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1.0 Introduction

This report discusses various aspects of verifying that a computer
program correctly carries out some specified functions. If the program was
designed with the aid of a flowchart , the flowchart can be used to determine
the number o~ tests necessary to verify the program. If the program was pre-
pared without a flowchart , then either a flowchart or a directed graph (as
described in 2.0) must be prepared from the program, to determine the number
of tests.

One way to verify a computer program is to run it with sample input data
and examine the results for correctneBs, i.e., test for agreement between the
program output and the results that would be produced by correct execution of
the specification on the same data. This requires prior determination via
hand computation or other independent means of the correct outputs for the
sample inputs. It is useful for us to first classify the different types of
testa which we will be discussing. A level zero test is defined as a test
consisting of one or more teBt cases which together cause every program
statement to be executed at least once.

Before defining a level one test, it is necessary to define a progrsm
segment, which we shell do in terms of flowchart terminolo~ ’-. In general our
flowcharts will consist of one start and. one atop terminal (ovals), procer-B—
lug elements (rectangles or parallelograms), and decision elements also
called deciders (diamond shape). A segment is any flow sequence:

a) from the START terminal to the first decider,

b) from the exit of one decider to the entry of another,

c ) from the last decider to the STOP terminal ,

whether or not any of these flows contain processing steps.

A subroutine is considered pert of a segment if the segment contains a
call to the subroutine. Segments may overlap, i.e., a processing step may be
contained in more than one segment. If a program contains more than one STOP
terminal, then a group of segments is formed by the flow to each terminal
from the respective last decider .

The flowchart of Figure 1 can be used -to Illustrate the definition of a
segment. The flowchart contains seven segments, numbered from 0 to 6. Seg-
ment 1 is clearly the flow from the exit of one decider to the entry of ano-
ther, even though the flow contains no processing steps . The subroutine
called in segment 3 is completely contained in segment 3, regardless of any
deciders that appear in the subroutine. Segment 2 consists of a].]. the flow
from the exit of decider A to the entry of decider C. Segment 14 consists of
all the flow from B to C, and part of segment 4 overlaps pert of segment 2
(they share the processing step 3). A level one test consists of one or
more test cases which together cause every program segment to be executed
at least once.
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F T
C STOP

FIGURE 1 THE FLOWCHART FOR THE EXAMPLE .

A path in a computer program is any way of getting from the start termi-
nal to the stop terminal, or to each of the stop terminals , if the program
contains more than cns. If th. flowchart contains locps , each different way
of getting from start to stop, including different numbers of times around
th. loops , constitutes a path. Thi. may lead to situations where the number
of path s is very lu g, or difficult to d.tezmiri~. from the flowchart , such as
when th. loop control is defined in some complex way or when it depends on
input data as in FIgure 2. Even when the loop cont rol is more straightforward,
the numb r of paths can be very large . Figure 3 shows a flowchart where the
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FIGURE 2 AM INPUT-CONTROLLED LOOP .

number of paths, p, depends on a single value of input data, where p
Since N can be the largest integer that can be stored in the computer , the
number of paths is wax y large indeed .

START

Read

K + O

F
X N

T
S STP

FIGURE 3 A FLOWCHART WITH A LA~~E NUMBER OF PATHS.
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A level two test is one that executes every program path at least once.
A level three test is one which includes all possible sets of input data.
Level two and/or level three tests might have formerly been called “exhaus-
tive tests,” but the new definitionE based on levels are more precise and
should replace the earlier usage. Level two and level three tests are not
always as exhausting ( to the pr~grarnmer) as they might at first seem. There
are some particular types of problems , especially those dealing only with
integer variables, that have a sufficiently limited set of input possibili-
ties to make a level two or level three test practical. However, in general
level two and three lists are intractable.

In this report, attention will be directed mainly to level one and rela-
ted types of tests. That is, we will discuss tests which are oriented to the
testing of program segments. Drawing on the work of M. Lipow [1], it will be
shown how graphs , matrices , and zero-one integer linear programming [4] can
be used to determine the number of test cases needed to perform a level one
test, and the data needed to comprise those test cases.

In addition, Section 3 of this report contains a discussion of n;ethods
of estimating the number of paths in a loopless flowchart.

4
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2.0 Graphs

In this section we will examine techniques for computing the number of
test cases. As examples we will consider the testing of one unstructured
program and tvo structured programs. For the purpose of this ~~‘~~rt -;

sufficient to define a structured program as one in which .:

a) each maj or function of the program is coded in its own “moth~~” ,“(i .e. , function or subroutine),

b )  no GOTO statements are used.

First, a formal method of determining the number of test cases needed to
perform a level one test will be described; secondly, the method will be ap-
plied to the three programs in question ; finally, experience in testing the
three programs will be discussed.

2.1 Method of Determining the Number of Test Cases Needed to Perform a
Level One Test —— (Lipow ’s Method).

For the description of Lipow ’s method using graphs Ii] , we will use the
flowchart given by him arid repeated here in Figure 1~. The flowchart solves
the following problem: “Determine whether three integers representing three
lengths constitute an equilateral, isosceles , or scalene triangle, or cannot
be the sides of any angle. ” In this flowchart we will be seeking to execute
each segment exactly once.

To determine the number of test cases needed:

a) number the flowchart segments , as has been done in Figure 5,

b) draw a directed graph in which the nodes of the graph are the
segments and the arcs of the graph show the sequence in which
the s31~ients may be executed.

This has been done in Figure 6, where it is shown, for example , that after
segment 6 is executed, then either 7 or 8 will be executed. Now, find the
maximum set of “incomparable” elements; that is, the largest set of nodes
none of which precedes or follows any other node in the set. In Figure 6,
the set consists of the 11 nodes 21~, 23, 17, II, 16, 15, 22 , 21, 26 , 25, and
19. These a].]. happen to be at the bottom of the graph, but we wi].]. see that
this is merely a coincidence.

Arter the graph has been ana lyzed , the size of the larges t incomparable
set is equal to the number of test cases required , and the elements of the
set are the segments through which one and only one test case should pass.
Section ~& of this report describes an algorithm for finding the size and
members of the maximum incomparable set.

~~~~~~

-

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ 

S 

. : 
- S~~~~~~~~~: - - . S . ~-~~~~- 

5S S~~~~



MATCH.O

MA!CH T

MATCX
‘.MATOR+2

- 
F

MATcH T 

-

1’

T TOE F
— O

T T F
I+J TON

— 1

F T I+J<K T TCII
T . —

P
________________ T

F T
T F .3

I+K(J 
F F

J+Ic~.I
P - -

_ _ _ _  

l~~eral”

FI~ JRE 14 — A FLOWCHART FOR THE TRIAJGLI PBOBL~~4
6



- S - - _ ___  - -.

H LSTART)
4 II,

/IEPUT
/ I,J,x

MATCB—O

2 I MATCH 1 - T

~~M&TCH+1 r
p1

MATCH ] T4

_ _ _ _ _ _ _  

7 3

6 ~~~~ T ,~~~‘.M~TCH+3

1 7 5  
- -

8T TOE 77

1O~~~~~~~~~~~~~ F 9

121F 16 T

~~~~~~~~ T17 
I

t _  

_

<
~~~~>T

23 2~~~
(J

~~~~K~~~~~~~

- 
_ _

t 
_ _ _ _  T

~~~ _ _ _ _  ~~~
.C STO!J

FIGURE 5 —— FLOWCHART WITH BZ~~~~TB NUMBERS).

7

S 5~ 
-
~~~~
.

- -

- 

- - - 

. 
- 

- S 
S 

- --



0

I
2 1

4 3

6 5

8 7

12 11 10 9

8 7 16 15 1k 3

24 23 22 2 20 19

6 25

FIGURE 6 -- GRAPH DRAWN FROM THE FLOWCHART IN FIGURE 5.

It should be emphasized that finding the number of teat cases is only
part of the task, and considerable additional work is required to find the
actual test cases. In the example given in Figure 7(a), and the associated
graph in Figure 7(b), by inspection we can see that 6 ind 8 are members of
the incomparable set . If we ch~~se the two test values A • +5 and A — — 5,
segments 1, 4, 6, and 8 will b.~ traversed, but never segment 3. If, however,
we choose A — +15 and A = —1~ as our values, segments 1, 3, 4, 6, and 8 may
be tested at least once. Th~.ia, it is still required to find, the appropriate
test cases, even once the m~~ber is known.

In order nov to test the program, -u test cases must be constructed so
that each one passes through just one of the segments of the maximum in-
comparable set. In this program, such teet~ cases can be found by organized
trial and error, and. are given in Table 1. \If these 11 cases run through
the program correctly, then the program has underçone a level one test.

2.2 Extensions of Lipow’s Method.

Any experience d progrs sr would see that the 11 cases in Table 3. do not
test the program by any “common senas” standard.
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FIGURE 7 -- EXAMPLE OF PROGRAM FLOWCHART AND GRAPH.

TABLE 1-- TEST CASES FOR THE FLOWCHART IN FIGURE 5.

Test No. Data Path Results

1. 1L 1 J=3 K=2 1-3—5—8—12-18-24 Scalene
2 2 4 3. 1-3—5—8—12—18—23 Not a triangle
3 4 1 2 - 1-3—5—8—12-17 Not a triangle
U 1 2 4 1-3—5-8—U Not a triangle
5 2 2 3 2—3— 5—7—10—1 6 Isosoalee
6 2 2 5 2—3—5—7—10—15 Not a triangle
7 2 5 2 1-4~5~7-9-111—22 Not a triangle
8 2 3 2 1—4-5—7-9—14—21 Isosceles
9 5 2 2 1—3—6—7—9—13—20—26 Not a tri angle

10 3 2 2 1—3— 6—7—9— 13—20—25 Iaoscsles
11 1 1 1 2-4-6—7-9-13-19 Equilateral
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The case of I+J<1( was included in the test , but the case of I+J~ I(
was not , so we have no assurance that the equal condition would take the cor-
rect branch. It is clearly necessary, then, to test decisions three ways
whenever possille. This really implies the assumption that frequent errors
are committed in specifying whether the left or right branch of a decision
is taken when the left hari c5-. and right hand portions of the decision expres-
sion (predicate ) are equal . Txp erience shows that this is the case.

In a ldition , testin~ segment of code only once may be fax’ from ade-
quate if the segment conta~ns an expression like:

SQRT(SIN(ALOG(X*Y..A/B)))**SQRT(C /D).

It might be wise to test an expression like this more than once to assure
that the divisions will not cause underf low or overflow , and that nowhere
will illegal argument s of functions develop. Also, segments in which sub-
scripting is used would have to be tested more than once.

These decisions about what tests to apply to which segments must be
made by someci e familiar with the program , will be different for different
programs, and will depend on the complexity of each segment. This kind of
test , in which each segment is executed one or more times , is defined as a
level one—point-five test.

Let us now attempt to perform a level 1.5 test on this triangle prob-
lam , and determine the number of test cases required. Since the data are
all integers and the assignment statements very simple, assignment state-
ments will need to be executed only once, as in a level one test. But all
decisions must be tested three ways where possible , for high , equal , and low
values. For certain decisions, however, we will see that no set of test
data can exercise all three outcomes because not all combinations are logi-
cally possible. Figure 8 shows a flowchart in which it may not be possible

F T S

K < O

T F

F IGURE 8 -- A FLOWCHART IN WH ICH ONE OF THE DECISIONS CANNOT
BE TESTED THREE WAYS.
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to test the decision K < 0 three ways, since no set- of test data could
reach that decision with K >0 unless K is modified by the unspecified
process between the two deciders.

To determine the number of test cases required for a 1.5 test on the
triangle problem, renumber the segments , this t ime assigning ~o each seg-
ment one number for each time that the segment is to be executed in the
test. That is, to branches which are to be taken twice we assign two
numbers ; if there had been any segments that needed to be executed more
than once due to complex assignment statements, these too would have been
given additional numbers. The renumbered flowchart is s,hown in Figure 9 ,

S where segment 1 stands for I < J, segment 2 for I > J , segment 12 for
I + J < K , segment 13 for I + J K , and so on. Segment 22 stands for
MATCH > 1; there can be no segment for MATCH < 1, since no set of test
data could reach that point in the program with MATCH < 1. The graph of
this flowchart is shown in Figure 10. The maximum set of incomparable
elements numbers is 17,and consists of those segments appearing with an
asterisk in Figure 10.

S The 17 test cases are shown in Table 2. A conventional program
realizing this flowchart, ‘written in PL/C, is given in Appendix A. The
output shown results from the 17 cases that test the program. The test
cases were found by organized trial and error .

TABLE 2 -- TEST CASES FOR THE FLOWCHART IN FIGURE 9.

Test No. Data Path Results

1. 14 3=3 K=2 3—6-9-11-14-15-18 Scalene
2 2. 1 3 1-5-8—10-21—23 Not a triangle
3 1. 1. 2 1-5-8-10—21-24 Not a triang le
4 2 3 2 2— 4— 9— 10-22 —26 —28 - Isosceles
5 2 5 2 2—4— 9-1 0—22 —26—29 Not a triangle
6 2 4 2 2- 4—9—10—22—26-30 Not a triangle

• 7 1 2 2 2— 5—7— 1.0—22 —27-3 1—35 Isosceles
8 5 2 2 3 6 7 1 0 22r27 ’ 31 33 Not a triangle
9 4 4 4 3—6—7-10-22-27-31-34 Not a triangle

10 3 3 2 1—6—9— 10—21—25 Isosceles
11 1 1 1 1-4—7-10-22-27-32 Equilateral.
12 0 1 2 2-5-8-11-12 Not a triangle
13 1 2 3 2—5—8—11—13 Not a triangle
lU 2 0 3. 3—6-8—3.1—14-16 Not a triangle
15 3 1 2 3-6-8-11—14-17 Not a triangle
16 2. 2 0 2-6-9-11—14-15-19 Not a triangle
17 2 3 1. 

- 
2-6—9—11-14—15-20 Not a triangle
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FIGURE 10 -- GRAPH DRAWN FROM THE FLOWCHART IN FIGURE 9.

2.3 Structured Progresezing

We may now take a “structured progreeming” approach to the same problem,by fir st noting that the flowchart of Figure )i~ has frequent crossing of flow—
lines and ~ ich branching between different areas of the flowchart. Thesecharacteristics of the flowchart give rise to the many GOTO statements inthe program of Appendix A. We viii nov atte mpt a new flowchart , trying toisolate the different functions of the program from one another, in order toeventually produc. easily readable code free of GOTO statements. A fir statte mpt at such a flowchart ii shown in Figure ii. This flowchart ii drawnas if for a virtua l machine having a capability of e~ecuting a decision on
whether the input data constitute a “valid triangl e,” and performing other

-

~~ 

.;~j - - -  
~5~ 5

5~~~~~ 
~~~~~~~~~~ 

- /

- . 
- - 

- 
~~~~~ 

- 
S -



A

START

Input
I,J,K

F VALID
TRI ANGLE

P

Count number
. of matching

sides

Output Output
“Not a type of
triangle” triangle

STOP

FIGURE 11 -- HIGH-LEVEL STRUCTURED FLOWCHART FOR THE TRI ANGLE PROBLEM.

high-level functions. A detailod flowchart of how those functions are
carried out is shown in Figure 12, with the segments of code numbered.
The step numbered 19, 20 , 21 was given three numbers to assure that three
test cases will pass through it , one for each type of triangle . A pregram
realizing, this flowchart is given In Appendix B. The program uses IF...
THEN. . .ELSE, a function, a CALL, a DO loop , and a DO group to avoid all
GOTO statements .

The graph drawn fran the flowchart In Figure 12 is given in Figure 13.
The maximum incomparable set consists of 9 elements. There are four dif-
f.erent sets of 9 incamparable elements, and we can use any of the four
equally well . One of the sets consists of the elements marked with an as-
terisk in Figure 13. The other three sets can be formed by replacing seg-
ment s 10, U , end 12 , with segments 13 , 14, and 15, respect ively ; with 16 ,
17, and 18, respectively ; and with 19, 20 , and 21, respectively. In all.
four cases the members of the incomparable set are pair-wise unreachable
fran all, other members of the set , which is the definition of an m acin-
parable set .

14 
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/~~~~~~~ 7OI ,J ,K

2 ,3 T
I+J<1(

F l

5, 6 ~ I+K<J

F l i

8,9 P
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J+K<I
F T

MATCHES=0

1.2 P
l=J

MATCHES 10,11
=MATcHES+l

15 P
I K

MATCHES F 13,] ii
S ~MATCHES+

18 P
J~K

MATCHES F 16,17
I~ATCHES+1

Output Output 1 20 21“Not a type ~~‘ ‘
triangle ” (MATCHES)

STOP

FIGURE 12 -- DETAILED FLOWCHART FOR ThE STRUCTURED PROG RA)~.
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FIGURE 13 -- GRAPH DRAWN FROM THE FLOWCHART IN FIGURE 12.

Even though the maximum incomparable set is of size 9, it is impos-
sible to find only 9 test cases that will execute each member of the in—
comparable set only once. The trouble lies in the - way the variable
MATCHES is computed. If we want to test the program for all possible
values of MATCHES (which we do), it must take on the values 0, 1, and
3 at segments 19, 20, i.nd 21 in the flowchart. In order for MATCHES to
have the value 3, one teat case ~ust pass through segments 12, 15, an’l
1.8. In order for MATCHES to hive the value 1, one case must pass through
any one of 12, 15, or 1.8 and reither of the other two. Thus one member of
the incomparable set must have two test cases pass through, bringing the
total. number of test cases to 10. This one example seems to show that
the size of the maximum incomparable set serves as a lower bound on the
minimum number of test cases required. Sometimes , as in this case , it
is not possible to finci teats which will pass through only one different
member of the maximum incomparable set. (Section 4 of this report fur-
ther discusses lower and upper bounds on the minimum number of cases.)

Ten cases which test the program, and which generated the output
shown in Appendix B, are given in Table 3.

Figure 14 shows en essent ially different way of solving the triangle
prob1a~ , one which requires fever test cases . The input variables are
first sorted into ascending order. Then the required comparisons are
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FIGURE l’~ -- ANOTHER SOLUTION TO THE TRIANGLE PROBLEM.
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TABLE 3 -- TEST CASES FOR THE FLOWCHART IN FIGURE 12.

Test No. Data Path Results

1 I’i J 1  K=3 3 Not a triangle
2 1 1 2 2 Not a triangle
3 1. 3 1 1-6 Not a triangle

1 2 1 1-5 Not a triangle
5 3 1. 1 l_k-9 Not a triangle
6 2 1 1 1-k-8 Not a triangle
7 2 3 1+ 1—k—7—10-13-16—19 Scalene
8 £4 3 2 l_t1_7_U_1LI_ 17_l9 Scalene
9 1. 1 1. l—k—7--12-l5-18-21 Equilateral
10 2 2 3 1_L4_7_12_13_16_20 Isosce].es

~imp1er than in the earlier solutions. The graph of the flowchart is shown
.~n Figure 15. The members of the maximum incomparable set appear with an

0

1 2 3

10 1 12

S 

* 

13 114

15 16 17 8
* e * *

FIGURE 15 -- GRAPH DRAWN FROM THE FLOWCHART IN FIGURE 1k.

asterisk , and now there are only six. The compari sons in segments 12 through
18 are simplified by the ordering of the variables so that, for example, I
cannot be greater than J , nor J than K, nor can I be equal to K unless it is
also equal to J. In an isosceles triangle , J must be one of the equa l sides.
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A structured program realizing the flowchart of Figure 14 is given in
Appendix C. Six cases which test the program are given in Table 4, while the

TABLE 4 -- TEST CASES FOR THE FLOWCHART IN FIGURE 114.

Test No. Data Pat h Resu lts

1 1 1  J 1  K=1 2-5-8—12—13-15 Equilater al
2 2 3 2 1-6—8—12— 14- 16 Isosceles
3 3 2 2 3—5-7—12 — 14—17 Isosceles
14 2 3 ‘4 1~L 1_7~12-l1i~.18 Scalene
5 

5 
9 5 14 3-6-9-1.1 Not a triangle

6 10 5 4 3-6-9-10 Not a triangle

test result s are also shown in Appendix C. Section 14 of this report shows
how the size and number of the maximum incomparable set can be found in a
forma l manner.

2.14 Program Writing and Debugging Experience .

As measured by the number of test cases required , the unstructured pro-
gram is more complex (17 cases) than the structured program using essen-
tially the same solution technique (10 cases). An improved solution tech-
nique resulted in an even simpler structured program (6 cases).

TABLE 5 -- COMPARISON OF THE THREE DESIGNS FOR THE TRIANGLE PR0BLU~.

Number Number Number
Number Number of of of Incom— Number
of of Deci- Assign- peranle of

Design Inputs Outputs sions ments Elements Tests

l-(F ig. 9) 1 4 13 4 17 17 (Table 2)
-

- - 2-(Fig. 12) 1 4 6 ‘4 9 10 (Table 3)

3-(Fig. 14) 1 ‘4 7 3 6 6 (Table 4)

A comparison of the three designs appear ’s In Table 5. Note that all, of
the designs required the same number of Input and output statements. Design
1 requires 17 decision plus assignment stat ements , while Designs 2 and 3 re-
quire only 10 Thus , the second and third designs have 7 fewer statements

‘Is, - - - ‘N - - 
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each (if programmed in a higher level language), than does Design 1. In
terms of the number of type 1.5 level tests, Design 3 requires the fewest .
Based on the above analysis , we have not only been able to assign the num-
ber of tests required for each design , but also develop information useful
as a comparative rating of the designs.

The problem as given was so easy that the debugg ing of the thre e pro-
grams provided no enlightenment . No logic errors were found in any of the
programs, although one PL/C syntax error and one lob control error were
found in the unstructured program, three input data errors in the first of
the structured programs, and one input data error in the second. The re-
ported debugg ing advantages of structured prog ramming evident ly become
apparent only in larger programs.

I
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3.0 Relations Among Number of Paths and Number of Deciders.
— - In this section we will discuss some of the relationships between the

number of deciders in a loopless flowchart , and the number of paths when
the program contains no loops. A 1.oopless flowchart is said to be stri ctly
branching if it contain s no merges other than a final merge before the
final STOP . The two flowcharts in Figure 16 are strictly branching. Taking

(JSTARTD (START)

I
’
]

S

LSTOP)

a. b.

FIGURE 16 -- TWO STRICTLY BRANCHING FLOWCHARTS.

an the branches ~~ two-way branches , the number of paths in each flowchart
is given by~ 

-

p - = d + 1  (1)

where d is the number of deciders. It can be seen from the flowchart in
Figure 16(a) that Eq. (1) always holds. Given any strictly branching flow-
chart, if any decider were added to the flowchart , exactly one path would
be added. If the flowchart contained only one decider there would be two
paths , so the difference between p and d is always 1.

If a looplesa flowchart contains d deciders , the smallest number of
paths it can have is given by Eq. (1), and that value is obtained when
there are no merges. If - the flowchart contains merges , the number of path.
is larger , and the largest number of paths is obtained when each decider is

21__________ __________ __ 
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‘a

followed, by a merge, as in Figure 17. Here the number of paths is given by:

~~_ 2d (2)-

so the number of paths in any loopless flowchart is:

d + l < p < 2 d (3)

c

FIGURE 17 -- A FLOWCHART WITH A )~ RGE FOLLOWING EACH DECIDER .

Let us apply Eq. (3) to Figure 18. Here there are six deciders, so
the number of flowchart paths as given by Eq,. (3) is: 

—
7< p < 6~e. 4 ;~

-f
There are in fact 27 paths in the flowchart , - end a closer lover bound

can be obtained then that given by Eq. (3) by decomposition of the flow-
chart at convenien t locations . Figure 19 shows the flowchart divided
at th. merge points . Now bounds for each section of the flowchart may be

_ _ _ _ _  
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FIGURE 18 -- A FLOWCHART WITH SIX DECIDE RS AND THREE MERGES .

computed using Eq. (3), and we find :

3S. Pr P2 ’P 3~~~~
- since each section of the f lowcha rt contains 2 deciders . The bounds on

the complete flowchart are the product of the individual bounds , or:

-~ - 2 7 < p < 6 k .

-~ Note that the upper bound is unchanged.
-

- 
The flowchart appearing in Figure 5 may be similarly decomposed at a

-: single merge point . Figure 20 shows the decomposition of the origina l 13
- 

deciders into groups of 3 and 10. This yields :

4 <  p1 <2~

23
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A original
(undecoinposed )
bounds:

3
~~~P1 �4 

7<p < 64

Bounds from
decomposition :

2 7< p < 6 l ~

Actual number of
paths :

p = 27

S P3 5

STOP

FIGURE 19 -- FIGURE 18 DIVIDE D AT THE MERGE POINTS .

l l < p 2 < 2 1°

and , multiplying :

L11 4 < p < 2 13.

The actual number of paths in Figure 5 is 88. 
—

The flowchart appearing in Figure 14 may be decomposed at segment 7 , 8 , 4
9. The decomposition is not shown , but the original 7 deciders divide into
groups of 3 and 4. The bounds from the decomposition are :

14< p1< 8  j
5<p 2 <16

2 0 < p < 1 2 8
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L$~rARTJ

1 
- 

- original (undecomposed)
bounds 

~~~~ Bounds from decomposition :

~~ S P 5 213

<2> <2>
<> <> 

Actual number of paths:

p 88

CSTOP )

FIGURE 20 -- FIGURE 5 DIVIDED AT ONE MERG E POINT .

which compares to the original bounds of 8 < p 5 128. The actual number of
paths is 40.

In the th ree examples so far, each merge point was a “cut set ” of the
flowchart , where the cutting of the flow at the merge point separated the
START from the STOP . In each of the three cases the lower bound ~‘as Im-
proved (raised) by decomp osition but , for obvious reasons, the upper bound
was not affected. In fact, the lower bound afte r decomposition became a
good approximation. A different situation is obtained with the flowchart in
Figure 12. Now it is not possible to find a single point which constitutes
a cut set (except trivial ones at the very beginning and end), and it is
not obvious how the flowchart can beet be decomposed. The six deciders
can be divided into 1 and 5 , or 2 and 4 , etc. , (if we limit ourselves to
a two-p iece decomposition), and each d.coinpositicc gives a differ ent upper
bound , although the lover bound remains 7 in all of the cases. Clearly ,
that decomposition which gives the minimum upper hound is the beat , and
it is shown in Figure 21. Figure 22 a~minarizes Figure 21, and the numbers
in the boxes of Figure 22 represent the number of deciders in each part of

- - the orig inal flowchart. Since the cut set consists of two segments, the
numbe r of paths through the flowchart will be the sum of the numbers of
paths thro ugh each of the segment s. Let be the number of p1 paths

25 
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FIGURE 22. THE “BEST” WAY TO DECOMPOSE FIGURE 12.
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FIGURE 22 -- FIGURE 21 SW(MARIZED.
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that pass through p2; let p1 be the number of p1 paths that pass through
p3. Then the number of paths throu gh the flowchart is given by:

= + (4 )

In this case , p1 = p1 p2 = 1, and 6 < p3 < 32, sO that :

7 5 p 5 33,

compared to the original bounds of 7 < p < 64 without decomposition. The
actual number of paths through the flowcha rt is 11. Other two—piece de-
compositions give higher upper bounds .

It is possible to obtain even lover upper bounds for this flowchart
- - by using three— end four—piec e decompos itions . But a four—piece decom—- 

position is nearly a block—by—block analysis of the flowchart , and at that
point one can compute the number of paths directly as in [2]. Additional
work is required in this area to determine how to most effectively decom—
pose flowcharts.

Since decomposition of a flowchart at other than a merge point lovers
the upper bound , we can return to the flowcharts shown in Figures 18 and

- 20 and decompose them at other then merge points . They were previously
— decomposed at merge point s only , thereby raisini~ their loiçer bounds. A

-
~~ three —piece ‘it composition of Figure 18 is shown in Figure 23, and sum—

- mar ized in Figure 24. The numbers shown in the boxes of Figur e 24 show
the number of deciders in each portion of the decomposition . Let p

1 be
the number of p1 paths that pass through p2 ; let p1 be the number of p1
path s that go direct ly to p3. Then the number of paths through the
flowchart is given by:

_A 
_ _ _ _ _ _ _
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p = 
~~~~~ + p1p3. (5)

In this case p1 = p1 1, p2 = 2, and 5 < p3 
< 16, so that :

15 5 p 5 48.

This compares to the original undeco mposed bounds of 7 < p 5 64, and
the bounds after decomposition at a merge point of 27 5 p <~~4. Combining
the resnlts of both decompositions gives bounds of 27 5 p 5 48.

The flowchart whose outline is shown in Figure 20 may be decomposed
at other than a merge point to reduce the upper bound dramatically from
its undecomposed value of 213. The decomposition is shown in Figure 25
and sm=wized in Figure 26. The number of paths through the flowchart
is given by:

p + pip
3. (6)

- 

In this case , 5 < p1 < 16, 4 < p2 < 8, and 7 5 p3 < 64 , so that :

5 5 < p<l 152 .
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4.0 Matrices and Zero—One Inte ger Linear Programming

Lipow descr ibes the properties of adj acency matrices that can be con-
structed from the graphs of Section 2 of this report (which he incorrectly
calls incidence matrices), and shows how matrix manipulation will yield in-
formation about the total number of paths in the flowchart . He does not
show how the matrices may be used to find the size and members of the maxi-
mum incomparable set. That will be done in this section.

First, the construction and manipulation of the matrices, as described
by Lipow, will be summarized. Then , using his example , it will be shown
how a zero—one integer linear progra mming problem can be formulated in a
completely mechanical way from the matri x , whose solution yields the size
and member s of the maximum incomparable set . Finally , another example , a
flowchart with loops, will be examined.

4.1 Matrices

For the purposes of formul atin g a linear progra mming problem to find
the maximum incomparable set for a flowchart , it is necessary to develop
a single matrix which describes , in some way , all of the connectin g flows
that can be found. in the flowchart. We do this by first constructing an
adjacency matrix from the graph of a flowchart, in which the rows represent
predecessor segments and the columns represent successor segments. The
matrix contains a 1 wherever a predecessor segment i ed.iately precedes a
successor segment , and contains a 0 everywhere else. Such a matrix can
be constructed in a finite number of steps by first considering segment 1
as the predecessor , and filling in a 1 for each of its successors ; then
considering segment 2 as the predecessor and. filling in a 1 for each of
its sumcessoz-s. No row need be constructed for segment 0 since it can
never be a member of the maximum Incomparable set. Thus the matrix will
be constructed row by row. The adjacency matrix, M. constructed from the
graph appearing in Figure 6 is shown In FIgure 27. Note that the d c -  : 

-
ments having rows with all zeros constitute an incomparable set . This
may not be the maximum incompar able set , however , as will, be seen in a
later example.

From the matrix M, compute M2 , M3 , etc . The matrix Mr represents the
matrix M multiplied by itself r—l times and the numerical values of its
elements represent the number of paths by which a successor segment can
be reached from a predecessor segment in exactly r steps . The set of ma-
trices M, M2, M3,..., Mk exhibits all segments that can be reached from
any other segment in the flowchart . If there are no loops in the flow-
chart , then k is such that : -

(
~

)
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SUCCESSORS

1 2 3 4 5 6 7 8 9 1 0 ll l2 l3 ]J4 15 16 17 18 19 20 21 22 23 21e 25 26

O 1 1 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 0 0 1 1 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

2 0 0 1 1 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

3 0 0 0 0 1 1 0 0 0  0 0 0 0 0 0 0 0 0 0 p 0 0 0 0 0 0
4 0 0 0 0 1 1 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

5 0 0 0 0 0 0l l 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

6 0 0 0 0 0 0 1 1 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
P 

~ 0 0 0 0 0 0 0 0 1  1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
R 8 0 0 0 0 0 0 0 0 0  0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
E 

~ 0 0 0 0 0 0 0 0 0  0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0
D 10 0 0 0 0 0 0 0 0 0  0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0
E 11 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
C 12 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0
E 13 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0
S 14 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 1. 1 0 0 0 0
S 

~~ 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 i6 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0
R 17 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

~ i8 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0 0 1 1. 0 0

19 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
20 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1

21 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0~~0 0 0 0 0

22 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
23 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

24 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ~)

25 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
26 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FIGURE 27 -- ADJACENCY MATRIX FOR TEN GRAPH OF FIGURE 6.
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the zero matrix. If the flowchart contains loops , however , the value of
k may not be easy to find , but it cannot be larger than the number of
segments in the flowchart. The number of segments thus serves as an upper
bound on k in a looping flowchart. It is sometimes possible to find k in
such a flowchart, and this will be done later in this section when the
looping flowchart Is discussed.

To obtain a single matrix exhibiting all segment relationshi ps needed ,
we may sum the matrices in the set (by adding corresponding elements) to
obtain the matrix T:

k
T =  ZMr . ( 8)

r 1

This has been done for the matrix of Figure 27, and the resulti ng sum is
shown in Figu re 28 (c.f .  Lipow, op.cit.). We may now construct , from the
matrix T , a zero—one integer linear programming problem whose solution Is
the size and members of the maximum incomparable set . The elements with
all zero rows in T are the same as the elements with all zero rows In M ,
and those elements constitute an incomparable set, but not necessarily
the maximum incomparable set. - - -

4.2 Zero— (~ie Integer Linear Programming

To const ru ct the zero—one integer linear programmIng problem (binary
progr~~~ing problem) whose solution yieldB the size and members of the
maximum incomparable set , first form the matrix F from the matrix T as
follows

(a ) Set all the diagonal elements of F equal to the number of flow-
chart segments as:

fii — I — 1,... , &

(b ) Set the elements above the diagonal of F equal to 0 or 1, based
upon the elements of the T matrix accordi ng to the following
formula :

I l i f ti + t  ~~0 , i < j

L 0 if t~,3 + t31 0, 1< j

(c) Set all elements below the diagonal of F equal to zero :

i > j

¶ 
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1 2 3 4 5 67 8 9 1 0 1 1 1 2 13 14 15 16 17 18 19 20 21 22 23 24 25 26

1 0 0 1 1 2 2 4 4 4  4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4
2 0 0 1 1 2 24 4 4  1 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4
3 0 0 0 0 1 1 2 2 2  2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
4 0 0 0 0 1 1 2 2 2  2 2 2 2 2 2 - 2  2 2 2 2 2 2 2 2 2 2

5 0 0 0 0 0 0 1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
6 0 0 0 0 0 0 111 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

7 0 0 0 0 0 0 0 0 1  1 0 0 1 1 1 1 0 0 1 1 1 1 0 0 1 1
8 0 0 0 0 0 0 0 0 0  0 1 1 0 0 0 0 1 1 0 0 0 0 1 1 0 0

9 0 0 0 0 0 0 0 0 0  0 0 0 2. 1 0 0 0 0 1 1 1 1 0 0 1 1

10 0 0 0 0 0 0 0 0 0  0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0

11 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

12 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 1 1 0 0 0 0 1 1 0 0

T~~~l3 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 1 1
14 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0

1,5 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

16 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

17 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
18 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0

19 0 0 - 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
20 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1
21 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

22 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

23 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

214 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
25 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
26 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FIGURE 28 -- THE MATRIX T FOR THE MATRIX M OF FIGURE 27.
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The binary pr0gr~~~~ng problem will. use variables x1, I = 1,. . . ,  s
and in the solution:

1 if segment i is a member of the maximum
incomparable set

0 If segment I Is not a member of the max imum
incomparable set .

The binary programming problem is:

maximize X

1= 1

subject to:

F X < S

where X is a column vector and X’ — (x , x2 , . . . ,  x ) ,  and S is a column
vector of order a , and S’ — (a , ~,•••,1~)• In the5solution, the value
of the objective function gives the size of the maximum incomp arable set ,
and the members of the set are indicated by the xi —

As an example, forming F from the matrix T in Figure 28 yields the
matrix shown in Figure 29. The binary programming problem is then :

26

maximize X .

i= 1

subject to the constraint s given in Table 6.

The solution to the binary programming problem has an objective value
of 11, end :

X~~~, x15, 116, 2rr’ Z],9~ ~~~~~ ‘22’ ‘23, 1214, X25~~ 126 —

.11 other x~ — 0 ,

giving the sin. sad bsrs of the mazimi incomparable set . In this
ease, by chines, the ~~ =4—’i. iaec.jis rsbl. set happens to consist of the
•1.asnts having all mere r~is in the K and I triees. That this need
not be so is shoun in the naxt •z~~~le.
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14 .3 A Looping Flowchart

The example used in Section 4 .2  is less general than we would like in
several respects:

a) the members of the maximum incomparabl e set all happen to be
flowchart terminators, appear at the bottom of the graph, and
have all zero rows in 14 and T,

b) the segments are numbered in such a way that the lower left por-
tion of the I matrix happens to contain all zerb a (t 4 4  — 0 ,
a l l i >j ) ,

c) the flowchart contains no loops.

A simple flowchart which does not contain these special conditions is
found in Figure 30(a) , and the graph of the flowchart in Figure 30(b). The

S
2~~~~~~~~~~~~2 1

5 fl~~~~~114 _ _6 7 10 ‘11~)
11

7 6 8 9

10

8 9 
-

STOP

(a) (ti)
- 

FIGURE 30 -- A FWJ CKABT AND ITS GRAPH

matrix M is given in Figure 31. Th. higher powers of K are given in Figure
32. The upp er bound on k , the number of segments, is 11, but in this case
the flowchart is simple enough that the exact value of k can be found . In
any flowchart , looping or otherwise , k is equal to th. number of step . in
the longest path that can be traversed in the gra ph without visiting a node

37 
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1 2 3 14 5 6 7 8 9 1 0 11

1 0 1 1 0 0 0 0 0 0 0 0

2 0 1 1 0 0 0 0 0 0 0 0

3 0 0 0 1 1 0 0 0 0 0 0

4 0 0 0 0 0 1 1 0 0 0 0

5 0 0 0 0 0 0 0 0 01 1

1 4 = 6  0 0 0 0 0 0 0 1 1 0 0

7 0 0 0 0 0 0 01 1 0 0

8 0 0 0 0 0 0 0 0 0 - 0  0

9 0 0 0 0 0 0 0 0 0 0 0

10 0 0 0 0 0 0 01 1 0 0

11 0 0 0 0 0 0 0 0 0 1 1

FIGURE 31 — MATRIX M FOR THE GRAPH IN FIGURE 30(b) .

more than once. The longest path may start and end anywhere in the graph ; it
need not start at START nor end at STOP . In a loopless flowchart this value
of k corresponds to the value given in Section 4.1. In the looping flowchart
of Figure 30 , the longest path that does not visit a node more than once is
six steps long . It begins at segment 1, and proceeds through 2— 3—5—11-10—8;

or 2—3—5—~l—lO—9. The value of k i. therefore 6, and Figure 32 shows 142
through 14”.

The matrix I is shown in Figure 33. Matrix F is shown in Figure 314.

3
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1 2 3 4 5 6 7 8 9 1 0 11

1 0 1 1 1 1 0 0 0 0  0 0
2 0 1 1 1 1 0 0 0 0  0 0
3 0 0 0 0 0 1 1 0 0  1 1
4 0 0 0 0 0 0 0 2 2  0 0
5 0 0 0 0 0 0 0 1 1  1 1

M2 6 0 0 0 0 0 0 0 0 0  0 0
7 0 0 0 0 0 0 0 0 0  0 0
8 0 0 0 0 0 0 0 0 0  0 0
9 0 0 0 0 0 0 0 0 0  0 0

10 0 0 0 0 0 0 ) 0 0  0 0
11 0 0 0 0 0 0 0 1 1  1 1

1 2 3 4 5 6 7 8 9 1 0 11 1 2 3 4 5 6 7 8 9 1 0 11

1. 0 1 1 1 1 1 1 0 0  1 1 1 0 1 1 1 1 1 1 3 3  2 2
2 0 1 1 1 1 1 1 0 0  1 1 2 0 1 1 1 1 1 1 3 3  2 2
3 0 0 0 0 0 0 0 3 3  1 1 3 0 0 0 0 0 0 0 1 1 1  1
4 0 0 0 0 0 0 0 0 0  0 0 14 0 0 0 0 0 0 0 0 0  0 0
5 0 0 0 0 0 0 0 1 1 1  1 5 0 0 0 0 0 0 0 1 1 1  1

M3 6 0 0 0 0 0 0 0 0 0  0 0 N4 6 0 0 0 0 0 0 0 0 0  0 0
7 0 0 0 0 0 0 0 0 0  0 0 7 0 0 0 0 0 0 0 0 0 0  0
8 0 0 0 0 0 0 0 0 0  0 0 8 0 0 0 0 0 0 0 0 0  0 0
9 0 0 0 0 0 0 0 0 0  0 0 9 0 0 0 0 0 0 0 0 0  0 0

-
~ 10 0 0 0 0 0 0 0 0 0  0 0 10 0 0 0 0 0 0 0 0 0  0 0

11 0 0 0 0 0 0 0 1 1  1 1 11 0 0 0 0 0 0 0 1 1  1 1
*

1 2 3 4 5 6 7 8 9 1 0 11 1 2 3 4 5 6 7 8 9 1 0 11

1 0 1 1 1 1 1 14 4  3 3 1 0 1 1 1 1 1 1 5 5  14 14
2 0 1 1 1 1 1 1 44  3 3 2 0 1 1 1 1 1 1 5 5  14 14
3 0 0 0 0 0 0 0 1 1  1 1  3 0 0 0 0 0 0 0 1 1 1  1
4 0 0 0 0 0 0 0 0 0  0 0 14 0 0 0 0 0 0 0 0 0  0 0
5 0 0 0 0 0 0 0 1 1  1 1 5 0 0 0 0 0 0 0 1 1  1 1.

M5
~~~ 6 0 0 0 0 0 0 0 0 0  0 0 M6 6 0 0 0 0 0 0 0 0 0  0 0

7 0 0 0 0 0 0 0 0 0  0 0  7 0 0 0 0 0 0 0 0 0  0 0
8 0 0 0 0 0 0 0 0 0  0 0 8 0 0 0 0 0 0 0 0 0  0 0
9 0 0 0 0 0 0 0 0 0  0 0 9 0 0 0 0 0 0 0 0 0 0  0
10 0 0 0 0 0 0 0 0 0  0 0 10 0 0 0 0 0 0 0 0 0 0  0
11 0 0 0 0 0 0 0 1 1  1 1 11 0 0 0 0 0 0 0 1 1  1 1

k. FIGURE 32 -- COMPUTATION OF MATRICES N2 THROUGH 146
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1 2 3 4 5 6 7 8 9 10 11

1 0 6 6 5 5 ‘4 412 12 9 9
2 0 6 6 5 5 ‘4 ‘4 12 12 9 9
3 0 0 0 1 1 1 1 6 6  5 5
‘4 0 0 0 0 0 1 1 2 2  0 0
5 0 0 0 0 0 0 0 5 5  6 6

T = 6  0 0 0 0 0 0 0 1 1 0 0
7 0 0 0 0 0 0 0 1 1  0 0
8 0 0 0 0 0 0 0 0 0  0 0
9 0 . 0 0 0 0 0 0 0 0 0 0

10 0 0 0 0 0 0 0 1 1 0 0
11 0 0 0 0 0 0 0 5 5 6 6

FIGURE 33 -- I FOR THE SET OF MATRICES OF FIGURES 31 and 32.

1 2 3 4 5 6 7 8 9 1 0 11

1 1 11 11 1 1 1 1 1 1 1
2 0 11 1 1 1 1 1 1 1 1 1.
3 0 011 3. 1 1 1 1 1 1 3.
14 0 0 011 0 1 1 1 1 0 0
5 0 0 0 011 0 0 1 1 1 1

F z 6  0 0 0 0 0 1 1 0 1 1 0 0
7 0 0 0 0 0 0 1.1 1 1 0 0
8 0 0 0 0 0 0 0 1 1  0 1 1
9 0 0 0 0 0 0 0 011 1 1

10 0 0 0 0 0 0 0 0 011 1
U. 0 0 0 0 0 0 0 0 0 011

FIGURE 314 -- MATRIX F FROM THE MATRIX T OF FIGURE 33.

The binary progra iing problem is:
11

maximize X.
i= 1

subject to:
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11x1 +x2 +x3 
+x4 +x5 

+x6 +x
7 

+x8 +x9 
+x
10 +x11 < U

liz2 +x3 +x14 +x5 +x6 +x7 +x8 +x9 ~~~ 
+x11 < 11

liz
3 

+x4 +x5 +x6 +x7 +x8 +x9 +x10 +z11 ~ 11

llx4 +x6 +x7 +x8 +x9 < 1].

liz
5 

+x8 +x9 
+x10 +X31 < 11

+x8 +X
9 

� 11
liz7 +xB +X

9 
<11

1118 +X~~~ +x11 < 11

]J.z9 +x10 +x13~ < 11

11110 +x
~~~

<l l

— 1,0; i — 1, . . . ,  11

The solution has an objective value of three , and:

— 5,6,7 ~xi l, ç i _ 6 ,T, lO~ al.l other x — 0
Li — 6,r ,uJ i

The objective value of three indicates that the ma~y ( m  incomparable set
contains three elements, and hence that three test. are needed to axe—
cute every segment of the flowchart at least once. The variables x~
indicate which segments must be tested in the te~t cases . Here there are
three optimal solutions to the binary progra ing problem, and any one
of the three could be used with equival.nt results • In the first solu-
tion , the x~ indicate that segments 5, 6, and 7 must be each executed
once and only once in the three test cases . Equivalently, the other
two solution s indicate that segments 6, 7, and 10 must be tested once
and only once; or that segments 6, 7, and U must be DO tested.

1~~~4 Matrix Reductions

Sometimes the matrix F can be reduced by elimination of row, or
rove and columns , and sometime s some of the variables can be removed
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from the vector X and from the objective function and set equal to 0 or 1 be—
fore solution of the binary progra~~ing problem i. begun .

If , for any variable Xr~ 
all the elements in column r of F above the

main diagonal are equal to 1, and all the elements in row r of F to the
right of the main diagonal are equal to 1, that i., if:

f ir l for l i< r , SM

(9)
~rj — 1 for all ~1 > r

then remove Z
r 

from X and from the objective function, set x = 0 , and remove
row r and column r from F , unless reduction (9) holds for all r. If reduc-
tion (9) hol~1a for all r, then the binary programning problem is a trivialone, with an objective value of one, and with any one variable comprising
the ==r4~~ii= incomparable set.

If , for any variable zr , all the elements of column r and row r of F

above and to the right of the main diagonal are zero , that is , if :

f~ o for a l l i< r , andr (10 )
frj o for a l u i> r

then remove Zr from X and from the objective function, set Zr = 1, and re-
move row r and column r from F. Also check for a flowcharting or program-
ming error , for this condition indicates that segment r cannot reach any
other segment nor is it reachable from any other segment.

If , for any variable Zr~ 
column r of F cont ains at least one non—7ero

element above the main diagonal and all the elements of row r of F to the right
of the main diagonal are zero, that is, if:

— 1 for any i , and
(U.)

— 0 for all j ) r

then remove row r from F. Leave x in X and in the objective function ,
andleavacoli rin F. r

Thee. reductions will now be applied to the matrices F in Figure
29 and Figure 314.

In Figure 29, reduction (1].) permits the removal of rows 15, 16, 17,
19, 2l, 22, 23, 214, 25, and 26 rrcm. F. 4
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In Figure 314, reduction (9) permits the removal of rows 1, 2 , and
3, and columns 1, 2, and 3 from F, along with the removal of x.~, x2,
and x3 fr om X and from the objective function, and the setting of
x1 — x2 — — 0. Reduction (11) permits the removal of row 11 from F.
The reduced F from Figure 314 i. shown in Figure 35.

The solution is the same as before the reduction.

14 s 6 7 8 910 1].

14 ii 0 1 1 1. 1 0 0 x14 11

5 Oil 0 0 1 1 1 1 U

6 0 0 11 0 1 1 0 0

7 0 0 Oi l  1 1 0 0 x x8 < ii

8 0 0 0 0 1). 0 1 1 x9 
1].

9 0 0 0 0  011 1 1  x~~ 11
- - 10 0 0 0 0 0 0 11 1 x11 11

FIGURE 35 -- THE REDUCED MATRIX FROM FIGURE 314.

14.5 Additional Comnents on the Matrices

The matrices M, H2,..., Mk by themselves yield information about the
flowchart and graph , aside from their usefulness in forming I and the
linear programming problem.

For example, tr. any , matrix where:

~1

a loop is indicated. If r — 1, then the ioop is a “self—loop,” or a
one—step loop , where the flow returns to the same decider in one itep.
If r> 1, then r is the number of segments in the loop. In Figure 31,
m22 — 1, indicati ng a self—loop in node 2.

— ~- - - - - - —- 
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Any:

- t 4 r > i  i � j

indicate paralle l paths between segment i and segment j. Parallel paths
cannot occur with ~ = 1, but for matrices of higher powers parallel paths
are frequently found. For example, in Figure 32 m~

’4
~ 3, indicating that

there are thr ee different ways to go fra n segment 2 to segment 9 in four
steps . Different numbers of times around a loop are considered a differ-
ent way to go, and the three ways are 2-3-4-6-9 , 2-3-4-7-9 , and 2-3-5- 10-9.

4.6 Upper and Lower Bounds on the Number of Tests Needed

Using the flowchart in Figure 36 (decisions tested only two ways , not
three ) with its segments numbered , and following the methods in Section 2
and Sections 14.1 through *4.3 , the matrices M and T may be constructed with
k = 7 (Table te). The methods of those sections also yield 5 as the size
of the maximum incomparable set , which is the lower bound on the minimum
number of tests needed to pass through -every segment at least once.

The actual minimum number of test cases required will depend on the
contents of the flowchart boxes . It is conjectured that sufficient con-
dit ions for achieving the lower bound are:

a) the decisions are all independent of one another,

b) the decision variables are all read as input ,

c) the program does not modify the value s of the decision var iaJ~1es.

If , on the c ther hand , the decisions have a certain degree of depen-
dence , the lower bound may not be achievable (as in the- flowchat ’~ in Fig-
ure 12). The flowchart in Figure 37, for example , has the same structure
as that in Figure 36 , but cannot be tested with only five cases. Owing to
the dependence of the decisions , six tests are needed in order to pass
through every segment at least once . There are several different sets of
six tests which will exercise every segment , but no set smaller than 6.

By changing the contents of the boxes in the flowchart in Figure 37 ,
it is possible to create a different flowchart (but with the same struc-
ture) that will require seven tests to exercise all, segments.

In the case of a flowchart without loops , the upper bound on the
minimum number of test cases needed to pass through every segment at
least once, u , is given by: -

u d + i

H’ 
- 
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~~~~~~~~~~14

1 115

1 10 

11

_l
.

1 I

Z 1 I 1 >~~~~~~~_

STOP -

FIGURE 36 -- A FLOWCHART.
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START

1 Read A

T A >

M 1  13

2

14 I M = 2 1
12 i

15 M = 3

11

9 
- ‘ — 

10 
-

:
, ‘~ ~ 

L ,

(I STOP )
FIGURE 37 -- THE FLOWCHART OF FIGURE 36 WITH CONTENTS .
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- - - where d is the number of deciders in the flowcha rt . (This is the same for-
mula as the one for determining the smallest number of paths that a flow-— chart may have , given the number of deciders in the flowchart , as given in
Sect ion 3 .0 . )

Proof: Cons ider a flowchart with no deciders . Such a flowchart has one
segment and requires one test. Each decider added to the flowchart can
require at most one additional test so u d + 1. (This proof bears some
resemblance to the derivat ion of the formula in Section 3.0 , although there
is no obvious connection between the two.) QED

*4 .7 Calcu]~at ing the Number of Paths and Enumerating the Paths in a Flow-
chart, using Matrices -

The matrix T in Table *4 can be used to readily reveal the total number
of paths in the flowchart of Figur e 36 , as shown by Lipow in [1]. Since all
paths begin at segment 1, and end either at segment 4, 5, 6 , or 7 , the total
number of paths , p, is’

p t 1 4 + t  5 s t  + t
, 1, 1,6 1,

This is seen to be 20 , a number which can be obtained also by the de-
composition method described in Section 3 or by the direct calculation
method described by Shoccnan in [2].

An enumeration of the 20 paths may be generated from the matr ix N , and
the enumeration take s the form of a tree .

Sinc, all 20 pat)w begin with segment 1, we start the tree with node 1.

©
From the matrix N , row 1 indicates that segments 2 and 13 can follow

segment 1, so 2 and 13 are added to the tree .

Row 2 of N indicates that 3 and 8 follow - 2 , and row 13 indicates that
12 and 1*4 follow 13. These are now added to the tree.
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The tree is built level by level, with each bottom terminus of the
tree directing to a row of N , until construction of the tree terminates
due to a row of N containing all zeros. This process was applied to the
flowchart of Figure 36, and the result is shown in Figure 38, showing
the segments that comprise each of the 20 paths in the flowchart.

The paths so enumerated can now be represented by a matrix, which
will prove - useful in Section 4 • 8 • In the matrix, P, each column repre-
sents a path , and contains a 1 for each segment in the path . The matrix
P from the tree in Figure 38 is given in Figure 39.

K
10 3 8

3 8  3 8 4  5 6  7

4 (5)6 7 4  5 6  7

FIGURE 38 -- A TREE SHOWING ALL THE PATHS IN THE FLOWCHART
OF FIGURE 37.

Further work is needed to develop a method of generating P from N
by matrix operations, without the intervening tree enumer ation .
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1 2 3 ~ 5 6 7 8 9 10 11 12 13 lie 15 16 17 18 19 20

1 l l l ll l ll ll l l ll l l l l ll
2 l l l l 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
3 1 1 0 0 1 1 0 0 1  1 0 0 1 1 0 0 1 1 0 0

1 0 0 0 1 0 0 0 1  0 0 0 1 0 0 0 1 0 0 0
5 0 1 0 0 0 1 0 0 0  1 0 0 0 1 0 0 0 1 0 0
6 0 0 1 0 0 0 1 0 0  0 1 0 0 0 1 0 0 0 1 0
7 0 0 0 1 0 0 0 1 0  0 0 1 0 0 0 1 0 0 0 1

P —  8 0 0 1 1 0 0 1 1 0  0 1 1 0 0 1 1 ~ 0 1 1
9 0 0 0 0 0 0 0 01  1 1 1 0 0 0 0 0 0 0 0

10 0 0 0 0 0 0 0 0 0  0 0 0 1 1 1 1 0 0 0 0
11 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 1 1 1 1

0 0 0 0 1 1 1 1 0  0 0 0 0 0 0 0 0 0 0 0
13 0 0 0 0 111 1 1 1 1 1 1 1 1 1 1 1 1 1
lie 0 0 0 0 0 0 0 0 1  1 1 1 1 1 1 1 1 1 1 1
15 0 0 0 0 0 0 0 0 1  1 1 1 1 1 1 1 0 0 0 0

- 
FIGURE 39 -- THE PATH MATRIX FOR TEE PATH TREE IN FIGURE 38.

le.8 Finding the Actual Minimum Number of Tests Needed

To find the minimum number of tests needed for ax~r given flowchart,start with the path matrix P and remove any columns which represent in-
feasible paths. For example , to find the minimum number of tests for
the flowchart in Figure 37, remove from P (Figure 39) columns which
represent paths that cannot be traversed. One such path , for example ,
consists of segements 1, 2 , 8, and 7. It cannot be traversed because
of the way N is set.

The flowchart in Figure 37 is small enough that the infeas ible paths
can be found by inspection. For larger flowcharts, it may be possible to
use logical operations CUD , OR , etc.) to detect infest~ible paths . So
far , work on the use of logical operations to detect infeasible paths has
not yielded satisfactory reaul ts . See (3).

In very large flowcharts where flow relationshi ps are less obvious ,
it may not be possible to find and remove all infeasib le columns from P.
Such a defect is not fatal , however , arid can be remedied by a procedure
to be explained later. 

-

After the infeasible columns are removed, the r ’ 4~ing matrix , U ,
can be used to construct a binary progrs ing problem whose solution is
the number of test cases required , and the paths that those test cases
should trav erse. Let 3 -be the index set of th . feasible paths . Then the
binary prog ramaing problem is:
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minimize z = X •

I E J

subject to:

UX < l Xj 0~1

where X is a vector whose transpose is (x j I~ 
€ J ) .  The solution yields a

value for z which is the actual minimum number of tests needed to pass
through all segments at least once . The variables X

j 
refer to the ~

feasible paths , and in the solution to the binary programming problem :

1, if path j is one of the paths
to be traversed by a test

=

0, otherwise

As an example, the 10 feasible paths from P in Figure 39 are 1., 2 , 7 ,
8, U, 12, 15, 16, 19, and 20. So the binary programming problem is:

minimize z ~~x. j  1,2,7,8,11,12,15,16,19,20

subject to:

1 2 7 811 12 15 16 19 2 0

1 1111 1 1 1 1 1 1 x1 1
2 1 1 0 0  0 0 0 0 0 0 1
3 1 1 0 0  0 0 0 0 0 0 X

2
4 1 0 0 0  0 0 0 0 0 0 x7 1
5 0 1 0 0  0 0 0 0 0 0 1
6 0 0 1 0  1 0 1 0 1 0 x8
7 0 0 0 1  0 1 0 1 0 1 x11 1
8 0 0 1 1  1 1 1 1 1 1 x < 1
9 0 0 0 0  1 1 0 0 0 0 ~l2 — 1

10 0 0 0 0  0 0 1 1 0 0 x15 1.
U 0 0 0 0  0 0 0 0 1 1 1
12 0 0 1 1  0 0 0 0 0 0 x16
13 0 0 1 1  1. 1 1 1 1 1. x19 1
14 0 0 0 0  1 1 1 1- 1  1 1
15 0 0 0 0  1 1 1 1 0 0 ~2O 1

xj z O ~l; J E J
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This is a standard form set covering problem , and the matrix reduc..
tions given by Garfinkel and Nenihauser [4]. may be applied to U. By their
Reduction le , r1 > r2 — r 3 ) r~ , so rows 1, 2 , and 3 are eliminated. Also
by le , r 8 — r13 )  r14 > r15 > r9, so rows 8, 13, 14, and. 15 are deleted.
By reduction 2, r 4 — e1, so row 4 and column 1 are deleted , and x1 — 1.
Also by 2 , r 5 — e2, so row 5 and column 2 are deleted , and x2 1. The
problem that remains is:

Minimize z’ — j — 7,8,11,12,15,16,19,20

subject to:

7 8 l l 1 2  15 16 19 20

6 1 0 1 0 1 0 1 0  x
7 1

x87 0 1 0 1 0 1 0 1  1

9 0 0 1. 1 0 0 0 0 1

10 0 0 0 0 1 1 0 0 
— 

1
x.I ’II 0 0 0 0 0 0 1 1 1x19

12 1 1 0 0 0 0 0 0 . :x20 1

x~~~~0 l ;  J E J

There are 14 optimal solutions, with z’ — 4. Some of them ar e:

all other X~faO

x
7
x~fx~~ x19 1 all other XfO

x11x
16

.1x
2(,

IuI1 all other

x7 x12”x15 x19 1 all other XfO

x.~1X 1fX 1~5 x20 1 all other xf 0

Thus the corresponding solutions to the original problem have z 6 ,
and:

xi.x2.x.

~

.x11.x2.5.x

~~

s1 &U other xf 0
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This says that 6 teat s are required to pass through all, segments at
least once , and the 6 tests should traverse paths 1,2 ,7 ,11,15 , and 20 as
those paths are defined in the matrix U.

As mentioned earlier , the matrix U may sometimes contain some infea-
sible paths, if the flow relationships in P were not sufficiently obvious
for the detection and removal of all infeasible paths. In such a case ,
one or more infeasible paths may appear in the solution of the binary
programming problem . Then , when an attempt is made to construct test
data to traverse the paths in the solution , the infeasible paths will be
detected. At that time they can be removed from U , and the binary pro-
gramming problem solved aga in . The process can be repeated if necessary
until a solution free of infeasible paths appearb .

The essential featu res distinguish ii~g the procedure described in this
section from the binary programming problem of Section 4.2 are:

In Section 4.2, a matrix F was used to find a maximum incomparable
set • F is a square matrix whose dimension is equal to the number of
segments in a flowchart . Even in a large flowchart the number of seg-
ments might not be more than several hundred , and usually the number of
segments is much smaller and manageable in a practical way . F was used
to form a maximization problem, in which the solution is the maximum in-
compar able set of segments , and also the lower bound on the minimum num-
ber of tests needed to pass through each segment at least once.

In this section a matrix U is used to find a minimum number of tests.
In general , U is not square. The number of rows e~ua1s the number of seg-
ment s in the flowchart , but the number of columns equals the number of
feasible paths . Even in a modestly-sized flowchart , the number of fea-
sible paths may be very large and not easy to find . U is used to form
a inl ization problem , and the solution is the min imum number of feasi-
ble paths needed to pass through (“ cover”) every segment at least once .

Further work is needed to develop methods of deriving U in a manner
that is pract ical for real flowchart s. Also , late r an attempt will be
made to apply the methods of this section to flowcharts with loops .

52

- 

~~~~~~~~ -~~~~~~~~ 

h- - 

-

_ _



5.0 Summary and Conclusions

An algorithm for finding the maximum incomparable set has been des-
cribed. It consists of forming a graph from a flowchart , and then form-
ing an adjacency matrix , performing matrix operations , and finally form-
ing a zero-one integer programming problem and solving it. The size of
the maximum incomparable set serves as a lower bound on the number of
test cases requi red , and the members of the maximum incomparable set ar e
the segments through which program test cases must pass . Idea lly , it
may be possible for the tester to construct test cases so, that one and
only one will pass through each of the segment s of the maximum incompar-
able set . Sometimes , due to the information contained in the segments ,
it is not possible to construct such test cases , and the actual number
of tests needed to test all segments will be larger than the size of the
maximum incomparable set. The size of the maximum incomparable set serves -as a lower bound on the number of test cases required . A formula for the
upper bound on the minimum number of test cases required was given for
loopless flowcharts with two-way decisions . A method for finding the ac-
tual minimum number of test cases using binary programing was given .

The relationship between flowchart structure and the number of f low-
chart paths was examined . It is possible to comput e upper and lower
bounds on the number of paths in a loopless flowchart from just the n~m~ber
of deciders in the flowchart . Improved bounds can be obtained by decom-
posing the flowchart and computing bounds for each portion , and then corn-
bining the individual bounds in a way that depends on the orig inal decom-
position . Further work should be dire cted toward determination of how the
bounds are affected by the method of decomposition , and toward finding
the best methods of decomposition.
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