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Optimal Control of Systems With Uncertainty

I. Introduction

The research being performed under AFOSR Grant 76-2923 is concerned with

optimally controlli.ig a system to a specified target when disturbances or

uncertainties enter the system. Two general problems in this area are being

investigated. One problem is that of determining if there exists a control

that assures that the system reaches a sepcifiad target set for all possible

disturbances. If such a control exists , then the next problem is to determine

a control which guarantees that the target is reached and is also optimal

in the sense of minimizing a specified measure of the system ’s performance.

Our research effort has been directed toward obtaining methods for answering

the questions raised by these problems and thereby aiding in the design of

controllers for uncertain systems.

II. Results Obtained

The problem of controlling a system to a target belongs to the general

area of controllability problems . Most results in this area have dealt with

linear, constant coefficient systems without control constraints. But in many

realistic situations there are magnitude constraints on the control values and

the linear system has time-varying coefficients. We have obtained

necessary and sufficient conditions for the existence of a control which

steers the system to the origin when there are magnitude constraints on the

control values and when the linear system is a time varying one. In addition ,

we have also devised a technique for determining a control which drives from

system from a given initial state to the origin. The complete details of

this research are included as Appendices A , B and C. The paper in Appendix A

has been submitted to the S.I.A,M. Journal on Control and Optimization while

1
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the material in Appendices B and C will be presented at the 1978 Allerton

Conference on Communication, Control and Computing and the 17th IEEE Conference

on Decision and Control, respectively.

We have previously reported on the sufficient conditijns we obtained for

the problem of optimally controlling an uncertain system. These conditions

can be used to design minmax controllers. Recently, our investigation has

led to a more general sufficiency result which includes the previous results

as special cases. This research has been reported in a paper which has been

accepted for publication in the Journal of Optimization Theory and Applications

and is included as Appendix D.

Often, the performance of a system cannot be measured by a single, scalar

performance index. Instead, multip le criteria are needed to characterize the

system ’s performance. We have obtained results which treat the problem of

designbtg an optimal controller for a system with multiple performance criteria

when disturbances are present. These results will appear in an invited paper

in the Journal of Optimization Theory and Applications. Appendix E is a copy

of this manuscript.

Finally, in a previously published paper on static minmax problems , the

proof of t~ie major result was complicated and long. We have devised a simpler

and shorter proof and this proof will appear as a note in the Journal of

Mathematical Analysis and Application. It is included in this progress report

as Appendix F.

III. Research in Progress

The controllability results obtained are more general than those currently

available since they apply to time-varying linear systems where there are

constraints on the controls. Nevertheless , the results are not as general as
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they need to be. In particular , we are investigating three extensions of the

results: (i) general target (rather than the origin as a target), (ii) nonlinear

• systems and (iii) systems with disturbances. The controllability problem

with disturbances is being investigated in conjunction with bruce Elenbogen,

a graduate student in App lied Mathematics who is being supported by the grant.

It is believed that our approach to controllability problems will lead to results

that app ly to nonlinear systems with a general target and disturbances .

Sufficient conditions for a mirunax control are now well developed and it

is felt that little can be gained by making minor extensions of the results

currently available. Instead , our efforts are concentrating on the develop-

ment of necessary conditions . It is quite important that necessary conditions

be developed since complex problems usually require numerical solution and

necessary conditions lend themselves to numerical algorithms more readily

than sufficient conditions. Necessary conditions have been obtained for

linear systems with a linear cost function. However, this class of problems

is too narrow to be of much practical use and we are attempting to extend

the ideas to problems with a quadratic performance index.

IV. Additional Information

Papers resulting from the research sponsored by AFOSR under Grant AFOSR 76-2923.

1. Static Multicriteria Problems: Necessary Conditions and Sufficient Con-

ditions , Proceedings IFAC Symposium on Large Scale Systems, Udine, Italy,

June 16-20, 1976.

2. A Sufficient Condition for Minmax Control of Systems with Uncertainty in

the State Equations , IEEE Trans. Auto. Control, Vol. AC-21, No. 4, August 1976.

(Also in Proceedings 1976 JACC, Lafayette , Indiana).
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3. Necessary Conditions and Sufficient Conditions for Static Minmax Problems ,

~hMath. Anal. Applic., Vol. 57, No. 2, February 1977.

4. Minmax Control of Systems with Uncertainty in the Initial State and in the

State Equations , IEEE Trans. Auto. Control, Vol. AC-22, No. 2, April 1977

(Also in Proceedings 1976 Conference on Decision and Control,  Clearwater

Beach , Florida) .

5. A Note on the Use of the Direct Suff icient  Conditions in Optima l Control

Problem s , J. of Optimization Theory and App lic . ,  Vol. 23 , No. 3, Nov. 1977.

6. Profit Maximization Through Advertising: A Nonzero Sum Different ia l  Game

Approach (with G. Leitmann),IEEE Trans. Auto. Control, Vol. AC-23, No. 4,

August 1978 .

7. Optimal Control of the End-Temperature in a Semi-Infinite Rod (with W. E.

Olmstead),Zeitschrift ftir angewandte Mathematik und Physik, Vol. 28,

pp. 697-706 , 1977.

8. Mul t ic r it e r ia  Op t imization With Uncertainty in the Dynamics , Proce edi ngs

1977 Allerton Conference on Conmiunication, Control and Computing,

Monticello , Illinois, Sept. 28-30, 1977.

9. Optimal Blowing to Reduce Drag (with W. E. Olmstead), SIAM J. Appl ied Math,

(to appear).

10. A Necessary and Suff icient  Condition for Local Constrained Control labi l i ty

of a Linear Sys tem (with B. R. Barmish) , Proc. 1978 Allerton Conference

on Comm unication, Control and Computing, Monticello , Ill inois , Oct. 4-6, 1978.

11. Optima l Control of Systems with Multi p le Criteria Whe n Disturbances are

Present , J. of Optimization Theory and Applications, Vol. 27 , No. 1, Jan . 1979.

12. Constra In ed Control labi l i ty  (with B. R. Barmish) , Proc. 17th IEEE Conference

on Decision and Control,  San Diego , C a l i f . ,  Jan. 10-12 , 1979 .

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  — 
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13. A General Sufficiency Theorem for Mininax Control , J. of Optimization

Theory and Applications, Vol. 27, No. 3, March, 1979.

14. A Simple Derivation of Necessary Conditions for Static Minxnax Problems,

• J. Math. Analysis and Applic. (to appear).

15. Constrained Controllability of Linear Systems (with B. R. Barmish),

SIAM J. On Control and Optimization (submitted).

Conferences and Lectures (Sept. 1977 - August 1978)

I presented an invited paper on multicriteria optimization at the 1977

Allerton Conference on Communication, Control and Computing , Monticello , Illinois ,

Sept. 1977.

I attended the International Forum On Alternatives For Multivariable

Control, Ch icago , Ill inois , October, 1977.

I presented an invited lecture on minmax problems at Michigan State

Universi ty,  November , 1977.

I chaired a session on games at the 1977 Conference on Decision and

Control , New Orleans , Louisiana, December , 1977.

Forthcoming Conferences and Lectures

I will present a paper on constrained controllabil i ty at the 1978 Allerton

Conference on Communication , Control and Computing , Monticello , Illinois ,

Octobe r , 1978.

I have been invited to give a lecture on control labi l i ty  at the University

of Rochester , November , 1978.

I will present a paper on constrained controllability at the 17th IEEE

Conference on Decision and Control , San Diego , C a l i f . ,  Jan.,  1979.

t

_ _ _ _ _  A
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CONSTRAINE D CONTROLLABILITY OF LINEAR SYSTEMS

* **W. E.  Schmitendorf and B . R. Bartnish

Abstract. The paper considers the problem of steering the state of a linear

t ime-varying system to the origin when the control is subject to magnitude

constraints. Necessary and sufficient conditions are given for global con-

strained controllability as well as a necessary and sufficient condition for

the existence of a control (satisfying the constraints) which steers the

system to the origin from a specified initial epoch (x
0,

t
0). The global

result does not require zero to be an interior point of the control set ~ and

the theorem for constrained controllability at (x ,t )  only requires that C~

be compact, not that it contain zero. The results are compared to those

available in the literature. Furthermore, numerical aspects of the problem

are discussed as is a technique for determining a steering control.

* Technological Institute, Northwestern University, Evanston, Ill inois 60201
The research of this author was supported by AFOSR Grant 76-2923 .

** Depar tment of Electrical Engineering, The University of Rochester , Roches ter ,
New York 14627

19 ~ 2 ~ i 077 
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- 1. Introduction and Formulation. Consider the problem of steering the

state of a linear sys tem

(5) k (t )  = A ( t ) x ( t )  + B ( t ) u ( t ) ; t E Ct ,~)

to the origin from a specified initial condition

x( t  ) = x
0 0

by choice of control function u(.). Here x(t) ER
A
, u(t) ER

m 
and A(.) and

B(s) are continuous matrices of appropriate dimension. Unlike the usual con-

trollability problem where the control values at each instant of time are

• unconstrained , we insist here that the control values at each instant of time

mbelong to a prespecified set ~) in R

Let ~T~(Q) denote the set of functions from R into C~ that are measurable

on ~~~~~~ Then any control u(.) Efl’~(C~) is termed admissible. We now define

three notions of constrained controllability or, more precisely, a-null

controllability.

Definition 1.1. The linear system (S) is ~-nul1 controllable at (x ,t )

if, given the initial condition x(t ) = x , there exists a u(.) E~~(~) such

that the solution x(.) of (S) satisfies x(t) = 0 for some tEEt 0,~ ).

Definition 1.2. The linear system (5) is globally a-null controllable

at t if (S) is ~-nu11 controllable at (x ,t ) for all x ER
A
.

Our results will pertain to the abov: two types of :ontrollability. To

compare our results to those of other researchers, we also need a local

controllabil i ty concept.

Definit ion 1. 3. The linear system (S) is locally ~-nu1l controllable

at t
o 

if there exists an open set V Z R ~ , containing the origin, such that

(S) is null controllable at (x ,t ) for all x EV.
0 0  0

1 - 
--.i

5 - 5 - —--.. 5-- -S~~~~~~ . 
_ _ _
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The majority of constrained controllability results are for autonomous

sys tems , i.e., systems where A and B are constant. When ~ = Rm , Ka lman Li]

showed that a necessary and sufficient condition for global Rm_null controllability

is rank ( Q )  = n where Q ~ LB ,AB , ... ,A~~
1B] . Lee and Markus [2] considered

constraint sets c2~~Rm 
which contain u = 0 and showed that r (Q) = n is a •

necessary and sufficient condition for (S) to be locally ~2-null controllable.

Furthermore, if each eigenvalue X of A satisfies Re(X) < 0, then (S) is globally

a-null controllable . This result is typical of the results available when ~)

• contains the origin.

Saperstone and Yorke [3J were the first to eliminate the assumption that

zero is an interior point of ~ when they considered problems with m = I and

= [o,i]. Their result states that for these problems (S) is locally Q-null

controllable if and only if rank (Q )  = n and A has no real eigenvalues . They

also extend this result to m > I and ~) = fl~Eo,i). Problems with more general

constraint sets were studied by Brammner [4] who showed that if there exists

a uE~
) satisfying Eu = 0 and the convex hull of ~ has a nonempty interior, then

necessary and sufficient conditions for local a-null controllability are rank (Q) n

and the nonexistence of a real eigenvector v of A
T 

satisfying V
T
Bu � 0 for all

uEQ . In addition, if no eigenvalue of A has a positive real part then the

theorem becomes one for global c~-null controllability. A similar result for

global controllability when C~ = Lo ,i] was obtained by Saperstone 5j.

For nonautonomous systems, the most familiar controllability result is

m . m
that of Kalman Ci]  when ~ = R . He showed that (S) is R -null controllable

if and only if W(t ,t
1
) is positive definite for some t

1
ELt

0
,~ ) where

t
i

W(t ,t
1
) 
~ St

Ø(ti, 1
~
)B(T)B’(T)ø ’(ti,T)dr 

--
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and Ø(t,T) is the state transitiorL matrix for (5). When the control ~s con-

strained, the major results are by Conti [6] and Pandolfi [7] who obtained

necessary and sufficient conditions for global ~Tl-null controllability when ~

is the closed unit ball.

We also mention the results on ~-nu11 controllability of Dauer [8], [9]

and Chukwu and Gronski [10] for a class of nonlinear systems sat isfying a

certain “growth condition”. In [ii], Grantham and Vincent conside r the prob-

lem of steering a nonlinear system to a target and present a technique for

determining the boundary between the set of states which can be steered to

the target and those which cannot. More recently, Murthy and Evans 12]

obtained results comparable to [3J-[5] for discrete linear systems and Pachter

and Jacobson C13] developed sufficient conditions for controllability for

case where A() and B(.) are time invariant and ~ is a closed convex cone

containing the origin. A readable account of the state of the art is con-

tained in the book by Jacobsen [14, Chapter 5].

In contrast to much of the work of previous authors, this paper concen-

trates on the case where A(.) and B(.) are time-varying. Our results for

global Q-null controllability are for constraint sets ~ that are compact and

contain zero (but not necessarily as an interior point). One of our main

results on global a-null controllability is an extension of a theorem of

Conti [6] and it degenerates to Conti ’s theorem when ~ is a unit ball.

Our results for a-null controllability at (x ,t) have even wider

app licability since they do not require the existence of a uE~ such that

Eu = 0. Thus we can analyze controllability of a system with , for example,

m = 1 and ~) l,2] whereas the presently available theorems do not apply.

Furthermore, as will be illustrated by examp les , there are autonomous systems 

~~~~~~~~~~~~~~~ . 
- - 

_ ]
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(S) which are neither globally Q-null controllab le nor locally a-null con-

trollable but nevertheless are a-null controllable at some (x , t ). Our
0 0

theorem can be used to decompose the state space into two sets. Initial

states in one set can be steered to the origin while those in the other

cannot be driven to the origin by an admissible control.

2. Main Results. In order to describe our necessary and sufficient

conditions for global a-null controllability, we make use of the support

function FL-~: R
m _ .RU f.~

) on ~2 which for any ~ ERn is given by

~ suptw ’~ wEe) .

Using this notation, we have the following theorem , which is proved in

Apppendix A.

Theorem 2.1. Suppose ~ is a compact set which contains zero. Then, (S)

is globally a-null controllable at t if and only if

(2.1) 

• 

S~~~~
(Bt (

~
)z(T))d

~ 
= +

for all non-zero solutions z(.) of the adjoint system

(S ’)  ~~( t )  = — A ’ ( t ) z ( t ) ; t E [ t ,~~)

Equivalently, if and only if

wEQ }di = +

for all XE R~ , X ~ 0, where Z(t,r) is the state transition matrix for (S).

In the following corollary, we examine the special case of Theorem 2.1

which arises under the strengthened hypothesis “zero is an interior point of a.”
As we might anticipate , for this special case , the structure of the set (~ will

_ _ _ _  ~~i~ S-5~~::~ ~~~~~~~~~ -7~
,. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ EITT T ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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not matter other than the requirement that it contains zero in its inter ior .

Corollary 2 . 2 .  (See Appendix A for pro of) :  S~~pose there exists a

compact set ~1 such that

(i) zero is an interior point of c);

(ii) (S) is globally Q-null controllable.

Then (5) is also globaliy A’ -null controllable for any other set A’ (not

necessarily compact) which contains zero in its interior.

Our proof of Theorem 2.1 will make use of a more fundamental result

(also proven in Appendix A) giving conditions for A-null controllabili ty at

a fixed initial epoch (x ,t0
). To meet this end, we define the scalar

function J:R RX R ~
’-~R by

rT
(2 .2) J(x ,T ,X) x ’~~’ (T , t0) X  ÷ 

~ 
H,.~(B’ (T)~~ ’ (T,1)X)dT

0

Since we w~.ll only consider compact 
A in the sequel, we can guarantee (see

• Appendix A) that the integrals (2.1) and (2.2) are well defined.

Theorem 2.3. Let A be a compact set and suppose A is any subset of R
n

which contains 0 as an interior point. Then (S) is A-null controllable at

(x ,t0
) if and only if

(2:3) minLJ(x ,T,X) XEA) = 0

for some TE[t ,’~). Eguiva,~~~~~~

(2.4) J(x ,T,X) ~ 0 for all \EA

for some T E C t ,°’).

Implicit in the statements of Theorem 2.1 and Theorem 2.3 is the fact

that HA
(B
~
(T)z(1)) is an integrable measurable function of ¶ along all

trajectories z(~) of (S’). This fact is established as a leunna in Appendix A.

L~ ~~
-- .. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --- --- ~~~ •-
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Theorem 2.3 can also be stated in terms of the adjoint  system ( S ’) .

i .e . ,  if we t ake A Rn and notice that z ( t )  = U ( t , t) z ( t )  is the response

of the adjoint system ( S ’) ,  the n the following theorem is easily proven.

(The proof is established by making the change of variables z ( t )  ~ ~ ‘ (T , tY~) .

Theorem 2.3’. Let A satisfy the hypothesis of Theorem 2.3. Then (5)

is A- null controllable at (x ,t) if and only if there exis ts some TE [t
0

,~~)

such that

T
(2.5) x~z(t )  + HA

(B’(T)z(T))dl � 0

0

for all solutions z ( .)  of ( S ’) .

This theorem demonstrate s that the question of constrained controllability

at (x ,t ) can be answered by solving a finite dimensional optimization problem.

Moreover , the question of global A—null controllability can also be answered

via a finite dimensional optimization problem. This result is given as 
-

Corollary 2.4. Let A and A be as in Theorem 2.3. Then (S) is A-null

controllable at 
~ 

if and only if for every x E R ~ there is a time T E [t ,~ )

such that

- miriLJ(x ,T ,\) : XEA ) = 0

The proof of this corollary follows from Theorem 2.3 in conjunction with

the definition of global A-null controllability.

There is one technical point worth noting. In using Theorem 2.1 to

check for A-null controllability at t , A must be compact and contain 0. If

Corollary 2 .4 is used , only the compactness assumption must be sa t i s f ies

Next, we present some examples to illustrate how our theorems can be applied

and to compare our results to those of [3-5].

II~T2~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

• - ~~~~~~~~~
--- ~T
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Examp le 1. Let x ( t )  and u (t )  be scalars and suppose (S) is described by

k(t) = x(t) + u ( t )  , tE[0,~ )

This system is Rm_null ~olitrollable if A = Rm . But suppose A = [0,1]. Then

the system is not globally A-null controllable at t
o 

0. This follows from

Theorem 2.1 since , for z < 0, H,.~(B ’ (T)z(T)) = 0 and thus 
~~~~ 

(T)z(’r)dT < ÷ 
~
.

Also, using [3] or [4] it can be shown that the system is not locally A-null

controllable. Nevertheless, there do exist initial states x from which it

is possible to steer the system to the origin. Such states can be determined

via Theorem 2.3.

For the above

J(x ,T ,X) = x e T X +  ~
T

sup~ we
T_ ~ X : w E [ O , l]~ dT

0

When A [-1 ,1], this becomes

( Tx e X  X � 0
J(x ,T,X) =

x e ~x + X(e T 
- 1) x > 0

and thus

uiin(J(x ,T , X) : X E -l , l]) = 0

if and onl y if x � 0 and x > e T 
- 1 for some T E [0 ,~~) ,  or equivalently,

if and only if -l < x � 0. We conclude that even though (5) is not locally A-null

controllab le,it is A-null controllable at (x ,0) if and only if -l < x ~ 0.

If A = [1,2], neither [3-6] nor Theorem 2.1 apply. However, we can

use Theorem 2.3. Since

2~e
(T T) x > o

=

x � o

I-

- • . :~~t~~~ TT1 T~T 1 .~~~I:~~~J
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J(x
0,T,

\) becomes

Ix eT~ ÷ 2X(eT - 1) ~~> ~J(x ,T,X) =

1_xoeT X + X(e T . 1) ~ 0

and

mintJ(x ,T ,~~) : ~. E[- i , i])  = 0

• if and only if -2 < x � 0. Thus (S) with A = [ 1 ,2] is A-null controllable

at (x , t ) w h e n - 2 < x  ~~0.
0 0 0

As a final variation of this problem , suppose A = [-a ,a]. Then :4] or

Theorem 2.1, shows that (S) is not globally A-null controllable. Using [4],

it can be demonstrated that S is locally A-null controllable while Theorem 2.3

not -only tells us that S is locally A-null controllable but also that the

states x
0 
which can be steered to the origin are those satisfying -a < x < a.

Example 2. Our second example illustrates the apolication of our

constrained controllability criteria for a two-dimensional system. We con-

sider the time-varying system (S) described by

k
1
(t) = -x

1
(t) + x

2
(t) + u(t)

x2(t) = -tx2
(t) ; tE :o ,~)

First , we compute the solution z() of the adjoint system (S’)

l e
t

2 I z
L 8(e) et /2 ]

where

2 2t

8(t )  = — i e  d~
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Consider A ~ [-M ,M]. In accordance with Theorem 2.1 , (S) is globally A-null

controllable at to = 0 if and only if

e~ 0 zj M[O i] 
2 

01 dT +~~

L 8Cr ) e~ 
/2 z02

for all non-zero initial conditions z ~ [201 
2
02
]’. Expanding above, this H

reduces to the requirement

SM ~
z
oi 1e~

dT = +~~ for all (z 01 z
02

) ~ 0

which is violated by 201 
= 0; z02 

= anything non-zero. Hence (5) is not

globally A-null controllable at to = 0.

• On the other hand, perhaps certain specified initial conditions can

be steered to zero. For example, if x = [i~ 0]T, then we require by

Theorem 2.3’ that

x ’z ÷ S MIzOI Ie
T
dT � 0 for all (z01 2

02) ~ 
0

for A-null controllability at (O,x). Substituting for the given x , this

requirement becomes

÷ S MI2ol
kTd~ � 0 for all z01 ER .

Clear ly, this can be accomplished if T is large enough so that

J M e d 1� ~~

Wz. also cuuld have derived this same result  by invoking Theorem 2.3 instead

of Theorem 2.3’.

_ _ _ _ _ _ _ _  • —- -i
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3. Relationship with Other Controllability Results. In this section,

we compare our controllability results with those of Conti [6] and Braznner [4].

We also consider as a limiting case of our theory the usual controllability

problem obtained when magnitude constraints are riot present.

- [  Result of Conti. An important special case of Theorem 2.1 occurs when A

is a closed unit ball in R
m 
i.e.,

A = IWER
m
: Lt U ~t ~ 1~

where ~~~~~~~ is a prespecified norm on R
m. For this situation we have

HA (B ’C T ) z ( 1) )  = sup[w ’ B ’ ( ’ r) z ( T )  : ~ l~ = hB’ (r)z(-r)j~

where is the norm on Rm which is dual to ~~~~~~~~ (For examp le 
~~~~ 

is the

1 IL norm when ~~~ is the L norm and I~ and 
~~

. coincide when H~ is the

2
usual L (Euclidean) norm.)

By Theorem 2.1, we conclude that (S) is globally A-null controllable

at to if and only if

(3.1) 
~ tjB’(T)zCr)ll~

dT = +
t

for all non-zero solutions z() of (S’). This result is established independently

in Conti [6] and also discussed in Pandolfi [7). This result , in conjunction

with Corollary 2.2 leads immediately to the following Proposition.

Proposition 3.1.. Let A be any set containing zero in its interior. Then

~~~~ is a necessary and sufficient condition for global A-null controllability.

Thus , Conti’s condition is a necessary and sufficient condition for

global A-null controllability for any set A containing zero in its interior ,

not just when A is the closed unit ball. - 
-

1:



• - ---~~ - ~~~~~~~~~~~~~~~~~~~~~~~~ - --r. --— —,urS 
—- - 

- _ _

~~
—-

~~
-— 

- 

11

- 
- 

Result of Brammer. Consider the case when A (t) A and B(t) B are

time-invariant. Furthermore, assume A satisfies the following conditions :

there exists a uEA satisfying Eu = 0 and CH(A) has a nonempty interior in ~
m.

For this special case, Theor em 2.1 is comparable to Branmier’s result.

Theorem 3.2. CS) is g1obal1y~ -A-null controllable if and only if

i) r(Q) n

ii) there is no real eig~nveccor v of A’ satisfying v ’ Bw � 0 for all  u. E A

iii) no eigenvalue of A has a positive real part.

We note that the system of Example 1 of Section 2 does not satisfy these

three conditions . Nevertheless , it is A-null controllable at (x ,t )  for

some initial states x
0

The Case A = Rm . When A = Rm , it is well known [15 , p. 171]

that the time-varying system CS) is completely controllable (globally Rm_null

controllable at to in our notation) if and only if the rows of ø(t ,.)B(•)

are linearly independent on some bounded interval [t ,T]. Here we show that

when A Rm , equation (2.1) is a necessary and sufficient condition for global

R
W_null controllability. This is accomp lished by showing that (2.1) is

equivalent to the rows of O(t ,-)B( ) being linearly independent on some

bounded interval t ,T].
0

Proposition 3.3. (S) is globally R
m_null controllable if and only if

St
H
R
m (B 1 (T)z(T)d-r = +

for all non-zero solutions z(.) of (S’).

The proof of this result is in Appendix B.

—
-5 . I_ . _ . -

.
-. 

~~~~~~ ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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4. Some Computational Aspects. In some problems , one may have to resort

to the computer to check whether or not a system is A-null controllab le. When

using Equ . (2 .3 ) ,  a solution of the minimization problem tnintJ(x ,T,X) : XEA I is

needed. Direct application of so-called gradient or descent algorithms is precluded

by the fac t that J(x ,T,X) is in general not differentiable in X . This fact is

a consequence of the sup operation involved in the definition of

Fortunately, however , numerical computation is nevertheless feasible as a con-

sequence of the following two lemmas.
t 

The proofs are given in Appendix C.

Leunna 4.1. For fixed (x ,T) ER~ X R , J(x ,T,X) is a lower semicontinuous

convex function of \.

Leunna 4.2. For fixed (x ,T) ER~~X R , the subdifferential of J(x ,T,.)

at >.ER ~ consists of all vectors X~~
ER

~ 
of the form

rT
(4.1) = *(T,t)x + 

,~

t
0

where

(4.2) w
*

(T) E arg max [w ’ B ’ ( T ) ~~’(T , r) \ :  wEA }

for almost all TE [O ,T].

Formulae (4.1) and (4.2) hold for arbitrary compact-convex A. Often,

however, more structural information is known about A. In such cases , (4.1)

and (4.2) may simplify. To illustrate , suppose

A E-M 1,M 1
) x [-M2,M2 

X ... ~ L_ M
m~

Mm] ; (M . > 0)

The so-called “generalized steepest descent” scheme s rely on subdi f ferent ia l
rather than gradient information . Hence computations can be carried out
using the subdif ferent ial  descript ion of J(x ,T , X) given in Lemma 4 .2.

f t  
X
*

E~~J(x ,T , \) ,  the subdi f fer en tj a l  of J (x ,T , •)  at X, if and only if

J(x ,T ,z) � J(x ,T ,X) + (z - \) ‘ X~ for a l l  z E R ~

~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ •
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Then , the maximum in (4.2) is achieved in the ith component by

[w
*

(T) ]
i

E M . sgn[B ’ (T)~~’ (T ,T) X] i ; i = 1,2,... ,m

A A Awhere sgn x = 1 if x > 0; sgn = -l if x < 0; sgn 0 = [-1,1]. Consequently ,

for this case , we can substitute in (4.1) and show that the subdifferent ia l

~J(x ,T,X) consists of all vectors X~
ER

~ 
of the form

rT m
(4.3) = ~ (T ,O)x + 

~ 
~~ 1M~h .(T ,T) sgn X’ h~ (T~ i)di

where h i (T ,T) is the ith column of H(T , T)

We also note that is uniquely specified by (4.3) if

measure [r: X’h .(T ,T) = 0) = 0 for i = l,2,...,m .

For such X, ~J(x ,T,X) is precisely V
~

J(x ,T,X), the gradient of J(x ,T,•) at X.

5. The Steering Control. Using the results of Section 2, we can determine

if (S) is A-null controllable. However, those results do not give a method

for determining a steering control u
~
(.) E~~(A) which accomplishes this

objective.

One me thod of determining an appropriate u
~
(.) is to solve the time optimal

control problem , i .e. ,  f ind u~ ( ) E m ( A )  which steers (S) from given (x , t )  to the

origin and does so in minimum time. If there is a control which steers the

system to the origin, then there is a time optimal one [2L Hence, in princip le ,

a steering control can be numerically computed using any of a wide variety

of algorithms which are available for solution of the time optimal control

problem.

Sinc e the solution of the t ime optima l problem is determined by solving

a two po int boundary value problem , it can be quite difficult to obtain the

• - - -.-.~~~~~~
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steering control this way. In this section , a “simp ler” alternative me thod for

generating a steering control is presented. This technique does not involve

a two point boundary value problem and leads to a control which steers the

system arbitrarily close to the origin. Our result is obtained from the

following minimum norm probletn:~ Given initial point (x ,t )  and a final

time T, find u(.) E~~(fl) which leads to the smallest value of tx(T)~I. The

• solution of this minimum norm problem is characterized in the next theorem.

Theorem 5.1. (See Appendix D for proof). Let (x ,t) and T be given.

Suppose that X
~~
ER

~ 
achieves the minimum of J(x ,T,X) over the closed unit ball.

Then any solution of the minimum norm problem satisfies

(5.1) u~ (T) E arg max[w ’B ’ (T)~~ ’ (T ,T)?~
.
~ 

: wE A)

for almost all TE [t ,T].

We note that condition (5.1) will unique ly determine u~ ( )  whenever the

minimum of w ’ B’ ( r )
~~’ (T ,1)X~ 

is uniquely achieved. For example, suppose

A = [-M 1,M1) 
x [-M 2, M2] 

x ... x [-M ,M) (M. > 0)

Then (5.1) requires

(5.2) Cu
*
Cr)]

~ 
E M~sgn[BtCr)Øt (T,r )X ~]~ , i l,2,...,m

For the case when the minimum of Ix(T)Ij = 0, 
~~ 

= 0 and (5.1) will not

determine a control which steers (5) to the origin. The following heuristic

procedure can be used to determine a control which steers (S) arbitrar ily clos e

to the origin: Choose a T such that the minimum of jx(T)~ is nonzero. As T is

increased , the minimum of ~x(T)~1 approaches zero and the corresponding solution

u
~
(.), generated via (5.2), of the minimum norm ~‘~ bletn ~csul ts in a con trol

which steers the system progressively closer to the origin.

here is required to be Rm_null controllable.

~~~~~ ‘I~~ t~ -. —.-- — — - -,- -•—--- - _~~~~~~~~~~~~~~~~~ — -S. —i :~~~~ ~~YT~ ~~~~~~~~~~ - -
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6. Additional Application s. In this section , we use our resul ts to obtain

an existence theorem for the time optimal control problem and also apply our

results to a pursuit game .

Existence of Time Optimal Controls. Consider the following time optimal

control problem : Find u(.) E~~(A) which drives the state x(.) of (S) from an

initial position x(t
3) x to the origin and minimizes

r
tf

= dt ; tf = arrival time at the origin.
t
0

The classical theorem for existence of a time optimal control (e.g., Lee and

Markus [2])requires that there is at least one control which transfers the

state x(.) of (S) to the origin. Combining the result of [2] with our

Theorem 2.3, we obtain the following existence lemma.

Lemma 6.1. There exists a solution to the time optimal control problem

if and only if there is some finite t
f
ELt~~~) such that

min[J(x , t f , X) : XEA) = 0

Furthermore, the time optimal cost is given by

= inftt
f 
: min [J(x ,tf~

X) : XEA] = o)

Pursuit Games. Next, we consider the pursuit game studies by Hajek [l4 .

The system is described by

(6.1) k(t) = Ax (t) - p(t) + q(t) ; p(t) EP , q(t) EQ x(t ) = x0

where P and Q are compact convex subsets of Rn. The pursuer p(.) seeks a

strategy ~ : QX  [t ,~~) — P which steers x() to the origin for all possible

quarry controls q(.) : [t ,~ ) 
— Q. A quarry control is admissible if it is

measurable and a strategy is admissible if 
~
(.) preserves measurability.

~~~~~~~~~ 

.

.
- -

- -.- ~~

.,. 
~~~~~~ 

:- 
~~~~~~~~~S . .



In [ 16] , a so lution to this problem is obtaine d in terms of the associated

control system

(6 .2)  ~r(t) = Ay(t )  - u( t )  ; u ( t )  E P  
~ Q ; y ( t ) = 0

*where P - Q is the Pontryagin difference . i.e.,

*P - Q = ~xER : x + Q’~~P)

Admissible controls u ( s )  above must be measurable .

Simp ly put , Hajek’ s result says that the state x ( .)  of (6.1) can be forced

to the origin , for all admissible q(~ ) ,  if and only if the state y ( )  of (6.2)

can be steered to the origin . More precisely, the following theorem is available .

First Reciprocity Theorem [16] . Ini t ial  position x in (6.1) can be

(stroboscopically) forced to the origin at t ime T � t by a strategy 
~
(•) if

and only if, x in (6 .2 )  can be steered to the origin at t ime T by an admissible

control u ( s ) .  Furthermore, i, (.)  and u ( •)  are related by

C ~ (q,t) = u(t) + q

By applying Theorem 2.3 to (6.2), we obtain another condition for determining

if (6.1) can be forced to the origin.

Lenmia 6.2. Assume P - Q compact. Then x in (6.1) can be forced to the

origin at t ime T � t
o 

by a strategy cT(.) if and only if

min [K(x ,T , X) : \ E 4 \ ) = 0

where

K(x ,T , X) ~ x~eA’ (T - t
0) + ~

T 

~~tQ
(eA~ 

(T -

and A is any subset of Rn containing zero as an interior point.

-.
~~~~~~~~

. 

~~~~~~~ 
~~~S L  : .-

~~~~~~~~~~
- 

~~ -- ~~~~~~~~~~~~ ~~~~T •
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it should be pointed out that in addition to pursuit game interpretation

of (6.1), (6.1) can also be viewed as a problem of steering a system with

disturbances to the origin if q(~) is thought of as a disturbance. Also , the

results app ly to systems described by

*(t) Ax(t) + Bp(t) + Cq(t) ; p(t) EP , q(t) E Q

if one replaces Bp(t) by p ’( t), Cq(t) by -q ’ ( t), P by BP and Q by CQ.

~~~~~~lIlI. ~r 
‘ —

~~~~
--

~
-r----

~~~~~
” - - - 

~~~~~~~_~3 ; • _T,~~~. ~~ 111,~i~~~IriiiiiIl4
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APPENDIX A

Proof of Theorems 2.1, 2.3 and Corollary 2 .2. Before proving our theorems ,

we need two preliminary lemmas which guarantee that the ~nteg~.als in (2.1),

(2 .2) and (2 .5) are well-defined. To simp lify our notation , we henceforth take

t
o 
= J~ without loss of generality. First , we show that the integrand in (2.1)

is a non-negative measurable function and hence the integral in (2.1) is well-

defined rl7l .

Lemma A.1. Suppose that A is compact and contains zero. Then the integrand

HA
(B ’Cr)z(T)) is a non-negative measurable function of ¶E [O ,a~) along all

trajectories z(.) of (5’).

Proof: The non-negativity of the integrand follows from

H
ü

(B ’(l-)zCr)) = sup[w ’B ’ ( .r)z( .r ) :j .,E C1I

�

= 0  .

To estab l ish measurability , we f i rs t  extract a count able dense subset

~~n
>n=l 

of A. This is always possible because A is compact [18 , p. 146]. For

each fixed ~r , the density of the w5 
implies that

= sup w~ B~~Cr ) z ( i )

Let

= w~B ’ Cr)zCr) ; n 1,2 ,...

Then each H~(.) is measurable (in fact, continuous) and H
A

(B ’(.)z( ) is the

po intw ise supremum over the fami ly of H
n(~

)• Theorem 1.14 of Rudin [19] tells

us that the pointwise supremurn of this collection must also be measurable. ~

The next lemma shows that the integrals (2.2) and (2 .5) are well—defined .

~~~~~~~~ - -~~ ~~~~~~~ ~~~~~~~~~~~~~~~~~ . .~~~~~~~~~• :
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Lemma A.2. Suppose that A is compact (not necessarily containing zero).

Then, for each fixed pair (X,T) E ~~~ [O ,a), the integral

~ 
H~ (B ’ (r )~ ‘ (T ,T)X)d1

is well—defined.

Proof. For any fixed u(.)E~~(A) and initial condition x , the unique

solution of (5) is given by

x( t) ~(t ,0)x
0 + 1ø (t ,T) B ( T) u ( T) d T .

Let u
~
(.)Eft

~
(A) be a measurable selection such that

sup [w’B ’(’r)~~’(T ,T)X :wE QI a u.’~(T) B ’( r ) ~~’(T ,T )X

Such a selection is possible using Theorem 1.2 of [20 , p. 236]. Consequently ,

it follows that

= u~ (~ ) B ’( ~~~~’(T ,~~~ d~

= \‘ r
T
~ (T ,T)B(~)u~(T)d~

We notice that the integral above is well-defined because it is the unique

solution of (S) at time t = T, corresponding to input u~(’) and initial

condition x = 0.
0

Since Theorem 2 ,3 is used in the proof of Theorem 2.1, we first present

the proof of Theorem 2.3. There are various ways to prove Theorem 2.3. Our

chosen method of proof seems to be mos t na tural -- our proof not only decides

on existence of a steer ing con trol u
~
(.), but also characterizes u

~
(.) as half

of a saddle point (X
*
;u*(,)) of an appropriately constructed functional

V : R ~ X fl~(A)-.R. 

-~~~~ 
-
~~~~

•S. - — 
-
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proof of Theorem 2,3 (Necessity): We suppose that (S) is A-null control-

lable at (x ,t). Let u
~
(.)Efl

~
(A) be a control which drives x0 

to zero at

some future time T E [0 ,‘~). Then

rT
(A.l) x

~
(T) = 0 = ~ (T ,0)x

0 + ~~~
(T ,T)Bu~

(1)dr .

For this value of T, we are going to show that J(x ,T,X) is non-negative for

all XER~. We proceed as follows : Using the measurable selection theory of

[20], we make a measurable selection ‘~~C~) E ~T~(A) such that

(A.2) sup~X ’~~(T,T)BCr)w : wEA l ~

Hence , it follows that

= 
S

supCX’
~~

(T ,T)B(T)w : wEQ~dT

=

í
(A.3) � sup-b j \‘~~(T , r ) B Cr ) u Cr ) d r  : u(.)E~~(A)J .

But also

sup.ç \‘~~(T ,1)B Cr)u(1 5-)d r  : u(~ ) Et ~ (A)} � sup~
E
1 \’~~(T ,

.r)BCr)w : w E A ;  dT

(A.4) 
~\ 

HA (B ’( T )~ ’(T ,T)X) d 1

Equations (A.3) and (A.4) imply

r ,.T
(A.5) 

~~
HA (B’ (T )

~ 
‘(T ,r)X)di = sup~ ~ X’~~(T ,T)B(T)uCr)dT : u () E~~(A)~

— ~~~~~~~~~~~~~~ ,-~~~~~~~~~-—  -~~~ ~~~~~~~~~~~
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Now , for any \E R
1
~, we have

3(x ,T ,\) \‘~~(T ,O)x
0

r~~
T -

= X ’~~(T ,O)x + supi \ ‘~~(t,.r)B(T)u(1) :u( )Em (A)~0 ~.v 0 
-~

� ~ ‘~~(T,0)x~ +

~ ‘x~ (T)

= 0

Therefore J(x ,T,X) ~ 0 for all ~~~~ Since O EA and J(x ,t ,O) = 0 , we conclude

that

min[J(x0,
T,X) : )~EA } = 0

(Sufficiency): We assume that there exists some TE [O ,~) such 
that the mini-

mum in (2.3) is zero. We are going to construct a control function u~
C) in

~~A) 
which steers x to 0 at time T. First, however, we make the following

observations:

(i) For each fixed \, the functional

h~ (u( )) ~ X’~~(T ,-r )BCr )uCr )d 1

— is lower semicontinuous ont~(Q).

(ii) ~~(A) 
is weakly compact [2, p. 157].

As a consequence of (i) and (ii), for each fixed X, sup~
h
~

(u(
~
)) : u(s) E~fl(A)).

is attained. Hence, we can change “sup” to “max” in (A.5) and we have

_  S.~~



S. -S — 
~~~~~~~~~ 

‘
~~~~~ 
.

~~~
.‘—.-- —5-—- — —‘—-—-5---. S.- -

~
_5-

~
_ ___________________

-- • .‘, ~~~~~~~ ‘-‘-

- 

24

r.T r T .
~

(A. 6) ~~ HA
(B I (.r )~~

I (T ,.r)X)dT = max~ I )~‘~ (T ,1)B(r)u(T)dr :u(.)E~~(A)’-

Thus

(A. 7) J(x ,T,X) = ~‘~ (T,0)x0 + ma4 \ ‘ ( T ,~r)B(r )u ( ’r )d ’r  : u() Et~ (A);

Now, let ~3 be any closed ball and define V :1~~~~(A)-’R by

(A.8) V(X,u( )) = X ’~ (T,O)x +~~~\‘~ (T,T)B(T)u(-r)dT

We assume for now that V(X,u(’)) possesses at least one saddle point

(\*,u*
(.)) E l~X~~(A). (The existence of such a saddle point will be proven in

Lemma A.3 to follow). Therefore, for all u(.)ETr~(Q) and all XE~

(A.9) V(X
~ ,
u(.)) �

- By hypothesis , there is a TE [O,~ ) and a set A containing 0 as an interior

point such that

0 = min~J(x ,T,X) : XEA ~

Since 0 is an interior point of A , there is a closed ball ~~~~ such that

O = min(J(x0,
T,X) : XE~3)

r rT
= mini

L
max !X’~~(T ,O)x + ).‘~~(T ,T)B(’r)u(’r)dr : uEtt~.(A)j :

Hence , V( X
~,
u
~
(O) 0. Using this in conjunction with (A.9) leads to

T
0 � \‘~ (T,0)x + ~~X ’~~(T ,1.)B(.r)u*(1)d1 for all XE~

and

(A,1O) 0 � ).‘x
~(T) for all XEB

where x
~
(.) is the state response of (S) resulting from input u

~
(.). The only

way that (A.l0) can hold for 
~~~ 

X E ~ is if x
~
(T) = 0 and u~

(.) steers (S)

from x at t — 0 to zero at time T.

-~~~~~ 

0



-
~ 

- - —S. - - - _, 

n 
- -

25

Lemma A.3. V(X,u(.)), defined in (A.8), possesses at least one saddle

— point.

Proof. In accordance with Proposition 2.3, [20 , p. 175], V(\,u( ) )  will

possess a saddle point if the following conditions are satisf ied:

(A.3.l) For all XEg~, u(•)-’V(X ,
u(’)) is concave and upper semicontinuous.

(A.3.2) For all u(’)Em (C2), \-‘V(X ,u()) is convex and lower semicontinuous.

(Note: We shall view~~(A) as a subset of L
Z
E0,T,ftmj when verifying the semi-

continuity requirements.)

proof of (A.3.l): Fix XE~3. Concavity of V(X,-’) follows trivially from

affine linearity. We shall show that V(X,•) is continuous. Let u (.)-’- u()

in L
2 norm. Then using the Schwartz inequality , we can easily show that

2 1/2 ,.T 2 ~ l/2

~
VO

~
u
n(~
)) -VO~,u(•))~ � { J ~jX

’
~~(T ,~ )B(T)(l dT} ~ ~u~(T) -u(T)It d~~

0 0

The first term on the right hand side is finite since \‘~~(T ,-)B(’) is continuous.

The second term converges to zero by hypothesis. Hence, V (X ,u~())-’V(X~u(~ ))

as n- ~~~.

Proof of A.3.2: Now fix u(.)Etfl(A). The linearity of V(.,u(.)) implies

convexity. Let X in~3.. Then, we can show that

- VO¼ ,u(’)~ ~ ~~~~~~~

where

K = ~~ (T ,O)x II + 
~~~~ 

(T ,T)B( T)u ( T)d ~~ ; K <

Hence , V(X ,u(.)) -. V(X,u(.)) as n ~~ .

Next, we present the proof of Theorem 2.1. In the proof, Theorem 2.3

is used.

~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ ~~
I_i—
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Proof of Theorem 2.1 (Necessity): We suppose that (S) is globally A-null

controllable at t
o 
= 0. Let z(.) be any non-zero solution of (5’) and we must

prove that

(A..ll) , J H ~ (B’(’r)z(T))d1 = -f~ .

Proceeding by contradiction, suppose there is a non-zero solution z (.) such that

= 
~ ~

From Lemma A.l, HQ(B’ (T)~~ r))d’r ~ 
0 and B � 0. Suppos e B ~ 0 and define

- ~~ -28~~(0) ; x* # o  •o z’ (0)z(O)

We now claim that x~ cannot be steered to zero by an admissible input

u(.)E~\(A). To prove our claim, for each tE [O ,a~), def ine

~ U(O ,t)~~(O) ; ~ 0

Now

J(x*,t,X~) = x*~~
t (t ,O)X

~ +

ç~t
= x*’z(0) + H-~(B’(T)l(T))dTo

0

< 0

Taking A to be the closed unit ball in Theorem 2.3, it no~ follows that

for sufficiently small p
~
. We have

minUJ (x~ ,t ,X) : X E A ~ ~ J(x*,t ,p
~
X
~
)

< 0

for all tE [O ,). By Theorem 2.3, (S) is not A-null controllable at (x~ ,t0
).

~~~~~~~~~
-
~~~~~

-
~~~~~~~~~~~

—- ~~~~~~~~~~~~ —~ ‘~~~~~ ‘~~~~~ - - 

-
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Now suppose B a 0. Then, for all tE [O ,~ ) ,

J H A(B’ (T)Ø’(t,T)z(O))dT = 0

Choose any x such that x’~~(0) < 0. Then

J(x ,t,X
~

) = x ’~~(0) < 0

for all tE [0,). Again by Theorem 2.3, (S) is not A-null controllable at

(x ,t). This contradicts the hypothesis that (S) is globally A-controllab le.

(Sufficiency): Now, we assume that (A.ll) holds. Again , we proceed

by contradiction. i.e., suppose (5) is not globally A-null controllable at

t = 0. Hence, there exists an initial condition x* ~ 0 which cannot be0 0

steered to zero. By Theorem 2.3 (with A a R
n) ,  we can find a sequence of

times <tk
)k l  and a sequence of vectors (Xk)k,1 having the following properties:

Fl. lim t = +~~

P2. J(x*,tk, X,K) < 0 f or k = 1,2,3...

We are going to construct an initial condition ~ 0 for (S’) which makes the

integral in (A.l1) finite. To meet this end, let

Z
k 

= 
II~~

’(tk,O)XkU 
; k = 1,2,... ; z~ ~ 0

Then (z
k
)
~~l 

is a sequence in Rn belonging to the set

A c  n
S — tzER : z~I a I

Since S is compact, we can extract a subsequence (zk >k =1 
which converges

-~ j j
to some vector z ES. We will now show that z is the initial condition

0 0
A —which we seek. Let z(.) be the trajectory of (5’) generated by z(O) — z

0
; let

________________ — - - =~~~ - - 
S . -  

~~~~



——--- ‘5--S-S. 
~~~~~~~~~~~~~~~~~~~~~~ — — --5- -- —-‘—.~~~~~-,-

-. 
- -~~~~~

=
~~-—-~~~~~~~—

1 -  28

denote the subsequence of times corresponding to (z
k
)

1. By P1,
.j 3 3 J

we have -

lim t = + ~~k.

and by P2 , it follows that

t
k . I’

ç~ 3
x*

~~~
1 (t k , 0)Xk + j HA (B’ (T)

~~
’( t k , T)\ k )dT < 0 fo r k . = 1,2,3 ,...

3 3 0 3 3

Dividing by lt~~’(tk ,0)X,K~~ 
and noting that HA is positively homogeneous, we

3 3
obtain

t
k

~~ 
~~

(Bt (T)
~~
’(0,T)zk

)d
~ ~ ~

x*~ ~
Z
k~~ 

for k. = 1,2,3,...

‘ ~x*l~ for k. = 1,2,3,...

We would like to obtain an inequality involving 
~~ 

with an infinite upper

limit on this integral. To accomplish this , we define

(T)  ~ H,~(B ’ (T)~~’ (O ,T)zk ) if T € [0 , tk~~ ~
j 3 3

A -= 0 otherwise

f (T )  
~ 
HA(B’

(T)
~~
’(0,T)’

~~
) ; ¶E [O ,~ )

and make the following observations :

i J
:
f
k
j

T d
~ 

is bounde d (by \\x*~ ) for k . = 1,2,3,...

(ii) 
~k 

(1) converges pointwise to f(r) on ~~~~~ This observation
j 

—
is proven using th~ ~~cts that Zk 

Z~~ t
k +~ and 11A 

depends

continuously on its argument. 

- -
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App lying Fatou s Lemma [21 , p. 83~ , we have

f(T )dT ~ u rn inf J f (‘r)dT
‘
~o k . ’~~ 

:

k
J

~ u r n  sup 
S ~k 

(T)d T

k .
-
~~~~~~ o j

~ ~x*~ .

Substitution for f( ’r ) above gives

- 

SH~
(B’(

~~~
’(o,T)

~ o
)dr �

i.e.,

r ,. • * - •

HA(B’ (’r)z(’r))d5-r ~ ~x I ~
0

which is the contradiction that we seek. This completes the proof of the

theorem.

Proof of Corollary 2.2. Suppose A and A’ satisfy the hypotheses of the

corollary. We are going to show that (S) is globally A’ -null controllable .

To pr ove this, it is sufficient to find a subset A~~~A’ such that (5) is

globally A~-nu1l controllab le: Pick a > 0 such that

~ ~w : IIw~ � ô ’
~ C A’

(This can be accomplished because zero is interior to A.) Now, to prove that

has the desired property, we pick R > 0 such that

AR ~ ~w: ~~ � R) 2 A

(This can also be done since A is compact, hence bounded.) Let z(-) be any

S. 
‘rni , - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ 

--
~~~~~~~~~~~~~~~~~~~~~

-S.--- —
. 

-
~~~~~~-
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non-zero solution of (5’). Then we have

= 
5

suPtw ’B’ (T)z(T) : ~~ ~

= a

= 
~

= ~ j sup~w ’B’ (-r)z(’r) : Uw~ 
� R)d’r

= 

~ ~ O~~~R 
(T) z(’r) ) d’r

=

since (S) is globally A
R
_null controllable. (A

R~
null controllability follows

from A-null controllability in conjunction with the fact that AR 2 A.)  By

Theorem 2.1, we conclude that (5) must be globally A~-null controllab le and

hence A’ -null controllable .

~~~~ ~~~~~~~~

- 

~~~~

- --•
~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Proof of Proposition 3.3. (Necessity): Suppose (S) is globally Rm _ flUl l

controllable. Then there is a finite interval [0,T~ on which the rows of

~ (0 ,.)B(.) are linearly independent. Thus , for every non-zero vector

it follows that B’(t)ø’(O ,t)z ~ 0 for some tE[0,T]. Since , B’(.)G~’(0,.)z0

is continuous , there must be an interval I = [t-o ,t+Ô ) on which B’(T)ø’(O ,T)z ~ 0

for all TEl . On this interval, we have

sup~w’B’(T)~~’(0,T)z0 
: WE~%m3 =

Hence, using the non-negativity of HA(.), we conclude that

r
H (B’(T)z(T))dT ~ H (B’(T)~~’(0,T)z )d’r

~ m .~ rn o
o R I R

= $ s u p [ w ’B ’ C T ) ø ’c o ,’r) z )d ’r

= +—

(Sufficiency): Proceeding by contradiction , we suppose that for all non-zero

solutions z(.) of (S’), we have

S H (B’(T)z(T))dT =

a

but the columns of B’(.)ø’(O,.) are linearly dependent on every bounded interval

/ . -L0 ,T.~. Let \T
~

/
~~ i 

be a monotone increasing sequence of times such that

T — ~~. Then , for each n, we can find a non-zero vector z such that

O on [O ,T3 . Let 

n

Z
n~~~ ~~~~ 

for n 1 ,2,...
~I Z I ~ 

-
~~ ——-- - - - - —~~~~—
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-

~~~~ The n , (z)
~~ l 

is sequence in the (compact) unit ball. ~{ence, we can extract

a subsequence Z converging to some 
~~~ 

t
~~O~ 

= 1. We notice that the corre-

3
sponding subsequence of times Tn 

still converges to + . Furthermore , for
3

each fixed ¶ E [ O ,~~) ,  we have

B’(T)~~’(O ,T)z = u r n  B ’ ( ’r ) ’Z ’ ( O , T)z
0 

~~~~~~~~~3

= 0

Consequently, if ~(‘r) is the trajectory mate of

j
o
H
R
m
(3t T

~~~~ 
= S sup

~
w’B1(T)0’(o ,T)

~ o 
: W ERm)dT

= 0

which contradicts the assumed hypothesis .
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Proof of Lemma 4.1. For (x ,T) f ixed , J(x ,T,X) can be expressed as

J(x ,T,X) = sup
~
H
~
(X) : w(.) E~.(A))

where

Hw
(X) = X’$(T,O)x + X ’~~(T ,T)B(T)w(T)dT

0

Consequently, J(x ,T,.) is the pointwise supremum over an indexed collection

of continuous linear (hence convex) functions. Hence J(x ,T,.) itself must

be convex and at least lower semiconti000us (in fact , continuous).

Proof of Lemma 4.2. We prove this lemma using some of the standard prop-

erties of subdifferentials given in Rockafellar [22~, 23]. Since both functions

in the definition of J(x ,T,X) are finite and convex X
~~
E
~~

J(x ,T,\) if and

only if

T
X
*
E
~~

(x ’(T ,0) X )  +
~~ 

}I
A
(B’(T)

~~
’(T ,T)X)dT (by Theorem 23.8 of [23 )

= ~ (T ,0)x + J~~
HA (B’(T)~~’(T ,T))~)dT (by Theorem 23 of [23~)

=

(by Theorem 23.9 of [22~)

Now , by Corollary 23.5.3 of C22), w~
(-r) E~~~~(~ (~ ) )  if and only if w~ ( r ) E

arg max~w ’~~(T) : wE A). Substituting the required form for ~ above, we obtain

our desired representation for \~.

‘.-
~~ 

- -
~~~~~~~~~~~~~~~~~~ 
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Proof of Theorem 5.1. Let f : L
l
(0,T;Rm) — R~ , g : Rn — R, 

~T : L
l (O ,T;R m) -.

be given by

f(u) 0 if u(.) Efl~(A) ; f(u) +~ otherwise

g(z)  
~ —t~~(T ,0)x + z~ ; zER 5

rT
~ j~~~(T ,T)B(’r)u(’r)d’r

Then , using the notation above

inf (NN ) ~ inftj~x (T)~j : u(.) E~tt (A))

= inf~ f (u) ~ g(A~u) :uEL
l
(0,T;R m))

Written in this way, inf(NN) is in the standard form for app lication of

Rockaf ellar ’s extension of Fenchel’s Duality Theorem (cf. [24], Theorem 1).

The functionals f and g are respectively proper convex and concave functions;

it can be easily shown that inf(NN) is “stably set” -- a technical precondition
for Rockafe llar ’s Theorem.

By carrying out the computations involved itt Theorem 1 of [24], it can

be shown that the problem

rnin(NN)* ~ min [J(x  ,T , X) :

is dual to inf(NN) in the following sense :

*inf(MN) + min(~~) 0

The “extremality condition” in Rockafellar ’s theorem provides a necessary

*condition which must be satisfied by all solution pa irs X A. solving (~~) and

u
~
(.) solving (MN). The extremality condition requires

_______  S. —~~~~ - 
—

~~~~~ 
, -~~ ,

—- --
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x
~~
Eaf (u

~
)

where is the adjoint of AT and ~f(u~) is the subdifferential of f at u,~.

For our choice of f , this necessary condition particularizes to

X~~ (T ,T) i3 ( T)  E (N ormal cone of f l~(A) at u
~

( ) )

We denote this normal cone at u
~ 

by N(u
~
). By definition of the normal cone,

we have v(.) EN (u*) if and only if

= 
S
sup[w ’B’(T)

~~
’(T ,T)X*

: WEA)dT .

This is possible only if u~ = u
*
(T) achieves the supremum of w’B’(T)~~

’ (T ,r)X~

for almost all TE [0,T). Equivalently, we must have

u~ (T) E arg max[w ’ B ’( T )~~’(T , T )X ~ : w E A )

for almost all TE [0,T].

_____ S. - -—  ,~~~~~~~~~~ ~~~~~~~~ - - - -
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Summary

1. Introduction and Formulation. Unlike the usual control-

lability problem where control values at each instant of time

are unconstrained , we consider here the case which arises
when the control values at each instant belong to a prescribed
set A in Rm. Constrained controllability problems, for linear
systems, are examined in References [1] - [5]. In this paper,
our definition of local constrained controllability is

identical to that of Brammer [1]. Our new results, however ,
generalize those of Cl] from a time—invariant to a time—varying

linear system. The main results here serve as a companion
for those of [6] and [7] where global rather than local
controllability is emphasized .

Consider the problem of steering the state of a linear
system

= A(t)x(t) + B(t)u (t); t~~Et0, co) (S)

to the origin from a specified initial condition

x(t0
) x

0

by choice of control function u(’). Here X (~ )CRn, U(~ )~ Rm

and A(•) and B(’) are continuous matrices of appropriate

dimension. Let 14(A) denote the set of functions from R into

A that are measurable on Ct0 ,co ) .

2. Definition. The linear system (S) is constrained

controllable (A — null controllable) at (x0,t0) if for given

initial condition x (t0
) = x~, there exists a u (.)cM(A) such

4

L.. ~~~~ 
- - -

~~~~~~~~:~~~~I1 - ‘
~~~~~~
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- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~-_ _ - -i_ -i. 
-_ _ _ _ _ _ _ _ _ _ _ _ _



II — S. ~
___

~5-_~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I -‘ -

that the solution XC’ ) of (S) satisfies x(T) = 0 for some
Tc[t0,~ ). We say that (5) is locally A — null controllable
at t

0 if there exists an open set VcR~
1, containing the origin,

such that (S) is A — null controllable at (~0,t0) for all
X 0 e V.

3. Notation. Our necessary and sufficient condition for
local A — null controllability will be expressed in terms of
A(•), B() and HQ:R

m
~PR, the support function on A , which is

given by

4HA (cL) supCw ’c&:w~A}

for cLcRm. We need some further notation: Suppose f(s) is
an n-dimensional continuous function on [t01~ ) such that f(O)~ 0.
Then f

~
(•) will denote the normalized version of f(.) which

is given by

f(t) -

a lI f(o ) U
for tg [t

0
,co). In the theorem to follow, the adjoint system

~(t) = A’(t)z(t) ; tc(t0,~ )

will be denoted by (5’) and •(t,-r) will be the state transi-

tion matrix for (S).

4. Theorem. Suppose A is compact and contains zero. Then
(5) is locally A - null controllable at t0 if and only if
there exists an e>0 such that



- 

~~~~ / - 

—--- ----- —~~~~--- - -  

- 
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I HA (B’(T)z*(T)dT ~ cto

‘for all normalized solutions z~
(.) of (S’). Equivalently, if

and only if

f Sup~w ’B’(T)~~’(t0,T)X :~~cA }dt ~to

nfor all AC R , X = 1.

5. Remarks. (i) Implicit in the statement of the theorem is

the fact that %(B’(T)z~
(-r) ) is an integrable measurable function

of T along all normalized trajectories z~ (’) of (S’). This fact

is established in the paper.
(ii) The theorem demonstrates that the question of local

constrained controllability can be answered by solving a finite-

dimensional problem in the variable XcR~ -- or equivalently, in
the variable Z~ (O)cR

n.
(iii) If A and A’ are two compact sets having the same

convex closure, we know that HA (c
~
) = H

Al (a) for all.

Consequently, we can immediately conclude (from the theorem)

that (S) is locally A—null controllable if and only if CS)
is locally A’—null controllable.

(iv ) In the paper, we examine some interesting special

cases which arise when A is endowed with additional structure
(over and above “OcA” and “A compact”).
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Abstract

In this paper we survey some of our recent results [1,2] on the con-

trollability of linear systems when there are magnitude constraints on the

control.

The research of the second author was supported by AFOSR under Grant 76-2923.



—~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
~~~~~~~~~~~~~

1. Introduction

Consider the problem of steering the state of a linear system

*(t) = A(t)x (t) + B(t)u(t) ; t E [t ,~~)0

to the origin from a specified initial condition

x(t ) = x

by choice of control function u(.). Here x(t) ERR, u(t) ER
m 

and A(.) and B(.)

are continuous matrices of appropriate dimension. Unlike the usual control-

lability problem where the control values at each instant of time are unconstrained ,

we insist here that the control values at each instant belong to a prescribed

- m
set A in R

Let ~ (A) denote the set of functions from R into A that are measurable on

[t
0
,~~). Then any control u (s) Ern(A) is termed admissib le. We now define the

concept of constrained controllability or, more precisely, A-null controllability.

Definition 1. The linear system (S) is constrained controllable at (x
0,

t) (A-null

controllable at (x ,t )  if for given initial condition x(t ) = x there exists a

u() €~ -~~ such that the solution x(.) of (S) satisfies x(T) 0 for some

Definition 2. (S) is completely constrained controllable at t
o 

(globally A-null

controllable at t ) if (S) is A-null controllable at (x ,t ) for all x ER’~.0 0 0 0

A simple example illustrates that a system may be controllable if the control
— 

values are unconstrained but not if they are constrained . Let x(t) and u(t) be

scalars and *(t) x(t) + u( t) ,  x(0) = x .  If there are no constraints on

u(.)(A = R), the system is completely controllable. However, if A = : 1w ! ~ a),

then for x0 
� a it is not possible to drive the system to the origin with a

-

- 
control satisfying u(t) EA .

1 4
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Itt the next section, we present a necessary and sufficient condition for

(S) to be constrained controllable at (x
0,

t
0
) and a necessary and sufficient

condition for complete constrained controllability at t
o
. Unlike much of the

work of previous authors [3-8), our results concentrate on the case where the

matrices A() and B () are time-varying rather than constant matrices. Our

conditions for global A-null controllability require that A be compact and

contain zero, but not that zero be an interior point. Furthermore, in the

case of A-null controllability at (x ,t), we need not assume that there

exists a uEA such that Bu = 0.

2. Necessary and Sufficient Conditions

First we present a necessary and sufficient condition for A-null con-

trollability at (x ,t ). To this end, define the scalar function

J :  Rtt xR XR — R by J(x ,T,X) = x’ø’ (T,t)X + ~~
sup[w ’B ’ (T)ø ’ (T ,T ) X :  w E  A)d~r

where ø(t,T) is the state transition matrix for (S).

Theorem 1. [Ref. 1]. Let A be compact and suppose A is any subset of R~ which

contains 0 as an interior point. Then (S) is A-null controllable at (x ,t)

if and only if

min{J(x ,T,X) : XEA ) =

for some T E [ t ,~~ ) .

This theorem demonstrates that the question of constrained controllability

can be answered by solving a finite dimensional optimization problem . Moreover ,

the system is globally A-null controllab le at t
o 

if , and only if , for every

X E R  there is a T < ~ (which may depend ott x )  such that minlJ(x ,T,\) : X E L \ )  = 0.

However, checking for global A-null controllability this way can be quite tedious .

A simpler technique is embodied in the following theorem.

— — ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ ~~~~~ I
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Theorem 2. [Re f. 1]. Suppose A is a compact set which contains 0. Then (S)

is globally A-null controllable at t
o 

is and only if

suplw ’B’(T)z(t) : WEA)dT = ÷V t
0

for all non-zero solutions z(.) of the adjoint system

~ (t) = -A’(t)z(t) ; tE [t ,~ ) (S ’)

Consider again the example with *(t) x(t) + u ( t ) , A =  ~w: ki ‘a).
App lying Theorem 2 with z ~ 0 as initial condition for (S’), we compute

~~~sUpt LU ’ B ’ ( T ) z ( T )  wEA)dr = ale
_T
a IdT <

and this system is not globally A-null controllable.

Next, we use Theorem 1 to determine if there are any values of x such

that the system is A-null controllable at (x0,
O). First , we determine that

[[x et - a(l~~e
t)]X if X �  0

J(x ,T,X) =

~jxe
t 

+ a(l - et)]X if X < 0 -

Taking A = ~X :  L X I  � i) in Theorem 1, it follows that the minimum of J(x ,T,X)

will be zero if and only if

T -T-a(l - e) -‘ ,c ~~ a ( l  - e )

and the system is A-null controllable if and only if L x i  < a.

If the system equation is *( t )  = -x (t) ÷ u(t), then

1•

~~~~supt. w ’ B ’ ( T ) z ( t )  : wEA) = ale z0tdT

Since this integral is + ~ for all z ~ 0, the system is globally A-null

controllable .

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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3. Local Controllability

One other concept of controllability is that of local controllability.

Definition 3. (S) is locally A-null controllable at to 
if there exists an

open set V~~R
tt
, containing the origin, such that (S) is A-null controllable

at (x ,t ) for all x EV.
o 0 0

In the next theorem, normalized solutions z~
(.) of z(-~) are needed. Such

a solution is def ined by

A z(t)z~
(t) - 

Uz(O)~

Theorem 3. [Ref. 2]. Suppose A is compact and contains zero. Then (S) is

local ly  A-null controllable at C if and only if there exists an € > 0 such

that 
-

WEA)dT � €

for all normalized non-trivial solutions z
~
(.) of (S’).

As an examp le , consider the scalar system k(t) = tx(t) ÷ u(t), A = -1, 1).

For this system ,

¶2/2
j suP~W ’B(T)Z~ (T) : WEA)dT = sup 

We 

~z(0)U 
dT

o ° lwki

~ 2 —

r —T /2
= e dT =

0

Thus the system is locally A-null controllab le but not globally A-nLll con-

trollable .

4. Concluding Remarks

The above theorems can be used to determine if (S) is A-null controllable.

However , they do not give a method for determining a control which steers (S) to

~

- -

~
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the origin. One me thod of determining a steering control is to solve the time

optimal problem of finding u
~
(.) EflL(A ) which steers (5) from given (x

0
,t )

to the origin in minimum time. If there is a control which steers the system

to the origin then there i~ a time optimal one [3). Hence , the algorithms

available for solution of the time optimal problems can be used to compute a

steering control.

Another technique which involves simpler computations and leads to a

control which steers the system arbitrarily close to the origin is based on a

minimum norm optima l control problem. Full details are given in [1).

_ _ _ _ _ _ _ _ _ _ _ _  :: ~~r~i L~~ • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -~~~~~~ --  
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A General Suff iciency Theor em for Minmax Control 1

W . SC}iMITENDORF

Abstract. This paper considers optimal control problems where there is

uncertainty in the differential equations describing the system. A minmax

optimality criterion is used and sufficient conditions for a control to be

a minmax control are presented . These conditions are more general than those

given in Refs . I and 2.
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1. Introduction. Sufficient conditions for a control to be a minmax

control have been presented in Refs . 1-2. Here we present a more general suf-

ficiency result , Theorem 3.1, and also show that the sufficient conditions of

Refs. 1-2 are just special cases of this new set of conditions . Theorem 3.1

applies to problems with more general terminal conditions and cost functions

than does Ref. 2 and can be used to verify that a control is a minmax control

for some problem where the results of Refs . 1-2 fail to yield any information.

2. Problem Formulation. Consider the differential system

= f ( x ( t) , u(t),v(t)) (1)

m
l 

m2
where the state x(t) E R

n
, control variables u(t) E R and the disturbance v(t) E R

We assume f(.,.,.) is C
1 
on 1t~ x R 1 x R 2

. The playing space is denoted by XxT.

X is an open set in R~ and T = [t~~tf
) where t

o 
and t

f 
are specified. At t

o

the initial state x0 
is specified. At the final time, we require X(tf

)E9 ,

where the target set 9 is a given set in the closure of X.

Let U denote the set of piecewise continuous functions from T into R

and let U be a given subse t of R . Def ine

= [u( ) :u()E1 and u(t)EU , tET1

m
Let V be a given subset of R 2 and let Ii denote the set of piecewise

continuous functions q(.,.) : XX T V with respect to some decomposition of

XXT. 1 Define

= ~q( ,) : q(.,
.)Elj and q(x,t)EV for all (x,t)EXxT~

For a given pair [u(.),q(.,.)J , u(.)E~.
1 

and q(.,.)E~~2 ,  a solution of

(1) from (x ,t )  will be denoted by x() and called a trajectory. A terminating

trajectory is a trajectory satisfying x(t)EX for all tE [t
0,

tf] and x(tf)E 9. A

pair [u(’),q(.,.)) is p layable at (x ,t ) if it generates a terminating trajectory.

I 
e.g., see page 42 of 3 .  :

_
‘
\ ~ ,-~ 

c~~~

1
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The pair [u( ),q(,)~ may generate more than one terminating trajectory from

(x ,t ) and ~(u(.),q(•,.)) will denote the set of all such trajectories .

For u(.)ETT~1, ~~u(.)) is the set of all q(.,.)E~~2 
such that [u(.),q(.,.)J

is playable at (x ,t). We shall say that u(.) is admissible if u()ET1’b
1 

and

~‘t(u(.)) ~~~

- For playable pair [u(-.),q(.,.)J and trajectory x(•)E~~(u(.),q(.,.)) the

cost is defined by

t

J(u(.),q(.,.),x(.)) = g(x(tf
)) +

~~~ 
L(x(t),u(t),q(x(t),t))dt (2)
0

For an admissible u( ), (q(.,.),x(.))EX(u(.)) iff q(~~~)Ei1 (u(.)) and

x(.) E ~ (u(.) ,q(’,.)). We now def ine a minmax control.

Definition 2.1. Let u*(.) be admissible. Then u*(.) is a minmax control if f

sup 
*(q(.,.),x(.)) EI~(’,~ (.))

sup
(q(~ ,.),x(.)) EY(u(.))

for all admissible u(.).

3. A Sufficient Condition. Before presenting a sufficient condition for a

mininax strategy , some additional nomenclature is needed . The set £(u( .)) is

defined by

� J(u(.),r(,.),y(~)) for all [r(.,.),y(.)JE~~(u(.))~

The set £ ( u ( . ) )  consists of the dis turbances and corresponding trajectories

which maximize the cost when Player 1 uses u(.).

In the case where v(.) is not present in (1) or (2) we have the usual optimal

control prob lem. Then we say that u*(.) E~~1 is an optimal control iff it

generates a terminating trajectory x*(.) and

-~~ ~~~~~~~~~~~ 

-

~~~~~~~~~~

-

~~~~

--

~
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* *J(u (.),x (.)) � J(u(.),x(.))

for all u(.)E1~1 
that generate terminating trajectories.

Let z(.,.,.) be a function from X x T x U—  V and, for u(.)E~~1, ~~~~~~~

is the function defined by %(x,t) = z(x ,t,u(t)). Such a function z(.,.,.)

will be called a response function. The set of admissible response functions is

Z = ~z(.,.,.)~ q~(.,.)Ert(u(~)) for all admissible u(.)~

For positive integer y, scalars a > 0, i = 1,...,y and functions z1(.,.,.)EZ ,

i = l,... ,y we define an optimal control problem P(~ ,a’1,.~~•,a’ , z~ (.,.,.),
...,

This problem has state equations

= f (x1(t) ,u(t),zi(x( t) , t,u(t)) ; x1(t) = x , i =

and cost

J(u(.),x1(.),... ,x~(.)) =~~~ a’.J(u(.),q
1(.,.),x

1
(.))

i=1 1 U

- Here q~ (x ,t) ~ z
1(x,t,u(t)). The terminal conditions are x

1
(t
f

) € 8 , -i

We now present a sufficient condition for a control to be a mirimax control.

* *Theorem 3.1. Let u (.) be admissible. Then u (.) is a minniax control if there

exists

i) a positive integer ~y

ii) scalars a’. > 0, i = l,... ,y

iii) admissible responses z’(.,.,.)EZ , i

such that

a) u*(.) is an optimal control for the problem P(v ,a’1,...,a’ ,

. • • , zY( . , . , . ) )

i i* * i i *b) for i = 1,...,~~ , Eq~~(.,.),x (.))EC(u (.)) w’tcra ~~~~~~~~ = z (x ,t,u (t))

i* -

and x (.) is the solution of

ki(t) = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ x1(t) = x

~~~~ ~~~~~~ -~~~~:~~~~~~~~~~~~~~~~~~~~ :-~~ 
- - - - - — 

- -  -L
- , --~~~
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- 

~~~~~~~
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• 

Z
1(.,:,.),...,Z~~(.,.,.)) 

ti(-.). Sinc: u*( .)  a solution of

J(u (.),x (.),...,x (.)) ~ J(~ (.),~ ~~~~~~~~~~~~~

or 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

where

~~(x,t) = z
L (x ,t,tl(t))

Since > 0, i = 1,... ,y, either

* i i* i iJ(u (
~~)‘~~~*

( .),x (.)) J(ti(.),q (.,.),~c (.)), i = l ,•” ,~ (3a)

or, for at least one iE (l ,2,...,~ 1 ,

* i i* i iJ(u ~~~~~~~~~~~~~~ (.)) <J(~ (.),q (.,.),x (.)) (3b)
U .~

Since

I j* 
- *,~ ),x (.)] E~~(u (.)) ,

* *sup 
* 

J(u (.),q(.,.),x(.)) = J(u (.),q~~(.,.),x’ ~~~ 
(4)

[q(.,.),x(.)EX (u (.))

for i = l,”~~,v. Also

sup J(ti(.),q(.,.),x(.)) ~ J(~i(.),q
1 
(.,.),c

1
(.)) (5)

U

for i = l ,” ,v.

From (3) - (5)  it follows that

sup 
*[q(.,.),x(.))EX(u (.))

sup
[q(. ,.),x(.)J E]~(ti(.))

*Since this inequality holds for all admissible u(.), u (
~
) is a minmax control. —

~~~~ ~~~ :; .  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
•~~~T--~~~~~~~~~~~~~~~
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4. Discussion. Condition (a) of Theorem 3.1 requires u*(.) to be the solution

of an optimal control problem. Two approaches are available for verifying that

a control is an optimal one: (i) the field theorem approach (see , for examp le ,

Refs. 4-5) and (ii) the direct sufficient condition approach (see, for example ,

Refs. 6-7).

If the final time is specified , the final state is free and g(.) is convex,

the direct sufficiency approach can be used to establish (a) of Theorem 3.1.

This leads directly to the sufficient condition of Ref. 2 and the result presented

there is just a corollary of Theorem 3.1. A direct sufficient condition for

problems with more general terminal conditions is available in Ref. 8 and it

can also be used to verify (a).

While the direct sufficient conditions are relatively easy to app ly, they

are limited in application since they may yield no information. A more powerful

technique is the field theorem approach and it can be used to establish (a)

of Theorem 3.1. When v = 1 and the field theorem approach is used to verify

(a) , Theorem 3.1 becomes Theorem 4.1 of Ref. 1 and that theorem is also just

a corollary of Theorem 3.1. However, Theorem 3.1 is more general than the

theorem in Ref. 1 since it is not restricted to ~‘ = 1. In using the field

theorem approach, h(x,u,t) f(x ,u ,z(x ,t ,u),t) may not be C
1 and the usual

assumption of the f ie ld theorem is not met.  In this case the more general

field theorem of Ref. 9 can be used. There ~~~~~~~ is not required to be C~.

5. Concluding Remarks It has been shown that the problem of verifying that

a control is a minmax control can be accomplished by establishing that certain

functions satisfy related ordinary optimal control problems. In particular ,

is a minmax control if it is an optimal solution of

and if ~~~~~~ is a solution of the optimal control problem 

--~~~ -~~~~~~~~~~~ -~~~~~~~--S~~~~~~~~~~~~

- •-  

~~~~
- 

-~~~ ~~~~~~~~~~~~~~~~~~~~~ - -~~~ --
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(l)-(2) with u(.) — u*(.). All the sufficient conditions available from optimal

control theory can be used on these optimal control problems. Previous suf-

f icient conditions for minmax control are jus t corollar ies of this general

result given here.

A comment on feedback mirimax strategies is appropriate. In Ref. I, a

sufficient condition for a mininax feedback strategy is given as well as the

sufficient condition for an open minmax control. Attempts to extend Theorem 3.1

so that it applies to feedback minmax problems have been unsuccessful. The

reason for this is that the feedback solution to the problem P(~ ,a’1,
.•.,a’ ,

zl(.,.,.),... ,z~ (.,.,.)) will depend on x1(.), i = l ,...,~~. But the x1(.) are

artificial var iables and do not have any physical meaning. There is no way to

imp lement a control bas ed on the x1 and a feedback control dependent on the x1

is meaningless.

Also , the theorem does not apply to problems where the final time is

unspecified. In such a case, each trajectory x1(.), i = l ,2,...,y ,  might

reach the target e at different times and P(y,a’1,~~.. ~~~~~~~~~ ,.), ... ,z’
~
’(.,.,.)

can not be treated by standard - optimal control theory.

~~~~~~~~



•: :-
~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - ~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

--

~~~~~~~~~~

7

References

1. SCIIMITENDORF, W. E., Differential Games Without Pure Strategy Saddle Point
Solutions , Journal of Optimization Theory and Applications , Vol. 18, No. 1,
1976.

2. SCHMITENDORF , W. E., A Sufficient Conditions for Minmax Control of Systems
with Uncertainty in the State Equations, IEEE Transactions on Automatic
Control , Vol. AC-21, No. 4, 1976.

3. BLAQUIERE, A., GERARD, F. and LEITNANN, G.,  Quantitative and Qualitative
Games, Academic Press, N.Y., 1969.

4. LEITMANN , G., Sufficiency Theorems for Optimal Control , Journal of Optimization
Theory and App lications , Vol. 2, No. 5, 1968.

5. LEITMANN, G., A Note on a Sufficiency Theorem for Optimal Control , Journal
of Optimization Theory and App lications , Vol. 3 , No. 1, 1969.

6. EWING, G. M., Sufficient Conditions for Global Extrema in the Calculus of
Variations , Journal of the Astronautical Sciences , Vol . 12 , No. 3, 1965.

7. LEITMANN, G. and STALFORD, K., A Sufficiency Theorem for Optimal Control ,
Journal of Optimization Theory and Applications , Vol. 8, No. 3, 1971.

8. ~~REAU, P. M. and POWERS, W. T., A Direct Sufficient Condition for Free Final
Time Optimal Control Problems , SIAM Journal on Control, Vol. 14, No. 4, 1976.

9. STALFORD, H., Sufficient Conditions for Optimal Control with State and
Control Constraints , Journal of Optimization Theory and Applications , Vol. 7,
pp. 118—135 , 1971. -

- - - -  - -  ~~~~~~~~~~~~~~~~~~ 
- -- 

- -~~~ -
-
. - -  ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ 

~1E ::_ T_ _ -~-
_
~ 



- -• 
- —

~~~~~~~~~~~~~~~~~~~~~~~~~~
-

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
—
-~~~~~~~•

- - -  
~~~~~~~~~~=~~

—
~~~~

------= 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- 
APPENDIX E

M~OSR-TR ~ 8 - 15 36
Optimal Control of Systems with Multiple -

Criteria When Disturbat~ces are Present

W. SCHNITENDORF2 
- -

Abstract. Optimal control problems with a vector performance index and

uncertainty in the state equations are investigated. Nature chooses the

uncertainty, subject to magnitude bounds. For these problems a definition

of optimality is presented. This definition reduces to that of a minmax

control in the case of a scalar cost and to Pareto optimality when there is

no uncertainty or disturbance present. Sufficient conditions for a control

to satisfy this definition of optimality are derived. These conditions

are in terms of a related two-player zero-sum differential game and

suggest a technique for determining the optimal control. The results are

illustrated with an example.

Key Words: Differential games , Pareto-optimality, multicriteria optimization,

control theory.
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1. Introduction. In the standard optimal control problem , the system to be

controlled is modelled by ord inary differential equations, the cost is a

sca].ar and one player selects the control. Isaacs (Ref. I) introduced

conflict into the situation with the addition of a second p layer who chooses

his contro1~ to maximize the criterion that the first player want to minimize.

This led to two player zero-sum differential game theory.

One application of this theory is to optimal control problems where dis-

turbances are present in the differential equation model of the system. In

such problems , it is assumed that nature can choose the disturbance or

uncertainty, subject to magnitude constraints. Then, given any control ,

there is a guaranteed upper value to the cost and the objective is to choose

a control which gives the lowest guaranteed cost. A control design based

on this philosophy is termed a worst case design.

Looking at nature as a second p layer this formulation le~ ds to a two

player zero-sum differential game. If this game has a saddle point solution

(and certain playability assumptions are satisfied), then the corresponding

control gives the lowest guaranteed cost. Often, however, there will not

exist a saddle point solution for the resulting differential game and the

theory of Ref. 1 cannot be used. Some results , in the form of sufficient

conditions , are available for determining controls which result in the

lowest guaranteed cost (Ref. 2-3).

Another extension of the work of Ref. 1 has been to multicriteria opti-

mization problem. In these problems, there are many players, each having

his own performance index. The players ii’~~~’ not he in direct conflict and

may, in fact, be willing to cooperate .

1
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Here we treat multicriteria optimal control problems where there is

uncertainty in the state equations. An optimality criterion is defined and

then sufficient conditions for an optimal control are derived. In addition,

it is shown how these results may be used to determine an optimal solution.

2. Problem Formulation. Consider a control system described by the differ-

ential equations

*(t) = f(x( t),u(t),v( t) )  (1)

where x(t) ERn is the state, u(t) ER 1 is the control and v(t) ER 2 
is the

disturbance. We assume that f(•,.,.) is a C
1 
function. The time interval

[t
0~tfJ is specified as is the initial state

x(t ) = x (2)

- The disturbance v(.) is not known exactly; the only information available
m2 - f

about v(.) is that v(t) belongs to a known set VCR . Rather than modelling

the system in a stochastic manner, we assume nature can choose any disturbance,

subject only to v(.) being piecewise continuous and v(t) EV.

Let

M1 
= Lu(.) : u(.) EU and u(t) EU , tE t )tf~~

where U is the set of piecewise continuous functions from ~t0~ tf — R 1 
and

U is a given subset of R . Similarly, let

M2 
= lv(.) : v(.) Eli and v(t) EV , t E [t~~tf~

}

where li is the set of piecewise continuous functions from [t
0~

t
fJ 

— R 2
.

For u(.) EM
1 
and v(.) EM2, the solution of (1), (2) will be denoted by x(.).

The pair Lu(.),v(.)J is playable if it generates a solution of (1), (2)

such that x(t
f) E 8 where the target set 8 is a given set in R

n
. 

J_~~~
_ 

~~~~~~~~~~~~~~ 
S.~~~~~~~ ~~~~~~~~

. ~~~~~~~~~~~~~~~~~~~~~~~~ .



- 
—

3

For u(.) EM1, N(u(.)) is the set of all v(.) EM2 such that u( ),v(•)~

is playable. A control u(.) is ~dmissib1e if u(.) EM 1 and N(u( .)) ~ 0.

For a playable pair Lu(•),v(•)~~, the cost is a vector with two components ,
• t

r .f
= g~ (x( t

f
)) + 1 L.(x(t),u(t),v(t))dt , i = 1,2 (3)

Here x(.) denotes the trajectory corresponding to u(~ ) , v(.) starting at

(x
0,t0). (The results presented below can easily be extended to the case

where the cost is a K vector. For simp licity of presentation, we concentrate

on the case K = 2).

Before defining optimality, consider first the case of a single criterion.

Given any u(.)EM1, sup J(u(.),v(.)) is the guaranteed upper value
v (.)EN(u(.)) 

*of the Cost when control u(.) is used. A cc itrol u (.) which gives the lowest

guaranteed cost is sought, i.e., find u*(.) EM1 satisfying for all 
u(.) EM

1

*sup~ J(u (.),v(.)) ~ sup J(u(.),v(.))
v(.)EN(u (.)) v( .)EN(u(.))

A control satisfying this condition is called a minmax control.

Now consider the multicriteria case when there is no disturbance. A

*useful optimality criterion ~s Pareto optimality. A control u (.) is Pareto

optimal if, and only if, for every u(.) EM 1 
either J.(u(.)) =

i = 1,2, or, for at least one iE~ 1,23, J.(u (.))< J.(u(.)).

In the following definition, we combine these two concepts into a

definition of optimality which applies to multicriteria problems with dis-

turbance s.

*Definition 2.1. A control u (.) is Pareto optimal if, and only if, it is

admissible and for all admissible u(.) either

_ _  -S.- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
‘

~~
- -  —-.

~~~
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sup J
i
(u*(.),~~~.)) = sup J.(u(.),v(.)) , i = 1,2

v(.)EN(u*(.)) v(.)EN(u (.))

or , for at least one iE~~l,2),

*
sup J .(u ( ) , v(.)) < sup J.(u( .),v(.))

v(.)EN(u*(.)) 
1 v(.)EN(u(.)) 1

When the c os t has only one component the problem is a two player zero-

sum differential game and the definition becomes that of a minmax solution

while, if there is no disturbance, the definition is the usual definition of

Pareto optimality. If an admissible control, u1(•), is not Pareto optimal,

then there is another admissible control, u2
(.), such that

sup J~ (u2
(.),v(.)) � sup J(u

1
(.),v(.)) , i 1,2

v( )EN(u
2
(.)) v(~)€N(u1(.)) 

1

with the strict inequality holding for at least one i. Thus, if an admissib le

control is not Pareto optimal there is a control that reduces the guaranteed

cost of at least one of the components of the cost vector without increasing

the rest.

Static versions of this problem are treated in Ref. 4-6. In Ref. 7, a

many player differential game problem with coalitions was studied and that

problem can be interpreted as an optimal control problem with disturbances.

There , however, in deriving sufficient conditions , it was assumed that a

related two-player zero-sum game has a saddle point solution. We do not

make that assumption here.

— S. _ _ _ _ _  

. - -
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In the next section two sufficient conditions for Pareto optimal control

are presented. These conditions are not directly working conditions , but only

a step in that direction. In Sec. 4, we use the second of these conditions

to obtain other conditions which may be used for determining Pareto optimal

controls.

3. Preliminary Results. Sufficient conditions for Pareto optimality

will be obtained in terms of the following two-player zero-sum differential

game.

= 
~l
31~~~~~

,vl
(.)) + a’2J2(u(~

) , v
2
(.)) (4)

k1(t) = f(x1
(t) ,u(t) ,v1(t)) , x1(t) = x (5)

~2
(t) = f(x

2
(t),u(t),v

2
(t)) , x

2
(t ) = x (6)

Here x
1(t),x2

(t) ERn, v1
(.),v

2
(.) EM2 and admissible 

u(.) are defined as in

Sec. 2. One player controls u(.) while the other controls v
1
(.) and v

2
(.).

Note that xi
(.) and v.(.) only enter ~ through J. while u() enters through

and J2. The time interval Et 3 tf
J is fixed and we require x

1(tf)~ x2(tf
)E8.

The controls Eu*(.),v~(.),v (.)] are a saddle point solution for this

game is they satisfy

� ~ (u*(.),v~ (.),v (.)) � 
~
(u(•),v

~
(
~

) , v
2(*)) 

(7)

for v
1
(.),v2

(.) EN (u*(.)) and for a1’. u(.) that are p layable - against v~(.)

and v2(.).

* 

In Theorem 3.1 which follows, we assume all u () EM
1 
are playable against

(v
1
(.),v

2
(.)).

—

~ 

— 
“

~~—
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Theorem 3.1. If ~u*(.),v~ (.),v (.)~ is a saddle point solution to the dif-

ferential game (4)-(6) for some 
~1’~ 2 

> 0, + 
~2 

= 1, then u () is a 
- 

-

Pareto optimal control for the problem (1)-(3).

Proof. The saddle point inequalities (7) imply

* 
.
~

— 
*J(u (.),vl

(.),v
2
(.)) sup ~(u (.),v1

(.),v
2

( ) )
v
1
(.),v

2
(.)EN(u (.))

and that for any admissible u(.)

Thus sup

vi
(.) ,v2

(.)EN(u*(.))

sup 3(u(.),v1(~ ) , v
2
(.) (8)

for all admissible u( ). Since v.(.) and x.(.) only affect J~
2

sup 3(u(.),v
1
(.),v2

(.)) = : 
~ i ~~~ J

~
(u ( .) , v . ( . ) )  (9)

v
1
(.),v2

(.)EN(u()) i=l 
v~ (.)EN(u(.))

From (8) , (9) ic follows that

2 
* 

2
-
~~~ ~~ 

sup J.(u (.),v1
(.)) � E sup J (u(.),v (.)) (10)

i—l * .=1 1
vi ( .) E N ( u  (.)) 1 vj)EN(u(.))

Since a’~ ,a’2 
> 0, (10) implies that u*(.) is Pareto optimal.

From this theorem, it is seen that Pareto optimal solutions can be

found by determining open ioop saddle point solutions for the two-player

zero-sum game (4)-(6) . As a~ and a
2 vary, different saddle point solutions

may be obtained. Each of these solutions has the Pareto optima l property .

Techniques for finding open loop saddle point solutions can be found in

_ _ _ _ _ _ _  ___  -— - ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ --~~~~~~- ~~~~~~~ - -~~~~~~~ ~~~~~ - — -  - -~~~~~
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Ref. 2,7-10. Unfortunately, many of the differential games (4)-(6) which

arise from problems with a disturbance (1)-(3) do not have saddle point

solutions. They do, however, have minmax solutions.

Definition 3.1. An admissib e control u*(.) is a minmax solution to the game

(4)—(6) if it satisfies for all admissible u(.)

sup ~ (u*(.),v
1
(.),v

2
(.))~~ sup

v
1(~

) ,v2(~)EN(u(.)) v
i
(.) ,v2

()EN(u())

Theorem 3.2. If u*(..) is a minmax solution to the game (4)-(6) for some

a’1,a’~ > 0, a1 + a’2 = 1, then u
*(.) is a Pareto optimal control for the problem

(l)— (3).

*Proof. Since u (.) is a minmax solution, it satisfies (8). The proof then

follows in exactly the same manner as the proof of Theorem 3.1.

Theorems similar to Theorem 3.1 and Theorem 3.2 were obtained for prob-

lems involving coalitions in a differential game (Ref.7). There, use was

made of Theorem 3.1 to find coalitive Pareto optimal controls. Here, we

shall concentrate on Theorem 3.2 and use it, in conjunction with a sufficient

condition for minmax control (Ref. 11) to obtain sufficient conditions for

a Pareto optimal solution to the problem with disturbances (l)-(3). Also a

possible technique for determining Pareto optimal solutions based on these

sufficient conditions will be discussed.

4. Main Result. In Ref.(2,ll)there are sufficient conditions for a control

to be a mininax control. Based on these results , as well as Theorem 3.2, we

obtain sufficient conditions for a Pareto optimal control for the original

problem (l)—(3). First, we need some definitions. For i = 1,2, the set

£ .(u(.)) consists of the admissible disturbances that are p layable against

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~ _~~~~~~~ • ~~~~

• • 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~

-•
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u(.) amd maximize J
~
.

= 
~~~~ :

(.)EN(u(.)) and

J~(u(.),~r(.)) = sup J.(u(.),v(.)))

v(.)EN(u(.))

I = 1,2

Let w(.,.) be a function from R~~X R 
1 
— R~~ and, for u(s) EM1, ~~~~ is

the function defined by q ( t) = w(x(t),u(t)) where x(.) is the solution of

k(t) = f(x(t),u(t),w(x( t),u(t)),x(t )  = x .  The functions w(~ ,’) will be

called response functions . The set of admissible response function is

= ~w(.,.) : q (•) EN(u(~)) for all admissible u(s))

Let ‘i’ be a positive integer, yi(.~~~) EW , i = l,.-. .,~y, z~(.,.) EW ,

1. = 1,... ,~i. Consider an optimal control problem with cost H

K(u(.),yi(., .),z
i(.,.))

= ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (11)

and state equations

4(t) = fL4(t),u(t),yi(4(t),u(t))~ , x~(t0) = x0 i = ~~~~~~ (l2a)

4(t) = fEx~ (t),u(t),z1(x~ (t),u(t))J , x~ (t~~ = x0 
i = l,” ,~~~ (l2b )

The terminal conditions are 4(tf), 4(tf) Ee , i. =

In the following, we shall require a
1 
> 0, a’

2 
> 0. Letting p =

the cost can be rewritten as

- 
• 

-
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i i
K(u(.),y (.,.),z (.,.))

-V i -V
— ~ J1~~~~~~’~’ 

( , ) )  + p ~..J2
(u(~ ),z (.,.)) (11’)

i_l i 
i—l

i

*We now present a sufficient condition for a control u (.) to be a m m -

max control for the problem (4)-(6) and thus, from Theorem 3.2, a Pareto

optimal control for the problem (l)-(3) .

*Theorem 4.1. Let u () be admissible . If there exists

i) a positive integer ‘y’

•1
ii) scalars ~~.. > 0, i = 1, -” ,y, 

~~ 
= 1 and a scalar p > 0

iii) admissible response yi(.,.),z
1(.,.) EW , i = ~~~~~~

such that

a) vt
*(.) E~~1(u

*(.)), v~*(.) EC2(u
*(.)), I = l,”~~~

i i* * i* ~ ~ * * i*where v
1 
(t) = y (x

1 
(t),u (t)), v2 (t) = z (x~ (t),u ( t ) )  and x

1 
(s), x2 

(.)

are solutions of

4(t) = f[x~(t),u*(t),y i (x~ (t),u*(t))] , x~ (t) = x i = 1, • • • ,~i

i i * i i  * ix2(t) = fLx2(t),u (t),z (x2(t),u (t))~ , x2(t) = x i = 1,.” ,‘q

b) u~(.) is an optimal control for the problem ~~~~~~~~~~~~~~~~ z
i(.,.))

then u (.) is a Pareto optimal control for the prob lem (l)-(3).

*Proof. Consider any admissible u(.). Since u (.) is a solution of the prob-

lem P(Y ,p,~ i,y
i(.,.)), z1(.,.)), for any ~(•) EM 1

•V 
* i* -V * I

i=1~ 1 l ~ 
(.),v

1 
(s)) + P E ~.J2(u 

(.),v2(•))i—I.

i *~ ~~J1
(u(.),q~~.)) + P 

~i
32~-” ~~~~~~~~~i— 1

where q~(t) = y~(~~ (t),&(t)) i 1,.~~~,Y

4(t) = z~~(4(t),U(t)) i
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Since p > 0, 
~~ 

> 0 1 = l,... ,V , either

* 1* iJ
1
(u (~ ),v1 (.)) = J

1(u(.),q~(.)) i =

and (13)
* 1* .-32(u 
(.),v2 

(.)) = J
2
(u( ),p~ (.)) i = l,...,’y

or
*

J1
(u (.),v

1 
(.)) < J

1
(~~(.),q~~(.)) for some iE~~i,

...,y) (14)

or

* i* - 

iJ
2

(u (~ ),v
2 
(.)) < J

2(~~
(.),p~.(.)) for some ~~~~~~~~~~~ (15)

From (a)

sup J
1
(u*(.),v(.)) = J1(u

*(.),v~*( ) )  i = 1,.~~., (16)
vEN(u (.))

sup J
2
(u*(.),v(.)) = J2(u

*(.),v~*(.)) I = l,..., (17)
v€N(u (.))

Also,

su~~ J
1(~
(.),v(.)) (18)

v(.)EN(u(.))

J (~(~ ),v(.)~ (19)
v(.) N(u(~ ))

*Using (16)-(19), each of the three cases (13), (14), and (15) imply u (.) is

Pareto optimal.

5. Discussion. For a given initial state and time, one can proceed as follows

to obtain Pareto optimal solutions. Form the two-player zero-sum game (4)-(6).

For those values of and a2 with a1 > 0, a’2 > 0 and a’1 + a
2 
= 1 for which

there is an open loop saddle point solution, the corresponding u(.) is,

according to Theorem 3.1, a Pareto optimal solution.

_ _  _ _ _ _ _ _ _ _  
~~~~~~~~~~•
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If there does not exist a saddle point solution, we must resort to

Theorem 4.1. Choose a real integer ‘y’ � 2 and functions y
1(•,~ ), z~ (.,.),

i = l,” ,~~. Then determine the optimal control for the problem

in terms of p and 
~~~~~

, i.e., u(.,p,~ 1, . ..,~~ ). If

possible, choose the 
~
.. so that

J
1
(u(.),y’(.,.)) + p

= J
1
(u ( ),y~(.,.)) + p

for all i, ~~~~~~~~~~~~ For every p >0 for which this can be done , we then

have a candidate for a Pareto optimal solution of the prob lem (l)-(3). It

may then be possible to verify that these candidates are solutions by using

Theorem 4.1. In checking (a) and (b), of Theorem 4.1, standard sufficiency

results for optimal control, such as Ref. 12-16, can be used. Of course,

choosing Y, y
1(.,.) and z

1(.,.) may be difficult and some ingenuity as well

as trial and error must be used.

The general idea of the procedure is to let a
1 

take on all poss ible

values in the interval (0,1). For every value of a1 in this interval we

hope to get a Pareto optimal solution. If there is an open 1oop saddle

point solution corresponding to a particular a’1, we use Theorem 3.1; if not ,

we find a minmax solution and use Theorem 4.1.

6. Example. Consider the following problem with scalar x(.), u(.) and v(.).

J
1
(u(.),v(.)) = x2(l), j2(u(~),

v(.)) = -x(1) (20)

*(t) u(t)v(t) , x(O ) = (21)

U = 1 u : u
2
~~~1) , V 1v : 1 ’v � 2 )  (22)

I. - - , -- - -.- - -~~ 
. .-

~ ~--~~--  
__________________________________________
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First we form the two player differential game (4)-(6)

= a14(l) - cr
2x2

(l)

k
1
(t) u(t)v

1
(t) ; X~

•
(0) =

x2(t) = u( t)v
2

(t) ; x
2

(O) -
~~

Checking for open ioop saddle solutions as a
1 
ranges between 0 and 1, we

find that there are such solutions for a’1
E (0, 6/7) and that the controls

u(.), v
1

( )  and v
2() are constant. These results are summarized in Table 1.

TABLE 1

a’ ~
j ( .)  “l~~~ 

v2 (
~

)

0 < c ~~ �~~~ 1 2 1

2 111 1 3 sal

0 1 1

1 2 2 ( 1 — a 1)
2 1 3  0 2

1 2

The inequality J(u(.),v1(’),v2(.)) 
� 

~(u(.),~~1
(.),

2
(.)) was verified via the

direct sufficient conditions (Ref. 13,14) wh ile the inequality 
~~~~~~~~~~~

v2~~~) 
� 

~(~~( 1
(.),v

2()) was established using field type sufficiency

theorems (Ref. 10,11). That the i~i(•) part of the saddle point solution is a

Pareto optimal solution follows from Theorem 3.1.

Lt -



- — •- --- - 
~~~~~~~~~~~~~~~~~~ 

- -- 
~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ -~~~~~~—‘-----— --‘

13

For 6/7 < a
1 
< 1, there is no open 1oop saddle point solution and we

must resot to Theorem 4.2. To this end, we consider the control problem

given by (ll)—(12) with Y=2 , y1(.) = 1, y2(.) = 1, z1(.) = 2, z
2(~) = 2,

0 < p < ~~, ~1
= 2 p +~~~and~ L

2
= l - ~~ 1

.

K(u(.),yl(.),zi(.)) = ~l~4(~~~
2
÷ 
~2~~i

(1)J - p~1x~ 
- p~2

x~ (l)

4(t) = u(t) , 4(t) = 2u(t)

4(t) = 2u(t) , 4(t) = 2u(t)

4(0) = 4(0) = ~4(O) = 4(0) =

*Since u (t) = -1/3 is a solution to this optimal control problem and since

y
1(.) E.S

1
(u*( ) ) ,  z’(•) E.S

2(u
*(.)), i 1,2, u

*() is a Pareto optimal

solution for this problem. Also, since p = a’
2

/a’
1 
and 0 < p < 1/6 , this

solution corresponds to 6/7 < a’
1 

< 1. Note that Theorem 3.1 does not app ly

when 6/7 < a’1 < 1 since there is no saddle point solution and Theorem 4.1

is needed.

6. Concluding Remarks

In the definition of optimality in Sec. 2, for a given u(.), the maxi-

mization operation is over all v(.) that lead to termination against u(.).

This may be considered unrealistic since there is no assurance that nature

will choose v(.) to terminate on 8. For problems where the differential

equations (1) satisfy a growth condition and the terminal set 8 = R~
’, every

u(s) EM1 is p layable with every v(.) EM2 and this difficulty does not arise.

In the general case, re~t~icting M,~ and M2 so that all pairs (u(.),v(.)) with

u(.) EM1 and v(.) EM2 are playable, would eliminate the necessity of the

_ _  
- - . 

-
~~~~

-
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playability assumption on v(.). If it is felt that the condition that the

- maximization operation is over all v(.) that lead to termination is unrealistic,

then the theory should be app lied only to problems where M
1 
and M

2 
are such

that all pairs (u(.),v(.)) with u(.) EM
1 and 

v(.) EM
2 are playable.

- -
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1. INTRODUCTION

In this paper we present a simple derivation of necessary conditions for

static minmax problems . The problem is to choose xEXCR~ to minimize

f (x )  = sup Ø (x ,y) (1)
yE Y

where Ø(.,.) : R
n
XR

m _ R is ~~~ Y is a specified subset of Rm and X = 3:xIC(x) � 01.

The function C(.) : R
tl
~. R~ is C

’ on R
tl
.

Necessary conditions which the minimizing point must satisfy are given in

[1—3] in terms of the directional derivative of f( ). This results in a

Lagrange multip lier rule which is an inequality . In £41 , the necessary con-

ditions are in the form of a Lagrange multip lier rule that is an equality .

Her e, we derive the results of [4] in an alternate and simp ler fashion.

Our approach is to replace the above minxnax problem , as suggested in [5],

by a related nonlinear progranzning problem where the subsidiary conditions

consist of an infinite number of inequalities. The resulting programming

problem is called the Fritz John problem [6,7]. A relationship between the

solution of the Fritz John problem and the minmax prob lem is presented . This

relationship , in conjunction with the necessary conditions for the Fritz John

problem , lead directly to necessary conditions for the minmax problem which

are identical to those in [4].

We shall assume that Y is compact. Then for every ~ EX there exists a

~i~~ Y with the property that ~~~~~ 
= sup Ø (~ ,y) and we can rep lace “sup” by
yE Y

“max”. The vector of partial derivatives ~~ (x ,y ) /~x will be deno ted by

~~~~~~~ 
Similarly, C

1
(x) — ~C1(x)/~x.
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2 • A NONLINEAR PROGRAI~MING PROBLEM

As suggested in [5], we consider the problem choosing zER ~~~ to minimize

L(z) = (2)

subject to

C . ( z 1, z2,...,z )  ~ 0 , i = l,2,...,p (3)

and

~ (z 1, z2, ...,z ,y) - z~~~1 � 0 for all y E Y  (4)

The relationship between the solution of this problem and the minxnax

problem is given by the following propositions .

PROPOSITION 1. If z0 is a solution to the problem (2)-(4), then

x0 = ~~~~~~~~~~~~~~ is a solution to the minmax problem.

Proof. Suppose x0 is not a solution to the tninmax problem . Then there

exists an ~ satisfying

� 0 , i =

such that

sup Ø (~ ,y) < sup ~ (x°,y) 
~ 
z
0
~~

yEY yEY

A A A T A T I
Let z~~ 1 

= sup ~(x,y) and z = [x z
+lJ. 

Then
yEY

Zn+l <

~~~~~~~~~~~ � 0 i = 1,2 , ... ,
~~~

Z
1~~~~~

Z
n~

Y) - � 0 for all yEY

which contradicts the hypothesis that z0 is a solution to the prob lem (2)-(4).
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* * *PROPOSITION 2. If x is a solution to the minmax prob lem and z
÷1 

= sup ~~(x ,y ) ,
*T *T * yEY

then z = [x Z
n+1] is a solution to the problem (2)-(4).

*Proof. Suppose z is not a solution to the prob lem (2)-(4). Then there

exists a ~ such that

* *Z
n+l < z

÷, 
= sup ~- ( x  ,y) (5)
yE Y

� 0

Z
l~~~~~

Z
n~

Y) - Zn+l � 0 f or all yEY

The last inequality is equivalent to

sup 
~~~~~~~~~ 

,y) � 2
n+l (6)

yEY

Then (5) and (6) imp ly

A A *sup ~5(z1,...,z ,y) < sup ~ (x ,y)
yEY yEY

*which contradicts the hypothesis that x is a solution to the minxnax problem .

Thus, the minmax problem is equivalent to a Fritz John problem. In the

next section , we state the necessary conditions for the Fritz John problem.

Then we apply the conditions to the problem (4)-(6) and thereby obtain necessary

conditions which the tuinmax solution mus t satisfy.

3. NECESSARY CONDITIONS FOR A MINMAX SOLUTION

The Fritz John problem we are interested in is to determine z E ~~~~ which

minimizes

L(z)

subject to

C . (z) � 0 i l,2,... ,p
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and

e(z ,y) � 0 for all yEY

where 8(•,•) : R
n+l

XR
m_,R is a C1 function. Necessary conditions which a

minimizing point must satisfy are given in [6] or [7].

THEOREM 1. Let z be a minimizing point. Then there exists an integer a,

scalars X � 0, X1 > O , ”, > 0, scalars .
~~~~ 

� 0 i = l ,~~~. ,p and vectors

~~~~~~~~~~~~~~ = 01, k = 1,.•~~,a’ such that

* 
a * ~ 

p 
*\L

~
(z ) + E ~ .S~~

(z ,y 
~ 
+ 

~ ~i
Ciz (5 ) = 0

i=1 i=l

= 0 i =

8(z*,y) � 0 for yEY

Furthermore , if $ is the number of nonzero .

~~

., 1 � a’ + ~ � n + 1.

App lying this theorem to the problem (2)-(4) leads to the conditions

a’ * * i p 
* *Xi

t
~z

zl,~~~
,zn

,y ) + E ~~~~~~~~~~~~~~~~~ = 0 i = l,... ,n
j I.=l

a
x - E )~. = 0

i=l 2

= 0 i = l , .•~~,p

- z*÷, � 0 for all yEY

where each y ’ satisfies

* * i *
~~~~~~~~~~~~ ) Z

n+i 
0 for all yEY

Restating these results in terms of x rather than z results in necessary con-

ditions for the minmax problem which are identical to those in [4]. Specifically

we have

- 
~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~ 
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*THEOREM 2. Let x be a solution to the minntax problem. Then there exists

- a positive integer a, scalars X. > 0 , i = l , • •. ,n , scalar i,. � 0, i = l ,..•,p ,
A * * *vectors y E Y ( x  ) = (yEY ~~ (x ,y) = sup ~ (x ,z)1, i = ~~~~~~~ such that

zEY

a p 
*

~~ Xiø x~~ 
,y ) + E ~ .C . ( x  ) = 0

i=1 i=l

~iCi
(x*) = 0 j  = ~~~~~~~~~ ,

Fur thermore , if B is the number of nonzero u.., 1 � a’ + 6 � n + 1.

- . - ~~~~~~~~~~~~~ 
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