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“
~~points , lonqitudinal and transverse spac ina of the vortices , and the

base pressure have been calculated and shown to be in confo rmity with 
£

those obtained experimentally.

The model has been used to predict the characteristics of hydro-

elastic oscillations of a cylinder in the ranc~e of synchronization.

The numerical experiments shed considerable 1i~ht on the interaction

between the fluid motion in the wake and the dynamics of the body.

An extensive sensitivity analysis has been carried out to determine

the stability of all the parameters and hence the stability of the

numerical model itself. ~.
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I. INTRODUCTION

A . FLOW SEPARAT ION

Rea l f l uid s f low in g over b l u f f bod ies separate under the inf luence of

adverse pressure gradient as momentum is consumed by wall shea r. Separa-

tio n is best understood in terms of its consequences. In fact, i t was the

keen observations of separation in diffusers that led Prandtl to introduce

the concept of transit ion or boundery layer theory . Even though the

boundary layer theory has revo l ution i zed flu i d  dynamics , the phenomenon

which gave impetus to its discovery stj II remains an en i gma .

Through the years various characteristics of separated flow about

bluff bod i es in genera l and about circular cylinders in particular have

been partiall y understood through observations , measurements, and ana l yses.

The separation point may be mobile as on a circular cylinder or fixed

along a line as on a wedge or blun t—based bod y. When a separation point

is mobile , the pressure decreases up to the point of maximum ve l ocit y

(sli ghtly upstream of separation ) and then increases up to the point of

separation . When the separation point is fixed , the press u re cont i nues

to decrease up to the point of separation. Consequently, there are sign i-

f i cant di f ferences i n the separa t ion of f l ow  about a c i rcula r cyl i nder

and a sharp—edged body. In either case the ve loci t y d is t r ibu t ion , rate

of vorticity flux , and the amplitude and frequency of oscillation of the

separation points are not independent of the wa ke in the downstream side

of the body. It is this interaction that makes the calculation of sepa-

rated flows exceeding l y comp l ex. In other words , one needs the evolution

of the boundary l ayer on the forebody (up~tream of separat ion ) of the

13



cy l  i ndt~r in order lo delermine H i irislunlas eou~ po sition of l hti separu—

tion points. But, the characteristics of the boundary layer are, in turn ,

strongly affected by the fluid motion in the wa ke. Evidently, one needs

some kind of an interactive mechanism whereby the effect of the wake on

the boundary layer , and hence separation , can be g i ven proper considera-

tion . In mathematica l terms one can state that the unseparated potential

flow , or the d’Alembert flow , does not even constitute a first approx i ma-

tion to the separated rea l flow . Partly the realization .~f ib is fact ,

partly the difficulties associated with the integraTion of the N aviur—

equ~ i ions across a sin gularit y (separz~tion po i nt), and partly lack

ot su~ fi cien ~ rqu t i t iona l capability have prevented the prediction of

ki’ t r ldt Ic and dvn~ir~ic chiracteristic s of separated flows about bluff

b~ t r es. In ~~~~
. following, the basic characteristics of flow about circ u-

la r L~~linder s ar e described with special emphasis on those aspects which

~rf pare the reader for t h~ understand i ng of the numericil mode l developed

during the c:jurso cf this work and the assessment of the s imilarities and

dissimilarities between the predic t ions and observations and measurements.

B. VORTEX SHEDD I NG

The separation of flow gives rise to alternate vortex shedding. This

phenomenon is intrinsic to the flow itself and has been known at least

since the times of Leonardo do Vinci. In 1878, almost exactly 100 years

ago, Strouha l discovered that there is a relationship between the frequency

of vortex shedding, the velocity of flow , and the diameter of the cylinder.

This relationship, which is now known as the Strouha l Numbe r, St , is

given by St = fD/U. Strouhal ’s experiments gave an average value of St =

0. 18 5. During the course of numerous experiments since then, it has been

experimentally demonstrated that: (i ) the Strouha l number is dependent on

14
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-t he Reynolds number and , as first suggesled b y Lora rca yleig n , nsust be

written as f = St (Re )U/D; (ii ) the vortex shedding frequency is only an

ave rage qua nt i ty for a given flow and that there are alw ays secondary and

tertiary frequencies present; and final ly, ( i i i )  there are regions of flow

such as the reg i on of drag crisis where it is quite d i f ficu li to identify

a partic u lar frequency. It is ev i dent f rom these facts that in some re-

gions of flow one must speak of the spectra l content of the wake fluctua-

tions in assessing the value of the Strouha l number and the forces exerted

on the cylinder. The forego i ng discussion of the Strouha l number ra i ses

two questions: f~ rst ly ,  is it possible to devise a universa l Strouha l num-

ber which would be applicable to al l  two and three—dimensiona l bluff

bod i es, and secondly, is it possible to theoretically predict the Strouha l

number -t h rough , for examp le, the perturbatior of the d’Alembert fl cw . An

attemp t alon g these lines has been made by Sacksteder [I] who found St

0.2028 for an infinite l y large Reynolds number . The reasoning behind

this prediction rind its va l i d i t y w i l l  not be discussed here further .

The forme r question of the poss ibi ity of devising a universa l Strouha l

nunber has been of interest to various researchers. Table I , sho~-in below ,

lists those definitions together with their o r i gin ~ tors.

TABLE I

St = Va l ue Body Typ~ OrJ~Jnato~
0.163 tw o-di r~~nsiona l bodies Roshko [23

0.181 two—di m ensiona l bodies Bearman [3]

Q. /K.iJ 0.190 axisvmmetric bodies Ca l vert [4]

f~~~/K ’U 0.163 two-dimensional bod ies Simmons [5]

I n Ta b le I, h’ represents the wake width as determined f rom Roshko ’s

notched— hodograph theory [2]; L , latera l spacing of the vort i ces as

15
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determined by Kronauner ’s minimum drag criteria as reported by Bearman [3];

the wa ke width at a distance of the wa ke establishment region; and K =

Il —C where C is the base pressure coefficient. Al l  these definitions
pb pb

require either the measurement or the solution of one or more characteris-

tics of the wake. Thus , their capabilit y to predict a vortex shedding f re-

quency is quite limited.

It is advantageous to note at an early stage those factors which in-

fluence the Strouha l number. Firstly, small amplitude transverse oscilla-

tion of cylinders or cables distinct l y regularize the vortex shedding and

hence the Strouha l number . For example , the experiments conducted at the

Nationa l Physica l Laboratory [5] have shown that the Strouhal number eien

in the drag crisis region remains perfectly constant and equa l to about

0.21 . Secondly, the vortices do not peel off f rom a cy linder as perfectl y

two—d i mensional line vortice: . As it was first shown by Humphr oys [73,

there is a cell pattern separated by a correlation length. The longer the

cy linder the lar qer th~ number of cells. The consequences of tne form~—

tion of such cells are that there are phase shifts in pressure along the

cylinder and hence a reduction in the integrated transverse force. In

other words , the transverse force calculated through the integration of

the pressure distribution at a g iven section is not i dentical to the aver-

age transverse force determined experimental ly. A l l  numerica l analyses

which mode l the comp l ex three—dimensiona l flow as a two—dimensional flow

must necessarily predict a transverse force or lift coefficient somewhat

larger than those found by measurements . Other consequences of the cell

formation concern the strength of the vortices. The vortices are not

necessarily oriented in a plane norma l to the flow and the measurements

(flow visualization or electro—op tica l techniques ) yield only that

16
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component of vorticit y which is norma l to the plane of flow. Additiona l-

ly, exper imenta l results necessarily depend on the length—to-diameter

rat i o, end conditions , intensit y and scale of turbulence in the ambie nt

f l ow , the rigidit y of the cylinder mounting, and of course on Reynolds

number and the surface conditions of the cylinder. Most recent experi-

ments (Shih and Hove [8]) have shown that roughness affects the base

pressure in the same manner as the small transverse oscillations (beyond

a threshold lim i t  of about 0.10 diameters ). Uni t o r~ roughness y ields a

perfect ly uniform base pressure and removes the cell pattern.

C. RESISTANCE IN STEADY FLOWS

I. In—Line Forces

The understanding o~ t h~ ~lu i d torces uxer~ic on b lu t f bodies

comes primarily from measurements. Of a l l  h!_ 4f h~ c~ies , tre cir cular cy-

linder has been subj ctei to ~ ti~ lar ~~eLl number ot in~est~~itions . Those

experim en t~ which cons titu te rilest on es in the dcte~~ ln iH on ~ f the m agni —

tude and characteristics of resistance are the works by Wiese isberger [9],

Fage and Johir: ei [10], and Roshko [II]. A plot of the drag coefficient ,

CD 
defined by C

D 
= is shown in Fi g. I as a function of the

Reynolds number defined by ~-~e UD/v. It is a w t l  I knewn ~ic~ t h i t  for

Reynolds numbers larger -than about IO~ md smaller 1~~in aL u~ x 10 5, ~he

drag coefficient for a circular cylinder remains essenti a lly constant at

a va l ue of about 1.2. For Re > 2 x1 0
5 , the shea r layers emanating ~rom

the separation points become turbulent. Since a turbu l en t flow can ex—

change larger momentum between the inner and outer flow (i.e., between the

boundary layer and externa l flow ) , it can sustain a larger adverse pressure

gradient and even reattach to the cy linder. The reattachment of the tur—

bu lent shea r layers g iv es rise to the formation of so cal led separation

17
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bubbles and to the displ acement of the attached flow further downstream

from the first separation poin t. The reattached flow cannot continue to

remain attached indefinitely and reseparates at an angle of about 130 de-

grees from the front stagnation point. Thus, the transition of the flow

in the shear layers f rom a laminar to a turbulent state results in a con-

siderabl y sma l Icr wake and hence in a considerably reduced drag coefficient.

This particular flow reg i me is common l y called the drag crisis region or

the criti ca l region. As the Reynolds number increases , parts of the bound-

ary layer adjacent to the first separation point become turbulent and the

second separation point begins to move gr adually upstream. This region is

cal led the transcritica l reg ion . At higher Reynolds numbers , the entire

boundary layer becomes turbulent and the drag coefficient reaches a nearl y

constant va l ue of abou t 3.u. There is considerable scatter in the data

in the supercrit ica l reg ion because of the di f f i c u l t i e s  associated with

flows at such h ia r ~ speeds.

The present know le dge of the drag coe 4 i c ient  t ~r a :rcotf cyl in—

der  is limited to Reynolds nu~ hers smaller th i n a b L ~ lO~. There is great

practica l i n t e re ~ + in the de termina t ion  o t force c c u t t i c i e n t s , i.e., d rag

coet f icient , I i t t  :~~~f icieri t , and  the ~trouha I number for projects such

as ocean t~~e r r~ j l energ y conversion (OTEC), large cooling towers, high rise

structures , ~~~t :. A careful consideration of the var ious possib lt. methods
8 10to obtain data at Reynolds nun hers i n  the order of 10 or 10 shows that

there are practicall y insumountable difficulties. The existing wind and

water tunnel s are not capable of yielding such high Reynolds numbers with-

out the adverse effect c of blockage and com pr ess it i l it y. The pop—up and

drop—d w n ex per imen t~ w i t h  large cy linders are constrained by cavitation ,

wei qb t , and s t i bi I ity con dil ions. It mi ght be possible in the future to
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close the high Reyno l ds number gap by build i n g  large cryogenic wind tun-

nels operating with freon or liquid helium.

The drag coefficient depicted in Fig. I may be influenced by a

number of factors such as roughness and turbulence . Numerous i nvestiga—

tor~s, notably Fage and Warsap [12], Achenbach [13], and GUven [14], have

clearly demonstrated that the larger the surface roughness , the sooner i s

the occurrence of the critica l reg i on and the higher the dip in the drag

coefficient (see Fig. 2). Turbulence plays a similar role in the evolu-

tion of the drag coefficients. It should be noted from Fig. 2 that the

drag coefficient for a rough cylinder at supercritica l Reynolds numbers is

about tw i ce that for a smooth cylinder . Furthermore , the experiments by

GUven [143 and Szecheny i [15] have shown that at sufficiently high

Reyno l ds numbers there is a Reynolds number independent reg ion. This cx—

perimenta l fact has been termed the independence principle and used (Shih

and Hove [8]) to extrapolate the drag coeffici ent data to Reynolds numbers

in the order of 108. If the validity of the independence principle car

be demonstrated unambi guously, it may obviate the need for di f f i c u l t  ex—

per iments in cryogenic tunnels.

2. Transverse Forces

Lift or transverse—force coefficient data are far less numerous and

exhibit a great dea l of scatter. F i gure 3, which represents most of the

ex i sting lif t  coefficient data , shows that the lift coefficient , CL 
def i ned

by C
L 

= (amplitude of li f t  force)/0.5pLDU2, may vary f rom 0.2 to 1.0 in the

subcritica l Reynolds number range. In the critical range it is impossible

to define a lift coefficient without resorting to its root—mean—square (rms)

va lues. It is for th is reason that some of the data appearing in Fig. 3

are in terms of the rms va l ues of the li f t  coefficients . For a more
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detai led discussion of the spectra l content of lif t  in the critica l reg i on

see Bub litz [17].

The reasons assoc i ated with the large variations of the lift co-

efficient are directly related to the mobility of the separation points ,

format i on of vortex ce l l s , lack of 5panwi se correlation , end effects, tur-

bulence present in the ambient flow , etc. Since each experiment is carried

out with a differe nt l ength—to—diameter ratio , blockage ratio , and end

conditions , the number of vortex cells over the cylinder and the effect of

the flow between the end of the cylinder and the tunne l w all give rise to

widely different lift coefficients.

The effect of roughness on the lift coefficient is to reduce its

scatter and to increase its magnitude. As noted earlier , roughness dis-

tinctly regularizes the vortex formation and the base pressure thereby

eliminating the effect of phase shifts which cause the said scatter in

lift. Data supporting the above experimenta l facts w i l l  not be reported

here for sake of brevit y. For addition al details the reader is referred

to the work by Szecheny i [15].

0. RESISTANCE IN T IME—DEPENDENT FLOWS

There are an infinite number of time dependent flows and it is i mpos-

sible to discuss their characteristics in any unif ying manner. One mi ght

obtain a clearer insight into such flows by considering only those cases

which are relatively mere manageable for numerica l or laboratory experiments.

Among such flows which have been subjected to extensive numerical analysis

and experimen t s are the impulsively sta rted flows , uniformly accelerating

f l o ws, and harmon i call y oscillating flows. Obviously, no distinction is

made here between the said f l u i d  flows about a body at rest and a body

undergoing simil a r  time dependent motions in a flu i d  otherwise at rest.
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I. Impulsivel y Started Flows

The impulsively started flow has been by far the one most investi-

gated numerically through the use of the Navier—Stokes equations. These

inve s~ igation s (Collins and Dennis [18], and Yang [19]) have been confined

to the very earl y stages of the motion during which the separation points

move from the rear stagnation point to about 109 degrees. A n exce p tion

to the foregoing is the work reported by Thoman and Szcwc:y k [20]. They

have sol ved the Navier—Stokes equations through the use of a suitable

finite difference technique for various Reynolds numbers and found that

the drag coefficient overshoots for a relative flow displacement (normalized

time ) of Ut/c 5 and then graduall y reaches steady state values.

Only two separate i nvest igat ions of the impulsively started flow

have been reported . The first is that carried out by Schwabe [213 upon

Prandt l ‘s suggestion and the other by Sarpkaya [22, 23]. Schwabe ’s exper i-

ments were conducted with a 9 cm diameter cylinder at a Reynolds number

of about 600. His drag coefficient , calculated indirectly through t n ~ use

of mot i on p ictures , rap idly reaches a va l ue of about 2.0 and remains con-

stant thereafter. Schwabe ’s findings are not in conformity with either

the numerica l calculation or with the experimen tal results obtained by

Sarpkaya . Fi gure 4 shows three sets of representative data at Reynolds

numbers from 1 6000 to 35000 for the drag coefficient. Clearly , the very

initial instants of the motion cannot be anal yzed because of the prob l ems

associated with the generation of an impulsive l y started ‘low. At Ut/c

sli ghtly greater than zero, the force acting on the cylinder is almost

ent i rely inertial. As the separation sets i n  at the rear stagnation point

and rapidl y moves upstream , the drag also increases rap idl y and CD reac hes

a va l ue of about 1 .5 at Ut/c between 4.0 and 5.0. Then C
0 

drops rapidly

to the steady state value for smooth cylinders in steady uniform flows at
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Ut/c larger than about 7.3. De Li i ri flow visualization exper rit - r th by

Sarp kaya [22] have shown that the reason f r  the overshoo t in C0 
is the

symetric development of two vortices in the ~..yIinder ~..ke and the rapid

accumulation of v o rticity in each v~ r t e ~~. It must be relcu that for such

a symmetric vortex configur at ion , t r •~ onl y means by which the vorticity

may be cancelled are tht- e~change of vo rtiCi ly b~.-twe. r the two yen ices

and the cancellation of ~o r t i c i t y w ith opposi t el y—sig n ed ~ r t i c i t y, so

called counter—vorticit y, generated in the rear bounda ry layers. In other

words , the rate of accumulation of vorticity in the vortices is consider-

abl y larger than that at any (tho r tHe. Other vorticity cancellation

mechanisms which come into play during the sopara~ ion of the vorte.~ from

il- s feeding sheet, as proposed by Dorrard [34], do not play any role dur-

ing the growth of the nyr r :rn et ric vortices. Thu5 , the rapid accumulation

of vorticity gives rise to the dra~ overshoot. As the a5yr~r rt r / sets in ,

vortices shed alternatingl y and the flow gradually becomes as,rr: ~~~ical l y

steady. The possible mechanisms ~t i c h  cause thr a~- y- - ~-t r y in ar ct he r~~i~~e

symmetrica l flow ah~ ut a symmetrica l body are discussed in creat- r detail

later. Suffice it t o  note thu~ one of  the fundamen ta l facts of f luid

flows is that symmetric causes do not g ive rise to symn~ct ric effects , as

most eloquently philosophized by Birkhoff [25].

Following the onset of asymmetry, the cylinder experiences a

transverse force, as shown in Fig. 5, in terms of the lif t  coefficien t and

the normal ized time Ut/c. The l i f t  force f luc tuates  with the Strouha l fre-

quency. The shedding of each vortex dives rise to a small fluctuation in

CD
. The f requency of this fluctuation is twice the Strouhal frequency

since two vorti ..e0 (one from top and f rom bottom ) are shed during a given

c y c l e  of li f t  oscillations.
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2. Other Time—Dependent Flows

As noted earlier , the uniformly acceler ating flows and harmon i cal—

• l y oscillating flows have been subjected to numerous analytica l and experi-

menta l i nvestigations . Among those notable are the investigations carried

Out by I verson and Balent [26], Keim [27], Hamilton [28], Odar and Hamilton

£29], Sarp kaya and Garr i son [30], and Sarpkaya [31]. The basic question

has been and continues to be the formulation of a resistance equation which

takes into consideration the effects of acceleration , ve l ocit y, and the

history of the motion . All  investi gations have shown that resistance in

time—dependent flows in genera l and in harmon i cal ly oscillating flows in

particular cannot be considered as a juxtaposition of resistance in steady

f l o w s  at corresponding instantaneous Reynolds numbers. Stokes, in his

celebrated paper on the sinusoidal oscillation ot a sphere in a flui d

otherw i se at rest, has shown that the flu i d  re sista r~~e is comprised of a

linear ve l ocity—dependent force and an accelera tion—dependent inertial

force. The coefficients for both forces depend on the Reynolds number and

the frequency parameter D2/vT whore T is the period of oscillation . Ob-

viously, Stokes ’ anal ysis is valid for onl y very small , as yet unspecified ,

Reynolds numbers . Inspired par 4 1 y by Stokes ’ contribution and partly by

practica l considerations , ~-kris on [32] proposed a resistance equation which

may be written as

F = -
~~

- ~~~ CD U I U I  + pV C
M 

(I)

in which U represents the instantaneous ve l ocit y; A~ . the projected area ;

~
i , the displaced vo l ume ; and C

D 
and CM, the drag and iner tia coefficients

respectively. For harmonicall y oscillating flow aba~ t a :~ti tion ar y cy l in—

der where the fl u i d  ve l ocit y is U = -U~ cos 0 (her ’ 0 2nt/T) Eq. (I)
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reduces to

F 
2 

= - CDIcos 
0~cos ~ + 

U T/D CM 
sin 0 (2)

~~
pD L U M 

M

The essence of this equation is that the resistance in ha rmonic flow is

assumed to be equa l to a linea r combination of a veloc i ty—squared dependent

drag force and an acceleration—dependent inertia force. In the midst of

insufficiently clea r insight into the kinemat i cs of the comp lex flow , it

has not yet been possible to demonstrate the reasons for the differences

between the measured force and that ca l culated f rom Morison ’s equation for

UM
T/D va l ues in the vicinity of 15. Additiona l experiments and numerica l

analysis , possibl y through the use of the discrete vortex model , mi ght shed

f u r t h e r l i ght on the subject and into the overall understand i ng of resis-

tance in time—dependent flows. It is evident f rom the discussion of both

the s~l-eady and unsteady flows that analy tica l or numerica l methods are

urgentl y needed with which relative l y i nexpensive investigations can be

conducted to clarif y the comp l ex wake—boundary—layer interaction mcc han i ,o .

Of al l  the possible flows which night be considered as a candid ate for such

an ana lys i s, the impulsively started flow is certainly the one most ma nage-

able and most fundamental to the understanding of all  other flows.

E. METHODS OF NUMERICAL ANALYSIS

With the advent of hi gh speed computers , numerical methods began to

play a greater role in fluid dynamics. Currentl y four major methods of

a n a l y s i s  are in use : f i n i t e  difference , f i n i t e  element , marker—cell tech—

nique , and the discrete vortex method .

Finite difference methods have been used for the sol ution of flow

about a circular cylinder for relatively small Reynolds numbers (Re IOO~
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either through the use of the Navier—Stokes equations as they are commonly

written or through the more frequently used vorticity equations. Ingham

[33] calculated the steady flow past a circular cylinder at Re = 100.

Thoman and Szewczyk [20], as noted earlier , carried out a simi Ear numeri-

cal analysis of flow over stationary and rotating cylinders at Reynolds

numbers as lar ge as 106. There are a number of such examples in the

literature but they are not cited here because of their lack of relevance

to the subject under consideration.

The finite element method , which came into prominence first in the

area of structura l ana l ysis and then permeated through heat transfer and

fluid mech anics , has been primarily used for unseparated flows about

bluff bodies. As far as fluid mechanics is concerned , the outstanding ex—

• amp l es of such applications may be found in two recent vo l umes of work

de aling with finite elements in fluid mechanics [341. Bretanow and Ecer

[35] made an attemp t to calculate the separated flow about a circular

cylinder at small Reynolds numbers but the results have been i nconclusive.

Applications of the finite element method to flows about foils where the

flow remains attached have yielded results in conformit y with experiments

(Bretanow and Ecer [35]).

The marker—cell techniq ue developed by the resezrchers at the Los

Alamo s Scientific Laboratory during the past 20 years uses the finite

difference form of the Navier—Stokes equations and then adjusts the pres-

sure in each cell to insure that the equation of continuit y is satisfied.

Numerous ingenious techn i ques have been developed by Fromm and Harlow

[36] and Nichols and H u t  [37] for the efficient adjustment of pressure

in each cell. Such techni ques w i l l  not be dealt with here. The researchers

of Los Alamo s Sc i entific Laboratory have applied the marker—cell technique

to the flow past cylinders , spheres , rectangular blocks and to various other
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free—surface f lows.  These appl icat ions dealt w i th  very low Reynolds num-

bers (in the order of 100). Even though the technique has considerabl y

Increased the understandin g of the kinemat i cs of the wake, the prec i se

nature of the time—dependent force acting on any one of the bod i es cited

above remains obscure.

The di sc rete vortex model , which is included as one of the four major

models , is the subject of extensive discussion in the next chapter. There-

fore, the remainde r of this section is confined to a discussion of the suc-

cesses and shortcom i ngs of the first three methods.

All  numerica l models are by their very nature approx i mate . They satis-

fy certain critica l conditions onl y at discrete time steps. Secondly, t hey

requ i re mesh or element sizes which vary f rom one reg ion of flow to another

to insure that the characteristic gradients of the flow (such as ve l oc i ty

or pressure ) do not si gnificantly or abruptly change over any one element .

For examp le , the finite difference method when app li ed to the viscous flow

over a circu lar cylinder requires that t~~• size of the elements on and near

the cylinder be consider -abl y smaller than the boundary layer thickness.

Otherw i se, the evolution of the boundary layer , the positions of the sepa-

ration points , and the evolution of tt.- wake cannot be accurate l y calcu-

l ated. Since the boundary Eayer thickness for lamina r flow is proportiona l

to Re~~~
2
, one realizes that only for relatively small Reynolds numbers can

a sufficiently large boundary layer thickness and a correspondingly large

mesh size be obtained . This fundamenta l d ifficult y has prevented the

finite difference , finite element , and the marker—cell techni que f rom making

significant p rogress into the calculation of steady or time dependent flows

about bluff bod i es at Reynolds numbers of practica l interest. None of the

three techniques cited above has been applied to the solution of flow prob-

lems assoc i ated with oscillating bodies . The reasons for this are rather
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self—evide nt since the solut ion requires not only a mov i ng grid but a lso

a grid whose mesh s ize must be var ied w i th  time to min imize the effect of

sharp ve loc ity and pressure gradients. F ina l l y ,  it should be noted that

all three numerica l techn i ques present “stiffer ” solutions and introduce

an art ificial numerica l viscos i ty whose influence cannot be readily

assessed. Not -1-0 be entire l y critica l of the said methods , fo r there are

corresponding shortcomings of the discrete vortex model , one must note

• that in the wide spectrum of Reynolds numbers there ~‘ i l l  a lways be some

interest in low Reynolds number flows. Thus, such numerica l techniques

w i l l  continue to play some role in separated flows where the discrete

vortex model is not advantageously suited . It therefore appears that no

one model w i l l  sta nd out as superior an d un i versa l ly  ap p l i ca b le and that

a l l  methods w i l l  continue to comp l ement each other.

32

~~~
‘
~~~~ : ‘~~~~~~~~~~~~~~~~~ - - -~~

-—-- -—-- j i _
~~—-i~ - _ _ _



H. FUNDAMENTALS OF THE DISCRETE VOR1L~ MOrIrL

A. INTRODUCTIO N

The discrete vortex mode l (DVM) is a potential flow representation of

the shear layers emanating f rom the separation points. Any separated vis-

cous flow is comp l ete l y specified if the spatial and tempora l distribution

of vort ic i ty in the en t i re  f l o w  field is known. For reasons described in

the previous chapter , it has not yet been possible to achieve this Objec-

tlve through any exact or approximate methods . It has been observed and

experimentall y veri fied by Fage and Johansen [10] that the shea r layers

at sufficiently high Reynolds numbers are quite t h in and the vortic ity is

conf ined int o reg ions of tightl y spiralled vortex sheets. This fact alone

invites one to divide the shear layer into a number of small segments and

concentrate the vort icit y of each segment i n to  a line vortex situa t~~O at

the geometric center of the segment. This idealization permits one to

use the powerful  comp lex function theory to determine the kinematics and

dynamics of the flow. Evidentl y, the validity of the results can only

• be judged in light of experimenta l facts.

In the following, onl y the gross features of the method are described

and the details are presented following an historica l r~sum~.

At a given time the separated shear layers are represented by vortices

• situated at the center of each segment. The potential flow theory permit :

one to calculate the veloc ity of each vortex induced at its center by a l l

other vort i ces and the ambient flow. Then the vortices are convected for

a short t i m e  i n t e rva l 1~t through the use of a suitable convection scheme

to new positions. It is then necessary to introduce new vorticit y into
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the flow at or near the separation points to account for the vorticit y

generated in the boundary layer . The introduction of new vort i ces (nascent

vort i ces) represents an addition to each set of vortex arrays. Then the

process is repeated.

In sp ite of its apparent simplicity , there are a number of prob l ems

which must be reso l ved in ca rrying out the said cal culations: (i) the vor—

ticity introduced at each time step must be related to the characteristics

of the bounda r~ la )ors upstream of the separation points; (ii) one must

insure that the point vortices continue to represent the vortici ty at each

segmen t In accordance with the fundamentals of hydrody amics; ( i i i )  allow-

ance mu~ t be made for the interaction of oppos i tely—signed vorticit y and

the decay of vort i ces; ( i v )  methods must be devised to limit the number of

the point vo r t iL I t” to  m i n i m i z e  the  computat ion time without affecting the

kinematics and dynamics ~ f the t~ o~ ; and (v) procedures must be established

for the low to retain its inher ent i le~~i b i  I it y wi thout  in t roducing

artificial stiffening effec m~
, (~~~. ,., to al l o w  for the m o b i l i t y of stagna-

tion and sepa ration points ).

The foregoing conveys ~~- .-  i de a  t h at the discrete vortex model is and

w i l l  nti nue to rel’~ on a stro-i g interaction between potential and vis-

cous f l ow  theories . N e i t h r is capable of providing a solution alone but

together they can ma ke inroads t- :wards da scribing t he  basic features of

the separated flo w provided that suffi cient ingenuity is i ncorporated into

t~ ” said i n t e r a , . ion . La ~Iy, it must be noted that al l  t he  numerica l

me t hod~, described above depend on the a v a i l a b i l i t y of a h igh--speed d i g i t a l

o rx’~; ~ t~-

B. HISTOR k~\L 3EV E . ; .
~~

The DV~ ha5 been in existence for ~~~~ -• ‘ pait 46 years since its incep—

• 1 on by Rosenhead [38] in l Q 3 ~~. Rosenhead inv€ ” -~ i gated the so—called
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“Helmho ltz instabilit y” of a surface of discontinuity, separating two

fluids of equa l speed and densit y but moving in opposite directions. His

prImary objective was to give the shea r layer between the two fluids an

I nitial disturbance by situating the shear layer along the curve y 0.1

sin (2irx/A) and then observe the evolution of the sheet with time. To ac-

complish this , Rosenheaa represented the shear layer by point vortices

placed along the sheet at intervals such that thei r projections along the

x—axis were equi—dist ant. Each vortex was assigned a strength of UA/6n

where n is the number of vort i ces per wavelength ,A , and U the speed of

the two fluids. Keeping the vortex strengths constant , Rosenhead followed

the deformation of the sheet by convecting the vortices with a simple

Eu leri an integration of = + ~~~~ where ~~ is the position vector

of the j—th vortex; ~~~~, the computed veloc i ty vector; and ~t, the t im e

interval. Using n = 2 , 4, 8, and 12 , Rosenhead observed that in each case

the sheet rolled up smoothly into concentrated clusters of vortices posi-

tioned at i n 1 ervals of A alon g the x—axis. Rosenhea~ ’s results , which were

computed using a desktop calculato r , are shown in Fig. 6. The tendency of

a dlst ribu ±ion of point vort i ces to roll up in a manner consistent with

observations is clearl y evident.

Rosenhead’s results remained undisputed until 1 959 when the computa-

tional power of the di gita l computer was applied to the analysis. Birkho ff

and Fisher [39J repeated Rosenhead ’s analysis using a Runge—Kutt a integra-

tion scheme, 22 vortices per wavelength , and smaller time intervals. In-

stead of improved results they observed that the vortices took i rregular

paths and rio longer ro l led up ‘ rrL~~ t h l y .  Birkhoff and Fisher conc l uded that ,

given su f f i c ien t  t i m e , an o r i g i n a l l y  organized array of equi—streng th point

vortices would even tu a l l y  become random and that t h e  va l idit y of rcprt’sen~-

ing a shear layer by po Int vortic en is questionable.
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Fi g. 6. Exarri;~le of Rosenhea d ’ s
c a l c u l a t i o n s  [3~~].
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Shortly thereafter , Hama and Burke [40] undertook a simi lar computer

study and verified the observations of Birkhof f and Fisher. However, Hama

and Burke noted a conceptual error in ~~~~~~~~~~~~~~~~~~~~~~~~~~ origina l method of p l ac-

i ng t he d i sc rete vort i ces a long the shear layer . Specifically, if the

~n l t 1 a l vortex sheet was to have a constant vorticit y per unit distance

alo ng its length and be represented by equi—strength vortices , then the

vortices should be placed at equa l distances measured along the sheet vice

at equa l x increments. Using this arrangement Home and Burke repeated

their calculations and found that the onset c~ irregular vortex motion wos

significantly delayed . Eventually, however , a random patter n did result.

Th us, at this point it was hypothesized that the onset of instabilit y

could be delayed although the questions of why it occurred and how it

could be contro l led were still  a mystery .

Without fully realizing the consequences of sheet instabilit y (the

result of which is discussed later ), the DVM continued in it~ evolution

rel yi n g on the assumption that meaningful results could be obta i ned up to

the onset of Irr eoul ar vortex motions. In 1 962 Abernathy and Krora ,~or [4l~

app lied the me hod to investigate the motion of two shea r layers o~ oppo-

site l y—signed vorticit y separated by a distance h
v 

and each given an

initial perturbation as in Rosenhead ’s work. They observed that t~e vor—

tices accumulated i nto clusters resembling the pattern of a vortex street.

An example of their results is shown in Fig. 7.

• Encouraged by the demonstrated a b i l i t y of the DVM to rep resent a vor-

tex street, the next log i ca l extension of the method was to analy ze the

f low past a b l u f f  body. However , the inc lus ion of a so l id  body i n  the

flow field necessitated new considerations. Specifically, the previous

analyses had begun w i th  a discret ized shee having a preassi gned ini t i a l

position and vorticity distribution along its le n at h (usually ta ken as
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Fi g. 7. Exam ple of ~be r nath y
and Kronauer ’s c a l c u l a t i o n s
(h/A= 0.34) [41].
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constant). The applic ation cf the :VM to flew past a bluff body req .ired

that the discret i zed shear layers be generated continuously by adding

add itiona l poin t vort i ces into the fl ow at regular time interva ls and o~

locations representat ive of where the shea r layers actual ly  emanate f rom

the body . The requ i rement for some method to account for vo r t i c i t y generi-

tion and introduction in an otherwise potential flow model posed a sign i-

ficant problem . Compounding the difficulty was the time dependent nature

of both the generation rate and its point of introduction .

The f i rst  DVM analys is to include a b lu f f  body was performed by

Gerrard [42] for a circula r cylinder. Although a circular cylinder ~as of

grea t pract ica l interest i t was also the most d i f f i c u l t  one to analyze

because of the unsteady vor t ic i ty  generation and mobi le separation po ir~~ .

Gerrard was forced to adop t a rather arbi t ra ry ‘netbcd of introducing new

vort i ces which severely influenced the results of his ana l ysis , althoug h

it still represented a noteworthy aC~:Iicat ion of the DY-I. ~coting the dif-

ficulties associated with the mobile separation points and the vortici ty

introduction , Sarpkaya [43] introduced a mobile separation region repre-

sented by an in f in ite number of vortex sheets of vanishing ly ~m aIl vorti cit y

connected to the nascent vortex. This analysis was restricted to im ’ u l —

s i ve l y  started symmetric f low about a c i rcu lar  cy l inder .  In the ensuing

years many investi gators bypassed the d i t f i c u l t y introduced by the mobility

of the separation points and dealt with bodies with sharp edges (e.g.,

• Inc line d plates , blunt—based bodies , wedges , etc.) where the separation

points are f ixed . Desp i t e  the growing number of app lications of the DVM ,

• a number  of disturbing difficulties remained unresolved and a full inter—

act i on between the boundary l- iye r , separation points , and the wake had

not been established . These difficulties required the use of a number of

nondisposab le parameters. Consequently, the proper balance between

F
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heuristic reasoning and computational formul ation had to evo l ve throug h

the recognition of the reasons underlying t ri .~ basic difficulties.

Br ie f ly ,  t he  most important of these difficulties stemmed f rom the

proximity of the vort ices to each other and to the solid boundary, and

f rom the necessity of representing the continuous process of vo r t i c i t y

generation at the singula r separation points by a discr et e process. The

occasional proximit y of two point vortices resulted in large mutuall y—

induced ve l ocities and hence the shooting of the two vortices rap idly

away from the flow fie ld . This was particularly true when the vort i ces

ceased to be l ocated at the geometric center ot the steet segment which

they were supposed to represent. Furthermore , the spira l I ing of the sheets

brought vort i ces on two adjacent spirals close to each other and gave rise

to a tr~ v e I L n q  and growing i n s t a b i l i t y .  Thus , i t was rot possibl e to

correctly represent the core of ti ghtl y spiralled sheets. The proximit y

of the vort i ces to the boundary and hence to their images inside the

bod y resulted not onl y in similar instabilities but also in unrealistic

l oca l pressures. This , in turn , resulted in unnatura l fluctuations in

drag and lift forces.

Faced w ith the problems just cited and the desire to enhance the

applicabilit y of the method , various investigators devised severa l numeri-

cal cures. Chorin and Bernard [44] introduced a cut—off distance f rom

the center of each vortex beyond which the vortices were to behave like

potential vortices. For radial distances smaller than the cut—off distance

the vortices were assumed to exhibit a solid body rotation. Their calcu-

lations did not, however , result in an improvement of the analysis of

separated flow about a circular cy linder. Moore [45], in dealing with

two vortex sheets emanating f rom a plane lifti n g  surface , introduced the

ncf ic d of amalgamation . When a vortex sheet was spiralled ti ghtly enough ,
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the last vortex on th e sheet was connected to a ore vortex. At each time

step the last vortex was amalgam ated into the core vortex increasing its

strength. This p rocedure pa rtly avoided the difficulties sterrining f rom

the proximity problems of the adjacent coils of the spi r o l l i n g  sheet.

Both invest i gations dealt with the devising of methods to overcome the

instabilit y prob l ems rather than with the understanding of the rea l cause

‘I of the diff i c u l t y.

The basic question of why an i n i t i a l l y equidistant set of vort i ces

should after severa l convections come in close p roximity of each other wos

resolved by Fink and Soh [46] who demonstrated that the primary source of

the dif f i c u l t y was in f a i l i n g  to rediscretize the sheet at each time in-

terva l of the calculation. In other words , it is necessary to insure that

the point vortices are always located at the geometric center of the seg-

ment of the sheet which they are supposed to represent. The conple ’c con-

jugate veloc i ty q(z.) at a po i nt z. due to a sing le vortex of streng th £
k

l ocated at is given by ’

Fk (3)
j  2iir z . — Z

k

For a series of N discrete ~urtice s on a vortex sheet , the same ve l ocity

at a point z. becomes [dol

N iO .

= ~~ z~~~ 2k 
- 

~~~‘~j+l/~~~j-l/J 
Zn~~

J
z
J+
~~

2
~ (4)

1 Mathernat i ca l details of the relevant pot ’n t i a l flow theory w i l l  be
presented in Chp. II I . Here no at iei p t is made to introduce the prec i se

- definitions of the variables appearing.
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Equation (4) resembles Eq. (3) for the induced velocit y field due to point

vortices except for the logarithmic term . The point z~ l ies  w i t h i n  the

segment 
~~j +l /2’ ~J — I /2~ 

without necessar i ly  b isect ing it at a l l  t imes , and

s measures the distance along the sheet . The consequences of Eq. (4) are

that: C i ) if the equivalent point vortex is not placed at the midpoint of

its segment through red i scretization of the sheet at each time interva l ,

then the l ogarithmic term does not vanish and the computational error in-

creases depending on the number of vorticee , the tine interva l used , and

the tota l time of computation; (ii ) the vortices , which i n i t i a l l y  bi sect

the segment which they are to represent , do not continue to do so at the

succeeding time interva ls; (i i i )  the use of finite vortex cores, ama l gama-

tion of vortices at the center of the spira l , or other techni ques only

delay or minimize the accumulation of the errors resulting fro m the l oga-

rithmic term in an amount related to the distance between z. and the center
J

of the segment; and that (iv ) the growth of the comput u tional error may be

significantl y reduced by placing each d icc r c e •artcx at the midpoi n t of

its segmen t, i.e., by placing the vortex at z~ = O.S(2
~~ l/:+zj_l/?

) at e~ch

time interval. Only throug h such a procedu~~ ci~r one make the logarithmic

term vanish.

The calculations are then carried out at each time otep by represent—

ing the vorticity density by an entirely new set of equidistant vortices

- rose strengths are adjusted to give a good representation of that density.

The foregoing procedure does not reso l ve al l  of the computationa l

errors particularly in reg i ons where the radius of curvature of the sheet

is small. Fink and Soh applied this techn i que to the earl y stages of

relative l y simple flows with fixed separation points. Their examples did

not dea l with the alternate shedding of vortices.
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Even though the method of rediscretization essentially resolved the

prob l ems stemming from the proximit y ef fec ts , two fundamenta l links between

the potential flow mode l and the behavior of rea l fluids remained unre-

so l ved. The first of these is the relationship between the vorticity to

be introduced at each time step and the boundary layer which generates it.

The second is the decay of vort ices by var ious mechanisms . The f i r s t

question was initially considered by Deffenbaugh and Marshall [47] who in-

vest i gated the impulsively started flow about a circular cylinder (without

recourse to red i scretization). They used Poh l hausen ’s boundary—layer ap-

prox i mation method to determine the position of the separation point and

the vorticity to be introduced at each time interval. Their ana l ysis pre—

di c~ed a separation angle of O~ = 64 degrees, which is considerably smaller

than the commonly accepted experimenta l va l ue of 81 degrees. -

The quest i on concerning the decay of vortices has rema i ned practicall y

obscure. Although severa l researchers emp loyed methods to cance l oppos i te-

ly—sign ed vortices whenever they came within a prespecified distance of

each other, no systematic investigation of the effect of decay of vorticity

was conducted. Often recourse was made to Prandt l’ s suggestion that indi-

vidua l vortices in a vortex street retain only about 60 percent of the

vorticity generated in the boundary layer during a period required to shed

a single vortex. Some investigators , in efforts to obtain results in

partial conformity with Prandtl’ s suggestion , automatically applied a 40

percent reduction to the strength of each nascent vortex. Seldom was men-

tion made of the experimentally observed fact that the rate of decay of

vortex strengths varies with distance behind the cylinder.

The foregoing represents the state—of—the—art prior to the beginning

of the present investigation . A relatively more detailed account of the

historica l evolution of the DVM is found in Clements and Maul I [48] and

Fink and Soh [46].
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I l l .  THEORET I CAL AND PHENOMONOLOC I CAL FOUNDATIONS
OF THE DISCRETE VORTEX MODE L

A. INTRODUCT ION

This chapter deals w ith the characteristics of inviscid and viscous

flows about a circular cylinder f rom the forward stagnation point to the

vortices in the far wake . Mathematical principles , boundary layer con-

cepts , and re l evant hypotheses are introduced in preparation for the dis-

cussion of the details of the discrete vortex mode l developed in the

presen t study.

B. FLOW KINEMAT ICS

The comp l ex potential for a two—dimensiona l inviscid flow is g i ven by

w (Z) = + ir 4

where c~ and çl.r represent , respectively, the ve l oc i ty potential and the

stream funct ion . The ve loc i ty components wh ich  sa t is f y the Cauch y—Riemma n

conditions are given by

u = — -~~~~~ 
= — -

~~~~~ and v = — -~~ -~~~~~ 
(5 )

ay 3y ~x

In terms of the comp l ex potent ia l , one has

d w ( z ) = — u + I v  (6)

The flow about a circular cy linder is generated by combining a uniform

f l o w  w i t h  a doublet at the center of the cy l inder (see e.g., Milne—Thomson

[49]). This y ie lds

w ( z )  = w = — U(z + c7z) (7)
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In wh ich  —Uz represents the uni form f l o w  and the remainder the doublet.

The introduction of a vortex into the f l o w  f i e l d  exterior to the cy l inder

requires , b ,’ v ir tue of the c i r c l e  theorem, the introduct ion of an image

vortex interior to the circle. Thus , the flow about a circular cylinder

with N number of rea l vort i ces is given by

2 - 

N 2
w = —U (z + s.-.) + Fn

Un (z_z
n
) — ~n (z — ~— )} (8)

n= l

it should be noted that a rea l vortex located at z = Z
n 

has an image at

z = c2/~ and at z = 0. The image at the center of the circle , which

gives rise to terms like F2.n (z), must be excluded due to the condition

that the vortices shed f rom the cylinder leave a circulation oppos i te to

their own on the cylinder . Clearly, the absence or presence of an image

vortex at the center of the circle does not alter the boundary condition

( aqr/an I = 0) since the streamlines of a vortex are circ l es. No re—
( z I c

striction has been i mposed regarding the time dependence of the ve l ocit y

U other than that it be uniform.

Substituting Eq. (8) into Eq. (6), one obtains the ve l ocity at any

po in t  z as

2 N

—u+ iv = —U (l— E~.)+ -~L-. 
~ 

— 
2~

Equation (9) may also be used to evaluate the convective ve l ocity of a vor—

tex at z = z~ provided that the singular term Fn
/(Z_Zn ) is omitted by virtue

of the condition that a vortex cannot impart a ve l ocity on itself .
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It is advantageous to work with dimensionless parameters by introduc-

ing the follow i ng change of variables:

= z/c , u’ + i v ’ = (u+Iv)/U , F’ = r/uc (10)

w ’(z) = w(z)/Uc t’ = Ut/c

Substituting i nto Eqs. (8) and (9), l ett ing U = 1.0, c = 1.0, and dropping

the primes for sake of simplicity, one has

w(z) = -(z+!) + 

~~ n l  
F U n(z-z ) - 

~
n (z_ l /

~ n
)} (II )

and

= - I + F { -_L. - l } (12)

where u , v, F and z are now the norm alized variables and w the normalized

comp l ex potential function. Hereafter , all measures of distance , time ,

ve l oc i ty and circulation are given In terms of the above normalized

var iab l es. Any exceptions are clear l y speci fied .

Equation (12) is used extensively in convecting the vortices and in

calculati ng the li f t  and drag forces. In fact, about 90 percent of the

computation time of the present mode l is consumed in the eva l uation of

complex ve l ocities. This points out the necessity of keep i ng the number

of discrete vortices as sma ll as possible while maintaining a sufficiently

small time interva l to insure that the characteristics of flow are faith—

fully reproduced . The selection of the time interva l , like the selection

of the mesh size, is one of the subjective it ~’rm~
, of the method and
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requires a carefu l  parametric a n a l y s i s .  Th is  i s  addressed to ir r a later

sect ion.

In genera l , the calculation of velocities and the convection of vor-

tices are straightforward and noniterat i ve. Under certain circumstances

vortex—vortex p roximit y between adjacent spirals and the vortex—boundary

proximity may require special attention. The resolution of such secondary

issues is deferred to another section since they are not of any major con-

sequence either theoretically or practically.

C. FORMULATIO N OF THE RESISTANCE EQUATIONS

The forces acting on a stationary circular cylinder of unit length by

a time—dependent flow containing N vortices of strengths F and locations

Zn can be calculated 
from the normalized form of the generalized Blasius

theorem (Milne-Thomson [-t~ i) to give

+ iC
E 

= j (
dw ) 2 dz + j 

~~ ~~~wdz (13)

where C
D 

and C
L 

represent the drag and lif t  coefficients respectively.

Inserting Eq. (Il ) into Eq. (13) and evaluating the residues , Sarpkaya

[50] has shown that

CD 
+ iC

L 
= 

~~~ 
Fn

{(iu
n
_v

n
) - (iu n

i _v
n

i )} (14)

in which u and V represent the ve l ocit y components of the n— th real vor—

tex and u 1 and v~~, the ve l ocit y components of the image of the n—tb vortex.

Equation (14) may be written in a more compact and computationa lly

more su i table form as

N

C0 
+ = i~ ~: 

F (~ 
— 

~~~ 
( 15 )

n I
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where the dot denotes derivative with respect to time such that

i q = u + ivn n n n

and

= q ’ = u~
’ + iv~

1 (l6b)

The comp l ex ve l ocities q and q
1 may easily be shown to be related by

q~q (17a )

or by
—u + i v

n n
u + iv  = (l7b)n n —~~zn

The normalized force given by Eqs. (14) or (IS) can also be evaluated in-

directly through the use of surface pressures and the unsteady form of

Bernoulli’ s equation . In either case the results are identica l and the

use of one method or the other is simply one of personal cho i ce and pro—

grarnrn ing efficiency.

D. GENERATION AND I NTRODUCTION OF VORTICITY

The vorticit y per unit length of a thin shear layer separating two

streams with ve l ocities U 1 and U2 is equal to the difference of the velo—

c i t i es U
1 — U2. 

This vorti cit y is transported with the average ve l ocit y of

the two streams , i.e., (U 1 
+ U2)/2. Th is is a continuous process and the

amount of vorticit y transported during a time ~rt becomes

• 
~F = (U

1 -U2
)(U

1
+J
2
) ~t/2 = (U

1
2
-U2

2)/2 . ( 18 )
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The discrete vortex nod~~l represents the continuous generation and flux

of vorticity into the outer flow by in t oducing point vortices at discrete

time intervals . The strength and po sition of introduction of each vortex

must depend on the interaction of the unsteady vorticity distribution in

the wake and on the appropriate boundary—layer consider ations necessary to

determine where the separation occurs. Those applic a tions o~ the DVM

which consider the separation points fixed ignore not only the said inter-

action hut also art i f i c i a l l y  constrain the evolution of the flow .

I n  the present analysis the instantaneous position of the separa tion

points is determined through the use of an approx i mate boundary 1ay~ r

analysis. At a g iven instant the velocity dis tribution on the for~ bod y

of the cylinder is calculated and the corresponding pressur e di s t r ibution

is assumed to be impressed on the boundary layer. This fundamenta l te jture

of the boundary layer theory together with the integra l momentum equa tion

of von Karma n cerm i ts the use of a number of separation prediction methods.

Among the most notable at  such method s are those given by Poh l hausen 151 - ,

Stratford [52J, Thwa i tes [53], CurIe and Skan [54], Timman [55], and

Loitslanski [56]. Al I of these nettodS exhibit vary ing degrees of sensi-

tivity to the externa l ve l oc i ty distribution and may not al l  yield identi ca l

or uniformly consistent results.

It is i mportant to note that the comb i nation of potential and viscous

flow methods cannot establish a one—to—one relationship between the Reynolds

number and the flow characteristics. It is only the kind of separation

criteria used (lam i nar or turbu l ent) that determines whether the flow is

subcritica l , critical , or turbulent. The fact that the use of the DVM be-

comes increasin gly more accurate w i t h decreasing shear layer thickness

ma kes one realize that the results obtained with a laminar separation

criteria correspond to moderate to hi gh subcritical Reynolds numbers.

I
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The Integra l —momentum methods suc h as that of Pohlhausen require that

the velocit y outside the boundary layer be given and that the separation

points be either fixed or fluctuate with small amplitudes and ve l ocities

about a mean posi t ion.  In other words, the changes in the outer flow and

the separation points should be such that the flow may be treated as

quasi—steady.

The outer ve l oc i ty distribution may be calculated either numerically

through the use of an interactive scheme between the wake and the boundary

layer or through the use of experimentally determ i ned pressure distribution .

Hiernenz [57] used the measured pressure distribution about a circular

cylinder and approx i mated the velocit y distribution at the edge of the

boundary layer by

U(~~
) I.8348~ - O .27422~~ - O.O4782~~ (1 9)

where  ~ represents the arc length measured along the cy linder from the

stagnation point. Hiemenz ’s solution indicates that separation occurs at

an ang le  0 = 82 degrees , measured from the stagnation point. This cele-

brated result has often been taken as proo f that in subcritica l flows

separation occurs at 82 degrees. The fact has not been r e a l i z e d  that

the entire velocity distribution and in particular that portion between

the max i mum ve loc it y and the separation point (i.e., f rom 0 70 to 0

80 degrees) dramati cally affect the position of the separation point. In

fact , Meksyn [58] has shown that the higher order derivatives of Hiemenz ’s

velocit y profile do not satisfy certain fundamenta l criteria regarding

the separation point. At present there is no comp l etely satisfactory velo-

cit y di stribution fer the forebod y of a circular cy linder either in sub-

critical or in the supercritica l regine~ . Additiona l discuss i on of this

subject is found in Meksyn [5~IJ.
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Numerous experiments have y ie lded laminar separat ion points  ranging

f rom O~ = 70 degrees to B = 90 degrees. The commonly accepted val u e is

about 80 degrees. Fage and Johansen ’s [10] experiments , and others s~ ~ce

then, have shown that the separation point is in reality a separation zone

wh ich extends over a fi n i t e  region and that spanwise and chordwise f t u c t u i —

tion of this region do not permit a prec i se dete rmination of the mean

pos i t i on, amplitude , and period of oscillation of the separation point .

The purpose of the foregoing brie f discussion is to point ou~ both the

theoretica l and experiment a l d ifficulties encountered in the dete rmination

of the separation point and the inadequacies of the appropriate laminar

boundary layer methods . The pred iction of the separation of turbulent

boundary layers is even more uncertain (Stratford L I ,  Takada [59]) and

are not discussed herein. Instead , attention is focused on Poh l hausen ’s

method for time—dependent boundary layars. The former is more appropriate

to the f l o w  cond i t ions where the motion of the separation point and the

ve l ocity at the edge of the boundary layer may be treated as quasi—stead y.

Schuh’ s [60] metho d is more appropriate for the i n i t i a l  instants of motion

where the separation points move rapidl y from O~ = 180 degrees to about

= I 10 degrees. The motion of the separation point commences after a

re la t i ve  f l u id  d isp l acement of (Sch l i ch t i ng  [61])

= 2 ( 1  ÷
1

4/3 ) = 0.351 (20)

The reason for this is tha t in Impulsively started flows about rounded

b lu f f  bod ies the separation does not beg in unt i l  the f l u i d  moves some d i s —

tance past the bod y. The only exception to that is the flow about bodies

with sharp corners in which case the separation beg ins at t = 0.0.

For the case of impulsively started flow about a cy linder , the time

In the boundary layer ca l culations is measured f r om the instant of the
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Incept ion of separation. Thus , a relative time of t = 0.351 must be added

to that used in the bounda ry layer calculations in order to match the

start ing times.

Pohlhausen ’s method is well described in the liter ature (Sch lichtin g

[61]) and only- the highlights of the method are presented herein. Assuming

a fourth order polyncmia l for the veloc i ty distribution w i t h i n  the boundary

layer , Poh l hausen has shown that von Ka rman ’s integra l momentum equation

may be reduced to

= and K = z dU(~~
) (2 1)

in which

K = (
~~~ - 94

1
5 

A - 9072 A
2)2 A (22 )

with

- 52 dU(~~
) (23 )

V

Other variables app earing in Eqs. (21) , (22) and (23 ) are

U(~ ): the normalized velo c i~~- on the cylinder

~: the arc length measured along the cylinder f rom the
stagnation poin t

6: the boundary layer thickness normalized by the cy l inder
radius

v: viscosity normalized by the ambient ve l ocity and the
cylinde r radius (comet imes referred to as tb-e unit
Reynolds number ).

The va l ues of K and F (K) are tabulated in terms of A (SchI i chting [6 l iJ~~.

S imi la r  tables are prov ided for other boundary layer approx imations c i ted

p reviously.

Integration of the coupled Eqs. (21) begins at the f ront stagnation

point and p roceeds along both sides of the cylinder independen t l y un til
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the separation criteria (A = —1 2 ) is satisfied for ujcf layer . tf is re-

sults In two distinct separation points which in genera l are not at

identica l angular distances from the mobi le  stagnation ;oint.

As noted earlier , the foregoing method is a pp l i c ab le only to the rela-

tively established flow where the ve l oc i y at the edge of he bc undary

layer and the separation poin t do not significantl y .-~r ,- with time. fluring

the early stages of mot i on , however , tne time dependence 0f the said para-

meters is very strong and mu s t  be treated through the uS~ of the time

dependent integra l boundar y— Iay :r equations. Schuh [60] has extended

Poh l hausen ’s method for the genera l calculation c-f tro unsteady boundary

layer. The details of h i s  method are; not presen t ed here. The results

obta ined by Schuh for an impu ls i ve l y  started flow about a circular cy lin-

der are shown in Fi g. 8. These resul ts , based on the classica l poten~~i aI

flow veloc i ty distribution about a circle , show that the separation p oi nt

rap idly approaches a va l ue of about O s 
= 109 degrees. ~-cr ub ’s method i s

not capable of i ncorporating the gr~~wt h of the symmetric wu ke and the

subsequent motion of the separation poin T s and thus is not valid at large

times. Thoman and Szewczyk [20] employed t h e  finite difference form af

the full  Navier—Stokes equations and obtained results identica l to those

shown in Fi g. 8 f o r  the initial instants of flow. They have 4 urther shown

that the separation pointonce having reached an angular position of about

1 10 degrees moves gradually to the fina l value of the separation angle

(about 80 degrees). Partly to confirm this conclusion and ; i r t l y  f -a assess

t he  s i gn ificance of time dependence on tne instantaneous position of the

separation points , two sets of calculations are performed . Both use ~hc

time—de pendent ve l ocit y distribution available through the model and both

begin with an init i a l  separation point of O~ = 109 degrees. The f i r s t  ca l—

culation uses Pohlhausen ’s steady—state separation criteria with the in—
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stantaneous ve l ocity distribution. The second calcu la 4 ion uses the unsteady

integra l —momentum equations given by Schuh [60], including those terms

associated with the unstead y ve l ocit y distribution. The results obta i ned

f rom both sets of ca lcu la t ions  are shown in Fig. 9. Evidently the two cal—

culat ions y ie ld  almost ident ica l resu l ts , po int ing out he fact that the

separation point moves rather slo wly and that the contribution of the time

dependent terms in the unsteady form of the equations are negligible. It

Is because of this reason that all  ca l culations are based on Poh l hausen ’ s

separation criteria assuming the flow to be quasi—steady. This assumption

improves as one approaches steady state. Figure 9 indicates that the

angular speed of the separation point is about 10 degrees per second. The

same speed about the mea n position of the separation po i nt is about 2 de-

grees per second. (As is shown later , the separation point oscillates

about a mean position of 0~ 77 degrees with an amp ’ itude of 3 degrees

and a period of about I C . )  Base d on 4 ae foregoing, an amplitude c-f oscil—

lation as much as 15 degrees can be performed with ou~ t re inc lus ion  of

time—dependent terms.

In the present model the ca lcu la t i ons  begin a t the time of t 1.0

when the separat i on point is at O~ = 109 degrees. It should be noted

that a stra i ghtforwa rd app l i c a t ion o f  Poh l hausen ’ s method with a ~ ate ntia l

f low veloc i ty distribution (U = 2 sin 0) yIelds a separation angle of

B = 109.5 degrees.
S

Once the position of the separation points Is determ ined , the rate of

generation of vorticit y Is eas i l y determined by writing

S
dr f~~~u u dy (24)
u j  ay

0
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where S is the boundary layer thickness ; u, the ve l ocity within the bound-

ary laye r; ~ad y, the distance along the outward normal. The contribution

of av/~ x is excluded from the vor t i c it y  expression In conformity w i t h  the

approx i mations of the boundary layer theory.

The i ntegration of Eq. (24) to obta in the circulation flux at a separa-

tion po i nt y ie lds

= -4.- (25)

where U
5 

is the tangential velocity at the predicted separation point.

Ord i narily the rate of change of circulation sto uld be written as

2 2U I 2 (26)

where U
1 
and U2 repre sen t respect iv el y the velocities at the outer and

inner edges of the separating shea r layer . Extensive exper i ments with

various bluff bodies by Fage and Johansen [10] have Shown that U
2 

is about

dl’ . 25 percent of U
1 

and that is correctly represented by U5 
/2. Th is i s a

universa l ly accepted experimenta l and theoretica l fact.

In numerica l calculations ~~. is replaced by M’/~t and the strength of

the nascent vortex Is calculated f rom

u
F = (27)

nv 2

The p lacement of nascent vortices into the flow to adequately represent

the separating shear layers has been a source of difficult y. This is pri—

man ly because the d I cret i zation of a continuou s process near a singular

region (separation point ) is an exceedingl y comp l ex prob l em . I n the present

a na ly s i s, no new procedures are needed for the det ermination of the strength
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and posi t ion of the nascent vortex because the separation point is obtained

f rom the boundary layer analysis. By virtue of its definition , the

separat i on point must be the po nt at which both the ve l ocit y and the

shear stress on the cy l inder  are zero 2 . Thus , the nascent vortex of known

strength must be placed on a radial line passing through the separation

point at a distance m, I. e., at Z
v 

= (l+c ) exp [i(~ —05
)], to render the

tangential ve l ocity on the cylinder at the separation point equa l to zero.

This yields a unique va l ue for c as

I + ft ~/2~TU
= 

nv 
— I (28 )

— ft I/2~rU
- 

nv 5

The use of the boundary layer theory and the separation condition uniquel y

specifies the streng th and position of the nascent vort i ces and allows the

separation points to move along the cyl inder as required by the interaction

between the wake and the boundary l ayer. It is of i mportance to note that

the no—slip condition is satis fied onl y at discrete time steps. Efforts

to sa ti sf y the said condi t i on in a more continuous manner are counterproduc-

tive because the decrease in At calls for unacceptably large computation

times. One of the es c en t i al features of the mode l is the bracketin g of a

suitable interva l for At , - h i c h  provides an adequate scale of di scr et i:a—

tion without excessive comput ation time .

The method  described above properly accounts for the vortici t-~ generated

on the f )rebody of the cylinder. Hcw :- -~ r, the flow in the wake of the

cy l inder  deve l op s a bo und ary layer on t h e  afterbody which generates

2 . .A lengthy di scu suon may be made regard i ng the diff erence between the
definitions of stead y - m d  t ime dependent se~aration criteria. However , a
numer ica l an al - ,sis such as the DVM does ~ot warr ant the consideration of
t he d i — - t i n c t  on h e twrv r i the resu l ts st mm i ng f rom the use of dif ferent P
Separation Cr i teri a .
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countervorticlty. Procedures by which this relatively small amount of

vonticit y generation may be accounted for are far from simple. The velo-

city distribution on the afterbody has strong spatial and tempora l gra-

dient s due to the i mmediate prox imit y of the fluctuating wake . These

gradients render useless the separation pred ic t ion methods descr i bed

earl ier.

Davis [62] attemp ted to account for countervorticity effects by using

four separation points (two for the forebody and two for the afterbody

boundary layers ) but his method required the assump tion of fixed separation

points. Deffenbaugh and Marsha l l  [47] approx imated the rear shear layer

effect by assum i ng that the bounda ry l ayers remain attached over the same

f ract i on of a reg ion of adverse pressure gradient as that of the forward

boundary layers. However , in view of the comp l ex veloc i ty distribution

on the afterbody, it is incorrect to apply the same boundary—layer con-

sideratio n s as were used on the forebod y. It is safe to say that the

n umerica l perturbations introduced into the model in attemptin g to acccunt

for the secondary effects of cou n tervorticity may cause more error than

would the neg l ect of the effect altogether. This consideration plus the

introduction of the c i r cu la t i on  reduction mechanism ( yet to be described )

obviate the need for the separate accounting of the effect of the rear

shea r layers.

E. CONVECTION AND REDISCRET I ZATIO N MECHANISM

The vortices emanating from a separation point may be convected in a

number of ways. Three most promising schemes are those given by the

following exp ressions:

z(t+At) z(t—At) + 2q(t) At (29a )

z(t+At) = z(t) + -~.[3q(t)—q (t—At)] At (29b )

z (t+A t )  = z ( t )  + q (t) At (29c)
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where q (t) is the comp l ex ve l ocit y of the  vortex eva l uated at the positions

and times ind i c att -d. These schemes y ield more or less the same accuracy

and the use of one in lieu of the others is primaril y governed by the sim—

p 1 ic lty of the method and computation time consIderations. In the present

analysi s the simple Eulerian scheme given by Eq. (29c ) Is used because of

its sim p l i c i t y and because the use of relatively small time intervals (At =

0.125) make the method sufficiently accurate. Clearly , the results obtained

with the three scheme s cited above , or with others , cannot be compared

without taking into consideration the effect of the time intervals used

and the discretization p rocess (if one is emp l oyed). Al l  such convection

schemes must assure , within the overall limitation of the mode l , that the

vortex paths in regions of very small radius of curvature do not si gnifi-

cantly deviate from those calculated with much smaller t ime intervals .

It has been exa lained in connection w i t h  the discussion of the histori-

cal development of the flVM that al t invest i gators, with the exception of

Fink and Soh [46], let the vortices move in the form of vortex cloud o and

took specia l measures to eliminate the difficulties arising f rom vortex—

vortex and vortex —cylinder p roximity effects. Not to be entirely critica l ,

the use of vortex clouds can yield force—transfer coefficients nearly

i dentica l t o t hose obtained with the use of red scretized sheets. However ,

one drawback of the vortex clouds is that it does not al l ow the formation

of sp i ralling vortex sheets as often observed eApen iment all y. There are

other features of the red i scretiza T ion which w i l l  become clea r later .

The vortex clouds stem partly f rom the accumulation of the logarithmic

errors and do not in any way repr~ sent a turbulent vortex. In the earl y

stages of the present investi gation the vortex clouds were used to obta in

- - -m’~ idea about the gross featur es of t h e  asymmetric wake. Figure 10 Is

a sample computer plot of vortex clusters. It Is not possible to l b-nt I f y
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F i g. 10. Flow confi gurat ion w ithout red i sc re t iza t io n .

Fi g. II .  Flow confi~ u r -
~ T i on wit h red i scretjZ~ j-~0~
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a spiralling sheet in Fig. 10, buT the shedding of the vortices and the

thin n i ng of the connecting vortex sheets between two adjacent vortex

clusters are c l ea r l y  observable.

The fact that the vortices must represent each segment of the shear

laye r as accurately as possible and thus avoid the buildup of l ogarithmic

errors in their convection gave rise to the method of red i scretization or

redistribution . A sample flow pattern obtained with red i scretization is

shown in Fig. II where the point vortices are connected by line segments

to denote the position of the sheet. The mathematica l foundations of the

Concep t have already been introduced. In the fo llowing, the details of

the mechanism where the red i scretization is affected are described.

Consider a segment of the vortex sheet at an instant t and assume that

the vortices are connected by straight line segme-its (see Fi g. 12). The

distance between any two vortices is given by

Z
4

F ig. 12. Vortex sheet before rediscretization.

iSs = Iz — z (30)
n n n— I

The length of the sheet f rom the position (core of the spiral) t o  the

n—th vortex is given by
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5 = = 
~~~ 

Iz ~ - z
~_~ ! (31)

The tota l length of the sheet for N number of vortices becomes

~~ Ss. (32)

j=2

The vortic ity per unit length of the sheet at each Zn 
IS g i ven by

F
= (5 -~

-_

,
~-~~- N < n < I

n+ l n—I

=

The circulation per unit l ength , 
~n ’ 

may be tabulated as a function of 5n

through the use of Eqs. (31) and (33). This tabul ation is then used as a

piecewise continuous function denoted by y = y(s). The function y(s) uses

a linear interpolation of the tabulated values , i.e.

1 -Y
y (s )  1n—l 

+(S_5n_ l ) 
n n  

Sn_ I 5~5 ~- ~nn n— I -

y(s) represents circulat ion per unit length and is an invariant at a g iven

time of the rediscretization process .

The next step in the ana l ysis is the replacement of the ex i sting un-

even l y spaced N vortices with ~ evenly spaced new vort i ces. In genera l N

may be different f rom N. Replacement of N vortices Is accomplished by

startin g at the core of 4he sp i ra l , z1, and placing vortices at intervals

of .5s measured along the stra i ghtl i ne segments connecting the origina l
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vortex positions (see Fig. 13). It should be noted that when the method is

ap plied to the example dep i cted in Fig. 13 , 22 and z3 are positioned such

that 1z 2 
— = cS~ and 123 — z21 + 1z 2 — z2 1 = d~ . In other words , dis—

tances are measured along the straight l m e  segments of the existing sheet.

z 
~ ~~~~~~~~~~~~~ 

Z 2

Fig. 13. Vort ex sheet after re d i s c r e t i z a t i o n .

The s trengths of the new vortices are calculated through the use of the

distribution function y (s) such that the circulation per unit l ength at a

new posit ion , 2n’ i s  the same as for the ori ginal sheet at the said pos i-

tion , I.e.,

= y (o)

65n+l +SSn_ I
F
n 

= y(~ *) 2 — I < n < N (35)

Y (S
N
) 
~~

where

s~ = (n—I ) iSs

The fina l step in the basic procedure is to insure that there has been no

net gain or loss of circulation during the redis cretization process. The

64

- - _- - --~~~~~~~~~~~~~~ -~~~~~~~~~ - - - - - _ -



c i rcu la t ion def i c i t  Is computed as

N N

Al’ = I’ — 

E 
1’
n 

(36)

n l  n l

and an equa l port i on of the difference is added algebra i cally to each vor-

tex , i .e.,

=1’ +~~!. (37)
n n

N

Two parameters yet to be spec i f ied  are iSs and N. The present model

does not change the number of vortices during red i scretization and thus

N = N. iSs and N are related by

65 = sN
/(N — I)  (38)

~t is important to note that N is the tota l number of vortices in a detached

sheet (The definition of a detached sheet is introduced later .) and the

rediscretization p rocess does not change the position of either the first

or the N—th vortex. For the vortex sheets attached to a nascent vortex ,

however , N represenT~ ~he number of vort i ces excluding the nascent vortex.

The reason for this is that the conditions (strength and l ocat i on of the

nascent vortex ) prevailing ~t or nea r the separation point should not be

altered by any p rocess once the nascent vortex has been placed in the flow

In accordance with the no—slip cond ition . Thus, for an attached sheet the

ned i scretlzation p rocess stops at the vortex i mmediately adjacent to the

nascent vortex.

It is appropriate at thi s time to g ive some i dea about the actual

magnit ude of some of the parameters rr c- nt io ned above:

65

-- 
__
~~~ i

- 
-_ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



(i ) the strength of a nascent vortex 0.05 to 0.15

(ii ) N = 3 to 80 depending on the length of the sheet 
-

( i i i ) c5~ 0. 1

The above numbers are representative of those encountered for a stationary

cylinder with a time step, At = 0.125.

F . VORTEX SHEDDING AND CIRCUL AT I ON REDUCT ION

I . Vortex Sheddin g

One of the least understood of the wa ke formation processes is vor-

tex shedding where the sheet connecting the spiralling vortex to the sepa-

ration point is cut, That portion of the sheet which rem ains attached to

t he cyl i nder beg ins to roll up into a new vortex spira l w h i l e  the detached

portion moves downstream to become part of the vortex street. The shedding

process is accompanied by a number of i nteractive phenomena such as the

motion of the shed vortices , adjustment of the longitudinal and latera l

spacing of the vortex cores, and the reduction of circulation through the

exchange ~ f oppositely signed vorticit y. These phenomena are so inter—

locked that attempts to explain the reasons for the occurrence of one be-

come in turn questions to be explained. Evidently one possible way to

reso l ve th i s dilemma is to have an exact solution of the prob lei . Njumer i—

cal models suc h as he finite difference technique , having failed to

eluci date the interactive mechanisms , left researchers with the need to

deve l op techn i ques which could be used in more phenomono l ogica l models

such as the PVM . It is absolutel y essential that one beg in the ana l ysis

with a mode l and then examine its va l i d i t y through its predictions.

Insp i red by flow visualization and wake measurements , Gerrard [63]

proposed that the growing vortex spira l draws the opposite shear l ayer

across the wake when it becomes - - i ff l cient l y strong. The approach of
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oppositely si gned vorticity cuts off further supply - t  circulation to the

vortex . The ap~IroxImate time of the cutting of the sheet is then considered

as the be ginning of the shedding p rocess. This mechan ism is n~-ei~ hed i n

FIg. 1 4.

The wake comprised of such shed vortices continuously ad~ u~ lo it-

self in both latera l and transverse spacinq. In genera l it is agreed that

the wake may be divided into three parts. The first is the so called ~or—

mation region 
~~fr 

5); the second , the stable reg ion where the vortices

exhibi t  ~~~ characteristics of a fairly uniform vortex street (5 Lsr ~.

12); and the third , the unstable reg ion extending beyond x lar; 0r than

about 12 [64].

The latera l spacing of the vortex cores gradu all y i ncreases w i t h i n

the stable reg i on and , like the longi tu c inal spac i ng, depends on the

Reynolds number .

Even though considerable exper i ments have bet -n conducted (particu-

larl y at low Reynolds numbers ) to delineate the basic features of the wake ,

very few attempts have been made to measure d i rec t l y  the strength of the

vort i ces as a function of x at a giv en Reynolds number. Admit ted l y, thi s

is an extremely d i f f i c u l t  undertaking. Severa l invest igators (Schaefer

and Esk ina ; i  [64], Griffin [651 and Davies [66]) measured the l o n g i t L d 1 n 3

and transverse spacing of the vor t ices in t~ e s tab le  region and ca l cu la ted

Indir ectly the strength of the vort i ces (assumed to be idertic al ) throug h

the use of von Ka rman ’s vortex street model.  Consequentl y, the  vor tex

Strengths are approx imate and highly dependent on the i n i t i a l  inputs. The

most i mportant conclusion resulting from such investigations is that the

strength of the vortices decreases with increas ing distance downstream .

The question concerning how much of the circulation generat ed remains in

a vortex has been the subject of discuss ion since the t ime of Pr~in t tl. As
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noted earlier Pra dt l suggested that the net circulation remaining In a

vortex is about 50 percent Il f that c~eneruted . Di u cr et e vortex models used

by Clements [67] and Sarpkaya [68] give a reduction of about 15 percent.

This va l ue is significantly smaller than the t;~~t i r n a t i~ n of 40 per ot- nt re-

duction (Fage and Johansen [10]), 57 percent (Roshko [II]) and 70 percent

(Bloo r and Gerrard [69]). II should not be inferred from the foregoing

that the vort ices once having acqui red a net circulation of about 40 per-

cent continue to retain that circul ation foreve r. Th e  understandin g of

the physics of circulation reduction is of major importance in the deve l-

opment of any phenomonclogica l mode l and is discussed in grea ter detail in

the fol lowing section.

2. C i rcu la t ion  Reduction

A l l  invest igators us ing the DVM have recognized that greater atten-

tion must be paid to the circul a tion reduction if the ~VM i s to produce

results comparable to those obtained experime n tall y . In the early stages

of the e~- al u t  ion of the present model the need for a circulation reduction

mechanism was quickl y reaffirmed f rom tht- magnitudes cf the lif t  and drag

forces.

Before undertaking a detailed discussion of possible circulation

reduction mechani sms , it is advantageous t~ discuss th e results obtained

through the mea surement of the vortex streng ths. Schmidt and Ti lmann [7Cj,

through the  use of an i ngenious u l t rason ic  sound beam technique , measured

the variation s of the circulations of vortices without insert i ng a probe.

Their  measurement - were made at var ious Reynolds numbers by chang ing both

the ve loc i t y - f  flow an~ the diameter of the cylinder. Figure 15 s hows l’

a s a function of x and is representat ive of the resul ts  obtained by Schmidt

and Tilm ann . In their experiments the Strouha l number was about 0.21 and

the mean ve loci ty at the point of separation may be taken as 1 .5 U.
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Bloor and Gerrard [69]

x
0 I

0 10 20 30 40

Fig. 15. Vortex strength versus distance [69, 70].
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~Schmidt and Ti lma n n [70]

Fig.  16. Percent of c i r c u l a t i o n  reduction versus d is tance [69 , 70].
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Thus , the tota l circulation generated during the period T = I/f is approx i-

mated by

r = 
~
. u~

2 
~0

0
~~ 

= 0.7

In the observed formation reg ion , I < x < 6, the vortices grow rapidly and

at the same time lose some of their strength due to various circulation re-

duction mechanisms. One can think of a net circulation reduction only for

vortices which are in the stable and unstable reg ions. It must be noted

that the ultrasoni c techni que used in Schmidt and Ti lmann ’s exper i ments

cannot yield accurate vortex strengths in the formation reg ion because the

pa th  of the sound beam crosses over two oppositely si gned vortices. In

the stable reg ion , however , only one vortex crosses the path of the sound

beam at a g i ven time . For the reasons cited above , part of the curve ex-

tending from x ID to its experimentally reported maximum va l ue of 40 is

used to calculate the circulation reduction by dividi n g  the circulation

va l ues by 10 .7. The result is shown in Fig. 16. Also shown in Fig. 16

are two reduction ratios computed si m i l a r l y  from Bloo r and Gerrard ’s [69]

reported vortex strengths at x values of 12 and C. The circulation re-

duction shown in Fig. 16 should be interpreted only as a ref l ection of

the change of circulation with distance rather than as definitive va l ues

since such va l ues depend on the Reynolds number , three—d i mensiona lit y ef-

fects , and the methods of their evaluation.

One or more physical mechanisms are needed to explain and to mode l

the observed c i r cu la t i on  reduction. C i rcu la t ion  may be reduced on ly  by

Opposi te ly si gned c i rcu la t ion . This hypothesis is somewhat mechanis t ic

but is easil y adaptable to numerica l modelling. There is no quest i on that

i n rea l i ty the entire mechanism may be related to the action of viscosity .
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Leaving aside momentarily the comp lex relo~~ion ship betwee n the action of

v i scos i ty and circulation reduction , attent ion is concentrated on three

Sources of circulation exchange. It has been noted by the users of the

DVM that the circulation may be reduced by the oppositely —signed circula-

tion generated on the atterbod y (countervorticit y). In accordance with

thi s assumption , the discrete vortices which come closer than a preassigned

distance to the cylinder and the rea l vort i ces which cross the cylinder

boundar y are annihilated. Experiments by Fage and Johansen [10] have shown

that only about a 10 percent reduction is brought abou t by the entra i nment

of f l u i d  bearing c i r cu la t i on  of opposite sign f rom the flow aft of the

separation points. Numerica l experiments to be discussed in another sec-

tion of this work , as well as those done by others , show that the circula-

tion generated on the downstream face of the cyl inder can account for no

more than about l/5—th of the tota l reduction in circulation . This fact

calls for other mechanisms which account for the remainder of the circula-

tion loss. The second mechanism pos tulated for the exchange of oppositely —

signed circulation is an integral part of the shedding mechanism. As pro-

posed by Gerrard [63], when the growing vortex acquires a sufficiently

large strength , it draws the feeding shea r layer of the other growing vor-

tex across the wake , thereby inhibiting further growth of the vortex.

The tail of the cut sheet is then absorbed by the st i l l  attached vortex on

the oppos i te side of the wake. This mechanism , quite distinct from the

effect of the boundary layer on the rear of the c y l  inder , further reduces

the strength of a given vortex. However, numerica l experiments again show

that the reduction due to this mechanism alone is far f rom sufficient to

bring the circulation down to the observed or measured va l ues. Consequent-

ly, a third mechanism must be postulated with which not only the vort i ces

In the formation region but also those further downstream experience
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additiona l circula tion reduction. The ori j ins of the third reduct i on nnech—

anism may be par t l y  In the ingestion or entra inment of f resh f l u id into the

shear  l ay e r s , part l y In the i n s t a b i l i t i e s  in the sp i r a l l i n g  vortex sheet s ,

partly In slow viscous reduction , and partly through some other as yet

unknown mechanism . Regardless of the true orig ins of the reduction mech—

anism , two facts remain undisputed : the ci rcu lation of a given vortex does

decay w i t h  t ime and the vor t ic i ty  d i f f u s e s  through ~iscous and tu rbu lent

act ion; and, t h e  DVM cannot predict even the most gross features of t b~

rea l flows (for example , l i f t  and drag c o e f f i c i e n t s  and c i r c u l a t i o n  distr i-

butions ) without the use of a circulation reducti on mechani urn .

Lastly, it is necessary to brie fl y discuss the effec t of dif fusion

of vor- l- icity on the apparent reduction of c i rcu la t ion .  D i f f u s i o n  means

that the vor t ic i ty  is spread over a larger area . Th is  in turn means that

larger numbers of suitably distributed point vort i ces for each oegm -ert of

the vortex sheet rathe r than a sing l e  elem ent a l vortex represent the corre-

sponding distributed vo rticit ~ . Ord i na rily , tht po int vorti ueu (whether

on a sheet or concentrated) are assumed to be p laced a t  the center of

• grav ity of the vorticity field. 3 This  does not imp ly  that the s i ng le  vor- 
-

tex at the cente r of gravity w i l l  y ield the same velocity at an arbitrary

point on the cylinder or at the position of another point vortex as the

distributed vorticit y. As far as the cylinder is concerned , the sai d

3The center of vort ic i ty  of M point vort i ces is computed a~

M

r.z.
J J

z = ____________

~~~~r.
j = l
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ef fect  becomes relat ive l y sma l l  as the distance between the vortex and he

cy l inder  increases. Consequently, the ca l cu la t i ons  are not not i ceably

af fected by the d i f f u s i o n  of vo r t i c i t y  in the far field. Since diffusion

is a matter of time , the vortices in the i mmediate vicinity of the cy l inder

do not undergo significant diffusion. The foregoing simp l y points out the

difficulty of accounting for al l  direct or indirect decay mec hanisms and

the need for a suitable hypothesis which w i l l  account for the circulation

decay and yet be compat ib le w i t h  the basic prem i ses of the DVM. As Is

discussed in greater det ail later , the present model accounts for the effect

of rear shear layer , circulation cancellation brought about by the shedding

mechanism , and fi n a l l y  by the cross—street circulation exchange . The last

p rocess is accompl ished simply by transferring a certain percentage circula-

tion between oppositel y signed vortices at each time step.

7z 1
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IV. DETA I LS OF THE NUMERI CA L MCLEL AND DISCUSSION or RESU LTS

A . SPECIFIC DETAILS OF THE MODEL

I. Typ ica l Sequence of Ca lculat ions at an Arb i t rary  Time

The most stra ightforward w ay to  describe the particulars of the

mode l is to examine the sequence of events that occur during a typica l com-

putational cycle. Figure 17 is a flowchart indicating the order in which

the mode l executes the various phases of the ana l ysis. Each of the events

t h a t  occur during ~very computation c y c l e  are described in the order of

their occurrence . The asymetry introduction and vo r tex shedding processes

occu r on ly under Lertain fl o w conditions and are addressed separately.

At the beg inning of each computation cyc le  the v e l o c i t y  d i s t r i b u —

tlon on f t -  forebody of ~r~e cylinder is calculat e d a one degree intervals

f rom the most recent po s ition of the forward stagnation po i nt. The posi—

tions of the upper and l w - -n separation poin t a are then determined through

the use of Pohlhauuen ’ s me thod as described earlier. This allows the

strength and positions of the two nascent vort i ces to be determined accord-

ing to the no—slip condition .

The next step is the convection of each of the vortices by a simple

Eulerian method where the velocit y of each vortex is computed at its pres-

ent location. The ve l ocities of the nascent vort i ces are computed at the

point of their intr o duction prior to their actua l placement into the flow .

This Insures that a nascent vortex is convected with the ve l ocity prevail-

ing at the time and place of its creation . Subsequently, the lif t  and drag

coe f f i c i en ts  are determined through the use of Eq. ( 1 5) .
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The norma l sequence of the calculations requires a test for the

conditions to determine whether the vortex sheet should be cut and the

attached vortex sp i ra l be shed . Because of its importance and the need

for special handling, it is discussed separately.

In dIscussing the problems associated with the use of discrete vor-

tices , It has been point ed out that the elementa l vort i ces must be placed

at the center of the sheet seqment which they are supposed to represent.

T~ is led to the method of rediscretization. Thus , following the test for

vortex shedding and if necessary, after the cutting of the vortex sheet,

al l  attached and detached sheets are red i scret i zed. In doing so, each sheet

is separately rediscretized (see Fig. 18). The discretiz ation of the de-

tached sheets is handled in accordance with the steps described in Chapter

II , Section E. The only excep tion to the said process is in the treatment

of the attached sheets nea r the nascent vortex. It has been repeated l y

~oint ed out that the conditions near the separation point mu st be disturbed

as litt l e  as possible by rediscr etization or d f l v  o~ her flu w of t~~ent5. I n

accordance ~ :~~h th is  ~ri ncip I -:- , the nascent vortex and its i mmediate

neighbor are not allowed to change their strengths or positions.

The next step in the sequence of calculations cal Is for circulation

reduct i on and coalescence. It is simply hypothesized that every vortex in

the flow field loses its strength in an amount proportiona l to its current

strength. This hypothesis is based on heuristic reasoning, observations ,

and numerous calculations. Further justification of the hypothesis is made

later . Here only the actual process incorporated into the computer code is

descri bed.

During each computation cycle for t > 5, the strength ~ f every vor-

tex, excer the n a s~~~nt  vortices , is reduced according to the fol lowing
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expression

r (new va lue )  = (I—p /b 0) r (old va l ue) (39)n n

where p depends on the location x = Re{z } as depicted in Fig. 9. For

t < 5, p is varied linearly f rom zero to its fina l va l ue of unity .

Re~z~

Fiq. 19. Variation of p with distance for t > 5.

As discussed in connection with various circulation reduction mech—

an sms , there are two other p rocesses whereby the circulation is reduced.

The first is the reduction re~ u l tin g from th e prox imi t y of vortice s to the

cylinder. Whenever a point vortex comes closer to the cy linder than a

radial distance smaller than ~r = 0.04, that point vortex is assumed to be

annihilated and removed from the flow field. The part ot the sheet con-

nected to the nascent vortex is excluded f rom thi s  process. The annihila-

tion of circulation in this manner results only in a small reduction in the

tota l circulation and cannot account fo~ a 40 to 50 percent reduction in

the strength of the vortices in the stable reg ion . The previous app l ica-

tions of th e DVM which considered this annihilation mechanism together with

that re sulting f rom the occasiona l proximit y of oppositely—si gned vortices

(rediscretization not used ) obtained onl y a mere 15 percent reduction in

circulation [67, 68]. This fact was the first indication of the need for

an addi t-iona l circulation reduction mechanism.
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The second of the two mechanisms concerns the entra i nment of the

tail of the detached sheet into the vortices across the wake. For the sake

of discussion , assume that an attached vortex sheet is severed at a suit-

able point. The details of how the cutting is accomplished is discussed

later. The tail of the detached vortex sheet is drawn into the region be-

tween two attached sheets because of induction. If left alone that tail

eve ntua l l y  deve l ops comp l ex kinks and spirals and makes t h e  rediscret i za—

tion p rocess unnecessarily comp l ex. As proposed by Gerrard [6311 , the cir-

culation in the tail gradually ends up in the a tt ac hc~ sheet across the

wake. In the model a similar procedure is emp l oyed. That portion of the

tail which penetn ates into the mi x ing reg ion beyond a line tangent to the

two attached vortex sp irals (upstream of line AA ’ shown in Fig. 20) is re-

moved from the flow field , and its circulation is uniform l y subtracted

f rom that of the sheet across the wa~e. Calculations which keep track of

this cross—wake circu la tion reduction show that approx i ma te l y f i v e  percent

of the cir c u l a t i o n  of tbc detached sheat is transferred across the wake

by this mec hani st- . It should also be noted that the position of the line

severing the tail of t.e datached sheet is not of particular significance.

One may have used other suitable and defensible procedures to accomplish

the same purpo~-e.

2. I nitiation of A ssmme tr~ and the Vc- rt~~ Shedd inc ~ Processes

The first of these two events occurs only once and the second every

time period a vortex Is shed. As such , they con~ titute special events in

the computationa l sequence and are discussed separately.

a. Asymmetry Introduction

In nature the i ncept i on of asymmetry and the shedding of vor-

tices are Int r ins ic characteristics of flow about bluff bodies. The causes

of asymm etry and the subsequent vortex shedding are closely linked to the
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InstabilitIes in the shea r layers . These i nstabi l it i c -r may he brought aboul

by the sli ght nonuni formities in the ambient flow , randomly distributed tur-

bulence , asymmetry of the body, etc . It appears tha t tr~~ 5 1 mrr e ric  state

of separated flow Is not its most stable state.

Whether the flow analysis is by the DVM , finite difference ,

finite element or whatever , asymmetry must be art i f i c i a l l y introduced .

Otherw i se, the flow field remains forever perfectl y s(mmetr ic and the vot t~:-

shedding p rocess never begins. Figure 21 Illustra tes the results of the

present mode l when asymmetry is never forced to develop .

Although the onset of asymmet ry and the subsequent evolution

of the wake have been observed and recorded by many researchers , I ittle is

understood about the contro l I ing mechanism. The question ~f whether the

asymmetry begins in the wa ke and is fed back to the boundary layer , or

vice versa , is unknown . Perhaps both occur simultaneous l y. Regardless ,

the p rocess is not well enough understoo d to suggest any pre ferable way

to arti f i c i a l l y  initiate its occurrence. Consequentl y, the method ~~i liz e d

in the present mode l is a result of heuristic reasoning based on we i

known experimenta l observations and numerous numerica l experiments with

the model. Before describing the details and results ~ f the various at-

tempts, it is worthwhile at this point to relate some of the genera l ob-

servations , or lessons learned , frs~r the investigation. Firstly, whatever

method of asymmetry introductio n is chosen , the steady state results of

the mode l are identical ; i.e., the mode l has no memory of the conditions

which initiated the shedding of the first vortex . Secondly, as stated

earl i e r, asymmetry need be introduced only for the shedd i ng of the first

vortex . Following the shedding of the first vortex , the shedding p rocess

continues under its own impetus. Third l y, every asymmetry mechanism in-

vo l ves a trade—off between the intensit y and the duration of the perturbation
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Fi g. 2 1. Evol ution of f I - ~w w i t h ~~u t asymmetry intr odu ction.
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applied . Associated with the question of duratIon Is the decision of when

to init iate the mechan i sm. Fourth ly, there is an optimum time during

which the symmetric flow is mos t susceptible to the onset of asymmetry .

If asymmetry is introduced during this period , the intensity and duration

of its ap plica tion can be minimized. Finally , of the unlimited number of

mechani sms that could be devised , it Is best to choose the simplest method

that p roduces 1-be desired asymmetry .

The interacti ve nature of the vorticity generation mechanism

and the vorti city distribution in the wake suggest that asymmetry might be

introduced either into the generation mechanism or int o the wake itself.

Methods applied to the vorticit y generation method in- ~olve , for example ,

artifi c i a l l y increasing the computed vorticit~ flux at one separa ion point

(say by 10 percent ) and simultaneously decreasing the flux at th~ other

separation point . Hc-waver , sample calculations with - this procedure show

that the method is not effective. Further m ore , the large asymmetry causes

the computed separation ang les to undergo unreali s tic nx~ ursions from their

mean positions.

lntrod rct ion of asymmetry into the wake can be accomplished by

either arti f i c i a l l y  altering the strength and/or position of the point vor-

tices on the exi sting sbeet~ . Changing the strenq th~- sf the vortices in

one sheet re l ative to the other results in a sluggish response of the wake

similar to that described above . The general ineffectiveness of altering

vortex strengths to p roduce the downstream convection of one sheet rela t ive

to the other suggests the more direct approach used in the present mode l S

The rational e Isto initiate the downstream convection of one sheet by

act ua l l y displacing it a sma ll amount each computation cycle over a short

period of time so taat w H-n th~ mechan ism is discontinued the sheet con—

tinues to move withou t externa l inf luence.

8t1
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Numerous numeric 3 l experiments have Shown that a gradua l appli-

cation and buildup of the dispba cem ant incrcu~ -II t u~~i ves to provide a smooth

transition from symmetric to asymmetric conditions. The initiation time

and durat i on of application are based primarily on 1 -wa cons i derations .

F i rst l y, this time interva l should correspond to the period during which

the flow is most susceptible to asymmetry . Secondly, the initiation of the

mech anism should begin after the init i a l  pea k in the drag Curve . Since the

cause of thi s drag overshoot is the symmetric growth of the vortices , the

asymmetry mechanism should not be allowed to influence this symmetric de-

velopment .

In the fo l l o win g the specifics of the asymmetry introduction

method are presented. During each computation cycle within the interva l

5.0 < t < 9.0 the vortices of the upper attached sheet are disp l aced c-~wn—

stream an amount given by (see Fig. 22)

= 0.02 ~l.0 — cos[ir(t—5)/4]} (40)

0.02

FIg. 22. Variation of the asymr nc tt y per turbation Ax with tHe.
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Severa l points are worrhy of discussion . Firstly, the displacement g iven

by Eq. (40) is not unique and any other form of displace ment funct i on could

have accomp lished the same purpose . The pa rticular cho i ce, dep i cted by

Fig . 22, introduces the disturbances gradually and continuously without

shocking the flow field. Last l y, the tota l displacement applied to the

sheet during the time interva l 5 < t < 9 is only ~ percent of the radius

of the cylinder.

b. Vortex Shedding Process

Vortex shedding is understood as the mechanism whereby the feed-

ing layer is cut. The specific details of the conditions which dictate the

separation of a spiralling sheet from its feeding layer are not known and

have yet to be determined experimentally. The numerica l model is not in

need of such a cut were it not due to the limitations of computation t irta .

If the f lo w field is allowed to evo l ve a. cabb y, the fl ow pattern

shown in Fi g. 23 results. This figure shows not onl y the evolution of the

doubly—connected vortex sheets but also the dra win g—in of the t a il of the

shedding vortex into the mixing reg ion. The con tinuation of the calculations

in this manner are prohibitive even with the laroest computers. However ,

it is instructive in two ways to examine the evolut on of the wake in this

manner . Firstly, the uncut sheet begins to change the si gn of its curva-

ture as the lift force goes through ts extrerna l (see point A of Fig. 23).

The change of curvature is in fact the beginning of ~te drawing—in p rocess

of the shea r layer across the wake . Subsequently, a strong inflection and

kink deve l op drawing the sheet closer into the formation reg ion . Simu l-

taneous l y, the lif t  force increases towards Its next extremal . The gradual

nature of this p rocess does not permit one to identif y a specific moment

at which the shedding should commence . Thus , the examination of oth er fl ow

features exhibi t ing stronger reaction to the prec i se momen t of shedd i ng are
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Fi g. 23. Evolution of flow with out cutting th-a vortex sheet.
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necessary. Nume rous calcul ations wl th symmetric and asymmetric evolution

of the wake and with and without the rediscr etlzation of the shea r layers

have shown that the sheet to be cut bears its minimum circulation per unit

l ength at a time immediatel y after dr/dt goes through a minimum (see Fig.

24). In other words , the connecting sheat is wea kest and , therefore ,

most suscep tible to breaking when its circulation is minimum. It is on

the basis of th is fact that the sheet is cut immedia t~~1 y after the rate

of circulation reaches its minimum. At the time of cut , the lift force

is about 50 percent of its preceding extremal (see Fig. 25).

The actua l cutting process is accomplished by remov i ng a single

po i nt vo rtex , for only one time step, from the sheet at a distance s = 0.4

(FIg. 26). Subsequent calculations separately red i scretize the detached

Sheet and the part st i l l  connected to the nascent vortex. As the flow

evo l ves, the attached sheet continues to grow ra p idl y to form a new spira l

w hile the detached sheet moves further downstream. At each time step the

computer code test; the condition as to whether the new connected sheet

should be cut. At the time the said condition is satisfied , the vortex

sheet is cut as described above. It is clea r that the shedd i ng of the vor-

tices and the cutting process alternate with a time period equa l to half

the Strouha l period . When a vortex sheet is cut , say at the bower side of

the cylinder , the sheet which was previousl y detached from the top part of

the cylinder is coalesced into a single vortex at its center of gravity .

At the time of its coalescence , the core of the vortex spiral has moved a

distance at least seven radii downstream . The calculations have conclu-

s i v e l y shown that the p rocess of coalescence at this distance f rom the

cylinder does not alter the continuity of any variable (e.g., l i f t , drag,

circulation , etc.).
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Fi g. 26. Cutt i ng of a vortex sheet.
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B. DISCUSSION OF RESULTS AND S E N S I T I V I T Y  ANALYSIS

In the fo l low ing, the results obtained with the numerica l mode l (re-

ferred to hereafter as the standard run ) are present ed. Following this ,

the variation of some of the important kinematic and a-1 namic parameters

to the variation in others is discussed. The purp o5t- o’ these discussions

is to pa rtly establish the stability of the results , p a r t l y  to re lax the

range of variability of the nondisposab le par ameters , and partly to estab-

lish the cause and effect relat ionships. At this time , no distinction

is offered concerning the cho i ce of parameters in the mode l and the ca l cu-

lated results. Furthermore , no distinction is made between prediction and

insp i red hindsight.

I. Results Obtained with the Standard Run

The standard run is computed using At = 0.125 , p = 1.0 (see Fig. 19)

and with the asymmetry introduction and the shedding mechanisms rrev ious ly

described.

The evolution of the wake over one arbitraril y chosen cycle is shown

in Figs. 27 and 28. Figure 27 depicts the near wake reg ion and Fig . 28

shows the far wake vortex street.

The variations of the lift and drag coef fic ient~ with t are shown

in Figs. 29 and 30. The drag coefficient reaches a m aximum at t 4•
2 and

then rapidl y decreases to its ultimate mean va l ue of about 1.2 . The fluc-

tuations of CD 
have a frequency tw i ce the vortex shedding f requency and an

amplitude of about 0.06. The overshoot of the drag coefficient is a dire -s t

con sequence of the rap id  accumulat ion of vo r t i c i t y  in the symmetrica l l y

growing vortex sp i rals. Fol low ing the shedding of the first vortex , C0

drops sharply and the lif t  coefficient increas es , ultimately reaching a mean

amplitude of about 0.65. The sli ght variations in the oscillations of C
D

and C
1 
come f rom various sources. The vortices absorbed during the cross-
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Fig. 27. Evolu ti or of flow in the near woke .
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Fi g. 27 (con ’t). Evo l-i t ion of flow in the near wake .
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Fi g. 27 (con’t). Evol ution of flow in the near wake .
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wake cancellation mechanism may be one more or one less during two different

Cyc l es. The increa se of the otherw i se fin ite length of the wake does not

permit the vortex sheets to foll ow exactly identica l paths from one cycle

to another. Regardless, the said perturbations in CD and CL are quite

small and well within the accuracy of the numer i ca l model.

The amplitude of the lift coefficient is certainly within the

range of lift coefficients reported in the literature. However, it is not

possible to find a truly two-dimensiona l labo ratory experiment to compare

• the calculated results with greater definitiveness. More is said l ater

about the dependence of the amplitude of CL on other parameters, in par-

ticular on the circulation reduction mechanism.

Figure 31 shows a comparison of the calculated and measured drag

coefficients. The results are strikingly similar and may be taken as a

first Indication of the workings of the model.

The oscillations of the separation points in terms of the angles

measured from 0 = 0 (not necessarily the instantaneous position of the stag-

nat i on point ) are shown in Fig. 32. The separation angie for a given sepa-

rati on point oscillates nearly sinuso i dally with an amplitude of ~0 = 3

degrees about a mean value of 77 degrees. The frequency of oscilla-

t i on of O~ is Ident i ca l to that of the shedding of vorti ces.

The stagnation point does not remain at 0 = 0 even in steady flow

about a stationary cylinder. Figure 33 shows the oscillat i on of the stagna-

tion po i nt. Similar oscillations have been reported by Dwyer and McCroskey

[71]. The separat i on ang l es relative to the instantaneous position of the

stagnation point are shown in Fig. 34. A comparison of Figs. 32 and 33

show that the oscillations of the separation and stagnation points are 180

degrees out of phase. In other words,. If the stagnation potnt moves up,

say to 0 = 2, the separation point at the upper half of the cylinder moves
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backwards from a mean position Os 
= 77 to = 74 degrees. This fact Is

also in conform ity with previously reported results [71].

The rate of change of circu~~tion at both the upper and lower sepa-

ration points is shown in Fig. 35. Because the generation and shedd i ng of

Circulat ion are the essence of the entire bluff body problem , dr/dt has a

spec ia l si gn ificance among all other results pred i cted by the numerica l

model . A cursory examination of this fIgure shows that there is a perfect

similarity of the rates of circulat i on of the upper and l ower nascent vor-

tices. Secondly, the variations in dI’/dt from one cycle to another as t

increases from 40 to 200 are very minor , indicat ing that the vortex street

may be regarded as infinitely long for a l l  intents a nd purposes for t

l arger than about 40.

The mean va l ue of l dr/dt~ is about 1.2. Not i ng that the mean base

pressure C
pb 

is related to I dr/dtl by [72]

0pb 
= 1.0 — 2 (~1~,’dtf (41)

The present calculations y ielded Cpb 
= -1.35 which compares favorably with

that reported by Roshko [liJ at high subcritica l Reynolds numbers [Cpb

(experimental ) = — 1.36 for 20,000 < Re < 100,000].

The amplit ude of oscillation of dr/dt is about 0.18 which indicates

that the ve l oc ity at the separation point varies f rom 1 .41 to 1.65.

All  of the parameters cited above,namei y li ft and d rag coeff i cients ,

separat ion and stagnation angles , and dr/dt oscillate with a frequency

i dent i cal to the vortex shedd ing freq uency f . The Strouha l number , St =

f
vD/U is found to be St = 0.205. The experimenta l va l ues of the Strouha l

number are reported to lie between 0.195 and 0.210 for the Reynolds number

range from 2,000 to 400,000 (see Fig. 36). Thus , the predictions of the

mode l are in conformity with the measurements in the range of Reynolds
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numbers where the DV ’•1 is ~: . l i  i:l ~~. As is noted later , the Strouhal number

is the least sensiti .e o~ a l l  the r~ rieters to the variations of the non—

disposable parameters.

One of the often discussed characteristics of the vortex street,

particularly in the stable region , is the re l at i ve spacing of the vort i ces.

Von Karma n’s classic stabilit y analysis gave h
~
/L
~ 

= 0.281 (see Fig. 37).

Since von Karma - , the said ratio has been determined experimentally by a

great number of investi gators and it has been found that h
~
/L
~ 

var i es from

about 0.19 to 0.3.

The latera l and transverse vortex spacings obtained with the

standard run are show n in Fig. 37. The asymptotic va l ues of and hv are

well within the experimentally determined values [74]. In the stable reg icn

of the street, the latera l spacing decreases somewhat and the transverse

spac ing gradually increases f rom about 0.63 to its asymptotic va l ue of about

1.05. The rat io h /
~~ 

in the asymptotic range is seen to be 0.23, a va l ue

which compares well with those reported experimentall y [74]. Evidently,

i t is not meaning ful to think of vortex spacings within the formation

reg ion .

All discrete vortex models of separated flow about blu ff bodies

Ind icate the need f or greater loss of c i rc u lation in the wake i n order to

bring a closer correspondence between the calculated and measured separa-

t ion po i nts , lift and drag coefficients , dr/dt, etc. For example , Deffen—

baug h and Marshall [47J obtained a mean separation angle of 67 degrees and

a mean drag coefficientof 0.9 even though the smaller separation angle

should have y ielded larger drag tha n that found experimentall y due to the

increased wake size. In the present mode l a l l  conce i vable circulation

reduction mechanisms have been ta ken into consideration. Their variations

w ith x or t may not be uni que or in confomity with those obta i ned
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exper i mentally but their characteristics follow all vortex shedding mech-

an i sms so far advanced. Figure 38 shows the csrculatlon retained by a

vortex sheet from Its i nception to its subsequent coalescence and convec-

tion i nto the far wake. Also shown in this figure are the two experimen-

tal points reported by Bloor and Gerrard [69] and the mean curve drawn

through the data reported by Schmidt and Tilm ann [70] (see Fig. 5). The

comparison of all the results is better than expected in view of the fact

that the exper i menta l determ ina t i on of c i rculat i on through dir ect or

ind i rect methods is an extremely difficult and approx i mate task. in par-

ticular , the u l trason i c sound beam techn i que used by Schm i dt and Ti l rnann

yiel ds the vortex strengths only approx ima tely i n the stab le and unsta b le

• reg ion of the vortex street. There are no measurements of the vortex

strengths in the format i on reg ion. The foregoing does not imply that the

part icular variation assigned to the circulation loss mechanism (see Fig.

• 19) is unique. In fact, the only major nondisposable parameter in the

ent ire numerica l mode l is the form a~s igned to the circulat ion loss. The

need for circ ulation loss has been amply demonstra ted. The form of the

particular relationship can only be adjusted with hindsigh t by comparing

all  of the p red ictions of the mode l with those obtained experimentally.

Because of the fact that the differences in measured and calculate d circu-

lations are furt her downstrea m i n the wake, the use of the expe r im en ta l l y

suggested p var i at i on does not i n any way a f fect l i f t , drag, separation

angles , dr/dt, and the Strouha l number. This w i l l  become more ev i dent in

the course of the discussion of the sensitivity of the model . Calculations

not reported here in wi th more exoti c forms of p have ascertained the

val idity of the insi gnificance of variation of p beyond the stable region.

2. Sensi tivit y A nal ys i s

Th is section deals with the effect of the variation of one parameter

abo uts its va l ue used in the standard run on the remaining major parameters.
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Al l numerica l analyses must use a finite mesh size or time I nterval.

The magnitude of these quant ities might affect the results In various ways.

In the DVM a large t~t might bring in curvature effects particularly in flow

reg ions where the rad ius of curvature of the spira l is small. This effect

is brought about by the convection of the vortices along straight lines co-

inc i dent with their insta ntaneous ve l ocities . Thus ~t shoul d be kept reason-

ably small to allow the vort i ces to follow their natura l paths. A very

small ~t, on the other han d, requ i res prohibitively large computation time s

and defeats the purpose of the numerica l experiments.

The standard run was made with M = 0.125. Additiona l runs were

made vary ing ~t from 0.1 to 0.2. The resulting drag and lift coefficients

are presented in Figs. 39 and 40. The differences in the two coefficients

for all va l ues are neg l igibly small and certainly within the range of

accuracy expected from numerica l calculations. Other parameters such as

separat i on and stagnation angles , circulat i on loss, Strouhal number , etc.

rema i n essentially i denti ca l to their correspon di ng va l ues obta i ned w i th

= 0.125.

The role played by the loss of c i rcul at i on in both l aboratory an d

numerica l exper iments has alread y been discussed. Here attention is devoted

to the sel ection of the particu lar val ue of p and the effect of its varia-

tion on the remainder of the predictions. Severa l hundred hours of calcu-

lat ions have shown that one can arrive at an approx i mate va l ue of p by

comparing the predicted and measured values of the vortex strengths and the

lift and drag coefficients. None of these parameters, however, exhib i t the

same degree of variation with p at corresponding times and downstream dis-

tances. For example , the comparison of the vortex strengths in the stable

reg i on, where most of the measurements are made, i s not very mean i ng ful
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Fig. 39. Drag coeffi rient versus time for M=0.l , 0.125 , 0.15 and 0.2.
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F ig. 40. Lift coefficient versus time for At=0 .l , 0.125 , 0.15 and 0.2.
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since the effect of such vortices on the l ift and drag coefficients is very

small. Thus, it was dec i ded to choose the p va l ue such that the terminal

value of the drag coeff icient conforms to that measured in the subcritica l

reg ion . No other experimenta l data was used in the analysis. Numer i ca l

experiments with various values of p have shown that p = 1.0 y ields 
~~

1.2. Hav ing determined a va l ue of p, it is necessary to exam i ne its varia-

tion on all of the predict ions of the model.

The drag coeff icients obtained w ith p = 0, p = 0.5, p = I , and

p = 2 are shown in Fig. 41. The insert in Fig. 41 shows the variation of

w i t h p in the a symptot i c ra nge of C0. Ev i dentl y a 100 percent change in

p about p = I caused only about 10 percent change in C0. Consequently, the

• tunin g of the mode l through the use of C0 
1.2 is not as critica l as it

may have appea red at first sight. Figure 41 also shows tha t a circulation

loss mechan i sm is necessary (see curve ~or p = 0) I~ *he ~merica l mode l

is to yield results in conformit y with the experiments. As noted earlier ,

the need for circulation loss is also evidenced by the vortex—strength

measurements (see Fig. 38). Thus, the i mportant quest i on in the evo l ut i on

of the mode l is not whether there should be a circulation loss but rather

what should the mechanism and magnitude of this loss be.

The variation of tht~ lif t  coefficient with p is shown in Fig. 42.

It is I mmediately apparent that the l ift coefficient is far more sensitive

to p than C
0
. Regardless of Its sensit ivity, however, CL 

rema i ns well

within the experime nta lly reported values . One could fine—tune the va l ue

of p by matching the measured and calculated va l ues of C
L
. Unfortu nately,

thi•s is not possible since there are no reliable C
L 

val ues , part icular l y in

the reg ion of high subcritica l Reynolds numbers. Consequently, no attempt

is made to slightly increase or decrease p f rom p = I to obtain a specific
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C
L 

val ue. The Importance of FIg. 42, rat her , l i es i n the fact that the

numerica l model clearly shows the sensitivity of C
L 
to c i rculation loss and

offers an ind i rect explanation of the dif ficulties encountered in the

laboratory exper iments. The findings of the mode l can also be taken as a

means of reduc i ng the transverse force by art i f i c i all y i ncreas in g the

circulation d issipation in vortices (e.g., use of fa i r i ngs , w i re screens,

etc.).

The Strouha l number displays a relatively small variation with p

(see Fig. 43). This explains the good correspondence obta i ned between

measured and calc ulated va l ues of St even when the circulation reduction

does not exceed 15 percent (Clements [67], Sarp kaya [68] .

0 . 3 ’ S t

0.2

p
0.1 I I

0.0 • 1.0 2.0
FIg. 43. Var iatic , of the Strouha l number with p.

It is of interest to point out trte relationshi p between the strength

and motion of vort i ces in the nea r wake and the small variations in the

Strouhal numbe r. When the detached vortex is relatively stronger (p < I) ,

then it lingers longer nea r the cylinder by virtue of the velocities in—

duced on it by the equall y—strong vortex across the wake. ihi s in turn in—

creases the period of vortex shedding or decreases the Strouhal number.

For weaker vortices (p > I ) the inverse is true.
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dissipation based o~ turbulent diffu sion and that diffu sion could be

quan tifi ed only by additiona l measurements wh ich w i l l  comp l ement the

numer ica l experiments. As is often the case in many aspects of fluid

mechanics, the q uest i on seems to have been reduced once aga i n to the

understanding of the physics of turbulence .
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V. SUMMARY OF THE RESULTS

The numer i cal model based on the red isc ret i zation of vortex sheets and

the mutua l interaction between the boundary layers and the wake yielded

numerou s results which may be summarized as fot lows :

I. A discrete vortex model of flow past a stationa ry cylinder may be for-

mulated with only one nondisposable parameter. Experiments and the numeri—

cat results show the necessity of circulation reduction but not necessarily

the exact mechan ism by which it is accomp lished .

2. Based on a postulated circulation reduction mechanism , a l l  predict i ons

of the mode l are in conform i ty with those obtained exper i mentally. The

fact that al l  and not only a few of the parameters agree wi rh the experi-

menta l measurements adds further credibility to the assumptions made and

to the power of prediction of the model.

3. A concerted effort is made to establish a balance between simplicit y

and accuracy. To this end , s i mple l i near relat i onshi ps have been preferred

In l ieu of more comp l ex ones.

4. One of the most important aspects of the numerica l mode l is its flexi-

b i l i t y. Practicall y all  parameters have a wide stable range and allow

the user to perform numerica l experiments to seek a ph ysica l understanding

of the i ntr i cate relationships between two or more parameters.

5. The demonstrat ion of the applicability of the discrete vortex mode l

to the analysis of flow about a bluff body with mobile separation points

Sh OWS that slmi lar models can be constructed with ease for bodies with

fixed separat i on points. This allows one to study such problems as vortex

shedding f rom shi p b i lge keel s, stall over a ircraft , fue l slushin g in large
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conta i ners, etc., in nava l hydrodynam i cs and aeronautics.

6. The mode l , as it sta nd s, can be used in the analysis of a great many

flow—str ucture interaction problems. Of part i cular i nterest i s the analys i s

of a c i rcular cylinder undergoing forced or self—exc i ted transverse oscil-

lations. Clea rly , the numerica l experiments with oscillating cylinders

can not only shed additiona l li ght on the mechanisms which bring about such

oscillations but also increase the un i versality of the model.
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V I. APPLICAT I ON OF THE DISCRE TE VORTEX MODEL
TO SELF—EXCITED T~ AN~~ERSE OSC I LLATIONS

A. I NTRODUCT I ON

Numerous experiments have shown that (see Parkinson [75] for an ex-

tensive review ) when the natura l frequency of a bluff body is close to

the vortex—shedding f requency, the body may undergo se l f—exc i ted trans-

verse oscillations. The primary consequences of these oscillations are

as follows : H) The vortex shedding frequency locks on to the natura l

frequency of the body. (ii ) The amplitudes of oscillation and the

transverse force increase rapidly up to the point of perfect synchron i-

zation where the maximum amplitude is atta i ned. Subsequently, the oscil-

lations decrease either rapidl y or abruptly. The abrupt drop in ampli tude

is a consequence of hysteresis. The reasons leading to the hysteres i s

are not yet known. (i i i )  The transverse fcrce leads the aisplacen ient

by a phase angle which increases gradually at first to about 50 degrees

and then rapidly to about 130 degrees. (iv ) At the end of the synchroni-

zation reg ion , the vortex s”eddi ng frequency jumps to that governed by

the Strouha l relationship.

The studies concerned with the understanding ~nd p redi ction of the

synchronization phenomenon may be classified in three categories. The

first and most extensive category nas been the experimenta l observations

and measu rements with forced or se l f—exc i ted osc i I lation s of circula r

cy l i nders , cables , and a small group of other bluff bodies. The second

category of investi gations dealt primarily with the ana l ysis of the

structura l aspects of the equations governing the vibrations by making
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ad hoc assumptions about dri ving f l u i d  forces. Finally, the thir d cate-

gory concentrated on the understanding of the flow field and the nature

of the flu id forces. It has not yet been possible to understand the

coupled structura l and flui d  mechanica l mechanisms to explain the reasons

leadi ng to the self—excited oscillations.

Mathematica l models based on the assumption of a nonlinear oscillator

have been deve l oped. Among those, the most noteworthy is that proposed

by Hart l en and Currie [76]. Their mode l predicts some of the observed

features of the vortex—induced oscillatio ns. However, the model requ i res

a number of nondi sposab le parameters and gi ves no clues about the cause

and effect relationships. It has been realized , as s uggeste d by

Parkinson [75] among others, that if any understanding of the phenomenon

is to be achi eved , theoretica l deve l opments and numerica l experiments

must be compared with laboratory experiments to guide and comp l ement each

other. It is with this suggestion in mind that the discrete vortex mode l

has been applied to the prediction of the characteristics of self—exc i ted

• oscillations of a circular cylinder. In the followin g, fi rst the

• description of the mathematic a l foundations of the problem , then the

specific details of the numerica l procedure , and f i n a l l y  the discus s i on

of the results and a summary are presented.

B. FORMULAT I ON OF THE PROBLEM

The eq uat i on of motion for an elasticall y—mounted and linearly—damped

cylinder of unit length (see Fi g. 44) may be written in dimensiona l form

as

m~~+2m w
fl~~~~

+ m w ~
2 y p f U

2cC~ (42)
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where m represents the mass of the cyl i nder; y, the displacement; Wn~ 
the

natura l circular frequency; C, the damp i ng ratio; PfP the fluid density ;

C, the rad ius of the cy linder; and CL, the i nstantaneo us val ue of the

l ift coefficient. In Eq. (42), ç and ~ represent respect i vely the first

and the second derivatives of y wit h respect to time.

~~~~~~~~~~~ ~~~~~~~~~~~
2cC L

Fig. 44. Elastically—mounted , linearly—damped cylinder .

Defining 
~v 

as the vortex shedding frequercy for the stationary
0

cyli nder , S0 as the corresponding Strouhal number , and

fl = y/c , Ti = , = 
d2(y /c)

C d (Ut/c)

w f 2 f o
- 

V V Pf
C V

0

~o~~~~~~~~~T~~~’ 
a = 2 2 ,  S0 = u

Eq. (42) may be written in norma l i zed form as

2TTCS itS
+ + (___2~

2 n = 2TI2S
2
a C L
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Because of the need to distinguish the stationary and osc illatin g vortex

shedd ing freq uenc i es, an d hence the Strouhal num bers, the p reviously an d

common ly used notation of St for the Strouhal number is modified as

denoted above.

The eva l uation of Eq. (44) requires the instantaneous va l ue of the

lift coeffic ient. In the present mode l it is eva l uated through the use

of the comp l ex ve l oc ity potential modified to take into account the motion

of the cyl inder. Thus , one has

• N

w (z) = -[z-z0
+ Oj÷ ~~ 

~~ 
P
n
{
~
n z_z

n
_
~
n[z_zo

_ 

Z Z

• in which z denotes the instantaneous position of the center of the cylin-

der and i, its ve l oc i ty (see Fig. 45). The use of Eq. (45) together with

the generalized Blasius theorem yields

CD
+iC

L 
I Fn[ Z o

) -
• 

~~~ - 

~~o 
(46)

i y

— 

. ~
F ig. 45. Coordinate system for oscillati n g cylinder.
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A compar i son of Eqs. (46) and (15) shows that Zn is replaced by the rela-

t ive position Z
n
_ Z
o 

in the latter equation and two new terms are added

which account for the forces aris ing from the ve l oc i ty and acceleration

of the cylinder.

The calcul ations for the boundary layer and the separation points re-

quire the eva l uat i on of the tangent i al ve loc i t i es relat ive to the cyl i nder.

At an arbitrary time t and angle 0 (measured as shown in FIg. 46), the

tangential ve l ocity is given by

u
t 

= Re {[q(z0 
+ e

iO
) - 

~~~ e
0 1 2

~~ (47)

q(ziy o 0

Fig. 46. Relat ive tangent ial velocit y on boundary of
mov ing cylinder.

As before , the veloc i ty at any point i n the f low f i el d i s g i ven by

-u+lv = = 
(z-z

0
)2 

- + 

~~ n= I 

rn
{
~~~~ 

- 
(z-z )- ____ 

(48)
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C. NUMERICAL PROCEDURE

It is apparent from the formulation of the problem that the sol ution

of Eq. (44) requires two parameters (ç and a
0
) character izing the mechani-

cal system and the instantane ouE f luid force i mparted to the cylinder.

The parameter a0, known as the mass parameter, may be readily calculate d

for a given cy linder of mass m, radi us c, and fluid density Pf [see Eq.

(43)]. The damping ratio , C, is a measure of the relative energy loss

within the material due to molecular mot i on and does not include the so

calle d fluid damping. Al l  f l uid forces acting on the cyl inder are included

in the proper specification of C
L 

wh ich represents the integrated effect

of the surface—pressure loading by the fluid on the vibratin g cylinder.

The d i screte vortex model deve l oped for the stat ionary cyl in der i s

used together with Eqs. (46) and (48) to determine the fluid forces acting

on the cyl inder. Eq uation (44) is integrated through the use of a fourth

order Runge—Kutta method . Otherwise , no additional modifications are

introduced into the procedures described in the previous chapter. in fact ,

• the only specification made was the time at which the cylinder was allowed

to respond to the flui d  forces. Such a decision was necessary to avoid

the coupl in g of two trans i ent states resu lt i ng f rom the impulsive start

of the flow and the trans i ent response of the cylinder . This would have

made the calculations unnecessar ily comp l ex. Instead , it was dec i ded

f irst to establish a flow with a sufficient number of vortices in the

wake (e.g., by regar din g the cy l i nder as stationary for t < IC) and there-

by studying the response of the cylinder through a more or less steady

un i ’orm flow. The approximations signified by “more or less” are due to

the fact in a l l  numerica l calcu lations the vortex street is finite . In the

present calc u lat i ons, the cylinder is allowed to respond after t > IC ,

which was sufficiently large for al l  intents and purposes.
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Mathemat i cally speaki ng, there are no particular restrictions on the

sel ection of the numerica l values of C and a other than the fact that

they shoul d be physically realizable. From the point of view of actua l

calcu l at i on, however , one must place some restrictions on C and a0 to

lim it the computation time . The smaller the val ue of C, the la rger the

amplitude of oscillation. The larger the mass of the cylinder or the

smalle r the parameter a~ (keep ing everything else constant), the larger

is the transient time during which the cylinder oscillations asymptot i-

cally approach their fina l va l ues. Consequentl y, a very smal l  va lue of

C coup l ed w ith a relatively small value of a0 would require many cycles

of osc~ I lat ion before the cylinder reaches its final amplitude. Th i s

makes the computation p rohibitive ly expensive and time consum i ng . The

• forego ing arguments constituted one of the primary conditions in the se l ec-

tion of ~ and a .  The second and p robabl y more im portant reason from a

scientific point of view was the focusing of attention on the understand-

ing of the physics of the phenomenon rather than on the sol ution of

specific prob l ems. With the foregoing considerations in mind , the ç and

a values shown in Table II were used in the calculations. The role of

the new parameter SG 
= C/a0 appearing in the table is discussed later.

TABLE I

SET C 
a0 SG

0.02 0.0125 1.6
II 0.04 0.0250 1.6
II I  0.08 0.0500 1.6
IV 0.04 0.0125 3.2

1?8
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0. DISCUSSION OF RESULTS

I. I ntroduct ion

The major part of the discussion of the results deals with the

phenomeno l og i ca l predictions of the mode l and their comparison with those

observed or measured experimenta l ly. For this purpose only one set of

damp ing ratio and mass parameter is considered. The variations of the

l i ft coefficient , re l ati ve amp l i tude, phase angle between the l i ft force

and the cyl i nder response, and finally the ratio of the cyl inder—osc i I Ia—

t ion f requency to natura l f requency is presented as a fu nct i on of Ur
def i ned by

U = 
27t S

0

In d imens i ona l terms, Ur 
= U/WnD . 

The reasons for the cho i ce of th is

part icular paramete r are twofold. F i rst ly,  i t is common ly  referre d to

in the prev i ous works [75]. Secondly, i t is a measure of the veloc i ty

of f l o w past a cy l ind er of given diamete r and natura l frequency .

Figure (47) shows the results obtained by Feng [77 with a l ightl y

damped circ u lar cy linder. As noted earlier , when the vortex shedding

freq uency, 
~v 

for a stationary cy linder approaches the natura l f requency

[Ur 0.8 in Fig. (47)], the vortex shedding frequency becomes nearly

identica l to the natura l frequency of the cylinder. Furthermore, the

frequency of oscillation of the cylinder , Wc~ 
nearly coinc i des with its

natura l frequency . As Ur increases towards 1.0, the amplitude of both

the oscillation and the transverse force increases rapidly while W/
~n and

Wc
/W

n 
remain nearly constant at a value slightly under unit y. As Ur in-

creases furt her , both ampli tudes drop either graduall y or abruptly as

illustrated in Fig. (47). The abrupt drop is a consequence of hysteresis

• 12q
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F ig. 47. Experimenta l results for self—excited transverse oscilla-
tio ns of a cylinder [77].

130

- ~~~~ -- — - -  —-



noted earlier. For U
r 

> 1 .1 the frequency of vortex shedd i ng, 
~~~

‘ 
jumps

to its stat i onary—cylinder va l ue, i.e., 
~~~~~ 

= . However, the cylinder
0

continues to oscillate at the natura l frequency of the cylinder with very

small amplitu des. One can, therefore, i dentify two major regions in the

relationship between ~~ W~~ and For Ur smaller than about 0.8, uv 
=

and 
~~ 

w~. In the range 0.8 < U~ ~ 1.1 , 
~~ 

and Wv ~~0 0

For 1 .1 < ~~ < .3, 
~~ 

= and
0

The phase angle between the exciting force and the cylinder re-

sponse undergoes dramatic changes in the reg ion where 0.8 < Ur ~ 1.1 .

The reasons leading to the amplifica tion of the oscillations of the

cyl inder and the i i ft force, and the rapid increase of the phase angle

from about 20 degrees to 100 degrees have not been un derstood because of

the diff icu l ty of measuring or observing the detailed kinematics of the

f l ow  f i eld about the cy l inder. Many experiments have essentiall y conf i rmed

the genera l features of the results obta i ned by Feng [77]. Most of the

attention has been devoted to the understanding of the locking—on of the

vortex shedding frequency to the natura l frequency of the cylinder in the

range of Ur va l ues 0.8 < Ur < 1 .1 . In conformity with the previous

literatu re, th is region is variously referred to as the synchron i zation

reg ion, locking—on reg i on, capture region , or simply as the resonant region.

The numerica l results obtained with ç = 0.02 and a0 
= 0.0125 are

shown in F i g. (48), again as a f unct i on of U
r~ 

It is i mmediately apparent

that the results shown in this figure follow essentially the same trends

as those in Fig. (47). Also shown in Fig. (48) are the corresponding

val ues of and rati os or Ur/U~ 
where and IJ~ are the va lues of

and Ur when reaches its maximum value (point A). This point is

referred to as the point of perfect synchron i zation .
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2. Mechanism of Synchron i zation

Prev i ous investigators [75] have uncovered a number of relative l y

unrelated facts regarding the kinematic and dyt~amic behavior o
f flow

about a transversely—oscillating cy linder. The most notable o~ the ob-

servations and measurements may be summarized as follows:

(i) Oscillations increase the spanwise correlation;

(ii) The strength of the vortices increases;

(i i i )  The mean base pressure decreases and the mean drag coefficient

i ncreases;

(iv ) Transverse force is amplified relative to its s’ationary—cy l inder

va l ue;

Cv ) The pha se ang le between lift and cylinder motion increases with

U ;r

(vi) The ve l ocity range over which synchronization occurs increases

w ith oscillation amplitude;

(vii ) Separation point excursion increases with osc iIL~tion ;

(v iii ) Latera l spacing of the vort i ces decreases with increasing ampli-

tude and is unaffected by changes in frequency of oscillat i on ;

(lx) Wake—formation length decreases systematically with increasing

amplitude of vibration for Ur 
< U~ and increases for Ur >

Cx ) The wake contracts for U < U~ and expa nd s for U > U* .r r r r

The facts summarize d above have been dis t i l l e d  f rom a number of

investigat ions , not all of wh i ch have been condu cted at ident i ca l Reyno l ds

numbers or under similar experimenta l conditions. Consequently , there

are certa i n featu res of the f l ow whi ch have been observed to i ncrease i n

one investigation and decrease in another. Whenever such con f I cts arose,

heavier weight was subjectively attached to the observation more frequently
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reported. Perhaps the most interesting feature of all  these isolated

facts is that it has not yet been possible to establish the cause and

effect re l ationship among them through a phenomono l ogica l !y and mathe-

maticall y defensible mechan ism. In the following, the mechanism suggested

by the numerica l experiments is described in detail.

Cons i der an elast i ca l l y mounted circular cylinder which is at its

lowest displacement during a given cycle. Also assume that the stationary

cylinder va l ue of the vortex shedding frequency i s sl i ght l y greater than

the natura l f requency of the cylinder. As soon as the cylinder begins

to move upwards , the lower attached—vortex sheet lags behind the cylinder

because of its Inertia . I n other words, the wake axis passirg through

the instantaneous center of the cy linder rotates clockw i se (see Fig. (49)

for t = 189). In the meantime , the ve loc i ty rel at i ve to the c y l i n der

rotates clockwise an angle dictated by the velocity of the uniform flow

and the instantaneous ve l ocit y of the cylinder. The rotation of the

veloc it , vecton coup l ed with the rotation of the wake axis moves the

upper separation point further downstream and the lower separation point

furTher upstream relative to that which would have existed on a stationary

cylinder. The rate of circulation at the upper separation point increases

rap idly and decreases at the lower separation point. This g i ves r i se to

a larger circulation per unit time than that for the stationary cy linder

for the .ontex towards which the cylinder is moving. Furthermore , the

vortex sp i ra l which is attached -1-0 the upper separation point does not

move : u t  of the cylinder ’s way because of its inertia and consequently

corie~ close r to the approaching cylinder. These two facts , namely  t he

increase of circulation and the decrease of the relative distance between

the cylinder and the upper vortex spira l , confirm the observation made by
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Fig. 49. Wake confi guration for self—excited transverse oscillations.
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DavIes [78] that “The grow i ng vortex on vibratin g cy l i n c e r s seems to roll

•.~ •r r e  q~ lc kly aid w i b  a s trenq th  Thout 35 percent larger than r~~~~ for

a stationary cylinder. ” rhe increase of the vortex strength predicted

by the current mode l w i l l  be discussed la r. The pbe iomenon is , howe~er,

relatively more i nvoived than the simplified introductory remarks would

suggest. There is a Third factor which enhances the stren Gths of ~he

attached vortex sheets. T~ is is directl y related to the d i f ’~ rence between

the per i od o~ oscillation of tne cylinder , Tc 
= 1”

~~c 
L
~
’f

n~ 
and the time

requ i red for the shedding of a vortex from a stationary c’, I i nder , i .e.,

Tc 
— T

~ 
. Each growing vortex ~hcut ~n oscillating cy linder continues to

0

be fed circulation not only at a higher rate but also for a longer tir ’

per iod. This further reinforces the 5tr~ n~ tn c f  each growing vortex.

It is now necessary to establish the link :t ~~~-n the enhanced

vortex strengths and the locking—on of the vortex shedding frequerc~ to

the f requenc y of cy l i nder oscil l a 1 - io n. The results o~ tne stationary

cylinder have shown -I-hat the larger the strenG~
- ~ f the vort i ces in the

nea r wake the smaller 1-heir ve l oc i ty re l at i ve to the cylinder. That is ,

strong vortices with their equall y strong images tend to conserve their

moment of circulation . Consequently, the vortices are shed at larger

time intervals. This , in turn , leads to smaller Strouha l numbers. Thr

decrease of S, or the increase of T~, bri lu gs T
~ 

closer to T
~
. This ten-

dency is reinforced every succeeding cycle until T
~ 

Tc Tn or until

the effects which cause the changes in ampl itude , period , lift force,

and the phase angle disappea r. At such time , a stable periodic state is

reached.

The foregoing explanation dealt only with the kinematic aspects

of the fluid motion , in the final ana l ys is , it is the balance betwee n
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the work done by the fluid on the cylinder and the work done by the dissi-

pative forces (interna l frict i on) whi ch determine the stability of the

oscillat ions. If the net work becomes negative , then the oscillations

decay and vice versa. The parameter which establishes the relationship

between the friction mechanism and the given state of oscillation is the

phase angle between the exciti ng force and disp l acement. It Is given by

[79]

2ç W/W
tan ~ = 

n 
2 

( 50)
l— (w/w

n

As W/Wn 
app roaches unity from w/~ < I , $ i ncreases rapi d ly , the rate of

increase being a strong function of C. For a cyl i nder wi th ~erv smal l

i nterna l dampi ng, $ in creases from say 20 degrees to $ 1 50 degrees for

a very small change in

The re l ationship between the dynamics and the kinematics of the

motion for the three states of oscil (ation and hence the reason for the

susta i ned oscillations in the region of synchroniz ation may be explained

as follo ws. In the case of synchron i zation (see Fig. 50) the maximum

ve l ocity of the cylinder leads the maximum lift and the lift reaches zero

at about the time the cylinder reaches its peak amplitude , in other

wor ds , the lift force opposes the cylinder motion for a short time period

as the amp l i tude of t he cyl i nder beg ins to decrease f rom its maximum

displacement . If for any acc i denta l reuson the amp litude of the cylinder

in one direction were to be increase d while the cy linder was undergoing

synchron i zed oscillations , the i ncreased strength of the vortex grow i ng

ahead of the cylinder mot i on i ncreases the period , T
~
. Th is , in turn ,

decreases the phase angle between the force and the displacement which

then i ncreases the phase angle between the force and the ve l ocity .
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Fi g. 50. Lift coefficient and cylinder ve l ocity versus time .
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Conseq uently, the energy transferred from the fluid  to the cylinder de-

creases be l ow that dissipated by the material damp i ng. These sequences

of e~~nts decrease the amplitude to the leve l where the energy extracted

from the flu i d  over a cycle is just balanced by that dissipated by

internal friction.

The role p lay ed by a l l  of the terms of the gover n ing eq uat i ons of

motion and the energy transfer mechanism may be quantified as follows.

Re— writing Eq. (44)

2TTCS ~TSii + 
Wo ~ 

+ (__a) 2 
Ti = 2IT2S

2a C L (44 repeat)

and mult i ply ing wi th  r~ and i ntegrat i ng over a cyc le , one has

t+T t+T t+T t+T
2,
~CS irS

/ ~
j~dt + ~ 

/ 
n
2dt +( _2) 2f ~~dt = 21r25

2
af 

CLn
dt (51)

wh ich reduces to

t+T t+T
27TCS 

2~ / 
~~~~ = 2ir2S a] CL~

dt (52)

In the case of a perfect balance between the energy input [right hand side

of Eq. (52)J and the energy dissipated (left hand side ), the above equalit y

hol ds true. For an unstable system where the equality does not hold true ,

t+T t+T

2 2 ( 2T1CS0 1 ‘2E = 2ir S
0 a] CLridt 

- — j  r~ dt (53)
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r ~~~

Thus, E = 0.0 corresponds to steady state with constant amplitude of os-

c illat i on ; E ~ 0.0 corresponds to ampli fication ; and finally , E < 0.0

corresponds to damp ing of oscillations. The variation of r~, ~, ij and C
L

in Eq. (44) as a function of time is shown in Figs. 5la—c . Figure 5la

corresponds to the case where E > 0.0; Fig. 5Ib to £ = 0.0; and Fig. 5lc

to E < 0.0. Clearly , the phase ang le  between the l i ft force and the

veloc ity is smaller for the case of E > 0.0 than for E = 0.0. In fact,

one can state that the sa id ph ase angle in creases from a p lus to a m i nus

va l ue. Only in the case of Fig. 5lb is the phase ang le such that the

energy imbalance is for all  i ntents and purposes zero. Furthermore , the

s tab i l i ty  of the sys tem to sma l l  perturbat i ons in amp litude is such that

a small Increase in ampl i tude leads to a decrease in phase between l i f t

and d i sp lacement and th us to an i ncrease i n phase bet ween l if t and

veloc ity . This , as noted ear l i e r , leads to a decrease in amplitude. The

reverse is true for a slight decrea se in amplitude from a steady state

oscillation.

3. Parametric Study of Synchron i zation

Numer ica l exper i ments have been performed for the ç and a0 comb i-

nations given in Table II in addition to that already presented. The

results for each set are presented in Figs. 52 through 54. All  of the

parameters shown in these fi gures d i splay s imi lar var i at i ons w i th or

U .  Fu rthermore, they are qui te si mi lar , at least in genera l  form, to

those experimentally obta i ned by Feng (see Fig. 47). A closer look at

the experimenta l and ca l culated va l ues show some differences , part of

wh i ch may be attr ib uta b le to the l imi tat i ons of the numer i cal model and

part to the limitations of the experimentation. In other words, a l l  o f

the di f fe rences to be po i nte d out a re not ent i re ly conse qu ences of t he

numerica l model.
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Fig. 51c . Variation of Ti, T), ij , and C
L 

versus time for E<0.0.
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A comparison of Figs. 47 and 52 shows that the numerica l model

predicts a peak l i ft amplitu de at a Ur val ue smaller than U~. In Feng ’s

experiments , the l i ft an d osc i l la t i on amp l i tud es reached the i r peak at

nearly id ent i cal Ur va l ues. The reasons for th is are not entirely clear.

It may be conjectured that it is a consequence of the extremely low damp-

i ng encountered i n Feng ’s e- periments (C 0.001). In fact, mechan i cal

systems with very small damping are much more finely tuned and more pre-

cariously balanced than those with larger internal damp i ng. It is there-

fore natura l to expect that the more stable systems exper i mented with in

the present n umerica l calculations should exhibit larger differences in

Ur values at which they reach their extremais.

The ratio of the cylinder oscillation frequency to the natura l

frequency, ~ ~~ remains pract i cally constant at a value sli ght ly  under

unity i n the exper i men ts reported by Feng and others. In the numerical

• results , Wc
/W

n 
gradually increases from about 0.95 to 0.99 and then

rapidly increases toward Wv
/W

n~ 
The differences between the measurements

and calculations may be due to the di f f i c u l t y of modelling some secondary

features of flow which adjust themselves to render W
c
/W

n 
p ract i cally

constant.

The amplitudes of tie h i t  :oe~ fi cient and cy linder response cannot

be compared with the experimenta l data because o~ the large differences

in damp i ng and mass paramete~~. lowever , it is interesting to note that

the rat io of the maximum l ift coe’~~Icient for the oscillating cy linders

to the lift coefficient for the stationary cylinder (standard run ) varies

from 1.3 to 1.6 (see Figs. 48 and 52—54). Th is l i ft amplif i cat i on i s i n

conform it y with most of the data reported in the literature [75J. The

cyl inder response shows a dramatic drop for a sma l I change in or Ur~
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reminiscent of the hysteritic drop in Feng ’s data . It should , however , be

emphas i zed that the drop in Ti in the numerica l ca l culations has nothing to

do with the hysteresis resulting from the change in damp i ng of the cylin-

der. The sudden drop is a consequence of the changes in behavior of

flow externa l to the cylinder. One further distinct i on must be made between

the experimentally obtained sudden drop 3nd that obta i ned numerically. in

the experiments , the velocity of the flow (or U )  is increased gradually

through the Ur value at which the sudden change occurs . In the numerica l

ca l culations , Ur or is kept constant at each point . Consequently, w hat

is observed is not a sudden change in time but a change in amplitude as

a funct i on of

The cylinder response for > does not remain at a constant

amplitude. It is because of this fact tha t part of the response curves

corresponding to that reg ion are shown by broken lines in Figs. 48 and

52—54.  A sample plot of fl for > is shown in Fig. 55.

In discussing the material damp i ng and mass parameters , another

parameter denoted by S
G 

= C/a0 has been introduced. Among others, V i c k ery

and Watkins [80] have attempt ed to show that nA (ri
M 

at perfect synchron i-

zation ) is unique l y determined by the va l ue of a response or stabilit y

paramete r, SG. Sarpkaya [81] has shown that fl~ may be fairly accurately

represented by

cL o
(54)

/0.06 + S
G
2

where C
L 

i s the l i f t  coef f ic i ent for the oscillating cylinder. The values

of C and a0 were judiciousl y se lecte d to a rri ve at id ent i cal  va l ues of

for three sets of calculations and twice the SG val ue for one set of
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calculations. According to the hypothesis advanced by Vickery and Watkins ,

should be uniquely determinable by SG. The results obta i ned through

use of the mode l are tabulated below . The results in Table Il l  show that

cyl i nder response at perfect synchroni zat i on i s not very sens i t i ve to the

individua l variations of the damp i ng and mass ratios . 
-

TABLE I I

_ _ _ _ _ _  

Ti~ 

-

SET C 
a
0 

St:; From Eq. (54) Numerica l Results Ec~. (56)

I 0.02 0.0125 1.6 0.52 0.54 0.56

II 0.04 0.0250 1.6 0.58 0.58 0.58

III  0.08 0.050 1.6 0.52 0.61 0,58

IV 0.04 0.0125 3.2 0.24 0.25 0.26

An exac~ relationship between and other parameters may be

established through the use of the energy balance at perfect synchron i:3-

tion. Re—writing Eq. (52)

t+T t+T
2TFCS

° 

I ~
2Jt = 2ir2S0

2a 

/ 

C
L~

dt (52 repeat)

and expressing C and CL 
as

= ri~, sin ~‘~t , CL = C
L
* sin (w *t +

where 4~~ 
IS t~ e phase angle between the force and the dispiacement it

perfect synchroni:.~tio n one has
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t+T

f  C~•
fldt

1TW*S C *Sin 4 ,*
- C — 

~ 
t 

= 
o o L (55)SG~~~

j__ 
~~oo t+T

/ ~
2dt 

M

or
lrw*S C *sin ~,*

* 
o o L  (56)

Equation (56) shows that r~ Is not a unique function of S~ . However,

since •~, C~~, and w*/o~ do not vary si gnificantly, Ti~ varies approx i-

mate l y as S
G~~
. A comparison of Eqns. (54) and (56) shows that Eq. (56)

requires the use of parameters which must be determined either numerically

or experimentally whereas Eq. (54) requires only a know l edge of CL and

w or U -o r

The results obtained through the use of Eq. (56) for the four

sets of input parameters are also shown in Table Il l .  Clearl y the direct

and ind i rect pred ictions of are in excellent agreement, as would be

expected.

The T)
~
_S
G relationship g i ven by Eq. (56) is expected to hold true

for values of other than w~ prov i ded 
~~ 

Is confined to the reg i on of

synchronization. Any small deviations between the predictions of

irw S C sin~0 0  L
flu = . (56a )

from those directly calculate d with the model are simply due to small

modulations in the amplitude of oscillations. Numerica l ca l culations which

H _
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can easily be performed through the use of Figs. 48 and 52—54 have shown

that the predictions of Eq.(56d ) are w it n i n  a few percent of t~c~ e obta i ned

directly.

The transverse oscillations of a cylinder in uniform flow i ncrease

the affective projected area of the cylinder and hence the bluffness of

the body . Consequently, hydroelastic oscillations of a cylinder , s uch as

the strumming of a cable , not only cause alternating stress, fat i gue,

and no i se but also increased drag.

The numerica l mode l calculated two i mportant characteristics of

the fluctuating drag force: the mean drag and the amplitude of oscillation .

Fig u re 56 shows the mean drag coeff i ci en t, CD, and the amplitude of the

fluctuating component, A~0, as a function of w or U
r • Also shown in

Fig. 56 is a data po int obta i ned experimentally E8l] .for the corresponding

w and Ti va l ues.
0 M

Figure 57 is a representative plot of the instantaneous va l ue of

C
0 
as a function of time , It shows, among other things , that the dr-3g

force oscillates at a f requency tw i ce that of the lift  force (for lift

T 10 and for drag T 5).

The separation points on an oscillating cylinder oscillate with

a frequency equa l to that of the cy linder. Represen -i-ative results pre-

sented in Fi g. 58 show that the mean position of the separation angle

remains practica ll y con~ tant at a value of ~ 77 degrees. The amplitude

of the fluctuations ‘ollo w a pattern very similar to that of The

stagnation point undergoes similar oscillati ons. The results have shown

that the instantaneous position of the stagnation point nearly coi nc i des

with that which would have resulted with a uni f orm flow at the instantaneous

tota l ve l ocity. In other words , the sma ll osc i lla t i ons ~f th e stagnation
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Fi g. 56. Drag coefficient versus for C 0.02, a
0
0.0I25.
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point relative to the uniform flow are obscured by the larger oscillation s

resulting from the oscillations of the cylinder or of the ambient flow

relat ive to the cylinder.

156 

~~~ - _ -
~~~
:-. . ~~~~~~ -— ____



_ __ 

- ---.--- ,- .

V I I .  CONCLUSIONS

The resu l ts presented herein warrant the follow i ng conclusions:

I . A discrete—vortex model based on the red i scret i zation of shear layers

and the use of appropriate vortici ty cancellation mechan i sms can prod uce

results which are in conformit y with those obtained exper i mentally ;

2. The n urn~r ica l model allows experimentation with the variation of any

one of the independent parameters and permits one to understand the

governing physica l mechanisms;

3. It has been shown that two major flow parameters, namely the drag co—

efficient and the Strouha l number , are least sensitive to changes in the

character istics of the wake. The Strouha l number is intrinsic to the

shape of the b l u f f  body and i ts magn i tude cannot be varied more than a

few percent by varying the strength of the vort i ces by physica l means.

Experiments over the past 50 years are in conform i ty with these conclu—

s ions;

4. The l ift coeff icient is the one most sensitive to the changes of

flow in the near wake. Th i s f ind i ng of the numerica l mode l and the

d i f f i c u lty of obtaining consistent laboratory data for li ft are in con-

formity with each other. The numer i ca l model explains the physica l

mechanis m as to why lift should be a strong function of the evo l ution

of the nea r wa ke; -

5. The discrete vortex mode l , as a l l  other numer i cal met hods attempt i ng

to mode l a turbulert reg ion of a f l ow  and i ts inte ract i on w i th a lam in ar

region , i s i-i need of a hypothes i s to properly s i mu late the c i rculat i on

diss i pation and the vorticity d iffusion caused by turbu l ence.
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Notw i thstanding this fact, a very simple decay mechanism is capable of

simu l at i ng the said consequences of turbul ence;

6. The pred i ctive powers of the numer i ca l mode l have been put to test

through ifs use in the stud y of self—excited oscillations f elasticall y

mounted circular cylinder s. The results were found to be in ~~nform it~-

with practicall y al l  observations and measurements made in recent years

and led to the understand ing of the mechanisms governing the ~~c c h r n i—

zatlon phenomenon .
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