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STEADY STATE OF A NONLINEAR EVOLUTIONARY EQUATION

by ‘

Jo~l C. W. Rogers A
Applied Physics Laboratory of the II

Johns Hopkins University
Johns Hopkins Rd., Laurel, Md. 20810 —

~~~~~

A lecture presented at Institut de Recherche d’Informatique et d’Automatiquein Rocquencourt, France, on May 9, 1978. This lecture is included in thepublication Seminaires IRIA Analyse et Contr~le de Syst~mes — 1978.

1. Introduction

a reoent paper (R f .  2 ) ,  Bre~ i9 , Be ’ger , and. RO t~~ rs have present ed an

algorithm for solving the initial va lue probl~~

+ L ~~u) = 0 , x G~ ri. , ~ ~~ t ‘ T, (l,Ja )

3 f ( u )  0, x ~ ~fl , O~~ t ‘
~ T, (~L .lb )

u ( O )~~ u~~~ L’ (~~ ) 
~ L°0(ft) (l .l~~)

ii a bounded do:~ain (2. with sm ooth b oundary . f sat isf ies  f ( 0 )  0 and

0 ~~ f ( u )  — f ( v )  ~~ u — v for  u~~. v. ( 1.2)

L: D (L)  C L’ (S’l) —
~~ ~~ (Q)  is a closed 1ine~’r operator whos e domain D C L ’  Is

dease in L’(f t)  and who~o as303latod saai—group
-L.±

3(t )  Q.. , t ~ 0 , (1.3)

1.3 contr ~ctive in L ’ CSl ) and L°°C(2) . 3 Is a linea r operator , such tha t

the so ’.it ton of

gepar-ito copiso of t. iis paper are boi.ng seit to addresses Ofl the dis t rIbution

list for O!1~ Ta~3~ No. ~~ 334—003.
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L h = j ,  x~~(l, (l.4a )

B h ~~
- 0, XE ‘3ft , (l.4b )

satl3fies , for ali l E R ( L ) ,

h (~~~(~~ ) °~ (l.4c )

for scrie o(”  0.

The version of the algorithm which is used as a bs~~1s for derIving the

principal theorem of this paper is as followe . Given

U 0 ,  (l.5a )

one constructs

U F u 0 , n =  1, 2 , 3, ..., (1.5b )

where

F0 u~E u — f ( u ) -t- g f ( u) .  (l.5c)

(We use the symbol “g” f or g( ’7’) when there is no chance of confusion.) u1’

appr o~ imat cs u(n ’f ’ ) in the following sense:

— u(t ) 1~.~(~~) —p 0 as ‘Y~ —
~~~~ 0 , ( 1,6)

uniformly for t in the interval [O,T~ (Ref . 2) .

~ e are interested in the inhoinogeneous equatIon

4- L f ( u )  - g ( t ) ,  x e ( L  , t ~ 0 , (l.7’~ )

B f( u ) -
~~ 0 , x E~ ~ CL , t ~ 0 , (1 .7b )

u( 0) U0 , x ~~
. 12.. , (1,7c~

parAcul~rly in the st&tdy stute of (1.7), when one exists. Th~1s , some en—

larganent of t:ie re~ ilts gIven above is In order. The generalizatIons requIred

Involve the extanslon of equation (1.6) to the inhonogeneous problem and

replacement of the upper tIne limit T by °° • In some cases It may also be

desirable to drop the r~~t~ Ict ion thut ~2 be bounded.

( ççhoa -(1 Is tmh unded , we add to (1.1) and (1.7)  the asympt otio

cond it ion

A f(u) -
~~~~~

-
~~~~~

‘ 0, ( l .~3’

where A is a line :mr operator , and we assune that for an~ bounded do~ ains

L . 
~~~~

. • . 
~~~~~~~~~~~~~~~ .:~ .i -~~~ - — ~~~~~ - ‘

.
~~~~~~~~
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c~ 12. and ~~c fl_ and funotlon g e R(L) with supp ~ C

3 ~
( ~~

‘ ,~~, ) ~~~
. 0 such that the solution of (l.4a,b) and

A h 0, (l.9a)
Ix~ —~o°

satisfies

l Lh IL LI(~ ) ~ ° - ( 
~~~ ‘ ~8 ) ~I~~ Ll C(~~) 

. (1.91,))

Here we will not give any f ormal proof tha t the algorIthm of pef. 2 can

be used in these extended clrouxn3 tanoes . Instea d , we sh.aU assuue :

(Al) FO~ g E. R(L)  and all

g( t )  ~ + g ’( t )  (l.lOa )

such that

(l.lOb)

(1.7) has a solution which approaches the ste.~dy state value u sat isfyIng

L f(~i)~~ L x e f l_  ; (1.11)

(A2 ) unlfonuly for ‘7~~ (0,’~,3 , the quantity u
1’

~ computed by

0u. — u0, (l.12a)

Un 
+ ~~~~~

- 

~ ) g’(~~ + n y ) d ~ , (l.12b )

where

u~~ U - f(u) +s (~~) f(u) + g~~ (1.l2c~

and

= -~~f S(t) at ~~~, (1 .l2d)

approa e~13s j n C ~ fL) , as ?‘n —v o° , the steo dy state u*(’Y

sati sfying

(1.13 )

for ~11 g whi ’.h satisfy (1.10);

(A3 ) alv-eri an :’ T ~ 0 , (1.6) holds wilt’ormiy for t G [o ,T1 , where

and u refer to so1.’~t ions of (1.12 ) and (1.7), r9specttvely.

we note that the as3urnptior•3 (Al) — (A3) are not c~~~1ete1y Indepe ident.

TOT example , (A2 ) and (A3) obviously imply (.4 ,1) .  IU addition , ore rn~y derive

from (Al) and (A3) a we~~ eoed form of (j ~2 )  w~-1~ h Is expreo~ ed as f~ 11rnv’~:

— ~~~~~~~~~~~~~~~~~~~~~ :_. — -  — —
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(A2 ’)  For any G ’  0 ~ T0 
-
~~ 0 and ~~~ (0 , ’1~1 such that , for the

quantities u” e~ nputed by (1.12 ) and the stea dy state ii of u given by (1.7),

Uu~’ _ U U
LI U1) 

Z.~~ (1.14)

when n1’~~~T0 and Y~ ‘Y~
we will see in the sequel that (Al), (A2’), and (A3) (and thus (Al ) end

(A3)) will be sufficient for us to prove our principa l reaults pertaining to

the steady state solution of (1.7). po derive (A2 ’) froui (Al) and (A3), not e

first that (l.lOb ) and (1.11) imply there is a p 0 suoh tha t for T ‘
~~~ P0

~ ( I € f U~~~~) ~j  
(l.l5a )

and

t~u( T) 
~~

U 1l C(fL)
_
3 . (1.15b )

Next , note tha t the operator F~ In (1.12c) is L!(1l) —contractive :

((F
e 

u — F~ vfl~~~~~) 
L L~u - V ( (

LI(~~~) 
. (1.16 )

(1.16) and the oontraotiveness of s( t )  in L1 (fL)  , when combined with the

bound (1.15a), imply that the functions computed by (1.l2b ) satisfy

(x) — F~,
° u~° t~ (1.17)

for n~~~n 0 and n0~’ ~ P0 . FTOm (A3 ) with p rsp 1aced by p0 .t- ’~ , It

follows that ~ 1~ 
such tha t for 0 ~ ‘1” ~

— u (n 0’7’ )1
~ L’ XL) ~ 

(1.18a )

where

p0 �~ no ‘r~~ T0~-7~ • (l.18b )

phrough (.1.18) and (1.15b ) we bound 1(u ”° — ~~~ U L’(IL) • A1’.. we need do

is extend this to a b ound on U ° 
~~~~~~j l) and use (1.17) to

get the desired result (1.14). po provide the missing li nk , we observ e from

(1.11) and (1.12d) t iat

L 8* y~ (‘ — s( ’r )) ~~= L (I —

and thus
r.-S~’r) — (l . 19’~

on ao~ount of (1.4c) or (1.9b). Henoe, frem (1.12o),

U U (1.2C)

- ~~~~ ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ _ _
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and

II~;~
no 

U
flb 

~l ~ Ik’~° _ u H
L
I(j~)) 

(1.21)

follows from (1.16).

Mthough (A3) is an assumption, for bounded with smooth boundary ath

relatively mild, conditions on g’ , it Is only a trivial ezten~ion of the conver—

genoe theorem cited above for the homogeneous problem (1.1) (pef . 2). F01.

example, sufficient, but certainly not necessary, conditions on g’ to establish

(A3) would be

~~ r
i ( sup g’(t -s- y) — inf g’(t + y)~dxdt-+0 as ~—40.(l.22)

~o )fj~% o~~y~~t O
~
_ ’/_Z

~~ t /
For .ft unbounded , one may prove (A3) by appro~cimating with arbitrary accuracy

in L’ (ii) , for any T 0, the solutions of (1.12) wIth n 1’~~ p by functions

which are simIlarly defined in terms of a boundary va lue problem wIth homoge-

neous bounda ry data in a suitably large b ounded subdomain 12. (T) C. ft

with regard to the assumptions (Al) or (A2) relating to the approach of

solutions of (1.7) or (1.12) to a steady state, we note tha t these assuriptions

may be verIfied directly in particular cases of interest , such as the oae—pbase

gtefan problem in the absence of sources. More generally, when the operator

9(t) is strictly coutractive in L’ (.fl-) and for scr~e a 0

t I s ( t ) (~~I )  ~~ 

-

~~~~~~ , (1.23)

an adaptation of the argument which led to (1.16), in •g jj we replace F~ by

u by u’
~ , and v by u~~

1 
, enables us to establish (A2). when the

assumption of strict contractiveness is dropped , one may still derive a partial

result re~~rding the approach to steady state of the quantIties generated by

the algorithm (1.12 ) (of. Lemma 1 of the ne~ct section).

je will show when (Al) — (A3) hold tha t , under suItable further re3tric—

t 1an~ on g’ , the steady state va1ue~~ of th~ solution of ( .7) co~actdes with

the st~u d T  stute value ‘

~~~ of the solut Ion U ~f the ~rob1em

+ L f( 1~) -
~~ g, X ~~ fl~ , t 7 0 , ( l . 24a )

B f ( T J )  o , x e ~fl. , t ‘ 0 , ( l . 24b~

7(0) u 0 +- fg’(t)d-t , x € lj . (1.24c )

~~~~~~~~~~~~~~~~~ . L - . -~ _ _ _
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A proof whIch is general with re3peot to operators L and functions f w1t~a the

properties (1.2) and (1.3), but with some restrictions on g’ and U
0 , will be

given in the nest section . our method will be to establish that  a similar

result holds exactly for  the functions generated by the approxinate a lgorithr.

(1.12), under assumption (A2), and that such a result holds approximately under

assumption (~2’). in either case, the property Is established for the exact

solution by using the convergence of the approx imate soLition to the exact one ,

as assumed in (A3). in the talrd sectIc~i we will discuss a direct proof of the

theorem, without reference to our ap’roximation of the exa’t soThtlon and the

convergence of the approximat±cn, for the special case of a one—phase 3t efan

problem with ~ = 0. Ti-i.~ will serve to illuminate the sorts of problem,~ we may

expect in trying to obtain a direct proof for the more geaera i case. T~ e four th

section produce3, for the case of a one—phase 5te: &n rrob 1~~ i iit h  ~ C , fI rst

a counter— example to  one ~~s~ Ihle genera1iz:~tIon of tie theorem of 5ectlon 2,

and then a proof of a wedkened form of the generaliz:~tioii. The f~:~ 1 section

gives an e;p1ic~’tIoc of the results obtained for the ox —;nase 3t~Thr: ~ro~T 1em

with ~ 0 , whereby it Is s:.own t h.x~t a tIrne-depen~~nt free bc~~Y.~ ry

whion arIses in the t r ~ cf  a’~odic ~:~oct~:Ing is e~ji~v..~leat t~ the steady

st..~ e of a o .o— :~h~se st~~~n ~r b I ~~~.

Before ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ i - ~~ t ~g 1u~~: at ~Le rcbThc~3 
~~~~ ~~~ (1.24) w.~~~e

~ to~i~~j  ~~~te so~ut~on3 we c~~1p.~re. In eIther cLse , ~.e ~~t ‘~~i~t~ cc. (1.1~~ for

the st~ ady s ta te .  Because uf (1.4) ~r ( ‘. . 9 ) ,  f (~~’ 1~ t~:i~ u-~4uel/ deter,~ r,ed.

~ ccor d l :~~~.y, if f  is 1—1 , all oir re.v~’.ts re~uce to a ~ r~~v P I I t : , ~. The Gn ’:.’

-i~ case Is wr.en f(u) , ~on~ tru i n~ I to  be ~~~~~~~ b;~’ ( . ~ .2~ , j g ODr ~~t ant

Jv~~r an In  i~~;u1. of ~~~~~~ ru ,u~ ] of u .  St ’~f~~-~ Cro~~~eri~ are  ~~.e ~ e~ t— .~ i3~~

r o I l a~~ ia  t~’1 S cate,~cry. ~~tn h(.c
\ 

~~~. ~en as t r~ so ’ xt~ or. of (1.4e ,h )  or

( l .~~~, b )  and (1.~~~) ,  we ‘~I ’..l f± z : ’~ It oc. ’-~ n i~~nt to de fIne  t i e  funct Ions  u~ (
~

J J

u~ (x)  ~~. sup~~~ f (  
~~ 

) - . h (x)~ , (1.25a .~

( x )  ~nf{ ~ f(~ ~ h (x )~ . (1 .C5h )

- - — s-— . - ..... .~~.



—r - ______ . _~~~~~~ 
..-.... -~~r------ ’~ - ~‘n- ~ -z~~~ oc- 

_,__
~~i:~ . . -~~~~~~~~~~

— 7 —

It is apparent f rom the outline given above that at the current t ime our

progress regarding the steady state problem has been uneven. This is becaus e

the re.gulta reported here were originally obtained , in the course of work on

water waves (Ret. 9), for the one—phase gtetan problem, and. at prerent they

have been extended to the more general problem (1.7) only In part . The m ood —

plet e state of this work is , of course , also ref lected in the fact that we Isav.

found it necessary to assume (Al) — (A3 ) In order to obtain the pri ncipa l theo-

rem of this paper , relating the steady states ~i and ~ of (1.7) and (1.24’, in-

stea d of obtaining the result directly with out such assumptions .

Indeed , the restriction of u 0 and ~~~ t g i~~t to L’(~f1~) is probably

unnecessa ry when 12. Is unbounded, and it se&~ss quite likely to u.s tha t assump-

tion (A2 ) can be dispensed with and replaced by the premise of the following

conj ecture.

conject~1re: If , for all u with supo u c  ~~~~
‘ 

, ~ bounded and ~
‘C ‘Q

A)
there is a t~ (~~~

- , ~ 
) such that , for bounded and ~~C ft. ,

Us(t) UlI
LI(~~ 

4 ~~ .

w h n t ~~~ t~~~( Z , ~~~~) ,  then

U s nax(u 0 — u~ , 0) + max(u - u0 ‘~~~~ L’Lft ) ~~~~~~~~~~

implies tha t

~~Lnax (( F~~ u~ ) - u1
~ ,0) + max (u ’ — (F ’

~ u ) , °~\~~ as n—~ aO

f or any bounded domain ~ C.

At present we have not satisfied ourselves as to the validity of this conJe~—

t’.ira .

As I write this up, it oceurs to ne that the question of tLe steady state

of (1.7~ re-~l1y involves only two things —— the linear operator i and t~e func-

t ion f — en d tha t it sh~ u~ d be possible to derl7o all our resflts In a more

direct oni sinpla w’~~, In a manner whI ch can be extende d to the  case when u is

a vecto r , sc ’ely in ter.~ uf properties of the linear operator and the non-

linear &~1~ eh mio  fu n c t i o n . Hos~-,7er , i leave tha t to the future.
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2. The ~~se of “positive Sources”

The n~~in task of this section is to prove the followi ng .

Theorem 1: Under assumptions (Al ) — (A3) or (Al)~ (A
2’), (AZ), and con d i— -

tions (1.10) and (1.22) on g, it in addition

u 0(x) ~~ . u~ (x ) ,  xe.~2 , ( 2 .T ~~

and

g’(z ,t) ~ 0, x~~S). , t ~ 0, ~~~~~

ths steady state u of the solution of (1.7) is the same as the steady state ~

of the solut&on of (1.24). (u (x)  is defined by (1.25b ’~.)

we call this the case of “po sitive sources’ becaus e of the Inej ual i t iea

(2.la~ an~ (2 .lb ) .  ~s we stated in the Introduction , the proof of the ti~eorern

will be obtained by referring to the algorithm (l.l2~ and examining the rrc pe r—

ties of its steady state , or appro~imate st eady state , according to i~b ctb er  we

assume (A2 ) or (A 2 ’) .  yir st , we give a lemma which show s tha t a qu a n t ft y clo n e —

ly related to u~ in (1.12 ) ali~ays has a steady stiite.

L&~~ 1: Whe i t satisfies (1. 2 ) ,  g* is given ty  (l .12d~ ~x i th ~~E PV~~,

and is gIven by (l.12c ) , f or u ~ the q~iant1ties

E max(m in (F4~ u , i~ ~~~~ ~~~~~

apnro .~ch a limit

- 
~~~~~~ 

U~~~ L’ (~~) ~ 0 as n ~ .

proof : We tine the —contractiveness of , as pre~ss~~ b:. 6~~,

and the f~ ct thu t ü €  f~~ (h )  w~. ’r ~ h sut i s fles  (l.4a ,b~ ( a n d  ( l.9~i~~ w~~~e

a;~Jic~~- l e )  I s a f ixed ~o~ nt of F~. , as e~pr~ ss~ d ~; fl . 2 ’ . ~I noe fr v ~n

( 2 .
~

a )  and ~~~~~ f ~~

- 

L ’ (fl- ) ~ 
~n ~~L’ ( fL) .

L 

But

lh~ 
u 

~flU ‘ ft 
(~, maZ( F ~ , u ,f ) — u

~ (l — r~:n(F ~ u , u ) F . ~
and

u ~IO~t X( ~’~ U , U
’
~~~ — UI~~~ + ~u — min ( F~~ t L ( .C~

-~~~ - ~~~~~~~~~~~~~ ~~ , - ~~ -~~~~~~
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Inserting these ecpressions into (2.3) and repeatIng the result f or ni-i , n + 2 ,

..., n ÷ m — l , weobtaizi

~~~ ~n~~p ~~~nt p-I LIL~~)~~ ~(~~~x (p~,~~
m 

u,ut ) - u*lt Llcfl)

+ ~\u — xnln(?9,~~
m 

~~~ )
~L’ fl)

~ fl max(?~~’ u,u
~ ) — U t

~~~~~A) -4
~ ~~

u’ — min(y~~ u,u . ‘2.4~

(~ .2b) follows from (2.4) immediately.

Rezurk 1: (2.2b) defInes the operator

Remark 2~ Under assumption (A2) ,  the quantities u approach u as

f l— ~~ 00 • Under assumption (A2’), for ~ > 0, n ’Y~~- T ( e  ), and 2”~ ‘ri’ (
~

, ) ,

IImaX (T u,u~ ) — U~~U~~(~~~) 
-1-- ~~i — min(F’1, U , U~~~ ) U L ’er~ ~~~ 

. (2.5)
Remark 3: It follows from (1.12c), (1.2), and the monotonlcity of s that

Is a monotone operator. 
~
f u~~ u

— , the 
~~,, given by (2.2~t) satisfy

~~~~~~~~~~ 

‘,

~ ~~

‘,, , (2.6’,

and then the c onvergence e~cpre5s-3d by (2.2b ) ho ’.d~ also in L~ (.cL ) If

u
’
~~ E L°°(ft)

The ne~t lerina gives our basic result for positive sources.

Le na 2: Whei~ f satisfieg (1.2’ , g* is given by ( 1.2d) wIth ~ ~ ~ (L ) ,

is gIven by (1.12o), and~~~~ is defined by (2.2b), we have, for u 0 ‘
~~- u and

(~~i~~ (u 0 -~~ u~ ) — j ~~ (F’ u 0 -i- U
1 

) = 0. (2. 7 )

proof: Let us define, for integers n ~ 0 ,

~~~~ F~~ (u0 ~- U
1 

)~ (2 .~ a)

A flf~( — F~ (?~ U0 -4- U 1 ).

we will show that , for p half of a non—neg~ttive integer , we can write

A 9 
ti -4- u~~~ (2.

and

(9) (p )p~, u 8 + u 1 , (2. 9b .

wh~ ~e

, u 1~~ 
-
~~~ 0. (2.i~~

The result Is obviously true for p 0 if we w2.’~te

• 
‘ • • . - _________________________________________________
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e) Ca)
z. u0 , u~ = u~ . (2.11)

If we can prove tha t there Is a decomposition ( 2 . 9 ) ,  (2.10 ) for p t/~ . ,

similar proof will establish the result for  all suitable p.
((It.)

We warr~ to show that 1 u 0 ~ u suoh that

A — A 1~ . F~, 
uO — u ~~CI!~~) (2. 12a)

and

~- U 0 . (2...~b)

prom (1.12o),

A 1 
— A,1 (s - I) f(u0 i- U

1 
) — (~ — 

~) f(u 0) (2.13a )

and from (1.l2c), (1.19), (1.11), (1.25), and (1.4a ,b )  (and (1.9’a~ if appropri-

ate),

(‘ii_) (l/-. ) (SIt.)
;~ 

U0 
— U

0 (S — I) (f ( u 0 ) — f(u ) ) .  (2.13b )

we can make the right—hand sides of (2.12a ) and (2.12b ) equ~l if we choose

inf 
~ ~( f(~ ) -

~~ f(u0 + U
, ) — f(u0 ) + f (u )~ . (2.14’

5ince u 4 ~ 0, it followe from (2.14) and (l.25b) thot ~~~~~~ ~ • To

establIsh (2.12b), we tiod

f(A ~~ f (u 0 -i- U , -4- (g — I) (f(u 0 ) — f(tx ~) )

~ f(u0 + u1 — f (u0 ) + f(u ) )

~ t(u0 + u 1 ) — f(u 0) -~~ f (u— ) f(u0~
”
~~), (2.l5~

upon use of the contractiveness of s in L°°(fl) (monotoniolty), u0 “.- u~ , the

property (l .2~ of f , arn3. (2.14). ~otaparing wIth (2.’~~),  we get the desired

result . ~eri~e we m ay rega rd (2 . 9) and (2 . ’~~) as establi shed.

F’roin Lemlua 1, in L’(-IL) min(A~ ,~ + ) ~ ~~~. (u 0 # u 1 ) as n—~
Thus

f [nin~y~~ A~ ,ti
4 ) — mdn (p~~ mIn(A~ ,u~ ),u~ )~~ x ~ 0 as n~~ ~~ . (2 .16 )

~~~ ‘-~~AS W~~~3 pointed out in Ren~ rk 3, is monotone. so Is the ~perator

min(p
5
, ( . ) , u~ ).  Thus , if w ,.~ Is a fun ction satisfyIng

mIn (A~ ,U~~~) £ W rt~~ A~ , ~2.17a~

it follows from (2.15 ) th i t

~÷ ~~~~~ W~ ‘~~~ 
— w n~a~ ~ a as n ~ ,

-~~~~~~~
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or , with reference to (l.l~c),

— wn )ax~~$ [(s — I) f ( w~ ) + ~~~Jax~~o as n~~~~~0° • (2 .17c )

pick
I. Ln) (fl)U 0 + U~ U 0 + U t ~ U

+ (n) + (fl ’) (r~)w~.,n 
~ 

ti U0 ~ . ti , ti O ÷ U % ~~ U • (2 .~ 8)

u >
“- 0 0 —

~t is clear that w,.~ satisfies (2.1’7a). In addition

f(w~ ) f(u0~~~ ) ,  (2.19 )

on account of (2.13). Accord ingly, from (2. 17c) ,

f — I)  f ( U ~~~~) + tp~~ u~~~~ — u0~~~ x—~O as ~~~~~~ . (2. 20 )
A ~~~Where A~ 

u0~
-”~ + ~~~~~ 

-~~~ , the rrionotonicity of implies that

p’~, u0~”~ i- ~~ !fl(u 0~ ”~ ,u
4- ) -~~ u 1~~ ~ u~ , ( 2 .2~~)

~~~~~~~~~~~~ u+ , from (2 .9b ) .  ~nto-~ratin.g this result over the set

~ x~ A~ (I)  ‘~
. u

~i 
and adding It to (2.20) we get, on referring to (2.~~) ,

f ~ rain(A ~~~4 , , u+ ) — min(A~~,u
4- )(~ x ‘

~~ 0 as n—~~o° .

Recalling the definitions of and A~ ÷~1~ 
in (2.8’~, we see tha t the lentna is

proved.

upon repe-ited application of (2.7) we get , when u 0 ‘~~~- u and u 1 ~~~- 0,

1 ~ I � ci,

~~~~~ (F~4~ U
0 

+ u1 ~~ • •  4- F’~ Um~ ~
- ur n )

= 1~ (F
5
,~~~

’ u0 -4-- T ’
~~~ 

U
, 

-4-- ... + F5~ u,~ _1 ± u,~~ , +- un,)

, ( ~~~~. u~ ) in U c C)_ ) . ~2.23 ’

To ~r - ~-e The~re~n 1, all we need to do Is make severa l obser-vnitions .

yir;t , fr-)n t~ie convergence ass~ uption (A3) and the Lt 
—contractiveness of

F~~ e , It fofl~~~ that the soLut ions o~’ (1.7) and (l.~ 4) obey a stability rela-

tion with respect to r~~ s in the ~nitLa1 data and ~~ o~n~e~eo’i~ te~ c3: i~

~~~~~~ 
L f( t i )~~ ~ (t), r e i ’). , t’- C , (2.24a~

B f(~
’
)~~

.. 0, X €  , t ’~ ~,
and

uf0) U 0 ,  ~~~~~~~~~~~~~ ,

- • 
- -
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then 
-

U~~(x ,t )  - U(X
~
t)I

~L((fl)~
l
~~o - UotL Lt (~~) 

4 c~~~~~(t~~) - ~(t ? ) I(~ I(~~~~ ’ . (2 .2~~)

geocud , using this and properties (1.10) and (1.22) of g, we see that for

‘7’ suff iciently small and. m ’7’ sufficiently large , the solut ion ~ of (1.24) may

be replaced wIth arbitrary accuracy in C (~cL) by the solution of

U.~ + L f(u )  -n ~, X ~ fl. , t~~ 0, (2.25a)

3 f(ff) -n 0, x a ~ -(1 , t ~ 0, (2.25b)

~ (0) u0 + g’(nr)~~ , X~~~ . (2.250)

ThI~ i, we use (1.10), (1.22), (1.12b), the density of D(L) in C (-CL )

the fact that , for ti ~

(s ( r )  — i) u — —
~~~ 0 as 7’ —b. 0, (2.2~~

and the L~ —eontr~ct1venees of , to show that for ‘7’ suff icient ly small

and m7’ sufficiently large, the funct ions ur
~ of (1.12) may be replaced wIth

arbitrary ac curacy In C Cfl..) by the functions given by

& o 0
U. ii , (2.27a )

i’-’ rt f ’ g’((n + 1)’y)~ ’ n~~ m
-

~~ 
F * 

u + . (2. 2’7c ’
‘3 0 n~~~m

From th~ assumed convergence (A3 ) an~ the assumption that a steady state

is approached , (A2 ) or (A2’), we note that the steady state ‘~
‘ of the solution ~~

~,J n
(2 .25 ) 04fl be approximated~~y the functions u given by

u0 4- g’(p’r)’Y, ~~~J2 , (2.23a)

UI’, (2.23~)

with arbitrary accuracy in L’ Cft) it n ’Y is sufficiently large and ‘7’ is suf-

ficiently s~r1Ltll ; similarly the s~e~dy state ~ of the solution of (l.7~ can be

approx imated wit~i arbitrary accuracy in C (f L ’) for  n ’7’ large enough and 7’ small

enough by the functions geaerated in (2.27).

Whe:i u0 ~ u and g’ ~ 0, (2.23) shows that and just given satIsfy

min (~~~ ,u
4 ) — ciin(~~ ,u~ )(t L (~ ) ~ 0 as n~~~ ~~ . (2 .29~

Ftfl~L l l~ , wh en we com bine the above ohso~~atIon,-~ wIth Resi~rk 2, we ob~nIn

Tbeor~m’n 1 easily.

- 

-- -- -- - -  -
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3. Direct proof for the one—phase gtefa~t prob lem

It woi’~ be interesting to see to what extent a direct proof of Theorems 1

can be fas~~on~~, one which has rio recourse to the algorIthm (1.12 ) and the

approximate solut ion which it generates. y~e will find it convenient to intro-

duce , besides the dependent function ti, the function v(x) defined by
p 00

v(x) - (t(U(x ,t)) — h(x))J~t , (3.1)
0

where h(x) satisfies (l .4u ,b )  and (l.9a ) when appropriate. Fro l (1.7), (1.10)

and (Al),

LV  = S gI(t)dt 4- u0 —~~~. ~3.2)

Fro~i (1.4c) or (1.9b), v given by (3.2), when it eLists , will be unique a.e.

Theor~n 1 says that ~ in (3.2~ depends on u0 and g’ only in the combination

u 4- ~ g’(t;dt0 o

when u0~~ u and g’ ~~ . 0. Thus , v also depends on u0 and g’ only through

that combination.

Let us consider the probl~n o~ detei~ ining v for the one—phase Stefan

orob lem. This problem is the special case ol’ (1.7) wit~ L —
~~~~~ , ~ 0 , and

C 0 u~~~A
f(u) . ~3.3)

u - A

(we niu~t have X ~~~- 0 in or~ior to satisfy f(0) 0.) Fro~1 (1 .2 5)  we have

u+ (x ) A , u~ (x)
~~ 

— o ~~, and thus the coiiditioii (2.la ) is satisfied automat—

ically.

A tyolcul set of initial couditiora~ is the followIng:

u0~.A , x , (3.4a~

u0 = 0 , x ~~ XL — fL0 . (3.4b )

ginc~ we are not looking for ma~ imnic generality, we consider the case where the

sources satisfy

su)p g ’(  • ,t) C C1( -~~-~~~) ~ 
t~~ 0. (3.4c~

TL~ 2roh 1~ n mlwuy s has a st eudy state, since , when g’ ~ 0, the set

X ’L (t , ~nt z u~x ,t ’~ ‘,A
’
~ (3.5a ’~

- 
~~~~~~~~~~~~~~~~~~~~ - - -- _ _ _



increases monotonleally with t and

meas (fl(t)) ~ -~-(~~u0d~x -
~
. ff ~~ dx~kt) ~ t. (3.5b)

The st eady state is of the form

C X  X EX 1  -

U ~~- — , (3.6a~
(~ 

0 x € int(ft 11)

where the set fl. satisfies

(3.6b)

prom (3.1),

v(x) (u(x ,t )  - A )~~-I (3.7a )

where

t*(x)E inf~~~ ti( x ,~~ ) - ~ A~ . (3.7b)

Clearly

v(x )~~ 0, X E  int~ f l~ ) ,  (3 .Ba )

v(x ) 0, x e ~2 — int~Q )‘ (3.8b)

and in particular

v(x)-= 0, xE~~~1—  sf2. . (3 .Bc )

pron~ ~3.7a ) and the Stefun equatiou ,

- n.V v dS = - - n’.V v
~(~~fL—~~(1(t)) (1 ~~X1

÷A meus( c~ — .0. (t~ ), (3.Sa)

where in the f irst integral n points out of ..Q (t), and in the second n points

out of £2 . This gives Us

n .~~ v (x)  0 , x € ~~X l— ~~fl_ . (3.9b ’

A000rling to ( 3 . 6 ) ,  inside Cl v satisf ies

A — u0 — g’(t~ 4t- . (3.10)

Boundary conditions on v (x) f~.ri’ x E- ~ fl_ are found f r ’~c (1.lb )

B V 0 , x~~~ f). . (3.ll~

If we can show that  v depends on u0 and g’ only through the combination
r

U 0 ~ j g’ dt , (3.12’~
0

it will  follow froLn (3.2) th~t ~ Is also dependent only nn -r~ • put (3.lfl ,

(3.~3c), (3.9b), (3.11), 
f 3.9a), and (3.~ b’ define an elliptic free boundary

- ~~~~~~~~~~~~~~~~~~~~ -~~~ ~nn-~.: - - ~~ A 
- 

—
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problem , and the q.uestion becomes one of the uniqueness of its solution . This
ê 

elliptic free boundury problem Is of a type which has been studIed In connectIon

with a diffusi on—consumption problem (Bets . 1, 8). wit~ v ex~en-1ed to -0- — 0 _

according to (3.8b),  the problem may be written as the determination of the

steady state of

C w > 0
W~~~ ~~“ + u0 - , (3.13a )

(... 0 w 0

w ( 0)  = w 0 
-
~~~~ 0. (3.13b ’

Tha t is , any solut ion of the elliptic free boundary problem wIll also be a

steady state solution of (3.13) for an appropriate choice of w0. (Rec~ l1 that

we have assumed supp U0 c cl( fl 0 ).) py regarding (3.13) as the limit as

~ 4 0 of a problem of the form

( 1 ~~~~~
w~~ = ~ w~ + U0 — X 

~ E. ‘ (3.14)

L 
-

~~~
--

one may prove the monotone dependence of t.~e steady state on w0 (Bef . 8). in

particula r , frtxi (3.Sa ) and (3.2 ’ , the steady state wIll sat i sfy

V~~~~~~~~ v~~~v
4 (3.l5~

whore v + are the steady state solutions of (3.l3~ corTe spond ing rer~~ective1y

to

W0 0 (3.- -3a~

and 

~~~~~~~ 
G x ,x ’)  (u 0 (x ’) — X )ax ’ (3.l6~ ’

whore

~ •3(x ,x’)n — S(x — c ’~~, x~ , x’~~ft , (3. 6c~

B a-(x ,~c ’)  = 0, x ~ , x’~~ . (3.1~A ’

(We can show t hut

w ( x ,t~~~ ç f ( u ( x ,t ’ ) )  d~
t 

. (3.~ 7)~

Th~ -ioaoto~ i~ ity cited for solut ions of (3.13) s~ -~ m ’q thLt the re.pectlve solu—

tl:)n3 w4 corresponding to the initi~m l data w~~ satisry

0~~~w~ -w ~~~~~” 

-
-- --- . - 

-~~~~~~ -~ —



—
~

-—- -

~ 

—-  
I- 

~~~~~~~~

-- - - 

- 

—

- 

-

~~

-

~~~~~~

-

~~~~~~~~~~~

-- ,-  - - --

~~~ 

-

~~~~~~~~

— 16 —
where Y sz~tiefies

(3.lBt~

Y(0)= w0~ , , (3 .18c )

B 7’ = 0, X~~~ ~.Cl . (3 .B~~

By using (l.4o ) or (l.9b) , we find tha t the steady state of  1’ Is 0, and thus

from (3.15 )

= V Y~~~~, (3.l9~

th-&t is , the solut ion of the elliptic free boun dnry problem is unique.

4. positIve and NegotIve sources in the One-phase 3te’.in prob lem

in proving TheOrem 1, we assumed that the sources g’ wore non-negative.

in the ease of the one—phase Stefu~i problem where L — L ~ , ~ 0, and f is

given by (3 .3 ) ,  we can show tha t the theorem does not genera lly hold without

imposing the condition (2. ’.h ) .  For example , one may have i~~~ given t~ (3.l2~

suc~i that

U0: , x e f l~~cf~ , (4.ls )

= 0, ~~ .C1 — Cl~ ,

and also g’ such that

g’~~ 0 V XEf2 and V t, 0, S’ g’o~t’.0, XGfl~
Cflo.(4.lc~

In t~1i3 case the steady state of the solution of (l . 24 ’~ Wil l  have ~~ A for

~ f L0 . ~~~ever , suppose g’(x ,t)- . 0 for t 
~~ T 0 . if T0 is large enough ,

the solution of (1.7) wiLl approach , as t — ~,- P0 , a function which is’.

evsrywhr e , where ~~~ 0 and ~ 
—

~~ 0 as T 0 —~~o0 . Then the a~~htion of t~ie

sources g’ for T0 < t ’.  00 Will result tina1l~ in a steady state ~ w~dch

satistj es~~~~.A for . C1e~tr ly tnis Is not the sane as~~ .

The proof given in the last section of the u.-iiq.ieness of v sat isf ~ ing

(3. 1D) , (3 .8c) ,  (3.9b~~, (3.11) , (3.~ a ) ,  arid (3.~ b~ re~.~~n:; va1i~ ever.  in th e

c~u~e o-’~ negat ive sources. ~owover , when the req’:iranent g’ ~ 0 is dropped , t~.e

~nonoton ic ity e~pre3sed by (3.5a ) no longer holds, and the steady State u need

not be given by (3.6a ’. &cc~~ lingly, the equa t ion (3.2\ ~ .t1stie-~ by v wi~~ not

-~~~ ~~
. 

~~~~~~~~~~~-
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lead, to (3.10) in genere.1, but only when ~~= A where v ,- 0. gInco v , 0 at a

poInt x means that at some t ime t , u (x,t) ~.,\ , we can insure tha t ii will

satisfy this req,uI re~nent if for all x and t ~ 0 we have

g’( x , t ’)~~t~~~ 0. (4.2)

MorO ganerally, let u and be solutions of the One—phase 5tet.~n probl~~

with initial data u0 ~~ 
and sources g’ , ~~‘ , respectively , such tha t

u0 = u0+ g’at - 
~~~ 

‘
~~‘~~ € , (4.3)

and let

v = f(u(x,t))~ t , ~~= Lf (~~x ,t~ )dt . (4.4~

Define

~Cl v (x)  ~ 0 and j
’
~~g ’(x ,t’)dt ’ 

~ 0 for s ~r~e t ~ O } ,

~~~~~~~~ ~ x~~XL ~ (x ) ~~ O and ~~~~~~~~~~~~~~~~ 0 for s~t:e t~~ 0~~. (4.5b~

~(x) ~(x) for all x E ~ U ~ ,

then

for all .

ThI-~ re~i-~lt is d- -r~~ed easi ly  fro~o the f~U \c - rig o~’- ~~r-~ot~ ri s. ~~ r~it ,

if ~~ — , eit~~~ v ( x ~ 0 or v ( x )  ~ 0 —~~I ~~~g ’ ( x ,t?) dt’ ~~ C ~or

all t ~ 0. in the latter c.~se, u (x ,t~ -~ A ~~~~~~~ e t ~ 0, ~:d tz~~ C 1~~tI~’’.

oa g~ ir ’.1e3 t~~t u (x)n A
SeC)-d , v satisfies t~~e f l ~~~ v~ a :  ‘~il: -t ic ~- e ~~~~ ç ’- 5~ ‘~~

— 

v (x ) ~ 0 for ~~ €~~~ . t ( f l  ~~~,

D ~) C I U 0 + J ~~~~ ~‘ 
,

0, x ~ ~ T 1—  ,

n .V v ( x  C- . x (  ‘ . . ~~~ , 4 ~‘1’

~ v 0, ~ ~-Q. ,
- 

~ - ‘
~~~~~ ‘-

5ini., m~ on ly c ~~~re so ’ ~t1 :. ; ‘4 . - - w t .  c~-~

~r~sarIbe.i v~~ ic ~t sor~e po -~~ts -“ 
~~~~ ~~

- . ~ ..v~ - ~.,e — “- t ‘ ,

ULi - ~3n~s3 O~~ V filTh’:; as ~‘c r., . Py ~~~~ - * 
~ u~ i~ ., ~- q 

~~~~~
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I

lished under these conditions. Note that we no longer have the restrictions

(3.4) on u0 and g’.

j~~~ 
is also possible to verity these facts by direct cons idera t ion of the

appro~imating a].gorithm (1.12) and invocation of the convergence of the ap~ r ox—

imate solution to the exact solution.

5. Application to a probl~~ 0± A~iodIe ~~ioothing

Consider the Stefun probleai

= ~ t(u) (5.1)

where f(u) is given by (3.3) and wIth initial data

u0 ,A, + doç 
~o , x~~f L 0 cn f l .  , (5.2a )

- 0, x E r L— fl0 , (5. 2b~
wherc 

~~ 
~~

. 0 and d.e. Is a mcali positive number. Let u.s impose the b oun dary

conditi on

f(u) . 0 , . (5.2e)

por this problem we use the notation

dv= t(u (z,t))4t . (5 .3)

(3.19) becones

- 

~~ 
x , (5 .4a~

and to lowest order in dc~. , from (3.~~e) and (3 .9b) ,

d v 0 , x € ~~Q0_~~fl . (5.4b~

In addition ,

dv -= 0, X~~ 3 .C) . . (5.4~ ’

Thus ,

(x ,
~~’)  ~~~( x ’ ) d X ’ (5.5~

wt~ r3 13 given by

~~ 
(x , -c ’ ) = — ~ (x — 

~ ‘ ) ,  x E fl ~ X’  ,

0 , x € ’~-(l c~ tl ~fl. , x ’ Ef l 0 , (5 . i~b )

0 0 
(x ,c ’) 0, z~~ ‘~ fl 0 — ç)ft , x’~~ fl~ .

~ e ~eo- )tC the steady state do~~in (I. by

- ~~~~~ ~~ 
~~~~~~~~~ ~~~ - - _1_

~~~1I~~~~~~ — _ . _ _ 
. -
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fl. = fl- .~~~~ . (5.7)

From (3.9b) and (3.10’, (5.5) implies that is obtained from fl~o by

traveling outward noi~nal to fl.0 at each point of ‘~ft 0— 9 .Q.. a distance

~~~~~. 

fç,~~~~7G o (x ,x ’) ~ , (x’ ) dx ’

we may now envisage a collection of such prob lems , in v~aich we generate

domains ~~ . 
C , oi~. ~ 0, where 11 ~~~~ ~ -(1 ~~ is found from

by traveling outward along the noi~nal to at each point of ‘~.C1,~— ~ -Q

a d istance

~Ao& n.V v~~E V(o~.)do~ , (5 . ’3a~

where

~~ Y~~~~-~~ -~~~~ , X €  ,

0, x ~, , (5.~ c ’

and

,(_
~~~~~ 

‘), x €f l~ , (5.~ a~

~ f t—~ Cl ~~~ . (5.~ b~

This collection of’ problems may be tnought of as defiri1n~ a “tt’:e—dependent”

frbe boundary problem, where ~ represent-3 the ‘ti o~- varIable.

The res ilts of gectlons 3 and 4 show that the region ~(l~ c~io be obta i~~e~

directly as tho support of the steady state ~ f toe so l it i~ o of (5 .l~ w~~~.

ir~itia l data

u 0= A r X ~~ CL O

a 0 ç~~, a~~’ , x e - Il —~Cl~ . (5. ’~~~

The “ti se— -i~~-enderit” f-oee h~ -i rTh~ry prob~ c+ -; ~-~st ~~~:—ibod Is very sim~1ar

to ~ ~r~i a t  wMc~ oci ’a -c in the theory of anodie s-i t~ i~~- - (p efi. 3, 5, ~, 7’~.

po bring pr :-b eri (5.3~ l~ t the fo~~ of the anodic 3~~ o- - . ’n ~~ rroh~et , we fini

a function ~~ v~ t:~ the followi r.4 ; rJ~ertiea :

ec,~, (x ~ ‘
~~ 1, x E ‘I -fl- (\ ‘?~d~~ ,

00, ( r )  0 , x .11 — fl .,.~ ,

~~~~~~~~ b o . : d e i  and o~ n—ne~~t1ve , X E 1 1 .  . (5.’1c~

NeCt let

- 
- - — — -
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~~~~~~~~ ~~~~ • (5.12 )

wIt.~ v~~ given by (5.~~) ,  the function

= v~~÷e~ (5.13)

has the to11~ ,Ing properties :

0, x ~ f 1~ , (5.l4~i)

+~~
— 2., I ~ 

‘
~~t). (\ 

~?i’L , (5.14h )

‘~~ 0, x€ ~~~~~~~~~ , (5.14c )

and, fl ~ Is generated by traveling outward along the noi~al to ~~~~ , for

0 ~~ 0(1 
~ o , at each point of — , at the rate (with respect to 0(/

— -k— a .V  ~~~i . ~5.l4d)

in the anodic smoothing problem (Ret. 3), .12. is the domain exterIor to

a cathode ~, ‘
~~-~

1O (~ ~~~~ = ‘~fl ~ (1 ~f l. ~~~ for ot~ 
-
~~~~ 0, and A = 1. phug

v~ see from (5.11) thit 0~ may also be used as , ~~~~7 0, and from (5.12)

may be used as ~~ for °~ ~ 0. In. t~~t case tne initia l data for an

equivalent steady state gtef9in problem are

u 0 A -,- o(~~ , x E - C o , (5.15u )

-n 0, E: f L — f l 0 .

~t a ’~~o follows that any effective methods for so1v~n~- the steady state

5teftn prob lem (5.1) and (5.15) (Ref . 2) c~n be used to solve the a-~oi~~c

smoothing prob lem. ~n addit ion , regulsrity results for th e  free s irface It the

steady state gtef~n problem carry over iznicediately to ins fre’ surface fo’  the

a:~odIc smo~ t -~1n~ prohle-i. In~e~endentlY, Cha r 1..~s ~~~. ~~~ i-ott h~s made eiti1~r

ob3erv~ tions about t:-e eqiiva lence of the anodic s:: oc-thiri g j r ’~~le~ 3nd a steady

3t~ te Stefen ;r~ble n (pef . 4).

i~:~nd ;-e nt

Th is work his b.en sup portod by tne ( ‘ffi  re of ~~~~~ peic ro’-. under “ac~

~o. ‘~‘p 3~4—003.

___ -J
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