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Optimal Control of Systems With Uncertainty

I. Introduction

The research being performed under AFOSR Grant 76-2923 is concerned with
optimally controlliag a system to a specified target when disturbances or
uncertainties enter the system. Two general problems in this area are being
investigated. One problem is that of determining if there exists a control
that assures that the system reaches a sepcified target set for all possible
disturbances. If such a control exists, then the next problem is to determine
a control which guarantees that the target is reached and is also optimal
in the sense of minimizing a specified measure of the system's performance.
Our research effort has been directed toward obtaining methods for answering
the questions raised by these problems and thereby aiding in the design of

controllers for uncertain systems.

II. Results Obtained

The problem of controlling a system to a target belongs to the general
area of controllability problems. Most results in this area have dealt with
linear, constant coefficient systems without control constraints. But in many
realistic situations there are magnitude constraints on the control values and
the linear system has time-varying coefficients. We have obtained
necessary and sufficient conditions for the existence of a control which
steers the system to the origin when there are magnitude constraints on the
control values and when the linear system is a time varying one. In addition,
we have also devised a technique for determining a control which drives from
system from a given initial state to the origin. The complete details of
this research are included as Appendices A, B and C. The paper in Appendix A

has been submitted to the S.I.A.M. Journal on Control and Optimization while
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the material in Appendices B and C will be presented at the 1978 Allerton
Conference on Communication, Control and Computing and the 17th IEEE Conference
on Decision and Control, respectively.

We have previously reported on the sufficient conditions we obtained for
the problem of optimally controlling an uncertain system. These conditions
can be used to design minmax controllers. Recently, our investigation has
led to a more general sufficiency result which includes the previous results
as special cases. This research has been reported in a paper which has been

accepted for publication in the Journal of Optimization Theory and Applications

and is included as Appendix D.

Often, the performance of a system cannot be measured by a single, scalar
performance index. Instead, multiple criteria are needed to characterize the
system's performance. We have obtained results which treat the problem of
designing an optimal controller for a system with multiple performance criteria
when disturbances are present. These results will appear in an invited paper

in the Journal of Optimization Theory and Applications. Appendix E is a copy

of this manuscript.

Finally, in a previously published paper on static minmax problems, the
proof of the major result was complicated and long. We have devised a simpler
and shorter proof and this proof will appear as a note in the Journal of

Mathematical Analysis and Application. It is included in this progress report

as Appendix F.

III. Research in Progress

The controllability results obtained are more general than those currently
available since they apply to time-varying linear systems where there are

constraints on the controls. Nevertheless, the results are not as general as
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they need to be. 1In particular, we are investigating three extensions of the

results: (i) general target (rather than the origin as a target), (ii) nonlinear
systems and (iii) systems with disturbances. The controllability problem

with disturbances is being investigated in conjunction with Bruce Elenbogen,

a graduate student in Applied Mathematics who is being supported by the grant.

It is believed that our approach to controllability problems will lead to results
that apply to nonlinear systems:with a general target and disturbances.

Sufficient conditions for a mimmax control are now well developed and it

3 v is felt that little can be gained by making minor extensions of the results
currently available. Instead, our efforts are concentrating on the develop-
ment of necessary conditions. It is quite important that necessary conditions

be developed since complex problems usually require numerical solution and

T "

necessary conditions lend themselves to numerical algorithms more readily

than sufficient conditions. Necessary conditions have been obtained for
linear systems with a linear cost function. However, this class of problems
is too narrow to be of much practical use and we are attempting to extend

1 the ideas to problems with a quadratic performance index.

IV, Additional Information

Papers resulting from the research sponsored by AFOSR under Grant AFOSR 76-2923.

ke Static Multicriteria Problems: Necessary Conditions and Sufficient Con-

ditions, Proceedings IFAC Symposium on Large Scale Systems, Udine, Italy,

June 16-20, 1976.

2. A Sufficient Condition for Minmax Control of Systems with Uncertainty in

the State Equations, IEEE Trans. Auto. Control, Vol. AC-21, No. 4, August 1976.

(Also in Proceedings 1976 JACC, Lafayette, Indiana).
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Necessary Conditions and Sufficient Conditions for Static Minmax Problems,

J. Math. Anal. Applic., Vol. 57, No. 2, February 1977.

Minmax Control of Systems with Uncertainty in the Initial State and in the

State Equations, IEEE Trans. Auto. Control, Vol. AC-22, No. 2, April 1977

(Also in Proceedings 1976 Conference on Decision and Control, Clearwater

Beach, Florida).
A Note on the Use of the Direct Sufficient Conditions in Optimal Control

Problems, J. of Optimization Theory and Applic., Vol. 23, No. 3, Nov. 1977.

Profit Maximization Through Advertising: A Nonzero Sum Differential Game

Approach (with G. Leitmann),IEEE Trans. Auto. Control, Vol. AC-23, No. 4,

August 1978.
Optimal Control of the End-Temperature in a Semi-Infinite Rod (with W. E.

Olmstead) ,Zeitschrift fur angewandte Mathematik und Physik, Vol. 28,

pp. 697-706, 1977.
Multicriteria Optimization With Uncertainty in the Dynamics, Proceedings

1977 Allerton Conference on Communication, Control and Computing,

Monticello, Illinois, Sept. 28~30, 1977.

Optimal Blowing to Reduce Drag (with W. E. Olmstead) SIAM J. Applied Math,

(to appear).
A Necessary and Sufficient Condition for Local Constrained Controllability

of a Linear System (with B. R. Barmish), Proc. 1978 Allerton Conference

on Communication, Control and Computing, Monticello, Illinois, Oct. 4-6, 1978.

Optimal Control of Systems with Multiple Criteria When Disturbances are

Present, J. of Optimization Theory and Applications, Vol. 27, No. 1, Jan. 1979.

Constrained Controllability (with B. R. Barmish), Proc. 17th IEEE Conference

on Decision and Control, San Diego, Calif., Jan. 10-12, 1979.




13. A General Sufficiency Theorem for Minmax Control, J. of Optimization

Theory and Applications, Vol. 27, No. 3, March, 1979.

14, A Simple Derivation of Necessary Conditions for Static Minmax Problems,

J. Math. Analysis and Applic. (to appear).

15. Constrained Controllability of Linear Systems (with B. R. Barmish),

SIAM J. On Control and Optimization (submitted).

Conferences and Lectures (Sept. 1977 - August 1978)

I presented an invited paper on multicriteria optimization at the 1977

Allerton Conference on Communication, Control and Computing, Monticello, Illinois,

Sept. 1977.

I attended the International Forum On Alternatives For Multivariable
Control, Chicago, Illinois, October, 1977.

I presented an invited lecture on minmax problems at Michigan State
University, November, 1977.

I chaired a session on games at the 1977 Conference on Decision and

Control, New Orleans, Louisiana, December, 1977.

Forthcoming Conferences and Lectures

I will present a paper on constrained controllability at the 1978 Allerton
Conference on Communication, Control and Computing, Monticello, Illinois,
October, 1978.

I have been invited to give a lecture on controllability at the University
of Rochester, November, 1978.

I will present a paper on constrained controllability at the 17th IEEE

Conference on Decision and Control, San Diego, Calif., Jan., 1979.
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CONSTRAINED CONTROLLABILITY OF LINEAR SYSTEMS

* s
W. E. Schmitendorf and B. R. Barmish

Abstract. The paper considers the problem of steering the state of a linear
time-varying system to the origin when the control is subject to magnitude
constraints. Necessary and sufficient conditions are given for global con-
strained controllability as well as a necessary and sufficient condition for
the existence of a control (satisfying the constraints) which steers the

system to the origin from a specified initial epoch (xo,to). The global

result does not require zero to be an interior point of the control set ( and

the theorem for constrained controllability at (xo’to) only requires that Q
be compact, not that it contain zero. The results are compared to those
available in the literature, Furthermore, numerical aspects of the problem

are discussed as is a technique for determining a steering control.

*
Technological Institute, Northwestern University, Evanston, Illinois 60201
The research of this author was supported by AFOSR Grant 76-2923,

**Department of Electrical Engineering, The University of Rochester, Rochester,

New York 14627
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1. Introduction and Formulation. Consider the problem of steering the

state of a linear system
(8) k() = A(D)x(t) + B(t)u(e); t€le ,®)
to the origin from a specified initial condition [

x(to) =%

by choice of control function u(*). Here x(t) €Rn, u(t) €R™ and A(+) and {

B(*) are continuous matrices of appropriate dimension. Unlike the usual con-
trollability problem where the control values at each instant of time are
unconstrained, we insist here that the control values at each instant of time
belong to a prespecified set Q in R".

Let M(Q) denote the set of functions from R into (i that are measurable
on [to,°°). Then any control u(:) €M(Q) is termed admissible. We now define
three notions of constrained controllability or, more precisely, {i-null

controllability.

Definition 1.1, The linear system (S) is Q-null controllable at (xo,to)

if, given the initial condition x(to) =X there exists a u(+) €EM(Q) such

that the solution x(¢) of (S) satisfies x(t) = 0 for some tE[to,‘).

Definition 1,2, The linear system (S) is globally {i-null controllable

at t_if (S) is O-null controllable at (x_,t ) for all xoeR“.

Our results will pertain to the above two types of controllability. To
compare our results to those of other researchers, we also need a local
controllability concept.

Definition 1.3, The linear system (S) is locally (-null controllable

at to if there exists an open set VCRn, containing the origin, such that

(S) is null controllable at (xo,to) for all xOEV.




The majority of constrained controllability results are for autonomous
systems, i.e., systems where A and B are constant. When (I = Rm, Kalman [1]
showed that a necessary and sufficient condition for global R™-null controllability

n-lB]. Lee and Markus [2] considered

is rank (Q) = n where Q & (B,AB,:++,A
constraint sets QCR" which contain u = 0 and showed that r(Q) =n is a
necessary and sufficient condition for (S) to be locally Q-null controllable.
Furthermore, if each eigenvalue A of A satisfies Re(A) < 0, then (S) is globally
Q-null controllable. This result is typical of the results available when (

contains the origin.

Saperstone and Yorke [3] were the first to eliminate the assumption that

zero is an interior point of (2 when they considered problems with m = 1 and
Q= [0,1]. Their result states that for these problems (S) is locally Q-null
controllable if and only if rank (Q) = n and A has no real eigenvalues. They
also extend this result tom > 1 and Q = HTEO,I]. Problems with more general
constraint sets were studied by Brammer {4] who showed that if there exists
a u€( satisfying Bu = 0 and the convex hull of { has a nonempty interior, then
necessary and sufficient conditions for local Q-null controllability are rank (Q) = n
and the nonexistence of a real eigenvector v of AT satisfying vTBu < 0 for all
u€Q. 1In addition, if no eigenvalue of A has a positive real part then the
theorem becomes one for global Q-null controllability. A similar result for
global controllability when Q = [0,1] was obtained by Saperstone [5).

For nonautonomous systems, the most familiar controllability result is
that of Kalman (1] when Q = Rm. He showed that (S) is Rm-null controllable
if and only if W(to,tl) is positive definite for some :16 [to,ﬁ) where

c
1
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and @(t,T) is the state transition matrix for (S). When the control ‘s con-
strained, the major results are by Conti [6] and Pandolfi [7] who obtained
necessary and sufficient conditions for global Q-null controllability when
is the closed unit ball,

We also mention the results on {i-null controllability of Dauer (8], 9]
and Chukwu and Gronski [10] for a class of nonlinear systems satisfying a
certain "growth condition". In [1l], Grantham and Vincent consider the prob-
lem of steering a nonlinear system to a target and present a technique for
determining the boundary between the set of states which can be steered to
the target and those which cannot. More recently, Murthy and Evans [12]
obtained results comparable to [3]-[5] for discrete linear systems and Pachter
and Jacobson [13] developed sufficient conditions for controllability for
case where A(+) and B(+) are time invariant and { is a closed convex cone
containing the origin. A readable account of the state of the art is con-
tained in the book by Jacobsen [ 14, Chapter 5].

In contrast to much of the work of previous authors, this paper concen-
trates on the case wheré A(-)fand B(+) are time-varying. Our results for
global Q-null controllability are for constraint sets ( that are compact and
contain zero (but not necessarily as an interior point). One of our main
results on global Q-null controllability is an extension of a theorem of
Conti [6] and it degenerates to Conti's theorem when Q is a unit ball,

Our results for {Q-null controllability at (xo,to) have even wider
applicability since they do not require the existence of a u€{Q such that
Bu = 0, Thus we can analyze controllability of a system with, for example,
m =1 and Q = [1,2] whereas the presently available theorems do not apply.

Furthermore, as will be illustrated by examples, there are autonomous systems




(S) which are neither globally Q-null controllable nor locally (i-null con-
trollable but nevertheless are (-null controllable at some (xo,to). Our
theorem can be used to decompose the state space into two sets. Initial
states in one set can be steered to the origin while those in the other

cannot be driven to the origin by an admissible control.

2. Main Results. In order to describe our necessary and sufficient

conditions for global {i-null controllability, we make use of the support
function HQ: ﬂm-'RLJ{m} on Q which for any o €r” is given by

Hn(a) - suplw'e : wEQ} .

Using this notation, we have the following theorem, which is proved in
Apppendix A,

Theorem 2.1, Suppose (1 is a compact set which contains zero. Then, (S)

is globally Q-null controllable at to if and only if

(2.1) dr Ho(B' (T)2(T))dT = + =
&

o

for all non-zero solutions z(¢) of the adjoint system

(s") 2(t) = -A'(t)z(t); te[to,“’) .

Equivalently, if and only if

E sup{w'B'(T)¢'(to,T)k:cuE(ﬂdT =+ @

=
0o

for all );GRF, N # 0, where ¢(t,T) is the state transition matrix for (S).

In the following corollary, we examine the special case of Theorem 2.1
which arises under the strengthened hypothesis '"zero is an interior point of (."

As we might anticipate, for this special case, the structure of the set Q will




Corollary 2.2. (See Appendix A for proof): Suppose there exists a

!

t

|
not matter other than the requirement that it contains zero in its interior. F
i

i

t

compact set {1 such that |

(i) zero is an interior point of Qj !
i

(ii) (S) is globally Q-null controllable.

Then (S) is also globally Q'-null controllable for any other set (' (not i

necessarily compact) which contains zero in its interior.

Our proof of Theorem 2.1 will make use of a more fundamental result
(also proven in Appendix A) giving conditions for (-null controllability at
a fixed initial epoch (xo,to). To meet this end, we define the scalar

function J: RTXRXR"=R by 1

~T
{
(2.2) I(x,, 1,0 8 xIENTE N+ | Hg(B (M (T, DT
%o
f
Since we will only consider compact {I in the sequel, we can guarantee (see -}

Appendix A) that the integrals (2.1) and (2.2) are well defined.

Theorem 2.3. Let (1 be a compact set and suppose /i is any subset of R"

which contains O as an interior point. Then (S) is {l=null controllable at

(xo,to) if and only if

(2.3) min{J(xo,T,x) :AEA} =0

for some I‘E[to,m). Equivalently,

(2.4) J(XO’T"\) 20 for all A€EA

for some T € [t°,°).

Implicit in the statements of Theorem 2.1 and Theorem 2.3 is the fact |
that HQ(B'(T)Z(T)) is an integrable measurable function of T along all

trajectories z(+) of (8'). This fact is established as a lemma in Appendix A.




Theorem 2.3 can also be stated in terms of the adjoint system (S').

i.e., if we take A = R" and notice that z(t) = §'(t°,t)z(t0) is the response
of the adjoint system (S'), then the following theorem is easily proven.
(The proof is established by making the change of variables z(t) - BT, )8,

Theorem 2.3'. Let {i satisfy the hypothesis of Theorem 2.3. Then (S)

is (-null controllable at (xo,to) if and only if there exists some TE€ [to,m)

such that
: g
(2.5) xoz(to) + Jt HQ(B (t)z(T))dT 2 0
(o]

for all solutions z(+) of (S').

This theorem demonstrates that the question of constrained controllability
at (xo,to) can be answered by solving a finite dimensional optimization problem.
Moreover, the question of global {i-null controllability can also be answered

via a finite dimensional optimization problem. This result is given as

Corollary 2.4. Let Q and A be as in Theorem 2.3. Then (S) is Q-null

controllable at to if and only if for every XOERn there is a time Tx E[to,w)

o
such that

mintJ(xo,Txo,\) s XEAl= O

The proof of this corollary follows from Theorem 2.3 in conjunction with
the definition of global {-null controllability.

There is one technical point worth noting. In using Theorem 2.1 to
check for (i-null controllability at to’ {1 must be compact and contain 0. If
Corollary 2.4 is used, only the compactness assumption must be satisfie:

Next, we present some examples to illustrate how our theorems can be applied

and to compare our results to those of [3-5].
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Example 1. Let x(t) and u(t) be scalars and suppose (S) is described by
2(t) = x(t) +u(e) , t€lo,=» .

This system is R™-null coutrollable if Q = R™. But suppose (& = [0,1]. Then

the system is not globally Q-null controllable at to = 0. This follows from

r@

Theorem 2.1 since, for z <0, HQ(B'(T)z(T)) = 0 and thus J HQ(B'(T)z(T)dT < + @,
o

Also, using [3] or [4] it can be shown that the system is not locally (-null

controllable. Nevertheless, there do exist initial states X, from which it
is possible to steer the system to the origin. Such states can be determined {

via Theorem 2.3.

For the above
T et T-T -
J(xo,T,)\) =xe N+ ‘l suplwe” " 'A:w€[0,1]}dT
o
When A = [-1,1], this becomes
/ -
- { xoeTk NSO
J(x ,T,)\) =
: T T

x e N+ X(e” -1) AN>D0

and thus

min{J(xo,T,x) :N€[-1,1]} =0

if and only if X < 0 and X, > e-T-l for some T €[0,®), or equivalently,
if and only if -1 < X, S 0. We conclude that even though (S) is not locally (-null
controllable,it is Q-null controllable at (xo,O) if and only if -1 < X = 0.

1f Q= [1,2], neither [3-6] nor Theorem 2.l apply. However, we can

use Theorem 2.3. Since ?

r
[ 28T x>0

Hy(B' ()8 (T, D\ = ¢




- T e T ey

J(xo,T,l) becomes

{x eTk  2h(er - 1) x>0
I(x,T,\) = 2

EICH CARNCLEEY NS0

and

min{,J(xo,T,k) : A€[-1,1]} = 0

if and only if -2 < X, £ 0. Thus (S) with Q = [1,2] is Q-null controllable
at (x ,t ) when -2 < x SO0,

o' o o

As a final variation of this problem, suppose (Q = [-a,a]. Then 4] or i
Theorem 2.1, shows that (S) is not globally (-null controllable. Using [4],
it can be demonstrated that S is locally (-null controllable while Theorem 2.3
not .only tells us that S is locally Q-null controllable but also that the
states X which can be steered to the origin are those satisfying -a < X < a.

Example 2. Our second example illustrates the apolication of our

constrained controllability criteria for a two-dimensional system. We con-

sider the time-varying system (S) described by

il(t) = -xl(t) + xz(t) + ult)

}'tz(t) -txz(t) ;s t€(0,® .

First, we compute the solution z(+) of the adjoint system (S')

e 0
z(t) = z
2 o
8(t) et /2
where

2 2

e L
8(t) = ~| e dg§ .

o




5 A
Consider Q = [-M,M]. 1In accordance with Theorem 2.1, (S) is globally Q-null

controllable at e 0 if and only if

5

r~ .

J Mo 1] -
0o 8 (1) =2

for all non-zero initial conditions z, 3 EzOl 202]'. Expanding above, this i
reduces to the requirement |
®
IOM}zmlerT =+e  forall (g5 Z5,) %0
which is violated by 291 = 0; Zp0 = anything non-zero. Hence (S) is not

globally Q-null controllable at e 0.
On the other hand, perhaps certain specified initial conditions can
be steered to zero. For example, if T n OJT, then we require by

Theorem 2.3' that

T
1 T >
x 2z, + joMlZOIle dr 0 for all (z01 202) # 0

for (Q-null controllability at (0,x°). Substituting for the given X s this

Clearly, this can be accomplished if T is large enough so that
oL
jMeTarz .
o

Wo. also could have derived this same result by invoking Theorem 2.3 instead

of Theorem 2.3',
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3. Relationship with Other Controllability Results. In this section,

we compare our controllability results with those of Conti (6] and Brammer [4..
We also consider as a limiting case of our theory the usual controllability
problem obtained when magnitude constraints are not present.

Result of Conti. An important special case of Theorem 2.1 occurs when {

is a closed unit ball in R i.e5,
Q= {wer™: |lul s 1}

where H-ﬂ is a prespecified norm on R™. For this situation we have

Ho(B' (T)z(1)) = sup{w'B'(M)z(7) : ol = 1} = uB' (Mz(Ml,,

where H°H* is the norm on R™ which is dual to H-H. (For example H']* is the
o1 norm when “'“ is the £  norm and H-H and H-H* coincide when ||*]| is the
usual 22 (Euclidean) norm.)

By Theorem 2.1, we conclude that (S) is globally Q-null controllable

at to if and only if

r
(3.1 j B Mzl dr =+ =

t
[o}

for all non-zero solutions z(°*) of (S'). This result is established independently

in Conti [6) and also discussed in Pandolfi (7). This result, in conjunction
with Corollary 2.2 leads immediately to the following Proposition. ‘

Proposition 3.1. Let ( be any set containing zero in its interior. Then

(3.1) is a necessary and sufficient condition for global Q~-null controllability.

Thus, Conti's condition is a necessary and sufficient condition for
global (-null controllability for any set { containing zero in its interior,

not just when Q is the closed unit ball.
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A and B(t) = B are

Result of Brammer. Consider the case when A(t)

time-invariant. Furthermore, assume (I satisfies the following conditions:

there exists a u€Q satisfying Bu = 0 and CH(Q) has a nonempty interior in .
For this special case, Theorem 2.1 is comparable to Brammer's result.

Theorem 3.2. (S) is globally {-null controllable if and only if

i) r =n

ii) there is no real eigenvector v of A' satisfying v'Bw S 0 for all w&€Q

iii) no eigenvalue of A has a positive real part.

We note that the system of Example 1 of Section 2 does not satisfy these

three conditions. Nevertheless, it is {l~null controllable at (xo,to) for

some initial states xo.

The Case O = R*. When Q = R, it is well known [15, p. 171}

that the time-varying system (S) is completely controllable (globally R™-null
controllable at to in our notation) if and only if the rows of ¢(t°,o)B(-)

are linearly independent on some bounded interval [to,T]. Here we show that
when Q = Rm, equation (2.1) is a necessary and sufficient condition for global
R™-null controllability. This is accomplished by showing that (2.1) is
equivalent to the rows of ¢(t°,')B(') being linearly independent on some
bounded interval [to,T].

Proposition 3.3. (S) is globally R"-null controllable if and only if

j H m(B'(T)z(T)dT =+ @
to R

for all non-zero solutions z(+) of (S').

The proof of this result is in Appendix B.
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4. Some Computational Aspects. In some problems, one may have to resort

to the computer to check whether or not a system is Q-null controllable. When
using Equ. (2.3), a solution of the minimization problem min{J(xo,T,)\) : NEA} is
needed. Direct application of so-called gradient or descent algorithms is precluded
by the fact that J(xo,T,X) is in general not differentiable in A. This fact is

a consequence of the sup operation involved in the definition of HQ(B' (D' (T,DHN).
Fortunately, however, numerical computation is nevertheless feasible as a con-
sequence of the following two 1emmas.f The proofs are given in Appendix C.

Lemma 4.1, For fixed (xo,T) €R™x R, J(xo,T,)\) is a lower semicontinuous

convex function of \.

4
Lemma 4.2. For fixed (xo,T) GRn-XR, the subdifferentialf' of J(xo,T,-)

at AE€R™ consists of all vectors ,\*eRn of the form

T
(4.1) A, = Q(T,to)xo + Et (T, T)B(T)w, (T)dT
o
where
4.2) w, (T) € arg max{w'B' (T)@'(T,T)\: wEQ}

for almost all 7€ [0,TJ.

Formulae (4.1) and (4.2) hold for arbitrary compact-convex {2, Often,
however, more structural information is known about (i, In such cases, (4.1)

and (4.2) may simplify. To illustrate, suppose

Q= (- 1% (- 3% ous X Le ; >
1= L-MyLM ) EMz’Mz‘ .Mm,Mm], o, > 0)

The so-called ''generalized steepest descent' schemes rely on subdifferential
rather than gradient information. Hence computations can be carried out
using the subdifferential description of J(xo,T,)\) given in Lemma 4.2.

1
X*GBJ(xo,T,K), the subdifferential of J(xo,’r,') at A\, if and only if

J(x,T,2) = J(x ,T,\) + (z-V)'\, for all z€R"




T —

Then, the maximum in (4.2) is achieved in the ith component by

lw ()], €M, sgalB' (M@'(T,MHA], ;1 =1,2,...,m

A
where sgn * = 1 if x > 0; sgn £ -1 if x < 0; sgn O & (-1,1]. Consequently,
for this case, we can substitute in (4.l1) and show that the subdifferential

BJ(xo,T,X) consists of all vectors }\*GRn of the form

T m

e
“ pan
v i=
(o]

(4.3) Ky = Q(T,O)x° + 1Mihi(T,T)sgn A hi(T,T)dT

where hi(T,T) is the ith column of H(T,T) s 2(T,T)B(T).

We also note that A, is uniquely specified by (4.3) if
measure(T : X'hi(T,T) =0}=0 for i=1,2,...,m .

For such A, BJ(xo,T,k) is precisely VKJ(xo’T’X)’ the gradient of J(xo,T,-) at A,

5. The Steering Control. Using the results of Section 2, we can determine

if (S8) is Q-null controllable. However, those results do not give a method

for determining a steering control u, () €M (Q) which accomplishes this

objective.

One method of determining an appropriate u,(:) is to solve the time optimal
control problem, i.e.,, find u*(')Gm(Q) which steers (S) from given (xo,to) to the
origin and does so in minimum time. If there is a control which steers the
system to the origin, then there is a time optimal ome {2]. Hence, in principle,
a steering control can be numerically computed using any of a wide variety
of algorithms which are available for solution of the time optimal control
problem.

Since the solution of the time optimal problem is determined by solving

a two point boundary value problem, it can be quite difficult to obtain the




steering control this way. In this section,a "simpler'" alternative method for
generating a steering control is presented. This technique does not involve

a two point boundary value problem and leads to a control which steers the
system arbitrarily close to the origin. Our result is obtained from the

following minimum norm problem:f Given initial point (xo,to) and a final

time T, find u(-) €M(Q) which leads to the smallest value of |[x(T)||. The

solution of this minimum norm problem is characterized in the next theorem.

Theorem 5.1.(See Appendix D for proof). Let (xo,to) and T be given.

Suppose that A&=ERP achieves the minimum of J(xo,T,X) over the closed unit ball.

Then any solution of the minimum norm problem satisfies

5.1) u*(T) € arg max{w'B’ (T)O'(T,TIA, : w€Q}

for almost all T€ [to,T].
We note that condition (5.1) will uniquely determine u,(*) whenever the

minimum of w'B'(7T)®'(T,T)N, is uniquely achieved. For example, suppose
= [- b X ves XRe
Q= Ml,MIJ 1 M2,M2] L Mm,Mm] ™ >0) .
Then (5.1) requires
(5.2) [u*(T)]i € Misgn[av(-r)¢r('r,1')>\*]i BT B8 O e

For the case when the minimum of Hx(T)H =0, k* = 0 and (5.1) will not
determine a control which steers (S) to the origin. The following heuristic
procedure can be used to determine a control which steers (S) arbitrarily close
to the origin: Choose a T such that the minimum of Hx(T)H is nonzero. As T is
increased, the minimum of Hx(T)u approaches zero and the corresponding solution
u*(-), generated via (5.2), of the minimum norm n+v-blem vesults in a control

which steers the system progressively closer to the origin,

1.(S) here is required to be R™-null controllable.
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6. Additional Applications. In this section, we use our results to obtain

an existence theorem for the time optimal control problem and also apply our
results to a pursuit game.

Existence of Time Optimal Controls., Consider the following time optimal

control problem: Find u(+) €M(Q) which drives the state x(:) of (S) from an

initial position x(to) = xo to the origin and minimizes

t
£
| C(u(+)) = E dt tf = arrival time at the origin. i
t i
o

The classical theorem for existence of a time optimal control (e.g., Lee and

Markus [2))requires that there is at least one control which transfers the
state x(-) of (8) to the origin. Combining the result of [2] with our 4
Theorem 2.3, we obtain the following existence lemma.

Lemma 6.1. There exists a solution to the time optimal control problem

if and only if there is some finite tfe [to,ﬂ) such that
min{J(xo,tf,k) :ANEA} =0 .

Furthermore, the time optimal cost is given by

C*(u*(-)) = inf{cf:min[J(xo,cf,x) : AEA] = 0} .

Pursuit Games, Next, we consider the pursuit game studies by Hajek [14].

The system is described by
(6.1) x(t) = Ax(t) - p(t) + q(t) ; p(t)E€P , q(t) €Q x(to) = X

; where P and Q are compact convex subsets of Rn. The pursuer p(:) seeks a
strategy O :Q’<[t°,°) = P which steers x(*) to the origin for all possible
quarry controls q(*) : [to,°) = Q. A quarry control is admissible if it is

measurable and a strategy is admissible if o(:) preserves measurability.
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In (16], a solution to this problem is obtained in terms of the associated

control system

(6.2) Fe) = Ay(e) - w(®) 5 u(®€PTQ ; y(&) =0

*
where P - Q is the Pontryagin difference. 1i.e.,

2

P-qQl {xer":x+0qcp) .

Admissible controls u(*) above must be measurable,

Simply put, Hajek's result says that the state x(¢) of (6.1l) can be forced

to the origin, for all admissible q(*), if and only if the state y(-) of (6.2)

: can be steered to the origin. More precisely, the following theorem is available.

First Reciprocity Theorem [16]. Initial position xo in (6.1) can be

‘ (stroboscopically) forced to the origin at time T 2 to by a strategy o(-) if

and only if, X in (6.2) can be steered to the origin at time T by an admissible

ﬁ control u(-)., Furthermore, o(+) and u(:) are related by

@6 3) ag(q,t) = u(t) + q .

By applying Theorem 2.3 to (6.2), we obtain another condition for determining

if (6.1) can be forced to the origin.

*
Lemma 6.2, Assume P - Q compact. Then X in (6.1) can be forced to the

origin at time T 2 to by a strategy o(.) if and only if

min{K(xo,T,I\) :NEA} =0
where

’ -
1A' (Tt

é A' (T -
K(XO,T,)\) xo e

T
) 7
o’ + ( \)dr
X toﬁp’kq

n
and A is any subset of R containing zero as an interior point.

R o s O " "y v &

2L




It should be pointed out that in addition to pursuit game interpretation

of (6.1), (6.1) can also be viewed as a problem of steering a system with
disturbances to the origin if q(+) is thought of as a disturbance. Also, the

results apply to systems described by
k(t) = Ax(t) + Bp(t) + Cq(t) ; p(t)€P , q(t)€Q

if one replaces Bp(t) by p'(t), Cq(t) by -q'(t), P by BP and Q by CQ.
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APPENDIX A

Proof of Theorems 2,1, 2.3 and Corollary 2.2, Before proving our theorems,

we need two preliminary lemmas which guarantee that the integials in (2.1),
(2.2) and (2.5) are well-defined., To simplify our notation, we henceforth take
to = Q, without loss of generality. First, we show that the integrand in (2.1)
is a non-negative measurable function and hence the integral in (2.1) is well-
defined [17].

Lemma A.l. Suppose that Q) is compact and contains zero. Then the integrand

HQ(B'(T)Z(T)) is a non-negative measurable function of v € [0,») along all
trajectories z(*) of (S8').
Proof: The non-negativity of the integrand follows from

sup{w'B' (t)z(7) : w€Q}

Hy(B' ()2 (7))

[\

w'B' (M2 g

To establish measurability, we first extract a countable dense subset
(wn):=1 of Q. This is always possible because Q is compact [18, p. 146] . For

each fixed 7, the density of the O implies that
Hb(B'(T)Z(T)) = sup w;B;(T)Z(T) v
n

Let

H (1) = (DI'IB'(T)Z(T); o= L2560

Then each Hn(-) is measurable (in fact, continuous) and HQ(B’(-)z(') is the
pointwise supremum over the family of Hn(-). Theorem 1.14 of Rudin [19] tells

' us that the pointwise supremum of this collection must also be measurable, T

E The next lemma shows that the integrals (2.2) and (2.5) are well-defined.




= ot R i b oot Sl LA S Sy
 ad & - e

21

Lemma A.2. Suppose that O is compact (not necessarily containing zero).

Then, for each fixed pair (A\,T) € RnX (0,o), the integral

T
r
J HQ(B'(T)¢'(T,T)k)dT
o
is well-defined.
Proof. For any fixed u(+) EM(Q) and initial condition X the unique

solution of (S) is given by
t
x(t) = ¢(t,0)xo +I @(t,7)B(T)u(r)dr .
o

Let ux(-)Gm(Q) be a measurable selection such that
sup{w'B' ()¢ "(T,T)A : w€EQ} = ui(T)B'(T)¢'(T,T)X .

Such a selection is possible using Theorem 1.2 of [20, p. 236]. Comnsequently,

it follows that

T T
[ a@ e @ = [ a@s @ @
(o]

o
&
=\ f ¢(T,T)B(T)ui(T)dT .
o
We notice that the integral above is well-defined because it is the unique
solution of (S) at time t = T, correspounding to input uk(-) and initial
condition x = 0. Q
Since Theorem 2,3 is used in the proof of Theorem 2.1, we first present
the proof of Theorem 2,3, There are various ways to prove Theorem 2,3, Our
chosen method of proof seems to be most natural -- our proof not only decides
on existence of a steering control u, (), but also characterizes u,(+) as half
of a saddle point (k*;u*(')) of an appropriately constructed functional

V:REXM@Q)~ R.

e
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Proof of Theorem 2,3 (Necessity): We suppose that (S) is Q-null control-

lable at (xo,to). Let u*(-)Gm(Q) be a control which drives X, to zero at

some future time T€ [0,2). Then
rT
(A.1) %, (T) = 0 = 3(T,0)x_ + JOQ(T,T)Bu*(¢)dT .
For this value of T, we are going to show that J(xo,T,)\) is non-negative for

all A€ R". We proceed as follows: Using the measurable selection theory of

(207, we make a measurable selection 7.'1)\(-) EM(Q) such that

(A.2) sup{\'§(T,™)B(Mw : 6 €0V = \'3(T,T)B(T)T, (1) .

Hence, it follows that

T L
j HQ(B'(T)Q'(T,T)X)dT = 5 sup{ \'2(T,T)B(T)w : w €QldT
o o

a1
= jOK'Q(T,T)B(T)“ﬁ)\(T)dT

T 3\
(A.3) < sup{ j A3 (T,7)B(T)u(r)dr : u(e) em(n)] .
o
But also
oT 1 .
; sup{ J A8 (T,T)B(T)u(r)dr : u(») Em(n)} < J Sup"L'KW(T,'T)B(T)Q) : wGQ} dr
Yo o
I\T
(A.4) = ] Bo(B'(ME'(T,)Ndr .
o

Equations (A.3) and (A.4) imply

T T 3
4.5 | B (B'(0)E(T,mN)dr = SuP{j N8 (T, B(u(r)dr : u(:) ER @ .
[o] Lo
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Now, for any \€ Rn, we have
T
I(x, TN = VR(T,0x + | H (B (DR (TN
o

i N
= A'8(T,0)x_ + sup{j A8 (£,m)B(r)ulr) : u(+) ER Q)]
(o]

T
= )\'Q(T,O)xo + EO)\'Q(T,T)B(T)U*(’T)dT

= }\'x*(T)
=0 =

Therefore J(xo,T,x) 2 0 for all \€A. Since 0€A and J(xo,t,O) = 0, we conclude

that

min{J(xo,T,X) :A€A} =0 .

(Sufficiency): We assume that there exists some T€[0,2) such that the mini-
mum in (2.3) is zero. We are going to construct a control function u*(-) in
M (Q) which steers x  to 0 at time T. First, however, we make the following |
observations:
(i) For each fixed \, the functional
rT
by (u(+)) & | '8 (T, m)B(u(n)dr
o
is lower semicontinuous on M(Q).

(i) MQ) is weakly compact [2, p. 157].

As a consequence of (i) and (ii), for each fixed A\, sup{h)\(u(°)) cu(e) EME }. ;

is attained. Hence, we can change "sup'" to 'max" in (A.5) and we have

R
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T T 3
(A.6) I HQ(B'(T)Q'(T,T))\)dT = max*'[ j‘ '8 (T,7)B(T)u(r)dr : u(+) EM@Q*> .
[0}

o

Thus

T .
@) (TN = NE(T,0x, + max | \'(T,B(Mu(n)r 1 u() em(m} !

o

Now, let B be any closed ball and define V :B xii(Q) =R by

T
(A.8) V(h,u(*)) = \'¢ (T,O)Xo + E‘ A8 (T,T)B(T)u(t)dr .
‘o

We assume for now that V(\,u(*)) possesses at least one saddle point

()\*,u*(-)) € BXM(Q). (The existence of such a saddle point will be proven in

Lemma A.3 to follow). Therefore, for all u(e¢) €EM(Q) and all \€B

(4.9) VOyu(*)) S VO,,u () S T0Lu () .

By hypothesis, there is a T€ [0,®) and a set A containing O as an interior
point such that
0= min{J(xo,’I’,K) : NEA)
Since 0 is an interior point of A, there is a closed ball B <A such that

0= min{J(xo,T,k) : NER}

(i T N
= minimax rk'§ ('1',0)xo + [' A'@(T,7)B(T)u(r)dr : uem(o)] : )\EB: .
L o
Hence, V()\*,u*(~)) = 0, Using this in conjunction with (A.9) leads to
rT
0s 2\'? (T,O)xo + \ A& (T,T)B(T)uy(T)dT for all \ER ‘
o |
and
(A.10) 0 \'x,(T) for all L\€ER

where x*(-) is the state response of (S) resulting from input u*(-). The only
way that (A.10) can hold for all \€B is if x, (T) = O and u,(*) steers (S)

from X, at to = 0 to zero at time T, O
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Lemma A.3. V(\,u(+)), defined in (A.8), possesses at least one saddle

point.
Proof. In accordance with Proposition 2.3, (20, p. 175], V(\,u(*)) will

possess a saddle point if the following conditions are satisfied:
(A.3.1) For all \€R/, u(+*)=V(\,u(*)) is concave and upper semicontinuous.

(A.3.2) For all u(*)EM(Q), \= V(\,u(*)) is convex and lower semicontinuous.

(Note: We shall viewM(Q) as a subset of Lz[O,T,RuU when verifying the semi-

3
continuity requirements,) L

Proof of (A.3.1): Fix AE€R. Concavity of V(\,*) follows trivially from

affine linearity. We shall show that V()\,+) is continuous. Let un(-)~ u(e)

in L2 norm. Then using the Schwartz inequality, we can easily show that

T 1/2, .T L1/2
1V Ouu () - v < { follx'urn)}s(w)llz«} {4 oo < u(nl| e}

The first term on the right hand side is finite since \'8(T,*)B(*) is continuous.
The second term converges to zero by hypothesis., Hence, V(x,un('))-V(X,u(-))

a n-— ®,

Proof of A.3.2: Now fix u(+)€M(Q). The linearity of V(+,u(e)) implies

convexity, Let xn.~ \ in 8. Then, we can show that

VO su(e)) = vOLuc)| = ’ix =l

where

&
g =lecnox] + 1] s@nsmumarl s k<o .
o

]

Hence, V(xn,u(-)) - V(\,u(*)) as n~- =,
Next, we present the proof of Theorem 2.1. In the proof, Theorem 2.3

is used.
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Proof of Theorem 2.1 (Necessity): We suppose that (S) is globally (l~null

controllable at to = 0. Let z(+) be any non-zero solution of (S') and we must

prove that

]

(A.11) | | B, (D2 ;
o

Proceeding by contradiction, suppose there is a non-zero solution z (+) such that |

©

r a
: HQ(B'(T)Z(T))dT
“o

]
w

5B<e .

From Lemma A.l, HQ(B'(T)E(T))dT 2 0 and B8 2 0. Suppose B # O and define

o  z'(0)z(0) o

We now claim that xg cannot be steered to zero by an admissible input

u(*) €EM(Q). To prove our claim, for each t€[0,»), define

A ~
A= 27(0,0)z(0) ; A #0 .

Now

; ot
xg'é (t,O)Xt + JOHQ(B (m)¢ (t,T)kt)dT

J(xg,t,k )

t

|~
~ p ~
xg'z(O) + JOHQ(B' (T)z(T))dT

S -28 +8

<0 .

Taking A to be the closed unit ball in Theorem 2.3, it now follows that ptxte‘\

for sufficiently small pt. We have
min{J(xg,c,x) : NEA)} % I(x¥,t,0 M)

<0

for all t€[0,®). By Theorem 2.3, (S) is not (-null controllable at (xg,to).

e e S S —



e —

Now suppose B = 0. Then, for all t€ [0,=),

t
Jr Hy(B' (T)®' (£,7)2(0))dT = 0
(o]

Choose any xo such that xc')E(O) < 0. Then

= 15
J(xo,t,Kt) xoz(O) <0

for all t€[0,=). Again by Theorem 2.3, (S) is not (i-null controllable at

(xo,to). This contradicts the hypothesis that (S) is globally {-controllable.
(Sufficiency): Now, we assume that (A.ll) holds. Again, we proceed

by contradiction. i.e., suppose (S) is not globally Q-null controllable at

t° = 0. Hence, there exists an initial condition x'g # 0 which cannot be

steered to zero. By Theorem 2.3 (with A = Rn), we can find a sequence of

times <tk):=l and a sequence of vectors <>‘k):=1 having the following properties:

Pi. 1lim tk=+¢’ 3
k-oﬁ

P2. J(xg,tk,Kk) <0 for k = 1,2,3...
We are going to construct an initial condition ;o # 0 for (S') which makes the
integral in (A.11l) finite. To meet this end, let

41 (e 00N,

Z = oem———— . k=1,2,,.. ; 2z %0
k@ (e, 000

k

Then (zk):_l is a sequence in R" belonging to the set
s 2 (z€r": |z = 1} .

©
Since S is compact, we can extract a subsequence (zk >k il which converges

Jd 3

to some vector ‘;oés. We will now show that ;o is the initial condition

which we seek. Let ;(-) be the trajectory of (S') generated by z(0) ézo; let
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(e, ) denote the subsequence of times corresponding to {z. » « By PL,
k, k,=1 k, k,=1
) ¥ 3
we have :
lim tk = 4@
k‘—OQ j
J
and by P2, it follows that
tkj
r‘
AL : ' ' <
x*'3 (tkj,O)Xkj + % H (B! (T)@ (tkj,T)kkj)dT 0 for kj S . T

Dividing by HQ’(tk ,0)7\k H and noting that H, is positively homogeneous, we

J
obtain

Ey

o ;
H (] t < * =
o H(B (T)¢ (O,T)Zk.)dT on” ﬂzk'H for kj ) (5. O
o J d
< ngu for ky = A TP
We would like to obtain an inequality involving ;o with an infinite upper

limit on this integral. To accomplish this, we define

>

£ (D) 2 H B (ME'O,Dz ) if 1€ I ;
J J J
A ;
= 0 otherwise .
() £y (Me,nz) 5 Telo,®

and make the following observations:

@
r‘ 1
(1) | £ ()47 is bounded (by [lxxll) for k= 1,2,3,...
o ]
(ii) fk (T) converges pointwise to f£(T) on {0,®). This observation
3 ~
is proven using the facts that zkj - tkj = 4+ and HQ depends

continuously on its argument.




Applying Fatou's Lemma [21, p. 83), we have

& ™
L f(T)dT S lim inf J £ (T)dT
J k.
o k. -
j
-]
< lim sup I fk (T)dr
k. - @ fo) j
< X
sl

Substitution for £(T) above gives

jounaa' (M3 (0, )dr = il .

e o
JoHQ(B (Mz(1))dt = [ix li
< @

which is the contradiction that we seek. This completes the proof of the
theorem. J

Proof of Corollary 2.2, Suppose (i and (' satisfy the hypotheses of the

corollary. We are going to show that (S) is globally (i'-null controllable.
To prove this, it is sufficient to find a subset (%EEKP such that (S) is

globally Qé-null controllable: Pick & > 0 such that
|A A oL
Q= {w: o s8}ca

(This can be accomplished because zero is interior to {i.) Now, to prove that

Qé has the desired property, we pick R > 0 such that
A_
qQ £ {o:flul <R} 20

(This can also be done since {1 is compact, hence bounded.) Let z(*) be any
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non-zero solution of (S'). Then we have

: j Ho (B' (T)z(T))dT = [ sup{lw'B' (T)z(T) : ||o|| = &)
3 o s

=5 [ 1Bz lier

3 o

¥ 3
J RIB (Mz(mlar
. i

S
R

J suplw'B' (T)z(7) : [lwl| s R}dr
(o]

oo

r@
J H'ﬂ (B'(T)z(T))drT
o R

mjo

since (S) is globally QR-null controllable. (QR-null controllability follows i

: ' from Q-null controllability in conjunction with the fact that QR 2 {.) By .;
Theorem 2.1, we conclude that (S) must be globally Qé-null controllable and ¢
8

hence (i'-null controllable. a




Proof of Proposition 3.3. (Necessity): Suppose (S) is globally R™-null

controllable. Then there is a finite interval CO,T] on which the rows of

®(0,*)B(+) are linearly independent. Thus, for every non-zero vector zo‘ERn,

it follows that B'(t)¢'(0,t)zo # 0 for some t€[0,T]. Since, B'(~)¢'(0,-)z°

is continuous, there must be an interval I = [t -0,t+0d] on which B'(T)¢'(O,T)zo #0

for all T€I. On this interval, we have

sup{w'B'(T)¢'(o,T)z° cwERTY = 4

Hence, using the non-negativity of HO(')’ we conclude that i

@

j H m(B' (T)z(T))dT 2 : H m(B' (me' (O,T)zo)dT
o R IR
A X sup{w'B' (N$' (0,72 )dr i
I |
= 40

(Sufficiency): Proceeding by contradiction, we suppose that for all non-zero

solutions z(.) of (S'), we have

JF H m(B' (Mz(T))dT = +=

oR

but the columns of B'(-)®'(0,) are linearly dependent on every bounded interval
- @
L0,T]. Let <Tn>n=1 be a monotone increasing sequence of times such that

~
Tn - ®, Then, for each n, we can find a non-zerc vector z such that

B'()9'(0,MZ_=0 on (0,1 ]. Let

~

z :
A n
=

Hznn

z for o= 1,200

n

I F— - y
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-]
Then, <zn>n=l
a subsequence z, converging to some Eo’ HEOH = 1., We notice that the corre-
j
sponding subsequence of times '1‘n still converges to + ®. Furthermore, for
j

is sequence in the (compact) unit ball. Hence, we can extract

each fixed 7€ (0,®), we have

B'(T)¢'(0,T)Eo lim B'(T)9'(0,T)z_

njqcn j

=0

Consequently, if z(T) is the trajectory mate of ;'o’

j‘ H m(B' (T)E(T))dT ] sup{w'B' (Mo (0,1')'2o s wGRm}dT
oR o

(]

=0

which contradicts the assumed hypothesis. -
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Proof of Lemma 4.l. For (xo,T) fixed, J(xo,T,K) can be expressed as
I(x ,T,N) = suplH (M) : w(+) EM(D}
where

I

st

H, (M) 8 ME(T,00x + | ME(T,T)B(T)w(T)dr

: i
o |
Consequently, J(xo,T,-) is the pointwise supremum over an indexed collection
of continuous linear (hence convex) functions. Hence J(xo,T,‘) itself must

be convex and at least lower semicontinuous (in fact, continuous). O

Proof of Lemma 4.2, We prove this lemma using some of the standard prop-

erties of subdifferentials given in Rockafellar [22], [23]. Since both functions |

in the definition of J(xo,T,l) are finite and convex X*fEaJ(xo,T,k) if and i
only if
o0
A €3(x!8'(T,00M) + 3 | H (B'(T)®'(T,T)A)dT  (by Theorem 23.8 of [23])
L

4
r\
j BHQ(B'(T)Q'(T,T)X)dT (by Theorem 23 of [23))
o

Q(T,O)xo +

T
i?('.[‘,O)xo +f°§ (T,T)B(T) *3H(&(7)) l&(1)=3' (T)&" (T’T))\dT

(by Theorem 23.9 of [22])
Now, by Corollary 23.5.3 of (22}, w (7) €3H (8(T)) if and only if w,(T) €

arg max{w'®d(T) : w€Q}. Substituting the required form for ® above, we obtain

our desired representation for Aye

—
|
—t

-y
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Proof of Theorem 5.1l. Let f: Ll(O,T;Rm) - Rn, g :R" - R, AT: Ll(O,T;Rm) - B

be given by
f(u) s 0 if u(+) €ENE) ; £f(u) & +® otherwise ;
A n
g(z) = -HQ(T,O)XO + zH s zZER :
A r
ATU ol (T, T)B(T)u(T)dT .
o

] ‘ Then, using the notation above

ne>

inf V) = inf{||x(T)] : u(+) €M)}

inf{£(u) - g(Ap) : u erleo,T:RM ) .

Written in this way, inf(MN) is in the standard form for application of
Rockafellar's extension of Fenchel's Duality Theorem (cf. [24), Theorem 1). 3
The functionals f and g are respectively proper convex and concave functionms;
it can be easily shown that inf(MN) is "stably set'" -- a technical precondition
for Rockafellar's Theorem.
By carrying out the computations involved in Theorem 1 of (24], it can

be shown that the problem
%
minO) " & min{J(xo,T,x) : NE 0]
is dual to inf(MN) in the following sense:
*
inf(MN) + min(MN) = 0

The "extremality condition' in Rockafellar's theorem provides a necessary
*
condition which must be satisfied by all solution pairs X\ solving (MN) and

u,(+) solving (MN). The extremality condition requires




M, €3E(u)

where A% is the adjoint of A’I‘ and 3f(u,) is the subdifferential of f at u_.

For our choice of f, this necessary condition particularizes to
A #(T,T)B(T) € (Normal cone of M(Q) at u,(*)) o

We denote this normal cone at u, by Nc(u*). By definition of the normal cone,
we have v(-) eNc(u*) if and only if
T

T
I u, (T)B' (T)@' (T, T)\ 4T = j suplw'B' (T)&" i L w€EQldT
o o

This is possible only if w = u*(‘l') achieves the supremum of w'B'(T)&'(T,T) )\*

for almost all 7€ [0,T]. Equivalently, we must have
u, (T) € arg max{w'B' (T)&'(T,T)A, : w€Q}

for almost all T€ [0,T). a
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Summary

1. Introduction and Formulation. Unlike the usual control-

lability problem where control values at each instant of time
are unconstrained, we consider here the case which arises
when the control values at each instant belong to a prescribed
set @ in R®. Constrained controllability problems, for linear
systems, are examined in References [l1] - [5]. 1In this paper,
our definition of local constrained controllability is
identical to that of Brammer [l]. Our new results, however,
generalize those of [1] from a time-invariant to a time-varying
linear system. The main results here serve as a companion
for those of [6] and [7] where global rather than local
controllability is emphasized.

Consider the problem of steering the state of a linear
system

x(t) = A(t)x(t) + B(t)ult); telty,=) (S)
to the origin from a specified initial condition

x(to) = %,
by choice of control function u(+). Here x(t)eRn, u(t)eRm
and A(+) and B(+) are continuous matrices of appropriate
dimension. Let M(2) denote the set of functions from R into
 that are measurable on [tolw)-

2. Definition. The linear system (S) is constrained
controllable (Q -~ null controllable) at (xo,to) if for given

initial condition x(to) = X there exists a u(+*)eM(Q) such

pes ==
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that the solution x(°+) of (S) satisfies x(T) = 0 for some
Te[to,c). We say that (S) is locally Q - null controllable
at to if there exists an open set VcR", containing the origin,
such that (S) is Q@ = null controllable at (xo,to) for all

§oev.

3. Notation. Our necessary and sufficient condition for
local @ - null controllability will be expressed in terms of
A(*), B(*) and HQ:Rm*R, the support function on 2, which is

given by

Hg (a) é sup{w'a:we}

for aeR™. We need some further notation: Suppose f(°+) is
an n-dimensional continuous function on [to,m) such that £(0)# 0.
Then f,(+) will denote the normalized version of f(+) which

is given by

f(t)
£.08) & 15057

for ts[to,w). In the theorem to follow, the adjoint system

z(t) = =A'(t)z(t); telty,=)

will be denoted by (S') and ¢(t,t) will be the state transi-
tion matrix for (S).

4. Theorem. Suppose 2 is compact and contains zero. Then

(S) is locally Q - null controllable at to if and only if

there exists an €>0 such that




_/ HQ(B'(T)Z*(T)dT 2 €
o

‘for all normalized solutions z,(:) of (S'). Egquivalently, if

and only if

_[ sup{w'B' (1) ¢' (ty,T)A:weRldT > €
t
0

for all Aer®, ||A]] = 1.

5. Remarks. (i) Implicit in the statement of the theorem is
the fact that HQ(B'(T)Z*(T)) is an integrable measurable function

of T along all normalized trajectories z,(°*) of (S’). This fact
is established in the paper.

(ii) The theorem demonstrates that the question of local
constrained controllability can be answered by solving a finite-

dimensional problem in the variable Aer® -- or equivalently, in
the variable z,(0)€R".

(iii) If 2 and Q' are two compact sets having the same
convex closure, we know that HQ(a) = HQ,(a) for all asRn.
Consequently, we can immediately conclude (from the theorem)
that (S) is locally Q-null controllable if and only if (S)
is locally Q'=null controllable.

(iv) In the paper, we examine some interesting special
cases which arise when @ is endowed with additional structure

PR

(over and above "0eQ" and "Q compact").

.
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1. Introduction

Consider the problem of steering the state of a linear system
k(t) = A(O)x(t) + B(Hu(e) ; €l ,®)
to the origin from a specified initial condition

x(to) =x

by choice of control function u(-). Here x(t) GRP, u(t) €R™ and A(-) and B(-)
are continuous matrices of appropriate dimemsion. Unlike the usual control-
lability problem where the control values at each instant of time are unconstrained,
we insist here that the control values at each instant belong to a prescribed
set O in R™.

Let M({i) denote the set of functions from R into {3 that are measurable on
[to,Q), Then any control u(+) €M(Q) is termed admissible. We now define the

concept of constrained controllability or, more precisely, (-null controllability.

Definition 1. The linear system (S) is constrained controllable at (xo,to) (Q-null

controllable at (xo,to) if for given initial condition x(to) .= there exists a

u(+) €. such that the solution x(+) of (S) satisfies x(T) = 0 for some

TE [t°,°;~

Definition 2. (S) is completely constrained controllable at £ (globally Q-null

controllable at to) if (S) is Ql-null controllable at (xo,to) for all xoeRn.

A simple example illustrates that a system may be controllable if the control
values are unconstrained but not if they are constrained. Let x(t) and u(t) be
scalars and %x(t) = x(t) + u(t), x(0) = X . If there are no constraints on
u(*)(Q = R), the system is completely controllable. However, if Q = {w: lw] < al,
then for X 2 a it is not possible to drive the system to the origin with a

control satisfying u(t) €Q.




R il

In the next section, we present a necessary and sufficient condition for
(S) to be constrained controllable at (xo,to) and a necessary and sufficient
condition for complete constrained controllability at to. Unlike much of the
work of previous authors [3-8], our results concentrate on the case where the
matrices A(-) and B(*) are time-varying rather than constant matrices. Our
conditions for global {l-null controllability require that {} be compact and
contain zero, but not that zero be an interior point. Furthermore, in the
case of {l-null controllability at (xo,to), we need not assume that there

exists a u €l such that Bu = 0.

2. Necessary and Sufficient Conditions
First we present a necessary and sufficient condition for (-null con-

trollability at (xo,to). To this end, define the scalar function
T
-

J:R*xRxR® = R by J(x,T,M) = x10'(T,e )N + ;, suplo'B' (T)8' (T, T)r: w€akdr

t
o

where @(t,T) is the state transition matrix for (S).

Theorem 1. [Ref. 1]. Let () be compact and suppose A is any subset of R" which

contains 0 as an interior point. Then (S8) is {i~-null controllable at (xo,to)

if and only if

min{J(xo,T,x) :ANEA} =0

for some T € [to,ﬂ').

This theorem demonstrates that the question of constrained controllability
can be answered by solving a finite dimensional optimization problem. Moreover,
the system is globally {l-null controllable at to if, and only if, for every
xOERn there is a T < @ (which may depend on xo) such that min{J(xo,T,X) ¢ NEA} = 0.
However, checking for global (3-null controllability this way can be quite tedious.

A simpler technique is embodied in the following theorem.
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Theorem 2. [Ref. 1]. Suppose O is a compact set which contains 0. Then (S)

is globally (i-null controllable at to is and only if

P@
| sup{lw'B'(T)z(t) : w€QMT = + =

t
o

for all non-zero solutions z(+) of the adjoint system

z(t) = -A'(E)z(t) ; te[to,"’) (s")

Consider again the example with %(t) = x(t) + u(t), O = {w: ]w} < al.

.Applying Theorem 2 with zg # 0 as initial condition for (S'), we compute
@ a

I suplw'B' (1) z(T) : w€Q}dT = r ale
o o

-
alld'T<aa
o]

and this system is not globally Q-null controllable.

Next, we use Theorem 1 to determine if there are any values of X such
that the system is (l-null controllable at (xo,O). First, we determine that
[xoet - a(l -et)]k if A2 0

J(x ,T,\) =
by t t
(x e +a(l-e)]n £ A<0

Taking A = {A: |A\] £ 1} in Theorem 1, it follows that the minimum of J(x_,T,\)
will be zero if and only if

-a(l -e)T < xo S a(l- e-T)

and the system is {l-null controllable if and only if lxol < a.

If the system equation is %(t) = -x(t) + u(t), then
-] -}
r 5 |2 T \
j suplw'B' (T)z(¢) wéa) = ale z_ldr
) o

Since this integral is + ® for all z # 0, the system is globally (l-null

controllable,

A S e S




3. Local Controllability

One other concept of controllability is that of local controllability.

Definition 3. (S) is locally {i-null controllable at to if there exists an

open set VCZRn, containing the origin, such that (S) is {i-null controllable
at (x ,t ) for all x €V,
o’ o o
In the next theorem, normalized solutions z*(-) of z(*) are needed. Such

a solution is defined by
& z(t
2:(8) = (0T

Theorem 3. [(Ref. 2]. Suppose € is compact and contains zero. Then (S) is

locally (i-null controllable at to if and only if there exists an € > 0 such

that
Laas | -
dt sup{m'B'(T)z*(T) :w€EQlT 2 ¢

t
[e]

for all normalized non-trivial solutions z*(-) of (S').

As an example, consider the scalar system x(t) = tx(t) + u(t), O = [-1,1].

For this system,

~ (= we -72/22 0
Josup{w B(T)z, (T) : w€Q}dT = ‘}o ]:)Tpsl 20000 dr

|

-] 2 :
= j e-T /sz = .',
3 v

Y

Thus the system is locally {i-null controllable but not globally (i-null con-

trollable,

4, Concluding Remarks
The above theorems can be used to determine if (S) is {i-null controllable.

However, they do not give a method for determining a control which steers (S) to

e T

T n
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the origin. One method of determining a steering control is to solve the time
optimal problem of finding u, (-) €M (Q) which steers (S) from given (xo,to)
to the origin in minimum time. If there is a control which steers the system
to the origin then there is a time optimal one [3]. Hence, the algorithms
available for solution of the time optimal problems can be used to compute a
steering control.

Another technique which involves simpler computations and leads to a

control which steers the system arbitrarily close to the origin is based on a

minimum norm optimal control problem. Full details are given in [1].
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1. Introduction. Sufficient conditions for a control to be a minmax

control have been presented in Refs. 1-2, Here we present a more general suf-
ficiency result, Theorem 3.1, and also show that the sufficient conditions of
Refs., 1-2 are just special cases of this new set of conditions. Theorem 3.1
applies to problems with more general terminal conditions and cost functioms
than does Ref. 2 and can be used to verify that a control is a minmax control
for some problem where the results of Refs., 1-2 fail to yield any information.

2. Problem Formulation. Counsider the differential system

x(t) = f(x(t),u(t),v(t)) (1)
n 5 e - |
where the state x(t) € R, control variables u(t) €R ~ and the disturbance v(t) €R . |
m m

We assume f(e,+,+) is Cl on R" xR 1xR 2. The playing space is denoted by Xx T.

X is an open set in R and T = [to,tf] where £, and t, are specified. At €,
the initial state x is specified., At the final time, we require x(tf)ES,
where the target set 8 is a given set in the closure of X.

Let U denote the set of piecewise continuous functions from T into Rm

m
and let U be a given subset of R 1. Define

ml = {u(*) :u(*)€u and u(t)€U, t€T}

m
Let V be a given subset of R - and let U denote the set of piecewise

continuous functions q(+,-) : XX T~V with respect to some decomposition of

XX T.l Define

TT’.Z = {q(*,*) : q(*,*) €V and q(x,t) €V for all (x,t) €EXxT}

For a given pair [u(-),q(+,*)], u(+) €M, and q(+,*) €M,, a solution of

(1) from (xo,to) will be denoted by x(°*) and called a trajectory. A terminating

trajectory is a trajectory satisfying x(t) € X for all t€ [to,tf] and x(t.)€6. A

pair [u(-),q(-,-)J is playable at (xo,to) if it generates a terminating trajectory.

1|

i

e.g., see page 42 of [3]. 70 (! € M QO 0 Q ~

' . . - 3
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The pair [u(*),q(*,*)] may generate more than one terminating trajectory from
(xo,to) and & (u(+),q(*,*)) will denote the set of all such trajectories,

For u(-)Ean N(u(+)) is the set of all q(+,*) €M, such that Cu(),q(+,*)]
is playable at (xo,to). We shall say that u(*) is admissible if u(-)En‘.1 and

n(u(+)) #¢.

.For playable pair [u(+),q(+,+)] and trajectory X(*) €% (u(+),q(+,+)) the

cost is defined by

t
£
r
J(u(+),q(+,*),x(*)) = gx(tp)) + | L(x(t),u(t),q(x(t),t))dt (2)
)
For an admissible u(*), (q(+,*),x(*)) €K (u(+)) iff q(*,*) €N(u(+)) and

x(+)€3(u(*),q(*,*)). We now define a minmax control,

* *
Definition 2.1, Let u (.) be admissible. Then u (+) is a minmax control iff

sup e JTC),q0e,),%04))
(g(+,),%(+)) EX(u" (+))

< Sup J(u(°)’q('s')sx('))
(Q(.,.)sx('))e}((u('))

for all admissible u(-),

3. A Sufficient Condition. Before presenting a sufficient condition for a

minmax strategy, some additional nomenclature is needed, The set $£(u(-)) is

defined by
£(u(')) - {Eq(').)sx(')jex(u(')) 1J(U('):Q(‘,‘),x('))
2 J(u(+),r(*,*),y(*)) for all [r(+,*),y(+)]€¥(u(+)))

The set £ (u(+)) consists of the disturbances and corresponding trajectories
which maximize the cost when Player 1 uses u(-),

In the case where v(.) is not present in (1) or (2) we have the usual optimal
control problem, Then we say that u*(-)ém1 is an optimal control iff it

*
generates a terminating trajectory x (.) and




* *
J(u (+),x () s J(u(+),x(+))

for all u(-)Em1 that generate terminating trajectories.
Let z(*,*,*) be a function from XxTxU - V and, for u(-)Eml, qu(-,-)
is the function defined by qu(x,t) = z(x,t,u(t)). Such a function z(e,*,)

will be called a response function. The set of admissible response functions is

Z = {z(-,-,-)lqu(-,-)en(u(-)) for all admissible u(+)}

For positive integer v, scalars o, >0, i = 1,-¢¢,y and functions zl(-,-,-)EZ,
i =1,ee0,y we define an optimal control problem P(y,al,-oo,ay, zl(-,-,-),---,

zY(-,',-)). This problem has state equations
#e) = £l (0),ue), 2 (x(0), e u(t)) 5 xP(e) = x, 1= 1,000y

and cost

~ 1 . .
TCa(),x (+)yee e,k ¥ ()) =2 @ Tu(+), b (e, 5 )
i=1 I u
Here qi(x,t) & zi(x,t,u(t)). The terminal conditions are xi(tf) €0, 4 = 1,+ne;Ye

We now present a sufficient condition for a control to be a minmax control.

%* *
Theorem 3.1. Let u () be admissible. Then u (.) is a minmax control if there

exists
i) a positive integer ¥y
ii) scalars o, > 0 L mal sy
iii) admissible responses zi(-,-,-) €Z, 1 = 1,000,y
such that
a) u*(-) is an optimal control for the problem P(v,al,---,ay, zl(-,.,.),
...,ZY(.,.,.))
b) for i = 1,ees,y, Eq‘t*(-,-),xi*(.)]e.c(u*(.)) where ﬁ*(:\,:) e 2} (x,t,u ()

% .
and xi () is the solution of

g0 = £t (0,070, M@0, ®le) = x
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Proof, Consider any admissible U(+). Since u*(-) is a solution of P(y,al,-°-,ay,
2h(eye,0),0en,2Y(e,0,0))
5 [OW QRS B LB TIPS, TSI/ PRI B Y\
or
v * 1 Y -~ i a1
E1 970 g (h0),xt () 5 o5y Y0 g (=, 9,870
u
where
it x,0) = 25 (x,£,3(8))
u
Since ai >0, 1 =1,eee,y, either
* o ! i* ~ ¥ al g
J(u (')’qu*(' *),x ('))=J(U('),qh (o2 o (%)), T = 1 sy (3a)
u
or, for at least one i€ {1,2,+++,v},
3@ (), ()X () <3G, qE L R ) (3b)
u

Since

[ag, (o™l esw™ ey

* * s
sup T (+),q(+,*),x()) = J(u (+),qt, (+,*), 5 (1)) (&)
[aCs,),x(+)] €X(u"(+)) R

for i = 1,°°+,y. Also

sup A J(ﬁ(')sq('s'):x(')) 2 J(ﬁ(')’Qt (')'):;{i(.)) (5)
[q(s,),x(+)]€X(u(+)) u

for £ = 1,°%+ vy,

From (3)-(5) it follows that

sup o T ,q0e0),%(+))
[q("')sx(')]e}((u (‘))

< J(fl('),q(‘:'),x('))

sup |
Cq(e,),x(*)]EX(R(.)) i

~ * —
Since this inequality holds for all admissible u(*), u (+) is a minmax control. T




%
4, Discussion. Condition (a) of Theorem 3,1 requires u (+) to be the solution

of an optimal control problem. Two approaches are available for verifying that
a control is an optimal one: (i) the field theorem approach (see, for example,
Refs. 4-5) and (ii) the direct sufficient condition approach (see, for example,
Refs. 6-7).

If the final time is specified, the final state is free and g(-) is convex,
the direct sufficiency approach can be used to establish (a) of Theorem 3.1.
This leads directly to the sufficient condition of Ref, 2 and the result presented
there is just a corollary of Theorem 3.1, A direct sufficient condition for
problems with more general terminal conditions is available in Ref, 8 and it
can also be used to verify (a).

While the direct sufficient conditions are relatively easy to apply, they
are limited in application since they may yield no information. A more powerful
technique is the field theorem approach and it can be used to establish (a)
of Theorem 3,1, When v = 1 and the field theorem approach is used to verify
(a), Theorem 3,1 becomes Theorem 4,1 of Ref. 1 and that theorem is also just
a corollary of Theorem 3.l1. However, Theorem 3.1 is more general than the
theorem in Ref, 1 since it is not restricted to y = 1. In using the field
theorem approach, h(x,u,t) 4 f(x,u,z(x,t,u),t) may not be C1 and the usual
assumption of the field theorem is not met. In this case the more general
field theorem of Ref, 9 can be used, There h(*,*,*) is not required to be Cl.

5. Concluding Remarks It has been shown that the problem of verifying that

a control is a minmax control can be accomplished by establishing that certain
functions satisfy related ordinary optimal control problems. In particular,

*
u (¢) is a minmax control if it is an optimal solution of P(v,al,---,ay,zl(-,-,'),

---,zY(-,-,-)) and if qi*(-,-) is a solution of the optimal control problem

e -y 0 -~




%
(1)=(2) with u(*) = u (+). All the sufficient conditions available from optimal

control theory can be used on these optimal control problems. Previous suf-
ficient conditions for minmax control are just corollaries of this general
result given here,

A comment on feedback minmax strategies is appropriate., In Ref. 1, a
sufficient condition for a minmax feedback strategy is given as well as the
sufficient condition for an open minmax control, Attempts to extend Theorem 3.1
so that it applies to feedback minmax problems have been unsuccessful, The
reason for this is that the feedback solution to the problém P(v,al,-;',ay,
zl(-,-,-),---,zY(-,-,-)) will depend on xi(-), i=1,ee.,y, But the xi(-) are

artificial variables and do not have any physical meaning, There is no way to

implement a control based on the x* and a feedback control dependent on the x*

is meaningless.,
Also, the theorem does not apply to problems where the final time is
unspecified., In such a case, each trajectory xl(-), i=1,2,eee,y, might

reach the target © at different times and P(Y,al,°--,dy,zl(-,-,°),°'°,ZY(',',')

can not be treated by standard.optimal control theory.

R —
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Optimal Control of Systems with Multiple

Criteria When Disturbances are Present
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Abstract. Optimal control problems with a vector performance index and
uncertainty in the state equations are investigated. Nature chooses the
uncertainty, subject to magnitude bounds. For these problems a definition
of optimality is presented. This definition reduces to that of a minmax
control in the case of a scalar cost and to Pareto optimality when there is
no uncertainty or disturbance present. Sufficient conditions for a control
to satisfy this definition of optimality are derived. These conditions

are in terms of a related two-player zero-sum differential game and

suggest a technique for determining the optimal control. The results are

illustrated with an example.

Key Words: Differential games, Pareto-optimality, multicriteria optimization,

control theory.
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l. Introduction. In the standard optimal control problem, the system to be

controlled is modelled by ordinary differential equations, the cost is a
scalar and one player selects the control. Isaacs (Ref. 1) introduced
conflict into the situation with the addition of a second player who chooses
his controls to maximize the criterion that the first player want to minimize.
This led to two player zero-sum differential game theory.

One application of this theory is to optimal control problems where dis-
turbances are present in the differential equation model of the system. 1In
such problems, it is assumed that nature can choose the disturbance or

uncertainty, subject to magnitude constraints. Then, given any control,

there is a guaranteed upper value to the cost and the objective is to choose
a control which gives the lowest guaranteed cost. A control design based

on this philosophy is termed a worst case design.

Looking at nature as a second player this formulation leuds to a two
player zero-sum differential game. If this game has a saddle point solution

(and certain playability assumptions are satisfied), then the corresponding

control gives the lowest guaranteed cost. Often, however, there will not
exist a saddle point solution for the resulting differential game and the
theory of Ref. 1 cannot be used. Some results, in the form of sufficient
conditions, are available for determining controls which result in the

lowest guaranteed cost (Ref. 2-3).

Another extension of the work of Ref. 1 has been to multicriteria opti-

mization problem. In these problems, there are many players, each having

his own performance index. The players may not be in direct conflict and

may, in fact, be willing to cooperate.




- The disturbance v(+) is not known exactly; the only information available

T ——— e e e ——

Here we treat multicriteria optimal control problems where there is
uncertainty in the state equations. An optimality criterion is defined and
then sufficient conditions for an optimal control are derived. In addition,

it is shown how these results may be used to determine an optimal solutionm.

2., Problem Formulation. Consider a control system described by the differ-

ential equations
x(t) = £(x(t),u(t),v(t)) (1)

m m
where x(t) €R™ is the state, u(t) €R 1 is the control and v(t) €R 2 is the

- . 1
disturbance. We assume that f(+,+,*) is a C~ function. The time interval

[to,tf] is specified as is the initial state
x(t ) = x (2)

m
about v(+) is that v(t) belongs to a known set VSR 2. Rather than modelling

the system in a stochastic manner, we assume nature can choose any disturbance,
subject only to v(+) being piecewise continuous and v(t) €V.

Let

1}

M1= tu(e) :u(e) €U and u(t)€u , tGLto,tf

m
where U is the set of piecewise continuous functions from Eto,t I1-R 4 and

-
my =

U is a given subset of R ~. Similarly, let
M, = {v(*) :v(-) €V and v(t) €V , te[co,:f]}

-9

where U is the set of piecewise continuous functions from [to,t J=-R°,

f
For u(.) GMI and v(-) EMZ, the solution of (1), (2) will be denoted by x(.).
The pair [u(-),v(-)] is playable if it generates a solution of (1), (2)

such that x(tf) €0 where the target set € is a given set in R".




For u(-)ebﬁj N(u(+)) is the set of all v(-)Ebb such that [u(+),v(+)]

is playable. A control u(+) is admissible if u(:) ebﬁ_and N(u(-)) # 4.
\
For a playable pair [u(+),v(-)], the cost is a vector with two components,

=
o B
T @(),v(e) = g (x(e)) + | L o(x(e),u(e),v(e))de , i=1,2 (3)

t
o

Here x(°) denotes the trajectory corresponding to u(+),v(e) starting at
(xo,to). (The results presented below can easily be extended to the case
where the cost is a K vector. For simplicity of presentation, we concentrate
on the case K = 2).

Before defining optimality, consider first the case of a single criterion.

Given any u(.) €M sup J(u(*),v(+)) is the guaranteed upper value

1)
v(e) €N(u(+)) *
of the cost when control u(.) is used. A ccatrol u (-) which gives the lowest

*
guaranteed cost is sought, i.e., find u (+) €M, satisfying for all u(-) EPH

1
sup,, I (), S sup J(u(+),v(+))
v(:)EN(u (+)) v(+)EN(u(+))

A control satisfying this condition is called a minmax control.
Now consider the multicriteria case when there is no disturbance. A
%
useful optimality criterion .s Pareto optimality. A control u () is Pareto

*
optimal if, and only if, for every u(-) €M, either Ji(u(')) = Ji(u (eI

1
*
i = 1,2, or, for at least ome i€{1,2}, Ji(u ()< Ji(u(-)).
In the following definition, we combine these two concepts into a
definition of optimality which applies to multicriteria problems with dis-

turbances.

*
Definition 2.1. A coatrol u (+) is Pareto optimal if, and only if, it is

admissible and for all admissible u(+) either




il

sup* Ji(u*(-),V(~)) = sup J; @), v(+))
v(«)EN(u (+)) v(*)€EN(u(-))

, i=1,2

or, for at least ome i€ {1,2},

sup I (),v()) € sup T (u(e),v(+))
v(-)EN(u*(-)) v(+)EN(u(.))

When the cost has only one component the problem is a two player zero-
sum differential game and the definition becomes that of a mimmax solution
while, if there is no disturbance, the definition is the usual definition of
Pareto optimality. If an admissible control, ul(-), is not Pareto optimal,

then there is another admissible control, uz(-), such that

sup Ji(uz(‘),v(’)) S sup Ji(ul('),v('))

, i=1,2
V(*)EN(u, (+)) v(*)&N(u, (+))

with the strict inequality holding for at least one i. Thus, if an admissible
control is not Pareto optimal there is a control that reduces the guaranteed
cost of at least one of the components of the cost vector without increasing

the rest.

Static versions of this problem are treated in Ref. 4-6. In Ref. 7, a
many player differential game problem with coalitions was studied and that
problem can be interpreted as an optimal control problem with disturbances.
There, however, in deriving sufficient conditions, it was assumed that a
related two-player zero-sum game has a saddle point solution. We do not

make that assumption here.

gy v e = i ———————— o
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In the next section two sufficient conditions for Pareto optimal control

are presented. These conditions are not directly working conditions, but only

a step in that direction. In Sec. 4, we use the second of these conditions
to obtain other conditions which may be used for determining Pareto optimal

controls,

3. Preliminary Results. Sufficient conditions for Pareto optimality

will be obtained in terms of the following two-player zero-sum differential

game.
T (D57, ()) = 013 (), vy (+)) + @y, (u(+) v, (+)) (4)
% (8) = £(x (0),u(®),v (0)) , xy(E ) = x_ (5)
Ry (£) = £(x,(£),u(0),v,(E)) , x,(t) = x_ (6)

Here xl(t),xz(t) €Rn, vl(-),vz(-) 6r5 and admissible u(-) are defined as in
Sec. 2. One player controls u(e) while the other controls vl(-) and v2(°).

Note that xi(-) and vi(-) only enter J through Ji while u(+) enters through

J1 and J2. The time interval [to,tf] is fixed and we require xl(tf),xz(tf)é 8.

%* % *
The controls [u (-),vl('),V2(°)] are a saddle point solution for this

game is they satisfy

@ (), (,95()) S T@H ),V (9,75 () % Fu(),vi(),v5 () ()

*
for vl(-),vzbﬁ EN(u*(-)) and for all u(-) that are playable against vl(.)

*
and V2(').

In Theorem 3.1 which follows, we assume all u(*) Gb&_are playable against

W ()47 ().




g

~ % Y *
Theorem 3.1. If (u (-),vl(-),vz(-)] is a saddle point solution to the dif-

*
ferential game (4)-(6) for some al,dz >0, al + az =1, thenu (+) is a
Pareto optimal control for the problem (1)-(3).
Proof. The saddle point inequalities (7) imply

T () (),vy(0) = sup Fw (o) SASBACY
71 (), (DN ()

and that for any admissible u(-)

3@ ()] (), () = () vy (1) ,vy ()
vi(9),v, (e YEN(u(+))

Thus sup 3(u*(‘).v1('),V2(')
V1 (4),vy (DENG" ()

< sup 3(u(-),V1('),V2(') (8)
v (4) v, () EN(u(-))
for all admissible u(*). Since vi(-) and xi(') only affect 3y i
2
sup  J(u(),vy(),vy(0)) = T sup I (u(+),v, (+)) 9
V1 ()9, ()EN(u()) = (aN@e))

From (8), (9) ic follows that

2
1§ @, sup J, (u (9),v;(+)) $ T sup J () ,v, () (10)
v, (- YENGL™ (+)) =1, £ >6N(u( ))
Since al,az > 0, (10) implies that u (-) is Pareto optimal. d

From this theorem, it is seen that Pareto optimal solutions can be
found by determining open loop saddle point solutions for the two-player
zero-sum game (4)-(6). As al and 02 vary, different saddle point solutions
may be obtained. Each of these solutions has the Pareto optimal property.

Techniques for finding open loop saddle point solutions can be found in

. -
.




Ref. 2,7-10. Unfortunately, many of the differential games (4)-(6) which

arise from problems with a disturbance (1)-(3) do not have saddle point

solutions. They do, however, have minmax solutions.

*
Definition 3.1. An admissible control u (¢) is a minmax solution to the game f

(4)-(6) if it satisfies for all admissible u(*)

sup (W (4),v,(),v,())  sup T(+),v,(+)av,))
V1 (), v, ()EN@(+)) v, (), v, ()N ()

Theorem 3.2, If u*(-) is a minmax solution to the game (4)-(6) for some

al,az >0, al + az = 1, then u*(') is a Pareto optimal control for the problem

(1)-(3). z

Proof. Since u*(-) is a minmax solution, it satisfies (8). The proof then i

follows in exactly the same manner as the proof of Theorem 3.1. -
Theorems similar to Theorem 3.1 and Theorem 3.2 were obtained for prob- ‘

lems involving coalitions in a differential game (Ref.7). There, use was !

made of Theorem 3.1 to find coalitive Pareto optimal controls. Here, we

shall concentrate on Thgorem/3.2 and use it, in conjunction with a sufficient
condition for minmmax control (Ref. 1l) to obtain sufficient conditions for

a Pareto optimal solution to the problem with disturbances (1)=-(3). Also a
possible technique for determining Pareto optimal solutions based on these

sufficient conditions will be discussed.

4. Main Result. 1In Ref.(2,1l)there are sufficient conditions for a control

to be a minmax control. Based on these results, as well as Theorem 3.2, we
obtain sufficient conditions for a Pareto optimal control for the original
problem (1)-(3). First, we need some definitions. For i = 1,2, the set

Si(u(-)) consists of the admissible disturbances that are playable against

8 s L " DY e s 1 A8 N A =
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u(e) amd maximize Ji.
£,@()) = {V() : ¥(-)EN(u(*)) and
T @(),%()) = sup I (u(),v(N]}

v(+)EN(u(-))
i=1,2

m m
Let w(+,*) be a function from RTX R e R 2 and, for u(-)ébﬁf qw(°) is

the function defined by qw(t) = w(x(t),u(t)) where x(¢) is the solution of
x(t) = f(x(t),u(t),w(x(t),u(t)),x(to) =X The functions w(*,*) will be

called response functions. The set of admissible response function is

W= {w(,-) tq () €N(u(*)) for all admissible u(*)}

Let Y be a positive integer, yi(-,-) €, i = 1,...,Y, Zl(°,°) €,

i=1,+++,Y. Consider an optimal control problem with cost

K@),y (e, ),z ¢, 0

3 igluiialJl(u<->,y1(-,-)> oy, ()2 (-, 0))) R

and state equations

x L= losec vy (l2a)

£l (0),u(e),y (), ue)] , X)) = x,

ii(t)

X i=1,+++,Y (12b)

£0x5 (8),u(0), 2 (5 (0) u(e)] , x5(e) = x,

ké(t)

The terminal conditions are xi(tf), x;(tf) €0, i =1,:-.,Y. ;

In the following, we shall require @, > 0, @, > 0. Letting p = 02/01,

1 2

the cost can be rewritten as




O

K(*),y (e, )28, )
:

Y i
= ZpJ(u),y (+,0) +p E
i=1 =

. by @),z (4, )) (1)

1
We now present a sufficient condition for a control u*(-) to be a min-

max control for the problem (4)-(6) and thus, from Theorem 3.2, a Pareto

optimal control for the problem (1)-(3).

Theorem 4.1. Let u*(-) be admissible. If there exists

i) a positive integer Y

Y
ii) scalars My >0, 1w 1,0.%, Lp

=1 and a scalar p > 0
i=1

i
iii) admissible response yi(-,.),zi(.’.)eln’ e e

such that
a) vi*(-) €£l(u*(,))’ vi*(-) Eiz(u*(-))’ T

where vi*(t) " yi(xi*(t),u*(t)), v;*(t) 5 Zi(xg*(t),u*(t)) B XI*(.)’ xz*(.)

are solutions of

]
»
|

]
—
-

xp(6) = £lx)(0),u"(0),y o () " (@), wde)

X jom s ise oy

i
xz(t) o)

£lx) (0, (), 2 (x5 (0),u™ ()], xh(e)

* s
b) u (+) is an optimal control for the problem P(Y,p,pi,yl(.,.), zi(.’.))
*
then u (+) is a Pareto optimal control for the problem (1)-(3).
- *
Proof. Consider any admissible u(:)., Since u (+) is a solution of the prob-

lem P(Y,P,1,y" (+5%))s 25(+4*)), for any a(+) €M,

Y % i* Y * i
iEluiJl(u (')9"1 P izlp'iJz(u (')’Vz(‘))
< g I (@), a5 () + g I (u () ,p5
where qé(t) = yi(§i(t),a(t)) L& Jyven,y

ph(r) = MGy, 5(0) 1= 1Y
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Since p > 0, My >0 i=1,-,Y, either

* oy oi* ~ i
Jl(u ( )’vl (.)) - Jl(u(-),qﬁ(-)) i= 1’0..’\{
and (13)
* i* . ) ~ i
Iy (),vy () = Jy@(e),pa(+)) i= 1,000,y
or
%* i% X i
Jl(“ ('):Vl (=) = Jl(u(‘),qa(')) for some i€ {1,-+-,V} (14)
or
3, (), () < 3, @),k
2@ (*),v, < Jy(u(),pp(+)) for some i€ {1,---,v} (15)
From (a)
* :
Suz Jl(u (°),V(-))' . JI(U*(.)’V;.*(.)) L= 1,000,y (16)
vEN(u (*))
sup J (u*(°),v(')) =J.( s ix . -
% 2 zu(')avz()) i L e (17)
VvEN(u (*))
Also,
- i
Jl(u(O)’qa( )) s SuP Jl(ﬁ(.)’v(.)) (18)
v(-)EN(u(-))
IRORAO P S0
2 u J,(u(*),v()) (19
v()EN(u(*)) 2 )

Using (16)-(19), each of the three cases (13), (14), and (15) imply u*(~) is

Pareto optimal,

5. Discussion, For a given initial state and time, one can proceed as follows
to obtain Pareto optimal solutions. Form the two-player zero-sum game (4)=-(6).
For those values of @, and o, with o, >0, @, > 0 and @, +a,s= 1 for which

there is an open loop saddle point solution, the corresponding u(-) is,

according to Theorem 3.1, a Pareto optimal solution,
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If there does not exist a saddle point solution, we must resort to

Theorem 4.l. Choose a real integer Y 2 2 and functions yi(-,-), zi(-,-),
i=1,"*,Y. Then determine the optimal control for the problem
P(Y,p,pi,yi(-,-),zi(-,-)) in terms of p and Hys i.e., u(-,p,pl,---,py). If
possible, choose the pi so that

3,y )+ e Iy (),2 ()
= Jl(u('),yj(-,')) +p Jz(u(-),zj(v,o))

for all i, j€{1,---,Y}. For every p > 0 for which this can be done, we then
have a candidate for a Pareto optimal solution of the problem (1)-(3). It
may then be possible to verify that these candidates are solutions by using
Theorem 4.1. 1In checking (a) and (b), of Theorem 4.1, standard sufficiency
results for optimal control, such as Ref. 12-16, can be used. Of course,
choosing Y, yi(-,-) and zi(-,-) may be difficult and some ingenuity as well
as trial and error must be used.

The general idea of the procedure is to let @, take on all possible

1

values in the interval (0,1). For every value of al in this interval we

hope to get a Pareto optimal solution. If there is an open loop saddle

point solution corresponding to a particular «., we use Theorem 3.1; if not,

1’

we find a minmax solution and use Theorem 4.1,

6. Example. Consider the following problem with scalar x(.), u(-) and v(+).

3 (8(),9()) = xE(1), Jy(u(-),v()) = -x(1) (20)
x(t) = u(t)v(t) , =(0) = —;— 21)
u={u:u7'S1} , V=1{v:l1sv =2} (22)




First we form the two player differential game (4)-(6)

3,91 (0,7, (D) = a1y - ey, (D)

k (6) = u®v (®) 5 x 0 =3
ky(8) = u(E)v,(®) ;5 x)(0) = 3

Checking for open loop saddle solutions as @, ranges between 0 and 1, we

1
find that there are such solutions for a].E (0, 6/7) and that the controls

u(s), vl(') and vz(') are constant. These results are summarized in Table 1.

TABLE 1
o u(e) v () v, ()
0<o. s L 1 2 1
1 5
1 - 2
1 1 i
T S &, 2 1
1-a
1 1 1
3 ay R 0 7 1
2(1 - «,)
1 2 1
1% "3 0 a 2
1
3
1«20
2 6 i
3 & cy1 - 7 o 1 2

The inequality 3(&(-),Gl(~),§2(-)) s 3(u(~),91(°),32(-)) was verified via the
direct sufficient conditions (Ref. 13,14) while the inequality 3(3(-),31('),
32(')) 2 3(&(-),31(-),v2(')) was established using field type sufficiency

theorems (Ref. 10,11). That the u(*) part of the saddle point solution is a

Pareto optimal solution follows from Theorem 3.1.

12
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For 6/7 < «

< 1, there is no open loop saddle point solution and we

1

must resot to Theorem 4.2. To this end, we consider the control problem
2
siven by (LD=(12) with Y=2, pi6) = 1, () = 1, 200) = 2, z50) = 2,

1 2
< - = - — = -
0<p ) p.l 20 = 3 and “'2 1 u.l.

R@ ),y (+),20 () = U (0 124+ 1, TS (1912 - o] = a2 (1)

:':i(t) = u(t) 5 i;(t) = 2u(t)
ii(t) - 2u(e) ig(t) = 2ale)
x1(0) = x2(0) = x,(0) = x2(0) = %

*
Since u (t) = -1/3 is a solution to this optimal control problem and since
* i * *
yi(-) €£1(u @), zl(-) E£2(u (*)), i = 1,2, u (*) is a Pareto optimal
solution for this problem. Also, since p = 02/01 and 0 < p < 1/6, this

solution corresponds to 6/7 < o, < 1, Note that Theorem 3.1 does not apply

L

when 6/7 < @, < 1 since there is no saddle point solution and Theorem 4.1

I

is needed.

6. Concluding Remarks

In the definition of optimality in Sec. 2, for a given u(+), the maxi-
mization operation is over all v(-) that lead to termination against u(.).
This may be considered unrealistic since there is no assurance that nature
will choose v(.) to terminate on €. For problems where the differential
equations (l) satisfy a growth condition and the terminal set 9 = Rn, every
u(e) GMl is playable with every v(.) EMZ and this difficulty does not arise.

In the general case, rectxricting M. and M2 so that all pairs (u(¢),v(+)) with

1
u(e) €M1 and v(-) €M2 are playable, would eliminate the necessity of the

B sasiia
e 3
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playability assumption on v(+), If it is felt that the condition that the
maximization operation is over all v(.) that lead to termination is unrealistic,
then the theory should be applied only to problems where Ml and M, are such

2
that all pairs (u(+),v(+)) with u(s) EM1 and v(-) €M2 are playable.
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1. INTRODUCTION
In this paper we present a simple derivation of necessary conditions for

L . . n e
static minmax problems. The problem is to choose x€XC R to minimize

f(x) = sup @(x,y) (L
vyE€Y

where @ (+,) :RnncRp-* R is Cl. Y is a specified subset of Rm and X = {x‘C(x) < 0%.

The function C(*) : R"= RP is C1 on R".

Necessary conditions which the minimizing point must satisfy are given in

e ———

[1-3] in terms of the directional derivative of f(-). This results in a
Lagrange multiplier rule which is an inequality. In [4], the necessary con-
ditions are in the form of a Lagrange multiplier rule that is an equality.
Here, we derive the results of [4] in an alternate and simpler fashion.

Our approach is to replace the above minmax problem, as suggested in [5],
by a related nonlinear programming problem where the subsidiary conditions
consist of an infinite number of inequalities, The resulting programming
problem is called the Fritz John problem [6,7]. A relationship between the
solution of the Fritz John problem and the minmax problem is presented. This
relationship, in conjunction with the necessary conditions for the Fritz John
problem, lead directly to necessary conditions for the minmax problem which
are identical to those in [4].

We shall assume that Y is compact, Then for every %€ X there exists a

: Y €Y with the property that ¢(%,y) = sup ¢ (X,y) and we can replace "sup" by

yeyY
"max'". The vector of partial derivatives 3¢ (x,y)/dx will be denoted by

¢ (x,y). Similarly, Cix(x) = BCi(x)/Bx.
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2, A NONLINEAR PROGRAMMING PROBLEM

As suggested in [5], we consider the problem choosing z € Rn+1 to minimize

L(z) = 2, )

subject to G
Ci(zl,zz,---,zn) S0 &= 1.2 seeip (3) f

and g
$(21:25,%44,2,,9) - 2, €0 forall y€Y (4) i

The relationship between the solution of this problem and the minmax "‘

problem is given by the following propositions.

PROPOSITION 1. If z° is a solution to the problem (2)-(4), then

o o . . -
X = [zl,zg,"',zz]T is a solution to the minmax problem.

Proof. Suppose x° is not a solution to the minmax problem. Then there ,

exists an X satisfying

ci(?c)s 0 , i=1,2,eee.p

such that
~ o o]
sup ¢(x,y) < sup o(x,y) Sz .,
yEY vyEY b
Let 2 = sup ¢ (%,y) and 3* - [?cT z ..]. Then
n+l fie? n+l”°
yE€Y
N o
Zn+l ™ zn+1
ci(’él,---,‘in)s 0 i=1,2,000,p

$(2y500052 ,y) =2z . <0 forall yE€Y

which contradicts the hypothesis that z° is a solution to the problem (2)=-(4). — 5




* * *
PROPOSITION 2. 1If x is a solution to the minmax problem and Z 41 = Sup o(x ,y),
T p T yeY

* e
then z zn+1J is a solution to the problem (2)-(4).

*
Proof. Suppose z 1is not a solution to the problem (2)-(4). Then there
exists a z such that
3 R L . :
Bl < Zopp = SWP 3(x,Y) (5)
yEY
C(%l’...,%n) S o

qs(%l’.“’%n’},) -2

otl S 0 for all y€¥Y '

The last inequality is equivalent to |

sup ¢(%,,%++,2_,y) £ 2 (6) ,

yEY 1 n n+1 1

Then (5) and (6) imply
i x E

sup ¢(zl,~-,zn,y) < sup @(x ,y)

yEY yEY i

*

which contradicts the hypothesis that x is a solution to the minmax problem.
Thus, the minmax problem is equivalent to a Fritz John problem. In the

next section, we state the necessary conditions for the Fritz John problem.

Then we apply the conditions to the problem (4)-(6) and thereby obtain necessary

conditions which the minmax solution must satisfy.

3. NECESSARY CONDITIONS FOR A MINMAX SOLUTION
The Fritz John problem we are interested in is to determine z €& Rn+1 which
minimizes
L(2)
subject to

Ci(z) < O i = 1’2,000’p




8(z,y) £ 0 for all y€Y

where 6(+,*) :Rn+1

xR"-R is a C1 function. Necessary conditions which a
minimizing point must satisfy are given in [6] or [7].

*
THEOREM 1, Let z be a minimizing point. Then there exists an integer o,

scalars lo 2 0, Xl > O,-°-,Xa > 0, scalars by 2 0i=1,--2,p and vectors

XEE {vle(z ,y) = 0}, k = 1,*** o such that

5 * g &k * i P . % 5
xo z(z 2% 1;1 xi z\? oY ) + izl By iz(z By

*
u‘ici(z)=0 i=1’2’ooc’p

a(z",y) €0 for y€Y

Furthermore, if 8 is the number of nonzero Mo l<sa+Bsn+1,

Applying this theorem to the problem (2)-(4) leads to the conditions

% * * i P * o b
: )‘i¢z.(zl"“’zn’y ) * .Z u'iciz.(zl’”"zn) = 1= Ll,eee,n
i=1 i i=1
o
Xo - izl Ki =0

c.(z" HYed d=1
U'ii 1’ ’zn)- L ’ ’p

W = i 0 for all vyé€
¢(zl,...,zn,y) - zn+1 < or a yey

where each yi satisfies

* * i *
$(z 00052,y ) =2 4 =0 for all y€Y

Restating these results in terms of x rather than z results in necessary con=-
ditions for the minmax problem which are identical to those in (4], sSpecifically

we have




S

%*
THEOREM 2. Let x be a solution to the minmax problem. Then there exists

a positive integer o, scalars >‘i >0, i =1, ,0, scalar My 20, 1i=1,¢¢¢,p,

i.a * A * *
vectors y €Y(x ) = {yGYIQS(x ,¥) = sup ¢(x ,z)}, i = 1,+++,0 such that
ZEY

A 0 TR g
' i¢Sx(x A, = uiCix(x )

MR
]
o

i
* 3
uici(x ) =0 » 1 = 1:2;"‘:1’ ’

Furthermore, if 8 is the number of nonzero by lsog+B<sn+1,
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