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I.  INTRODUCTION

The Advanced Sensors Directorate, U.S. Army Missile Research and
Development Command (MIRADCOM), has conducted an extensive exploratory
development program in imaging seekers for application on terminal
homing missiles. Several prototype seekers have been produced featuring
a variety of sensors, detector arrays; and scanning mechanisms. However,
the ability to characterize the effects of the almosphere on this class
of seekers is not well established, consequently, predicting performance
of a terminal homing weapon using this seeker under a variety of meterol-
ogical conditions has not been pos§1b1e.

The general objective for this effort was to develop the analytical
description of the atmospheric effects on an imaging seeker that allows
seeler performance to be related to the specifi& meteorological conditions
over the line of sight path from the seeker to the target. Inclusion of
detailed atmospheric effects in the parametric analysis of sensor perfor-
mance produces added complexity which is not in every case separable from

effects such as the modulation transfer function (MTF) of the imaging

optics. Further, the theoretical development for absorption and scattering

effects is provided quite distinctly from that for the effects of
refractive index fluctuation. Contrast reduction due to scattering and
absorption is based on thermodynamic arguments and, if certain assumptions
are accepted, is derived in a form which is readily compared with

measured meteorological parameters. On the other hand, the effects of

atmospheric turbulence, or refractive index fluéiuation. is based on one




of several approximate solutions to Maxwell's equations and results in
an expression dependent on an ensemble-averaged "wave structure function"
for the atmospheric path.

It was desired to develop an analytical description of the effects
of the atmosphere on imaging seekers which includes scattering, absorption
and refraction effects in a single theoretical development. Specifically,
the theory should show the effects of target size on contrast transfer
through the atmosphere, include spectral dependence with an analysis of
the expected effects of finite spectral band imaging and provide the
basis for the development of an atmospheric measurements program.

. The major body of knowledge about the effects of the atmosphere
on optical radiation is best described by a small number of primary
references. One goal of the current effort was to establish a list of
these primary references and to present in easily readable summary form,
the specific atmospheric effects described. An alternative objective was
to identify deficiencies in the theoretical development as related
specifically to imaging seeker applications. This was accomplished
through comparison of assumptions and approximations made in the theoreti-

cal development with expected conditions for the seeker.




Specific tasks investigated and the results are identified

below.

Task a) Develop theory for the purpoée of treating the
atmosphere between an imaging device and an ob-
ject as an optical window to which techniques
for quantitative description such as the modul-
ation transfer function can be applied. Struc-
ture theory intc a mathematical model defining
key parameters which must be known.

Results of Task a)

Starting with Maxwell's equations (32)-(35) and proceeding through
a series of assumptions and approximations we arrive at equation (73),
the scalar Helmholtz wave equation, which describes optical propagation
in the atmosphere. Several solution methods to this second-order
differential equation are examined. A rigorous treatment based on
Green's theorem is described in Section 3.2.4, yielding equation (130),
which describes the optical amplitude function at z = d in terms of the
input optical amplitude at z = 0 and atmosphere dependent parameters.

Section 4.1 extends the result to give intensity in the image
plane of a simple imaging system. From this is computed the atmosphere-
lens point spread tunction (equation 157), the optical transfer function
(equation 168) and the MTF (equation 169).

Task b) Develop theory for comparing atmospheric effects on

the modulation transfer function (MTF) and on the

reduction of contrast. Specifically examine the




effects of spatial frequency on the reduction
of contrast by the atmosphere and relate the
theories for MIF and contrast transfer function
(CTF).

Results of Task b)
Contrast based on the mcdel developed in task a) is computed which

includes dependence on spatial frequency content of the target object,
atmospheric parameters and ambient irradiance in Section 4.4. Universal
contrast and modulation contrast through the atmosphere are given for

a periodic bar chart in equations (190) and (192). Appendix C gives

further details on MTF and CTF.

Task c) Develop a mathematical model for treating the
effects of the atmosphere for the finite spec-
tral band application (i.e. non-monochromatic).
Emphasis will be on the visible and near infra-

red spectral regions (0.4 to 1.2 micrometers).

Results of Task c)

The theory of Duntley and Middleton for contrast reduction is

extended to the finite spectral band case in Section 2.2 by defining

a broadband extinction coefficient. Atmospheric transmittance is then

compared for the new theory versus tramsmittance at a central wavelength.

The effor is small except for marginal conditions (i.e., slant range

near the visibility range).

!
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Task d) Develop, where needed, techniques for measuring
the parameters required in an atmospheric MTF
model. Recommend hardware-which presently exist;
or hardware which must be developed for measuring
the desired parameters.

Results of Task d)

Parameter measurement methods are discussed in Section 5.0 for
atmospheric extinction coefficient and atmospheric refractive index
structure function. Additionally, measurement methods for determining
spatial size dependence on contrast transfer are discussed briefly.
This effort did not get to the point of defining measurement hardware.
Additional measurement program planning is needed.

Task e) Having developed and proven validity of an

atmospheric MIF model in the visual region of
the light spectrum, extend model to encompass
the near infrared (0.7 to 0.9) micron region).

Results of Task e)

With respect to this task, no validation was accomplished. Further,
the theory as developed is not restricted to the visible spectrum. All
the assumptions should still be valid in the near infrared region (0.7
to 0.9 micron). The major effect of wavelength should be a change in

certain parameter values.




Measurement methods for determining atmospheric imaging parameters
are discussed for the simple contrast reduction theory of Duntley and
Middleton and for the field theory development of resolution and contrast
dependence on all target and atmospheric parameters.

Finally, some conclusions about the study are drawn and discussed

in terms of areas needing further work.

Rigorous solution of the general effects of the atmosphere on propa-
gating electromagnetic energy requires the solution of Maxwell's equations
for a time-varying, inhomogeneous medium subject to a given set of boundary
conditions. The atmosphere is assumed to be locally isotropic since
measurement data tend to agree with this assumption. Even so, only
approximate solutions are available and the validity of each approximation
method must be checked against the parametric definition for a specific

application. For example, early attempts to study nrcpagation in a random




medium used a geometric-optics approximation which was unfortunately
valid for only very short optical paths. A later development by
Tatarski [1] which is based on the Rytov approximation and which has been
widely used provided a much greater range of validity. However, for
propagaiion paths 1h excess of one kilometer, even the Rytov approxima-
tion begins to diverge from experimentally derived propagation measure-
ments. Based on the work of Lee and Harp [2], which shows the Rytov
approximation to be equivalent to the scatter of the incident wave by
a series of random phase screens, tha divergence from measured values at
long optical paths is due to a qgg]ect of multiple scattering effects
of small reqgions of turbulence along the optical path.
0Of the several methods developed for overcoming the limitations

of the Rytov method, the most promising is the Markov approximation [3]-
[5] which has validity over ranges in excess of hundreds of kilometers.
For a detailed comparison of the above approximations see Fante [6].

. Three separate but related phenoma contribute to the effects of

the atmosphere on optical radiation: absorption, scattering and refractive
index fluctuations. Absorption and scattering are typically related to
the effects of atmospheric gas and particle contituents; whereas,

o turbubnce effects
refractive index fluctuations are typically relateds(i.e. density gradients,
temperature, and pressure differences). Absorption and scattering effects
on contrast between an object and its background is based on work by
Koschmieder [7] which was later simplified in a paper by Duntley [8] to
giv2 the "two-constant" theory. That is, the reduction of contrast by

the atmosphere is adequately represented by two parameters for most “seeing"

S
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conditions. The two parameters arevhot in fact constants but depend on
optical wavelength and on the specific geometry of the observation
scenario. Middleton [9] present an easy to read development of the
Koschmieder theory and of Duntley's “two-constant" theory. In addition
he presentsarguments for eliminating certain restrictive assumptions
made by Duntley. The work by Duntley and by Middleton still is the
basis for contrast reduction formulas cited in more recent treatises on

the optical effects of the atmosphere [10].

The second body of knowledge found in the literature treats the
effects of atmospheric turbulence on MTF and typically makes no mention
of what relation this has to contrast. Recent works [11]-[13], however,
include absorption and ambient light in developing the EM theory approach
to imaging in an inhomogeneous medium. The work of Duntley and Middleton
in turn develops no relation of contrast reduction to resolution or MTF
effects of the atmosphere. From their definitions we know that there is
a close relationship between MTF and Contrast Transfer Function (CTF).

So the question which arises is, "Do the two apparently different results
derived from different approaches to the problem actually give the same
information?" This question will be examined later in this report after
a more detailed outline is given of results of the two different
approaches.

The basic primer for work relating to the MTF of the atmosphere is
the book by Tatarski [1]. A later book by the same author [14] extends

results presented in the first book and includes a discussion

10
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of the Markov approximation method. ‘More recent works have expanded,
modified and given different approaches to the basic work of Tatarski.
In most cases MTF of the atmosphere is examined by first analyzing the
point spread function of a lens for which the input wave exhibits a
random log-amplitudé and phase variation across the lens aperture.
The MTF is then the Fourier transform of the point spread function.
Since the log amplitude and phase are random functions, only statistically
averaged results are obtainable. Additionally for short exposure times
the results are such that the effect due to the atmosphere is not
separable from the effect due to the lens. Fried [15] has presented a
development which starts with fundamental relations given in Born and
Wolf [16] and proceeds to final MTF using concepts and techniques which
are more familiar to electrical engineers. He develops expressions for
both short-time and long-time exposure. Hufnagel and Stanley [17]
dgvelop an optical transfer function for the atmosphere based on compu-
tation of the spatial mutual coherence function for an atmospherically
refracted wavefront. Their result is based on a long exposure time so
that the MTF is accurately represented by an ensemble average with
respect to the log-amplitude and phase random functions. Fried's work
[15] which was done later agrees with the Hufnagel and Stanley result
for a long-time exposure case. A recent article by Fante [6] serves as
a good summary review of the optical effects of atmospheric turbulence
and offers a rather extensive bibliography.

An extension of the monochromatic theory for contrast reduction as

developed by Duntley [8] and Middleton [9] was acéomplished and results

11
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are described in this report. Example calculations show that the error
incurred by using a monochromatic representation for the broadband éontrast
reduction of the atmosphere is very small for typical imaging scenarios.
This result is in qgreement with the opinions of other investigators [18]
that wavelength effects are minor effects over a relatively narrow

spectral region (as, for example, the spectral region of sensitivity for

an imaging seeker). A recent article {19] describes the effects of

the atmosphere on optical signals which exhibit partial spatial coherence
(such as might be observed by illuminating a rough surface with a laser);
however, the analysis is still for monochromatic radiation.

Also, in this report, a detailed theoretical development based on
Maxwell's equations is given which describes the optical properties of . .
the atmosphere. The development includes absorption. From the resultant
atmospheric Green's function, the propagation of complex spatial optical
amplitude functions from the object to the inage plane of a simple lens
is given. The atmosphere-lens MTF is then computed from the spatia:
Fourier transform of the optical intensity function in the image plane.

Contrast in the image plane is computed in terms of the definition
for universal contrast using the image plane intensity and adding a temm
for ambient irradiance. The theory as developed gives a rigorous treat-
ment of the contrast transfer and MTF of an atmosphere-lens imaging
system for the monochromatic case. In terms of extending the theory to
finite spectral band imaging the following apply. The development is
general up to a point at which an assumption of monochromaticity was made.
Thus the theoretical development to that point applies to the broadband

case. It remains to extend the model to give contrast amd MTF for the

12
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broadband case.

Measurement methods for determining atnoﬁpheric imaging parameters
are discussed in Section 5.0 for the simple contrast reduction theory of
Duntley and Middleton and for the field theory development of resolution
and contrast dependence on all target and atmospheric parameters.

Finally, some conclusions about the study are drawn and discussed

in terms of areas needing further work.




II. CONTRAST REDUCTION BASED ON A THERMODYNAMIC APPROACH

The development for optical contrast reduction by the atmosphere is
based on work by Duntley [8] and Middleton [9] and assumes the scattering
of radiation into and out of a given optical path can be adequately
represented by two constants. These two constants are the atmospheric
extinction coefficient, o, and the ambient air ]ight,l‘a. The extinction
coefficient includes scattering and absorption and is dependent on wave-
length as well as the composition and size of atmospheric constituents.
Thus o will depend on many sepa;ate mechanisms which in general are
difficult to predict theoretically. With the exception of the relatively
restrictive cases of Rayleigh and Mie scattering most data on extinction
coefficient values is based on empirical measurements. The meteorologi-
cal range, V, is defined as the range at which the contrast reduction
due to the atmosphere is 0.02. Also called the "visibility range" or just
"visibility", V has units of distance and has been assigned values for
several subjective descriptions of "seeing conditions". For example a
standard clear day is one for which the visibility is 23.5 km.

A well-presented and easily readable review of the physics of light
scattering is given by Harris [20]. His definition for scattering is
"a process by which radiant energy incident on an arbitrary medium is
redistributed into one or more angular directions of propagation". He
includes absorption as a scattering mechanism in addition to refractibn,

reflection and diffraction. Incident 1ight will be refracted and/or
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reflected at a refractive index boundary. The angles and their relation-
ship to the refractive indices are given by the Fresnel fumulae found in
most elementary optical references. Diffraction is the bending of

1ight rays which pass close to an edgé or opening. For the case of the
atmosphere, 1light will be diffracted when passing close to particles in
the air. Finally a number of absorption mechanisms may contribute to the
overall scattering process. Resonance absorption and re-emission

changes only the direction of the radiation; wavelength is unchanged. 5
Fluorescence and Raman absorption on the other hand result in a change é
in wavelength for the re-radiated photon. Total absorption of a photon \
by a particle Eesults in.an increase of the internal energy of the particle
which essentially re-distributes the radiated energy over a blackbody-

like spectrum.

The rigorous treatment of scattering is again based on solutions to
Maxwell's equations. The Mie theory Eeve]ops solutions for the case of
small spherical particles. Rayleigh theory develops solutions for very
Smal] particles (actually the Rayleigh theory applies primarily to
molecules of the atmospheric gases and not to particles, and shows an
inverse sixth power dependence on sphericalt radius for particles <.}
micron for visible radiation) The details of a scattering situation are
a complex function of particle size, particje shape, the complex index
of refraction and angle.

Measurement of scattering cross-sections from few particles of a
given size is extrapolated to more dense particle populations directly

since laboratory and field measurements indicate the validity of this
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of this approach. In other words, the spacing between particles is much
greater than the partfcle size and the optical wavelength so that there
is no interaction between particle;. However, for scattering in high
particle concentrations such as a dense cloud this is not quite true and
the total scattering effect will be smoothed by multiple scattering. In
fact this effect is more pronounced at optical wavelengths than at infra-
red wavelengths so that seeing conditions in a very hazy atmosphere will
be better at infrared wavelengths. The degree of haziness at which this
advantage for the infrared becomes obvious is

not well defined and is strongly dependent on the specific atmospheric
conditions.

A. The Theory of Duntley and Middleton

The following development of the contrast reduction effects of the
atmosphere is based on the original work of Duntley as later modified by
Middleton. The purpose here is to give a brief theoretical development,
identify the general result and discuss special cases, in particular the
sky-to-ground observer.

The model for contrast reduction due to the atmosphere for a sky-to-
ground observer is shown in Figure 1. For.a differential lamina of air

perpendicular to the path of sight we have
L(r) + 9%551 dr = L(r + dr) (1)

where: L(r + dr) is the radiance out of the lamina toward the observer
and dL(r)/dr is the change in path radiance in the lamina.

Clearly, radiance can be lost or gained in the lamina dr, even in

the absence of sources within dr which is the case assumed for the atmosphere.

17
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| Then dL(r)/dr depends on two things: 1) radiance lost through extinction ;h
' (scattering and absorption) and 2) radiance gained as air light from the

surrounding medium which has been scattered into the path of sight.

OBSERVER

'157’
R 9ﬂf

£ t
dr ! i

DIFFEREN TIAL LAMINA OF AR ;
PERPENDICULAL TO P4TH oF SIGHT

LOCAL HoRIZONTAL

Figure 1. Model for contrast reduction.

Then
&) - o(rLlr) + L (r) 2)

where: °

extinction coefficient

c=at+8g

a = absorption coefficient

B = scattering coefficient ; |
Ly(r) is the air light scattered into the path of sight | l

| In arriving at the differential equation in (2) a number of assumptions
are fnherent. First it is assumed that the light scattered by a lamina is é

18




directly proportional to the incident light. This assumption is implied

by the argument that there is no interaction>among molecules or particles

in terms of scattering. Certainly for a reasonable range of particle
densitites and incident radiation levels this superposition theory is
expected to hold tfue. Other assumptions in the development of (2) are

that the object be small in comparison to the range R and that second order
scattering of light from the object into the path of sight is inseparable
from and a part of the term for air light, La(r). Additionally it should

be emphasized that the terms in (2) are dependent not only on r as indicated
but on optical wavelength as we{l. Without knowing the specific functional
form of the "r"-dependence we can go no further. Both Duntley and Middleton
provide a convenient way for avoiding this difficulty. It is based on the
assumption that o(r) and Ly(r) both have the same functional dependence

on r so that

o(r) = ag f(r)

(3)
La(r) = La(0)f(r)

where f(r) is some unspecified function of r.
g and La(O) are constants and represent their respective values at

r = 0. With this assumption (2) becomes

L
R R
dL i
‘/L; _(‘§"L(‘)'00L r rLa e _/0- fr)dr (4)

where the right hand side of (4) is designated R and is called the "optical
slant range". Then the solution to (4) becomes

<ooR | -apR
Lp = La(@) |y .0 | Lge v (5)

o
0 3 .
RADIANCE EFFECTS OF THE ATMOSPHERE
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Ly is the inherent object radiance :

LR is the apparent object radiance at slant range R. Note
that LR has two terms. The first term represents an increase in apparent
radiance due to air light being scattered into the optical path and the
second term shows how the inherent object radiance is reduced by
atmospheric extinction. Equation (5) is the basic result of Middleton and
Duntley. Other expressions which relate contrast of the object with a
background and for various viewing geometries occur more often in the
literature than (5).

For example if we consider a localized background adjacent to the

object (remember that the initial assumptions required the object, or
background, to be small compared to R) then its apparent radiance at R

is given by:

-onR -anR
Ly = Lalo) [l-e 0]+L0'e 5 (6)
%
And if we define contrast* as
4 1 -L'
c : (7)

then the inherent contrast is
Ln - L.
Co = _.9_[_6,0_ (8)
and the apparent contrast at R is

k-t

R (9)

*There are several variations on the definition for contrast. See
Appendix B.

20




Substituting (5) and (6) into (9) gives
'OO-R-
(L, - Lp')e

R
and from (8) Lo - Lg' = Colo' so that

Ly -agR
0 0 '
G = o Co e _ (1)

CONTRAST TRANSFER OF THE ATMOSPHERE

Equation (11) is the general result for contrast reduction by the atmo-
sphere given by Middleton and b¥ Duntley. This result was developed for
the air-to-ground observer case; hgwever, it is valid for the ground-to-
air case except that the air-light contribution in equation (6) should
be different for the two viewing directions.

For certain special cases where the background radiance is independent
of range (the commonly cited example is for horizontal viewing against

a sky background) we have that L' = Lg' and (11) is written as

G -oR (12)
o

SPECIAL CASE: RANGE INDEPENDENT BACKGROUND RADIANCE

An alternate expression for the air-to-ground case is given by

substituting (6) into (11) for Lg' to give

-1

c R
R La(0) %
= 1 - . - -
Co 0'% (] y ) . iy

La(0) _ 0.2
which is further modified by recognizing [343% « L2 where &' is the

21
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reflectivity of the background (see Middleton [9] p-71 for a discussion).
Thus

;%= [1 - %2 (1 T )]4 (14)

is a valid expression which can also be shown to be equal to | 3

o
c
I 0.2 1-T
L [’ i (—1—)] (15)
~agR :
where T = e is the atmospheric transmittance over optical path R. |

B. Extension to a Finite Spectral Band

In evaluating the usefulness of theoretical expressions for contrast
reduction by the atmosphere in terms of applicability for determining
performance of imaging seekers or other broadband optica] systems, it
becomes necessary to examine the effert of spectral dependence. Some

method for reconciling a monochromatic theory with a wideband, spectrally

non-trivial application such as is true for visible and near-infrared
imaging seekers must be found.

From the work of Duntley and Middleton, the spectral radiance
transfer characteristic of tﬁe atmosphere is given for monochromatic
radiation by ] ;

L (R) - La.x(o)
A o, (0] [1 - 7,1 +1,(0)T, (16)
where LA(R) is the spectral radiance at slant range R due to a source

radiance LA(O) at zero, ox(o) is the atmospheric extinction coefficient
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at zero (including scattering and absorption) for a given wavelength,

L.’X(O) is the spectral radiance of the air light and T, is the atmospheric i

spectral transmittance given by
T, = expl-o, (0)R,] ‘ (7)

where R& is the optical path length from zero to R for wavelength A. In
(1¢) and (17) the subscript » has been added to emphasize wavelength
dependence for the various parameters.

For a finite band of wavelengths the total radiance LAA(R) is the

summation over Ax of equation (16).

O .
Ly, (R) = -?;(—07— [1 -7+ 1,00, fdr (18)
AX
Similarly, for the background radiance
L}, (R) = '/f L. ,(0) :
AA a,A '
AN ! -TAWS— n - T)‘] + L)‘(O)Tx da (19)
] Then for contrast defined as (L-L')/L' we get the broadband contrast
i at range R
A {[LA(O) - Li(O)]TA}dA
2 A
CAX(R) w7 le(ﬂ (20)

Further we have the broadband inherent contrast at range zero

: 0) - L}(0))d
jA'A {L,(0) - 13(0)3dx

¢, (0) = . (1), |
2 [0
|
: |
ﬁ ;
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where LLX(O) = ‘/:x Li(o)dx. From (20) and (21) we get

= %%;—= [‘L_-:,‘—i-%-] Wiy (22)

Equation (22) is in the same form as the general result derived by
Duntley for the monochromatic case, where TM is now the mean broadband
atmospheric transmittance. We can equate T,, with exp[-cAA(O)FAA]
where odx(o) can be called the mean broadband extinction coefficient of
the optical path. However, oAx(o) is not a simple average value within

the spectral band of interest but is given by

{[L,(0) - L!(0)1T,}dr
9,,(0) = = 1n ‘/A" 3 ¢ ;

1
A fo {L,(0) - L;(0)}dx

The result in (23) is easily evaluated by computer if all the spectral

(23)

data are available. For the'special case of flat spectral emission by
the object and background we get the simpler result which is independent

of source and background radiance levels

II_.

9,,(0) = = ln{ '}Ti' f exp[-ax(o)'ﬁ')‘]dx (24)
A a2 -

20|

Further, if we look at the derivation for R in Duntley's paper [8]

we have the following

SPIPV—

a,(r) = 0, (0)f(r)
and (25)

R
R= _[0 f(r)dr

b,




where the unspecified function f(r) was assumed to give range dependence

for both the extinction coefficient and the air light, La.x(')‘ It
seems reasonable to argue that the spectral dependence for a,(r) is
contained in the o, (0) term so that f(r) and, hence R, are not functions
of wavelength. With this argument the A subscript can be dropped from
R so that
R, =R =R (26)
Then (23) becomes

- {L,(0) - L!(0))dx
[omo -y
AA (L, (0) - L3 (0)IT, )

05, (0) = —_;— In (27)

or for the case of flat target and background spectral radiance (24) is
given by
o4 (0) = '%—m L / exp[ -0, (0)R]dr (28)
A\

The result in (28) is compared with the value of extinction coefficient

obtained as a simple average value across ax by the ratio

! 1 : o
owm® g "‘( k exp[-ox(o)nlax} -
oavG'0) A_l. f o, (0)dA
(5

The comparison is made by choosing a model for ax(o) in the visible
spectrum. Several authors (for example [21] and [22] have suggested models

of the form

q
0) = o9 550 ($) - (30)
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where 00.55(0) is the extinction coefficient at a wavelength of 0.55

micrometers for a given visibility, "a" is 0.55 or 0.61 micrometers and
"qQ" is a constant in the range 0.7 to about 3.0 for typical visibility
values. ‘

The effect on atmospheric transmittance of a broadband theory is
further compared with monochromatic theory using average values for

ax(o) by the ratio

r s PN exp[-0,, (0)R] (31)
‘ T—;E exp[-oAVG(o)ﬁ]

Values for p are shown in Figure 2 for various visibilities as a
function of slant range. Parameter values a = 0.55 and q = 0.7 were

used in the computation,

s--
visseiiry (km)= 3
+jr
Ta)
: -
T;vtv J°F
T 5
8
i i, # L 4
10 1S 20
RBAR (kad
Figure 2. Ratio of broadband to average transmittance for
various optical slant ranges and visibilities.
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The result in (22) is dependent on an equivalent broadband ex?inction
coefficient °Ax(°)' which is dependent on the spectral radiance levels
of the target and background as well as the spectral extinction
coefficient o,(0). Rigorous computation of the broadband contrast
reduction is easily achieved by computer if all the spectral data are
available.

A special case where target and background radiances are spectrally
flat yields the results in Figure 2. For high visibility, little error
is encountered in the atmospheric transmittance by using an average value
for the extinction coefficient. _For poor visibility at longer ranges
the effect becomes more pronounced. It is emphasized that these results
are for simplified (spectrally smooth) models for target/background
radiances and spectral extinction coefficients. Models which included
distinct spectral characteristics should have a greater effect on the
approximation error, p.

A major assumption made in the development is one made by Duntley
and by Middleton in assuming that both the extinction coefficient °A(R)
and the ambient 1ight scattered into the optical path La,x(R) have the
same functional dependence on range R. Extinction coefficient includes
effects of both scattering and absorption and depends on wavelength,
particle size (r') and refractive index (m). Additionally the scattered
and absorbed radiation exhibits an angular distribution which is dependent
on these same parameters. Examples of the dependence of scattering and
absorption on the size parameter a = 2ar'/) for various values of m aﬁd

scattering angles are given in the excellent summary paper by Harris [20].
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The “air light" term, La x(R)' represents radiation scattered into

the line of sight by particles along the path. This term is then
dependent primarily on the scattering properties along the path plus the
angular distribution of ambient radiation. It is easy to visualize
conditions for which o(R) and La,A(R) have significantly different range
dependencies.

However, the major thrust of this development was to demonstrate
that for certain imaging applications where sensitivity over the visible
spectrum exists, some mechanism for including spectral dependence in
contrast reduction calculations .is desirable.

In summary, the following points are made with respect to Figure 2.

a) A value of TM/TAVG greater than unity shows that the atmospheric
transmittance is larger using the broadband model than if an average
extinction coefficient is used. This improves contrast slightly.

b) The method for finding TAVG.'S more rigorous than some averaging
techniques, eg., one method is to use the value of o at the central wave-
length in the spectral passband.

¢) The dependence of o on wavelenth was modeled as a smooth function.
In some spectral regions, o exhibits more distinct wavelength dependence.

d) For the case examined, Figure Z shows that T, . and T,, are
essentially equal for slant ranges less than the visibility range.

e) The results given are for an assumed flat spectral radiance for
both the target and background.

f) Any changes in b.), c.) and e.) above will affect the result shown

in Figure 2 . The exact effect is strongly case dependent.
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III. OPTICS OF THE ATMOSPHERE BASED ON ELECTROMAGNETIC FIELD THEORY

In this section, beginning with Maxwell's equations, a detailed
development of the theory behind effects of the atmosphere on optical
signals is given.

First, in 3.1, the vector Helmholtz wave equation describing vector
electric and magnetic fields for the optical signal is derived from
Maxwell's equations, several vector identities, assumptions as to the
nature of the optical path and from Fourier theory for a monochromatic
optical waveform. Next the scalar monochromatic theory is derived from
the vector theory which gives the scalar Helmhqltz wave equation. It
describes the spatial behavior of an optical coﬁplex amplitude propagating
in an isotropic, linear, slightly inhomogeneous, slightly absorbing
medium (i.e. the atmosphere). Solutisns to the scalar Helmholtz equation
subject to a set of boundary conditions are then approximated. A number
of methods have been used to approximate a solution to the Helmholtz
equation. Several of these are outlined briefly. A conceptually satis-
fying solution is found using a Green's function approach. The solution
is the Rayleigh-Sommerfeld integral extended to included inhomogeneites
and absorption. A further assumption produces the modified form of the
Rayleigh-Sommerfeld integral or the extended Huygen-Fresnel Integral.

This method is given in considerable detail.
A. Maxwell's Equations and the Inhomogeneous Scalar Helmholtz Equation

Using rationalized MKS units, we start with Maxwell's equations [23}
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vxHA=D+7 (32)
VxE=F (33)
V-E-p (34)
v-B=0 (35)

Isotropic, Linear Medium

D= e(x, y, 2)F ; (36)
B = u(x, y, z2)A (37)
J = o(x, y, 2)E (38)

divide (33) by u and use (37)

%vxf=-ﬁ (39)

Take curl of (39)

VX(%VxE)=-Vx:I-T (40)

differentiate (32) wrt time

vxH=D+JF (41)
use (36) and (38) in (41) and if ¢ and o not fens, of time !
Vxﬁ=c%+of (42)

where x, y, z dependence of ¢, o and y will be left implicit for

convenience.

+ In general, ¢ and o, as well as the refractive index to be defined
from them, will de?end on x, y, z and on "t". However, this time
dependence is usually assumed to be associated with atmospheric winds

and according to "Taylor's frozen flow hypothesis" is statistically
dependent on [r - V(r{t] where r = (x, y, z) and V(r) is the local wind
velocity. For the development here, we take the approach of most authors
and ignore the time dependence in obtaining approximate solutions to the
wave equation. Time dependence is considered later in the development in
terms of specific exposure times and cxpected effects on MTF,
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Substitute (42) into (40)

Vx(-}vxf)--(e%+oi)
identity

vx(uW)=uwwxV+owuxV
u is a scalar
V is a vector

Using (44) in (43) where u = %-and V=vxE
%-v XVXE+ v(%) xV xE=-(eE + of)
identity vxvxV=9(v-.V) - oW

using (46) in (45) gives
1 e 12 1 A e
;V(V'E)-;‘VE"'V(E)XVXE (CE+0E)

From (34), (36) and using the

identity div uV = v « (uV) uv - V+V.w

VeD=ve(E)=ev-E+E-ve=p

Solving (49) for v - E

v-€=%[p-i-w:]
Substitute (50) into (47)
o (. .3 1228 4 oL To (el ot
W Glo - E . ve)) - WE+ () x v x E = -(cE + of)

Multiply (51) by u

(43)

(44)

(45)

(46)

(47)

(48)
(49)

(50)

(51)

v(%[p-f.vg]}-vzf"-uv(%)xvxf+u[e'€+c‘é]=0 (52)

or rearranging and changing sign

VZE - uc:E - ua'.f - uv(%—) xVxE+ V[!ef . Vel - V[%] =0 (53)




Result in (53) is correct for a linear isotropic medium (i.e. all terms
in E are of power one, p & u & ¢ & o may depend on x, y, & z but will
be same at a given point for all components of the vector E,

An alternate form of (53) is achieved by recognizing that

1 1
V(g) ® v g W (54)
u
v(logu) = 2&%3211 Vu = %Vu (55)

From (54) and (55) we see the term in (53)

[-u v ()] becomes -u(- -%zvu) = Jou = V(1094 (56)
Further since
uiid 3
KOT-U A - vu (57)
and (log ¢) = %Vc (58)
the term % E - ve becomes E « v (log ) (59)

Using (56) and (59) in (53) gives

A[Vector D.E. for electric field E, Linear, Isotropic Mediuml

Ve - il - ok » v(log u) x v x E + 9[E - v(log €)] - v(&) =0
SPECIAL CASE - VACUUM (60)

p = constant , e = constant -+ v(log u) = v(log ) = 0

c=0 s p=0
zero conductivity source-free

Result is Vector Helmholtz equation

veE - uef = 0 (61) ?
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SPECTAL CASE - ATMOSPHERE

Conditions (1) Weakly inhomogeneous - i.e. u, €, & o show slight
variations with x, y & z; however, the variation path length is large
compared to spatial variation in E (v wavelength)

Result of (1): in (60) v(log u) & v (log €) are small and approxi-
mated as zero.

(2) Weakly absorbing (conducting) - i.e. charge density p induced
by absorption of energy is small and varies slowly with x, y, z.

Result of (2): v(%) is small and approximated as zero.

Then eqn (60) becomes

VZE - ueﬁ'- uaf =0 (62)

Weakly in-homogeneous, weakly absorbing

edium (linear and isotropic also)

To handle time derivatives, take temporal Fourier transform of EKx,y,z,t)
caﬁ(x,y,z,v), v is optical frequency (Hz)
i.e. the defining equations for temporal transform are

J2nvt

Tmpora] é(x’y‘z,v)—b_:j:: -E(x,y,z ,t)e dt (63)
Fourier -j2nvt
pagr 0™ Exuyaz )27 Exyazile T dy i

If (64) is differentiated wrt time once & twice, the result is

© =j2uvt

E- f [-32vv E(x,y,2,v)]e dv (65)
- © = -j2nvt
E - f [(-jzw)2£(x,y,z,v)]e i dv (66)
33
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Thus we have the following transform pairs

é(x,y,z.v) @ ?(x.y.z,t)
~j2nv  E(X,¥,Z,v) @ E(X,y,2,t) (67)
(-j2nv)2 E(X,y,2,v) @ E(x,y,2,t)

Using (67) and taking the Fourier transform of (62) gives

v2E + ue(2wv)2 E + uc(jZﬂv)é =0
or [Vz + (Zwv)zu(e + J”'gj)]é =0 (68)

-Vector Helmholtz Wave Equation-
Weakly inhomogeneous

E<F Weakly Absorbing

E=E(x.y, Isotropic

z,v) Linear Medium

The term in parenthesis

-

S 5
(E'*Jm-e (69)

can be thought of as a complex permittivity in which case (68) is identical
to the temporal Fourier transform of'ihe vacuum equation (61).

NOTE: In general for a non-dispersive medium ¢ does not depend on optical
frequency v; however, as seen by (69) the complex permittivity ¢ does
depend on v. This is another way of saying that optical absorption
(represented by the imaginary part of ;) is.wavelength dependent which

has been verified by experiment.

With (69), (68) becomes

[v2 + (2nv)2 wel E = 0 (70)
Vector Helmholtz eqn for practical atmosphere

Solutions are sought to (70)




U SS—

First it is recognized that (70) describes only the electric field
behavior of an electromagnetic wave. It can be shown by a development
simitar to that above that the magnetic field véctor H is described by
a similar second order D.E. :

Second, note is made that both H and E can have three scalar compo-

nents, eg. in rectangular coordinates

E, (x.y,2,v) H(x,y,2,v)

Ey(x,%lsv) Hy(xmy:zy\’) (7])
Ez(xsysza") Hz(xsyszs\’)

must all be solved simultaneously subject to a set of boundary conditions.
Each component in (71) is described by an equation of the form of (70).
Finally, simultaneous solution of the components in (71) has been achieved
for a very few special cases of little practical interest. For cases of
practical interest we develop the foi}owing scalar theory.

Postulate a scalar field ¢(x,y,z,t) and its temporal Fourier trans-
form $(x,y.z,v) such that ¢ "represents" a real optical field. ¢ may be

thought of as the scalar amplitude of a vector field such as

(72)

Thus letting ¢ represent the optical field we find that $ satisfies
equation (70)

[v% + (20v)? uel $(x,y,2,v) = O (73)

Scalar Helmholtz wave equation,weakly
::;gfical inhomogeneous, weakly absorbina,linear,
sphere isotropic medium
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Definition of some terms

ké%=mnm®u(f”

¢ = speed of light (m/sec)

1
v ﬁd:; = velocity (m/sec)

v = ]/‘,u;

v = frequency (sec']) = % = kc

n = refractive index.é % = c\Jue

s <

n = complex refractive index = i c\’ue
Then (Zﬂv)zua = (Zﬂ)zkzaz - (74)
Using (74) in (73) gives

[v2 + (21)%2n2] 4(x,y,2z,v) = 0 (75)

Alternate form of (73)

B. Solution Methods for the Helmholtz Equation

Solutions are sought to equation (39). Consider first the mono-

chromatic case, i.e., a real monochromatic scalar field is represented

by
. -jeav t ijvot
¢(x,y,z,t) = p(x,y,2)e ° + y*(x,y,2z)e (76)

whose transform is (with respect to time)

$(x,9,2,v0) = p(x,¥,2)6(v-y,) + ¥*(x,y,2)6(v+v, ) (77)
It is verified that ; given by (77) satisfies the scalar Helmholtz

wave eqn. (75) if @(x,y,z) satisfies the scalar Helmholtz wave equation, i.e.,

(92 + (2n)2k%A2) ¥(x,y,2) = 0 (78)
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where: ¥(x,y,z) is the complex spatial amplitude function for the_mono-
chromatic scalar wave i(x.y.z,vb).

Thus for the monochromatic case, solution to (75) is accomplished
by finding a solution to (78) for 3(i.y,z), then substituting into (76).
Approximation methods are found in the literature which typically

characterize the index of refraction (n) as follows

n(x,y,2) = ng + ny(x,y,2) (79)

where Ng >> My

Ny is the turbulence free refrac;ive index of the atmosphere and n, is

the fluctuating component of n. Further it is assumed that n,(x.y,z) is

a zero-mean, gaussian random variable so that it is completely characterized
by its second moment, or autocorrelation function.

L Method of small perturbations

From equations (78) and (79) where no is set equal to unity and using

k°= 2rk we have

2

v )2

v+ k2 + 0% =0 (80)
A solution ¢ = Yo + ) is sought where Yo is the unperturbed portion

2

of the wave solution and satisfies vzwo + ko ¥g = 0. Substituting ¢ = Yo * ¥

into (80) and clearing gives

vl

L
W ¥ Kkge + 2mkgog + v) ¢ kg Plvg + vy) = 0 (81)

The last term in (81) is of order n]2 and is neglected; further the method

of small perturbations assumes

o] << Twgl (82)
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so that equation (81) is written as

Vzw] + kozw] = 'ZHIROZWO (83)

Solutions to the unperturbed wave equation have the form

iS
T 0

A0 and S0 are the amplitude and phase.

Then if we express the solution y = Yo t ¥y in the form

- = Aeld
V=gt = Ahe

then Tatarski shows that for |¢{| << |yl we have

v
log v = log A + iS = log AO + iSo #

Yo
~quating real and imaginary terms we get
]
"og _L. = Re —]- = x
Ro Yo
0 (84)
S - So= Im (%]= $
Thus we have
x + 15 iS]
V= e = log x € (85)
iS]
gAl e
2 ikg|r-r'|
k 0
- n(r')yg(r' e
"‘(r) iﬂwoll‘; /]f L olr-r'l ; dr' (86)
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is the small perturbation solution to (83) in terms ef h, end ¥g» where
r = (x,y,2). : .

#5ir) which must be known to solve equation (86) is easily found for
plane monochromatic waves, i.e. for a wave propagating in the z direction

ﬂtoZ
volr) = Age (87)

and (86) becomes

u,f ' | -ikglz-2') e"‘nl"‘“'l ;
¥(r) = - ny(rt)e T dr (88)

Further simplifications to (88) are made based on small scattering angle
assumptions.

k2 - e ———— >

2. The Rytov method

This method uses a different approach to solving (80) which, instead
of requiring smalliness of 21 compared to "O'I uses the less restrictive
condition that spatial fluctuations in phase and amplitude due to
refractive index fluctuations be slowly varying with respect to the
optical wavelength; that is,

IVS][ << 2n »

jox| << 1 "
The approach is to find a solution ¢ to (80) where

v=eXxtiS  B(r) (90)

where B(l‘) o 80(") + B](r)

and |98, <« |98, .
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It can be shown by substituting (90) into (80) and e 0 into (80) that

B0 satisfies the vacuum equation
2 2 g .
v°By + (vBy)“ + kg~ = 0 (91)
and that l!.I satisfies approximately
2B, + 298, - VB, + 2koon, = 0 (92)
1 10 1 (R

The solution to (92) is given by the form in (86) so that the method of

small perturbations and the Rytov method give the same results. However,

The Rytov method has a wider range of validity. Hufnagel and Stanley
point out that even the Rytov method is based on an assumption which

fails for |B| = 1. Further, they develop a solution based on a statistical

approach which gives the mutual coherence function without finding an
explicit solution for y. '

3. The Markov-parabolic spproximstion

Starting with an optical signal propagating in the Z direction

ik 2-w
E = vix,y,2)e i (93)

the wave equation (80) is then approximated by

2 2
? ? 3 2 5
;;% + ;;% + 2ikg 3¥-+ 2k "me = 0 (94)

This is the 'so-called parabolic approximation to the wave equation and

is applicable if the beam spread angle for the propagating wave is small.
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In other words with respect to the succeeding figure we have

[r-r'| = ﬁ-x')ﬁ vy 12+ @)
where [x-x*] << 2 (95)

ly-y'| << 2

Figure 3. Small-angle acattetihg.

The solution to (94) can be written as [13]

k
v(x,y,2) =§% /dx'dy' volx'sy's0)
(96)

ik
{E-Q [(x-x")2 + (y-y')?) + u(x,X',y.y')}

. e
where yo(x',y',0) is the field in the z2'=0 plane, y(x,y,z) is the field
in the z'=z plane, and u(x,x',y,y') is the random part of the complex
phase of a spherical wave propagating from point (x',y',0) to point
(x,y,2). Equation (96) without the dependence on u(x,x', y,y') is simply

the Huygen-Fresnel formula which is an approximate solution to the scalar




Helmholtz wave equation in a homogeneous medium. Thus the result fn
(96) can be considered to be an extension of the Huygen-Fresnel formula
to include media with small-scale random fluctuations. Additionally,
(96) is conveniently expressed in terms of linear systems theory since
it relates fields in the input plane (x',y',2'=0) and in the output

plane (x,y,z), i.e.

v(x,y,2) = //dx'dy' vo(x'sy'50) h(x,x',y,y') (97)

ik
2—19 [(x,x")2 + (y-y*)?] + U(x.X'.y.y')]}

where h(x,x',y,y') = s €. i

Shapiro [24] has shown that h(x,x',y,y') is reciprocal, that is, the
input and output planes can be reversed and (97) still holds. Using
Markov approximation methods, the moments of y(x,y,z) can be found to

yield the spatial coherence function of the propagating field.

M(D‘spzaz) = <1’(0‘|az) W*(Dzrz) ) (99)

where M is the spatial coherence function at z'=z, the { ) brackets

denote an ensemble average and p; = (xi,yi). Using (97) in (99) gives

M(D].Dzﬂ) =/‘/;1X]' dy]ffdxz'dyz' Wo(xl‘:y]"o) i

VolXa's¥2'40) < h(XyayqaXy ' oyy ' J0*(X00Yp0%0 5y, ') D

where for the homogeneous medium, ¢ h(p],p]')h*(pz,pz') D> is easily

shown to be
kg : kg 2 2
('m‘) exp {5 Lloy-ny")? = (00,11 } b
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and for the fluctuating medium is shown not so easily [6] to be

k ik .
< Moyapy* IW*(pg.0,") > (—29;5 exp { 52 [(oy-67")2 = (ogmp,")?]

2 2 :
k ] L}
- '40 /0 dz' H [z', 2= (py-pp)4(0y'=0,") (1 - ‘—z)]
o (102)
where  H(z,¢) = 1.88 € 2(2)[¢]>3 ['1 - 0.805 (ll%) (103)

an is the refractive index structure coefficient
L0 is a measure of the largest distance over which fluctuations
in the refractive index are still considered to be correlated.
Another way of looking at what equation (100) means is given by

recognizing that the function

M(p".pz',O) E (W(D".:O) W*(Dz'so) > (104)

is a measure of the spatial coherence in the input plane and equation
(100) then gives the propagation of this coherence function through a
medium described by h(x,y,x',y') which is the point response for the
medium. That h(x,y,x',y') gives the response at (x,y,z) to a point
source at (x',y',0). The relationship of ;patial coherence to resolution
or MTF is typically derived in terms of the Fourier tranform of the
intensity distribution in the focal plane of a simple lens which is
illuminated by an atmospherically distorted plane wavefront. The
problem with this approach is that for the short-exposure case, effects
of the atmosphere are not separable from effects of the lens. A
development by Fried [15) is given in Section 4 for MTF effects of

the atmosphere for both long and short-term exposure.
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4, The Huygen-Fresnel metho:'
The Green's function method [25] is used to find a solution to (78).

Consider a volume V enclosed by surface S. If v has continuous 1st and
2nd order spatial partial derivatives within V and on S; further, if G
is any other function which satisfies the same continuity conditions on

-~ ‘ 1
* ¥, then Green's theorem yields {
~ 2 2+ ~ 36 a9
//v[wVG-GV v] av =//s [""a‘rT'Gs%]ds (105)
GREEN'S THEOREM

n is derivative normal to S in outward direction. Now for a propagating

optical field, we are intereste& in solving the boundary-value problem,

e S s S D i A .

given the field &(x,y,o) find ¢(x,y,z), where the field is propagating |
in the +z direction. Thus for this problem, we define S to be the z=0 '
plane closed by an infinite radius surface such that V is the z>0 half

sphere.

In (105), G is a suitable Green's function for the Helmholtz

equation or since the Green's function is the response to a point source

driving function, we have for the Helmholtz eqn.

(72 + (21)2k2n2] 6(x,y,2.E.n,2) * 8(x-E)8(y-n)é(z-c)  (106)

Using (78) and (106) in (105) gives

[[/‘[G(gon’;) ('(Z‘I)zkzaz G(xsyoisgn“s‘) + 5(X-£)5(¥-n)5(2'c)}
v
_ -G(X,.V’Z.E.m() {'(2")2k262$(€on9C)}]dv
| oIl te 36(x,¥,2,€,n,8).
§ /ﬁ [9(g.n,0) [- 288 a: Boig
‘G(x‘yoanvﬂ.o) [' 'a'*_g%'ﬂd)](ﬁo dgdn “07) ;
]
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Figure 4. Surface for Green's function Integral.
+see justification on pp 379-380 in Born & Wolf,

Principles of Optics [16]. The left side of (107) simplifies to give

j:/]; ';’({;TI’C) 5(x-¢, y-n; z-g) dV = ;(x,y,z) (]08)
so that (107) becomes
;(X.y.l) .[[SI W '?-G- E G ‘J" dEdn (]09)

Or if the Green's function is chosen so that
G(X».V,Z’E'n.o) =0 (110)
then (109) becomes :
P 5 "
v(x,y,2) = -'[[W(E.n.o) 36(x,y,2,€4m,8 az n.gf  didn ()

=0
(111) is the desired result. It gives the field at Z in terms of the

field at Z=0 and the Green's function G(x,y,Z,&,n,t), where G must
satisfy (106) and (110). Thus it remains to find the Green's function.

Fortunately, the Green's function for the Helmholtz equation with

the given boundary conditions above has been found already and is given by [26]

GJankn|F-#| GJ2rkn| - |

G(nyizicsni‘) i -T"’TTTT _';[?_-—'FT (1‘2)
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where |r-r| = JTX-C)Z + (y-n)? + (z-¢)?

and [F-r*| = {(x-a)z + (y-n)? + (2+¢)?

Clearly (112) satisfies the boundary condition in (110) and can be
shown to satisfy the inhomogeneous Helmholtz equation

(v + 4x220216 = 5(x-£) 6(y=n) 8(z-z) - &(x-g) &(y-n) &(z+z)
(113)
This result (113) which is a modification to (106) does not effect

the results in (107) and (108) because the second delta function is out-
side the volume of integration V, and thus contributes nothing to the
integral.
Further, it is possible to show that from (112)
36(x,¥,2,E,n ,_)! % ejznkf\((x-e)z + (y=n)? + z"’]./2
°‘ o 7 2a[(x-£)2 + (y-n)? + 221%
(1na)

=

Then using (114) in (111) we have the solution ﬁ(x,y,z)
eJZwkft[(x-tz)2 + (y-n)? + 221%

v(x,y,2) = '//s v(€:n,0) —:—z; e S et dedn
(118)
or
;(X.y.Z) "deedn ;(X-E,Y~n.z) ;(E.n.O) (116)
ot - 3 eJZwkﬁ[x2+y2+22]9$
9(x,y,2) = ,2:[x2+;2717y’ (Mm7)

Equations (116) and (117) are the desired result and define the Rayleigh-

Sommerfeld Integral. If we perform the derivative indicated in (117)
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y
where s = [xz + yz + 12] “then

j2skns - jonkns 2 -~
3 e 2 knz_e ey s” dn
-2 2_.2_'_5_ I .L_s{__. 1 A + @ (118)

For optical frequencies %g-is of the order 10'6. Thus for observation

ranges less that 105 meters, the last term in brackets in (118) is much
less than unity and is neglected. Further for s >> A, ks >> 1 and the
second term in brackets is negligible. Thus we have the modified

Rayleigh-Sommerfeld result.

o a 2wkn -
¥(x,¥,2) ‘—'j[didn % (‘*J = m'.)COS(Z.r) ¥(e,ns0) | (119)

Modified Rayleigh-Sommerfeld integral for linear,
isotropic, weakly inhomogeneous, weakly ab-
sorbing medium (r >> 1)

where: cos(z,r) = %.—= cosine between z and r and r =V&-£)z + (y-n)zTZT
Equation (119) is further modified by the Fresnel approximation

which holds for source and observation points close to the z axis, i.e.

Ve + (y-n)? <« z=d : (120)

} P
"(E m°% r ﬁv.d) 3

vz |

-

z =0 = 2! J % ‘
SCURCE OBSEAVATION
PAVE RAvE

Figure 5. Fresnel region.
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Then the following approximations follow

cos (z,r) =1
r = d for amplitude term (121)

2
v ud+« SEL &

2d 2d + . . . for phase term

Using (121) in (119) gives the Fresnel Approximation

£ ~ -~ 2 2
. j2nknd\ j2wk = -
h] n_)ejTrl[(x g)" + Ey n)“] )

‘ " _ne_
v(x,y,d) = H"‘d“(jxd

[ FRESNEL APPROXIMATION |

9 W(E sN»0

Examination of ﬁ. which is a slowly varying function of spatial

coordinates, yields the followiﬁg
P i = equle + 35 = Yelluler 450 (123)

If assume that the magnetic permeability u and the conductivity

o are essentially constant (not dependent on spatial coordinates), then

the only dependence on spatial coordinates is in €. Then we can define

permeability of free space

-
n

|4

constant

Q
"

3 S =
€ Co 81

free-space permittivity

™
"

spatially dependent permittivity due to inhomogeneous
atmosphere

Further, for a weakly inhomogeneous medium

C] << go

e J?[vo(':oﬂl + jo/2nv)] = (124)

o 2 b | o
dc "080“ i €o *d vaco)
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or since cz = ] (124) reduces to
0%
P tl o
n-JI#(-e:'fjm:-o—) (‘25)
P - - 1
which is of the foom 1 + C, where C is a complex number with magni-
i tude much less than one. The square root is approximated by

; \h+c=1fé : (126)

Using (126) in (125) yields

- € ComrLE
nel+te jr9— | Feroerive (127)
€ TVE, WDEX

If we substitute (127) into the Modified Rayleigh-Sommerfeld integral
(119) according to the following: :
-for the multiplicative amplitude term in (119) use n A 5 T
-for the phase term involving 6] use (127)

} Then

v(x,y,z) = J]dzdn T e V%o e € cos(z,r) ¥(£,n,0)
' (128)

or if we define

el atmospheric extinction coefficient
o

ane]r

o(r) = = turbulence induced phase shift (recall €y is also

[ i a function of r)

- -2 jo(r) /_j2mk .
¥(x,y,2) = jfdcdn e ¢ eJ - (ETT_::) cos(z,r) v(£,n,0)

el [ (29)

Equation (129) is the modified Rayleigh-Sommerfeld integral extended to

include atmospheric turbulence and absorption. ‘It gives the complex
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scalar amplitude of an optical field at z = z in terms of the known

amplitude at z = 0. Now using the Fresnel approximation as defined in
(120) and (121) applied to (129) gives

ad .k 2 2
- 5= Jelr)f  J2mkd) JGL(x-£)"+(y-n)°]

v(x,y,d) = |Jdedn e 2 )c

xy Jf e 5 (JAd . *(Eﬂho)

or pulling out the terms not dependent on £ and n

Mo Jand -——;jd : J[ (x-e)2 + (y-n)z} +0(r)]
" x’ ’ e -~
? i » $(E,n,0)

(130)
Equation (130) is the extended Fresnel approximation including

atmospheric turbulence and absorption.




IV. IMAGING THROUGH THE ATMOSPHERE

In this section, the results of Section 3.0 are applied to the
imaging sensor problem.

Other investigators have looked at various portions of this problem.
Lutomirski and Yura [13] give the deveiopment for the extended Huygen-
Fresnel formula. In [27] Yura develops a general expression for the
mutual coherence function of a finite optical beam propagating in a
turbulent medium, and in [28] extends the results to a sea water medium
by including an absorption term.

A later paper by Lutomirski and Yura [12] goes even further in
bringing together all the necessary ingredients for a comprehensive
thecry on the effects of the atmosphere on imagihg of real objects. The
development is, however, still monochromatic; and even though an
expression is developed for modulation contrast, its usefullness is

limited by choosing a sinusoidal object function as an example. Thus

the contrast found is really MTF (i.e. contrast transfer at one spatial
frequency).

A similar development for the MTF through sea water is given by
Ishimaru [11].

As with most journal papers, the above references omit considerable
detail in their technical development. Thus one goal of the present

effort was to present a comprehensive theory with essentially all the

steps included.




The extended Huygen-Fresnel Integral, eqn. (68), gives the complex
scalar optical amplitude at z in terms of the field at z = 0 and the
atmospheric point response function. Next, irradiance levels are com-
puted from the magnitude-squared of the complex amplitude function. From
this can be found the point-spread function and modulation transfer
function (MTF). Then by including the effects of ambient irradiance it
is possible to compute contrast levels at both the object and observation
planes. Further., since the approach for computing contrast has been
developed in terms of spatial amplitude functions, the dependence on
target size and range is included in the result.

In (130) it is pointed out that e(r) is a random phase perturbation
caused by inhomogeneities in the atmospheric refractive index along the
path between source and observation points. As a random phenomenon,
quantitative performance measures based on (130) must be ensemble
averageu.

First order statistics of 6(r) - recall from the definition of e(r)

2nke

o

] r = o(x,y,d,&,n) -

o(r) =

where € is the random quantity. Further 9 is a small perturbation about

unity and may be assumed to be zero mean. Thus the expected value

-

<e(r)> =0 (131)

Second order statistics of @(x,y,d),- since all photodetectors

respond to radiance averaged over many wavelengths, our interest is in the
quantity (for long viewing times)
E(x,y,d) = Cvlx,y.d) v*(x,y,d) > (132)
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Then from (130) for the Fresnel approximation

-~ -ud Y ~
E(x,y,d) = ;%;5—}Izyfdgdndc'dn‘ v(£,n,0) v*(&',n',0)

B (x-)2 ¢ (y-n)? - (602 - 1y -n‘)2}<ej[9(r) - oty

s Al Shamr o 4

e
(133)

where: r= ‘[(; - 5)2 + (y -n)2 +d?
itk J(x -y n )2

For an incoherent source
o(£,1,0) ¥*(£'.n',0) = |9(€,n,0)|% 8(E-E', n-n') (134)
Using (134) in (133) gives

d
E(x,y,d) = ezdz J} dedn E(Eﬂho) (]35)
A

Irradiance transfer through the atmosphere

where E(C-n’o) e |J’(E:ﬂto)|2
Equatiorn (135) is essentially Huygen's Principle with application to

irradiance. That is, for the unfocused incoherent source at (£,n,0),

the irradiance at (x,y,d) is simply a summation of spherical wavelets
emanating from all source points at approximate distance d and attenuated
by the atmosphere. The average irradiance of such a wave is unaffected

by atmospheric turbulence. This result is particularly interesting in
light of the fact that turbulence very definitely affects a focused wave-
front. Further, it will affect the irradiance from a source that exhibits

partial coherence spatially.

Note that the ensemble average in (132) implies a viewing time long
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enough that the observed irradiance is accurately represented by an ensemble
average. Further, the interchanging of time and ensemble averages implies
3 spatial ergodicity for the fluctuating refractive index term which further
says that the atmospheric refractive index is a shift-invariant random
i quantity. For the Fresnel approximation, the assumption of shift
invariance implies that the total object-observation volume consisting of
a long narrow cylindrical region between z=0, and z = d is a region of
isoplanatism (i.e., shift-invariant).

Most references which develop equations showing the effect of the
atmosphere on optical signals assume that the object-observation volume

is essentially isoplanatic {{12], [27] - [29] and others.}
A. Simple Lens - Atmosphere Imaging System

Next we consider the effects of the atmosphere on optical signals
received by a simple imaging system. Consider the system shown in Figure

6.

f= imaging system |Y
n £ focal Ieggtyb

2=0 e 2+d 2=dsf’
oBJecT IMAGE.
PUANE PArE

Figure 6. Simple atmosphere-lens imaging system.
It is desired to find @(u,v,(), the optical complex amplitude in the lens

image plane, in terms of the input amplitude ;(c,n,o) and parameters

describing the lens and atmospheric path.
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Starting with the extended, modified Rayleigh-Sommerfeld 1ntegral
given by (129) we have

ar j2mkry .
A — Je(r)
v(x,y,d) -Hd;dn S % & r (GJ" )*(E.n.o) (136)

where we have used cos(z,r) = 1 for the lens diameter, D,» much smaller
than d.

If the lens transmission function is represented by f:(x,y) then we
have at the lens output plane an optical signal given by f.(x,y) G(x,y,d).
Further, we assume this optical signal propagates to the image plane under
vacuum conditions (i.e., the path between lens and image plane is linear,
isotropic, non-absorbing, source-free and homogeneous). Thus propagation
from the lens to image plane is governed by the vacuum, modified Rayleigh-

Sommerfeld integral.

d £ ( J2nkp 3 ‘
vlu,v,f') =_”dxdy (ejxp ) cos(z,p)t(x,y)v(x,y,d) | (137)

[Image plane complex amplitude]

where: p = J(u - x)2 + (v - .v)z + (f')2
and for f' >> {(u - x)2 + (v - y)z 3 cos(z,p) =1

further, as shown in Appendix D, for a thin lens

. 5 -jnk(x2 + 2
t(x,y) = p(x,y) e f (138)

where ;A)(x.y). is the pupil function given by

- J2n(n -1)d_k )
p(x.y) = w(x,y) e e ’ D_2
W 22 (2)




where: n, is the lens refractive index, A is a constant, d  is the
lens thickness on its optical axis and %(x,y) gives the additional

phase shift through the lens plus includes windowing effects from the
lens aperture function, w(x,y). Using (136) and (139) in (137) gives

Jjernk _ar
w(u,v, ') = Hd"d)'”d;dn (e jxr")e 2 eje(r)

3 ejznkp : —jrk(x24y2)
W(E,n.o)' jlp P(xt.y e l

(140)

Equation (140) is the extended, modified Rayleigh-Sommerfeld integral

which gives the image plane complex optical amplitude @(u.v,f') in terms
of the object plane amplitude ¢(£,n,0) as viewed through a slightly
inhomogeneous, slightly absorbing atmospheric path.

Next we consider (140) under the Fresnel approximation, i.e., the
following apply

for amplitude terms

1
Lo fx-0)f+ (P e d? =1

T
1
Lo wx? + ey e (002 = 21 (1a1)
.ar  _ad
e 2, e K absorption term

for phase terms

‘ 2 2
re J(X-C—)?'P (y—n)szz « d+ -(}-2.—3-)-_+ M)__

2d
= 7 T Al
o= Nlux)? + (vy)? ¢ ()2« pr o LUK (e
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Then (140) is approximated by

ad
2xkd jZ kf
¢(u v,f') = e._i ej 5 . dexdyj/dedn

S w0? + (9]

e
mn

38(x,y:4,€.n) 3—{(x :)"’ + (-3 .
e v(g,n,0
jxd
-jul:‘x?' !2[

o(x,y) e f

(143)

To shorten the notation we make use of the vector two-dimensional forms

x = (x,y)

Efi= (.Esﬂ)

a= (uv)

(144)

Also, making use of (139) and the constant phase terms in (143) we re-

write (143) as

where:

and

Sbie e-md/Z ejA)j’di‘J};E eje(i.E,d) $Eo)

- k a
% lx—elz x|z ek
o w(X) e
jad

lm

(145)

= 2nk[(d+f) + (n -1)d,]
WR) = 15 [X] <D /2

Equation (145) gives the Fresnel approximation for the image plane optical

field ;(ﬁ,ff) in terms of an object field @(E.o) imaged through the

atmosphere, including absorption.

Recall that for the model as developed

to this point o(X,£,d) is the random phase induced by small fluctuations

in refractive index along the optical path, and is the only random
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quantity in (145). Strictly speaking the atmospheric extinction

coefficient, o, is also a slowly varying random function of the optical

path.
B. Point Spread Function and Modulation Transfer Function

To find the irradiance in the image plane we must find

E(T,F') = <u(T,f') y*(T,f') D (146)
Using (145) in (146)

E(d.f') = ﬂdxj di* ﬂ dcfde v(E,0) ¥*(E' :)l

KRR X)) S[e(R,E,d) - e(R'E',d)]
@ e

Again for an incoherent source we have
¥(£,0) ¥*(E',0) = |¥(E.0)|? 8(E-E") (148)

which physically says that the irradiance at a given point depends only
% on the complex amplitude at that point. The result of (148) on (147) is
that only £=¢' contributes to the integral and (147) reduces to

ORI - 44.;:’ fﬁx fﬂa ]]ae 10) w(z) w(F')

k 2_120 k |G-%" 2 K13 3 =0 o
.ejlaili-il . i 7-—( |G- |4} e, FER-2 ') 49

-o-'d : R.o-’d
e.i[e(:rz ) - o(R',E )]>

e
i
i
Or we can write z
tae) - (o B qarte (150) |

f




where 1 ‘
sl
s](“of +£,0) 'W JfdR [d?

j[e(x,E,d)-0(x"',E,d)] )

w(X)w(x"') <

PRUT-E-IR-81D 32551252 -SKRR -7 7 ;
E e e e
(1s1)

total
Gl is the :’atmospheric-lens system Green's function. The exp:ression in

(151) can be simplified by recognizing the effect of certain functions in
(151) and by combining the exponential terms, excluding those in the
ensemble brackets {«).

We have the combined exponents
o (Bl L, Ll fel? 228) s

where we have used X-X= 2=x2+y2 and ?- = l. + 3" then by completing the i

squares and simplifying, (152) becomes
25K [(x-x)- £+, W) (153)

The term in ensemble brackets in (151) is recognized as the atmospheric

mutual coherence function (MCF); [12], [13] and for an assumed isoplanatic




e S

source-observation volume (i.e., shift invariant), the MCF does not
depend on the source coordinates £ and further depends only on the

difference vector (X-X'). Thus we have for (150) and (151)

E(@.f) = [faf E(F.0) SE+ W) (154)
Output irradiance as ¥¢n of PSF and input irradiance |

where §(E) is the atmosphere-lens system point spread function (PSF)

and is given by:

-ad
$E) =S, ||t )|ax' wiRw(x') MCF(E-7")
4 2.,2
A def
i S (155)
-5 -x') g
.e'
Point Spread Function For Atmosphere-Lens System
Further, if we make the following change of variable
$ = X-x'
%, X430 (156)
then 'x'=§+g-;'i'=ﬁ-§-
Substituting (156) into (155) yields
-ad b i
s(g) = —4—"-2—.—2- /fda }[da w(R + %) w(R - %) ;
o5 ¥ (157) |
_s2nkp € |
'MCF(S) e ‘ 1
Alternate Form of Point Spread Function |
; Now eqns, (154) and (157) give the relationship between source irradiance §
[ . and image irradiance as functions of spatial coordinates. If we examine




the relationship in the spatial frequéncy domain, then from

An % A ~j2sK-u
E(K,f') =£,(da E(F,f') e __ (158)
and using (154) in (158)
' oy , 5 -j2nK-U
E(K,f') = ﬁdﬁ f{di E(E,0) S(E + 7o) e it (159)

or with the following change of variable

(159) becomes L
2 ; _jz'nf."-g'/_ b S Jg'.'_f;d_K'_E
. E(K,f') = "'g"' fdz‘ S(E') e d de' E(g,0) e
Then from the Fourier transform definition (160) is given by

EK,f) = s(i—;—) é(-'.‘—;'-, ) | (161)

Spatial Frequency Domain

(160)

where: K is a two dimensional spatial frequency vector (cycles/meter)
g(i) is the Fourier transform of the point spread function (eqn.157)
and is by definition the total unnormalized atmosphere-lens system optical
transfer function (OTF).
The interpretation of equation (161) is as follows. If the object
irradiance function is known(i.e. E(E.o)) then the image irradiance function

E(i,f‘) is related to E(E.o) and the atmosphere-lens transfer function by
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equation (161) in terms of the spatial frequency content of the ohject and
image. The negative argument in the last term of (161) is a result of
image inversion by the lens. Under the assumptions of circular symmetry
for the lens and isoplanicity for the atmospheric path, the only effect

of the negative sign is a reversal in reference direction for the image.
The spatial frequency functions will be unaffected.
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