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USING LOGARITHMIC CHARACTERISTICS TO CALCULATE BROAD-BAND MATCHING OF
A GENERATOR WITH A LOAD

Yu. Ya. Yurov and V. A. Nelep

Susmary

This report gives a procedure for finding the analytical
expression for the frequency dependence of the input impedance of a
matching quadrupole loaded by the generator impedance when powered
from the side of the load. This frequency function can be given
graphically or analytically. Its analytical expression is obtained in
standard form convient for synthesizing a satching quadrupole by
using its logarithmic characteristics. The necessary and sufficient

condition of the realizability of this impedance in the form of a
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passive two-terminal network with lumped parameters is established.
This method is used to determine the parameters of a matching

quadrupole with a passive load.

Introduction

Broad-band matching of a generator to a lcad (Fig. 1) which has
a resistance frequency dependence is a complex problem. Lengthy
computations must be made to determine the parameters of the matching
quadrupole by the existing procedures [ -6]. The engineering
calculation formulae have only been obtained for loads which can be
represented accurately enough by a circuit with lumped parameters
containing a maximum of two reactive elements. In these broad-band
matching methods, all the functions are considered depending on the
complex variable p = ¢ + iw, and the Chebyshev ar Butterworth
polynomials are used to approximate the power transfer coefficient.
The first condition robs the calculation of its clarity, making it
necessary to perform it with excessive accuracy. The second condition
complicates the matching quadrupole circuit, since additional
conditions which are not usuvally necessary are imposed on the zero

position and the poles of the power transfer coefficient.

In this report, all the functions are considered depending on
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the imaginary part of the complex variable, i.e., on the real
frequency. We can show (7) that in this case, extremely approximate

methods, e.g., graphic, can be used to calculate the parameters of
the matching quadrupole which do not require the use of the Chebyshev

or Butterwvorth polynomials. A method of determining the parameters of

the matching guadrupole using logarithmic characteristics is
proposed. This method makes it possible to considerably reduce the

volume of computations and calculate matching fcr any passive load.

The dependence of the power transfer coefficient on the load and

matching quadrupole parameters is [2]:
-2} .

wvhere G is the power transfer coefficient; P M are the

resistance and complex~coupled load impedance; Z, is the input

impedance of the matching gquadrupole from the locad, when its input

clips are closed on the internal generator impedance (Fig. 1).

We will designate the ratio of amplitudes |Z/|s.l| by € and

ve vill revrite (1) as folious:
0= Thcntwvrn ™ @

vhere 92 are the phase angles of impedances Z, and z,.
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Phase angles ¢, and ¢, are completely symmetrical in (2) and
the value of G does not vary if ve substitute €=t for € in (2).
Furthermore, the majority of the values of G lie within 0.6-1.
Therefore, the curves of dependence 9.-'(03)‘ are given in Fig. 2 at
€= const and G = 0.6; 0.8; 1. The curves are easily calculated if
the axis of coordinates ¢, and ¢, are turned tc a 45° angle. Angles
¢, and ¢y change within the limits (-»/2; »/2), since the lcad and
the matching quadrupole are passive. In Pig. 2, a20; it is
obvious that the curves remain the same if we reverse the signs both

on the x- and y-axis.

The curves which were plotted make it possible to find G at a
given Z, or, assigning G, to find the range of permissible values of

the amplitude and phase of Z, for any load impedance.

For example, if s=340, 9, =60°, y=—40", then G = 0.82; if G )
0.8, ¢y = 60° then —T’EM<—IT. and -3 dB £ € ¢ 3 dB.

This report considers a matching quadrupole with lumped
parameters; therefore, Z,(p) must be a rational positive real

function (PRF) [8]. It follows from the properties of a PRF that it

can alvays be represented by the product of the factors
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T. (Tp)*', (Tp+1)*', (T*+RTp+1)*' (here and belov T, € are positive real

nusbers, 0 £ & < 1). In the appendix it is proven that inequalities
-;-".‘-;— are not only necessary, but also sufficient conditions

for the positiveness and reality of function Z,(p), represented in

the form of the product of these factors.

The determination of an analytical expression for function 2,
vhich satisfies the necessary and sufficient conditions of
positiveness and reality and for which the amplitude and phase are

vithin the range of permissible values is the main purpose of this

study.

This method can also be used to calculate matching in the SHF

range if we find the equivalent matching quadrupole in %¢he form of a

circuit with distributed parameters.

Pinding the Analytical Expression for Z, Using Logarithmic

Characteristics

The logarithmic amplitude and phase characteristics (LKh)
proposed by Bode [9) are the curves of the amplitude in decibels and

phase in degrees of the frequency function flotted depending on log

w. We will list the LKh properties which will be used later [10).




poC = 1637 PAGE 6

The amplitude characteristic (Tie)™?! is a straight line with
slope of -6 dB per octave, while the phase characteristic is straight
line # = -90°., The amplitude characteristics (Tiw+¢1)™! (broken lines)
and [(Tie)*+RTiw+ 1], shown in Fig. 3., have asymptotes. One
asyaptote is the x-axis, and the other is a straight line with a
slope of -6 d3 per octave for (Tiw+1)T! and -12 dB per octave for

[(Tiw)*+RTiw+1]"' . The asymptotes intersect each other at point w =

1/T froam the abscissa. The LKh of the inverses of the functions under

consideration, which are shown in Fig. 3, are symmetrical to the
x-axis of the LKh. Multiplication is replaced by the addition of the
LKh; therefore, it is easy to find the curves of the complex function
vhich consists of multiplying the factors in question. The properties
of the LKh make it possible to plot the curves of the dependence of
the amplitude and phase of Z, on frequency so that they satisfy the
above conditions, as well as to find the analytical expression for %,

from the curves obtained.

This problem is solved in three steps (Fig. 4, which shows an

example of calculating matching, can be used as an illustration).

1. The amplitude is plotted in decibels and the phase in degrees

of the normalized load impedance depending on lcg w. Given the




DOC = 1637 PAGE 7

transfer coefficient G equal to 0.6 or 0.8, we will select the
contour € = const 1. Fig. 2 so that the permissible limits of the
change in ¢, are sufficiently great. The boundary values of ¢, are
plotted on the phase curve, vhile &€ and - € in decibels are added to
amplitude |2./. If ve do this at the row of points on the freguency
axis, we obtain the ramge of permissible values of the amplitude and

phase of 2,.

We should not assign a large G, since the ranges of permissible
values play a secondary role in the calculation and are only used to
estimate the value of the transfer coefficient. The broader the
satching band and the greater the limits of the change in the
amplitude and phase of the load impedance, the smaller the value of ¢

vhich must be selected.

2. The ranges of permissible values ottained are analyzed by
comparing them with the LKh of standard factors (Fig. 3). Then,
beginning with the simplest functions (consisting of constant factor
T from linear factor (Tiw¢1) in the numerator or denominator of Z,,
etc.), the asymptotic curve of the awmplitude of Z, is plotted within
the corresponding range. Possible deviations of the precise cucrves
from the asymptota in Pig. 3 are considered here. Beginning with
zero, the slope of the asymptote has a factor cf 6 dB per octave. In

crder to make the corresponding asymptotic curve of the phase

B st
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characieristic fall in the range of p2rmissible values of ¢,, it is
necessary to consider the following: if the asymptote has a zero
slope, the phase in this section approaches zero if the slope of the
asymptote is equal to 6 n dB per octave (n =1, 2, 3, ...), and the
phase characteristic approaches #90 n®. Furthermore, the longer the
asymptote, the closer the phase characteristic is to these values
(Pig. 3). At high and low frequencies, i.e., at @ and o0, the
slope of the asyaptote should be 0 dB per octave or #6 dB per octave,

since -;—<9.< —;'-.

It should be pointed out that: a) if the amplitude and (or)
phase of 2, is inside the range of permissiktle values, the transfer
coefficient will be greater than on the boundaries of the range; b)
if the amplitude of |[Z:| turns out to be outside the range of
permissible values, the decrease in the transfer coefficient can be
compensated for within certain limits by the agpfpropriate selection of

#,, and vice versa (Fig. 2).

The precise curves of the amplitude and phase of Z, are plotted
and the points of intersection of the asymptote and coefficient & of
the quadratic factors are refined from the asymptotic curve. The
phase of each factor is plotted without consideration of sign (Fig. 3
can be used as model in this case), and is designated by a "+" sign

for a factor in the numerator and a "-" sign in the denominator. This

s

T e N N T e et
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facilitates the process of determining the resulting phase and
checking to see that inequality - <;m< 7 is satisfied
thrcughout the frequency range. Correctioms im the asymptotic curve

are determined from Fig. 3 and are plotted on the upper part of the

calculated curve in accordance with the points of intersection of the

asymptotes, then they are added and plctted from the asymptotic

Curvea.

The frequency dependence of G for assigned Z, and z, is plotted

using the curves in Fig. 2. When necessary, Z, is corrected by

introducing a cconstant factor, displacing the curves along the

x-axis, or selecting new values of coefficients T, E&.

If the matching band is narrow enough and it is inconvenient to
use asymptotes, the curves of standard factors (Fig. 3) are combined
with the calculated curve and factors are selected directly to make
the resultant LKh fall in the range of permissikle values and the

phase satisfy inequalities -;—<9.<-;-‘-.

It may be necessary to plot two or three versions of the curves
of the function of Z, from the simplest to more coaplex in order to

determine how the frequency dependence of the transfer coefficient

changes when Z, is complicated. Then the functicn which best

satisfies the conditions of the problem is selected from the

e e e o S ey
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available functions of 2,.

3. Ti=Vla: are determined from the abscissas of the points of
intersection of asympote ¢ and the analytical expression for Z,(p)

is written, by which a two-terminal network consisting of a reactive

(in this case, matching) quadrupole loaded by effective resistance is
realized [8, 11) If the effective resistance is not equal to the |
internal impedance of the generator, the matching transformer is

ac tivated.

We will consider an example which illustrates the use of this

method.

Example. Calculate a matching generator with a load in the |
frequency band 0.6 § w § 4. Figure 4 shows the load circuit and its
normalized impedance, measured on a mock-up (normalization condition

R =1).

Since the matching band is broad enough and the frequency
dependence of the load impedance is complex, wve vill set G = 0.6 and
ve vill plot the range of permissible values of Z, (dot-dashed

lines).

Analyzing this region, ve can conclude that amplitude |2 can
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be virtually constant in the matching band, while phase ¢, should bhe

close to zero at lov frequencies and negative at high frequencies.

Punction Z, = 3.09 (9.8 dB) falls in the range of permissible
values of the amplitude. The phase is equal to zero throughout the
frequency range. The corresponding transfer coefficient is shown by

the dot-dashed line in Fig. 4.

In order to raise the transfer coefficient at high frequencies,
phase ¢, must be made negative in this regicn. To do this, we make Z,
more complex by adding the curve of the asymptote amplitude drawn at
an angle of -6 dB per octave. The asymptotes intersect the abscissa
at point w = 6. If w > 6, the phase in the matching band will not
differ greatly from zero, and the transfer function virtually does
not change. If w < 6, the matching band obtained is narrow, since the

amplitude and phase of 2% turn out to Le beyond the range of
permissible values at high frequencies. The broken line in Fig. 4

shows the amplitule and phase of 2%, as well as the frequency

dependence of the transfer coefficient.

We can plot the curves of a more complex function of z:,

consisting of a linear factor in the numerator and a quadratic factor

in the denominator, for example. Coefficients T and & are selected so
that -';'-<9|<-;' is satisfied throughout the frequency range.
PRSI TRILIC N | 57 Toieay el

R e ‘
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The corrections in the asymptotic curve, as vell as the phase of the
numerator and denominator, are designated as (1) and (2),
respectively. The amplitude and phase of zZ and the calculated

transfer coefficient are shown by the solid lines in Fig. U.

As Fig. 4 shows, the transfer coefficients differ

insignificantly in the last two cases. The analytical expressions for

the functions of zQ and z: can easily be written as follows:

11
=22 7= &:‘T "ll) .
NI (3;,) +2:071 5 p+ 1

Conclusions

1. This method makes it possible to calculate the parameters of

a matching quadrupole for passive loads of any complexity with both

lumped and distributed parameters. The necessary information on the
load is limited to the value of the frequency dependence of its

impedance in the matching band.

2. This method eliminates the need for using the Chebyshev or
Buttervorth polynomials to approximate the pover transmission

coefficient, which makes it possible tc obtain good agreement at low

e —————— ——— -
i ke
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orders of Z,(p), i.e., with a ssall nusber of elements of the

matching quadrupole.

3. The curves given in Figures 2-3 in this report are sufficient

for the calculation.

APPENDIX

Conditions of Physical Realizability of Z,

As we noted above, function Z,(p) should be a PRF. The necessary

and sufficient conditions of the positiveness and reality of rational

function 2 (p) are [8]:

1) the function is real at real values of the variable p = ¢; 2)

at p = iew there is a nonnegative real pacrt; 3) there are no poles in

the right half-plane of the complex variable; 4) there are only

simple poles with real positive remainders on axis p = iw.

T

The sufficient conditions of positiveness and reality are

B R A A T o S ———
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established in the theorem below based on these generally-accepted
conditions. These conditions are convenient if the analytical

expression of the function is found from the lcgarithmic

characteristics.

Theorem. Let function Z(p) be repesented by the product of

factors T, (To) ' .«(Tp+n) !, (W+RTp+1) ! (T are real positive numbers, 0. & <

). If ve designate Z(w)=|Z(w)|¢* gt p = iw and ¢ satisfies
inequalities 7€ §. then Z(p) is a PRE.
Proof. We will show that if the conditions of the theorem are ;

satisfied, the necessary and sufficient conditicns of the

positiveness and reality of the functions cited above are satisfied.

1. At real values of the variable p = o, function Z(p) is real,

since all coefficients T and & are real numkers. .

2. The real part of Z(w) is nomnegative on axis p = iw. It is

determined by the following expression:

Re Z (w) =| Z (i) |eos @.

According to the condition of the theocrenm -;-(‘-;—

therefore, ReZ(iw) » 0.




F————-—-—-—'—-"— —
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3. Z(p) does not have poles on the right side of the complex
plane. Actually, from the condition of the theocrema T > 0, & 3 0;

therefore, the zeroes and poles in 2(p) will only be located on the

left side of the half-plane or on axis iw.

4. Poles Z(p) on axis iw should be simple with real and positive

remainders.

Suppose that at point p = iwg function Z (p) has pole n of series

"1§h1)- Then the expansion of 2Z(p) intc the Laurent series relative
to point iwg will be [8]:

S_n 8 e |
Z(p)= (’_hy.'.'m*' P — e +ao + ...

We will dravw a circle with its center at pcint p = iwg, and a

radius as convenia2ntly small as possible, Ltut not equal to zerc. We

vill designate:

’-‘.0‘#.0
=AY

At psiny, 1isregarding all the terms of the series except the

first on the circumference of radius p, vwe will have

Z(p= 52 Hv-o,

AN T e
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Moving over the circumference, we will intersect axis iw twice:

above point iwo - at point iw,;, where 6; = »/2, and below iw, -~ at

point iw,, where 9, = w/2.

Prom the condition of the theorem, angles ®i=¥—ah and ®=¥—n6 ,¢

¥ = const should satisfy the inequalities:

- <Y1 3<H M
- <Y+ 3 <5 @

We vill assuae that ¥ > 0; then (2) is not satisfied at any n >

1. If ¥< 0, (1) is not satisfied at any n ) 1. Therefore, it is

necessary to set = 0; then we will obtain n

1 from (1) and (2).

Thus, the pole at point iwgy is simple (n

1), and coefficient
6, is the remainder of Z(p) im this pole, vhereupon the remainder

is real and positive (¥ = 0).
The sufficiency of the conditions of the theorem to make

function Z (p) a PRF has been proven. The need for these conditions

was shown in the introduction.
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Fig. 1. General broad-band matching circuit.

R, 1, Iy

& [ v ] wi = pa
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Pig. 3. Logarithmic characteristics of fumction: ———(Tiw¢ 1)t and
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Pig. 4. Diagram of load and its normalized impedance (——-~ - module,

rhase and frequency dependence of transfer coefficient Zg:

sodule, phase and calculated transfer coefficient of Z

KEY: (1) dB.
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