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SUTV~1ARY

This report describes the results of the first year~s efforts on AFOSRContract P~4Q62O—77—C—OO76, Numerical Model Development for Laser Cavity plow
~‘ields aj~d covers the neriod May 31, 1977 to F dV 31, 1Q78. Two soecific tvoes
of numerical models are considered in this investip~ation, i.e., models for nuasitwo—dimensional unsteady flows and three—dimensional steady mixing and reacting
flow fields. Earlier investigations at Bell Aurospace Textron led to the develop—
merit of a three—dimensional (3D) flow model which was restricted to constant area
sIngle specie flow oroblems. Also this model used an explicit integration scheme
~hi~ h resulted in relatively long computer solution times. During the nast year,
‘The 3D flow model was extended to consider multispecie diffusional flow fields In
l~is~r cavities of variabrle cross section. Also an imolicit integration algorithm
w~~ used to reclace the explicit integration scheme resulting in computer solutiontines in excess of a factor of five faster than the explicit integration technique.
The result i nr model was arnlied to a three—dimensional laser cavity mixing problem
‘~.c predict the mag~-dtude of’ mixing and reacting induced density (and index of
refraction) striations. Results show that for the low pressure cavity conditions
of’ Interest variation med ’ t density induced by nonuniform mixing will be small,
e.~ ., optical ~~~h ~ifferences of less than one fifteenth of a hydrogen fluoride
laser wavelength.

In addition to using Imp1~cit integration methods in the 3D steady state
study, these methods were also employed in our investigation of unsteady flow
modeling technicues. Snf~(’ifically , the GEARIB integration method was used in
conjunction with the box method of spatial discretization on a variety of one—
dimensional unsteady gas flow oroblems. The test case problems used to establish
the accuracy and sensitivity of the unsteady model to boundary conditions and
discretization parai~ters included~ (1) steady state gas flow in variable area
ducts , (2) hyperbolic unsteady flows (strearriwise diffusion neglected), and
(
~

) parabolic unsteady flows (streamwise diffusion considered). Unsteady flows
with heat addition were also analyzed with various uostream and downstreairi
boundary conditions to characterize various types of detonation and deflagration
conditions. Many of the numerical difficulties encountered in the solution of
these problems are also expected to be present in the unsteady laser flows
which are being examined during the second year of this investigation.

Section I of this report describes the coordinate transformation used in the
three—dimensional flow model. Implicit integration methods are discussed in -~~~~~~~~

Section II where the advantages and disadvantages of these methods are reviewed.
— I 

~~nerical results for a variety of nonlinear parabolic (21) and 3D) oroblems solved ~~~
~~~~ both finite element and finite difference techniques are given in Section ~ectj~ D
~~I. Two simple unsteady flow problems which were used in the initial check out
rh~ises of our unsteady model development are described in Section IV followed by _____-‘
~t description of the results of analyses of a nui~~er of unsteady flow problems in[~ection V. RecorrnT~ndations are given in Section VI.
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I. THREE-DIMENSIONAL FLOW MDDEL COORDINATE TRANSFORMATION

• A. Introduction

In the original version of the parabolic Navier—Stokes variant of the COIVDC
computer program , it was assumed that the cross—sectional area of the flow
region (duct) remained constant with the streamwise coordinate. It is possible
to relax this restriction. The generalized equations for certain types of cross—
section variation have been derived and built into the COMOC program and have
been checked out for some simple cases .

B. Details of the Coordinate Transformation

• By an appropriate transformation of variables (essentially coordinate
stretching), the cross section in the (y,z) plane may be allowed to grow as a
specified function of the mass flow coordinate x, Figure 1.1. This is essential
in computing confined flows in variable area ducts (i.e., laser cavities). The
finite element grid is established at the initial cross—sectional geometry and
then the finite elements in the cross section expand or contract as the flow
moves downstream.

The coordinate transform is defined as follows: Consider a flow bounded
in the y direction by walls of a specified geometry y = 11(x) and y = f2 ( x ) ,
and also bounded in the z direction by walls z = g1(x) and z = g2 (x) ( see
Figure 1.1).

• The transformation from (x ,y, z )  coordinates to (~ ,n,?) coordinates Is given
by:

• y — f 1(x)
n = 

~~~~~~~~ 
(1.1)

z —

This transform maps any variable cross section in the (y, z)  plane to a
rectangular cross section in the n ,r plane given by (see FIgure 1.1):

0 < r i < l
-. 

( 1 .2 )

Of’ interest Is the species continuity equation for the mass fraction Y1 of
each spec~e in t h e  t ransformed coordinates. The governing species continuity
• oua t en ~i (x  ,y ,z) erd I rnt .~ 5 I s  given by:

•
~~~~

• • • ~~ ~~
. . - - •- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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The variables appearing in equation (1.3) are non—dimensionalized with
r’e~r~ect to U~, p ,  j~ and a length scale L. The Reynolds number NRe is given by:

U p L
NR 

= -
~~~

--
~~~

--. (1.14)

The effective Prandtl number N~ , and Schmidt number N~c are defined for acombination of laminar and turbulent contributions as:

_. = _iL +~~_2.~~~.
Ne NPr (NPr~TPr

(1.5)

i _. = _i~_. + _
~~~~~.N5 (N SC)TSc

In equation (1.5), ~ is the laminar viscosity , E is the kinematic eddy
(~ ff’~•’tIve) viscosity, and the subscript T denotes a turbulent parameter.

‘Jsing the coordinate transformation given by equation (1.1), the species
continuity equation in the transformed coordinates becomes:

~
Yi ~Y

Pu ~~~~~
-- + F1pv ~~

-
~~~

- + G1pw 
-

~~~
--

:~~~~ (~:!~~ :.) + ::;~ ~~~~~~~~ 
~~~~ 

+ 

(1.6)

Sc Re Ns Re

where

- u.— ,. ~~~~~~ ~~ r~’: ~~ — _ - _ _ - - 
- .4
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F1(~
) = G1(~

) =

F2
(~) = 

~~~
—

~
--
~-y G2(~

) = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (1.7)

f~~~) - f_ (
~) 

g~~~) -
= ~~ y:’~~ y G

3
(~)

• and the primes denote differentiation with respect to ~~ .

The transformation given by equation (1.6) has been 
incorporated into COMOC

~mnd checked out 
for a simple geometry.

— •- ~~_~~~~_ ~~~~~~~~~~~~~~~~~ 
—-—-- -—
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II. IMPLICIT INTEGRATION MMI’HODS

A. Introduction

• One of the principal objectives of this study is to examine the advantages
of implicit methods for integrating large systems of ordinary differential
equations arising from the spatial discretization (by finite differences or
finite elements) of the partial differential equations governing two najor
L~lasses of’ fluid dynamics problems:

I) steady boundary layer and parabolic Navier—Stokes problems in two and
three dimensions (3D)

ii) unsteady gas flow in one dimension

Advantages and Disadvantages of Implicit Integration ~ethods

At Bell Aerospace Textron problems of type (I )  have been solved for a number
ct’ ;J ear s 1 •~siri;T the CONGO continuum mechanics program ( Baker and Zelazny [ 1])
wh ich employs triangular finite elements for the spatial dlscre~ lzation , and uses
an explicit method with an extended region of absolute stat iJitv for the inte~ ’a—
t~~r~n of the resulting ordinary differential system. (This integration Is performed
in the direction of the streanwise coordinate , which has a time—like character.)
See ~JIgro [ 2  ] for the d~ve1opment of this explicit method. In spite of the
improved stability of thi s method (in comparison to convent ional explicit methods ) ,
the inherent stiffness of’ the differential systems arising in many applications
(especially when strong diffusive effects are present) severely restricts the
s~en—size of’ such explicit methods. This is to say nothing of oroblems involving
f~ nite rate chemistry which must be tackled in future 3D laser simulations at Bell.
The high chemical reaction rates make such problems several orders of magritude
stiffer than those involving only diffusive processes. Consequently, it is
imperative that explicit methods be replaced by implicit methods , wh l h  have far
hctter absolute stability propert ies.

F’or the second class of problems (ii) it is traditional to use explicit
integration methods since the partial differential system for many applications
is hyperbolic (i.e., there are no diffusive effects), which means that the
rdlnary differential system resulting from spatial discretization is not stiff

and can be solved efficiently by explicit techniques. However’, if diffusive
eff ects (e .ra , viscosity, heat conduction) and/or finite r otn  chemistry are present,
the result tng ordinary differential  system is stIff, and explicit methods are no
l~ ri~~ r appropriate . Examples of such problems Involving viscosit y and heat
ccndunt~or pr~ ~~ven later in this report .

In addition te t h - !  r Icnrn ’oved absolute stability nroperties , there is a
t ’i rther  ~cJvantagR in - - tng ~~ ImpI ~c I t  nr~hods. Consider the fo]lowing general
?erm of the systen~ •~f’ ordinary dif’ferentt’21 llcd ions (ODE ’ s) arisin g from the
ena t lo l  - I l s r ’t i z a t i o n  of the syst em of’ ~ ird1a l  d l f T c’ t d i a ]  equations (PDF”s)

• e) r lIjer ’~ t. Ic:: :

L~1A è ~
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-
f1(t ,y1,y2,. ‘~

‘N~
f2 (t ,y 1,y 2 , . .. ~~~

A(t 
~~~~~~~~~~~~~~~ 

. : =

,y 1, \T~~~~, . .  ‘~N~
— — I

(2.1)

Here the ‘Tiet ” denotes the ~irne derivative (or , in the case of boundary layer and
carcbciie yavier—Stokes problems, the derivative in the direction of the spatial
crcrdiria~e having time—line character). A is an P by P matrix, which may depend
on t and the dependent variables , y 1 (bu t not on ~~~ Note that A is not required
to be non—singu lar . (In fact , the A—matrix is singular for a number of examples
discussed later in this repnr~ ) Now In order to use an explicit method to
integrate (2.1), it is f irst  necessary to solve for the derivative vector. If
A Is singular, it will be d i f f i c u l t  or impossible to do this. For A non—singular
nh~s requires the solution of an Pth order matrix equation. (For the purposes
-of th is repcrt , the solution of a matrix equation will be thought of as a
fact er ina ’ ion of the A—:a~t r ix  followed by a back substitution based on the factors

A and the partinular FJU~ v~ c ’ cru ) Excluding the special case where A is
~‘c nstarj ’ and can therefore be factored once and for all , ii is necessary to
re—factor A every tine a fresh derivative evaluation is required by the particular
earlicit method . This factorization is an expensive process unless A is of some
special form which allows for very efficient factorization. Of course, the
pr ’f ’erred form is a diagonal A , and most spatial differencing schemes used in

unct i nn -•~•‘ith explicit methods yield a diagonal A—matrix. This requirement of
a iin -um l f~— artrd x in a restriction which makes it more difficult to obtain high
rcI~r accuracy in the spatial discretizatlon , especially for non—uniform meshes.

Pta’ example, with f i n i t e  element discretizations, the A—matrix is naturally non—
dIaroral . Ta ( T h t a l n  a diagonal matrix multiplying the derivative vector, a process
:~nui~ r’lv loaown as “iunw ’ -“ has often been used . Lumping consists of replacing

the A—r~n t rt x  with a - h a  anal rtat r lx , each element of which is the sum of the
- - i~~i~rts In the corre srondinq row of the A—matrix. For the simplest elements having
Unce’ shape func t ion s , t h i s  procedure alters the approximate solution somewhat

den nat l ower ~~~~~~~ ordr a 1’ the approximation. (The CONGO program, which
:s~s i ln e a n  shape funct Len ac:’ triangular elements, employs lumping so that the

P srthod ~~et inn : ~ ‘ n ’!ously can be used.) However , for higher order
-Iaa - e~ l umr~ n; r~ i u ’ s  the :ider of accuracy and should not be used . See Stran g

- r d Fix [ 3] f’ r a IL ussler of lumping.

- 

~~~~~~~~ ~~~ - 1 ~~ _ _~~i~ ~rn, . ~~~~~ ~~~~~~~~~~~~ —_~~~~~~~~~~~~~~~~
:-- --- -
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if’ it in decided to use a spatial differencing scheme yielding a non—diagonal
A—matrix , then an explicit method will require the same order of magnitude of
computation per stt’n (principally the time consuming factorization of A) as an
implicit method, and so, inrespective of any stability considerations, there is
ec’ advantage in using an explIcit method . In fact, the implicit methods that
i c e  used in this study , Hindmarsh [14], do not require a refactorization of’ the
.4—aatr’Ix at every step, and therefore require even less computation per step
(ce ar -i average) ban explici t methods

T h r I i c i n  Jntegrat ion Method Used in the Study

Th i-r o are a n~r’lcor of inc~1~”i~ integration methods with good absolute stability
:‘orertles ‘~hLh could be selected . The best known of these are the backward

F: ler tic ho~ , the trapezoidal method, and the method of Curt iss and Hirschfelder
r ~ 1. The ackward Euler is a first order method while the other two are second
r’ ier. Inst tad of svlect i :ic: only one such method , a better strate~~ would he tousc a f ao:tl:,: or’ implicit methods, each one being of different order, and using the

roirticular rcen~ber of the family that would allow the largest possible step
curisistcri~ w i t h  the accuracy requirements for the problem being treated.
Fortunateip, subroutine packages which do exactly this are readily available.
The first widely available package of this sort is due to Gear [6 1. (No of
the methods in this package are the backward Euler and that of’ Curtiss and Hirsch—
felder.) Later other packages, all based on the methods of Gear were developed
at the Lawrence Radiation Laboratory by Hindmarsh and his colleagues. The
particular package used in this study is known as GEARIB [14 ]. It is designed to
treat ordinary differential systems for which the A—matrix is non—diagonal, banded,
and possibly even singular. Like all the packages based on that of Gear, GEARIB
automatically varies the integration step size and order so that the integration
can th carried out as efficiently as possible subject to the user supplied accuracy
req:: irercent.

When using implicit methods for ordinary differential systems which are non-
linear (th~ case for practically all of the examples of this report), it is
nei~ ssary to solve a large system (of size N, the number of dependent variables)
of nonl inear algebraic equations at each step. This Is not as bad as it seems,
since a good starting guess for the solution of these nonlinear enuations is
avaIlable from the nrpdi tlo ri (using an explicit predictor) from the preceding
star . Usually, only one or two iterations usIng Newton’s method are required to
hone I: on the solution . The apparent drawback is that for Newton’s method the
P by P Jacobian matrix of the nonlinear algebraic system must be formed and
factored for arih Iteration. However, sInce the dependent variables of the problem
change smoothly (usually) the elements of this Jacobian do not change rapidly and
P Is usual ly unnecessary to form and factor this Jacobian for every Iteration .
In fact GEARIB is set up to re—evaluate and factor the Jacobian only when the
I’ - -rative solution to the nonlinear system Is converging too slowly. Typically,
thin is -oJery 10 integration steps or so. The convergence of this modified Newton’s
r’v’thod (sometime s referred to as a quasi—Newton method) is somewhat slower than
the true Newton method . However, Ihe gn at reduction in Jacobian formations and
factorizations more than compensates for t he  lower convergence rate .

~~~~~~~~~~~~ . 2~~ ‘~‘i- LL.~~ .i ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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III. THE COMOC PROGRAM: BOUNDARY LAYER AND PARABOLIC NAVIER-STOKES PROBLEMS

A. Introduction

In this section , numerical results for a variety of’ nonlinear parabolic
problems solved by:

i) COMOC with the original explicit integration method

ii) CONGO with the new implicit integration method (GEARIB)

a’e compared, especially with regard to efficiency.

H. Blasius Boundary Layer by Finite Differences

Before using GEARIB in conjunction with the finite element spatial
discretization (CONGO) of the Blasius boundary layer equations, it was decided
to test GEARIB with a more conventional finite difference spatial discretizat ion
of these equations. These solutions will be useful for later comparison wIth
the corresponding CONGO results.

The Blasius equations for incompressible boundary layer flow are:

= — 
_~Y (3.la)

ax

2au 3u  du ~~
— = - v + --~~~ 

- (3 . lb)

Here x and y are the streamwise and transverse coordinates, respectively, and u
and v are the corresponding velocity components. dp/d x is the prescribed pressure
gradient. Upon discretizing (3.1) in the transverse direction by finite differences,
the following differential system results:

0 . 5 0 0  00 —: V
1 

—v1/H

0 U
1 
0 0 0 0 —v1u2/2H + (u2 

— 2u 1)~~
2 

— dp/dx

0 .5 0 .5 0 0

0 0 0 u2 0 0 11
2 = 

—v2(u
3 

- u
1)/2H + (u3 

— 2uJ + u
1
)~~ — dp/dx

0 0 0 .5 0 .5 -(v
3 

- v2)A~

0 0 0 0 0 U
3 

-v
3

(u 14 - u2)/2H + (u14 - 2113 
+ u2)~~~ - dp ~1x

— — . (~. 2)

£.

~ 

:±--~
.
~in:~ ~~~~~~~ ~~~ ~~~~~
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Here the dots above the u 1 and v1 on the left denote derivatives with regard to x.H Is the uniform mesh siuc . The mesh starts at the wall with mesh point 0.
However , since u0 and v0 vanish on the wall they do not appear in (3.1). The
even numbered rows correspond to the second order finite difference represertation
of (3 .lb ) written at the mesh paints. The odd numbered rows represent the
continuity equation (3.la) written at the center of each mesh interval to second
order accuracy . The last mesh point , YN , is chosen to lie well into the free
stream where the velocity ir1 is known; for the Blasius problem uM = 1. vN isunknown. Thus, there are (P—l) values of u1 and P values of’ vj io be determined
at each integration step rria~: i : ig  (2 P — 1)  unknowns altogether. Because (3.la) was
written at the center of each mesh interval and (3.lb ) at each interior mesh
rinin t , there are also (2P—l ) equations In system (3.2).

Pete that (3.2) is not in normal form. It cannot even be put in normal form,
the odd columns are zero. This was no impediment to the implicit integration

~ackage , GEARIB. It integrated (3.2) as it stands completely satisfactorily.
~

rta~4 Oilo test runs were made using anywhere from 12 to 50 mesh points over the
y—interval [0,1]. The nuawical solutions wrre compared to the “exact” solution
presented in Schlichting [7], p. 120 ff’. The error behaved as expected with the
different mesh sizes. (Practically all the error was due to the finite difference
hiscretization in th~ y—direction . The error per step criterion, e, for c1EARIB

-~ias chosen to be l0~~ or l0~~, which meant that the integration of system (3.2)
‘zas quite accurate.) Equation (3.2) was generalized to unequal mesh sizes and by
a judicious mesh selection (about three times as fine near y 0 relative to y = 1)
further improvements were obtained for a given number of mesh points. It is
ir.tere~ting that the errors in the v1 were generally an order of magnitude greater
than those for the u1. This condition continued to he true for the finite element
solutions discussed in the next subsection .

For the numerical tests, dp/dx was set to zero in (3.2) consIstent with the
Blasius problem. However, a non—zero pressure gradient would introduce no
additional complication. The integration began at x = 1 and continued to x = 2.
Hp x = 2, the boundary layer had grown enough that further integration would have
meant nonuniform conditions would be obtained near y = 1, inconsistent with the
boundary layer assumptions. Integration beyond x 2 would have required a mesh
extending over a larger range of y.

To obtain initial values for uj, the tabulated “exact” solution of Schllchting
was fitted with a cubic spline, which was then used to obtain Interrolated values
at the points of our finite difference mesh. The same thing was done for the v1.
However, these initial values for the v1 were less satisfactory (from the stand-
point of starting the integration) than those obtained by the following method:
Referring to (5.2), It can be seen that there are two equations for u

~, 
two for

ic- , etc. Having selected the uj, the v1 should be selected so that these pairs of
-uuatAons are consistent. It is a simpTe matter to set up equatitas corresponding
‘ ‘ this requirement. These equations are almost trivially solved icr the V1 in
succession. With the Uj and v1 so chosen, it would he possible to solve for the
PiP~ al ~~, which could be useful for the initial prediction by GEARIB. However ,
far simpli Py the InitIal u~ and v1 were a~ to zero. The integration got started
satisfactcr~1y inspite of the poor predictPn based on these arbitrarily chosen
I’ ~ vat

-

~
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C. Blasius Boundary Layer by Finite Elements

The boundary layer option in the COMOC computer program has been designed
for three—dimensional boundary problems . Transverse planes normal to the direct ion
of’ the main flow are subdivided into triangular elements. The variables of the
problem are expressed in terms of’ the nodal values of these variables assuminr~ a
lInear variation of the particular variable over the triangular element. Thus,
a two—dimensional problem must be solved as a three—dimensional rrohlem if CC’~&\’
is to be used. In doing this the simplest possible finite element ~rid Is used
which is illustrated in Figure 3.1. To preserve the two~~imensionality cf rhe

— 10

5~~~~~~~~~~~ - 6

~~~~~~~~~~~~~~~~ 

-

Figure 3.1 Finite Element Discret inat  ion for No—Dimensional Problems

problem, zero gradient boundary conditions are ‘inir- ‘sad on he z = constant faces
of this grid. The boundary conditions on the y = orist ant faces are the same as
in the finite difference case. Because this finite element grid requIres two
columns of nodes, there will be twice as many problem unkflOWfl S , Ui and v1, as for
finite differences for the same fineness of discretization.

Before discussing numerical results from COr430, one other significant difference
between the finite difference approach shown in equation (5.2) and the finite
element approach of COMOC should be noted. In COMOC, when solving the system of
PDE ’s (3.1), only the discretized forms of’ the x—momentum equation are regarded as
ordinary differential equations to be solved by marching methods. The discretized
forms of the continuity equat ion are considered to be algebraic constraints to

~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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which the marching integration must be subj ected . (No such distinction is made
between momentum and continuity in the finite difference formulation ( 5 . 2 ) . )

The CONGO solution process goes as follows: For given initial conditIons on
u~ and vj, the discretized forms of the x—momentum equation are advanced one
step by the explicit integration method built into COMOC. If this step is deemed
successful by the internal error control mechanism, then v~ is updated based onthe finite difference equation,

v.+i~~~
v. = ~~~~~~~~~~~~~~~ (3 .3)

sh ar e  114 is the y mesh spacing and du
~
/dx is approximated by a finite difference

fo m iila involving the old and new values of ui. Now v0 = 0, so (3 .3 )  can be
~sed tc ob t a in  the v1 in succession. After the v1 are so updated , the next step
is

~Jow this procedure for dealing with the continuity equation has been
successful in many computations using COMOC . Initially our feeling was that this
approach may be suitable when an explicit integration method is being used to
advan ce the a1. However , we were doubtful whether it would he appropriate when
an implicit method , which often takes much larger integration steps , was being
used . Nevertheless , for the first numerical work using COMOC modified to include
GEARIB (instead of the old explicit method), It was decided to continue with this
approach, but expecting to have to switch to a fully implicit treatment of
continuity later.

For the basic Blasius test case, the finite element grid was based on 214
equally spaced intervals in the y—direction (see Figure 3.1). The initial
conditions were chosen as in the finite difference solution . This problem was
first solved with the unmodified COMOC (explicit integration). Although the
problem was solved with an accuracy comparable to that of the finite difference
approach, the CPU time to obtain this solution was rather large. The principal
difficulty was that after the step size had built up to a certain point (after
starting from a very small initial step), the error control mechanism in COMOC
decided, based on the smoothness of the solution trajectories of the Ui, that a
larger step size, h, could be used and still maintain the desired accuracy.
Unfortunately, this error control mechanism has no means of reckoning with the
conditional stability of the explicit method. The result was that after a few
steps with this increased h , some of the rapid transients inherent in the
differential system were spuriously excited because the step size fell outside
t h e  absolute stability limits of the explicit method. The error control mechanism
then interpreted these growina transients as a legitimate part- of the solution
rajectories and cut hack t h e  step sloe in order to stay within the integration
~rror hounds. After a few steps with thi s reduced h, the spurious transients
-;r’al I sarr000. Ar~t L n , t h e  step size would he increased , and the whole cycle

~ repeated. Although a gao l danl of CPU time was w~ st ad w~ t h these
- nr ir leocs •

~~~ 
c i : - barges , the fli t’ time would have been large even if t,he error

_ _ _ _ _  
r-~~ ~
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control mechanism had been able to keep the step size within the absolute
stability limits of’ the explicit integration method . The reason is because this
explicit method, despite its extended range of absolute stability , is still
relatively restricted in its maximum step size.

On the other hand, when GEARIB replaced the explicit method in COMOC, the
step size was limited only by accuracy requirements and not by stability
considerations (since the GEARIB methods are implicit). In integrating from
x = 1 to x = 2, the modified version of’ COMOC ran about five times as fast as the
original version. This is somewhat misleading since the ratio of’ step sizes at
x = 2 was about 140:1 in favor of the GEARIB version. If the integration had
proceeded further, this ratio would have increased.

A variety of’ other discretization mesh sizes and integration accuracy
criteria were tried. In all cases, the implicit method behaved as expected.
However, in a number of these tests, the exnlicit method failed (usually by
attempting step sizes too large for stability) and by the tisce this instability
was detected it was too late to recover.

Despite the large integration step sizes possible with the implicit method,
there was no evidence that the explicit treatment of’ the continuity eauation in
CONGO (discussed following equation (3.3)) resulted in any undesirable effects.
However, there are some modifications of’ this explicit treatment that can result
in modest increases in accuracy. One is that the updated value of ii1 obtained
in the course of an integration step by GEARIB can be used in formula (3.3)
instead of a backward difference approximation to du1/dx. This improves the
accuracy somewhat at no additional expense. The other modification is that vi
can be updated from (3.3) after each prediction and correction by (JEARIB , Instead
of just after a successful step. Again this results in better accuracy but at
the expense of more CPU time (typically 25% more time).

Because the numerical results were satisfactory with this explicit treatment
of the continuity equation, no attempt was made to modify COMOC for a fully
implicit treatment of the governing equations (as was done in the previous section
with the finite difference formulation). However, it would not be surprising
tc find that for more complicated boundary layer problems, e.g., three—dimensional,
compressible, chemically reacting, such a fully implicit treatment would be
desirable or even necessary. As discussed in the preceding subsection, GEARIB
is designed to handle such implicit differential algebraic systems. COMOC could
be modified to provide for fully implicit treatment of continuity, but at the
expense of a significant amount of reprograrnrriing.

Laser Cavity Mixing Demonstration Case

Striations in the laser cavity density field developing downstream of’ a laser
nozzle array, Figure 3.2, have the potential of introducing optical path differences
which will degrade laser beam quality , Gross and Bott [8]. Of’ snecific interest is
1-h region near the nozzle from the nozzle faa to approximately four centimeters
downstream. Here mixing and r’~action is t a i - : in i ~’ place hot w an the cavity fuel

-- 
— — —- 
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(hydrogen) injected through the secondary ( annular) nozzles and the oxidizer
( fluorine) provided in the combustor and injected into the laser cavity by the
primary nozzles . The starting conditions reauired at the nozzle exit/cavity
entrance plane are obtained using the ONCDE code described by Driscoll [9 ].
Table 3.1 gives the velocities , temperatures , pressures , and mass fractions used -

•

in this demonstration case.

The change in optical path length is given by the expression

dA = p (~/p0)ds ( 3 . 1 4 )

where

E Gladstone—Dale constant

p
0 

E the reference density at STP

p E local density

ds = distance through the active media

dX = change in wave length due to variations in local density

Then

rL
= p (~—) ds (3.5)

~ ~o mIx

Table 3.2 gives values of ~/p0 for various gases of interest . The local value of
~/p of a mixture is computed in terms of the local mass fractions Y~ using

(p—) = ~ Y1(-~--) (3 .6)
~o mix i o i

Figure 3.3 shows a schematic of the computational domain analyzed and the
finite element discretization field . The boundary conditions used in the
computation required that mass , momentum, and ener~ ’ diffusion across each
boundary was zero . Seventy finite elements were used with forty—six node points
and solution t ime on the IBM 360/65 computer was 2000 seconds for calculations
over the range 0 < x < 3.08 cm.

Applying equation (3.6) to the computed density field along three distinct paths
produced the optical path differences shown in Figure 3. 14. To be noted is that In all cases

_____  - ~~ ~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Table 3.1 COMOC Starting Conditions

Primary Secondary

Velocity (ft/see) 6380. 10660.

Temperature (°K) 1468. 316.

Static Pressure (torr) 6.58 6.58

0.339 0

~DF 0.518 0

~He 
0.1143 0

0 1.0
2

Note : mass fraction of specie I

________ 
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Table 3.2 Gladstone Dale Constants

Specie

(cm3/gr)

F 0.011425

F2 
0.131409

He 0.21538

HF 0.16370

H2 1.71077

N2 
0.26110

~ 

-~ 
.
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I—, 0.366 cm 
~
..I

0.1585 cm ______

0.366 cm— — — — — — — Secondary — -
~~~~~~~ 
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Figure 3.3 (a) Computational Domain
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Figure 3.3 (b) FinIte Element Discretization
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the maximum optical path difference which can be associated with striations induced
by nonuniform mixing is less than V50. However, the variation in densities
induced by variations in static pressure in both the lateral and longitudinal
liractions have the potential of’ inducing variations in optical oath lengt h in
excess of X/50. Lankf’ord and Rapagnani [10 ] have observed transverse oressure
variations in excess of a factor of two (17 torr to 3)4 torr) which exist downstream
of the laser nozzle plane . Inc1udin~ this transverse pressure gradient influencein the three—dimensional model was beyond the scope of’ the current investigation .

LA -- ~~~~~~~~~~~~~ - -  
- 

- - 
- --



-
• 

- - ~—~~-~• • -  ~~~~~~~~~~~~~~~~~~~ ~~~
- --__________

Bell Aeros pace TEXTRON

P - . C I rnp ii - - One—Dimens ~ onal Unsteady Problems

~~~. 1 nanodo~tion

In this section two simple unsteady problems are discussed in detail and
numerical results are presented. The first , coupled sound-heat flow, is linear
and ~:~r~iboJic . The second , Burgers equation , i~ nonlinear and parabolic, although
ht’ - t~ r - i ’ornia : ’ a- i a~ ~nat~ ’r of the parameters of this partial differential
acoat- l ori , I t  •~an he reJu - -d to the linear di ffusion equation ( parabolic) or a
ran] Inc-ar t ravelin— wave pant ] em (hyperbolic). For some of these cases, there are
exact solutienc with whl h the num erical results can he compared. The spatial

~an~-t a Iir used for these problems is -arE- ful ly  explained as is the
• a-o ~i~ a~ I on of GEARIB t- o solve the resulting ordinary differential systems.

h . C-cuoled Sound and Heat Flow

The first unsteady problem attempted was a linear parabolic problem , that of’
~- u~n~ -al ceurd and heat flow, which is discussed in detail on p. 2614 f.f. of

~~ r -var and Mort on [ii]. Th~rther , there are exact solutions available (depending
-n m u  1 :-i] and boundary conditions), which are convenient for assessing the accuracy

~~ the  r~~~-r -a~ solut ion . After linearization , the governing partial differential
-- -~uat ~onr are :

= o - ~-~- - c ~~~ ( ) 4 .l a)

= (-
~ -

~~~~
- (14. lh)

= a - c(y-l)  (14 . lc )

~4.la) Ia the ener~~ equation , (14.lb) is the continuity equation, and (14.lc) is
the momentum equation. Here the dependent variable u is the velocity and Is
assumed to be small a m ’  sound waves are being considered . e is c/c where c

-~p r r T-acnt a a small perturbation of the internal enerp~’ from an ambient state c0,
and a is a constant a c a l l n r  factor equal l,o the isothermal sound speed of the
amb t’-nt st-ate . w is cV/V0 where V is a small perturbation of the specific volume
fr-am th-~ amta ’r i t value V0. In (~4.1), ‘1-’ is the usual gas constan t and a k/p0c~ , • 

-

c-There k Ia the thermal conductIvity , p0 is the ambient density, and a~, is the
• ;naa l f i s  n’ -at ~t constant volume .

For th e  aa r a r i c a ]  t o at a , the interval of interest was 0 < x < 1, and the
boundary aid  ¶ t Ions were

u(0) = u(l) = 

~L=0 = 

~L=~ 
=
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Par a perfect gas e is directly proportional to the temperature, which means that 
•

rh o conditions on e are equivalent to no heat conduction out of’ the region of
in~ em-e s a .  The spatial discretization used was based on the unI form staggered ~ ‘id
illusrrareci in Figure 14.1

H 4-~ H ~~~~~~~ H fl 
- 

~—i~ H 
x=l

I I — — - ~

e
0 

U
0 

e
1 

U
1 

e
2 

U
2 e

3 
u
3 

e.~~1 UN 1  e
~ UN +1

UN 1

Figure 14.1. Staggered Grid

Pa-c- convenience, we have introduced fictitious quantities e0 and eN÷1, which will

~e el imina t ed shortly by means of boundary conditions. Now discretizing in the
anv :ous way we ot t  a I n  the ordinary diff’erential system:

a (e 2 — 2 e 1 + e 0 )~~
2 - c ( u1 — u 0 )~~l

c(u 1 
— u

0
)/H

c(w
2 

— w1
)/H — c ( ~ — l) ( e2 —

e2 
a(~~. - 2e2 + e1)/H2 — c(u

2 
-

c(u2 
— u

1
)/H

11
2 

a (W
3 

- w2)~~I 
- c(y -l ) (e 3 

- e2)~~1 (14.2)

o(eM 
— 2eN l  + eN ? )

~~~ 
- c(u N l  

- uN 2
)
~~

:-I C (u~~ 1 
-

U
~J l  c(w,1 — wN 1 )/}1 - c (y _ l) ( c - ~1 — eN l )/H

I a (~ “ +1 
— 2e~ + ~N—l 

)
~~~~~~6 

— a ( i a~ — ‘1N—l
c( i~.~ — ),-‘H

- ‘: ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _
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Note that u0 and UN do not appear in the derivative vector since they are required
an he zero by the boundary conditions. By the same token it is understood that
a and uN are replaced by zero on the RNS of (4.2). The boundary conditions on e
a$c- approximated by e0 = e

1 
and eN÷l = eN. Using these to eliminate e0 and eN4l

from the RIdS of (14.2), we have a system of (3N—l) ordinary differential equations.
df course, to complete the problem, we must specify initial conditions for the (3N—l)
dependent variables.

In performing the spatial discretization to obtain this ordinary differential
system, all of the partial differential equations and boundary conditions were
replaced by finite difference approximations of second order accuracy. Consequently,
the difference between the solution to (14.2) and the solution to (14.1) (evaluated
at the mesh points) can be expected to be 0(H2). Now if a nonuniform mesh were
I-sir-ed , it would not be possible to generalize (4.2) to such a mesh and still
coilotain 2nd order accuracy. Alternatively , one might try a conventional nonuniform
uesh for which all the nodal variables with the same subscript (uj, wi, ei ) all
correspond to the same spatial point. By replacing all first and second derivatives
-•-i i t•h respect to x by appropriate difference quotients, a second order approximation
would he obtained. However, in such a scheme, approximations to first derivatives
c-.- :u l .d  involve three consecutive nodal values. This is not objectionable if there
is also second derivative term present in the same equation . However, if there are
no second derivatives present, as in (14 .lb ) and ()4.lc), this procedure is perilous
and will probably result in an ordinary differential system with spurious growing
s-o]utioris . This phenomenon was discussed in the preceding section in connection
wit)- appropriate spatial discretization of the Blasius boundary layer equations.

— Fortunately, there is another finite difference scheme which could be used on (4.1)
and which is quite convenient for nonuniform meshes. It is sometimes referred to
as the “box” method (Keller [12]). This differencing method is illustrated in
Ce - t I o n  RT .~ .l. It has not been used on (14.1) but there would be no difficulty in
doing so.

For the test cases, the constants a, c, and y were set to 1., 1., and 1.14,
YE-srertively . With these values for the constants, an exact solution to (4.1) is:

e(t) cos2irx 39 o8tw( t ) = A
1 .OlOO8cos2-rrx e~~

u(t) — . O626Ssin2irx

cos2rrx 
— . lQ6Qt+ _ .~~r,.~~oa zx (A2cos6.312t + A 3

sin6.312t)e

+ 6.2)4qcos2~x (—A 2s1n6.3a2t + A 3
cos6.3l2t)e

I
~
hQt

—1.OO5sin?iix -

( 14 .3 )
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.. - •
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In (4.3) A1, A2, and A
3 
are arbitrary constants. Another exact solution can be

obtained by reversing the roles of sin2Trx and cos2-rrx and reversing the sigu of the
last element in each of the braces on the RIdS. However , the one displayed in
(14—3) is the one of interest since it satisfies the boundary conditions,

u ( 0 )  = u ( l)  = -
~~~~~

- = -
~~

—
~ 

= 0, which, as noted earlier , are the ones
x=0 x=l

to be incorporated into the finite difference spatial discretization. For the
anst problem, we chose A1 = 1., A2 = A

3 
= 0. With this choice of the A1, (14 . 3)

~-;as then evaluated (with t 0) at the mesh points of the finite difference grid
an get the initial conditions for the ordinary differential system (4.2). GEARIB
-:as then used to integrate (4.2) with the accuracy parameter, c, set to

which is adequately small considering the accuracy of the spatial
C scre~~aat~on. Two different spatial mesh sizes were used, H = 1/30 and H = i,’60 .

Now wit h A2 = A
3 

= 0 in (4.3), the exact solution is a rapidly decaying exponential
~~ i t ime . Thus, after a short time the solution of (14.2) should be very small.
The extent to which it is not is a measure of the error. Comparing this error
‘or’ the two different mesh sizes, it was found that the error for H = 1/60 was
about 1/4 of that for H = 1/30 , exactly what theory would predict. Thirther, the
errors themselves behaved very much like the two terms containing A2 and A-~ on the
r’~ght- of ( 4 .3 ) .  The reason for this is that the initial condition for ~(4.2) which
would excite only a rapidly decaying exponential solution (the finite difference
-ounterpart of the first term on the right of’ (4.3)), is not exactly cos2xx
evaluated at the mesh points. Because this “non—exact” initial condition was used ,
small amounts of the finite difference counterparts of the 2nd and 3rd terms on
the right of’ (14.3) were excited, and these components die out rather slowly.
(tu~~Ibly the initial c ondition ex al t ed small components corresponding to higher
a:-atial harmonics, e.g. , cos)4-rrx , but these were not present in noticeable amounts.)

Because of the smoothness of the solution , GEARIB integrated most of the way
c’~ith a )4th and 5th order method, with the stepsize gradually increasing as the
siac- ’ly decaying component became smaller .

We note that Richtmyer and Morton [11] have developed a comb ined implicit—
explicit method for the numerical solution of (14.1) ((LL la) is treated implicitly
because of the diffusion term). Although mach better than a purely explicit method,
there is still a stability limitation, i.e., ~t must be less than a certain

L 

involved function of t~x, c, and a. At the end (t = 2. 5)  of’ the numerical example
• Isaij ssed above , the ~t being used by OFARIB exceeded the maximum allowed by

Richtmyer and Morton ’s method by a factor of about 14.5. If the integration had
nroceeded further or if a larger value of c had been used , GEARIB would compare
‘ann more favorably . On the other hand , for solutions that decay less rapidly
the advantage of GEARIB would he less clear. For example, the initial condition

e(x )  = cos2Trx , i ( x )  w ( x )  = 0 (4.14)

c - r i - c  drw- o not; appear to  be much different than that of t-he preceding discussion ,
~~ -itrd very ralguificant components of the finite difference counterparts of the

~~~~~~~~~~~~ ~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ ~~~~ • -- -~~~~~~~~
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Id and -dl ~- -rr;s of (14.3). Consequently , the solution decayed slowly. At t = 2. 5 ,
‘r’ - - ~arp l~- , the tnte q’at Ion step size, ~t , was less than 1/10 of that of the

• X aJnpIc i l s -u ssed c-u -lI en , and ~t was well within the Richtmyer—Morton limit .

-Ii td~ ir i cla l tests of GEARIB used in conjunction with the “Box ” saheme
• t a  san 4 ’a l lv  d i scre t i r i r~— ill ’ s , Burgers equation ,

= J-~~~~~~~~~ i- (14 . 5 )
U 

~x
2

;-:as chosen. T ir i a  is a favorite PDE to test numerical schemes with since by
varylas- the r ’e] a t i v -  magnitudes of the constants ~ and y either the diffusiveef f e c t  cm the nonlirr-- ar wave effect can be emphasized . (Setting ~y’ to zero yields4chc or ie— d icr -acs-ional d~ ff usion equation.) Swartz and Wendroff [13] and Sincovec
mcii Madsen [114] have tested their numerical methods on (24.5). The latter reference
- i ta’- contains an exact solution , which was taken from Cole [15]. Cole also
iiscusses different physical interpretations of the dependent variable T of (14.5).
Perhaps, the most relevant interpretation for the present study is that of a
simr’llf’ied model of a traveling structured shock where T is to be regarded as a
“e--~noral ¶ ad velocity.”

‘.1 Apolication of the “Box ” Differencing Scheme to Burger ’s Equation

In this section , we discuss the application of the box differencing scheme
~c Burger’s equation. (The term “bo x ” was used by Isaacson [16] and later Keller
[1 ]. Thei r use of this term is more specific than we are using it. They require
that ho rrar - h ] r g  scheme in time be the trapezoidal rule, whereas we allow it to
t--~ chosen —±atamaticali~ by GEARIB from a class of backward difference formulas.)
-J o alsi  give a detral led discussion of certain precautions required in the selection
ct ~ni’iI -enlitions . Most of these ideas extend to the more complicated PDE’s
to be discussed later in thIs report.

To use the Box scheme , it is necessary to express (24.5) as a system of first
m w-i - (in x) ODE’s. First; Introduce

V 

v ~~~~~
- (14 .6)

Then ( 14.5) - -an le  mo l - i~r e )  by,

• = 
~ 

- ~-t:’ ( 14 . 7 ’~i )

- L•~~~4~ - -~~~ 
- - - -  —-,

~~~
-- ,. 

- - -  
~~~~~~~~~~ 

_~ - ~~~~~~~~~~~~~~ ~~~~ ~~~~~~~~~~~~~~~~~~~~~ —--



____________________ • —--- -

Bell Aerospace TEXTRON
IV— 6

0 = v - (4 .7h)

The boundary condit ions are assumed to be separated but otherwise quite general ,

= 0, ~~(T~,n- ., t) = 0, (~ .8)

c- b- -an un~ are arbitrar y functions continuous in t, and the subsorirt s 1 and
- : n -- f- -i’ ~~~~ rh~ lef t and right boundaries.

l w  ao sume a f ini te diffe rence mesh with nodes at x~ , x•,, . . . ,  x , wIth T.
u - :  ussn -~ ared w i r t  x 1, and H1 E (x 1÷~ 

— x.). Then reeJac~ ng (14.7)Nby fIrit~I the •ab’zious way we get the fo~1owing differential algebraic sgste~ :

0 0 0 0 0 . . . . T~~ g
1(T1,v1,t)

.5 0 .b 0 0 B(v2 
- v1)~ i1 

— y (v 1T1 + v2T2 )/2

0 0 0 0 0 T2 (v1 + v2 )/2 — (T
2 

— T1)~~l1

0 0 .5 0 .5 11
2 ~(v3 

- 

~~~~~ 
— y(v2T2 + v

3
T3)/2

O 0 0 0 0 T
3 

(v
2 

+ v
3
)/2 - (T

3 
- T2)~ i2

m

• .5 0 .5 0 T
N 1  ~

(v
N 

- v
N l

)
~~~~l 

- y(v
N 1TN 1 + vNTN )/2

o 0 0 0 r~ 

~ N—l + v~)/2 — (TN 
— T

N 1
)/HN 1

0 0 0 0 ~~~~, ~~~ 
(TN , V

N 
, t )

(24 .9)

~~ ‘ha ’ t bc- m - i t ; r i x  mu1~ i r J y i n g  the derivative vector is singular , so it is in
0 -: or- l r a t  ~assft1’- to solve for these derivatives. (In fact , the coefficients
;f ‘h ~

‘ . an’ all zero.) floni seqinently, ( 24 . 9 )  could not he solved as it stands
si’ n py~~~~t ¶ - n l  hf f - O 1 - l - i o n  routines.

Per t :z r - t - ; i n roblems , e-~ would be a simple function , e.c~., T1 — f(t), where
f (4 ) ¶ ;- a r - ’-a ’rdb ~ i ) tic c- - t l~n of t ime, often constant. (fimi 1 ariv , for p~~.) In
c c i  h oases~ r’

1 
(T.,) aould b - ~‘l ¶rrc l n a t - -d from (-‘4 .0) entirely , t-hus reducin~ ha-

- A
_
~~~- —~~~~~~~~~ -~~~~~ 

-
~~

-. - -.
~~~~~~~~~~~ --— _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
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o:’den of tho spat-w a ha 2.  For generality, we choose not to do this. In later
sec- t l i n s , ex-cr iniles are given usine complicated nonlinear functions for g1 and

To L a-nN-inte the specification of the problem governed by (14.9) initial
-or idi t  ions mist be ccupp~ l ed. From the physical problem values of T1 at t=0 would
ho known , h -u t - the ini tial vi may not be gIven . Now it may well he that the vj
cr-c never a-ctuall :  of Int-~rest, but are to be regarded only as convenient auxiliary
vac- iaihles. in • do case , the puestion of how to set the Initial vi arises . In

r ’haahcl e , t he- -c could be set an) i tm ’- a r i ly .  This can be seen as follows : In (IEARIB
- c - c  - t , ,r -t ing meth -d Is I he La;-h’s r’U Euler method , I .e. , ( 2 4 . 0 )  1;; written at

+ h) r-erclani -~ T1 by (T1 (t0 + h) - T1(t 0fl /h , and s imilar ly  with ~Jj. (Here
10 is 1he llhalal time arid h is the t ime step.)  ( 14 .9 )  has become a system of 2N

~.- !cntcin ear eacnaticc s for the 2N unloaowns , T1(t 0 + h), v1(t + h), ... , T~~ (t ~~ +
.- . ( -  + h ) .  The soiut ~~-cn of alla system depends on the in~it ial values bf the T1
-; v~n ce ~ f t h e  backward ;c~ t ’t’e— r- •no e formula used to aprroxi:nat e T1 . However, as

a- - r - -ci - c - a l - -a , the do not aat-c-ally appear in (24 .f). fensecueictlv , the solution
1’ ~-ho nac n iIcc- - -On o;:;al~ m does not depend on the initial v~ .

Ta: or--c -t I c- - , however, slnec this nonlinear system is going to be solved by a
a ;Id_ N--c-.-.rton me- t hud , it is desirable to start this iterative process from a “point”

tue f~~sm- zae (T 1, c-~~, . . . , T. - , v,2 ) )  which is not too much different from the
a-c t- b -nc . New sin ’- - th~ T1 -banH continuously in time from their initial values
anal s1noe the initial step sic- - h is small, it is reasonable to use the Initial Tj
fc c- ‘2 a’ - h- - 3 - -ipt iflO noint coordinates . (Actually , even better values of T1 are 

by asir g an exp U - - I t prediction from the In it i a l  Ti, but this requires
a i-a :wiedae- cf  the Ini t ial T1, which may not be available . More on thi s later.)

- -- -- l - - - -t i l-  h ’l: ¶c v1 , observe hat after the first step , the 3rd , 5th,
(N—I)’ a ~- c c -e — cs , cc~ -h are strictly a h-nhrolc- , i-;ill be satisfied exactly (to

t)a - c’or .- t:r’g -n o- - - o n - h  — r l a n  of the quasi—Newton method ) . Since the T1 don ’t
-~- n c ~ -- anry ::;‘;d. anr ha- fh’s~ short step, a reasonable requirement is that the

Id -n ~ -O lot - :  t hese - mI g -bi -aic  equations initially . Since these equations
ar - c - U : . - - --~r- , ~t ma-; be a - ;b ile matter to do this, ¶ .e.,

2 = 2(T 2 — ~1
),”H1 

— V
1

( 24 .10)
V

3 
= 2(T

3 -T2)/H2 — v 2

ft v cr m - ire  n ’--5 a’ih~ -, (14.lt) ncr ” vldes a unique solution for the V1. It’
m l  v~ are assigred , (~c .l0) Is ‘ver~iet~ rrnined and there is no

:-~~~~ I ,~~ t P ,r -  : cr ~~-oo th e- l’~ satisfy a c - -n - ’ ch enair i t h i  ¶ t y condition . This restrict-ion
Nc ~-accil y - ala- l p e b f l r i g  the , t -n al I -i i 5j t inn ~~ of (24 .q) (after multiplying
- -- i o N  - n o d  I c by I cc n - - f . ¶ n • :,

T
1 

— = 

~ 

N .  1 (v. + v 1 )/f (24 .11)

- -~~~~~ -~~ - 
. 

~~~~~~~~ -~~ :rc 
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;u ~l r ~st !~~ : :cl ’O, ’ Sn, St ; w n ’  n - - d I e ’  - n ’ - ,- t o r e-- :)Idre s - h  a - -edition on the T1, whlch
t o  t - -  c- ’ s - n - h c •e t l ’ n n - l l y .  i l - w v - -a , I t  is nn n- - - c c m - n c : i l l E - to choose an

inicalkn oocn ’l i~- to - T c-cl - i .  N n~~r - n a i o t ’ - n t 01 n ioc -mrl ; so) c-fl~ I the prescribed
values of V1 and a- -N-cl i a n - - :l a t - ~i T’~)a at arid xc ) .  Pooh sin inconsiat - - n c
T n m-uti le Is ‘OIc t -.d-o f.  t -~ 0 : n - k n c  n~ - i - l u - a - toy - e n d i c  I a aiscont i nu m co il - at. t~(tn-~

;; b unciar-- ,’ - - - lIt n - c - c c s l  ;;t ~- r t  with I-ho I n I t i a l  T n - t i l e  t o  those actually
c- ec:i-ibed). P r  such pmu -~ h ats , T1 and h - c - < ; i n o - k r c  laro - changes during tOw -

t N -st  st - -r , so ‘chc (-4 .11) .- 1 -  - ;  ~c la t h -  ìi~ i-n ‘ b -  f i n -st stor . In this
sh iation , it is not c — - n -  n o  i~h ia- I n I t i a l  a~ oh -cul l ta - set . ,  t i n t it may rot mat t er
- c s ln - -~ T1 -md h ( - c : - i  c- - i l l in’ c’-~her T1 )e icmim -~- so v! lerf’ 1,’ . We ex ’l ;i e  such

in a - c c i - a l  n r’oL-le~n
’m i n- ~~

-
- r o n - t i c -n - :n sicjer’aI Inn .

It t - o ah T~ and Ta an - - - pans -oil -d boundary - c onch I I n o  th-  -n th e-nc -i is on- he-anne-c
f c r -c - -dar n inc tic ’— scout I - c r :  t o -  the loO t  Ici l v1 from (14.10). To set t h i s  degree of

-;e re c1 -r-  i c i -k t o  syst em ( 14 .9 ) .  f l u - c e -  Ti and 0 - 0n  c-r c a adhed , T1 and rj -~

a i i  ‘ i ‘a time) hit) T1 L me can i~ at tam ed dire t lv
I’ the 2nd c cut ion of (t  . 2) terms of elem~nt a of I ho RHS (which depend on
‘ho- : IOC •Je -ni -e~c of’ freedom I c c  the solution for the in i t ia l  

~~~~~~ 
Likewise , T3 can

tc ~ - :-tc-knimceci tram the 4th eauatton in terms of T2 and ‘he RI-hG . This process can he
--o n t l a s - - ;-- t t o  the (IJ— ~)rd equation , which yields an expression for ~~ But T~ is

a l t - - t i d y  known . Thus , the remaining degree a~’ freedom in the soLO ¶ ic r c for the
s -h-use-ac t~ make t ;hecw - wi: expressions for ‘I’ tonal ala - tin. . ‘-That if this k-gi’ee cf 

dam is  chosen difI’er- -cnt Ut For- the momen~ , assume t hat I he Ui I ul integration
at - -u , N, Is snacmll enough so that the T1(t <1 + h and V 1 (t0 + h) are not too much

‘hi -a nt. than N-c l r- ~n it la l values. Rerlacircan tine Inca- t-si’ln’atlves by ha-o -a-aii-d
li ft -a c-- a we cm apn r ’n x m m <t e ly  solve for T2(t0 + h) ~~om the 2nd equation,

q’-~ ( , + 
~~~ 

fr- anti i - h c  N , etc. F ¶ cal 1’; , the  ( N—3 ) n - I  a-aunt ion c-- I ves an --x r -n-e-s sl -on
2 - -- T’~(t 0 + h), - -cNN-h is already known from tb-c boundary c-cond It I on . If the ini t ia l
n cr - fl’ l caf s ft-n the- vI were chosen as discussed above, then these two expressions
t o - Il (n~ + N)  cd li i -  nearl y consistent. These two e n u a t i a r c a  (and in fact the

- -:h-nkn s’,’stem of all coual 1-Irs ’) can be made consistent by a slight readjustment of
the -r~ ( — -Thi N In done automatically oy the Newton lte n ’ecl- -n s ) .  However , if the
hilt. I’:l V

1 
c-mean i~-j t  - ‘h ats --n as heacrihed above , t;hen I ic e  v1(t 0 + h) will underanc a

c i  • - cc  c -c -c u~-;stment in cr -her- that a solution to the spa’ en - -f ?N tecuations he
n -a ss I n l e .

In c - - - ‘ed log n- n ra na - c n } c s , we have II scncssed the ci c c  I c cif Initial cond + I ens
--the n the lw cnidary cecil t. Ion f\ in -1.1 arc g1 of (14 . a) I nc v- :l Va-u only T1 or v1 ( and

Intl larty -cl th an,). Tine cr0 colon used c-c-cs t ic-a t 1 Ii ’ - I nil I Intl - c-nh I t  i ons s i a c i n l a l  t o
1 r 5 ~ 0 I  so that ;  n ofr i e  of lin t- T1 or v~ chcu ng<-- Joust I -al l~-’ hcnu ’ln ;c the fIrst step , s ince
his • f -  cn aaJ Ice -  I N-  - c cr cv ’-rgence of iJewl on ’s method for T1 (t 0 + h)  and v1 (t0 + h i

ca r  -c an- <‘anal ¶ . t  n j  N undary - i n -ch i t  I on tun at ions, an1 and guT , such a co~~atih11ity
- c : , 1 - ecia is l ik e l . to become m ore involved . F\~rther , more complIcated systeris of

- irticni dl ft- - n n O  ccl e n i c c i f l o n s , which are examined later in this report., co~~ound
a ‘h asca lv ; ;r - :-’ . it  would lv- n i t -  If a f o c ’ l n r ; c c t  automatic method of startinan the
I t  coral h- n : wi--n-a- available. F{owever, t h i s  i s  probably asking too much. For example ,
- er ic I a-a- he extreme in ci se c-mN - c t - - the m a t  a-n c to i tt - - solved was purely al ebn ’ai - ‘ , I . e .

- N - -  it c r 0 ’ ’ t : t  m i -  matrix -n n al o gnuna  t o  t hat. -at ( 14 .0)  - - c nu t c t i nc ed  only ceraes. In oncI~-n ’
• l c , t . I t s  Lc~ Ion n e i l )  - - s ‘hang’- in t I n t o ( l i k e  t hose of a cli tI’ t - n ent I n ]  system)
- i t - r e - c-mu I i  t , n v -  o N - t n t  1 ~t 5 t onc e 1 ¶ i ~~- - 

~- - 2 - -nil - n i t  f cn n cc t Ion or coeffi c -lent- embedded
Inn t N -  ci l < ’ -l - r ’-ul- cV St I - ncl .  Ou ch i- rat - I - -nat a n -  n - - - - n ( i l y  1 rented using GEARIB. ) If

____ ____ 
-
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I n I t i al - - ord ltions sat isfying the algebraic equations at to were unknown , they
c-tntild have to be ci t cilned by an iterative scheme, €1 . a ’ . ,  Newton ’s method (assuming
tic ~ t t i n e  :clgebral~c systenti is nonlinear). Since there is no known foolproof method
f- c - so lcln cc’  a nonl lrceac- system starting from an arbitrary Init ial guess , it is not

so Itc le ice cache the starting process automatic for arbitrary differential—
- iio i -t -t ’- n I -  systems. About the best that can be done is to choose the initial
- ‘ c~~:’ Io ns as n -eoscor cahly as possible (in lieu of a complete analysis of a type

I- c c n - ~ i c ~~j - -a n’ b~~cr- I n  thIs se1-tl c-rc ’) and to use a goo- i iterative method. In the
- - c - -  of () + . C~ ) i c l . c  - i o l -nt I- - :

I )  i ccat - th e- v to s a t I s f y  (‘ .10).

Il) It tic --n - c Is stIll a degree of freedom left in this solution , fix it
i n ,  5 0Tt:” O i s- t t t ] e  manner , e . g . ,  by comput in c a ’ a 3—point forward

-I’ f- -n- -tn - - a n-c c x lcmj tion to ~T/Bx x~ x and setting v1 to th is value ,

c- ;i N t h  is t t~ - n d t i ’  i onal conditIon needed to make the initial v1 unique .

I I I )  Nsa- nc s c - i  -t  ~h-c-~~- c n -c met-hod (instead of the less reliable , but more
- - f f1~; h-nit c caal—Newton method employed in GEARIB) for the first step .

)t LO t N -  - hi-11R1N I t O  t- a’r-at Ion is underway , the first phase of advancing the
sclu t l  a . toast n b c  aunor nc t tIm e t~ to (t~ + h) is to use an explicit predictIon
( n - c  a - -h on the  i- -r in ’at l n’es at t nt ) to approxImate the dependent variables at (tn + h),
c-:h ialc I S  in- -n o usa-h us cc starting point for the quasi—Newton iterat ion for the
c - - l c t t o n  ~ ~~ 

+ h). This approach almost always reduces the number of quasi—
N-~~1- orc N - -rut -rca - for convergence. The same thing could be done for the first
S- Ie ~~, c r- c ; I i I c i g  ‘h~cn- initial derivatives can be computed . If the derivative matrix
a ti-w- I- -tn ~-t’ 

( 14 . 9 )  were non—singu lar , then GEARIB contains an option for solving
I r h-’- c c --- I n i t i a l  derivat I ves. Unfortunately, as noted earlier , this matrix is
- c l ’ - --crl p ;In i ou ’wcr - . However , if the algebraic equations are differentiated and
- c  v - - I  ‘a ‘N - -  kilN of (14 .9), the matrix may or may not be singular. If T1 and vN
c °-r v1 -crc I h) ~~~~ or -esc-r lbed , then the modified matrix is non—singular and the
‘ t I c  i-c l -h c c -ivlln - -:-s -can ite- ob tained by GEARIB. However, If T1 and T0 or v1 and

:cr’- - n~- t ’ -c0i - -ci , tici s c— i n t r l x  Is singular. There is a solution for the initial
i- - n I ’i a t lv ~-s cr i l y  ~f tb - - i n i t i a l  Tj and v1 are compatible, as discussed earlier
~n h15 a- - - - 0  a- .. If the’; cu 1- compatible , it is necessary that the user supply a

tn  - I - n O  a c - ~~ine c-Oh ch c- i r c {u n t es these initial derivatives . In most of the cases
m i ni , It  -ma t u n c ~e soary to do this. The initial derivatives were arbitrarily set

cacc till\- t o 5- - c - c d  Inc the user supplied subroutine, and if the initial step was
relatIvely ant-il , hce ~caaI ~~OJ e-wt on method would usually converge inspite of the bad

-a--h I -~~ I - t (tate-h c-in h-~ art itrarily chosen Initial derivatives). Unfortunately,
In than - - - -a t - - a  c-chi c- - I t  l i t  d i f f i cu l t  to solve for the initial derivat ives (because
-f a sln g ila r’ Th- n irn < ¶ y n  mat a i x  — even after differentiation of the algebraic

~- 1 nnc -n i I r m a ) , lie h-wl -tn :t;n ~~a I x  becomes singular as h-+0. For these cases, there must
I -- n arc - - -acar C c - O h S  - c - r n ~tct In  .1 < lal h. It must, i~ small enough so that a bad

n - -i l l -I I~~n c  (btn ~ e- l on l n i - - orneu t in I t ial derivat i ves) wi l l  rc i t j eopa~~ize convergence
- ~f tN- ik-vOm i (or rn i c -;h_ I -c-ri o -n c) I t i - c ’ a t c i  on. fin t i c - other hand , If the initial h is
t O O smal I , I he ft - - < n-I c a t  i - a  f t he Newton matrix will be Inaccurate and the Newton
It a-rat I n n t nc -ny fall a c-cr ivt -rge- t ’icr that re-ason . Generally , the selection of a

- - - -_~-~~c ~~~ ~~~~~~~~~~~~~~~~~ 
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i--c - i n u l t i a l  h was not a problem, but it could have been if the computations
had h e - - n .  f - -rforrned in n i n i g l e  precision .

In c the r ir -ece l i n na ’  n an-tic - nc - nrn h , c-re cIted an advantage of basIng the integration
-c-nc a m - - ~~~ differeuctial system (obtained by d i f fe ren t ia tlnng  all algebraic

- n u c a ’ i c - n c a ) instead of u sin o the original differential—algebraic system (14 .Q ) .
- u i c z a i v - n n c t t g e rn ianht  seem to be the extra work required of the user to put the

o:;.’ce!- Inn t an modified font (icy analytically differentiat ing the algebraic equa t ions) .
N i  a n t - N ,’ or nitt y not be cr-ui- r - t - -n d ir to  on th0 fol lac ing considerations : To u c i n c

N- -c-a an ’s cc- -cited lot -c-cnn Iun ation c-N t h GEARIB , It is mcecessary to form the Jacobian
to  a ix ac-rr-~-sp oncdi rc g;  to the n i g h t .  hand side vect or of (14 .9 ) .  GEA.RIB provides two
a t i  ftc -n - I -  - lu g  this. In the f i r s t  option the user obtains analytical formulas
-N c - n b - -c -:- J -an ae -nc t s of Jacobian and codes these formulas I rit cc- a user supplied

-
- - :  c~~-~ I n c .  In the second option , GEARIB computes these e] -n ce -n cts  c i s i n n o  numerical

ft - - n - c - n cr - inca techniques . The second option is nc -cr- :- a ia- c - - n i l - c -n ct for the user- , hut
c - -- c a l  n - -~s somewhat n c -tn - c - -  CPU time , and a cncc- t inse t the ‘ - n - n -on ’ Introduced by

b c -  :cc. c i  — ci hi ffei~ - l r u t -c  affects the into u ci Ic - c c adver’se]y in that converoence
n h-c- ~h-c-tt a-n i t er n t i o n  i.c slower , which results in a fart h ex - Increase of OPt ’

t i n c - c - . Nti s is oseeccially true if high accuracy is demanded of the integration.
[F the analpu l -al Jacobian option Is to be used , then diffc-r ’c--nti at lng the algebraic

- - - c - c n n  i -c-na ha - i tt  not increase the analytical work on the part c - f  the user , since the
- c 1 - -ki’a ’- - -uuat ions disappear from the FlIt thus reduc ln u an  the complexity of the
fc- mcncch - na fan -  the Jacobian of the RI-IS, but this reductio n i c c  - -cca ’k Is compensated for

n ina - I r n a r - --aoca -d complexity of the matrix mult i p l y l n c a n  tb- - I -  -c ’Ivative vector on the
If Nba  - n c r c v - r l  cal Jacobian opt ic-n Is cisc-I , I h~’n-c i i ffcr -oN I at l u n g  the algebraic

- - c - - - t  -ins -:I- es r e- au d It In extra ci a] yt i c - a l  c-anN : lot’ the i t t I .

Then’-~ is n i u n i I ca-n’ advantage in usIng the nil ftt’n’- - tu t  I n c I— -ni l o~-bru It- form. By
i i  ~f - - r - e r c t  i - c- ’ ira-- algebraic equations, lncf —cncaO Ion Is lost inc a sense. This effect

c-ant a c t u a l l y  seen In n - an e r i c na l  exr -eriments In c’chI n~ n t~~1 -  same cc-rol: h-m was solved
a-Si i -n c N the II  fNe -t a - t n i  Nil—algebraic and N- - pure ly  d i f F e r - a t  ial systems . The
f n - ca-c -  -N c naa t  always gave somewhat more a ’ c c c c - - e aiim-:- -n ’s .

- ‘ .2 Pcsc it s of Num -rlcal Ti--st.s c- - i  h f txag i - r ’ s Ej uat lor n

f- or- s h n n l i - I  I ’ ,’ , the f irst  nn u m c w - n ’I - cal  I - -cc t s of the N- -x c ’uet Ii- --I were carried out
an I f - ’ -  d i n ’f: i a i - n  -~-cun c t  ion  (ob < a i n c e l from (/4.5) iv n-Nt lug -y I - c -  n ’ - r ’c) .  F or these
- -ott -:- j n- b all 1: eat s  w I t h  ~I c - -  fu l l  Huc r ger - ’ s - - t i n t  i -an t i , t i n - - x ki t - -oval was [0 ,1]
- - N i  -in c- ;cc :t subdivided Inn 110 e - i i c n l l y  sn-n -i ced inte~~ als. Reca l l  t hat the discretized
c a - ’ a n ’ s -i - ij n n t l j c  (14.9) was c-tiN Y c - -n c f a r  n onun lf  nit meshes , and such meshes could

r i/c- been t a - I  in anna’ teats w i t h  vcr ’y l i t - I l tn si  - - f t  tie - , had it been warranted.

Tn ~ -c f i t - t I  to-st c-c l th the d i f fus ion  < - - c an t  I arc , tIne N -candara- al  tions were
= 0 ;It . loath ends , on , - n c i v c I - n O . 1  , v1 = v,1 = 0. The m i t  in ]  condition for

- IcE- T~ c-n c; - aken faa-rn cosii x - r O l u n t i t i th ci t ~~N - nn cosh t a i n t  s. The in i t ia l  vi were then
x c t i from () 4 . 1Q)  st ar-t ~i n i c r  with v1 = Ii~ v~1 was not. computed using ( 14 .10) ,  which

c - i t t  ly tc-t u ni - i hair- laNded a sri-ill n oun — n - n - c -  value for v~ . Instead , the ini t ial
-‘~~- c-ru; ;~~ ~ - 0 , I t s  rr ecccr lh ed boundary value. This ccl I nch’ inconsistency did net

- n u n s -  - cry a ’ c r r t  I r a ’  rum ’ohi c - -mn - -inch the I n u t  i-~~ - c t  I c-n proceeded as expected , us ing ~rd
s r i  1 N n -  i t - a  nn ur - ’ h vyi s most . of the way n n n i - i 1 - j- Inn - ~-ra l nco n -’ - - - c m ’nct wit- h the  i - x n - t

no t n , wh l - N I t ; :

-~~~~~ r~
T i

~ 
‘

~ 

-
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2tT(x,t) = e~~~ cos~x, (14.12)

ad v(x ,t) being the x—derivative of T(x,t). (~ = 1 for all tests with the
b i n f u s l a n  equation.)

For nine second set of t o-ott with the diffusion equation , the boundary
-onditlons were T1 = 1, T~5s = 0. The inItIal condition for the T1 was taken front

1, x < --

‘1 ( x )  = .5[l + cos en i ( x—c) / L ) ] ,  c < x < (1—c) (14 .13 ’n

0, x > (1-c )

The constant c must satisfy 0 < c < 1/2 and L l—2c . An exact solution to the
- c-n irnuous problem can be obtained by Fourier series methods:

/4 2 2
T(x,t) = ( l—x ) + 

~ ans I n t ( 2
~

nx)e ~ n t (II .1/4a)
n 1

- -N na-re

a = (14.11th )

~n(14n
2L2—1 )

iN’ L = l / t r n  for-’ some n, (14.i1m ) is an Indeterminate form and must be evaluated
I f  f r - - ~cO !y. In our examples we avoid this case. For the first example , c=0.

tN-c’: sInce -y=b , ( 1 4 . 9 )  Is linear, which in turn means that the algebraic system
n - - - c s n l t : i tcg From (14 .9) (after replacing the time derivatives by backward difference
c- c t I ’ c X l S l a t I ancs , Is also linear. Thus, Newton ’s method will converge in only one
i erati-c-n on the first step regardless of the initial choice of v1 and the initial
n-nc- c- -ce-s n-f •

~
‘
~~ 

and T1 used for the prediction. (This is not necessarily true on
a cin se- -na-enit steps since the integration step size, h, upon which the Newton matrix

n -ends , - -am be changed by GEARIB without a corresponding change in the Newton
c - : n t  r - !  x and - s factors , 1 . e., the quasi—Newton method.)

The c - n i rnc i n - a l  d i f f l cu lt - y with this isrobl - -m in ; that. v undergoes very rapid
- f i n n n - : ;  n -  a n t i c ] !  values of 1, near x=c and x= l— c . This u - a r t  i n  seen by differentiating
‘ -~. l - i t n ) wI t h respect to x and t , L e . ,

2 2
- - 

-
- - —/4ii nc N.

= — a (2irn )3cos(2irnx)e (14 .15)
- -  - - n=l

__________ - 
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ilow rcbstitute t=0, x c , and ( 14. l 14b)  for an:

-
‘ - ~~ —cos 2 (2 xnc ) (2x n ) 3 

-~~r J ( c - ,Oi  — L — —— —— —— ~y--~ ---—-— — —- ~ (~~.l n-
n 1  rr n( 14nn L — I )

-N t in -os not converge, I.e., ~(c ,0) is sin~~lar in the continuous problem, and
c-xe - ‘ac c -c -xpe cf  very rapid changes in the corresponding value of v1 in the
h l s c r - ~tIsed problem . low oar -I- -i changes in the v1 are not in and of themselves 

fa-1 since v1 does riot appear in the differential—aige h ra i un  system (~~. Q ) .
~ - - : - , because c-f tNe desigr of GEARIB (which has no provision for deteon tinno

he -d o-aue e  of the der ivative of a particular dependent van -m t-b ) such n-ar-Id
- h ccc-r cr~-s In  th e 74 can exert a strong Influence on the ro an i-a-so of the I n c t epnrat iorn .

I t  -an t n  seen as follows :

- ;nc n e - the l N-wt on iteration converges (in the course n-f advancing the solution
o the nc ext t i n u ~-c p o I n t ) ,  -IFAFIB estimates the error coninitted for each dependent

n—uc-~-ct-1e tnt- i nca the step . This error is due to the replacement of the time
-J-~r -iyct i a--c-s ic t ine  original system by backward difference formulas . For example ,

he- cn- - t }c -:~d used for the F lost two steps (and possibly more) is the backward Euler.
Ac - ar - -i ln a n -c theory , the error coranitted during one step in T1, say, using the

I-n~- N--nnn Euler Is -D(h~T1
) .  

~~ 
is estimated by GEARIB as [~ 1(t0 

+ h) —

.-i nc--n ’e ~~~(t c- + Ic) = TI ( N 0 + h) - Tj(t0)]
~~ , i.e. , just the backward difference

- r n r n ’ n x i ~cc I - . - n u t h” h ncttc~card Euler method . (T 1 (t a- ) is just the value of the
‘ c itial -ie~ N-’nc - lye s u g r  l ied  by the user or computed automatically by GEARIB if the
a- c - ’~-c-’-O lye n-co rix is n -cn— sir ct -calar.) Sinc e GEARIB Is “unaware” of the missing ‘ir

~~,tru e same er-n- -or at l ao- ; cr1 11 he co~~ uted For each of the 
~~ 

A lttI-i rE change in
( fr- -mc i V 1 ( t 0 ) ‘c i -  v~~ t a- + h ) )  for one or more values of 1 may result- in an error

I :::o - -  by lLARI~ -- ihi -ch violates the user supplied accuracy requirement .
t c - n : c c - - - - c ~~--n o ly, the step size , h, will be reduced and the step retried until the

- n c  - a n t i - ; cri l a-nc is satisfied . To avert this spurious reduction in N resulting
- n -  - - - - I - :nrngea in some of the vi, GEARIB was modified so that v1 would not be

mac - -I c - h-- i in the error test .

f - ro n -  ‘ i:a- preceding discussion , it is seen that even when the vj error test
I.; sic n:n’---asec i there may stIll be trouble with the error test on the first step
P t  Inc - mrr~~~ -cal nes of T1(t 0 ) are supplied . (Be cause of the linearity of the
orob] -’nn -a-r r - ’u t l y  under discussion , the prediction has no bearing on the

a--f ie-~~ oru ‘ s method and these Initial derivatives are irrelevant from
- l i s  an n n c - c r - : u i n o . )  Unless the values of Tj (t 0 ) are correct (see discussion in the
f - : I J - u~~l n t ~ a ara gc’ap-lc ) then GEARIB should be modified so that the error test on the
N’~ I s s c c r - r - r - - s - m - d  for t-tn a - first step. In this situation, it is up to the user to

icoose a conservatively small InitIal h so as not to incur an excessive error on
t~c - -  f l r nc t rita-p .

F ri our- numerical nx~ue r-i cnt--r ct s , two different start ing techniques were used .
c- ar t hc-- first arbitrary ¶ t c i I 1 ~~l values for ‘

~~~ 
and T1 were suppl ied  and the error

r~ - : c I . was - - r c a - i  e f e ly  a n i j i r  recast-h for I he ii rat :;t s - -p .  For mix - second , I hn’ I n i l  I ci]-
w’~r -  cofl i~~i 2 - -d h - -h on i ‘~ -n n ; cp’i t ib] i ” c~ -l e d  I on of I i ts - i i i  I I n i l  V 1 ( n i n c  d i : ;  1 i : c : c i

•

~ 

- - .- .c~-~~~~~~~
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in the preceding subsection). The initial step was taken suppressing the error
test on the vi. The first approach Is certainly the simpler , but the second is
more reliable . After the first step , the error test was In effect for Tj  hut not
vi (regardless of the starting method). As It turned out , In these particular
examples the results were quite similar. As noted earlier vj(c,t) is singular
in the continuous solution. This singularity is also felt by the T1 (but less
st;rongly) , and despite the suppression of the error test on v1, the relatively
large values of T1 restricted the build up of step size during the early stca c-es
~cf the integration. Beyond this the Integrat ion behaved as expected .

Another case was run with c = .1!. The results were not essentially dIfferent
although the integration took somewhat longer due to the steeper initial spatial
derivat i ves (due to this choice of c). In all cases, the numerical solution agreed
satisfactorily with the exact solution (computed from the Fourier series).

Several different examples were tried with the full Burger ’s equation , (/4.5)
= y # 0. For all these tests ‘

~
‘ = 1., and ~ was varied from l0~~ to 1.

‘I1~e- boundary conditIons c--crc T1 = 1, TN = 0. Expression (14.13) with c = . 14 or
175 was used for the initial Ti, and the inItial vi were computed from ( 14 .10)

using a compatible value for v1 ( as discussed In the preceding section). Although
the “--corn-eat ” initial values for T1 could have been computed (since the initial

were compatible) this was not done. Note that in the nonlInear problem it
could be important to have good initial derivatives since the Newton process will
not necessarily converge in one Iteration as in the purely dIFfi~sive case.
However, it Is probably even more important to have the initial vi consistent
with the inItial Ti (which was done) which should help the Newton process converge.

In the -  num erIcal tests , it t:urned out that the ~ = = 1 case was nearly the
same as the purely diffusive problem ~ = 1., y = 0. Although the v1 changed very
rapidly for small t, there was no problem with the convergence of the Newton process.
For - smaller values of ~ (maintaining ~ = 1.), the diffusive~ effect was weak and vi
did not undergo rapid initial chang~s. Plotted in Figure ~4—2 are T—profiles for
various values of t for the ~ = l0~~, y = 1. case.

There c- re several things to be noted from Figure ~4—2 . Because the diffusive
- - f fect s  are so weak, the initial profile begins steepening almost immediately and
af t er -a short time assumes Its “asymptotic” shape and from then on travels
rraet :lcally undIstorted at a constant velocity. (Because of the finiteness of the
rIa’ht hand boundary this cannot, of course, go on indefinitely.) Another feature
t.o iia- I i ce  i s  the appearance of spurious oscillations in the trough of the wave.
illncll ar phenomena have been encountered by other workers. For example, Ia. he
-calculatIons of Schwartz and Wendroff [131, using a different spatial discrenci ::a~~ on- .
sourious oscillations appeared at the crest of the wave. They point out that f~’oirn
~~~ ret ical considerations the asymptotic wavelength is o(10~) and if the spatial-c N n ( h i ~~t -  .025) is greater than this wavelength one should not be surprised at
it c i i  osc I l l  -0 i a - ins .  When computations were made with larger values of ~~, these
a - s m  h i n t  Ions became smaller and disappeared altogether . One run was made with a

;t i -e T -r- I n I t i a l  profile (c = .1475 in the definitiorn of the initial T1 in (14.l~)).Ft - ; n l c s n  of the increased steepness of the inItial profile , the integration proceeded
- c rn in wha l more slowly t han for the init ial profile Illustrated In Figure 14—2. Also,

~~~~~ ~~~~~~~~~~~~~~~~ _ _ _ _ _ _ _ _ _ _  -  
-
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the spurious oscillations appeared sooner. However, the asymptotic behavior -- f
~he solution seems to depend very little on the Initial profile.

Although there are some exa ct solutions available for special initial
conditions (see SIncovec an~i Madsen [114] or Cole [15]), there does not appear
to be cain ;-; corresponding to the initial conditions (L i . 13) used in this study.
-2ualitativeb- ,’ , ac n e result s are i.n agreemernt with those of Schwartz and Wendrc- f F
[1] ]  anal - - c~ 11 , cove-c arch F Iads,:~n c [i t ].
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‘-1 . ONE T~~-Th7]SIONAL UNSTEADY GAS FLOW

A. 11 iteoduct ion

In this section the n i n q i l i s a t  Ia-n of the GEARIB integrat ion method In con~unctIoi x
- - r i th the box method of s~- n c t l n c b  discretization to a variety of one—d imensional
cccttea -±- ; c-as flow a-n-a-H i -cot is discussed . Many of the numerical difficulties
“ncountered In the sol it i an of these problems are also expected to he oresent I n u
c - ea l i s t i : - unsteady laser than -a . Thus , the present work is a necessary fir-ac an
I t .  he development u f  a - - n - t r ’ - -h- - - r s ] v e  unsteady laser simulatIon nrogrct ’cc .

B. Governing Equations

In this subsection c- -c list the governIng partial differential equations for
c -c n~- — -iir n en sio nnn l unsteady gas flow . These equations contain provisions for a variety

- u t  b l f f e re rca  gas fin-c r phenom ena, e.g., heat and mass Injection , wall friction,
i c - a s i c a t  i n- c c , etc.  All problems subsequently examined in this section are governed

by -cc - - n o r - a - m ite spec ializations of these partial differential equations. These
PDE ’ s are also consistent (hut with somewhat different notation) with the PDE’s
-c - tVeFf lh i i uT the - quasi one—dimensional steady laser flows used in the BLAZE—fl program
—: c ; e n -ctn -~ -c , Sc-cbt-iah , and Zelazny [17]). The equations listed ice-re are more genceral
Inn the sense that they contain time dependent terms plus certain cc~f xe-n’s , e.c-.,

L - s l r u a t i : - n , heat conduction, etc., but are less general in that they do not
n r a - a - l i e  for chemical reactions and radiation , which are essential to laser simula—
- - c s .  The c-overn i rnc- equations are listed below in the order ; continuity , momentum ,

- ~; , ~ :1 c-cat law ; with all un1mo~~ time derivatives appearing on the left .

1 0  0 O I P
c i  o — u ~~~ 

~ (H~1—H ) M - - ~
2T0 0  (-i/pc ) 1 ~~ 

= 
~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

.~~~~ 

(
0 0  0 0 T) ~~~p - p~~~~~ (5 .1)

TI-ne a - c c I- n - . mplnyed in (
~ .1) is defined :

x ci x - - 1 - - -- H i rca l- -

:~ cia’; - - s - - - - u u n~~i m c c ~I a- (varies fronn y
1 

to v1 )

- —-- - —~~ ~~~~~~~~~~~~~~~~~~ - .~~~ — ---~~ 
- 

- k
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p density

u axial velocity

nc pc-essure

- -luc t cr-ass—se --tI -c -il area which is assumed to be a prescribed function of x
and t. (A could even depend on p, u , p, and/or T but then the form of (5.1)
won-Id a-h-an-cc-c according to the particular form of this relation . We do not

- -or. alder -  t h is here although there would he no difficulty in doing so.)

14 rate ~oer unit axial length per cn~ t t ime ) (nu t mass inj ection through the
In n at. c-rn-i 1

x— - ccrn :n— u cna - cc t of velocity of injected mass

vM ;;— c- ornpanerc t of velocity of Injected mass

F body force (conservative )

fn -I -~~ion f-or-ace (per m i t  axial length) at a non—slip wall. If FN is included
- c-he last c-era, of the momentum equation (involving p ~u/~y) should be omitted.

Th in— l a t t er  t erm is used for problems with partial slip boundaries for which
th~ fn ’ ic- c -Ia -n force performs work. We do not consider partial slip boundaries
in. c-his ac-cc -art , h-at hr-y ar- important in the quasi—one—dimensional analysis
n — f ~~~~~ BLAZE— Il c r-nc-ears [17].

p - -n -ai’t’icient of viscosIty. Note the factor (14/3) multiplying p when applied to
tnht— x— Ier-lvatives of ii. For a careful discussion of this point see von Mises

4 ] ,  c - .

~r - - n - i fl-c heat at constant pressure

H c-a-c-al enthalpy of fluid (E cT + u2/2)

H~, total enthalpy of injected mass (~ c~ T~ + u~/2 + vZ/2)

rate (per unit axial length per unit -  time) of heat addition through the duct
wall

0 a-a-ef fI c ient  of therma l conductivity

c-an- a - - inst anct,

- ~~~~~~ -~~~~~~~ 

- 
- 
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For- the numerical results presented later in this ca- - - ; t n i r n , tb -- fol l n- - r i n ua -
i lines we-re c-isa --i :

-
~~ 

= 1000. Jci cJe/ -.t luc tr’am degree)

F = 11.7 çjou11-/~-n i1-c ~r--ar-u degree)

p = a-n-rIn-cit values (nina-cc-a-rn second/meter2)

k = 0

~ l so , -n -d.c a- for- ni 
~Ja , y = cr / (c p_ B ) .  we get ~ = 1.1402

~~~~~~~~~~~ n u n ’  severa l p o I n t s  to observe regarding (5 .1) .  The last terms of the
ncm enct-arn -an-nd --- c ne-r-gy e - mn - a t ions ( ircvolving derivatives of u wi th  regard to y)  would

r nn -i.u be pn c-s-~- . f-ar strictly one—dimensional flow. However, it may be possible in
some situ atl -unn s to na-al-ce realistic assumptions regarding the u—profile which would
- 11-a- reasonable approx imations to these terms to be included in the solution .
In the BOAZP— iI n— n-c - car-sn, thIs is done for the term ic-c momentum equation (but not
c-H u n -Ir - asHn term In the energy equatIon). No use of these terms is made In

ct - c u t- s - s - - n u t  stn c -iy . They are Included only for completeness. In the absence of
a n-rid i i -r - IvaHve terms (~

2u/~ x 2 in the momentum equation and a2T/ax2 in the
~‘c- in-~ h n )  systen ( H I )  Is hyperbolic . Inclusion c-i f ’ either of these second

- u - I t lye t-aracn - makes n b c  cyst-c-nc parabolic. If ~
2u/~x

2 is -anaitted from the momentum
- -c OO Y -cn- , l~ Is pr-a-c-ably irnconsistent to retain the dissipation term (~u/~x)~ in
c- h- ’ ern c --rv c - ,- -c l u ca t i -r u ni . In (5 .1) ,  the gas law is used in its original form , rather
t han uslcv’ I s  a- eliminate one of the thermodynamic variables as is often done .

F ThIs nu 1- ar t is used partially for simplicity of formulation and partially to
i I n n ’cisa - ~~~ ~d~- - c-: t h I l i t y  of GEARIB in treat ing general differential—algebraic

2 . - c- - -a iv - c-na Fl ac-- I ra-blent

~-h c n s iNns - - s i n i r - l e s t  gas flow problems to test GEARIB on are steady flow
l - r - n u r ( - n c cs. f t  all  t : i c n u a- ierivatives are set to zero, (5.1) becomes a system of
- - c u i c c i r - , - f40-t- orct icl eqi .nat j orcs gove~~ ing s~ eady one-dimensional gas flow . ~ nrther ,
I n the ca : -uI nn l - l t t ’fins i cnu nn terms, D2u/~x

v and ~ T/ax
2, are dropped (5.1) can be solved

arc a-ru Irci~ l a f  value problem , I . e . ,  if the state of the flow Is specified at any
f i at  Ion t~he n-a-l it - i a-r n a-an to continued downstream in a step—by—step manner . To do

- n I n - , n I n -s n :— - -aer’-ac cge- (5.1) -Il-c IN- inic - all t ime derivatives and axial diffusion terms
c rnuv ’ rn v ~nc n -  -n n.~~I n j r c c -  x—d~ r1 vati yes t o  the IHS . (To i t  - consistent with the

- - c r1  n - cc i t  - f  -
- /~x , ( D i n / ~x ) ~ is also d r - 4 u r - - I  from the energy equation . ) ~~rther ,

h - c r n -~ n v - c - -  cc c ; c i .rV , ass cc-un ~ I - icc ar- - that . lit - It n/ny t -m ccc In the momentum and cicorgy
- -  n u - i t  I -n u t  ar- - r a t  a c~~c ; n c t and t u h a t  ii i c - . cdt I-n t h i s  the steady flow spec ia l i : at  i -sic
- ? (5 . 1)  i c c :

_ _ _  
- - -- -  -~—t zn- -
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c 0 0 
— 

~~~~ ‘ n --  - - . - .  )
0 ~) n c  1 0 - - i n - / — - — -

- 
(h.2)

0 0 — c  c~ - - ~~~ 
c . ‘A — - - 

~~~~
- :1 + - -

I ~- -.-% - .

LD 0 0 0 
- - 

- i :;  ~x ) 
~ 

- -

d- -. -:1 t t  , c , a , - - m c -  T s i - a - - I  c l  ac 5~~ - . 1- ~r n ( a , n , arc- i T c -n - ct c c  I n-f’; t b -

-a: t -) (a.2 -aru c ir- 1 - - c - a - n - n  -n  -~~ d c  ‘ n : -  ta -i S i - -n u- ’ ..- r ~~ar:.. ft Is -inc i te
- - 

-~~ - -  a -~ -  - - - 
- - - - - - 

~~~~~~ ~~
. . 0 1 ~ ~ 1_  -~~- — — - - - - n o , - - 

- -c c-no sc -c -I S ’ : n-uI 11 - x I s  n . T h I s  I- -~ - -n. - n an - - - n c r -  c c  t c - - arcS i c-r u when
‘ i n C  -h i u - n h - - u - n 1 n c : - -cc - es - : n . - I ~~:: cmi ’ ’ i - - n - l n -  I n- - n - c i c u -~~~n u l e i l y .  dun -h

-
~ I —n - c s - - i w c - n -  S - - a c -  I - - - u l a  -~- r n - ’ - n - - -- n - - l i ’  I . - :  i n n - - s n c f  - nEARIB. Even Inn

- h - - c - -  c-sac - i--rca - f- -n - hi cass-ncc- - ~nn ac - ucc ~- I-Icc- -h - u rn e  Is I- -~ I~ I cr-crc, e.a-. , at the- f nun an-al rcn:~ n1e , ct ‘ - n c r - c  -c to solve t-y c - l u - - c- m i t  lal a- c a in - c  ac-nra-ar-ic are
f - - c ’ : - I s l - a- - -a-on I f  ~~

-
~ - - n nn i~ - ‘c - r i I t  i - ncc nu ac-c ~~own , - - ic - i -u -h I s  usually not the -

A -c- cS -  ‘ c-f s’o’n-iiiy f l  -w -c-ian-n-s ws-re- n u t - -cat t a - i . lb case was run with the body
f m - - - 1 - - r c - . ,  pF , I — r - - - :ae n : t  (5.2). h-rn -n ever , an-sb c-f the other terms on the RHS of
(5.21 c-:- -- e- - n n - -cs-’- nct . i t ,  c at lena s’ n-- s-ca- a t  t na -c -c t e s t s .  For many of the test cases,

~-xa- -t n - a - lit c--cnn- are aa~al lot le.

In n ~hr- f I t c h  n-ct - -c- f teats , nbc  area was prescribed to be:

A ( x )  = 1 + K(1-x)2, ( 5 . 3 )

u-rrueee lb I.n at c-o sitn i ve- constant . ( 13 . 3 )  is a convergent—divergent duct with its
¶ 1roat at x=l. The in tegrations all began at x=0 using several different initial

c - - n c-tic -Ions, Faa-tb subsonic and supersonic. The integration proceeded rapidly except
n- 1 han--- - c isc-cs where the flow choked, i.e., reached Mach one before the throat.
-s s n - - t n  a- h a -c - c--ui flu ‘n-r ca , a— f1 en many small m t  -‘-ac-r at i on steps were taken in the

ne ~ OOt - r - l~ ~~ -c-i f dcc h u  — n u a - faa-f-ort - I F  c-~us n l i i i  la - i that t h e  st crc size was unacceptably
c r - I l .

- nu - --X 4 c ; - ‘ - f c s’s .; ;-ct~ far a u’orn cc t - ic ut ari a - n  1cc -I.  with non—zero wall friction ,
4-’ •

= — 
~_ c n -  , (5i4)

cm-’ K In - ci - c c I t  I ; - - - - c -in st - min t . d c l :  form for’ ‘h was t -na k~- - ru f r anc c - . (10 of
a - u n t i l  I t  si -h [10] ,  ~:hi -al s- c- ~- r a -~~i - i -ca a - - . -n’ n - c u n or i - i i n n - exa ct ,  a - c - l in t  i a - m n .  h I f t e i o ’n c l
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innitia l  uc a-ri d lti ons , Ir a-r h ~u tL -~ - --~u I - ’ c u c - i  supersonic , and d l f f t - r e r n t  values :f F
n e s t ed . For a lcr n~ ean c-t c c i- -1 - , c - f e  fl -u-: wi l l  f _ i - a - c c  nt  I-h :- h - a - u r -  from eI ’tne r  a
s u n a - e r - n a - s n i -  - or subsoni c m it. I 3 c- n -c-c. ‘11- - - - ax’cer t n n o  v a i n - c  of F t hc more n
c-h-c-i-n one will be reached . d O - -; n--as f - a n s-- out 1 - a  I i - n t - - ~n n - - s  c i ’  s wh l - Th aca’- -ed
‘cell with the exact solution of Oswattn sc - ch .  P- c-n’ those cases f - c - n - which l-h-’h one was

n -c ~rr ’a-ached be - fr -n--- t :lca-- end c - - f ¶ 0 u i - lu st , be In c -  -carla 4 I - ti f - i - -al -te — F -  -c-n- :u u— as mr ~, ‘ F

- c - n - - -  -11 choked fl-sn-n ii a sn-na-a-t arot—il ra-i - r I  ~

The next set of t o s t s  were run wi’ F. - o nc unu t arS  t n ~car t 1- n I t  i - c r  (u 3 = a-cmcst ncc nn in —

a - - - c i s c - ann a area duct. O i u ; n - t n u , there c-in- - sr- x rc- z - 1 s :u ln - t  I - n-s f a r -  - c n-cl-ia - icc ,
c- s -ott it- sob [II , p. 68. The effect of he-in addi’ I -n c Is s I c - S l ar  t-~- t hat u - t  wail
“t i  ~-t I n - r n  irn c-h un t  the flow tends toward i-In-a-h one n ’s-~ln -ir k i l r -cau:  - f whether I ha- i n i t i c i

- -a c i  In I c - i n n -  ‘- ce -tn -En : - uu uf - sor u~~- a- supersonic . Tic-is was usln- s&-r --; - n in t i - n ’- n nun ir -i ’Io - c - l - -st ra .
a - ac u n c-n th e  c--x cn c- solutIon was cica i .

t1: n otr ccn c-ia-h of tests was run u-a l a- l u a ca - rc n -1-csct - rate of mass a mail ’ i -c -ru ( f - f = n- - sn u stant ) ,
c-d~ Ii I c - c  = H —icud c-n ,~ = 0. Tb-’ effc- - - c 4- of ann-sn- a d d i t i o n  is sI n - l i a r  m a  a ir -cat at ’ friction
a nd f v - ; - at addit ion ~ i . e . ,  to ati ’:ciyca drive the flow toward -iach one . This was a— c-served

t n ~c numerical tn ests  bunt , we had no exa- -t au - i ut h -a r s  for a c -ne-c - in - sc -  -‘ -un -I JcniJ - i s-n c-f
rn - a - c - r - f c a l  results.

The final stead’- , - flow cc-ca t s n-rare n-ni t i n  a convergent—d verp-ernt . - n — S  ; t I n e  cross—
s-n-- c- n - c - i -- c - rn  agnucin n Fa-ei n~ given by ( 5 .3 ) .  This t ime , however , t in e iratE-gnat ion was

- -  I fr ont. t h e  throat (x= l .  ) with sonic -co n a i l t lons . Thr- - I I  f f ’ i - an lc -y  with this
r n - n a -c - L-le n n u It ; ‘ i -nat specification of the four dependent var- 1- a t l a --s a t the ¶ hr- -ac is
- -1ot er c-ugh to uniquely -len-ermine the solution when th e  f i c-nun- ; I s  ca-c-m i- :- h- - r-a- . This
-an be seen as t ol l- on - -as : d i f fer -e--r nt ia te  the last i - -  

~uccsion of (5.2) c- ni ’ h a-ear ec-n-t t o
n-u n-ar -- I ct-ave it tc-a the LbS. It Is possible to solve fcc-n ’ th- - - i e r l v n i t l \ ’m-  vt --st ar only
If th I s  modified matr -ix on the left does not have a vanishing determinant , it is
cnn . r -ai s -hb forward to evaluate this deterrmñ nant to be ,

-let = p c-u [( R—c )u 2 
+ Rc T] ( 5 .5)

: I c u a ~ the m i - a c - I o n s  F = (c —c ) and c2 = (y— l)c  T (c is the speed of sound) ,  it
-an tn- -’ seen c-i-c -ct c-he deter~iin~nt vanishes when ~u c .  In this case , it is possible
a- -nc-H ~3 i f l  ca- ’ - l i n t l o n s for the derivat ive vector only If the RHS of the modified form

( 5 .2 )  a n a c i n - h e n - , wi-a - -h 10 does for the case currently under consideration . flow
i f  -n --r c a - of t t n -c -  r ierivatl-;a-s is snea- I fled , it Is possible to solve for the other

4- aO -e ’ c ‘r -n -n c: ( 5 . 2 ) .  How-’-v---r , t h i s  f i r s t  ienivc c-t : lve cannot he selected arbitrarily .
n- : - - Y ts - -h [1 - ] ,  a .  52 shows how to obtain du/dx at the throat by evaluating an

1 n  n- ac — c c a i n n S ~e form . The r - ’-scn lt Is

= ± (
~ 

(c )

- -
~~~~~ - ~n - 
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c- as- - n - - - he plus s I - ‘ - c- ri - - c -ni cnul s to sit nc - I n - u s  f t  cc -nc I n c the  c - x n accJi nro section of
c - i c - - - mn - c c  n l a - -  cn c l r nu c - — S i c -f i t  - -ma - en - a- m is to s u i f - s o r c l - ” , c ia nun i a- is u -no - j u n t icc~ speed of sound .
- - i r c a -  m ice - IA we have Fat-crc cons inis r - I n u r  is I n n  analytli -an i fc-n ni ( 1 . 3) , it is easy to use
(5. ’ ) c -a - c- ca - ’ c-i i i/ i~ arc-i c-be rn ( 5 . 2 )  t O  ,n -ct . c-c-n- - - - n - rI c er-  a i e n - i c - ~ I c - c - n - .

-~c’ , nan -n- thc si:~ n r : r u s l 1 c - s u l t  i c t aa Im n c-r” a r n t  ? n’ u 4 p m st -r u - - ccl: - -n n~ 
- a-ri IC  at ac - n - I  t ic- --

t - t ’P i b  I ‘car t 1 :-r n 1-c- s e t - c- - c - I nc a -  I i- nt -- i n I t l u .  r n - I c-n i t I s - -s - c - c t  itn’arily ar id t c .a - u i n a - - ci
- c - ;  small init Ial st c -r- . 1- -ca- r t n  H c f : a  -,-: r- - ,- n- n c - - - sc ’ f un ~~, I t  n - a c - a l - i  t a -  a n -c - j~ t - -n’ ~~f

-f ir : -e - -:11 c- t b branch -c-f’ l 1 1 a -  s_ iur t I n - - i - t ’ c- ; 1-  - n -  c - - c t  a- - n - - ) u - n - - n - -  f - O i  c- -w a-- I
u .  -n - - v- -n ’ , C h a r - a -  is -l onnht c - u i - n- r t I n  - l n . t - ,o- - I I n .  u-a - c ; a-a-n al a-c- - -d cc c -  cc ]  I . Ttn ,~c- - -n- - cc  c ain six (computed bft - IFA FI1 c- ) F - - -- s - -s c i ni n ~ cl rr ac l u ~ i ft -an -n f i t -  t h e  n-ar~-
:‘- a - m .  tb ’  derivative cin - i tn a Ix 1: : i a n o i i n i r . -a- n t  v- -r ’f ; non -a l l  I n it i a l  at a-c- ( m e - - n -n -n -nv 

— f }rt’ rci-blt r-a r- Ily s- c- - c - a c  I n H I c l  a r I a - a t  l a - e s ) , I t -  Nen~~-c -mn nnc~l n I x  IS
c e - - f ’ .’ ; — i c ~~ nlar  and c-I h- -c- : ’ . n  - c - - c t I -  n c  ;c nc ’ a - ‘ c il ia-el-ga, n-ditch rccenic s h un -’ I ra’
‘u n  - c -~ a -n utria - ’- -~~~~ - - ‘ ‘ il.

i c - ;  n-d n a  - n ’ cr:cnln -s (n- .c-) t - - F  (5 .  ~- )  a - - - - c - c f - m n  - the c’rur r ec-ct  values of ha- initial
c ’ n c 4- t v  -c , I t  c-Oc, t n -  c , c l n  ‘:~ 

- -
- 

t -c- I-:- -- a an, - 1 , - c - - I - - :1cc-a-c- i initial step along eIther the
- I c -  - c - c ’  s a c - - a - s  . 1 - t - c n s - f ao l  ¶ i - n ’ -- i~~ i “ c--n-t I~~ u t nn - u i’maeied wIthout  u i i f f l - ’ c l t v .

- 
c- u t - - c - f - - l I - ’ - a-c - - c - d y  a - ru-  —h I a n a - I c r  al Tin Fl- - - -a ba - -n- f  latin

~c - n c - c: - - n c — a - c - - v i s u c n l y  I n .  ~~~ c - I  -n - ‘  I f - a - -n- - i  al ~F 1 f I ’uc : ’  I t a-r’uca , B uc /B x 2

I i- ’Z’ , f~:c -- , m t  (5 .1) are - cn :it ted h— on - ca f l - ’n - : n n -c -i - - i c-a. 1 ~- - - - i nc ccca i vc -er ’b - :c -li- - . i-c-cr ’
c - c u - c - h clu -ca (‘I -a urof lems , t i - n- c --i -,- -- i n- c ai n eX t - - n .c ’ c-’- - 11- - a - u ’ s’- c c c  a - i m n 1’ h a -  1 - c - c - ic tb - - -
-crc ’s’ I -n - i n - i 1-- - of the n cr - o f :-  n - ., e . - - .,  - ‘ c- ’ - u i  - ‘r - i - - - - m I-ic: - ~c-~-fJ~~, ar id to it s
n - ia  ~- a - Ic - a l n c - n  ct s , e.r r . , P i u - i - O c n y - - - -c -  - a l  f - f - n -  a - in [ 3 1] .  Tin -- a-ra n t  c r n c i c - r i t  nf  n n ’ cmerlcal
‘a -i _ i c ‘is n : a c - c fan ’ t ic- c- n -s - - - c - F - a- n - i - - c l I c . : - -c ’ .n l a -v  cac-t i - c- - -i s n - i l - -h n-tnt - ef fec tIve ly

- I t  f c - 4 - i ca- c - ac - a - -  ~u i  I n  - 
- In s  - )  lcc na~ 

- - i f  ‘ b- a cci  I - -c - .  Hxm LI - I m  n - nn - n n ’ l -c i r s ’  Is
- - - -c c c  ly n-c - :fa- ‘c- - -it :  - 1 n .  - - - I ns - s t  - in .vt - - r ’ F -

- I s  cc- cl - -n - c s n il ’ - - ‘ c - a r c c l  l y rca - c n -I 1ff ’.
c - n- -c - n , I f  - n c - I - I  - n i f f - a n a l o n  c - - c -r -n-  cu - ’  I -a - e s- - n u n , t h e  s’-s c - - n .  F - ’ - - - n -n a - s c - ci n - n - t r - n - 1lc -’ and

p c-c a l f  Ic - ’  5, l f t ’ ( -I  n i - l I r a ’ an i n- - ca- c - n I ’  - -c - f  l I n e  - l i f f i n c a l urn s ie! ’ficc -lencts ) and
a -x n 1 ‘ ‘~~~. 

n _  - i - u l t r a -  r - c - - ’ h ~lc ’  r c nc y i-c I n ~ - - f t ’l 1 in . ( u - i c - c - c s  - - -cc ’ r a l n n ’n c u c- axial diffusion
- - - ‘ ci a - c -  - - -  — r u s iu l c r a - - i  In  :

‘ Ion V . 1; .  ) i’fv -rc nT ra - n ’e In ’n r-aur - t n r - t  than axial diffusion
a- : Inc aa- c.  c c - f i n - s - -a- s i ncc i n l  nat - i-c -na is i }i e  presence - c - f  chemical reactions .

c -- I - I n S  I -  an - c - f  (5 .1)  c- I n c - f n u i l c -  f i n c h  - rn -I. e - nF -ue -nnl st r v would render the system
:--r- ’ ; :5 1ff Inn an s~ I l l  i- c c -n - ic- sIr - - T I - - )  and I h a - ase of In - n p ] t 5 it  marching method s are

. 1  - - - - c : 1:1 cn otr c - Fa c t i i” ; . ‘ I I s  -u i I h  a a l a-n-n ¶ a- t h e  fu ture treatment of i’ecast 1 m g  gas
hcac c- -n - inn - n v - -  - - c - u -  ~t c - t~~l ’ ~ l - - : i I ’  0 ‘ i - - l u ~ i - - a  on implicit Integration methods (as

I - I l - f O b  I F  
—

li n t  cc c- ’ I - 
1 -

-11 t ’fa-n t --rn c - T n  nc c - 1 n a -n - c ’- nasa- i to reduce (5. 1) to a system of ordinary
F l f f ’ - a - a - r c -  I — c l  - -  in-c S 1 - c - n c  I :  u - a - n I r u  in- - b -cc s -ha -cu e , I . e . ,  each of the PDE ’s is

c a n ’ t  ‘S - i .  n t ‘ i - u -  - a l t - i - - t I n t  of - ‘ c t - -h mesh i r a t ~ - r - vc n i  by approxImating each term of the
I-Fl -; I t .  - - - i n c  -c - I’  qu arni .  I c - l a - s  ( c - I - c - n- a -r i - i - a - c t  v-’cr i ’ c b i - - s  and I-re c a c - n I b~~i functions)

- -  at - - - r c F I c m a -  a t h - ~ em ndt ~ Fi t cc- of t h e  “ s i c -  h u t  m - m - v c a l . Just c an - with Burger ’s
( ‘i Icc - i i ss - i-I ¶ r : flc c - ct t - c r n rc-- . o) mesh rn i - -i n u n m i i f c - n r i l t v  c- ic c - -n - not c~~~~l I i r - t a- I h I s

: c ~ I c-il 1 a n - - I c c ,’ p m - - u - a - n - cc ; .

- ~~~~~~
- ‘-c-:i.~ -‘- c n - c - a c~~~~
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One question of crucial importance regarding system (5.1) and 14- s sn - r r c t i c u l l y
dlscretic--ed counterpart is the question of the al locat i on of f:aiunc-Iai”; cond it l o ru s .
‘- i r n c e  we are not consicierirng axial diffusion terms presently, system (5.1) -c i c-rc -t :n - Irc s
only first derivative terms with respect to x , and so we expect that it wil l  be
necessary to  n a - e n - s n - U - - three boun dary conditions . In the case of strictly surer—
cauc - c dc ’ flow , no downstream Information can be propagated upstream . Consequently,
ci - - ri ’:cn~~ sc-a--’c~ bo t’ dn-i’y ‘cc- n c- l I tion can have any effect  on c - bc -  flow , and n -n-- cci I - I cc - ~ - -

b c - c -  c n cd n c - n - -o n -m il l - Ions arc- - icc - i c-use- c it  the un - st. a - c m  F -n - u c i m c i - v .  flr c In c other m ccc n - I , t’- -r-
n - i c -I- - c - 1 - ,- sn -f sn - r u I n -  Ci c- -n , a - ‘ic on-ar c - r - l c -e ic- analysis of (t .1) ( - n - n u l l  t i r ca - , -f

-~ /~ n-c and D ‘/ ~ nc- c - )  c-c-ha--cia c - icc - i t. one - - f  l int - - t t r c ” c a ’  - in n-a -cc -st er - i n - n I c -’ - i la -c --~-: i - c-n-s n - - in ns
s stn ~~- : ~~n : , n-d cl cc -n l~ nc-cc-ls t c  the c . c - c u c - 1 c s l cr n t i - cat t n - - n  c - u n c: ln -in;1- - c - t id i t :i omc s c - c - Ic - c -nu l l F~

I n - c -  - c - n- ’ - i c nn-ac t c - c - a nn arid one downstr -earn. . T i n ( 5 .7 )  , t I c - :  ccc -a t I n n ]  lv - I I  sc--a-er i : ’ c--~i l ’c - I ’ccc -c-f

( - .1) is n-hrc-a-,na fc c - n - a n t - c -  1 -  flow.

As f - - fore , 11 1 1: n- i-ca- n-a l i t  I n  -c-cf the ith nnesh i nc-c- en -a -ac] . In f -ci - cc - ir c: - (5.7) ~‘c~~”
( c c - 1 )  c-c-ms - somn ta in r i n g  the viscous effects have been dropped in addit ia-n c to  lc ~~BX c- .
‘h e body f’c- —r ce c - - c -c-ra n l- han s been -c -nc - i c - ted, and it has been assumed ~ haul c-, 1 = u and

H , c-a- i c -h c e snu l l  s I n c  tnh - disappearance of ’ other terms . The-se asaa u.iccpt ion s are
i t nc - c -’-c - esn - c na’v i - nu t  have been used for all the numerical tests during this study .

hc-’f.’c’~- f ’ c ’n -- . l n n - ~ (nc-- ,7), we have ( for simplicity) replaced (~~Bu/~ x + u~ p/Bx ) ha-
fl( pn u) /a x in t h e  ‘on-t I n-talc -c - a-c-in -al ion -n and u ~u/Dx by 1/2~~(u ’~)/~x in the momentum

n - c -t  ‘ - ‘ c .  There are a--t hea- t na - r iccs  in ( 5 .7 )  which could have f t - a c - i n  approximated in
c u - - f Ice-a- way n- ,- i t h  eqcccc- ] ordea’ of accuracy, i . e., It is often a question of’ whether

n o r-enlca :’e a product term fcc- n-cc (5.1) by the average of the product or tb— c- product
ct ’ t c h -- ave-run-se. f’urther , i f  a function is prescribed con c- Inuously , it may be

cc- I n - ca - - r -  t c-c- a -c - -n - - l a c e an average by it S kin-na-rn r cuic i —i r ct ec’vcn ] value , e. g . , (M 1 + T h)/

(A 1 + A 2) fr- a - cnn t h e  - - c n u iniaity -‘marc-ct ion (n-c -a-i c- i c- - -n for the fi n c - n - h mesh irct ei ’vcnl) could
i c c : t  s- ’al In ca - ]I J / a -/A1 ‘2’ The i-c - - u - i  n c - i - ~-r~c how to handle such terms Is usually a man I en
--f - c c - r nv c -- r ni - uf l - ’ a -  / and e f f i  - ‘ ienc c-’y, n - i r an -c c -  r - c ur,c r c -n ta - ahi a- ac -c -c -ur n -c Is attained wIth

cacy c-f Ic- he c-n -c -c - la - cs forms .

In ( 5 .7)  a-1~ 
g2 , and are the boundary condition franctions . As shown they

are n a l t e  o--c n cn ’a l .  In most of our tests they are usually sn c -a - c --Ialized to a
:c- c-t n m a i t i n n n  h i - i c c - b  a clc - -percder t variable at the end take on a prescribed constant 01’

-- ‘ n - n t  I nca ’,: a t ime dependent function . However, for one example, the downstream
F c-c -uri n ary ccondit i c - r n (at the throat of a convergent duct)  was that the Clan’: become
ca - c - m is at a - - s t a I r  t Ime . In this case , the function rcc of ( 5 .7)  was a nonlimnear
fin n -a - l ion of - - ~~, T- 1, nc-. r c - I  ~ . .  As noted previously , for n -t i c- I c -t i c -  supersonic Cl :-’-:, all
i cc- nn n d ccc - ‘flflc l i t . I - - c-c-c-- ‘c-i cia- Li - i cc-nc-used at the upstream end , n’;h l -h means that the last

- c -cn nt i cc-c of’ ( 5 .7 )  s l n c - c - u c l c - l  i -a-  moved to t-he I id a-c-i row and all c-he others (exc’er’t- the
n ’ l c - ac 4. and acec - -u mid ) si -cc -cu d-i he s i - i  f~a-- l down . The problem of mixed superson lc—subsc-nic
fI c - rn-:ca I a cc a - - a }n n-core c - n - - c I - - t t  - - - I , and will r ca- f . be considered h-c-re . However , In

n a- - - - I - - r i V. b I t~ ,~:I 11 tn - c -- aba-n-nr c Itt -un-n c - ac - mci - c i a - a -f r i  sc-m n-c; u- a ct be I real a-i by the m t  n ’c -d ;c :l  I -a-n c
- i f  a - I  ca - m cc c It :;j , c -ni -ni - i - u  - -- a-rc a--c-st s the bc-pa-nb c i l l  mc - nc-i ’cci- lem to a n c -n - r abol Ic ’ pn’obl- c-mcc . Al sa
in t i - n c-  - 

- - - - n - . n ‘-,-nn n ’ - -C  - I I  n c - s i  cii ’; , the n-u c c c - -r sc - -n i c’—subs~ rnIc a-rnb lencn c-cl 11 be exn-oci mcci
r S I u c - ’ cc n c - n i -- i a- i - n - ; n - - -si - - l i  t , - 5;c c - f c -c - - v i - c ’r - i n : ’  part :Ial d I f f e r e n t I a l  ca - inca 4- I - nc - run - .

‘~~~~~~n i n c~nccaa--~ - - i _.~~~~~
_ _ 

-~~~IFin - -
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V-9

All  — c - f  the ~ c-c -st c— n c - .  s’ s r a n -  n-ni th system ( m . 7) used a c - m i  form nmn es ic and t 1c~- I at - n i l
u . - unc b — - - r ’  - 1’ - ‘cr c- - - c - in c c- c-~ r n~ 5 was 25 , nnnai -n Ii ip c-c total of 100 n-no b le -ncr nnrn1 < iion ~ is . The VI i ca t

c- c-t - c-f  r i c -n - ’  c-a was f- c r a’ a - i  - -I ly sc~n ,c- -- r -s c c -n n lc flow I n n  a - c - -rcst ac it - -area c -j an e t. . The- a c c - c - l - 1e - nc c
“ac- s c c - c - - i c-- c - i c 5 ’ - -c n m l c - ’ by u- ; r , c - - n c  - c -ca l t i c - c - ’  a sInusoidal vc ’Ic - c c- - i t  ;; pei’tua-i mnt lacc on the c u d  f - n ” - u

- ¶ t  ;; n c - - n u b  wa-cc-l i occur i n c- c c - c u t - ic- flow for the mci’e sc- ’a-it -~- - i  boundary c orcdi’
I - ‘i-’ - c .c-f it i - - c - c- of s — a - eri c ]  ccrgriitudes, but all satisfying the  a - el -c - - c - ic- c ’ boundary

- - c  - i c - n  I n cs  , wa-c’cn- used . he-c-c-cc-use the flow was supersonic , the a-a -c- cc -n-La in ic - m s a--c- - c- c-r ca ncall’.-
- - c-i ’ - -- cc- c - c c -. - :  I’ th i  - - Ion - c - a n n - h  c-a -ac - . end of the duct ac-s d uniCorn ’. f l -n c-n -: , c- - c -n c s l sn  ‘ccc - n-d c -h
cc - s- - nc - n ,  f - n c - c - n c - a - c - n c  - - c - c n c - l i L i a - m n c : , was n - oU n ce - c l .

hex ’ a : i c - . I l n c -r set - c - n c- c - ( -c - sts c--n an - rum - -:111 c- c- :rc- ’;-c-r’c-m -c .’. - c - c c - h . The i m n i 4 - I c c -l
- n n i i c - i  c - c - c c - n c-:- --a- - - -h’ - c - i r u e - m l by I n c - c --d In - cit hr bh’’ n -tu e -n - cl ; ,’ s tat e-- c - - c - u n - c  r cn :  ( S . 2 a  uc-a nt ’e:’

- 
- c - - c- : 1 c c - c- - I c-a-r  c - - c - - n - n c - t c - a - - r c - n nuc :na- - - r  n c - l I t - i c -  nc. c- caI n - -- T c- FTc - .  c-c- s i n c nn - 1 in]
c c -  c - i  - c - c - I - c : . c-c-c- s c;’ n r n - c - c - - r --- -c- s -ccl  on t.h~~a ste-ca l’.’ n -t n-I a- i’, c - l c - ’ - ’ c - ’ - ’~~~ c-c- f1 1e- .-~c--c- i c .  bc-c-

- - - -  c - c  c-~~ - ,nc- -c-’.a--nc-c- n c cc - ]Iy rcas~ ’ - d c- c- Ic of h r  ic-c-c -icr r c - - - - m nu c - - c c- i - c -’ - Ice d- c- - am n ~: ce a ’ ccci;.’
c c -  c - t -c- - c o i n - t i c - c c -  c-: n nc c- c - c - n - n - i c - n c --c - I  (t -o c-n b hlr c the ac - icc- n c - - f ‘ i c - cc -  car i n c - I  cc - c— c-n—c - I r i : : c
c-c- a- ( c-c . 7)).

h - r- t ic-’ it -n - i  t e n -n -  (st Ill  .atn c ’Ic t ly  sucn - ce rs -cmuI- ’) , t Ine - 1 c c - i t  i n n] c - c c - c -mUl ti-c-n was
- I f- - c a Cl cc--: I n  a - c - nic - n - hn - rnc - c-ia -en - duct .  The -arc-a funct I - - - - r c n-c - ann - - I ha-rn c - - aua -~ ~c- c - i n - c - -n c -nc m l;--

I c u  t ’  - (0 < ~ < 1) ~0 a ~c c - --nnvern -ent i n - c - h .  f’i-noc’~ lv after =1 , t i-c - .- care-a-ted n-h en-dy
- c- - C a -  n - o l u n tl cn n n -c - - c s ’c n rc--i ( c - c -  c - :it  i- n -i n - n c h- - n n-i -n - i I c - r i  -n i i cc- c- ’r c- ’ I n c a c c  I c-c-i c - ‘nc -c - - c - n ) .

Ti cec- rca -x t  -c-a-b c c -f  t i c-c t a- ,a f t --a 1 - 1  ly s crc --a -as cii c ’ fl -a’: Ic  - a constant area
n n u c - h . Three t ests we-i-a- made . In all cases , t in e l ic i tia l  c-cond it ion was unl Cc-c-nr c-c- Clan-n .

c- c - -’n’ ‘ he- f i c - s n  cc-eat ur c l f c n c ac- heat additlorc was lrn h -r - acdc - c~-c-a-d for t> 0 .  For the sec-c-crud
c c - i  f ccc - ac- c- c-n a n -  a c - i_ i I - - n - c-:an- Ic -nt . a-cc-c - ic- n : -- c - - I  for tu >0 - Pun ’ c- b c - - t i c ’ n-n i wail In c-c- ion n-c-as
c -’ - c - c - - ’~~~~~’ c- - c- f -n ’ t- > cc- ac- - c--ord i c c - c -  c - cc -  t i-c-- - r’u -ranccl au (5 , ’4) .  In n -c - n - c - c - c-c -- f c-ha-ce - a -n - t a was the

c- c- a - c-- ’. c - r  1 - ice I n t  -cc -c- oa- mcc ann - s -c -c -c -i- l it l u c - i u c r  l i - n i - ’ n c- r i  ~~~ c -c - i  c-a c-cc-net enough to c- n - c - is o hach
n- c - - c-c - i - a c -  r-— c- ‘n-cc -- I  ki-n i’oa--nc the end of’ t he c - l u -n . ,  In all cases , t h e  irntic --c - r -c it I --c c

- I c-ac--: - - - hi;,’ and the expected steady sc -c it e n - --- - - i cu t  i c-c-c-c- (c--tn t -n-i cc-cd ic-c- irc- 4- egrnt ing
- u ncn - :‘n c - ’ c n - n y  f I c --c - ,- a--conic -ni ac - nc - (5.2)) was n c -b t - c  i nn s-c] . 

c- i c - I .  - 
- c---st~s ‘.-c -c - r’ - made for -I r i c e-  lv  cain t- -s or ci - ’ C l- c-a-; . Recall  I In n -n t c-un-C

- - c - - l i t  i - c rc is cciv: l c c -~c c - c-s t - - m i  a n t . ‘ lc - - c - - Ic -m wn cc- l n--n - rn end c- c -f  c - ice  iic - c -’l . If all
t r c c m - ~~c- c - a - - cii t .ions were prescribed arblt a-ca-c-i c-’ , I t  w a -m id  bc :c-m r’a- - i l f f l - ’r c i t  t o

- c - i n  cc , c - c - .c-n-c11; state check case s in - nc - c - c -  I I i -  ac - I - -n -- I’.’ s’ r c -  ic-un -nat loins ( b . 2 )  a-cc -c - i u l d  have
0 Li - aolv’c-- i as a two—mc-oint boundary value pt a - i - i  - -n - u I rca ’ ‘ i ~l c c - I ’ cc -c - c- ar c I i  c I t  la] value
n -F - n - To - :  - i - F  t h i s , -‘c-a n - m en - c ia -  n- t n- f e  s c - c t — sc- id  c- - ~‘l nc— n was c - c - t i cc - I rc — d by ni’escn’itc-inc

¶ “ c - - - - c - c c - c - c r — c- - crc -n- c - a -cn - i t t . l ac - r c c  and t ins -- nc i r c t . cp-a’i-n l I c - n c -- ( 5 .2 )  u lc: c -\-c -c -n - t n o-cc -a n .. The c-Ian-nrc-st ream
F -  c- ì in - c- c-a”,’ - ‘ c - - ri m - l i t  I c-cc C- -c-a - ti-cn’ unsteady problem was then - c - l c - ’  - m Ined fr-c-cr : this steady
I’] cc-n-n n - c - ]  - a- Ion . (C- f -c - o ura - c - c - cc -’, one of t h e  three ic r -s t n’easn condit- i -c - r ca would he din--c-arded .

c-
~c -ur -  t i-ct-- nc- in - st ta-sc- c-c- -n-se , the in - it  ic - c ] n -c - cc - li t ion was n - m c i  fcc-ran flow in cc- cc-ann -t art

c - n -- n m I n - c- . The 1. ~- .‘c - c  m c - I c - s t r -’c- msnc a- ond i t. i - c- a n n a  were c - e r i c - u t c i i i t  vai n-c--n a -c-f a-a- i -n - sur e- and
- - i f — r n  mass c - - I c  I I  h - i  r -  was lntrort u c’ed for t . >0.  A ] a n , Cc- c-c’ 1 >0 c he

n- c - .: ~~c - - - -~ ’- a c c - - : a c a - n r ’c i c - c - -gan  to vary smoothly Ca -a-cnn It s  uniform-n flow value to c-Icc 1-mown
: - ‘ c i .  C l - c - c - n  vai n -- (as cx c t n - I n - - cl tn -c the i m m ’ m c - m - - I i r e ’  i c - c n n - c - c e - n - n - F  I i ) .  Re-cause t ic -i ’ fl -c-nc is

s - c  . c c- m b- , I ’  t c-ik ~~ n-c- i -c - in c - c - c -- i’ than l b - c- n -c -ca icc~’m - r i c a  ca cnn ca -r’s on I - c -an si - - t ’c-c-r ’ a cat en-dy sl at  cc-

O ir a- a-~-c nc - ’I 1-kia -mil cccl] ; ; , 1 1 n-nc :: r - - c nc ’ h - ~ c - l  u-c l c-b h i -  ~-‘X pa -nt ‘m l  n -s i ’Imr c -a c-’y .

____ 
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For t b’-- r n ’ ’xt -n i c c - c - - , the i n c - I c - I  - nil - c -c c - - F I ’  I - ~m u  a. -- c - -  - - ‘ ‘ c - i i , fioc-’~ ~ . i - c - c c - n v-c - c --ry e nc n c
- l i m i t. - ‘I th  a c f c - i ’ - m n - r c- c- f the - F c - c - v r~s 1cc -n --c -c-sc - - - c c c l .  i 

~ cc-c- n - I p i -n a - c- - -  n - c ’ - - , -- - - m ’  l I n ’ c - l  c- c- c-r e n c - c - n c - sc- a, s c - t .
n o the u m a ca n - 

- c-~c - n~ rn d . cnml the f~F c -c - c -n t  m~~’ ,- “ c-~ a -n - - - I c- I - i c- - c - -c - C-c a- a n -amc .c n mo t ic- t a -cc -c -n - In. I t -  . -

In t lnncc-c c
c- c- c- - c- c n n ~~~ in i t i al  mc - e c n u~i n c- ~ ~ ‘‘n-l u -c ‘ 0 - - nd c - i m c - c - c -  c c c- .0 05. The n -- n c - I : ’

- c c - - l i t  I ota c- -c - u n La- n-n c -c - I c - c - - c c,

:n c - - - ‘ rc - t ’ -c -nc’ cit ion went n-mn c-cc-cc -inh iv c--c- -c-a mh lCCFlb- Ic-n -c -_ I cc- cc- c - I b c - C L -n c - I t ; c m -nc-b c - c - c - c - t i c - I c ’
- - -n c - I t ’ -n. . The-re wa s- no steady t a-c -c- c- c-c -: c - c - I c - - c--c - ’n-n , i--a c- n i-ce sc-i -cU- c- -mc i i  i n-c-- c-c-c - ’. i c - c - c - c - t i e

c - n - n cc- c - . l  - -:c - ;l l t i - c - c - r c .a  c - - n - c - a c- - c- c - c- - - c J i -  i nat . c - F c c - -  c- i - c - a -- a c -  he ac -h l,c-n n - c t  n - c - i mc c- s i c c - . i n ’i - - c- n . c-

- a - t -he  C i rnn-l t est , ‘c-rn ‘c-tte rn nrnn c--n-c-iS n n cn c-dc - - i c - i  sc-ive a n - c - d c - sc - -r b’ Ic-i c-c--c- F I c c - c - c -. In c
cc - c-- c- _ u -  - - -nc ’ — - I l - c- -n-a-cc- - n t  d cc - c -a i -c-a c-c-In -cr cc- - r n ] - - c - m c - m n u i i t l c - : c n a at 1 1 c m ’  a Icr - c- - i n . Thul Ike - I ce-
a - c -  — c - - - - c u. c - ien - c - r ’Ih c -’c - l i n -  c-In n-s F c - c- c - c - i n c - c  a c - ’nc - ’nc-ac-c-: l -i , i i c c - f - c - - c c - nc - cU r ’ ; :  c - c -’n c- c - l lt  ic - c - c - c - c - o  c - - c- n~ 

—

- c - c - - - u  - i : - .c-. c -c ’:n ’ c c - c - n - c c -  end in — c r - i c - -n ’ to - c - t - a u el cc - ic - cumu l i- c- - - c - i cc - ll c ia -rca n-c- c - Fcc -- c - br uc - t  I s  c - , - nnn ; - c - .a c .
‘c-’he c- a c - c - nc -- cc -c- - i c  c- c-i-nec - cn n - c c -c- c hl s .  The steady stat c - c -  c- c- c - c c - c - i t  I - -c c-c c-:a-r-e i c - n c - c -c-c -m n ed dc-c-a~n-’ n - - c- ac-c-n
: ‘n -  - - . ‘ h-c- c n a I -n i r ~e- n_ l ie -  inc -i ’  j o In  condit i cc-c -cs for c - l c - i a  Ir r - - - 1 1cc-rn t~~arn nice - s- ’]nS I- -m c

c - ) I  I i-ce a c c - -  - c -  - -Ii. - - 
-- rc-rc - LIc --a-c u. TIe- c- ]cc-n~~stmecc-jnc- n -re -san -nm : h - on -n -u i— na - - cc - c -i c - di r  i - c - n  - C -a ’ ~ 1cc

-
, - c- a - c -c - i -  len was f cT i-c - cn - c - i c - t n - l i n e d  f’c- on- t h I s  cc - c - n c - I l ution to the st---c-idv n - c - n - I  a- e an-at  i c-r c a .

c- h- I n  - I I c - c -  i i :  I c - c-r n fcc -n the unsteady mc-i’oLII c--cnn n-c-as a strict 1’; subsr -ri ic-c- Cl aw
- c - i  - - ‘- i  In - c - ’ I - c- c- - - -c -c - c- ’ Ic - c c -’ ttne steady flow c-c-ic - icc- 1 i c - c - c - cs sac-c-ia -ct ~o the Fare-sc-a-ic--ed valu es

c- ‘ 000 n - - a - c- i b c-c an a -n c - l ic e  of u-1 less than t hc-b. which c--:r - unci ci n-c-c -c-dunc e sonic
‘ i n- - - Iii c-i . i ’ J i t ln  I h i s  I c c - i t - i a l  - c - c - - n c - c - l l tc- lon , ic-- c  n- -os —n--c-a --led snc-cae-c-hL-,r Inc

- ‘ n - -  n - a Ic-b Ic - i l c - o n c - - c - b - i -c - c .  to t h e  value n- hi- - I c - aiu - c-c c l-f ’
~ n- c-c-do- -c n - i— c -c ia -  - ‘- - r c c - i i f  ic - rc a

- cc c - c ’ - Tb-c- I cc -te e -n -a c- iorc - proceeded snnc-c-Ihlv u nmn - il -ce-l i  a c h e - c -  n c - -c - had reached
I - — al ‘c--al c- - . Ti-ce sc-c-ic- n c- - ! c -~c-n had almost a-ic-c -n -c-h e --i sc -cc -n -d c- ’ n - c - c -c - n a -  when c - }c - c - — c-c -a -i c - a - ic -v

a - c-i cc a l l  c - n  lv c-c - uc - c -00cao n c - l”  at I-he throat . After  that the m n - c - n ei l a] s o lu t i c - ’mc- began
I c - a  b~ ,n - , — c n r - . c - c -c c - c - - - - - the Clc :iwCic -n - ld t c - a - cc c-nc-ne - c-c- F c c n ’ n i n c i l c - r  suf ’cc-c-r c i - ’ c c c i  c c - -c - n ”  i - c l ] ; . ’ super—
na- - n ‘ c- , c - ,  i c - c - n — c - c- n c c c - n c - r ’ I s i c c -  1 i-ant tchha sho ic - lu l  c - c - s c - c l ’  c i n n c ’e t I n e- c - c c - c - c a - n i c -’c -n - l  t c -’c- ’ i c - c c I c - c u e

- - I n  c. ’ - n , c - - - ‘ , c- n c- i c- h - l i - c c -  I c c - c - - F t~O l i - a rc -  I I  - - n-i n - - I n  c c - I l  c n c r t  I c - c - c - i s .  i’,lc’: - ire c c - i n n 4 I - c- c c  1-ce - u ai cn e
c - n  c - - c -’, ’ - -a c- r n I n -  t i n ’ - f i n ’ :c - t F - i c c ’ - -  i n n  m n - c r . H --c n n ’ . i c - c - c - i d  a - c c - a l l y  1-c i~cm ~ c cc- cr c a - c - us - nat I c - c c

- ‘i n -’ c-c - r ’  I n  - i-c- - n i c - c n c - i c -c-r ’ i - ’ n n l  c c - c l i n t  i c c - r i .  It c c u l g i n t  c- ci sc ) c- c- - c- I a-un ’ p l c v c c - i c -- - n l  a - Cr c-e l  . Ia-i c-any
‘n -cc - a -, t h i , c -- test c Ic - c - c n c c m r c - n ’- n ’ c c t - -s t i - c- c- c-’ - c - ’ I l s  c- - f  c- ’ t c - n -c-~c -j i c - n c -  I a -  c c - c- n v -  c - u n i x - c- -i c - a c - d t -c ac - n r c l c ’—
: c - e r ’ c-’c- -c-U e I ’ c - c -c-c-a - c c - i c - u -  c-c- n r c - c c - I m -;l cl t’-c- v,-c c - u c - i  mcc c l b— c - c c - n - .

V .  Par - c - i - i i  - - m .c 1 -c - ’n i’c- ’ n c - n c - -  — I - I c  c - I c -c - n c - n i l  ic-I n- i - - lm nc - c - c Prolcla-cccca

In - 1: - a a - -  - c -  b -t i , n-ce c- - c c - I - i - - c -  cc - c - c - a -n- n i l  c-- cc fi c- c-w c r c - i  i a - n c - c - c c - C-c-n ’ n c - l I d , an
c - l i  f l ’ c - c - I c - i n  ~~c- - n c - c c. I s ‘c-. n c -- ac -c- m i , ¶ n he em t-c-’ n m m c l i u - c- ’ c - a - - I  - -n - c Y - l  The c - i l  f ’fi c - i  c - i i  c - c --Tan 

I I c c -  /c la -c-n - . ‘ l i t -  i nr c - c - - i - - i , t c c - ” c- - -  c - c c- - c- c - I  c - u .  (To i c - s c- c - c - c- t n H c- 1 . - ( U C ~n - : ) -  I s  a lso
‘- ‘ ‘b a - - F  :n - c -  c- I c --n - ~- n - c c -~’ c -  r u . )  ‘1~~~

c- : ‘c - c - c - c- 
t - ~~ n - c -, c- ’c - - n - ~ ~i n - - c - s n - U -- n c  a - c c -j i l l

n : c - : c -c- F - - c - c - n c- c c - - ~~’ i l i r ’ - - I  I~~~ c - , c - t  c - - u n - I , ‘ a -  Ic - c ‘ c - I - t b  I c - c - i c- ‘ , ~~u/c -x . i m -c - -’,-:n’ - c - n’ , fi n ’ s I c’ u c - I . l i y
— a- _ a _ _ c - I -  - ‘ I  c- - t - - i - n - - n  - c - i n - i a -  - c i i  - - - f  t }  

~- - c  - I I f fo . - - c - rn ~- - r’ c - - _ -- . f c - c - i c - ’  - m mc c -  - Iic — F - . -  
—

-c - ~~ ‘ i n ’ - c I - c- c- c - F at 1’,’ c -h e’ c-~ F c ‘c - -n - c c - I n   ‘ c c - - c- ‘S ¶ I a- i c - c c ’ - -  - - m c -  I n - c -  c - n ’ 5  am c-~

! n c - f l c c ’ - m n c - - - c - :  I n s  - - - f -  
- - - - , c- c—n - ! c - c-t~~’ - - — - I - a c- c -:- — , ‘ 

. - • , - ‘ - — n—- u i c c - I  - a-n c ~r - - - a -n - c -- i - I - -

_ _ _ _ _ _  

—
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c-cr—il

tn unc - sn - b aa - ic - I  -a C i  c- -c - .’ , a han does heat conduct i c - c i u . c-ie -i ’ V I c - n uc - cc ; , - r ’ a - c -- n  -lcuie n c - c - .  [11 1
c - c - . 311 f t .  I -c-c-n ’ cc - ic -cnn u l i s c - ’ u c , n n c i c u c u  of this c - ca - I c - c t. F’,— a - m . w i - c -c -- nn 1- - ‘ 1 .  a- i _ c- - ac -cs amid Ic- c - nc- c-
c- c- c -n c du c - :nt .  I - e-i’Cm c c - c - c - ic - ar ’c-- ic - c  c - I  c- c - icc -n i i t  is c-non-cc t han . c- rca- - c - c  c-s -n - ic-jr cc - c - c - i nc - c - i cc-rca c-c-amc-j c-ot

ic - c -  ‘nc-d id ‘-- ‘I — hntn shocks , n - i nc - c - c - -  the c- -’c-rn t . i r n cc - u~im c an - cc - c nn - n c - t I c - ic c i n ’  c c-c -- c-c- c-c-c-c-c-i aa-n r-c -uxLc -ac -in I c-c-n
i c - c -  c-nc - n a --h narrow c- c- -~~c ’ I c-c - c: c-of a - c - c -c - i -n i  c- a-ansit c i o ~ von 1:1 c c - c-: [181, a. . 1142 f c c- . ,
c- c- c- c - c- c- c -c- c- c- c - c - c - ic -  [19], rc-- . 550 , c-c-nil c- ’c- c-c -c - c - ma -irct—i ’c-a - ic --c- Fc’l c -’i c cc - c - [20] , c- . 137 Car l i — c - - c - c - sc ]  -

J c - c - . c - c - 1 c - j n  i- ‘hi - c - sl c - c - c - - - c- c - a c - c - i c - nc- , ‘ hi-- i c - n c - - i c -c c - i c - cc-ca c-c - C v i a  c -c - c - cc - s  oC :- c - - - c - n-. c- c- ‘c- c- Ic-c-n-cc- a ‘-n -n c - cc - ic - -n c
c c - - c-c-n c-- a - I  - cc - I I ’j l - n e -  to c-nc-c-ic do’c--nrist a-- c - a - cc - - i u a n c- c- c- c-s ic -c -- c-- c-c ac-n ef’fe-c-t c- c- re-c-ann icc - sc - c - n -- c-rn -c- ic -ic -
:‘l-u c - nv cai n - I n cc- obtain-c- the transit ior c- fr -c - cc -rn ccc-, i- i - cc - - c rc - i c - - c - c - c ,auLc -c - cc - ,, i c- Clan -c , and an - Len-I
n -I ac - c- I yes a e-nc-cod ac- in-pc-ox Icc - c - act  lo an t a- reali i- ;, - - i c t a I -n i ’~ i - h - V - sc - nc - c - u- i- c .

To c - c - n c - i c - n’ o im c the  c c- o r n v c-a u i n c - rc - - ’a- and f ’i e x i t  b L c -  c - n a- c- icc’ Fc- c- - - x c - nc - c - c - I ic- c - c - c - i , 1 i - c - c -c- ~-
c-

u c - ~x
7

- - - - n O c-c - aun - ’ - h a- a -n - c -i aced i-ny a 3—point di- .-- I -  I t - c - I  c - l i  CC-c-n c--c --c--c C c - m - - : c - l n -  c-c-c- c - 1  ‘ ic - a -nc - he 
- - c - c - -c - I I n - c - c - c -  the aac -c-r -c-n c- i’r -i cc-he a-anc-ation s of n - I c c-  di Ic - i -c -” c - n c - c - .  i n -  cc -;; nn - c-nc - c - c-c-. a- . 7) . i c c - n - c -  cc-nc -i 

l i n e -  c - I n - - c - - i ’ ;  ennp l nn- yi - n ’c - I F r i tic-c- tr ’c -n c - ai t mcc - - c - c - n nt .  H nI - c - c - rg cc - c - c -’ s c- an - c - I  ion is  cs- -i , i . e . ,  c-icc -c - l i ce

v ~~~~~
- ( c -  q)

~oc--; r e -nI - a cne  sac-/ax by v and ~
2u/~x 2 by ~v/3x on the PES oC (5.]), and onur-axIan-ta-

- I : ’ c--ant I c-a l ~II f C c - c - n c - - c - c -tI c- c - c- c-c-- c- - c c - c - n - i c -i cc-ram- at the mid—point of each c - cc - en - h Icc -her a-c -n ] ‘n ; s a as
-sca n- iic - c - m - c -a- c- c-nc -n ic- c - c - i c - c -  ( 5 . 7 )  . Cc-C cc - cc-c-na -ac-c--, there l.a mc c c-,-: an addl’ 1 ci n c - ] ia-c-c-a-rica-n-c-c-

-
~

- - c m - I c - c -~a Ic , . , , c--i each node and for a-ac-c-h interval an a d d i t i c c - r u - n l  - ‘ c - c - c - cOc -  i - c--cc , ‘I c-a--
c c- -c- - c - - - - ’ - - i  I c-a -c-cc- c c - I ’ (5.9),

0 = (a - .  + v . )/2  - ( - n . — n- l 1 - j ( 5 . 10)
cc- ‘c-+l i+l

‘tm c- c-nc -c - i n c - n - In - c a i l c - ) n t, band cct rmc - c - n t c - a i e-  for - 1 1 i -  - lu —-c-c- on niatr ix t Fcc - c r  I c -~- ‘c c -nc - c l - ncr c--c- c-i by c- F - .ARIV ,
i s  i a n~ m - r ’c - i-cI between c - i t  ‘nc - c -U ~~~ in  t i c m  ~i . - I c i -c c c - 1 c - c - i c t  v n a n ’ I n c - l - l a -  v a - c - c c --c- a- om’ i l- c , ac- cd

- . 1 0 )  I c c- I c - u n - - m t - -i c-u s c- -nsa - rn 1 1 c c - c- - c - r u t  I i c - c l t v  ca-id c rc - c - c - c - ni -r u t n um c c- c- c - c c - c - n c - I  I c - c a n s  of ç 0 7 c- nu ~~- i t l c i c
I ’ c- c- ’ he i—t b jr- c- 1 c- c- c - n - c - n Il

In c-c- i rc-c- fr-c-c-nc- (~ .7) 
1 o t i c - - ‘in n~~cc c-r ct . -ci  system c- -c r n t . a i c -  c- In - gm - c - I c e effect n- a- c - visc--cc-si 1 a- ,

- cm .1-ac-c-a-a-i.: (c-bc-’ a- c - ) i c - c - c- n c-- c In-i --- - c - c  ‘ c c - I c c - c - c - I but mn -rn I c-n II~ l mn c - w c-c --c - n - c - c - I a c - c - n - c -  ((5. 10] Cc-n ’ a-ac-h c-f
‘ f l - - h— I  in , ’ - n n - .’ c- u 1 inn - a - - - F - - -  r , c-’rc I~ ‘ - c - r c - .  Pc- n - i c - ca ’  - -c-f the c c -a - c c - s c - - c -m n e of c -h e 2nd c - i - c - c - ia - ac -c - ~I c c -e

c-2 . ’~~c- 
c-
, ~c - ,  c-c-~- c- c - n - ’.c - a - i i c - n c --’ n - c- c - - t  I - a l  c - l I c -’C- - n’ c- - -mct  I c c - n i cys t ic - c - cc ( 5 . 1 ) ,  we exnc- - c-’t that

c - c -  c - l U  c c-i I c - a - n c - c r c - c - i n,~ c - c - n - m n cll l I nc - n- c - il l U c-  c’ c - c i a - i c - - c l .  The c-c-cn ly question is whether
.r c - c - c - c : c - c - -n - c - l I t ’  c- . c - -i - c c -- u n ]  he ‘am - i - i  I - -c - I at c - h i ’ c - nc - c - s t rn-c-c-cc-cc or downstream L-oc-c-cccda-c-ny .

c- .b i c I . ,  a -
- I - - c - ’  C c-i c-q le c r - c- c- f  l i - nc - ca c - - c - c -- n c --- u t  - c - c - c u l l  a-i w i th  c a - a -  boundary condit i c - c - r u n -

I cc -c - c-ama-i ~c . c- -a - -a - n. c- cc -i ‘ c-nc- - dc- u c - n - nn c - ’  n ’~-c a - r n. A ] ]  c- - C  s i - n c - - c a -  ‘c -ntt c - encc r c- a f n c -~~] c - - c - l , the coma-ri t e-i
c-c- n- Il a I c - c - ac -  -am - -c-n i ne- - c r c - i  :c- a m n m I a - c l  ‘c -n cd l . i ” c - n ca - c - u t i t c - c - i rc-c- I c - c  c I a - a - i c - nt - c- fa-~c-c-r u Its known steady

c c - c- ’ I - m , . I c - c - - a n - - c c - c - - n - -c - I w i n - - c- F c - c - b c - c - n m ’ - -  ic -c - cc - c - c -~c- er’can n Ic- ’ m m cl  n cn rc -c -- ly subsonic-
-- -n c - - l i t  I c - c - n  c - c -  w h l -  - h nc-n - c - - c - c - m i .’; c - n il e - Ic ’ u - c - n - I nt l  ‘it i c - c - i c - c  c - c - C  I n 1, i-mown steady sc-n - I c- c-

co i n - c - t i - -n , cn n -I c-i 1 I c -  - n c-- c- c - - I c -~ y of’ -c - c - cl I n c - - c t  I c - -c - r c n c -  I’ l c - c c - c - n i n . I c c m ’,’ ‘c - s i c - i l l 4  ‘ ons . Based c - c - n i t h t c- SC

h i - ” - - - - - cc-t i c - - x~ - c-i cc - c -- - n c - n a , I l~ c - - c -c - cc - c -  - c - c c - r i - - i  n I i  -- .1 1 1  n c - i t c ’ c -n - l h a -  i - n _ c - - F - i ’  - n - c - t - - c -c -’ c c - n - m ips - n y  n - c- c-ca, c- c - i ,

• - 1 :-c- c c - c - - ’ c c - : a ’ i m ’ ;  1 o In- r - - - 
- c- t .h i ’ - ’ -  I - c - - c - c - n i -  I c - nt ’ ’,’ - - - c - r c - - I I I  I - - r ca c~~ c - n c - t  n c - c - - in —, - I m ci - c - m n- - c- I -  c-n~j rc - n al  n ’  - c c c - -

n -  - -— c - n r c - I  ‘ - nan - of c - ic - - ’ i - i  -a - I fi, - c- ’~~c- c-c-c-: ic - a a n n - - m n ’- c c - F  (c- , -
. 

- - c - n i F c -~ , n -- . 1 x- - - I .  ‘ I n n c - lm ’ c ’ I ci

F - c- n I i ’  I ’ ’  c ’~i I i n i  I i  c I I ,

~ 

I l i -  ‘ t ’ c - i l c - c r ’ - - ‘ c~. - c- 1 i l l ’  - n i - i  - i ’  i~ 
m c - ’ c - i l  ‘ t - -  - c - in c- Ic - in - c -,’ c- - i - - s i t  I -
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~‘cc-~
’—~l~c- c-

c- n c - -  or c --— c l i c c - n - a n s i cnm c ai  gas C c - c - m w  c- ,’:I~n l n  :iscos i lcy . i c - c m ’  - - x n a - n c n  1-  , I -  - - -  n . 1 s - m c -  c c - n c -c - n P c - n i  I c - u  [~ i ]
solve n - c c - - i - n r :r’oL-i ec -ncc - c c t~c - c - a  i nc - cc -c-cs - c - f  ‘ c - a ’ i c - c - t - l e  - - n c- c-c c - c - a - ‘ I - - c .  ( I c - c - c l , i n-  -‘ nc - la -  - • c -  c - c -

c-
c- - c- ” s

a -C thermal - ‘ c c - m n - J c - c - ’ i c -
. I . ty )  F - v ‘ -c - n c ~ i - - I t , c - n~ir’- n c - i - c - i c -ccn - c - - c- c- -’ i c c - - I c - . I c - ’ c - .  - - - is  c c - c- ‘ i n i - -c ’ c - c - c’ c - c - c - I  I c - c -

i - c - n c - i  I s  cc -c - ’ 1 Icc f L ~ u c - .  near t i c - c - c  c-c -aids - - c-
c- n - inc  i c c - n - c - c - ,  e. a. , i c -  ‘ ~ c- cc - -c - ~~‘ . c - ’-c-~ c-n- c-n-cc - c -nc - f

- c - n i C c - c - c - ac - u Ci a ’.-: , then It  is lcc- c-ss ]Ic -Jcc - t~ a tc- c- rather loose - c - i c- ; c- c - , c-~ n n  - -  c- I n c - I  c - a ~ c-c-c - rc -  cc - c-’
c-n c - c -n nc - c - i n c - c -r~1; - - - c c-. i lt ions if impl icit . c - c - c - c - -t i -n c- c -i s  are F . c - - I r u c -  ‘ c - c - n - c - c - c - i  . I c - -  - c - . ’ c- n .  am id c-u c - i - i c - c -

c - ’ - n - ’S c -  c - - - ’ I Inc-
c-’ 

c- i n c -c- num ber of’ ho’c-indax’y a - c - nu i i n  I c - ac - n: I.n c -c - a - c -I- c - n’ c-c- 
- c- ’- - ‘ n- ‘ - c- ’c- c- ‘ t c c- -c c- c- sc - c - -c - f’ c -h-c - i c - ’

- x n c - - l i -  1’ c- c c - c - c -c - Icc - c - c -I .  ~-Jc-c-ei . .  c - c c - i c - c - c - c -  sn - c - c -nc- c - ic - c - n c 11-c - - I c . c- c - c c - 1 ba - - I s  c-
- i c- l u  i c - c c - . ’,’ c , c - - n. c- c -n-r  c - I :  - - ‘ c-ca-cc-L ie -c c-n-

an c c - v c - c - i s p c c i f i c -c- n-c- c- i - n - u  of I c - - c - c - c -c - c -- I c - c - c - a  c- c - n c - i ’ ’  i c - - c - i n -  is  n- nc-c-c-cc--4 i c - c --cc c - c - -c - c - -c - n - - cr c. It Is c-a
s i c - c - - c -  a-C some c-c- c-c-rcc -n a-c-’Jcc-n-sy how sc- - c - - I - - c - c c - ] , ~-is  aCC~- - - c - s ~L - -  u-i cc - Ic - r n - si c - I- i c - c c- i-c-c
c -a - - i - n c - -c- c- f i rat e-r e -can.. See -I i tc c -h e ]  1 [ 2 2 ] ,  1 1 - . i~c-~c- ’ CC. Cc-a- c-a-cc-c - c - h’- - c-cana l - : n c -  . C ic-c-cl ’ ‘c-c - c - c -

-B n ’ f i c - - i c - B  I nc - n - c-c-c-ia;- - wherc cc -a-cc] l i -i t  methods c-ic -c c- used for Ic-a-f c - c - c t -
~- i 1- - c-n a-ct 1cc-nc-s . Se-c

[2 3 c -  ~‘or a I— a l e d  dise-u ssiorc- of this  n - a c - c - t i c -— ‘ c- c - I , ~ ‘i c - c ‘ —  , and
- ‘ cc - - c - - n - c - c -  [22 and 14 ccma -tt c -t and Salas [25] solva- un cc-c-— d i n n c e m c s i - n c - c - al ‘c - ic c - c a -c c - c -c- Cl-c - i -c - nc-nor Ic -c-c-ca
n - - c - - i - - -- unsteady c - c - ’,- c-ice rnoti c c - n c of a piston at one ic c-nc-c c -n c - c - an y. Ba-i h c - c - n - nc--c-a ’s use ca -n - i  i c -c - - it
n u y - r r - c - c -  c - c - . Lccd fc-c-p-l -cc-b . al. - Ic-al a - I c -h  c- fcc boundary ‘c- cr c - c - l i  c i c - c - c -c- c-n- n e - c - c -  i cc - a c - Lv effect - Ia-cia-

c- ’ n - c - c - c - c l  nc-c-Ic Ii c-c- the cc--rot .- i emn I c - c I c-c-uc-ic-c-c-lc-c-c-c-Ec-nnjc- ac-c-na-I c-il les rind n c - c - c - i c - c c -  cc- n - I cc-cc-c-el-i - c - i c 1  icc - , n~,- i n ic - I c
c - - u  : c - i  c - - c -

- Inc-c - mn uo sc -c - a- c c ICy only tuba- a-c-c- fli es c - c - f ’  t he veloa-I ’ a- on t I n e -  t - -c - nc m cc - i c - n r l e s .
1-1 c - r c - -~ 

- - ar-id C-alan - nc-nc-sort, to overspecil’i i- c _ it ii c - cc ( c - f  I Ic - c - f nc - u c - nc - c- c - c - iae- ”,’ c- - c-c -n ih Ic - i r i s .

Tic-c; first unsteady viscous problem att .i ’c-n ’ c - c - c - c - nc-i was c-n ’io ’c- -n imn a c-- ar c - n - ta lc -ut area in-ct
c-c - I c - - I - c - i - c -  I c-c-; I n c - i c- c-ally unIform supersonic. The slrcpc-i cc- dowrnstream i--on-ic-dory ~~~~~ i- c - c.

,c -  c c - c - th y pressure for our tests) was altered smoothly in  t~ I n - i c --c- so ti-c-ac- c -he -  fTc-un-: near
~i-c -— -c - c - c -n c - c - n - ns a - a-a-am end would become sc - nc - s oc - c - i cc -. (At the upstream boundary, the Cic-a- 

-c - - n - - c - c c - s c - c - n c - f l -  because of the c- bra-c- boundary condic- iac cc imposed wh i oh c-,~ e-~ c - c - c-

c - c --c- i c- i c- c- -c c-n- -‘n c - c t Ca-a- c- -ar tests .)  If the final value of the downstream boundary
B i n - i - c - c. I c - c -. “ c- lust c - I c - Ic - I -” then the at a-oily state solut ion c--c - -ill ann a-on--c-h unIfc-c--~~nc-

,:,c-ea - sc c- cc i.- f ’ ] c - a c - s  ui - c - n c -’ n c - cc - cc - ac- nd c - c c - i C -’- c-c-a c sa-t ac- - n c - c - u i - j Clan-: d-a-c-c-cc - sta c-cn c-n -mc n-n i t - h a rather a-ac -n-Ic-i
c-
~~~ n c n s l c -  c- c - u c a rc -c -c -nc s n m - c - n - c - c c - a u i c  to subsonic somewhere in the interior. ‘

~~n-’ 
c- ,-:idth c- cf

cci: ta-c-c-rca It I - c - a n decreases n- c-’ i t ’rc the viscosIty and can be Ici -c cu c -’ht of as sin-c-u] a-nin~
- c- cc - b c -n c -c - c - k  c- c- a- sri-all v iscosity .  The correspond ircrn” steady fl ow n- c-n-t i c- -n c -c - c - i-S discn ’ ccssed
Inc c-Fe- c- c - c - U Ir a von I’li c a c - c - a  [181 , p. 139 f f .  , who also supnlies arc- c- a-’ac-i solcc -c- la - mn (in
I c - nc - n 1 1 c c- c - i t  c - n — c - m n - c - ) .  This c-xac-”. steady solution was built m i t  o c - c - c - i ’  cn .rcslneac-ly flow
i--a’c- clIc- crc- f’ --r’ t c - c -~c- - - i - c - ca - i - c-a - ar c -a : ( 1) to supply the downstream bc -c -c c-ic -c-i-cry c - c - n - m i l l .  Ic - n - c c n -i - ic --n _ c- c- i c - c _ i n - c -  c-c- c-

- c- ‘-i- c- c - c - ’- - n ;- c - ’ i i c - e n ’ d  upstream condil ions so that unlforrrn flow nc-c-cat a-cc-c-cc-n : a-c -c -c -i -c-i c- c-n ’n- c - cc - t r- c - n - m ’n
c-,-m a c l d  be n c - c - -n c- i i n c - a - - I as Icc-c- unsteady solution approached at e— c n c - l y  ‘o cc c - I i t  l oins , ( i i  c- o
c - a  c - a - i c - c - -  c-c . steady st cnn tc-nc- cheek for the unsteady solution.

T i- c - ‘ f c - c - a - c -  c - c - c c - c - I  c - ic - c - l i c- c-’ ~at c- , m - c - c c c - c - t~lm n c - Ic- he l c - i ’ o i - m  i-i c-m n described in the preceding n--ac’c-c-tm -c-i-Thc-,
a c c -  - c - i ’- ’:- - cf ’ t c - - n - c -4~~~~ c-~nc- -n - c - - c - i 1- - c-is in c - i c- as the I nI t i a l condic- i - c - mn a r cc n c - t c cm ’b cct  ic- c-n c- c -f  t i c - c-
c - xn -~~ c - a ’ c - - c - ’

~~c- I .~; c - i c - c - n - n  n - c c - I c -  n i l on (c - c rc - I t’- c-m ar c supersonic c - n r c - c c -I ra -c-cc-c- and c - a - ni Coin-nc subsonic
ic - c - n c’ m ~~c - n: c c - )  . The sic - n c - I ’ I c -  c-n -,yint ream - i  -ri d I t  I c-c-i- c was n-c-cc-c-c I c - i c - c - c -  Ia n  severa l ways. IC
- - - -

i 
c- c ’ 1,  h~ 

c- c - c - ’  ~
‘- c - c - c-- c- - c- c - ’ m c - c - c - c - c - ’ i l c - c --c - - I (equal t i c -  l i - c -a - ia - steady flow a - c - d c - c - c -’) ,  t ine i - c - a - a - c -  cr 1-n -—

I Ia - ri I l - -I a - c - i. n c - n - c - I - l i : , - , cc- cc- c- -a - i - c - c c - t i n - i l , and 1,he- c - - a - a r t n c - Ic - - c -c - n c - i l l  c- c -c - i c - n t  i-on was obt ained (‘ c- c

- i c -  c - I c - c -  l I i i - - c- c r c - c c - a l  I c - c - n  n c - - n - c - i c r ’  a -f ’  I c - c - -  ~~~~c - c - i i  I c - n i  m l i n c ’r c - - -t i cc - i l  I c - n c - ) .  i l - c -n - c-a -v a-a -, when

V , (~ ) c -’ j n - c - c - c- c -m’ - c - c - a c - r ’ l i c -c - -- I , 1 - Ic -  - c a - i c c - I c- a-rn c - I - - m n - i ’ m  c - - c - i ma ce r ’ - i c - c -- I  n - n - c - i’ -- C r c - c - nc - u  the steady

c -c- c - i c c -’ ‘ - c - c - c , -~ ‘ / c - c - ’ u  I c - c - n  c-c-c- i ’]  s~~ ll I c - c - I t  I n - I  c - c - - c - - i  c - n r c - i l  I c - u r n s .  c c - e - v c - r ’,’n i f c - c i ’ t  i - n a -c ’ t i - n - c - s  were

~~~~ .~~~~~ c - c - c - n c -  . _ . ‘.cc 
~~~~~~ ‘— — - - ~~ -c--”c-c-’ :T~~~ . ,:a —~--—- - _-__ ..c-c- ’ .~ ia
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i - c-icc- - n -c c - c - c c - -c-i l n~n l t i c -  v i - - c - c -a - c -  c - -  c - i c - i c - c -c- c- c-it the -c -i c- c - n - nc - st~n ’c - c- c-u c - . i- c -cc - crc-Jar ’;. c-a- r ’ I Ic-ese n c--s~ s , t I c -  -

so ln n c  I c - c - i c c-sc - c - c - c - a- c - t t e n c c r -~I n- - c - c - i c-c-n - ’i r ’  s c - n t  I n n t ervals -n- f’ the- a-I c-i c - c - c - ]  c -n — I nn ’-a-r ’vn-l : sane c- a -n -k s
._‘i’ - c - - c- c - c - -a- a u~tc - I ’ 1c’ c- ly s c - i n c - c -’n ’ nac c -c - c - I c - n ’  i c  c- c- c-—f’a-n i l  , some for s c - n - i c - -t ic- ;  subs -c - c - ic -  , ar-c-i sc -‘ nrcr Cc -c -n ’
c- a- — c- I c-c-nc -per c-c- i — i-c- r c- I c- The i ~ t ni-al o c- c- i t Icc-c-s and ic . c- I n- c-n nc-I l ‘ iu S c- c-
c- ic -c - ’n - I mc taken Cr c-n -c n c -b e e~’ac -t  at en-ac- .’ flon’; solut ion . I c - f ’ c-c- c - c - c - c - a c - se  , cb .~ E’ i - c c - c -  c r c - c - I n - a - c -,’ - - cc-mcc-l l  ~ Ions
i c - c -  a c - c -c -n ~ 

- . - e sc c -nn r i iv  - - - c -a - c - c-- ac-- c -cc - c -c-i ~ c - c -  D c - n r c i~ f’onc-c- fl-c-c --,- a li - c- a- onl~c- ’ a ~ c- 
- r ’t I - c c - c -  c-C t~ i c- c- - - c - a- c-’ I c c - - c - I

n - u — I c - c t  a-c yri l  i s  I - - - i - r c a  - c - c - c - n c - s I c - 1 c -c - m - c - - c l .  For an x—ic c - t -c---r ’a-c--c-l c - c - c - c - a - c ’ a - c -  c - i  c c - c - i l I r c c  -to n c - t n i  - I na
: c - c - n n - -c ’c - c- c - c n m c  C l - c - c -’.- , ,  n~i- c-c-- c - c - r st ’c - .- c ic - - s c c - l u c c -  i - c r c  n ’ c - ’ tc urned I c -c - 1he c- - n - n - n c - ” c- ’ ’- -n - i c - i c - c -’ C ] c - c-c- ’,’ :a-:c - J c - c - c -  c - c - n c -
n- ’ ’t - - c - ’  nc - c - c - I c c - i c - I n t ’l c - c -c - c c -na -l ’ c- i t c - cn n .  F-_ a- an c - - c - — I n c - c -  c- c- c - ’ a - c - i l  - b c - c ’ c-n - cc -  n ’ I cc -nrnrl ’l c’ -c - nc - c - -a- c - - - c - c - i c -_c-

i - - c ’ c - - c - i c - h  a c - c - c - i c c - a - a - c - n i :  i - c - _ c -c ’ - I c c -cc -  - a  - c - -n- u n ; ’ a - c- c - - c - c - . ,  t h e  c - nr c - s tc - -— a c - j ’-; sc - c - J a n 4 I c - - c- c c’,c.c- n J - c -  -c - c - - c -i - c - a c - nc —- c - c- ’a -c -c - an.
1 c-c-i c- Ic  s a ct i n c - n  (a-c-c-c-c--rn n I t h  no c- c c and c- nc - c c- 11 ‘ n- c - c - c- 1

n -n -n - c-’oc-c- c- -a c arn c- c - I her c - n c c - i - n~~ c-l i f ferent Sc- n- i - c ’ fl’ n - c - c c --e c -c-c- sc- -c -uf lc  c- an - c-c ia - Cl- an -n cc - 1 c c - n - I c c - , ‘he
- i- u i C I - - a n cn’ - - of c--c-m id -c --c -n - s not clear . Cc-a- c-c t c~ - c - c - - -  s c - c - t c-a - - n c- c c~~~c- n- c- c— c -m c -c - ni’~ c - c - - - ,

— c c -  solutc-c would depart fa a-n c-he n n c- c- c-c-a- c-~’ c-
n-n c- . I a l  m ’n c-die cat s and c-n-c-ye no ir c d lc - c - n - mc-~ c-c . t i-c -cc -c- i n -  n-n -c- c- ]i -c- c --:~- mc - cc- c-U n-’ n ’ c--orl c a c’ - -c - n - i - -
- c - c -  c- . A c - c  i-cc -c-c-c-cc- fl the sic - -ri c i Cic -n - c - a -c -e of t i - c - a - c - c ’ -  c - c - c -  - - c - i c - -  i c - c -, c - i  n - c -- c  .

~~ c - - i  i-~~c- c-yns a-en-c-c-
i s  n c - t n- - J e an , ic- I nc-c- n - i c - c c - c - n r c-n c- that I t - is ia-nc-c--c -c - ’- - - c - n - ‘ o c- a - - a - c - - - l i - a- ‘a c-nc i - c -  a i-- c - c - c - c - I n c - n c - c -’

c-c- h I 1c- 2nn a-nc-_ Il 1 c c - i ( c- c- c- c- a
- c - nc - - -c- - c-c l c - -n c - s n - : .

We nco n - n discuss the unsteady viscous fl ow pa-c- i-c -len-c c - c - f ’  I c - c ’ a-a-es’ . c- c - c - - c - c ’ c- icc - i s
n — c- ’- -1 - Tern , the i c - c - i t_ h a l  a - c -c -n -c - d I l l o n  was c - n r c - i  fc - - c -~ nc - s c c - - c - - r n - c - c - cn i c  Cia --c ’-. ~ -n n - n - ia  1. :) . S c - c - c - c - c -  ic-cc -
c -c -c - ‘- =0 , the downstream pressure n -c -c - c -c -n - i cc i ’ c - ’ c - c - cc - - c -  I sc- c-c c- c- n-n- i - c - la ’ ic  t ic - c - c- Cr c-c - - . i f  s c - c - nc - i  c- nc -c c-n .
c - I  an- value t . c - c -  i c - S  f lmn n - l  value at l = .l .  (Fe- - i l l t ic -n -c- c - i c - l a  c - - n - I n c - c- i n- t n -i -cor n fc c - c -n c -c’, c - I c - c - c-
a -a -n - c c- sn -en - c -I c -c - Cl u cc- -c- solution baa- I n c - c -c- - n r c - i  Cc- cc - - nc - c - cc - c - cr  - i c - c - c - n - c - c - c r c - I c -’ I ’ c - c -~ n c - c c - c - n - f  c - ’en -c c -c n a - c - cl c - n m c - I f c c -c - a c -c
u -c - c c - i n c- ca- c- c-n c - i  a Clan-c- c- i c - c - c ’n ,a t r’c - c -n -n c. ) This problem ‘ c - c - c-c -a run for ¶ i c - n c ’i ’c-a - d i f f e r - a - r c a  values c-C
the c - I s  -c -c - I c - a - .  In c - Ic - c -n c - n - - 5.1, n— c - c - a - c c - f i l e s  c- ’ c- c -r c -c - ’ e - u a c - c -c - m n c i i m u c -  c - - c -  t i - c - c -c- c r c - c - c - l I e - n c - I  a - c - c - i -or  c-c-n-’
- 

h i-  v I s - a c - c - c c - i c - y  (i i  = 104 .lc - ) a c - c - -  r c- lott ,ecc - Cc—a - a - c - cc - i c - c - c -c - cs  t i c - c - n ec - c -. Cc- c-a c- t i -nc - se - c c c - cc- - c-c- c - c - - i c -’nc - l c c - c n - ,
i c e -  a- interva l was [0 ,1] n-ni - c- - i-c-c-i c cc - c - c - s dlv I c - l i - - c - c i - mi t  o 20 eqccnclly sn - n c - n - i’d I c - c~ c-a - a -n - ] : .

lice-i-c-c-- c-i a -c-a - f ive  nc-nknowns per mesh n - - c - n - l i - c c -  maklmnC c - c I c - c -c - al  c- c-C ) iOic c- Io na ’ic c- Ic -n .c- a - nc - a - I c - i - - c - c - c -
- ic - ’~’ were i mu tc - c-’c-’r ’n-t ed . i-r i 1-i c-c-c -n ra-c -c- 5.1 , the c - -c - c c - c - f i l e  labeled “ =c= is tn-i-c-crc c-’n:cc - . i - nc- c-
-- c - -c - n c - c --t n- ’ - -c -c -c - i ’ ; flow solution . i-he last profile na c-atua l ly c- c - i - I _n c - i c - c - c-c - I c--c- a - c- c- c - c - i n c -c- c - nc - c - s c -  ca- nc - c - la -
I - . ’ - - c - c - ” c- ’ I - c - n c  i c - c -  C-c -c-i’ t = 2 . 1 4 .  Conditions are st-ill slowly c - i c - cc - c - cc - I c - c c - n-c- tn = 2. 2 ,

-
- I ’  c-c - c - c - -c -ac-c-n- c- - l ~ c-c c- b-’ I c - n i  whether the unsteady in-nt c-c- c-Tn-I Ion c- ’c--u c- -c l d  a -a - cc- n reach the

c- c - i - i c .  The reason ic-a that the pos itnion of t i- c- -’- c - - c -c -  i c - I  c r n - c c - s i - t i  c -nc I - c- nc - -c -c-
‘n c - c -l i l e - f i ’ c- a - i , c- c-nc- c-c- i a - c l a - i ly  for sc-nail values of ~~. The shape- of the c-n- c-i ’ l l ’  is well

- i - c - I c - I nc- -B , n-c- cc-i It can i~c - c -- - seen that the t = 2. 14 c - i c - c - c - I t=c~c- c - n c -c - - f i le-c are c-n - c- n c- -n i c - c- a l ly
a-arc -sIc -ate-s cc-f ’  each other. For larger values c - c -f  ic- the pa - s i c -  i c - c - cc is  i-c-el t a - c ’  c - I a - C i rc e -c-I .

c - c - c -~ n - - n c - - u - - c - I c - - a l  c-eat s  c - c - i - I c - h  ~j  = 23.1 and ~c- = 3’4 .6 , the c - n r c - s t- I c -nc - c - i ll  solut I cc -m n c- ’c -c - ncc - n - n c - n - c - c-
F c - c - c - - c - ’-- :- c-a-c the exact steady soicct ion . The reason fcc-a- c - i c - i n- c- l c - ;~

c- , c- c-c-f bc-c-a -Inc - c - a - ha -’ in-
~ Ic - n - t c -  t t n - c -  c- ’x n - c’ tc - Soini t  i - c-n - c c - c - c c- ‘

~ i n n s  un i form corc-dit ions only at a- = c - - c - c -, and n - m y  C ir i  i-a-
a - c - n c - n c - c - I c -c c - c - c -  cc - f ’  s c - c - c - c - i - c  n-n f c -x - c - c -’ t .  c c - c - c - i c - c - t  i c - n - c -  i c - c  c-n -lao an exact s o l u t l c - c m c .  For - c - c - c - n c - c - c - n c - i c - c - s i c - :,

c- a -- h a - - c - c - ’  c- 1cc-se- nc- t I c- - c- c- c-’c- c-~~ act c - c - c - n - c - I a -  solut i on n-ni - n i c c -h n n mc - i en ’g c - c - e n c - the n’ c-n- ic- i c - i  ‘ c c -- cc -c - n c - c -i ’ I c- ’~c-
- - ‘ ‘ - c - c - I  - to subsonic rc - c - -n r  x = . c-I c - l an- c- the a- c - b - a - I a - n - n  Ic-c-c-es of t 1 c m —  n - c -c-] ac - c - i c-c-c c-

‘c -cc -a- c - I c - I n - c  n- t — n=fl and 1., b c - i f  they c - ic - c- m n - c - n - n ; ’- n- chI c -h  c - i .  Thus, c-hr the smal l -c’ values
- c- c- ic- , ic--c-- a- - c - c c - I  i - c -. I ‘- ms c-nc - n x 0  and 1. more a - i c - c— a c - l a -  pr-c-c-c-c---n c - c - i -c- ic-’ c - c c  c i  I ’c- c- c-’n flow , cc-t . I - 1 c -  means

‘ c - , c- ’ ‘ c - .  - n - c - - i s  a cc-c- ‘ c c - c - n m’ of I r ” nmc - s l  a c - t c - - n - c -  of c-he - - a - n - u- I , steady flow so] c ’ I cc-nc wi -c I - ‘ i - n  ‘a-tn-ic-c-c-

i a - c c-c-’ - c - s c -  I c C y l m n c c- the c- - i c - i c - c - it i c-c-~i c - c - we n - c - ’- ’ I u ’ c-- - ’c-’ i ’ I c - u- ’ l e - i c - ,’ n -S i t  h 1 1c c - c- i - - a c - c - c - ic c - I c - c - n a’
- -- c- c- ’ ’  i c - n -  i t  x=t) and 1 .
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i l ’ i c -j  c--nc- - n t I c - t . c-r Inl c - i c -c-i ¶ i - c - c~c- sc - d c- c - n - I  c- c-an of such c- n i - c - a - c --c - I - la - c - ac -  i c - c  a duct - -c - f  a -nc - c -c - i  c - cl — i c - ‘c -
c c - -  “ I n e . c -n -. , bc- c- ‘ c - c - i i ’jc - ’ c - ’c-c- - i c - I — c - j ! c - j c -c - i ’ c - c - c - c - ic f c - i c - c c - i c -  used I c - a - R c - r c i c - ; c -- - rc and P c - i l - I c - :  [ n’

, “c-c
c - - c - c - c - c - c - I c - I  - - a - c -  c-- - c - n bc c- c - c c - i 1’ ion c- - c - ’ l i - c - c- c- a- c - ic - c - i c - i  t i ” a - c - n c -  l t i c - c n i f - c- 1 - - n - : c -— ’l ’l c -icf~~m ne--i ‘c - - - a ’ c - c c - n - I J c - c - n - c - -
of c- i - c - c - c- Va-i c-c - c - - c -  of ~ n- c - f i n - - - ’- ‘c - i c - E  ] l c - n c - i t i r n ~” inv lc - a i ’ Ic - i  s c - c - I c - c - t i - a r c, I . e . ,  t h e  n - i - nc -c - - c - c , c - c - c - c - c -c-~
c- c - - c - - n c- n- c - c -  c - c -c - i - i c  i - I c -  - 1 -  - - c - c - on in c-c-n ’dc -’n that c - c - l i  i - cc -  c- c - c - c c c - l c - n ’ c -,’ c - c - c - c - c l  I n  I - c- c-I~ n- i - c c- cc - nc - c- I c - c - c -c - I c - _ I .
- - c- -c c - c c - c ’ c a-un- - --a’- c -c - c- c- ’ c- ‘ c - c - n t  c - , c - I n -  - c-ic-nc-c-’; al so I c-rice s c- c- c -c - - c-- I n n  a c - I n c - c -c - i  a- c-” c c - c - c c c -t c - i c - u ’

‘c — c - c c - c s  a - - t  -c- - rn , n c - _ c -  ‘‘c- c-c- c - a c - c -c - - c-i - c- c-f c - ic c- —c- r ’ c - c - m c u a  a c c - c - - c - —c- i c c ]  i c -c - c - - c - c- c - - I ’ n c - c - c-m n c - c - c n l f c -- m ’ - u I c -c c-c - c - c -  I c - n c - -c - n ’
- c - i , n c- c - - h  c c- i - cr c- ( ,

~ I c - u - c - a - c c- c - c - c- - - r u n  ( c -  - . 1) )  s c - c - c - nc - cc - c- c -I I a- f c c -a - c - c - c  -- l i - c c -c- n c - c - c - c - i - i  h i m c - c i t  loin - c- ‘ c - c- a
‘ c - i -  - - c c - c - c - c- c -c - a- nc- - c- c - l - c- -’ c c - ’ i c - ’  I -  ‘i n n -  c- c-l c - c -a - c - I tc -iorn i.n n 1 cc - c -  i c - n - I

~~i - c c - c- c- l i - c-c - c - c- c -C c - i - n c -- c- c-c-c- c -ac -c- ’ c - - : i n - l c -  1c c - c - c - c t  l i d - nc - n c- c - c - :c - e c -’l a n- c - i - c - i c - h  c-as c- -nc- c -nc - sn ‘ a - c ’ i c - c -  , c -  c- - 

c - c -~c c -c - c - ot i - c - i c -i in tc- lrrne st art ic -c c -c - w i t i c -  I) = c - c - . c - it  t = 0. The rn -a - c - c- - c - - h - - i  ‘ I c - u ’
- - c - - I - c-, - - -~~ n-n - c - c - c c - c - c c - i- t i - cat . c-Of of’ its c- i cc - n c - i “ steady ’’ n c - c ’ c - c -  c- c - c - c - c -c nr ’n ’a - - i  c-a = . 1_ c- ,

‘ c - c - i  i - a -  t = .1. -~~ ca-c-cc- - ‘ i -c - c - cc - c - c- I .  for practhc-c-c-l c-c-c-inc-cc-c-n-es. ‘i cc -c- I n i t I a l c-c - c- c - I ’  c - c  - ‘c- c-
c - a -  a- - c - a c - c -  - c - c - c - c - a - c - c - u : c - c m u i c - c -  flow , i - in addition to the I i n c - c - -c- c - i c -c - c -  -n c - - I c-c - n , ’ ,,- , ‘ i - c- - I c- c - - n - c - cc- ’ i - - c-c-

‘- -s c-c - c - c - c c - , c - ” , c - c - i c - I c - h  i r c - c -- r - i - c- c - c -naa- d smoothly from i t s  c - c c - c - I C c- c - c - c - ru  Cl n- : a-’-c - l c ;- c -- ‘c- ’ = .

it :  f i n a l  c-
, c- c - c - c - -c- at c c -  . 1 , c - c - c c - n c - f  c - i b c - c -tcec- 1 to t i - c - c -- - c - c c - c - sc- a- c - c - c - l i - m a c n c - c -  c - c - c- ‘ 1 , - - c - - c- 1 - ’ .

c - c - c -i = . I , tic-c extern al “c - i n c - l a - c - i c - c -  fc - c-i c -c- ’ i ’a ” ce- c - c c - c --i  c - c - ’- ~~~ - c- n - c - c - cc -’ - - c- c- ‘ I n  - 
- 

‘ - ‘ c -
c- - ‘

~

‘ c- n- i , i - u  - , -, proceeded toward its as,~~ptotic’
’steady sc- c - n - c - c- . a-c- - t ’ - ” c - n -

- c - c -c- ’ c -c -- , t c - i -~~c- i c - u i - t h a i condition was unif’c-c-namu superson ic--c- f J - -n ’ , c - a - c l ‘ i - c - - - “ i - c - , l ‘c-a l - - ~ l’

c - - , n - c- c - c - :  i - n c ’  sc -c-c-c c-c c-c- c-nc- s that used fcc -n c- the runs without heat c - c c - I - I l ’  . I . ‘ - . , * i c - c -’
:c- c 

c- c- c-c- c-- . i n i  - - i - c  c - - c - c -c - c - i l l  produce uniforn ’mc- supersonic- flow cn n - s t  r c -a --’a -c -n -n- c - c - i  c-c , l  C m a - - c -  - - -

c-~] -cc il c-c--jr c - s i --ream in the cc-bs c-c -rc -c -nc-e of heat addit ic-n . 5c--’n-a’-c-”afl iii CC’’: ~ c - c -’ ‘c - a l  a C
c - c c - I t  a- c - -ic - c - c -I strengt hs of c-Icc ’ heat addition rat - c- were ‘ c - - i c - c --c-I . I 1 .~’c- c - c - c- c- i - c - c -

c - ’ i - c- c - c - , -
~ P . 2  cc-i’c c - c— n c - ’c -c-Chles for’ a t a - i c - i c - c - a l  case : p = 124 .7 c - c - c - nc - i  ~ = i _I  c - i c -

’ + -

C x c - c - c n-c- for the heat “c - c - I c -l it -ion , this case is ‘i dentical ‘ c-c - c -c- i - c -an - c- - f  c- i ‘- c - n c -- La - i .
c- T c c - l 1k e  c-b c-c- - c - n - n - a -  - c-f Cisc-nrc c- c - l  which Is “c--a -- ’c-’ cc-Ion ’; t o  c~c- ’-n -c -c - l .  I c - n -  c c - - c-n- I — .’ n- c- ‘ a- ( i - ’  - ‘ c- c - cc - c -
i - t  I s  n- - c - c -c - c - a - i n - ’ c -I c - -fined — as c - i i -  scussed ear ’lien’] , t I c - c -’ c - c -- n a - s c - c - n  cc - c- c- c- c - f  Ic-c c - n - c -  - c - c - n - - I l ’  I — c - c-

- ‘c- nc- I c- - c - i c - i a -  St c - c - c - c - - c -  to L - c - c -  reached very quickly . Of c-cc-c c-i n-c , i c - c - c - c - n c -  c-a- r ’c- c-n-rn n c - n c - i  i c- -no n—

a ’ c c -c-c -a -c - , c-c- ’ c - -n - ,  I c -c- ’ cc-tn -c- c flows c - i ra - no longer unlfornn. c - c -r c ~ I c- c - c -c - ; -, Cl c- c- c- ’: is nc - c - n-c - c -c - -c ’s h i -  I c - c-
c - c - c -  c - -c - c-- c - i c - c - n c - n c -  at’ the iLc-i ’tc- n ’n ic-a-r ’c-- there is heat additiorc-. ) As is - c-c -lear Ca-cc-rn c-n’ 

~ c-c-n c-,a-c’- c-c- c-

f - n - m ’ n c - c - a-n - in - c - ct  c--i c- c-c- I he - ‘c-in c - c - it - i c-c-n from supersonic to suh sam c- c - -  flow Is c-c-n a-c-ic -- macan i-hc -n~
- c - n c- n a - c - n c c - c -c - I  a - C thc--  c - Ic c - n t . i- ’cc-a- most of the rest of the d c - c - n t - , I he ve loc ity  In c -c -c -c -can - c:

n - c-n - n - i n -  l i n c - - - n c - o ’ J c - a , c-,’:ic- ich n-ne - n - c - c - n - t hat the viscosity has l i t t le c- c-fcc--nc in c-n i-c-c c-’ - c- ’c-- c- c- c i-c-r.
-~ c-c- - n ’ i - n c  ,c - c - c -’c-a~~c - - ’n n ( H i) .  ‘ ‘ i c -c - c - n c - c - s h y  c - -n i - l i  have some i c - c - f i c - i c n - n a c -c- c - c - - arc - the c c -c -ne c -’~~’
- - c - n c - I.  i c - - r n n - n - c - a - -c - - c - ca -h  ‘-b c-c- c - I  l ana i a-I c - I  c - n -c- t i c-- a-nc-c-, hut this is rather small. Thus , over n -non - ;
- C ‘ i - c -c- - c-~ ’c- c - c -  ‘ i - c - i~c- f l c - cW is v- c- c- ’a- s~~~1lar to an inviscid Cl c-an-: c--i t i n  la -n c -c - c -c- a dd it i an c - .

L 
~~~~~~~~~~~ 

-. ~~~~~~~~~~~~~~ ~~ - c~a-- - 
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Ic-c- order to obtain uniform flow - c - c c -r cu iit ions near ti-ce c- -c c-is of Ic-he duc c- c-c-nc -i
also to ensure a ‘-nell def’irc-cJ I c-cc -c - c --c- ’ ion of t i - n c  a -a c -c -i c- i  c- c - - c - cc - c - c - i c -  i - ‘- c - c c- hn ’cc-ua-lc- i - i - c - n c - i - c  c- c - nc - c ,

lc-c heat ac-lilt ion dista-ibc-c-t, ‘c-c- ill c c - s t  i -c - c - I c c - i  I n  u c-:~ c-~ ,c - n’a -  c- c- I n c -n c- c-c- c-c-sc_I for the m cc- x ’
sc-” c - ” i c -’-n - of tests.

Q

— ~~ .~~~~ •

~~ - -~~~ 

• 5 

- 

3.. ()

Figure 5 . 3  ‘c-Ianccn niform Heat Addition DIstribution

The l)—n---r’oflle Illustrated represents the steady state heat addition rate.
a - c - c - c -c - c - i -c-’- Q reaches Its steady state value, the distribution in x is sirrnl lar hut

“ c - Y i n  a smaller c-c -en-ic value. The peak value, a, is chosen to demonstrate particular’
hires of f l — c-n-: Ca-ac-c- in c - -c- -c- n- , which are discussed in detail in the following paragraphs.

i - u - n’ i m c - vi sci - - I steady flow with heat addition it, is possible , for prescribed
c- c - c - -c-c-~ a-ic--cc -nc-n ‘c - a - n c - i l ’  ions, to ‘i ntegrate the steady flow equations (5.2) downstream.
In I bIs way any c - c - c - n - c l  Inuous steady flow can be obtained . (As discussed in Section V. c-,’,
ii ” the i-neat add it -1c -c -rc - rate is too large, t h e  flow will approach J’4ach one from either
a supersonic or n - c - c - I c - n - c - c - c - c - i - c c -  initIal state, cc-c- - which point the irc-tegration will break
- I c c -wi- c , t.e., no c- n n c - c - c - l m c - c c - - c - c - c - n c -  na c - c - l c - c - tc - l ons  exist for the prescribed upstream boundary

- ‘ - c -nc-c-Ilt.ions and heat addit I c  - c -r n rate.) c-c-’c- c - c- c - c- - c - c - r c-n - h ant- area ducts , it. is ic-ot- necessary
o rn tc --c - c - r ’nr b c- the steady flow 1 - c - i c - i cc - h -  I n m n s i c c - c - n c - c - c - - n ’  I c - c - n i ly . An c-c-c-n aIy t~1 a-al c - a i u t  lI on Is

i c - c - c - vi le_I I c - c- c-’ ( c - c - c - c - - n c c - t , i c - n c - c - h [ 1) 1 , c - .  ~~~~~~ vn l c i u c - l c  renuires only that, the prescribed c-l (x1 he
r u I ’ c- c - c - a - - c c t, c-’-i , n- c- c - c - I  th is Is (- c- c -a c -c - a-c- ’ ial iy i-n-sn- for c- i c - cc-- dis tr ibu tio n we are using (Figure
5.1). Thus , all c or c t , t r u n o c - c - s  n c - c c - i c - n’ l c - c - n s  t c - n c- c- bc- c- Inviscid steady flow problem with
1-c-eat c- c-c--j c - I l t  i c-c-n c-tn a c- -c onstant c-a r- c- c-n c - I c - nc_I, c-nra- ‘ ‘c-c-c-all y obtained .

c- l c - c - r ’ t- ’c- -- c c - c - c - c - c - m n c - I l c - c - c -  c - a -  ‘n~c- u n i t -c-rn upstream flow , tnhere are two possible uniform
- I c - c - w r c - n a b c- ’i -c - rm n f lows fol lcc-w lr na- a section of I-he c - I c - c - o h  over which heat ‘is added . One
I s t ic-n- c c -n c - m c i b c - c - c - c -  c - c - c - c - c -  cco ’ i c - c - I - i o n  c - i ’ i n - cc-’c - c - c - ’c - c - ; i - c - l  I n 1 i - c - c - - n - n ’ c - c- ’ c- c- c - i i i c i ’ r-cu’ncc-n’an’lc-, whi ch does ic-at

i- - sn- i - c -~’a-c- c-a-~ c-’In-c-’i-c a - c - c - c. ‘T’he a-h i- n c - c - c ’  ,‘c- n l c - n I  i c - c - rc -  c - c -  c - cc -1 r i - icc - c -  a c-c-bc-ac- c- i-c- , ‘t . c- c- . , it passes

-~~~ - - - ~~~~~~~~ - — -- - 
_
~~~~ ‘n 

_____
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t hrough c- c-c - ac -c -i -n one. The po siti c- :c-n c of c-c-his shock is arbitrary , wic-ich means that it is
c - n c -  1 - n c - n c - a c -- c - ’ i - a n - s !b l e  c-c- no  c- -c -y e details of the fl ow within the region of heat addition ,
unless the shock location is somehow sr-c-nn - i f led . There are, bc-c--c- over , simple
formulas for the uniform downstream flow, Oswatitsch [11], c-c- . 68. For given
uniform upstream conditions , these formulas were used to - :i -n - c -a I c c the downstream

a-c-c-n-soc-c, Pc-i, for use as a boundary condition in -c- the viscous Clan-n problem. Just
ann - ‘in the viscous flow problems without heat addition the init n ma i  condition was
arc-i -form flow, and in-c- i was varied smoothly 

fr- c-n c-n- its initial value to this value
- ‘h’  c - c - I c - c c - n c --i fcc-a -c-c-n the invisc~d flow solution. Before giving den- c-c-n i 15 of c- i -c -c ~‘n -nI - c - c - c-n-
‘:i:- -c-c - c-sa flow tests with the heat addition distribution of Fia-ure 5.3, i n  is nc -se c-c- c-c- cl
‘ a 113cc -un -s the i r’a1~~ 

Rankine—Hugoniot curve. ThIs curve Is helpfu l i c - c -
c - - c- ’ c- c-’: . c - ’i - ac -jcc-a the num erical tests that have been made. Addit i aic-c-cI discussion cc-

c- a - i - n - c- c - c c - n c - v a -  a-an be found In Oswatitsch [i9], p. 71 ff. and Coc-n’c-c-c-it—Friedr’lchs [201,

• 21 0 Cc-’ . For a duct of constant cross section with a region of ic-eat addItioi-i ,

p
- - c - A

\ \

B 
-

C

p
1 _ _ _ __

~~~~~~~~~

c- 
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‘ c- _ c -  q

- i - nc -c- c- ”c-c - rcc -n -c - ’c-c- lized R ank ’irc -e— Lu ir om -c i c - - c - t  curve- shows what c - I c - c - n - c n n - c - c - n c -nc -c- c- densities and oressures
cc-a-c-c-- - :‘c- --nsist ent  c-- i c - - i c  c - i c - n  c - - c - r ’ r ’ c - s c - c - r u c - i I c c - c -- c - i n c - cc - ’ c -c - c - - c - c c - c  - ‘c - c - c - n - c - c -i I c -  i - c - n -  

~~~ ‘ fli~ 
The

c-c - c - c - c -t crc-I. c - c c  -c-’nhlcc-’h the curve is translated from t c - h ( ’ point (i/p- i - . Pl~ 
Is i - c - i -c-n-pc-i ” i — n c - a l

c c - c - n c - ‘ i - c - _ c -  c-j r c-cc cr _I added heat per unit mass, i.e. , ( I / P 1u1)J c-~( x )c - ix .  boa- c- ac  - i -c-cc -c-c -
xl

i i -  t I - - n c- , t i - n ,, curve wa-c-c -l i reocc-c-’cc- to tic - c  -- c - c - sc - c - c - c - I i - Ic -n c - c - ic - I c - c - c -c- — iiup c- c-i c l o t  c-’Ui’Vin- n rc - c c - i n-nc - c-u i_ I
n a - n - . ‘ i - a - - c - cc - c - ic (1/P c - ,  n 1 ) ,  i . e . ,  ‘he n-i -c - c -n ’n - c st n ’c c - r sc - c - n r ’ c-- c - c - a - c - c - r c - c -  and c - Ic -c - n c - c - c -i l a- ci i-c-c i c - I c c - c c -  ‘Ic--al

- c- - ‘ i - n c -  c - - c- - s r c -cc - m n dinca  c - ic - c - s tc - c - c -c c - ,c-a -c -c - quarc-t-i.t ic - c -s .  c- Icc -c-, c- - U P Sc- :c- , p1 and i - c - 1  
-i c - c -  i c - a c -  c- c- c - a c - c -n i Ic -- -a d c -’:

c- c- - c - i - c -c- - c-c - I c c - c- -c; one must specify the u i - c - n - t I - c - c - a r c - c -  velocit c- c-,’ , u1, also. Fl i c - - i c c - c - c t  i n c - c -’-
‘ c-n -n - a n - - c-c-j r . c-i ’ c - ]  n c - c - c - i t,’ , u , from the cont inuity  and momentarn cc -c- c- c -at i an n s  (c --n - i c - c -  cc -c -

c- 
~~~~~~ b~~-c- n -c-~c- c - c - I - m c  cc-f thc-c flow extending -c- c-ross the entire a--’ - a i c -’n-c- n -C i - c - - ’- n -~ n - - l i l t i n- r c -

c
-

a i - n - c: ’ I L c-
, c - - )  re lat i - c - c- r c - (depend irc -c-c-c- on tb-c- nr a- sc -- r i - c - c c - i  ‘icc- i c-n c-c-s Ic- c- , c - c - , n c - c - c-c-ni c-a ’ ca-c-c-

c- - arc- ~c-f that t h c n -  is a c- c- rca-ar n I c-~~c- s c-’~ 
c-c-”-

~~ ‘n - - c - , c - c - )  n— :i th a c - - n a - c -’ative slope proportional to — c - c - i .  i i c - In -  li c c -e ac -c - a - e lan - ic - c -.
i c - c -  m c - l : -a ’n ec-nI c-

in ~‘i gur’c 5.~4 for several values of u1. The inc -c-c--a - se a-c -ion rair c-c-n s
(n a-pc--c-c--i tn- c-: he-c-ivy icc-c-c-n - ) represent the downstream values of density and n--ron -sc -n -c - -a - ‘-h at
are c- cssiblc -n- for the given upstream state (c-c-1, p1, p1) corresponding to the
c - - c - -c:--ccc-cr’ibed heat addition rate. There are either’ two, one , or no ia -c-te r se-n -c-c - c- arc-
n - c-cc-i c - c - c - - s (depending on u1). The intersection points to the right cc-f (l/p1, o1)

- _ c-c-c-c-sc-cc - c - cc -n i - to subsonic upstream flows and those to ti-ne ic-ft correspond to sucersonic
c- c - c -  n - ’ c- r’eam flows. The six i n c tec- ’c-n- c-c-tiar c- points shown in F’i ac- c-r-’c- 5. 2.~ can he cat ec”cc-ric-c-ed
c-s follows :

A — sc -nrc -c - -r sonc - l c -n c - uinc-streanc, subsonic dc-c-nc-a cc-c- t ,n ’c - a - ic -n ( s t r c - n - r c c -  -c -ia- c- -:c-rn-cc-:t I c-c -nc -i

B — supersornic upstream, soc-c-Ic’ downstream (a -i c - an-nc -nc -c - c—J -c-c-c- nc - a - c - a - c - c-let’ arc -ac -- I aic- t

C — sun rc -erson c- ic upstream, supersonic downstream (wea l-c- , 1- c-c- am c - c - nc - ic -.’rc -~

c-I — ~c - c - t ,’, c c i c - c -  - nrc -s 1-r’ ecc-nc- c , subsonic downstream (weak dcfln-ar -ac- ion )

P. — sc - ct c-c- ic upstnream , sonic downstream ( Chapman—Jouguet deflagration )

F — subsonic upstream , supersonic downstream (strong dcflagration )

i-c-c-cr c-’c-’iven upstream conditions, the straight line relation of Fic-anre 5.~ is
- c - c - n - c - c -  ic-c--t a --c- c-’ c - I a -c - er - c - c -n c -rc a -c l. Then if the heat addition rate Is large enough, the

i - c - n - nc -i - I  ic - c -~~c -i - c - c - c c -c- c- c-r~c’i ot c - c - c - n r c -j ic - c- ,-nili be translated far enough from the point (l/p1, P1~ ~°r c -c - c - ,t 1 bc--c- n - a - - n c - c - -,!, be no I c c - t n e r n c - o c t i o n  c - - oli n - f . This is a geometric i l lustrat ion of
i- c-c-- c- - c - c -c - y ’~~~~- n ’  - l l c - c - c - c - c - ; n ; n - l c - c c - ’c- t i-ia-’ a solution may not rc-xI s Ic - for arbitrary upstream

- - c - c c - l i - c - I c c - n c - s  and b c - - c l  ~i c - 1 c - i i 1 i c - c r c -  rates.

Ti - c - ”  ~I c - c--n- c e n~- - c - m c - n n - c - ‘c - 1 i - n -  cor respondin g to points B , C , D , and E do not- repre sent .
:- n c - c ’n- n l c--c- ’ - - a-- c- c - n - i - c -  c - _ I c -  c-c-ni- - , , c- c- , , they are contc-Inuous solutions and could he

c - i  i- - t i c -’: I t ’  - ‘c - n - c - i b  ¶ t i n -  l i - c - c - ’  c r i e — ( j j n I , (c -ns  I c-c - nc - c - i  cc l - - c - c - c - I n -  fl ow c- c - n c - c - c - c -h i- etc-s. Pc -_ I u t  A I c-c-
a - -“ ‘c - n a - i - il ‘ n c - I  ‘ c - c c - c -  - I ’ i - l i e c - c c - c - c - i c -- c - i  c c - c-rt u c - l  c - i - c - c -c-c- i - ’ , 1 . - c- . ,  c - i  c - I T n c - c - ’ c-c-t c- b I c - c - c - c - a - i c - c c -  b r ’ c - i c - c - : c - I t  i- c- - c l  c- c - ’
- c - c-c - c - c - c-- - c - - c - c -  c-u c- - n - c -  a- c - c c - c -  c - c u  I c -  - c -c- -c -c - , ( c - i c  I c - c - c- c - t i h ’i’ I c - c - c - i  , i - c -c - d r  ii - I ”  c - c -  c - r i ‘- - c c - c - - c -  c-i c - c - i c c- 1 c - c -  cc -
ii- a- ‘ c- - c - , i i - i c - c I i c . c- - c - - n c - i  c - c -  I c -  ‘ ic - n ‘ ‘c- - c - - c- c t  c- _ c - -  ~i c  i - c -  - I c - c -  c - c - c  c - c c- c - i ’ c - c - c - - m c i - c - ’ t ’ t  - c -c - c - , I ,1 c- , , c - c - i - c - c - c - -c- ‘ i - c -  c - c - ’ ’  b - r i

i~~~--- ’—- - ’-- --—-’ :a.aa -~~~—~,c-. ~~~~~~
‘ ‘ T  ~~~~~~~~ “c- - -~ 1~~~~n-c-c-T~~ c-c-T~a-i.,c--_ ,~~ -- k--’
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V ~~~

n - Ic c -  c - I c -, c-i-~c - i - i c - , i - n c- the c - c - i c - s c - c - n- c - c -- of heat c-c- - : i c - l l t i c c - ic , would a c - i c c - I c c - c - c - c -  t i - c c- c- nc -c-c - a - ar c - c - i law c- c -i ’
‘ I - c - c - I c- c-r c - c - n a - c - c - :  S. i I c-cv a-c-c-c -ei , i f  t ic - c c--c- i c - c- i-~~

c- t c - c - c-’ i m c - - ’ c ’ c-cnc-sc-- due to i-c-c--c - c -- c - c - c - c - c -i - c - i l l  ic - c -c -n c- i s  c- c- -il’ c- c-c-c-c
c- c - n c - c c - c - c -Th, t O c- - c- c - c - c -c- - -n c -Sc -c-c - c - c -  c-c- nc - c - ’  I Ic-a- entc-’c-c-r c - c - c-’ d& c- c- i ’ c - c c - i s c  due c- 0 t ic - c -- - m a-e tc - n c - c - - c -  i c-a -n c- , F c - n - c - c - n _ I c - I  be
.c-~c- ] c - ’_ Ic - tn - c-n - in-c- - n - c - c- ic c - c - i c-c-c-c-.

t n c -  c- c - c -n i’ m c - u c-a-r ’i .cal n- _ c- c- -t c-n tests c --c -cc -c -c -c made corresponding to each ac-c- i’-c c - n i mcts  A , B ,
F , D , i - c - ; , c - a - c -c-~ c- ’ a - f  c - ’~~c - n - a - ’ ’ b .c-c - . Tha-se six tests n-nec-c-c all a-in for the sac-ic Rar cic - I nc ec - —

c - c - c c - n - c - a m c - l c c - t, , ‘ c - a - c - c -c-~ c - c - , Tc-~c -a -n -c- - - c - c - n c - n - u n-h c - h i s  p 1, p1, and the ic-oat n-i-u t ion rate tc-erc- unit
c - - c - i c - c -a-- c- c- - c- c- c i - i - - c - c -’ I c - -n - ] c-rc-a- all runs . Then to c c - ( c -t,n -~ c-c- the n - c - c - r i - c - a - s  cases , u1, was

-
. c - i - ’  i c- crc- i nc-c - c ” ’ c-c - ’c - c - c - ’ c- n - c -’ doc - , c - c - s t -c - -c-’ -c-in-c- nnc-c - c-c-n -n -c- ,nc-c - c - c--c-as computed Cpa-c- c t in-c-c i c - c - n - i c -c - c - I _ I

n - c - c - I c - S  I mc - nc-c --, i c- c -c-- c - - c -n i - c - n c - n -  ‘ i - c  -‘ i c - cn -n i c sc - c - ’c - - cu Tc ic - -n-cc - c - c- n c - ncr ; :  - r c - - I I c -  ion , c- , - , c - n - c-- the c-c-i c - c - c - c a - n -

c -c - a- c - I  c - c -  ~ c- p c - c - n - c - r to c- ~c- )(x) n-c- cc- c- n -’ c- c - c - c -  ‘-llc- o ~o n-~ —

n c - c - b c  c-n-c-c bc -a l  c - n - i c - l i - c -- I  c - c - c -  ic- n c - c - -  c-c -a-r unit mass.) In all ‘-n-n-es , the irc -~ c- Ia]
i i - ’  - c - c -  c--a - c - s - c - cc - ic -c - c -a -c - c -c - ‘c-c- - c-c-’,- -n - c -c c-,l c - i -- c - - - b c-ci t ‘c-dd lt  i - n c - n c- a-c-c-l a- c - c - c -nc - c l c - c - c - i -  -,-:ec-” e va-n ec-ni sn-c -ac -c - -n -h ]’,’

‘ c - c - - i - c - n n c -~ so c- bc-c l c - c - c - c c -  i-a n -tn c -c -c -c -c -t- / ‘,“c - i  c- n - c - as - -n c - c - c c - i -n i c-’- ‘c - ic - c c-_ _i i--y t = .1 (exactly for c - c - ’ ,
-c -  n c - - c- ” c - - c - i - mc - : c - c -. e l ; c -’ f’or t- hc- i - c - c-c - c - c’ c- c - c - I - _ I c -  i - c - c - c - c ) .  I l n c ] c-c - c - c - c - c - c -  - n c - c - ’ ha- c -vc-v I c-c- c- -’ r .  c - I c- - I , all cases n-n rc-a -a- ~‘cc rc

c - i - c - h  ~c- = lLc - .7 and 11Q c - cc -i nc a] a- c - c - i .  ¶ r c - t -’ c- a -v’c-]n -  i c - c- - c- c- n- c- c-c- c- a- c - c- c-c- = 0. c - cc - c - i c-’c- i. Thus , t ic-crc
‘ c - n c - n  205 ~~rnowns to i- - n - ic- - c - t - - - c r c - i - c - c - -  - i  n ’ - -c - i c -  a - c - c- - c - c -  c - - C  ‘i-c- c- i r r - c- - c- ”c - - c - c - c - i c - c - c - n .

c - ] cc -c - teo  in f’i c-c-’uc-c-e 5. b n - r -~- c-/( c - l c - c -c- ’ I c - :,c - c - c - m ’- c - C i l c--s ic - c- cr c - c - a c - c - i -  c -cc - c - c - t in-rca-s Cc- cr ’ t i-ne a - c - c - c - c -c-a-
cc-

c- c - Ii - c - c - c - m— armn— J ou~a-c -c -c -t d ec - c c - c - c - n c - li en , c - - c- c - c - ’~ P on i- i-cc--c- Barr c-i’c- i- n-ce— I ic - c -c c -n - c - i c - c - t  cur ve of F l c a - c -r c -’ c-

c - c - r n - c -c - a - ac - dy state , the flow i a- c- c-ma - i - c - c -  m r .  1 c-c- l , i - c  c - n c - — c c -’c-pec-c c - j n c - c - m d  downstream . Also c-la - c - c -  c- c- 1

cc -i-ce steady in n -  i c - c - c -c - l i  s c - i  c - , c- i c - c - c c- C c- c -c-c -c - c - c -c - i t  - - c - i  c- ’n - o c - c - u the Cc- c - n c-cc- c - I c - cc - c - c- c-c -Oswatc-itsc-’h , which
-

~ 
c- c - sc -~~r n - c -n a -n -  t h c  cffa- c-”t of vi cc- c - c - n - I ’  y .  c - - c - ic - c - n i - c - c - ’ c - - rurc-s n-nec-c-c a - i n - c- c  made for n -c - ran c - i -c- and

a -c -a -n - I c -c - 1- c - c - c - c -c - i -n -c- ’ I n c - c , c - c -c-c i nt ~~ A can ‘I -‘n r c c-h a-c- Ra il -c- Inn e—H u croic -InI c- c-n-PVC . The results ic-ad
he c - nc - in c - c - c - - - ‘h.” c -r c- c - - ‘ c - c-cc - as c-h-c - s c - c - c-c-c -Fl “c - c - n -c -  5 .5  n - c - c - c - I sc-n’ have nc -al been plotted . Fcc-ri-c-ac-c-s

— 
‘ i c - _ c- c- c - nc- c-si i c c - c - c -- c -c c -c --ant di n -c - irc -c’c- . I ‘ r u  c- c - c - cc - c - c - I ’ c - i - c - c  -I i-~ c~ c-~~c- c- cases c--c-as l i-c-c t ic-c-ce required to_ _

c- _ . r c - _ i n -  a- ’ cc-c -_ In - c c-nc -i c-i l c - I n - c - c c - s .  The n- c- n - c - c -rc -c- c-jc-n c- nrc-n-i i c - - c - i  c - c - an - c took c- -y far the  longest t ine
‘ 1 ’  c c -  ‘in n - cc - -c - c- n -n n— J c - c - c c c - n -,c-c -t  detonat ion ic - ext

c - c - c -  c - c - c-a-c-re 5. Ii are plotted u — c - - a - cc - I c -i i c - c -_ c- for ‘c- cc-ri -nc - c - is values - ‘ -C c- and also the
- - ‘c - c - I;-: n-c- c- c- c- c - c -  c- . c -mc - c - i - c - er - atc - c -n - ’e profile for c- 7ha r c -nc - cc rn c— ,lc- ’n c -uc --mcc- c -l i— c -c - C ] c - c - c - c -n c - c - ri ion , In-c I c - nc - E c-c- ic-

- “ n c - c- - c- c- c-c- c- c-ct -‘c-cc -dy state the c - I c - ac - - n -c- nc- c- r ’c- - c - n - cc - c - CI nc-~i c - c - - c - c c-c- i It , I cc-c-rc-s ac-a-cc- not c-c-ni fan-c-n-c- , and
n - c c - c - - n - c- c- i- c-c c - i n - c - -  a small , i c - c - j c - c i -  at the c-c-ps ’ a--n-crc- end . i lccw-c-c-ver , t h-c-c- values cc-f a-’j, c - c - c -c- ,

n ’ - , a r c - i -  ‘ c -  n - . a -’c- c- a- n-n i ’ h c -he i r  icc-vi a-c- ’ Id counte~~arts to at leash three c-i c-~a-r~~s. The
- c- -c- ] -‘ c - c -- c - ’ - n- -c - ,’ - ‘bc-c-ic-ce ( c- - c - ic - i c-c-h depends only on p1, P1’ ~~~ 

and c-c-c-i )  differs  i-~ c-,’ less
t i - - c - c - . 1 ’- c - c- -a- , c - h a -  - c- c-~’n r’ c -- -n -r c -c- cn c c i l c c n -  invn l scntd c- c - i - c u c - c - n - e. Although vm s- c - a c - c - a -  i is s l r c -a , ’ i c - - n - n

‘ a - c -n - c - - I c  c - c - - n - c - a- c- i - c - c - c -  c-c - c c - i c-crc-; ,’ Increase , i t -  -c - c - cc -c- he seen from i-_I c- -c- c- n - c--- b , i’ i - c c - c -  i-ce
i - a -  c- c - c - c -  c- c- a i - n i  ‘i - n c - - r ’  r c - c -m n - c - c -’r c c -t cc-r i - in ‘c-h r viscous a-c -c - sc. This nc-cc-c-c c-n- c- bc-c- ’ ‘ i-c-c-c

- c , ’ : c c - c- I c - c -  ‘ c - - c--c-c - ’ - c - c -  c-c- ‘ c- c- i-cc- - c - c - c -  ‘ c - - I u i i ’ -iori i c-nc less ic - c - t-he y i n - c c- c -c c -n - c- ’c-in -c-’ , c-, _ I c - i - c -c -h c - - c - c - c - C 1 2 ] ] —
c- ’ . -n :c - c- - c - r c c - - c’ a-a- - ‘ c- I c - - c- a - ic - c - c c - n c-, ’ I c - c - c - a - c - cain - c- due t o  c - 1 j c - ; n - l r c - a t Ic c - r c - ,  c - ic- n - c - d y c - c - r i - c -c- c- - n r c -

- n c - - i - i - ’  I ‘ c - .  c c -  c- c- ’ ‘ ‘ c - I c - c - c -- c - i  c - i - c--c - c - c - c c I  c - c - - ac -n c -n t i-cern the ‘c-c - c - sc - c - c -c- c -c - is  cc-t n-- c- c -c - - v c- c - i - c a i n - n c - a - -  I n -  I c - i c -c - c - c - c -  ‘c- - c - c-
I c-nc -— c- c - - a - o: ~~~i - : c- c- - ‘ c- c - r - c ’ - c- c c n  c- c - n c -c - l i - c c - c -” ¶ c u c - ’ t n c - -_ i d  flow. ( c-I ’icIs ‘~c-c-as c- n - c - c - c -c- C- c-r ’ c - i - c c -, c -I c- - c - c - c - i c c - i c -  i - c -  c - c c

c- n -_c - c - c - - 1  . c- -- ‘ c- i- I c -  - i - c c -  c - Ti” c c- c- c- c-.i ¶ c -nc  n c-c-c-c -c-ac-c-a-’- -- c - n i - c .  )

c - i c a r c -  ‘ i t  c - c - - c c - _ i  c- — o c - i c - c - c - i c c -  c - c r iI , for’rn flow c - c - i - - c - c - 1n c - - -c - c - c - c - -‘c-ic-c-1 c - I nc-c c-c-a-a- I c c - c - n c - c -  C c - - n - ’  - “bc - c - i - c- rc - ac - c -—
c - - ’ - c - c --~ I - c-i - c c - n - - c - c -  I c - c -  c- c - - --v’c-’rc -l ] i-- c- i cc - c c-- n’ were n- - P c - i :
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c-J—23 F

I )  The mesh s~ c - c c - c was halved (approx irnatel :-; c - I c - c - c - c c - I c - I  i c c - n -  i c -  c- c - ar c - c - i - c - e n -  c - c - f  c - c -n n - c - m cc -c-c--,c-c- s ) .
This had practically nc-c- e fCa-c t  a-ic c -n bc -- sc-c -lut i - c c - u .

i i)  The length of the x—Interval ‘-ic- c-s i m c - c r ’  c - c -cc - c - c - c - I  I n  [— . b , I .5 maint a i - c n l m c - n -
the orig in-cal mesh size . The uc-st c-- c-c-- c - s c - c - c - n - c - - I  - i c-c-c-c-c - c - c - c c -i c ’ - - n - - c- f’l c- c-c-cs w a - n -- c- - ‘ I c -  c- c - c c - n ’

to being uniform , but still not ac-n- n-nod as c- bc-— c - c - c - C  - c - nc - n - c -  I c-c-c-c- a - c - c - n - cc -c-

i i i)  The viscosic-y was r’educed c - c - c - a i cn t a i r n - i cc - c -’ t h e  - c - c c - i -- i c c - c l  x—Int ervc -c -l c- ic -c - i c - c - c - a - i - c
size. With p = 1 ( Ir c - n - tc - - c -c - c -nd of 114 .7) , c-c -I c - c - c - c - c - I a ’  c- c- c- c - c c  i - i c -  i- -c c- nc - c - : c- - c ” -- c c - c - - c c-_ c- n c-cc-a - ’] ’,’
uniform upstream and downstream , hut ‘- ic - ’c c - i - r c -  sc-lU n c - c - ct as c-a- -ad c - c - s c - c c -  ‘ i - c -a-
detonation cases . The entropy a-b c-c- in n -c -c- _ I l f T c -c-r ’-n c - c-~ fa-c-cc-c-c- t i-c-cc- c - i c - v i a - c l - _ I
entropy change in the f i f th  Cia-c-c-a-c ’. i-cr c- c-crc -n a n c - c c - n c - c - a - r i - - a c -i sta n cdp c -ci rc t - , this
a-an -c was more difficult than the corres tc-ond ’irn c-— p = 114.7 n a -c -n -c . Ttc -r I cnc’
early stages of the Integration , nc-c- -c-nc dc-rc -n -te l ,’,’ i- c - I c -c-c- c- Cnc-e ’,c -u c - c -n c -n -a c -osc ii]a-nct c- arcs ,
(probably spurious ) appeared c - i c  c - i - c - -- - sc c - l c - c - c - - I - c - c -n, c- - ;h i cn c -b resulted m c -  ]i-c- ARIB
taking srnc-all stern s ar c-t i-I these , a - c - c - I ]i n - l n i c - c - r c s  —nile _ I cc-utc- .

A test was run for weak defla gration , c- c - c - c - c - ic - n t  D , in Fi~~re 5. 14 . ‘]nifo~ ’. Cla-- --
n- c -c -c -s c - c - ic -  I c - c - inc-ed ac - c - I t~e well both c - inr ~t,ream and downstream. There are no part icnn-I c-c- n--
t’c- c - c - i tc - c - i,c-c-es of this run that are noteworthy , n-c- the results have not been rI- c c - c - c_ I.

The fInal plot , Figure 5.7 , Is for s c - r n - c - i c -n -  deflagration , point F in Fin -c -r -a- 5 c - c -
1’ . is clear that uniform condit i on-cs are not even close to i-c-cc -ic -p realized ,

c-c- c-n-c-c-c-c- c- - ic - c - c -IL’ downstream. The steady state values of PN , u-c- c- , and c-Ic-c-j disagreed n c - I c - h
c - i c - n - c -  corresponding inviscid values by one or two c - c - c - c - c - c - c c - c - c - nc - tn. The l - c - n nc - t c-c- i entrorc-y I c c - a - -c-c - c - c - c - s -c-c-

was off by abou t 10% . i-Jo attempts were mad e c-no obtain uniform c - c - c - n - c - c -n--a-c-c-rn and down-
stream flow by reduc I nc- ’c-nhe viscosity or Ter n -c - h i c - n i r n n -  the n-Inc-c-era-c-a] . Based on
- icc-c numerical work with Chapman—Jouguet deflagration, these “ta- l a - i -c - n -” il-i nc - c - c t  sc- c- c - - c - i c -

c- m - - :c - c - n i s ir c - cc - i c - c -  view of’ the more difficult bei-c-avicr of this problem. Even If there
n-na -re no c-c-airnerlcal problems to overcome, It may be that no amoun t of viscosity
c - - c c - i c - c - c -c- l oin- or interval lengthening could produce the desired results. Although
‘ i - c- a- I c - - i s a - l i  solution that we were trying to approximate satIsfies a-arn-c-inuity ,

c - - nc- c -c - c - c-c-c -~~ c - n c -., c-c-c-cd energy balance plus the second law of thermodynamic-cs, Courant—
c - c- c - -i- c- c - i c - c - i  ‘ i - c a -  [20] ,  1c-• 228 ff ’., ar gue that this case is r c -h y s l c -c - a ] i ; ,- icc-c-rn ssiln le , ac-cd

c- c- , ‘-I b lv  c- ic c - c- nc-c-c-expected beha vior of the viscous solution is a reflect ion of this
c- c -  ‘ t , ’

Ft n - i - n a - c - c - I_ I be emphasized that in the plots of u—profiles presented in this
- c- l a - n , the unsteady profiles are strongly dependent on the rather arbitrary time

lc-- c--cc-a-ndec-rce that was assi~ c-ed to p-c-c-i and the heat addition rate in order to get from
‘ h a - I a -  InI t Ia l  va lues to the stead~-’ state values . Other time dependencies could
have been selected . In this regard , one precaution should be observed: the time
depe ndencies should be smooth as possible. If there ar e d iscontinuities in the
‘-i c -c -c e  f’c -c-nct lo ic or its derivatives , GEARIB may have some difficu’ity in c-c-i-ett-InR n-c-ast
c - b c -

n c- discont-Inuit.’;, i c - sp -’c- c- ia l ly  if I t  is operatin g with a high order method at c-be
t Ic - n c -c-c- I t  a - ru- -a -c - in c - cr- s  the disc- ’ont inuity . For example , the prescribed t ime dependenc y
c - c - f ’  c - c-c-1 i-cad a c i I c - c -c- n c ontc- l nu lty  in its second der lvn -t l ve cc- tn I n = .1 (t he poi nt at. whi ch
ic -. ,  r c-:c -c --c - c - ’h ” c - i  1 1 cc st c- - cc c - Iy  n - l a - c - i c -c - c -  value). Even this mild d iscon tn inu lt y caused (IEA RT R
,- c -’-n-~c - --

~ c i -  Cc - c - i - c - c c - i c -c- ’,’ . -‘c - c - r ’  , cl r’ c- c -c c-n - cc -n - ’ d i s con t in c i -I  I es , the proper an-c-roach is Ic -o l i d  - - c - - c - i -  c - c - I  a-

r i - c- c - c- o i-c- - on c - n ic- c - c - f ’  c - i I  c - c - c - c -c c - i c - I  ¶ r c c - c - l t c - y  ( a r c - c - n c - n c - n c - i - c c - c -’ 1 1 i s  knowc-c- In advance ), and I _ i c - c - -c- c-
c- - c - - c c- . c- nc ,: ‘ ‘ i - n - - - i - c c -’ ‘c- c- ” i - ’c - i c- ¶ c -~c-c - n frormc ic - I c Is i - c - d I n c~ I nc -n - c - c c - n c - c - i - c - c -  i c - n c  the discontinuous c - ic c - c - si c -n -- c-

I c - c - - i - s  Is c- - a - i - I c - v  ‘c - - ’ - ’ c- - r ’c - c - -- l  i c - c - I c - c - - i  n - I l  i c - i - i c -  l i - c - i - fr amework of (lEARI B.

‘~~~‘— ~~~~~~ _nn z:’ar~ ~~na- . ~~~~~~~~~~~~~~~~~~~~~~~ nc-~- c-’- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- -c-~~” A
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Apart from the discont inuity diff icul ty discussed in the preceding c-ar -an-ran-c-h ,
the o c - c - i -,c -other problem with (iFc-ARIB was in starting. Recall that in the viscous

- - 
‘ problem, it was necessary to prescribe three boundary conditions upstream and once

down-c-stream. By applying the gas law at mesh point 1, u1, p1, Pi5 and T1 are fixed
~

“-i- is free).  It turns out that unless vN is prescribed downstream, the Newton
c- .c- -c - _ Inc - c - ’ i x  is singular as h-*0. If the algebraic equations of the governing system
nr’e cii fferentiated with respect to t and moved to the LI-IS, then this matrix c c -qu a - t i c -c c - c

c - -a-n tn--c - solved for the derivat ive vector only if Vc-c-J is prescribed. As ic -Ot c -Lc -c-i ear ly
i - c - c -} - c - n - subsection, it was not possible to obtain reasonable solutions with  thi n-

i- ..n- ,-c- ’n n c rc-r -earc -c boundary condition . Instead for most- of’ our c - - e n - t a- was c-rescrii-c-ed,
‘ - a - l i - i c - a - ’  to a sirngu l.ar derivat i ve matrix and , for small i - c - , a poorly cond’lticc-nced

‘ - - n-C c-nc -  c - c - c c -c- c - - i n - .  This same problem arose in our treatment of Burger ’s eauat’I c-c-c-ic- c - r i
- - -  - - i- -c - c -rn lc-J .C .l, and a detailed analysis of this situat ion was a-i ven t here ,

i - c c - c - d c - c - c - im p possible remedies. One of which was the selectIon of initial corc dic- ia - c - c - s
n - c-c- c -n c - c- bc-c-c-n c - i -ce RHS of the differential system would be consistent with the LBS ac-c-i cc-
a - c - c - I c - c - c - i o n - c  Cc-c-r the initial derivatives could be obtained (by a special formula) i c c -n - r I t e

- ha- s In-cc-c-c-c-T ar matrix on the left . Because of the more complicated system i-n a - in - c -c’

- J c - c - s e_ I f or the viscous flow problem, this approach was deemed impractical.

The starting technique actually used was the following: A moderately sn-call
i c - ic - Fal s t n e n size was chosen. GEARIB was modified so that the first ten stern s

n- c--nc-In-I be performed with this same step size. All error and convergence ten-tIn-cn-
n -ann - suppressed for these first ten steps . Also , only one F-Icc-c-c-ton iteration n-as
- c-n -ed rc a -n-- step -and the Newton matrix was updated before each iteration . After thc--
n - c - c - c - c - t a - h  st ep,  GEARIB began operating in Its accustomed mode. In all cases, t i - c -in-
start i rnn- technique was successful.

-- —c--  
- ~~~~~~~~~~~ . -~~~~ -~~~~~~~~~~~ -
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VT. RECOi~~~c-UO’J DATIONS

1. Examine the potential in computer time savings by using sparse matrix t c-c-c--n c - h n - n i -c ’c - a - s
in conjunction with implicit integration methods to improve the ef ’fi c - c - i e c c - n - c - :  ‘nc - ’
three—dimensional parabolic flow calculations .

.2. - I c c - c -c - t ic - c a - en- development of the unsteady c - c c - c c - c - a - i -  ‘ c--:cc -— _ Ii c - c - c - ec a-c- i cc - c - c - ’ c - ] n - c - i x I r n n -, a-’--a~~ i n - -” ,
2a c -smn -c-p~ flow equation system.

~~ . Exercise the unsteady flow analysis c - c - c-- c - c - c -- a - c - c - i nc - c - -  In - sc -c- : ’ sc- a -c - c - c -  a - ann - i - c - c a -  c- c - f C c -  - a - ’ s. c - un _ I
shock wave formation in low ~~~~~~~~~~~~~~~~~~~~~~~ ] - c - c - c - c-~ - c - ’ - ’ - c -i- ‘c - c - ’ i - c- c c - s .

- ~~~~~~~~~~~~~ -~~~~~~~~ .- ‘  c - c -’ —- .:~~~~~~~~~~~~
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A recent l y developed subrout ine  package for  the in t eg ra t ion  of systems of
ordina ry d i f f e r e n t i a l  equa t ions  by imp l i c i t  me thods is tes t ed on a va r i e ty of

a gas dynamic problems. These problems include one—dimensional unsteady gas flo~ c-~

and two and thre ’e— dime nsiona l parabo lic (stead y) Navier — Stokes proble ms. The c-i
gove rni ng pa r t ia l  d i f f e r e n t ia l  equa t ions were conver t ed to sys t ems of ordina ry
differen tial equations using either finite differences or finite elements , and
then integrated by the imp lici t integrat ion package. Included among the
examp les  is a re a l i s t ic st ead y laser cavity flow problem . 
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