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NET—CHARACTERISTIC NETHCD FOR THE N UM ERICAL SCLUTION OF PR OBLEMS OF

GAS DYNA M ICS

K. N . !lagoiedov

Vario us nuserical aethcds of solving aultidinensional pro bleis

for equations in partial derivativ es have urdergone inte nsive

developient and in troduction in recent years. Different versions of

the net .ethod propose d and studie d in the bor ks of K. I. Babenko , V .

V. Rusanov , N . N. Yanenko , S. K. Godunov, etc., the

Dorodnitsy n—Belotserkovskiy •ethod of integral relationshi ps, the

straigh t l ine aethod develo çed by C. F. Telenin et covor kers, and

difference systeMs using the character istic properties of equation s

(1— 9) are being use d successfully for solving specific prob leas of

gas dynasics.

4
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Numerical net bods using characteristics have defini te advantages

over ordinary finite—difference Methods : in particular , the

consideration of t he physical nature of t he prctlea, the snail

variat ion in certain comp le xes fro . the un kco wn f unctions alon g the

characteristics, an d the possibility of prEdicting the tine of the

ori ginat ion of discont iruities , e.g.. “suspend e d” shoc ks. These

ad vantages become especiall} c lear when solving problems with two

independent variables . However , the effec t ivencss o f the

charac teristic method considerably decreases with the incr ease in the

d imensionality of space, an d virtually vanishes when there are more

than three independent variables.

Thus, it beco mes desirable to ccnstruct difference systems wh ich

re tain the mai n advantages of the character istic method , but have the

conven ience of the net •ethod which results from the fix ed net and

the siMp licity of the calc u ]aticn formulae.

f Obviously, the name “characteristic method ” should only be used

for nu me r ical systems in which characterist ic curves or surfaces are

set up during the ca lcula ticu process. Than numer ical systems in

wh ich the characteristic re lationshi p s (coap ati t i l i ty  cond itions) are

on].y used to derive the difference equation s at f ixed node s can be

considered to be a vers icn cf the net method. This is even more

expedient because it is pre cisely for this ty pe of syste m that the
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problem of stability arises, even wh en the Courant—Preid richs— Levi

(CFL) condition is satisfied, i.e., the rançe cf the dependence for

th e d i f ferent ia l  eguatic n s ]ies inside the range of the dependence of

the difference equations ( 1C—12].

There is great flexibility in the selection of nume rical methods

based on character istic relationships in multidimens iona l prob lems.

Report [17 ) gives a rather detailed survey ct the specific methods of

this type which have been developed for gas-dynamic equations. But,

obviously, it makes sense to have a su f f i c isn t l y  general and simple

method of construc ting explicit di fference sys tems for h yper bolic

multidimensional equations similar to the Ccurant, Isacson , Rees

method [13) or the “running calculation ” method (see (15]) for

systems with two independent varia t les.

The main idea of the net—characteristic method proposed in (j$]

is that difference approximat ions of the cc.patibility conditions and

linear or quadratic interpolation by the nodes of a preassigned fixed

network are used for each elementary cell. On the other ha nd, the

method can be cons idere d to be the ordi n ary method of nets with a

specific rule for the difference approximation of the in itial

equations. This is the viewpoi nt fro. which the net—characteristic

method of constructing difference systems is considered below.

~ —
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§1 gives the main concept of the net—c~aracteristic method and

some forms of compact notation of difference equations of the initial

matrices usin g fundamental matrices. §2 investigates the local

stability cf the corresponding difference systems. §3 shows that the

net—charac teristic method can be used to ccrstruct diver ge nt

difference systems . First—orde r systems are the simplest , bein g

.cnotonic and flexible.

A num ber of problems of gas dynamics have been solved by the

net—characteristic aethcd:

— supersonic stea d y flcw about both ccnvex and concave sharp and

bluff bodies at an angle of attack;

— the direct problem of calculating f low in a nozzle;

— three—dimensional  f low about  segmented  ccnical bodies, etc.

Th. last problems were solved by the determination met hod whic h, in

the most interesting cases , means solving equat ions in part ial

derivatives wit h f o u r  independen t  variables.  §4 gives some results of

the calculations as an i l lus t ra tion.

Ad
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§1. Net—Characterist ic M ethod of Ccnstructing Difference Systems for

Cuasilinear Hyperbolic Equations

First we will consider a system of first—crder hy perbolic

quasilinea r equations in partial derivatives with two inde pendent

var iables t, x

7 tt,• AtL .4 (1.1)

where the matr ix  A and the vector column of the right side s f can be

functions of t, x and vector function u of E n k n o v n  variables w i t h  N

com ponents.

Let and Ci ~ 1. 2, ... . N) be prcper real numbers and the

independent latent ve~tcrs cf tran spo sed matri x A corresponding to

them. Multiplyis9 (1.1) in scalar for , by w~ and considering the

equation ~~~~~~~~~~~~ , we will reduce the sys tem to the

characterist ic (no r mal) f or.

~~~~~~~~~ (ut1.U.~~p~~ux,  j . j.J~..., PI) U.2,

Suppose that we know soluticn (1.1) in layer t = t0 coast. We will

L~
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f ind  the value of U~~~ tJ (H) at point H of a close layer t = t0 + 1.

Approxima ting (1.2) by difference equations at (O~~~1’i) , we will

have

~ .(i-’J)w~j,~]. Ot~ 2’~?)t~e t
’) 

~~~

Here the subscript i designates  t h e  values cf th e  func t ions  at the

points of contact of the characteristics drawn from poin t H with line

t = t0. We will point out that it is necessary to comput e w 1 from the

mean parameters of points H and i in orde r to obtain the second—order

approxima tion for guasili near equaticas at ~ 
2 1/~ in (1.3)

Based on the lin ea r independe nce of vectors tJ~ , system (1.3) has

a single solution relative to

tL,aF(t, x , i.L(t., x.), U~ ,’~fl.Ofla-2~fl’t
1. Z 52

We will consider the  f ixed  ne tv c rk  ~~~~~~~~~~~~ ) ,

~~.qfl I .t 1t .o,±~~ *2~...)  and we will designate the valu.s of the functions

at the mod es of the  network by 1.L~~. If the relationship of the

pa rameters with subscript i to the known values  of ii~~ in layers  t =

t~ ne’ is indicated, we can find a d iffe rence system with a f ixed

network, or the net method. When u sing  t h r e€  points for linear or

quadratic interpolation, we wi l l  have , respectively (. = i/h) :
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lAa t~.:—’:j ”~ ~~~~~.s-~&I ~~~~~~~~~~~~~~~~~~~~~

it.. 1.~~~— c ,&. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Relationships (1.3) and (1_ LI) completel y detine the differ ence

system, but it is expedient to consider its compac t form . We will

introd uce the following designations

J ~~t ’\~
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ h ,

obviously ,  ma t r i x  0, whose lines a re  t t ~e l i n e a r i l y  independent

vectors e~, is not confluent and has the ineerse matrix 2 ’. Writing

(1.3) in matrix form and using the result of (1.L~) ,

Q4J.~a~ QU - 6AQAr,i tL ’ 5’ \1Q.~

where 
~ = 1 (2) in the case of l inea r (quadratic) inte rpolation ,

A . are diagonal matrices wi th  elements  ~ ~~~~~ , .~~~~‘:. .~~ and

1 f r $ V } , we can f ind  

- .
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~~:~ 11 U, -
~~~Q ’4’~ QA ,.~~u. 4 

~~~~~~~~~~~~~~~~~~~~

+ ~ •ti ),)4..l
l _ ~~~~~~~~~~~~~ ~~~-~~)z’~ J

The compat ibility conditions (1.2) in a fixed system of nodes using

interpolation formula (1.4) were used tc deiiv€ difference systems

(1.5). But the difference formulae can be written immediately if we

know the fundamental matrix 0 for A, i.e., the matrix wh ich reduces A

to diagona l form. W e will p cint out the tvc acst important syste ms in

~1.5): first—order system I with linear interpolat ion (j ’ = 1, ~ 0,

then A .Q~A Q an d f can te computed at pcint t ne’, x = ah

without disturbing the order of the appr oxi .aticn ) , and system 11

with quadratic interpolation (y = 2, ~ =

W e wil l  now consi der the multidimensional case

ti,. A1 u~1 - s % u~,.....4

We wi~ll limit ourselves to the t e rms  descri ted in (1.6)  when de r iv ing

differenc , formulae of the type in (1.5), since the extension of the

meth od to a la rge number of variables is dcve formally. We will

assums that •attices A~~, & 2,  ... have cnl y proper real val ues. Let~ 4~’

and w~ (i a 
~~~ 2, ... , N) he proper numbers and the independent

latent vec tors of matrix A~ (a = 1, 2) corr€spcnding to them. Then
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equations (1.6) can be reduced to cne of the fcllowing characteristic

forms

tC~) . U~ —~~~~~~
(
~~~

— 4~~U z 1

~~~~~~ ~~~~~~~ u.z~~’ L.~ ,2...., w )

= ~~ u ~~~ * .. , ~i)

Here U, • u,~ dssignate the derivatives alcng the two—dimensional

characteristics on the surfaces x2 = coast and x 1 = coast,

res pectively, or, in othe r words, along the lines of inter section of

the characteristic and coordinate surfaces. The directions of these

lines are determined by the vectors Ti.p~,o~ and

We will now consider 3N equations (1.6)—(1.7) joint ly .

Obviousl y, the number of independent equaticns among the m is equal to

N. This fact can be used to construct converient explici t difference

systems for multidimensional equations, in }articular, tho se no t

requiring the approximation of the partia l derivatives for x 1 and x~.

Replacing equation s (1.6)—(1.7) by the finite—difference

relat ionships alo. q the corresponding lines at t.t..(t-~ )~ and

maltip lying (1.7) by Q (Q ia a m a t r i x  whcs e lines are vectors

~~~~~~~~~~~~ ),  we will  have:

— — .- ——— -~-- 
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~~~~
‘=(t_v)[f- A L U~~- ~1., u14 )~1+ ‘I~L~~ - & Ur~~ ~~ LL 1,~4 ’~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~ ~~~~~x J~~~~~f~~- ~~~~~~~~~~~~

Subtracting the first equation from the su m of the last eq uations and

using interpolation formulae (1.l~) to fin d ~1 U and Q.u~ we will
obtain the unknown formula

ic ~~~~~~~~~~~~~~~ Q Q A ~ LL
-51Q;~~~~Q, At u *6

+ Cf ~’C .(L %1)t ,~~~ V(~~~A~A.~ ( • S~ A aA 1

*
‘f A s ~~ U x ) ~~ +4 a(AtL~,)~~

4 0t(LZV1tt4t~ 
(1.8)

We reci.’/h (~.~a). I.rr,I~1, x~.fh..~ hen deriving (1.8), we consider that it

seffices to take the coefficient at ~v
t w ith accuracy down to the

terms on the order of 0(e). Furthermor e, this term must only be

considered for second—order system II (~~~a , V al/a) , w hereupon it

is necessary to use one more point in layer t = ni to calculate the

mix ed derivatives .
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It should also be pointed out that for the first— orde r system

(~~) =  0) — system I — analogously to (1.5) and (1.8), we can

immed iately write the formulae for any number of three—dimensional

coordinate s, as long as matrix ~4. is reduce d to the dia gonal form

A~~= ~~~~~~~~~ (~~.s .a,1,. . )

§2. Stability of N et—Characteristic Nethod

We will  consider the differential equations (1.1) and the

difference equations approximating them (1.5) at A = const, f w 0 and

periodic boundary conditions. Then the stability and, therefote, the

convergence of the diffetence systems, wh ic h fo l l ow s f rom it

accord ing to the to the equivalence theorem , can be obtained by

analyxing solution (t.5) in the form (14]

:~~~ti~
•.”~ ~~~~~ °(c’-~ch.

G (z ~ ~~~~~~~~~~~~~~ (~-ccsc)- 6~~~AQ s.nç

Neumann ’s necessar y condit ica of s tabi l i ty

r,%Q.z A 1 —  n~i~& 1tl_ 6’Iju bI~ i~ cos~~~~~~~n~~sa2
~ ,f& ~

- ~~~~~~~~~~~ -~~~~~ 
-
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where )~ is the proper value of the transitional matrix G, will be

sat isfied at ~~~~~~ (i = 1, 2, ..., N), i.e., when the CPL

condition is tisfied. This same condition is also suffic ient, since

limitation G”, unifots wi th respect to r, f c l l ow s from the

relationship

~~~~

Thus , systems I a n d  II of the ne t—charac te r i s t i c  method are

stable in the case of two independent variables. We will point out

that for the first—order syste m — system I — the stability of the

Cauch y difference problem can be prove n with less stringent

limitations. The proof of the convergence of a system similar to

(1.5) is given in (13] for quasilinear system (1.1). At y = 1,

relationship (1.5) can be written as

ii ., T. U,,. + T~ LL,,. •T~~L. ( 4 4 T .~~* E )

a E — 6  ‘2 A~Q - Q  (~~% — ‘ ‘ -,. 
~~~~~

‘. 
~~‘

Since T, (~~~~Q , t L )  are matrices nonnegatively deter m ined at

• (2.1) is a positive Friedrichs system. Book (15)

considers certain similat systems; in par ticular, the running

calcu lation system , which  is similar to sys t em ( 1 .6 )  or system ( 1 3 ) .
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We wi l l  now consider th e  case of three  independen t variables

(1.6). At V = 0 (y = 1), for ( 1.9) the  t r ans i t iona l  matr i x

G — G (t ic1 f , )  (w ~ a 
~~~~~~~ ~~~~D . ± L t 2, . ,

has the form:

~~~~~~~~~~~ A~ = Q ,~ t~~Q~ (o~= 1, 2 )

We will f i nd  the  N e u m a n n  stabil ity condi t ion  wi th  the assumption of

the symmetry of matri x A .. Let ~ a x • iy he th€ latent vector 0.

Considering equation (CnT)_AJjI t and the sy mme try of matrix A~ , we

ca m find

fi-  çaj~-ws~~)~ ~C~sa~jJ
a
4 
~~~~~~ ~~~~ ~“ 9.)J~ (2.2)

o~~~ ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~

7 (~Q x ,z ) 4 E V , U) 
~ , ~~~~~~ 

Q~ ~~~~~~~

--
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It is evident from ine q u a l i t y  (2 .2 )  that th ~ Neumann stability

condition ~~~~~~~ wi l l  be val id ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
when the C?L condition is satisfied.  The symmetry of A was used in

deriving this equation. But the con s ide r a t icn  of individua l examples

of asymmetrical  matr ices  makes it possible tc hypothesize that the

Neumann condition is s a t i s f i e d  for system I ( 1 .E )  when the CFL

con dition is satisfied, an d in general.

In the case of one scalar equation (1.6) (N = 1), stability

condition (2.2) assumes the form

IM’e f l_ 0 1A 1(f coe~,) -61A, (I-cos i~1) J ’+
• 6~, A1 I sa.rt i~~J ~

,j  (2.3)

• This relationship, which is a necessary and sufficient condition for

stabili ty in the case of corstant coeffic ients, is equivalen t to

condition (2.2), at least, for symmetrical matrices. Therefore, the
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main properties of the difference systems of the method proposed

above can be revealed in the simplest example

IL.’ &tL~,. A1 t121(  ( A .~~O , a L ’ 1 2)  (2.4)

Adding a new point (m — 1 , ~~~~
— 1) ,  selected with consideration of the

direction of the characteristic, tc the fivE symmetrical point s in

layer t ~t.1 • the difference systems of net-characteristic met hod

(1.8) can b. written as tcllows tot equatict (2.4) :

u~~ —(~-q-n ..1ia,a,,1 ,. i~’aa, u~~~,,, —
— 4.’(t-a’ )u.~,.~.s. ~1~(1.a~~)u 1,~, -

+ ~‘(*.a
’)if [11 4 4  ~.)+~ i~~~)~~~~cj 4

*

IL— ~~~~ , a,. 4 L )

4 ~t ~? 
~~, j  = 1 we have system I. It is easy to check the

stability of this system w he n the CEL condition is satisfied by the

subscript of the d i f ference  system , since t h e  system is positive :

I— IL.a 1.Q.(.a,.a1, cc i.ct
C.

Re wi l l  point out that this system is .caotcnic , i.e., the monotonic
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profiles are also transformed into monotonic profiles at (nO

Using the Fourier method , i.e., relaticnsbips like (2.3), we can

study the difference systems obtained from (2.5). We will point out

scme of them , omitting the calculations.

During quadratic interpolation (y = 2) , the system turns out to

be stable when the CFL con dit ion is on ly sa tisfied for ~1 = ‘/2

(system II). The system is stable for the rest Ct the va lues of ~‘

when a’ = 0(y), i.e., when the time interval is considerably smaller

than the spatia l coordinate interval. Tb n  m zlAIa 1+cI~~~a , and the

growth of the init ial •rrcr £~ during the calculation is

characterized by the value .

The use of addit ional nodes on plane t = ni lovers stability.

Pot exampl e, ti’.. use of linear interpclaticn with the satisfaction of

the CPL condition when us ing  yet  a n c th e r  p c i n t  m — 2, i) makes the

system general ly unstable.  systems w h i c h  a re  on l y  stable a t  a’ = 0(r)

are obtained durin g h igh—order  i n te rp o l a tic c  u s i n g  new poi nts.

• Systems can exist wh ich are stable wha m t h e  C?!. condi t ion  is

satisfied in one direct ion , e.g., a, ( 1, and a~ 0 ( v)  is required

for the other variable. Specifically, this is th e  syst e. p reviousl y

proposed by the author of (8]. D u r i n g  the practica l ca lculat ion using

— ~~~~~~~~~~~~~
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this syste m , the interval of variab le x 2 was selected on the basis of

the nature of the solution cf the pr obl em sc that a2 1 0 4 . This

results in a 12o/o increase in the initial error E~ after 1000

intervals on t. wh ich is completely permissible. This example

in dicates that these systems can be u s i d  w h e n  a ,’ (< 1.

The nature of the suppression (or propagation) of the errors

arising during the calculation is an important property of any

difference system, as well as the behavior of the net functions in

the region of an irregular solution. Relnticnships (2.5) and the

practical calculations sho w that system I mcnotcmically decreases the

error (this is logical, since this system is positive) , w h i l e  system

II also decreases the amplitude of the errcr, but wi th f luctuat ions

of different signs. A similar situation occ~rs for more comple x

equat ions. Here it should be pointed out t h a t  this behavior of the

solutico cannot be considered to be in s t ab il i t y,  since ~e can

strict ly prove s t a b i l i t y  in (2.5).

Based on the above discussion and the analysis of the acoustic

equations made in (18), we can draw the following conc 1u~~ ons.

1. From the standpoint of stability, the best syste. is the

first—order system wit h l inear  i n te r po la t i c t  — system 1. This system

is monotonic and contains the dissipative t€rss necessar y for find ing

— _
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solutions which are not very  r egu la r .

2. System II can cause unfavorable fluctuations for irregular

solut ions, but nevertheless ma kes it possible to use larger

intervals. Therefore , it is advisa b le to use this system for

numerically determining rather reg ular solutions.

3. It is expedient tc write a single c c m p uter program for the

net—characteristic method , and select the crder of inter polation on

the basis of the nature of the pr blem.

4osing quadratic (or higher—order ) interpolation at V~~ 1f~
makes the difference system unstab le at a~ const and stable only at
a1 0 (v) . Checking for many examples of hy per bclic equations showed

that  the f i r s t—order  systems for  t and h ighEr— crde r  sy stems for  x ,,

Z~ are only stable at a’ = 0(v).

~3. Divergent Systems of the Net—Characteristic Hethod

The concept of the ne t—charac ter i s t ic  meth cd  can also be used to

construct divergen t difference systems. First we will consider a

systea of hyper bol ic eq uations in d ive rgen t  f o r m  with two independent

variables
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u~~+ F~~
.( ~~~~~~~~~~ ~s4~(t,zu.) (3.1)

Suppose a matrix with fixe d components M, assigne d in space U, has

the proper values ~~~~ (1 = 1, 2 , ..., N) with the same sign as the

proper values of matrix F~ , i.e., 
they have th€ sa me diagonal matrix

P~ultiplyin g (3.1) b y linearily ind ependent

latent victors of m a t r i x  II in scala r for m, we wi ll have

~~~~~~~~~~~~~~ ~~~~~~~~~~ (3.2)

Based on the independence of 
~
;, this systex is equivalent to the

initial system (3.1). Apprcxi .atinq (3.2) bith consideration of the

characteristic dir ections of matrix ~ by the one—sided differences

re lative to x , we will have

_ _ _ _ _  
at f~ (O

~ 
at

~~~~~~~~~~~ ~~~ { F -S~~~~~~~~~FJ~~~~~~

Hultiplyin g the difference equaticns on the  le f t  written in matrix

fo rm by Q— t and using the  previously i nt roduced  designations, we will
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obtain the first—order divergent system

tL ’. u~~- 6a,.~ + ~ Q
’L cA~~F. ‘t

We can consider the diffetence system for versicn U in order to study

the local stabilit y of (3.3), and the system viii be stable, e.g., at

N • A 
~~~ 

Dering practical calculaticns, for each point (n + 1, m)

vs can use or retain it for other v when the proper values of

F
~. do not change sign.

Por systems of hyperbolic equations with a large number of

var iables

(3.4)

the first— order diverge nt system can be writter analogously to (3.3)

and (1.8) :



r~
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~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

6g Ae F~~+ 6a Q;’Lg Q t ~ ~j +

+t ~~ + 0(Ti~hf,+ f ~~)

We will  point out that  the  s implest  f o r m  of d ivergen t systems is used

when aciviug problems in the region s  in w h i c h  tb e  proper va lues  of

the  mat r ic s (Ft)k , ( Fl~~ , ... do no t  change si gn .  Then it su f f i ces  to

calcula te the matrices in (3.3) and  (3.5) at one  point.

We will  compare the d ivergent syst em of the net-cha racteristic

method with  the La bs system. For equat ion  (.~. 1), the  Laks syste . is:

— ~~~~~~~~~ -6 A.~ ~ — tL~ ~~~~~~ ~~~~~

This system is stable when the CFL conditict is satisfied, but un l ike

(3.3) , it is not f l ex ib l e , i.e., f c r  smal l i , which  is unavoida ble

with  nonlinear equations due to th .  sel ctic n of the m i n i m u m  interval

using the C?!. conditio n , it app rox ima tes  a parabolic equation (see
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[15)).. The absence of • in the second d i f f e r e n c e  in (3.6) also causes

the branches to be “spread” in to a larger numbe r of steps than in

system (3.3).

In conclusion , we will give the second-order dive rgen t sys tem

fo r  equa tion (3. L4) without deriving it:

a’,’ U~g 5a A m~~ 6a~~cFa + 6 A gd~Fi 46j’ ~~~~ F~

,

= I~1(F~)~ ,24 k 
~a ~~~~~~~~~~~~~~~~~ ~~);-(Fj )xj +

.4. 
~.

— 
~~~~~~~~~~~~~~~~~~~

The values of A 1, A, and ~ are calcula ted al pcint (n , m,, £ ) with

precision down to the ter ms on the o rde r  of 0 ( b 1 +h ,).

p.. Using the Net-Characterist ic !~e ’hod to Calculate ~iultidimensional

L
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Gas Plows

The above method can be used to stud y the movement of an

invisc id non—heat— conductive gas it the case of purely supersonic

stead y f lo ws, as well as in the general  case of unstationa ry

gas—dynamic equations. The correspcnding difference equations of the

net—characteristic (NC) [C1 method are partially give n in (18 ],

(19]. while the method of calculating the tcundary points (on the

su r f ace  of the bod y and cu the st~ock wave)  is described in (8], (15].

Only some of the  most typical  examples  of the n umeri cal ca lcula tions

ar e given below.

The main properties of the NC method were studied in the  pr ob lem

of supersonic steady flcw cn the side surface of blunt cones. Plany

results were gathered for this problem , and d i f f e ren t  numerica l

methods were obtained ( 2 0 ]. The ca lcu la t ions  shoved tha t th e

parame ters on the bcdy an d the shoc k wave ar e  compu ted wi th an error

of 1—2o/o both using system I, and using syste m II of the NC method.

But here system I requires approximately fout times as many nodes as

system Il fot obtaining the  same degree of accuracy. But the

seccnd—order system results  in f l u c t u a t i o n s  (“ripples”) around a

cartain averaged curve which are especially noticeable whe n

calculating the profiles cf gas—dytamic functicns in regions with a

marked  cha nge in parameters  and w i t h  d i scon t inu i t i e s  in the
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derivatives. The pattern shcwn in Pig. 1 is the most characteristic.

This figure shows the press~ re profiles P cn different meridiona l

planes tç = const at a distance of f ive ra dii of blunting for a

sphericall y blunte d cone with a half—angl e of aperture of 10°

streamlined by a superscnic gas flcw with an adiabatic ind ex of y =

1.4 at a Bach number of M = 6 and an angle of attack of a = 5° . Th e

solid lines show the results of the calculation using the direct

system of the characteristic method (21], while the crosses and

circles indicate the data calculated using systems I and II of the NC

method. It is evid ent that while method [21 clearly isolates the

discontinuities (they originate due to the interruption of curvature

at the point of contact of the cone with the sphere), the NC method

smoothes these discontinuities , whereu p on  syste m I is regular, and

system II has marked fluctuations.

~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
. -— -
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A similar pattern is a lso observed when perfor m in g a “through ”

calculation of the zones of discortinuitie s in the functions. In

crder to test the possibility of applying tie NC method to the

through calculation of disccntinuous soluticns, various problems were

considered. Figure 2 shows the flow pattern about a two— degree cone

at ii 3 and y = 1.4, as well as the pressure distribution P on the

body. The internal connecticns of the  shocks were found by the

through calculation using system I. The solid lines show the results

frcm (22]. Figure 3 shows the flow pattern about a plane bod y and the

pressure distribution on the body at ii = S. Here the leading shock

w ave 1 was isolate d by c a l c u l a t i o n , w h i l e  t ) e  “sus pended ” shock wave

2 was obtained by the through calculation . The upper curve 2 depicts

the precise position of the shock.
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Fig. 2. 
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Fig. 3.
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The fol lowing should be pointed out regardin g the use of the NC

method for a through calculation. The calculaticns shoved that

diacontinui t ies  which  are not very marked can be obtained using

system I of the NC method. This system is nct divergent, but in the

difference system, the pressure and angles cf slope of the velocit y

vector for steady flows (18) are determined independent of the energy

equation.  Here the coe f f i c i en t s  in these aq~etions depen d mainly on

the local Mac h num ber, an d vary little in many problems. The energy

equation is used in a such a form that the cisslpative ter n in the

presence of a shoc k w a v e  resul ts  in  the  H u g c n i c t  condi tion for the

re l a t ionsh ip  between pressure and enthalpy. If it is necessary to

cross marked disco ntinuities, e.g., a lead ing shock wav e, by a

through calculation , it is necessary to use the divergen t system of

the NC met hod given in § 3 tc increase accuracy.

As we know, many prc b lems of gas d ynamic s require the

simul taneous calcu lation of the regions of subscnic and supersonic

flow. In order to make it pcssible to apply the NC method to these

pro b lems, we can in t roduce  a new i n d e p e n d e n t  var iable  t such t h a t  the

equa tion becomes hype rbc lic everywhere and the solution at t— ~ gives

us the solution of the initial equations. this Is done simply by

retaining, e.g., physical time t, for gas—d y namic eq uations. This is
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pr~cise1y how problems of tbree—diiensicnal flow about segmented

conical bodies and the direct problem of flcv in a nozzle were solved

by the net—characteristics lethod.

Figure 14 gives the flow pattern for a segmented conical body

shaped like the Apollo launch capsule, which is streamlined at an

angle of attack of ~ = 0. Tie shoc k waves and scund lines (a) are

shown, along with the pressure distribution on the bod y (b) for a

perfect gas at Mach numbers of the inccming flow of M = 2, 6 and 20

and adiabatic indices y = 1.14, as well as with consideration of the

equilibriu m physico—chiuical processes In the air at velocities of

the incoming flow of V a S km/s (M = 16.1) and V.. 7.5 km/s (N =

23.5). Similar results are shown in Fig. S at N 6 and y = 1. 4 f or

three—dime nsional streaalining at angles of attack of a = 100 , 20°

and 25°.

--
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Fig.  5.
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Pigure 6 shows another problem — the calculation of a circular

nozzle with an assigned shape. It gives the shape of the nozzle, the

sound line, and the pres sure d istributicn and long itudinal velocity

cn the upper and lower walls.

rig. 6.
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Conclusion

The net—characterist ic method proFosed for solving

multidimensional hyperbolic equaticns makes it possible to calculate

d i f f e r e n t  gas—dynamics  problems.  This  report  focused main l y on the

properties and peculiarities of the difference system, and the

results given are i l l u s t r a t ive, but  they  neve r the l ess make it

possible to determine tie class of problems which the system can be

used to solve. The analysis and numerous experimental calculat ions

shov that the method is sta b le and mcnc tonic, and that it makes it

possible to perform “through” calculations which do not generate

peculiarit ies.

This •ethod was developed at the  Moscow Physico—Techn ical

Inst i tu te  as part of the numerical m~thcd r€search pla n conducted

under the guidance of Professor 0. N. 9elotseckovskiy. The mai n

coflcepts of the method are published in the repcrt by N. N. Magomedov

and A. S. Kho lodov (18]. A. S. Xho lodov , V . I. Kosarev and V. V.

Piroqow conducted many cf calculaticrs usiny the nat—c haracteristic

method.

L . ~~~~~~~~~~
. .~~~~~~~~~~~~~~~~~~~~~ .
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