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Abstract

The evolution of the first and second moments of the photon density
distribution for a two-mode laser system was studied by proposing
appropriate transition rate expressions and using the Kubo equations
developed for a Chapman-Kolmogorov system, A numerical analysis
technique was used in solving the rate equations and computer plots
were generated for various combinations of laser parameter values,
Anomalously large fluctuations, similar to those occurring in single-
mode lasers, were observed during photon buildup of the modes, Wnen
only one mode was oscillating, a photon buildup in the non-lasing mode
was seen to cause simiiar fluctuations in the lasing mode, In all
cases, these fluctuations were accompanied by a strong linear

relationship between the modes,




PHOTON STATISTICS IN TWO-MODE LASERS

I Introduction

Ba und
Since the development of the laser in 1960, the statistics for
single-mode lasers have been studied extensively using both the semi-

classical approach and the fully quantum-mechanical theory, Calcula-

h tions have been made of the single-mode photon distributions below, at,
| and above threshold., Calculations have also been made of the time-
behavior of the moments of the photon distribution as the laser operates
away from equilidbrium, These calculations have subsequently been ver-
ified by experiment,

The statistics for multimode lasers are not as well developed,

Only the two-mode laser has been studied in any detail; and then, using
only the semiclassical approach which neglects the particle or quantized
nature of the light field in favor of a classical electric field., The
fully quantum-mechanical treatment has just recently begun to be analyzed.
Purpose

The purpose of this work was to extend the study of two-mode lasers
by investigating the photon distributions in equilibrium and the time

behavior of the first and second moments of the distributions away from

equilibrium for a two-mode laser, Of particular interest was the be-
havior of the system (for several pump levels and degrees of mode
interaction) during buildup of photons from a photon vacuum and during

transition from unstable to stable equilibrium, Transition from various




non~equilibrium points was also considered,
Approach

To study the behavior of the laser system, it was assumed that the
system could be described by the Chapman-Kolmogorov master equation,
Therefore, the resultant general evolution equations developed by Kubo
were applicable, Transition rates which included terms to account for
spontaneous and stimulated emission, as well as mode interaction and
self-saturation, were proposed for the laser, These were then inserted
into the general evolution equations, and rate equations for the first
and second moments of the photon density distributions were obtained,

Appropriate values corresponding to various combinations of pump
levels and degrees of mode coupling were chosen for the laser para-
meters, For each combination, the pump was considered constant while the
coupling was assumed to take place through the mode population densities,
The equilibrium points for each set of laser parameters were then ob-
tained analytically from the rate equations and were classified using
linear vibration theory to predict the behavior of the photon densities
around each point,

To solve the moment rate equations dynamically and observe the
laser system through transition, a computational scheme was developed
which included a time-incremented numerical solution of the equations,
Finally, using a series of initial photon densities with associated
variances, this program was run for each combination of parameter values

and several plots were obtained,

o
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II Theory

Background

Just as there are two basic approaches to quantum mechanics, there
are two main methods for deriving laser fluctuations fully quantum-
mechanically. One method (associated more with the Schroedinger pic-
ture) utilizes a density operator to derive a “master equation”, The
other method (associated more with the Helsenberg picture) consists of
»adding Langevin operators to the Heisenberg equation of the field
operator and of the atomic operators" (Ref 91273). The two methods
are equivalent in that they solve the problem equally well, Hc#aver,
the master equation approach is more appropriate in that the resulting
non-linear equations can be reduced to a form solvable by numerical
methods, whereas the Langevin method requires analytical solutions
which restrict its use to linear or linearized equations (Ref 9:273).
Details of both methods can be found in the work of Sargent, Scully,
and Lamb (Ref 11).

Single-Mode Theory. Using the master equation approach for single-
mode lasers, the probabilities cf n photons existing are determined by
the diagonal elements Pan of the associated field density matrix
(Ref 11:284), Therefore, the equations of motion for these elements det-
ermine the flow of probability into and out of each n state:

,;nn(e) Ty [“”/g(nﬂ)}(ﬂ*” fnn(Q "*'("“'ﬂ\(\)ﬂfﬂ_,‘“-,(é\
~¥n Pv\r\(t) +Y/<“*’1\})°nu,n+|(+) (1) ‘

where of is the linear gain coefficient, ‘( is the loss coefficient,




;3 is the saturation coefficient, and the sign (positive or negative)
of each term on the right-hand side indicates probability gains or
losses, respectively, for the state n (Ref 10;2424), The photon dis-
tribution is then determined by solving these equations (Eqs (1)). It
is important to note that the diagonal elements /Dn“ are coupled only
to other diagonal elements, Therefore, to determine the photon statis-
tics, the off-diagonal elements of the density matrix can be ignored,
In studying the behavior of any system, it is often of interest to
consider the behavior of the moments of the distribution defined by

Gy = inkpn (2)

N=0
where p is synonymous with P, above. When Eq (1) is substituted

into the time derivative of Eq (2), the result is a set of equations

of motion for the moments of the photon distribution which can then be
solved numerically to observe the behavior of the moments at as well as
away from equilibrium, Of particular interest are the first and second
moments ( k=1 and k=2, respectively) since they can often be deter-
mined experimentally for comparison, whereas the distribution function
cannot,

The behavior of these moments has been calculated from the initial
condition that no photons exist to equilibrium conditions (Ref 10;2426-
2427), The results for the expected value of the photon number (first
moment) show an initial slow rise dominated by spontaneous emission,
followed quickly by a rapid, almost linear, increase as the spontaneous
emission is amplified by stimulated emission. However, as equilibrium
is approached, the saturation effects of the laser begin to modify the
system gain and the rate of increase of the average photon number
approaches zero, The root mean squxe deviation is determined by

N




combining the first and second moments:

) =\/<V\L> '<”§?

This deviation initially tends to follow an exponertial rise as for

(3)

thermal (incoherent) light and exceeds the equilibrium value as not only
the photon numbers, but also the fluctuations in photon numbers, are
amplified, Then, as the system moves into the saturation region, amp-
lification of already stimulated photons becomes predominant and the
deviations diminish to theilr relatively small equilibrium values, It
is important to note that when this problem was solved semiclassically,
using Langevin forces to account for noise, similar results were
obtained (Ref 9:1262-263),

Two-Mode Theory. Unlike single-mode lasers, the fully quantum-

mechanical treatment of multimode lasers has only very recently begun
to be analyzed (Ref 8)., Therefore, for these lasers the theory remains
centered primarily around Lamb's paper (Ref 7) which gave the first
comprehensive treatment of laser action, Following this semiclassical

theory, the equations of motlion for a two-mode laser system are

I, =2I(e-p1-6.1,) (4)

and

I-;_ - lIz_(Qz_/S,_IZ" GL,I,) (5>
where I1 and I2 are the dimensionless intensities of the electric fields
for the two modes, a, and a, are the gain coefficients, f31 and/E?z

are the self-saturation coefficients, and 912 and 621 are the cross-
coupling coefficients, When these equations are integrated simultan-

eously for a range of initial intensities, the result is a set of phase




curves in the I,-I, plane (Refs 7:A1441-A1442; and 11:125-127),

The possible equilibrium points are determined by setting I, =I,=0
and solving (4) and (5) together, 11 and/or I, equal to zero are
obvious solutlons, with single frequency solutions of

(1.,1,) = (0,a/,) (&)

(1,,1.) = (s, 0) (1)

For both modes to oscillate at equilibrium, the parenthesized expressions

and

in (4) and (5) must be zero, Therefore,

a, (8)

i

AT, + 0, i

and

it

/67. IL + 92.. Il a?. <q>

which are linear expressions in 11 and 12 and have the solutions

I :-[o.,-<ez.//9;)°kz]//3’. (10)
‘ T =C

I - [Q1'<9'L/A>Q\][31
-4 1 . c
where the coupling constant is defined as

- 6.6
- 2 2. A (12)

For this solution to be a physically realizeable point, both I1 and 12




Figure 1, Phase curves
showing the transient be-
havior of two mode oscil-

Figure 2, Diagram similar
to Fig. 1, except the gain
parameter for the second

mode is now = C,4, and

lation, Lines Ly and L2
represent Eqs (83 and (9) mode 1 inhibits mode 2 at
with coefficients aj = 1, equilibrium. (Ref 11:125)
a,=1,/43 = B.=2, and

B~ Bu= 1. (Ref 11:126)

must be non-negative values, when C < 1 , this occurs when both

&: = Q- (eu/ﬁ;.\ Oy (,3>

and

a, = ah-(em/ﬁJQ‘ (14)

are non-negative, See Fig, 1 (Ref 11:126), ai and aé are called the
effective gains of their respective modes., If either effective gain
is negative, then the associated mode will not oscillate and the laser
will lapse into single-mode operation as shown in Fig. 2 (Ref 11:125)
with mode intensities as defined by either (6) or (?), as appropriate,
In this case, assuming both a, and a, are positive, the oscillating
mode is said to inhibit oscillation in the other mode,




&

When C>1,memumwum

of the two lines (8) and (9) is a

physical point only when both ai and

aé are non-positive; that is, when
each mode tends to inhibit the other,
In this case, the intersection point

is an unstable equilibrium and, as

with the inhibition of one mode, the

system relaxes into single-mode op-

eration, Now, however, both single- Figure 3. Phase curves
showing the transient be-
mode solutions defined by (6) and havior of two-mode oscil-
) lation with cfzgficjgnts
(7) are stable solutions and the ag"ao =1 ,/, = =1
and éﬁ; = g =2, (Ref g

point to which the system evolves 11:127)
depends on the initial conditions,
See Fig., 3 (Ref 11:127),

when C =1 , lines (8) and (9) are parallel and Eqs (10) and (11)
are indeterminate, In this instance, any combination of intensities on
either mode equilibrium line (as defined by Eqs (8) and (9)) will be
stable, Along these lines, the stability will be neutral with any de-
viations neither damped nor magnified, Deviations away from these lines,
however, will decay in time, bringing the system back to the line,

As can be seen, the degree of coupling between modes, as expressed
by the coupling constant C, is an important factor in determining the be-
havior of the system, The critical point is when C =1 , Therefore,
three regions of coupling strength are defined

il A | weak coupling _ (/5‘(()

e =1 neutral coupling (I:.T 6)




i i e v =

e g strong coupling (/ 5'c>

where the degree of coupling applied to each region was determined by
considering Eq (12) and the relationship of 6,,8, to B, f;,_ . Weak
coupling implies that the cross-coupling coefficients, while they exist
and affect the system, are not the dominant terms, Instead, the self-
saturation coefficients are primarily responsible for limiting the
growth of the system. Qualitatively, this is expressed as 6,,6, < /8./31.
or C< | . Conversely, strong coupling indicates that cross-coupling
is the dominant effect, and is expressed as 8,,6,, > ,G, @,_ . Neutral

coupling, then, corresponds to neither effect dominant, or &.6,,=/A.3,.

Derivation of Moment-Rate Equations

General Evolution Equations, The two-mode laser (or more correctly,
the two laser modes) can be considered as a system composed of many
elementary units which interact with themselves and with the environ-

ment, As such, a set of macrovariables is defined;

X =% A (1e)

where x1 and x2 represent the photon numbers present in modes i and 2,
respectively, It is assumed that X is a stochastic variable which
follows a Markovian process as it evolves in time, Therefore, the

master equation of the system is the Chapman-Kolmogorov equation, which
may be written as

2 P(¥,6) =7 WO el £Ms + [W(Ks, £)P(X-c, )de (1)

where P(X,t) is the probability distribution of X (i.e,, the probability

that there exist X, photons in mode 1 and X, photons in mode 2) at time




t, and W(X,r) is the transition rate for a jump from X by an amount r,

The evolution of variables governed by this equation has been studied
extensively, beginning with the work of van Kampen (Ref 16) and contin-
ued by Kubo (Refs 4; 5; and 6) and Haken (Ref 3), Therefore, the

resulting evolution equations for the system are just listed heres

g-({:) = _Q.(:},t\ (,g)
‘ g_() _?;.-%' (3 ‘&)‘ng‘j’é_’\(_‘?_\t\

+(RE(s,)E (19)

where (| 1is the size of the system, y(t) is the expected value of the
normalized intensive macrovariable (representing the photon densities)
of the system, X (&)= _X_/n_ , and g(t) is the covariance tensor
for x. The variables ¢y and S2+ 3s defined by

Q.(i)‘g =/J-‘: ‘*’(ﬁ,E)E (20)

.-E-:.(‘_i)tB =/diw<§w£)££ (21)

are the first and second moments of w(l,g), the transition rate for the
intensive variable xi

w(i‘gw = w(\i’Q \I\I(X (‘3/_{1 (2_1)




A derivation of Eqs (18) and (19), starting from (17) and parallelling
the single variable derivation of Kubo (Ref 5), is included in Appendix A,
A general analysis of Eqs (18) and (19) predicts some interesting

behavior on the part of the laser system, First, the expected values

of the photon number densities follow deterministic paths, For a given
set of laser operating conditions, the path to equilibrium is determined
solely by the initial photon densities, For a non-linear relaxation,

the fluctuations generally exnibit unusual behavior as the system moves
toward equilibrium, This effect becomes very pronounced when the system
moves from the vicinity of an unstable equilibrium toward a stable eq-
uilibrium, Around each point, both the photon number densities and

their fluctuations grow or decay exponentially, depending on the stability
of the point, In between, the fluctuations grow anomalously large, peak-
ing about half-way to the final equilidrium, (Refs 6:78-79; and 4;6-8)
This enhanced fluctuation is predicted for and has been observed in
single-mode lasers (Ref 2), It has aiso been predicted for two-mode
lasers by Arecchi and Ricca in a paper which used a generalized version
of the Volterra-Wiener functional technique to study multimode laser
action (Ref 1),

Transition Rates, To make the evolution equations (18) and (19)

specific to the two-mode laser problem requires the proper specification
of the transition rates w(y,r). It is important to note that the size
of the transition, r, i1s in terms of the extensive variable X or the
total number of photons, whereas the dependence on the state of the
system is in terms of the intensive variable X or the photon density,
The basic problem is depicted in Fig, 4 for a system in the state
x= (“1"‘2)' a and b are the upward and downward transition rates,

- e |

u
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Figure 4, Transition retes associated with a laser system in

the internal state x = (ny,np)., Upward transitions (f) correspond
to photon emissions while downward transitions (}) signify

photon losses,

respectively, for x, to mke a jump rl/_n_ , and t:nz and dn2 are cor-
responding terms for X5 It is assumed that photons are added to or
deleted from the system one at a time, Therefore, the only non-gero
values for ry and T, with associated non-zero rates are 1 and -1,
Furthermore, even for these values, the associated rates for one mode
will be non-zero only if ri-O for the other mode, Therefore, there
are only four events with non-zero associated transition rates; x1
increases by one, r=(1,0) i X; decreases by one, r=(-1,0); X, in-
creases by one, r=(0,1) ; and X, decreases by one, r=(0,~1), Based

on this and on Fig, 4, the transition rates for x= (nl.nz) can be

written as
8y £ kel
Wlhey b (_‘:(—l‘o)
(’_(.\-3 = a 14 ) (23,)

€y o &
Lct,\ ¢ =(0,-1)

“. )
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These rates are also valid for w(y,r) since y(t) is just the expected
value of x.

How, then, should ‘ni' hni, cnz. and d“‘z be characterized? b
and d“2 essentially are the loss terms of the system, including intermal
cavity losses as well as the amount coupled out of the system, There-

fore, they can be expressed as
Bﬂ\ " \r\, n, (24)

VRGO o

- where h1 and hz are determined by the cavity lifetime for a photon in
modes 1 and 2, respectively (Ref 12:413), ‘nl and cnz. representing the
gain of each mode of the system, are somewhat more complicated, Each
€ain expression must include terms to account for both stimulated and

' spontaneous emission as well as for self-saturation and cross-coupling,
The self-saturation occurs because there is only a finite pump which
excites a finite number of atoms or molecules which may then be stimu-
lated to contribute to the system of photons. Cross-coupling occurs

when both modes have to compete for some of the same atoms or molecules,

The expression chosen which meets these requirements for ani is

Q e S\\ * %x|nx
"y | + o0, o, 0,

(2¢)

vhere 844 and 8,y are factors accounting for spontaneous and stimulated
enission, respectively, and X, and «\; account for self-saturation

and cross-coupling, respectively, A similar expression for h is
2

13




P i

w t n
Co, = : =L (21)
- l +°‘uﬂ‘ *‘du(\z

with g,54 8220 *,, and &, having the same meaning for mode 2 as g,
8210 K\ and o«(,, do for mode 1, It is important to note that with
these expressions the transition rates will always be non-negative, The
validity of these choices will be demonstrated in a later section,

Laser Rate Equations, When the transition rates (Eqs (24)-(27))

are inserted into the evolution equations (18) and (19), the resultant
equations are the desired laser rate equations for the first and second
moments of the photon density distributions, For ease of manipulation,
the evolution equations will be handled in their component form, There-

fore, Eq (18) becomes
53 (t) = Cy (\2\ <ZY)

and Eq (19) is written as

3¢,

; | |
G (£) =71 Coin *‘; ke s

3‘31

Tk (29)

where now ¢,(y) and ¢, (y) are expressed as
e (‘_9 = fclc o wly e) (30)

!
and |

Q"Sk(é> = /Ar rsrkw(}é)g\ (31)

Dealing first with Eq (30), Eqs (24)-(27) are appropriately inserted
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into Eq (30) as determined by Eqs (23). The resulting components of

21(1) are

Cu(“}_) & /Cl(‘ r\w(3>£\
Qq, +-(-\3\Dn|

1

o ety o P (32)
l+°(|\(\\ +'du_nz_

and

C”_ :5_) = /AP (‘Lw(‘g\Q)
= CnLJ&-(-\\Am

2 k’:. + 31.:.“1.___ =% ha_ﬂL (13)
l +‘°<7.|“\ "f'°<u.n2.

Similarly, the diagonal elements of ¢, (y) are found from Eq (31) to be

c, - du + Ja Ny N h.ﬂ‘ (34)
g \ + d\\ (\‘ '\-b(n_ﬂ,_

and

jﬂ;*’ Xz Y\-.__ 2 h n (3§>

2 = S W
. |+ eq,N + o, N,

Since mutually exclusive events were assumed, r 3 or I must equal zero
whenever j # k ., Therefore, the off-diagonal elements of ¢ ,are

both zero,
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To complete the development of the rate equations, the partial
derivatives of (32) and (33) with respect to y, and y, must be deter-
mined, In doing this, as throughout this development, it should be
pointed out that ny and n, are defined as synonymous with Yy and Yoo
respectively, When this is done and Eqs (32)-(35) are inserted into
Eqs (28) and (29) as appropriate, the rate equations for the first and

second moments of the photon density distributions become

(’\\ - %\\ + gu(\\ — h\n\ (3(,)
|+ 0, +x,Nn,

v‘\?- _‘A‘L + l;:;.ﬂg F" L‘z_nt
! *“7(1\(\\ + K Ny

(37)

. . 33.\ - oLy + 32,0, = e o(“.(su fjhn')
0':\ - ,_10_“ ( | + o, (\. *'du_f\h\l- \’H Q 6-}1- (|+o(“q‘+°(‘ln'3g
L) Sntasty +\1.|’\» 3y
+.f7.( b4 ol N 4+ ¥y : ( )
5, = 26, |wdustut Judt, | | _ g e, (3ut3unn)

( LN *‘du\'\,_\L . o (H‘°(n(\| +°(un;>L

__‘_ :13, -+ :’ll (\L 3
+ﬂ( 14 X, 04+ K\ +\1‘“2> ( ﬂ
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|

-c, _EQL(%\1+ Y “1\ -0 °<\L<3u + Eu“s
\ (\+ o0, +°(u“,_\‘ L <\+a<“n| N“-“L\L

+ G—”_ 33-\- 3\\°(\\ + 3Lcd\l Ny 4+ Su,"' %\g_’(u_ + ﬁ“o(llﬂl L\
- - O
( ‘+°<“ ﬂ\ \-v(\,_ﬂ,)k ( | + o(l\n\*dunl\l \ LL <4 )

There is actually a sixth rate equation, for 6’,’_‘ , but it is identical
in form to (40), Also, the equality of U7, and U;, due to the sym-
metry of the covariance matrix is used to combine terms in Eqs (38),
(39), and (40). Therefore, only the five equations (36)-(40) need be

solved simultaneously to determine the behavior of the laser system,

Equilibrium Analysis of Moment Equations

As stated previously, the purpose of this study was to determine
the behavior of a two-mode laser system as it transitioned from non-
equilibria to equilibrium, This was the reason for developing the
laser rate equations and solving them dynamically, However, befare
applying numsrical methods to these equations to follow the system
through its transition, a basic understanding of the system can be gained
by determining analytically the positions of all equilibria, both stabdble
and unstable, and the behavior of the system around each of these points,
Of particular interest is the first-moment equilibria, since these
values for ny and n, are necessary to do any equilibrium analysis on the
variances, Therefore, the photon rate equations (36) and (37) are con-
sidered first, followed by a brief discussion of the variance rate |
equations (38), (39), and (40) in equilibrium. |

First-Moment Equations, Recalling the first-moment or photon

17
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density rate equations (36) and (37), equilibria will occur when both n

1
and 1'12 are zero, These are also referred to as singular points of the

system, The point ny = n, = 0 can only be a solution if 811 " 612 " 0;
but this corresponds to zero noise or spontaneous emission in the systenm,
which is an unrealizeable situation, 1In fact, neither n, nor n, equal
tp zero can be a solution for finite values of n, Therefore, there is
some combination of non-zero (ni.nz) for which equilibrium will exist,

As a first approximation, assume ny and n2>> 1. €14 ™ 84 and
€4o ™ 8 « Then Egs (36) and (37), set to equilibrium, become

(.\‘ =0 = [%,,. (H—o(“f\\ +o(,,_(\,_\ —\1‘] n, (‘H)
and

n, =0= [}::./(l*'“u‘\\ *‘“u‘\r) _hL] 1 (42)

Since only non-zero values of ny and n, are of interest, the bracketed
quantities in (41) and (42) are set to zero and examined, After re-

arranging, the resultant equations are

H A, + KN, = -ihi - (43)
\
and
o + KN, = d=
etk . - | (44)

These are just two straight lines (call them 1, and 1,, respectively)

in (ni,nz) space with n, - and n,- intercepts of




R ) A .L( 9z
ol ) B e

for 11, and
' ( 3“- _lj anA ‘ 31.1. i k ;
oz \ M. o\ (4¢)
for 12.

Within the limits of the original assumption (nl,n2 >>1), the
point of intersection of these two lines is the location of one equil-
ibrium or singular point, To find this point of intersection, equations

(43) and (44) are solved simultaneously, This results in

R i b e I Lot

\ e d&\ °(‘7~

(47)

X X
and
o (3w -2 £ (30-b)
‘Ldﬂ- %u T oL “LL \d“ %z‘ = L\\
n, = 3 (43)
_O(l| d\t
‘ °<\\ O(IL

Now, if the following substitutions are made,
%1\—¥‘| " Q\ %Ll—k\l = Qz (‘4‘?&)

\‘\d\\ =ﬁl \/\1"(:.:. :ﬂ: L’""ﬁb)
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i i — 67.\ (‘f?c)

equations (47) and (48) become

a, = (Q\—(G.L/ﬁl)aL)Zﬂ, )
B ¥

and

i = (QL_(GL‘/ﬂé—)&‘y'/'ﬁl (s1)
| -

where

¢ = Xy Xay e &, 6., (52)
re Paa p \ /3 I

is a measure of the degree of coupling, as previously discussed. Com-
paring this to the semiclassical development of Lamb presented earlier,
it is seen that Eqs (50) and (51) are essentially identical to Eqs (10)
and (11) with the normalized intensities I, and I, replaced by their
quantum equivalent, the photon number densities, Furthermore, when
Eqs (41) and (42) are expressed as single fractions (with non-zero
denominators), they can be reduced to

ﬁ, =0 = n, [(‘3‘.4\.\) ‘\'\.“".f\‘ -\n,a'u ﬂz] (53)

and

V.\L =0= 0, [ (‘3“4\) ~h oy, - \\Lo(um] (4)




W'V

which are equivalent to Lamb's equations of motion for I1 and I2 , Egs
(4) and (5), at equilibrium, Therefore, in the limits of equilibrium
and of large n (or zero noise), the chosen transition rates a,ni, bni,
cnz, and dnz are valid, and the semiclassical equilibrium analysis done
by Lamb can be applied,

When the spontaneous emission terms 811 and 842 are not assumed away,
the singularities for the system are determined by setting Eqs (36) and
(37) to zero and solving simultaneously. Solving Eq (36) for n, and
substituting the obtained expression into (37), the result is the fourth

order equation

htkto(.. (°‘u.°(1,| -, .eu) n.4 * L\.Dnz( Y -\1.\<l°(u°<u —«.1«1.3
- L“o(“e(n_ (gu -k,)] n‘s ¥ [ L\ﬁ‘u(i.; ‘n,o(u +(3u'h3 (31.1 -L\.\
) h,_"‘u 3\.\ i3 \"zf(u. (7—3u ‘\“’(\ ‘('}u“\\t)] 'ﬂ:’ +* [L\, Ju %2 (‘Su' \'\L\

-23“L\L°(ll.(31l~“\|\] w, = L‘:.°(u_ 3\|2— = 0 (55)

This is then solved using basic algebraic techniques (Ref 14:107) and,
depending on the coefficients, generally results in four singular
points for the system,

Characterization of Singular Points, The behavior of the system
around a given singularity is determined by considering a small dis-
turbance around that point, Based on this behavior, the singularity

can then be classified into one of six basic types, as shown in Fig. 5.
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Figure 5, Types of Singular Points (Ref 15:39)

v

Letting N = n,"+n,' and N, = no+ n,‘_ (where ng and ng are the
singular point values) and inserting these into Eqs (36) and (37), the
resulting linearized forms of the photon rate equations are

(.\ - ’deanjonIi + (;u_— Lh i ZMLQ(,\_Q_Y\QO -L\L"’(gln:)nl’ (56)
' [+ N+ oyn)
and
(.\1. - (Stt-“‘p- 2'\’\:. du—v\‘: ‘}\_1__5’,_‘ n“’) n:’ e L\:_ Azy Y\: “11 (5‘7)

P+ 0] + o0
For a complete development of Eqs (56) and (57) see Appendix B, These
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equations can be combined in the form

dﬂl ¢ /
$ - Qﬂr_+bﬂ,
i e gt 5%
dn, en! +da/ (3
where
a = -h\ozunf/(l-f- <, n° + o<,1nz> (59a)

b = (31.\“\\" 2."h°<\| n‘o_h"’(\z_ﬂ:)/(,{-o(“n‘bfv(uﬂ:) (5‘”;)
¢ = (fuho- 20 otuns = bt )/ (14t 0] 4etea?)  (5%)

and

3= ~hoetuns/ (14 o0 + o) (19

The type of singularity can then be determined by a series of expressions
involving these coefficients, These expressions, and their relation-

ships to the types of singular points as shown in Fig, 5, are as
follows (Ref 15:44) s

I. (b—c-)z"' ")Lo-d >0 0(! —bC < 0 NoJe (Fia.-’-_ﬁ,sg
ad=be >0  Saddl (Fy. 5d)

H. (b-cy* dad < O b+ec =0 CerHﬂaf(F{s. 5.2)
b+c # 0 Spial (R 5'4:)

g (b-cy+4a¢l =0 Node (Fi3.5c>

Also, a node or spiral is unstable or stable depending on whether b + ¢

is positive or negative, respectively,
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Second-Moment Equations, Knowing the equilibrium values for the
photon densities, the variance rate equations (38), (39), and (40) can
be set to equilibrium and solved simultaneously. The zero of d'," in
Eq (38) represents a plane parallel to the T3, axis in ( 07, , O3, T7,)
space, Similarly, Eq (39) represents a plane parallel to the Uy axis,
whereas Eq (40) is the equation for a straight line, Therefore, for a
given singular point (n1.n2), there will be at most a single equilibrium
point for the variances. Eqs (38) and (39) are solved for @, and 03, ,

respectively, to get

¢ - 2(280u+0) Ceo)
2A
and
. '(7-5 °'n-+’C3
d-'n. 2D <(‘|)
where s «

A = (‘3... ’3“0(“-\-31\0("_(\1)(' .0, +—o<.,_n,>_z = \"n (62)

B = "o(.,_(Su + 3140‘\(“"’(“(\‘ + n,_yz (¢2b)

¢ = 2 [(s0 rgun)itan, +aen )+l ] G2

o (3"—‘- =YXt G, n.\)(, ko, n, +o(u_ﬂ,_>“— \’l,_ <GZJ)

Es =, ( 3.,_%-3“'!\,)( |+, 0, +—°(u_ﬂlyl (t2e)
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and
F =}!:-[(%\1+3uﬂ3(1+0(u n, {-du-nl>-l+ \"‘an.] (CZ‘F)

Eqs (60) and (61) are then inserted into Eq (40) and the resulting

expression for T, is

= CED + A8F
2 [(?»rb)(ﬂb-es)] 0

[

This value is then used in Eqs (60) and (61) to obtain corresponding

values of O

"

and J,, , respectively,
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III Approach

Computational Scheme

In studying the behavior of the laser system using the laser rate
equations (36)-(40), several steps were accomplished, The first of
these was the development of a computer program which included the selec-
tion of a numerical analysis scheme capable of solving the system of
rate equations (36)-(40) in arbitrary time increments, The routine
chosen for this most important procedure is a FORTRAN IV subroutine
called BICKDQ (Ref 13)., It uses a predictor-corrector formula of 8th
order with user specified tolerances, which were set to 10715 vecause
of initial rapid changes in the moments, Time-incremented solutions are
possible because BLCKDQ solves the system of equations at a user spec-
ified time (XOUT), given appropriate initial values at some prior user
specified time (XIN), Therefore, the system is incremented to equil-
ibrium by calling BLCKDQ within a loop where the "initial" values are
set equal to the solutions from the previous time step, XIN is set equal
to the previous XOUT, and XOUT is incremented by some predetermined amount,
Built around this loop, the remainder of the program was then developed
to solve the rate equations to equilibrium for a series of initial value
points and to store for plotting all sets of solutions belonging to a
given set of laser parameters, The laser rate equations are contained
in a user supplied subroutine FCN which is called by BLCKDQ,

Selection of Values for Laser Parameters

The second step in making the rate equations solvable was to deter-
mine appropriate values for the various laser parameters (gij'°<ﬁ " hi)

for the desired combinatims of pump levels and degrees of coupling.
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To do this, several assumptions were made, First, it was assumed that
the cavity losses, the self-saturation, and the cross-coupling were the

same for both modes, That is
h' = L\ = ( 64‘\)
°<n s O(Ll. <(c‘+ b>

Xy = 0, ((,4Q>

Comparing Siegman's photon rate equation (Ref 12:418) to Eqs (36) and
(37), and noting that Siegman has no saturation or coupling terms, the

following equivalences can be made:

Yo = K‘ (Nu -~ N}\ ((,b’a)
e = k.‘_ (N“ —N,Q.B (¢s 6)
q - K.Nq (_65.C>

Qi = KLNQ (654>

where Nu and Nl are population densities of the upper and lower lasing
levels and K1 and Kz are coupling coefficients between the lasing modes
and the lasing medium, It is assumed that the lower lasing level de-
populates essentially instantaneously ( le 0 ) and the upper lasing
level is maintained constant, Therefore, 814 = 8y " constant and
512 =8y " constant,

To select a value for h, the following relationship is noted
(Ref 12;418),

h = 1//fc {64]




where lec is the photon cavity lifetime, A representative value for .

is ).0.8 sec, Therefore

h=h =h, =10 daid.

is used for all combinations of 845 and &,; , The saturation and

coupling coefficients are somewhat more elusive, To get an idea of at
least an order of magnitude, the expressions (49) were recalled and
compared with values for /8‘- and 6., used by Lamb (Ref.111121).
Therefore, for each type ‘of coupling (as determined by (6) and (52)),
the following values were chosens

\O

weak coupling (< 1)1 oX,=o(, = 2 X\O (68)
oy oty = (07
qeutml coupling (¢ = 1 ) ol = tos‘o (6'7)
|
_io f
strong coupling (¢ D> 1) o =ohe = (0 (70) |
X Xy = 2x1C 1

In selecting appropriate pump parameters gij s five different pump

levels were defined:

well above threshold i Gy P z_\,\\ W A |

slightly above threshold : )n‘< 92, < 1.1h, ht <qu< ‘-]hz ]

threshold : Qo = \"\‘ Ya = \"‘z
; slightly below threshold: 0.9%,<qu < h,  0.%h,< 4..< b,
well below threshold : 3’_‘ & o_s\n\ 3u_ < O.S'L\,_

For each pump level, both €1 = €2 and €4 > 8y, Were considered,

For the case of 854 > 822 the values were chosen so that mode 2 was
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totally inhibited by mode 1, This corresponds to n, being negative at
the equilibrium defined by (48), The values chosen for the pump para-
meters are found in Table I, as well as the other laser parameter values
previously mentioned,

The only other variable in the laser rate equations which must be
specified is the size of the system, fL , The only restriction on _()
is that it be some finite, positive value, Therefore, for convenience,

a size of [L=1 was chosen.

Selection of Initial Conditions

For each set of laser parameters the final step before running the
prograr and plotting the results was to determine a series of initial
value points in (ni,nz) and their associated variances. The general
goal was to select between 20 and 25 starting points per set of para-
meters spread around the n, vs., n, plot area, To do this required the
determination of 2 maximum photon number NMAX which then became the
dimension (in (ni,nz) space) for the square plotting area, For cases
with pump levels above threshold, NMAX was taken to be the maximum inter-
cept value of 1, and 1, as defined by (45) and (46), For threshold and
below threshold cases, NMAX was determined by identifying the stable
equilibrium for the particular case and multiplying the larger n- coor-
dinate by an arbitrary factor between approximately three and ten, This
ensured that the stable equilibrium was within the plotting area, but
was not obscured by the axes, The values chosen for NMAX, as shown in
Table I, were constant for each pump level, regardless of the degree of
coupling, Initial points were then selected evenly around the edge of
the plotting area in addition to several points around the origin and

points close to any pre-determined unstable equilibria,

29




W 3 s

sanyiep Jajoueded Jaserq

‘I 21qel

sq07d 9y3 UT paJxaysl TTTA SUOTAITPUOD JO 23S Ydoes YoTuym Aq UOTIEITITIUSPT v
sapou Paydlewm 4,
wo,um:u_s got =%u="'y got =%u ="'y
010t = '5e= 01-01%0°2 =G0 = Ll 01-01x0°1 = 130 =Chy
Cho=%% =ty 01-01%¥0"1 =% = b0 01-01%0°2 =% = tbo
mo_x_.oumwm wo::.oummm wo_x_.oummm
olx6°0={1 CPOE
12 12 8 2 (2 gO1%6°0 = 3 91 = XVKHN
gOI*g°0= "=2 | 0190 % "3 gOix9°0 = 2
66y Gy g6y 25y IGV| motaq TTom
g01%26°0 = %8 | 01x26°0 = °°2 rr, |g01%76°0 =12 ox
" 12, [g01X86°0=""13 12, [g01¥86°0="78 | 05z = xvin
wc_xwo.o ='<3 wo_xmm.o = '3 wo—xmm.o = e
Shv hhy chy 2hv Lhv |moT2q AT3u3TTS
gO! =15 gor=Frs got=F12 | couxe® = yvim
54 LE¥ csv 1sv]  proussauy
g01%20° 1 =199 | 0i1x20°1 = %3 rr. |g01%20°t =%°2 c1
= 12 | gO1¥80" "3 12, |go1¥80° 1 ="T8 | couxg =yvin
g01x80°1 =193 | oixgo*1 = '°3 q01%80° 1 = €3
G2v fiev ¢V 22V 12V |aa0qe AT3ySTTS
Q01%6°2 =593 | Lo1xg°2 =23 rr., | gO1X6°2 =%°2 pe
12 12 mo_xo.m =3 12 wo_xo.m =i o_o_x:uﬁ.zz
mo_xo.m =13 wo_xo.m ='<3 wo_xo.m ='°3
GlV iy g1y 2Ly, 11Y) 2aoqe 113m
paudjeuwun @@EU&GE:S vOSOUNE payosjruun paydjeu
FuTTdno, 1eainsy FUTTdNno, Juoa3s SuTTanoy ean TI2Ao] dung




Having selected the initial (n1,n2) ,» the question is how to deter-
mine, or choose, appropriate initial variances for each point, To do
this, another question was asked, How would each initial point be
attained physically so that the system could then make a transition to
the desired stable equilibrium? One possibility is to first change
some of the laser parameters such that the initial point becomes a
stable equilibrium point, The system is then returned "instantaneously"
to the original configuration and the behavior of the system in transi-
tion is observed, This scheme was used, varying the cavity loss terms
h, and h

i 2"
were determined by solving Eqs (36) and (37) at equilibrium for h, and

as in a Q-switched laser, The necessary "new" loss terms

h2 » respectively, given ny and n, . Then, using these "new" values and
the initial ny and n, , the assoclated variances were obtained by solv-
ing Eqs (63), (60), and (61), In several cases (above threshold,
strongly-coupled), some of the initial points could not be changed into
stable equilibria by merely changing the cavity losses, In these in-
stances, the initial values for the variances were arbitrarily set

as follows i

q
"
=

| ('7lq‘>

Ay (\:. ('7(5\)

- ('7‘(1>

In running the computer progrem to determine ithe behavior of the
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T
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|

[
3
=

laser system, it was decided that the standard deviatioms sy and s, and

the correlation coefficient defined by

Sl e Oy ) SL.=: w 02n (f]&)

)




and

(s

£ e (12)

would be of more interest than the actual variances, Therefore, these
values were calculated and printed out along with the photon densities,
the variances, and XOUT each time the program cycled through the BLCKDQ
loop. In addition, besides the n, vs. n, plots similar to Lamb's
results, three-dimensional plots involving S4» Sy and /o,,. were

produced,

32




IV Results and Discussion

Equilibrium Analysis

Photon Densities, The photon density equilibrium points for each

combination of laser parameter values (as defined in Table I) are
listed in Table II, Included is the classification of each point,
As expected, there are generally four such points for each set, The only
exception is when the modes are neutrally coupled (i.e., when the
cross-coupling terms equal the self-saturation terms)., In this case,
there are either two or three singular points, depending on whether
the pump parameters are equal or unequal, respectively, For all but
the threshold cases, these points are very close to the equilibria of
the noiseless approximation (as defined by Eqs (41) and (42))., The
difference, though small, is important because it indicates that a
photon vacuum is never an equilibrium, stable or unstable, for either
mode, Therefore, even when there is no net gain for the system, there
is some positive average-photon-density to which the system will relax,
For each set of parameters, there is at least one stable and one
unstable node, The type of the other singularities depends on both
the degree of coupling and the level of pump, For all weak and neu-
tral coupled cases, these other equilibria are all saddle points, each
of which has one negative coordinate thus ensuring that the system can
move toward stability from any physically realizeable point, When the
laser modes are strongly coupled, the type of these other singularities
is determined by the level of pumping, At threshold, these two equil-
ibria are both complex-valued, Below threshold, both singularities

are unstable, one being a saddle point and the other an unstable node
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Table II., Classification of Photon Density Singular Points
Data Set ID n, n, Type
Al 1.333x10'° 1.333x10'° stable node
2.000x10'0 -2.500 saddle
-2.500 2.000x10'° saddle
-1,250 -1,250 unstable node
A12 2.000x10'° 5.000 stable node
-1.538 2.500x10° saddle
2.167x10'9 -3,333x107 saddle
-1,250 -1,667 unstable node
A13 4.000x1019 1.250 stable node
1.333x10'0 1.333x10'° saddle
1.250 u.000x1010 stable node
-1,250 -1,250 unstable node
AlL 4.000x10'C 0.3846 stable node
-5.000 1.500x10'° saddle
-3.333x107 2.167x10'° stable spiral
-1.250 -1.667 unstable node
AlS 4.000x10'° 1,000 stable node
-2.003 1.500x10'0 saddle
-1,250 -1,667 unstable node
A21 4.000x108 ~27.000 saddle
-27.000 4.000x108 saddle
2.667x10° 2.667x10° stable node
-13.500 -13,500 unstable node
A22 4.000x10% 51,000 stable node
-15.429 1.000x108 saddle
4.667x108 -1.333x108 saddle
-13,500 -51,000 unstable node

£
s
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Table II, Classification of Photon Density Singular Points (cont)
Data Set ID n, na Tyve
A23 8.000x108 13.500 stable node
13,500 8.000x108 stable node
2.667x108 2.667x10° saddle
-13,500 -13,500 unstable node
A2y 8.000x108 7.286 stable node
-27.000 2.000x103 saddle
-1.333x108 4.667x108 stable spiral
-13,500 -51,000 unstable node
A25 8.000x10° 17.000 stable node
-18.000 2.000x108 saddle
-13,5000 -51,000 unstable node
A3 1.000x10° -1.,000x107 saddle
-1.000x10° 1.000x10° saddle
5.7735x10% 5,7735x10" stable node
-5.7?735x10" 5.7735x10%  unstable node
A33 5.7735x10% 5.7735x104 stable node
-5.7?35x10h -5.7'735x10'+ unstable node
1.000x10°1 -1.000x10°1 complex
-1.,000x1074 1.000x10°% complex
A35 2.0711x10% 2.0711x10% stable node
--?.0711::101+ '7.0'711x102+ unstable node
Al 49,000 49,000 stable node
-6.66?x107 -6.667x107 unstable node
-1.000x108 98,000 saddle
98.000 -1.000x108 saddle
Ay2 49,000 11,500 stable node
-49,000 -l+.000x108 unstable node
-1.000x108 13,143 saddle
1.333x10% -4.667x108 saddle
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Table II., Classification of Photon Density Singular Points (cont)
Data Set ID . N, Tyve
A43 49,000 49,000 stable node
-6.667x107 -6.667x107 saddle
-2,000x10% -49.000 unstable node
-49.000 -2,000x108 unstatle node
A4y 49.000 11.500 stable node
-2.000x108 23.000 saddle
-7.000 -8.000x108 unstable node
-4.667x108 1.333x108 unstable spiral
A45 49,000 11,5000 stable node
-2.,000x108 15.333 saddle
-16.333 -8.000x108 unstable node
AS1 1,000 1,000 stable node
-1.667x109 -1.667x109 unstable node
-2.500x10° 2.000 saddle
2.000 -2.500x107 saddle
AS52 1.500 0.1111 stable node
-11.994 -4.500x107 unstable node
-2.,000x10° 0.1429 saddle
3.333x10% -4.667%10° saddle
A53 1,000 1.000 stable node
-1.667x10° -1.667x10° saddle
-5,000x107 -1,000 unstable node
-1.000x109 -5.000x109 unstable node
A5y 1.500 0.1111 stable node
-1,000x10? 1.000 saddle
-4.667%10° 3,333x10° unstable spiral
-0,4286 -9.000):109 unstable node
A55 1.500 0.1111 stable node
-4,000x107 0.2000 saddle
-1.200 -9.000%109

unstable node




or an unstable spiral, Above threshold, when the two modes are pumped
equally, there is a second stable node which is physically realizeable,
The fourth singularity is a saddle point lying essentially at the inter-
section of lines 1, and 1, (Eqs (43) and (44)), Given the initial con-
ditions, it determines to which stable node the system will relax, When
only one mode is inhibited, the second stable equilibrium point moves

to a non-vhysical point and becomes a stable spiral, The saddle moves
to a point just outside the physical region and maintains its relative
position between the two stable points to prevent physical points from
relaxing towards the non-physical stable point.

Second Moments, For each photon density singularity, there is one

set of equilibrium values for the second moments (as determined by Eqs
(60), (61), and (63)). For the unstable photon-density-equilibria, the
associated second-moment equilibria are non-physical; at least one of the
variances, Py °F Poo s is negative. However, since the points are un-
stable in the photon densities, the uncertainties and thus the second
moments will grow or diverge in time, and the system will move away from
instead of towards these non-physical variances,

For the stable photon singularities, the associated second-moment
equilibria are real, physically meaningful points, As such, they are
listed in Table III along with the associated relative standard devia-
tions and correlation coefficients, At and below threshold the system
experiences large uncertainties as the standard deviations are of the
same order as the photon number densities, These large uncertainties
are also experienced by modes above threshold which are inhibited by
the other mode from lasing, Once a mode begins lasing, the relative

standard deviation at equilibrium drops sharply, decreasing as the
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photon number density increases, It 1is interesting to note that for a

weakly-coupled system above threshold, matched-mode oscillation ( ny =n, )
shows for each of the modes a greater variance than for the single mode
that oscillates and inhibits the other, This is even though, for the
same pump level, the photon density is greater for the single mode than
for either of the matched modes, However, this general phenomenon should
be expected because of the relative influences of the second mode; in

one case, it oscillates at equal intensity while in the other instance

it exists barely above photon vacuum,

The correlation coefficient f312 indicates a significant linear
relationship between the photon densities of the two modes only at
threshold and above thresold with both modes lasing, In these cases
a change in the photon density of one mode will have definite impact on
the density of the other. At threshold, even though the standard devia-
tions are still on the order of the mean densities, this indicates the
onset of order within the system, Below threshold, and above threshold
with only one mode oscillating, /912 is very small and the two modes are
very nearly uncorrelated, Below threshold, both modes are dominated by
spontaneous emission, Therefore, neglecting the small amount of stim-
ulated emission that may occur, the photons in one mode will have no
effect on the photon number in the other mode, Likewise, above threshold
with one inhibiting the other, the inhibited mode is inhabited almost
entirely by spontaneous photons and can do very little to affect the

number density of the lasing mode,

Dynamic Analysis

General, Representative plots showing the evolution of the mean

photon number densities and of the standard deviations and correlation
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coefficient are shown in Figs, 6~13, Each figure comprises fOQ{ plots s
Ny VS, Ny My VS, N, VS, Sy} Ny VS, Ny VS, Sy and nl'vs. nz'vs./olz.
There were no significant differences in the behavior of the system be-
tween the two levels of above threshold pump considered in this study.
Therefore, only one of these pump levels is considered in this section,
The same was true for the two levels of pump below threshold, In addi-
tion, the degree of coupling had no real noticeable effect below thres-
hold on the evolution of the variables and caused only minor differences
at threshold, Therefore, only one threshold case and

two below threshold cases (corresponding to matched and unmatched pumping)

are considered, The remainder of the plots are included in Appendix C,

Below Threshold, Figs, 6 and 7 illustrate the evclution of the first

and second moments for the two below threshold cases A41 and AW2, respect-
ively. As predicted, the mean photon densities follow deterministic
paths, In both cases the modes are dominated by spontaneous emission,
Therefore, they exhibit characteristics of white (incoherent) light,

The standard deviations Sy and S, are on the order of the mean densities
throughout the transitions and, therefore, experience the same general
behavior as the mean photon densities, Also, the correlation coefficient
is very near zero throughout the regions of interest indicating that the
modes have little on each other,

At Threshold, At threshold, only the weakly-coupled case A3l has
real-valued saddle points, The strongly-coupled system A33 has two
complex-valued singularities, while the neutrally-coupled system A35
has only two nodes, one stable and one unstable, Comparing these three
cases, 1t 1s seen that there is little impact caused by the presence

(or absence) of saddle points,
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Considering the case A35 (Fig. &), the same general relationships
exist between the mean photon densities and the standard deviations as
exist below threshold, The modes are still dominated primarily by spon-
taneous emission and, therefore, Sy and S, remain on the order of ny
and . However, the correlation coefficient no longer is negligible,

When either mode is operating well below equilibrium the correlation !

between modes is very small, As the mode(s) grow(s), the effects of
saturation and coupling cause the modes to affct each other and thus

they become correlated, Because of the simulated Q-switch used to deter-
mine the initial variances and covariances, the curves associated with
large initial photon densities in both modes start out indicating signif-
icant correlation between modes which then decrease or increase monoton-

ically towards the equilibrium value.

Above Threshold. Above threshold, the behavior of the system is

strongly affected by the singular points (Table II). Consider first

the weakly-coupled case A21 as shown in Fig, 9. Comparing Fig, 9a,

the plot of ny vs, n,, to Fig 1, its equivalent plot resulting from

1

|
Lamb's semiclassical treatment, favcrable agreement is noted with an |
important addition, Fig, % includes phase curves from points with one j
or both modes in a photon vacuum, The curves between the saddle points %
at approximately (O,bxios) and (4x108,0) and the stable equilibrium act i
as "limit lines" of the system to which other phase curves are pulled ]
by the saddle points, This is especially evident for those lines be- :
ginning with one of the modes in a photon vacuum (such as those with ini-
tial points identified on the n, axils by several different characters),
These curves move quickly towards the closest saddle point before the

non-lasing mode can build significantly, as there are not enough excited
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atoms to maintain the system at its current level, They then follew very
closely the "limit line" in the transition to stable equilibrium, Figs,
9b and 9c indicate that the occurence of anomalous fluctuations is
associated with buildup in one or both modes from a photon vacuum, and
that the maximum fluctuation occurs approximately half-way along the curve
between the stable and unstable equilibria, In buildup from (n1 ,nz)

= (0, 0) both modes experience the same degree of fluctuation as both
modes are expected to grow at the same rate, When only one mode is
building from zero both modes again experience the anomalously large
fluctuations, even though the other mode is already oscillating, How-
ever, the growing mode experiences a larger fluctuation, Comparing

the curves for Sy and S, to their associated curves for f’12 in Fig., 94,
it is seen that movement along the "limit line" is associated with a high
correlation between modes ( Pizz-i.o). Also, the phase curve assoc-
jated with buildup from a photon vacuum in both modes moves towards

,012- -1.0 before relaxing to the equilibrium value of -0,5,

Case A22, representing weakly-coupled modes with mode 2 inhibited
at equilibrium, is shown in Fig, 10, As with case A21, a comparison of
Fig, 10a with its equivalent from Lamb's theory (Fig., 2) indicates fav-
orable agreement <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>