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USING LOGAR ITHM IC CHARACTERISTICS TO CALCULATE BROAD— BAND MATCHING OF

A GENERATO R IUTH A LOA D

Vu. Ta. Turov and V. A. Nelep

Sn mia r y

This report give s a procedure for finding the analytica l

ex pression for the frequency dependence of the input impedance of a

ma tching quadrupole loaded by the generator impedance when powered

from the s ide of the load. This frequency function can be give n

graphically or analy tically. Its analytical expression is obtained in

standard for m conviant for synthesizing a matching quadrupole by

using its logarithmic characterist ics. The necessary and sufficient

condition of the real izability of this im pedance in the form of a
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pa ssive two-terminal netwo rk With lumped parameters is established .

This method is usa d to determine the parameters of a match ing

quadrupole wit h a passive load.

Introduction

Broad—ban d matching of a generator to a load (Fig. 1) which has

a resistance frequenc y dependence is a complex problem . Length y

comput~at ions must be made to determine the pa rame ters ot the matching

quadrupole by the existing procedures 1 1—6]. The engineering

calculation formu lae have only been obt ained for loads which can be

represented accuratel y enough by a circ ui t with lumpe d parameters

conta ining a ma ximum of two reactive elements. In these br oa d— band

matching met hods, all the functions are considered depending on the

complex variabl e p = . + iw, and the Chebyshev ~~ Bu ttervorth

polynomials are used to approximate the po wer tra nsfer coe ffic ient .

The first condition robs the calculat ion of its clarity, making it

necessary to perform it with excessive accuracy. The second condition

com plica tes the ma tching quad rupole circuit , since addit iona l

condit ions which ar e not usually necessary are imposed on th e zero

position and the po1es of the power transfer coefficient.

In this re port , all the functions are considered depending on

~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~
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the imag inary part of the complex variable , i.e., on the real

frequency. We can show (7) tha t  in th i s  case, ext remely  approx ima te

method s, e.g.,  g raph ic , can be used to calculate the parameters  of

the  matching quadrupole  which do not require the use of t he  Chebyshev

or But tervor th  polynomials.  A method  of de te rmin ing  the  parame ters of

the matching  quadr u pole using logar i thmic  cha racteristics is

proposed . Th is method makes it possible to considerably reduce the

vo lume of compu tat ions and calculate ma tching Icr any passive load .

The depen dence of the power t ransfer  coefficient  on the  load and

•a tching quadrupol e parameters is [2) :

~
wher e G is the  power t r a n s f e r  coefficient; ;. * are the

resistance and complex—couple d load impedance;  2~ is th.  input

impedance of th e ma tchin g quadrupole from the load , when its input

clips are closed on the internal generator impeda nce (Fig. 1).

We will desig n at e the ratio of ampl.t t .d.s 141/Is. l by C and

we wi l l  rewri te  ( 1) as follows:

0 
_ _ _— I+~~~~~ (~~ i~)+~ ~

‘

whets ~~~~ are th. phase angles of impedances Z2 and ZN.

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~
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Phase angles •2 and #~ are completely sym .etrical in (2) and

the value of G does not vary if we substitute £ ‘  for ~ in (2)

Furthermore, the majority of the valess of G Lie within 0.6—1.

Therefore, the curves of dependence ~,.t4(q~) are given in Fig. 2 at

€ =  const and G = 0.6; 0.8; 1. The curv~~ are . ily calcu lated if

the  axis of coordinates #~ and are turned to a 1450 ang le . Angles

•~ and •N cha nge w i t h i n  the l i m i t s  (— v/2 ; m / 2 ) ,  since the los d and

the ma tching quadrupol e are passive. In Fig. 2, ,.~~O; it is

obvious that the :urves remain the same if we reverse the signs both

on the  x— and y—ax is .

The cur ves which were plotted make it possible to f i n d  G at a

given Z 2 or, ass igning  C , to f i n d  the  range of permissible va lues  of

the a m p l i t u d e  and phase of Z~ for  a n y  loa d impeda nce.

For e xamp le, if s—3J$ q.—6O’~~ ——4O’, then G ~ 0.82; if G ~

~~•, Ø~ a so.. then —7rI~~1~—I7’ mmd —3 dl $ €. ~ 3 dl.

This report considers a matching quadrupole with lumped

pa rame ters ; therefore , Z 2(p) mus t be a rat ional positive real

function (PRF) [8]. It follows from the properties of a PR? that it

can a lways  be represented by the  product  of the factors

_ _  ~~ T T I 1~~~ 
.- •

~~~~~~~

•

~~ ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~
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T. (Tp)*I , (Tp +I) *l , (Ttp1+2%T,+ I ) *~ (here and lelow T , ~ are positive real

nm~~.rs, 0 4 ~ ( 1). Zn th. appendix it i. proven t hat inequal i t ies

ars not o n l y  necessary, but also s u f f i c i e n t  condi t ions

for the positi veness and rea l i ty  of f u n c t i o n  Z 1(p) , repres ented in

the f o r m  of the pr od uc t of these factors.

The d e t e r m i n a t i o n  of an ana ly t i ca l  expression for f u n c t i o n  Z,

which sa tisfies the necessary and s u f f i c i e n t  conditions of

positiveness and reality and for which the amplitude and phase are

within the range of permissible values is the main purpose at this

st udy.

This method can also be used to calculate matching in the SN?

range if we find the equivalen t matching quadrupole in ~ihe for m of a

circuit with distributed parameters.

Findin g the Analytical Expression for Z2 Using Logarithmic

Charactert stics

The logarithmic amplitude and phase characteristics (LKh)

proposed by Bode [9) are the curves of the amplitude in decibels and

phase in degrees of the frequency function plotted depen ding on log

• We will list the LKh properties which will be used later (10].

~~ — 
.-

~ 
. ‘— •

-
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The a mplitud e characteristic (Tie) ’ is a straight line with

slope of —6 dB per octave, while the phase characteristic is straight

line 0 a —90°. Th. ampli ted. characterist ics (Ti~ +1) ’ (broken lines)

and J(T4.) +IITI.+LJ ’, shown in Fig. 3.. have asy m ptotes. One

asymptote is the x—ax is, and the other is a straight line with a

slope of — 6 dB par octa ve for (tiw+1) ’ and -1~ dB per oct ave for

t(Tk.)’+2~Tii+II ’. The asympto tes  intersect each other at point  w =

1/? tram the abscissa. The LKh of t he  inverses of the function s under

considerat ion, which are shown in Fig. 3, are symmetrical to the

x—ax i s  of the L~ h. M u l t i p l i c a t ion is repl a ce d by the  add i t io n of the

L~ h; the re fore , it is easy to find the curves of the complex function

wh ich consists of multiplying the factors in question. The properties

of the LKh make it possible to plot the curves of the dependence of

the a m p l i t u d e  and phase of Z 2 on f requenc y so tha t they sa tisf y t h t ~
above cond i t ions, as well  as to f i n d  t h e  a n aly t i c a l  expression fo r  

~ 2

f rom ~he curve s obta ined .

This problem is solved in th ree  steps (Fig.  4, which  show s an

example  of calculat ing ma tch ing ,  can be used as an i l l u s t r a t i o n ) .

1. The a m p l i t u d e  is plotted in decibels and the phase in degrees

of the  nor .alized load impe dance dependin g on lcg w. Given t h e

- -— 
— -
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transfer coefficient C equal to 0.6 or 0.8, we will select the

contour C = const i~ Fig. 2 so that the permissible limits of the

change in #~ are sufficiently great. The boundary values of 02 are

plotted on the phase curve , while £ and - C in decibels are added to

amplitud e It.I. If  we do this at the row of points on the frequency

axis, we obtain the range of permissible values of the amplitude and

phase of Z2.

We should not assign a large C, since the ranges of permissible

values pla y a secondary role in the calculation and are on ly used to

estimate the value of the transfer coeffic ient. The b roader the

ma tching band and the greater the limits of the change in the

amplit ude and phase of the load impedance , the smaller the value of G

whic h must be selected.

2. The ranges of permissible values obtained are analyzed by

comparing them wit h the LKh of standard factors (Fig. 3). Then ,

beginning with the simplest functions (consisting of constant fact or

1 from lin ear fact or (Tiwil) in the numer ator or denominat or of Z2,

etc.), the asymptot ic curve of the amplit ude of Z2 is plot ted within

the correspond i ng range.  Possi bl e deviat ions  of t h e  precise curves

from the asymptot . in rig. 3 are considered here. B e g i n n i n g  w i t h

zero, the slope of the asymptote has a factor of 6 dB per octa ve. In

crder to make the corresponding asympt otic curve of the phase

________

-—
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• charactertstic fall in the range of p~ rmissible values of 0z, it is

necessary to consider the following: if the asymptote has a zero

slope, the phase in this section approaches zero if the slope of the

asymptote is equa l to ±6 n dB per octave (n 1, 2, 3, ...), and the

phase characteristic approaches .t9~ 
n°. Furthermore , the longer the

asymptot e, the closer the phase characteristic is to these val ues

(Fig. 3). At high and low frequencies, i.e., atu - ao and o-+O, the

slope of th. asymptote  should be 0 dB per octave or ~6 dB per octave,

since

It sh ould be pointed out that : a) if the amplitule and (or)

phase of Z2 is inside the range of permissible values, the transfer

coefficient will be greater than on the boundaries of the range; b)

if the amplitud e of Z,( turns out to be outside the range of

permissible va l ue s, the decrease in the transfer coefficie nt can be

compensated for within certain limits by the appropriate selec tion of

02, and vice versa (Fig. 2).

The precise curves of the amplitude and phase of Z2 are plotted

and the points of intersection of the asy m ptote and coefficient E of

the quadratic factors are refined from the asympt otic curve. The

phas e of eac h fact or is plotted w i t h o u t  considerat ion of s ign (Fig. 3

can be used as mod el in this case) , and is designated by a “+“ sign

for a factor in the numerator and a “ — “ sign in the denominator. This

• • •
~~

— •.:-• ;~~.;; ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •-~~~~~
‘- -. ,

•-.
.
‘ ,•• •k -

~ 
-
~~~~~~

-
~~ ~~~~~~~~~~
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facilitates the process of determining tk. resu lting phase and

checkin g to see th at i n e q u a l i t y  is sati sfie d

throughout the freque nc y range. Correctio*s in the asymptotic cu rve

are determined from Fig. 3 and are plotted on the upper part of the

ca lcula ted cur ve in  accordan ce with the points of intersection of the

asymptotes, then they are added and plotted from the asymptotic

curve.

The f r e quency depen dence of G for assigne d Z2 and is plotted

using the curves in rig. 2. When necessary, Z2 is corrected by

in trod uc ing a cons tan t fac tor , displacing the curves along the

i—axis, or selecting new values of coeffic ients T, E.

If the matching band is narrow enough and it is inconvenient to

use asymptotes, the curves of standard factors (Fig. 3) are combined

with the calculated curve and factors are selected directly to make

the resultant LKh fall in the range of permissibl, values and the

phase satisfy inequalities

It may be necessary to plot two or three versions of the curves

of the func tion of Z~ from the simplest to more co~ plez in ord er to

determine how the frequency dependence of the transfer coefficient

changes when Z~ is complicated. Then the function which be st

satisfies the comli t ions  of the problem is selected from the

:_~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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avai lable func t ion s of Z,.

3. T, llau are det.rmiaed from t he  abscissas of the  points of

intersection of asympote s. and the analytical expression for Z 2 ( p)

is written, by which a two—terminal setwork consisting of a reactive

(in this  ca se, matching) quadrupole loaded by effective resistance is

realized f 8,, 11).. If the effective resistance is not equal to the

in ternal impe dance of the genera tor , the ma tch in g trans former  is

activated.

We wi ll consi de r an exampl e which  illustra tes the use o f t h is

method.

Example .  Calcula te  a match ing  genera tor w i t h  a loa d i n  the

freque nc y ba nd 0.6 4 w 4 4. Fi gure 4 shows the  load c i r cu i t  and  its

moras lized impedance , measured on a mock—up (normal i za t ion  cond i t i on

Rr 1).

Since the ma tch ing  band is broad enough and t he  f r equency

dependence of the loa d impedan ce is co m plex , we w i l l  set C 0.6 and

we wi l l  plot the  r a n g e  of permissible val ues of Z, (d ot— dash ed

lines) .

Ana lyz ing  t h i s  region , we can conclude t h a t  a m p l i t ud e  $Z~ can

~ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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be virtually constant in the mat ching ban d, while phase 0~ should he

close to zero at low frequencies and negative at high freq uencies.

Function Z2 = 3.09 (9.8 dB) falls in the range of permissible

values of the a mplitude. The phase is equa l to zero throug hout the

frequenc y range. The corresponding transfer coefficient is shown by

the dot—dashed line in Pig. 4.

In or der to raise the  tra nsfer coe f f i c i e n t  at  high frequencies,

phase 02 m u s t  be made negative in this region . To do th is, we make Z 2

more complex b y  a d d i n g  the curve of the  asymptote  a m p l i t u d e  d r a w n  at

an angle of -6 dB per octave. The a sympto te s  intersect the abscissa

at point ~ 6. If w > 6 , the phase in the matching band will not

d i f fe r  g r ea t l y  f r o m  ze ro , and the tran sfer f u n ction v irtua l ly  does

not change. If w < 6, the matching band obtained is narro w , since the

ampl i tud e and phase of Z’2 tu rn  out to b€ beyond  the  range of

permissible va l ue s at h igh  frequencies . The broken line in Fig. 4

shows the ampl i tul e and  phase of Z’2, as well  as the  freque ncy

dependence of the t r ans f e r  coefficient.

We can plot t h e  curves of a more complex funct ion  of

consisting of a linear factor in the numerator and a quadr atic factor

in the denominator , for example. Coeff -~ ients T and ~ are selected so

that  ~~~~~~~ is satisfied th roughout  the  frequency range.

I
_

~~~~
-
~~~~:_~ 

_ 
_ _ _ _ _
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The corrections in the asymptotic curve , as we l l  as the phas e of the

num erator and denominator , are designated as (1) and (2),

respect ive ly. The amplitude and phase of and the calculated

t r ans fe r  c o e f f i c i e n t  are sh o wn by the  solid lines in Fig. 4.

As Fig. 4 shows , the transfer coefficients differ

insign i f i can tly in the last two cases. Ike analytical expressions for

the functi ons of and can easily be written as follow s:

3~OV ~. _________________

~ 1’TP+I ~~~~~~~~~~~ +tv ~-1,+i

Conclusion s

1. This method makes  it possible to calcula te  the p a r a m e t e r s  of

a matchin g quadrupole for passive load s of any  complex i ty  w i t h  bot h

lumped and d i s t r i bu t ed  parameters.  The necessary i n f o r m a t i on on th e

load is limited to the value of the frequency dependence of its

im pedance in the match in g  bend.

2. This method el iminates the need for using the Ch eby she v or

Butterworth polynomials  to approximate the power transmiss ion

coefficient , which makes it possib le tc obtain good agr eement  at low

j i4
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orders of Z 2 ( p ) ,  i.e. , wi th  a small  numbe r of elements of the

ma tching quadrupo le.

3. The cur ves given in Figures 2—3 in this  r eport are su f f i c i en t

for the ca lculation.

APPENDIX

Conditions of Physical Realizability of Z2

As we noted above , func t ion  Z 2 ( p )  should be a PR?. The necessar y

and suffic ient conditions of the positiveness and reality of rational

function Z(p) are (8]:

1) the function is real at real values of the variable p = .; 2)

at p = iw there is a nonnega t ive  real pa r t ;  3) there are no  poles in

the r ight  ha lf — plane of the complex variable;  4) there are only

simple poles with real positive remainder s on axis p = iw.

The s u f f i c i e n t  conditions of positiveness and rea l i ty  are
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established in the theorem below based on these genera l ly -accep ted

conditions. These cond i t i ons  are convenient  i t  the  analytical

ex pression of the fun ct ion is found  f r o m  the lc g a r i th a i c

characterist ics.

Theorem. Let f unc t ion  Z ( p )  be repesented by the  produc t  of

factor s T, (~$tI ,(T~4g)tt, ~7~~+Wp+I) ” (?. % are real positive numbers , 0

1). If we designate t(~ )~ I2(WI ’ at p a ic and 0 s a t i sfi e s

inequalities f(,C-j~, them Z (p) is a PPM.

Proof . We w i l l  show tha t  if the  condi t ions  of  the theo rem ~ re

sat isf ied, the ne:essary and s u f f i c i e n t  condi t ions  of t h e

positiveness and r e a l i t y  of th e func t ions  cited a bove are satisfied.

1. At real values of the variable p = .. function Z(p) is real,

since al l  co ef f i cie n ts  T and ~ are real  n u m b e r s .

2. The real part of Z(~) is nonnegative on a x i s  p = iw .  I t  is

determined b y  the f o l l o w i n g  expression :

~,ZQm)—lZ(~ )l.sse.

According to the  condit ion of the  theore m

therefore, ReZ ( ie )  ) 0 .



~~~
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3. Z ( p )  does not have poles on the  r ig ht s ide of the comp lex

plane. A c t u a l l y ,  f r o m  t he  condit ion of the  theor em T > 0 , ~ ~ 0 ;

therefore, the zaroes and poles in 2(p) will only be located on the

le ft  side of the  h a l f — p l a n e  or on a x i s  iw.

4. Poles Z (p ) on ax i s  iw shou ld  be sim~ 1.e with real. and  pos i t ive

re mainders.

Suppo se that at point p = iw 0 function Z(p) has pole n of series

(n#1). Then the expansion of 2(p) intc the La urent series relative

to point  iw 0 wi l l  be ( 8 ] :

l (p)a ( , M ~~~+ _ + p~ ~N,

We will d raw a circle wi th its cen ter at poin t p = iw 0 and  a

radius as conveniently small as possible, but not equal to zerc. We

will designate:

•~~t’•~-m ~~~

At ~~~~~~~~~~~~ lisr.qarding all the  terms of the ser ies exce pt the

f i rs t  on t h e  circumference of radius p. we will  have

z (p).

~~~~~~~~~~~~~ -~~-~~~~~~~~~~~~~~ --
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Moving ove r the  circumference, we will intersect axis iw twice:

above point tw 0 — at point  iw 1, wher e e~ = w,’2 , and below iw,~ — at

point iw 2, where 
~~,2 

=

Prom the  condition of the theore m , angle s ~ —V— i,a,4 ~~~~~~~ at

ç const should s a t i s fy  the inequalities :

S * S (I)

_4l
~~~V +a +~~(+. (2)

Re will assum e that ~ )  0; then (2) is not sa tisf ie d at a n y  n

1. If V < 0, (1) is not satisfied at any n ),~. 1. Therefore, it is

necessary to set = 0; then we will  obtain n = 1 from (1) and (2) .

Thu s, the pole at point iw 0 is simple (n = 1), an d coeff icien t

a.. is the re mainder of Z (p) in this pol e, whereupon the rema inder
is real aid positi ve ( V a  0).

The su f f i c i ency  of the conditions of the theorem to ma ke

function Z(p) a PR? has been proven.. The need for these conditions

was shown in the introduction.
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Fig. 1. Gene ra l b r o a d — b a n d  matchin g c i rcu it .

H, I,

Fig.. 2. Curves  of dependence ,,(~.) for d i f f e r e n t  values of E and G

( — G  = 0.6; — — — G = 0.8; —.—.— G = 1) .

KEY : (1) dB .
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Pig. 3. Logarithmic characteristics of fu nction: — — — ( T i w + 1 ) ’ and
Uflw)1+11T4.+fl l.

— —  ~.o

•rn.

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~a, ~ 45 48 , 7 3 ~~~



DCC ~ 1637 PAGE 
~~

Fig. 4. Diagram of loa d and its normalize d impeda nce (——-- — module ,

phase and trequency dependence of transfer coefficient Z~~; —

I,module , phase and ca lcu la ted  t r a n s f e r  co e f f i c i e n t  of Z 2 ) .

KEY : (1) lB.
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