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OF LIMITING RELATIONS BETWEEN MEAN EXPONENTIAL

AND CHEBYSHEV S APPROXIMATIONS

(First Announcement)
by Ye, Ya. Remez

In some of my previous publications, beginning 1940 (1),(2), (3) I have proposed a
method of successive quadratic approximations for constructing generalized polynomials,

which deviate least from null, in the meaning of the principle of the smallest mth degrees.

This method which,permitting monotonous formation for very much diverse cases, works
at unusually general conditions and is based in its fundamental algorithm on some extreme

principles , which meet the nature of the problem itself. I could view this method as some

step in finding a general methèd to solve the most interesting and known by its difficulty

problem of actual construction of solutions of Chebyschev~s analogous problem ( the smallest

uniform deviation from null ) , since the theoretical possibility of limiting transition from

tue a~ an exponential appro~.imations to Chebyschev ’s itself , at a condition of the continu --
• ity of the examined function, was estableshed (4), (5) by Polya and Jackson. ~

)
I started this work as a further step in the indicated direction ; in this work I pit to

a precise experiment a complex of questions as to the study of the convergence speed of

Polya-Jackson limiting transition and some of its interpolating modifications, taking as

a measure its speed of decrease at m — ~~~~of the difference between the value of J~~uniform
appro.:imation , which is given by the solution of the mean exponential approximation and the

value of the best (.in Chebyschev ’s meaning) approximation. In this , it is discovered that ,
in general , the basic factor,which effects the theoretical order of the value of this di f-

ference , is a module of the continuity of these functions which form the e.~amined polyno-

mials of the minimized deviation from null.

The first two paragraphs have intrthductory character, however, the theorems which are
included in them are, perhaps, mentioned the first time in such a general expression.

The in ~ 3-8 of this ork raised quastion is investigated for the most important

specific classes of function , in the next three paragraphs (9-11), general investigation

for any class of functions,whoo~ module of continuity is subordinate to a certain non- equa-
lity of a general form, is given. In all the caees, in addition to the ectablished order

of infinitely small values, which are investigated, an ~symptotic evaluation of correspon-

ding coefficients or their enough approximated limits at m-~~~is added.

In ~ 12, a theorem,which is analogous with its formulation to the Lebega (13) theorem
on the order of the best approximation of any fo~~ of continuous finction ( not subjected
to further structural conditions) by means of rational polynomials of an unlimitedly increa-
sing Ø~~ ree , is established f o r  the given circle of questions. In connection with this ,
it should b~ noted~ that as 4L~~ results in # 3-1]. have certain analogy ( in the essence of

the question -- aspirated enough and partial ) with the known results of L.b.ga (13) , Bern-
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stein (15) end Jackson (16) which determ ine the dependenc, of th. decrease speed of the

best approximation value ~ ,, t/(x)]on the more or less regularity of local structural

characteristics of the continuous function /(x) , than, on the other hand, in the investi-

gated hers by us area have no room the inverse correlations similar to those that are con-

sidered invereed by the theorems of Bernstein (15),(lk) .
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The last paragraphs , which form the second part of this work and which shall be

printed in the next issue of this collection, shall contain investigations of an analogous

complex of problems for a corresponding interpolating problem. Here shall be studied a

uniform approximation, which is given ~.i the whole segment (a , b) by the solutions of the

mean exponential approximation problem with a variable finite multiple of points of the

same segnient.Comparison of the results of this part with the previous work will enable us

to make some conc1usions~,which have direct relation to the application of my mentioned

above method of consecutive approximations.

The results of the whole investigation conducted for a specific function of one real

variable allow direct approximations for other cases too.

# 1. First, we s~ül take note of some basic facts which are applicable to the appro-
xixnation problem according to the smallest mth degrees (in > 1).

Taking the problem in general form,which encompases as very special cases both prob-

lems investigated in further paragraphs (3-12 and 13-15) , let E denote a given point number

of a positive ( finite) measure in some abstract space ( in the meaning of Fresh (7) , (8)) ,
wherein for some positive number system .(e> there is designated a complet4y f~o~~f:u~ non-

negative measure/e. We shall assign a letter )C to all of the various elements of the (point)

number. Further , let v
0

(x) , u (x) uJx) be n+1 (n)O) of given ( real and complex)
numerical fu~ictions of a point expressed aimply. measuring (/4), with finite

( / 0 , 1. . . . ,  n) and linearly independent cc a number i!~. The last condition in this case
meer- the existance of a fixed non— ’ie - number g <yi~E, such that the subset E~C~~
of these points , in which any generalized polynimial Ic.vs(x) (?‘~

cs
~>O) - of the investi-

gated system of the function ~v.(x)3 is nullified, always satisfies the condition ~E~~g’).

The investigated “problem of the mean exponential approximation” C with a given index
in ) is based on determination of the numerical values of the coefficientE c .4 c,, • of an

“assumed” generalized polynomial

~1~(x) u,(x) + P(x) = o~(x) + Ic4u.(x) (1)
according to the minimization of the value

~
_!_ f  ‘I’(x) j~ d~a =d4 ‘hj— J.. (c,, c, C.).i.E (2)

Unity of the problem solution ,according to the given conditions~is determined easily4by a corresponding expension of the proof method used by Jackson ) . As to the existance

of a solution, as it easily satisfied excludin~~dependent function, it is secured even

without introducing of the condition of linear dependence of the functions v.(x).

The following assertion should also be a direct significance for investigations of

further paragraphs of the given work.

Theorem. If at least one of the assumed polynomials .g. (x )— i’,(x)+ ~~~~ u.(x ) is

limited almost everywhere in a set E C where the integral of L’,(x)’ ~
..(x), . ;

assumed finite for all of the investigated values of m, then the coeff icients c , C

,c of th*e generalized polynomial~~~ (x )~ çb ( x ) ,A~~ 
is the solution of the above mentio-

ned problem of the mean exponential approximation , are uniformly limited for all~~he in—

___  - - -~- — T~ 
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• ve~stigated values of m~ 1.

The proof is obtained exeptionally simply on the basis of such a general lemma
• established by me and already applied to some questions of t~unctions ’ approximations in

my previous works (9), (2) , (3) .

Let L ‘ denote the largest of the coefficients ’ modules of a generalized polynomial

c.u~(x) of a s y s t em  of m e a s u r i n g  (#‘) and linearly independent functions (v,-(r)):

L m~ x ~t c~j ,  C~ . Ic.~Y= Lf~ J — L(c ,. c ,c.). (3)

Then to each , L ) E ~~.O ( that dean not exceed the difference ~i,E — g) one

add such ~ — ~,>O. that the inequality ~5? (x)/~~ ~~ cannot be realized on any poill set

C E of the measure A E , .~ g +z , if l~~~. LA .More accurately, under ~. ~ne can under-

stand the largest of the numbers which satisfy the indicated condftion.

The proof of the theorem. On the basis of the quoted lemma, if any fixedt>O (t~,*E - g) ,
is given, then the inequality P.(~C)t >L.~ ~ where L

~ 
= ~~~~~ will be realized on a

poi~t set E1C E , the measure of which equals at least AE - g - i .  Therefore,

f .i...(x) ~‘ da > (L..~.)”(.uE — g — a) .  
(L9 )

It is clearly , that putting
• vra i max cj . (Xfl =we should have { — • (L.,1,)~(pE — — a) <~~1’i” ~~~~~ ~.E =

that is ‘j --
<~~~~M~ll4 _; 

~~iii~ci~ lfl>Ii (G )

whereby the proof is completed.

Each time when all n+1~~~unctions v0(x~, v
1
(x),...~ ,v (x) are limited in a

usual meaning C with keeping of other conditions vi), side by side with the previous prob-
lem acquires a meaning the problem of the best ( uniform) approximation by the Chebyshev ’s

principle, which ~~~~ already in minimization oi~ the “ value of uniform approximation”

C that measures the uniform deviation of the permissible generalized polynomialP~~~(~)~~.,au~emg)

~tipI’I’(x) ! — iu~ V,(x) + 

~
cIu(x) i aaU 11 — 4,(c,, C~...., c.). (G)

The lemma , quated in,9~l has as its evident result unlimited increase of ~~ the value ~~~
at L C~~J#(,whereof it is easy to derive , the usual way , the fact of the existance of at
least one solution of the invest L ;ated Chebyshev ’s problem ~~

) . As to the unity of the so-
lution, it is not ass’~r ‘t by the given conditions, however, for the next investigations
of the given work it has no essential meaning anyho~ 1

As it was said in the introduc tion , the basic object of our further investigations

is the exploration of the •~peed of convergence of the kn own , connected with the n~’nies
of Polia—Jackson—Julia, limiting transition from the meaxn exponential approximations to

Chebyshev ’s approximations ~~3-l2) and some analogous i~iterpolating algorithms ~~L3-15
)

which allow more effective real zation.

It easy to understand , that on the basis of these general conditions, at which the

above both prob’ems of approximation were formulated by us (#1 and the given paragraph),

- 
-
~~~
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it is impossible to establish a connection betwuen them,which is characterized by an in-

resting for us theorem of Polya- .iákson (5) ,(k) , according to which

(,~1 ~~( c f QL4~7 E (7)
where # indicated a solution of the minimization problem of the value (6). To establish

such a connection it is necessary to subordinate the functions of v1
(x) and the set E

to additional conditions of such a kind .that oon~ion~
aup 4i(x) vrai mix kk(x)I. (Condition A )

is realized~ 
“A

The essence of such a condition is obvious. If , for example, we take a set E

ment (0 ,1) of the number axis, as v0
(x ) ,the known function from an example of Dirichle1

equal 1 for rational x and 0 for irrational, and as v1
Cx) a constant equal unity, and inves-

tigate the minimization problems of values (2) and (6) for polynomials ~~(x) = v (x) +

then we~~~~-~- have _g (
c.~,,, (i) -

~~ ~~ eacl~ frVI ..
~~~~ 

(x) ~~ (~1 
~~~~~~~

Thus, here 4C~~ .3 
I,4f c ~ 7.~ and the relation (7) has no place at all.

On the other hand, we shall conv~nce ourselves without any difficulty as to the

justification of such al assertation, which is,evidently, a generalization of the Polya
and Jackson theorem.:

Theorem~~~ë~rrelation .~~~Polya—Jackson (7) is always realized, when at general con-
ditions ,indicated in the beginning a~ of this paragraph, has a place also a condition A.

Proof. According to the theoreme~~l and considering continuous dependence of the

value (6) on the coefficients of the polynomial, i~ is enough to be convinced that each
polynomial #(x), which is limiting to any sequence ~I~

_ (xfl . where m1-e~~ at i-~so~
is one of the polynomials ( of the smallest uniform deviation from null) ~0(x). However,
if we assume the opposite and take that c~(~Jsupercedes the value jf9~,J~~by a some additive

value 
~~ 

then, according to the condition A will supercede p+2,~ in all points

of a certain subset E
1C E of the value AE1=( ~

. 0, .~ccording to the same subset 4a441
will supercede ~~+L at i>~., 

however, this brings to a contradiction, since at large
enough values of the index £ C and at the same time m1 ) the inequality à,s,,1c~~~ J EJ ~.Lct 07
will be disturbeth ~~~~ ~ + ,)ml~~ ‘ ~~~ fj’• y” <

“ i 
~~~ i i

I, 
~ 

?‘-  
~~~~~~~~~~~~~~~~~~~~ I,,l t_.

Prom the pro~-~d theorem, it follows that when an abstract space~~l is given some

topological characteristics. as,for example,metric , thei the application of the Polya—
Jackson theorem may be assured, if it is assumed somehow less than continuity:

• to characterize a case of a euclide space of one or more dimentions, it is ~~p enough to
demand that the polynomials ~ (x) have in each point xe E, so to speak, a partial con~- ,

~~~ flz~~ tf2~tinuity ( a weakened form of known characteristic of an “approximating” or “a~sim$e44c”
continuity), that is a continuity with respect to some subset which in each proximity of

this poit has a measure greater than null. It is understood, that we put aside a question

as to the uniformity or non—uniformity of the above parti~l continuity in a set S.

Especially, if , for example, E is (open) interval (a, b) of a numerical line, then

_ _ _  ~~~~~~~ -- -
.

~~~~~~~~~~~ t~ r ~~~~~~~ - -~~~~~~~~
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to establish an application of the Polya—Jackson theorem if it is more than enough to

assume a onesided (say , right hand) continuity of all n+1 ( limited and linearly inde-
pendent) functions v

1
(x) at each point.

H~wever, for a more accurate investigation of this work, in which will be discussion
not about an establishment of the fact itself of ~~ the congruence of the I Lvs~-Jact a -

.~~~L :L~iyI~ t7aa1s~tion, but about an investigation of the convergence velocity, it necessary
to introduce a condition of a real and, mainly, uniform continuity.

In aur further investigations x will always indicate a numerical argument.

For concre~ness, we shall conduct further investigations according to a case of real

functions of one real argument. ~~ broaden,
~fthe results *..4over G5~ canes of various corn—

plex or real functions of one or more numerical arguments is not difficult.

J~3. Thus , x will further indicate a ~ea1 number which passes through numerical quan-
tity E, which in the beginning will be some given segment (~ ,

‘b) having length of b-a=~,l~
Under v (x), v1

(x),. ..,v~(x) we shall understand real, continuous,and linearly indepen-

dent fungtionsin the se~ment (a, b).

But this is not enough : to have something more than the establishment of the fact ~~
of the Polya-Jackson convergence process, it is necessary to further define the conditions,
that are set on~ the structural cha:bacteristcs of the v~ (.x) function. Really, the established
by us further ,(~#12) theorem, analogous to the known theorem of Leb eg about the order of
the best approximation of continuous functions by rational polynomiald f ) , show& that also
Polya -Jackson ’s process may converge as slowly as it pleases, if one understands under

• v . (x )  (i~0, 1,... ,n) complete 1y\~~~~~~~~ ive~~ continuous functions .
We shall first investigate this question with the assumption that the given n+l~

’func—

tions ~~ v.~~x) satisfy the condition of ~~ t’certain order of (O<c< 1) on the
segme-it (a,b).

I u.(a~) — .‘,(x,)I ~~h. — ~ r (1—0. 1, . . . ,  n). (8)
Without limiting the generalization, we shall assume that the orderAis the same for4 -h~~ i~~~I e ~~#all n+l Y~~~ien functions ; oth E rwise we i.e~~ would have ma~ced by 4 -

~~~~ 

~~~~ n+ ~~um-
bers 4, Z . ~~2 . 

+
The above formu1ated\~~~eral problems of the mean exponential and the Chebyshev’s

approximation are taking the following form:

‘7)
and correspondingly 

-

d.(.’P) — J .(c,,. .. ,c,) — max Iq (x) ~ mm
‘L.a...-’ (io)

where as çreviously
~ (z) — .,(x) +

‘—I

Let accordingly to the designations of the previous paragraphs

q~~ x~ — ~~(x) + £‘c...a, .i) (II)

shall be the solution for problem (9) ( the only for each fixed m) and

L I • . • . -- •~~~~~~~~~~~~~~~~~~~~ 
--•  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~. :~~~~~~~ • ____ 

-—- 
~~~~~~~~~~~~ 

-
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10 (12)
(any) solution for problem (10) . Keeping futher the sign f for surely ,..LII “ magni-

~~
Qs

~~ -h ‘e
tude of the best approximation” in problem (10)

ju t ’~P,1 = Q, (13)

let J I  ‘1~.I ‘l ’~, (x) I c( I + Js~.) ~‘ ~e( I + 2(a) (14)

where not—subtractive number 2a
m
: 2~~characterizes,obviously , the relative worsening of

the uniform approximation value at a substitute of~~~ (x)  for Further , to simplify

the notations, we shall mostly write & without an index m.

The Polya—Jackson theorem (that is in a.~~ekson ’s formulation (k)) determined the fact
~4I~Lie ct 3oL~~~ I I ~~~~~~~

_

of,A~lMu ~~~~~~~~ to zero ....] F 4 at rn~~~au. in the cane of any continuous function

Here ,~ art ing ~o apprize the cot ~!ergence speed of the ~olya—Jackson process, we shall take
as a measure ~~ order of its decrease A~~~ at ~~~~~ S

we shall note , first of all, that according to the proved theorem in)l about the
uniform limitation of the coefficients c 1,C 21...p of the 4~ Cx ) polynomial at ~~~~
all 4-(x) based on the conditions (8) .will satisfy the aht~~-’-e condition ~~ of the
same order ~ with a constant coefficient ..k V (independent from in)

I cl’..(x,) — cJ’.(xI) I < k~ xa —x i V (in > 1). 
(i )

where . k< k , +Z kaFi~, H , s u p I C a v t .

Let us determine Ii > 0 from the term
/.‘h ~~~aq ( a a _) .  (16)

wherefrom ! ! I e—c ~. [c=(~j ’J.
Assuming Ci <1, which certain~.y has a room for very large in .~~~ m , from the

condition

we obtain ro +a) .Ca7<~~~l (17)

wherefrom 
.

Taking logarithms from both sides of this inequality and designating ( usually , with
the assumption that a

m ~
Iog (I+a ) 

~~
Qj..i..

—
a (18)

we have flUl ’I < log + lo~ 
i

Noting that according to the uniform limitation of the coefficients of the polynomial

~~~(x) for all investigated values of in> 1, tha value a also limited from above for
all these meanings and that , on the other hand, 5,,-~l at ~ _

-
~~ 0, we shall have

(20)
~~~~

In addition
~~~~~~ ~~~~~~~~~~~ 

(21)

‘
-7

Li . ... - -- - : 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . : •
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For all meanings of m~~m , together with (19) has a place

m b a  < iog L + 1Iog i,
a

wherefrom <C’ + 1 Iog ’ (c ’ =~~1o~~ ) . (22)

Let us put now
• (23)

a ~~~~~ .~e q,, = _!~L =
then from (22) we shall have m log in log ,,,

- ~_ !o~ in< c~+.!(iog! + log ,,, _ log log in),

c’—. -
~~ iog log m _! log.!(7., <— + 

~~~~~~~~~~~~~~~~~~~~~~~~~~~ + ~~~~ (7..
0gm 10g m 

(24)

From here, it is easTly to see, that for very large m , (25).

Really, when this statement is safe, since 
~~ 

>1. When ~~~~~ 1, the inequality

(25) is also safe, in so far as for large enough values of in not only the second but also
,1(4’474’VQ- /

the third term on the right hand side (24) is ~.L.JtL - i .  -

However, if only the inequality (25) is established, from there directly comes the
limitation of the expression ~7’ for all meanings of in .~~~ in1, where in

1 
is any number > 1.

Especially, tak,~ng for example, ~n., = 2, we shall have’ 

~)
.,,~~ <

clo~ I~ AJt(T DCIX ,,,>2 , (26)

where c = sup — sup (7..
.,:.~Iog ni ..-.2 

C~Qi ~~~~

The otained inequality (26), which gives ua the necessary appraisal of the or er of the

Polya—Jackson approximation process for the investigated function v.(x), which satisfy

the Lipshitz ’s condition, shows that

a . a (-
~~

--

~
) a 7’ ~ z-~~ (26 ’)

We see,tha~ the appearance of the obtained inequality (26) does not depend -- even on the

indicator,kin the Lipshitz ’s condition (8) , (15) , even though- that closer eva’.uation of
• the coefficient in (23) shows already , unquestionab1~t , the dependence on the structu—
• ral parameter, and a weaker, at large in, dependence on k ; if at large in one introdu.~~

ces the magnitude of Sm into (22)—(24), instead of its lower limit~~~, then, according to
(21) , we shall get the ralation ( beside of (25)

F— / .~ . ~~~~ L
-, ~(,*TP1 ( d

~~~~~
, . 

(2’)
~) ~~~~~~~~~~~~

We shall further (f5) see, that the obtained evaluation (26’) of the decrease order
rq 3f the magnitude a cannot generally be im~ ’oved, even if the conditions as to the

~‘
‘
~~cegularity of the v.(x) function is ~~~~~~~~~~~~ introducing into the investigati n1

classes of the p—multiple differentiating functions etc., and finally, the analytical

functions and even the class of whole rational functions; although, on the other hand,
it is easy to construct individual examples, which pertain to continuous functions of
any ~~~~~~~~~~~ little regulating structure,where the order (~~~~~..! ~l)~~ 5 substituted by~~,Jor

even where 
~7.,, =0 for all meanings of m .

IL _ ____
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Further it is not difficult to prove that the right side can

be replaced by 
~t (2 y 

in this inequality when there is a suffi-

ciently small fixed y>O , if the fac;or on the right side of 1 is

introduced into (16), and correspondingly , in the left side of (17)
is replaced by [l + (2 ~ y ) c dm . Finally, by removing the

sufficiently small y, we obtain~

~m( ..: !!L ~)<
!.

I_i —..-*.-.—- - ~~~~~~~~~~~~~~~~~~~~~~ —--- —. ~~~~~~~ ~~~~~~~~~~~~~~~~~~ - 
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# 4. First, before we shall proceed with pro~ving of the statement , formulated
at the end of the last paragraph, we shall prove two lemmas.

Lemma 1. Let f(x) be continuous non-abating function £f(~
))=0, f(~ )~~1~~an the

segment (o,~) and sharply increasing at least at some part 
of the given segment. Further,

let,/~1enote any small but fixed positive number , which we shall regard as smaller than

the number Then
f ( l —f (x)]” dx -

u rn ~~

~ f (x) J~dx (28)

Proof. Setting, for the sake of abbrevinLion .

J° .~~j~~[—f (xW. dx . ( 29)

denoting by ~ any supplementary small positive number, we have

J
i
. J~ + J~+~~+ ~~~~~~ (30)

It obvious, that Jj ’~~~j~ at each m~~ 0. Further from the expression

J ~ > J ( I — f(d))” ~~~ < 111 — f(J + ad) j ’~,

it is easy to conclude that
<a  n/  /4lqe i~~~~~~~4~ ~~~~~~~

In this way, for large enough positive meanings of in , we shall have
4~ I ‘J ~~ J ~ <JJ ’~~~?i) , (31)

wherefrom , considering tk at ~ is small enough, comes out a relation (28) which we had

to prove.

Lemma II 14) Let 4 ,/~ and S~ denote any positive numbers, which are subordinate
to the condition of I~rrf’4rf. Then -

I tim I rn \ (l Ax ’) dx
..—+. L ~

) -
~~k/ . (32)

Proof. On the basis of the known double inequality
...!~~< Iog(1+u)<u (—1 (~3~ )

we first have ‘

~~~~~~~ — A x ’)’ .Jx ~~ fe 1—”~
’ dx

• . 

(34)
( O < O ’ ~~O(x) < l ) .

Introducing an auxiliary small enough number i~~~-c, and understanding that Jy~Jit~; the result

of the sustitution of)
~on?

(in (31+), on the the basis of the previous lemma we have

~~~~~~~ (35 )
•~~ •

Denoting further A
—-——i

(36 )
.4 .~~

in4 ie dx<I~..m,<m ’ I e dx.
we shall have

(37)

The first and the third member of this double inequality (37) , at in ~~~~~~~~~ aim

correspondingly to 
J - c ~~~dz— .~

J
~~ u .i

rj ~a dz _ Jk_) . (38)
*,‘i,’ ).~

•7 /C

L~ ~~~~~~~~~~~~~~~~~~~~~ - -- -- - . ~~~~~~~~~~~~~ TT.- ~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ____________  -
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Wherefrom r (, )
tim 1(4) ~ • 11 fl 1(~7I) <

k4. hA ’ (39)
and, in view of (35) , we simultaneously have

r(~)
.~~~~1m> i ,  ~~~1m . a ~~—’-- . (L 4~j )

m-.. ..—.

Freeing ourselves from small enough .~ , ~ze see that

u r n  1~ !Y~.” 
= (1+1)

which is what we wanted to prove.

Attention. It is easy to sees that the limiting relation (32) will remain valid
also in the case when ,~, under the integral sign is sustituted by ,4(/4~sf4/*’

where, keeping
the conditions of positivness and monotonousness of the expression I -~ (i 4it(x)]X~ ~~~~

assumed that f(~~ )-.? 0 ~fx -~~ ~ 
. Really, in this the numbers ~~~~~~ in the correlations

(37)...(’+o) will change only infinitely little, and at~~~o the -
~~~~ ~~:~~ii~~~ (1+1) will remain

unchanged.

~5. Going back to the question which we referred to at the end of # 3, we shall
analy~e the problems (9) and (10) according to a s:mple example of polynomials

r ~~~~ x~~
- ~~ (~~> / ) (42)

on a segment (0, 1) (/- a given number) and pro-i? their asymptotic equality

‘
I 

~ I

~_~~~~~~~2!, ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (1+3)

whereby the impossibility of improvi: : t’ .. ?‘.~ ‘.uation (26’) will gen~ral1y be established,
even for a c_~,.ss of whole rational polynomials.

Considering the selfevident asymptotic equality

-~#1.i — ( (1+1+)

we may allow ourselves , on account of simplification of further explanations, to find
the evaluation for a ,~t, instead of i?.,,

It is evident - that,for a given example, 
~~

- =~~~ (see (13)), and in the expression

the value ~~~~~~~ will certainly be infinitely close to 1/2; ,~pplication of

a general method of ana1y~iz of infinitely small to a minimum-problem

fIx cr~~
’ dx ~ f(c- x1~~

’ dx+ J (x c)”41dx mm (45 )

leads, as it is easilj seen, to a condition

ç ~
c — x’)’dx S (x

r _dX

or , substituting on the right hand side x= 1 - y:

• ç (c~~~ x ’) dx — ç {l_ c_ r(1 + .(y)Iy) mdU; ( 1+6)

/ /

~~~rlr,~A ~.. - L .  - - ~~~~~~~~• -  , 
- ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-
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or else 1+ 
• 

-

c~~ç (i 
— !.X

’) dx aS(l_c)~~~ 1— —~— (  I + a(U)]Y}’ dU. (1+7)

Applying to both integrals the asymptotic evaluation of the Lemma 11, with respect to
which considering and denoting by E.,, ~two values , which are dependent on ~~ and

which are infinitely small at ~~~~~~~~~~~~~ we obtain
• i i

ca~~
_
~i._ r (1+t t )~~

(1 7 7 ~~~
’ 1> (1+8)

m ’r(~-)’ 
- I t— c l

wherefrom we further have C

= ~
‘
~~~~~r(!~)Lt~i (2a~~~

’ i (~~)(i+r.). (1+9)c 1 — c  r 1+i, r

where 
~~~ ~~

notes a new dependent on m infinitely small value.

We see, that ‘
~2

’
~~~7 ~~~~~~~~~~ Thus, evidently, 

~~~~~~~~~ 
,_

~~~~
. From (14) at

we have c~ . ~ wherefrom c~ 
- ‘

~~, ,— c .- f ,
~

- c~
The equality (1+9) takes a form

( 1 _+2a  \ = (2nz) 
— 

r (!. (I  + a ,).
\ I —  2a1 ~.r  (50)

Taking a logarithm and denoting (,see (18)) by ,~~‘ ~~~~~., 4”~~~two values, which go to
• t .- ~1#:t4~•~- /

the limit 1 at m 
~~~~~~~~~~ 

and by ~ .th~4i’ mean arithmetic value, we have

- • n,o - 2o+ m a ” ~~~~~~~~ 4a (l_ ~_ )tog m:i(l 1-.,), C~~~~i)

where -~~~~ 
at fl~’ .P,~~. Therefrom, -

~~~~~~~-‘~~~ ~~~

tim _-~~~‘~“ — ~~~rlog rn
... . 

(i — 

~
-) tog in ‘ 

A,

by which the proof is completed.

6. Now, we shall dwell ,the second tiine ,cn a class of function which sati#fies on

a given segment a condition 1~)

F(x,) — P(x)I ~~~~~~~~~~~ (a~~x,, x,(1; Ix,—x,I<l ) (~~ 2)

log (52)

which we shall name a weak~ ied :~di~iori of Dini ; this class includes,as a component part,
that class of function which satisfies the general co~di~ io~i of Di~ii ~~~~~~~~~~~~~~~~~

u r n  [w( d) . log 
~
.] I~rn { rnax4I F (x ,) — F ( x ) ’  . log~~ = 0. 

(5~)J e ’  , ‘

Thus, let the analyzed by us n + 1 j - zet4e~s v1(x) satisfy on a segment (a , b) corres-
pondingly the inequality uj (x,) — u,(x ,) I < k, _ ( 1=0 , 1 , . , . ,  n).

(54)
S1.mi LarLy, as in j$~3, we are convinced that there is such a positive constant ~, indepen-
dent f . ’om m, that I cJ ’.,(x,) —  ~ .,(x, ) I <  Ia 

~

_ (m> 1) ”),
(55 )

Denoting at 4 ~ D a number 4 from the condition
~~~~~~~~~

#
~
/(—‘

~ 
Ia — ( 6Ia : log7 a~, alaMw log ~

- —- (a— a ,,),

.&‘~~ 
-~~ ———‘—-‘—r- • 

~~~~~~ - .~ ~~~~~~~~~~~~~~ ~~~~~~~~~ s~~~ —~ ~~~~~~~~~~~~~ _______________ • •
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we, as in ,#3, shall obtain a correlation analogous to (17)

(am 
(, ,

~~ 

~~)~~4’ ‘p— -~
- 7 

I )

from which, taking a logarithm and using again the value (18), we shall obtain
ina..’i < log ! ~

- -~~(I+ ’:..) . (58)
Thus, inasmuch as ,.-p /, ~~, ~ o at ‘n ~ ~~~ , we have

avrn <~~~~~~(1 + ‘t..) 
~/t (l + e.) (lirn e,, 0), (59)

~he~.ifi’om directly

(60)

~4(7. We have to be convinced now 5 that the obtained evaluation (6o) cannot ~e m ade

better in the general case of fuction v1
(x ) , whic~~atisfy the weakened condition of Di—

~j (51+). For this reason we shall first establish two lemmas.

Lemma I. Let be analyzed a class of conti~auou~ functions denoted ~r some segment

of length /M~
tPand characterized by this condition, that their inodul of contiiaui-~y &(cf)

satisfies certain inequality of the form

~~~~~~~~K~~(6) (0~~ ci~~t), (61)

where K=const. > 0, an~/& ’6q is increasing ~~ a segmeat (o,~~ cont uon~ fi~tction, which
is annuled atX~ o and which has a non—increasing 

11) derivative ~~‘(x) on a (open) inter—

val (o4). TI-Lea~ the function itself ~~~~~~ belongs to the analyzed class , at which its

modul of continuity is exactly ~~~~ .

Proo ~ Let us take an arbitrary number ~
‘
< ,~~

Analyzing the difference ‘ )~~~~~(c ~i~ ‘~
-“(‘

~ ) we have

,~ . AJ ’(4~~ i) — (62)
A

Thus, 7~(
’xjappears as non-increasing f~~- c ’;iori over -i ::;eginent O� ~ 

~~~~~~~~~~~~ and,therefore,

at x=0 it reaches its greatest value r(O) w(J)~~~
)
~ &~ S) ,  

/ .- On the other hand, at

we shall have s imi.larl.y - 

I ;~ + Ia) — ~(x) I = ~(h) < (J)

with ~ hich the proof of th: 1e~~a is completed.

Attention I. It easy to be convinced, thOt the deduction o~ the lemma will r -~r~~~~~
-
~~~~ for;e even after we widen~the definition of the function i~~’~J over a larger segment
( o , L.~ ), setting ~“)~~4’(’M 

-
~~~~

Attention It. On the basis of the known characteristics of the function, the derivatives
of which hij~ -i ~i’nited variation 

18) , the deduction of the lemma will remain in force

if , :eeping the co- i d L t to r i ~ ~~~~~~ 
erie assum 4~ o ily that any of the four derivative num— 1

bers of a coitinuous function ~it~J is posit Lye arid does not i.acrease over the interval (o~~)
( or, the same in the given case , one of the two singlesided deriwat.ives, ri.ghl haid
or left hi - u ).

Lemma II. The value of the integral

,J ( ui — _~.!._ \ dx 1(J,A , in), —

~~ to~~j  (63)

L 
_ _ _ _ _  

_ _ _ _ _  _ _  

: -~-~~ -~~~~~~ _____________ ____ -- ___- —a--
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where are some two given positive constants, subordinate
Vthe condition of /~~

for large enough m ~~~~ satisfies the double inequality

~~~~~~ (I —a) < !s  < 34~ ;;iu 4
~”, (6’+)

where g denotes an arbitrarily taken positive number.

Proof. The same as in proving the lemma II ‘
~~+, we have first

Id = (1 +x)I,,,, = (1+x )
$ 

e “a I ‘ dx, (65)

where 0 < & ~ / ~Ienotes an a hii)ru~~~~~ designated auxiliary real fraction / ,  finally
- a.,tb,Tr~ri7px J  < ç for large enough values of m>ni m~ ,. Considering,being taken arbitrarely,

we shall subordinate here~j to the condition of

> (1+.)” (66)

In this way, at m> ri-~/  we have _ ,
~~~~~~

,,

• -• (1—.)
f 

a dx<Ij <~~e ‘ dx ’°1. (67)

We ,~hali find t~ e lower and uppei~ limits for the value of the integral

- (68)‘dx (4>Q;0<H< l)

for large values of ‘~7 • 
0

Substitution of ~ gives 
-

‘ dx.
(69

Having noted that
—— —a —I.’ I’ i. —

ma x a — a  fl~~II z 4,im,
~~ 

• 

. 

(70)

j11~~< 
e

_ 2 I
~~~dz + S e

_ ’
dz

• •

= 24~rn C ~~~ +C~~~~
1 

(t+24~ nI)e~~~
’ . (71)

• For large enough values of m , that is,such that exceed each of the two values of
b ~~~and ’
yJ in the obtained expression (7l)~ for the upper limit of the integral the multi-

plier (/ 1 - 2~~~~~ ) may be substituted by3~(f~~ , on the other hand, we shall hnve for the

evaluation of the integral also the lower limit
_ .,y _ ,  —~-‘V (72)

• 
JH,.I>~~ 

a d z e  -

Thus , for the meu-itioried :-arge enough values of ~~ , we shall have the searched for two—

sided evaluation

e_ 2 ’I’ <J 11..,<3” ~~~~~‘k 
~~~~~~~

Going back to tie previ usiy established double inequality (67), we see that it is

enough to sustitute in ib the first member of its lower limit according to (73) at4
’
(’~~1I ,

and the third member by its upper limit acco~Ung to the same correlation
ii

~~~~ k - • — ---
~~- -  • -  • — - —--~~~

- - - --
~~~~~~~~~~~~~~~~

- • — —-
~~~~~

- - —
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~1(73) at4.J~- , f.~~/ , to end the proof of the lemma.

8. We now may prove the statement, -said at the beginnig of the previous paragraph.

For this reason we shall analyze the proble-us (9) , (10) according to the examples of the
polynomials

(71+)

where the function /
‘(x) is establ ished over the segment (ol.) as follows:

•,. o<.<. ’ “)
—

f(x) , -‘I • ~~
o .~. ~ - , r 

• ~~~ 

(75)

On the basis of the lemma I 7 and referred to it Attention I, for the function
the continuity module ie,4~has by its expression the function f ~”~/ itself, and which

means , that it surely satisfies the weakened condition of Dini (51+) . We shall prove the
assimptotic equality for the polynomials (71+)

/
~~~ (76)

and in this way, the impossibility of improving the evaluation (60) in a regular case of

the analyzed function case will be established.

Adhering, if possible, to the general plan of thought; --; a~plied inf5, in the analyzis

of the value c-= ~~~ of the parmeter c in the now observed expression c)-=~�,,~ , (x), v~ are
coming , first of all , to the condition

f (c_ f(x)] dx f ( f (~
) — c)~dx (c~~e c )  ~~~ ~

- 

c”ii ( i_ c) ” i.. 7~r ,)

‘4 = ç (~ — dx , 

- 

(7T)
log —

+‘u2i4 a.S

1, — 

~~ 
+~~dx — a ’+~~~ (y) I dy , (80)

where ( after application of sustitut ion X e ’€~çy ) for  abbr iviation it was set

~~~~~ Jf_. -
--— 0 (81)

,, The last integral in (80) , as it is easy to see, permits the appl~ cai~--’-~ of the lemma I
- - fri-I —~~ QO~~ G~ i d

,~-w 1+. The integral is infinitely s.tali~~ assymtotically equal to the integral

Ih !)1
~~

• 
- 

at any 3mall value of c~ • Thus, denoting by ,j any arbitrary and further affixed positive
number , at large enough values of si,~~~cth we shall have for the value o f4 a  double ine-

quality 1 — e ’< I, < (l e ’) (1+.). 
(82 )

- -~~I ~~TT~~~~T ~~~~ ~~~
- -

~~~~~

-

~~~~~~~~ 
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-
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As to the integral I,
~, 

on the basis of the proved Lemma II, ~~7 , in which is necessay

to set 2 ~~ , we may assume s that for large 1O~~~~i - -, ~~ ,~,, ~~~ , together with

(82) also such double inequality is realized :
,~(1— a)c ‘‘ <1,< 

~1’-~ 
a ‘

~ (83)

Taking in account , in addi~ ion to this, that c ~p~~~at ,-w-~~ and that in this c , as

shows the correlation ‘ c(~
_
~) ~‘ (78”)

in which 12 remains larger than f— e ~ , at the same time asl,->o at ~‘ *— ~~~ -~~~~, for

we may substitute the $brrelation (83) by

(1 —e)e ’
~~

’1’ <I, <6~~~e
’1” ’~~

’, 
( 81+)

Sub stituting io~ in ~~ ~ 22 ) and noting (co&~p. (51)), th at

C ( 44 \  I +20(r ~ ) =
~~~i~.:) (i

~~~a) 
e ; f l m a = l  (8 5)

arid that because of large enough ~~ we shall also have

4a,:I(1 — a) < tog ( C % -~
m 

< 4am (1 + a), (86 )
- 

~~~~ _ CJ  
-

taking log~rithm and using the inequalities (86 ) , (82) and ~8~J-)~ we obtain from the

equalit7 (78 0 such inequalities for all 1’” ~~~ij ~a’E~

4ain(1 + a)> tog (I — e ’) — log (G~n~ + 4~~~~(I —a), 
(8~’)

4am (I — a) < log 1(1 — o ’) (1 + & ) l— tog (1 — a) + •i~’~~(l + •~
, (88)

Setting up these two inequalities, immidiatel~ ~ho~s that bhr- relation a-

for large enough values of m apocors limited from bot !u sides by two ~;<pressions h .  ~t: ~
any ~ t lu :  close to one. There fore ,

(~~i)
~~1 -~~

which ~s what we wasted to p.ro\13~

# 9. Let now , as in leinai~ 
-t # 7, be more generaily a’ialyzcd a c~ ~~~~~~ claz;~ of

functions continuous over some segtaents of i i i  leng th ~~~~,
‘ module of cont inuity of whic~

NE th~ condition

~~ (6’)

where K cont;t.~~0, and 4.~(x,) i- the g iu r -~ - u , ~o :~;i~~uoi~ 5 increasing fu.action, ti-- c  deriva-

tive of whi&i or ~t least o. of the derivative numbers of D~si ‘~ocs not inc rease C wh i~t
in reality Tr(~a 1 an ei~istqnce of nt loaE- t right hand and l~’f~ ~~~~~~ derivatives ~~~~~~ ~~~~~
which do ~ot increase), at wI’-ich~~~ (0) = 0. This function may be defined either river ~i:’~

~ s~~~n~ :-it or ever a sm~dler ~ egm~ nt (0,1) , if in our rmalyn is will play a roll

only the characte~ --a t I c~ of ~~~ n~ LL .~~ity module for any ~i small values of a’
Let us denote by %@a function, which i- : ~rer~ed to ~~~~ - - ~i- cf~io~i ~~ x) ,

defined over the segiaer~t (0 , E (j ~)) ir; also increasing , but which -~i~ -~a~y ha~~a~~~~~~~~~~ —

I__ ~~t__A•__~~ ~~~~~~~~~~~~~~~~ - —= -=-- — ,~~~~~~ -~~~~~~~~~~~ -~~~~~~~ - —--—-—-—-— —: ——— — 
—~~~~ -— —
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~~~ derivative, which i: eq dva] ent to the nor—decreasing left  and right hand deriv~.-;ive.

Anal yzing the experimaiital problems (9) , (10) correspondingly to thc g~neralized poly—(i-~O, i, -~~,p)
n oniials Ci) of any fixed systcm:s of linearly independent functions v

1
(x) —~-i~O,i ..,n-)-’

belonging to the gi-~ea C’— - - - , arid st~dy ing the dependence of ~he qandity ~~(see (i’+)),
on ~-*i at :large values of ,ii, we, exacly as w~’ hnv~’ hv~- - in )3 ars3~~~, m y  also in tii~

case take as a setting off po int the inequality

<ri. (90)

Here , the par -riotr-r -~~~ :~l r , -ns to the coefficient of Lipschitz in tho inequal~ ty
(15) , may be defined more accui--ately by th-~ coc~ ition

su p k’~ ~ +~~4..)j ~~ j~ , (9 1)
- ~~‘ 

—

where ~ denotes a minimum value oi’ -e for a givem m~~/ ,at which the condition (61) in; rea-

lized for th~ ~iodul e of continuity of the polynomial ~~~(x) ov~-r a cert ai ;  defined i~-
terval 0< ~~~~~ (.~~ /) ; ~~~~ is any large, but fixed nw-k

~
.
~
Lieviat

~
ng (90) on and taking a logarithm by using tha correlations (18)

have 
-

flIUmO <log! + log —~~~~ — — (1 + ~) log —

(4c -40 -~i~* in -+
otherwise ia~-~ r c :  ~2t  

-

m( 1 + - ~) < — —  “ (~ -90 i ip i i n, --~~ ),

Let u~ invest igate more closely the equation
iog _L

(
~~

)

At 0 <A-< ia (! ,) — ~(A) < 1 , its right hand nide represents a dec ’— -—as in g function cs/ A; at

A —
~~~ 0 the function increases mo-~otonLca1 ly 

;~ jd con Y -;uousiy,goir~ ~c + ~~.Tt - 

~r- ;to’Dd ,

that at log

it has a single value for A, which is completely defined f~~j~ t Io~ ri f  M.

= ~o(i’l,
) 

(95)
A very real charac i-erist -ins of thi s f motin-i  oay he d~- - ; ~~ i~ -

~~
-
~ 

‘
,~

- such a ~~ r1~ tit~in

~ pM)

( O < O . O ( M , p ) < l )  (96)

which i5 justified for any positive number ~~ p , which does not take the argument (pM )
over the limit;; of the region (91+) permitted for the valueL~ of M. This means that,at any

variation of the argument M,the function ~,4y,1 varies in that direction in which varies-
the magnitude , however , in al] ca: e;— slower than the last one, in the meaning of

the relative variation .
be

I The proof of the correlation (96) may’~ btained directly from the obnervation , that ,
for e~amp1e, when M i. multipled by p.> 1, the value A= ~O(M) decrease;: ( a. i; imediately

~

- -

~

a5  
‘~~~~~“ “p
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comes from the above mentioned character of the monotonou s variation of the right hand
of the equation (93)), i~owe~er, because at this the product AN, which equals log~~~~~ ,

it increases .

The proved characteri stic qual ity of the function ~~ (M ) finds further a series of

importan t e : ample s , from whichAwe shall mention immediatel y

First, let
4 ~(M) q(M(1 +~ ) 1 (97)

denóte a solution of the equation , which differa from the equation (93) only by infinitely
small relative change of the left h~.ne. ~ide :

log —
M(l + ..) —~( (98)

where ,t. denotes any function of H , which goes to null at M - ’ °~’. From the proven corre- 
-

lation (96), it immediately comes - that

(0<0<1) (99 )
¶l~~1) l~(41 ) (I+c)~

which means * •

l i rn I, TO6TO ~ (M) — ~(M).  ( 100)

Secondly, going back to (92), let
u- = (101)

denote;:- a solution of the equation -

(102)

m(1 + i~) — .— ~~—-— aO o — m (t + i~) = —

it gives, as it is easily understood, the upper limit of interesting for us guentit~ 4

which satisfies the inequality (92) and in accurately defined by the correlation (11+) 2~)

It is directly clear , that -

wherefrom 
k ‘9 (io ’f)

a= ‘I’(m) — — ,  ~— m ( l + ç)

or including again the correlation (96) ,

W(m) 
~ L~~ +

~ ) ] 9 ~~0 — 
(~~ 

)‘~~ i + s~Y~~(n,). ( 101+’ )

Thus, we have obtained that result, that the upper limit ~~~ ~ -‘(~‘c) , which is estab-
lished by the here analyzed method for the value of e actly defied by the correlation
(11+), han at ft1-~~-u° the -same order of sv~iaMness for all systems of the function

with the continuity module subordinate the given conditio n (61) ;  it accurately coincides-

with the order of S riie~I 1 , ~~~~,~ of the function ~~- ‘(m) , the form of which i- denoted by

the eqaulity (93) and , thus, depends only on 4he presentation of the major function ‘~~‘d’)
in the condition (61).

/

• ~~~~~
- -  -

~~~~~~~~~
-
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) 10. We may now really supplement general conclusions of the previous paragraph ,
showing that in the class of fur ictior . (61) , one can always point out a system of function s

~v~(~)}over a segment (of), for which the e--ac t order of 3iij a(k-tess , at p’, ~~~~~~ -~~~j  
,

of the value of~~~, defined by the correlation (11+) ( and not only i;s upper limit

coicides with order of 5siathie~6 q C m ) , wherefrom comes out the impossibility of
1 1

making better the established by us evaluation
Ct

(105)

in a general case of function belong ing to the given class (61)1

For this reason we shall investi gate the polynomials
(lo6)

denoting the functior ./(Wby conditions : 25) 
~~~ ~~~~~~~~ -1(x) = (107)

Having in mind, an in 8 and 5 , ~e bri ng together the investigation of the meaning
~~~~~~~~~~ 

_ _of c-i- c~~, and with it connected number ~~ ~~- — 2

to study the following
equal ity , which with the value of ~~~~~~~ should e actly satisfy:

(108)
or J1c f(x) I” i~x (11x) —- ‘Ix Ic’ — ~ (c)

- 
c 1 ,~~ (j ’ — c) ~ J ,, - 

(109)
where

(110)

/, (1— /~) (I +i) ~i — x(ni)>O, t im s 0 1
(iii )

Giving any number — 4 + ,j
(112)

where is an arbitrar ily smal l but ii. ed positive number, we further have ( for large
lI’c’)enough m) 

f _ f t l_ ~~~~
1
~ dx ÷ f ld <f dx + f I_ r a *dx<

~ I~ft*) • it” . ) =
< z(rca) + c’d ’~ . -

Sub stituting from (ill) and (113) in (109) and simultaneou sly substituting

C..  14 (~ +~ )~ P_ C = Y (~ -_ a ) .  ~~~~~~~~~~
we obtain - .T - . 

- 

-(x( ,~a) + c’e I >1 — 6- (111+) -

~ 

-

We shall note now , that denoti ng by ~~ ( ‘ ~(5l) )  any number, which depends on m and

*wbich goes to the limit at m4~~~, we have
( !_±_!~\~‘ c e ”~ e~”~ -c ’-e~~~~~ — c’e~~~~~~. (115)

It is easily to see , that the last e ;precsion goes to null at~11÷~., if in it the
e ponent indicator at e goes to (— ~~~~

) .  To be convinced in thi s , it is enough already
r_o~~1~se

a i u ~ u evaluation of the value of the product ~~~ . That is, noting that at general
conditions set by us on~~~~(~~ , we shall have (at

~~(x ) /i “) ;(~L) x
— 

j a/~( ..~~~ ,~~ 3 • I <l~~~~f <
w~~efrom by the lemma 11,14 (including the idea applied at its proof) , we have J ~~ ~~~~~~~~~ ,

.i,— 
,17

~~~~ _ .--- —~~ - ~~~~- .

____ - -w-’ — - ~~~~~~~~~~~ 

— - — —



- — —~~

we may easily be cot vinced , ~ubstitut ir ig tead of j  in (109) , that

~~~~~ 
(116)

for larg e enough m , . urdersta nding L~/ 8 ~
‘
any small fi: ed positive number. From (116 )

our statement comes d,irectly.
If we denote by t ’the e pression (115), the infinity of smallness of which we

have proved, then the correlation (114) takes a form
I i  + 2~\~ / — ( — -p ’

- -~ 
> x(rc ’~) ~ ;- - (117)

,Xnd~Iurther;taking a 1ogari tI~~ and introducing the same number ø - ~ I :

4aam > log (I—6 .’) + tog (118)

or - -

4arn(I +1’) > log ~~~~~~~ (i’ = ,~ -40 niui m ~ 
*.)~ (119)

- 
- z(rca) -

Otberwij,e 1
4 log—

— n i ( l + e”)>_ _± ~&. (120)rca -

Wherefrom , remembering the basic characteristics ,~f the function ~~~M ) defined by the equa-
tio:. (93), we shall immediately conclude, that

1 4
rca — rCC..+I > ~p ~—_- ni(l +5 )

or replacing m-~l —
~~~~~ m : r

‘,~ 
i_ (rn — I) (1 + e” ) — ~‘(in,J) (~1 r— 4)~

is L’~ 
-

Sett is~ u~ in such a way obtained lower limit for ~~~~~~ ~r ith the previously established
upper limit(~.’(~n,i(l04) of the same value at k=l for the g~.ven class, we have

I ni(l + i~) I e I rdnl (I + ç) 
~
• _

~ 
, C L ~~~flr— 1) (1 +ä~j j

-
~~ (122)

~~~~~~~~ 
(~÷ -- ) (1+

— 11’(m) — (0<0<1).
1+J c i  (~~

_ _ _
~ (l+i”)~\ In, J

From this , remembering that c4p, it ~~ easily to understand that,setting small enough

fixed number I~-cC)4in correspondence to the arbitrarely given ~~ o, for large enough “?>a~f~

we shall have Vi(n,, d)> — ‘J’(m).
\ 4  I

___ 
S ~ ~~~3)

This inequality proves that the ~~~ here obtained by u. : lower limit ç~’(’~ IJ for ~~~~~~~
has atm~~ the same order of diminuti~ity as the previous1~ established upper limit~~~~~~) ,- -that i--  nuch,that accurately eei~c±des , according to (101+ ),with the order of diminutivity

also the quantit y ~ has, understand~~*~-~y , the same order in diminutivity, in which
we wanted to convince ourselve s 2.7)

7-
/ 11. Le u5 note now , that at more partial assignment of functio n. Z~) , it appears

possible , taking individually the investi gation for all classes of functions v (i), some-
-+ 1

what bring closer the multiplier 1~--i in (23) to~~~~~- Or or. account of the decrese of
quantity V’ (rn), or by increasing the quantity w (~si,~~~ ).

If , in ~~e first place , we tak
e 

the class of function ~~ (i), which satisfies the
condition ,~f L4e~i~ftz of any order ~ , then we shall have

(tlrn ,M 0). (i~’+)

Really, ~ubntituting A — l~~~
1 in the equation (93 ), which takes a form

LLAA 
- - -4



- 

- — 
-~~~~ -

M — _—.~L_ ,
we obtain A

(125)
log _~!_ I (lo g M — log log M+ log -i)

- (44) t 

~~M(l+i ,)lIIm~ M OI.

T MWhich means that

i
~~

’-~~= y ( M ( l + . 7~)I ..(l+I7J~~~t f(M) 
1+’M~ ( 126 )

by which (124) is established.

But if we here ,in the outcoming inequality (90 ) , take on the left hand side
t ,,t / CL - —instead of x ( ,j ., and corresponding1y fI~~ (Z- —~ ) Mj instead of (l+~~) , at any nmall

fixed _
~~~~~~~, 

then we shall :;ee 
~ 
as it was noted ir~ .~~~~~~, that after setting free the correla—

tion (27 1)  from a..y small )—
~ it transforms into (27). This means lowering twice the

-7 -~i’ 
_ ,,

~ - - I,~~_ -~-
-

á~~~mp~otic expression of the upper limit dy-’ (m) for ~~~~~ and the e change of the mul-
tiplier ~~~~~ - t or. &-- ,j in (23).

7—
An anoalogous effect may be obtained for classes of functions v.(~c), which satisfyo__ -~~ 1

“ the weakened condition of Dini order ~~‘ (fr=2,3,4,...):

= -—---—--~~ —-——-- = —-
~~

--— - iJ<d , iog i - ! -  =0
log tog .. - io g .!_ log ’ (127)

however , taking already in this cane in (90) 
~ 

_1
~f} and correspondingly (

~ ~ 
at

arbitr~~o~~ small fised y , with the following freeing from it, which permitts, as it is
easily checked, also in this ca,se to decrease twice the as~ymptotic e prension of the upper
limit ~a (m ’) _ 1

~ , ( ~~n :) 7€Z~ i’ c~~r e c,~ which is given by the formula (101+).

It should be enough here to mention the introduction of the e pression ~~ t’M,1 itself
for the class (127). Substituting

1Og ’~~~’Uog M— tog() M ~
in tl.e equation (93), which in the given case has an e pressior

C
a-

M =
we 5hall obtain

= ~~~~~~~~~~~~~~~~ — M(1+q~,) 
1 1 =0). (125

1 )

wherefrom, as above, we conclude :

(I + . ,)‘ -
~
‘ I +

~~~I )  — 

~~~~~~~~~~~~~~~~ 
— ~~~~~~~~~~~~~ 

(
~~~‘‘M = 0). (L~8)

Taking, finally, the class of functions v
~
(..) , which satisfies the weakened condition

of Dini of the first order (52) 2~~, we note , that the application of an analogous acceptance

does not even lead to the reductio~of the upper limit ?~~(m) fo~’ ~~~~~~~~~ since in this
case / appears to be ~he optimu value of the ~aramer ~~~~ 

. In tead here, as

~~~~~~~~ ~~~~~~~~~~ -
- 

-- - ______ -~~ .1 
- -  

~~~~~~~~~~~



~~~‘ ~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~

g
shows the result of the investigation in /8, the assymptotic expression of the lower
limit for &—.- which is derived from (121), appears in ,~he fo~~u1a (89) re~eed- twice , and

~~ ~ fT ~~ - -~I(~ ec~t- - . :t,J ~~~
— _ - -

~~~~~~~~~

_

~~~~~~~~~~~~
-- ‘ ?

~~~
_ _ ,

this again, as in ~~ the cases’p~~viouc~y ~~vee4~ge4e4-,’-means an exchange of the multiplier

3’ —
~~~~ on 3~ -L in (123).

It may be assumed, that the rnultiplier ( ) 4 ~~~~ which remains for all investigated
-
~~~~~

classes of functions~i~efined not by” possibility of further reduction of the upper limit

~~ (a) for but by a peculiarity of the used by us individual costructions of po-
lynomials of a special type ç~ (x)= 

f(/) - c , owing to the equality (108) together with
the inequality (90), where the maximum value of the subintegrated function on the right hand

side equals not~~p~v (as in the inequality C~ r~ ,J~~CX, LTCP J ), which leads to (90),
but fp(I ~~~~~~~

// 12. Using the investigated methods applied in the previous pajagraphs, we may now,
without any difficulti:5 , give the proof of the theorem noted in~~~3, which appears as
a direct analogy to the corresponding theorem of Lebeg as to the best approximation of the
continuous functions by rational polynomials at truly different condition of infinitely

increasing coefficient of a polynomial.

Theorem . Let it be given an arbitrary positive function h(m), which is denoted for

~~i?- / ~~
) and which goes to null a t m - ~.Q~.. Then ,one may indicate a system of continuous
7-

functions &~~() over a corresponding segment, for which the quantity ~~~~~~~~~~~~~~~ , which is
defined by the formula (14), satisfies the correlation

Jim (129)
•

~~

Proof. It is enough for us , rather , to keep - in mind these cases when
for larg e enough m , since in the opposi te case the fairness of the theorem is establi-
shed immediately by means of first—best example- consteuct ed in 5, 8, 10. Not to change
the essence of the question , we ,obviously,may assume the function 4 (m) to be limited and
further - to introduce to the investi gation , instead of ~4 (m) , the function

+ ~up h(M) ,

which is monotonica lly decreased and certain ly larger , than for all of t!’~ thvestigi-
ted values of “~~~ 1. Finally, it i~ completely obviousl y th&t it ic~ erougb to :-r ~~~ ~se
correlation (129) for the values of whole numbers of the argument m, and only such values

we shall fur ther have in mind

We shall set 
= 

(130)
and introduce for investigation a continuou s function f(x) , defined over the segment (0,2)
by such conditions :

‘~~~ (1)-2),r1 1 .
further :

((r1) — o 
q - j —  “ ( 1 ) 2 ) ,  f ( r ) 0 J1) 

—

and,finally, setting f(s) to be linear over each of the segments ,,~~, we add

_ _ _  - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

——--- - -
~~~~-1~

- 
_ _ _ _  _ _ _



the condition s :

f (0) 2 f (x) — 0 n,pl(’l < x < ~
Evaluating the integral

Jm -‘ / 1(x) 1L~ — ~ ‘f f 1x J~
’-
~ dx ( ,n) 2)

we have

J._l <~~ ( ffr 1)J ~~ ‘ I + e~~~~~
2
~• ~~~~~~ + : - . +

— .~~(,, —

+ e ‘ e + . . - + ~~~~~~~~~~~~ e ‘ ‘  +

~~+1
— ‘-

+ C + ~~~~~~~~ 

~~~~ - e - + .. .
—+1

—

< flle —(~—$)5-(..) + ~~~ 
“~~~ < -

I~
_0

• 
_
.

~~j~-

< nie~~~~~~~ + 
~~~~~~~~~~~~~~~~~ _~“ <

- 

< e~~~ ”’
~
”
~~m +2’e _ h1

~~~’1 < (sn + l)i~~~~~
”1 — 

- 

-

101 .-$- I

- C~~~~~~~

wherefrom 
- - - -

,/~._ i < 
—I..—Ilv1 .l(I+a1 

(t t~ -30 npit St ~~~ 
(131)

By means of this auxiliary function f(x) further proof of the theorem is obtained

in the following way.
Setting

/ 7
L’6c) 

~~~~~~~
we introduce for investigation the polinomials defined over the segment (0,2)

‘I ’(x) = f(x) — c — I — .I(x) —

with regards to which we are investi gating the prob lems (9), (10). Thinking, as in #5, 8,
(10) , but without a chang e of a~~ t~, ~ 

, we shall have for the defiaitiov of c~~ç,
for large values of m ( 0< c,~~~- < i

, ~p~~~’aim~ ct.) the equation :

f (I ( x )  — c l~~’dx — 1(x) i~~~~
’ dx (f(c’) c)

(l—c)~~’J—c ~~~(I + ’~) (Iint s~~ O),
-

- ( 13 ’ )

~~~j { l  
è (x) 

C} dx _J[I - -  ?_
~) J d.v < [ ( 1—

I, 
— la—It V(.l (1+’ )

— f  tI(xfl~~~dx <J_— , < c -

aubstituting in (132 ) ,°together with the obtained limit for I , the expression

.
~~ —
! — a , I — c ~

- + a (a — a,,), we shall come to the correlation
+ ~-, iu—I — 1 1 l  5(.,) 1+’)

- (~~-2;) 
> 1 + i ~



— 
-
~~~~~~~~ 

______________________
- - - ~~~~~~~ ~~~~~~~~~~~~~~ . - ~~, .

or , taking a logarithxn and introducin g the value cS-~-1 , as in

(5 1):

where f r oxn
4aa (nt — 1) > log (I + •~) + (in — I) ~‘(m) (I +e)

4a(j ’n — I)> (ii ’ — I) ‘/ i(in) (I + ‘i’) (Jim ‘j’- O),

a a,,> .!__±._1 
~‘(iti ),

Thus

( 1 3 3 )
li (in) -J I t ( i i i )  4 \- Ii (ns)

I i m - - ”- = o o——— h (iu)

by which the proof of the theorem is concluded.
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1) The investigations in the mentioned works of Po]ya and Jackson had an exi.ta*tial
character and did not contain any effective ways to the proble m of constructing a~’
eclution of the proble m èf mean exponential approximation itself , which by its 

~ nature
belongs to nonlinear as in the Cheby schev’s proble m.

However , Aced. S. Berns chtein in his review presentation (6)  at the I National s~~poai-
v.a of matesatiana (1930, Kharkiv) already pointed out , by sett ing up the problem, on the
proble. of searching for general ways to wark out the questions of approaching the factv.a].
deter mination of Chebyachev ’s approx imating expres sions on the basis of - usage of
analogous proces s of Polya—Ja ckaon.
2) As to the ae~nmg of this condit ifin compare my article (3)

3) b r  thi s, strictly speaking, would have-ibegn enough the condition of linear independence
I3F n functions v1(x) ,...,v~(x) . However, in a Ca-~~ o.(- linear depende nce of the func tion

v0 (x) from the rest of the functions v~(x) the investigated problem looses its interest.

ii) See (1.), # 6 • Aa to the idea , applied to the analogous aim of Polya (5) then it gives
sosetling more ( compare our quated work (3) , # 2), that is the proof of the singularity of
the stationary point of the problem, for this it require s some additi onal conditions .

5)Eowever , this fact may be established campletely independ ent from the assumption about
the measure of the function v~(x) ( and also without the require ment ~~ for their linear
independence , as it comes directly from the general investi gations of the section VIII (1 23,
2k’ ) 

- of my monograp~~(l0).

6) If one expla ins the problem of value minimi zation (6) as ~~problem of approximation
of function v0(x) by means of a generalized polynomial - P(x) = -~~ c1v~

(x) of the given
system of functions v~(x), . ..,v~(x) with in the set I, then, as it is known (Tonelli
(17) , Haa r (U)), even in classical problems of this kind, which p3rta in to ”the Chcby5chc i ’s
approximation, let us say, continuous function of two or mor e independe~~variables ~ in any
continuous area of a corresponding number of measures) by means of rational polynomials
or finite trigonometric sums, the unity of solution is not secured. Th. same - we have in -

one dimention al area in the case of the Qiebyschev~s approximation of the continuous func-
tions by means of generalized polynomials of an arbitrarily given system of continuous and
linearly ind epend ent functions of one independent measure .

However ’, thes e negative conclusions in any case do not predict a question as to the
synonisous or not-eynonimous solution of the Chebyschev’. problem in the indicated cases
at one or onother indi’vidully given function v0(x). We do not intend to limit O4k_t -~~~~=~
the frame of our investigation here by such ~uestiona for which a known uzity of 301.ltiou
pointid put by Khaa.r 1Q~arcs) (U) , may be analysed as .m necessary or in which it is assumed
th*t it is mity realized . Bose general thov~bta which may be applied to the class of
qu..ticsis,which we are -~~—--~~~~ I touching here , is in the section VIII of my quated mono-
gram (10), and also in my paper (12).

7)Ju lia in series of his works, beginning in 1926 (18) , pointed out a serie. of int.r.stimg 
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examples of the investigated limiting transition to the probl ems in a complex area and

real area of s.vsral measures.

8) This question was put by Load. S.N. Bernstein at the session of the mathe.atic~ section

of Academy of Scienc. in )Ios~~~ (1944).

9) Se. (13), p. 110-112. Also (14) , page 42-ka.

10) As it is known ,(Por example see my above quated monograph (10), the problem (10) has

either one or infinite number of solutions. In the last case under (X) we may

understand any one of the solutions.
U) Above in 9 2, we notod tka generalization of this statement.

12) In the case of a~ 
- 0 the value in (ad.) also nullifies , and the resultant

conclusions (96) (97 ) , understan4bly, retain the power.

13) To encompass all the mennings of a .“ 1 , it would have been enough instead of (23) ,
to use the substitute — ,

~,

14) The statement analogou s to ~~~~~~~~~~~~ this l e a , is in the semuar of H. Hahn (19) ,
# U. Hoverer, our method of prc$ving this ~.eama permits various generalizations ( compare
for example, the below # 7 , leama II ) , which clearly comes out beyond the limits oi~
the application of thoughts of Hahn.

15) We, clearly , would have had completely equivalent conditio n,if we would have required
the proof of the inequality (52) for the values k 2 —

~~~~J as small as you choose.

16) Studying a = am at a one may more acurate ly determine the para meter k such

as it was done below in # 9 by means of the con ition (91) .

17) Functions I
It ) t rI > - t teui l l  (~).. il’ ( O < i .~~I) ,  - —

~~

.

~
- •  

~~~~~~~ 
I ~..

_
~..~~44t._-4-tt *~ l l ’ ~ ’’ Ui

lo~ ~ 
lug l~w ç - c~ ( lttg )

etc. satisfy the condition of non-increasing e~~’(cP): the firs t at 0’ C SC~ fr , the rest

over ~~ =1’t enough interval (o,~). One shoud underline at this, that in such questions as

these that are investigated in this work, play a roll only ~~ the characteristics of conti-
nuity module for any s~a11 values of f .

We shall note here, to the subject matter, that the thoughts of further leama II and

#8 are very earily widened in the case of I 
2 -

!~~~1
18) See , for example, memuar Q~t . de la Vallee—Pousain (20) , n 6, and also the course of~

the analysis of the same aouthor GTTI, 1933, Vol. I n n 112-113.

19) Compare (35) . Here we support oursel ves on the result of the l e a  I #k.

20) It should be accouted for that the equality (65) is justified without the multiplier (

(1 +~), if rep1acing
’
~ by 1.

21) It is easy to prove , that over this interval is relaised the condition of l e a  I of
-‘--/7

2,-

~~~~~~~ ~~~~~~~~~~~ - 

~~~~~~~~~ 
-
-~~~~~~ 

-
~~~ 

- — 
-~~ ~~~~ - — ---



- 
- 

.~ _~~~~~~~~-~-- -z~~-7_ -- ~~~~~~~~~~~~ - - —— ~~~~~~~ -~ ~— —.--~---- ~~~___- _~~ - - —~~

1— 
~~t ~;( ‘s,-

~
‘ the previmue paragraph as to the non- increase of the 4erivóie f(~c).

22) From the equality 
~~ ~~~~~ )—~ (1 + 211), where in the given case , clearly ,

1 I I
d.(

~~~
,

~~
’J _  ~~~~~~~~~~ aI~~~~O

23)

1+Ij — .~~~ : i.+ _J!~~_ c lOV I I + iI
~

I)

- 

Io~~.~
( i )  

1 

103

Thus, ~r is some defined function of a , which , however , is expressed by the exact defi-
nition of the value a~ -~~~~~~ itself. It is , however , enough to know here , that ~~ -

~~ o at ~ -
~~~~~~~

if in (102) we completely reject infinitely close to unity value (1+ ~- ) , then the
solutioz of the such obtained equation, which will not contain ~~~~~~~~, will ( compare (100)
and (io~)) by aasyinptotically equal ~L1 (a) .

24) This permits imuediatel to write in a clear form the asaymptotic equality y ’(,,)

~ 
,mentioned in the previous input.

25) According to lemna I #7 and bacouse of it , the function f(x~. and polynomials (106)
belong to the investigated class, if their module of continuity equals exactly ,/J~.ir ~~ 4 .

26) This is very easily obtained from the condition of non-increas ing of the derivative

a accordingly - non-increasing of the one sided derivatives 1~ Z51x), ~~~~~~~~~~

27) Function ~‘~
‘M) and (95) , which played the basic roLe in the series of last investi-

gations, being a solution of the equation (93) , is defined completely by function -v and
the ore , in the end conclusion , the duty of the major function ~~~~~ the structural con-
dition (61) .

It is easily to see, that in revers e, knowing the function ~cy’k), which corresponds to
some ‘~~O’)r ~ one may easily repro duce , and ‘ thus a., (S3 ; denoting by g(*) a
function which is reversed to 

f 
(x) we have :

wherefrom • z(x) — 
A

It is not difficult to estab lish necessary and sufficient conditions , at which the
ahead given function ( which is defined for infinitely large positive argument and goes

~~c*t monotonically to null ) may paly a role i~ (x) for - some ~~ (x), whic~ has in the
interval (o$~) (negative ) second derivative : denoting -~~~-~i -- ‘~~~I ~

the function , reversed to ~~ (x) , we have one of the three reaUy equiva’ent among themselves
variants of the searched conditio ns :

vM..Iu 4_D~4 ,c.~I I3  ‘1.t
M4~OfO~~* “Pu x4 +Q, 

~,-,4 ( O’(x) ~~~ — .1.

• (I) 2) O’(x) < 0 .6u (II)  tGo (III)
~~~~~~~ i~~~ccl~uuAe4 [G~(X) <~G~~))’ I O’ )I~ IO(Z )II

3) 0 (x) ~ 10 (x 1’
Using the obtai~ned conditions , am it is possibly to construct various examples of concrete

~~~~~~~~~~~~~~ ~~~)

hIIIt.1__ -— ~~~~~~ _ _~~ -~~ 
- - - --



def(wii~ for each of them a corresponding structural class of functions ~p (x) and in
this class - of a certain form of polyn’~ l~l çS (x) (106), for which the orde r of diminu-

j44 -~~ .uO
tivity ~ ~~~~, at,A~oincides .~~cly with the order of diminutivity 9(S~,) •

28) In small enough interval (~• ~~ C (“s ~ each of the function .~( l) has a non— increa-
sing derivative , as it is required in the l e a  I #7 and in general investi gations of the
previous i 10.

29) ~ere, as it is easily to prove, we obtain exactly • -~

- - - - III-Zu cu - )
In more genera]. terms, one may eq~~~.ams~.- directly that at ) 

( I l t I
‘-.-

we have exactly ~~~~~~~~ • In this way we obtain a whole scale of inbetween cases
betwee (-1241-) anl (128) from r=2. On these and the like investi gated here we shall not
stop here more acurately (compare conclusion (17) in # 7)

30) Bec~ ise of convenience we include also the value of m=l.

31) The sign lint here , in reality , may be substituted by a more defined general sign
ha .  One could easily be convinced by means of a nonsignificant modification of further
thoughts.

32) It is clear, that

______ 

-~ v~t)—~~g~~~ ~~~~ <. ~~‘ —, 0 np~i I —, ~~ , ~~~~~~~ Urn/fr,) — I -—
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