14 are

V0 
= A0Aj~~~~ 2,Y2)ex j x2,Y2fl

V~1 
= A+i Ainc (x2+s,y2)exp[j~~

(x2+s ,y2)]exp[_jw 3t]
and

V_1 = A 1A1~0(x2—s ,y2)exp[j~~(x2—s,y2)]exp[+jw0t] (10)

where A0, A÷1, and A 1 are found in Table 1. The total electric

field at the detector plane is

Ud(X2,y2) = V0 + + V 1 + {higher order terms) (11)

where the higher order terms are neglected as they wIll be

filtered out by the electronics. Since the detectors of the

shearing Interferometer measure intensity, the intensity of

Ud(X2,Y2) becomes

9
4
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Id (x 2 ,y 2 ) = U~~(x 2 , y 2 )U ~~(x 2 , y 2 )

[V 0 + V~ 1 + V 1] [ V 0 + V~1 + V 1]*

= V0V~ + V.~1V~1 + V 1V~ 1 + V÷1V~ + V~ 1V* 1

+ V 1V~ + V_1V~1 + VQV~1 + V0V*1 (12)

where * denotes the complex conjugate of the designated quantity.

For simplicity let A1~~ (x2,y2
) = Ajnc (x2+s ,y2) = AI~ C (X 2

_ S ,Y 2 )

At ,  then equation ( 12)  becomes

2
I (x ) — A 2 + 

2A t 
+ {time varying terms of )d 2’~’2 — t 2 f requency 2w 0

A~+ — cos(w 0t — 90 0 + q (x2,y2) —

A 2
+ —~-cos(w 0t — 90 0 + 4 ( x 2—s ,y 2 ) — •(x 2 ,y 2 ) )

( 13)

(See Appendix for result  when the sheared ampli tudes are not

equa l .)  The DC term A~ + 2A~/-ir
2 , and the double f requency term s

2w 0t are also f i l t e red  out by the e lect ronics, thus equation ( 13)

reduces to 22A t ~~x 2 —s ,y 2 ) — ~~ x 2+s ,y~,)
I d (x 2 ,y 2 ) = ~—cos (w 0t — 90 ° + 2

•( x 2
—s ,y 2) + ~~ x 2+s ,y 2)cos( — 4 ( x 2 ,y 2 ) )

(1~4 )

Assuming the phase var ia t ion  across a shear distance is small

• ( that  is (~~(x 2 -s ,y 2 ) + ~ (x 2 +s ,y 2 ) ) / 2  ~ (x 2 ,y 2 ) ) equation

(114) becomes

10
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2A~ ~(x 2-s,y2) - ~(x 2+s ,y )
Id (x 2,y2) —sin(w0t + 2 

2 
~ 

(15 )

This result shows that the overlapping fields at the detector plane

produces a signal whose phase is proport ional  to the phase

difference or slope of the wavefront. Therefore , the shearing

inter feromet er measures a set of phasefront pro files in the

direction of the shear.

A phasefront sensor use s two shear ing inter f erometers t hat

produce shear in orthogonal directions (x and y) providing a

two— dimensional representation of a distorted phasefront . For

simplicity assume that there are twelve detectors (six for the x—

channel interferometer and six for the y—channel interferometer)

so that the phasefront sensor outputs twelve signals whose

phases are phase d i f f e r ences  that  def ine  the slope of the phase —

front in two dimensions (R e f .  6, pg 668). In Figure 5 the detector

arrangements are shown along with a phase map illustrating how the

phase difference at each detector is derived. Detectors are

located behind each subaperture labeled 4 l~~k 
for t he x and y

shear .

In or der to ob ta in t he actua l phasefront a re construct ion

process is necessary which uses the twelve phase difference

measurements as shown by Hardy (Ref. 6, pg 669). The reconstructed

phasefront can be represented by a set of orthonormal polynomials

which will  be descr ibed in Chapter  14, These polynomials wil l

describe the amount of random tilt (x and y), defocus , and

ast igmatism t hat t he rece ive d phasefront has suf fere d throu gh

its propagation through the turbulent atmosphere .

11 
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y—shear  detector signals x—shear detector signals

~~~~~:E~~
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~~~~~~~~
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~~~~~~~~~~~~~~~~

x—shear~

S 4 3

ii _ I _ I
y—shear

_______ 

I 
_______ 

I
phase map

Figure 5. Phase difference measurements and location of detectors

Since it is the phase that is of interest , equation (15)

for each of the twelve detectors must be demodulated in such

a way that the phase term

12
4 
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2

— s ,y
2) — 

•(x2+s,y 2) (16)
2

is determined.

The actual intensity at the detector plane is very small

compared to that at the input of’ the shearing interferometer

due to the less than unity transmittance of the optics.

It can be shown that employing a sinusoidal grating

instead of the Ronchi grating can increase the intensity at the

• detector plane . By using appropriate Fourier coefficients and

equation (.3), a result for any grating can be obtained.

The next chapter discusses possible configurations for

determining the phase of a detector signal.

13
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III Processing of Detector Signals

Basic Demodulation Scheme

A commonly proposed system for determing the phase

of a signal is shown in block diagram form in Figure 6. The

detector signal s(t) Dsin (w 0t + 0(t)) (where D is a real

amplitude and 0(t) = [4)(t,x2—s ,y 2
) — 4)(t,x2+s ,y2)}/2 )

enters a bandpass filter of center frequency w0/2r . Then

the signal is synchronously demodulated into two quadrature

detector
F 1 DsinO (t)

~ 
bandpass sync. I lowpass A/D p

s(t) filter demodjDcose(t) filter ROM

o (t)

Figure 6. Basic demodulation scheme for detector signals

components Dsino (t) and Dcoso (t), and lowpass filtered to

eliminate some of the noise. The A/D ROM (analog—to—digital

read_only_memory ) performs an inverse tangent operation through

a “table look—up ” to determine 0.

For simplicity of analysis this scheme is studied on a

continuum in time . Assuming the presence of bandpass , zero

mean noise , the actual detector output becomes

114

4
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s( t )  = Dsin ( w 0t + o(t)) + n1( t ) sinw 0t

+ n2
( t ) cosw 0t (17)

where n1
( t ) an d n 2(t) are statistically independent zero mean

random processes. The output of the scheme of Figure 6 would

be (Ref. 12, pg 1714-178)

y(t) = e ( t )  + tan (~~~
t
~~,(t)) ( 18)

where

n’(t) = n1(t)coso (t) + n2(t)sino (t)

n”(t) = —n1(t)sine (t) + n2(t)cose (t) (19)

and n ’ ( t )  and n”(t) are zero mean random processes with distri-

butions equal to those of n1( t )  an d n2(t). For the high signal

to noise case (that is, Prob{n ’ >D} = Prob{n ” >D} 0) then

• equation (18) can be approximated by

y ( t )  o ( t )  ~ n
’t(t) (20)

The variance of equation (20) is derived a~ follows

E[y(t)1 = 0(t) (21)

E[y2(t)] = E[02(t) + 20(t)

—n1(t)sine (t) + n2
( t ) c o s o ( t )

. (  
D

—n (t)sinB (t) + n 2
( t ) c o s o ( t )  2

~~~ 
1 

D

L _ _ _  

15 
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= o2( t )  + ~~~E [n ~~( t ) }

= o2( t )  + o~/D
2 (22)

where
2 2

= E[n ] = R ( 0 )

-B /2 N B

and B1 is the bandwidth determined by the lowpass filter of

Figure 6. Therefore , the variance of y(t) becomes

2 
= 

N0B1 (214)y 2• 2D

This variance is an indication of how much on the average the

random process y(t) fluctuates about its mean 0(t). The band-

width B1 must be selected large as compared to the bandwidth of

a scheme which uses a. p~~ oi~ knowledge of the process concerned.

The phaselocked loop (PLL) is a scheme that uses some a. p~ Lo’~

information and is discussed in the next section . Some basic

PLL theory will be provided first (Refs. 13 , pg G6— 814; 1~4 , pg 127—131).

Basic Phaselocked Loop Theory

The Phaselocked loop configuration is used for measuring

the phase of a signal. The basic elements of a PLL are a

phase detector , a filter , and a voltage controlled oscillator

(VCO) as shown in Figure 7. (The phase detector is represented

as a multip lier.)

16 
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(t) 
~

r ( t ) z ( t )

voltage
controlled

— oscillator I -

(VCo)

Figure 7. Simple Phaselocked Loop

The effective operation is dependent on the amount of a. pk~LoJL~L

information that can be designed into the circuit . The PLL

provides an estimate , r(t) of the input signal s(t), and by

com par ison , the 1oop continously modifies the local reference

(VCO out put ) to reflect changes in the input . An error signal

e(t) is produced at the output of the phase detector (the

mul t ip lier of Figure 7) if the in put signal leads or lags the

local reference. The error signal is filtered and sent back to

the VCO in such a way as to change the frequency of’ the VCO so

that  it app roac hes the fre quenc y of the input signal .

17



In order to determine the loop equation of the system ,

s(t) is considered to be a narrowband random process

• s(t) = Dsin(w0t + 0(t)) (25)

and

r ( t )  = K1co s (w 0t + o ( t ) )  (26)

where 0 ( t )  is the 1oop es t imate  of the input signal phase 0(t)

in the absence of’ noise , and K1 is the amp litude of the VCO

output . The output of the multip lier e(t) neglecting double

f requency terms becomes

e = DK1Msin(0—0) (27)

where N is the multiplier gain. The argument (o—o ) is called

the total 1oop phase error . The output of the filter with time

response f(t) becomes

z(t) = e(t)F(s) (28)

where F ( s)  is the Laplace transf orm of f( t ) an d the notat ion

used is consistent with that of Lindsey (Ref. 13). (That is,

equation (28) is equivalent to z(t) = e(t) ® f(t).) The output

phase of the VCO 0 referenced to zero is regarded to be a linear

function of the control signal z(t). When z(t) is zero (which

implies that e(t) is also zero)  then the VCO output s a constant

quiescent f r equenc y of w0 radians/second. As mentioned earlier

w0 is also the frequency of the signal output from a detector.

When z ( t )  is nonzero , then the VCO output becomes w0 + KVCO z ( t )

wher e KVCO is the gain of the voltage controlled oscillator

(VCO) in units of radians per second per volt . The phase

• 18
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est imate  0 developed by the ioop is

K z
e = VCO (29)

where again the notation used is consistent with that of

Lindsey. (The 1/s term is Laplace notation for the opcration

of integration.) Substituting for equation (27) and (28) into

(29) yields

D K K  MF ( s )
o = sin(0—0)

= 
DKF(S)sin~ (30)

where K = K1KVCOM is the open 1oop gain and ~ = (0—0). Since

o = o— ~ , equation (30) becomes

= — 
DKF ( s ) 5~~~ (3 1)

Equation (31) is the equation for the PLL in the absence of

no ise.

In the presence of no ise , the input of Figure 7 becomes

x ( t )  = s ( t )  + n~ (t). Now the error signal e(t) depends not

only on the tota l  loop error ~‘(t) but also the noise. The noise

ni
( t )  is assumed to be a narrow band ran dom pro ces s

n1(t )  = n ccosw Ot — n3sinw0t (32)

= N
1(t)cos(w 0

t + o.(t)) (33 )

where N~~( t )  is the envelope of the noise and e 4 (t) is t he random

19
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phase. From equation ( 33 )  we have

= N 1cosO 1
and

n 5 = N 1cos0~ (314)

The input now becomes

x ( t )  = Ds in (w 0t + e ( t ) )  + Ni
( t ) c o s ( w 0t + o~ ( t ) )

= (D—N 5
)s in ( w 0t + 0 ( t ) )  + N c

c o s(w
0t + 0 ( t ) )  ( 35 )

where N0 = Nicos( O
~
_0) and N

~ 
= N1sin(0~

_O ). The error signal

then becomes

e = K1M [(D—N ) s i n ( 0 — O )  + N
~~

cos ( 0 _ 0 ) ]  ( 36)

Once again the double frequency terms have been neglected .

Since 0(t) = KVCO z ( t )/ s , and z ( t )  = F ( s ) e ( t ) , then

= K F ( s ) [D i (O 0) + N(t)] ( 37 )
where

N(t) = N cos(O—O) — N~.sin(O—0) ( 3 8)c

From equat ion (38)  it is obvious that the no ise Is a funct ion

of the phase error ( e — o ) .  Rearranging equation (37) the

following is a nonlinear integrodifferential equation of the

syst em

(~~~~~~~~~~ ) ~ = 0 — 
KF(S)[D i (O 0) + N(t)] (39)

The baseband loop model which equation ( 39 )  represents is

shown in Figure 8.

20
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1N( t,~~) 

I + filter

~ 
“I Dsin~~J ~ F(s)J

0 z=~~VCO 
- 

KVCO

K / 1
VCO,

Figure 8. Baseband PLL model in the presence of noise

If the phaselocked loop is capable of reducing the phase

error to a small value , then the approximation sine ~ become s

valid. Equation (39 )  then becomes

~ ( 0 — 0 )  = 0 — 
KF(s) [D~ + Nccos

~ 
— N

5sin~~]

0 — 
K F ( s )  (D~ + N

~
] (140)

S

since sine ~ implies that cos~ 1, and N
~ 

> >  
~~~~ 

The linear

baseband model which represents equation (140) is shown in

Figur e 9.

21
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N ( t ) = N
~~

(t ,~~
)

0-

VCO 
KVCO

K /VcO

Figure 9. Linear baseband PLL model In the presence of noise

It can be shown (R e f .  13, pg 8 1—82 ) that

N
RN ( t )  .~2 & ( r )  (141)

Therefore, the noise process { N0(t ,~~) I is white. Solving

equation ( 4 0 )  for  ~ yields

• = o D K F ( s )  N~ ( ‘4 2 )
s + DK F ( sJ  

— 

1s + DKF ( s ) 5

The close d loop t ransfer  funct ion of Figure 9 is

22
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H ( ) ~~ 0(5) - DKF(s) 14
4’ ~ 

— 
0(s) 

— 
s + D K F ( s )  (

Therefore equation (42) becomes

• closed ioop phase error

[1 — H
4’
]0 — [H

4’
]b.2. (44)

where phase error can be caused by both the process 0

changing faster than the loop can track and by the noise Nc~
Equation (44) shows that there will be no contribution to the

phase error by 0 as long as [1 — H
4’
] is sufficiently highpass

so that i ts spectrum doesn ’t overlap with that of 0. For this

case the phase error will be dependent  solely on the noise.

The variance of the phase error in this  case is

S ( s)
- C= I I H 4’

( s ) l  2 ds
—B2/2 D

B N
= 

2 0  
= l/SNR (‘45)

2D

where B2 is the loop bandwidth , and N0/2 is the power spectral

dens it y of N0. As seen in equation (45) the phase error (due

to noise on ly)  is inversely proport ional  to the signal to

noise ratio. The ioop bandwidth B 2 should be considerably less

than B1 of equation (24) sInce some a pn~Lo~’t.L s tat ist ics hav e

been designed into the PLL circuit .

The phaselocked loop has been shown to exhibit the property

of threshold extension , that is smaller signals can result In

23
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similar performance (Ref. 15, p~ 359). This extension Is

typically on the order of 2 or 3dB (Ref. 114 , pg 291).

In the next section the filter F(s) of Figure 9 is designed

so that the resulting variance 01 the phase error is minimized.

The section will include the contributions of both 0 and noise to

the phase error.

Optimal Filter Design for the I’LL Scheme

In this section the filter F(s) of Figure 9 is designed

so that the resulting variance of the phase error is minimized.

If 4’ of equation (1414 ) is a random process then (letting E [0]=0)

E[~~] = 0 ( 146)

since N
~ 

is a zero mean white process with autocorrelation

N
= E [N ( t )N (t+ T ) ]  = ~~~ - 6 ( T )  ( 1 4 7 )

From equat ion ( 4 4 )  we have

E[4’
2] = = I ~i - H4’

(s)J 2S0
( s ) ds

+ ~: I H 4’
( s ) 1 2 S , ( s ) d s  ( 4 8)

where ,

N SN \5

= __2.~. D2 
(‘49)

Equation ( 4 8 )  is to be minimized by the following procedure .

The random process 0 is assumed to be zero mean with a

first order Butterworth power spectral density (Ref. 16, pg 502)

214 
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2Q/a0S (s) = 2 (5 0)
0 1 + (s/a0)

where R 0(-r ) = F[S 0
( s ) ]  = Qexp[—a0t], 

a0 is the bandwidth and

the variance of 0 Is

= R0
( 0 )  = Q - (51)

With the above statistics , a simple filter model for the random

process 0 is derived. Let w(t) be white gaussian noise with

E[w(t)] = 0 , 
- 

(5 2 )

E[w(t)w (t+-r)] R ( - r) = 2a0QS (t) (53)

and

= 2a0Q 
( 5 14)

There exists a filter H(s) such that the following is true

S0(s) = (H(s)(2S
~

( s ) (55 )

and

H ( s ) H * ( s )  = S0(s)/S~
( s ) ( 5 6)

where * denotes the complex conjugate of the designated

quantity. Substituting into equation (56) gives

1/a2

H(s)H*(s) = 
0 

- (57 )
1 + (s/a0)

2

There fore

H(s) (58)s a0

4 25
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r

w ( s )  - 

s ~ ao~~ ~ 0 ( s)

Figure 10. Model of the random process 0

The process 0 is therefore modeled as shown in Figure 10.

From Figure 10 we have

0(s) — 
1 (59)

w(s) 
— 

~ + a0
and

B(s) = —a0o(s) + w(s) 
(60)

which is the first order state variable equation defining the

random process 0.

In order to find the minimum value of , con tinuou s

Kalman filter equations are used to design an optimal filter

F(s) in Figure 9. (See Ref. 17, pg 103—1214 for the development

of’ the continuous Kalman filter equations.) From Figure 9 we

have

26
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y(t) = D0(t) - D0(t) + Nc (t~ 4’) (61)

Using Table 14.3—1 , pg 123, Ref. 17, the state estimate becomes

0 = -a00(t) + K
2

( t ) [ y ( t )  - (D0(t) - D0(t))]

= -a0
0 ( t )  + K

2
(t)y(t) (6 2 )

where K2(t) = 2P(t)D/N
0 is the Kalman gain and P(t) is the

variance of 4’ . The Ricatti equation for P ( t )  become s

P(t) = —2a P(t) + 2a Q — (6 3 )0 0 N
0

For steady state set P(t) = 0 and the minimum value of the

variance becomes

= 

~steady = 
0

2
0 + ~~~ ~N0

a0
(N
0a0 

+ LID2Q) l ( 6 1 4 )
s tate

where the plus sign of the quadratic equation has been chosen

since the variance must be positive . The steady state Kalman

gain becomes
2P t d D

— st a te
N 

—

steady 0
state

-a0 + ~~ ~N0a0
(N
0
a
0 
+ LID2Q) I

= 0 
D ( 6 5)

Equation (62) then becomes
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—a0 + ~
L \/N0a0 (N

0
a
0 
+

B = —a00 + y 0 
D 

( 6 6 )

and rearranging yields

-a0 + ~~—~~N0a0 (N
0
a
0 

+ 14D2Q)l

0 = [ D /(s ÷ a0)] (67)

From Figure 9 it is obvious that the output of the filter F(s)

must be O/KVCQ when the input is y. Therefore F(s) becomes

—a0 + ~~ ~~~0a0 
(N
0a0 + ‘4D

2Q) i

S[  DF( s ) = 68Kvco (s + a
0
)

which is the steady state opt imal filter that results in a

minimum value of the variance of the error stated by equation

(614). (Note that the derived equations (614) and (68) agree with

equation s (24~ l05) and (LI_lOLl ) of Ref. 13, pg 63 for the case

where n=l, Q=l, k=l, Kt=1, and C (k)=14R=LIA2/aN0 . )

Equation (614) is the min”imum value for due to the effects

of fluctuations of both the process 0 and the noise

The bandwidth a0 of equation (614) is smaller than B2 of equation

(‘45) because of the a. p/i~~o/~ ~.tatistics of the process 0 which

were designed into the filter F(s).
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Determining of Off—Axis Tilt by Optical Fec-dback

Suppose that  a p i.~m nr  wave is inc iden t  on the  en t r ance

aperture of a shearing in te r fe rometer . Assume that the

inc ident  p h a s e f r o n t  has som e x — t i l t  as shown in Figure 11.

It wil l  be shown t h a t  by vary ing  the speed of the r o t a t i n g

gra t ing  using a f e e d b a c k  ne twork , the of f  axis t i l t  in the

x — d i r e c t i o n  can be de t e rmined .  That is , op t i ca l  ra ther  than

electrical feedback is used.

The optical field can be written as (Ref. 18, pg 149)

E(x ,y ) = E0exp [jkcosex } (69)

From the ear l ier  ana lys i s  of the  suear ing  i n t e r f e rome te r  the

linear ve loc i ty  of the gra t ing  was v = rw
0 

(~ cons tan t  speed)

and the grating transmittance function g(x1—vt ) was stated by

equation (3). If the linear velocity is allowed to vary, then

the grating transmittance function becomes g (x —rf~w1(~~)d~ )

where vt has been replaced by r/~ w (~~)d~ . The spatial Fourier

t r ans fo rm of t h i s  new g ra ting  fu n c t i c n  becomes

F[g(x1—rI~ w1(ct)dct )] i G ( x
2—rI~ w1

(a)dc~)
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entrance aperture to
a shear ing in t e r f e r o me t e r

i 
0

Figure 11. Plane wave with x—tilt
incident  on a shearing in t e r fe rome te r

= 
~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ( 7 0 )

The electric field at the detector plane becomes (from equation

( 8 ) )

ud (x 2 , y 2) = w(—x 2,—y 2 )® G (x 2—rf 0w1(c~)dci )

+oo .kx ’ t= I E0exp[3kcosO (x_x ’)]exp[.
~
3_
~
r._rf0wi(cz)dcx ]

~ 
A~~~(X ’— !2~i)ax ’~ (f )
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+ E0exp [jkcosOxJf +~ exp [_j~ (rf .-~1(~~)d~ — cosO)]

A tS (x’— -~)dx ’S(fn n  d y

= E0exp[jkcos 0xJ~ A0exp [jkq~~~ ]6(f ) (71)

where q = r!~ w1(~~)dc~ 
— cosO . The i nt e n s i t y  becomes

I = U U~ IE 2 I{~~ A 2 + ~ A A *d d d 0 m=n n n mm#n

exp[-jkq~~ (n-m)]} (72)

where again n can only take on the values of 0, +1, and —l

so that double and higher order frequency terms can be

neglected. This results in the following bandpass portion of

equation (72)

= J E 0~
2 [(~ A~~) + A 0A* 1ex p [_ j k ( ~~~)q]

+ A0A*~ 1exp[+jk(~~~)q]

+ A 1A*0exp [+jk(~~~)q]

+ A÷1A*0exp[_jk(~
i ) q] (73)
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where as shown in Table 1 (Chapter 2) A
0= .5 , A 1= ( i / 7 T ) e x p [ + j 9 0 ° ]

and A 1 (l/71)exp[-j90 °J . Therefore equation (73) becomes

= 1E 0 1
2{(E A~~) ÷ --~- [ j c o s ( k q ~~~) + sin(kq~~)

Af  . XI’ . Xf
— jcos (kq-~—) + sin(kq-~--) — jcos(kq—~—)

+ sin(kq~~) + jcos(kq~~~) + sin(kq~~~)]}

= IE o !
2{(

~~ 
A 2) + ~ sin [~~~rf ~ w1(a)dc~ — ~~-~cos0] (714)

Let ~~~~~~~~~ an d w0t + = ~~rI~w1(a)da then ignoring DC

terms and amplitudes , equation (714) becomes of the form

= sin (w0t + ~~— ip ) ( 7 5)

This signal could be used as the input to the feedback system

of Figure 12 where 
~— p represents an error signal input to a

Kalman filter as described in the last section. When 4 =

then no command will be sent to the grating and it will rotate

at a quiescent velocity , and the off—axis tilt will be known .

Therefore  by employing op t i ca l  feedback to the grating

and alternate technique for determining off—axis tilt is

possible.
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sin(w0t + ~—~
) sin(~ —ip )

_________ _____ __________  

K m

sinw0t

feedback to vary
velocity of rotating
Ronchi grating

Figure 12. Optical feedback network for determining tilt
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Coherent Addition of Two Detector Arrays

One of the major drawbacks to using a shearing interfer—

ometer for phasefront sensing or measurement is the poor

utilization of input energy . Much of the input energy is

lost due to the less than unity transmittance of the

optics (which includes the lenses and Ronchi grating). In

this section it is shown that the addition of another detector

array appropriately located can increase the signal to noise

ratio.

Assume that a detector output of a shearing interferometer

is expressed as

s1(t) = Dsin(w0
t + 0(t)) + n1( t ) ( 7 6 )

where n1 is a zero mean random process. The signal to noise

ratio for equation (76) is

SNR 1 = 
2N0W

where D2/2 is the signal power , N0
W is the noise power , and ~

-
~
‘

is the bandwidth.

The arrangement of Figure 13 shows a possible configuration

for the addition of another detector array . The rotating Ronchi

grating has been tilted at a slight an~ 1e so that the reflected

portion of the field is recieved by the addftional detector

array . A signal at the second detector array becomes

s2 (t_ t d ) = Ds in ( w 0
(t_ tä) + o(t—t

~~
) )  + n2(t) (78)
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s1(t) delay
t d

or ig ina l
rotating ,- . detector
Ronchi - array
grating 

.

-

s (t- t
input L1 1 d
optical
field

L~

+

additional
detector 

(t t 
+ s~ (t—t~ )

array S
2 

— 

d~

• Figure 13. Arrangement for additional detector array

where t d is the delay time with respect to the original detector

array , an d n1( t ) ,  n2(t ) are uncorrela ted an d have the same

power of N 0W. The delay time can be represented as

= 
width of spoke where image is 1oc~ìted (79)d linear velocity of the grating

If the output of the original detector array can be delayed by

td as shown in Figure 13, 
then the two signals s1(

t )  an d s2(t)

can be coherently added:
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5t
(t_ td

’
~
) = S~~~( t_ t ~~~) + 5

2
(t_t

d
)

= 2Dsin(wO
(t_t

d) + 
0(t_t

d
)) + n

1
( t )  + n2(t) (80)

For equat ion  (80) the signal power is 2D2 and the noise power

become s E [(n 1(t) + n
2
(t))2] = 2NQW. The signal to noise ratio

now become s

2
SNR = ( 8 1)

2 N0

which is an improvement of 3dB over the resul t  of equat ion (77).

This result assumes that the entire input field is reflected

into the second detector array rather than scattered.
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IV Representation of a Distorted Phasefront

A geometric representation of a distorted phasefront will

be provided in this chapter (Refs. 19, pg 11427—11435; 20,

pg 11414— 1514; 21, pg 14614_ 1466). This representation can be made

up of parameters such as tilt , defocus , and astigmatism which

are understood optics terms .

Fried (Ref. 19) derives a description of the phasefront

shape by fitting the distorted phase profile with a polynomial .

It is assumed that the distorted phase profile is received by

a circu lar aperture of diameter d . A set of orthonorma l

polynomials which are closely related to Zernike po].ynomials

(Ref. 21) are used. The six orthonormal polynomials are

defined as follows (where R = d/2 and p defines the polar

representa tion of x an d y coordinates in the receiving aper ture) :

Z1(p) = (l/ir R2)~~~
2 (8 2 )

which is used to represent an overall phase shift,

Z2(p) = (14/~R’4)~~
2x ( 83)

and

Z 3
( p )  = (L l /~ R ’4 ) h/2 y ( 8 14)

are used to represent x and y tilt respectively . The focus

term is represented by

Z14(p) = (l2/nR
6)h/’2(x 2 + y2 — R2/2) ( 85)

and astigmatism is represented by

Z
5
(p) = (6/~iR

6)l/2 (x 2 + y2) (86)
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and

Z6(p) = (2~/~R
6)~

/2xy (87)

The distorted phase can be approximated by

= 
~~~~~~~~ 

a~Z~~(P ) (88)

where the expansion coefficients a~ are defined by

aj 
= ‘~: 

dp~~( ~ ;d)~~(~~) Z~~(P) (89)

where n = I , ~
( y~ ;d) is the receiving aperture function

1 if p~~<R

~(ni;d) (9 0)
0 if Ip I > R

and

a1 degree of phase shift of tne phasefront

a2 extent of random x — t i lt

a
3 

extent of random y—tilt

a4 ~ extent of defocus

a
5 

+ a6 extent of astigmatic deformation

As mentioned earlier , the measurements made by the shearing

interferometer consist of twelve phase difference measurements

0 ~ 4~(x
2
—s) — ~~x2

+s). The basic definition of a derivative

implies that

38
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0 (or for y—shear) (91)

when the shear distance is small. Equation (88) now becomes

(for x—shear)

6 aZ. (X,y)
0 — -v~ x ,yi 

= ~ a ( 9 2 )- 

~x j=l j ~x

In matr ix form , equation (92) becomes

= [~~~~~~)]~~ S 
(~ 3)

where o is a (l2xl) vector of phase difference measurements

provided by the phasefront sensor (six from the x—channel

interferometer and six from the y—channel interferometer). The

quan t i ty  [-~-~.(Z)] is a (l2x6) matrix of twelve rows of appropriate

partial derivatives of equations (82) to (87), and a is a (6x1)

vector containing (a1—a6
) . Equat ion (93) has twelve equat ions

and six unknown s (a
1—a6). This overdetermined system can be

solved by the method of least squares. (See Ref. 22 for a

contrasting approach.) Since [}~-(Z)] is rectangular , it does

not posess an inverse; therefore , in order to find a the

technique of generalized inverses must be used. (A similar

procedure for generalized inverses is found in Refs . 23 and 214 .)

Equation (93) can be rewritten as

= [3 (Z)]~ e ( 9 14 )

where
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A [ [~~~
(
?)}T[~~~(~~) ] ] l

[~~~(z)]
T 

(95 ~

which is the generalized inverse of [}~(Z)], an d a is a

best approximate  so lu t ion  of a1 through a6 .

In practice 0 is a (12x1) vector of B ’ s which are obts~~ e

from the phaselocked 1oop of the previous chapter. There~’o~ ,

& is actually found from equation (94). The relationship

between 2 and 2 is derived as follows

cov[â] = E[(~ — E [ a ] ) ( ~ . — E[~~])
T] (o()

= [~~~(Z)]~ E[(~ - E[~~] ( ê  - E [ê])T][~~~(Z)}
+ (?i)

= {a (Z)l +COV [~~l [
o (Z)l + (98)

Based on earlier results the diagonal terms can be found . The

cross terms of cov[0] are nonzero since the 0’ s are correlatec~.

These cross terms cannot be easily found .

In summary , the output of the phasefront sensor consists of

twelve phase difference measurements which can be used to ~~~~

! in a computer imp lamentation. Then the obtained vaThes o~

a1 through a6 
can be translated into control commands to c~ r-~’ • ‘ 

-

for random tilting of the phasefront , defocus , and astig~~ t~ s:~

introduced by the turbulent atmosphere.

140

4



V Conc lus ion

Summary

This paper first presented a description of operation for

a shearing interf’erometer. It was shown that the interferometerY’

output were signals with phases which were a function of a

phasefronY s spatial phase.

The output signal processing was studied using a basic

demodulation scheme and then compared to a design using phase-

locked loops and some optim al linear filtering theory . Some

basic phaselocked loop theory was provided.

A possible configuration using optical feedback for

determining off—axis tilt of a plane was discussed. It was

found that by varying the speed of the rotating grating , the

off—axis tilt of an incident planar phasefront could be

determined.

An improvement in signal—to—noise ratio was achieved by

a slight modification of the shearing interferometer . This

modi f i ca t ion  consisted of adding an addit ional  detector

array to collect energy reflected off of the rotating grating

and coherently adding the signals of both detector arrays.

Finally, a geometric representation of a distorted phase—

front was provided. It was shown that the distorted phasefront

could be represented by terms such as tilt , defocu s, and

astigmat ism.

I ll
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Suggestions for Further Study

In this paper , noise contrIbuted by dark current and

thermal effects was ignored. These effects on the performance

of several signal processing schemes should he studied.

The fact that the phase of each signal is spatially

correlated could be used to design a better signal processing

arrangement .

Finally, the study of alternate systems for phasefront

sensing could be contrasted to the operation of the shearing

interferometer. 
S

The problem of least square fitting a phasefront estimate

to find an array of phase difference measurements is discussed

in Ref. 25, pg 370.
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Appendix

In tens i ty  at the Shearing In t e r f e rome te r  De tec to r  P lane
assuming Sheared Amplitudes are not Equal

As stated in Chapter 2, the detector plane intensity can be

expressed as

Id (x 2,y2) = Ud (x 2,Y2 )U d (x 2,y2)

= [V 0 + V~1 + V
1

] [ V
0 + V~ 1 + V

1}*

= V~ V~ + V~ 1V~ 1 ÷ V 
1V*1 

+ V.,1V~ + V÷1V*1

+ V 1V~ + V J V~~ ÷ V0V~1 + V
0
V*
1 (A—i)

where ~ denotes the complex conjugate of the designated quantity.

The detector electronics filters out the DC terms (V0V~ ,

, and v 1v*1) and the time varying terms of 2w0 
(V~ 1V*1

an d V 1V~1). Therefore the information bearing portion of

equation (A—i) becomes

Ia (x 2,y2) [V~1V~ + V
0
V~ 1 ] + EV 1

V~ + V0V*1]

S = 2Rea1{V0V~1} + 2Real (V 1
V~~}

= 2A o A~ iA i (X 2 ,y 2 )A i (X 2+S ,y 2 )
S 

. cos [w0t — 4(x2+s ,y2) + c~(x 2 , y 2) ]

+

• co s [w 0t + ~ (x
2—s ,y 2) - ~ (x 2 ,y 2 ) ]  ( A — 2 )
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T

where V0 , V~1 , an d V 1 are defined in equation (10).

Neglecting common factors equation (A—2) becomes

~ A1~~
(x
2+s ,y 2 )cos [w0t — ~ (x 2+s ,y 2 ) +

+ A inc (X2
_s ,Y 2)cOs[W ot + ~ (x

2—s ,y2
) —

(A — 3)

which is of the form

A ’ cos[w0t + $‘] + A” co s[w
0
t + 

~~~
“]  (A 4)

Using phasor notation with an implied radian frequency of

equation (A—4) becomes S

[(Ak + A~~)
2 + (A~ + A ) 2

]
V2exp [jtan

_1
(~~ 

+ ~~)) (A-5)

where A~ A ’ cos~~’ , A ’ = A ’ sin~ ’ , A = A”cos~ ” , and

A , A” sin~” . Including the frequency dependence of the phasor

expression, equation (A.-5) can be written as

[(Ak + A”)
2 + (A~ + A”)

2
)~~

’2
cos [w

0
t + tan 1(

A~ + ~~
) ]  (A-6)

Equation (A—6) is a general result for the information bearing

portion of the intensity at the detector plane.

For the case discussed in Chapter 2 where it is assumed that

A inc (X2~Y2
) A1~~ (x 2+s ,y 2 ) Ajnc (x 2

_s
~
y2

) then
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tan~~ (~~
_+ A 

- t an ( 6 / 2 ’ ” ) 0 h / 2 (
~

5 ’
~~~

’o )) )+ A~

= l/2 (~~’+~ ” )

= 
~~x 2 —s ,y 2) ~~x 2 +s ,y 2)

Therefore equation (A— 6) becomes proportional to equation (114)

when the sheared amplitudes are approximately equal.
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