
AD—A Ofl ~e16 AIR FORCE INST OF TECH WRIS4IT—PAflERSOtI AFB OHIO SCH——ETC F/B 20/7 N

SPACE—CHARGE LIMITING CURRENTS IN A DRIFT TUBE OF FINITE LENGTH——ETC(U)
SEP 78 S HARRINOTON

UNCLASSIFIED AFIT/GEP/PH/78D 5

__• __ __

_•

~~

.j•

~

.

~~ 

Ili flh ’
0 _
I I l LS

END
DA~

4 -7q



I 0 ~~ 001 28 2.5

_______ 

L~ ~~~ 2.2

I ~
IIII(~1110 ‘ ~ 1011i4 o~u~

MICROCOPY RESOLUTION TEST CHART



___ ~~~~~~~~~~~~ ~~~~~~~~~~~~ •~~~~~~~~~~~ -~~~~~~~~~ - .

A
AFIT/oT:P/Pll/78D-~

~ii~~~u4

a
SPAC E— CT .AflGL~ L:~::1I3:G c u i~ is

L) A DiiIl’T TUL’2 or’ ~JJ:fT~

-

THESI S ~~~ • I

FEB 12 1919 : 1
AFIT/c2r/pIr/78D— r~ St ;v~ ~T j f l ~~~~~

Capt USAF UUL~L~~LH Li

Approved C or public release; distribution un1imit~d

~ ~~~~ 
I ~~~. S 

~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~~~ --~~~~~~~~~~~~~~~~~~~~~~~~~~



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — -——V— -‘

7
~ i~IT/GEP/ PJJ/78D_5 

____

~~Spaco-Charge Lirnitin~~ Current~~~~~/
in a Drift Tubo of Finite Leni~th , /

THESIS

Presented to the Faculty of tho School of En~inoc’ring

of the Air Force Institute of T .clinology

Air Vnivor~ ity

in Partial Fulfillment of t~ o

Rcquircn,cnts for the Do~,ree of

}lastor’ of Scicinco

Capt USAF

Gracluato E nr in o nr i n~ Ihys ic s

~~~~~~~~~~~~~cr *~~~_i 
t
-.-- *- ..~-

Approved for public r&.oaso; dfletrihution ~~ 1h i ~ tr ’ 1

L~_ _ _ _ _ _ _ _ _ _ _ _ _ _



~~~~~~~~~~~~~~~~
-

~
—

~~ -— ~iT1 ——
~
- —

~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I

l’rof ace

At present very little information is available about

tho effects of finite longth on the space—charge limiting

current in a drift tube . Th1~ report provides accurate

nunerica]. values for this limitinr~ current f or drift tubes

of several lon~ths and for electron beams of several

geometries and energies. Thoso values may be used to check

various analytical approximations for the li’~itinr~ current

and in the dosi~n of experimental oquipriont.

Thanks are due to Professor Philip Nielson, Thomas

Genoni, and William Proctor for their guidance on this

project and to Professor John Jones for his assistance uith

the numerical tcchniquo.

Stove IIarrin~ ton
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Abstract

Tho equation governinr the etoady state potential

distribution created by a cold urn-teutralizec~ annular

relativistic electron boarn propagatin~ axially uithin a

f in i t e  ien~ th drift tube ~ith grounded anode foil, collector

plato , and ~-~alls and irn~er sod in an axially directed inf ini te

marmet ic  guide field is solved numerically usin~ the method

of fIni te  clements.  These numerical r~ sult~ are used to

check the accuracy of availablo analytical ap~roximations

to the liimitIn~ current.

I
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I Introducitl on

iLzi ~)c’~round

Ma ny applic~- t i on z  01’ in ’ euse c~tnti ~isLic r. lnctron

b oarn s ( x — r a y  and r:~icro’~.ve gf ner~’t ion , th r - -oniiel or

fusion oxrori’~rntn , i~nd col i c  Li y r  i ~‘fl ~cccl eration

schemes , a-non ~ others) req ui re thnt, th e bcam be injected

into an evecuntod drift tube, If an c~ ternal no~notic

guide field is applied , the .injcctccI electrons m~y

propa~~ito thru the drift tub.) as a steble bnn~i. If

the external s~ u~ t ic field i s suff ici ently ~trong

(as defined in Sectj~n II) the maximum current which

can be tot elly tran s~iutted tIiru the drift tube in

steady state is limited by tPe electron number density

(apacc—char~e) at the contor of the tubo. For currents

above the s - ace—charge lirnitinr~ cur r an t , the spree—

chr~rge at hc center of the tube becomes larr e onou~h

to re?lcct part of the electron hon u .  In this parer

the effecta of the finite len:~th of tho dri ft tu h~
on the space—c~iar~o linLtin-~ curr ent wi l l  be considered

numerically .

For a drift  tube (Fig. 1- ) i’. ith L~~~ fl and izith

~~ 
offoctivly infinite, Bogdonlcovich and Rukbadze

(Ref. 1 ) formulated an analyt ical n~~ ro:~i~-ation for

the spaco—chnrr~o limitin-~ current of a solid elect-ron

1
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FI[:ure 1 • .~ cl~ ~tren dr f t  tube  of f in l i e  l~n ~ h ( L )
in en eI’füc t . . ~~~ . ‘ y n f i nit o  ::ially d rect  -d ri:  rThot Ic
~uido fl- - 3 d  ( ~ ). h~’ o1~ cL~rens n ”o I n ect’~d at e::O
and occupy tho °d ri f t  tube bctuoen r-:a and r=b~ (~~ef ’ . )

b eta - i  ( 1~ig. 2 a) .  Their ii proxir,iation we s aerived b~

int errolatin-~ betwccn the exact solutions for nou~ ”1 ativi~ t.ic

and ultrare? -n tivi sLic electron ecems . Howev er, bo th rxrct

solutions were derived asaanin’~ that the nurihor density

dis t r ibu t ion  shown in Fig. 2a propagated unchan~-~cd thru

the drift tube. The~~o solut ions were derived subject to

tho further t~ssumption that ~~~~~ CflLl , thorofor e, the

potential is constar~t in the a direction nc-ar the tube

contor as shown in Pig,. 2c. Proctor and Gononi (‘~of. 3)

later derived an analyticel m aroximation to the 11 ii t~ng

current analogou s to the one derived b’~ Fog,danl:ovich ai-td

Rukhadze, How ev er, in t he i r  derivation annular olcetron

beams (Fig 2b) wero considered in addition to solid beams.

2
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Figure 2. .J -c t ro n  ru ’-’: er ~en: ’j ~:‘i di H; Ha )  racliH nu - ~~ r u ty d i s tr i  ini  ~on of a solid electron
b e r m at - t he ’ 3 n i ~~ctio: i  ~ne:i - .
b )  r a d i e l . n - :  :1 d - n ~~i tv :i~ n t -rU ’-~t i on  of an -~p -nii1ar (hollow)
e’ ectron h rn eL t -h~ in~~’~c~~ien rredo .
c ) r~xis1 r~~~her t n  I t .y d i  s t r ’ bn t eu of an ~1ec ~.ron been
prop-u~atiu~ ~.n a lon~ ( L ~d c~ :n. .t ’ t tube ( hef. P

Furth orr;oi-o, th e i r  d e r i v a t ion  d e s  not r enu i ro  that the

elec t ron n~i 1hor donr5  ty i roP~’~~H;e t .hrui the  d r i f t  tube

u c h an~~ cl. fhr’ expression for t1~~ lin:iti~~ current  in a

long drift tube (as den y’ d by Procter and Genoni) is given

in Appendix A and was used to cheeP the numerical aol tier s

of the long ic-u t,h lini of the courtion d n ’ivecl in Gect~ on II .

~~~~~~~ et n i .  (~~of .  ~
) relaxed t h e  r est r ict ion  th at

t he  d r i f t  tube be long compared to the tube  i’r~~ius and

derived a rigorou s upper  bound to the lin it .~ u ’~ current

of a solid electron b~~s-i fiilin~ the  d r i f t  spac e (Fig 2a

with b = R ) .  Proctor and Gononi ( I ~ef,  ~
) oxtouded this

analysis to include a leng th dependent  upper  boun i to the

3 
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limiting current of annular electron beams (Fig. 2b).

In both of th ese analyses the current density (nv) and

not tho electron number density (n) was assumed constant

j fl a. It should be emphasIzed that the Proctor and Gerioni

formula given in Appendix A is a rigorous upper bound

but not necessarily a least upper bound to the space—charge

limiting current. It is not an expression for the limiting

current .

Proctor and Gononi (Ref. 6) dor .vod an analytical

approximation for the limiting current of an electron

beam with an electron numbor density proportional to a

delta function in the radial direction (Fig. 2b with a-+b).

Thi s is still, however , essentially a one dimensional

problem . Pillor ( Ref.  7) h as  developed a fully two dimensional

approximation for the limiting current of solid electron

boom s propagating in finite length drift tubes (given in

Appendix A). In this dorivation, however, ]~iller assumed

that the electron number density remained conatant throughout

the dri f t  tube. Further , ho defined the li~ t t ing curr ent

as that current which produoed a potential drop (due to

the space—charge) betwoon the injection anode (z=0) and

the tube center (z=L/2 ) equal in magnitude to the electron

injection energy. However, it has been shoum ( R ef .  2) that

tho potential drop at the limiting current mood not he

that groat.

LI.
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C Objectjve~

The objectives in this paper are to present numerical

values for the space-charge limiting currents or electron

beams propagating in finite length drift tubes. The
- 
limiting currents of two different geometry solid beams

with each geometry having three different energies will be

determined numerically . These values will be used to

•etiinate the accuracy of the analytical approximation given

in Ref. 7. Also, two different hollow beam geometries

with each geometry having three different energies will

be considered. The limiting currents determined for these

oases will be presented mostly as an aid to future development

C 
_ _ _ _
ADDi’oach

In Section II the differential equation with boundary

conditions describing the electric potential inside a

finite length drift tube is derived subject to several

simplifying assumptions:

1) The drift tube and electron source are immersed
in a. large (as defined in Section II), axially
directed magnetic guide field.

2) Th. electron kinetic energy ((T— 1 )mo2) is
large enough (as described in Section II) to
make scattering from the anode foil at z 0
negligible.

3) The electron velocity is the same for all
electrons at z=O and is totally directed in
the +z direction.

4) The current densi ty is constant across the

C electron beam (r=a to r=b in Fig. 1) at

5
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Tho n~unericrtl analog to ti) ’ equution (.IerlV(R1 In Sooti~n II

is derived in ~oc Li on II I and tlu. ui’orieni mnt ;h otl C i ’ n ite

• olemo~ t method ) used t ~ soiv~ th i  ~ e(~w t t  i on i:~ d1sct sc~d.

Tho limiting currents for  several be~rn geometries end

onorgIo~ aro ~lven in goct .ion TV . These 11 ru t lug curront~s

are compared to the r igorou s upper bound for the lim~ t t n~-

currents  given in  ~~~u ’• ~~. For t ;he solid ams the l~r~i t

currents (lotOrri 1n ~1 numorieal ly ar e ccr ~ s :ur t id  i.e the analyt. cal

approximation • ivan in ~of. 7. ]‘innlly, in ~~-et ion V

r000f lUflo f l(hLtj oIIs  .L’or t~l u t ~ t~ rc ’son~ ch n r ’  t~u~~o.

6
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II Tho overn ing l~nunt ion

Derive t ion

~1nxwell ’s steady state equations for the oloctro—

negnotic f ie ld s  in the dr if t  tube sbo~~i in Fig. 1 ( in

gau ssian un i ts)  are

VXE = 0 ( i n )

\7•E = 1.iiren ( I b )

VX B = ~~~~~nov ( I c )

V~~= o  (id)

whore n and v aro the electron number donsity and volocity .

In steady stato

( 2 )

Equations (1 ) and (2) cnn be combined to give j0j550n t 5

equation

= 1ti~anU (r) (3)

whore 11(r) is a uni t stop function such thnt

I 
u(~~) {O a>r ,b<x i (LI.)

By electrically connecting the injection ano de, collector

plate, and drift tubo walls and by lrnlding then all at a

7 
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constant rotentini (defined to be- zero), the boundary

condi tions on ~q (3) are

Ø(r ,O) - Ø ( r ,L) = 0 (ga )

0 (H,z )  = 0, ~7~(o,z)  finit;o

Tho divergence of Eq (i c)  yiolds the equation for the

st;eady s1:c~to conservation of charge:

V~(n~.) = 0 ( 6 )

If the el ectrons are i n j ect ed with axially (lirectod velocity,

are not scattered s1.gnif ~ csnt iy  by the anode foil , and the

drif t  tüho is immersed in a suf f ic ien t ly  strong magnrt i o

gui do fJ ~-ld , Fq ( 6 )  r cdnco~ to

= 0 (7)

uhich means that t lic ’ ehargi~ densi ty (nv ) is independent

of axial posit ion. Ther er ore , since nv is ra dially const ant

at the in jec t ion anode ( z = 0 ) , ii; is const ~ nt tbr our ~hout

the dr i f t  tube:

nv n0v0 = constant (8)

By mul tip ly in  and dividing the ri ght. hnna r ide-  ( ‘~~N )  of

Eq (3) by the velocity of an olecLron and applying Eq (8) ,

Foisson ’s equation can he expressed in terms of the currant

8



C’ density (env = en0v0) and the electron velocity as

(9)

The beam current (I) is computed from the current density

by

b2 ’
I = 

f f( 
env ) (rdrde ) (10)

*0

which reduces to

I ezi0v~ (b
2-a2) (ii)

C for cylindrical geometry and constant beam area. Combining

Eq (Ii) and the velocity written in term s of the relativity

factor (v = c\/~ -r 2 where 1= i/’[~ -- (v/c )2 ) ~ ( 9)

can be expressed as

= 
b2_a2 ~~[i ~_2’ (12)

The final step in the derivation is to express the

relativity factor in tern s or the electric potential.

To do this the total derivitive of the potential is expressed

in terms of the electric field:

— (13)
9 - 
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By t aking the total t ime der ivat ive  of the total re lativis tic
energy of an electron

~~~~~~~~~~~ ~~(c
2P2 + v12c~ ) (1l.1i

or

~~ C’
~P~~~ (1~~)

By exPressing ~ as Ymc
a and ~ as y’rnv , Eq (1~~) reduces to

me2 
~~~~~~= ( 1 6)

By forming tho dot product of v uith the Lorentz force

v•~~ = -e-v .(E + ~~ < f l )  ( 17 )

Eq (16) boco~nos (noting that  v.( v~~ B ) o)

( 1 8)
mc

Equations (13) and (18) can not-: be’ corihinod to form a

const:nt of the motion:

d 
~~ 

e~~~ ) = 0 ( 19 )
lie

By expanding the total d erivative in I~q. (19) into the sum
of partial derivatives, and by not~nr, that this  is a steady

10
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state problem,

v~~7(~’- —2-~c b )  = 0 (20)

However, since v is totally diro~tod in tho ~z direction ,

Eq (20) reduces to

~ ( Y — —~~q 5 )  = o (21 )
mc

Thercfore , since the potential  at z=O is zero, and since

the tern in parenthesis in Eq (21 ) is constant in z ,

(2 2 )

where

Is the electron normali:;c’d energy at z=0

Finally, using Eq (22), Ec (12) c~n be expresse’d as

= 
bL2 

~~~~~~~~~~~~~~~~~~~~~~~~~~ (23)

whero

1) = oi/mc~
= e~~’mc

It 1~ numerically moro convenient to express the boundary

conditions from Eq (~ ) In terms of the potential at z~2
and the dorivative of the potential at z~.L/2 as

11
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~O ( r ,0) = 0, ~~~~~r,L/2) = 0 (214.a)

(
~~(R ,z) = 0, çO(R,0) finite (2tj~b)

which are valid for a synictri c potential .  This change

in the boundary conditions permit granter accuracy in the

numorical solution without increasing tho number of mesh

points used.

Discussion

It has boon shown that not all value-s o fj ~pormit

physically rieaninc- :ful solutions to Eq (2 3)  ( Rof .  fl.

That Is , solution s for which the potent ia l  is nowhere

pos i t ive  and zero only at the boundary of tho drift tube.

The assumption s used to derive Eq ( 23 )  i-’cre

1 ) The externally i~i ’-Osed , axial m agnet i  c guide
field (B0) may be considered i nfin i t e.

2) The kinetic energy of the electrons et the
in jec t ion  anode is large enough to make
scat ter ing f rom the anode foi l  negligibl e 0

3) The electron veloci ty  is the snrw’ i’or all
electrons cit z=0 and is to tal ly  d~ rocted in
tho +z direction.

1~) Tho current density  is constant across  the
electron beam (r=a to r~ b in Fig. 1 )  at z=0 ,

From a practical standpoint, the first two of these assumptions

are the most difficult to obtain. Thode et a].. (Ref. 8)

has quantif ied the term s t’considored inf in i te” and “negligible

scattering0 1’ Their findings are that , for a typical injection

anode scatt -’ring can be nep lect ed if the total particle

12
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I
energy is greater than ~nc

2. This is equivalent to an

accelerating field of O,~ ~-1V for electrons. Also, they

show that the magnetic guido field may be considered infinite

If the ratio of the cyclotron froquonco to the plasma

frequency (w0/w~ a measure of the gyroradius of the particle)

at the injection anode is greator than ~. In this ratio

the cyclotron froquenoy is defined by w =  oB0/mc and the

plasma frequency is defined by w~=\f14~ne
2/m . For a typical

electron number density (1O 12/cm~) this requiros a magnetic

guldo field greater than about 7~ kilo-gauss.

13
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C III Finite Element Solution

Derivation

The finite element method was used to solve Eq (23).

This numerical technique involves approximating the unknowrt

solution (SD ) to a differential equation with an interpolating

function

(
7
0 

~~ 
=

~~~ ~~~~~ 

(25)

where the c~~’s are undetermined constants and the Sfl’s

are known functions (called ba5ie functions) satisfying

the same bcunda~’y conditions as f . The method chosen. to

C deter~nine the c3nstants was Galerkin ’s method of weighted

residuals, By this method the approximate solutiot to the

differential equation is substituted for the exact solution,

the equation is then multiplied by each of the basis functions

in turn, and each equation is integrated over the range of

variables. One such equation is shown below:

R L/2f ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

i”—O s~O
r ) 2’”~2 

~ 

~ (26 )

C
1l~.



This produces N times M simultaneous equations for the

, Oj j ’S. To solve these equations the basis functions must

be specified. For the present problem the bilinear Lagrange

polynomial basis functions given by Prenter (Ref. 9:128)

were used. This basis is defined by

4

r j 4j -r s-z~,1
ri+l~ rj Z

j
_5

3 1

?j4 1~~P 2141.2 rj~~r~~rj~1
rj~j—rj Zj+1~~ Z

js 3 _ (27 )
r—r ~ r, ~~~~~~~J. — I  J~~~I

rj —rj .,1 Z
j

—Z j _1

r-r z r 4 c. r ~~r

~~~~~~~
S 0 elsewhere

One element of this basis is shown in Fig. 3. These linear

polynomial basis functions were chosen because they are among

3 Figure 3. A canonical bilinear Lagrange polynomial
over its region of support (Ref.9).

15
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the simplest to ovaluat o nurteric :ally and b eceuse they proth~ce

a strongly banded system of algebraic equations to be solved.

That is a systeM of equations in which most of the c o ef f i c i e n t s

are ~oro. However , usinr  th is  basis does introduce a di fficulty

with the second derivative — it d- ~esn ’t exist .  This d i f fi c u l ty

can be eliii flat ad lv i n t e g r o l In g  the le~t hand side (LUS)

of’ Eq (~~ ) once by u e i t a

L/2 r L/~’

L1IS = f ( r  ~i ) d~ + [ ( r  ~-4 S~~ I )  di’
r=O -z=O r=O

R L/2

— _[ [ .
~~ ~~~~~~~~~ ~4

i ) r di’ dz (:~ )
r=O z~-O

The inte grated portions of ~~ ( 2~ 
) can be o ~a l  noted  u~

tho boundary conditions for the dit’forent;iai ~‘qn:t~ ien.

The first into~ ral is obv1c~u~ 1y sc’ro a t  r equal to zero .

For r equal  to fl , the ba~ is funct ions  ~iust nil be zero

to match  the boundary cond .~ I-ions on p. T ho r c f a”~ , the fir ~t.

integral  i~ ide nt i ca l l y  zero. The secon d I grzil ~lse

ovaluat . e
~ 

to sane  since th e  ~‘cisi a f u n c t i o n s  cirr  zero at

z equal to zero and the derivative is zero at z egual to

L/
~
. Therefore, the only cont-ribution from the LHS of Fq (~~ )

is tho third integral from Eq (28) .  Combining E~ i (2~ )

I (

- ~~~~~~~~~~~~~~~~ -.
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and (28 ) ,

.R L/2r r 
~ 

~ 
+ 

~~~~~~ ~~~~~~~~~~~ i ) d dJ J ?r  ~~r ~~z à z  r r z
r=O z=O

R L/2
— 

( -u~ 
h ~1J r dr dz

— r —

~~~~~~~~~~~ ~~T2+ ~~~
- (29 )

is the actual equation to be solved numerically. Since i

and j vary over their respective ran~os of values, Eq (29)

a c t u al l y  represents a systei i of cimultaaeous non-linear

algobrai~ equations. This set of equations was solved

by a non-linear equation soivin pr c~~rcai ~Q1~
) wri t t en by

pro~ r : :-~ r~ at Sandia Laboratories. Each of the equations

represented b~ Eq (29) was integrated numerically using

assur~cd va~uos for the c
u’ s and a two ci~ionsional trapezoidal

integrat ion ap~ roxinat ion . Thoae equations for the

were solved by QJT u~ I1~g a quasi— ~ owton i t e ra tive  te chrdqut~
in which the equations were ropontodly l inear ized and solved

until successive iterates convergod. The space—charge

lindting current was dofinod nur;c.ricoliy as the largest

current for shi ch the iterative equation oolvor could

produce a converging solution that was physically moangingfui:

that is , for which the potential was loan than zero everywhere

in the interior of the drift tube and for which the potent ial

met the boundary conditions specified.

17 
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The numerical equation (Eq (29)) was solved usin~ a

mesh si~ o of 1Z4. by 7 in the r and z directions. The mesh
points were equally spaced in the z direction and equally

spaced in the r direction with the exception that the

mesh points falling closest to the inner and outer beam

radius was forced to fall exactly at that radius. To check

to see If the numerical solution was converging to ono value,

tho mesh size was increased up to the limit of the computer

memory (iS by i 5) .  These results were in very close agreement

i~ith the results using a 1t4. by 7 mesh, The limiting currents

wero computed to a precision of +0.01 unite of normalized

current (t? ) or about 170 amps of electron crirront . In

Table I the limiting currents found by solving this equation

for the numerical approximation to a delta function electron

distribution are compared to the results given in Ref. 6.
The maximum error is less than 2 percent. Table II shows

the limiting currents for a drift tube of length 5R. At this

length, the limiting current has essentially reached its

infinite length value. Tho~c results are compared to the

infinite length results given in Ref . 2. The maximum error

in thi s case is less than 3 percent . Based on those comparisons

the maximum error in the numerical results for finite length

drift tubes Is estimated to be on the order of 5 percent.

18
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Table I. Tho limitIng currents for a delta function
distribution of oleel;rons is compared to the limiting currents
found nur’ori cally for an electron b onn h av ing  a geometry oi
a=O.1i999, b :-O.5001 . l3oth beams are czonterod about r=0.~
end have an thject-ion onort :y of’ 2Omc’.

Percent;
Lon~th Delta F’irnction Numerical Difference

1 7,~O 7.t4.3 1 .7
2 1~,6O t4..62
3 11.07 li .06 0.’
5 3.81 3.81 0.0

3.78 3. 75 0.8

19 
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Table II, The l imi t ing  currents for electron beams of
several energies and goerietrios pro’)agating in an infinite
length dr ift  tube are compared to the limit;Ing currents for
electron beams prop agntin :~ in a d r i f t  tube of length 5R .
A length of 5i~ was used a in ce  that  m s  the lon~ ost length
in which any effects of finite length woro observed.

Enorgy Limiting Current Percent
(i n f in i t e)  SR Difforonce~

a=0.0, b~0.5

2.0 0.22 0.22 0.0
1.27 1.29 1.5

20.0 7.31 7.31 0.8

a=0.O, b=1.0

2.0 0.~5 0..~6 1.8
3.12 3,16 1.3

20.0 17.58 17.75 1 .0

a-~0.57, b=0.60

2.0 0.t1.3 0.1$14. 2.3
2.53 2.56 1.1

20.0 15.1 9 1~~.50 2.0

a~0.30 , b=0. 60

2.0 0.32 0.33 3.0
5.0 1.87 1 .91 2.0
20.0 10.91 11.12 1.9

20
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IV Results

Annular Beams

Two annular beam geometries were considered. Thoy

wore the numorical approximation to a delta function

distribution of electrons (a~0.Li.999, b=0.5001) and a thicker

beam (a=0.L1., b=0.6). Both booms wore centered about r=0.5.

Tablo~ III (delta function) and IV (thicker beam) givo the

results of solving Eq (29) for the spaco-chargo limiting

current . Also prosontod aro the upper bound s given by the

tormula derived in Ref. 5 and reproduced in Appendix A,
It should be notod that in all cn~ e5 the l imiting current

does approach the numerically correct infini te  drif t  tube

limit as the tube length increases and that the results

for the thin annulu s do agree with provious results.

At  presont there Is no analytical approximating formula

available for the limiting current in an annular beam.

Therefore, the data in these tables are presented as an aid

to future researchers.

21
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Table III. Limiting currents for a goometry of’ a 0.Li.999,
b=O.5001 (a  numerical approximation to a delta function
distribution of electrons) .

Length Upper Bound Numerical

~ =2.0

1 0.71 0.66
2 0.t4i
3 0.38 0,35
S 0.3t1. 0.33

oQ 0.33 0.32

1 8.13 7.l.i.3
2 5.02
3 11.33 ti.. 06
5 3.96 3.81

3.75 3.75

~~=20.0

1 25.16 22.61
2 115.52 ll4. .10
3 13.39 12 .t43
5 12.25 11.76

11.59 11.59
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Table IV. Limiting currents for thIc~c annular beams (a=0.li- ,
b=0. 6)

Length Upper Bound Numerical

=2.0
1 0.86 0.80
2 o.S0 0.L~6
3 0.14.2 0.39
5 0.38 0.36

0.36 0.35
-

~~ =8.0

1 9.93 8.79
2 5.72 5.09
3 1j..86 11.14.1
5 11.11.1 L~.13
Co 14..16 ti.02

=20.0

1 30.70 26.113
2 17.69 15.32
3 15.011 13.3 1
5 13.65 12.53

12.85 12.2~3

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -



Solid Beams

Two solid beam geometries wore also considered (filling

and half filling the drift tube) and the results of solving

Eq (29) for these goomotrios are given in Tables V (f il l ing )

and VI (half filling). A~ with annular beams, the upper

bounds to the limiting currents are also presented in these

tables. Ho~’ever, Miller has derived an analytical approximation

to the limiting currents of solid beams:

~~~~ 
=~~~~~~-1) 

b{
~~~ 3~ j2 [1~ sech (~~~L/2)]

} 

(~~ )

i~here).. is the n’th zero of the J Boscel function.
n 0

This equation is approximatod by Miller for tubes having

a length greater than the radius by

~~~~ 
_ L )

L ( 1 _ 2 0 1 )  1 (31 )

where is the infinite length limiting current.

Figures )4.—9 show Eq (30) as cormared to the numerically

derived limiting current s and Figures 10-15 show Eq (3 1 )

as compared to the num erically derived limiting currents.

It should be noted that the infinite length limiting current

in Eq (31 ) was obtc~ined from the Proctor and Genoni formula

(Ref. 3) and not from Miller’s expression for that current.

Comparison of those two zeta of graphs sho~i~ that Eq (31 )

is in much better agreement with the numerical rosults.

~ 
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Table V. Limiting currents for a solid beam f i l l ing  the
drift tube. (a=0.0, b=1.0).

Length Upper Bound Numerical

1 1 .76 11.14.2
2 0.93 0.69
3 0 ,75 0.60
5 0.70 0.57

0,65 0.57

1 10 .14 14. 7.72
2 5.51 3.76
3 t~.59 3.26S t4..12 3.10

a2 3.86 3.08

~~=20.0

1 63.88 14.2.90
2 33.15 20.39
3 27.6)~ 18.10
5 2L~.82 17.21

23.23 17.12

25
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Table VI. Limiting currents for a solid boom half filling
the drift tube. (a~0.0, b=0.5)

Length Upper Bound Numerical

=2.0

1 0.58 0.53

5 0.25 0.21
oO 0.23 0.21

1 3.14.7 3.10
2 1.92 1 .51
3 1.62 1.31
5 1.1~7 

1.214.
1.38 1. 214.

—V
0
~, =20.0

1 20.70 17.80
2 11.55 8.67
3 9.76 7,51
5 8.83 7,11~
- 8.30 7.10

26
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0.75 -

o.~o - 
— Miller formula Eq (30)

\ ~ Numerical data

0.25 - 
A

— I I 1 I I 1
1 2 3 14. 5

L

Figure l~. Limiting currents for a0.0, b0 .~ , 
‘
~~ 2.0
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3,0 -

2.0 - —1~1illor formula Eq (3
0)

~ Ntjmerical data

I

A
A

1. 0 -

I I I I 1
1 2 3 ‘4. 5

L

Figure 5. Limiting currents for a~0.0,
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18.0 - 
*

12.0 -

\ Miller £o~~~la Eq (30)

6.0 

- 

\~~~~~~~~~~~~~~~~~~~~~~~~~~~~~erIcal data

I I I I I I
1 2 3 14. 5

FIgure 6. LImiting c~rronts for a 0.0, b=0.S,Z=20.0
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A

Miller formula Eq (30)

L \ ~ Numerical data1 .0-

A

A
A

- ; 0.5-

1 ,
1 I

L
Figure 7. Limiting currents for a 0.0, b 1 .0,~~~2.0
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8.0-
1

6.0-

- 
— Miller formula Eq (30 )

~ Numerical data
L

14.. 0-
A

A
I

2.0-

I I I I I I
1 2 3 14. 5

L
Figure 8. Limiting curronts for a~-0.0, b1.0,~~~5.0
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11.8.0 -

Eq (30 )

16,0 -

I I I . 1 L 1 I1 2 3 14. 5
L

Figure 9, Limiting currents for a=0.0, b=1.0,~~=20.0
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0.75-

i~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

Eq (3 1 )

Figure 10. Limiting currents for a=0.0, b~0.5, )~~2.0
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3.0

- Miller formula Eq (3 1 )
.
~ 2 .0- \ ~ Numerical data

1 • 0~

I I I 1 I I
1 2 3 14. 5

L

Figure 11. Limiting currents for a 0.0, b=0.5,~~= .0
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18.0 -

Miller formula Eq (31 )

- i~ Numerical data12.0

6.0~

L
Figure 12. Limiting currents for  a=0,0, b~0.’ , ~~-2Q.0

35



~~~~~~~~~~~~~~ 
_ 

- 

- - -

~~~~

I .5-

1.0- Miller formula Eq (31 )

1~ Numerical data

—A-

0.5

1 I I I I
1 2 3 Ii. 5

L
Figure 13. LImiting currents for a 0.0, b 1 .0, k~~2.0
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8.0 -

6.0 -

Miller formula Eq (31 )

L \ 
t~ Numerical data

14.0-

2.0 -

I I I I
1 2 3 14 5

L
Figure 114. Limiting currents for a=O.0, b=1.0,7=5.0
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14.8.0-

32 • 0 Mj llor formula Eq (3 1 )

1) ~ Numerical c~ata
L

16.0-

I 
— 

I I I I I I
1 2 3 14. 5

L

FIgure 15. Limiting curront~s for a 0 . 0, b1 .0,~~
’
~20.0
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V Conclusion

The result~ sho~m in Section IV and the program that

generated then fo rm a complete numerical colutlon to the

problem of determining the space—charge l imiting current

in a drift tube of finite length immersed in a strong

guide field. Those rosults show good agroement with the

formula derived by Miller in Ref. 7. However, by comparing

the results from the simpler formula (Eq (31)) using the

Proctor and Genoni expression for the infinite length

limiting current ( Rof . 3) wi th the results using Millor’s

oxpression as derived it appears obvious that the assumptions

Miller u~ od (n  constant , at the limi ting current

and Proctor and Gononi did not use are less accurate then the

assumptions used in this paper (nv constant , 
f~~(~~,L/2 4 ~ ~ — a )

It scorns reasonable that any extension of Miller ’s formula

should be ba~ od on the assumption that iw and not n i~ constant

in z and should use a different definition of the conditions

on the potential at the limiting current .
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Ap~endJx A: Analytical !ormu1~ from the Literature

The Upper Bound i_~1.-1~ . ~~~~ 5)
The upper bound to the limiting current (L a ) is

givon by

b
j~~-. (]c2+ 2L? )( y02”3~i ) 3/2 (Al )

with k determined by the boundary conditions

+ CY (ka)] + ajka EJ1 (3ca ) + CY1 f ta) ]  0 (A2 a)

b2 [J (1~b )  + CY0 (kb ) ]  + b1 kb (kb ) + CX1 (kb )] = 0 (A2b)

where J and Y are Bossel functions of the first and secon d

kind, of order in, a and b are the inner and outer beam

radius , and C is a constan t to be determined along with k.

The a. and b. are given by
1

a1 = I (cr a/L) (A3a)

a2 (,7-a/L)I1 (1’r~/L) (A3b )

b1 = K0(fl/L)10(ft b /L) — I ( ~7~/L)K (i? h/L) (A3c)

b2 (~1rb/ L ) EK0(-? --/L)I
l (—r~-b/L) + I0 ( -~--/L)K 1 (i~.-b/ L)] (A3 d )

whore I and are modified Bossel functions of the first

and second kind of order m.
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The Spaco-Cha~C2. 
Limiting, Current ~j~ef.)~~~

= (r 2/3_ 1) 3/2 G(~~ ,~~~
) (A14)

1_ i ~ c~~~~~+ 2l n (1/bJ

where

~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ 
(A 5)

A — 1+2in(i / b )— f (± ~Il- ’(E )

r ( E )  = 4 -
~

--

~~~~~~

-- (A7)

g(E)  = 
~~~~~~~ ~~~~~~~~~~~~~ (A 8)

E ( Acj )
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Appendix B: Finite El enont Comnut er Pror~’am

The program that solves ~q (29 ) was wr i t ten  as a

series of subprogr~ms . These sub program s are called by

the supervising proc~rz -ui ( DRIvER). DRIVER is responsible j
f or reading all parameter cards , insuring that the par~~io tors

are valid , com1)ut1n~ the locations of the mesh point s ,

c allin~ the appropriate equation solver ( ONED or TU OD) ,

and printing the results.  Th~ valid parameters are

HO inner radius of th e electron beam
RN outer radius of the electron beam
NR number of mesh t~oints  ~n the r direction
V beam cui rent . ‘this is an o tional p? eanc~tor

tthich , if omitted , causes DRIVER to solve
for the liriitinr~ current

GAMO oloctron in~ oction onor:;ylonc~th of thc~ dr i f t  tube (ronuir ed for
two dimensional runs)

NZ number of mesh roints in the z direction
(also ro(mlred far two (limonsional runs )

ID 1 or 2 for one or two dimonsional runs

Subroutine TWOD (C)~ED) i~ called by DRIVE R to solve

t~:o dimonsion:~1 problem (~ q (29)) (one dimensional problem

(Eq (29) t~~ th ~ z = 0)). The problem is solved usin~ QN,

a non—linear e~ uut Ion solver written by the programmers

at Sandia Laboratories. Q~1 solvo~ a series of non—linear

algebraic oqua~ ion s c~ the fo rm

0 ( 131 )

C or the values of the c1. The subroutines FOFRZ (FOFR )

“-3 
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called by QN to evaluate these non-linear equations which

it does by directly integrating Eq (29 ) using subroutines

R ZINTn (RINTn ) .  If QM is able to produce a set of

that make all F1 cinall (less than Efl}11-IAX or 10~~ in thi s

case) , Q.N returns to- Tt1OD ( ONED ) with IFLAG = 2, otherwise,

IPLAG is sot to some number greator than 2. If, on returning

to TV~0D (ONED ) IFLAG 2 the electron current ( ) i~ increased

( was less than the limiting current), otherwise, the

current is decreased by H (in both cases) , the stop size.

H is then halved and thi s cycle continues untill H is less

than 0.01 (0.001 ) when control is returned to DRIVE R and

the next parameter card is processed.

14.14.
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~~~~~~ P~ \- J~ ( rUYt ~T. OUTPUT )
CUM iJ - - 1 : ~ lA / i J,~ ~, ~~~~,t~~L1,H~L2,HZ,V,G(d- JC .Di -Y 1: H -- u :  ~: ..-c ~ ~_

~~~~~~~~~~~~~~~~~ 1r~1)
LUU~~1 - ’L~ t .1 I~ ”Z( hil)
~EAL K
N~ r -~~L 1~ T.-V ~-~ IEL/RU, IJ , ~~~~~~ HR.HZ, V. GAM3 , ID
RO~G. 0

ZH~L . P
Gc1~-Jj .0

I CONT iUUE
v..

~1j)
10=0

IZLAt ) V~ ’~ I LiL
IF ([L1F (5L1H~’UT) ~~~~~ CI) TO 099
IF ( ( ID .LT .  1i.~~~. ( I D . G T . 2 ) )  GO 10 900
IF (!~~.LE.R0) GO TO 910
IF ( 1 P . E U . 1 ~ GO TO 10
IF  ( ( ‘ ~ . E O . C ) . O R , Mr s~kN~ , G T . I C ~J ) )  CD T~1 920

i~ co~JTn :uE
IF (N~ .GT . 100) GO TO 930

C
C GET DATE fl~~

) Tt M E
C

13 =0. II
CALL DATE(11)
CALL T IM E( L1)

C
C COM?UTE TI fl~

• _ >
~ ~ f THE I tThE ~ E:~ r - i r J )~ E

C
t’1RL 1 — IF I M ( C .  ~~-~~ -: ~~ : L O ~ T ( HR )  ) + 1
IF (T- ;LL 1 .L1 .2)  IJr-~LI =2
IF ( R0 . E 1 .U )  ft~L 1=1

C
C COM’U TE TH I N i ~~M AT T~i OUT E I~ O~~M EDGE
C

M R L 2~ Jr I~-~(flM : rL[IAT ~~~~~ 
) +1

IF— (
~~ i.2 . LE , N~~L 1) ~~~ N~L 1+1

C
C C0h ’IJlE 1I - E r~ \‘~LL ’E S
C

H”l . f l j ( O~ T(L~
)

t~ t:~~~ - - ~p—i i
no I (~IO I = I ,
R (  1) ‘-Fl. IJAl ( 1—1 )  :H

iflL r-fl~~~I~ :jF
C

• C FORLE THF It’~NE1~ AtID O[JTE~ ED GES TO LE r-UGHT
C

R(I~flL I) rn

IF LA G 0
CA Ll L~~~ r T C ,fl)
IF ( I) ) .L i . 1) GIl TO ;~~i

- — — — -t :V ~~~~~~~~~~~~~~~~~~~~~~~~~
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C COMPUTE ThE vottn:s OF Z AT LIF4ICII IJE IJ~OT GAMMA VA LUES
C

t’l~END ’-NZ+1
L i  F Lft ) T (N:: ) )

I ’D 1t~U J~-- I , t ~. ’ l L ~I
?(J) ‘I I fli~i ( J  1 ) ; -i- ~

ISO CC 1NTIIU ’{ .
GO 10 ~OO

C
C F I i-ID flW ONE 1)1 I-lENS lOt LAL L I MI TI HG CUJ~~fl-ITC
200 COHTI$IllF

CALL ONI P( 1F LAG ) H
C(HR+ I) ~Ua~ iJ
GO TO 400

C
C F iND THE TWO DInTIM IDHAL CIJ F~RCI1T
C
3(10 CONTINUE

CALL TLflIL( IFLAC)
C GO 10 4011
C
C P R I N T  Till FNTStILTS
C

400 c 1 M r l o u r
r)~I N T  3 I ’ 1 ~~ III Pt

10(10 I 1 ~~i;11 IlI1.~~IiI I1G~ , I,~I~~I N t  ~ ‘~~~
I
~~~ I

IF I D .it ’ .;-’) i;u To i~i ; 1
C
C F ’PINT TIl L OH~ f l h l ~~I - I t F ~~H I~~M 1ILT S
C

5110 CLINT I
l’RIl~ r . I~I t t I .V .  M i T  I . l.~i I ,I~H, A ,t)

2U00 F1Fl ;~ 1 ~1l~ . ‘ML L - ’ ,l i(I . - ,~~N. “P :M - ‘ .f 7 . ~~,5M, “t~O=~ .rc ~. t1, !:,x, ‘l- ’N~~’ ,
II ~~~~~~ “ I P l i  ‘ - “ ,iiIol .5N. I II~.. “ ,O itI)

IF ( I~ Lf lG .Gr .~~) L,U TO I
I1R IHr

9()I1t1 I I 1t ~M ~i (  IH~
)

1)0 ‘_ i~’U j 1 ~~~ OP
l E l l - t i l~Ii . J . l ~ ( 1) , C ( J ) , [Lfl -- CPM i

301.10 I 1l ~ H t 1 ( l l l  “ I — ” . ~~~~~ ~l~’- ’~.l ~~~~~~M. “ CAM “ ,r I6.7 ,5x,”PIII~~~Fi( .7)
~‘~iU ( O N  I I t ~ IC

( I l  TO I
C
C l’P INT 1IIE T1-Ii. L 1) 1!J i ~~ iO:II1 L I-~[CUL iS
C
6(10 (U1 ( TII - 4U 1

rRII~-IT -J JU0. ) . t i ft ~. I 1 . K I l . N . f l . f l
4000 F-tIRI ~t IT (Ill , IPI “ ,~ ~~~~~~~~~~ I F t  “ I ~~~~~ ’~~~ ” I~L] “ .F i . .1.~~~. ”i~l-I~~” .

ii t . .1,’.P’-~. I_ I 11 111 “ .1 ~t .-1. ~~~ ”0tI1~ ‘- ‘ .Ol1I ,’.’~’~,”T 1Ii. “ “ ,IIIIt~
IF ( T [( . L~fl .Pj  .~~

) G(1 10 1
Pl-~INT 010
0(1 b~’O i — I  ,R ( H O
0(1 b - Cl I ~ 1 . t*-.FHI)
I I I ’  •

( Ii (( I . !~~~ItI ’ t ~P~ .nNP, .1 .t~r .j ) )  Cr.c 1- - 1-F r 1—1 ~ -~j - I.~
- 

~~ - • - - - • - --- - - - - •- - - --- • • .~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~ A
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( PR iNT ~-~J i 2, I , J, RC I) • 2(J) ,C P, CP --GOJ 11
%O0 Ui’~ - M T ( 1H ‘ 1= ” ~~.5X Jr ” I~ ,5x “ R= ” F6.4 5X “2= ” F9 .6 SX “GqLl= ” .

IC 15 .?, ~~~~~~ “PH 1 ,F 15.?)
640 CONTIHOE

PR 1 NT ~ ‘H 01.]
650 1:0,-lI IH’JLi

CO TIl 1
900 CONTINUE

C
C DIMENSION NOT VALID
C

PRINT 9fl0 1
9001 FD~MA T ( iI I1 ,’ 1 D  NO T SPECIF IED Dt~ HOT VA LID. ID MUST BE EITHER I O1~12. RUN T ERMINATED. ’ )

GO TO 999
C
C ILLEGAL RD. RH VALUES
C

910 COII T 1MI JE
P R I N T  O~ ,CO.rN

90E12 FOPM1T(IIII. ‘STP.FJH ~ RADIUS MUST BE LESS THAN ThE ENDING rA~~JuS ” ,
15X, “RO’~~,F?. 4 .5X , “Rt-~ “ ,F7.4)
CU TO 999

C
C ERROR IN TI lE NU M JE R OF POIH1 S I~E0UESTED
C
92(1 CONTINUE

PflIN T 9 T ~~ F~,NZ
9003 FO RMA TC 1H 1 . “THE Pi-~Oi;ULT OF MR AHD HZ ~~, ‘GT PE LEOS THA;-l 1 (1” ,

I” AND (
~C~- A1 ER TP~ -l 0. IF I1ORE POINTS APE REQU J I-SG , cI:0PL,~~”,

2” MUST I-SE MODE TO TL~JD “ ,

• 
- 22U>~, ‘HR ’’ . 13,5X, ‘NZ ~ ” , 13)

CO TO 099
C
C TOO h A il? R VA LUE O REOUE ST ED
C
930 C I P ( T I N U E

P iUN T 9004,NR
9004 FLIRMAT( IH I , ‘TI  iE HO~ ~E i~ OF R VA LUES RL0U~ HTCD I t 1 0 r GE LC~-H IHPI ’I I; ~J1 Jr i i1r~E VP’ Uk S A P PU 1 ED (I lilt ,Gr D hi T OL I iLL TO C II

25M, “F1~ = ” • I4~999 COCCI I(-H t~S TOP
EN D

- ì
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SUBROUTINE OHEP ( IFLAG )
E XTEENA L FO F R
COI-IMDN.’DATIl -’PIl, rO. N, h R . NRL 1, NR L2 .. HZ, V. GAMO
COMI1ON .’CUE F/ ( I C L U )
COMIIUII’PItD I LI~I,’j~ ( 10 1)
COMIION/QI (LJJRK/DISMAX ( lOO),WO~K(2 1UUO) , IWO RK( 120)

C
C CONSTANTS FOR UN
C

RELE RR~ 1E—?AI3SE RR=O .0
RES”~0.O
113AN0= I
VLAST~O. 8
IFL G2 =0
IF (V.E0.O.[)) GO TO 800
3 END = 1
IFL G2”” 1
HV= 11.0
SO TO 1350

C
C FIND THE I-lAX CURRENT
C

8011 CO N TI N UE
H V=G A MO
DO 055 I~~1 ,HRC( I) rGui M 1
D I E  II~

( I) =GAM O— I .0
855 C O N T I N U E
060 C O N T I N U E

( V LAST=V
V=V+iIV
HV=H V-:~2.O
CALL UH (rOr-R,HR ,C,M3RMn,DIsMAX .RELER R ,PH~EPR, IFLI1G,RES .

1LIORK, l I - ’ 1 :~K)
IF (IFL(IG.LC.3) GO TO CCII

C
C COMPUTE THE NIlI :1FR OF T1II?S THE I INAR’~’ SEAR CH MJST DE EXICUTED
C TO GLT 0.1101 1~CCL IRACY. TH EN API’ 1.
C

JCN D=I FIM(A LOG ( (V—VL flSi )/ (2 .U~.O. CIO1 ) )/A LIJG (2 .O) )+ 1
050 C O N T I N U E

HV=V
V=2.O*V
I FLA G -~?

C
C B INA RY Fii~PCFI THE L’IC~RFHT. IF ON EE1tC~~S A j ij i l . NOT—CflMV j~RGE
C RE T U R N COPE ASSUME 1 lIE CURRENT IS 100 I I  I~~H . EL PE THE CU RRE NT IS
C TOO LOW
C

PD 2(10 J~ l,JFNP
• DO ~~~ I~- 1 , NR

D IS1 - IA ~(( I )  ~1j ~- 1.0
300 CC1N~~INUE

IF’ :IFLnG.i.E.:~ GO TO 500
DO 100 NI.NR
C (I)~GflM3

(
14.8

L ~~~~~~~~~~ ~~~~~~~~~~~~~~~~ —~~~~ - — -- - -- -—
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100 CONTI N UE
500 LOt-IT IHUE

C
C FOR THE PURP OSE OF D O I N G  THE (.‘ INARY SEARCH A REDUCTION OF
C 10 ORDERS OF MAGNITUDE 15 CLOSE ENOUGH
C

IF(IFLIJC.LE .3) V~V+HV
I F C L F L I 1 G . G T . 3 )  V=V—HV
IIV~-IIV/2 .0

• I F L A G = 1
4110 CON T II (L ’?

CAL’ 0b~~FOFR. 1lR.C, Ii~JflND, DISM IX.RELERR,AI3SERR. IFLAC.PES,
1LLJRI(. ILlcIl~K)

IF( IFLAG. LE.~~ VLA61~ V
200 COII TIN ’JE

C
C FOR THE F I N A L  PAS S THE ERROA MUST BE AS SMALL AS POSSIULE
C

1FIIFLAG .LT.:P’ CO TO 9110
IF( 1FLAG. Efl .3) GO TO 700
IF ( IF LG2 .EU.1) CO 10 901.)
V=VLAS 1
DO 6011 I=1 ,ilP
C( I) ‘Gi i~flDIE MTh~( 1) ‘G AN-J — 1.0

6013 C O N T I N U E
IFLAG ” I

700 C O NTIN U E
• , CALL CU-I (FOFE, NP. C ,MD-RND, DISMAX , R E L E R R ,ADLEP R , IFLAG. RES,

‘- IWORK, It- ’~~P)
IF ( IFLIIG. LrI .?) GO TO TOO

51.313 COHT!HUi.
RETU R N
END

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



________ —
——  ~~ ‘“~~~~~ 

- 
L~~

SUBROUTINE FOF R (C ,F )
COr-IIION/DATA/EO,RH, ZN • HR • HR L I ~ t-IRL2, HZ, V. CR110
COMMON/RADIUS/H (1131)
COMMOFVSUO/IFLAG, M. C (7)
DIMENSION F(500f.J),C(5000)
11=7
1)0 600 I=1 ,NR

C
C INSURE THAT ALL CCI ) ARE GREATE R THAN 1.0
C

I F ( C ( I ) . L E .1 .0 )  GO TO 9(10
C
C INTEGR A TE THE SECOND HALF INTERVA L
C

F( I) =RINT2 ( IJ C)
IF (IFLRG.NE.O) GO TO 900

C
C IF R iS GREATER ThAN 0.0 INTEGRATE THE FIRST HALF OF THE
C INTERVAL
C

IF (I.GT.1) F (I)=F (1)+RIHT1CI,C)
IF (IFLAG .NE.O) GO TO 900

8013 CONT INUE
GO TO 999

C
C ASSUIIE ThAT V IS GREATER THAN V (LIMIT)
C ~ND FORCE OH TO CALL THE SERIES DIVERGINGC
960 CONTI N UE

DO 91.31 I=I, NR
F ( I ) = 1 . O - •

901 CONT I NUE
999 CONT I HUE

RETU RN
END
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FUNCTION RINT I( I .C)
COMI 1UN- ’i)AT 1l—1 U, PhI . ,:N. I ~R HL~L I, IIRL2 . HZ, V. G1IIi-3

I :,~ liii)
COI-i, I I N  -~~UP/ l ILAC . H. CC? )
U IM~tlE; IUN C ( - ~ I I)
H”R ( I)—R ( 1— 1)

C
C THE I1ERIVITIVES ARE CONSTANT OVER EACH SU B INTERVAL
C

P R 1 = I . l J / ( R ( I ) — R ( I~- J ) )
DRI 1=— DRI

C
C COMPUTE TilE FUNCTION VALUaS AT EA CH PO iNT IN THE SUB IN TE R VAL
C FOR TIlE 5IMPSONS RULE INtEGRA L
C

DO 101.1 J ’-’1.~1
R R C I — 1 - : - U L O r 1T C J — l ) -*t h / CFLOA TU - 1—l)
G ( J )  = ( C (  I — i )  ;-: -PR I H C( 1) *DR I )  *DR I*RA

C
C IF LC ARE IN THE PART OF THE ThOE OCCUr lED BY THE BEAM
C ADD I l-I TIlE NON— LINEAR Tt-~Rl-l
C

IF (( I.LE .HHL1)J 1R.( I.CT.hi ’L2)) SO TO 100

RI I=(R (I)—RA)/(H ( I )—R (  I — I ) )

IF (GAb-i . LE. I . [I) GD TO EPPI

5(3) =5(J) +(4. 13*V*GAI-,-;<R I *R1l) /( (SC- ’~ f(GAM— I-~*2-- 1 .0) ) ~(1 )1-~2—RU~- ’- ) )
100 CON T IM LIE

C
C DO A SIMPSON RULE I N T E G R A L
C

RII-IT I=GE1 )
li~:Nt) I_ i_ i
DU 2(10 3 ‘? .MEND,2
Rib lil ~P INTl +4. i - -~t; (J )-~-?. 0~ G (J+I)

200 CDI IT I NI
R I  UT! R I  H r i — G U i )
R I N T I  —RiNTI* (lI/ (3. J-~FLOAi (l1--1 ) ))
IFLflG~OGO TO 999

C
• C NEGATIVE SDUARE RUOT///NOTIFY CALLI NG PROGPIiM

C
900 C(i ,’IINUE

RINT I=fl.U
Ir~LnG= I

999 PUI4 T JH UE
RE TLJ RN
END

51



FUNCTI IU RIH12 (I.C)
CL1I-i1ON.- l),ITil/l~O .I , ZN , HR. 1-IRL 1. t-IRL2, lIZ, V. EA~J
COMMciH/—~Ar I’ P C l  U 1)
COftION/SU~1.’ I FLAG , 11 .5(7)
DIMEFISIOII CCO1)
H~R (I+ 1)—R (l)

C
C THE PER IV I T 1V E S  AR E CONSTANT OVER EACH SUB INTERVAL
C

DRI’~—I.O/(R (!+1)—R(I))DR I 1=— PR !
C
C COMPUTE THE FITIICIION VPLUES AT EACH P0 IN T IN THE SUB INTERV AL
C FOR THE SIIIPSI3NS RULE 1N1EGRAL
C

DO 100 J= 1 ,M
RA~R( I)+( FL UflT (J- - 1)* H)/ ( FLOAT (M—1))
6(J) = (C (I) ‘:-pp I FCAM~-I~DR Ii) ~:- DR I*RA
IF (I.LT.NR) G (J)= C (I)~ DRI-’-C(1-i-l)’KDRI1)*DRI*Ri4

C
C IF tiE IRF TM TIlE FlIRT OF THE TUBE OCCUPIED BY THE BEAM
C ADD 114 THE IIQN—-I _ I NEAR TERM
C

IF UI.LT .HRL 1 .OR.(I.GE.HRI 2)) GO TO IOU
RI= (R ( I-l- l)-—Hfl).’(R( 1+1)-- P( I))
RII~ (R fl—R (I))/(P (1+1)—R (I))
GA~1~C( l )~ -fl l -F GA ~ J , P i  I
IF U.LT.II~

) SA;-i :(I)-~~I-FCC!+l ):RI1
IF (C i-IM .LE .1.0) CO TO 900
5(3) ‘~G (3) - - ( 4 .  -V~ GAM~R I*-RR) /( (S~Rr (GAft,<*2— 1.0)) *(RN *~2—R 2)

1013 CONTINUE
C
C DO A SIIIPSON RULE INTEGRA L
C

R I N T 2~C(1)IiEHD~ M—I
PD 208 J=2,t-rND,2
RIHT2 -- l~1 N I - ~- -1 .[i :-~3(J)+2.O*S(J+1)200 CONTINUE
R 1HT2~’R IMP—S (Ii)
R I N T 2~RIlIT2*(l-I/ (3.O~FLOflT ( I1—1)))
IFLIIS=O
GO TO 999

C
C NEGATIVE SQUARE ROOT///NOTIFY CALLING PROGRAM
C
900 r:ONTII-IUE

R I I f l 2~- B . D
IFL OG ’- 1

999 C O N T I N U E
RE TLIR H
END

S2

-

~ 

-- _ _ _ _ _ _ _ _ _



_____ ____ - 
-
~~~~:. •

- 
~~

—- --
~

. 

~~~~~~~~~~~~~~~~ ~~~- - T ~~~~~~ 
- ___________- - -

~~~~

SUBROUTINE T LJOD(IFLAG)
EXTERN AL F O F R Z
CO ON/DA 1l)/F~O, RH, ZN, NR, NRL 1.. NRL2, HZ, V, Sf119
COIIMO N / R A D I U S / R ( 1 1 )
COMIION/LEIIG1F-l/Z ( 1 1 )
COI1MOM.’tflt F/ C ( iUl)
COMI-ION/OMWJPIZ/D ISMAX( 100) ,WORK (2 1000) , IWORK ( 12(i)
IFLG2”13
IF (V .EQ.B.0) IFLG2= 1
PR INT 9999

9999 FORI1AT(1HI)
VUThT~-V
HV GAII1.3

C
C CONSTANTS FOR 01-I
C

MBAN D—HZ + i
RELERR=IE—?
ABSERR=O.0
RES’-O,O

C
C CHED( FOR ONE PASS PIILY
C

IFLAG~?
IF (IFLG2.EO.S) GO TO 533

C
C CDIIP)JTE THE INITIAL TWO DIl- EHSIOMAL GUESS
r

50 CONTINUE
HEND=NR~<HZ
DO 100 I=I,NEND
C( 1) 60fl0

3138 CONTI NU E
C
C FIND 1HE MAX CURRENT
C

3513 CONTI N UE
DO 200 M=1,MEND
DISI1AX(14) =Gfl!-13--1 .0

260 CONT I NUE
IFL FIG I
VLAST’-V
V=V+HV
HV=HV*2 .@
CALL ETh’ C FOFRZ, IIR-: UZ, C, IlSAb-ID. P ISIIAX, RELERR, ASSERR, I FLAG, PES,
IWORK, IWORK)
IF C1FLAC.LE.3) GD TO 1150
IF (IFLI1G.EQ,,9) GO TO 999

C
C FOUND THE I-lAX CURRENT
C
300 CONTINUE

HV~
(V-VLfl T)

HI-1AX=IFIX (ALOG ( (V—VLAST) ‘(0.01) )/flLt35(2.O))+1
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C
C DO A B I NA RY SFARCH FOR ThE LP11TINI CI~~~EIIT -

C i; - — ~ r~ I))—N0T—LOII\- j~~I NL:TP I CO)E V IS
C flSSU II I D  TO BE LARGER TI-IUN TIlE LIIIITII-IG CURRENT
C

DO 500 t~= 1,MMAX
DO 350 I=I.NEHI)
DISI-IAX( I) =GAI1J—l .1)

350 CONTINUE
IF (IFLAG .LE.3) GO TO 400
DO 360 I=I , IIENP
C( 1)=GRMO

380 CONTI NUE
4130 CON T IN UE

C
C FOR THE BIH 1T~V SEARCH ROUTINE A REDUCTION OF 10 ORDERS OF
C MAGNITUDE IS CLOSE ENOUGH
C

HV’-HV/2.O
IF (IFLAI3.LE.3) VLA ST— V

I 
IF CIF LA ( ; .LE.3) V=V+FIV
IF (IFLIIG.GT.3) V V_ HV
IFLRG=1
CALL QH(FOFRZ, NR~N ,C, Iir3flMD,DISMfX, RELERR,fBSERR,IFLAG ,RES,

1YORK , ILT ORK )
500 CONTINUE

C
C INSURE THAT THE LAST GOOD CUR RENT I S RE 11JRNED TO THE CAL LER
C AND RETURN
C

600 CONTI N UE
IF (IFLAC.LE .2) GO TO 999
IF (IFLAS.ED.~ ) GO TO 700
V VLAST
NEND’—NR *NZ
DO 650 I = 1 , N E t l t )
DISMAX( I) ‘-SAI-kl-- I .0
C CI )  -~GflMO

650 C O N T I N U E
IFLAG=1

7130 CONTINUE
CALL QH( FO FRZ ,t -IR NZ.C ,M3AND ,PISI-1AX,RELERR ,f3E;ERR, IFLAG,RES.

ILIURK, 1~~ RK)
IF ( IFLRC. EQ.~~

) GO TO 700
999 CON TIN I JE

RETURN
END

1;1I.
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SU13~OUTTN E FOFRZ C, F)
COI-IN’]N/DATA-’f - J, FTh ,ZN , N1~,NRL I, l-IRL2, HZ, V, CAl-lO
CUN-ION/RRI) IU~/R (10 1)
CU1iI13N/LEN~TH/~ ( Ia 1)
Cfli-IION/3002/ IFLAG , 1-1,1-I, K, S (? ,?)
RE A L K
D I M E N S I O N  C (l600),F (IOtiO)
11=?
DO 200 I = l ,N ~
DC 10(1 3 = 1 ,112

C
C CHECK TI) INSURE THAT EACH VALUE OF GAlilif IS GREATER THAN 1.0
C

IF C C ( J + ( I — l ) * N Z ) . L E . 1 . 1 3 )  GO TO 900
C
C INETGR A TE OVE R OUADRA ~T 2
C

F J4 -u— l)~ Na) =P.ZINT2(I,J,C)
IF ( IFLAG.N E.U) GO TO 90(3

C
C INTEGRATE OVER 0UAD~ANT I UNLESS Z.GT .L/2
C

IF (3.LT.t4 ) F(J+~I— I)- )~F(J-:- (j—1)KNZ)+R2IUTl(I,J,C)
IF ( IFLAG .N~ .0) GO TO 90(3

C
- C IN TE GRA TE OVER OUADR~,NT 3 UNLESS R IS TOO SMALL

C
ir (1.GT , I) F (J+ (I—1):--

~47)=F (34- (I—I)*MZ)+RZINT3 (I,J .C)

IF ( IF L AG.N [ .G)  GO TO 900
C
C INTEGRATE OVER QUC~D RAHT 4 UN L ESS
C

iF ((I.GT .l) .AND.(3.LT.NZ))

1 F (J-f (I—1);!~~~~F (J-I- (I—l N~)-lR2IhIT4CI.J,c)
IF (IFLflG.I~~~.D) GO TO 900

100 CONT IMUE
200 CL1HTI I1LJ

RETU RN
C
C NEGATIVE SRUARE ROOT////ASSLJM V IS GREATER TWiN V LIMIT
C

900 CONT IN UE
IE t1r I=tP ~-:~-P~
DO 910 I=I,IEHD
F( 1) 1, O

910 CONTI N UE
RETu;-~N
END



REAL FUNCTION P2IMT1 (I,J,C)
CU I1Ii/DATcl/R1.I, Pk. Eli , HR, HRL I , NR L2 , HZ. V. Sf113
CONMON/RAF) I IJS/R (10 I)
CO~ -i0t-I/LEF1~,TFI/7 C 10 1)
CU MMUN / SUN? / I F LA G. 1-I. H. K, G (7 ,7)
DIMENSiON C(1008)
REAL K

C
C DUADRANT 1 INTEGRATOR
C

RZ I I-ITI 43 .0
H= ( R ( I4 1)—R (  I) )/F LORT(T1— 1)
K= (Z(J+2)—Z(J+1))/FLI1RT (Il—1)
DRI=— 1.0/(R (I+1)—R (I))
DRI 1=— P b-U
D ZJ= — I .0/ (Z(J +2 ) — Z ( J 4 - I ) )
DZJ) =— DZ J
DO 230 L=1, I-I
Rfl”R( l)-{-FLOITT (L—1);:-H
R 1= (R (I+1)—RA)/(R ( I-~ 1)—R ( I))RII” (RA—R (I))/(R ( I+1)—R (I))
PU 3ti~~

1 N=1 ,I - 1
Z A Z  (J-I- 1 ) -!-FLO~lT (F4— I) ~I(
Z J = ( Z ( J 1 - 2 ) — Z R )  “ (2 ( J + 2 ) — Z ( J + I ) )
Z J I = ( L A — Z ( J + l )  ) / ( Z ( J + 2 ) — Z ( J + 1 ) )
C 1= C ( J - i - ( I—1 ) ~ N Z )
C2 C ( J + 1 + ( I — 1 ) ~’HZ)
C3=Gfl IiJ
IF ( I.LT.NR) C3=C(J+I*t- IZ)

IF ( I .LT .tR~
) C4=C(J+1+1*NZ)

F1=(ZJ- :->I-2 ) 
~ (Pc~ 1 2 )  ±(RI~

-
~-?) ;

~(D ZJ *~>:<2)
F2=(Z ,T~- J  I )- ~:(D~ I~ -:-~2) -~- ( RI :- 2)~-~(DZJ~:-PZJ 1)
F3=(ZJ - :- ::2 )~~(PRI~:DR I 1) + ( R1 ~ R J  1):-~(UZ3 :~:2)
F4= (2JI*:J)~~1)RI PRII)+ (RII—1 )* (P:J l*D7J)
1,(L,li) = ( C3 ~ -F1-:- L2- F2-~ E -F34-C4~ F~i) ~~~~
IF ((I.LT.t-1RL1).UR .(I,GE .IIRL2fl GO TO I~OGAil -C 1-~ ~ I ~J t 2 ~E i~- 1 I- C~~~ 1 1*ZJi-C4~T-R I H-ZJ 1
IF (GIII-l.LE.1.0) GO TO 90~RAl) I C= C 4. Ii V~~ fl’~t Ai - i) IC (SLRT(GI4i1**2— 1 .0)) ~<~~U 2—i ;<’i~2) )
G (L,tI) G (L, N)4- RAD IC~RI*ZJ

100 CON TI N UE
21.10 CONTINUE

C
C DO A TRAPAZOIDAL RULE INT EGRA L
C

CALL IHTGL(RZINTI)
IFLAG=13
R E IURN

C
C NEGATiVE OR ZERO SQUARE ROOT/////NOTIFY CALLING PROGRAM
C
960 CONTINUE

IFLPG I
RETURN
END

— ——-~~~~-— c— —
~~~~
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REAL FUNCTION R2 IMP (1, 3, C)
CCI1~~ -/1)-1Tc1/i~O ,RH, Zh, l- ~~, I 1, t-IRL2. HZ, V. Sf113-
Co~-;: -;UU/_ [N~,Ti-1/2 (1 fl 1)
COllilO~I’~ I II) I U~/R (10 1)
CUNMON/ ~U U 2 /  iF LA G , II, H. b~, 5(7 • 7)
REA L K

C
C QUADRANT 2 INTEGRATOR
C

DIIIENSIOH C(1I)OU)
RZ 1143. 0
H= (R ( 1-1- 1) — R ( I ) )  ,‘FLUqT (I-I-—I)
K= ZC J -F1 ) - - : - : (J )) / F LOAT Cl l— 1.~DRI=— I .U/(R (I± 1)—R (I))
DRI 1=—i4~I I
1)ZJ~- 1 .O/ (2 (J !~I ) ~ 2 ( J ) )
D ZJ1=—D2 ’J

DO 200 L~- 1, bl
RR=R ( I)+FLOAT (L—1)~~H

R I = CRC ! + 1) —RA ) / C R C  1 + 1) —R (I))
RI  1= (Rfl—R ( I) )/(I~C I+1)—R ( I))
DO 100 11 1, I1
ZA=Z (J)+FLOA T (M— 1)~~~

2J1=(2(3+1)— Zfl)/(~~~J+1 )— ZCJ) )

C1 5fl1_fl
IF ( J . G T . 1 )  C 1= C ( J - i + ( I — 1 ) *N Z )
C2 C (J+(I— 1 )~~h~~)

C3 =G fl t iJ
IF (( i .CT. 1) . i~-~D.( I . LT .NR)) C 3 — C ( J — 1 + I * H Z )
C4=Gflh1’J
IF ( I . LI. ftR ) C4 ~ (j+l;:NZ)
F l’- (?J 1 ::~ j ) ~ C T ~ I- .~~

) +(b- - I-~-- -2 ) ‘:‘C~~J 1~ DZJ )
~~~~~~~~~~~~~~~~~~~~~~ :- .~)~~(D~:J -

~~
‘)

F3=( :J !~ :~J)~- ( ! F - :I l~- i~~l) -)- (~-~1 ~~~~~~~~~~~~~~F4=CZJ—~ 2 ( i ~:~I 1 Ui~’ l ) -~(i’ I ~- PI )i P: :J~. -::2)
G (L,F4) -‘ (C1~ F 1-1-C2~ +C~~- F34C4~--F~-1) ~-~R
IF ((I.LT.HRL1).0~ .(I.G~.HRL2)) CU TO I SO
SAM C1> ~-RI ~~~~~~~~~~~~~~~~ I~~ J 1 +C4 , R I  i~<zJ
IF (CAN . I. E. 1.0) GO TO ~~Rfl D ) C = ( - ~ . O V - -~-~fl~ GRI-l) - -‘C (SC-!RT(Gi~1i - - :- ~2—1 .0) )*(RN ~2-I~O-~ -~-2)

1130 CONT INUE
260 COHT !r

C
C DO A TRAPAZOIDAL RULE INTEGRAL
C

CALL lNTGL (R l~ T2)
IFLflG~ URETURN

C
C NEG A TIVE OR ZERO GDU~RE ROOT/////NOTIFY CA LLING PRO GRA M
C

900 CONTINUE
IFLulG~ IRET U I~J’1END 

— - - ----———---~~~~~----— —- --——-- - - - ~~
- _ - —-- -~~ --- — _ ------
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REAL FUNCTION R2 INT3 (1 . J, C)
CO MJN-’T~)TA/{~d. ~~, 2K , N~ , N~L I, N;~L2, HZ, V. Gflli~
COitDM ’- Li F-i GT} -l ‘Z (I U!)
COI-i:- IJK’UTh 1US/R ( 101)
COMI 1OH/SU32/IFLAG ,1-1.H,K ,S(7 .7)
RE 1~L K

C
C QUADRANT 3 IN TEGRATO R
C

DII-IENSION C( l000)
RZINTZ=0.O
H = ( R ( I ) — R ( I — i ) ) . ’FL0~ T(M-- 1)
K~ (ZCJ + l ) — Z ( J )  )/ FL UAT ( I- l—l )
DRI= l .0 /C RC I )— f l (  I — i ) )
DR 11=—DR I
DZJ~’ 1 . U / C C J + 1) — Z ( 3 ) i
PzJl=— DZ J

DO 2(30 L = 1 , M
RA=R ( I— 1 ) - ) - F L OA TCL —I ) ~4-H
RI= (R fl— R (I—l ))/CRCI )—RC I— 1 ))
RI Ir (R C T)—Rf )/CI~(I)— p C 1—1))
DO b c  N=1,1i
~fl ECJ)+FLOAT (H—I)1:(
Z j = ( Z A — Z : J ) ) , ’C E ( j + 1 ) — Z ( j ) )

c1~-cc)I- 1:1
IF ( J . G T.  I) C1~ C ( J — 1 + ( I — 2 ) - -:-H Z)
C2~ C( J-F ( I — 2 ) ~:- -NE )
C3 ‘—GAI-~IF (J.CT.I) C3=CC3—1 + (I—1 )~H2)
C4~CCJ+ (  J— 1 )Th)
Fl  = (ZJ I 1- 2J ) - - - P R  I 1- - DR I )  1-(R I 1*2 I) ~-( DZJ I ~D 7J)
F2 C 7 J 1 1 2 ) - ! . L L ~~I 1 : 2 2 I ) ÷ ( R I  I : :-2I )~~(DZJ ~:.::~?)
F3~ ~~J I -:-:J ~- ( ~~fl I 2 ) - I -C R 11: 2) 1(K2J 1 :-1 2j)
F4 (2J*:~2 ) 1~~I - . 2 )4CRI -1~ -~~1(1)2J-::2)
GCL ,N) (C 11-F 1+C2 1 -C3-i-F~ -~-fl~; --F4) - - RA
IF (CI.LE .HRL1)JJR .CI.GT .HrL2n GO TO 150
Sf 1=cI1RIl -~

-
~j 1+E: :211 ;$ :j -~-c :’ :2I~ 2Ji+c.i-:-~ Ii~zJIF (GAi 1.LE .1.0) GO TO ~U3RAP I C = (.1. ~~V;! RH~ 2n~-R ‘C C RTC G ~ M H-2— 1 .Ofl :iRK’:-~:-2 RO*~2) )G (L,lb) =G (L,l-b ) -~ 21K.J IC~-R 1*ZJ

100 CUI1TIIILIE
200 CONTINUE

C
C DO A TF~A P f l E O I D A L  R U L E  I N T E C R A L
C

CALL INTGL (REINT3)
I FL AG =0
RETUR N

C
C NEGATIVE OR Z ER O SQUARE ROOT////---M [JTI 2Y CP.LLI I-~G PROG RAM
C
9C0 CONTINJE

IFLflr~= l
RETU RN
EN D

S8
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REAL F1’~~ 1101-4 P2 TN T —b (1. 3, C)
COM:-112- - - 1- 1K/K b , 2i4 , 2K , NR , N2L I , 142L2, N:, V. GAl-;)
(T im 1K~-~~K K f l l~_ /U L K I )
C[1~~~H - -’LF1 2[H/E ( 1 01 )
CUMt iJ / T U U --’1rL~Ki ,Il, H,K,G(7.7)
REAL I T

C
C QUA DRA NT 4 1HT[GFTMTOR
C

D I I - i:N~ bOK C (IL’2J)
RZII-1T3=4.0
H= (R ( I)- 2 (1—1 ) )—2LOAT (M—1 )
K~~( Z ( J + 2 ) — (J 1 - 1) ) / F L O O r ( I l — 1)
DR I=l .O- --1-’( I)— 2 (I—-I ))
Pb-U I “—1)2 1
PZJ=— 1 .b l/ (Z ( J +2 )— E’,J+l))
P J  1 ‘-—P 23
DO 200 L= l , !-l
FTIl=R C I — i )  -~l -1 ’ ~~ r C l  — I) ~-H

RI 1=CR ( ~)—2~)/(2C I)—R ( 1—I ))
D O 100 H ” l ,Ii
ZA ”Z (3+1) -i - FLOA T ( H— ) 1-K

Z31~~( ZK — ~~(3-~- 1) ) / U C J 4 - 2 ) — E ( J 4 - l ) )
CI  = C ( J - (  C I- - 2)1NT )

- C 2 = C ( J 4 - 1 + (  1—2 ) 1- 22 )
C3~c- LT+C 1—i ) : ; l~ )
C4=C (J+I-H~I--l ) 2T )

( F2= (EJ I~1J)1~’12i 1 - ! ~t ) - I - ( R 1 1 ~ R i ) > U: J 1 : 2 : J
F 3= ( ?J - :  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 2- J)
G(L ,H) (IT I’ -F 1-rIT? F2-FE/ F3+C 4-:- :: 4~ - 2A
IF ((1.LE.H~L1).02. (I.G:.l42 L2) ) GU TU 10~IGA M=C1 12I1 3-~- [%- 2 1 1  :2J1-~~~~:~~~ :-EJ -~C~~- 2 j 1 J 1
IF CGRII. LE. 1.2) [0 TO 1’-.]
ROD IC” (-1 . C I - -:-Y - -RK I  C2ft  /(  ~K-2 fl CG I2 2- 1-2— 1 . IT) ) ~ ( RN ~ -2—R0 ~ *2)

300 COIIT IHH2
2011 CL 1I- 1T III J2

C
C DO A T R A R A Z O I D A L  R ULE INTE GRAL
C

CALL IN T GL (2 !NT4)
— IFLOG=O

RETURN
C
C NEGATIV2 02 ZERO GOU -~2E ROOT/////t-IOTIFY CALLING PROGRAM
C

900 CONTI N UE 
-

IFLAC~ 1
RETURN
El-ID

-- :~~~~~~~
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SUUROUTINE 11-ITC.L(RESULT)
C
c ~o ~ TRA rAZ OIDA L IHT~SRflL f~rPROX1MATlOH ON TilE DATA IN ~
C

COI-II1O1VSUB2/IFLAG, N, H, K, CC?, 7)
REAL K
RESULT=(1.O/. 1.0)1~(G ( l ,  1)+G ( 1,M)4G(N,1)+G(M, f1) )
JEHD’M— 1
DO 10(1 J~ 2 .JEN1 )
RE SUL 1 - -KOKUL1 -1-(1.O/2.0)*(G( i , J ) - + S (~1 , j)+G(M.J)+G(J,M))

1130 CONTI N UE
1El-W=JEI1~DO :*Iii I “2, lENt)
DO 200 3 ‘2 ,  JEII1 )
RESULT’-RESULT-)-G ( 1. 3)

2130 CONTIN!IE
~UU (TUb-I T i

RESU L F= }-N -K *RE SULT
RETURN
El-Il)

60

I - 

— ----- —- -— - - - -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_________

vit~

Steven 14. Rarrington was born on 19 August 191i.S in

Seattle Wa shington. He graduated from high school in

1966 and entered the United States Air Force, He attended

Auburn University under the AECP program and recieved the

degree ~f Bachelor of Physics in December 1973. Upon

graduation he entered OTS end was counnission~d in April 1971j.
He entered the School of Engineering, Air Force Institute

of Technology in June 1977.

Permanent address 80i!i. 13th N. W.

Seattle Washington 981 17

61

I ~~~~~~~~~~~~~~~~ - 
-- ~~~~~~~ ~~~~~~~~~~~~~~~ --- —- -- —-~~~~~~~ —-~~~~~~~~ ~~—- -—- --—-~~~~ - -— -- —— - -  --- -

~~~~~
-— -

~~~~~ 
—

~~~~~~~~
- —- - -—

~~~~~~~~



rip. 
- - - ---.---—,-— —- —. 

~
.— 

- - - —

UN CLAS~.3l1’l E t t
SECURITY C L A S S I F I C A 1 $ O M  OF T i l l -  P A~~,1 4 KArn (?aia~~ vie.-,rJ’

REPORT DOCUMENTATION PAGE 
_______________________________

I. REPORT NUMBER 12. GOVT ACC ESSIO N NO- 3 - R EC I P I E N T ’ S C A T A L O G  NUMB ER

AFT T/ -K’/P1l / -(~iD_ 5
4 T ITLE (and SubtI t le) S TYPE OF REPORT 6 PERIOD COVERED

SPACE—CIIANG N LI ~I I T T  NO I’U }-K ( 1-ITIlO
IN A I)IUFT TUllE OF FINI’I’E LENG’I’U Mb THESIS

1- 
A .  P E R F O R M I N G  OR G. REPORT NUMBER

7- A UTHOR(.) 
— 6- CO NT RACT OR G R A N T  N U M U E R ( a )

Steven M . Harrlngton
Capt USAF

9 PERFORMiNG O RG A N I ZA T I ON  NAMI AN D ADDRESS t O- PROGRAM ELEMENT. PROJECT . TASK

Ai r Foi-~ e in s ti tu t e  of Technology
(AF1T-EN ) ‘

~
Wri ght— i’at. croon AFIl . Ohio ~~~2K _________________________________________ -

II. CONTROLLI NG OFFICE NAME A ND ADDR ESS 12. REPORT DATE 
—

Air Force Weapon~ Laboratory t)pc ’t~’mhpr -
~~~~ 

—

(AFW L/ DY1 ) 13. NUMB ER OF PA dE S

Kb rt .1 ~md A I R  -~~_Nex Lco a71J.~-__ 70
14 MONITORING AG E NCY N AME A A DDRESS(I I  dltier.-nt Iron , Contr o lli ng 0111cc) IS . S E CU R I T Y  CL A SS  (ol thi. report)

UNCLASSIFI ED
ISa. D E C L A S S I F I C A T I O N  DO WN i $RA O IN G

SCHEDULE

16. DISTRIB UTION S T A T E M EN T  (01 SAl. Repor t)

Approved for publ:ic release ; distribution unlimited

IT.  D I S T R IB U T I O N  S T A T E M E N T  (of the .ha rracf .n(.r ~ d in flock 20, ii Jilleren? Iron, R.porl,)

lb. S U P P L E M C N TA R Y  N O T E S

Apprqved for pubLlc release; lAW AFl-~ 190—17

~\ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

IS K E Y  WORDS (Co~ tInu •ra ide it e ft I a.-, tIlt t,t block n neber)

Lim i t - I ng— curr en to
Space—charge—limi t- I i t ~~ (-u r re r I t

20. A~~~~ RACT (Continu, on ,.re,.v aid. II nec .aaary and Iden t l f r  by bl.~ck n,in,ti.,)

The equation t~cvcrning the steady otat ,e potential d i s t r ibu t ion  created
by a cold unneu t r~ lized  annular z’elat iv iol t o  electron beam propagating
axially wi th in  a f i n i t e  length d r i f t  tube w i t h  grounded anode foil ,
collector plate , and wal i r ,  and immersed in an ax ia l ly  dir ected ~rif inite
magnetic guide f ie ld  is solved numerIca l ly  using t h e  method of fini t .e
e 1emetitr~. These numerical resu lts  are used to check the accuracy of
available ur ia LyLi ~’a .L approximations b -c t h e  l i m i t i n g  current .

OD , 
~~~~~~~~~~ 

1473 E D I T I O N  OF ‘ NOV AS IS OP SOL E TE  

~
j
~~~~

.j j
SEC IJRI TV CL A~~ d’ICA1 ‘ON OF THI~~ P S . I  lI?,e . I’,ta- F,,,,~~ .Il

Li


