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Preface

At present very little information is available about
the effeccts of finite length on the space-charge limiting
current in a drift tube. This report provides accurate
nunerical values for this limiting current for drift tubes
of several lengths and for electron beams of several
geometries and energics. Theso values may be used to check
various analytical approximations for the limitine current
and in the dosign of experimental oquipment,

Thanks are due to Professor Philip Nielsen, Thomas
Genoni, and VWilliam Proctor for their guidance on this
project and to Frofessor John Jonos for his assistance with
the numerical technique,

Steve Harrington
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Abstract :
The equation governing the steady state potential ’T

distribution created by a cold umneutralized annular

relativistic electron beam propagating axially within a
finite length drift tube with grounded anode foil, collector
plate, and walls and immersed in an axially directed infinite
macnetic gulide field is solved numerically using the method
of finite clements. These numerical results are used to
check the accuracy of available analytical approximations

to the limiting current.
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I Introduction

Backrround

Many applications of intense retntivistic electron
beams (x-ray and microwave generation, thermonuclear
fusion experiments, and collective ion acceleration
schemes, among others) require that the becam be injected
into an evacuated drift tube. If an external magnetic
guide fileld is applied, the injected electrons may
propagateo thru the drift tubo as a stable beam. If
the external magnetic field is sufficiently strong
(as defined in Section II) the maximum current which
can be totally transmitted thru the drift tube in
steady state is limited by the electron number density
(space=-charce) at the center of the tube. For currents
above the siace-charge limiting current, the space-
charge at the center of the tube becomes larre enouch
to reflect part of the electron beam. In thls paper
the effects of the finite lenath of the drift tube
on the space=-charge limiting current will be considered
numerically.

For a drift tube (Fig. 1) with L=>>R and with
B° offectivly infinite, Bopgdankevich and Rukhadze
(Ref. 1) formulated an analytical arnproximation for

the space~chorpe limiting current of a solid electron
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Fipure 1. An electron drift tube of finite lensth (L)
in an effectively infinite axially directed magneotic
guide field (B_.)e The eclectrons are injected at z=

and occupy the®drift tube between r=a and r=b. (Ref. 2)

beam (Fig. 2a)e Their avproximation was derived by

. {

interpolating between the exact solutions for nonrelativistic

and ultrareletivistic electron beams. However, both exact
solutions were derived assuming that the number density
distribution shown in Fig. 2a propagated unchanged thru
the drift tube. These solutions wero derived subjeect to 1

the further assumption that L>==R and, therefore, the

a0 A B At S A T3 S A . 5 s =~ =

potential is constant in the 2z direction ncar the tube
center as showvn in Fig. 2ce Proctor and Genoni (Ref. 3)
later derived an analyticsl approximation to the limiting
current analozous to the one derived by PBogdankevich and
Rukhadze. However, in their derivation annular elcctron

beams (Fig 2b) wore considored in addition to solid beans.
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Figure 2. Electron number density distributions.

a) radial number density distribution of a solid electron
beam at the injection anode.

b) radial number density distribution of an annular (hollow)
electron beam at the injection anode.

¢) axiesl mmber density distribution of an electron beam
propagating in a long (L SR) drift tube (Ref. 2).

Furthermore, their derivation does not require that the

electron number density propagate thru the drift tube

unchanged. The expression for the limiting current in a

long drift tube (as derived by Proctor and Genoni) is given

in Appendlx A and was used to check the numerical solutions

of the long length limit of the equation derived in Section II,
Voronin gt al. (Ref. l) relaxed the rostriction that

the drift tube be long compared to the tube radius and

derived a rigorous upper bound to the limiting current

of a solid clectron beam fillinc the drift space (Fig 2a

with b=R). Proctor and Genoni (Ref. 5) oxtended this

analysis to include a length dependent upper bound to the

3
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limiting curront of annular electron beams (Fig. 2b),
In both of these analyses the current density (ny) and
not tho olectron number density (n) was assumed constant
in 2. It should be emphasized thaot the Proctor and Genoni
formula given in Appendix A is a rigorous upper bound
but not necessarily a lecast upper bound to the space-charge
limiting current. It is not an axpression for the limiting
current.

Proctor and Genoni (Ref. 6) derived an analytical
approximation for the limiting current of an electron
beam with an electron number density proportional to a
delto function in the radial direction (Fig. 2b with a-b),

This is still, however, cssentizlly a onec dimensional

problem, Miller (Ref. 7) has developed a fully two dimenaional

approximation for the limiting current of solid electron
beams propagating in finite lensth drift tubes (given in
Appendix A). In this derivation, however. Miller assumed
that the electron number density remained constant throughout:
the drift tube. Further, he defined the limiting current

as that current which produced a potential drop (due to

the space-charge) betweon the injection anode (2=0) and

the tube center (z=L/2) equal in magnitude to the eolectron
injection energy. However, it has been showm (Ref. 2) that

the potential drop at the limiting current need not bhe

that great,




Objectives

The objectives in this paper are to present numerical
values for the space-charge limiting currents of electron
beanms propagating in finite length drift tubes., The
" 1imiting currents of two different geometry solid beams
with each geometry having three different enerpgies will be
determined numerically. These values will be used to
estimate the accuracy of the analytical approximation given
in Ref. 7. Also, two different hollow beam geometries
with each geometry having three different energies will
be considered. Tho‘limiting currents determined for these
cases will be presented mostly as an aid to future develppment

Approach
In Section II the differential equation with boundary

conditions describing the electric potential inside a
finite length drift tube is derived subject to several |
simplifying assumptions:

1) 1The drift tube and electron source are immersed

in a large (as defined in Section II), axially
directed magnetic guide field. ‘

2) The electron kinetic energy (() - 1)m02) is i
large enough (as described in Section II) to I
make scattering from the anode foil at z=0 |
negligible.

3) The electron velocity is the same for all
eloctrons at z=0 and is totally directed in ;
the +z direction. j

. 4) The current density is constant across the
C electron beam (r=a to r=b in Fig. 1) at
£2=0, 5




The numerical analogr to the equation derived in Section II

is derived in Section I1I and the numerical method (finite
element method) used to solve thla equation is discussed.

The limiting currenta for several beam preometriesa and
energies are given in Section IV, These limiting currenta
are compared to the rigorous upper bound for the limiting
currents given in Hef, S, For the solid beams the limiting
currents dotermincd numerically are compared to the analytical
approximation jiven in Refs 7. Minally, in Scetion V

recommendations for further reacarch are made,

6
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II The Governing LBaunation

Derivetion

Maxwellt's steady stete equations for the eloctro-
magnotic fields in the drift tube showm in TFig, 1 (in

gaussian units) are

VXE =0 (1!\)
VE = lwren (1v)
VXB = %—"-”ncy_ (1¢)
VB =0 (1)

whore n and v are the electron number density and volocity.

In steady stote

E=7¢ (2)

Equations (1) and (2) can be combined to give Poisson's

equation

V3 = lrent(r) (3)

vhoere U(r) is a unit step function such that

= 0 a>r, b<»
Ols) = {1 ofehi B ()

By electrically connecting the injection anode, collector

plate, and drift tube walls and by holding then all at a




constent potential (defined to be zoro), the boundary

conditiona on lq (3) are

O(r,0) =P(r,L) = 0 (5a)
@(R,2z) = 0, }(0,z) finite (5b)
The divergence of Eq (1¢) ylolds the equation for the

steady astate conservation of chargoe:

Vinv) = 0 (6)
If the electrons are injocted with axially directoed velocity,
are not scattered significantly by the anode foil, and the
drift tuboe is immersod in a sulficiently strong magnetic

guide field, Lq (6) recduces to

9—(nv) = 0 (7)

vhich means that the charge density (nv) is independent
of axial position. Therefore, since nv is radially constant
at the injection anode (2z=0), it is conatant throurchout

the drift tube:

v =nyv_ = cons
n ¥s nastant (8)

By multiplyinc and dividing the right hand cide (RUS) of
Eq (3) by the velocity of en electron and applying Eq (8),

Poisson's equation can boe expressed in terms of the current




| density (env = en v ) and the electron velocity as

o

| V20 = Une BoZo (9)
] The beam current (I) is computed from the current density
by
b 27
 § =ff.(env)(rdrde) (10)
a0
which reduces to
2. 2
I=enyv, (b°-2%) (1)
O for cylindrical geometry and constent beam area. Combining

Eq (11) and the velocity written in terms of the relativity
factor (v = ¢ \/1 = 7 where J = 1/\Fl - (v/e)2 ) Eq (9)

can be expressed as

VP -3 e i
. b =a c\[1—_-_)’_
The final step in the derivation is to express the
relativity factor in terms of the electric potential.
To do this the total derivitive of the potential is expressed

in terms of the electric field:

40-29+ 294

= -_.E (‘ 3)
9
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By taling the totul time derivative of the total relativistic ‘

onergy of an electron l

g—% = %E‘(czPZ + mzc“) (1L|.)
or t
<
E4E- % &2 (15)

d
r 2
By expressing £ as Yme“ and P a

151

Ymy, Eq (15) roduces to

a4y _ ag
Ll (16)

By forming the dot product of v with the Lerentz force

NPT —— b i on

x-%% = =cv.(E +

(e £51

%X B) (17)

Eq (16) becomes (noting that v{vxB) = 0)

A i SN L i BN SR s

d 0
=ty
me

l=

(18)

Equations (13) and (18) can now be combined to form a

i constent of the motion:

T -0 1=0 (19)

5
[ =8
me

% By expanding the total derivative in Fg. (19) into the sum

of partial derivatives, and by noting that this is a steady

10




state problem,

v.V(Y-=250) =0 (20)
ne -

Howover, since v is totally directed in the +z direction,

Eq (20) reduces to

Thercfore, since the potential at z=0 is zero, and since

the term in parenthesis in Eq (21) is constant in z,

V-4 =Y,

o

where
}; is the electron normalized energy at z=0

Finally, using Eq (22), Ba (12) can be expressed as

2 ) U(r)
- -%——7 - = (23)
v (P b -na \/1 —( )/o +SO)-(:.

where

),
V7 = e¢Vm02

It is numerically more convenient to express the boundary

I
o
&
=
o
w

conditions from Eq (5) in terms of the potential at z=0

and the derivative of the potential at z=L/2 as




¢ (r,0) = 0, L-9(r,1/2) = 0 (2ha)
Y (R,z) = 0, (R,0) finite (24b)
which are valid for a symetric potentisl. This change
in the boundary conditions permit groeater accuracy in the
numerical solution without increasing tho number of mesh

points used.

Discussion

It has been shown that not all values of;7permit
physically meaningful solutions to Eaq (23) (Ref. 5).
That is, solutions for which the potential is nowvhere
positive and zero only at the boundary of the drift tube.

The assumptions used to derive Eq (23) were

1) The externally imposed, axial marnetic puide
field (Bo) may be considered infinite.

2) The kinetic energy of the electrons at the
injection anode is large enoush to make
scobtering from the anode foil nepligible,

3) The electron velocity is the same for all
electrons at z=0 and is totally dirccted in
the +z direction.

i) Tho current density is constant across the
electron beam (r=a to r=b in Fige. 1) at 2=0,

are the most difficult to obtain. Thode et al. (Ref. 8)

anode scattering can be neglected if the total particle

12

From a practical standpoint, the first two of these assumptions

has quantifiod tho terms "considered infinite" and "neglipgible

scattering.” Their findings are that, for a typical injection
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energy is greater than 2m02. This is equivalent to an
accelerating field of 0,5 MV for electrons. Also, they

show that the magnetic guide field may be considered infinite
if the ratio of the cyclctron frequence to the plasma
frequency (wc/wp, a measure of the gyroradius of the particle)
at .the injection anode is greator than 5. In this ratio

the cyclotron frequency ia defined by L Foy eBo/mc and the
plasma frequency is defined by wb=\/unn02/m « For a typical
electron number density (1012/cm3) this requires a magnetic

guido field greater than about 75 kilo-gauss.

13
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III Finite Element Solution

Derivation
The finite element method was used to solve Eq (23).
This numerical technique involves approximating the unkmnown

solution ( ¥) to a differential equation with an interpolating
function (™

P =§1 321 0yystd (25)
where the c, J‘s are undetermined constants and the stlig
are known functions (called basis functions) satisfying
the same bcundary conditions as Y . The mesthod chosen to
dotermifxe the constants was Galerkin's method of weighted
residuals, By this method the approximate solutior to the
differential equation is substituted for the exact solution,
the equation is then multiplied by each of the basis functions
in turn, and each equation is integrated over the range of

variables. One such equation is shown boiqw:

M 2., M
(%%;rg-% u)sijrdrdz

-f fum-ful- At e

r=0 2=0 1-(G+@

L




This produces N times M simultaneous equations for the

°1J'°' To solve these equations the basis functions must

be specified.

For the present problem the bilinear Lagrange

polynomial basis functions given by Prenter (Ref. 9:128)

were used.

One element of this basis is shown in Fig. 3.

Tbhis basis is defined by

(

k

!‘1+1 -!‘i zj"zj_.‘

Py By

r-r;l1 2-21_1

ri"x"i-1 21-21-1

r-ri..‘ zi_‘_* -y A

1‘1-1‘1_1 ZJ+1 "zj
0

ST S

ZJE z Szj+1

elsevwhere

(27)

These linear

polynomial basis functions were chosen becsuse they are among

Figure 3.
over its region of support (Ref.9).

15
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the simplest to evaluate numerically and because they produce

a strongly banded system of algebraic eouations to be solved.
That is a systom of equations in which most of the coofficients
are zero. lHowever, using this basis does introduce a difficulty
with the second derivative - it doesn't exist. Thia difficulty
can be eliminated by integrating the left hand side (LHS)

of Eq (26) once by perts:

e D R ? M L/2
LHS = f(r %-ﬁr st | ) az + [(r %ﬁ% std | ) ar
- r=0 s z=0
B L/2

Nl 1 NI
- [ /(%g; %‘%j"'%‘(ﬁ“g‘iij)rdrdz 23)
r=0 2=0 e b

The integrated portions of Eq (28) can be evaluvated uaing

the boundary conditions for the differential oquuation.

The first integral is obviously zero at r equal to zero,

For r equal to R, the basis functions must all be zoro

to mateh the boundary conditions on . Therorore, tho first
integral is identically zero. The second intearal also
evaluates to zoro since the basis functions are zero at

z oqual to zero and the derivative ls zero at 2 equal to

L/2. Therefore, tho only contribution from the LHS of Eq (26)

is tho third integral from Eq (28). gcombining Eqs (26)

16
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and (28),
R L/2
Jp™ 5 g1 Sl y gid
v ( 5%; or RS a ) r dr dz
r=0 2z=0
R L/2 '
- b o) sid » ap 4z
2 Vil Brtl e i (29)
j;o =0 b°-a” \/1-(); +p =2

is the actual equation to be solved numerically. Since i

and j vary over their respective ranges of values, Eq (29)
actually represents a system of gimultaneous non-lineear
algebralc equations. This set of equations was solved

by a non-linear equation solving program (QN) written by
programmeygs at Sandia Laboratories. Each of the equations
repreosented by Eq (29) was integrated numerically using
assumed values for the cij's and a two dimensional ‘trapezolidal
integration approximation. These equations for the cij's

were solved by QN using a quasi-llewton iterative technique

in vhich the equationg were repeatedly linearized and solved
until successive iterates converged. The space-charge
limiting current was defined numerically as the largest
current for which the iterative equation solver could

produce a converging solution that was physicelly meangingful:
that is, for which the potential was less than zero everywhere
in the interior of tho drift tube and for which the potential

met the boundary conditions specified.

17




Accuracy

The numerical equation (Eq (29)) was solved usin- a

mesh size of 14 by 7 in the r and z directions. The mesh
points were equally spaced in the z direction and equally
spaced in the r direction with the exception that the

nesh points falling closest to the inner and outer beam
radins was forced tc fall exactly at that radius. To¢ check
to see if the numerical solution was converging to one value,
tho mesh size was increased up to the limit of the computer
memory (15 by 15). These results were in very close agreemsnt
with the results usging a 14 by 7 mesh. The limiting currents
were computed to a precision of +0.01 unite of normalized
current (9) or about 170 amps of electron current. In

Table I the limiting currents found by solving this equation
for the numerical epproximation to a delta function electron
distribution are compared tc the results given in Ref. 6.

The maximum error is less than 2 percent. Table II shows

the limiting currents for a drif't tube of length SR. At this
length, the limiting current has essentially reached its
infinite length value. These results are comvared to the
infinite length results given in Ref..2. The maximum error
in thig case 1is less than 3 percent. Based on these comparisons
the maximum error in the numerical results for finite length

drift tubes is estimated to be on the order of 5 percent.

18




Table I. Tho limiting currents for a dolta function
distribution of elecctrons is compared to the limiting currents
found numorically for an electron beam having a geometry of
a=0,)1999, b=0,5001. Both beams are gontered about r=0.5

end have an injection energy of 20mce.

Porcent
Length Delta Manction Numerical Difference
1 7430 743 17
3 I}« 07 I} . 06 0.2
5 3.6 3.01 0.0
b 3'78 3.75 008
19




Table II., The limiting currents for electron beams of
several onergies and geometries pronagatine in an infinite
length drif't tube are compared to the limiting currents for
elactron beems propagating in a drift tube of lensth SR,

A length of SR was used since that wns the longoest length
in which any effects of finite length were observed.

Energy Limiting Current Percent
(infinite) SR Difference

a=0,0, b=0.5

2.0 0.22 0.22 0.0
5.0 1.27 1.29 1.5
20,0 T3 Te37 0.8
a=0.0, b=1.0
2.0 0.55 0.56 1.8
5.0 3.1¢ 3.16 T3
20.0 17.58 17.75 1.0
a=0.57, b=0.60
2+0 0.’.‘»3 Oohll. 203
5.0 2.53 2.56 1.1
20.0 15,19 15,50 2.0
8=0,30, b=0,60
2.0 0.32 0.33 3.0
5.0 1.67 1.9 2.0
20.0 10.91 1112 19
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IV Results

Annular Beams

Two annular beam geometries were considered. They
were the numerical approximation to a delta function
distribution of electrons (a=0.4999, b=0.5001) and a thicker
beam (a=0.l, b=0.6)e Both beams were centered about r=0,5.
Tables III (delta function) and IV (thicker beam) give the
results of solving Eq (29) for the space-charge limiting
current., Also presented aro the upper bounds glven by the
formula derived in Ref. 5 and reproduced in Appendix A,

It should be noted that in all cages the limiting current
does approach the numerically corrcct infinite drift tube
limit as the tube length increases and that the results
for the thin annulus do agrce with previous rosults.

At present there i1s no analytical approximating formula
available for the limiting current in an annular boeam.
Therefore, the data in these tables are presented as an aid

to future researcherse.

21
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Table ITII. Limiting currents for a geometry of a=0,,999,
b=0.,5001 (a numerical approximation to a delta function
distribution of electrons).

Length Upper Bound Numerical
% =2.0 4
1 0.7 0.66
2 Oolyly Ol
3 0.38 0,35
5 0.34 0.33
o 0.33 Q.32
7(,=8.0
1 8.13 T.l3
2 5.02 .62
3 he33 .06
5 3.96 3.81
(7= 3075 3075
ao/=2000
1 25,16 22,61
2 15,52 14,10
5 12,25 1M1.76
oo 11.59 11.59
22




b=0.6)

Length Upper Bound

0.86
o.ﬁo
0.2
0.38
0.36

Burwmn -

Table IV, Limiting currents for thick annular beams (a=0.l,

Numerical

QOO0
e e o o o

wWww i~ @
oo oMo




So0lid Beams

Two solid beam geometries were also considered (filling
and half filling the drift tube) and the results of solving
Eq (29) for these geometries are given in Tables V (filling)
and VI (half filling). As with annular beams, the upper
bounds to the limiting currents are also presented in these
tables. However, Miller has derived an analytical approximation

to the limiting currents of solid beams:

F ey o AAG0 . R y
(L) = JBt-—- b I; = [1-sech(1nL/e)] (30)

o[y ]2

uherelh'is the n'th zero of the J_ Besssl function.
This equation is approximated by Miller for tubes having

a length greater than the radius by

1)L(L) = /)L(1-2o- "1”2) '1 (31)

where )I.is the infinite length limiting current.

Figurecs ;-9 show Eq (30) as comnared to the numerically
derived limiting currents and Fipgures 10-15 show Eq (31)

as compared to the numerically derived limiting currents.

It should be noted that the infinite length limiting current
in Eq (31) was obtcined from the Proctor and Uenoni formula

(Ref. 3) and not from Miller's expresaion for that current.
Comparison of these two sets of graphs shows that Eq (31)

is in much better agreement with the numerical results,

2l




Table V. Limiting currents for a solid beam filling the

drift tube.

Length

Jviw -

Sunwn =

8 viw o=

(a=0.0, b=1.0).

Y% =2.0

o=
I

A2

L ]

o

§,=20.0

Upper Bound

25

Numerical 1

1 .b,2
0.69
0.60
0.57
0.57

wwww=
. e o o °
o ===
OO OO

12.90
20,89
18.10
17.21
17.12




Table VI. Limiting currents for a solid beam half fllling
(a%0,0, b=0,5)

the drift tube.

Length
2;:2.0
1
2
3
5
(9]
% =5.0
1
2
3
5
(0'a)
‘ao =2000
1
2
3
9
[6%)

Upper Bound

0.58
0'32
0.27
0.25
0.23

Numerical

~N =~ ®
= 2o
oF =230
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Figure 4. Limiting currents for a=0.0, L=0,5, n 2240
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Figure 5. Limiting currents for a=0.0, 5=0.5,%,=5.0
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Figure 6. Limiting currents for a=0.0, b=0.5,7 =20.0
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Figure 7. Limiting currents for a=0.0, b=1.0,?;=2.0
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Pigure 8. Limiting currents for a=0.0, b=1.0,?;=5.0
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Figure 9, Limiting currents for a=0,0, b=1.0,2;=20.0
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Figure 10. Limiting currents for a=0.0, b=0.5,):=2.0
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Figure 11. Limiting currents for a=0.0, b=0.5, Y,:
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Figure 12. Limiting currents for a=0,0, b=0.,5, )(.::20.0

35




1.57
1.07 —— Miller formula Eq (31)
0 Numerical data
0.57
T T T T T 1
1 2 3 I 5
L
Figure 13. Limiting currents for e=0.0, b=1,0, K=2.0
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V Conclusion

The results shown in Section IV and the program that
generated then form a completo numerical colution to the
problem of determining the space-charge limiting current
in a drift tube of finite length immersed in a strong
guide field. These results show good agreement with the
formala derived by Miller in Ref. 7. However, by comparing
the results from the simpler formula (Eq (31)) using the
Proctor and Genoni expression for the infinite length
limiting current (Kef. 3) with the results using Miller's
expregsion as derived 1t appears obvious that the assumptions
Miller used (n constant, at the limiting current kﬂ(O,L/2»:3:~1)
and Froctor and Genoni did not use are less accurate then the
assumptions used in this paper (nv constant,lW(O,L/zﬂ = K‘_1)
It seems reasonable that any extension of Miller's formula
should be based on the assumption that nyv and not n is constant
in z and should use a different definition of the conditions

on the potential at the limiting current.
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Appendix A: Analytical Formula from the Literature

The Uppver Bound Formula (Ref. S)

The upper bound to the limiting current (L)UB) is

given by

2 2 _
QUB(L) = Bl (3% ‘ﬂie (Y,

bre

-
(s

with k determined by the boundary conditions

uZ[Jo(ka) + CYb(ka)] + a1ka[ﬁ1(kn) + CY1(ka)J

b2 [«To(kb) + CYo(kb)] + b1kb [J1(1cb) + C?(.‘(l:b)]

1}

il

0

0

(A1)

(A2a)

(A2b)

where Jm and Y% are Bessel functions of the first and second

kind of order m, 2 and b aro the inner and outer beam

radius, and C is a constant to be determined along with k.

Tho a, and bi are givon by

1

a, = Io(ﬂ'a/L)

a, = (Wa/L)I1(TY&/L)

1

b, = (4rb/L)[§o(w/L)I1(¢vb/L) + Io(yr/L)K1(7rb/L)}

b, = KO(WVL)IO(fo /L) = 10(7r/L)KC(7rb/L)

(A3a)
(A3b)
(A3c)
(A3a)

where Im and Kn are modificd Bosgsel functions of the first

and second kind of order m.
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The Space-Charge Limiting Current (Refs. 3)

il (Y’2/3-1)3/2 c(y,A\) )
L 1_1-r‘1’;)+21n(1/bf 3 =
where
e o YA2/3
G(XanCQ- ﬁa,z/3+192}1/2_lx (A5)
0 d
Z& - 1+2%2é%ég)—f(El (A6)
2

Sry s 1(151";_ ;r_l.(JE:.Tll (A7)

. 8(1-8)° 1n(1-1/2)
8(E) = yu=38y ~ 1-E e
E = _b_g_g_ (A9)
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Appendix B: Finite ILlement Computer Prorram

The program that solves Eq (29) was written as a
series of subprograms. These subprograms are called by
the supervising program (DRIVER). DRIVER is responsible
for reading all parameter cards, insuring that the parametors
are valid, computing the locations of the mesh points,
calling the appropriate equation solver (ONED or TWOD),

and printing the results. The valid parameters are

RO inner radius ol the electron beam

RN outer radius of the electron beam

NR number of mesh points in the r direction

Vv beam current. This is an ontional parameter

khich, if omitted, causes DRIVER to solve
for the limiting current

GAMO electron injection eneorgy

N longth of' the drift tube (required for
two dimonsional runs)

N2 number of mesh voints in the z direction
(also roaquired for two dimensional runs)

1D 1 or 2 for one or two dimensional runs

Subroutine TWOD (ONED) is called by DRIVER to solve
tvo dimonsional problem (Lq (29)) (one dimensional problem
(Eq (29) withy Az = 0)). The problem is solved usins QN,
a non-lincar cquation solver written by the programmers
at Sendia Laboratories. QN solves a series of non-linear

algebraic equations cf the form

Fi(c1,c2’...ci) = 0 (B")

for the values of the Cye The subroutines FOFRZ (FOKR)

i3




called by QN to evaluate these non-linear equations which

it does by directly integrating Eq (29) using subroutines

RZINTn (RINTn). If QN is able to produce a set of s
that make all F, small (less than ERRVAX or 107/ in this
case), QN returns to TWOD (ONED) with IFLAG = 2, otherwise,

IFLAG is set to some number greater than 2. If, on returning
to TWOD (ONED) IFLAG = 2 the electron current ( ) is increased
( was less than the limiting current), otherwise, the
current is decreased by H (in both cases), the step size.

H is then halved and this cycle continues untill H is less
than 0.01 (0.001) when control is returned to DRIVER and

the next parameter card is processed.
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PROGRAM DRIVERCINRUT, QUTPUT)
COFMON/DRTR/RE, RN, 21, NR, NRL 1, NRL2,NZ, V, GAM@
COMMON-COEF-C(2E1)

COMMON-RRD IUS/R (101D
COMHON/LENGTHAZ2(181)

REAL K

NAMEL IET/VARIBL/RO, RN, ZN,NR.NZ, V, GRMA, ID
R8=0.0

RN=0.08

ZN=E€.0

GRrg=0.8

CONT 1HUE

V=8.8

1D=0

READ VRARIBL

IF (EOF (SLINPUT).NE.8) GO TO 833

IF CCID.LT. £, 8RCID.GT.2)) GO T8 988

IF (RM.LE.RB) GC TO 918

IF C(ID.E@.1> GO TO 18

IF CCHRENZL.EQ.B) L OR. (NR¥NZ.GT.169)) GO TO 9208
CONTINUE

IF (NR.GT.188) GO TO 930

GET DATE AND TIHE

R=0.0
B=0.0
CALL DARTE(A)
CALL TIME(R®)

COMPUTE THE INDEX AT THE INNER BEAM EDGE

NRL1=IFIX(B,8399REXFLOAT(NRY ) +1
iF C(NRL1.LT.2) NRL1=2
IF (RB.EQ.G.8) NRL1=1

COMPUTE THE INDEX AT THE OUTER BERM EDGE

HRLZ=JF IXK{RNAFLOATCHRD ) +1
IF (HRL2.LE.NRL1) riRLZ2=NRL1-+1

COMPUTE THE R VALUES

H=1.8/FLOATHNR)
HREND =NR+1

PO 168 I=1,HREND
RUD) =FLORTC(1-1)H
CONTINUE

FORCE THE INNER AND OUTER EDGES TQ BE RIGHT

RCHRLYY =R0

R(NRL2) =RN

IFLRG=0

CALL ERNSET(G, @)

IF (ID.EQ.1) GO TO 209

LS
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C COMPUTE THE VRLUES OF & AT WHICH WE WANT GAMMA VALUES

NZEND=NZ+1
Kr@Nz (2 UAFLONTINZ) )
DO 1850 J=1,NHZEND
S =FLOAT - 1)K
150 CONTINUE

GO TO s68
c
C FIND THE ONE DIMENSTONAL LIMITING CURRENT
C
200 CONTINUE
CaLl. ONEDCIFLARG)
C(NR+1) =Gall
GU TO 400
C
C FIND THE TWO DIMENSIONRL CURRENT
C
3a@ CONTINUE
CaLL TWIDCIFLAG)
C GO T0 «4ou
C
C PRINT THE RESULTS
C
400 CONTINUE
PRINT 10083, IFLRG
1008 FORFATCOIHLLGHIFLAG=, 12)
PRINT 9000
IF C(ID.EVL.2) GO TO 6oA
C
C PRINT THL ONE DIFEENGJONAL RESULTS
C

500 CONTINUE
PRINT 2000,V,GAMI,R0,RH,A,.B
2000 FORMATCIR , "HU=",F10.3,5X, "GAM3=",F7.2,5X, "R@=",F6.4, 5%, "RN=",
IF6.4.5X%, "DATE=",818,5X, "TINE="_,A18)
IF (IFLARG.GT.E) L0 TO )
PRINT 90100
apea FORMATCIHD
DO HOU J=1,HREHD
PRINT 3000,J,R(D,CLD,CAN~-GAMA
2000 FORMATCIH "I=", 15,5X, "R=",FG.4,5X, "GAM=",F16.7,9X, "PHI=",F16.7)
508 CORTINJE

GO T0 )
C
C PRINT THE TWO DIMENSIOHAL KESULTS
C

600 CUNTINUE
PRINT 4u0a, v, 6N, RB,RHLZN, LR
4000 FORMATCIH , "*NU=",F9,3, 5%, "GAMY=",F?.2,5X, "RB=",F6.4, 5, "RN=",
1IF6.4,5X, "LENGTH=",F9,4,5X, "DATE=",A10, 35X, "TIMNE=", A1)
IF CIFLAG.GT.3) GO TO 1
PRINT 9040
DO 650 J= 1, NEZEND
DO 640 T« 1, NREND
CP =GRk
IF CULOHE CHREND) JANDL CTUNEL 1)) CPeCCd- 140 1= 1))

L6




C
C
C

c
C
C

C
C
c

C
C
&

PRINT 50800,1,J,R(1),2¢(J)),CP,CP-GAMI :
M 1at 15,58, 3=", 155X, "Re* F6.4,5%, *Z2=".F3.6,5%, "GRIT=",

S000 FORFAT(IH
IF19.T, 9%, PRI F15.7)
648 CONTIRUE
PRINT 2808
650 CONTIRUE
GO 70 1
908 CONTINUE

DIMENSION NOT VALID

PRINT S001

9801 FORMATCIML, "ID ROT SPECIFIED OR NOT VALID, ID MUST BE EITHER 1 OR

12. RUN TERMINARTED.")
GO TO 999

ILLEGARL RO, RN VALUES

910 CONTINUE
PRINT ©802,R0,RN

9082 FORMATCIHL, “STRUTING RADIUS HUST BE LESS THAN THE ENDING RADIUS®,

16X, "RB=",F7.4,5X, "RN=",F7.4)
GO TO 999

ERROR IN THE NUM3ER OF POINTS REQUESTED

920 CONTINUE
PRINT 968%,NR, N2

9883 FORFAT(IH1, "THE PRODUCT OF NR AND NZ F.UST BE LESS THAN 102",
1" AND GREARTER THAN 0. IF MORE POINTS ARE REQUIRED, CHANGES",

2" MUST BE MADE TO TWOD",~,
228%; "NR=", I3, 35X, "Ne=", [ 3}
GO To ©88

TO0 MANY R VALUES REQUESTED

938 CONTINUE
PRINT 8804,NR

8084 FORMATCIHL, "THE NUMRER OF R VALUES REQUESTED MUST GE LESS THAN 1008
1. JF MORE VALUES ARE REQUIRED CHANGED MUST BE MADE TO ONED“,

29%, "HR=", 1)
999 CONTINUE

STOP

END
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i 850
c
c
C
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c
300
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SUBROUTINE QNEDCIFLAG)

EXTERNAL FOFR
COMMON/DATA/RA, PN, ZN, HR, BRL T, NRL2,NZ, V, GAMD
COMMON/COEF-CT1608)

COMMON/RAD TUS/R (1612
COMMON/QHWIRK/D ISMAX (100) , LIORK(21060) , IWORK (120)

CONSTANTS FOR QN

RELERR=1E-7

ABSERR=0.06

RES=0.0

M3AND=1

VLRST=0.0

IFLG2=8

IF (V.EQ.Q.0) GO TO €00
JEND=1 :
IFLG2=1

HvV=08.0

GO TO 859

FIND THE MAX CURRENT

CONTINUE

HV=GAMA

DO 855 1=1,NR

CCD =GAMA
DISHANCI) =GArid-1.0
CONTIRUE

CONTINUE

VLAST=V

V=VHHY

HV=HV2,0

CALL QNC(FOFR,NR,C,M3AND, DISMAX, RELERR, ABSERR, IFLAG, RES,

TWORK, TWORK)

IF (IFLAG.LE.3) GO TO 888

COMPUTE THE NUIMBER OF TIMES THE BINARY SERRCH MUST BE EXICUTED
TO GET 6.0601 ACCURARCY. THEN ADD I,

JEND=1F IXTALOG ((V-VLAST) 7(2.0:480. 00 1)) ZRLOG(2.8) ) +1
CONTINUE

HV=V

V=2.0%V

IFLAG=7

BINARY SEARCH THE CURRENT. IF QN RETURNS A DID-NOT-CONVERGE
RETURN CODE ASSUME THE CURRENWT IS 700 HIGH. ELSE THE CURRENT 1S
T00 LOW

DO 260 J=1,JEND

DO 308 I=1,NR

DISHAXCD) =GNiE=-1.06
CONTINUE

IFCIFLAG.LE.3) GO TO S00
DO 160 I=1,NR

CCI) =GArs

18
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100 CONTINUE
500 CONTINUE

FOR THE FPURPOSE OF DOING THE BINARY SERARCH A REDUCTION OF
18 ORDERS OF IMRGNITUDE 1S CLOSE ENOUGH

IFCIFLAG.LE.3) V=V+HV
IFCIFLAG.GT.3) V=V-HY
HVv=HV/2.0
IFLAG=1
488 CONTINUE
CAL. QN(FOFR,NHR,C,M3AND, DISHAX, RELERR, ABSERR, 1FLAG, RES,
TWGRK, TWORK)
IFCIFLAG.LE.3Y VLAST=V
2868 CONTINUE

FOR THE FINAL PARSS THE ERROR MUST BE RS SHALL RS POSSIBLE

IFCIFLAG.LT.3) GO TC 200
IF (JFLAG.EQ.3) GO TO 708
IF (1FLGZ2.EQ.1) GO TO 960
V=VLAST
DO 688 T=1,HR
CCD =GRra
DISHANCI) =GRMO-1.8
608 CONTINUE
IFLRG=1
708 CONTINUE
CALL ONCFOFR,NR,C,M2AND, DISHAX, RELERR, ABSERR, IFLAG, RES,
TWIIRK, THARKD
IF CIFLAG.EQV3)Y GO TO vB3
$80 CONTIRUE
RETURN
END
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o0 00

o000

oo

8806

9060

%n1
999

SUBROUTINE FOFR(C,F)
COMIMON/DATR/1RA, RN, €N, NR, NRL 1 ,NRL2, NZ, V, CAM3
COMMON/RAD IUEZR (181)
COMMON/SUB/IFLAG, M, G(Y)

DIMENSION F{5880),C(5080)

M=7

DO B8BB I=1,NR

INSURE THAT ALL C(I) ARE GRERTER THAN 1.8
IF(CCI).LE.1.8) GO TO 508
INTEGRATE THE SECOND HALF INTCRVAL

FCD)=RINT2(I,0)
IF C(IFLRG.NE.B) GO TO 908

IF R 1S GRERTER THAN 8.0 INTEGRATE THE FIRST HALF OF THE
INTERVAL

IF (1.GT.1) FCD=FCD4RINTICI,O)
IF CIFLAG.NE.@) GO TO 900

CONT INUE

GO TO 999

ASSUME THAT V IS GREATER THAN V(L IMIT)
AND FORCE QN TO CALL THE SERIES DIVERGING

CONTINUE

DO 801 I=1,NR
FcI)=1.8
CONTINUE
CONTINUE
RETURN

END
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FUNCTION RINTICI,O) »
COMMON/DATA/ZRD, RN, ZNL HRLNRL 1, NRL2,NZ, V, GAMA
COMFIH/ZRADIUS/R(1B1)
COMMON/SUBZTFLAG, M, G(7)

DIMENSIUN CC2o1

H=RC(1)-R(1-1)

THE DERIVITIVES RRE CONSTANT OVER EACH SUB INTERVAL

DRI=1.87(R{1)-R(]-1))
DR11=-DRI

COMPUTE THE FUNCTION VRLUES AT ERCH FOINT IN THE SUB INTERVAL
FOR THE SIMPSONS RULE INTEGRAL

DO 106 J=1,11
RR=R(I-1)--(FLOAT (- DD Z/(FLORT(M-1))
G =(CCI-DADRIT4C D ADRI) #DRI¥RA

IF WE ARE IN THE PART OF THE TUBE OCCUF IFD BY THE BEAM
ADD 1IN THE NON-LINERR TERM

IF CCILLE.NRL1).OR. C1.GT.NPL2)) GO TO 10@

RI=(RR-RCI-1)Z(RCD-R(I-1))

RII=(R{ID-RAIZ{RIN)-R(I~1))

GAM=CCI-T)ARTIFCCIIHR]

IF GAMLLE. 1.8 GO TO S0

G(J) =G (I (4, BXVAGAMHR BERA) Z C(SORT (GAME2~ 1, 8) I (RNAX2-RE¥2) )
158 CONTINUE

PO A SHIPSGN RULE INTEGRAL

RINT1=G(1)

FEND =M=

DU 2008 J=2,MEND,2

RINTVI=RINTI+, 026G (T2 42, 046 (J+1)
208 CONTINUE

RINTI=RINTI-GUD

RINTI=RINYIX(H/ (3, WFLOAT(M=1)))

1IFLAG=0

GO TO 999

NEGATIVE SOUARE ROOT/7/NOTIFY CALLING PROGRAM

3606 CONTINUE
RINT1=0.0
IFLAG=1

993 CONTINUE
RETURN
END
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FUNCTION RINT2(I.C)
{ COMFON/DATRA120, RN, ZN,NR,NRL 1, NRL2, HZ, V, GAIM3
; COMMON/RARTUS-RC1B1)
COFMON-SUB - IFLAG, M, G(7)
DIMENSION C(2a1)
H=R(I+1)-R(I)

THE DERIVITIVES ARE CONSTANT OVER ERCH SUB INTERVAL

elale]

DRI=-1.8/(RCI+1)-R(1)) g
DRIl=-DR1 i

COMPUTE THE FUNCTION VRLUES AT EACH POINT IN THE SUB INTERVAL
FOR THE SIMPSONS RULE INTEGRAL

o000

DO 1848 J=1,M

RA=R (1) +(FLOAT(J-1)*H) ~(FLOAT(M-1))

G(J) =(CCI)FDRIHGAMGEDRI 1) DR I*RA

IF (I.LT.NR) GCJ)=(CCINDRIHCCI+1XXPRI 1) *DR INRA

IF UE fARE IN THE PART OF THE TUBE OCCUPIED BY THE BEAM
ADD I THE NHON-LINEARR TERM

ao0On0

IF (CI.LT.NRL1).0OR.(I,GE.NRL2)) GO TO 108

RI=(RCI+1)-RAIZ(RCI+1I-RCI))

RI1=(RA-R{DIZRCI+1)=-RCI))

GRM=C (1) *RI+GRMIMRT 1

IF (I.LT.HR) GRH=C(DSRI+CCI+1IARIL

IF (GAM.LE.1.8) GO TO 300
; G(J) =G () H{4, RHGAMTR DRRA) ZCISART (GARMPREE= 1, 8) )R (RN¥kZ-RB%0k2) )
\ 188 CONTINUE

e Ot B A 0 S s

DO A SIMPSON RULE INTEGRAL

(g I i

RINTZ2=G(1)

FMEND=M-1

DO 288 J=2,MEND,2

RINTZ2=RINT2+4, GG (J) 42, 0*G (J+1)
200 CONTINUE

RINT2=RINT2-G (D

RINTZ2=RINTZ2®(H/ (3. 0%FLOAT(M-1)))

IFLAG=@

GO TO 993

NEGATIVE SQUARE RODT//~/NOTIFY CRLLING PROGRAM

o000

9680 CONTIRNUE
RINT2=8.0
IFLAG=1

999 CONTINUE
RETURN
END
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SUBRDUTINE TWODC(IFLAG)

EXTERNAL FOFRZ
COMMON/DRTAZRB, RN, 2N, NR,NRL1,NRL2,NZ, V., GAl
COMMON/RADIUS/R(11) ‘
COMMON/ZLENGTHAZ (1 1)

COMMON-COEF-CC181)
COMMON/QNUWORK/D ISHAY(180) , WORK(21680) , IWORK (12¢)
IFLGZ=08

IF (V.EQ.0.8) IFLG2=1

PRINT 8333

FORMAT(IH1)

VLALT=V

HV=GAMB

CONSTANTS FDR QM

MBAND =HZ-+1

RELERR=1E-7
ABSERR=0.8

RES=0.8

CHECK FOR ONE PARSS PNLY

IFLAG=7
IF (IFLG2.EQ.8) GO TO CaB

COMFUTE THE INITIAL TWI DIMENSIOMAL GUESS

CONTINUE
NEND=NR#NZ

DO 189 I=1,NERND
C(1) =GAr3
CONTINUE

FIND THE MAX CURRENT

CONTINUE

DO 269 N=1,NEND
DISHAX(N) =GAMA~1.8
CONTINUE

IFLAG=]

VLAST=V

V=V+HY

HV=HV%2.08

CALL QM(FOFRZ, NRNZ, C, MBAND, DISMAX, RELERR, ABSERR. IFLAG,RES,

JWORK, TWORK)
IF (IFLAG.LE.3) GO TO 158
IF (IFLAG.EQ.9) GO TO 993

FOUND THE 1AX CURRENT

CONTINUE
HV=(V-VLAST)
NHMAX= IF 1% (ALOGC (V-VLAST) #(0.01)) /AL0G(2.0)) +1
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o000

o000

358

3ga
480

580

600

650
7e0

999

DO A BINARY SFARCH FOR THE LIMITING CURRENT
IF N FTTUTHS A DIT-NOT-CONVERGE RETURMN CODE V 1S
ASSUMED TC BE LARGER THAN THE LIMITING CURRENT

DO 580 N=1,NMAN

DO 358 I=1,MEND

DISHAXCI) =GRIM3~-1.0

CONT INUE

IF (IFLRG.LE.3) GO TO 400
DO 38 I=1,HEND

CCI) =GAMI

CONTINUE

CONTIKUE

FOR THE BINARY SEARCH ROUTINE A REDUCTION OF 10 ORDERS OF
MAGNITUDE IS CLOSE ENOUGH

HV=HV/2.0

IF (IFLAG.LE.3) VLAST=V

IF C(IFLAG.LE.3) V=V+HV

IF (IFLAG.GT.3) V=V-HV

IFLAG=1

CALL QH(FOFRZ,NR#NZ,C,HMZAND, DISHAX, RELERR, ABSERR, IFLAG, RES,
1WORK, TLIORK)

CORTINUE

INSURE THAT THE LAST GOOD CURRENT IS RETURNED TO THE CALLER
AND RETURN

CONTINUE

IF C(IFLAG.LE.2) GO TO 999
IFCIFLAG.EQ.3) GO TC 700
V=VLAST

NEND=NRANZ

DO 650 I=1,NEHD

DISHAXCD) =GRMA~-1.0
C(I)=GAMI

CONTINUE

IFLAG=1

CONTINUE

CALL ON{FOFRZ,HNRANZ,C,M3AND, DISHAX, RELERR, ARSERR, IFLAG, RES,
1LIORK, TWCRK)

IF (IFLRG.ER.3) GO TO 700
CONTINUE

RETURN

END
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SUBROUTINE FOFRZ(C,F)
COMFON/DATA/EE, RN, €N, NR, NRL 1, NRL2,NZ, V, CAM3
COMMON/RAD IUS/RC1ENL)

COMMaN-LENGTHZZ 181D
COMMON/SUB2/IFLAG, M, H. K. G(7,7)

REAL K

DIMENSION C(1688),F(1088)

H=7

DO 288 I=1,HNR

DO 168 J=1,HZ

CHECK TU INSURE THAT ERCH VRLUE OF GAMMA TS GREATER THAN I.6

IF (CJ+CI-1D%NZ).LE.1.8) GO TO 9@0
INETGRATE OVER QUADRANT 2

FCJ+CI-1)%N2) =RZINT2(I,J,C)
IF C(IFLAG.NE.O) GG T0 940

INTEGRATE OVER QUADRANT 1 UNLESS Z2,.GT.L/2

IF (J.LT.NZ) F(I+CI-1)8NZ) =F (J+(i-1)%N2I+RZINTI(I, I, C)
IF (IFLAG.1E.B) GO TO 2806

INTESRATE OVER QUADRANT 3 UNLESS R IS TOD SHALL

IF (I.GT. 1) FOQI+CI-1)ENE) =F O+ (I- D &N +RZINTE (1, J,C)
IF C(IFLAG.NE.O) GO TQ 980

INTEGRATE OVER QUADRANT 4 UNLESS .....

iF (CI.GT.1).AND, (J.LT.NZ))
1 FOECI=1)6HE) =7 (JHCT- 12 %NZ2Y ARZINT4(1,J,0)
IF (IFLAG.NE.B) GO TO Y66
188 CONTINUE
288 CONTIHUE
RETURN

NEGRTIVE SRUARE ROOT/~//RSSUNME V IS GREATER THAN ¥ LIMIT

980 CONTINUE
TEND=NR#NZ
DO 916 I=1, IEND
F()=1.8

810 CONTIHUE
RETURN
END
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REAL FUNCTION RZINTICI,J,C) .
COMMON/DATAZRB, RN, ZH, KR, NRL Y, NRL2, K2, V. GRM3
CONMMON/RADIUS/R{1B1)

COMMON/LLENGTH /2 (181)
COMMON/SUB2ZIFLAG, M, H.K,G(7.7)

DIMENRSION C(l@oe)

REAL K

QUADRANT 1 INTEGRATOR

RZINT1=0.8

H=(R{I+1)-R{II) ZFLORT (11~1)

K=(Z (J+2) -2 I+ 1)) FLOATU-1)
DRI=~1.8/(R{I+1)-RCI))

DRIf==DRI

D2J=~1.8/(2{J+2)-2(J+1))

DZJ1=-DZJ

DO 288 L=1,H1

RA=R{DAFLORTL-1)#H
RI=(R(I+1)-RAIZ(RCI<1I-RCI))
RI1=(RR~R{III/R(I+1)-R(II)

DU 168 N=1,M1

ZR=Z(J+1)HFLOAT(N-1)#K
Z2J=(Z2(J+2)~ZR) 7 (2 (J4+2) -2 (J+1))
2J1=(ER-Z(J+1))7(Z2(J+2)-2(J+1))
C1=C{J+{1-1)*HZ)

C2=C(J+14-(1-1)5NZ)

C3=GNr13

IF (I.LT.NR) C3=CCJ+IANZ)

C4=6Aia

IF C(1LLT.HR) Ca=C(I+1+I4NZ)

F 1= (Z1:02) (DR [ok2) + (R [#42) 2 (D2 JH0k2)
F2=(ZJ4Z I 1) (DR I2) (R I4k2) k(DEJNDPZI 1)
F3= (212 X (DRIZDRI ) (R IART 1) A (DZIk2)
FA=(ZJPRZIE(DRIFDRI DI H(RT LR Y& (DZJ 1DIT)
G(L, W) = (CLAF 1 C24F 24 CEAF 3+C 4 4) #RA

IF CCILLT.NRLD).OR, C(I.GE.HRL2))Y GO TO 188
GAM=C1ART#ZIHC2ARIAZ I IHCEART IRZJ+CAMR T 1I%ZT 1
IF (GAM.LE.1.0) GO TO S0G

RADIC= (4, VERMIGATD # O (SORT(GAIMPRKZ =1, 8) ) R (RN:ok2-RE30R2) )
G(L,H)=G(L, M) +RAD ICARI4ZJ

COMTINUIE

CONTINUE

DO A TRAPAZOIDAL RULE INTEGRAL

CALL INTGLC(RZINT1)
IFLAG=8
RETURN

NEGRTIVE OR ZERG SQUARE ROOT~/777/NOTIFY CARLLING PROGRAM
CONTINUE
IFLAG=1

RETURN
END
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REAL FUNCTION RZINT2(1,J,C)
COMMON/DATA/RE, RN, ZH, MR, HRL 1, HRL2,NZ, V, GAM3
COMFONALENGTH/Z (18 1)

CORMMON-RADIUS/R(181)
COMMON/SUB271FLAGC, M, HL K, G(7,7)

REAL K

QUADRANT 2 INTEGRATOR

DIMENSION C(1Bo@)
RZINTZ2=6.8
H=(R(I+1)~-RT{IIAFLOAT(H-1)
K=(Z{JH) =23 I /FLOAT (M-1)
DRI=-1,0/(R(I+1)-RCI))
DRI1=-DRI
PZJ=1.8-(2(J+1)~-2(J))
D2J1=-DZJ
DO 268 L=1,M
RR=R{IMHFLOATL-1)H
RI=(R(I+1)-RA)Z(RC(i-+1)-R(I))
RI1=(RA-R{IIZIRUI+I)-RCI))
DO 186 N=1.,M
ZA=Z (JY+FLOATIN-1) %K
ZJ=(ZR-2(J)I /(2 (J+13-2(J))
2J1=(2(J+1)-Z2M) 7(Z(J+1)-2{J))
r£1=GAMI
IF €J.GT,1) Cl=E(J-1+CI-1)%NZ)
C2=C(J+(I-1)%NZ)
C3=GAN3
IF ((J.CT.1).AND. (1.LT.NR)) C3=C(J-1+I%NZ)
Ca4=CGnria
IF (I.LT.NR) Ca=C{I+IINZD)

HZJYRCDR DHok2) + (R [#42) % (DZJ 1 %DZJT)

GCL, N) = (C I#F 1 +C2AF 204 34045 4) #RA
IF CCLLLT.HRLD) . OR, (I1,GE.NRL2)) GO TO 168
GAM=C AR IHZJIHC2AR TRZJHCER T 12 I 14CAxRI 152 ]
IF (GAM.LE.1.8) GO 70 384
RADJC = (4, BRVERAAGAMD 7 C(SURT (BAMR2~ 1, 8) IR (REDkZ~RBAx2) )
GC(L, N) =G (L, N)+RADICAR 1]
CONTINUE
CONTINUE
D0 A TRAPRZOIDAL RULE INTEGRAL
CALL INTGL{RZINTZ)
IFLAG=U
RETURN

NEGATIVE DR ZERD SQURRE RODT/////NOTIFY CALLING PROCRAM

CONTINUE
IFLAG=1
RETURN
END




REAL FUNCTION RZINT3(I1,J,0)
COMMON/DRTR/RY, RN, ZN, NR,NRL1,NRL2,NZ, YV, GAM2
COIMMSN/LERGTH/Z(181)

COrMON/RAD IUS/R(181)
COMMON-SUBZ2/IFLAG, M, H,K,G(7.7)

REAL K

QUADRANT 3 INTEGRATOR

o000

DIFMENSION C{18E8)
RZINTZ=0.0
H=(R(I)-R{I-1))/FLOAT(M-1)
Ke(Z{d+1)-20) 3 /FLCAT(M-1)
! PR1=1.8-(R(I)-RCI-1))
{ DRI1=-DRI
: DEJ=1.8/(Z(J+1)-2(J))
DZJ1=-D&J
DO 288 L=1.NM
RA=R{1-1)+FLOAT(L-1)4H
RI=(RA-R(I-1))~(RCI)-RCI-1))
RII=(R(D-RAIZ(RCD-RII-1))
DO 1688 MN=1.M
CA=Z(I3HFLOATIN-1) %K
ZJ=(ZR-Z{IN A ZJ+1)-Z(1))
2J1=(ZJ+1)-ZAY/(2(I+1)=2(J))
Cl=Gara
IF (J.6T.1) Cl=C(J-1+C1-2)%N2)
C2=C(J+(1-2)4N2)
C3=GAM3
IF (J.GT.1) C3=C(J-1+(I-12%N2)
4 Ca4=CI+{I-1)4NZ)
F1=(ZJ 142 %(DRIEDRI) H(RI AR ) #(DZJ1%DZJ)
F2=(ZX2) DRI IDRII + IR T 1RR D) (DZIneis2)
F3=(ZJ 1%Z2J)# (DR [#o:2) + (R I#:#2) R (DZJI 1::DZJ)
Fa=(ZJ442) R (DR I#=02) + (R TH2) sk (D2 J542)
GCL,N) = (C1#F 1+C2A 24T EHF 30 4HF 4) 2RA
IF CCI.LE.NRLD).CR. (I.GT.HRL2)) GO TO 16@
GAM=CIAR 1 I #ZJ1+C2AR ] 142 JHCERR [HZ T 1 HCARR IKET
IF (GARIT.LE.1.8) GO TO 969
RADIC= (4, GaVARAAIGAM # CISART (GARMHK2- 1, 8) ) k (RN#=12- RO*2) )
G(L,H) =G(L, M) +RADICHR 1%ZJ
160 CONTIHLE
208 CONTINUE

P Ep————

DO A TRAPARZOIDAL RULE INTEGRAL

e ¢ i S ok A A
coo

CALL TINTGL(RZINT3)
IFLAG=8
RETURN

NEGRTIVE OR ZERO SQUARE ROOT//~7-NOTIFY CALLIKG FROGRAM

o0

908 CONTINUE
IFLAG=1
RETURN
END
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REAL. FUNCTION RZINT4(1,J,0)
COMMON~DRTR/RA, Ri{, N, NR, NRL 1, NRL2,NZ, V, GAI3
COMMDON/RADIUS/R(181)

COMHON-/LERGTH/Z2(181)
COMMoN/5UB2-Ir LRG, ML H,.K,G(7,7)

RERL K

QUADRART 4 INTEGRATOR

DIMENSION C{1889)

RZINT3=4.8

H=(R(D)-R{I-1)) /FLOAT(M-1)
K=(Z(J+2)-Z{J+1)) AFLOAT-1)
PRI=1.8-C(RCII-RCI-13)

DRI1=-DPRI
DZi==1.0/{Z2{J+2)~2(J+1))
DZJ1=-D2J

DO 268 L=1.M

RR=R{I-1)+FLUATCL-1)*H
RI=(RR-R(I-1))/(RCII-R(I-1))
RI1=(R(I)~RAY/(R(I)-R(I-1))

DO 163 H=1,I

ZR=Z2 (J+1) +FLOAT (N-1)%K
2J=(Z2(J+2)-2R) /(2 (J+2)=2(J+]1))
2J1=(ZR-Z (J+1)) Z(Z(J+2) -2 (J+1))
Cl=C(J+(1-2)%HZ)

C2=C{I+1+(1-2)*H2)

C3=C(IJ+{1-1) N2

C4=C{I+1+\1-1)=N2)
Fl=(2J%2) % (DRTI#DRI) (R IAR 1) k(DZ Jiek2)
F2=(ZJ15%ZJ) &% (DRITADR DRI TRR )% (DZJ [#DZT)
F3=(ZJ%k2) (DRI ) H(RI#A2) k(PE Tk )
Fd=(ZJ1%ZJ) % (DR 40k

G(L,N) =(C1#F 1-+C25F2+C3:KF 3+CAHF 4) #RA

IF CCI.LE.MRL1).0OR, (I.GT.NRL2)) GO TO 1€@
GAM=C1AR I 152 J+C2ART 12 1 +CR 42 J-HC AR I#Z T |
IF C(GAM.LE.1.8) GO TO S99

RADIC= (4, BHVERAAGAM) 2 CSORT (BRI M2~ 1, 8) ) sk (RN¥k2-RB0%2) )
GIL,N) =G (L,.N)+RADICHR I*ZJ

CONTIHUE

CONTIHUE

DO R TRAPAZOIDAL RULE INTEGRAL

CALL INTGLIRZINTS)
IFLAG=D
RETURN

NEGATIVE OR ZERG SQUARE ROOT/////NOTIFY CALLING PROGRRAIM

CONTINUE
IFLRC=1
RETURN
END




3 SUBROUTINE INTGL (RESULT)
DO £ TRAPARZOIDAL INTEGRAL APPROXIMATION ON THE DATA IN G

o0

COMMON/SUB2/IFLAG, M H. K. G(7,7)

REAL K

RESULT=(1,0/4.0) %G (1, D+G L, MG (M, L54+GGL MY

JEND=M-1

DO 106 J+=2,JEND

RESULT=RESULT+(1.0-2.8)%(G (1, 45T, DHG M, I 4G (I, M) (d
180 CONTINUE i

TEND=JEND B

PO 36d =2, IEND

DO 288 J=2,JEND

RESULT=RESULTHGCT, ) :
200 CONTINUE ;
300 CONTINUE |

RESULT=HUKHRESULT i

RETURN

END
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