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we found that very high density plasmas may be heated with reasonably efficiency
by high quality, ultrarelativistic electron beams via the primary beam-plasma
streaming interaction.
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SECTION. T

INTRODUCTION AND SUMMARY OF RESULTS

OF RESEARCH ACCOMPLISHED

This research program concerns very high energy,
high power beams of charged particles and the interac-
tions which they may have with one another, with other
species of charged particles, or with surrounding
waveguide-diode structures via external or self-consistent
electromagnetic fields. The potential of such beams for
rapidly transporting energy may prove to have a number of
important applications for the Air Force. One ultimate
possibility is the creation of advanced new charged
particle weapons for the Air Force. A more immediate goal,
which has received significant attention in r;cent years,
is the possibility of generating ion beam pulses at

relativistic (i.e., GeV) ion energy by utilizing the

powerful collective electromagnetic fields which may be

sustained by relativistic electron beams. This research

e
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program is aimed at supporting, among other things, the ' 1

development of such collective ion accelerators.
The research problems of central importance to

this objective focus generally on obtaining a good under-

standing of the stable behavior of unneutralized or '
partially neutralized electron and ion beams, the inter- ‘

action of such electron beams with ions, and the

Y

interaction of such beams with background plasmas. The
study of these beam interactions is naturally 4
prerequisite to achieving the beam control required by

the various schemes for ion acceleration. The inter-

actions are predominately collisionless, within an
environment without gross charge neutrality, and occur via
powerful electromagnetic fields which are frequently
influenced appreciably by the presence of both passive )
external waveguide structures and active charge or current
sources (e.g., guide magnetic field coils).

We initiated our investigation of these problems
of relativistic electron and ion beam interactions under ‘

our previous AFOSR Contract F44620-72-C-0071, which

|
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terminated on June 30, 1976. A technical description of
this initial research is given in reference 1. Work in
this area then continued under AFOSR Contract No.
F49620-76-C-0002, which began on July 1, 1976 and termi-
nated orn September 30, 1978. This research is summarized
in this final report. Some additional research is also

l included for completeness, which was not accomplished
under this contract, as is noted in the remainder of this
section. We believe that substantial progress was

achieved in this research on the interactions of high

— e —

energy, charged particle beams, as described more fully
‘ below.

A problem of considerable relevance to schemes
for collective ion acceleration concerns the interactions

which may occur between a relativistic electron beam and

l. W. E. Drummond, J. R. Thompson, et al., "Turbulent
Heating of Plasmas by High Energy Particle Beams," Final
Scientific Report for AFOSR Contract No. F44620-72-C-0071,
August 1976. I-ARA-76~-U-80.
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a less dense species of ions., The motivation for con- l
sidering this problem is severalfold. Of primary impor-
tance to ion acceleration schemes is the fact that such
interactions between the subject ions and the background
electron beam will occur during the process of accelera-

tion, when the interactions have no desired purpose, but

wr——

must be assessed to determine how disruptive they are

on the electron beam and on the process of acceleration.
On the other hand, interaction between the electron beam
and the subject ions is also of interest as a possible
mechanism for both wave growth and ion loading into the
wave, provided that the growth saturates via ion
trapping. This possibility has been considered by
Indykul, et al. (reference 2), whose analysis was
supported by a one-dimensional, single wave computer

calculation of the nonlinear ion dynamics. Finally,

2, V. P, Indykul, I. P. Panchenko, V. D. Shapiro, and
V. I. Shevchenko, JETP Letters 20, 65 (1974).
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such electron-ion interactions stimulate the growth of
unstable eigenmodes on the electron beam, which may
eventually achieve large amplitudes before nonlinear
effects cause saturation of the growth. Consequently,
the electron-ion interaction problem is a handy vehicle
for the study of large wave, nonlinear effects, which
in turn are crucial to the determination of the maximum
accelerating electric field amplitudes which may be
sustained by the electron beam.

Reference 1 contains a discussion and references
to our early work on this problem, including both work
sponsored under AFOSR Contract F44620-72-C-0071 and also
work sponsored under Contract F29601-75-C-0029 on the
Auto-Resonant acceleration scheme. One finds that the
ions may interact with either of two "negative energy"
electron modes: 1longitudinal electron plasma oscillations
or electron cyclotron interactions. The former inter-
actions, in general, are much better understood from the
vast amount of prior research conducted across the country

on beam-plasma interaction via plasma waves. We have

—-how
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! concentrated our research on the latter cyclotron
interactions, which will tend to be the faster growing

when the electron beam is sufficiently energetic and

intense that (Qe/yewpe)1/3< 1. [Here Qe = eBz/Yemc is

the relativistic cyclotron frequency, oo = (47 N, ez/yem)’/2
is the relativistic plasma frequency, and (ye-l)mc2 is the
electron kinetic energy per particle.]

The work on these ion-electron cyclotron inter-
actions which we did prior to the July 1, 1976 beginning
of this contract was primarily concerned with the linear
theory of the interactions in waveguide geometry. One
important change from the usual charge-neutral linear
theory is that the ion response is strongly influenced by
the radial ion bouncing which occurs in the self electric

field of the electron beam, at frequency w_ = (2Yem/M)‘/2w

Bi pe’

; In fact, when the ion density is low enough that the

growth rate of the interaction falls below w then this

BL'

bouncing will be crucial to the interactian, and the wave

phase velocity will be proportional to w and independent

Bi

of the ion density.
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Research on the nonlinear phase of these ion-
electron cyclotron interactions was begun under Contract
F29601-75-C-0046 on the Auto-Resonant Accelerator
experiment, and was continued in the early months of this
AFOSR Contract F49620-76-C-0002. An internal ARA report
on these nonlinear effects was compiled in September, 1976
and is included as Appendix A, herein, in its entirety,
for the benefit of the reader. However, it should be
noted that the material in Sections III, V, and a portion
of VII of Appendix A was sponsored under Contract F29601-
75-C-0046, and has been previously published in reference 3.
The rest of Appendix A describes the AFOSR-sponsored
nonlinear work. This material in Appendix A was also.
presented in Paper 2T3 of the 18th Annual Meeting of the
Division of Plasma Physics of the American Physical Society

in November, 1976.

3. W. E. Drummond, et. al. "Conceptual Design of an
Auto-Resonant Accelerator Experiment,” Final Report for
Contract F29601-75-C-0046, May 1976. I-ARA-76-U-44.
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The chief results of this research on the nonlinear
phase of ion-electron cyclotron interactions were the
identification of a number of mechanisms by which the wave
growth could be saturated. Some were electron effects,
such as a nonlinear shift in the frequency of the cyclotron
wave, and some were ion effects, such as an evolution
of the ion trajectories in perpendicular (x,, v,) phase
space to a point where the ions ceased to gain energy.

As shown in Eq. (75) of Appendix A, the negative energy
cyclotron mode can only grow so long as the ions also gain
energy. As summarized in Eq. (78), the nonlinear effects
are important for short wavelength modes at lower wave
amplitudes than for long wavelength modes, and hence the
longer wavelength (e.g., small k;) modes should achieve

the largest amplitudes if their growth is otherwise allowed.
One of the most important results of this analysis (which
is also confirmed by the two-dimensional computer simula-
tions which were performed) is that for a wide range of
parameters, nonlinear effects associated with the transverse

electron or ion dynamics in the cyclotron wave enter to

saturate the wave amplitude before it becomes large enough

¢ ——




b

e —

for longitudinal ion trapping. Hence, the intuition
gained from the study of plasma wave interactions does
not extend to cyclotron wave interactions, where trans-
verse effects tend to dominate. The neglect of such
transverse effects in the Indykul analysis (reference 2)
therefore appears to be a serious deficiency. Our own
calculations support the general conclusion that ion-
electron cyclotron interactions tend to saturate at
wave amplitudes too low for longitudinal ion trapping,
and before there is catastrophic disruption of the
electron beam. Therefore, it appears that such inter-
actions are (i) probably unsuitable as a wave growth/ion
loading mechanism, but (ii) unlikely to disrupt the
acceleration process itself. We believe that this
research on the interactions between 5 sparse ion species
and the cyclotron modes of an electron beam, which was
sponsored about 50% under these AFOSR Contracts F44620;
72-C-0071 and F49620-76-C-0002, represents a significant

research contribution in this field.
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A second problem attacked under this AFOSR contract
was a stability analysis of a two-dimensional sheet beam
of electrons, in a magnetic field in a conducting wave-
guide. This calculation is included as Appendix B herein.
It is common practice in the theoretical analysis of
problems concerning unneutralized electron beams within
waveguides, to employ both cylindrical and cartesian (slab)
geometry. For certain analyses, the trigonometric
eigenfunctions which apply for slab geometry afford a
measure of convenience compared to cylindrical Bessel
eigenfunctions, and yet there is usually little difference
in the underlying physical interactions. Nevertheless,
there is a constant need for vigilance and comparison, to
insure that the slab analyses overlook no important effects
which might be rooted in cylindrical geometry. To this
end, the slab geometry stability calculation is important,
and it may be compared with the previous calculation we

have published for cylindrical geometry (reference 4).

4. H. V. Wong, M. L. Sloan, J. R. Thompson, and
A. T. Drobot, Physics of Fluids 16, 902 (1973).
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Naturally, it is crucial to understand the conditions
under which the electron beam itself will be stable,
before addressing more complex questions of beam
interaction.

For this analysis, we also imposed a restriction
to two dimensional perturbations, assuming that one
coordinate is ignorable for both equilibrium and pertur-
bed quantities. Although this limits the generality of
our result, such a restriction is appropriate to two-
dimensional slab geometry computer codes which have been
frequently employed to examine relativistic electron beam
phenomena.

The approach of the calculation is to compute the
second order gquantity fd’x J;*E,, which drives the
electromagnetic field energy in time according to Maxwell's
equations. Under our assumptions, it is possible to
employ the linearized Vlasov equation to express this
quantity as a total time derivative, thereby obtaining an
energy constant of the motion. This in turn leads to an
energy principle for the stability of a common class of

slab equilibria. One finds that Neb/YeBz must be bounded

11
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above to insure stability, where Ne is the beam density
and b 1is the half-width of the conducting waveguide.
This scaling agrees with the previous cylindrical

result,

Another task we have undertaken for this AFOSR
contract is to determine accurately the limiting currents
for magnetized injection of an unneutralized relativistic
electron beam into a cylindrical drift tube. This
problem has been extant for years, but so far only the
nonrelativistic solution (reference 5) and an approxi-
mate interpolation formula (reference 6) for the rela-
tivistic solution have been published. Our work is
included as Appendix C herein, in the form of an article

appearing in the November, 1978 issue of The Physics

of Fluids. A port.ion of this work was also supported

5. L. P. Smith and P. L. Hartman, Journal of Applied
Physics 11, 220 (1940).

6. L. S. Bogdankevich and A. A. Rukhadze, Soviet Physics
Uspekhi, 14, 163 (1971).
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under Contract DASG60-76-C-0045 by the Ballistic Missile
Defense Advanced Technology Center.

This problem is to calculate the steady state,
propagating beam equilibrium for a laminar, unneutral-
ized, cylindrical relativistic electron beam, which is
initially solid and monoenergetic at the anode plane.
The beam, of radius a and initial kinetic energy
o 1)mc?2 is injected along a very strong axial
magnetic guide field into a coaxial drift tube of

radius b 2 a, and length L >> b. The tube end-effects

? and beam-front transients are neglected. As the beam
electrons propagate into the drift tube, the central
electrons are axially slowed by space charge effects
more than the edge electrons, so that the beam density
n(r) becomes peaked on axis while the relativistic
factor y(r) becomes hollowed on axis. For given

' values of = and b/a, the injected current is a
peaked function of Yy = y(r=0), as illustrated in Fig. 1l

A 13
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of Appendix C. It is desired to know the value of the
peak, or limiting current I; which may be injected into
the drift tube, as well as the corresponding factor :
of the center electrons, as a function of the parameters
Y, and b/a.

Previously published relativistic analyses have
essentially ignored the radial dependence of the axial
density compression which occurs, and have considered
only the special cases of needle beams (ln b/a > > 1) or
ultrarelativistic beams (Yo > > 1). The interpolation

formula (from reference 6) which is widely cited is

2/ 3_1) 3/2

me? (Yo
 %.Te 12 in by

and the corresponding value of y, is vy = 701/3. The
more exact analysis which we have performed indicates
that this interpolation formula underestimates the true
limiting current by over 20 percent in some cases.
Furthermore, the corresponding expression for the axial
electron energy overestimates the true "limiting energy"

by more than an order of magnitude in some cases. For
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example, in the limit of a fat (i.e., 3 + 2 1n b/a < <

Y02/3), ultrarelativistic electron beam, we find

/L b 1/3
Yor N > Qn L 1 + 2 1n a) £ % Vs .

Since this limiting current problem is of such

broad relevance to various electron beam applications,

we feel that our theoretical analysis under this AFOSR
contract, supplemented by numerical calculations and
ultrarelativistic theory under contract DASG60-76-C-0045,
will be considered an important contribution to this
field of research. For example, schemes have recently
been proposed by Miller, et. al. at AFWL, Kirtland AFB,
New Mexico for the collective acceleration of ions which
rely on the controlled motion of a virtual cathode (where
Ta™ 1 and some center electrons are reflected) created
in an intense relativistic electron beam. Since virtual
cathode formation occurs due to excess space charge slowing
soon after I > IL' and since the incremental distance to
formation of the virtual cathode is dependent on Yer’ it
is desired to know both IL and YeL accurately in designing
the motion of the virtual cathode. We believe that our

calculations fill this need, and we have in fact been

e
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informed by Miller that good agreement has been observed
between our predictions for the limiting current thresh-
old and relativistic particle simulations of virtual
cathode formation. Our work on this problem appears to
complement similar work at AFWL which has been based on a
different approach, and has focused more on the case of
hollow electron beams.

A fourth problem which we have pursued under this
AFOSR contract is the radial structure of linear beam
eigenmodes in waveguide geometry. We have bggun with a
theoretical examination of the influence which a radial
dependence in the relativistic factor y(r) has on the
structure of the relativistic electron beam cyclotron
mode, and this calculation is included as Appendix D herein.
Such a radial dependence in y(r) may be created by the
above mentioned space charge slowing which occurs
non-uniformly when a beam is injected into a waveguide.
Knowledge of the radial eigenmode structure is important
to almost any application which would exploit the cyclotron
waves, including particularly the ion acceleration and

microwave generation schemes based on these waves.

16
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It is found in Appendix D that a variational
principle can be formulated which allows an accurate
determination of the eigenvalues of k ,a, where 'a' is
the radius of a beam bounded by a conducting wall.

These eigenvalues are found to increase significantly

as y(r) varies from being uniform (as at the anode) to
having the asymptotic radial dependence approached far
down the waveqguide. For instance, the value of k ,a for
the lowest (no nodes) cylindrically symmetric eigenmode
increases from 2.95 to 5.77. Accompanying this increase
in k;a is an evolution in the field profiles toward more
peakedness at the beam edge. This is particularly true
of the radial electric fields and the perturbed perpen-
dicular electron velocities. However, the axial electric
fields of the wave do not have a significantly altered
radial structure due to the Y (r) dependence.

One reason that this calculation is important, is
that the larger the eigenvalue k;a, the closer is the
cyclotron motion of the electrons to resonance with the
oscillating fields of the corresponding eigenmode. Hence,

the y(r) dependence may significantly alter the threshold
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for the onset of nonlinearities, and may impose somewhat
more stringent restrictions on the beam "temperature"
threshold at which Landau damping effects become
important. 1In addition, of course, for many applications L
the eigenmode structure is relevant in and of itself.

Appendices E ard F contain material
describing research on relativistic electron beam-plasma l
heating, which was conducted under our previous AFOSR

Contract F44620-72-C-0071 and was reviewed under this

present AFOSR Contract F49620-76-C-0002. The material in

Appendix E is some previously unpublished lecture notes
summarizing some of our conclusions on relativistic

electron beam-plasma heating. These notes were compiled

for a July 1974 presentation by Dr. Drummond at the ;
Fourth National School on Plasma Physics, Novosibirsk,

which was mentioned in reference 1. Appendix F is com-

prised of three letters in which this beam-plasma heating

research is reviewed and in which our conclusions are

compared in some respects to those of Thode, et al. (as l

described in several references listed in the third

letter of Appendix F). The primary result is that we

l
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seem to be in agreement that very high density plasmas

may be heated with reasonable efficiency by high quality
(low angular scatter), high-y (ultrarelativistic) electron
beams, via the primary beam-plasma longitudinal streaming
interaction.

In Appendix G we reexamine the problem of the self-
consistent equilibria which exist for an unneutralized,
relativistic electron beam injected into a cylindrical wave-
guide along an external magnetic guide field. One objective
of this equilibrium analysis is to determine the self-
consistent radial profiles of all equilibrium quantities,
including the electromagnetic fields and the number density
and flow velocity of the electron beam. These equilibrium
properties are in turn needed to determine the linearized
eigenmodes (or waves) which may be supported upon the electron
beam.

In order to self-consistently compute the various
equilibrium quantities, assumptions about the nature of the
beam equilibria are required, since many different equilibria
are possible in general. It is most accurate to make these

assumptions about the conditions of creation of the beam at

19
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the cathode, with conservation equations then utilized to
complete determination of the equilibrium quantities in the
downstream region of the waveguide where the beam energy is
to be extracted for the application of interest. 1In this
way the problem of mating the beam to the waveguide is
addressed, and the accessibility of the equilibrium is
included in the calculation--which would not be the case

if ad hoc assumptions were instead made about the downstream
equilibrium.

The use of equations for the conservation of particle
number, particle energy, and particle canonical angular
momentum--which will be valid for all steady state, 6-
symmetric electron beams-~allows the downstream equilibrium
to be linked to the known cathode conditions while avoiding
the chore of computing the actual beam trajectories all the
way downstream from the cathode. However, even with the aid
of such conservation equations, the complete set of equations
which determine the beam equilibrium is highly nonlinear in
general and mathematically tractable only to numerical compu-

ter solution, Fortunately, there exist a number of small

20
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1 parameters which are exploited in Appendix G to obtain an
: iterative analytical solution for the equilibrium, and these
parameters remain small throughout the parameter space antici-
pated for many electron beam applications. These same small
parameters also permit the simplification of the linear theory
!

————

. R

& of waves supported by the electron beam equilibrium. These

parameters, and the underlying physical phenomena which they

reflect are itemized below.

Ie(kA)
5 Bz(kG)a(cm)YBz

(1} e, = --Axial Diamagnetism,

Relativistic Beam
Frame Precession

p—-— N e
N

——

Because of the electromagnetic self-fields produced by the
space charge and current of the unneutralized electron beam,
an axial magnetic guide field must be present for equilibrium
and the beam must precess in this field with an angular

velocity Be(r)c to create a B Bz

9 pinch force.

However,
this 6-precession causes a diamagnetic reduction in the

strength of the Bz field witin the electron beam, and the

relative magnitude of this reduction is characterized by

21
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Also, in the beam frame of reference, Bea(a) = ei/z,

i 61-

! sO that ei/z characterizes effects of relativistic pre-

r~
Po——

cession in the beam frame.

E1/2

I e

(2) Be(a) = == fg B Forces, Bg n Current
. g9
t e
Density Sources, o g

Convective Derivative Terms

——

Because the beam equilibrium contains a zero order 6-velocity,

the linearized equations which describe the waves supported

by the equilibrium will have a number of complicating terms
traceable to this velocity. These terms reflect such physi-
cal phenomena as perturbed 8 skin currents on the beam,
and they can permit resonances at the laboratory frame fre-
quencies of interest which involve 8 fluting modes (i.e.,

|
oy |

i

Ie(kA)
\ (3) €, = 3 3 -=-Centrifugal and
. 4 ke Bz(kG)a (cm)sz Coriolis Forces
; Because of the precession of the electron beam, there are '

outward radial centrifugal forces YmBg/r which must be

DO i it
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contained to achieve an equilibrium, and in the linearized
equations of motion, there are both centrifugal and Coriolis
forces which influence the nature of the waves. Further-
more €2 = Zw;e/YZQ;, where wpe is the relativistic plasma
frequency and Qe is the relativistic cyclotron frequency.
Consequently, (82/2)‘/2 characterizes the ratio of the
longitudinal plasma frequency wpe/Y to the cyclotron
frequency, and hence characterizes the degree of coupling

which exists between these linear eigenmodes.

(4) y~? -- 8,1 - Bz Longitudinal Beam
Compression

When this parameter is small, the beam is ultrarelativistic
in the laboratory frame of reference, and the difference
between the beam velocity Bzc and the speed of lignht ¢
may be neglected. If B is also small, there can be no

¢

longitudinal compression of the beam within linear theory.

2¢e I (kA) AB
(5) s S =1: 3 $ Bz = e;z -- Space Charge
Y s2 Y z z . z Limitations
23
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These parameters characterize the relative magnitude of
the radial variation in y and Bz of the beam, which
arises when the central electrons are preferentially
slowed by the space charge forces which oppose the propa-
gation of the beam into a conducting waveguide. If these
parameters are too large, it is even possible for a virtual
cathode to be established in the waveguide, from which
electrons may be axially reflected.

In Appendix G, analytical expressions for the beam
equilibrium quantities are derived through an iterative
process in which the parameters of (1), (2), (3), and (5)
are treated as small but finite. Expressions are obtained
which describe many of the features discussed above. One
interesting result is a generalization of the pencil beam
limiting current formula to the case in which the magnetic

guide field is not infinite:

2/ o 3/ 2
% 5 mc } (Yo ol
L e b _1 Y T
1+2£’na 4€l(Y Yo)
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This result suggests that the limiting current should
increase somewhat as the magnetic field is decreased,
which agrees with reported observations from numerical
simulations of this problem. However, so long as the
parameter El is small, this effect should be weak, and

consequently the infinite magnetic field limiting current

results of Appendix C should retain their validity so long

The phenomena represented by the above five
parameters can also significantly effect the linear waves
supported by an unneutralized electron beam. Two limits
which have often been invoked in prior calculations are
the infinite magnetic limit (for studying plasma waves)
and the ultrarelativistic limit (for studying cyclotron
waves). In the infinite magnetic field limit, the
B and ¢

parameters ¢ are neglected, and the

3° T8 2

~ ~

perturbed velocities Be. Br also tend to zero. Hence
the perturbed electron motion is strictly axial in this
case, and plasma modes are allowed.

By comparison, in the ultrarelativistic limit, the

parameters Y, Bz' and Ie are tended to infinity in
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such a way that the ratio of any two of these guantities
remains finite. 1In this way, the relativistic cyclotron
and plasma frequencies (Qe and wpe) remain finite, but

longitudinal mass terms and precessional terms tend to

bt

zero. In this limit the parameters ¢ B £ and vy

2’

all are neglected, and the perturbed velocity Bz also

gt
tends to zero. Hence the perturbed electron motion is
strictly transverse in this case, and cyclotron modes are
allowed.

In either the ultrarelativistic or the infinite
magnetic field limits, there is no coupling between the
cyclotron and plasma modes. Also, in neither of these
limits are the Ay space charge effects intrinsically
small, and the radial dependence which they entail greatly
complicates the mathematical eigenvalue problem within
linear theory. Consequently, we have examined these space
charge effects in separate calculations. In Appendix D
the space charge effects on the electron cyclotron wave
are considered within the ultrarelativistic limit, while

in Appendix I the space charge effects on the longitudinal

26
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plasma wave are considered within the infinite magnetic
field limit.

In Appendix H, the linear theory of collective
waves supported by an unneutralized relativistic electron
beam is examined in the limit that the parameters El'

B AY/Y, and ABz/Bz are negligible, but the parameters

el

€ and y—?

2 remain finite. This allows the linear theory

to be solved in terms of relatively simple eigenfunctions
(i.e., Bessel functions), while retaining the effects of
longitudinal compression, centrifugal and Coriolis forces,
which are significant for many applications. In this way,
the dispersion relation for plasma and cyclotron waves may
be derived which retains the coupling effect between these
waves. Either the ultrarelativistic or the infinite magnetic
limits may still be taken if desired, but at a later stage
in the calculation. For both plasma waves and cyclotron
waves, the coupling to the other mode is characterized by
the €, parameter. For example, the dispersion relation
for the negative energy cyclotron wave, subject to certain
orderings discussed in Appendix H, may be approximately
given by
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where k? = ki + k;. Here the 2w;e/y2 correction term
reflects the centrifugal and Coriolis forces, while the
w;e ki/yzk2 correction reflects the longitudinal beam
compression. These longitudinal plasma wave corrections
are in opposite directions, and upon expanding the square
root, their net size relative to the cyclotron frequency
is seen to be about % €y

In Appendix I, the Ay space charge effects on
the longitudinal plasma wave are considered in the infinite
magnetic field limit. Previous calculations7 in the pencil
beam limit Y;/3 << 1 + 2 n b/a had suggested that the
normalized plasma wave phase velocity 8¢ g w/kzc could
only be made small (as desired for ion loading in a Conver-

ging Guide Accelerator) by increasing the electron current

extremely close to the limiting current which can be

7. R. J. Briggs, Phys. Fluids 19, 1257 (1976).
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propagated without virtual cathode formation. In this
Appendix I, we found through both analytical and numerical
calculations, that this unfortunate result appears to also
hold for more realistic nonpencil beam geometries where
the radial variation in the equilibrium quantities v, Bz'
Ne is significant. The plasma wave eigenfunctions were
also examined, and found to be somewhat more peaked near
the beam axis when the limiting current conditions were
approached.

Finally, in Appendix J we have examined the effect
of a finite thermal spread in the axial beam velocity on
the dispersion relation for the electron cyclotron beam
mode in the ultrarelativistic limit. The calculation is
performed in slab geometry, and the equilibrium distribu-
tion function is taken to be a §-function in energy with
a spread in transverse momentum. This approximates the
thermal spread acquired by a relativistic electron beam
upon passage through an anode foil. The result which was

found is that if the transverse velocity scatter v is

low enough so that
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and if finite Larmor radius effects can be neglected

]

QD
N

then the electron cyclotron beam modes will propagate
undamped by kinetic effects.

We believe that the results produced under this
contract have been substantial, and have relevance to a
moderately broad spectrum of problems of interest to the
Air Force. We believe that this research has helped to !
raise the level of understanding of beam interactions to ‘
a point that will soon permit the practical and efficient
realization of a number of applications, such as collective

ion acceleration and microwave generation.
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SECTION I X

LIST OF PUBLICATIONS AND PRESENTED PAPERS

Some of the research accomplished under this
contract was included in the following talks and papers:

l. "Nonlinear Effects on the Cyclotron Mode of a Relativ-
istic Electron Beam,"--Poster Paper 2T3 presented by
H. V. Wong, G. I. Bourianoff, and J. R. Thompson at
the 18th Annual Meeting of the Division of Plasma
Physics of the American Physical Society, San Francisco,
California, November 1976.

2. "Ion-Electron Beam Interactions and Nonlinear
Effects"--an invited seminar presented by J. R.
Thompson at The University of Texas at Austin, Texas,
February 28, 1977.

3. "Limiting Currents of An Unneutralized Magnetized
Electron Beam in a Cylindrical Drift Tube," J. R.
Thompson and M. L. Sloan, Phys. Fluids 21, 2032 (1978).
This material was also presented as Poster Paper 5AS8
by J. R. Thompson and M. L. Sloan at the 19th Annual
Meeting of the Division of Plasma Physics of the
American Physical Society, Atlanta, Georgia, November
1977. 1In addition it was published in the Proceedings
of the 2nd International Topical Conference on High
Power Electron and Ion Beam Research and Technology,
Cornell University, Vol. II, 729 (1977).

4. "A High Current Collective Ion Accelerator,"--Invited
Paper R10.5 presented by J. R. Thompson at the Fifth
Conference on the Application of Small Accelerators,
Denton, Texas, November 1978.
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SECTION I I1I

TECHNICAL APPENDICES

A. Nonlinear Effects in Auto-Resonant Acceleration

(This appendix was an internal ARA report, compiled in
September 1976. It is included in its entirety, for the
benefit of the reader; however, the material in Sections
III, V, and a portion of VII of this appendix was sponsored
under Contract F29601-75-C-0046, and has been previously
published. The rest of this appendix describes the
AFOSR-sponsored nonlinear work. This material was also
presented in Paper 2T3 of the 18th Annual Meeting of the
Division of Plasma Physics of the American Physical Society

in November 1976.)

B. Stability of Slab Electron Beam Equilibria

C. Limiting Currents of An Unneutralized Magnetized Electron

Beam In a Cylindrical Drift Tube
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(This appendix is the journal publication: J. R. Thompson
and M. L. Sloan, Phys. Fluids 21, 2032 (1978). The material
was also published in Proceedings of the 2nd International
Topical Conference on High Power Electron and Ion Beam
Research and Technology, Cornell University, Vol. II, 729
(1977). The work was partly supported under Contract

DASG60-76-C-0045.)

D. Influence of Spatial Variation in y on The

Relativistic Electron Beam Cyclotron Mode

E. Relativistic E-Beam Plasma Heating

(This material consists of previously unpublished lecture
notes compiled for a July 1974 presentation at the Fourth
National School on Plasma Physics, Novosibirsk, U.S.S.R.
The work was sponsored under our previous AFOSR Contract
F44620-72-C-0071, and is included here since it was
reviewed under this present contract and is referenced in

the following Appendix F.)

F. Letter Summary of Beam~Plasma Heating Research and

Comparison of Results with those of Thode, et al.
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(This material consists of three letters: Brendan B.
Godfrey to James R. Thompson, James R. Thompson to
Richard L. Gullickson, and James R. Thompson to Brendan
B. Godfrey. It contains a review and comparison,
accomplished under this contract, of prior beam~heating

research.)

G. Self Consistent Equilibria of Unneutralized Relativistic

Electron Beams

H. Linear Theory of Collective Waves Supported by an

Unneutralized Relativistic Electron Beam

I. Linear Theory of Plasma Waves Supported by a Radially

vVarying Electron Beam in a Magnetized Waveguide

J. The Effects of Finite Thermal Spread on the Electron

Cyclotron Beam Modes
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NONLINEAR EFFECTS IN AUTO-RESONANT ACCELERATION

by

W. E. Drummond
J. R. Thompson
H. V. Wong
G. I. Bourianoff

Austin Research Associates, Inc.

I. INTRODUCTION

In recent years, a number of collective ion accelera-
tion methods have been proposed. 1In 1973, a passively con-
trolled method (known as Auto-Resonant acceleration) of
collectively accelerating ions within the potential troughs of
a negative energy mode of the electron beam was suggested,l'2
which appears to afford the possibility of producing up to
kiloamperes of ion current, at relativistic ion energy, with
pulse durations which might be an appreciable fraction of
the electron beam pulse duration. Among the attractive
features of this concept are the following:

(i) the collective feature allows fairly large

accelerating electric fields of order MV/cm,
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permitting reasonably short accelerators; l
in addition the collective fields of the
electron beam permit substantial ion currents
in the range of 0.1 - 1 percent of the electron
current to be produced without unacceptable

performance degradation;

(ii) the use of a travelling body wave of the
electron beam, rather than a localized
potential depression, permits the acceleration
of a quasi-continuous train of ions throughout
a major portion of the electron beam pulse
duration; in addition, the ion energy per
particle can be raised to a level bounded
theoretically only by the ion-to-electron mass
ratio times the electron energy per particle; {

(iii) the passive method of controlling the accelera-
tion of the wave (and ions) avoids technological
switching difficulties; and

(iv) the negative energy feature of the wave permits
the electron beam to automatically supply power

both for accelerating the ions and for sustaining
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the electric potential of the travelling
wave as it accelerates the ions.
Although one or another of these features are common to
various other schemes of ion acceleration, in combination
they seem to be unique to Auto-Resonant acceleration.

The negative energy electron beam mode which was
selected for Auto-Resonant acceleration was the lower (slower)
electron cyclotron eigenmode. This mode was selected because
it alone seemed to possess the desired characteristics of a
phase velocity which could be varied from a value much less
than c¢ (the speed of light) to nea£ thé beam velocity, as
well as a simple method of passively controlling the phase
velocity: flaring the guide magnetic field to spatially
reduce its strength.

Although the central features of this accelerator
concept are embodied in a single "accelerator section"
wherein the magnetic field strength is reduced to accelerate
the cyclotron wave, a number of other sections or components
will be necessary to complete a practical accelerator system.

These components may be conceptually itemized as follows:
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(1) High-voltage power supply |
(2) Electron-beam diode

(3) Beam-compression/tailoring section (optional)

(4) Cyclotron wave~growth section [

(5) Ion loading section

o e—t

(6) Ion-wave accelerator section

(7) Accelerator termination

Since these components are intrinsically interrelated,
a program of theoretical support for the construction of such
a system must encompass each of these areas. We describe
herein the results of only a small portion of such theoreti-
cal research, concerning nonlinearities in the cyclotron wave
amplitude, which may affect the central components (4), (5),
and (6).

Naturally much of the early calculations of the Auto- )
Resonant Accelerator have been based upon linear analysis of
the electron cyclotron mode, which is valid when the mode
amplitude is sufficiently small. For example, the detailed
investigation of various means of growing the cyclotron

eigenmcde has been conducted within linearized theory, as /
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has the analysis of ion loading and acceleration. However, it

is of interest to determine the mode amplitude level at which

nonlinear effects first become important for a number of

reasons:

(1)

(2)

(3)

(4)

the successful functioning of the accelerator
for nonlinear wave amplitudes has not yet

been theoretically established (or disproven);
nonlinear effects may well cause saturation

of the linear growth mechanisms, establishing an
upper bound to the achievable mode amplitude;
theoretical knowledge of such nonlinear satura-
tion amplitudes and mechanisms is needed for
comparison with computational and experimental
investigations; and

knowledge of the magnitude and parameter scaling
of nonlinear mode amplitudes is a valuable design
tool, since this information bears heavily on the
required length of both the growth and accelera-

tion sections of the accelerator.

Therefore we have examined situations where the

amplitude of the electron cyclotron mode increases, such as

r
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for an electron-ion instability or an electron-waveguide
instability, to determine the amplitude level at which
nonlinearities become important. The latter case may
include either a resistive liner interaction, where the

resistance allows the negative energy cyclotron mode to

poees  GEEN TN e e e

grow in amplitude, or else an interaction between beam
modes and modes supported by some form of surrounding slow
wave structure. Such interactions are relevant as possible
growth mechanisms for the cyclotron mode prior to ion load-
ing and wave acceleration.

On the other hand, interaction between the electron
beam and the subject ions is also of interest as possible
mechanism for both wave growth and ion loading, provided
that the growth saturates via ion trapping. This possibility
has been considered by Indykﬁl, et al.,3 whose analysis was ‘
supported by a one-dimensional, single wave computer calcula-
tion of the nonlinear ion dynamics. 1In addition, electron-ion
interaction will also occur during the process of accelera-
tion, when it has no desired purpose, but must be assessed to
determine how disruptive the interaction is on the electron

beam and on the acceleration process. This electron-ion

.
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interaction problem has been selected as the

vehicle of our

detailed nonlinear calculations, although some of the results

are also relevant when the cyclotron mode is

different fashion.

excited in a

The influence of nonlinear effects may be broadly

characterized in two different ways, and our

results have

been divided into the resulting four categories as shown on

the chart below:

Electron Ion
Effects Effects
Violation of primary
conditions for Section III Section 1V
linearity
Growth saturation
without vi i
" SOIRELEY Section V Section VI

primary linearity
conditions

The first division separates nonlinearities which influence

the electron-wave dynamics from those which influence the

ion-wave dynamics. For example, the Indykul calculation

-7-
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would encompass only ion nonlinearities since the electrons
were "legislated" to obey linear theory:; likewise, an
electron-waveguide instability can manifest only electron
nonlinearities.

The second division separates those cases where it
is possible to construct a nonlinear theory which retains
its validity to the point of growth saturation, so that
the saturation amplitudes are known precisely, from cases
for which linear approximations breakdown before a satura-
tion mechanism appears. In this latter circumstance,
experience frequently suggests a correlation between wave-
growth saturation and the breakdown of linear approxima-~
tions, which can often be substantiated by computer
simulations or by experiment.

Before describing our analytical results, we first
describe briefly our approximations and the linear theory

of the electron cyclotron wave.
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ITI. APPROXIMATIONS AND LINEAR THEORY

Below are definitions of the symbols and notation

which has been

(x,¥,2)

-
A =

-
X

<>
]

oz

oxX

B
oy

used:

coordinates of slab geometry

unit vector in the axial direction
unit vector in the radial direction,
normal to the beam and waveguide

boundaries

unit vector in the transverse, ignorable
direction

radius (half-width) of the conducting
waveguide

speed of light

- external magnetic guide field

DC self electric field of the electron beam
DC self magnetic field of the electron beam

DC self electric potential of the electron
beam

(E ,E E )[or(E +E ,E )] = perturbed components of the wave

y'

ele trfc field

(B ﬁ .E )[or(B ,B ,B )] = perturbed components of the wave
magXetic field
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A (or A ) = certain linear combinations of Ex' B o 1
, B , B Y .
. X y
$(or ¢ = perturbed electric potential function l
kz(or ko) = axial component of the wave vector [
k* (or kL) = radial component of the wave vector
2 <o 2 2 l
k = ki + ko
w (or wo) = frequency of the electron cyclotron wave {
-e, m = electron charge, mass
no = mean electron number density
a = electron beam radius
uo = Boc = DC electron axial flow velocity
2, =1/2
¥ = (1 - so) = DC electron y-factor
o (x) = mean transverse electron drift for radial
b4 equilibrium
e S somi |
W = (4r n_ e*/vy m) = relativistic electron
P plasma frequency §
Q = (e Bo /Yo mc) = relativistic electron
cyclo%ron frequency
Sw = Qw;/'kac2 = width of cyclotron resonance
ol = perturbed electron density
% = perturbed radial electron coordinate ‘
Exc = perturbed radial electron velocity ‘]
Ezc = perturbed axial electron velocity
r ¥ = perturbed electron y-factor ] .
«10= l ,§
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|
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e,M = ion charge, mass
N, (x,t) = total ion number density
ﬂoi = mean ion number density
ai = radius of ion distribution
xoi = radial coordinate of equilibrium ion motion
¥ i = radial velocity of equilibrium ion motion
wg = (4mrn e2?/M)¥2 = radial bounce frequency of an ion
the self electric field on of the electrons
W s W =k ,k [e&(O)/M]”2 = axial, radial bounce frequency
Bz Bx L ; :
of ion in the wave electric field
: = (4nn ., e?*/M)V2% = jon s equenc
wpl (1'rnOl /M) ion plasma fregquency
Qi = (e Boz/Mc) = jon cyclotron frequency

ﬁi(or n,) = perturbed ion density

ﬁi = perturbed radial ion coordinate
Gx = perturbed radial ion velocity
Gz = perturbed axial ion velocity

J(or J) = perturbed total current density
?(or p) = perturbed total charge density

1% = linear growth rate of electron cyclotron wave

Aw = nonlinear frequency shift of the electron
cyclotron wave

Perturbed quantities with a tilde (e.g., Ex) are representa-

tions in the usual configuration space, while those without

wlle

e




— .

pE— v v = g ——

the tilde (e.g., Ex) are representations of the Fourier
coefficients for the basis functions exp(- iwt + ikzz).
Also, the quantities ), kz' K* are the frequency/
wavenumber components for a general wave, while B ko'
k, are the particular values existing for a pure electron
cyclotron mode.

As a basis for the nonlinear calculations toc be
described later, we first consider a slab model equilibrium
in which a cold relativistic electron beam of uniform density
ng propagates with uniform velocity uo -+ ¢ along a uniform
guide field Boz in the z-direction, and interacts with a
sparse group of ions whose axial velocity is zero. For

ready reference, a number of the approximations or restric-

tions which underlie this calculation are listed below.

S; = Sg = 0 for equilibrium (1)
é% = 0 for both equilibrium and waves (2)
E, (x) =Ez(—x) (3)
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(It is desired that these inequalities be well satisfied.)
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| . Both the electron beam and the ions are assumed to be

infinite in the z- and y-directions, but are bounded by

-

conducting plates at x =+ b >~ % a; Eg. (6) avoids the
need for a multiple region calculation.
The electron beam dynamics is described by the cold

fluid equations:

3N

[ 2 1 apl ing) = 2
d e
' a: mivgr * -8k ~T X 2B (17)

with closure obtained through the usual Maxwell equations.
‘ The velocities and electromagnetic fields of the

beam equilibrium are
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The electrons are assumed ultrarelativistic, according to
Egs. (8) - (10), which allow neglect of the transverse
drift velocity voy as well as the diamagnetic corrections
to the guide magnetic field. The electron equilibrium is
assumed uniform, as indicated in Eg. (7).

If we subject this equilibrium to small amplitude
perturbations, electron beam-cyclotron modes propagate along
the beam. These cyclotron modes will be largely decoupled
from the longitudinal plasma modes due to the high-vy
assumptions, and they are the subject of this linear analysis.

Let us define the new variables

u
=F £+ 4iE 1B £4i8)
x y o X Y

e
A

From Maxwell's equations, we obtain the following equation

~t
for A .
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where the boundary conditions on A at x =+ a are:

(20)

?
a

BA* ai_ ~ _O_"'\
+—"8“(°’c2Jz)

If we restrict the analysis to perturbation with no
variations in vy (3/3y = 0), and consider perturbations of
the form exp(- iwt + i kzz), then from Eq. (17) and Eq.

(19), we obtain:

62

=3 \ At 0 2
dx? AR e Bk
where
P lw-k u )
*2 PREPEY P z o <
2 - o —— )
5 kz c? cz(w‘-kz ug + Q) e

Assumption (8) allows neglect of the perturbations in the
axial electron velocity because of the large longitudinal
mass. Likewise, the electron high~yo assumptions imply

that Ee -(uo/cﬁ Sze + 0 and may be neglected.
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Solving Eq. (21) subject to assumptions (4), (5),
and the boundary conditions (20), yields the dispersion
relation for the electron beam cyclotron mode (g = Wy’

k =k, k" =k,) symmetric in Ez

z o) L

- Q k® c?
o o o (k® c2 + w;)

ka

k® + g9 (23)
(o] L
tan kla = - kLa

Here assumption (4) for nonrelativistic wave speed tends to
be justified for these interactions with ions, and permits
simplification of the cyclotron eigenfunctions by decoupling
the light modes. Assumption (5) implies strong decoupling
of the positive and negative energy cyclotron modes, which
also simplifies the cyclotron eigenfunctions.

For the lowest modes, k'a =k aw~2, 4.9, 8, . ..

The eigenfunctions are
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A*(x) = A shK*x
o o

s k*a _
= i . "
Ao(x) Ao g sh K™x (24)
~ A x sin K+a .
o a
. i
Letting Ao = [Aol e , it may be shown that the perturbed

electric potential function is

k,c?|a |
o
d(x,t) = - 02 sk X o (kz -0t + 0 (25)
so that
ed(0) | _ k*er
yme?{ |y mQ3 (26)
o o

and the corresponding perturbed electric fields are

E =-23, £ =-213% (27)

=
z 9z X ax
As indicated by assumption (3) we are considering only those

waves symmetric in Ez (x). Qualitatively similar results

may easily be derived for the antisymmetric waves.
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2 If a small fraction of ions with mean density | :
k ﬁoi is introduced into the electron beam, electron-ion
streaming instabilities occur due to coupling of electron |
beam-cyclotron modes to the ion motion. Assumption (11) 1
insures that the equilibrium is not appreciably affected
-+
by the ions, and we obtain for A :
( & 4 x"'a) 2% w 4me < n, (x) (28) i
3ax2 .- B R :
{
where ni(x) is the perturbed ion density.
1
Equation (28) may be solved by first order perturba- ? {
i
tion expansion about the cyclotron mode. Let '
% e
A (x) = 5 1 e ‘
+
w =Wy W,
D - -
. o 1 ) ; |
where :
* * |
Al < Ao bWy < W, kl < k° ’ J
o
and Ao is given by Eq. (24).
The most stringent condition for the convergence of
this perturbation expansion is obtained from the perturbation
r»
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of the quantity K*?2

» defined in Eq. (22). This convergence
condition eventually leads to Eg. (15) that the growth rate

T be less than &y = Qw;/kzc2

SRS S - ——————

By subtracting Eq. (21) from Eg. (28), and forming a
Rayleigh-Ritz integral to avoid solving for the first order

* :
eigenfunctions A we obtain

l’
+a

e at” K
f x BT (x) | + & 2| Al (x)
-a

(29)
+a

~ 4me I dx [A;*(x) % A;*(X)] éi ni(x)

.—l
Qo
€ |o
3+
1)
|
o
Fol (oY)
(o)
+
N
£

-a

To complete the dispersion relation, we need the perturbed
ion density ni(x).

Since the ions will be non-relativistic in the
laboratory frame of the calculation, the dominant forces on
the ions are those due to the electric fields, and in the
limit of Eq. (5), «k*? = ki > k:, and the E_-component

| is the largest. Thus, we obtain for the ion dynamics:
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= -y
at X
(30)
dvx . e
T = - me + M Ex(x,z,t)
where the term - w;x is the radial restoring force due to

the self-electric field on of the electron beam, and the

perturbed electric field is Ex of BEa. (27).

For sufficiently high ion density and for low magnetic

field strength, the growth rate of these ion-electron cyclotron

interactions can exceed the perpendicular bounce frequency
wg and these equilibrium oscillations may be ignored.
However, for electron beam and magnetic field parameters
typical of state of the art experimental facilities, this may

require ion loading corresponding to kiloamperes of output

ion current. Hence, we shall not discuss this regime herein,

but will address the more likely regime of lower ion density,

where the growth rate is below g as in Eq. (12), and the

perpendicular ion oscillations are very important. However,

it will also generally be true that 2 wy < 0 as in Eq. (13),

so that the cyclotron wave phase velocity is non-relativistic

«22=
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and the wave number ko is not much perturbed from the value 4

Q/aoc. In addition, Qi < g as in Eq. (14), so that the 1

ion coupling to the guide field is truly negligible.

From the linearized Vlasov equation for the ions, we
determine the perturbed ion density, assuming it to be
After substitution J

dominated by the transverse ion dynamics.

in the right hand side of Eq. (29), we obtain the dispersion

relation {
2 k% c?
et T M o 8 SO A i
P
2 .32 13 a 2
4n? e X7 3g £ J (k a)
e S e J‘ R b2 (31)
M k2 da W
o) 1
o
where 4
v2
aa =x2 .'...l:. 5
Yy

and the equilibrium ion distribution function is '

Po = go(a) 6(VY) b(vz). To satisfy the condition for resonant

interaction between the ion modes and the cyclotron mode, one

o ZLUB'

where

selects Wy is an even integer, and

1

y
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k, u [ (x*c®)/ik%? + m;)] Q + gmy from the zero order
dispersion relation (23 ).
An équilibrium ion distribution for which all ions

have the same energy and the same radial turning points is

given by

N
ol
4]

g (a) = —;—‘-’f——i 8(a® -a?) (32)

where Eoi is the average ion density, and a, < a 1is the
amplitude of the equilibrium ion trajectory. The equilibrium
ion density function will be peaked near the turning points
x=z%a,.

From Eq. (31),

- 2 ’
22w i wp Jz(ktai) Jz(kxai)
1 lo w

2
w. Q kLa(l + s kLa)

]

1 B
2
AO
Ay [
= Jz(kxai) J‘(kLai)
1l
where l
24 w2, wd
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For maximum growth, kl = 0, and

; 1/2
C=tmw = [7 Oga,) 3/ (ka)] (33)

An alternate choice for the equilibrium ion distri-
bution, for which the ion density is parabolic in X,

peaked about the beam center, is

go(a) = i @(a, -a) (34)

where ® is the unit step function. For this distribution,

the maximum growth rate is given by

TR
J a
L

o kLai
which is fairly close to the prior result.

The assumption that the interaction of the ions is
dominated by the transverse ion response rather than the
axial response is quantified in Eq. (16) for the case
a, >~ a--which insures that the axial response yield a smaller

growth rate. This inequality bounds the magnetic field

strength from above and the ion density from below, contrary
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to most of the other restrictions, and tends to require
smaller magnetic fields than Eq. (14).

Conditions (5) and (13) will also insure that
Q wBai < 4c® so that the influence of vox Boy forces
on the axial ion motion will not affect the interaction
appreciably.

In addition to the ion-electron cyclotron inter-
actions which we are considering, there mAy be longitudinal
ion-electron plasma interactions and transverse Weibel-like
interactions which can occur for kz -+ 0. However,
assumption (10) that the longitudinal electron plasma
frequency be below the electron cyclotron frequency, assures
that the plasma and cyclotron modes are well decoupled, and
also that the plasma oscillations occur in the "magnetized"
regime. Consequently the large transverse kL—component
indicated in Eq. (5) is sufficient for electromagnetic
effects to stabilize the fastest longitudinal plasma
oscillations for which kzaoc -~ wp/yo. There will remain
much slower, longer wavelength plasma oscillations with

kzsoc > but the growth rate of these modes will be

pi’
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below the cyclotron mode growth rate under the given
assumptions.

For magnetic field strengths large enough to obey
Eq. (13) well, the transverse Weibel interactions also
appear to be stabilized by the wB-oscillations of the
ions. Only for smaller magnetic fields would these
interactions be unstable with significant growth rates.

Therefore, for the equilibrium conditions and
assumptions which have been set forth herein, the fastest
ion-electron interaction occurs between modes of transverse
ion oscillation in the beam electric field and electron
cyclotron modes. To determine the wave amplitude at which

nonlinearities become significant, we shall focus on the

electron cyclotron dynamics and the ion wB-oscillations.
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III. BREAKDOWN OF LINEAR ELECTRON BEHAVIOR

In this section, a brief survey is presented of a
number of nonlinear electron effects, in which one or
another of the primary conditions for linearity is violated.
Rough estimates are given of the magnitude and scaling of
the mode amplitude level at which these effects become
important. Many of the effects may be seen to be related
to one another. Although care has been taken to preserve
the numerical coefficients, which are presented here for the
case of slab geometry, the very nature of these formulae is
merely to indicate the level at which linear approximations
lose their validity, and this occurs gradually rather than
sharply as a function of amplitude. The correlation between
the breakdown of linear approximations and wave growth
saturation must remain inferential, pending the accumulation
of additional theoretical or computational evidence.

In addition to the cyclogron eigenmode structure,
which was presented in Egs. (24) through (27), one may derive

from linear theory the expression for the perturbed radial

coordinate of an electron:

-28-

S

e e -
- iuas A Ty ot > i SN W Y
sy B P ?‘. B 3\ i ’_‘.J i
Y




T e -

& ¥e? ehioy ®XX
X(x) = S (36)
)] Y mc k
o &
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which is the magnitude of the perturbation amplitude--with

the 2z, t phase information supressed. Likewise 5(0) is

the magnitude of the perturbed electric potential amplitude

at the beam axis x = 0. This expression characterizes the

electron particle dynamics in the wave, and shows that

electrons near the beam edge are the most strongly perturbed

for the broadest perpendicular eigenmode (for which k¢ e 270) .
The various conditions wherein nonlinear effects

become significant are listed below for ready comparison

with one another; a discussion of the different nonlinear

effects follows.
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kz 3x
= == —_ 2
sx k X 3 (40)
L o
% . E(a) k. & Vs
Y o Bx B [l i ( k2a?
o oz
af kLa 2 V2 &
(R ()T £ w

bylw -k,c8, +q|

duw w?

=_'ka:a %“[(k—:f}>a+l]u2;ﬁ;>l

Y wzaa 1/ 2
E 2
ajlw -k,c8, +q| [( kcla L ) i l] &
bw i y? ( g )

o

z c K'a® R +\*
e " 21 (43)
j w; a2 ( k,a ng )

Condition (37) prescribes the wave amplitude level at

which the electron density fluctuations due to the wave

=
Bt




become comparable with the mean electron density. These
density fluctuations will be strongest on axis for this
equilibrium where no and Y are uniform in x, and

at this wave amplitude the electron density will vary from
near zero to around twice the ambient density.

Condition (37) also indicates that these density
nonlinearities will be come important at an amplitude level
smaller by m;/kzc2 from that for which longitudinal
trapping of the electrons by the wave potential would occur.

Condition (38) indicates three other nonlinear effects
which enter at the same wave amplitude level. The first of
these is the condition that the radial displacement of an
electron by the wave be as large as the scale length kll
characterizing the perpendicular eigenmode structure. This
is judged to be more accurate than the criterion for dis-.
placements as large as the beam radius, which requires
higher wave amplitudes. Equation (36) indicates that the
displacements will be largest at about 0.8 times the beam
radius. One physical consequence of radial displacements
as large as kll ~ a/2 is that wall collisions might occur

unless a sufficiently wide vacuum gap was available. The

-3]1-
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second condition in Egq. (38) is that finite electron
gyroradius effects become important because of the perpen-
dicular kinetic energy excited by the wave. The third
condition is that the radial motion of the electrons f
becomes nonlaminar by virtue of radial “crossings" of
electron trajectories. This may be easily seen to occur
when |3%x/3x| exceeds 1, which occurs first for particles ;
on axis. These last two conditions in Eg. (38) are
symptomatic of the breakdown of the fluid nature of the
wave due to nonlinear turbulence.
Condition (39) prescribes when the perpendicular
wave electric field exceeds the self radial field of the
beam, which tends to occur first on axis. This requires
a wave amplitude larger than that for density nonlinearity
by only k’/ki. Condition (39) also reveals the connection
between these various criteria of nonlinearity and the

~ |

measurable ratios such as E /E (a) which are con-

X max’ = ox
veniently extracted from computer simulations as a diagnostic.
One physical consequence of the nonlinearity suggested by

Eg. (39) is the possibility of electron field emission at

the conductor walls. The self-field Eox is typically much
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larger than the threshold amplitude required for field
emission, but is in the wrong direction. One might think
that if the wave fields became larger than the self-field
and had the opposite radial sense, then field emission
might result. However, this is a deception of the linear
theory which is breaking down, since Poisson's equation
shows that even for nonlinear waves, the electrostatic
portion of the electric field must always point toward a
region of net negative charge. Hence, the only possibility
of field emission is due to the inductive or electro-
magnetic portion of the electric field, which is small

for nonrelativistic phase velocity, or else to the presence
of the ions whose density might locally exceed the nonlinearly
reduced electron density. Although this criterion for field
emission is not quantified herein, we anticipate that the
required ion density will be a significant fraction of the
electron density, since the electron wave fields are
geometrically reduced below their peak value at the walls,
and the peak value does not exceed the self-field until

(ﬁ/no) » kza’/kla according to Eq. (39).
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Condition (40) for the radial electron oscillations ‘ -
in the wave to become relativistic will be stronger than
condition (38) only if kz exceeds kl. It is possible
that this might be modestly true in the growth section and
at the beginning of the accelerator section, but toward

the end of the accelerator section kz will be below k; :

and Ex << 1.

e

The significance of the Ex 2 1 nonlinearity is
that it implies a significant fluctuation § in the
electron y-factor as shown in condition (41). This occurs
because the electrons are perturbed by the wave to move
with or against the radial self-field of the beam. At the
beginning of the accelerator where Ex is largest,
on(a)/Boz is smallest and may be somewhat less than 1. !
The net product of these terms yields an expression, also

shown in Eq. (41), which indicates that ?/y° is generally

somewhat less than ﬁ/no.

However, condition (42) indicates that the variation

V/yo is magnified by k’ca/w; to produce a variation in

|

the fluid electron cyclotron resonance [w.-kzcez-+nl which

may be comparable to its ambient value (i.e., 8w). This
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nonlinear spreading of the cyclotron resonance occurs due
to the y-dependence of ; it is sometimes called "resonance
broadening." It is also symptomatic of the breakdown of
fluid theory and the conversion of the cyclotron mode to

a kinetic regime due to nonlinear turbulence. Condition
(42) indicates that this nonlinear resonance broadening
effect is felt at wave amplitudes somewhat below those for
density nonlinearity, and hence is the most sensitive
nonlinear effect yet discussed. Experience would suggest
that this resonance broadening would reduce the wave growth
rate when the wave amplitude reaches the level given by

Eq. (42).

Condition (43) gives the corresponding resonance
broadening which occurs due to changes in the axial electron
velocity. The first terms of Eq. (43), which are linear in
the wave amplitude ﬁ/no, are relatively unimportant as
usual for Yo >> 1. However, the last term of Eq. (43),
which is quadratic in the wave amplitude, may be seen to be
more (or less) important than the Y/y resonance broaden-

ing, depending on whether ch’/Zk’ w; a? is greater (or

less) than 1. This quadratic term in the wave amplitudes

ol s - ol oy
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reflects the perturbation in Ez

in EL, according to

& o j
sz 2

+ other quadratic terms

due to linear perturbations

Ei + linear terms

(44)

which follows immediately from a perturbation expansion of y(g).

The square brackets in conditions (41) through (43)

are hybrid representations in which

the dominant first term

reflects the influence of transverse electromagnetic fields

~

such as § E ,

on the electrons, 5 e

while the smaller second

term shows the influence of the perturbed axial electric

field E_.

z

The mode amplitude at which
appear is reduced for higher values
the higher-k modes should saturate
amplitudes than the lower-k modes.

or growing the cyclotron wave, care

these nonlinear effects
of %?, and consequently
in growth at lower

Hence, when exciting

should be taken (as in

designing computer simulations) that the lowest Xk mode is

not discriminated against by any frequency or wavenumber

selection which may be imposed.
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Although this list of electron nonlinearities includes 1

L a variety of effects, it is by no means complete. As just
one further example, the possibility of a nonlinear three-
wave decay of the electron cyclotron wave was examined and

found to be disallowed by the coupling selection rules.
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IV. BREAKDOWN OF LINEAR ION BEHAVIOR

As in the previous section, we here present estimates
of the perturbation amplitude level at which certain primary
conditions of ion linearity cease to be valid. As before,
these estimates are rough, and the inference of wave growth
saturation at these wave amplitude levels will again be
tentative pending additional theoretical or computational
evidence.

The radial ion motion is described by Eq. (30); the
zero order ion motion is seen to be simple harmonic oscilla-
tion at frequency Wy » with uniform amplitude Xo1 = 3y
for the distribution of Eq. (32). Any ion distribution
symmetric in x will be carried by the zerc order particle
motion into an equivalent state during one-half bounce
period, or n/wB. If this time also equals an integral
number of wave periods, then the perturbed wave quantities

will have also returned to their initial state. Conse-

quently LwB are the resonant frequencies of the linear

ion-electron cyclotron interaction, where g =2,4,6, .. ..
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Equation (30) may also be solved for the perturbed ion motion,

and the result for the simplest ¢ = 2 interaction is

2 2
O I Be S sdio

W *imax 41",38 Mc? i

. (45)

The axial ion motion is described by dvz/dt =
(e/M) ﬁz (x, 2z, t) since conditions (5) and (13) render the

Vox Boy forces unimportant. This equation may be solved

to yield the perturbed axial ion motion
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Based upon an examination of the ion dynamics, the

4 following conditions for primary ion nonlinearity may be

derived.
i
2 ~ 2 =z 3
ey B (O Kk, &0) k<
3 = = = _3 p—l l (47)
| Wg on(o) am e ng k n,

RT3 ‘:in‘:.._ﬁ - g
Ay T B _:{?i‘: [F!_g;‘“\m S SRR S #
e o i . 5 RLLE




e —————

et

k ¥ k a 0
s L L4
Mgl T 07 Byt T rB,x »1 (48)
B “B
iy, - X, 2
T e
B o
2 = z > 2R i (50)
3 P wB

where according to Egs. (33) or (35), the magnitude of the

L= 2, ai = a growth rate is about

w_. w
P B

‘J&QwB

(51)

The first two conditions (47) and (48) relate to the
transverse ion dynamics, while the latter conditions (49)
and (50) relate to the axial dynamics. In addition, condi-
tions (48) and (50) are sensitive to the ion density through

T', while conditions (47) and (49) are not.
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Condition (47) prescribes the wave amplitude level

at which the radial ion bouncing near the axis is influenced

by the wave fields as much as by the DC self-field of the
electron beam. Quantitatively this condition is exactly
the same as condition (39). Since the ion-electron inter-
action is strongly affected by the resonance with DC ion
bouncing, one suspects that this wave amplitude would com-
pletely alter the coherence of the interaction.

Condition (48) is that the radial displacement of
an ion be as large as the scale length kzl of the perpen-
dicular eigenmode. At this amplitude level, which may be
fairly low when T° is small, one world expect the growth
rate to decline as it might when the ions had a transverse
"temperature."

Condition (49) is that some ions be longitudinally
trapped by the wave. This is the growth saturation
mechanism appealed to in the one-dimensional calculation
of Indykul, et al.3 However, it may be seen here to require
fairly large wave amplitudes, particularly when kz is
. T™is is because at low ion density, the frequency

‘asw v loeity of the unstable wave cease to depend on
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Ao through wpi and are instead determined by the ‘ 1

frequency Wy of radial bouncing. Hence the wave speed

P P R ——

does not approach closer and closer to the ion speed as

noi is reduced. Condition (49).will occur before or after I '
condition (47) according to the ratio kz/kL. i

Condition (50) prescribes the wave amplitude level

at which the perturbed axial velocity of the ions broadens

e

the resonance at w =~ sz by an amount comparable to its
ambient value (i.e., T'). This effect will be felt at a

wave amplitude lower than that required for longitudinal ion

JUTREY, e SRS e

trapping by F/mB. However, it will not occur before condi- |
tion (48) so long as the usual ordering kz < 'k_L is obeyed.
Compared to some of the electron nonlinearities,
these ion conditions are not quite as sensitive to high
k-values, but two of the ion conditions are sensitive to
low ion density and hence can occur in some cases well |

before the electron nonlinearities.

|
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V. GROWTH SATURATION VIA NONLINEAR
ELECTRON FREQUENCY SHIFT

In this section, we discuss the effects of
nonlinearities in the electron response which produce a
nonlinear shift in the wave frequency of the electron
beam-cyclotron mode. We expect nonlinear frequency shifts
will influence the time evolution of the beam cyclotron
mode since growth is determined by resonant coupling to the
bounce motion of the ions.

It is assumed throughout that a fluid description
of the electron beam is adequate. 1In evaluating the non-
linear frequency shift, the procedure is to calculate the
nonlinear generation of the zeroth and second harmonic
components of the fundamental mode. The nonlinear inter-
action of the fundamental with these harmonics then leads
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