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Abstract

The evolution of th. first and second moments of the photon density

distribution for a two-mode laser system was studied by proposing

appropriate transition rate expressions and using the Kubo equations

developed for a Chapman-K olmogorov system. A numerical analysis

technique was used in solving the ra te equations and computer plots

were genera ted for various combinat ions of laser parameter values .

- } Anomalously large fluctuations • similar to those occurring in single-

mode lasers , were observed during photon buildup of the modes t. When

only one mode was oscillating, a photon buildup in the non-lacing mode

was seen to cause sii.i’~&r fluctuation s in the lasing mode. In all

cases , these fluctua tions were accompanied by a strong linear

relationship between the modes .
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PHOTON STATISTICS IN NO-MODE LASEI~

I Introduction

Background

Since the development of the laser in 1960, the statistics for

single-mode lasers have been studied extensively using both the semi-

classical approach and the fully quantum-mechanical theory . Calcula-

tions have been made of the single-mode photon distributions below , at ,

and above threshold. Calculatio ns have also been made of the time-

behavior of the moments of the photon distribution as the laser operates

away from equilibrium. These calcu lations have subs equently been ver-

if ied by exper iment ,

The statistics for multiaode lasers are not as well developed .

Only the two-mode laser has been studied in any deta il; and then , us ing

only the semiclassical app roach which neglects the particle or quantized

nature of the light field in favor of a classical electric field . The

fully quantum-mechanical treatment has just recently begun to be analyzed.

Purpose

The purpose of this work was to extend the study of two-mode lasers

by investigating the photon distributions in equilibrium and the time

behavior of the first and second moments of the distr ibutions away from

equilibrium for a two-mode laser. Of particular interest was the be-

havior of’ the system ( for several pump levels and degrees of mode

interaction ) during buildup of photons from a photon vacuum and during

transition fro m unstable to stable equilibrium. Transition from various

I 
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-% non—equilibrium points was also considered.

Approach

To study the behavior of the laser system, it was assumed that the

system could be described by the Chapman-Kolmogorov master equation .

Therefore , the resultant general evolution equations developed by Kubo

were applicable , Transition rates which included terms to account for

spontaneous and stimulated emission, as well as mode interaction and

• self-saturation, were proposed for the laser. These were then inserted

into the general evolution equations , and rate equations for the f irst

and second moments of the photon density dis tributions were obtained .

Appropriate values corresponding to various combinations of pump

levels and degrees of mode coupling were chosen for the laser para-

meters. For each combination , the pump was considered constant while the

coupling was assumed to take place through the mode population densities .

The equilibrium points for each set of laser para meters were then ob-

tained analytically from the rate equations and were classified using

linear vibra tion theory to predict the behavior of the photon densities

around each point.

To solve the moment rate equations dynamically and observe the

laser system through transition, a computa tional scheme was developed

which included a tine—incremented numerical solution of the equations.

Finally, using a series of initial photon densities with associated

variances • this program was run for each combination of parameter values

and several plots were obtained ,

2
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II Theory

Background

Just as there are two basic approaches to quantum mechanics, there

are two math methods for deriving laser fluctu ations fully quantum-

mechanic ally. One method (associated more with the Schroed..tnger pic-

ture) utiliz es a densit y operator to derive a “mas ter equation ” . The

other method (associated more with the Heisenberg picture) consists of

“addi ng Langevin operators to the Heisenbexg equation of the field

operator and of the atomic operators” (Ref 9:273). The two methods

are equivalen t in that they solve the probl em equally well. Hc~aver ,

the master equation appro ach is more appropriate in that the resulting

non-line ar equations can be reduced to a fore solvable by numerica l

methods, whereas the Langevtn method requires analytical solutions

which restrict its use to linear or linearized equations (Ref 9:273).

Details of both methods can be found in the work of Sargent , Scully,

and Lamb (Ref 11).

Single-Mode Theory, Using the master equation appr oach for single—

mode lasers, the probabilities of n photons existing are determined by

the diagonal elements t’~~,, of the associated field dens ity matrix

(Ref l1~284) . Therefore , the equations of motion for these elements det-

ermine the flow of probability into and out of each n states

I (
~) -4- ‘(‘(n i) ~~ 

j-&) (1)

where oC is the linear ga in coefficient , V’ is the loss coefficient ,

3
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is the sa tura tion coeff i cient, and the sign ( positive or negative )
1*~~~

of each term on the right-hand side indicates probability gains or

• losses , respectively , for the state n (Ref 1Os242~i ) .  The photon dis-

tribution is then determined by solving these equations (Eqs (1)).  It

is important to note that the diagonal elements are coupled only

to other diagonal elements . Therefore , to determine the photon statis-

tics , the off -diagonal elements of the density matrix can be ignored ,

In studying the behavior of any system, it is often of interest to

consider the behavior of the moments of the distribution defined by

- (a.~)n .0
where p~ is synonymous with ,O,~~ above. When Eq (1) is substituted

into the time derivative of Eq (2) ,  the result is a set of equations

of motion for the moments of the photon distribution which can then be

solved numerically to observe the behavior of the moments at as well as

away from equilibrium . Of particular inte rest are the first and second

moments ( k — i  and k 2 , res pectively) since they can of ten be deter-

mined experimentally for compar ison, whereas the dis tribution function

cannot .

The behavior of these momen ts has been calculated from the initia l

condition that rio photons exist to equilibrium conditions (Ref 10,2426-

2427). The results for the expected value of the photon number (first

moment) show an initial slow rise dominated by spontaneous emission ,

f ollowed quickly by a rapid , almost linear, increase as the spontaneou s

emission is ampl ified by stimulated emission. ~4owever , as equilibrium

is approached , the saturation effects of the laser begin to modify the
-ì system ga in and the rate of increase of the averag e photon numbe r

approaches zero . The root mean sqi*. deviation is dete rm ined by 



, .~ - -~ • • V~ 
• V V V .  ~- - — ~~

combining the f irst and second moments a

I L  (3)
S =

~~~
<Y

~~
) - < ~>

This dev iation initially tends to follow an exponential rise as for

ther mal ( incoherent) light and exceeds the equilibrium value as not only

the photon numbers , but also the fluctuations in photon numbers , are

amplified . Then , as the system moves into the saturation region , amp-

lifioat ion of already stimulated photo ns becomes predomi nant and the

deviations diminish to their relatively small equilibrium values . I t

is important to note that when this problem was solved semiclassically,

us ing Lan gevtn forces to accoun t for noise , similar results were

obtained (Ref 9,262-263),

Two-Mode Theory, Unlik e single-mod e lasers , the fully quantu m—

mechanical trea tmen t of multimode lasers has only very recently begun

to be analyzed ( Ref 8).  Therefore , for these lasers the theory remains

centered primarily around Lamb ’s paper (Ref 7) which gave the firs t

comprehensive trea tment of laser acti on. Following this semiclassica l

theory , the equat Ions of motion for a two-mode laser system are

II = 2II (o
~
., -A I I% - e,j~) ( 4)

and 

(s)
where I~ and 12 are the dimensionless intensities of the electric fields

for the two modes , a1 and a2 are the gain coefficients , f~ 
andfl2

are the self—maturation coefficients , and e12 and are the cross-

coupling coefficients. When these equations are integrated simu.ltan-

eously for a range of initial intensities , the result is a set of phase

5



curves in the I 1~I2 plane (R efs 7sA1441 —A1442 ; and i1a125—127),
4

The possible equilibrium points are determ.tned by setting I~ — 1~~~0

and solving (4) and (5)  together , I~ and/or 12 equal to zero are

obvious solut ions , with single frequency solutions of

(11) 1:) = (o , o~/~’)
and

( r , I L~ ( ‘ / ~~ I)  O~ (
~
)

For both modes to oscillate at equilibrium, the parenthesized expressions

in ( Ai.)  and (5)  must be zero, Therefore ,

~ (
~

and

,~~~~ 

i~ ~ O~, r , ( 9)
which are linear expressions in I~ and 12 and have the solutions

= (~ )

~ ~~~~~~~~ (u)

where the coupling constant is defined as

- êl~~~
&L~C = (z~

For this solution to be a physically realizeable point, both I~ and 12

6
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Figure 1. Phase curves Figure 2 . Diagram similar
showing the transient be- to Fig. 1., except the gain
havior of two mode oscil- parameter for the second
lation, Lines L1 and L2 mode is now — C ,4, and

• represent Eqs (8) and (9) mode I inhibits mode 2 at
with coefficients aj — 1, equilibrium. (Ref 11:125)
a — 1, ,~~ 

— ~~~ 2 , and
k ’  1. (Ref 11~126)

must be non-negative values • When C < 1 , this occurs when both

= (‘i)
and

= ( I v)

are non-negative . See Fig . 1 (Ref 11~ 126) . a and a~ are called the

effective gains of their respective modes . If either effective gain

is negative , then the associated mode will not oscillate and the laser

will lapse into single—mode operation as shown in Fig . 2 (Ref 1.1:125)

with mode intensities as defined by either (6) or (7), as appropriate.

In this case, assuming both a1 and a2 are positive, the oscillating

mode is said to inhibit oscillation in the other node.

7
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When C>1 , the intersectio n

of the two lines (8) and (9) is a ‘•~

physical point only when both a1 and 
~ /  / /  ./ /

~~~::::
t:e

~~~: :; ±r. 11 O .5 \~~~~~~~~~~~~~
/

/

~~~~~~~~~/
/

In this case, the intersection point 
~ if /  ~~~~ ,,~

is an unstable equilibrium and , as ~~~~
~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ *— _____ 

-___.,. ~_ —~~
with the inhibition of one mode, the OO ~~~~~~~~~~~~~~

system relaxes Into single—mode op-

ere.tion , Now , however , both single- Figure 3. Phase curves
showing the transient be-

• mode solutions defined by (6) and havior of two-mode oscil-
lation with coefficients

(7) are stable solution s and the aj — a1 — 1 , fi , — /3k— I ,
and e%L ~~~, “ 2 . (Ref

point to which the system evolves 11:1.27)

depends on the initia l conditions .

See Fig . 3 (Ref 11:127).

When C ~~J . , lines (8) and (9)  are parallel and Eqs (10) and (11)

are indeterminate . In this ins tance , any combination of intensities on

either mode equilibrium line (as defined by Eqs (8) and (9)) will be

stable , Along these lines , the stability will be neutral with any de-

viat lons neither damped nor magnified. Deviations away from these lines ,

however , will decay in time , bringing the system back to the line.

As can be seen , the degree of coupling between modes , as expressed

by the coupling constant C , is an important factor in determin ing the be-

havior of the system. The critical point is when C 1. . Therefore ,

three regions of coupling strength are defined a

C < 1 wealc coupling 
• (is~)

neutr al coupling (/5k)

8 
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C > i strong coupling (icc.)

where the degree of coupling app lied to each region was determined by

considering Eq (12) and the relationship of ~~~ to 
~~~ 

Weak

coupling implies that the cross-coupling coefficients, while they exist

and affect the system , are not the dominant teres • Instead, the self-

saturation coefficients are primarily responsible for limiting the

growth of the system, Qualitatively, this is expressed as &, .6~,<

or C_< 1 . Conversely , strong coupling indicates that crass-coupling

is the dominant effect , and is expressed as e~LQL, >(3 (3~~. Neut ra l

coupling, then , corresponds to neither eff ec t dominant, or O,.~ ~~~
Derivation of Moment-Rate Equations

General Evolution Equations. The two-mode laser (or more correctly,

the two laser modes) can be cons ider ed as a system composed of many

elementary units which interact with themselves and with the environ-

ment , As such , a set of macrovariables is defined :

~~~~~ X )  (i (.)

where and X2 represent the photon numbers present in modes 1 and 2,

res pectively . It is assumed that X is a stochastic variable which

follows a Markovian process as it evolves in time , Therefore, the

master equation of the system is the Chap man-Kolmogorov equation, which

may be written as

~~P(~+~) 
f w(~’~(~ ~~~~~~~~~ 

( i i )

where P(x ,t) is the probability distribution of X (i.e ., the probability

that there exist X1 photons in mode 1 and X2 photons in mode 2) at time

9
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F
t , and w(x ,~) is the transition rate for a jump from X by an amount r ,

The evolution of variables governed by this equation has been studied

extens ively, beginn ing with th . work of van Kampen (Ref 16) and cont in-

ued by Kubo (Refs J~ 5; and 6) and Haken (Ref 3) . Therefore, the

resulting svolutlan equations for th. system are j~~t listed here:

= (ig)

and 

=±~~
L(1 ) ~

(fl)

where ft is the size of the system , z(t) is the expected value of the

normalized intensive macrovariable ( representing the photon densitie s)
of the system, x (4 ) = ~~~ , and ~ ‘(t) is the covar iance tensor
for x. The var iables and c 2 ,  as defined by

~~(~~1’) ~~~~~~ (2M

~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ ( )

are the f irst and second moments of ‘(i~~), the transition ra te for the
intensive variable xi

~~~ (
~ )~~/~ (za~

10
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A derivation of Eqs (15) and ( 19) ,  starting from ( 17) and parallelling

the single variable derivation of Kubo (Ref 5) ,  is included in Appendix A .

A general analysis of Eqs (18) and (19) predicts some interesting

behavior on the part of the laser sys tem , F irst , the expected values

of the photon number densities follow deterministic paths . For a given

set of laser operating conditions , the path to equilibrium is determined

solely by the initial photon densities • For a. non—linear rela xa tion ,

the fluctuations generally exhibit unusual behavior as the system moves

toward equilibri um. This effect becomes very pronounced when the sys tem

moves from the vicinity of an unstable equilibrium toward a stable eq-

uilibrium. Around each point, both the photon number densities and

their f luctua tions grow or decay exponentially , depending on the stability

of the point, In between , the fluctuations grow anomalously large, peak-

ing about half-way to the final equilibrium. (Refs 6:78-79; and LI .s6-8)

This enhanced fluctuation is predicted for and has been observed in

single-mode lasers (Ref 2) .  It has also been predicted for two-mode

lasers by Ar ecchi and Ricca in a paper which used a generalized version

of the Volter re —Wiener functional technique to study enltimode laser

• action (Ref 1),

Transition Rates, To make the evolution equations (18) and (19)

specific to the two-mode laser problem requires the proper specification

of the transition rates w(i, r) , It is important to note that the size

of the transition , r , is in terms of the extens ive variable x or the

total number of photons , whereas the dependence on the state of the

system is in terms of the inten sive variable x or the photon density.

The basic proble m is depicted in Fig . LI for a system in the state

x — (n 1 , n2).  a and b~~ are the upward and downward transition rates ,

1.1

.•

~

••*

~

-
• • -

~ 

-
~~~

- •-
~~~~~

-
~~~~~~~ • • •—~~~~~~

- - .•- .- •~~~--~ -•- ~~~~~~~~--_--• _
~~~~ ---~~~~ - - --- -~~
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~ (~ I ~ 
(,

~ /fl_

~~
(lz

• - r, /~
-
~ 

— r1 /~

Figure 4• Transition rates associated with a laser system in
the interr*l state x — (nj ,n2). Upward transitions (t) correspond
to photon emissions while downward transitions (4) signify
photon losses ,

respectively, for x1 to make a jump r1/~~ , and c~~ and d~~ are cor-

responding terms for x2. It is assumed that photons are added to or

deleted from the system one at a time. Therefore, the only non—zero

valu es for r1 and. r2 with associated non-zero rates are 1 and -1,

Furthermore, even for these values, the associated rates for one mode

will be non—ze ro only if r~ — 0  for the other mode, Therefore, there

are only four events with non-zero associated transition rates:

increases by one , r — (1 ,0) ; dec~~aaes by one , ~~ (— 1 ,0 ) ;  X2 in-

creases by one , r ( O ,i) ; and decr,ases by one , r ( 0 ,_ 1) , Based

on this and on Fig, LI , the transition rates for ~~ (n1,n2) can be

written as

I £
= £ (-~~

)

L ~~
12



Thes e ra tes are also valid for w(z,~) since z( t) is j~zt the expected

va.]ue of x.

How , then , should a
~~

, b~~ , c~~ , and d~~ be characterized?

and d~~ essentially are the loss terms of the system, m elding internal

cavity losses as weLl as the amount coupled out of the system. There-

f o r e, they can be expressed as

= (z4)
and

where h1 ad h2 are determined by the cavity lifetime for a photon in

modes 1 and 2 , respectively (Ref 12:k13) . a~~ and ~~~ representing the

gain of each mode of the system, are somewha t more complicated . Each
f r

gain expression must include ter ms to account for both stimulated and
• spontaneous emission as well as for self-saturation and cross-coupling,

The self -sa turation occurs because there is only a finite pump which

excites a finite number of a toms or molecules which may then be stimu-

lated to contribute to the sys tee of photons. Cross -coupling occurs

when both modes have to compete for some of the same atoms or molecules .

The expression chosen which meets these requirements for a is

a = (at .)
1 4- o4. fl , 4

~~~~IL~~~~~

where g11 and g21 are factors accounting for spontaneous and stimulated

emission, respectively, and and 
~~~~~~~~ 

accoun t for self-saturation

and cross-coupling, respectively . A similar expression for c~~ is

13
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with g12, g~~ , o(~~ and o~~ having the same meaning for mode 2 as

g21, ~~~~~ 
and °~~,.L 

do for node 1. It is important to note that with

these expressions the transition ra tes will always be non—negative , The

validity of these choices will be demonstrated in a later section,

Laser Rate Equations , When the transition rates (Eqs (2L e)_ (27))

are inserted into the evolution equations (1.8) ad (19), the resultant

equations are the desired laser rate equations for the first and second

moments of the photon density distri butions • For ease of manipulation ,

the evolution equations will be handled in their component form, There-

fore , Eq (18) becomes

• 
~ j  (~ = ~~~~ 

~~~~ (~~
)

and Eq (19) is wri tten as

~~~~~ 
(a9)

where now c1(~ ) and C
2 

(
~

) are expressed as

~ 
(
~~~~ f ~ 

1~ (3 0)

and 

= 
f~r 

~~~~~~~~~ 
(31)

Dealing f irst with Eq (30), Eqs ( 2M.) —(2 7) are appropriately inserte d

1LI

-_ “ - -

~

-•___—-_

~

- -~~ - — 
_ _



into Eq (30 ) as determined by Eqs (23). The resulting components of

are

~~~~~~
= ~

~~~~ + ~~~ — (3z )

and

= cnl_

~~ °j.z~f li. ~. \ n  (-2 3)

Similarly, the diagonal elements of c 2 (z) are found from Eq (31) to be

4 C 

+ (34)
1 4-

arid

+ (~ç)
l 4 ° ~1~

f lt 4 °~~~
flL

Since mutually exclusive events were assumed , rj  or rk must equal zero

whenever j ~ k . Therefore, the off-diagonal elements of 0 2 are

both zero,

15 
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To complete the development of the rate equations, the partial

derivati ves of (32) and . (33) with respect to and 
~2 ‘ust be deter-

mined . In doing this , as throughout this development , it should be

pointed out that n1 and rt2 are defined as synonymous with y1 and y-2,

respectivel y . When this is done and Eqs (32 ) - (35)  are inserted into

Eqs (28) and (29) as approp riate , the rate equ&ticna for the f irst and

second moments of the photon dens ity dis tributions become

= ~~ # 
— (3,)

4- o(~,fl~ #-o~~~fl

= ~~~~~~ —
2. ( -37)

I ~~~~~~~~~~~~~~~~~~~

— ~~~~~~~~ 
~~~~~ ~~~~~~~~~ — 

~~~ 
~~~~~~~~~~~~~~~~~~~~

“ [ ( 
— j

~~~~“ ~~~~~~~ 
~~~~~~~~~~~~~~~~~~~ 

(3k)
/

= 2  
~~~~~ 

I - - 

~~~

-

~~~~~
-( I+~~L~~% #~ Ltfl~ ~

- ‘
~
)
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and

—

~~~~~ r~ ~~ ~
t Lf l t~1 — 

4

~~~ ~~‘~YJ
+~~~L + ~~~~~~~~~~~~~ ~~~ ~~ 

_
~1

L ( 1 + C t

There is actually a sixth rate equation , for <~~ , but it is identi ca l

in form to ( L eo) . Also, the equality of cy~~ and ~~ due to the syin-

metry of the covar iance matrix is used to combine terms in Eqs (38),

(39),  and (40) . Therefore , only the five equations (36)—(40 ) need be

solved simultaneously to determine the behavior of the Laser system.

Equilibrium Analysis of Moment Equations

As stated previously, the purpose of thi s study was to deter mine

the behavior of a two—mode laser system as it transitioned from non-

equilibria to equilibrium , This was the reason for developing the

laser rate equations ad solving them dynamically. However, before

app lying numerical methods to these equations to follow the sys tem

through its transition, a basic understand ing of the system can be gained

by determining analytically the positions of all equilibria , both stable

and unstable , and the behavior of the system around each of these points .

Of particular interest is the first-moment equilibria, since these

values for n1 and n2 are necessary to do any equilibrium analysis on the

vari ances. Therefore , the photon rate equations ( 36) and (37) are con-

sidered f irst , followed by a brief discussion of the variance rate

equations (18), ( 39), and (40 ) in equilibrium .

Firs t -Moment Equations , Recallin g the f irst-moment or photon

17 
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dens ity rate equations (36) and (37), equilibria will occur when both
.

and n2 are zero. These are also referred to as singular points of the

system, The point n1 
— n2 — 0 can only be a solution if g11 — g12 — 0 ;

but this corresponds to zero noise or spontaneous emission in the system,

which is an unrealizeable situation. In fact , neither n1 nor n2 equal

tp zero can be a solution for finite values of n. Therefore , there is

some combination of non—zero (n1 ,n2) for which equilibrium will exist.

As a f irst approximetion, assume n1 and n2>> 1 , g11 — g21 , and

g12 — g22 . Then Eqs (36) and (37), set to equil ibrium , become

= 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —

~
] ~ ( 4 1)

and

= o = 

~~ h~] ~ (4~)

Since only non-zero values of n1 ad n2 are of interes t , the bracketed

quant ities in ( Let ) and (42 ) are set to zero and examined. After re-

arranging, the resultant equations are

+ ~~~~~~~~~~~~~~~~~ 
= ___ — (4~)

and

oçn~ + 
~~~~~~~~~~~~~~~~~~ 

— I (‘44)

These are just two straigt~t lines (call them 1~ ad 12, respectively)

in (n1, n2) space with n1- and n2- intercepts of

18

-~~-~~~~~ - — -~~~~~-~~~~~- ~~~- - ~~~~~~~~—



_ _  _ _  - 

~~~~~~~~~ 
( 

~~~~~ 
- (q~~)

for ]~~, and

~~~~
_ ( )±

~
_ _

~~~ ~~~~ _ _  
_ _

~~~~~~~ 

—

for

Within the limits of the original assumption (a1, n2 >> 1) ,  the

point of intersection of these two lines is the location of one equil-

ibrium or singular point. To find this point of intersection , equations

( L1.3) and (44) are solved simultaneously . This results in

I ( 
_ _  

I
fl ~~~~~~~ \ ~~ C(~~~ 

‘(L IL ~ ~~ 
— 

(Mrl )
— _________

and

(~~~~
)

Now, if the following substitutions are made,

~1l .~~~~
— ~ o~ (49~)

~~~~~ =fl, ~~~~~~o(~~~ 
~~~~~~~~~~~~ 

(4~~)

19
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equations (47) and ( 148) become

= (~~~~
)

L- C-

and

= 
(

~~~~~~~~~~~~~~~~ ( t )/ ~~~~~~~t (5! )

where

— 
_~‘(~~~ O<

~~~~l = ~~~~~~~t

%~

is a measure of the degree of coupling, as previously discussed. Com-

paring th is to the semiclassical development of Lamb presented earlier ,

it is seen that Eqs (50) and (51) are essentia lly identical to Eqs (10)

and ( i i )  with the normalized intensities I~ and 12 replaced by their

quantum equivalen t , the photon number densities . Furthermore, when

Eqs ( Let )  and (42 ) are .x~r.ssed as single fractions (with non —zero

denominators), they can be reduced to

= n1 -
~~~~~ n% ~~~

‘
~Z n L] (~ 3)

and

~~ ~~~~~~~~~~~~~~~~~~~~~~

I
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which are equivalent to Lamb ’s equations of motion for I~ and I~~, ~qs

(Li ) and ( 5) , at equilibrium. Therefore, in the limits of equilibrium

and of large a (or zero noise) , the chosen transition rates a , b ,

~i~~~~i
c~~, and d~~ are valid , and the semiclassical equilibrium analysts done

by Lamb can be applied.

When the spontaneous emission ter ms g11 and g12 are not assumed away ,

the singularities for the system are determined by setting Eqs (36) and

(37) to zero and solving simultaneously, Solving Eq (36) for n2 ad

substituting the obtained expression into (37), the result is the fourth

order equation

~~~~~~~~~~~~ ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ ~~~
. ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~

L LL
~~~~~~~~ L~~~~] 

~~~~~~ {L~~~(~I~ lL #(~~L L k ~~~
(
~~ 

-

~~~~~~~~~

— ( (

~~~~~~~~~~~
t)] 

~ 
+ (~~~

- 
~~~

2~~u ~ ~~~~ ( ~ ~ ~ 
o

This is then solved using basic algebraic techniques (Ref iLe~t07) and,

depending on the coefficients , genera lly results in four singular

points for the system,

Characterization of Singular Points. The behavior of the system

around a given singularity is determined by cons ideri ng a small dim-

turbance around that point. Based on this behavior , the singularity

can then be classified into one of six basic types , as shown in Fig . 5.

21
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Figure 5. Types of Singular Points (Ref 15s39)

Letting n , = 4 fl and fl (L~ i fl (where n~ and n~ are the

singular point values) and inserting these into Eqs (36) aid (37) , the

resulting linearized forms of the photon rate equations are

. —. _ _ I  ~~ 
0

= 
“ , oe,1 fl 1 ~~~ + k ~~ fl~ 

— fl~ fl 1 — fl , o4 fl~ 
j f l 1 (54)

and

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — L 0~l~j n 1~~~

For a complete development of Eqs (56) and (57) see Appendix B • These

~~~~~~~~ __



equations can be combined in the form

fl ; 
= Q..n +bn,’

d n~
where

~~~~~o/ ( ,÷ ~~~~~~ o 
Q<It n~~~~ (~~~~~

)

6 = 
(~~~~b

-

~~~~~~~~
- ~~~~ n ° 

~
‘) (~~~~~ )

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~

and

+ 
~~~~ L4 

~~~
The type of singularity can then be determined by a series of expressions

involving thes e coefficients , These expressions , and their relation-

ships to the types of singular points as shown in Fig, 5, are as

follows (Ref 15*44) a

I 
(~ -c~

)1+4 ad  > 0  Jo~-bc <o
- }~C >  0 So~4c~L (R~. Sd

’

)

fl (~~-c~~ 4~d < 0 + = Q ~~~~~~~~~ 5~~ )

C. ~ 0 s~~ J ( c ~~. 5f ’)

ia (~~~~ - 4 ~ d O  ~~~ 
(c -~~.cc~

Also, a node or spiral is uns table or stable depending on whether b + c

is positive or negative, respectively.

I - -- -
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Second-Mom ent Equations , Knowing the equilibrium value s for the

photon densities, the variance rate equations (38), (39), and (140) can

be set to equilibrium and solved simultaneously. The zero of (Y~ in

Eq (38 ) represents a plane parallel to the Qj~ axis in ( Z ,  , a , d~ )
space . Similarly , Eq (39) represents a plane parallel to the O~ axis,

whereas Eq (11.0) is the equation for a stra ight line. Therefore, for a

given singular point (n1,n2), there will be at most a single equilibrium

point for the variances • Eqs (38) and (39 ) are solved for cr~ and ~~
respectively , to get

— 
— ( Z B c - ~~+c)

and

2D

where 
-

n = (
~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ — 

~~

~~~= 
~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~

c ~~ ~~ ~~~~~~~~~ + l L

’
)~~~~~~ 1l f1I]

b 
~~ 

- ~~~~~ ~~z~~4i ~ ~ 
~ ~~ad)

-2~
~~ Li ( ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

(~a~
)

214



----~~~~~~~ - -~~
-

~~ ~~~~~ - -- -~ ---~~~~~~~~~~~~~ —  -

and 

= 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

(~~~~~~
)

Eqs (60) and (61) are then inserted into Eq (110) and the resulting

express ion for (T~. is

- CEb 1 4 3 )

~~

This value is then used in Eqs (60) and (61) to obtain corresponding

values of (T , and CT~~ , respectively.
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III Approach

Computational Scheme

In studying the behavior of the laser system us ing the laser rate

equations ( 36)_(LiO), several steps were accomplished . The first of

these was the development of a computer program which included the selec-

tion of a numerical analysis scheme capable of solving the system of

ra te equations ( 36)—(40 ) in arbitrary time increment s • The routine

chosen for this most important procedure is a FORTRAN IV subroutine

called BLCKDQ (Ref 13) . It uses a predictor-corrector formula of 8th

order with user specified tolerances , which were set to 1O~~~ because

of initial rapid changes in the moments • Time-incremented solutions are

possible because BLCKDQ solves the system of equations at a user spec-

if ted t ime (xoU’r) , given appropriate initia l values at some prior user

specified time (xiii), Therefore , the system is incremented to equil-

ibrium by calling BLCXDQ within a loop where the “initial” values are

set equal to the solutio ns from the previous time step, XL’1 is set equal

to the previous XOUT , and XOUT is incremented by some predetermined amount.

Built around this loop, the remainder of the progra m was then developed

to solve the rate equations to equilibrium for a series of initial value

points and to store for plotti ng all sets of solutions belonging to a

given set of laser parameters • The laser rate equations are conta ined

in a user supplied subroutine FCN which is called by BLCKDQ,

S election of Values for Laser Parameters

The second step in making the ra te equations solvable was to deter-

mine appropriate values for the various laser parameters ~~~~ ~~~ , h~)

for the desired combinaties of pus-p levels and degrees of coupling .

-

~
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To do this , several assumptions were made. First , it vas assumed that

the cavity losses , the self-saturation , and the cr065-coupling were the

same for both modes . That is

~ 
(~~4~)

~~< IL = (~~~~~~~
)

Comparing Siegman ’s photon rate equation (Ref 12*1418) to Eqs (36) and

(37), and noting that S iegman has no saturation or coupling terms , the

following equivalences can be madet

- 

~i~
”)

(~~~~~~~
)

-
~ 

(( c)

K~~L

where N and. N1 are population densities of the upper and lower lasing

levels and 1(1 and K 2 are coupling coefficients between the lasing modes

and the lasing medium. It is assumed that the lower lasing level de-

populates essent ially instantaneously ( N1 z 0 ) and the upper ].asing

level is mainta ined cons tant . Therefore , g11 g21 — cons tant and

g12 — g22 — constant,

To select a value for h , the following re lationship is noted

(Ref 12*1418)~
Cc~

(
~)
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where is the photon cavity lifetime. A representative value for t~
Is t0~~ sec . Therefore

(
~~~~r~~

)

is used for all combinations of and O(~ • The saturation and

coupling coefficients are somewha t more elusive. To get an idea of at

least an order of magnitud e, the expressions (149) were recalled and

compared with values for /2.. and 9~ used by Lamb (Ref 11* 121) .

Therefore, for each type of coupling (as determined by (6) and (52)) ,

the following values were chosen ;

weak coupling (!. < 1 )  $ o( ~ a ~ ~~~~~ 
( 6  

~~)

~~~~ L ~~~~~~~

‘
U

neutral coupling (c . I ) ‘  o~ ~- io

I _ lO
strong coupling f t> l  ) °& (7o)

In selecting appr opriate pump parameters g1~~, five different pump

levels were defined ;

well above threshold s 3~ > z),~
slightly above threshold a 

~ ~~ < i i  h , h 
~ <

threshold : a — —~~~~

slightly below thresnold a C ’~~.(~~ < ~
well below threshold ; 

~~ < O.s~,, <0.  S’t.~~

For each oump level , both g21 — g22 and g21 > g22 were considered,

For the case of ~21> g22 , the values were chosen so that mode 2 was 

~~~~~~~~~~~~~~~~~~~~~~~~~ . ~~~~~~~~~
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totally inhibited by mode 1, This corresponds to n , being negative at
—

the equilibrium defined by (48). The values chosen for the pump para-

meters are found in Table I , as well as the other laser parameter values

previously mentioned,

The only other variable in the laser rate equations which must be

specif ied is the size of the system , -ft . The only restriction on IL

is that it be some finite, positive value. Therefore , for convenience ,

a size of J L 1  was chosen.

Selection of Initial Conditions

For each set of laser parameters the final step before z~inning the

program and plotti ng the results was to determine a series of initial

value points in (n1,n2) and their associated variances. The general

goal was to select between 20 and 25 starting points per set of para-

meters spread around the n1 vs, n2 plot area • To do this required the

determination of a maximum photon number NMAX which then became the

dimension (in (n1,n2) space) for the square plotti ng area . For cases

with pump levels above threshold , NMAX was taken to be the maximum inter-

cept value of l~ and 12 as defined by (145) and (146) . For threshold and

below threshold cases , NMAX was determined by identifying the stable

equilibrium for the particular case and multiplying the larger n- coor-

dinate by an arbit ra ry factor between approximately three and ten . This

ensured that the stable equilibrium was within the plotting area, but

was not obscured by the axes , The values chosen f or NNAX, as shown in

Table I, were constant for each pump level , regardless of the degree of

coupling, Init ial points were then selected evenly around the edge of

the plotti ng area in addition to several points around the origin and

points close to any pre—deterinined unstable equilibria.
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Having selected the initial (n 1,n2 ) , the question is how to deter-

mine , or choose , appropriate initial variances for each point . To do

this , another question was asked , How would each initial point be

atta ined physically so that the system could then make a tra nsition to

the desired stable equilibrium? One possibility is to first change

some of the laser parameters such that the initial point becomes a

stable equilibrium point . The system is then returned “insta nta neously”

to the original configuration and the behavior of the system in trans i-

tion is observed. This scheme was used , varying the cavity loss terms

h1 and h2 ,  as in a Q—switched laser, The necessary “new” loss terms

were determined by solving Eqs (36) and (37) at equilibrium for h1 and

h2 ,  respectively, given n1 and n2 .  Then , using these “new” values and

the initia l n1 and n2 ,  the associated variances were obta ined by solv-

ing Eqs (63),  (60), and (61). In several cases (above thresholi,

strongly-coupled), some of the initial points could not be changed into

stable equilibria by merely changing the cavity losses. In these in-

stances , the initial values for the variances were arbitrarily set

as follows

(~~I4 ’)

=

In running the computer program to determine -the behavior of the

laser system, it was decided that the standard deviations and 
~2 and

the corre lation coefficient defined by

S 1 - 

(‘7 2.)
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and

= 
_\/

u_
, (‘73)

would be of more interes t than the actual variances . Therefore, these

values were calculated and printed out along with the photon densities,

the variances , and XOUT each time the program cycled through the BLCKDQ

loop. In addition , besides the n1 vs . n2 plots similar to Lamb ’s

results , three-dimensional plots involving 
~i’ ~~ 

and /.)~2, were

produced .

-J
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IV Results and Discussion

~q~ilibrium Analysis

Photon Densities. The photon density equilibr ium points for each

combination of laser para meter values (as defined in Table I) are

listed in Table II. Included is the classification of each point.

As expected, there are generall y f our such points for each set . The only

exception is when the modes are neutrally coupled (i . e . ,  when the

cross—coupling terms equal the self—sa turation terms). In this case ,

there are either two or three singu lar points , depending on whether

the pump parameters are equal or unequa l, respectively. For all but

the threshold cases , these points are very close to the equilibr ia of

the noiseless approxim ation (as defined by Eqs (ii~1) and (4 2 ) ) .  The

diff erence , though small, is important because it indicates that a

photon vacuum is never an equilibrium , stable or uns table , for either

mode. Therefore , even when there is no net gain for the system , there

is some positive average—photon -density to which the system will relax.

For each set of parameters, there is at least one stable and one

unstable node , The type of the other singularities depend s on both

the degree of coupling and the level of pump . For all weak and neu-

tral coupled cases , thes e other equilibria are all saddle points , each

of which has one negative coordinate thus ensuring that the system can

move toward stability from any physically realize able point . When the

laser modes are strong ly coupled , the typ e of these other singularities

is determined by the level of pumping , At threshold , these two equil-

ibria are both complex-val ued . Below threshold , both singu larities

are uns table , one being a saddle point and the other an uns table node

.33
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Table I I . Classification of Photon Density Singular Points
Data Set ID n~ n2 Type

A l l  1.3 33x10 10 1 333x10 10 stab le node
2.000x 10 10 -2 . 500 sadd le

—2 ,500 2. O0O xlO ~~ saddle
— 1 . 250 — 1 .250 unstable node

A 12 2.000xlO t ° 5.000 stable node
—1 , 53 8 7.500x109 saddle
2. 167 x10 10 —3 ,333 x 10 9 saddle

— 1 . 250 — 1 .667 unstable node

A13 k.000x1010 1 .250 stable node
1 .333x1010 1 ,333x101° saddle
1.250 4.000x1010 stable node

— 1 . 250 —1 .250 unstable node
A1~ Z+. 000x 10 10 0.38L i.6 stable node

—5.000 1 .500x101° saddle
—3 . 333x10 9 2. 167x 10 1° stable spiral
— 1 . 250 — 1 . 667 unstable nod e

A15 Lf.000 x 10 1° 1 .000 stable node
—2.003 1 ,500x1&° saddle
— 1.250 -1 .667 unstable node

A21 4. 000x J Q 3 —27.000 saddle
—27.000 Lf.000 x 10 8 saddle
2.6 67x10 5 2 .667x10 8 stable node

— 13.500 — 1 3.500 unstable node
A22 ~.00Ox10 8 51.000 stable node

—1 5 . Li2 9 1 .000x10 8 saddle
1~.667xlQ 8 -1 .33 3x10 8 saddle

—13.500 —51 ,000 unstable node

34
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Table II. Classification of Photon Density Singular Point s (cont)

Data Set ID n 1 Tyt e

A23 8.000x108 13.500 stable node
13.500 8 000x108 stable node

2.667x108 2.667x108 saddle
—13.500 —13.500 unstable node

A2Z, 8,000x108 7.286 stable node

—27.000 2.000x108 saddle
— 1 ,333x10 8 4.667x10 8 stab le spiral
— 1 3.500 

- 
— 5 1 .000 unstable node

A25 8.000x10d 17.000 stable no de
—18.000 2.,000x108 saddle
— 1 3.5000 -51 .000 unstable node

A31 1 .000x105 — 1 ,000x105 saddle
— l ,000x105 1 , 000x105 saddle

5.7735x1O 1
~ 5.7735 x10 4 stable node

—5 .7735 x10 4 5.7735x10 4 unstab le node

A33 5.7735x10~ 5.7735x104 stable node
—5.7735x104 —5.7735x10~ unstable node

1.oooxlo 5i -1.000x 1051 complex
-1 ,000x lO 5i 1 .000x l0 5

~. complex

A35 7. 0711 x104 7 , 0 7 1 1 x10 4 stabl e node
—7 0711x104 7.0711x104 unstable node

Ml 49.000 49,000 stable node
—6. 667x1 —6 .667x107 unstable no de

—1.,000x108 98.000 saddle
98.000 —1.000x108 saddle

49.000 11.500 stable node

—49.000 — L~.,0O0x10
8 unstable node

— 1 .000x108 13.143 saddle

1.333x 108 -Z1,667x 108 saddle

35
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Table II. Classification of Photon Density Singular Points (con t )

Da ta Set ID n 1 n..~ Tv~e
A43 49.000 49. 000 stable node

—6 667x 107 —6,,667x107 saddle

—2,000x108 — 49.000 unstable node

— 49.000 —2.000x108 unstable node

£44 49.000 11.500 stable node
—2.000x108 23.000 saddle

—7.000 —8 .000x108 unstab le no de
— Z,.667x 108 l,333x 108 unstable sp iral

AZ~5 49.000 11 .5000 stab le node
- —2.000x10 8 15.333 saddle

— 16.333 — 8.000x 108 unstable node

A51 1 .000 1 .000 stable node
—l,667x 109 — 1 .667x109 unstable no de
—2.500x109 2.000 saddle

- 2.000 —2,500x109 saddle

A52 1.500 0.11 1 1  stable node

-11.994 —L~..500xt0
9 unstable node

— 2 , 000x10 9 0. 1 429 saddle
3.333x108 —4.667 x109 sadd le

£53 1 .000 1.000 stable node
— 1 .667x109 — 1 .667x10 9 saddle
—5 000x10 9 — 1 .000 unstable node
— 1 000x109 — 5 . 000x 109 unstable node

A5Z~ 1 .500 0. 1111 stable node
— 4 000x10 9 1 .000 saddle
-4.667x10 9 3.333x108 unstable spiral
— 0. 1+2 86 —9 000x109 unstable node

£55 1.500 0.1 111 stable node
-1 000x109 0.2000 saddle
—1 .200 — 9.000x109 unstable node
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or an uns table spiral . Above threshold , when the two modes are pumped

equally , there is a second stable node which is physically realizeable .

The fourth singularity is a saddle point lying essentially at the inter-

section of lines li and 12 (Eqs (11.3) and (114)). Given the initial con-

ditions, it determines to which stable node the sys tem will relax. When

only one mode is inhibited, the second stable equilibrium point moves

to a non-physical point and becomes a stable spiral. The saddle moves

to a point just outside the physical region and maintains its relative

position between the two stable points to prevent physical points from

relaxing towards the non-physical stable point .

Second Moments , For each photon density singularity , there is one

set of equilibrium values for the second moments (as determined by Eqs

(60), (61), and (63)). For the unstable photon-density-equilibria, the

associated second-moment equilibria are non—physical; at least one of the

varlances,p11 ~~ Is negative . However , since the points are un-

stabl e In the photon densities , the uncer tainties and thus the second

moments will grow or diverge in time , and the system will move away from

instead of towards th ese non-phy sical variances .

For the stable photon singularities , the associate d second-moment

equilibria are rea l, physically meaningful points . As such , they are

listed in Table III along with the associated relative standard devia-

tions and correlati on coefficients • At and below threshold the system

experiences large uncerta inties as the standard deviations are of the

same order as the photon number densities • These large uncertainties

are also experienced by modes above threshold which are inhibited by

the other mode from laming . Onc e a mode begins lasing , the relative

standard deviation at equilib rium drops sharply , decreasing as the

37

- - ~~- - -~__________  — _- _, — 
~~~

- - _ -



~ -~ -~ -—-- —~ —-- - - - - -~~

‘.0
I U~ ‘.0 I -~~ -~ -~ -~0 1  I 0 I I I I
‘ - 0 0. -  0 0 0 0

N .— .— — — — —

~~~ 0 )< )< LA 0 M M 0 0 t~~0 F~’\ ‘.0 LA N O  ~~\ 0 N~ ~) 0 0  $~0 O~ N — rA 0 LA ‘.0 —7 ‘.0 0 0 ~~Lf\ . . . . LA . . . . N It\ ,A
— LA ‘O  • i-C~ N .— — S

I I I I I I I I I I I I I

Q~ Is’-. 4.
> I

to •-~ 0 0— —M LA N N -~ )4 O N -  ‘D O’ IA 0 0
~~ C’-- C’ - 4. 0’ .- U) — ‘.D N 0 0 ‘-.0

S 0 ~‘\ 0 r~ U) -~ ‘ — 0 0 0 00 ’  0 ‘.0o • • . . . • . . . . C’— • U)x _

w LA ‘.0 ‘.0 ‘-.0 ‘-0 .4. . 4. .4. -~~

~ I I I I I I I I I Io .-I 0 0 0 0 0 0 0 0 0 0o 4.)
X )< M ).  )4 M >4 >4 >4 >4 LA 0 0

‘.0 ‘—I N- — 0’- 0’ C’ U) -~~~ 0 0 0 0 0  ‘.0
0 C’ LA LA IA — U) r4’~ r~ PA C” 0 ‘.0

• • • • • . . . • . C’— • U)
S — C’— It•’ U’. LA P(\ .— — ~~ .— • —

-I.) 0
(0 .— C’ N’~ U) 0’ 0’

0 0 0  0 0 0N — LA — — — — —>4 N N 0 0  >4 >4 L A ’-0 C >4 >4 >4
S C’— N rA ~~ 0 0 PA • . . C’- C’- LA

0) 0 ‘.0 • C’- U) 0 ‘.0 PA U) LA ‘.0 — ‘.0 N
,5 r4 • ‘.0 • • N- — 0 .— — 4 - 0  N P A . —  P4~~ PA 4 - —

I I I I I I I I I I I I I
O -.--I 0

— C’ PA C’ 0’ C’
-4-) 0 0 0  0 0 0

( Q W  .— LA .— — — .— .—

. N  > 4 0  PA (‘J O >4 M U )  N O  >4 >4 >4
b PA 0 — PA 0 0 LA • PA • U) PA LA

PA • U) LA 0 N ‘.0 LA • ‘.0 0 PA C’-
• C C” 0 0  • • ‘

PA PA N 0 (‘4 N- N .- ‘.0 PA N PA P~\-‘-I
0 0 0 0 0 0 0 0

S S — — — — —  C’ C’ - — .— 0’ 0’ 0’
0 0 0 0 0 0 0 0 0 0 0 0 0
>4 >4 >4 >4 >4 >4 >4 >4 >4 >4 >4 >4 >4

b PA 0 0 0 0 0 0 U) U) aD U) PA LA
PA LA 0 0 0 N 4. 0 0 0 0 PA N

r4 -4 • • • • S • • . • S S S

5 0 PA N LA LA LA C’- LA — — — N PA pr~
0
5- U) 4 . 4 . 4 .

0 ) 0 )  0 0 0 0 0
.—4 .5 N .- ‘.0 — — — —.0~~~ S > 40 04 .0  > 4 0 0  ‘- 0 0  >4 >4 >4

~~ 0 LA U) 0 N 0 LA U) 0 N N N
PA O N  PA 0 ‘.0 • • N • N N O(. 00  . . . . • . — K’. • N- • • •

— 0 -  N LA — N - — L A  LA N- 

0 0 0 0 0
— U) U) a) U) U) 4- 4.

0 0 0 0 0 0 0 0 0 0 0 0 0
—

S >4 >4 >4 >4 >4 >4 >4 >4 >4 >4 >4 >4 >4
0 PA 0 0 0 0  C’- 0 0 0 0  N C — N

PA 0 0 0 0  ‘ . 0 0 0 0 0  N - N O

(‘3)-i
.4.) — N PA 4. LA — N PA 4. LA — K’. LA

— — — — — N  N N N N PA PA PC\
‘~~ 

.
~~ 

.
~~ 

.
~~ -~~ 

.
~~ 

..
~~ 

.
~~ 

.
~~ 

-
~~

38

—*----- -. 



- -~~ — --- -
~~~~~

-
~~~~~ - —-.~—~~~~- -— - —-- ----~~~~ ~~— —-~ --- --‘ -

4 -
a) N U) 0 — 0 0 —

N- I I C’- I —
I 0 0 1  0 $  I I I I
0 - -  0 — 0 0 0 0 0

N — >4 >4 — >4 —
— >4 L A O  >4 LA >4 >4 >4 >4 >4

LA PA 0’ PA 0 0 0 ‘.0
4. 0’ 0’ .- 0’ 0 a) 0 PA
N LA 4- - LA N ‘.0 4. .- ‘.0

I I I I I I I I I I

0)

10 ..—4 O N  O N  N 4 - P A  4 - P A PA
-~ “ N  — 4 . —  4 . 4 - —  ‘.0 — ‘.0 ‘.0
S ‘ 3 t o  0 0 0 0 04 - —  4 — —
0) .—•4 • 5 5 •.  S .  • S S
8 0) — PA — PA PAoz

‘C 0)
S
0 0 0 0 0 04 - —  4 . — —
O .4-) C’ — C” 0”
0) C~~ to 0 0 0 0 0  4. ( ‘ 4 4 .  (‘4 (~JC/’) • • • • • • • •

0)

S—-
(-3 .

4.) 0 — 0   —
4’ 0 -7 LA PA LA LA 
(3 0  I I I I I I I I I I
(-. 0 0 0 0 0 0 0 0 0 0 0

-.-4 — N
(.4 ‘- >4 >4 >4 >4 >4 >4 >4 >4 >4 >4

S ~~ O N  0 4 - N O  PA 0 ‘-.0 PA
0 ) 0  0 LA N 0 LA 0 ‘.0 0 N ‘.0
.0 -rI • • • • • • • • •
‘-. -~ ‘-.0 PA — C’- PA 4. 4. U) 0’. 4-

S I I I I I I I I I I
(4.0o -.--I

LA LA LA
4’ O N  O N N O  PA 0 PA N’.( 0 ( 0  N LA • LA . • 0 N 0 N (‘4

0) -~ 4 -.7 PA 4- PA PA 0 — 0 — —
b N 4 - N  4~~~~-.? • • • •

s—I — - - N O N  0 0
(‘3 )-)
> 4-)

—4
9 ( 0
S O

-
— -7 -7 -7 -7 4- 0 N 0 N C’-

- --4 0 N (‘4 N (‘4 N • • • . s
N PA N PA PA

“.4 ’)
5 0

j

39



I -.--—-----‘--—--,---- —.- ---- -- -- -—----—-.--.——---. .- -.—..-,-—
~~ 5-”’.— —‘-  —~ — —.——-.‘---~ -‘-.5-5-—-- — ~—.- — ——--—--—---- —.-- ‘—5- -- ——---- -.

- - - --- 

photon number density increases . It is interesting to note tha t for a

weakly—coupled system above threshold , matched—mode oscillation ( n1 ~~
shows for each of the modes a greater variance than for the single mode

that oscillates and inhibits the other . This is even though, for the

same pump level , the photon density is greater for the single mode than

for either of the matched modes , H owever , this general phenomenon should

be expected because of the relative influences of the second mode ; in

one case, it oscillates at equal intensity while in the other instance

it exists barely above photon vacuum.

The correlatIon coefficient indicates a significant linear

relationship between the photon densities of the two modes only at

threshold and above thr esold with both modes lasing . In these cas es

a change in the photon density of one mode will have definite impact on

the density of the other. At threshold , even though the standard devia-

tions are still on the order of the mean densities , this indicates the

onset of order within the system. Below threshold, and above threshold

with only one mode oscillating, P12 is very small and the two modes are

very nearly uncorrelated, Below threshold, both modes are dominated by

spontaneous emission . Therefore , neglecting the small amount of stim-

ulated emission that may occur , the photons in one mode will have no

effect on the photon number in the other mode. Likewise , above threshold

with one inhibiting the other, the inhibited mode is inhabited almost

entirely by spontaneous photons and can do very little to affect the

number density of the lasing mode .

Dynamic Analysts

General, Representative plots showing the evolution of the mean

photon number dens ities and. of the standard deviations and correlation
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coefficient are shown in Figs . 6-13. Each f igure comprises foqr plots :

vs . n2 ; n1 vs. n2 VS . S
1

; fl
1 ~~~~ ~~2 

VS • ~2 and n1 vs. n2 vs.f 12

There were no significant differences in the behavior of the system be-

tween the two levels of above threshold pump cons idered in this study .

Therefore , only one of the se pump levels is cons idered in this section.

The same was true for the two levels of pump below threshold . In addi-

tion , the degree of coupling had no real noticeable effect below thres-

hold on the evolution of the variables and caus ed only minor differences

at threshold , Therefore , only one threshold. case and

two below threshold cases ( corres ponding to matched and unmatched puinping)

are cons idered . The remainder of the plots are included in Appendix C.

Below Threshold , Figs . 6 and 7 illus trate the evolution of the f irst

and second moments for the two below threshold cases AL4.1 and A4Z , respect-

ively. As predicted , the mean photo n densities follow deterministic

paths . In both cases the modes are dominated by spontaneous emission .

Therefore , they exhibit characteristics of white ( incohere nt) light.

The standard deviations s1 and s2 are on the order of the mean densities

throughou t the transitions and , therefore, experience the same general

behavior as the mean photon densities . Also , the corre lation coefficient

Is very near zero throughout the regions of interest indicating that the

modes have little on each other .

At Threshold. At th reshold , only the weakly-coupl ed case A31 has

real-valued saddle points . The strongly-coup led system A33 has two

complex-valued singular ities , while the neutra lly—coupled system A35

has only two nodes , one stable and one uns table , Comp aring these three

cases , It is seen that there is little impact caused by the presen ce

(or absence) of sadd le points .
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Considering the case A35 (Fig . 8), the same general relationships

exist between the mean photon densities and the standard deviations as

exist below threshold . The modes are still dominated pri~~.r ily by spon-

taneous emission and , therefore , s1 and remain on the order of

and n2 .  However , the correlation coefficient no longer is negligible .

When either mode is operat ing well below equilibrium the correlation

be tween modes is very small, As the mode(s) grow(s), the effects of

saturation and coupling cause the modes to affc t each other and thus

they become correla ted. Because of the simulated Q-switch used to deter-

mine the initial variances and covari ances , the curves associated with

large initial photon densities in both modes start out indicating signif-

icant correlation between modes which then decrease or increase monoton-

ical].y towards the equilibrt um value .

Above Threshold. Above threshold , the behavior of the sys tem is

strongly affected by the singular points (Table II). Consider first

the weakly—coupled case A21 as shown in Fig . 9. Comparing Fig . 9a ,

the plot of n.~ vs , n2 ,  to Fig 1, its equivalent plot resultin g ±‘rom

Lamb’s semiclassical treatment , favorable agreement is noted with an

important addition, Fig. 9a includes phase curves from points with one

or both modes in a photon vacuum . The curves between the saddle points

at approx imately (O ,4x108) and (4x108,O) and the stable equilibr ium act

as “limit lines ” of the system to which other phase curves are pulled

by the saddle poin ts . This is especially evident for those lines be-

ginn ing with one of the modes in a photon vacuu m (such as thos e with ini-

tial points ident ified on the n2 axis by severa l different chara cters) .

These curv es move quickly towards the closest sadd le point before the

non— lasin g mode can build significantly, as the re are not enoug h excited
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ato r.s to maintain the system at its current level. They then follow very

closely the “limit line” in the transition to stable equilibrium. Figs.

9b and 9c indicate that the occurence of anomalous fluctu ations is

associated with buildup in one or both nodes from a photon vacuum, and

that the maximum fluctuation occurs approximately half-way along the curve

between the stable and unstable equiltbria. In buildup from (n1 , li2 )

(0 , 0) both modes experience the same degree of fluctuation as both

modes are expected to grow at the same rate . Whe n only one mode is

building from zero both modes again experience the anomalously large

fluctuations, even though the other mode is already oscillating. How-

ever , the growing mode experiences a larger fluctuation, Comparing

the curves for s1 and to their associated curves for P12 in Fig. 9d ,

it is seen that movement along the “limit line” is associated with a high

correlation between modes ( p12~~_1.o). Also, the phase curve assoc-

iated with buildup from a photon vacuum in both modes moves towards

f ~2 -1.0 before relaxing to the equilibrium value of -0 .5,

Case A22 , representing weakly—coupled modes with m ode 2 inhibited

at equilibrium, is shown in Fig. 10. As with case A2 1, a conparison of

Fig. b a  with its equivalent from Lamb’s theory (Fig. 2) indicates fav-

orable agreement in n1 and n2. There is now only one saddle point, at

(n1 , n2)~~(O ,108), which affects the system and all phase curves move
toward the one equilibrium where only mode 1 lases • The anomalously

large fluctuations are again associated with buildup from a photon

vacuum. The single—to—dual—mod e transition of Fig . 9 is replaced by

transition from unstable to stable mode oscillation, and again both

modes experience the anomalous fluctuations, as seen in Figs. lOb and

lOc . However , only mode I experiences anomalous fluctuations in build-

£1.7
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up Iron (0 ,0) since it is the only mode which oscillates at equilibrium.

Also , movement along or close to the “limit line” is again associa ted

with strong correlation between the modes , as illustrated in Fig . lOd .

The case of strongly—coupled modes pumped equally, as shown in

Fig , 11 , is unique from the other cases studied because it has two

different equilibria which are stable nodes and to which the system

can relax. It also has an unstable equilibrium lying in the physical

region of the (1i
1 

, n2) plane . This interna l saddle point deter m.tri es the

stable point to which the system will move. As before , the evolution of

the mean photon densitie s , Fig . h a , compares favorably with Lamb’s

results as plotted in Fig . 3. Since both modes can be stable, depend-

ing on one ’s current position , the system does not have an unstable

mode from which to tr ansition , as in case A22 . Similarly, it cannot

move to two—mode oscillation. Therefore , one might expect that for this

case the only anomalous fluctuations are associated with buildup in one

of the modes from a photon vacuum while the other mcde remains essential-

ly empty . However , while photon buildup transitions do experience the

anomalous fluctuations , the stro ngest influence is the internal saddle

point . As is evident in Figs . lib and tic , the phas e curves experiencing

the largest fluctuations are those passing closest to this saddle point .

Again , it is interesting to note that the maximum fluctuations occur not

nearest the unstable equilibrium, but approximately half-way between the

unstable point and the stable point . As in all the above-threshold

cases studied , movement along the “limit lines ” extendi ng be tween the

stable and unstable equilibria was associated with high correlation

between the modes , or P12 w -1.0 • However , for strongly—co upled modes ,

due to the stro nger mode irLteract&on, this same correlation exists
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whenever both modes are oscillating, as seen in Fig. lid.

~then the strongly-coupled modes are unequally pumped such that only

one mode is inhibited , as in case A24 , the evolution of the moments is

as shown in Fig . 12. There is again only one stable point to which

the system can re lax and there is only one saddle point affecting the

system, As in case A22 , anomalous fluctuations occur during both trans-

ition from unstable to stable mode oscillation and buildup of mode I

from a photon vacuum (0 ,0) . However , the largest fluctuations are

associated with phase curves which begin with both modes oscillating

and then pass near the saddle point, Both modes oscillating under strong

coupling is a highly unstable configuration and , therefore, the curves

associated with these points begin with large uncertainties on the order

of the mean photon densities . As the system evolves toward the stable

equilibrium, 
~~ 

maintains the same relative value throughout the trans-

ition (Fig. 12c), Likewise, for those curves which approach the “limit

line” before the half-way point where the maximum fluctuations are ex-

pected to occur, s1 stays on the order of n1 and as n1 grows , so does

(Fig. 12b) . Once the maximum point iS reached , s1 decreases rapidly and

approaches its relative low value characteristic of stable lasing modes .

Looking at  Fig. 13, there are only minor differences between the

evolution curves for neutrally—coupled modes and those for strongly-

coupled modes under unequal pumping, For the neutrally-coupled modes

( case A25) the effect of the saddle point is not as pronounced . The

phase curves do not approach as close to the saddle point and , except-

1mg those which begin on the 
~2 axis , do not approach the “limit line”

as quickly, Therefore , even though the two-mode—oscillation initial

points have associated uncertainties on the order of the photon densities ,
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the loops in the s~ curves of Fig. 12b do not occur in the curves of

Fig. i3b .

It is interesting to look at the general shape of the “limit lines”

relative to the mode coupling. When the modes are weakly coupled and

and the system is in the vicinity of a sa.dd].e point , one of the mode den-

sities will be near zero. As this mode grows, the other mode density wil].

decrease as both modes pull towards their own respective equilibria.

However , the decrease required will be less than the growth of the f irst

mode. Therefore, the “limit lines ” are concave downward or towards the

origin. On the other hand , the “limit lines” are concave upward. for

strongly-coupled modes as the opposite relative responses between modes

are encountered. When the system is neutrally—c oupled , the “limit line”

becomes a straight line showing no preferred concavity, just as the system

shows no preferred method of saturation.

In comparing Figs, 9a, iCa , and h a  to the results of Lamb ’s theory

(Figs , 1, 2 , and 3) the one important difference noted was the inclusion

of phase curves originating from a photon vacuum, There is one other

significant difference between these two models . Lamb’s model pre-

dicted that any point along lines 1~ and 12 (Eqs (43) and ( 4L1.)) would be

stable with deviations away from either line decaying back towards that

line, However , when the spontaneous emission is included , this stability

is destroyed and , as seen in Fig . 13, the system moves to equilibrtnm

at a single point,

Mode Buildup from Vacuum. Of particular interest is the buildup

of the mode densities from a photon vacuum, Figs . lL~a, 14b , and 14c

illustrate this buildup in time for several levels of pump and degrees

of coupling , Fig. 14c shows the buildup in both modes from a photon
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vacuum for the five different above threshold cases shown in Figs . 9-13.

Fig . 1L~.b corresponds to Fig 8, and. Fig . h~4a does the same for the cases

of F igs . 6 and 7. Below threshold , the modes grow independently with

the time relationship

fl ( = 
~ L 4% (1  e~~ t )  (74)

where n1 is the equilibrium density for that mode arid a1 is a decay
eq

constant, This decay constant is equal to the net losses of the mode ,

or t~~ difference between the loss parameter hi and the stimulated gain

parameter g21. Coupling and saturation have negligible effects . At

threshold, according to Eq ( 714) both modes should increase linearly wi th

no damping or aplification effects , since the stimulated gains equal

the losses , This does occur initially. However , as the mode densi ties

continue to increase , saturation sets in and the rate of buildup de-

clines as equilibrium is reached . Above threshold , both modes exper-

ience initial exponential rises with growth cons tants equal to the net

gain of the system, As they approach and pass the threshold equilibria ,

saturation and coupling begin to modify this rise, gradually slowing the

rate of increase and even causL’tg a decrease for the mode which is in-

hibited from laz ing at equilibrium.

The time to equilibrium is primarily determined by the size of the

net gain or loss of the system, The closer the system is to threshold

operation , the longer it will take for the system to buildup to equil-

ibrium, Below threshold , the net loss (or the decay constan~ js the only

deter mining factor , whereas above threshold , and even at threshold , the

effects of coupling and inhibition speed up or slow down the process .

5ó
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For example, cons ider the times to equilibria as shown in F igs . 114a-

h4c , At threshold (Fig , iLib) , this time was on the order of 1 msec ,

Below threshold (Fig ilia), it took about Sp sec for the system to reach

an equilibrium. In Fig. 114c the times to equilibrium were in the ra nge

of 5—1O,u.sec ,

As with the photon densities , the buildup of the mode densities

is used to illustrate the evolution of the standard deviations in time ,

See Fig , 14d , Since the standard deviations for systems at and below

threshold are very close to the mean photon densities, only the above

threshold cases represented in Fig 114c are considered . Also , the strongly-

coupl~ ~equally—pumped system experienced fluctuations two orders of

ms.gnitude greater than the fluctuations for the other four cases in-

volved, Therefore , the time behavior of its standard deviations is not

included in Fig . 14d . Comparing the curves of Fig . l2id to Fig 14c , it is

seen that the fluctuations do peak appro,..~.mately half-way to equilibrium,

as predicted and seen before, with the case of two-mode oscillation

peaking farther towards the equilibrium than the cases of single-mode

oscillation. The height of the peak is dependent primarily on the pump-

ing, as different pump parameters produce different photon densities ,

There is also a dependence on the mode coupling for the same pump level .

For each of the curves in Fig llld , the peak represents approximately

the same relative standard deviation ( s~ ~ n1 ) , Therefore , since the

peak occurs when the photon density is about half tha t of the equilibrium

value , the heights of the peaks will have the same relative values as do

the equilibrium photon densities.
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V Conclus ions and Recommendations

Conclusions

Based on the results of this study, several conclusions can be

dra wn. The most important of these, withou t which the rest would be

meaningless , is that the method used in this stud y of photon statistics

is valid. The laming process can be described adequa tely by the

Chapman-Kolmogorov master equation and the proposed transition rates

used in solving the master equation are appropriate, Accepting this ,

the other conclusions are ;

1). Any two-mode laser sys tem has at most two stable equilibr ia,

with all but some strongly-coupled systems having only one. This in-

cludes systems with neutrally-coupled modes , contrary to the predictions

of the Lamb model .

2) .  The laser system experiences large, anomalous fluctuatio ns in

one or both modes in three specific types of transition. First, when-

ever the system builds up from a near photon vacuum such as at initial

startup, the mode or modes which will be oscillating at equilibrium ‘rill

experience the anomalous fluctuations, Second , whenever only one mode is

oscillating and both modes oscillate at equilibrium , both modes will

experience the anomalous fluctuations during the transition to equil-

ibrium, Third, whenever an unstable mode is oscillating alone both modes

will have anomalous fluctuations in the transition from the uns table

to the stable mode,

3),  Str ongly-coupl ed laser systems operating with two modes os-

cillating experi ence larg e fluctuati ons , especially when there are two

possible stable points to which the laser system ca-n tra nsition .
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4). A mode experiences nor mal fluctuations when the system is

below threshold , when the mode both begins and ends the transition below

threshold , and when one mode ceases la-sing while the other mode con-

tinues to la-se ( exceptin g the case where two physical stable points

exist) .

5) .  Inhibited modes above threshold experience the same type of

fluctuation as if they were below thr eshold.

6). The anomalous fluctua tions are accompanied by a strong linear

relationship between the mode densities ( p,2 ~ 1 ).
7) .  There is significant correlation at equilibrium between the

modes only at threshold and above threshold with both modes oscillating.

Recommendations for Further Study

1). A better qualitative understanding of the effect of coupling

could be gained by solving several different cases for various values of

the coupling parameters.

2). Operation very close to threshold should be given a closer

look , possibly result ing in a better definition of “near threshold” ,

3) . ThiS study was limited to constan t pump parameters which

turned on or changed instantaneously, Therefore , a similar analysis

could be done allowing the pump parameters to be functions of time ,

This could then allow for analy sis of pulsed operation as well as

continuous wave ,

4). ThIS analysis could be repeated for other propos ed expressions

for the transition rates,

5), The equation development used in this study should be ex-

panded to include aultimode laser operation and th. general results

f or two-mode operation extended as appropriate .

59



—
~ -- -~~ - - -~~~--- --—~~ — ~ - —--—--,-- -——— , - ~~~~~~~~~ ~~~~~~~~~~~~~ -

B ibliog~~phy

1. Arecehl, F. T. and A . M. Ricca . “Statistical Properties of a Many -
Mode Laser,” Physical Review A , j~~s 308-318 (January 1977),

2 , Arecchi, F. T, et al. “Time—Dependent Statistical Properties of
the Laser Radiation,” Physical Review Letters , ~~~~ & 1168-1171
(13 November 1967),

3. Haken , H. “Cooperative Phenomena in Systems Far From Thermal Equil-
ibrium and in Nonphysical Systems , ” Reviews of Modern Physics, ~Z.s
67-121 (Janua ry 1975) .

4’. iCubo, R , “Non-linear Relaxation , ” Statis tical Physics— StatPh ys
j~~, Annals of the Israel Physical Society, Vol 2, Part 1, edited
by D. Ca-bib, et al. New York: Adam Hu ger, Bristol and the Israel
Physical Society in association with the American Physical Society ,
19?8.

5. . “Relaxation and Fluctuation of Macrova riables ,” Synergctics -
Coo~pemtive Phenomena in Multi-com~ponent Systems, edited by H . Haken.
Stuttgart : Teubner, 1973.

6, Kubo, R , et a-i, “Fluctuation and Relaxation of Macrovariables ,”
Journal of Statistical Physics, 2: 51—96 (September 1973) .

7. La-nib, W. E,, Jr. “Theory of an Optical Maser ,” Ph~~ical Review,
j~~ , A1L$29—A145O (15 Jun• 1964).

8, Mandel, p • “Quantum Multi-mode Laser Theory,” Phys lea B & C,
Netherlands, 82: 353—367 (April 1976) .

9. Risken, H. “Statistical Properties of Laser Light ,” ~~~~~~~~ j~Optics, VIII: 241—296 (1970)

10. Sargent , 11. III et a-i. “Buildup of Laser Oscillations from Quantum
Noise,” Ap~plIed Optics, 

2~ 
2423—2427 (November 1970).

11. --—-— . Laser Physics. Reading, Massachusetts: Addison-Wesley
Publishing Co., 1974 .

12. Siegman , A. E. An Introduction to Lasers and Masers, New York :
McX ra w-Nill Book Co., 1971. 

— _____

13. Skappel, J., Boeing Aircraft, “FORTRAN IV Subroutin e BLCKDQ , ”
Coord ination Sheet No, PS—769, 22 March 1968.

14 , Standard Math Tables (17th Edition) , edited by Samuel M, Selby,
Cleveland , Ohio: The Chemical Rubber Co., 1969.

60 



- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~-
---~~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- - - - - - - -~--- -. ---- - - .-- -,—---— --—- . - -,‘—— — - —~~~~- -  ~~~ ------~ -----~~~---  -

15, Stoker , J. J. Nonlinear Vibra tions in Mechanical ~~~ Electrical
Systems, New York : Interscience Publishers , Inc ., 1950 ,

16. van Kaap en, N. 0. “A Power Seri es Expansion of the Master
Equation,” Canadian Journal ~~~~~ Pi~~sics, 

~~~~~~ 
551—567 (1961).

4

~

--

~

-~



----
~~~~~~~— — ~~~

-
~~~~ - ~~~~~~~~~~~~~~~~~~~~

--
~~~~~~~~~~~~~~~ - .

—~~~~~~~-—~~~~~~~ 
-
~~

. - - - .~~.-

Appendix A Derivation of the Evolution Eq~ations

Let X — (X1,x2) be a vector variable representing the photon

numbers of a two-mode laser system. It is assumed that X is a stochas-

tic process as it evolves in time . Further, X is assumed to be Marko-

vian and , therefore , can be described by the Chapman-Kolmogorov equation

in the form

~~~~~~ ÷ fw(~-c 3~~(x-c >~~ (7~~~)

where P(x , t) is the probability distribution of X at time t and w(x ,~)
is the transition rate for a jump from X by an amount r . Since the

values of X will be discrete , the integrations are understood as

summations .

X , as defined above , represents the extensive macrovariab ies of

the laser system , each of which is made up of contributions from many

elementary units - in this case , photons . However , it is assumed that

the transit ion rate W (X r) is deter mined by the internal state of the

system , rather than by X , Therefore , the transition rate takes the

form

(v ’)

where ..ft is the size of the system and x is the nor malized intens ive

macrovarlab].e vector corresponding to X and defined by

(77)
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With this assumption , the master equation (75) , rewritten for

P(% ~) ft ? ( X , becomes

-f~~c~P&~’)~ +f~~
(i_ i

~~ c~)P(x -~~~t)ãr (ig)

By expanding the second integral on the right-hand side of Eq (78) in a

power series about x, Eq (78) can be wr itten formally as

~~~-~~
) = —f E -~ (k ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

or , maintaining the expanded form

-

~~~~~ ~~~~~~ 
= ~~~ (~L’)~ rf 1.~~( ~ 

. )~~.A~~( ~
) ~~o )

where is the transpose of r .

Following the work of Kubo (Ref 5:29) , a solution of Eq ( 80) of

the form

= (~
, I )

is assumed . Then , the time derivative of P(x ,~) is

~ [~. t~p [ri c~.~)] ] = n. e~ €)1.c(~ )~ ) C ~a)

and the integre nd on the right-hand side of Eq (80) becomes
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(
~ 

~~~~~ ~~~~~~~~~~~~~ C~~ [~~c(X )~~

~J L ( ~~~e(~~)(E •~1~
÷o(J1~

) (~ 3)

Therefore , to order .f L Eq (80) becomes

= 
~~~~~ ~~~~~~~~~~~~~~~~~~~ (~~ 4)

and. (79) becomes

- f ç ~(~ [1-~~p(-E.v~( x & )~

To solve this equatio n , a solution of the form

(
~~~

)

is assumed , where 
~~~( 

t) is the expected va lue of x and z is the deviation

of x away from ~~~ , This , then , transforms ( 85) into

-

Assuming , the transition ra te w(~~sz ,~ ) cart be written as

w + k ~~)= ~~+ E • V (~~~~~~~~ . (
~
)

which then transforms (87) into
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Expanding the exponential terms , Eq (89) becomes

~Ih(~ ~ 
-

~~~~ L~
) = 

~~~~~~ 
~~~~~~~~~~~ ~~~~~~~~~~~~~

• 
~~~~~~~

~~--
~~~

‘
~~~ E ~~~~~~~~~~~~~~~~~~~~~ (s o)

Noting that the f irst moment of the tra nsition,fd (
~~

)
~ , is just

the average velocity of ~ when the system is in the state ~~, and that Z(t)

is already an average or expected value , it is easily seen tha t 
~~~( 

t)

satisfIes the condition

(
~~

1
~

Therefore , the terms in Eq (90) linear in vanish and the

resultant equation is

~~~~~~~ ~ C~~~
) ~~ c-~

)
~ fdr ~~~~~ ~~~~

Zz2
~)

fl:2

~ ~~~~~~~~~~~~~~~~~ 
(~ a)

f l — I
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Assuming an approximate gaussian solution of

~~~~~
= — -

~~~A (~
)
~~ 

-

~

- o(k~)

where A is the invers e of the covar ianCe tensor , then

~~~ ~~~~~~~~~ ~ —

= -
~~~~~~~~(~~~A~~~~~~ ~

However

=

and , therefore

v~~~~ )= — r ~A~~~~ ~ o (t ~ V~

= -~~•A •~ + (~~
)

Inserting (93) and (96) into Eq (92 ) and taking the leading terms to

order , Eq (92 ) becomes

kiA ~~~~~ ~~~~~~~~~~~~
(°~7)
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This leads direc tly to

~~ ‘f ~ ~~~~ ~~~~~~~~ A — .
~~~~~ C”)

which can then be made symmetric ( recovering the symmetry lost by us ing

(95) to combine the terms of Eq (94) by noting again the equivalence

of Eq (95) . Therefore

= A . ( ~~~f~~~~~
(
~~~~ )E) (~9)

and Eq (98) becomes

‘~~~~ f ~_ ) r_ ”) r l -  .A — v~fc1r ~~~~

(,oo)

An equivale nt expression for the covariance tensor 3(t) is obtained

by f irst noting severa l tensor identities , By definition

(ioi)

and., therefore

(
~~

)
where E is the Identity tensor. Taking the time derivative of Eq (102 )

~~~ = A~~~. 
-

~

- = o (/o3)

which leads to
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-‘

~~= - 5 A B  (1o4)

Defining c 1 (~~~) 
and. £2 (~~~~) 

as the f irst and second mo !snts of the

transition ra te w(~y~~ )

~~~~~ ~~~~~~~~~~~~~~ 
(i cc)

~~~~~~~ fd~~ w(~~~~~~~r~~

and inserting (100) into Eq (104), the equation for the covariance

tensor is

- ~~~~~~~~~~~~~~~~~ + ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (~~~
)

or

= C 2~ ~~~~~~~~~~~~~~~ B~ (to g)

To obtain the covariance tensor for x , (107) must be divided by

This is seen by firs t inserting (93) into (87) to get (keeping only

the leading term in I) L )

-

~~~~~~~~~~~~~~ ( t o~
)
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Letting

~
-
~~

) =fL/ ~~ (H O)

be the inverse covariance tensor for x, the covariance tensor becomes

£ C~
) ~~~~~~~~ (H 11

Similarly

~~~~~~~~~~~ 
fL ~~~~~~

where A Lt) is the covariance tensor for X . Therefore , by substituting

(111) back into Eq (107) the equation for the covariance tensor for

xresults g

(ii 3)

where and £2 are as defined in Eqs (105) and (106) ,

Thus , Eq (113) and Eq (97), which can be rewritte n as

= (ii4)

are the general equations governing the evolution of the first and

second moments of the normalized intensive macrovariable x. Equation

(114i’) defines the most probable path z( t) which the variable x will

follow, while Eq (113) determines a measure of the fluctuatiss of the

variable around this average path.

I
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Appendix B Lineariz&ti~~ of ~~~ Phot~~ Rate Equatio~~

To lineariz e the photon ra te equations (36) and (37), consider a

small disturbance around an equilibrium point. Let

0

and

= ±

where n~ and are the equilibrium point values • Substituting these

into Eq (36) , the rate equation becomes

~~~ 
+. + — 

~1~(fl ’-4-~~:) (u~
)

~ ÷~~(~~+~[) ~~~~~~~~~~

= 
~~~~~~~~~~ ~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~ (
~~)

I *- u(~ fl~ #o(~~(~, + O<~1~fl~ + o4~~fl~~

Now

I 
,

~., 
_ _ _ _ _ _ _

I t

Therefore , letting

X 4 0 ~~~fl~° (tic)

and
o<~ ~~ 4- o(~

Eq (118) becomes

— ~~~~~~~~~~~~~~ — L ~
1l~~~~~r i ( t  ~J11)

( i +o fl~~~~+- o42.. fl~~~~) 

I
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Separating out zero order terms

~~~ 3L ~~)(1 ~~ —~.c;~A 1
1 

— o(1~ i1~.
’) 

— ‘-
~~ ~~~~

( 
~~
-‘ ~~~~~~~~~~ +

~~ ~~~ ~~~~~~~~~~~~~~~~ 
—)
~~~~ — (~z..3)

(4-  ~~ -F- c(
~ ni

— (~% + ~~~~t — h + ~~~ , ~~~~~~~~ 
-

~~~ ~~~~~
I 

I +~~(~~fl~ 4 -O(IL fl :

+ ~~~~~~~~~~~~~~ ~~~~~~~~~~~ (124)
(~~+~~~~~ +o tt n~~)

t

Now , the first bracketed factor of the first term In Eq. (124) is just

which Is equal to zero. Therefore, the entire first term vanishes and

the rate equation becomes

~
.y_ ~z1n :( ÷ 1 ~.~~ — .4.n 1’ _c(1&n~) — ~~~~~~~~~~~~~~~~~~~~~~~ — 

~~~~~~~~ (~
.
~

-)
+ I ~~~ .1- ~

(,
~fl: 

I

Since the disturbance was originally assumed to be small, only the first

order terms are of significance; therefore , separating out all higher

order terms, Eq ( 125) becomes

— ~ ~: (~+ ~~, ~~ — 

.O.T.

— 

(i + o4(~ + (i

— 
~~~~ (o( ~~\~ ~~a~,iM~ )

~~~~~~~ 
÷~~~ :
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Thus , the linear ized photon ra te equations are written as

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
— 

(iz7)

and

‘~- = ~~~~~~~~~~~~~~~~~~~~~~~ — (t 2~~~~~)

+ ~~~~~~~ 7fL

I

~
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Appendix C Additional Evolution Curves
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Figure 15, Evolution Curves for All
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Figure 16 , EvolutIon Curves for Case A12
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Figure 18, Evolution Curves for Case A14
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Figure 20. Evolution Curves for Case A31
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