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ABSTRACT

In this work, the exterior-interior coupling problem of a cavity
backed aperture in a perfectly conducting infinite sheet is considered.
The cavity is assumed to be rectangular and contains a perfectly conduct-
ing obstacle. For numerical considerations the obstacle is taken to be

a straight, thin wire, oriented perpendicular to one of the cavity walls.

The problem is formulated in the frequency domain with an T time

dependence.

The dyadic formulation of this vector electromagnetic boundary
value problem is given. The controversy over the longitudinal wave
functions and their contribution to field dyads is resolved. Specific
attention is given to the singularities and completeness of the Green's
dyads' eigenfunction expansions.

Numerically tractable integral equations for the aperture
electric fields are obtained. A summation method is developed for
evaluation of otherwise slowly converging eigenfunction expansions of

potential dyads when source and observation points become close.

Suggestions for future extensions of this work are discussed.




CHAPTER 1

INTRODUCTION

The problem considered (Figure 1) is the exterior-interior
coupling of a cavity backed aperture in a perfectly conducting infinite
sheet. This paper extends the work of Seidel [1977, 1978] eliminating
the need for his dipole approximations for the aperture fields. The
cavity considered (Figure 1) is rectangular with "a" less than or equal
to "b", has perfectly conducting cavity walls, and contains a perfectly
conducting wire obstacle. In the general formulation (Chapter 4) the
obstacle may be of general shape. For numerical considerations however
it is taken to be a thin wire parallel to two of the cavity walls. The

problem is formulated in the frequency domain with an s

time depend-
ence. In order to obtain the summation formulas of Chapter 6, it is
assumed that the frequency of operation is such that the wave number

k times the cavity dimension "a'" is less than .

Chapter 2 deals with the dyadic formulation of three dimensional
electromagnetic boundary value problems. In particular eigenfunction
expansions are given for rectangular cavity dyads. Completeness of the
cavity expansions is considered as well as their singularities. Finally
the contribution of the lohgitudinal vector wave functions for free
space, cavity, and waveguide dyadic expansions is examined.

In Chapter 3, attention is given to preliminary two dimensional

slot diffraction problems. Sample numerical results, illustrating the

1
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Figure 1. Geometry of Problem
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3
expected field behavior for the three dimensional problem (Figure 1) are
given. For one incident field polarization the field's edge behavior
has been built into the numerical solution. This illustrates the use
of the edge behavior to reduce the matrix size needed to solve the
discretized problem. The incorporation of field edge behavior in the
three dimensional problem still needs to be studied.

The remaining chapters deal with the numerical formulation of
the three dimensional coupling problem of Figure 1. In Chapter 4
techniques of Wilton and Dunaway [1975] are extended to obtain numeri-
cally tractable integral equations for aperture fields. In Chapter 5,
the method of moments [Harrington 1968] is used to put the problem in
matrix form. In the analysis, the wire obstacle has been removed since
it has been treated by Seidel [1977, 1978]. Chapter 6 deals with
summing otherwise slowly convergent eigenfunction expansions of poten-
tial dyads needed for carrying out the numerical procedure of Chapter 5.
Finally, Chapter 7 gives conclusions as well as several suggestions for

extension of this work.

Background

In recent years problems for which a wire couples to an aperture
in an infinite perfectly conducting sheet have been considered [Butler,
and Umashankar 1976; Seidel and Butler 1976]. However the image theory
needed to apply the techniques put forth in the above papers to the
cavity backed aperture problem with obstacle yields a three dimensional
array of images [Seidel 1977, p. 22]. Butler, Rahmat-Samii and

Mittra [1978] provide a good review of aperture literature.
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An alternate method for formulation of the problem utilizes
dyadic Green's functions. An expansion for the electric field cavity
dyad was found by Weyl [1913, 1915]. Teichmann [1952] found that this
expansion was incomplete and provided a correction [Teichmann and
Wigner 1953]. The dyad for the magnetic vector potential for the
rectangular cavity is formulated in Morse and Feshback [1953, pp. 1849-
1851]. More recently these dyads have been formulated by Tai and
Rozenfeld [1976] and Rahmat-Samii [1975]. However there has been some
controversy over the effect of the longitudinal L vector wave function
contribution to these field dyads. This point is covered in detail in
Chapter 2 and the difficulties resolved. (A review of the appropriate
literature is given in Chapter 2.)

Seidel [1977, 1978] has solved the problem (Figure 1) under the
small aperture approximation by the use of dipole moments. The major
contributions of the present work are the removal of these dipole
approximations, resolution of the coiitroversy over the longitudinal
wave functions, the derivation of numerically tractable integral
equations for the aperture fields, and the summation of the potential
dyads' expansions (Chapter 6) when the distance between source and

observation points is small.




CHAPTER 2

VECTOR FIELDS AND DYADIC FORMULATION

The problem considered is the computation of steady state (eiwr)
electromagnetic fields in a region with known sources. The region's
boundary (Figure 1) is assumed to be one of the following: the sphere
at infinity, or a perfectly conducting surface Sc with apertures, or
part of the sphere at infinity plus a perfectly conducting surface SC
with apertures.

Maxwell's equations for steady state electric sources in a

homogeneous, linear, isotropic medium may be written as:

VxEa=f (2.1a)

VxH=k2E+7J (2.1b)

A _E

. (2.1¢)
= 0

LB B — . (2.1d)

eflad (2.1e)

The magnetic source analogues are

VxH=E (2.2a)

=k Ha+ M (2.2b)

m»n

V x
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5113 (2.2d)
Pt (2.2)
v-ﬁ=3% (2.26)
The above equations yield the vector wave equations
VxVxé-k2é=3 (2.3a)
Vx9xA-kd=9x]d (2.3b)
and
PAV e -k 8 «v el (2.4a)
VxVx ﬁ = é =M (2.4b)

kz

for electric and magnetic source excitations, respectively.
A vector analogue of Green's second identity [Stratton 1941,

p. 250] will be used to invert these wave equations, viz:

JJI Q VxVxPhP-P+VxVxQav
\'

= [[ PxVxq-3xvxP)-nds, (2.5)
S

AL Pt e g




where the volume V is bounded by the surface S and n is the outward
pointing unit surface normal. Q will be identified with a field
quantity while P will be related to a Green's function.

Since the fields are vectors, the Green's function must be a
dyadic vector operator. The basic operations and properties associated
with dyads are given by Tai [1971, pp. 46-48]. The dyadic version of

Green's second identity is

f[[ [PeVxVxQ-(VxVxP) +Qqldv
Vv

= - JJ ne[PxVxQ+ (VxP) x é]és S (2.6)
S

This follows from (2.5) by setting Q = Q * a where a is an arbitrary

constant vector.

E - Field Formulation

To invert the wave equations (2.3) the following dyadic ana-

logues of (2.1) and (2.3) are needed:

v x 8 (F[F) = § &) (2.7a)
v x Ehcilf') =T 8-t + k* 8 (2|7 (2.7b)
VxVx Eecflf') - k® &e(f[f') =T §(F-1") (2.7¢)
VxVxB@EIF) - kG EIED = v x A 8GE-T) (2.7d)

TSP PR P ORI .\ e TR R O T 22 o TR ]
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Inserting E and ée into (2.6) yields

i

(') = JJJ J@) - G (FlT")av
v
(2.8)

- j[ [n x é(i)) . ﬁh(EIE') + 0+ (A(T) x Ee(flf'))]ds
S

In Appendix A it is shown that
G (x'|T) = G (x|r") , (2.9)

where "~'" signifies the transpose of the dyad. Interchange of the

primed and unprimed coordinates in (2.8) and use of (2.9) give
EE) = J[J 8.GIF) - IGE)av
Vv
(2.10)

- JJ[(ﬁ' x EGE")) - Eh(i'li) + (Ee(§|§') xn') « A(F")1ds’
S

Since the tangential electric field is zero on the perfectly
conducting surface Sc and the radiation condition at infinity holds for

the fields and Green's functions, equation (2.10) becomes
E(T) = JJJ B (F[F") » J(E"aV' - JJ @' x EE")) - G, (&' |fds',
A

(2.11a)

where

n x ée(§|i') =0 onS_, (2.11b)
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nx E() =0 on S_-A (2.11¢)

A is the aperture portion of Sc and SC-A is all of Sc except the aper-

ture surface. Note that the fact that (2.9) and (2.11b) imply

Ge(flf') xn' =0 on S_

has been used to obtain (2.11a).

H - Field Formulation

The inversion of the magnetic source wave equations (2.4) is

aécomplished similarly. The dyadic analogues of (2.2a-b) and (2.4) are

Vx g (F|F) = Ee(ili') (2.12a)
Vxg (F|r) = k* g (F|F) + T 8GF-T") (2.12b)
VxVx Ehcflf') - k* g, (F]f") = T 8(z-1) (2.12¢)
VxVx Eecili') - k2 Ee(ili') =V x (I 68@-1")) (2.12d)

Using duality between the electric and magnetic source driven equations

one obtains

i@ = [[[ gale - aEnee - [[i@ <@ - 5619
\'f S

+ (g (FIT') x 0') é(i')]ds' 1 (2.13)
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To obtain the above one needs

"

g, (@' |1) = g, FIF") (2.14)
which is shown in Appendix A. The radiation condition at infinity plus

n x Ee(ﬂi') =0 ons_ , (2.15a)

and
nxE@E =0 on S_-A (2.15b)

imply

ﬁﬁ)=”{§&ﬁw~ﬂ&ww'-”§¢HP)wwxEGwmy
\ A
(2.15¢)

where A is the aperture portion of Sc.

Dyadic Green's Functions for a Rectangular
Cavity, Electric Sources

Green's functions for electric sources in a rectangular cavity
are constructed, first by use of a dyadic vector potential and then from
the L, N, M vector wave functions. The cavity dimensions are a, b, and
¢ in the X, ¥, and 2 directions respectively. By (2.7) Eh is divergence

free. Thus it can be expressed as the curl of a vector potential GA.

Maxwell's equations yield [Jackson 1962]

- V2 + k% 'C'A(fli') =1 §(z-t") (2.16a)

- (V24 KD) b= - oy ¥ S(E-E) (2.16b)




G, (FIT") = V x EAcili') (2.16d)
and
1y = C T AARY
Ge(rlr ) =G, -Vo= (I« ;;—JCA (2.16e)

Since the dyadic Green's functions are field responses to
sources at r', they satisfy electromagnetic field boundary conditions
on the perfectly conducting surface Sc, provided r' is not on Sc. In
all considerations of boundary conditions in this section it is assumed

that r' is not on S.- Jones [1974] has shown that

Vo « (n x E) = iwun-H (2.17)

on a surface away from sources; Vo is the surface divergence. Thus

nx Ee(flf’) =0 on S (2.18)

implies

=1

. (7 x EAcflE')) =0 on s, . (2.19)

Note that (2.16e) and (2.18) imply

n x EA(EIE') =i xV¥c|r) ons_ . (2.20)
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If Dirichlet boundary conditions are imposed on 5, one obtains

(V2 + k%) §,(zlr") = Is(-1") (2.21a)

=1
it
(=]

X EA(flf')
on S (2.21b)

<
#"
o

. GA(rlr')

From a vector Green's theorem [Morse and Feshbach 1953, p. 1768] one

may show that the operator determined by (2.21) is self-adjoint. Thus

each component GA % %, EA + ¥, and EA * 2 may be given in terms of
eigenfunction expansions. Seidel [1977] has shown that for T not equal
to T' the operations indicated by (2.16d) and 2.16e) on EA may be
performed term by term to yield ﬁh and Ee. The dyads EA and Ee are
given in Table 1.

Not only is Ee correct away from the source; it is
distributionally correct ([Stakgold 1968, p. 11]. This fact can be

readily demonstrated by reconstructing Ee in terms of L, M, and N

vector wave functions [Morse and Feshbach 1953, p. 1766]. L, M, and

N are eigenfunctions of the vector Helmholtz equation (2.21). Although

(2.21) has a complete set of eigenfunctions, we will check a complete-

ness relation to insure that all eigenfunctions have been obtained.
Since M and N are divergence free they are also eigenfunctions

of the operator

CE=VxVxE _ (2.22a)

Jd
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with boundary condition

nxE=0 on S

(2.22b)

L being curl free is in the null space of . Therefore the vector wave

functions are also the eigenfunctions of ¢ and may be used to construct

G,_.

e
The vector wave functions are given in Table 2.

that over the cavity volume these functions are mutually orthogonal and

satisfy

}

[[] 1ot 120w = Ky 228

v nm?

One may check

V(7 |2 ¢ X EY
m B, (@) |V = ———
v m

[ i

for all non-zero wave functions. In the above

2,140

Following Tai and Rozenfeld [1976], we write

€0€nn LofR) Lofk")
abc K2

Is@-r)= §
m

(2.233)

(2.23b)

(2.24)

——




Table 2. Vector Wave Functions for Electric Sources

Limn =V (stysz)
= kxcxsyszi + kysxcysz9 + kzsxsyczi
Myon ™ v x(cxcyszi) = - kycxsyszx - kxsxcysz9
Nlmn = Kl ¥V xVx (s_s czi)
2mn g
kK, kK, ;+k2
= - css®-LEscsy+ C——————XJ s s c.2
tmn ¥ ¥4 gm Y fmn ALyC
where
cxsysz = cos(kxx) 51n(kyy) 51n(kzz) , etc.
Jmm L mT BTy g2 g2, 2
kk*a ky "5 r By mar Koma = %2 * ky e

m=0,1,2,... , n=20,1,2,... , and L = 0,1,2,...
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Inserting the vector wave functions from Table 2 into (2.24) gives

$iis @ EEE
(r-r') = 2,m§n=0 s [(cc)x(ss)y(ss)z RR

AN

; * (ss) (ec), (s8], ¥¥

N>

+ (ss)x(ss)y(cc)z 221 , (2.25)

where (cc)x(ss)y(ss)z

= cos(kxx) cos(kxx‘) sin(kyy) sin(kyy') sin(kzz) sin(kzz') %

etc.

The above equation is known to be true by scalar spectral

theory. Note that dividing each term of (2.25) by k2 - k? yields

o

A
operator Z in (2.22)

2
2mn

in Table 1. Since L, M, and N are also eigenfunctions of the

T = T _l
5 Gl - f €0€nEn [LQ&H) LodR")
e 2 abc 2 42
,Mm,n -k Klmn

(2.26)

MogE) MogR") + NofR) Noff")
. ]
(KE + K2) (Kgo - k?)

Inserting the vector wave functions yields the same Ee as in Table 1.
Thus the vector potential approach gives the correct answer even at the
source point. The sum over the [ functions yields a term proportional
to the longitudinal §-function [Morse and Feshbach 1953, p. 1781].

The second term determines a dyad whose entries are square integrable
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over the cavity volume. This characterization of the singularities of

Ce may prove useful in later numerical considerations.

Dyadic Green's Functions for a Rectangular
Cavity, Magnetic Sources

Dyadic Green's functions for magnetic sources in a rectangular
cavity are now constructed. The cavity dimensions are the same as in
the last section. By (2.12) Ee is divergence free and may be expressed
as the curl of an electric vector potential. As before Maxwell's

equations yield

(V2 + k*) ge(z|r") = T 8(F-1") (2.27a)

V8 (r-1')

(V2 + k%) &(z|r") = > (2.27b)
V. ogxlE) = - k2 3 (2.27¢)
where
g ([T = ¥ x g (F[T") (2.27d)
and
BGIE = GGl - RGN = @+ IO BGIF) . @.27e)

For the §-source away from the perfectly conducting surface we have

ix (Vxgy) =0 ons_ . (2.28)




Thus, (2.27e), and (2.17) yield

¥ _ - =
n o ogp - - -l 0 onS. . (2.29)

If homogeneous Neumann boundary conditions are imposed on & one obtains

= (9% + k%) EF(EIE') =T §@-r") (2.30a)

"
o

nox (Vx gg(F|F")
onS_ . (2.30b)

n
(=]

i gp(FlE)

Using a vector Green's theorem [Morse and Feshbach 1953, p. 1768] one
may show that a self-adjoint operator is assoéiated with (2.30). Thus
EF may be expanded in terms of a complete set of eigenfunctions. This
result is given in Table 3. Again Seidel [1977, p. 12] has shown that
Ee and Eh may be obtained by differentiating EF term by term provided r
is not equal to T'.

We now show that a complete set of eigenfunctions of (2.30) are
the vector wave functions L, M, and N. The vector wave functions are
given in Table 4. Since M and N are divergence free, they are also

eigenfunctions of the operator

6 =V x V xH ' ' (2.31a)

with boundary condition

nx (VxH =0 on S_ . (2.31b)

-
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Table 4.

Vector Wave Functions for Magnetic Sources*

Ezmn = V(cxcycz)

£ i kxsxcyczi - kycxsyczy - kzcxcyszz
ﬁan =Vx (styczz)

= kysxcyczx kxcxsycz?

- 1 A
N =——V xVx (c.cs 2)
2mn Klmn Xyz
k k k k, k;
=t scecf-2XZcsc y + (
K,Q,nm Xy z KJZ.mn X'y z K,Q,mn

o ——

*The notation is the same as in Table 2.
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The curl free L vectors are in the null space of 6. It may be

checked that the L, M, and N vectors are mutually orthogonal and

satisfy
- bc
|T|2dv = k2 2= (2.32a)
[If 117w = i 25
v
f j |M| 2dv = j” |N|2%dv = (k; + k%) :‘E’CE (2.32b)
:/ - " En%n®p

for all non-zero vectors. Following Tai and Rozenfeld [1976] the

comipleteness relation may be expressed as

- AN
RN, e 2R Ly
Is(z-r') = abc %,m,n €&ntm _-_:E;___—_—

2mn

: Mo fR) Mofg') + Nofr) Nofz')

(2.33)
k2 + k2
X Y
This may be verified by inserting the vector wave functions from
Table 4.
(ss)x(cc)y(cc)z 0 0
1 -]
I6(-r') === ] eee 0 (ce) _(ss). (cc) 0
abcz’m,n_0 2°m™n X y 2
! 0 0 (CC)X(CC)),(SS) 2

(2.34)

|
|
\
|
i
|
|
|
s




22
Since we have shown the vector wave functions to be eigenfunctions of

the operator 6 in (2.31),

- L) Loff")

= omip e 1
gh(r|r ) = 3be lgm €25n%n K2 K2
fmn

L MR MofR") + NafR) Nofg")
(ki + k) (Kgon = k)

(2.35)

The first term is proportional to the longitudinal dyadic delta func-

tion, while the second part determines square integrable functions over
the cavity volume. Substitution of the vector wave functions from
Table 4 in (2.35) yields Eh in Table 3. Thus the expression for Eh is
also valid at r equals r'.

The Longitudinal Component of the
Electric Green's Dyad

This section is concerned with two intimately related topics,
the characterization of the electric Green's dyad's singularity and the
effect of neglecting the longitudinal vector wave functions in the
dyad's eigenfunction expansion.

Hansen [1935] first used spherical coordinate vector wave
functions to expand a free space potential Green's function. The
expansion given was an eigenfunction expansion in the angular variables
and closed form in the radial variable. Hansen found that the corre-
sponding electric field expansion, exterior to a finite sphere contain-

ing all sources, contained no longitudinal vector wave functions.
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Morse and Feshbach [1953] use vector wave functions to represent

a potential dyadic Green's function as a full eigenfunction expansion.

The unit delta dyadic is broken into transverse and longitudinal
components. The transverse component is divergence free and the longi-
tudinal component is curl free. It is implied [Morse and Feshbach 1953,
p. 1781] that away from the source the transverse and longitudinal
components of the unit delta dyadic vanish identically.

Tai [1971] has no longitudinal vector wave functions in the full
eigenfunction expansion of the electric Green's dyad. Subsequently he
concludes [Tai 1973] that there is a missing longitudinal vector wave
contribution, specifically, - 2% §(r-t')/k%.

Collin [1973] takes a different approach, correcting for the
incompleteness of the E and H model expansions in a waveguide. His
correction term is the same as Tai's 2% delta function term. In his
conclusion Collin alludes to a private communication with Tai and
implies that this 22 delta correction term must be added to the trans-
verse vector wave functions to obtain the complete dyadic Green's
function.

Howard [1974] uses a cylindrical vector wave function expansion

(the sin m$¢ terms should be added for completeness) to produce a closed
form expression for the longitudinal vector wave function contribution
to the full Green's dyadic eigenfunction expansion. This term does not
identically vanish away from the source, apparently contradicting the
previously cited literature.

Tai and Rozenfeld [1976] correctly state that the longitudinal

vector wave functions in the full dyadic expansion contribute not only
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at the source point but away from the source as well. But then later
they seem to imply, as Tai [1973], that the longitudinal vector wave
function contribution is a - 22 §(r-r')/k? term. These two statements
are in contradiction.

Several papers deal with the singular nature of the electric
Green's dyadic. Van Bladel [1961] expresses the free space electric
Green's dyadic in terms of a spherical principal value plus a delta
function type singularity. Rahmat-Samii [1975] extracts different
singularities from cavity and waveguide dyadics. Yaghjian [1978] used
"principal volumes'" and delta function type singularities to character-
ize the electric Green's dyadic's singularity. He notes that different
"principal volumes' and their associated different delta type
singularities have a sum total singularity which is the same irrespec-
tive of the '"principal volume'" chosen.

Some of the confusion in the literature may be rectified by

clearly stating which longitudinal vector wave functions are being used.

However, the papers of Howard [1974], Tai [1973], and Tai and

Rozenfeld [1973] still remain in contradiction. Second it is physically

surprising that Rahmat-Samii [1975] has extracted different singulari-
ties for cavity and waveguide problems.

It is rigorously shown that the dominant singularity of the
electric Green's dyad is proportional to the longitudinal component of
the unit delta dyad. Contrary to Morse and Feshbach [1953], this term

does not vanish identically away from the source. The longitudinal

vector wave functions in the full eigenfunction expansion of the Green's
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dyad not only contribute at source points but away from the source as
well. The full eigenfunction expansion is useful for two reasons.
First spectral theory will guarantee the completeness of the eigen-

function expansion. Second if one desires to compute the Green's dyad

at different spacial locations, the full expansion allows one the
flexibility to close in a manner insuring the greatest exponential con-
vergence. Howard's central result for free space [Howard 1974, eq. 13]
will be mathematically verified and shown to be unigue. The apparent
controversy on the effect of the longitudinal vector wave function
contribution will be resolved.

The free space electric Green's dyadic is studied first.
Results are later generalized to cavity and waveguide problems. The
free space electric Green's dyad, ﬁe’ satisfies (2.7c) plus the
Sommerfeld radiation condition. Ee is obtained by vector wave function
expansions. Expansion of the unit delta dyadic yields [Morse and

Feshbach 1953]

Is(r-1")

A <

im(f) i;(iv) . Mm(i) ﬂ;(i') Nm(i) N;(E'f]
AI A" J
m m m m

= ﬁL(i-f') + ET(i-f') (2.36)

where Am, A& and A% are normalization constants. The above sum may be
over a continuous or discrete set of m. The first term is the

longitudinal component of the delta dyad; the second is transverse. By

spectral theory
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v Fa® BED @ REnl

,, (2.37)
A A _, kE - i

One may show that the second term is square integrable over
finite volumes by noting the corresponding cavity sum is square inte-
grable and that the difference of the cavity and free space sum is
analytic. Thus the dominant singularity of ée is proportional to
ﬁL(f-E'), the longitudinal component of the unit delta dyadic. Morse
and Feshbach [1953] indicate that 5L(f-§') is identically zero for T not
equal to r'. This implies that the L functions may be neglected away
from the source. However we proceed to show that EL(E-E') does not
vanish identically away from the source. This is done by two indepen-
dent proofs.

First a proof by Helmholtz's theorem is given. Following
Howard [1974]

SR .
r'| 4m|r-1' |

Isa-t) =V2-—E—=VxVx (2.38)
Ir-

i
an|r-7'| 4m|1-

The first term is transverse; the second longitudinal. One

expects that

B G-7') = - W —— (2.39)
4m|r-1'|
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A mathematical proof of (2.39) is now given. It is also shown that this

dyadic distribution is unique.
First note that any dyadic distribution is uniquely determined
by its operation on infinitely differentiable testing vectors F(r) with

compact support. This may be seen by putting the dyad in matrix form

and F in vector form and the use of scalar distribution theory. The
Helmholtz theorem [Morse and Feshbach 1953] shows
F(r) =Vo+VxA; V+A=0 (2.40a)
where
- o E(r!?
o = - ||| T—FEE) gy (2.40b)
4t |T-7' |
and
2o T it
A = LLFEEDL gy (2.40¢c)
4m|z-1'|

Note that surface terms in (2.40a) and (2.40b) are not present since F

has compact support. Thus the longitudinal part of the test vector F

is

FLE) = - ¥ J” N 20 g (2.41a)

4m|r-1' |

Kellogg [1953] shows the gradient may be brought inside the integral;

thus
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1

FL(i) = ~ m [v' « F(x")] V — dv! (2.41b)
4m|r-1 |
From distribution theory
FLE) = - [[[FGE) » W —r av' (2.41c)
4m|T-1' |

Since a distribution is determined uniquely by its operation on testing
vectors F(r),

= - = 1

DL(I‘-I‘ ) = -W = (2.42)

4m|r-1'|

is uniquely determined. Direct computation shows that ﬁL(E-f') does not
vanish identically away from the source.

An alternate constructive proof of the above result (2.42) is

now given. Expansion of the free space delta dyadic in terms of

cartesian coordinate vector wave functions, (2.36), and orthogonality

yields
IsE-t) = 5L(f-f') * ET(E-E') (2.43a)
where
B, (-7 = 1 L@ E) g gk gk (2.43b)
(2m) 3 k2 + k_+k gl b
X y z
B (F-7) = —— J” A Rrge) » Ne) B(E) g dk,, d,

3
(2m) kx + ky

(2.43c)




29
o e E j_V_le(z)_
L(x) =V y, M@ = Vx (£ ), N(r) = 72 2 2 (2.43d)
z

and

By direct computation

et

B (G-5) = =L Kk kI kk Gkl dk, 9k,
Xy ¥ Y 2| k2 & k2 + K2

X y z

LX2Z2 Yz 4
(2.442)
1 AR}
= 3 w ~—2-—-2—; dkx dk)’ dkz (2.44}))
(2m) kx + ky + kz
M | e T (2.44c)
4r|r-r'|

which is identical to (2.39).

Although the previous discussion was restricted to free space
one may suspect analogous results to hold for cavity and waveguide
problems. This is indeed the case as is now shown. The electric field
cavity dyadic a: is given by (2.16e) where E; satisfies (2.21). The
superscript ''c" has been added to cavity dyads to avoid confusion with

free space dyads. The boundary value problem (2.21) is self-adjoint
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and has a complete set of associated eigenfunctions. These same wave
functions may be used to expand the delta dyad and a; as in (2.36) and
(2.37). Although Rahmat-Samii [1975] extracted a delta singularity from

ég, its true dominant singularity is ﬁ;(f-%') defined analogously to

(2.36).
As a device to study Bt(f-f') we consider é: in (2.16e) with k
set equal to zero, EK . Expanding in vector wave functions
o
#C =y 7C .= =C .=y o€ = =C .=y =C. .=
L (r) L (x')* M= (e) Mi(rY)® N (r) N (@')*
e @ LEY HE a0 BE GED
# m A m A k2 A R*
m m m m m m
(2.45)
From (2.16e)
v [l - ——) =0 (2.46)
4m|z-1' |

interior to the cavity or waveguide. From the ellipticity of the above
operator it follows that the difference of the two potentials is

analytic [Treves, 1975]. However

5 €D E;(E')*

=C .= (= 1 m g .= =
-wW e (&) - ————| =] - D, (x-7")
" 4m|r-r'| m A .
(2.47a)
= 5?(?-5') - b G-t (2.47b)




To obtain (2.47a) term by term differentiation was used which is

distributionally correct [Stakgold 1968]. Since the left side of

(2.47a) is analytic it follows that 5;(5-5') has the same singularity
as 5L(§-f'). Thus EE(E—E') does not vanish identically for r#r'.
Although the above results are for r,r' in the cavity or waveguide
interior, by use of an image term one can obtain similar results for
T' on a wall.

Different representations of the electric Green's dyadic are
now considered. The electric Green's dyad may be expressed as an eigen-
function expansion in two variables and closed form in the third. As
previously stated, this is the form in which Hansen [1935] first intro-
duced the vector wave function expansions and it was found that no
longitudinal vector wave functions weie needed outside of a sphere
containing all sources. It will now be shown that the effect of
neglecting the longitudinal wave functions in this form is precisely
the ZZ delta function correction term [Tai, 1973; Tai and Rozenfeld 1976;
Collin, 1973]. Although free space is considered, results for wave-
guides follow analogously.

Closing (2.44b) in the complex kz plane and then differentiating

yields
;2 k_k -ik_k i
Xy X Ccs
B (F-1") = H S -ik k| -
:1kxkcs -ik ko -k? 7




r——rm———

-ikx(x-x') -iky(y-y')

-ik |z-2'| dk  dk

e e e A o =
. % . + 22 §(r-r")
c (2m)
(2.48)
where
= 2 2 - it
k, = vk * ky and k= k. sgn(z-z")
Closing the transverse part of ée (2.37) in the complex kz plane
yields
2 -k_k
ky <y 0
= ) ) 3
GeT(rlr ) =i [{ kK, k% 0
0 0 0

-ik (x-x") - ik (y-¥") ik lz-2'| gy gk
x_ Y

.e e e
2 2
2k2 kg (2m)
T =
k2 k_k -ik_k
X Xy X Ccs
+ k k k2 -ik_k
XYy Yy Yy Cs
[ik k -ik_k k2
X'cs yecs ¢ i

-ikx(x-x') -iky(y-y')

kelz-z'| g gk
e e e X Y

+

2 2
2kc k (2m)




—

2
k2k? k_k k2 k k kk
X'g

Xyg Xcscg
i 2 k2k? k k_kk
+ i ” kxkykg v'g yes®ekg

4
_}xkcskckg kykcskckg kC

-ik  (x-x") -iky(y—y') ikg[z-z'l dk  dk

. & e e X Yy (2.49)
2k k* k (2m)?
c g
where kg = - ké . Recalling (2.37), we see that the second term of

(2.49), the static pole contribution, cancels with the contribution from
the first term of (2.48). The remaining terms of Ee are just the closed
form in z, eigenfunction in x and y, M and N expantion function contri-
butions plus the famous - 22 §(r-r')/k? term.

In conclusion the true dominant singularity of the electric
Green's dyadic is proportional to the longitudinal component of the unit
delta dyadic. Contrary to Morse and Feshbach [1953], this term does not
identically vanish away from the source. Rahmat-Samii [1975] only
extracted part of the singularity from his cavity and waveguide dyads,
their true dominant singularities are the same away from the cavity or
waveguide walls. At the walls, image terms must be considered. The
longitudinal L vector wave functions in the full eigenfunction expansion
of the electric Green's dyad contribute not only at the source but away
from the source point as well. The full eigenfunction expansion is use-
ful for two reasons, one theoretical and one practical. First spectral

theory guarantees the completeness of the electric Green's dyadic
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expansion. Second if one desires to compute the Green's dyad away from
the source, one has the flexibility to close in the variable which gives
fastest exponential convergence.

The confusion regarding the longitudinal vector wave function
contribution in the literature has been resolved. In Tai's early formu-
lation (Tai, 1971] the missing L function contribution is non-zero away
from the source. Only when the Green's function is displayed as a two-
dimensional eigenfunction expansion with closed form in the third

dimension is the L function contribution completely given by

- 22 8(r-r')/k%. It is crucial to note that if this partially closed
representation is used, the 22 delta function term is not the total
singularity since the M and N function contribution is highly singular.
The total dominant singularity is still proportional to the longitudinal
component of the unit delta dyadic. Finally similar techniques may be
applied to show that the cavity dyad éh (2.35) has the same type of

singularity.
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CHAPTER 3

A PRELIMINARY PROBLEM

In an effort to gain insight into some of the difficulties that
may occur in the three-dimensional vector problem of Chapter 1, a scalar
two-dimensional diffraction problem is considered. This problem illus-
trates how to deal with the field and kernel signularities involved in
solution of the aperture integral equations. As expected, the dyadic
formulation for this problem reduces to the scalar formulation.

The problem considered is the diffraction of steady state
electromagnetic waves through an aperture in a thin, perfectly conduct-
ing, infinite sheet (Figure 2). As illustrated, the geometry and the
sources are y independent; thus the fields also have no y variation.

Maxwell's equations for electric sources (2.1) decouple, viz:
q

- (V2 2y E = Bk
(Ve + k%) y Jy (3.1a)
oF
H, = - 33 (3.1b)
3E

==
|

, = Kl (3.1¢)

The magnetic source analogues (2.2) becomes

- (V2 2y f§ =M (3.2a
('fk)y y 4 )
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. 3H

E = - Fil (3.2b)
aH

E, = ﬁl g (3.2¢)

Equations (3.1) and (3.2) have been called the 'hard'" and '"easy"

polarizations respectively.

The Easy Polarization

An integral equation for the tangential electric field across
the aperture is developed. Once this tangential electric field is
known Green's second identity [Kellogg 1953, p. 215] may be used to

obtain Hy‘at any point. The free space Green's function for (3.2a) is

’ ; T
given, apart from a complex conjugate needed to account for an g

time dependence, by Morse and Feshbach [1953, p. 811] as

g, (xx',2,2') = 37 B (/lxext)? ¢ (2% ) (3.3)

Thus the half-space Green's function satisfying the appropriate

magnetic boundary condition is given by

g(,x",2,20) = 37 (D @/lx-x)? + (z-21)2)

e 1D 1/ xex)? e (22 ] (3.4)

Using Green's second identity, the radiation condition at infinity, and

continuity of the tangential field components across the aperture, one

—




obtains

L
Ziﬁ;nc(x) 2 I H(2) (k|x-x']) B, (x) dx' . (3.5a)

-L

The incident field is given by

2 ﬁ)i’nc(x) F f} g(x,x".0,2") My(x'.z') dx'dz' , (3.5b)
A

where AI is all of Region I. The above equation is solved numerically
by approximating Ex(x) by pulses, point matching, and inverting a matrix
equation. As illustration, numerical results are given for a normally

r incident plane wave illuminating an aperture of total width .025)

(Figures 3 and 4). The dashed lines give computed values of Ex when
expanded in 20 pulses; the dotted lines give Ex using a 40 pulse

expansion.

The Hard Polarization

Techniques similar to those used to solve the easy polarization

may be applied to (3.1) to obtain

: 2 =
216" (x) = limI E—-H(EZ) k/(x-x")? + 22 ) B0x') dxt s

70 I 322
(3.6)

where H;nc(x) is the x component of the incident magnetic field in the
aperture. As z approaches zero the kernel becomes highly singular and

the limit and integration cannot be interchanged. Noting that
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0, z#0 (3.7}

A 1 8@ xn? v )
Z

x? 3

(3.6) becomes

L
dnc. . _ lim 32 il 6 afexti? ¢ 22 35 (x")dx!
= 21Hx (x) = z*o(;;Z + k )ILHO2 (kv (x-x 1% + 2?2 )Ey(x )dx

(3.8)

Johnson and Dudley [1978] have studied the aperture electric
field's singularities and have obtained a method of numerical solution
of (3.8) with an interpolary feature that may be useful in the higher
dimensional vector problem. Alternately (3.8) may be solved by pulse
expansion and piecewise sine testing [Wilfon and Butler 1976]. A
comparison of Johnson and Dudley's Green function moment method (GFM)
and Butler's piecewise sine method (PS) is given for normally incident
plane wave excitation. The real and imaginary parts of the aperture
electric field versus the aperture coordinate are given for total

aperture widths of .0l1A (Figure 5) and 1.8X (Figure 6).

Dyadic Formulation for the Easy Polarization

The dyadic formulation for the easy polarization is now given
and shown to reduce to the scalar problem. By image theory the electric
vector potential dyad (2.30) for the half-space one or two (Figure 2) is
given by

i

TG = bt e v e @ - vhee, (3.9a)
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Figure 5. Small Slot, Hard Polarization
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Figure 6.
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Vo= IR
i e-ikRi
F SO Ty
4Rt
R = [(xex)? + try")® + (223212,
and
RE = [ex)? ¢ ey ez 12

From (2.27e) one obtains,

Ve
k2

g rlr) = @+ =9 g.GlE)

Equivalently,

Sieley = - Lowwy@evhy - 29
h K2

Equation (2.15c) yields

ﬁlci) = Jf[ Eh(ili') .9 My(x',zj)dv
"1

|| & clE - @ xEiEmes
A

22 .

(3.9b)

(3.9¢)

(3.9d)

(3.9e)

(3.10)

(3.11)

(3.12)
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for r in Region 1, where A is the aperture surface. In Region 2,

o ol ]

,(T) = JJ g FlF) - @ x éz(f'))ds' . (3.13)
A

Noting the relationship between the two and three dimensional

Green's functions [Morse and Feshbach 1953, p. 1323].

dy (3.14)

oo
.'k./x2 + yz + z2
1 ula) K. uty o et
a1 Ho (kvx*+ z%) J
- 4m/x? + y2 + z®

the volume integral in (3.12) becomes

9 ” M (x',2') gF 1) (/(xx)? + (2-2))
R
i}

. ng)(k«?;ix')z + (z+2')?)]dx'dy’ (3-15)

Continuity of the tangential field components across the aperture and y

independence of the fields yield

9 [ mran i P lex® + @an?

%

+ H§2)(k¢q;-x')2 + (z+2')%)]dx'dz"
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. 1O (k| x-x |
E (x')

=y T dx'
-L
52 b H£2)(k (x-x")?% + z%)
- % lim (& + k%) E_(x") dx'.
z+0  9x? 4 ik?

=5
(3.16)

Since only the x component of the electric field is excited Ey is set

to zero and (3.16) reduces to its scalar counterpart (3.5}

Dyadic Formulation for the Hard Polarization

The dyadic formulation for the hard polarization also reduces to

its corresponding scalar equation (3.8). By image theory the magnetic

vector potential dyad (2.21) for the halfspace is given by

5, GIF) = - whRR e @ - WHIP ¢ v+ v, (3.17)

where Y and ¢i are defined in (3.9). Equation (2.16e) may be manipu-
lated into the form

EI(E) = JII ée(fli') . 9 Jy(x',z')dv' - JI (2 x E(*"))

v1 A

« V' x G (F'|T)ds' (3.18a)

in Region 1. Proceeding as before (3.12 - 3.15), (3.18a) may be

expressed as




47

Q @
= [Ho(k/Qx—x') +(z-z')2)-Ho(k/Qx-x')2+(z+z')2)] dx'dz'
E/(x) =¥ Jy(X',Z') e
R
4 JJ (2 x El(i')) V' x § (' [D)ds" (3.18b)

In Region 2 (2.11) yields

Ezci) = IJ (2 x EZ(E')) « V¥ x ﬁe(i'li)ds' . (3.19)
A

Using (3.14) and the y independence of the fields

RS | o o H (/xex)? + 212) dxrdz
Hlt(ra) o Jy(x',z') 9z’ 2i
N
. 3 ¢ 3 H(SZ) (kv/(x-x")? + z?) dx!
g Ao il e e

-L

H§2)(k)(x-x')2 + z2) dx'
21

L
+ 9K J E (x") ] (3.20a)

-L

Where ﬁlt(fa) is the tangential H component as r approaches the aperture

point ;a from Region 1. Similarly
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¥ i 3 (LA H§2)(kv(x-x2) + 22) dx'
i = 1i g v ;
e v

ng) Gy + 2
51

L
+ 9K I B (x') (3.20b)

-L
Equating the x components of (3.20a) and (3.20b) yields the scalar
equation (3.6). Since the x component of the electric field is not
excited it is set to zero. One may check (3.18) or (3.19) to see that
indeed only the § component of 2 is excited. Thus the dyadic problem

has reduced to the scalar problem providing a check on the dyadic

formulation.
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CHAPTER 4

INTEGRAL EQUATIONS FOR APERTURE FIELDS
AND OBSTACLE CURRENTS
The three dimensional exterior-interior coupling problem of
Chapter 1 is now considered. The dyadic formalism of Chapter 2 is used
to develop a set of coupled integral equations for unknown aperture
fields and obstacle currents. The techniques of Wilton and
Dunaway [1975] for aperture penetration through a perfectly conducting
infinite screen are followed.
Application of (2.10) to Region 1 of Figure 1 yields
E(E) = E°(r) + Jf 12 x 8G9 - Eﬁsci'[i) ds' (4.1a)
A

where

E5¢(1) = IJJ EES(E ')« JE') dv'
Region 1
is interpreted distributionally and the superscript '"hs'" denotes a
half space dyad. The short circuited electric field g is the field
that would be present if the aperture were not present. Similarly in

Region 2 (Figure 1) one obtains

é(f) = - JJ 2 x E(i')] . Eﬁcf'li) ds' - j[ Eg(i|i')
A Obstacle
« (A x H(x') ds' (4.1b)

49
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o

where fi is the unit normal pointing outward from Region 2 and inward to
the obstacle. The superscript '"c'" denotes a cavity dyad. On a perfectly

conducting surface the surface current Js equals Axf [Harrington 1961,

p.- 106]. Thus

é(i) = - JJ 2 x é(f')] . Ehci'li)ds' + IJ Ee(EIE')

Obstacle
« J(r') ds' (4.1c)
in Region 2.
Application of the result
[v' x Eecf'lf)]“ =V x Eh(§|§') (Appendix A) (4.2)

to (4.1a) plus (2.la) yields

AE) = B%S(@) + 7 x JJ v x Egs(flf') . (2 x é(§~)) ds' (4.3a)
A

interior to Region 1, where A°S(r) = v x ES®(r). Similarly (4.1c) and

(4.2) yield

A(F) = - Vx JJ v x E;(Elf') e [2 2 é(i')]dS'
A

+ Vx fj G (r]T") + J(T")ds' (4.3b)
Obstacle

interior to Region 2.
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Now continuity of the tangential components of the aperture
fields will be invoked to obtain a coupled set of integral equations
for the tangential electric field in the aperture. An integral equation
will also be enforced for the obstacle surface currents which are
coupled to the tangential components of the aperture electric field.
Equation set (4.3) and (2.12c), plus continuity of tangential field

components yield

[lim - k2 ” “‘S(rlr 1 . (fsx(i')? - fsy'(i-')i)ds'

A (B)
z>ct i

& pi A ” BGIE - E 609 - B G
z+Cc” A

+

Efl(fli') = JEnas'], (4.4.)

Obstacle

in the aperture where the subscript 't'" denotes the tangential component.

Application of (2.16d) and (2.27e) to (4.4) yields

K@ = uin - 2 2 [ @G ¢ B EIE] B E0as
Zz*C
A
2 A
v lim (s kz)H[“F‘S F@EEn + g N EED] E (r)ds!
zvc  9x? A Y

+

” > & EE 9,6
Obstacle

5% é:""’(ili') Jy(f')]ds' (4.5a)
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in the aperture interior. Similarly the result

2
F!sc(i") = 1lim - ( 3 + k%) If [ggs’W(;.l{.v)
y z+C dy? .

+

e’V @lT)] E E')ds' + lim gf;% ” [gh% ¥ (F[7")
z-C

F
A
Eo R TR
+ g O E[TD] E(F)dst + ” [5= Gy (F|T) I, (E")
Obstacle
3 .22 ,== 5
- 5= Gy “Zlr) J3,G]ds (4.5b)

may be obtained in the aperture interior. Equation set (4.5) will be
decoupled by use of techniques put forth by Dunaway [1974].

Since E and H satisfy Maxwell's equations they are not indepen-
dent. In fact continuity of tangential aperture fields implies that the
normal component of E is continuous across the aperture [Jones 1974].

From equation set (4.1),

Eicci) 2 « [- lim ” v x g’}:s(i-li-') . [Ex(f')y - éy(i')i]ds'
z»ct &

lim ”w Eﬁ(ﬂ{-') . [Ex(f')y - Ey(f')ﬁ]ds'
Z»C~ A

+

E:(rlr') . J(rt)ds') (4.6a)
Obstacle
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Equation (4.6a) may be simplified through the use of (2.16e) and (2.27e),

viz:

asc

(r) = - lim 5% JJ [ggs’yy(ili') + g2 F|T)) B, (F1)ds’

ZC A

1im = “ [ @7 + g ElEN] E (ds!
A

1 ot S XX
i ;? 3z3x CA (x]z") Iy ")

Obstacle

m‘; e R 4 G - (—+k2)
Z

. c:’zchii') 3, (3] ds' (4.6b)

Now (4.5) is brought into a more convenient form by use of
(4.6b). The Ex term in (4.5a) is replaced by the appropriate counter-

part from (4.6b). This yields

(Vi + k?) IJ [ghs xx(r‘i,) 2 gc xx(r(r )1 g (r )ds
A

9 ESC (;)

o gSt.= 3
=t () Yy z

3xdydz
Obstacle

+ —%- JI e GC Xzl g (r') +




3 i ' 2
+ —a—G:’yy(rIr') J (r') + (3_4. k2
3y 23z y 3z2

) 3y
. G: &5 (r|r") J (r )] ds'

i = P) =
- JJ b O3 2 GIF) 3,6 - 5 627 3, E]ds"
Obstacle
(4.7a)

52 32

+

ax% 9y

Similarly (4.5b) becomes

In (4.7a) the "Vi" operator equals >

(vi + k?) ff [ggs’yycflf') + ggs’yy(flf')] Ex(r')ds'
A

sC =~ 9 asc.-
"Hy (r) - 55 E; (@)

3
o JJ ) e cIE I, (r )
4 9x29z A
Obstacle

33

axayaz ’yy(rlr ) J (r") + ( e k2

J =
32 9x

. Gc s22 -lr ¥ (1‘ )]ds' + JJ [.5% G::XX(flf') Jx(r')
Obstacle

9 cS»22

= 2= 6y (r]t") J L(F")]1ds" . (4.7b)

Equation set (4.7) is desirable not only for the partial

decoupling effect, but also for the presence of the harmonic operator
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(Vi + k%). Although (4.5) plus the correct obstacle surface currents
is sufficient to uniquely determine the electromagnetic fields, (4.7)
is not. The aperture fields must be subject to the constraint
equation (4.6b).

Again using Dunaway's technique [Dunaway 1974] the harmonic
operators of (4.7) will be inverted. To invert the harmonic operators
consider the two dimensional Helmholtz problem described in Figure 7.

The problem is given as

v(P), PE A

- (V3 + k?) o(P). = { (4.8)

0 ,pe A2

where ®(p) is assumed continuous across the boundary and satisfies the
radiation condition at infinity. Use will be made of Green's second

identity in two dimensions given by

¥ kL) .
” ¢ v: - 9 v§ P)ds = {(w - ® an)dl (4.9)

[Harrington 1961]. Also use is made of the two dimensional Green's

function satisfying the radiation condition at infinity. This is given

by

o H® |g-ptD
5 (BIn') w == (4.10a)

and satisfies

- (V3 + k%) g (6]6") = 8(5-0") (4.10b)
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Application of Green's second identity, (4.9), to A2 of Figure 8 yields

I g, (315" 32, (5") - #(") o g, (B[5")1dR" = 0 (4.11a)

8A1

provided § is interior to A1 where fi is the outward pointing unit normal

from Al' Similarly application of (4.9) to A1 yields

o(p) = ff g, (516" v(5')ds' + [ [g, (515" agég')

E 3A1 3A1
L, g (Ble")
- (") ——— 1da' . (4.11b)

Under the assumption that ®(p) is continuous across the boundary,

subtraction of (4.11a) from (4.11b) yields

®(p) = JJ 8,(P1') v(p')ds' + J g,(Plp") e(ph)ds! (4.12)
A1 aAl
where

By . 22, 'Y _ 30 . DY
P =mM “ %8 M

the subscripts "Al" and "AZ" denote limiting values as p' approaches the
boundary from the respective region, and p belongs to the interior of Al‘
Since the- aperture fields satisfy Meixner's edge condition [Van

Bladel 1964], one may show that the functions operated on by the },

Helmholtz operators (4.7) satisfy the appropriate continuity conditions

. - o

e




across the aperture boundary. Thus the Helmholtz operators in (4.7)

may be inverted by means of equation (4.12). Thus (4.7a) becomes

F F
A oA

”[J*“GHW+f”ﬁﬂPnﬁngw=J g, (FIF) v, (r)ae"

+ ff g GITN HEED - 2 S + 1) + T,
A
(4.13a)
where |
|
3 b E
ne =k gy EE e
Obstacle ’
33 CHYY r= 1= -
+ —— G, (] I (")
dy2dz & y
2 -
* 3.)37 (.a_:_z+ k%) Gy ¥ (F|F) I, (FN)1ds' |
T,(r) = - ” [15% 6 2 EIT) 3,00

Obstacle

-'-3% el .Jy(i'")]ds'

and r belongs to the aperture surface A. Equation (4.7b) becomes




H I Y EF) + g5 Y GEIED B Gde
A

- f g, (FIT) v, (a8’ + ” g FIFN-H (G
dA A

3

-5 Ej"(f') + To(E') + T,(F")1ds' , (4.13b)

where

() = = ” [—2— 65 G ]in I ) I
2 3x23z A X if
Obstacle

A I = 5 .8 2
+—a—x—5y—aE'GA (1"1") J)'(r)+$<-(3_z—2-+k)
@ Cy22 =2 = '
Gy rfr") 3,(x")1ds' ,
T,E = -] 2 SEE 3 G
4 J 3z A x
Obstacle

- 52 6 RRE|E) J,GN] ds'

and T belongs to the aperture surface.
Equations (3.13a) and (3.13b) are coupled by means of the

obstacle currents and the auxiliary unknowns wx and wy' Before proceed-

ing to express the constraint equation in terms of obstacle currents and
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the auxiliary unknowns, it is convenient to express the short circuited
aperture fields in terms of the incident fields.

Figure 8 illustrates the incident plane wave electric field.
The incident electric field is given by

B3 (x,y,2) = [(Eg" cos6 cos¢ - Ei“c sing)R

+ (E;nc cosf sing + Ein cosd)¥

inc

- E sind 2] e1k sinf cosd x elk sin® sind y elk cosf z g
;
, (4.14) 1
' i
Since the short circuited fields satisfy ‘?
v x E5¢ = A°¢, (4.15) !
one obtains
sc 3 asc _ d asc _ d 2inc
s dy % "%y " ¢ 9z Ey lz=c S
and
sc d asc _ 9d &sc 9 -inc
Hy " "m e C ‘ 5z Ex | z=¢ (4.160)

in the aperture. These equations may be used to repiace expressions for
short circuited aperture fields in equation set (4.13) by their incident

field counterparts.

N T TNE ST m—




Incident Field

Figure 8.




Although (4.5) plus the boundary condition that n x E =0 on

the perfectly conducting obstacle (4.1lc) are sufficient to determine
the electromagnetic fields, the constraint equation (4.6b) must be
enforced if the more tractable set (4.13) is to replace (4.5)

[Mittra et al. 1973]. The constraint equation (4.6b) will now be given
in terms of the auxiliary unknowns plus the obstacle currents.

s Substitution of (4.13) into (4.6b) yields

ASC .=
E, (r)

- [ 8,G1E yEna
dA

2 | 8Glin v Ena

%A

+2 aa ” g,(T|F") = Emc(r')ds'

A

+ 2 § ” g, (T|r") = Emc(r )ds' (4.17)
A

- 5 ” 8o (FIT) [T5(F") + T, ()]ds'
A

-2 [] soGE I En + Ty s
A

1 c XX
7 ” [axA Flr') I (r") +
Obstacle
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* S EEY 3G

92 2+ AL B2 =i -
+ (§+ k*) 6, (x|r") J, (x')]ds!

Next the integration by parts formula,

e

J u %%; dx = - I VA dx + J uv nx.dl' (4.18)
D

where n is the component of the outward unit normal in the ii direc-

a .
tion, is applied to the E'™C terms. This yields

. 9 5 s g
g ” g, (FIF") 52 EXC(31)ds' = ” g, (FIF') nose EC(F1)ds
A A
5 J g, (FIT") 3-;1 Ei“cci') n (r')ds’ (4.19a)
3A

and

7 bt e 2 joe e
5% JJ go(rlr') 5% E;nc(r')ds' = IJ go(r|r') ggsz-ﬁ;nc(r')ds'
A A

- J g, (FIT") % E)i,“"(i') n (F')ds’ . (4.19b)
3A

Addition of the first two terms on the right of (4.19a) and (4.19b)

yields
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T(f)= J[ g, FlT") [3—5— EXC(E) » ——5— EPC@E)las (4.20)

A

< ainc . : -
Since E is divergence-free away from the impressed source, Green's

second identity (4.9) gives
1nc( "

@)= - B + f [g, FIF") 3o £}
dA

‘1“°( ") gor gy (FIT)]4L (4.21)

Thus (4.17) becomes

< SIEY) G IR+ e si50) v (F1)de
% f g (e’ Y (F11ddl * oy J g, (F|T') ¥, (r')dL
dA 3A
i 2 [ 15, GlED g e
dA

1“°( 1) mor 8y (T[T 148!

2 J g GIF) g B,°GE) 0, G * 37
9A

- 53 JJ g, GITOIT (") + To(x") ]’

>

-2 [ s My + TGt
A

3 ﬁi“c(E') n (F')]ds'
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532 c XX
(r
z

1
+ — [ -

= Iz 3,

Obstacle

32

+ 3o S8 GIED I G - (———+ k)G, (|59, (F1) s

(4.22)

Similarly (4.18) may be used to eliminate the derivatives on the

integrals involving the T 3, and T4 terms in (4.22).

'2’
In conclusion (4.13) and the constraint equation (4.22) enforced
in the aperture, plus the boundary condition that the tangential

component of E vanish on the perfectly conducting obstacle (4.1c) as

well as on the aperture boundary is sufficient to determine the electro-

magnetic fields.
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CHAPTER 5

NUMERICAL FORMULATION FOR CAVITY WITHOUT OBSTACLE

Numerical solution to the exterior-interior coupling problem

of Chapter 4 could be accomplished by discretizing the system of

integral equations. However for arbitrary obstacle geometrics the

problem requires inordinate matrix sizes. However if the obstacle

were taken to be a thin-wire parallel to a coordinate axis only one
component of the current would have to be taken into account. This
would reduce the matrix size, as well as the number of computations
needed to solve the problem discussed in Chapter 4. Since the
numerical difficulties associated with the integral equation obtained
by setting the tangential £ (4.1c) to zero on the thin-wire surface
have been overcome by Seidel [1977], we consider the exterior-interior
coupling problem (Figure 1) with no scattering obstacle. Equation

set (4.13) for the aperture fields becomes

JJ [gl;s,xx(;ll-.,) e ch,xx(l-'l;-")] Ey(i")dS' ‘
A

= fgo(flf') b, (Fryae’
dA

- 2 ” 8, (FIT") 53 E,"C(r")ds (5.1a)
A

66

|
|
,’.

it atiiolt . il sy




” et El5) + £ ElEN] B, G )ds’
A

. fgotflf') v, (F1)dR!
oA

-2 ” g, (FT") %Ef{nc(f‘)ds' - (5.1b)
A

The constraint equation (4.22) reduces to

= fgotilf') TNELLAREP J g, (FIF1) ¥, (Fae'=-4 ")
dA oA
.2 J g, GlF") 5o EMCGE") - B 5o g (FlE") a0
9A
-2 J g, Gl [y B4 a )
9A
+ 52 EXNC(F) n(F')]dL’ . (5.2)

In the above equations the """ have been removed from the E's by
multiplication by -iwp (2.1c). Similarly the auxiliary unknowns wx and
wy have been replaced by $x and $y which equal -iwu times wx and wy
respectively. The electric field must also satisfy the boundary
condition that its tangential component vanish along the perfectly

conducting aperture edges.
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The method of moments will now be used to solve (5.1) subject
to (5.2) plus the appropriate boundary conditions. First the aperture

fields are expanded in pulses.

¥ NX(NY-2) % 1, r € ith x pulse
E.(r) = e.. P _.(1) P..(r) = (5.3a)
# jay =B & 0, otherwise
_ o Nyvx-2) ) 1, reith y pulse
E (r) = e . P .(r) P .(r) = (5.3b)
Y i=1 Y+ n yi 0, otherwise

where NX and NY denote the number of divisions along aperture sides

parallel to the X and § axes respectively (Figure 9). In general the
pulses are assumed rectangular in shape. Similarly the auxiliary un-
knowns are expanded in boundary pulses.

~ NT

NT - - -
wx(r) = iZl ¢ Psi (™ wy(r) = 121 Syi Psi(r) (5.4)

where

g , T €ith boundary pulse
P..(r) = } and NT = 2(NX + NY).
si .
0, otherwise
Next the system of integral equations is converted to a matrix
equation. The total number of unknowns in (5.1) and (5.2) is

2NXeNY + 2NX + 2NY. First (5.1b) is enforced at nonzero aperture

pulse midpoints. Then (5.1a) is enforced at nonzero aperture pulse

»

midpoints. This yields a total of 2NX*NY - 2NX - 2NY equations. Next
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Ex
O | Pu [ Re [Pxe [Pxe| O [
O | P | Pz [Pxu [Pxis| O NX
X O | Px2| Pxe | Pxio |Pxia | O
L»v O [P« | Ps|Pxs |Pxiz| O
- NY
Ey
0 0 ) 0 o) 0)
Rz | Pra| Pe | Prs | Prio | Prie
| Prn | Prs| Prs | Pyr [ Pyo | Py
Ly (@) ) 0 o) 0 0
Auxiliary Functions
Pss  _Pse  Psz  Pss  Psos  Pso
Psa Psn
Ps3 12
: Ps2| Ptz
Psi Psia
Ps2o Psis Psis Psiz Psie Pais

Figure 9. Expansion Functions




(5.1b) is enforced at the zero side pulse midpoints and likewise for

} (5.1a). The total number of equations is now 2 NX-NY for 2NX-NY +

2NX + 2NY unknowns. It is sufficient to enforce (5.2) only along the
aperture boundary [Mittra et al., 1973]. Enforcing (5.2) at the
boundary pulse midpoints yields the remaining 2NX + 2NY equations. The

: resulting matrix equation is given by

Gy 0 gix @ 1 fel [BX]
0 GXX 0 GYY 5. (BY
GYS 0 GYXS O c |=|Fxs| . (5.5)
0 GXS 0 GWS| |c | [FYS

0 0 gL ex

The partitioned matrices are given below.

GYY(i,5) = ” ol S YT (5.6a)
ij
GXX(1,]) = H o N VRS g L T (5.6b)
P
i Y]
GYX(i,j) = - ” g, (Ty,; [T')ds! (5.6¢c)
P
Xj ’
GYY(i,j) = - JI go(fbi|§')ds' (5.6d)




centerpoints of the ith X pulses,

zero x side pulses,and ith zero y side pu

vectors are given by

= hs,yY,= |z Lot
GYS(i,j) = JJ [gFS yy(rxsilr') + g; yy(rxsih")]ds' (5.6e)
P
xj
GXS(i,j) = ” o T B # gg' N (F gy [T ]d8" (5.6£)
P .
yi
GYXS(i,j) = - ” g, (FysylT")dS' (5.68)
P.
Xj
GYYS(i,j) = - ” go(iysili')ds' (5.6h)
38
yi
CX(i,j) = -3—3); ” go(ibili')ds' (5.61)
P_.
sj
Y3 = 5 ” g, (Fpy [T1)ds' (5.63)
P_.
sj
In the above equations Ecxi’ Ecyi’ ibi’ ixsi’ and fysi denote the

ith y pulses,ith boundary pulses, ith

1ses, respectively. The forcing

BEinc
FX(1) = - 2 ” go(icxili') —,g’zi (r')ds' (5.7a)
A
aEinc
FY(i) = - 2 ” go(icyili') —% (r')ds' (5.7b)

A
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aEinc
FXS(i) = 2 ” £E 5% —a’zi (£')ds' (5.7¢)
A
: aEinc :
é FYS(i) = - 2 ” MR DR Sl (5.74)
A
: inc - = E aEinc =
FC(i) = - 4 E " (F,;) + 2 [go(rbilr') i
2A
Einc a1 E. - r')1de!’ 5.8
=B, ') 5 (1240 (5.8e)
! i aEinc z ) aEinc g .
: 2[ 20, 1) b @ G =5 (B')n, ()]0
0A

The major obstacle in filling the needed matrices is that the
cavity dyads in (5.6a), (5.6b), (5.6e) and (5.6f) given by Table 3 are
slowly converging as source and observation point become close. The
summation of these series and the techniques used are considered
important enough to merit a seperate chapter (Chapter 6). The remaining
matrix elements are filled first by analytical integration of singular
contributions, then by Gaussian quadrature integration of the remaining

parts [Abramowitz and Stegun 1970]. Evaluation of the Hankel function

nomial approximation' [Abramowitz and Stegun 1970]. To evaluate the

|
|
of the second kind, needed for go(flf'), is done by means of a '"poly- i
forcing functions (5.7) the incident fields (4.14) are approximated by §

the centerpoint values on each aperture pulse (Figure 7). For normally
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incident excitation this approximation becomes exact. The only other
obstacle to matrix fill is the bookkeeping necessary to insure that all
elements are computed with the least amount of computations as possible.
The matrix of the linear system (5.5) can be numerically
inverted in a manner that makes advantage of the large blocks of zeros.
Once this matrix is inverted it may be used to solve the aperture field
responses due to different polarizations and incidence angles of the
incident plane wave field. The method of partitioning is used to invert

the matrix.

It is straightforward to show [Faddeev and Faddeeva 1963] that if

A ' B
g |eanpuns (5.9)
e 5 8

where A and D square matrices of order p and q respectively, then

5 R
R (5.10)
M | N

where K and N are square matrices of order p and q respectively. The

A T T T T T T AN BT ey

partitioned matrices of sl are given by

(D - CA'IB)'1 L= A BN

4
(]

(5.11)

- neat E= k"

. atew

=
"

provided that each inverse exists.
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This scheme can be applied to the matrix of (5.5) where 3 
[GYY | 0] Gyx | 0 ",
Py ek T |
L0 § GXX Lo !auy
(5.12) !:
[GYS | 0] (GyXs } 0 i
o R e bt |
C=/|0 | cxs D=|0 !Gyrs ||
PR E T A S tatuted r-—-- ii
L6 . iCX QY {
GYY and GXX are square matrices of order NX(NY-2) and NY(NX-2). For
large NX and NY these matrices will dominate considerations of computer

storage. Matrices B, C, and D are [NX(NY-2) + NY(NX-2)] x 4(NY + NY),
4(NX + NY) x [NX(NY-2) + NY(NX-2)], and square 4(NX + NY) matrices
respectively. Once K, L, M and N are found the fields can be obtained

by matrix multiplications.




CHAPTER 6

EVALUATION OF CAVITY POTENTIAL TERMS

The final obstacle to solution of the exterior-interior coupling
problem of Chapter 5 is the matrix fill of elements involving the cavity
vector potential g; in (5.6). Table 3 gives this dyad represented as a
threefold infinite eigenfunction expansion. For source and observation
points distant, it will be seen that this threefold infinite eigen-
function expansion reduces to a rapidly exponentially convergent double
series. However as source and observation points become close, the
series becomes slowly convergent. This chapter develops an efficient
means of evaluation of the cavity potential dyad E; for source and
observation point close under the restriction that ka (Figure 1) is less
than .

Consideration is now given to the XX component of the cavity

c,XX
P

z =2' = ¢ (Figure 1)

dyad g Similiar techniques hold for gc,yy. From Table 3 with

1 E €2%mfn
abc o200 KE_ -k
n= mn

=1
n=0 (6.13)

gp’ (F|TN) = sin(k x)sin(k x')cos(k y)cos(k y')

= S(|x=x"],]y-y'|) + S (|x-x"|, y*y') - S (x+x', y+y')

- S (x+x', |y-y']) (6.1b)

75
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1 E,E €

L
Y] = 4abc =

o Kémn e cos(kxX) cos(kyY) : (6.1c)
m=1
n=0

Since the terms of (6.1b) depend only on sums and differences
of the respective source and observation points' components, the number
of calculations in evaluating (5.6b) and (5.6f) is less than if (6.1a)
were applied directly.

For source and observation points distant the threefold infinite
series of (6.1c) may be reduced to a double sum that yields itself to
rapid evaluation by digital computer. Equation (6.1c) is closed in Y

[Gradshteyn and Ryzhik 1965] which yields

cos(kxX)

(6.2a)

with ka (Figure 1) less than m. The series in (6.2a) is exponentially
converging and readily evaluated provided that Y is not too small with
respect to the aperture dimensions and not too close to 2b. Likewise

if (6.1c) is closed in X one obtains

1 o 1 ® €2€nCOS(kyY)
S(X,Y) = g== 220 g€, T cos(kyY) . 3 it
n=0 n=g 7 2
(6.2b)




where

’cosh[/E; + k; - k% (a-X)]

= , if k2 + k2 - k%> 0
R sinh[l/{{2 + k2 - k? a] y
y ¥ s
T(X) = ¢
- cos[ii2 - k% - k2 (a=-%)]
L~ , if K2+ k2 - k2<0
\J{z-kz-kzsln(/{z-kz-kza) y
y Z y 2

Similar techniques may be used to close the second term of (6.2b). The
result is a single infinite series with known asymptotic form
[Abramowitz and Stegun 1970, p. 1005]. Thus this series may readily be
evaluated. First termwise subtraction of the cofresponding asymptotic
term from the original series term yields a rapidly converging new
series. Next the otherwise slowly converging asymptotic series is
added to the modified series by use of its known analytical form. The
first term of (6.2b) is exponentially convergent provided X is not too
small or too close to 2a. In the aperture geometries considered
(Figure 1), the only case where neither (6.2a) or (6.2b) yields itself
readily to numerical evaluation is for both X and Y small compared to
the cavity dimensions. Otherwise, Seidel [1977] has obtained an
efficient method for numerical evaluation of these sums.

The remainder of this chapter is concerned with evaluation of
(6.1c) near the source, that is for X = |x-x'| and Y = |y-y'| small.
Equation (6.1c) is closed in z, making use of Spiegel [1964, p. 189]

and Gradshteyn and Ryzhik [1965, p. 40]. This yields
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oo
SCLY) = mo T e T(k2 + k2 - k?) cos(k_X) cos(k Y) (6.3)
2 2ab - " X y X y i
n=0
1
|
where F
i
R coth(c/{;+k;-k2 R ;
k - = - 3 - 3
T(x+ky k%) T ,1ka+ky k* >0
X oy
—cot(c»/i2 ~ k2 - k*
X ¥ ifk?+k2-%k*<0.
;iz - k2 - k2 X y
] x 'y
f
This series in (6.3) has an asymptotic form
1 % sn
Syay (X,Y) = === 7} cos(k_X) cos(k Y) . (6.4)
ASY 2ab 5, A2 . (2 . g2 X y
n=0 * y

The difference series whose terms consists of the original series terms
(6.3) minus the corresponding asymptotic series terms is readily evalu-

ated by digital computer. Thus (6.3) may be evaluated if a method of

evaluating the otherwise slowly converging asymptotic series may be

found.

To evaluate SASY(X,Y) (6.4) consider the single series

€

S (Y) = Do cos(k Y) (6.5)
S e

Y

where Y is greater than zero and u® equals k; - k2 which is greater than

i zero under the restriction that ka is less than 7. An alternate
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expression for SO(Y) will be obtained from Poisson's formula [Papoulis

1962]

©

.u ] fam =1 ] FEH (6.62)

= -0 =-0

where f£(t) is continuous and its Fourier transform F(w) is given by

F(w) = fn fee)e Wtyr | (6.6b)

Equation (6.5) is rewritten as

®© TY
= cos(n =)
SO(Y) YZ-wT_-Tb_; k (6.7)
R
where v equals Yu. In (6.6a) f(t) is identified as coi t 2 Its
o S

Fourier transform is given by

e'imTcos t :
F(m) = FTE# dt (6.83) :
2 2 i
-00
o0
. J cos|‘1 + m!t| gt + chos w-1)t dt (6.8b)
o t2 + v2 L T2 + v2

= Ko(ll + wlv) + Ko(]m - 1]jv) (6.8¢)
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Equation (6.8b) follows from (6.8a) plus symmetry considerations. The
integrals of (6.8b) result in the modified Bessel functions of (6.8c)
[Morse and Feshbach 1953, p. 1323]. Application of (6.6a) to (6.7)

yields

o

S, ()

(-] N
= ] (K, C(lY + 2nb| «{; - k%) + K (|2nb - yl./{; - k3]
n=-wo

(6.9a)

Tzr—b K (&2 - ky) + 22 3 [K_([2nb + Y]»/{z - %%
[¢] X ™ n=1 o] X

+

K, ([2nb - Y]/{; =24 (6.9b) :

Application of (6.9b) to (6.4) yields

SASY(X,Y)

(s <]
1 2 2
a—"mzl Ko(»'{x - k* Y) cos(kX)

+

%i.mzl Zl [Ko([an + Y]y{; - k?)

n=

K, ([2nb - Y]&; - %71 cos(k,X) . (6.10)

+

The second term on the right of (6.10) is very rapidly convergent due
to the exponential behavior of Ko's asymptotic expansion [Arfken 1971,

p. 517]. The first term on the right of (6.10) is exponentially

convergent for Y >0. However, as Y becomes smaller the series converges
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more and more slowly. A summation formula for the first term is given

Lewin [1951, p. 83]. Thus

®© Y (kY)
1 % 2 2 _ o
am mgl Kglrk, = B2 Y] cos(k X) = —2

. 1 cos k)§2 . ¥
7 . ; (6.11)
+ Y
L czo cosfikii? = (2na + x)2 +cosk;/<[2+ ng - X)*
2T a1 Zz + (2na + X)? ;Zz + (Zna - X)°

Note that the dominant singularity in (6.11) is the same as that of the

half space dyadic EF of (3.92). Unfortunately the infinite series
(6.11a) is slowly convergent. However if one approximates each term of
this series by a finite Taylor series in X and Y about the origin, the
summation over n may be obtained by analytical methods. For example,
the first term obtained in the Taylor series is given by

cos(Zkan) . . ynf2 sin(ka)) (6.12)

na
n=1

[Abramowitz and Stegun 1970, p. 1005]. Similar formulas may be used to
evaluate the higher order terms in the Taylor series approximation.

Although the above discussion has been restricted to the

C, XX
F

Also the terms that must be evaluated (5.6) are integrals of the XX and

VY

evaluation of g only minor changes are needed to evaluate g;:

components of Ec. The sums of (6.2) may be evaluated by term by term
P F




82
integration [Titchmarsh 1939, pp. 36-45]. The exponentially convergent
terms (6.10) are also evaluated termwise. The only remaining question
is the accuracy of the previously discussed Taylor series approximation
(6.11). A sixth order Taylor series was used for numerical testing and
yielded no relative error worse than J.-lO'6 in these terms when
max(X,Y)/a < .05. This procedure allows rapid evaluation of the series
on the right of (6.11), provided that both X and Y are small with respect
to the cavity dimensions in the aperture plane. Otherwise this series
would not readily yield itself to numerical evaluation on a digital

computer.




CHAPTER 7

CONCLUSION

In this paper, the task was undertaken to formulate the problem
of an aperture in a perfectly conducting infinite plane backed by a
rectangular cavity with a wire obstacle. The work of Seidel [1977,
1978] was extended to include apertures large enough so that the dipole
moment approximation is no longer necessary. Although the theory pre-
sented is valid for more general shapes of obstacles, the particular
problem ' of interest is a thin wire parallel to a coordinate axis. This
will reduce matrix sizes and computation time.

One essential aspect of this formulation has been the dyadic
Green's functions. Their completeness properties and singularities
received special attention. Another important result was the summation
technique of Chapter 6 under the restriction that ka (Figure 1) is less
than m. This technique allowed summation of magnetic source vector
potential dyads with scurcé and observation points close. Without this
technique the dyadic series would become very slowly convergent as
source and observation points become close. This result made consider-
ation of large apertures and the removal of dipole approximations

possible.

Future Work
At this time numerical results should be possible for the

problem without the wire obstacle (Chapter 5). The computer program
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should be checked by removal of cavity and comparison with the litera-
ture, especially the case of small apertures. The problem of large
matrix sizes and large computer run times could be reduced by symmetry
considerations.

Addition of an obstacle of general shape would greatly increase
matrix sizes. However if a thin wire parallel to two cavity sides were
used, the problem should be feasible. The major numerical problems
involved in additiocn to this thin-wire have been overcome by
Seidel [1977, 1978]. The major remaining work is computation of
coupling terms between wire and aperture fields. In addition to
symmetry considerations, the use of a slot with the appropriate edge
behavior of the fields built into the formulation (Chapter 3) would
enable one to consider a one dimensional array of unknown aperture
field elements. This procedure may somewhat complicate numerical
considerations, but it would greatly reduce matrix sizes.

Finally the transient problem needs to be considered. The time
domain solution can be obtained by inverse Fourier transformation. It
is noted that many frequency values are needed. Some type of symmetry

considerations or the previously discussed slot considerations should be

considered to reduce computation time.




APPENDIX A
SOME SYMMETRY PROPERTIES OF DYADIC GREEN'S FUNCTIONS

The symmetry properties for Ee and §h given by (2.9) and (2.14)

are now verified. Consider ée' Equation (2.6) with

P=5'E(EI§'),
e

where a is an arbitrary constant vector and
Q= Eecflfn)

yields

r 2 s e = e
IJJ [a - Ce(rlr') * ¥xV x Ge(r|r") - (VxVxa- Ce(rlr'))
v

. Eecflf")]dv =0,

since the surface integral vanishes by (2.11b) and the radiation condi-

tion. Noting
'.:"n=-""u.'
a Ge(rlr ) .ﬁe(rlr ) +a,
and using (2.7) yields

BB = d - B e
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Sine a is arbitary we have the desired result,

G a"|r') = Geci'lin) :

The same method applied to Eh with boundary condition (2.15a) and the

radiation condition show
g, G| = 5, Gl
Another important symmetry property is
V' x 8§, (' [D)]” =V x Eh(flfv) :
Use is made of the identity
Ve AxB) =8B+ (VxA) -A- (VxB.
It follows that

Ve @xVxp)=(Txp)* (TxQ -Q*YVxVxp.

Thus
[[[twep - @xv-a- @xvxpa
v
= JJ @Q@xVxP) *nds
S
1f
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one obtains

[[[ 1o xvx2,ciEp - ©8,Gl7) - & - 7 x g @17 -
v

=9 % Ee(fifl) ca-s (YxVx Ehcflfz) = k2§h(f|§2)) . blav

- [[] @G -3 v x g G b
v

«<¥xg Bl - &~ g, (rlr,) * Bldv

+ Jf [V x Eecilil) «a) x (Vx Eh(iliz) « )] - nds .
S

The surface term vanishes for r, and 52 interior to v by the

1
radiation condition plus the boundary condition that n x Ee(fliz) =0

on a perfectly conducting surface. By (2.7c) and (2.12c) one obtains

iV, xg(|5) «B-5-9, x5 (FlF) 3

- k2 J[[ [Ee(ilil) ca+Vx Eh(iliz) « b

i v

- Vx G (z|F) - @ - gy (FlF,) - Blav .

R———

Once the volume integral is shown to be zero we will have our final

result




[V, x 8, (7,7 =7, x & &, |5,) .
By the divergence theorem the volume integral becomes

= 1 f] [, (FIF,) + B) x § (FT)) » &] + A ds
S

which is zero for 52 and 51 interior to v since
n x Ce(r|r1) =0

on a perfectly conducting surface and the radiation condition at

infinity holds.




LIST OF REFERENCES

Abramowitz, M. and I. Stegun. Handbook of Mathematical Functions, New
York: Dover, 1970.

Arfken, G. Mathematical Methods for Physicists, Second Ed., New York:
Academic Press, 1971.

Butler, C. M. and K. R. Umashankar. 'Electromagnetic Excitation of a
Wire Through an Aperture-Perforated, Conducting Screen,'" IEEE
Trans. Ant. Prop., Vol. AP-24, pp. 456-462, July 1976.

Butler, C. M., Y. Rahmat-Samii and R. Mittra. "Electromagnetic Pene-
tration Through Apertures in Conducting Surfaces," IEEE Trans.
Ant. Prop., Vol. AP-26, pp. 82-93, January 1978.

Collin, R. E. '"On the Incompleteness of E and H Modes in Wave Guides,"
Can. J. Phys., Vol. 51, pp. 1135-1140, June 1973.

Dunaway, O. C. '"A Numerical Solution for the Distribution of Time
Harmonic Electromagnetic Fields in an Arbitrary Shaped Aperture
in a Ground Screen,' Master's Thesis, Department of Electrical
Engineering, University of Mississippi, University, Mississippi,
August 1974.

Faddeev, D. K. and V. N. Faddeeva. Computational Methods of Linear
Algebra, San Francisco: W. H. Freeman and Co., 1963.

Gradshteyn, I. S. and I. M. Ryzhik. Tables of Integrals Series and
Products, Fourth Ed., New York: Academic Press, 1965.

Hansen, W. W. '"A New Type of Expansion in Radiation Problems,'" Phys.
Rev., Vol. 47, pp. 139-143, 1935.

Harrington, R. F. Time-Harmonic Electromagnetic Fields, New York;
McGraw-Hill, 1961.

. Field Computation by Moment Methods, New York: MacMillan,
1968.

Howard, A. Q., Jr. 'On the Longitudinal Component of the Green's
Function Dyadic," Proc. IEEE (Lett.), Vol. 62, pp. 1704-1705,
December 1974.

Jackson, J. D. Classical Electrodynamics, New York: J. Wiley and
Sons, 1962.

89

S N SS———— e . o PRSP 4,..1.___,_..._.1




AD-AO64 587

UNCLASSIFIED

ARIZONA UNIV TUCSON ENGINEERING EXPERIMENT STATION F/6 20/3

EXTERIOR=INTERIOR APERTURE COUPLING OF A RECTANGULAR CAVITY WIT-=ETC(U)

NOV 78 W A JOHNSON AFOSR=77=3462
AFOSR=TR=79-0020 NL

' | -

d oF 2 - END

o 1 - DATE
AQB4as8 FILMED
. 4—79

L T




s 5 e e o 1 .

D e

90

Johnson, W. A. and D. G. Dudley. '"The Green's Function Moment Method,"
Applied Phys., Vol. 16, pp. 79-85, May 1978.

Jones, D. S. 'Numerical Methods for Antenna Problems,'" Proc. IEE
Vol. 121, pp. 573-582, July 1974.

E]

Kellogg, 0. D. Foundations of Potential Theory, New York: Dover,
1953.

Lewin, L. Advanced Theory of Waveguides, London: Iliffe and Sons,
1951.

Mittra, R., Y. Rahmat-Samii, D. V. Jamejad and W. A. Davis. "A New
Look at the Thin-Plate Scattering Problem,'" Radio Science,
Vol. 8, pp. 869-875, October 1973.

Morse, P. M. and H. Feshbach. Methods of Theoretical Physics, Parts I
and II, New York: McGraw-Hill, 1953.

Papoulis, A. The Fourier Integral and Its Applications, New York:
McGraw-Hill, 1962.

Rahmat-Samii, Y. "On the Question of Computation of the Dyadic
Green's Function at the Source Region in Waveguides and
Cavities," IEEE Trans. on MIT, Vol. MTT-23, pp. 762-765,
September 1975.

Seidel, D. B. '"Aperture Excitation of a Wire in a Cavity, Part I,"
Air Force Office of Scientific Research, Report 1876-2,
June 1977.

"Aperture Excitation of a Wire in a Cavity,' to appear in
IEEE Trans. MTT, 1978.

and C. M. Butler. 'Determination of Current on a Wire
Which Passes Through a Hole in a Planar Screen,' URSI Annual
Meeting, Amherst, Massachusetts, October 1976.

Spiegel, M. R. Complex Variables, New York: McGraw-Hill, 1964.

Stakgold, I. Boundary Valve Problems of Mathematical Physics, Vol. II,
New York: McMillan, 1968.

Stratton, J. A. Electromagnetic Theory, New York: McGraw-Hill, 1941.

Tai, C. T. Dyadic Green's Functions in Electromagnetic Theory,
Scranton: Intext, 1971.




91

Tai, C. T. "Eigenfunction Expansion of Dyadic Green's Functions,"
Math. Note 28, Weapons Systems Laboratory, Kirtland Air Force
Base, Albuquerque, New Mexico, 1973.

and P. Rozenfeld. '"Different Representations of Dyadic
Green's Functions for a Rectangular Cavity,'" IEEE Trans. on
MTT, Vol. MTT-24, pp. 597-601, September 1976.

Teichmann, T. '"Completeness Relations for Loss-Free Microwave
Junctions,'" J. Appl. Phys., Vol. 23, pp. 701-710, July 1952.

and E. P. Wigner. '"Electromagnetic Field Expansions in Loss-
Free Cavities Excited Through Holes," J. Appl. Phys., Vol. 24,
PP. 262-267, March 1953.

Titchmarsh, E. C. The Theory of Functions, Second Ed., London:
Oxford University Press, 1939.

Treves, F. Basic Linear Partial Differential Equations, New York:
Academic Press, 1975.

Van Bladel, J. '"Some Remarks on Green's Dyadic for Infinite Space,"
IRE Trans. Ant. and Prop., Vol. AP-9, pp. 463-566, November
1961.

Electromagnetic Fields, New York: McGraw-Hill, 1964.

Weyl, H. "(ber Die Randwertaufgabe der Strahlungstheorie und
Asymptotische Spektralgesetze," J. F. Reine Ange. Math.,
Vol. 143, pp. 177-202, 1913.

"Das Asymptotische Vertalungsgestez der Eigenschwingen
Eines Beliebig Gestalteten Elastischen Korpers," Rend. d.
Circ. Math. Palermo, Vol. 39, pp. 1-49, 1915.

Wilton, D. R. and C. M. Butler. "Efficient Numerical Techniques for
Solving Pocklington's Equation and Their Relationships to
Other Methods," IEEE Trans. Ant. and Prop., Vol. AP-24,
pPp. 83-86, January 1976.

Wilton, D. R. and 0. C. Dunaway. ''Electromagnetic Penetration Through
Apertures of Arbitrary Shape: Formulation and Numerical
Solution Procedure,' Air Force Weapons Laboratory, Rept.
AFWL-TR-74-192, January 1975.

Yaghjian, A. D. 'A Direct Approach to the Derivation of Electric
Dyadic Green's Functions,' NBS Technical Note 1000, January
1978.




-~

R CURITY CLASSIES

ON OF TwIS PAGE (When Date Entered)

REPQRT DOCUMENTATION PAGE

READ INSTRUCT!ONS

BEFORE COMPLETING FORM

..RERORT-NUMBE O ——— 2. GOVT ACCESSION NO.

AF 'rn'ilf'z S 00 2»0“’

3. ﬂEmCATALOG NUMBER

‘ TITLE (lnd Sugﬂﬁt)

EXTERIOR- INTERIOR APERTURE‘COUPLING OF A |

Crrmea

ERED
Ill/

10!0i#77 - 09#30/78

RECTANGULAR CAVITY WITH WIRE OBSTACLE:

/J.zﬂ

Wn,_mw-. e 6 PE'R(‘FO MING ORG. REPORT NUMBER

7. NOR(:) i—
- _r = ) v sty

- William Arthur/Johnson / \‘77 A?9§5i21:§46
9. PERFORMING ORGA"IZATlON NAME AND ADDRESS 10. Paoi“&‘:QERLKE.U‘ 'NTTNFROBJEECST TASK

Engineering Experiment Station "

University of Arizona 4 61102F ... :

Tucson, Arizona 85721 (}éﬁ 235L A3 J

11. CONTROLLING OFFICE NAME AND ADDRESS

Air Force Office of Scientific Research/a// //V

1?”5§BQRLDALE¢_»W

30 November 1978 [

Air Force Systems Command, USAF
Bolling Air Force Base, D. C. 20332

A L DAUMBER O ANGE e
99

14. MONITORING AGENCY NAME & ADDRESS(H different from Controlling Olffice)

15. SECURITY CLASS. (of thies report)

Unclassified

/%) 77

1Sa. DECL ASSIFICATION/ DOWNGRADING
SCHEDULE

16. OISTRIBUTION STATEMENT (of this Report)

“Approved tor public release?
distiripbuiion uniimited,

17. DISTRIBUTION STATEMENT (of the abstract entered in Block 20, if different trom Report)

18. SUPPLEMENTARY NOTES

19. KEY WORDS (Continue on reverse side if necessary and identily by block number)

Rectangular Cavity

Dyadic Green's Function
Shielding

Singular Integral Equations

e

STRACT (Continue on reverse aide if necessary and Identity by block number)

aperture in a perfectly conducting infinite sheet
cavity is assumed to be rectangular and contains
obstacle.

In this work, the exterior-interior coupling problem of a cavity backed

is considered. The
a perfectly conducting

For numerical considerations the obstacle is taken to be a

straight, thin wire, oriented perpendicular to one of the cavity walls.
The problem is formulated in the frequency domain with an eiWw? time
dependence.- erpl Lo : 7
DD . 7354, 1473 /éomon oF l#ov 65 1S OBSOLETE Unclassified o585 //Z 7‘/‘, -,
k_a

TP LN e




~———

7 The dyadic formulation of this vector electromagnetic boundary value
problem is given. The controversy over the longitudinal wave functions

and their contribution to field dyads is resolved.

eigenfunction expansions.

Numerically tractable integral equations for the aperture electric
fields are obtained. A summation method is developed for evaluation of
otherwise slowly converging eigenfunction expansions of potential dyads
when source and observation points become close.

IS

extensions of this work are discussed.

Unclassified

Specific attention
is given to the singularities and completeness of the Green's dyads'

Suggestions for future




