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STEADY STATE OF A NONLINEAR EVOLUTIONARY EQUATION

by i
Joél C. W. Rogers !
Applied Physics Laboratory of the { b

Johns Hopkins University ! i \
Johns Hopkins Rd., Laurel, Md. 20810

a——

A lecture presented at Institut de Recherche d'Informatique et d'Automatique
in Rocquencourt, France, on May 9, 1978. This lecture is included in the
publication Seminaires IRIA Analyse et Contrdle de Systémes - 1978.

l. Introduction

— — . ———

[}

In a recent paper (R3f. 2), Brezis, Berger, and Rozzrs have presented an

alzorithm for solving the initial value problem

U, + Lfu)=0,xefl ,0<t2m, (1.1a)
Bfu) =0, xedll ,0z%zm, 1.1b) l
u(0) = ug € L'¢O) & Loo(ﬂ) . xell | (1.12)

11 a boinded domain () with smooth boundary. f satisfies f(0)= O and

04 f(n) = f(v)< u=v forux v. (1.2)

L: pityec L(fL) —» L'(£) 1is a clossd linear operator wiose domain D(L) is
dense in L'(Sl) and whose associatsd sailegroup

s(t) = Q,‘Lt s 39 0, (1.3)
13 contractive ia L'(S)) and L”<Q) . B is a linear operator, such that

the solaition of

———— - — — " — . — o — —

- — -

geparite copis3 of this paper are being seat to addresses on the distribution

list for QMR Task No. NR 334=003.
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1. E=E, ze0l, (1.4a)

1

Bh =0, xe 9() , (1.4b) .

satisfies, for all g ¢ R(L),

for same o« > O.

The version of ths algorithm which is used as a bzsis for deriving the i

principal theorem of this paper is as follows. @iven

BT (1.5a)
one constructs
n n
u = 1r° u,,n=1, 2, 3, ..., (1.5b)
where :
F, u= u = f(u)+ § £(u). (1.5¢)

(we uss the symbol wgm for g(7’) when there is no chance of confusion.) u"
approximates u(n?7) in the following sense:
Ha" = uesyl], iy B e S (1.6)
EAL) i ’
aniformly for t in the interval [0,7] (gef. 2).

We are interested in the inhomogeneous eguation

u, + L f(u) = g(t), xefl ,t>0, (1.73)
DEu)}=0 & J3il ; £ 20, (1.7D)
u(0)= u, , xe (), (1.7¢)

partieularly in the staeady state cf (1.7), when one exists. Thus, some en=-
largenent of t:o resilts given above is in order. The generalizations reguired
involve ths extension of equation (1.6) to the inhomogeneous problem and
replacement of the upper time limit T by ©°© . 7In some cases it may also be
desirable to drop the rastrietion that () be bounded.

(whon 1 1a unbounded, we add to (1.1) and (1.7) the asymptotic

condition

At TR 0, (1.8)
|x| - o0

where A is a lineur operutor, and we assums that for any bounded domains
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At

Bc N eand Hc O and function g € R(L) with supp 8 c &

’

< 4 (& ,3 ) > 0 such that the solution of (1.4a,b) and
Ah 7;—‘5-9 0, (1.9&)
x| >00
satisfies
llh“l_l(%’) < o .8’:3) ”EHL'(ﬁ) . (1.9b))

Here we will not give any formel proof that the algorithm of Ref. 2 can
be used in thess estended circumstances. 7Tnstsad, we shall asswie;
(Al) For 8 € R(L) and all
g(t) = &+ &'(t) (1.108)

such that
el

y L Harl| L) dt < oo : (1.10b)
(1.7) hus a solution which approaches the steudy state value u satisfying
1 2a)= B, e fL ; (1.11)

(A2) Uniformly for T € (0,7 ] , the quantity u” computed by

| o

s = g (1.1Ra)
Mot I F‘i‘ at -(o;( Y=%)a'(g+ny)dd 3 (1.12b)
where
Fq u=u=f(u) +5(7) f(u) +8 T (1.12¢)
and hr
2*(T) - -'; Ls(t)dt 2, (1.124)
approacnss in L (L) , 88 Tn —>» oo , the steady stato ux(7 )
satisfying
=XT e 7)) = &%, (1.13)

for all g whieh satisfy (1.10);

(A3) Given any T > 0, (1.6) holds uniformly for t € [O,T] y Where u”

and u refer to solations of (1.12) and (1.7), respectively.
We note that the assumptions (Al) - (A3) are not canpletely indspendsat,
For example, (A2) and (A3) obviously imply (Al). In addition, one mey derive

from (Al) and (A3) a weakened form of (A2) whish is expressed as follows:
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(A2') For any €> 0 I T > Oand 7 e (0,77 such that, for the
quantitiss u” camputed by (1.12) and the steady state U of u given by (1.7),
n. .=
{{u u HL‘(.Q.) te (1.14)
whea n 72T, and T< 7T .
We will see in ths sequel that (Al), (A2'), and (A3) (and thus (Al) and
(A3)) will be sufficient for us to prove our principal results pertaining to
i the steady state solution of (1.7). To derive (A2') from (Al) and (A3), note
first that (1.10b) and (1.11) imply there is a T, such that for T > T_
o0
f Il g &L 1.15a
and
- €
Hur) =Tl ny4% - (1.15b)
Nexzt, note that ths operator Fﬁ in (1.12¢) is L‘C.Q) -gontractive:.

“FS u.‘-r'3 VHL‘(.(L) < Hu—v[(u(ﬂ) . (1.16)

(1.16) and the contractiveness of §(t) in ['({l), when combined with the

bound (l.15a), imply that the functions computsd by (1.12b) satisfy

e fap agls™ el £ E
gt L i . £ = 1.1%

e \L'(ﬂ.) 3 (-2
E forazn, and n,¥ > T_ . From (A3) with T rsplaced by T + T, s it

follows that J 1 suoh that for 0 <7 < T

n
W ~u@7 )l ) £ § (1.18a)
where
K
‘ T, £ B, T< T +T o (1.18b)
} Through (1.18) and (1.150) we bound  ({u™ = Tl[ . n) - 411 we need do
n-n no -

! is extand this to & bound on H 1"3, = u - uHL‘LQ) and use (1l.17) to

zet the desired result (1.14). To provide ths missing link, we observe from
(1.11) and (1.124) that

Le*T=(T=-8(7)8=1LI(1=8(7)1(I),
and thus

L-S(7) .
—>t(U) = e*, (1.19)

on account of (l.4c) or (1.9b). Hence, from (1.1l2¢),

Fgo U= U (1.20)




n-n,

q* u"e -E”L'(ﬂ.) < “un, -E“L'(ﬂ-) (1.21)

follows from (1.16).

Although (A3) is an assumption, for ) bounded with smooth boundary and
relatively mild conditions on g', it is only a trivial extension of the conver-
gence theorem cited above for the homogeseous problem (1.1) (Ref. 2), For
example, sufficient, but certainiy not necessary, conditions on gt to establish

(A3) would be

oo
f f ( 3up gr(t +vy) - inf gr(t+ Y)dxdt—)o as \—>o.(1.22)
o (1 \0<ysén o£y< n
For (). unbounded, one mey prove (A3) by approximating with arbitrary accuraey
in L'(Sl) , for eny T > 0, the solutions of (1.12) with n 74 T by functions
which are similarly defined in terms of a boundary value problem with homoge-
neous boundary data in a suitably large bounded subdomain .5. {T) C |
Wwith regard to the assumptions (Al) or (A2) relating to the approach of

solutions of (1.7) or (1.12) to a steady state, we note that these assunptions
may be verified directly in partisular cases of interest, such as the one-phase

Stefan problem in the absence of sources. More generally, when the operator

S(t) 1s strictly contractive in L'([2) and for same a > 0
-at

[[s(t)l P (1.23)
et Bl :
an adaptation of the argument which led to (1.16), in whish we replace Fj by
FS' , U by u" , and v by un-‘ , enables us to establish (42). when the

agsunption of strict contractiveness is dropped, one may still derive a partial
result regurding the approach to steady state of the quantities generated by
the algorithm (1.12) (ef. Lemma 1 of tias next saction),

we will show when (Al) - (A3) hold that, under suitable further restric-
tions on g', the steady state value U of the solution of (1.7) coinsides with

the staaudy stute value T of the solution U of the problam

U, + LE(U)=8 xefl, t 70, (1.242)
BL{(U)=0,x €dfL , t> 0, (1.24b)

o0
T(0) = ug + Lg'(t)d-t : €Ll . (1.24¢)




A proof which is gensral with respect to operators I and functions £ with the

properties (1.2) and (1.3), but with some restrictions on g' and u, , will be
given in the next section. Qur metaod will be to establish that a similar
result holds exactly for the functions generated by the approximate algorithm
(1.12), under assumption (A2), and that such a result holds approximately under
essumption (AR2'). 1In either case, the property is established for the exact
solution by using the convergence of the approximate solution to the exact one,
as agsumed in (A3). 7In the third section we will discuss a direct proof of the
theorem, without reference to ocur aphroximetion of the exact solution and the
convergence of the approximetion, for the speciel case of a one-phase Stefan
problem with @ = O. This will serve to illuminate the sorts of problems we may
expect in trying to obtain a direct proof for the more general case. The fourth
section produces, for the case of & one-phase Stefan problem with §= 0, first
a counter-example to one possible generalization of the theorem of Section 2,
and then a proof of a weakensd form of the generalization. The final section
gives an epplicution of the results obtained for the one-phease Stefan problem
with 8 = O, whereby it is shown that a time-dependent free boundary problem
which arises in the theory of anodic smoothing is eguivalent to the steady
gtate of & one-phase Stasfax problam,

Before prosseding, 1st us look at the problems (1.7) and (1.24) whose
steady state solutlons we compare. In either case, we get equation (1l.1ll1l) for
the staady state. Because of (1l.4) or (1l.9), £(T) is thus uniquely determnined.
Accordingly, if £ is 1-1, all our rejults reduce to a trivliality. The cnly

intsresting cass is when f(u), constrained to be monotons by (1.2), is constant

over an in%erval of valuss [u" ,u*] of u. 8tafan problems ere tle best-kmown
problais in this category. wWith h(x) given as the solution of (l.4a,b) or
(1.4a,b) and (1.9a), we will find it convenient to define the functions u® (x)
by

u® (x) = sup{g | £(g)= n(x)l, (1.25a)

a=(x) int{y| £(¥)= h(x){. (1.25Db)




It is apparent from the outline given above that at the current time our

progre3s regirding the gsteady state problem has been uneven. This is because
the results reported here were originally obtained, in the course of work on
water waves (Ref. 9), for the one-phase gtefan problem, and at prerent they
have been extended to the more general problem (1.7) only in part. The incom=-
plete state of this work is, of courge, also reflected in the fact that we have
found it necessary to assume (Al) - (A3) in order to obtain the principal theo-
rem of this paper, relating the steady states U and T of (1.7) and (1.24', in-
stead of obtaining the result directly withoxg such assumptions.

Indeed, the restriction of u, and Ko lgtldt to L’(ﬂ-) is probably
unnecessary when £ is unbounded, and it seems quite likely to us that assump-
tion (A2) can be dispensed with and replaced by the prenise of the following
conjecture.

gonjecture: Tf, for all u with supp uc & , & bdounded and &c £

no

~J
there 1s & t. (o , g ) such that, for ¥ bounded and Fc .

Hs(t)ullL.cﬁ) £ e lfull
when t > t. (§, % ), then

L'(B)

([ max(u, - u* ,0)+ max(u™ - ug ’O)”L'(_()_) < o0
implies that

“max((p; T B ut ,0) + max(u™ - (Fg‘: U ),O)l\ —>0 a3 n—» oo

i L(H)

for any bounded domain & < () .
At pressnt we have not satisfied ourselves as to the validity of this conjes-
ture.

AS I write this up, it oceurs to me that the question of the steady state
of (1,7) re-lly involves only two things =- the linear operator 1 and the func-
tion f = and that it should be possible to derive all our results in a more
direct and simpls wiy, in a manner whizh can be extended to the cise when u is
a vector, solsly in teras of properties of the linear operator and the non-

linear algebraic funetion. YHowever, I leave that to the future.




2. The case of *positive Sourcest

The main task of this section is to prove the follow'ag.

Theorem 1: Under assumptions (Al) - (43) or (Al), (A2*), (A3), end condi=-
tions (1.10) and (1.22) on g, if in addition

Bg (z) 2 u (x), T ) , (2.12)
and

g'(x,t) 2 0, x &f) s 2> 0, (2.1b)
tha steady state u of the solution of (1.7) is the same 2s the steady state T
of the solution of (1l.24). (u” (x) is defined by (1.25b).)

We call this the cuse of fpositive sources® beciuse of the inequalities
(2.1a) and (2.1b). 4s wa stated in the Introduction, the proof of the theorem
will be obtained by referring to the algorithm (1.12) and exemining the proper-
ties of its steady state, or approgimate steady state, according to whether we
assume {(A2) or (A2'). TFirst, we give a lermma which shows that a quantity close-
ly relatsd to u” in (1.12) always has & steady stite.

lema l: wWwhen f satisfies (1.2), g* is givea by (1.12d) with g€ R(r),
and FS is given by (1l.12¢), for u € ('(LL) +the guantities

$n = max(min(pgl u,at y,u" ) (2.21)
approdecn a limit
(£, -71‘-3, uf 1ea) —> 0as n —y oo . (2.2b)

Proof: We use the [ =-contractiveness of FS' , 88 expresssd by (1.16),

and the fact that ue f"‘ () whors h satisfies (l.4a,b} (and (1.9a) where

applicuble) is a fixed point of FS' , 88 express=d by (1.20). gince from
(2.%) and (1.25) §, € £~ (n),
| N+t & n =
I‘Fac u ;nl(Ll(.ﬂ) < “FSI u -;HHL'(_Q) . {2.3)
But
n _ < + - e n
e w =Ealljq)= [ max(rg, u,u™ ) - u Hcm?““ = min(rge Mgy
and
n+| % - L n+ +y o +' - ok n+l -
llFge © gnllu(ml\g'm ;nuum)+ "mﬂx(Fg. u,ut) - u \le*; ™ - min(Re u,u ML‘(D_‘).




= (0i=

Insarting thess expressions into (2.3) and repeuting the result for m+1, n+ 2,
cos, z'1n+m - 1, we obtain
:L; Il : =Epip-i ‘IU(Q)+ \(mai(ps,"+m muty - u*“l_ltf).)
+ |ju - m.in(Fs,mm w,u” ) s
< || ma:c(rﬂ'n u,ut ) - u+HL'Lﬂ_) + |{u” - min(F;, u,us )”L'(ﬂ) o r2.4)
(2.2b) follows from (2.4) immediately.
Remuirk 1: (2.2b) defines the operator Fac »
Remerk 2: TUnder assumption (A2), the quantities Fﬁf: u approach ?sa u as
A —> oo . Undsr agsumption (AR'), for € >0, n 72T (¢), and T< T (&),
Ilmx(rﬂ: w,ut) - u+“l.'(-fl) 4 e - min(psr: w0 ) | ) Le . (2.5)
Remirk 3: Tt follows from (1.12¢), (l.2), and the monstonicity of § that

by is a monotone operator. If uyz u~ , the ¥, given by (2.21) satisfy

3*
+ \
1 2 Ehe. = By s (2.6)
oo
and then the convergence expressad by (2.2b) holds also in £ (ﬂ) it
a%e L7 ¢il) ‘

The next lemna gives our basiec result for pogitive sources.

Lemms 2: When f satisfies (1.2', g* is given by (1.2d4) with 8 ¢ R(L), ¥

3
is given by (1.12¢), and }'S, is defined by (2.2b), we have, for u, > u~ and
u, Z 0,

T, e -F = % 7
l\ F.jv (u, u, ) FS; (Fa# o e )HL‘(_Q_) 0 (2.7)
Proof: Iet us dafine, for integers n > O,
n
A,= FS” Wy + Uy ), (2.3a)
n :
An-w,_ i ng (FS' Uy + 9y ). (2.3d)
we will show that, for p half of a non-negative integer, we can write
p) C
Ap = w0 % &+ u P (2.93)
and
. < (p) €] )
Appin, = Fyx Yo' 4+ 4, B (2.9}
where

a, P > U yu ® 2z 0. (2.19)




(o) (o) =
Ug "= U, , U "= u . (2.11)

If we can prove that there is a decomposition (2.9), (2.10) for p= 2 , a

similar proof will establish the result for all suitabvle p.

W) "
We want to show that 3 LB > u such that

7% / X
R . U R P (2.12a)
and
P (2.12b)
From (1l.12¢),
Al —Ay = (8-TI)f(u,+ u )= (s-1) flu,) (2.13a)

and from (1l.12¢), (1.19), (1.11), (1.25), and (1.4a,b) (and (1.9a) if appropri-

ate),

() ) 2 =
Fge Up =Ug = (3=1) (Flue T ) - £(u” ). (2.13b)

We can make the right-hand sides of (2.1%a) and (2.12b) equal if we choosse

W™ = gne Ll ez )= tug+ u, ) =flu )+ fu- ik - (2.14)

gince u, 2 0, it follows from (2.14) and (1.25b) that uo('/") > W . TO
egtablish (2.12b), we find
£(a ) =f(u,+ u + (8=1) (fu,) - £(u")))

2 flu, + & =Tfu_) + Eu~ y)

2 flug+ u, ) =tuy)+ r(u-) = £(u ™)y, (2.15)
upon use of the contractiveness of § in L’o(ﬂ) (monotonicity), u, > u" , the
property (1.2) of f, and (2.14). ¢omparing with (2.14), we get the desired
re3ult. Hense we may regerd (2,.9) and (2.1)) as sstablished.

Fron femma 1, in L'CLL) min(4, ,ut ) — 53" (Ug+ u, ) as n—> oo

Thus,

f[nin(ps, Ap su*) = min(FS. min(A, ,u* ),u* )]dx —>0as n—>e° . (2,.16)
An< ut
Asnws pointed out in Remurk 3, F_+ 1is monotone. go is the n~perator

2
nia(Fyy ( - y,ut ). Thus, if w, 1s & function satisfying
min(A, 1Y) L wal Aq, (2.,17a)

it follows from (2.15) that

Wa < ut [mi"l(Fso Wp sut ) - wn]dx —> 0ag n—> @ | (2.170)

TR P e N s A " ‘__J’ ‘
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or, with refereace to (l.l2¢),

f

(FS' W - wn)dx:_jvw e [(s - 1) f(w,) + g‘-'r‘]dx-—)O a8 n—=rc0 . (2.¥70e)
n

Wnp<ut
Pick
uom)+ u\tn) uo(n)+ u“") T
W, = ut w Tt u‘m) 2 u¥. (2.18)
uo(n) uom) > ut

it is clear that w, satisfies (2.17a). 7In addition
fiwn 1= oe. My, (2.19)

on aceount of (2.10). A4ccordingly, from (2.17¢),

f [(s - 1) ru™) + S*T]dx:j ‘FS,uo(") - 4 M|dx=0 a8 n—> oo . (2.20)
An(ll"'

S
= ) ) A“<+“ ; tv of 1
Whers A = U, ar A 2 u* , the monotonicity of FS' implies that
Tor uocm & min(u, ‘™ ,uty «+ ul("n > ut, (2.21)

OF Apyy, 7 ut » from (2.9b), 1Intezrating this result over the set
§ x| an(x) > u"] and adding it to (2.20) we get, on referring to (2.9),

f {min(Am_,,l,u*') - min(A,,u* )ldx —> Oasnsoo . (2.22)
Recalling the definitions of Ap and An+%1 in (2.8}, we see that the lemma is
proved.

Upon repeated application of (2.7) we get, when u, > u~ and u; 2 O,
1414 m,

— m m~i{
F‘i" (Fg‘ u, + Fﬂ’ u t ... +p%. Un_, + Ym)

e = )
:Fa,,, (Fs'm mu4> = FS"M z U+ eee t R Umog * Umoy ¥ Upm)
:.fs.. (% ey LOC Lk} ; 12,23
L=o0

To prove Theorem 1, all we need to do is make several observations.
{
First, from the convergensse agsunption (A3) and the L -gontractiveness of
FS' , 1t follows that the solu%tions of (1.7) and (1l.24) obey a stability rela-

tion wita respect to z2huangzes in the initlal data and inhomogeneous terms: It

Ue + L) = B(t), e ), t> 0, (2.248 )
Brif)=0, ze 2Ll , 90, (2.24b)

and
G0)= 1, , ze Q) , (2.24¢)




then

€
~ AT ~ !
a(x,t) - u(x,t)l\u(n)-l\uo - uo\\L.m) + Soug(t') - gt )9t - (2.244)
gecond, using this and properties (1.10) and (1.22) of g, we see that for
7 sufficiently small and m7 sufficiently large, the solution U of (1.24) may

be replaced with arbitrary accuraecy in ¢! (ﬂ-) by the solution of

~ ~ i
U, + L f(U)= B, xefl , %> 0, (2.25a)
BT =0, xe 3L, t>0, (2.25b)
m
T(0) = u, + Z g'(nr)r, xe LL . (2.25¢)
n=\

Thiri, we use (1.10), (1l.22), (1.12b), the density of p(1r) in i (ry) .,
the fact that, for u ¢ D(L),
(8{r)~-I1)u —» Oas 7T —» 0, (2.29)
and the Ll -gsontractivensss of FS' , to show that for 7 sufficiently small
and m7 sufficiently large, the functions u” of (1.12) may be replaced with

arbitrary accurasy in L' L_Q_) by the functions z" given by

8= a2, (2.27a)
g*((n+ 1) 7)Y n<m

CRALEERIE TN L ’ (2.270)
3 0 nz m

Frou the assumed convergence (A3) and the assunption that a steady state
is approached, (A2} or (A2'), we note that the steady state %’ of the solution of

~
(2.25) can be approximated "t)'y the functions Ur\ given by

e = u, + :L_l g'(pr)T, xefl , (2.23a)
~
T = F%' ", (2.280)

with arbitrary accuracy in L ({L) if n7 is sufficiently large and 7 is suf-
ficiently small; similarly the steady state U of the solution of (1.7) can be
approzimited with arbitmury accuraey in L (L1) for n7T large enough and 7 small
enough by the functions el geaerated in (2.27).
= ~n ~n
When u, > u- eand g 2 0, (2.23) shows that u and 7  Jjust given satisfy
Wmtn(@? ,u*) = mta(®" u* ML'(Q) —>0asn—>o00 . (2.29)

Finally, when we combine the above obgorvations with Remirk 2, we obtain

Theoran 1 easily.
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3. Direct proof for the Qne-Phase Stefan problem

It would be interesting to see to what extent a direct proof of Theorem 1
can be fasiloned, one which has no recourse to the algorithm (1.12) and the
approximuate solution which it generatea. We will find it convenient to intro-

duce, besides the dependent function u, the function v(x) defined by

oo
v(x) = j; (f(u(x,t)) = h(x))dt , (3.1)
where h{x) satisfies (1l.4a,b) and (1.9a) when appropriate. From (1.7}, (1.10)
and (Al),
pove)
LY = jo g'(t)dt + uo = u. (3.2)

Frou {l.4c) or (1.9b), v given by (3.2), when it exists, will be unique a.e.
Theoran 1 says that U in (3.8) depenis on u, and g' only in the combination
u, *+ L g'(v)dt
when u, 2> W and g* > O. Thud, v also depends on uo, and g*' only through
that combination.
Iet us consider the problem of detemaining v for the one-phase Stefan

oroblem. This problem is the special case of (1.7) wita T, A, g= 0, and

0 R
" (3.3)
u - X uz A

(We must have A = 0 in order to satisfy £(0) = 0.) Fron (1.25) we have

1

f(u)

u'*(x) = A, u" (x)= =o9, and thus the zondition (2.1a) is satisfied automat-
ically.
A tyoizal set of initial conditions is the following:
Ue2d ,2efl € [) - (3.4a)
g = O, 2 & fl=Ily (3.4b)
ginza we arse not looking for maximun generality, we considsr the case where the
3ources satisfy
supp &'(+ ,t) < o1( (L) N =0 (3.42)
The Hroblem always has a steady state, since, when gt > 0, the set

N (4= melx ‘u{x,t‘,?,,\—g (3.54)

L 5 . 0y PRz o5 ——Ar = = - x— J
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inereases monotonically with t and

meas( {) (t)) < -i—(fuodx + ffg'dxdt) Y t. (3.50)

The steady state is of the form

- ; A sl :
u = = ’ (3.68)
{ 0 x e 1t (- 0)
where the set o satisfies
a eflef) 3 (3.60)
From (3.1),
oo
( = »8) - 3.7
v(x) ft,,m (u(x,) = A)dt (3.72)
where
t*(x) = inf { £ | u(x, £)z0) . (3.7b)
Clearly
v(x)> 0, x€ Int(f}. ) (3.8a)
v(x)= 0, xe ) - 1mt/0) ), (3.8b)

and in particular
vix)= 0, xe9(Q) - 2L . (3.8¢c)
From (3.7a) and the 3tefan egquation,

- n.-YvdS :f( - n-VvdS

20.-30+)) N 30
+Ameas( G - Q (t)),  (3.%)

'(Qﬂct) -20)

where in the first integral n points out of _Q (tj, and in the sezond n points
out ofﬂ « This gives us
n-Yv(x) = 0, x€2 -2 . (3.90)
Accorling to (3.6), 1nsideﬁ v sa;isfies
Av= A ~u, = L g'(t) dt . (3.10)
Boundary conditions on v(x) for x € ’a_ﬂ_ are fouad from (1.1b):
Bv=0, xeaﬂ . (S«11)

If we cuan show that v depends on u, and g!' only through the combination

e o
Jo = Up * f g dt ) (3.12)

o
1t w1l follow from (3.2) thi% U is also dependent only on U, . But (3.19),

(3.8¢), (3.9v), (3.11), (3,8a), and (3.45b) define an elliptic free boundary

N E— Y - Lo B
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problem, and the question becomes one of the uniquaness of its solution. This
elliptic free boundary problem is of a type which has been studied in connection
with a diffusion-conswaption problem (Refs. 1, 8). with v exienled to {1 -0
according to (3.8b), the problem may be written as the determination of the

steady state of

A w>0

We = AWHT, - > (3.13a)
0 w=0

w(0) = W, 2 0. (3.13b)

That is, any solution of the elliptic free boundary problem will also be a
stasady state solution of (3.13) for an eppropriate choice of w, . (Recall that
we have assumed supp o TR = cl( _(Lo o) By regarding (3.13) as the limit as

€ ¥ 0 of a problem of the form

i
(S (=
W = 8% KT, = X we : ’ (3.14)
€

one may prove the monotone dspeundence of the steudy state on wy (rRef. 8). 1In

particular, froa (3.8a) and (3.2), tha steady state will satisfy

v—evevwt (3.15)
where v+ are the steady state solutions of (3.13) corresponding resvectively
to

Wy =0 (3.%5a)
and
wof: \[Q.o G{x,&?) (T (x*) = A )dx' (3.16Y)
whers
Asix,xt)yz =§(x~x*), xe L1 , xrell , (3.16¢)
BG(x,x') =0, xe 32 , xre L)L . (3.15Q)
(We can siow that
o
w kb go fiu(x,t")) d¢' . (3.17))

The noaotonicity citad for solutions of (3.13) siows thut the respective solu-

tions wr coresaponding to the initvial data wo‘T‘ satisfy

02wt —cw 7 (3.73a)

Teyeer
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where 7 satisfies

% =AY ) (3.180)
o= w* . xedl, (3.18¢)
BY = 0, x¢ 9() . (3.134)

By using (l.4c) or (1.9b), we find that the steady state of 7 is 0, and thus
from (3.15)
b G -l R (3.19)

thit is, the solution of the elliptic free boundary problem is unique.

4. positive and Neguotive Sources in the One-phase Stefin problem

In proving Theorem 1, we assumed that the sources g' were non-negative.
In the case of the ons-phase Stefun problem where 1| = A 5 E: 0, and f is
given by (3.3}, we can saow that the theorem does not gensrally hold without
imposing the condition (2.lb). For example, one may have U, &iven by (3.12)
such that

To24 s 2edlge ll (4.13)

Vo= 0,26 8 -Lls (4.1
and also g' suca that

23'20 V xell and V t> o0, f g'dt <0, xeﬂ\cﬂo.(4.lc\

In this case the sleudy state of the solution of (1.24) will have T=A for
£ e —Q-o . Howsver, suppose g'(x,t)= O for t <« T » 1% D is large enough,
the solution of (1.7) will approaea, as ¢ —» T, , & function which is<A+e€
oevarywhare, where € > 0 and € —» 0 as Ve =90 Then the addition of the
sources gt for e - t<oo will result finally in a steady state U waich
satisfies U<A for x € QI . Clearly tuis is not the sume as T.

The proof given in the lagt section of ths uiiquensss of v satisfying
(3.123), (3.8¢), (3.9b5, (3.11), (3.Ra), and (3.6b} ramuins validl even in the
case of nsgutive sources. mHowever, whan the requirement g* 2 0 is dropped, the
monotonicity e<preased by (3.51) no longer holds, and the steady 3tate U need

not be given by (3.6a). 4econlingly, the equution (3.2) sautisfied by v will not




lead to (3.10) in gensral, but only whean U= A where v > 0. Sincov > O at a

point x means that at some time t, u(x,t} 2 )\ , we can insure that u will
satisfy this require.nanza if for all x ¢ () and t > O we have
L g'(x,t)dt'= o. (4.2)
More generally, let u and U be solutions of the one-phase gtefan problem

with initial data u, , ?fo and sources g', E', respectively, such that

oo o0
V= B+ _f’s'dt = ¥ +§o Brdt (4.3)
and let
0o oo
T = S‘o f(u(x,t))dt ,';: J‘o f(ﬁ(x,t))dt . (4.4)
pefine

oo
c= Qxeﬂ | vix) > 0and ft g'(x,t1)dt' & 0 for some t = o}, (4.52)

oo
Sz SLxe_Q_ | ¥(x)> 0 and L: gr(x,t0)dt! < O for some tZ 05. (4.55)

I
u(x) :5’(1:) forallxe o UT v (4.5a)
thean
qrx) = :11-():) for all xe ) . (4.50)

This reault is darived easily from the following observations. wirst,
oo
itcedll -c y eitner v(x) = 0 or v(x) » 0 and Kt g'(x,t')dt’ 2 0 for
all ¢+ 2 0. 7In tie latter case, u(x,t! >A for sime t= 0, and the condition

on g' implies tast u(x)= A .

Secoud, v satisfies the followiang elliptie fres houadary problem:

v(x) > O for x € 1nt( (] ), (4.7a)
— rtﬂ
A > fslug + [ eatzal . 4.7
v(x)=0, xe 3L-2 ) : (4,70
n.Vv(x)= 0, x€ ’al_)-_ = i3 ¢ (4 71
Bv=0,xé¢ 31)., (4.7%)
Av:ﬁ-vo,xeznt(rl\ (4.70)
ginna we only compure solutions of (4.7) for wiiel u ta<es e sume Ziven
prescribed valua at some points of ﬁ and is A over t.e rest of (L, tae

uniquaaess of v follows as bafore. By !3.7), t.ia uniqualess o® u i9s estud-
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lished under these conditions. Nota that we no longer have the restrictions

(3.4) on u, and g'.
It is also pos3ible to verify these facts by direct considerution of the
approximating algorithm (1.12) and invocation of the convergence of the approx-

imate gsolution to the exact solution.

5. Application to a problam of Anodie Smoothing

considsr the Stefun problem
ug = A f(u) (5.1)
wkers f(u) is given by (3.3) and with initial data
Ug = A+ dx 3, x2ull e {1 " (5.2a)
u,= 0, x e L-{l, . (5.2b)

wher) §’° 2 0 and da is a small positive number. 71et us impose the boundary

condition
flu) =0, xeaf) . (5.%¢)
For this problem we use the zl‘otation
dv = L f(u(x,t))dt - (5.3)
(3.1.0) bacones
Adv)= -da &, , X el (5.4a)

and to lowest order in da , from (3.82) and (3.9),

dv =0, xedl,-2{] . (5.4b)
In addition,
v =0, x¢ 241 . (5.4n)
Thus,
0.V (dv)=da L)_:'v Gy (X,x') I, (x')dx' , (5.5
whars 3, 13 givea by
A3, (z2x)z «§(x~x), x¢€ {1, , xvells , (5.6a)
G (x,x') = 0, x€ WLy N 31 : B8 fls 5 (5.6b)
Gg(x,€')= 0, x€ 30, - 2L s TG Llg » (5.52)

we denota the steady state domain L by
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fl= 0 g 5 (5.7)
From (3.9b) and (3.10), (5.5) implies that {14, is obtained from (lo by

truveling outward nomal to £L_ at euch point of 9£L,-3L) e distance

\ a4 f !
-1 da 2-YG, (x,x') ¥, (x')dx .
A 5

We may now envisage a collection of such problemg, in which we generate
domains .Qo,_C 0 , o> 0, where ﬂ*._da':-’ .Qq_ is found from ﬂm
by traveling outward along the normal to 9.()_“ at each point of 20 ~lai 240

a distance

_i— dot 2V v, = V(x)da , (5.3a)
A vy= -Fy Bk Sta . (5.89)
e 0, %¢ 2tk . (5.8¢)
¥.2 9% zedly , (5.91)
¥.=0, sen-{lu > (5.5
sollection of problems may be thought of as definingz a mtine-dependant=~
boundary problem, where o« represent3 the mtime~ variable.
The re3ilts of gectinons 3 and 4 show that the region ﬂa can be obtained
directly as the support of the steady state U of the solution of (5.1) wi%h

initial data

oA
ug= A +f £, 4o ,xello (5.0

u, :S':;“,dad ,xefl-L1, . (5.10%)
The "time-dependsntr free bouniury prodlem just described is very similar
to a problem which oszurs in the theory of anodie smootaiaz (Refs. 3, 5, 6, 7).
To briag problem (5.3) int) the form of the anodie smoothing problem, we fini
a function 90\ wita the following properties:
B, (=1, x¢ 951 N 3Ll, (5.11a)
6, (x) =0, xe& M-y % (5.11b)

AB, bounded and non=nezutive, xell . (S5.1¢)




£,=409% . (5.12) :

wit: v, given by (5.3), the function

has the following properties:

A%,z . xkd)ly . (5.14a)

weshesll N M, (5.14)

Vo= 0, x€ 90, - 2f) : (5.14¢)
and ﬂa is genersated by truveling outward along the normal to Qﬂ“/ 5 TOr

0 £’ co , at each point of aﬂw -9{) , at the rate (with respect toa')
Ve = -5 2V . 15.144)
In the anodic smoothing problem (Ref. 3), {1 4is the domain exterior to
a cathode g, 2N, N9 = 93N N3 = 9¢ for w2 0, and A= 1. fThus
we ses from (5.11) th«t 6, may also be used as Oa , x> 0, and from (5.12)
¥, may be used as ¥, for % > 0. In thit case the initial datea for an
equivalent staady stute gtafan problem are
Uug= A+ &g , x6dlls , (5.13a)
5,2 &, z8 fi-Lly . . (5.15b)
It also follows that any effective methods for solving the steady state

gtefuin problem (5.1) and (5.15) (ref. 2) can ba used to solve the anodie

gunoothing problem. 71n addition, regularity results for the free gurface in the

steady state gtefan problem carry over immediately to the fre= surface for the
anodic smoothing problem. 7Tndapendeatly, Charlas y. ®1liott hus made similar
obsarvations about the eqiivalence of the anodis smoothing problem and a steady

state Stefan problem (Ref. 4).
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