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ABSTRACT

This paper provides a basic description of the operation
of a shearing interferometer used for phasefront sensing. The
signal processing of the interferometer's outputs are studied.
A basic demodulation scheme and a phaselocked loop configuration
are discussed and compared. Some elementary phaselocked loop
theory is prcvided. A possible configuration using opticci
feedback for determining off-axis tilt of a plane is presented.
The signal-to-noise ratio of the shearing interferometer's
outputs is improved by a slight modificetion of the optical
configuration. Finally, a geometric representation of a
distorted phase profile is provided which will describe the

deleterious effects of a planar phasefront propagating through

the turbulent atmosphere.




T Tntroductien

The¢ turbulent atmosphere, which 's sometimes referred to
as a random inhomogeneous medium, distorts and deforms optical
radiation as it propagates outward from its source (Refs. 1-3).
That is, if a source is radiating quasi-monochromatic light
(Ref. 4, pg 13), a distorted plane wave will be received in the
far field. If thls source were a laser, then its far field
target would not receive a focused, intense beam because of
atmosgheric turbulence. The problem of maximizing the intensity
of a laser beam on a far field target is evident.

It has been shown through reciprocity (Ref. 5) that an
optical system which projects a laser beam onto a far field target
will experience identical atmospheric turbulence effects as
the image of a radiating target on the optical system. There-
fore, if one can measure the phase profile of a target's
radiation, then the effects of the turbulent atmosphere will be
known. Compensation for these effects can then be made so that
a laser beam will not suffer the same deleterious effects but
will instead have maximum intensity on the target.

A common configuration for the optical system which
compensates for atmospheric turbulence is shown in Figure 1.

The telescope acts as the exit aperature for the laser beam

and the receiving aperature of the target radiation. The optical
radiation from the target enters the telescope, reflects off the
tilt mirror, reflects off the deformable mirror, and upon

incidence to the beamsplitter is reflected into the phasefront

sensor. The phasefront sensor reconstructs the phase profile
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of the targeté radiation. Through appropriate signal processing
of the reconstruction, the atmospheric turbulence can be
compensated for so that the intensity of the laser beam is
maximized on the target. This compensation is accomplished by
control signals to the tilt, focus, and deformable mirrors.

The laser beam propagates through the beamsplitter, reflects
off the deformable mirror, reflects off the tilt mirror, and
exits the telescope to propagate through the turbulent
atmosphere to the target.

The device of concern in this paper is the phasefront
sensor. Specifically, a type of phasefront sensor referred to
as a shearing interferometer is studied. Also the signal
processing of the interferometer output is analyzed.

The following chapter provides a description of the
shearing interferometer. Chapter 3 discusses the processing

of detector signals using Phaselocked loop and Optimal Linear
Filter theory. A geometric representation of a distorted

phase profile is discussed in Chapter 4.




II Phasefront Measuring by use of a Shearing Interferometer

There are no direct detectors that can measure the phase
of a field. Detectors measure the intensity of a field and thus
phase information is lost. The shearing interferometer provides
s a solution to this problem.

A shearing interferometer (Refs. 6-9) is a phasefront
sensor whose outputs can be used to reconstruct the phase
profile or contour of the input optical field.

The basic components of a shearing interferometer are two
Fourier transform lenses, a rotating Ronchi grating (Ref. 10,
pg 207), and a detector array as shown in Figure 2.

In Figure 2 Zgs 275 and z, are specific locations along

the z or optic axis, and f is the focal length of lenses Ll

and L2. The Ronchi grating consists of a circular disk with
alternating clear and opaque radial lines extending from near
the center to the outer edge (Ref. 9) as shown in Figure 3,
pg 6.

The rotating Ronchi grating which has radius r, rotating
at wo radians per second, and having N pairs of radial spokes

will have a linear velocity of

vV = wWyr (1)
and a grating period of

d = 2nr/N (2)

At any radius the amplitude transmittance function of the

grating can be approximated by a square wave, which can be
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Figure 2. Shearing Interfercmeter

represented as the following Fourier series

g(xq-vt) = 3 A exp [+j2mn(x;-vt)/d] (3)

where the An's are Fourier coefficients. The coefficients

for the Ronchi grating are shown in Table 1. (Ref. 11, pg 28)

In the following analysis constant phase delay terms have

—
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Figure 3. Rotating Ronchi grating

been neglected. A time dependence of exp[j2nf0t] for the
incident quasimonochromatic field is assumed. When an incoming
field w(xo,yo) = Ainc(xo,yo)exp[+j¢(x0,y0)] (where Aipe 1s a
real amplitude and XgsYg are coordinates at z, of the optic

0
axis) is located at f in front of lens Ll, the Fourier

order n amplitude of An phase of An intensity
) 0 .5000 0° .2500
3 .1 1/7 £90° .1013
£2 0 - =
+3 1/3m +90° 0112

Table 1. Fourier Coefficients for a Ronchi grating




transform of the wavefront

Flw(xy,v4)] = W(xy,yq) (4)
fx = xl/lf
fy = yl/xf

is proportional to fthe field at the plane of the rotating
grating. (x1 and y, are coordinates at 24 of the optic axis,

fx and fy are spatial frequencies , and A is the optical
wavelength) Immediately following the grating the field becomes

Ulxy,yy) = Wixq,yq) & Ajexplj2m(x;-vt)/d] (5)

At the detector plane (at location z, of the optic axis) the

field becomes

F[U(xl,yl)] = w("xes"y2)
?x = xz/xf
fy = yo/Af
® Flglx,-vt)] (6)
fx = x2/xf
fy = y2/Af

where the symbol()represents a two dimensional convolution

(Ref. 11, pg 82). The Fourier transform of equation (3) becomes




L oy

F[g(xl-vt)] * G(xe-vt)
fx = xz/xf
fy = y2/Af

g eXp[—j(k/f)xzvt]An

. 5(x2-nxf/d)a(fy) (7)
The above equatlon 1s nonzero only when X, = niAf/d, and by
substituting for x, in the first term of equation (7) we have

exp[-J(k/f)x2vt] = exp[-j2mnvt/d] where w, = 2mnv/d is the

modulated frequency of the electric field. Now equation (6)

becomes
U(x2,y2) = F[U(xl,yl)] - w(—x2,—y2)
fx = x2/xf
fy = yz/lf

® & expl-jwyt]
n=0,+1,-1

. Ans(xz-nxf/d)
. G(fy) (8)

where n is restricted to 0, +1, and -1 since higher orders

result in higher frequencies which are filtered out by the

electronics. The above expression for the field at the detector

plane shows that the shear distance is

s = Af/d (9)
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Figure 4. Shearing pattern produced at the detector plane

where A is the wavelength of the field. Figure 4 shows the

shearing pattern of the first three terms produced at the detector

plane. The three electric fields of Figure 4 are

Ng ™ AOAinc(x2,y2)exp[j¢(X2,y2)]

Ve = A,A (x2+s,y2)exp[j¢(x2+s,y2)]exp[—jwot]

+17inc
and

v A

5y =W inc(x2-s,y2)exp[,j¢(x2—s,y2)]exp[+jwot] (10)
where Ao, A+1, and A_l are found in Table 1. The total electric

field at the detector plane is

Ug(x,,¥,) = Vo + V,, + V_; + {higher order terms} (11)

where the higher order terms are neglected as they will be

filtered out by the electronics. Since the detectors of the

‘'shearing interferometer measure intensily, the intensity of

Ud(xz,y2) becomes

RESpTR——
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Iy(x,,¥,) = Ug(x,,¥,10%(x,,y,)
= [Vo + V+l + V-1][Vo + V+l + V_1]*
= vova + V+1Vil + V—lvfl + V+1V3 + V+1V*_1
VL9 T TVt T T o (12)

where ¥ denotes the complex conjugate of the designated quantity.

For simplicity let Ainc(x2’y2) = Ainc(x2+s,y2) = Ainc(x2_s’y2)

= A , then equation (12) becomes
2 2A§ time varying terms of
Id(x2,y2) & At 5 Tr2 . {frequency 2w0 }
A2

+ ?ECOS(WOt = 900 3+ ¢(X2,y2) = ¢(x2+sﬁy2))

A2

+ FECOS(WOt = 900 + ¢(x2-s,y2) — ¢(x2,y2))
(13)

(See Appendix for result when the sheared amplitudes are not

equal.) The DC term AE + 2A§/n2 , and the double frequency terms

2wot are also filtered out by the electronics, thus equation (13)
reduces to 5
t

2A ,  ¢(xyms,y5) = e(xyts,y,)
Id(x2,y2) = ;——cos(wot - 90° + S )

$(Xy=5,¥,) + ¢(X,%s,¥,)
cos( et : £ - ¢(x2’Y2))

(14)

Assuming the phase variation across a shear distance is small
(that is (¢(x2-s,y2) + ¢(x2+s,y2))/2 = ¢(x2,y2) ) equation

(14) becomes

10

Saat

oy

g~ e . - (2




2
2A $(X,-5,¥,) = ¢(x,+s5,y,)
T4(x,,y,) = —osin(ugt + —&—2 2 7772y (15)

This result shows that the overlapping fields at the detector plane
produces a signal whose phase 1s proportional to the phase ?
difference or slope of the wavefront. Therefore, the shearing
interferometer measures a set of phasefront profiles in the ;7
direction of the shear.

A phasefront sensor uses two shearing interferometers that
produce shear in orthogonal directions (x and y) providing a
two-dimensional representation of a distorted phasefront. For i
simplicity assume that there are twelve detectors (six for the x-
channel interferometer and six for the y-channel interferometer)
so that the phasefront sensor outputs twelve sigrals whose
phases are phase differences that define the slope of the phase-
front in two dimensions (Ref. 6, pg 668). 1In Figure 5 the detector
arrangements are shown along with a phase map illustrating how the
phase difference at eaéh detector is derived. Deftectors are
located behind each subaperture labeled ¢1-¢k for the x and y
shear.

In order to obtain the actual phasefront a reconstruction
process 1is necessary which uses the twelve phase difference
measurements as shown by Hardy (Ref. 6, pg 669). The reconstructed
phasefront can be represented by a set of orthonormal polynomials
which will be described in Chapter 4. These polynomials will
describe the amount of random tilt (x and y), defocus, and
astigmatism that the received phasefront has suffered through

its propagation through the turbulent atmosphere.

L

’
2




y-shear detector signals x-shear detector signals

&—— +1 order

X~shear

¢1 ———5¢2 ———*4’3

A 4 I

y-shear ¢M —_— ¢5 —_— ¢6

1

47 —> g —— 0g

phase map

Figure 5. Phase difference measurements and location of detectors

Since it is the phase that 1s of interest, equation (15)

for each of the twelve detectors must be demodulated in such

a way that the phase term

12




o (x5-5,y,) = ¢(x,*s,y,) (16)
2

is determined.

The actual intensity at the detector plane is very small
compared to that at the input of the shearing interferometer
due to the less than unity transmittance of the optiecs.

It can be shown that employing a sinusoidal grating
instead of the Ronchi grating can increase the intensity at the
detector plane. By using appropriate Fourier coefficients and
] equation (3), a result for any grating can be obtained.

The next chapter discusses possible configurations for

determining the phase of a detector signal.

S e
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III Processing of Detector Signals

Basic Demodulation Scheme

A commonly proposed system for determing the phase
of a signal is shown in block diagram form in Figure 6. The
- detector signal s(t) = Dsin(wot + 0(t)) (where D is a real
amplitude and 6(t) = [¢(t,x2—s,y2) - ¢(t,x2+s,y2)]/2 )

enters a bandpass filter of center frequency wo/2n. Then

the signal is synchronously demodulated into two quadrature 3

3 detector :
Dsing (t)

bandpass sync. lowpass A/D . by §
s(t) |filter demod.{Dcose(t) |[filter ROM y(t)= '

8(t) :

M e s

Figure 6. Basic demodulation scheme for detector signals

components Dsiné(t) and Dcosé(t), and lowpass filtered to

—

eliminate some of the noise. The A/D ROM (analog-to-digital

T

read-only-memory) performs an inverse tangent operation through
a "table look-up" to determine 6.

For simplicity of analysis this scheme 1is studied on a
continuum in time. Assuming the presence of bandpass, zero

g mean noise, the actual detector output becomes

14




s(g) = Dsin(wot + o(t)) + nl(t)sinw £

0

+ nz(t)coswot (17)

where nl(t) and ng(t) are statistically independent zero mean
random processes. The cutput of the scheme of Figure 6 would

be (Ref. 12, pg 174-178)

y(t) = o(t) + tan'l(g"itr)l, S ) (18)
where

nt () = nl(t}cose(t) + n2(t)sine(t)

nt (el = —nl(t)sine(t) + nz(t)cose(t) (19)

and n'(t) and n"(t) are zero mean random processes with distri-
butions equal to those of nl(t) and nz(t). For the high signal
to noise case (that is, Prob{n'>D} = Prob{n">D} = 0) then
equation (18) can be approximated by

nll (t)

y(t) = 8(t) + =5 (20)
The variance of equation (20) is derived as follows
Efy(£)] = o(t) (21)

Ely2(t)] = E[62(t) + 20(t)

-nl(t)sine(t) + n2(t)cose(t)
\
D &

(

-nl(t)sinﬂ(t) + ng(t)cose(t) 2
* K 5 d 1




= 97(E) + §§E[n§(t)]

= 0°(t) + o£/D° (22)
where
5 _ 2.
o° = E[n°] = R_(0)
-B./2 N.B
g 8 (£)ar = —%—l fau
-B, /2

and Bl is the bandwidth determined by the lowpass filter of

Figure 6. Therefore, the variance of y(t) becomes
2
= 071 24
¥ (2b)

This variance is an indication of how much on the average the
random process y(t) fluctuates about its mean 6(t). The band-
width Bl must be selected large as compared to the bandwidth of
a scheme which uses a pardioidl knowledge of the process concerned.
The phaselocked loop (PLL) is a scheme that uses some a palord
information and is discussed in the next section. Some basic

PLL theory will be provided first (Refs. 13, pg 66-84; 14, pg 127-131).

Basic Phaselocked Loop Theory

The Phaselocked loop configuration is used for measuring
the phase of a signal. The basic elements of a PLL are a
phase detector, a filter, and a voltage controlled oscillator

(VCO) as shown in Figure 7. (The phase detector is represented

as a multiplier.)




e(t) filter
*@’? " r(r)
input s(t)

(e z(t)

voltage

controlled
oscillator [
(veo)

Figure 7. Simple Phaselocked Loop

The effective operation is dependent on the amcunt of a priord
information that can be designed into the circuit. The PLL
provides an estimate, r(t) of the input signal s(t), and by
comparison, the loop continously mcdifies the local reference
(VCO output) to reflect changes in the input. An error signal
e(t) is produced at the output of the phase detector (the
multiplier of Figure 7) if the input signal leads or lags the
local reference. The error signal is filtered and sent back to
the VCO in such a way as to change the frequency of the VCO so

that it approaches the frequency of the input signal.

¥




In order to determine the loop equation of the system,

s(t) is considered to be a narrowband random process

s(t)

Dsin(wot + 0(t)) (25)
! and
3 rlt.)

K,cos(wyt + 6(t)) (26)

where 6(t) is the loop estimate of the input signal phase 6(t)
{ in the absence of noise, and K, is the amplitude of the VCO
output. The output of the multiplier e(t) neglecting double

frequency terms becomes

6 = DKlMsin(e-é) (27)

where M is the multiplier gain. The argument (6-6) is called
the total loop phase error. The output of the filter with time

response f(t) becomes
z(t) = e(t)F(s) (28)

where F(s) is the Laplace transform of f(t) and the notation
used is consistent with that of Lindsey (Ref. 13). (That is,
equation (28) is equivalent to z(t) = e(t) ® r(t).) The output
phase of the VCO 5 referenced to zero is regarded to be a linear
3 function of the control signal z(t). When z(t) is zero (which
implies that e(t) is also zero) then the VCO outputs a constant
quiescent frequency of W radians/second. As mentioned earlier
wg is also the frequency of the signal output from a detector.
When z(t) is nonzero, then the VCO output becomes wj + choz(t)

where K is the gain of the voltage controlled oscillator

VCO
(VCO) in units of radians per second per volt. The phase

18
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N

estimate 6 developed by the loop is

Kyco?
S

- (29)

where again the notation used is consistent with that of
Lindsey. (The 1/s term is Laplace notation for the operation
of integration.) Substituting for equation (27) and (28) into

(29) yields

DKlKVCOMF(s)

S

D >
1}

sin(e-6)

N
= Q5§L§i31n® (30)

where K = K K,.,M is the open loop gain and ¢ = (6-6). Since
o = 9-¢, equation (30) becomes
DKF(s)

¢ = 06 - ——S——.—Sil’l‘l> (31)

Equation (31) is the equation for the PLL in the absence of
noise.
In the presence of noise, the input of Figure 7 becomes
x(t) = s(t) + ni(t). Now the error signal e(t) depends not
only on the total loop error ¢(t) but also the noise. The noise

ni(t) is assumed to be a narrowband random process

ni(t) n,coswyt - n sinwyt (32)

c S

Ni(t)cos(wot + ei(t)) (33)

where Ni(t) is the envelope of the noise and 6,(t) is the random

19




phase. From equation (33) we have

o}
1]

g Nicosei

and

. Nicosei (34)

e ]
]

The input now becomes

x(t)

Dsin(wot + 0(t)) + Ni(t)cos(wot + ei(t))

(D-Ns)sin(wot + 0(t)) + Nccos(wot + 08(t)) (35)

where N, = Nicos(ei—e) and N = NiSin(ei_e)' The error signal

then becomes
e = KlM[(D—Ns)sin(e—a) + N_cos(6-0)] (36)

Once again the double frequency terms have been neglected.

Since 8(t) = K z(t)/s, and z(t) = F(s)e(t), then

VCO ;

. " fs

o = 5Eé§l[nsin<e-e) + N(t)] (37) S

where %
N(t) = Nccos(e-e) - Nssin(e-e) (38) |

From equation (38) it is obvious that the noise is a function
of the phase error (e-é). Rearranging equation (37) the
following is a nonlinear integrodifferential equation of the

system

(6-0) 2 ¢ = 5 - K_g(il[nsinw-S) + N(t)] (39)

The baseband loop model which equation (39) represents is

shown in Figure 8.




N(t, ¢)
+ filter
+ ¢ + :
0 Dsiné ™ P(s) I
0 o
VCo Kveo
-
Kyco”/s

Figure 8. Baseband PLL model in the presence of noise

If the phaselocked loop is capable of reducing the phase
error to a small value, then the approximation siné = ¢ becomes

valid. Equation (39) then becomes

o & (e-é) =0 - Egéil [De + Nccos¢ - Nssin¢]
— KF;s) [De + N_] (4o)

since sin¢ = ¢ implies that cos¢ = 1, and Nc >> Nc¢. The linear
baseband model which represents equation (40) is shown in

Figure 9.
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Figure 9. Linear baseband PLL model in the presence of noise

It can be shown (Ref. 13, pg 81-82) that

NO
RNC(T) v §(t) (41)

Therefore, the noise process { Nc(t,o) } is white. Solving

equation (40) for ¢ yields

o s g [ DKF(s) Nc (42)
S + DKF(s) "lzrifiﬁ?FTET D

The closed loop transfer function of Figure 9 is
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A 8(s) _ DKF(s)
Hy(s) = 577 = 5+ DKF(s) s

Therefore equation (42) becomes

¢ = closed loop phase error

N

= {1 - Hyle - [H,l5" (44)

where phase error can be caused by both the process 6
changing faster than the loop can track and by the noise Nc.
Equation (U44) shows that there will be no contribution to the
phase error by 6 as long as [l - HQ] is sufficiently highpass
so that its spectrum doesn't overlap with that of 6. For this
case the phase error will be dependent solely on the noise.

The variance of the phase error in this case is

8. (8)
> +B2/2 > N,
Oy = J |H¢(S)| - e ds
B,N
- -iég = 1/SNR (45)
2D

where B2 is the loop bandwidth, and NO/2 is the power spectral
density of N,- As seen in equation (45) the phase error (due
to noise only) is inversely proportional to the signal to

noise ratio. The loop bandwidth B, should be considerably less

2
than B, of equation (24) since some a priord statistics have
been designed into the PLL circuit.

The phaselocked loop has been shown to exhibit the property

of threshold extension, that is smaller signals can result in
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similar performance (Ref. 15, pg 359). This extension is
typically on the order of 2 or 3dB (Ref. 14, pg 291).

In the next section the filter F(s) of Figure 9 is designed
so that the resulting variance of the phase error is minimized.
The section will include the contributions of both 6 and noise to

the phase error.

Optimal Filter Design for the PLL Scheme

In this section the filter F(s) of Figure 9 is designed
so that the resulting variance of the phase error is minimized.

If ¢ of equation (44) is a random process then (letting E[6]=0)

Efz] = 0 (46) /

since Nc is a zero mean white process with autocorrelation

J

Ry (1) = BN (N (84001 = 526(x) (47)

From equation (44) we have

+G) B

Ef6%) = o2 = s__ |1 - H(s)]%s,(s)as i-
4o 5
T |H¢(s)| S, (s)ds (u48)
where 3
(s) = =2 - ol (49)
S ,(s) = =
n 2D2 D2

Equation (48) is to be minimized by the following procedure.
The random process 6 is assumed to be zero mean with a

first order Butterworth power spectral density (Ref. 16, pg 502)

2l




2Q/a |
2 (50) |

S (s) =
8 1 # (s/ao)2

where Re(r) E F[Se(s)] = Qexp[—aor], ag is the bandwidth and

the variance of 6 is
o, = R, (0) = Q - £51)

With the above statistics, a simple filter model for the random

process 6 is derived. Let w(t) be white gaussian noise with

E[w(t)] =0 , (52)

Efw(t)w(t+t)] = Rw(r) = 2aoQ6(T) {53)
and

SW(S) = 2a,Q (54)

There exists a filter H(s) such that the following is true

S4(s) = [H(s)[%s () (55)
and

H(s)H¥*(s) = Se(S)/Sw(s) (56)

where ¥ denotes the complex conjugate of the designated

quantity. Substituting into equation (56) gives

l/ag
H(s)H¥*(s) = 5 (57)
1l + (s/ao)
Therefore
R
H(s) = g-—_'_——a'a (58)
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w(s) < 1 i e Y f#

Figure 10. Model of the random process 6

The process 6 is therefore modeled as shown in Figure 10.

Frcm Figure 10 we have

8(s) _ 1 (59)
w(s) s + aj

and

8(s)

—ag8(s) + w(s) (60)

which is the first order state variable equation defining the
random process 6.

In order to find the minimum value of oi , continuous
Kalman filter equations are used to design an optimal filter
F(s) in Figure 9. (See Ref. 17, pg 103-124 for the development

of the continuous Kalman filter equations.) From Figure 9 we

have
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y(t) = Do(t) - Do(t) + N_(t,) (61)

Using Table 4.3-1, pg 123, Ref. 17, the state estimate becomes

D>
I

- _a06<t) + K (£) [y (t) - (D6(t) - Do(t))]

g -aoé(t) + K,y {6)y(t) (62)

where K2(t) 2P(t)D/N0 is the Kalman gain and P(t) is the

variance of ¢ . The Ricatti equation for P(t) becomes

B(t) = -2aP(t) + 2a,Q - gfﬁéflg—- (63)

For steady state set P(t) = 0 and the minimum value of the

variance becomes

-N.a

% e | 51

% = Psteady = pr - s J 020 (Ngag *+ 4D°Q)" (64)
state

where the plus sign of the quadratic equation has been chosen
since the variance must be positive. The steady state Kalman

gain becomes

2PsteadyD
K2 B sgate__
steady 0
state
-a + —}— oaO(N + uD2Qﬂ
- i (65)
Es D

Equation (62) then becomes
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VNOaO(NOaO + UDgQﬂ

D

1
o
0 NO

6 = -a,06 + y

0 (66)

and rearranging yields

% 2 |
=8 + WVNOaO(NOaO + 4D°Q)

| o =yl - /(s + ag)]  (67)

From Figure 9 it is obvious that the output of the filter F(s) :

must be é/KVCO when the input is y. Therefore F(s) becomes

L ! 2} 14
_aO + —N-B-VE\]OaO(NOaO + uD Q) i
) ]

s

F(s) = (68)

VSPS——

Kygols + ag)

which is the steady state optimal filter that results in a
minimum value of the variance of the error stated by equation
(64). (Note that the derived equations (64) and (68) agree with li

equations (4-105) and (4-104) of Ref. 13, pg 63 for the case

where n=1, Q=1, k=1, K, =1, and C(k)=UR=4A2/aN0 3

Equation (64) is the mirfimum value for us

of fluctuations of both the process 6 and the noise Nc(t,¢).

due to the effects

The bandwidth a, of equation (64) is smaller than B2 of equation

(45) because of the a prioni statistics of the process 6 which

were designed into the filter F(s).

/




Determining of Off-Axis T1lt by Optical Feedback

Suppose that a plane wave 1is incident on the entrance
aperture of a shearing interferometer. Assume that the
incident phasefront has some x-tilt as shown in Figure 11.
It will be shown that by varying the speed of the rotating
grating using a feedback network, the off axis tilt in the
X-direction can be determined. That is, optical rather than
electrical feedback is used.

The optical field can be written as (Ref. 18, pg 49)
E(x,y) = Eqexp[jkecosox] (69)

From the earlier analysis of the shearing interferometer the
linear velocity of the grating was v = rw, (a constant speed)
and the grating transmittance function g(xl—vt) was stated by
equation (3). If the linear velocity is allowed to vary, then
the grating transmittance function becomes g(xL—rfgwl(a)da)
where vt has been replaced by rfgw(a)du. The spatial Fourier

transform of this new grating function becomes

t
F[g(xl—rfgwl(a)da)] « G(x,-rf Wy (a)da)
X
2
of W <5
Y2
fy =37
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entrance aperture to
a shearing interferometer

optic

ARRAR L a—

Figure 11. Plane wave with x-tilt
incident on a shearing interferometer

kx2 i 7 a0, ik
* I exp[—j—?—(rfowl(a)da)]Ané(x2--a—)é(fy) (70)

The electric field at the detector plane becomes (from equation

(8))

Ud(x2,y2) = w(-x2,—y2) CD(}(xz-rfgwl(a)da)

© t
= f+°° Eoexp[jkcose(x—x')]exp[njg%—rfgwl(a)da]

] v APy L
z Ana(x = Ydx G(fy)




S + oo et £
+ Eoexp[,}kcosex]f_°° exp[—J—?—(rfowl(u)du ~- c0s0)]

nif

g AL [
% Ané(x 3 )dx 5(fy)

. . s S TEAT, -
= Egexpljkcosox]z Anexp[qu—E—]s(fy) (71)

where q = rfgwl(a)da - c0s@ . The intensity becomes

2 2
I. =0, 0% = |E°]{ =z A+ © & A% !
d d" d 0' m=n 'n ki m 3
i;
Af ?
exp[-jkq—a(n~m)]} (72) |

where again n can only take on the values of 0, +1, and -1

so that double and higher order frequency terms can be
neglected. This results in the following bandpass portion of
equation (72)

. 2 2 s g AT
Tq = IEQl70(5 &) + A A* Jexpl-Jk(37)q]

% s (AL
+ AgA +lexp[+,3k(d Yal

A f
* AL
+ A_lA Oexp[+Jk(d )al

+ A+1A*oexp[-jk(%£)q] (73)
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where as shown in Table 1 (Chapter 2) Ag=.5, A1=(1/n)eXp[+j90°]

and A_l=(l/n)exp[-j90°]. Therefore equation (73) becomes
I, = |E |2{(z A2) + ;i[jcos(kqli) + sin(k 12)
a 0 fi °n m d g

- Jeos(kaiD) + sin(kad]) - jeos (kall

+ sin(kq%%) + jcos(kq%?) + sin(kq%?)]}

t

0¥ a)do - ar

d

_ 2 - D A
= |E0[ {(§ An) ¥ Ssin[=ef cos0] (74)
Let w=g%£coso and wyt + v o= %%rfgwl(a)da then ignoring DC

terms and amplitudes, equation (74) becomes of the form

I4 = sin(wt + V=0 (75)

This signal could be used as the input to the feedback system
of Figure 12 where -y represents an error signal input to a
Kalman filter as described in the last section. When @ =y
then no command will be sent to the grating and it will rotate
at a quiescent velocity, and the off-axis tilt will be known.

Therefore by employing optical feedback to the grating
and alternate technique for determining off-axis tilt is

possible.
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sin(wot + P=y) sin(y-y)
lowpass | = {-y Kalman
filter filter [
sinwot v
-4

feedback to vary
velocity of rotating
Ronchi grating

Figure 12. Optical feedback network for determining tilt
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Coherent Addition of Two Detector Arrays

One of the major drawbacks to using a shearing interfer-
ometer for phasefront sensing or measurement 1s the poor
utilization of input energy. Much of the input energy is
lost due to the less than unity transmittance of the
optics (which includes the lenses and Ronchi grating). In
this section it is shown that the addition of another detector
array appropriately located can increase the signal to noise
ratio.

Assume that a detector output of a shearing interferometer

is expressed as
s, (t) = Dsin(wot + 0(t)) + ny(t) (76)

where ng is a zero mean random process. The signal to noise
ratio for equation (76) is

2

- D
SNRl = -E_W (77)

where D2/2 is the signal power, NOW is the noise power, and W
is the bandwidth.

The arrangement of Figure 13 shows a possible configuration
for the addition of another detector array. The rotating Ronchi
grating has been tilted at a slight angle so that the reflected
portion of the field is recieved by the additional detector

array. A signal at the second detector array becomes

s2(t-td) = Dsin(wo(t—td) + e(t—td)) + nz(t) (78)




sl(t)
> delay
L~ tg
original
rotating detector
Ronchi

array

grating

input
optical
Field

additional

+
detector » s, (t-t.)
array s,(t-tg) \ L/ t d

Figure 13. Arrangement for additional detector array

where td is the delay time with respect to the original detector
array, and nl(t), nz(t) are uncorrelated and have the same

power of NOW. The delay time can be represented as

. » width of spoke where image 1s located

d = Iinear velocity of the grating (79)

If the output of the original detector array can be delayed by

t4 as shown in Figure 13, then the two signals sl(t) and sz(t)

can be coherently added:




T

e

S

st(t—td) = sl(t—td) + s2(t-td)

2Dsin(w0(t—td) + e(t—td)) + nl(t) + n2(t) (80)

For equation (80) the signal power is 2D2 and the noise power
becomes E[(nl(t) + n2(t))2] = 2Now. The signal to noise ratio

now becomes
SNR, = — (81)

which is an improvement of 3dB over the result of equation (77).

This result assumes that the entire input field is reflected

into the second detector array rather than scattered.




IV Representation of a Distorted Phasefront

A geometric representation of a distorted phasefront will
be provided in this chapter (Refs. 19, pg 1427-1435; 20,
pg 144-154; 21, pg 464-U466). This representation can be made
up of parameters such as tilt, defocus, and astigmatism which
are understood optics terms.

Fried (Ref. 19) derives a description of the phasefront
shape by fitting the distorted phase profile with a polynomial.
It is assumed that the distorted phase profile is received by
a circular aperture of diameter 4. A set of orthonormal
polynomials which are closely related to Zernike polynomials
(Ref. 21) are used. The six orthonormal polynomials are

defined as follows (where R = d4/2 and p defines the polar

representation of x and y coordinates in the receiving aperture):

2)1/2

Zl(p) = (1/7R (82)
which is used to represent an overall phase shift,

2,(p) = (4/mR")1/ 2% (83)
and

Z5(0) = (4/xRH?y (84)

are used to represent x and y tilt respectively. The focus

term is represented by

2,(p) = (12/1R%)/2(x2 + y2 - R%/2) (85)
and astigmatism is represented by
2(p) = (6/78%)172(x2 + y2) (86)
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and

1/2x

Z6(p) = (24/nR6) y (87)

The distorted phase can be approximated by

where the

where n =

and

0(o) = |8 a,2,(0) (88)

expansion coefficients aj are defined by

ay = fi: deg( n;d)¢(p)Zj(p) (89)

lp] , €( n;d) is the receiving aperture function

1 Af lp|<R
g(n;d) = (90)
0 if |e|>R

a, « degree of phase shift of the phasefront
a, « extent of random x-tilt

a, =« extent of random y-tilt

ay « extent of defocus

a5 + ag = extent of astigmatic deformation

As mentioned earlier, the measurements made by the shearing

interferometer consist of twelve phase difference measurements

f « ¢(x2-s) - ¢(x2+s). The basic definition of a derivative

implies that
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3¢ i
- (or = for y-shear) (91)

fee]
n»
zl

when the shear distance is small. Equation (88) now becomes

(for x-shear)

9% A%, ¥)
. de(x,y) _ 6 :
Ll * 3 A (92)

In matrix form, equation (92) becomes

8 = [3%(2))a | (93)

where 8 is a (12x1) vector of phase difference measurements
provided by the phasefront sensor (six from the x-channel 4
interferometer and six from the y-channel interferometer). The
quantity [%;(g)] is a (12x6) matrix of twelve rows of appropriate
partial deriv;tives of equations (82) to (87), and a is a (6x1)
vector containing (al—a6). Equation (93) has twelve equations
and six unknowns (al-as). This overdetermined system can be
solved by the method of least squares. (See Ref. 22 for a
contrasting approach.) Since [%;(g)] is rectangular, it does

not posess an inverse; therefore, ;n order to find a the
technique of generalized inverses must be used. (A similar
procedure for generalized inverses is found in Refs. 23 and 24.)

Equation (93) can be rewritten as

a = [5=(2)1% (94)

where
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which 1is the generalized inverse of [%§(§)], and a is a
best approximate solution of a; through ;6‘

In practice o is a (i2x1) vector of 6's which are obtained
from the phaselocked loop of the previous chapter. Therefore,

a is actually found from equation (94). The relationship

between <?§ and 35 is derived as follows ]
covid] = E[(& - E[a])(4 - E[ADT] (96) ‘
s PR - R T (o7 ‘
= 3x's ] E[(e - E[8]1(8 - E[8]) Hygz %)] (97) 4
= _a__(z) it A 0 ) +T 2
= bax 4 | cov[g][gf(% I (98)

Based on earlier'resﬁlts the diagonal terms can be found. The

cross terms of cov[8] are nonzero since the 6's are correlated. 1
These cross terms cannot be easily found.
In summary, the output of the phasefront sensor consists of

twelve phase difference measurements which can be used to find

~

4 in a computer implzmentation. Then the obtained values of

a. through ag can be translated into control commands to correa

B
for random tilting of the phasefront, defocus, and astigmaticn

introduced by the turbulent atmosphere.
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V Conclusion

Summary

This paper first presented a description of operation for
a shearing interferometer. It was shown that the interferometer'=:
output were signals with phases which were a function of a
phasefront's spatial phase.

The output signal processing was studied using a basic
demodulation scheme and then compared to a design using phase-
locked loops and some optimal linear filtering theory. Some
basic phaselocked loop theory was provided.

A possible configuration using optical feedback for
determining off-axis tilt of a plane was discussed. It was
found that by varying the speed of the rotating grating, the
off-axis tilt of an incident planar phasefront could be
determined.

An improvement in signal-to-noise ratio was achieved by
a slight modification of the shearing interferometer. This
modification consisted of adding an additional detector
array to collect energy reflected off of the rotating grating
and coherently adding the signals of both detector arrays.

Finally, a geometric representation of a distorted phase-
front was provided. It was shown that the distorted phasefront
could be represented by terms such as tilt, defocus, and

astigmatism.
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Suggestions for Further Study

In this paper, noilse contributed by dark current and
thermal effects was ignored. These effects on the performance
of several signal processing schemes should be studied.

The fact that the phase of each signal is spatially
correlated could be used to design a better signal processing
arrangement.

Finally, the study of alternate systems for phasefront
sensing could be contrasted to the operation of the shearing
interferometer.

The problem of least squareifitting a phasefront estimate

to find an array of nhase difference measurements is discussed

in Ref. 25, pg 370.
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Appendix

Intensity at the Shearing Interferometer Detector Plane

assuming Sheared Amplitudes are not Equal

As stated in Chapter 2, the detector plane intensity can be

expressed as

= *
Id(x2,y2) Ud(xz,ye)Ud(x2,y2)

L[}

*
[V0 + V+l + V-—l][VO + V P V-l]

il

* ¥ * * *
VOVO i V+1V+l 5 V_1V_1 + V+1VO t V+1V—l

¥ * ¥ *
+ V—lVO + V-1V+1 + VOV+l 1 VOV-l (A-1)

where ¥ denotes the complex conjugate of the designated quantity.

The detector electronics filters out the DC terms (Vovg »

% % 3 %
V,,V%, , and V_lv_l) and the time varying terms of 2w, (V+1V_l
and V_1Vf1). Therefore the information bearing portion of
equation (A-1) becomes

= * * % %
Ig(xpsyp) = [V VE + VoVR, ] + [V_ VR + VoVE, )

¥
175!}

¥
2Real{VOV+l} + 2Real{V_

= 28, AR A, (x,,5,)4

@+l ‘inc (x2+s,y2)

ATIC
cos[wot - ¢(x2+s,y2) + ¢(x2,y2)]

+ 2A AXA (x

J1 MR e (Xps ¥ ) Ay (Xp=8,y5)

. cos[wgt + ¢(x2—s,y2) - ¢(x2,y2)] (A-2)
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where V, , V,, , and V_; are defined in equation (10).

Neglecting common factors equation (A-2) becomes

Iq @ Ainc(x2+s,y2)cos[w0t - ¢(x2+s,y2) * ¢(x2,y2)]

+ Ainc(xz—s,yZ)COS[wot + ¢(x2-s,y2) - ¢(x2,y2)]

(A-3)
which is of the form
Atcos[wyt + ¢'] + A"cos[wot + "] (A-14)
Using phasor notation with an implied radian frequency of W,
equation (A-4) becomes
A‘ + A"
2 2.1/2 . =1 ¥ y
1 n "
[(Ax + 8437 4 (A& + Ay) 17 “expljtan (K;_?—Kg)] (A-5)

where A% = A'cos¢’' , A& = A'sin¢' , A; = A"cos¢" , and
A§ = A"sin¢". Including the frequency dependence of the phasor

expression, equation (A-5) can be written as

A' + A"

2 wy2 =
+ (A& + Ay) ]1/2c03[w0t + tan l(K%—;—Ki)] (A-6)

[(AL + Al)

Equation (A-6) is a general result for the information bearing
portion of the intensity at the detector plane.
For the case discussed in Chapter 2 where it is assumed that

Aine(Xps¥p) = Agp (Xo¥s,y,) = Ay (x5-s,y,) then
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Al + A"

tan'l(—¥————%)
AX + AX

]

tan—l(sin(1/2(¢'+¢"))005(1/2(¢'—¢")))
cos(1/2(¢"+¢"Jycos(1/2(¢ ="y

1/72(¢'+¢")

¢(x2—s,y2) = ¢(X2+S’y2)

= 5 (A-T)

Therefore equation (A-6) becomes proportional to equation (14)

when the sheared amplitudes are approximately equal.
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