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OF LIMITING RELATIONS BETWEEN MEAN EXPONENTIAL
AND CHEBYSHEV S APPROXIMATIONS

(First Announcement)

by Ye, Ya. Remez

In some of my previous publications, beginning 1940 (1),(2), (3) I have proposed a
method of successive quadratic approximations for constructing generalized polynomials,
which deviate least from null, in the meaning of the principle of the smallest mt degreese
This method which,permitting monotonous formation for very much diverse cases, works
at unusually general conditions and is based in its fundamental algorithm on some extreme
principles, which meet the nature of the problem itself. I could view this method as some
step in finding a general metha@d to solve the most interesting and known by its difficulty
problem of actual construction of solutions of Chebyschev’s analogous problem ( the smallest
uniform deviation from null), since the theoretical possibility of limiting transition from
the mean exponential appro:imations to Chebyschev's itself, at a condition of the continu --

ity of the examined function, was estableshed (4), (5) by Polya and Jackson. ')

I started this work as a further step in the indicated direction; in this work I put to
a precise experiment a complex of questions as to the study of the convergence speed of
Polya-Jackson limiting transition and some of its interpolating modifications, taking as
a measure its wpeed of decrease at m-><0 of the difference between the value of M uniform
appro.;imation , which is given by the solution of the mean exponential approximation and the
value of the best (.in Chebyschev's meaning) approximation. In this , it is discovered that,
in general, the basic factor,which effects the theoretical order of the value of this dif-
ference , is a module of the continuity of these functions which form the examined polyno-

mials of the minimized deviation from null.

The first two paragraphs have intriaductory character, however, the theorems which are

included in them are, perhaps, mentioned the first time in such a general expression.

The in § 3-8 of this ork raised quastion is investigated for the most important
specific classes of function , in the next three paragraphs (9-11), general investigation
for any class of functions,whoev module of continuity is subordinate to a certain non- equa-
lity of a general form, is given. In all the cases, in addition to the ectablished order
of infinitely small values, which are investigated, an gsymptotic evaluation of correspon-

ding coefficients or their enough approximated limits at m-eo is added.

In # 124 a theorem’which is analogous with its formulation to the Lebega (13) theorem
on the order of the best approximation of any fo#m of continuous function ( not subjected
to further structural conditions) by means of rational polynomials of an unlimitedly increa-
sing degree, is established for the given circle of questions. In connection with this,
it should be noted,that as +he results in # 3-11 have certain analogy ( in the essence of
the question - separated.enough and partial) with the known results of Lebega (13), Bern-
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stein (15) and Jackson (16) which determine the dependence of the decrease speed of the
best approximation value £,/7Z(x)/on the more or less regularity of local structural
characteristics of the contimmows fanction f(x), them, on the other hand, in the investi-
gatedhere by us area have no room the inverse correlations similar to those that are con-
sidered inversed by the theorems of Bernstein (15),(14).
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The last paragraphs, which form the second part of this work and which shall be

printed in the next issue of this collection, shall contain investigations of an analogous
complex of problems for a corresponding interpolating problem. Here shall be studied a
uniform approximation, which is given 1 the whole segment (a, b) by the solutions of the
mean exponential approximation problem with a variable finite multiple of points of the
same segment.Comparison of the results of this part with the previous work will enable us
to make some conclusions,which have direct relation to the application of my mentioned
above method of consecutive approximations.

The results of the whole investigation conducted for a specific function of one real
variable allow direct approximations for other cases too.

# l. First, we shall take note of some basic facts which are applicable to the appro-
ximation problem according to the smallest mt degrees (m » 1).

Taking the problem in general form,which encompases as very special cases both prob-
lems investigated in further paragraphs (3-12 and 13-15), let E denote a given point number
of a positive ( finite) measure in some abstract space ( in the meaning of Fresh (7), (8)),
wherein for some positive number system {e) there is designated a complete PosH%ue.non-
negative measure/ne. We shall assign a letter X to all of the various elements of the (point)
number. Further , let vo(x), | wlad....0dx)  be n+l (n»0) of given ( real and complex)
numerical functions of a point expressed simply. measuring gjﬁ), with finite [lvdx)lmdu
(t=0,1,..., n) and linearly independent Of a number E. The last condition in this case
meer- the existance of a fixed non—vséﬁq‘-#i.’a . number g <./~ E, such that the subset gk

of these points, in which any generalized polynimial ;Efﬂdﬂ CEKM>°) - o6f the investi-

gated system of the function {vi(ng is nullified, always satisfies the condition n&iZg").

The investigated '"“problem of the mean exponential approximation' ( with a given index

m ) is based on determination of the numerical values of the coefficients Clrlayenns Ca of an
"assumed" generalized polynomial .
(x) = vy(x) + P(x) = vo(w) + 2ewdx)
(1)
according to the minimization of the value .
o
[ﬁ.f# () [du " = b]=dp (61 Cpe .« .4 Ca).
s (2) E

Unity of the problem solution according to the given conditionszps determined easily
by a corresponding expension of the proof method used by Jackson ). As to the existance
of a solutiony as it easily satisfied excludinﬁédependent function, it is secured even
without introducing of the condition of linear dependence of the functions vi(x).

The following ass€rtion should also be a direct significance for investigations of

further paragraphs of the given work.

Theorem. If at leasbone of the assumed polynomials ¢e(x)=nx)+ * §F7““) is
limited almost everywhere in a set E ( where the integral of ') ™....e(x)" 2, .

assumed finite for all of the investigated values of m, then the coefficients Cm1? Cmo **

; - whail . g
Co of thle generalized polynomial Cp(x)‘s ﬁ (x)y A%t is the solution of the above mentio-

ned problem of the mean exponential approximation , are uniformly limited for alf?ihe in-
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vefstigated values of m)> 1.

The proof is obtained exeptionally simply on the basis of such a general lemma
established by me and already applied to some questions of functions' approximations in
my previous works (9), (2), (3).

Let L. denote the largest of the coefficients' modules of a generalized polynomial

Q(x)-_s'jc,‘,‘(_‘.) of a system of measuring ) and linearly independent functions ({ed%)):

L=max{le,], 16 ],..., leal)'= Li2) = Licy, Cr....,c0). (3)
Then to each ,(;aa)ﬂ:el£>0 (that deas not exceed the difference 4E - g) one et may
add such  i=>0. that the inequality |2 (x)l‘(L cannot be real:.zed on any porhl set
Elc E of the measure uE, > g +&£ , ifn< LA .More accurately, under i qne can under-
stand the largest of the numbers / s which satisfy the indicated condition.
The proof of the theorem. On the basis of the quated 1emma, if any fixeds>0 (£<4E - g),

is given then the inequalit ol >hoic B where = L§#,$, will be realized on a
’ J (3

po:LKt set E1 € E , the measure of which equals at least &AE - g -&. Tnerefore,
[ (a1 dc > (Lak)"GE =9 =) - “)

It is clearly , that putting

i |ep*(x)| =M,
we should have veal max |40
I

: (k=g — i. o fl 1 " =
[I‘.Z‘(LTL) WE =g l)] < duld )<(ﬂl' AI ,,E) M,

that is " : Meukt
My pl )m’ DL .fm nelx m> 1,
by (,,,,—-,,—-. <i (i =1) (g)

whereby the proof is completed.

;é. Each time when all n+l$i"unctions vo(x . vi(x),...;,vn(x) are limited in a
usual meaning ( with keeping of other conditions ¥1), side by side with the previous prob-
lem acquires a meaning the problem of the best ( uniform) approximation by the Chebyshev's
principle, which v-dll?, already in minimization ou the " value of uniform approximation"

( that measures the uniform deviation of the permissible generalized polynomial} $P(%J 7‘4...«/)

u(x) + "cav.(\-) I =d,(p)=d(c,, c. ca). (e)
1

sup |hr(x)| = lllf

The lemma, quated 1nﬂ1 has as its evident result unlimited increase of o€ the value @
at L fd’]*()whereof it is easy to derive, the usual way, the fact of the existance of at
least one solution of the investijated Chebyshev's problem 5). As to the unity of the so-
lution, it is not assurcd by the given conditions, however, for the next investigations
of the given work it has no essential meaning anyhow: ‘).

As it was said in the introduction , the basic object of our further investigations
is the exploration. of the speed of convergence of the known, connected with the nemes
of Polia-Jackson-Julia, limiting transition from the meam exponential approximations to
Chebyshev's approximations (#3-12) and some analogous iﬁterpolating algorithms 3-15)
which allow more effective real®zation.

It easy to understand , that on the basis of these general conditions, at which the
€

above both problems of approximation were formulated by us (;’l and the given paragraph),




it is impossible to establish a connection betwwen them,which is characterized by an in-

ly
resting for us theorem of Polya-Tackson (5),(4), according to which
lim &, (b, T =dLbT=¢ (7)

m->X
where ¢ indicated a solution of the minimization problem of the value (6). To establish

such a connection it is necessary to subordinate the functions of vi(x) and the set E

7
to additional conditions of such a kind.that condion (2/iclcictr s/

sup [¢b(x) | = vrai max | (x)l. (Condition A )
is realized, o e

The essence of such a condition is obvious. If, for example, we take a set E omaraseg-
ment (0,1) of the number axig, as vo(x),the known function from an example of Dirichle,
equal 1 for rational x and @ for irrationaly and as vl(x) a constant equal unity, and inves-

tigate the minimization problems of values (2) and (6) for polynomials ¢ (x) = vo(x) + Cq
heall ;
th 4 # h
en we half have P (x) = Up(x) -fo»' each v ; B, (x) = YU, (x) '-21 /

Thus, here dp[®ul 'I,d;fvzjo;/ and the relation (7) has no place at all.

On the other hand, we srall convince ourselves without any WME difficulty as to the
justification of such arassertation, which is,evidently, a generalization of the Polya
and Jackson theorem.:

Theorem kﬁ)rrelation o'\.f- Polya-Jackson (7) is always realized, when at general con-
ditions yindicated in the beginning m& of this paragraph, has a place also a condition A.

Proof. According to the theoremeY#1 and considering continuous dependence of the
value (6) on the coefficients of the polynomial, i} is enough to be convinced that each
polynomial ¢(x), which is limiting to any sequence (#mfx)l. where m »eoc at iseq
is one of the polynomials ( of the smallest uniform deviation from null) ¢°(x). However,
if we assume the opposite and take that J;[ﬂsupercedes the value /¢ J»eby a some additive
value 3g, then, according to the condition A @@ | will supercede (p+2s in all points
of a certain subset El C E of the value N El={ > 04 according to the same subset |dm(x)|

will supercede pre at however, this brings to a contradiction, since at large
enough values of the index & ( and at the seme time m,) the inequality é,.,qub J<d, AL D,7
d,,, hH, m,
will be disturbed: (g )} >("+')' L f"u.f'l'ol)'"'<o"".
Illl ﬂh
(H 0) .-; S ov lc""‘ae (’uo“:’L wm,

From the prov~d theorem, it follows that when an abstract space‘él is given some
topological characteristics. as,for exampleymetric , thesthe application of the Polya-
Jackson theorem may be assured, if it is assumed somehow less than contimuity:
to characterize a case of a euclide space of one or more dimentions, it is Bmp enough to
demand that the polynomials ¢b (x) have in each point xe& E, so to speak, a parE}%% cggaf
tinuity ( a weakened form of known characteristic of an "approximating" or "
continuity), that is a continuity with respect to some subset which in each proximity of
this poit has a measure greater than null. It is understood, that we put aside a question

as to the uniformitg or non-uniformity of the above partiql continuity in a set E.

Especially, if , for example, E is (open) interval (a, b) of a numerical line, then

3
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to establish an application of the Polya-Jackson theorem if it is more than enough to
assume a onesided (say , right hand) continuity of all n+l ( limited and linearly inde-
pendent) functions Vi(X) at each point.

ggwever, for a more accurate investigation of this work, in which will be discussion
not about an establishment of the fact itself of of the congruence of the Polva-dactmewn .

Limiting tramsition, but about an investigation of the convergence velocitys it necessary

to introduce a condition of a real and, mainly, uniform continuity.
3

In eur further investigations x will always indicate a numerical argument.

For concretness, we shall conduct further investigations according to a case of real
functions of one real argument. b broadenw "{:l;e results ¥e=gover @@m cases of various com-
plex or real functions of one or more numerlcal arguments is not difficult.

7f3. Thus, x will further indicate a real number which passes through numerical quan-
tity E, which in the beginning will be some given segment (3; b) having length of b-a=}z
Under v (x), vl(x),...,vh(x) we shall understand real, continuous,and linearly indepen-
dent funetionsin the sepgment (a, b).

But this is not enough: to have something more than the establishment of the fact &f

of the Polya-Jackson convergence process, it is necessary to further define the conditions,

oura b el et g

that are set ongthe structural chatacteristcs of the vi(x) function. Really, the established
by us further ;#12) theorem, analogous to the known theorem of Lebeg about the order of

the best approximation of continuous functions by rational polynomialg‘!), showa that also
Polya-Jackson's process may converge as slowly as it pleases, if one understands under

. avb . trave X y
vi(x) (i=04 lyeeyn) completely given continuous functions.

We shall first investigate this question with the assumption that the given n+llfunc-
) tions o viﬁx) satisfy the La.—gel;;%l condition of @evcertain order of *0<r<1) on the
segment (a,b).
lokm) = vhe) S ki Ly =x ' ((=0,1,..., n) T (8)

wlthj?t limiting the generalization, we shall assume that the orderétiqﬁgg*game for
all n+l Ygiven functions; otherwise we weks would have méked by ,Z% asesdmmt Y 1+1 num-
bers %, ¢, --2,

The above formulatedyﬁgsgral problems of the mean exponential and the Chebyshev's

approximation are taking the following form:

‘-Ml‘- MO AL [ fl'b(x)l‘dx]l = min (m>1) (?)

and correspondingly

Gl P)=dy(cyy. .. Ca) = l_!}&)(.lfh(x)| = min,

where as previously “
B(x) = vy(x) + Tewx).

=)

Let accordingly to the designations of the previous paragraphs

"f'-(-\’) = uy(x) + 2.,1 Catt(x) (11)
=

; shall be the solution for problem (9) ( the only for each fixed m) and
. A
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(12)

(any) solution for problem aar*?. Keeping futher the sign © for surely asssssisme- ' magni-
Posi+ve
tude of the best approximation' in problem (10)

dlb) = e, (13)
let Ol toal = max a2 | = 17+ 2n) = (1+20) (14)
where not-subtractive number 2am= e c{:haracterizes,obviously s the relative worsening of
the uniform approximation value at a substitute of cpo(x) for Further , to simplify
the notations, we shall mostly write a4 without an index m.

The Polya—Jackson theorem (that is in Jaskson's formulation (4)) determined the fact
\mtue a go vwg

Here,wariing to apprize the cornvergence speed of the ﬁolya—Jackson process, we shall take

as a measure t3: order of its decrease “$ at mw oo.
We shall note , first of all, that according to the proved theorem in ,21 about the
uniform limitation of the coefficients cmlsc S1eeef of the 4)(x) polynomial at m<>
mn

Tipohils
all‘4> (x) based on the conditions (8) will satisfy the Hipshitz's condition wé of the
same order T with a constant coefflcp!ent £ ’(1ndependent from m)
| dm(xs) = Dalx) | < Alxs—x | (m2>1),

(15)
where - k<kt Zk,fl.. H, = sup Cml. 15"
Let us determine h >» O from the term
bh'=op (a=an), (16)
wherefrom 1 1 1
=(a)Tm o, =(2)7
""(E“) e [C (k) J
1
Assuming Ca*' <! which certainly has a room for very large mZmy from the
condition ul Pa] < dul by |
we obtain N
e"(1+a)-Ca* <=1,

wherefrom ' 1 (1)
. a+ar<y. (L) 2
Taking logarithms from botb sides of this inequality and designating ( usually , with

1o
the assumption that a A0 7%
IOR (I + a) _}! L"'u.)

"m

(18)
we have mign < '°ll "‘ 'OR%-
Noting that according to the uniform limitatlon of the coefficients of the polynomial

S, (x) for all investigated values of m > 1, tha value a also limited from above for

all these meanings and that , on the other hand, §,_,2l at @ 0, we shall have

(20)
inf o = Inf—w =u>0,
In addition
= <1, limo,=1, (2L}

L

to zero v 4 at 1m >o in the case of any continuous function Vi(X) i




For all meanings m2zm_, together with (19) has a place
moa < logl + llog—l~.
- ¢ s " a
wherefrom ot i
me <C' + -'—2105;;- (C glog C)'
Let us put now

log m «
=00 —— Je gn= m_ _ 4m'm

then from (22) we shall have : logm  logm'

1 1
Un logm<0‘+— (logq— + log m — log log m),

, C—loglogm Zlog L
Qu < — +—-—log\+ =0 ‘7m
m

logm (2k)
s
From here, it is easily to see, that VIm<7G for very large m, {25)-
Really, when G S | this statement is safe, since fli‘ > 1. When D> 1, the inequality
/

(25) is also safe, in so far as for large enough vaiues of m not only the second but also
negghve
the third term on the right hand side (24) is pademmitime. .

However, if only the inequality (25) is established, from there directly comes the
limitation of the expression Z:"M for all meanings of m> m, where m
&
Especially, takng for example, m, = 2, we shall have 42)

clog M paw seix m>2,

ol m (26)

1 is any number > l.

anm
where 0= sup ~E" = BUD Ga.

m:ovzl g m m=1 con el
The otained inequality (26), which gives ua the necessary appraisal of theVorger of the

Polya-Jackson approximation process for the investigated function vi(x), which satisfy

the Lipshitz's condition, shows that i A
( ) a? > oo

(26')
We see that the appearance of the obtained inequality (26) does not depend ma even on the
7

indicator Zin the Lipshitz's condition (8), (15), even though. that closer evaluatioa of

the coefficient 4 in (23) shows already , unquestionably, the dependence on the structu-
ral parameter, and a weaker, at large m, dependence on k ; if at large m one introdu<®
ces the magnitude of ); into (22)-(24), instead of its lower limit 4, then, according to
(21) , we shall get the r?alatlon ( be51de of (25)

Zo‘yr« [

/J 7/7 We shall further (fS) see, that the obtained evaluation (26') of the decrease order
of the magnitude a cannot generally be 7l g}‘oved, even if the conditions as to the
‘l{ i o~
f‘ L;)"‘egularlty of the vi(x) function is 'gtx.eag%hoﬁp&' introducing into the investigati-n
lﬁﬂL

classes of the p-multiple differentiating functions etc., and finally, the analytical

functions and even the class of whole rational functions; although, on the other hand,
it is easy to construct individual examples, which pertain to continuous functions of
any aweelds little regulating structure,where the order ('éffz"' is substituted by/;//or
even where @, =0 for all meanings of m,




Further it is not difficult to prove that the right side can
be replaced by —?(%:7— in this inequality when there is a suffi-
elently small fixed y>0, if the factor on the right side of 1 is
introduced into (16), and correspondingly, in the left side of (17)
(1+a)™ is replaced by [l+(2~y)a]m. Finally, by removing the
sufficiently small y, we obtain;

Fn(c.:'ﬁL".’)<l

nee m ur i




# 4. First, before we shall proceed with pro}{ving of the statement , formulated

at the end of the last paragraph, we shall prove two lemmas.

Lemma }. Let f(x) be continuous non-abating function [f( 0)=0, f(1)< 1{ @n the
segment (O ﬁ and sharply increasing at least at some part of the given segment. Further,
let / denote any small but fised positive number , which we shall regard as smaller than
the number / Then

f“ =/(x))™dx
lim Y——— =,
[0 r@ma (28)
Proof. Setting, for the sake of abbre’;-viati on.
o= [u=renn dx, (29)

denoting by &€ any supplementary small positive number, we have

d40d £ o
J =lJ +J¢+ + Jogud (30)

It obvious, that J J:‘; 7 ;7at each m > O. Further from the expression

JUS 01 = (@)™ | Jipe <I[1— [0+ ed)jm,
it is easy to conclude that

v iy _ 1[1 =3+ ed) " .
—7*3'-<3.[ 1_/(3)—J <e at /d‘/?’( (ms«:;[ o1 > 0

In this way, for large enough positive meanings of m 4, we shall have
& ¢ 5
Reg &l i# 2:‘)’ (31)

wherefrom , considering ttat £ is small enough, comes out a relation (28) which we had

to prove. ) o
Lemma IT 14). Let (’,};’\ and j denote any positive numbers, which are subordinate¢
to the condition of Ad%/. Then 3 ol
Ao ™ |, tim [m" S(I—KX‘)"‘dx T
e kit (32)

Proof. On the basis of the known double inequality

u :
—<log(l+uwy<u (—1<u<®)
1+u (33)

we first have i Lt o E
l,-.um'!(l =A)mdx = m* [e 1=t dx
3 L ° l+
0<o=10()<1]. (34)
Introducing an aux111ary small enough number #:>o0 and understanding that ]f,,lls the result

of the sustitution of ) on 7J"1n (34), on the the basis of the previous lemma we have

lm L -1, (35)
neo l“,l,
Denoting further 2
s /’.‘,
1 = A(79) (36)
—:- f“ -4,.. =X o - dmat
"
we shall have m_ ! ; GES S 0-[ s
(37)

The first and the third member of this double inequality (37) , at

correspondingly to ‘Ste-.‘dz- ’_(_Z}_) 1 j:‘--'d;_ I(}f)
k




| I'")
Wherefrom r\: s &k
lim /9 > (h? v dim Ly K —

gk Kt (39)

and, in view of (35), we simultaneously have

(1 1 ;
,l‘:"1h> I—(k.). l"|_|.n-l.:-<-r—(-’1). (40) |

kot k'
Freeing ourselves from small enoughfl, we see that

1 |
_ A e |
lim i = lim /= lim /s = — =t (1)

)
e m—a ave T
ki

which is what we wanted to prove.

Attention. It is easy to see, that the limiting relation (32) will remain valid
also in the case when A'?‘under the integral sign is sustituted by ,l[/‘-:[xl/,lwhere, keeping
the conditions of pos:.tlvness and monotonousness of the expressmn | -A[i 45Xt 4it f
assumed that s/x)- &2—[; 2> o . Really, in thls the numbers 4, q;,,/& in the correlations
(37)-(40) will change only infinitely little, and at g ?¢ the =nd rzculs (41) will remain
unchailged. T

;S. Going back to the question which we referred to at the end of ;?3, we shall
analyfe the problems (9) and (10) according to a simple example of polynomials

;i
SR e
P ()= x C(,>’) (42)
on a segment (0, 1) (& - a given number) and prove their asymptotic equality

fod ttal & 1_1l
whereby the impossibility of improvi:i t“c¢ evaluation (26') will genﬁrally be established,

even for a c:ass of whole rational polynomials. |
Considering the selfevident asymptotic equality ‘
/@i’w i &’9 /m - /) |
P Tom - (k) |
we may allow ourselves , on account of simplification of further explanations, to find
the evaluation fora,s/ instead of «,
It is evident . that,for a given example,F‘ = — (see (13)), and in the expression
ﬁﬁ{x):xﬁ- the value c=¢,,,, will certainly be 1nf1n1tely close to Y Appllcatlon of
a general method of analy)ii; of 1nf1n1tel/y small to a minimum-problem 1

(a_+.[¢1)-+'-f1r—c1"*‘ dx af(c—x')"'dx+ j (x~¢)™*'dx= min (45) i

.r

leadsy as it is easily seen, to a condition
e !
g (c = x)"dx = S\ (xr=c)mdx, ‘
# o :

or 4 substituting on the right hand side x= 1 - y:

y

Jog F

(c—x'yrdx = K (1=c=r(t + e@)ly)"dy (46)

°L—f‘3:'_

B -~




or else

U ®

c‘!'g',(l-l;.\')-dx-(l—c)'g{1——[l+¢(y)]yl dy. (47)
0 0

Applying to both integrals the asymptotic evaluation of the Lemma 11, with respect to
which considering and denoting by S/I ; r,fwo values , which are dependent on ,; and

which are infinitely small at ## >, Wwe obtain

, B

cm———————

1 : -
m ) b
c

+e)=(@-o" -I—'—— (+a)

(48)
wherefrom we further have

1
1~cy=

: e o)
where ; ;Yenotes a new dependent on 4 infinitely small value.
We see, that ’; i c<-l. Thus, evideatly, JL ¢’"+I7" {-¢- From (14) at p=
we havec(.arz( s wherefrome=L-4, /¢ :Z’ *a "
The equality (49) takes a form
(2 = em) r(x)axe. e st
Taking a 1ogar1thm and denotllg (, see (18)) by & ';:,, &’s %Ltwo values, which go to

the limit 1 at ”'"9”’ and by &« -thﬂr mean arithmetic value, we have

4
2

mo’ +2a + mo’’ + 2a == ma - 4«\: = (l—l;) log m(1 +¢,), (51)

where é‘,‘!-)o at M-P}'?. Therefrom, finaly 777({’?" o {“ :

1=
lim -—“.&’L—- l, “~ ——’:lgg..@

T I—L)logm
r
by which the proof is completed.

¢
% 6. Now, we shall dwell,the second time,on a class of function which satiffies on
a given segment a condition =)

cons\

[ Fe) = Fa) | & ——— (ax, 5<0; [o—x <), (52)
108 =5 : (52)

which we shall name a weakened condition of Diai; this class includesgas a component part,

e Al
that class of function which satisfies the general condition of Dini {(Dini- preehm

T =0,
lm [.uw)-xogg] 1}m{h_-3_a§ | F(ea)— Fx)| - log = } (53)

traeteernty
Thus, let the analyzed by us n + 1 l—e-x’e’éa:ons v, (x) satisfy on a segment (a, b) corres-

pondingly the inequality [oixs) = via) | <

M (=0, 1., )
5 o8 =] (54)
similarly, as in #3, we are convinced that there is such a positive constant £, indepen-

dent fromme that k

| hrmly) = bm(x)| <

1— (m > 1) ").
log o= (55)

Denoting at & # 9 a number A from the condition

1 wurtiond €
k. log;'- = up, aubard log -

-l (a=au), (56)
e




wey as in #3, shall obtain a correlation analogous to (17)

e (1 + a)4 <~

57)
from which, taking a logarithm and using again the value (18), we shall obtain
ma,.,n<logl e .k;' a - (l+'n.). ) (58)

-
Thus, inasmuch as @, ¥/y Ympo at m> co 4 we have

)/ o
<] ranjfio s gmwso. (59)
wherefrom directly

§ “"O(w,,) (60)

#7. We have to be convinced now, that the obtained evaluation (62) cannot be made
better in the general case of fuction v. (x), whlcggatlsfy the weakened condition of Di-~
ni (54). For this reason we shall first establish two lemmas.

ver
Lemma I. Let be analyzed a class of contiauous functions denoted oo some segment
of length /'"?Jand characterized by this condition, that their modul of continuity (@)

satisfies certain inequality of the form

J
wld) < kises) (o<ded), (61)

where K=const. > O, a/rq/w(x] is increasing on 2 segm:.u, (Og continuous funciion, which
is annuled at x=o and which has a non-increasing ") derivative &%) on a (open) inter-
val (o éﬁ Then, the function itself J’(x) belongs to the analyzed class 4, at which its
modul of continuity is exactly &S/d) .

Proof. Let us take an arbitrary number J(/é’ .
Analyzing the difference »"ﬁ(/:tu (x+d)— © /“) we have
n )= idttxed) - &'(x)2p s (62)

/T
Thus, #'/x/appears as non-increasing fusciion over a segment O< x< - andytherefore,
at x=0 it reaches its greatest value r(@=w(®~w)= 0 (6), 7 & On the other hand, at 0<#<d’

we shall have similarly mux|w(x+h)—u(\)l="(h)~‘"(")-

0azi=
u
with ghich the proof of the lemma is completed.

a
Attention I. It easy to be convinced, thgt the deduction of the lemma will remain

i1 force even after we widen,the definition of the function ;J(x/ over a larger segment
(0,L ), setting e (%) sall +L<xel .

Attention IL. Oa the basis of the known characteristics of the function, the derivatives
of which have a limited variatioa '8), the deduction of the lemma will remain in force
if, keeping the conditions w (0):0, one assumss oaly that any of the four derivative num-
bers of a coitinuous function w/k/) is positive and does not iacreass over the interval (o, )

( or, the same in the given case , one of the two singlesided derivatives, right hand
or left hand).

Lemma II. The value of the integral

¢ 2 -
L= 1= ——\ dx=/(¢,A m), =
5 ( log }) (63)




! &
where/)m/f are some two given positive constants, subordinateYthe condition of d< e"s*

for large enough #»7 >4, satisfies the double inequality

&® Uy m

(1 =)< ts < Dayiiia™ V™, (64)

where £ denotes an arbitrarily taken positive number.

Proof. The same as in proving the lemma IT \é’ﬁ we have first

W _ﬂ;_l( - _)
og - oy L]
h=u+~>lm,=a+x)§e el o (65)
Vs) 1
where 0 < & = 6/x)< /' denotes an designated auxiliary real fraction ¢, finally 7)
’ wfb/de»f 11y
i x| < £ for large enough values of m>m'=m,.. Considering £being taken arbitrarely,
we shall subordinate here\é7 to the condition of
AY 1
1—— >
L+ (66)
. log — -
In this way, at #7> s we have A e
? (1=4d) g pi Ll dx<1.v<5¢ =3 dx ", (67)
L 0
We ﬁhal,l. fiand tae lower and upper limits for the value of the integral

|
n == |

Jn,.-’\.eh‘rdx (>0, 0<HL ) (68)
for large values of 77 .
Substitution of &y)—f =z gives

J” | = ‘-T -.dl-
b.;,. ‘ (69
Having noted that
-2 =silm -
max e =4 npw 2= A\m,
. : 0 0
ML(A‘.I( /ﬁ frgs /;t ne . ' Y

« Am ‘.'-IV: = -.
Jua < ge' o dz<S c-"lv-.dz + Se-'dz =
] v ..“V;
= 24/m el""v:' + e""‘v; =(1+24ym) e"‘"V:. 1(71)
For large enough values of s 4 that is,such that exceed each of the two values of F 7=

i)
/ i ’ 1n the obtained expression ('71) for thne upper limit of the integral the multi-

pller (/1‘- 2)(&’—) may be substituted by 3)(/— ¢ on the other hand, we shall have for the
evaluation of the integral also the lower limit
Ji, s >S 9-.'V:-'dz = c-z.an. (72)
AVm
[ Thus, for the mentioned large enough values of p, , we shall have the searched for two-
: sided evaluation
e-2Vm < I, 4<3 Nm e, (73)

Going back to the previously established double inequality (67), we see that it 1s
enough to sustitute in it the first member of its lower limit according to (73) at;{,,ﬂ(,,_‘) ’

/{szd’ and the third member by its upper limit accordiag to the same correlation
/




A
(73) atf-4 4+ H =4 s to end the proof of the lemma.

/#' 8. We now may prove the statemeat, said at the beginnig of the previous paragraph.
For this reason we shall analyze the problems (9), (10) according to the examples of the

polynomials
Po)=Lx)- <, (74)

where the function #(x) is established over the segment (O,l) as follows:

—‘—l- ops 0<ale 8 ")

»-;'s:sl
npa smd / // z (75)

On the basis of the lemma I .ﬁf 7 and referred to it Attention I, for the function 7(6:/
the continuity moduls 4,//hdo by its expression the function f’/f/ itselfy, and which
means , that it surely satisfies the weakened condition of Dini (54). We shall prove the
assimptotic equality for the polynomials (74)

Var? (76)
and in this way, the impossibility of improving the evaluation (60) in a regular case of
the analyzed function case will be established. g

Adhering, if possible, to the general plan of thoughls applied in # 5, in the analyzis
of the value c=c,,, of the parmeterc¢ in the now observed expression PBx) =¢mﬂ (x/, w2 are

coming 4 first of all 4 to the condition

f[c—/(x)l'"dx ﬂf{/(r)—c]"dx (c'=e—%), {77}
o+

-

‘c"'ll=(§--c)ml.. (7%)

.
. 1 m

n=\ (1= =] ax, (79)
]03;

+heu as
"'
('- - m ~
s R [;Lc} dx S""l-e" 3 (r(y)~dy, (80)
;} i_c‘ A 0
where ( after application of sustitutllion X= g2 Ly ) for abbriviation it was set
-C
log =~
__G‘__—_l'__ =q(). "
g (81)

m > o0y And

The last integral in (80) , as 1t 1s easy to see, permits the applicaton of the lemma I
} Lk, The integral is infinitely s.x.alLAassymtotlcally equal to the integral

fwwn-dy

at any small value of s . Thusy denoting by &£ any arbitrary and further affixed positive
number, at large caough values of m5,y (¢y we shall have for the value of 7, a double ine-

quality

1—et<l,<(1 =€ (1 +e).
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As to the integral Il’ on the basis of the proved Lemma II, # 7 , in which is necessay
to set 2 =T:" s We may assume, that for large enough ¢22 >m,ce)> +#, (¢) 4 together with

(82) also such double inequality is realized:

- ‘)e-‘mw)\: <h< 31/% ‘-1\ ‘)

(83)
Taking in account, in addition to this, that¢ sp=fat woaand that in this ¢ >4,{ s @5
shows the correlation r e \*_ k&
(;:) i’ (78"
in which 12 remains lzr;_z;er than /-2, at the same time as [,20 at m = os for mamyte)> me) ‘
we may substitute the gorrelation (83) by
(=gerlm < g coymemi-n, (84)

. & _ D
Substitating now in (78') c=% + % °°) and noting (cowp, (51)), that

1 1
-L o :"',2‘0 % 1 +2a\m matde
(e - (P - By - omoamen g

and that because of large enough s >, (¢) > ims(e) we chall also have

m
dam (1 = ¢) < log <i—c-> < dam(l +¢),

gz

(86)

taking logarithm and using the ineduaj ities (86), (82) ana (84), we obtain from the

equality (78') such inequalities for all #¢# >mie(e)

am(1 +6)> log (1= &™) = log (6ym) + 4ym(1 —e), (&7)
dam(1=6) <log 1(1 = 071) (14 )= log (1 = &) + dyim(1 +4), (88)
Setting up these two inequalities,immidiately shows that the relation %edﬁ
for large enough values of w7 appears limited from hoth sides by two expressions huvirg
any v2lucz close te one. Therefore,
Ko @) =1, a:f\‘i#, (%)

m->x0
wnich is what we wanted to prove.

# 9. Let now, as in lemaa I # 7, be more generallyf analyzed a certain class of
functions coatinuous over some segments of il length v,’ module of continuity of which
w(&F) cati:ties tha condition

w(d)< K & () (61)
where K = const> 0, and 4;7;() iz the givsn 4 conbtiiuows, increasing fuaction, the deriva-
tive of which or at least o.. of the derivative anumbers of Diai does not increase ( what
in reality means an existqnce of at least righkt hand and left hand derivatives 1)4»-4!}/ @Jﬁ
which do not increase), at which @ (0) = O. This function may be defined either over the '
whe 2 segment  (0y) or over a smaller segment (041), if in our analysis will play a roll

oaly the characteristics of the ccticuity module for any #% small values of ; .
Let us derote by Z&/a function, wiich is veversed to & (x) . Tac furction Z¢x)
4 .

defined over the ceguent (O, E(ﬂ"l)) is also increasing,; but which slreaiy h2s a ron=twe-—we-
/6
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W@ derivative, which' is equivalent to the nor-decreasing left and right hand derivccive.

Analyzing the experimental problems (9), (10), correspondingly to the generalized p?ly—

1 =0, /) ceey f’,

: 7
=Ty

nomials (1) of any fixed systems of linearly independent functions vi(x) =
belonging to the givea ¢lmi~, and studying the dependence of the guartity & (see (14)),
on #7 at large values of s, wey exacly as we have dore in #3 ar.'l.é, may also. in this
case take as a setting off point the inequality

(:"'(l+a)"'z(";':—‘) <™l (90)

Here, the par=meter 4 , enalogoas to the coefficient of Lipschitz ian the inequality

(15), may be defined more accurately by th= condition
k= sup k= = (1 + e=)) Tim k=, (91)

where #““denotes a minimm value of & for a givema>/,at which the condition (61) is rea-
lized for the module of continuity of the polynomial @b, (x) over a certain defined in-
terval 0<J’<1Z,( 7 él({) » 74y is any large, but Tixed numb:o.

4y “bbreviating (90) on g " and taking a logarithm by using ths correlations (i8)
(/20'), we have

mopa < log !+ log -'I(F = (1 + x) log — !;_
L 2[4
1( k) ‘(k)
(=0 wprt = o),
otherwise saying: al™

ke ol o
m(1+r,)<‘—.7i‘(r.->0upu m- ), (92)

v

Let us investigate more closely the equation
1
o ——
x(A) e
M= ‘A -, (93)

At 0<4A<uwl) — 2(A)<1, ¢ its right hand side represents a decreasing function o/ A; at

A —=> O the function increases monctonically and continuously,goirs te +e0.Tt T: uuderstood,
that at tog -
L
M>0, —— —_
Ty (o4)

it has a single value for A, which is completely defined fuiction of M.
= ™M
it . dad (95)

A very real characleristiecs of this function may be describal by such & correlation

1wy = | % ) g0,
(0<0=0M,p)<1) (9%)

which is justified for any positive number @® p , which doe: not take the argument (pM)
over the limit: of the region (94) permitted for the values of M. This means that ,at any
variation of the argument M,the function 9_9./17} variec in that direction in which variec
the magnitude ﬁ' 9 however, in all cases slower than the lact oney in the meaning of

the relative variation.

be
The proof of the correlation (96) may obtained directly from the observation, that ,

for example, when M i: multipled by p > 1, the value A= (M) decreaces ( ac is immediately

/7




E comes from the above mentioned character of the monotonous variation of the right hand
% of the equation (93)), lowever, because at this: the product AM, which equals log‘f;%a .
it increasecs. X

The proved characteristic quality of the function ¢¥(M) firds further a series of

o+
important e :amples, from whichX&e shall mention immediately .

First, let
A= G(M)=¢[MQ+e)) (97)

denote a solution of the equation, which differs from the equation (93) only by infiritely
small reiative change of the left haznd :ide:
1
log ——

M(1 -+ f.)::—.fl(."_l.), (98)
where £ denotes any function of M , which goes to null at M=o, From the proven corre-
lation (96),it immediately comes. that
| g0 _gMO+D) 1 i (99 )

- wM) T (A1) (1+o" piRE s

which means L [
4 (M)

lim =< =1, T06TO ‘;’(ﬁ!)" V‘(M)'

i (100)
Secondly, going back to (92), let 8
o (101) |
derote:s a solution of the equation : | 1 i
~Tow %8 ~ea) > i
F tog x(@g) k __‘E_;:‘l) (102) 1
. m(1 +n)=-—;‘.-— 360-6111(}+q)= p

2 . i

(n=n(m)~0 npfi m =]} :
: 94

it givec, as it is easily understood, the upper limit of interesting for us quentity &£

which satisfies the inequality (92) and is accurately defined by the correlation (14) %),

It is directly clear, that .
g’:—' = q‘l-l;m(l-i-r;)].

wherefrom - =
a= "’(Ill)n%l’[%”l(l"":’] )- (1o4)

or including again the correlation (96),

= Rl pt % R\ il
et = o] o = (3] e o —

Thus, we have obtained that recult, that the upper limit ;f:: ¥ (m), which is estab-

lished by the here analyzed method for the value ofJF e actly defied by the correlation
Y
(14), has at 7 »<e the same order of Smallness for all systems of the function {vi(,/)}

with the continuity module subordinate the given conditior (61); it accurately coincides
with the order of Smallpess of the function gr(m), the form of which is denoted by

the eqaulity (93) and , thus, depends only on +he precentation of the major function & (d')

in the condition (61).
/78
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;lo. We may now really supplement general conclusions of the previous paragraph,

showing that in the class of functior (61), one can always point out a system of functions

{v (/)}over a segment (O,"k) for which the e act order of Swalluess , at m-><wo ,

of the value of &, defined by the correlation (14) ( and not only itc upper limit xm)

coicides with order of Smucilluess g (m), wherefrom comes out the impossibility of
7
making bet#¥er the established by us evaluation

= 0L @ (m)) (105)
in a general case of function belonging to the given class (61)/4
For this reason we chall investigate the polynomials

& P = //Xj -C (106)
denoting the function //’d by conditions: *%)

- 2!
“a) Rpw 02X azs by

[(x) = 7 (I.-nln {l,, ;L,H 2 (107)
Al w1, S xzid
Having in mind, as in * 8 and 5 , we bnng together the investigation of the meaning
- - L
of (= C,ye, and with it connected number o = $°€ - <37
2L M

to study the following

equality, which with the value of ¢=¢,,, chould e actly satisfy:

¢ ! (108)
- Jlo=f@)1wdx= [1fG) = clmdx (¢ = x(o))]

b= (= o, e (109)

where ¢
]’ U( v ! |m

5= fue SN dx,

l c | (110)
0
Lh=(=4) (0 +x) [x=x(m)>0, hmx=0]

"=

(111)
Giving any number s i 44,
(112)
where J’ is an arbitrarily smell but 11. ed positive number, we further have ( for large
Tires) Xire) o

enough m) ,|=”1 ) 1" m+fm< fdx+f(1" raydx <

° Xirea) ° rew) ( 113 )
< zlrca) +c'em™m, 2

Substituting from (111) and (113) in (109) and simultaneously cubctituting

c'u('—}-\‘-u). Il;c'=lt(l~—¢) Gmepaerss

we obtain R S .
(]_2") (z(rca)+c'e =l (114)
We shall note now, that denoting by “ (‘0"'/'(51)) any number, which depends on m and
4which goes to the limit at m >0, we have
i R (115)

It is easily to cee, that the last e.pres

e ponent indicator at € goes to (—o=). To be convinced in this, it is enough already
coavrs

a eeege evaluation of the value of the product as” . That is, noting that at general
conditions set by us on /x}, we shall have (at O <%<’[“)-1[0)

sion goes to null atm >, if in it the

" lﬂ) v
'Ib’/((?t/yén d 5 L.i%r)}.l.; { '_(i)<1_.- <l—./;' &60
werefrom by the lemma II /4 (including the idea applied at its proof), we have .I,< - !
a4

T e

sl 1 s ...,.,.—-"L__, — S = ;;ﬂ
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7
we may easily be convinced, substituting _J—Q “instead of j in (109), that

STy e

for large enough m , urderstanding b/ & " any small fi ed positive number. From (116)
A

3

our statement comes dErectly.
If we denote by #' the e pression (115), the infinity of csmallness of which we

have proved, then the correlation (114) takes a form
1 4+ 2 "‘>[ 1=
( ) x(rea) o (117

-

)(nd/ifurtherytaklng a loganth‘ and introducing the same number o ->/:
; 1
4aom > log (I—l~¢') + log "(',;:) ‘ (118)
or ! ” 1 "= -0 m= ~),
dam(l+e’) > log;(Tc:) (& = “l‘"l (119)
Otherwise | 1
4 e x(rca)
el b b e N (120)

Wherefrom, remembering the basic characteristics @#f the furction ¢AM) defined by the equa-
tio: (93), we shall immediately conclude, that

/d" ; rca = rcGm41 >tp{-zm(\ + e )l
or replacing m-1l 4 m : ;

1
a=a..>~'|;'ﬁ [’?;(m—l)(l -+ c")J‘ =y(md) @=r=A). 121)
Settisg uz  in such a way obtained lower limit for oi-—g,_ vith the previously espablished
upper limit«7»)(104) of the same value at k=1 for the-g“iven class, we have
21 fm(l+q) i of __rem(l + 1) e
i il T J rc | dptar=1) (l+J"}
(122)

~apil )
i e LU
m

From this, remembering that C*# £, it is easily to understand that ,setting small enough

fixed number f:f,?orin correspondence to the arbitrarely given £€>0, for large enough 777241

e shall have w(m, d) > (% - c) Ui(m).

5 (123)

This inequality proves that the e here obtained by u: lower limit ¢ (», d/for g‘&"
has at m»>»the same order of diminutivity as the previous ld established upper llmltg— Wiim) 9
that is such,that accurately(c’:{r%d:?ccordmg to (104’),with the order of diminutivity
(?f/m) also the quantity ﬁ has, understandingijy s the same order in diminutivity, in which

we wanted to convince ourselves 7).

/# 11. Le us note now, that at more partial ascignment of function a‘a—dz » it appears
possible, taking individually the investigation for all classes of functions v, (/), some-
what bring closer the multiplier ¥--s in (23) to“/\m'— Or on account of the decreue of
quantity ¥ (m), or by increasing the quantity w (7, J ).

B 2, S 1n the ﬁ;rut place , we take the class of function ¥ (¥), which satisfies the
condition ﬁf Li-;;nh.tz of any order 7(0<5 €7/) s then we shall have

llogM
M) =
#(M) =

Really, substituting , _1loM in the equation (92), which takes a form

(1+e,) (Hm e, =0). (124)

r' M o?o 1



we obtain

1. % (125)
) g5 (log M = log log M + log 1)
‘ ; L] [ 1 7 =(],
= Tiog 47 M1+ 1, 1lim 5, =0]
Which means that T M
LlogM _ A -y, RG]
ST A ) = ()M () = Hen !

by which (124) ic established.

But if we here,in the outcoming inequality (90), take or the left hand cide z(’};"),

(e d_ QL
1 instead of "(,) ¢ and correspondingly [I +(2 —f)ﬁ] instead of (116) s at any small
fixed -3 , then we shall see 4 as it was noted :m.% that after setting free the correla-
tion (27') from ary small ¥, it transforms into (27). Thlo means lowering twice the
asfﬁpflotlc expression of the upper limit W (m) for d’-d‘ and the e change of the mul-
tiplier ﬁ:}'— £ on 5}:- in (23).

%
An anoalogous effect may be obtaineg for classes of functions vi(x), which satisfy
v
" the weakened condition of Dini order \),I’ (F=2434lhy= o)t

w(d) < Kian(d) = KK l—f&x<v log - -=ot e
loglog.. log---  log - o : (127)
—_— 0
ho.vever, takl ng already in this case in (90) x[(i'-_-kﬁ"fl and correspondingly (7 + ya)™ at

arb:l.tr e small fixed y s with the following ‘freeing from it, which pemitﬁs, as it is

easily checked, also in this ca‘oe t{) decrease twice the ao;symptotlc e pression of the upper
A W = Am
limit ¥ (m) ~£:"I(::m) for  a=ey, which is given by the formula (104).

It chould be enough here to mention the introduction of the e pression gf/‘/j itself

for the class (127). Substituting
A= -
log"=2{log M — log"M |

: in the equation (93), which in the given case has an e pression

4 it
=
o

A‘I L e el

- A
e shall obtain

1
108 TG _ M +logt=511og M = lag'h)

" " \
o “iogt v M =M (14 ) (}:Hl".u 0), (125")
wherefrom, as above, we conclude:
(g 1+ =
L log =4\ Tog M = TogrM) = log =y, M (]”“ £y=0). (128)

x4
Taking, finally, the clasc of functions vl( /) o which saticfies the weakened condition
of Dini of the first order (52) q) we note, that the application of an analogous acceptance

=0y,
does not even lead to lbe reductionof the upper limit ‘l/J(m) fox a.q,:_, since in thic
case y., / appears to be the optimug value of the paramez Xy .Instead here, as

o/
L.hz-nf’ e el ‘
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shows the result of the investigation in /8, the assymptotic expression of the lower

limit for':¢&' which is derived from (121), appears 1nz;he formula (89) retse& twice, and
this again, as in é‘£} the cases muﬁ eated “means an exchange of the multiplier
%-£ on ¥%-£ in (123).
It may be absumed, that the multiplier ( % k )y which remains for all investigated

classes of functlona;vaeflned not by<?;oss1b111ty of further reduction of the upper limit

w (m) for 4L-4gv but by a peculiarity of the used by us individual costructions of po-
lynomials of a special type ¢ (X)= 75(/) - ¢ 4 owing to the equality (108) together with
the inequality (90), where the maximum value of the subintegrated function on the right hand
side equals not P (as in the inequality cf[cﬁ J< of: [<£7 ), vhich leads to (90),
vut [P(1 —za;)]”’

# 12. Using the investigated methods applied in the previous paragraphs, we may now,
without any difficulticc , give the proof of the theorem noted in # 3, which appears as
a direct analogy to the corresponding theorem of Lebeg as to the best approximation of the
continuous furnctions by rational polynomials at truly different condition of infinitely

increasing coefficient of a polynomial.

Theorem. Let it be given an arbitrary positive function h(m), which is denoted for
"1/ so) and which goes to null at m»o. Then one may indicate a system of continuous
functions zf‘(;() over a corresponding segment, for which the quantity a——q— s which is
defined by the formula (14), satisfies the correlation

fim oy sy (129)

n=a Ni(em)

Proof. It is enough for us , rather, to kesp - - in mind these cases when #(#/>;{
for large enough m , since in the opposite case the fairness of the theorem is establi-
shed immediately by means of first-best example.ccnztructed in # 5, 8, 10. Not to change
the essence of the question, we,obviously,may assume the function 4 (m) to be limited and

further - to introduce to the investigation , instead of 4 (m), the function
h(m) = L + sup h(M), :
m  Mam

which is monotonically decreased and certainly larger, than ,7’ for all of the investiga-
ted values of /2> 1. Finally, it is completely obviously that it. ic.crougb to nrove :tue
correlatior (129) for the values of whole numbers of the argument m, and only such values
we shall further have in mind

We shall set Yirm) = Vi fm) (130)

and introduce for investigation a continuous function f(x), defined over the segment (0,2)
by such conditions:
I~
=)
nme™ (I32,n=\
further:

-yl=1)

[tr)=¢ IS f(r)=0
and,finally, setting f(:) to be linear over each of the segments ~ [, . ve add




the conditions: ~
o

JO=1 f&)=0 npw’ 1 <x g2
Evaluating the integral

Ji=r = d/ " de = 3 SO dx (n>2),

we have e
J ) '
= m=1 —(m=1)p(l - .
ey <,:_.'; (/i) £=eTmmIN g v, Ve 4
l:l ) m-]
— ety T 2R - X e
a cglt 1 TR e—(--l)ﬂ-)‘ . vea ) L
- "o
- Yovtn) o M s
=(m=1) y{m+1) - =ia=TWet sl
+¢(. ) ¥ ve ™ om ‘e R, T <
+
« - -;'/ ")
P v —mel
< me (m Nll)+‘\-‘ <
-0 ‘

mr) -
« =2 o
-(m=1)yim) -,\“. - <

< ’"c—(n—l)v(nl + ¢ .
I

< e-t--w.-"m + ;1e-”+”] < (m+ 1)V =

S
-4--:)[ v-(m)-'l".;.:'f’.’]
= e ’
wherefrom
i=
-(m=1)yim) (144
26,20 npn m= ®).
Int < 6 (e=¢ p (121)

By means of this auxiliary function f(x) further proof of the theorem is obtained
in the followgng way.

Setting V)

| = £ =96,

we introduce for investigation the polinomials defined over the segment (0,2)
D)=f(x)—c=1—=Ix) —c, o

with regards to which we are in}{estigat(:%ng the problems (9), (10). Thinking, as in \,"/4?"5, 8,

(10), but without a change of a:;" ‘o _am * » we shall have for the definitior of Cc=(,,

for large values of m( o< c, <y Com > ;-.1/ a/m>as) the equation:

¢ i
[ (/(x) = c1"=ldx = f le=f@))==tdy [[(c)=c) (132)
ok v
(1=g=tlme=t(l+1r) (limy=0),
Chere : (132!)
4 3 o
g w [ "‘"‘*)“]““ . ...-29'_)]"' v < (1= 900 |~="dx=
I f[ e dx ifll — d\<[[ () |=="d

- (m=1)y(m)(14)

- f[/(x) 1y & Jaer < €
Bubstituting in (132 ).otogether with the obtained limit for I, the expression
1
i l—c-;-+a (@=a,), we shall come to the correlation

= | 2 \m=1 = (m=1)¥(m) (14
.._-._‘) > 140

23

$o-




or, taking a logarithm and introducing the value -1,

{51):

wherefrom
daa(m — 1) > log (1 + y) + (m = 1) w(m) (1 +e),

da(m=1)> (m = D) pla) (! + 1) (.“-52 y'=0),

a=gqg,> —l—-—:-—": w(m),
Thus

I el VD B e

W)~ A hm) ﬂﬁ@j.
Vi
m—a Ni(m)

by which the proof of the theorem is concluded.
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1) The investigations in the mentioned works of Polya and Jackson had an cxistemtial
character and did not contain any effective ways to the problem of constructing a-
solution of the problem &f mean exponential approximation itself, which by its § nature
balongs to nonlinear as in the Chebyschev's problem.

However, Acad. S. Bernschtein in bio review presentation (6) at the I National symposi-
wa of matematians (1930, Kharkiv) already pointed out, by setting up the problem, on the
problem of searching for general ways to work out the questions of approaching the factwal
determination of Chebyschev's approximating expressions on the basis of - usage of
analogous process of Polya-~Jackson.

2) As to the meaning of this conditiﬂn compare my article (3)

3) For this, strictly speaking, would have:been enough the condition of linear independence
n functions vi(x) ,...,vn(x). However, in a ca%€ of linear dependence of the function
Vo(x) from the rest of the functions v,(x) the investigated problem looses its interest.

k) See (4), # 6 « As to the idea, applied to the analogous aim of Polya (5) then it gives
something more ( compare our quated work (3), # 2), that is the proof of the singularity of
the stationary point of the problem, for this it requires sime additional conditions.

5)However, this fact may be established completely independent from the assumption about
the measure of the function vi(x) ( and also without the requirement mf£ for their linear;
independence, as it comes directly from the general investigations of the section VIII (¥ 23,
2W) of my lonograpéu(lo).

6) If one explains the problem of value minimization (6) as g proble- of approximation

of function v, (x) by means of a generalized polynomial - P(x) = —£ CAA (x) of the given
system of functions v, (x), RITAA (x) within the set E, then, ‘as 1t is known (Tonelli
(17), Haar (11)), even in clasa:.cal problems of this kind, which portzin to:the Chcbyschev's
approximation, let us say, continuous function of two or more independen. varisbles ( in any
continuous area of a corresponding number of measures) by means of rational polynomials
or finite trigonometric sums, the wnity of solution is not secured. The same we have in
one dimentional area in the case of the Chebyschevis approximation of the continuous func-
tions by means of generalized polynomials of an arbitrarily given system of continuous and
linearly independent functions of one independent measure.

However, these negative conclusions in any case do not predict a question as to the

synonimous or not-synonimous solution of the Chebyschev's problem in the indicated cases
at one or onother individully given function vo(x). We do not intend to limit okkmfrummxx
the frame of our investigation here by such wuestions for which a knowa_unity of scluticu
point®d put by Khaar Kharom) (11), may be analyzed as 4 necessary or in which it is assumed
that it is rmmXXy realized. Some general thoushts which may be applied to the class of ;
questions,which we e are smmiick touching here, is in the section VIII of my quaeted mono-
gram (10), and also in my paper (12).

ol A M S A WA TR o0 L7

7)Julia in series of his works, beginning in 1926 (18), pointed out a series of interesting
vz




examples of the investigated limiting tramsition to the problems in a complex area and
real area of several measures.

8) This question was put by Acad. S.N. Bernstein at the session of the mathematica section
of Academy of Science in MosGav (1944).

9) See (13), p. 110-112, Also (14), page 42-432.

10) As it is known,{For example see my above quated monograph (10), the problem (10) has
either one or infinite number of solutions. In the last case fxmm under (X) we may
understand any one of the solutions.

11) Above in # 2, we ncted the generalization of this statement.

12) In the case of a_ - O the valuci’,é. in (@) also nullifies , and the resultant
conclusions (96) (97 ) , understandibly, retain the power.

13) To encompase all the meanings of m > 1 , it would have been enough instead of (23),

to use the substitute , _ _ZL'"_t:_)_

14) The statement analogous to kickmkiix this lemma, is in the memuar of H. Hahn (19),

# 11. However, our method of profving this lemma permits various generalizations ( cowpare
for example, the below # 7 , lemma II) , which clearly comes out beyond the limits of-

the application of thoughts of Hahn.

15) We, clearly, would have had completely equivalent condition,if we would have required
the proof of the inequality (52) for the values (¥ :-% /| as small as you choose.

16) Studying a = a at m >« one may more ac}u'ately determine the parameter k such

as it was done below in # 9 by means of the congition (91).

17) Functions , :
1) Dynkull wfd)esd'(0 < 1e71), oy -—"--, 2 (00
log = log Io“ . ( Inu ‘)

etc. satisfy the condition of non-increasing - > (d): the first at 0< J<1: ¢ the rest

over small enough interval (0,;). One shoud underline at this, that in such questions as

these that are investigated in this work, play a roll only @ the characteristics of conti-

nuity module for any small values of &

$ We shall note here, to the subject matter, that the thoughts of further lemma II and

#8 are very -eacily widened in the case Of,:;/cr/= / loes<oo) lop, ™ #”/
(%2 7)¥

18) See , for example, memuar Ch. de la Vallee-Poussin (20), n 6, and also the course ofw

the analysis of the same aouthor GITI, 1933, Vol I n n 112-113.

19) Compare (35). Here we support ourselves on the result of the lemma I #i.

20) It should be accouted for that the equality (65) is justified without the multiplier {
(1 49, if replacing"j by 1.

21) It is easy to prove, that over this interval is relaized the condition of lemma I of
77
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et gostl.>
the previous paragraph as to the non-increase of the derivatie f(x).

22) From the equality 8 tpy =0l +20, Where in the given case , clearly,

1 1 _,‘. -l-u.
K tpeg, s faopiitige gty

23)

L E (;—)

Thus, 4 is some defined function of m , which , however, is expressed by the exact defi-

103

l+|[¢¢.! l.l.+ _lgl( :-] v AC Opm |£“(—‘-"—:-'i:!u

nition of the value 4 -«. itself. It is , however, enough to know here, that >0 atw>a

¥
y if in (102) we completely reject infinitely close to unity value (1+x ), then the
solution of the such obtained equation, which will not contain f& s will ( compare (100)
104
and (10®)) by assymptotically equal ¥ (m).

24) This permits immediatel to write in a clear form the assymptotic equality Wiem) ~
% ¢ /(;4_;., ) smentioned in the previous input.

25) According to lemma I #7 and bacouse of it, the function £(x). and polynomials (106)
belong to the investigated class, if their module of continuity equals exactly ../  for d<t, o

26) This is very easily obtained from the condition of non-increasing of the derivative
o
a oo {(x) accordingly - non-increasing of the one sided derivatives [, (%), Dy (.

27) Function ¢/#) and (95) , which played the basic role in the series of last investi-
gations, being a solution of the equmtion (93), is defined completely by function-\?' and
thexefore, in the end conclusion, the duty of the major function Z&in the structural con-
dition (61).

It is easily to see, that in reverse;, ;fnowing the function y«/z), which correspongs to
some c; (x), o One may easily Ieproduce {(n ) ¢ and :'thus w (x) ; denoting by g(i) a
function which is reversed to V4 (x) we have :

wherefrom o I(x)m gm0,

It is not difficult to establish necessary and sufficient conditions, at which the
ahead given function ( which is defined for infinitely large positive argument and goes
imxit monotonically to null ) may paly a role ..?f(x) for some <5 (x), whicl has in the
interval (0,55) (negative) second derivative: demoting (v (. & ywi=

the function , reversed to 7[ (x), we have one of the three really equivakent among themselves

variants of the searched conditions :

1) G(x) = + >

Mmouskounicalls "'ro 4
MOHOTOHNO-RPH X =) 40, il [G'(x) <_l‘. ’0(-4-0)--.\.
(¢ 2) G'(x) <0 6o (I1) *a6o (N

(tanalih g Lucluded Lo i l @R <@

9) 0°(x) < 1@'(x))?
Using the obtained conditions, mm it is possibly to construct various examples of concrete

7 & a(u wehsus Pi)

S
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defining for each of them a corresponding structural class of functions /¢ (x) and in

this class - of a certain form of polynomial <& (x) (106), for which the order of diminu-
-2 <0

tivity 4 -4, at/coincides exacly with the order of diminutivity p(a).

28) In small enough interval (.iC.a) each of the function . has a non-increa-
sing derivative, as it is required in the lemma I #7 and in general investigations of the
previous .# 10,

29) Jere, as it is easily to prove, we obtsin exactly :"“”—'ll' _
M

CYL ¢ v&» “,)__,_‘.‘-m\';;m)
In more general terms, one may wo d:l.rectly that at
we have exactly o=y i+, o In this way we obtain a whole scale of inbetween cases
betwee (124) and (128) from r=2. On these and the like investigated here we shall not
stop here more acurately (compare conclusion (17) in # 7)

30) Bec‘ﬁuse of convenience we include also the value of m=1.

31) The sign lim here, in reality, may be substituted by a more defined general sign
lim. One could easily be convinced by means of a nonsignificant modification of further

thoughts.
32) It is clear, that

I\IV_ Me‘( as
e 0<rCo ™ 90 upi 1o 00, aemieex llm/(r‘)—l
wm

Iim \,(m)..o
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