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STUDIES

ON THE SEPARATION OF FLOW AT THE EDGES OF
ANTISYMMETRICAL DELTA WINGS IN SUPERSONIC
SYSTEM

by Elie Carafoll and Stefan Staicu
Institute of the mechanics of fluids

at the Academy of the Socialist Republic of Romania

In this work we will study the supersonic flow around
antisymmetrical delta wings, taking into consideration
the separation of flow at the subsonic leading edges.
As with the thin delta wing with constant incidence, in

this case the flow separates around the edges creating

& vortex layer which is situated on the upper side of the
Lyertex)
wing transforming itself into two concentrated nucleuses

1 of the same intensity and sign, having however a
; Lon /
antisymmetrical position. the axis of symmetry of

the wing. The formation of vortexes directly effect the
com
production of a'field of vertical velocity, which will

modify the flow in such 8 way that the pressures will

be finite at the leading edgesa. The distribution of

vertical velocities leads to & system of three imaginary

wings, through the superpositioning of which a resulting
1.




imaginary wing is obtained, equivalent from an aerodynamic
point of view with the real wing. The flow which occurs
is homogenous from the second order, and we have the
possibility of determining the pressures on the upper

and lower sides of the wing and the aerodynamic characteristics.

1. Preliminary Considerations

In the present work we will study the supersonic flow
around antisymmetrical thin delta wings, taking into consideration
the falling off of flow around the subsonic leading edges.
The antisymmetrical distribution of the incidences or of the
vertical velocities corresponds to a torsioned delta wing
antisymmetrical a&ccording to & liniar function. The velocity
of the undistunbed flow to be U, , parallel with the axis of

symmetry of the wing (Fig. 1).

As with the thin delta wing plane with constant incidence
(1), the flow separates at the leading edge, creating a vortex
layer situated above as well as below the wing, producing an
antisymmetrical movement. The vortex layer having sufficiently
small thickness can be considered like a vortex sheet, which
winds itself, as various authors have shown, among whom we
will mention M. Roy (4), in the form of a horn composed of a

concentrated nucleus and a marginal vortex sheet starting from

2

R VN



the leading edge.

Since the incidence is varliable on the surface of
the wing, the axis on which the horn winds will be a curve
and the vortex generation intensity of the nucleus is
variable along the axis, propottional with the span of the
wing. For simplification, in the following, the axis on
which the nucleus of the vortex is situated is considered

to be a straight line.

In this manner the field of flow is modified by the
nucleuses
existence of two of vortexes of the same intensity
and sign, situated antisymmetrically in Feference with the
axis of symmetry Ox; (Fig. 1) at the abscissa ¢ and the

ordinate t.

Making these considerations, the flow around the wing
remains in continuation conical of the second order and can
be treated using methods from the theory of conlical motion
of the higher order (2). Thus, for the solution of this
problem, we will follow the way used in previous papers (1),
(3), (11), where solutions were given for the thin delta wings,
with constant and antisymmetrical incidence, respectively,
(forced antisymmetry) in reference to Oxjy, which led us to

a conical motion as a matter of fact.

3.
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For this, we will allow that the effect of the falling
off of flow at the leading edges and the formation of the
two antisymmetrical nuclei is to creat a vertical and long-
itudinal field of velocity which will bring about modifications
on the field of flow, having as & result the avoidance of
infinite velocities at the leading edges, as results from
classical lincar theory. But it can be allowed that the
effect of the longitudinal velocities of disturbance will be
able to be substituted through that of a distribution
corresponding to the vertical velocities. For this, we will
consider a distribution of vertical velocity, incidence and
antisymmetry respectively, so as to correspond to a real case
of an imaginary thin delta wing with variable incidence,
different on its two sides, having at the same time finite
velocities at the leading edges. Due to antisymmetry, the
additional axis and vertical velocities created by the nucleus
of the vortexes expire toward the middle of wings, becoming
equal with zero on the axis of symmetry Oxj. In this way the
effects of the vortexes on the central line are canceled,
where later a nought vertical velocity will remain. We will

allow that the real thin wing, which has in a certain way

finite velocities at the edges through the effect of the falling

off of flow, is equivalent from &n aerodynamic point of view
with an imaginary thin wing, having the same variation of
incidences which we defined above.

4.
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In order to study the motion éasily, through the conical
motion method, we will split the imaginary wing corresponding
to the distribution of vertical velocity above into three
wing components, as we have proceeded in previous cases (1],

(3):

1) The thin wing having the variation of antisymmetrical
incidence sultsbly chosen to respect somewhat the phenomena
of pressure modifications and vertical velocities on the

surface of the wing near the leading edgey In this way we

obtain an imaginary thin wing with finite velocity at the leading

edges, of equal and opposed gign on the two faces, higher and
lower.

2) The wing of symmetrical "thickness" - the notion of

"thickness"” here has an imaginary sense - having the slope
equal and of the same sign as the incidence of the first wing.
This wing combined with 1) will have different pressures on
the two faces, as happens in reality.

3) The third wing will have symmetrical "thickness® with
variable and antisymmetrical slope, however such that, combined
with wing 2), to obtain & mean nought slope, corresponds to
& real thin wing. Through superpositioning the three wing
components, we will obtain the resulting imaginary wing
equivalent from an aerodynamic point of view with the delta
wisg with the separation of flow,

Se




Examining the real phenomena of the falling off of flow
at the edges taking into consideration experimental indications,
we will manage to chose a distribution corresponding to the

vertical velocities or the incidences.

i

Fig. 1

In this way we will further mark

Voo oy Uy o = — U,

(1)
the vertical velocities and the incidences, \';.a('u , on the

higher side respectively, n{.cxi on the lower of the imaginary
thin wing; vertical velocity w = —a Ua on the real wing ls slven
by the relation

Wy W Y= — ap Ve ¥. (2)

6.
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2. THE DETERMINATION OF THE AXIS OF DISTURBANCE
VELOCITIES

In continuation we will determine for the three
antisymmetrical wing components, the axis of disturbance

velocities, being necessary for the calculation of the

distribution of pressures and of the aerodynamic characteristics

of the resulting imaginary wings, which are presupposed to be
the same as real thin delta wings, having the incidence

defined by (2). The motion sround the wings being conical

of the second order, we will again use the methods used before,

considering in this sense the physical plane Oyz (fig. 1)

normal on Oxy and having the coordinates

£ Jx,
%, o= Xy

e S ®

the axises Oy and Oz being parallel, respectively with Ox,
and Ox3. Again we will make the transformation similar with

that given by Busemann (fig. 2):

‘ N By 2 ;

obtaining a plane that has the property of keeping the track
of the wing (Y= y, z =3 = 0) in the true magnitude.

As we know, in this plan the first derivatives of the

velocities of disturbance u,v, w are harmonic functions and
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the respective conjugated functions can be associated in
such a manner that analytic functions of complex variables

x =Y+ 15 (4) are obtained.

1) the thin antisymmetrical wing. We will consider the
vertical velocity on this wing, as a result of the effect of
the two vortex nuclei, constant along axis Ox; and variable

on the track of the wing according to the relation

W' = el ()ay = @y w0 (y), /£)
3 T=2+lp
— 0> " _;42 0.5 .82 A | IR
I T S S
/ pas—9 1—1 s :
by ekl
Fig. 2 i

in which the parameter wp;(y), variable on the wing, 1s
obtained with the help of a distribution corresponding by
singularity of the second order (source) placed on the track
of the wing fpom the plane x -‘g + 13, with the intensity

q¢ given by the function

q'(y);;q.(l—-%) (u<y<l). /é)
we obtain in this way the velocitles wi'r, = — ayiUasl, , at the
edge of wing ¥e'r, - — &', xr,y fOor the points on the wing | ‘8

contained between y = 0 and y = s. |

8.
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In this manner, in the case of nomogenous motion by

order two (n = 2), we will have the following distributions

of the intensities of sourcest
gio i%{k"%)ﬁr—l%(L‘%) ELn<h, (D

where , will represent the position of an element of

i{ntensity on the track of the wing from the auxiliery plane

p { -':3 + 1% Keeping in mind previous works (2), the contribution
of elementary sources dq/ in the expression of the axis of
disturbance velocity from point x will be

. : L=,
dHu (dgio 4 .l‘dq_.“,t‘ush L -‘;‘{%—1]‘)’— (3)

The axis of disturbance velocity for the thin wing component
will be obtained through the addition of all the contributions

of sources under the form

| Age 2 ¢ T
L=y, = 2~.+LS(L-E‘:‘.- st/ T2 g
. L 7 e A | N (g0 -+ 1qa)) cosh s e dy

o .l i —— i ————
201 ANl — agtyconht U 1 9 + )
g l[ ! )(q.o rqy) CON V 2((-1?-'—:.‘.‘)._- dn, (9)

which, after completing the calculations, becomes

— &r

v e
| 5 Agpr | ‘ . . s ( e !_.t..{) h ! -
- U = A —{(qt e —a)| 1 COs
X U, = U, T (g0t qu 2 (s — )

{3  ar

— (@ — qh X (8 + 2! «L—-f) cosh™!
g 21 (s + )

T\ a2
e _‘.((q_:uv 2qad) cos ! ,‘%_ ! q_:l[v‘ =2 "‘. )l = ';‘] (10)
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2) The wing of symmetrical thickness, with the slope
equal with the incidence of the first thin wing. The
introduction of the second wing, of symmetrical "thickness”,
is necessary in order to remove accentuated peaks of pressure
on the lower side of the wing, where the division of the
pressures obtained through superpositioning with the first
wing component, will be different from that on the higher
side of the wing. Following the general method of conical
motions (2), for a wing of symmetrical thickness with the
variation of slope given by the same distribution of sources
(7), we will write for the axis of disturbance velocity the

following expression, similar with (9):

! = ( (1 + Bo)(1 — Bn)
- = 1 -+ sht x
“/a u,, ﬁ&( )wuiwnu'- v 3By — 3] dy
o sl
SRS W ) TR, ) ¥ nor )t B HJ‘)d e
- S'( i )(‘l ) — &gl)eosh l S Bi(n I ) 1+ L i

Completing the above integrals, we find

: Llgn+ ot It f) 1 — BUs
— U, = Uy~ — (@ gh ) (= 1 = =T eosh®
" i 1(‘)»0-{*01.1)[( »)( =5 B(Iu,)
— (8 -—-J‘)(l — ’.._*__xJ cosh!? l o Biax ]—
2‘ H(‘__ I‘)
oot 14 Ble
W L) v l x ) = e s h- 1
e !‘)[( k J)( ‘.!l) B(l .r)

10.




§— T R B___""’]._
s cosh
“‘“”’(1 2:) Bls + @)

_af1 —_‘E_’—'[ (sin-1 Bl — sin™" Ba) (gl — 2 gil) —

(12

¥ %(yl B -1~ B'a’)]} + L

where L represents the contribution of the subsonic edge

having the slope equal with @bl

i 3) The wing of symmetrical thickness compensating for
slope. In continuation we will remark that through the
“ introduction of the effect of the wing from point .2). the

resulting wing became the "large” wing. We will be able to

compensate this work, introducing on the track of the wing

from plane x (4) a new distribution of source of an adequate

form, which will restore the wing to an average nought thickness.
The variation of the vertical velocittes w? given by these sources,
which will necessarily present at the edge of the wing the
velocity — wual,. will correspond with a "wing compensating for
slope” of symmetrical "thickness", which has the role of

canceling the mean slope and the effect ofthe edge of the wing
from 2). The distribution of sources q% which we will introduce,
will be necessary to create on the lower side of the wing a

distribution of pressures without accentuated peaks, approximately

liniar, with the exception ofthe region near the leading edge.

For this, for simplification, we will chose the following

expressions of the contribution of sources:

11,




P ——
e A p~ 1

{0 t Kan (1 Kion)y ¢l Ehgn(l t kym) (O L), (13)

considered equal and of opposed sign for the symmetrical
k. points on axis Ox; of the wing.

We obtain, in this manner, two "large wings® to form

& single one, having the slope vakiable in such a way that
the mean will be nought.

For this wing, the expression of
the axis of disturbance velocity Uic will be, similar with
(11), the following:

) 2 e
A% t=20f 0 k..n)(m.n-ny (4 Bu(i —Br)
(n — =)

— cosh ! V(-‘V‘* Bi)f(l -+ Bx)| d
2B(n + ) Jn+

2 ) s A St
+x ‘"kns (1 + kyym) (008 h-t V(l + Bn) (1 — Ba) +
L 2B(n — a)

+ cosh=1 |/(1 + Ba)(1 4 Ba)),
2B(n + o) )d" . a0

which can be put under the form, after integrating,

—

l(l/,S(]Ii'ni[m(”—z’)(wh—]l—m@ m'h_‘l+8‘lx
2n B B(l — ) ___B(I T

? »

+ 28in"! Bl Br ) 1 -W]+ KoKy

—— 2
3n B3 [B’(" — &%) cosh ™! 1— Bl

B(l — x) e
"~ BMI* 4 2% cosh ! LT Blix
) B(l + «)

+ 2B*2%cosh ! e +
: Bz

12.
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+2(1 -VITFF)BzVT?W]+

+z{ ku [B‘(l'—a-’)(coah ‘-ﬂ-{-cosh"!—t—gy 4

Bl—z) Bl + x)
42B' st cosh- l—;+2(1—V1- BB) Ji= B-:*J+
Bla ¥
+ kb & Al= B2 pap 4 st cosnt LT
3“5;[3-(1- ) cosh T 4 B - o) s %

+ (2sin-! B B* o* + sin! BI — mVT‘-‘-—B'T')VT—_W]}ﬂ:L. a."g

Superpositioning the three wing components, the resulting
imaginary wing 1s obtained, equivalent from an aerodynamical
point of view with the real wing for which the axig of
disturbance velocity has the expression

Uy = Uy, + Uy, + Uy ne)
which will be antisymmetrical on the axis of symmetry Ox1
and continue in the origin O. We observe that the velocity
Uy, on the higher side 1s equal and of opposed sign with that
on the lower side, - Sovtitor s as corresponds to thin

wings.
3. THE DETERMINATION OF THE CONSTANTS
For the determination of the constants q;° and qgl which

appear in expression (10) of Ujis we will start from the

following conditions

13.
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Im (§ VTT-'F;-;:% S%M)do—o, ary) |
o FR (S, S |

deduced from the theory of conical motion(2), the integration
being accomplished on a semicircle & of very small radius
around a certain point y = on the wing, contained in the

interval (y =8, y = 1), (fig. 2).

We will obtain, in this way the relations
dw.,. ______ 1)' b (_l_“ o1 "’t"‘-:_ L u‘
an (= e T T 4y (S B ,

which stabilize the dependence from among the variation of

q-':o s

the sources and the distribution of vertical velocities.

Taking into consideration (7), we will start from (18)

and we will put the conditions at the limit in the points

n = g and n=1 for the vertical velocity '61‘2’

M - Bt
wu—mwéﬂs( ””K B v g an, (9a)
! "
oy — wf = — @ ( (= = By s gy, 090)
B3 ), rf

from where we deduce the first relations from among the

constants 20y ¢, wsy " “m .8

14,




corresponding only to the thin wing components 1).

__.'%[(1 + %)vr:mo — 2T =FF _-% Bi(sin " Bl — sin-" Re)—

—-;— B-:'(Vf‘—"—‘n-z- —T’-V‘r_—:p-—,:)_
¥
s
:'"3_[(1 — B —(1 - B'")"'] 1 coah"% —cosh™! -I:—.} = w0 - wl,
!‘\ﬂ (200)

: -—!‘l- — 2)3/2 o L (& 8 - -
‘zmp#l BW*) +[mﬂ(-—7)+;dl—2T”V|mwﬁ+
;s

£

s 1
+3B'l'(cosh'—-—c 8
| B B:)+

¥

+ 3Bl (sin! Bl — gin-! Ba)} = wfd — wfl'. (20b)

On the other part, the mean vertical velocity w

01X2 or

the mean incidence w51X2 of the real wing, equal with that of

the first wing components as with that of the resulting
imaginary wings, is obtained keeping in mind that the two
large wings 2) and 3) are compensated reciprocaly creating

a nought mean slope; we will be able to write the relation

D ] ‘
.zT( wey pdn = wol, s

in this way and taking into consideration (21) we will have

1 " 1 ey
o Yo = ry i 8% + S wo, ndn, (22)

-~

which, after accomplishing the calculations, bacomes
%{’ [sin-* Bl — sin~' Be + BI(1 — B*I)"™ _ By(1 — Bresyn) 4

%’I + 2[Bl(1 — Btly)»e _ Bl(l = Bn,l)m] 4

Iy

\ + ___9_ B (82 26/

& 5m[(t-- ) —u-—ma)ﬂ}=wW—ww (23)
4

15.
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e g - W v ey oy
= e — e e —e ~

Ve will determine the constant A21. which appears in the
expression (9) of the axis of disturbance velocity, considering

the variation of vértical velocities ';1 from a point on the

wing to the one of the nought vertical velocity (for example on

the Mech cone). In order to avoid the difficult calculations
which appear, we will consider that the sources distributed
on the line in the interval (s,l) are concentrated in y = 84

of intensities Qo0 and Q21 in such a way that we will have

. |
veot 1200 = a1 - 4 en = a1 -4 e

-

Prodeeding in this way, we will write the relation

uezS““"""hKl'“ BT s = )
arips Tr da? o (3’

where U{l is the axis of disturbance velocity for the simplified

dase of the source concentrated in y = dﬂ given by the

expression =
BN R Vu + ) (—x)
(1111 = -x-:(”l L Vl’ t:. -,52 lb = (on i Qzl I) - al (B — -‘)
2 5 -1 ______')(____l_j'_f_)- . 4
__’_‘_(Q“_.Qu.z)ubsh V ol(s + @) 6)

Accomplishing the integral (25) on the axis of the ordinates
(15- 0, x = 13) between the 1limits 0 andoo, results

| (2 — BBEG) — BRK() |
| Ay ra - B’l’)

9 . ___3_'_2 Vll;"', [ 1 — By B (k) —
+ (1= T A=

ren

16.




— BV(K (k) — n(p,k»] +

il sfem

in which K(k), E(k), II(p,k) represent the complete eliptical
integrals of the first, second and third instances respectively,

having the module k and the parameter o given by the relations

W(p, k) — KK

Vi — B [". K (KK (g &)
a2

« L}
4 (K (k) r:(knr‘wu.k'i\- e |

k ‘l & ‘,"Jla‘ P B 1 :l h‘“ t :8).‘ - 1,

ko Bl sin'! f"-- (28 D)

Furthermore, due to the separatiog of flow at the odges.
we will impose the condition that the velocity be finite at

the subsonic edges, canceling the constant AZI’

Eliminating w§f) and w'}] between the equations (20a),

(20b), (23) and (27), we will obtain the constants q;0 and qgl,

oo = — B Wy 08 o = Iy .
lndy—lyd,, "™ B T l;;:);.:vo.. (30)

in which we made the notations

t.-am{(w%)h"—' e )i = FT‘—%Bl(lin" Bl -
- sint By — - (VT = BB - ."l-\f"riW) - (318)

— "mo_q - L a d
a[(I B'IY) (1 B‘c‘t)';]+oo|h'm—mh';-.}-

-



lo=(1 - By [B't'(z R ._':(1 _z%)]n‘_n-*.a +

B ' +3Bl[sin"8!— in-! B -1.1 -1 1
1 sin 8¢+ Bllcosh™' — — cos h ‘—) ' '
f BI Bs oy :
1 il : 1
dn= api |2 Bin "Bl —sin! Ba 4 BI(1 — Byry_ Bs(1 — Btgryiz) 4

+ 2Bl — BYOY — By(1 — Brespn 4 |

8
teml—BEpe—q B’a’)"'l} +

; Jioe
+_9_(|_")! -T~

2
T) 1= |t — B Bk) — BW(K(k) — 11(p, k),
(31 ¢)

= deuy " . ¥ 12 o e\ —— i
Tu= ] (0 = B [mtn(. -+ 5[~ 2 )=

, 1
+ 33’!’(003 h™'— — cosh! —
Bl e Bs &

+'3 Bl (sin~! Bl — sin Bs) } +

B l’Vl -
(- 2 @ - Bk - ke o)

The constants km, kzO' k11 and k21, which appear in the
expression of Uy, given by (14), is determined taking into
consideration the role of the third wing component which will
have mean slope -wpyXy3 similar with (21) we will write

18.




i
"'l‘“'u" - S wv;'l ')drh
3 0

from where we deduce the relations
-
(g — wii)I* = "ns a1+ A ) (1 - BY )i dy, (e
3 .
k ! el
(o — €)= — RN (14 R (1 = Braftfiidy, i)
which ends the form
ISRPINCRIE . 5 | s e 1 ;l L - mp -
wil — wy, —""“‘;‘;{g (1 — B3 1) + 5 iy (
\ oae N ive—ms , b ' Bl ]l' VAN
i 2o N(ll e — ‘l
UL LT R W1 . Ry o o . TS ""l“.‘,‘,.’.‘,‘l_
W e e | 8 0 Ko e J(‘ i s e '
Cx rk;'. (“ — By l)‘ (Jdb\
Considering for kyg and kyq suitable values
1
Ko = Ky —~ ?' (30)

we will obtain from equations (23), (34a) and (34b) the

constants k,o and kyy 8

W
\ 1 o i
R --;B'-{ S [sin “'Bi— sin™"Bs + BI(1— BOPY® _ Be(1 — Brespn) 4

’

[1;4-: (BI(1 — BYD) _ Be(1 — Broyywn)

?w fi[a - B (1 - n-.-,u"x

N

e

19.




‘

> . :
3’([—(1—-3‘!‘ Bl -
g: T )"'+1’u Bpyn 4

e lys—mm M0 Bl 4]
..‘I"'ﬂ 2 { 3|8in~'Bl —sin-'B 2)1/2
0= =" | 3{sin"'Bl —sin~'Bs + BI(1 — B*IY) —Bcu—B-.a)m]+

+ 2[13:(1 — BBy _ By1 — B-,.,m] A
‘ _8_. e 2)6/2 __
R [(1 By (1 _p-.e)m]}x
¢
"'JjX {% B'l'[z(l —~Brayey 3(VT:—B"_I' & mn;l Bl)] +

X %((1 — By 1)} (361).

k. THE DISTRIBUTION OF PRESSURE AND AERODYNAMIC
CHARACTERISTICS

We have shown that the axis of disturbsnce velocity on
the real wing results through the superpositioning of the
three imaginary wing components, obtaining formula (16). In
this way, the coefficient of pressure will be obtained
considering the axis velocity given by (16), (fige3):

O, =g . B _ /4 ‘
g = —2Re-%1_,
Ua N (37).

For the calculation of the coefficient of 1ift of the
straight line of the wing we will make the observation thst
the wings of symmetricsl thickness do not give 1ift, so we will
only consider that given by "the 1ift wing":

20.
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¢ " \" o
‘ - W dy.
sl o)
4 Accomplishing the calculations, we obtain
Efectuind caleulele, se va obtine
. 8L, 1 s\)/ 2 | 8
«, ol - —— e dow T
U l‘l“ol( 3 ')l/ | [ 3 cos ! ;
8 2 ] ’
«—I;( 3 )nwll '—‘—l tgnl]— cos ! —---Tl:— 1 - ::
i P! Ll .
1 l e o)
Gor— s \‘ =y —
X
the

020 —e— -4 - Pz
\\#‘ l
COMENTRAYD SOWNE
—— S mmm\hw\c ‘ o
~- disteibaita i s
PIsTRIARTEY
—

B Sl O

———e Y S——

Fig. 8

The coefficient of the moment of roll is

ll A 2,_ U
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which, after accomplishing the calculations, terminates

1 Kl L2 ) -5 -t
+...'[m-'-——v“‘(%+ i) 4

(41)

e. SU

where H i1s a reference length (fig. 4).

; s T i~ e
'ﬂ' — — e ) lineard Liuehl‘ .n(‘-‘"'_’:
1T b —— Surs’ cmiceetphi COnbPentrated couroo
<==J +r Sursd disribomt Distribution soure
Mo=19. a=faal

For the definition of the parameter ;. which enters the
expressions above and which determines the limits of the
distribution of sources, we will remark first that the
position of maximum distribution of pressures coincide with .

the abscissa y = ¢ of the center of the vortex nucleus, as is : j

22.

the form




ascertained from experience. However, making the calculation
on the base of distribution of sources (6), it is ascertained
that the peak of the depressions on the higher side of the
wing falls approximately at half the distance between the
center of gravity of the intensity of the sources and the point
of abscissa s, which we follow to determine it. In this

way we can deduce the relation between s and ¢
N (- » s 1,3 0,2
"o ( I Ll R "')' [\

For the definition of the positions of the vortex nucleil,
we will observe that at small torsion offi the wing, this can be
considered approximately plane and parallel with the direction
of the undisturbed flow Us , 80 that the vortexes falling off
at the leading edges, in the form of & horn would be considered
as attached to %%%tagiface of the wing, This work would lead,
however small the intensity of the vortexes would be, to very
great local velocities, incompatible with the real effects of
the separation of flow at the edges. In order to avoid this
work we must allow that at very small torsion of the wing,
therefore, for very small values of the paraneterCXOI(z) or,
more exactly, when X, >0, the position of the vortex nucleus

will be ¢c = 1.

For greater torsion of the wing we will allow that the

nature of the vortexes which start on the leading edges, evolve

23.




proportionately with the incidence d --()(01x2 as wéll as with
the span of the wing (as with the wing with constant incidence
(1)), therefore with the square of the span of the wing, and
winds itself on an axis representing the line of the cente¥ of
gravity, corresponding to the abscissa

\

e 3
l 1

We will remark however that the intensity of the vortex
nucleus is something smaller than the total vortex generation
intensity, the rest being in the layer which forms the surface

of the horn along the leading edge.

From that, orienting ourselves according to the experiences
accomplished on the delta wing with constant incidence, the
minimum position of the vortex center, corresponding to torsion
or greater parameter wyy = -QOIUw. can be considered to contain

betweaan
c20,610 0,71, (»)

that which would correspond with the center of gravity of only
a part of the total intensity of the vortexes, representing

Just the real intensity of the remsining nucleus (about 80%).

What makes this minimum position to be the weight of
inter
stability is the fact that at gre~t incidences)vortex nuclei

appear, of opposed sign with the principal, situated between

24,
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this and the leading edge.

Between these 1limits, taking into consideration the
experimental results obtained by various authors on the plane
delta wing with constant incidence we will allow the following
approximate formula of variation with the incidence for the

position of the vortex nucleus:

¢ 1 (Q{)

N o ——

E o (™
where X represents the incidence of the wing between a suitable

point, represanting the center of gravity of the aerodynamic

effects, namely
iy =y :; = % L (16)

We will remark, that the whole reasoning which has led
to the stability formula (45) can apply for each section of
the wing, obtaining in this way & curved line for the position
of the vortexes nuclei. However the deviations from a straight
line is ascertained toward the peak of the wing, where the
aerodynamic contributions are very small, and behind the wing,
where the incidences grow, the vortexes sit rectiliniar. From
this, we can allow a straight 1line for the axis on which the
vortex sheet winds in the form of & horn, corresponding to

the section given by (46).

This hypotesis permits us to apply the methods of conical
flow of the higher order.
25
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5. THE CASE OF CONCENTRATED SOURCES

Considering, for simplification, a sudden variation of
vertical velocity in the point a’- ¢, corresponding to the

abscissa of the vortex nucleus, we will obtain the case of

an “"edge" of separation of vertical velocitles u:)cxl and
ug’cxl (2).

The sudden drop of vertical velocity or of incidence is

.

realized analytically with the help of logarithmic singularities
concentrated in the points 8’= & c on the track of the wing

in the auxiliary plane x (4), having the intensities Q”O and Q,y .

In this case, the axisas of disturbance velocities of the

three wing components have the following expressions

| B, Ay @ 2 _ _ T
| = U )Mt T Wb Qe o nV( &&{(anr
i

L ; L(Qm Q“mhmuu'V”““”"” (17)
\ n (e o)

! A it b R 70— /3 ]
’ Vi { " ( I Queosh ! - V‘.: :‘ | Qg & cosh |‘/:.“ :‘}

for the "thin 1ift wing";
; | 93 / )
”" ‘ ‘”0 - (‘;':u i ‘-'n.l‘) cosh ! t (- “") ( Ba)
Y R 2B(¢ €£)
s Wy Q) eosh ', (Lt Bo 4 B -
i 2h@e o)

) - | Quorosh ' Be ! Biad i &0 ] | B g A
. ( 0 CON { V"'("‘ = Qe h o .._'..’\ L |

(4s)
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L for the "large wing”, and

L i, W)

for the “"compensating wing" for slope, where @&, has the
expression given by (15). Given that we will remark that the
sign of the axis velocity @™, 1is different on the two sides
of the wing. The expression of the total axis velocity will
be given by a formula similar with (16), which will permit us

to determine the distribution of pressures.

Starting from (17a) and (17b), we will find in the case

of concentrated sources for Qoo &nd Q21, the follodng expressions:

sk .4."_*~.- b “'.u,) ¢ or A _l_‘:.‘-’-“—- (N'ull — w0 ) (‘0)
O = o — Y Qu = — e

end from (25), in which we introduced Wi given by (47), we

will obtain
Sl i LA L B Lekhc KL Y

A
- (L - B

T Jogr

T oa Qo oy 1O

w

B E(K) — B (K (k) — (0] -

A

YT E ; '
Vu f!"m,-(- (2~ B2 N (p, k) — K (K)] - i, (S1)

A

in which the complete eliptical integrals, in this formula,
have the module and the parameter ¢ given by the relations

(28a) and (28b), in which will be put ./- C.

Using the relation (21), we will obtain
(o

; ' " L) 3
(0wl ) e = ey = wa) B
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which, together with the condition that the velocity be
finite at the edges
and with the equations (50), and (51) form the system of

equations from which we deduce the constants.

In this manner, we will obtain respectively

e E(k) — BB (K (k) — (1 — B:¢*) 1l (g, m CHA A
L 1(k)—B'l‘[K(k)—(1—B'c')n(p,m——n — B¢ -), ',_ - 1)(1—320) (54 a)
B~ BPLE(R) 01— B ™ 0 [ Y
o) 5 (1 —-—13) :
ot S T — ey (54 )
o E(R)-BRE R —(1—B (e " (1 e )l (_ﬁ.—xju_u. )
"2
O = e — : e ' (b40)
(1 ——)ll — B3¢ ’1E(k) — B (K(k)— (1 —B2c®) I (g, k)] - —(l—B- ')l/ (__ __1)(1 _B\l(.ﬁ)}

Q n B¢
n = —— -

2( ——]ll-mo-{x(k) BB (K (k)— (1— B'c')ﬂ(p,k)]——(l—B’c‘)V(_-1 a —B'c'\}('ml

The constants k,q, k21 deduced in (34a), (34b), in which
wg") is substituted with the expression given by (54b).

For the determination of the coefficient of 1ift of half

of the wing, we will start from (38) in which the expression
“111 = Re#X v will be introduced from (47) and we obtain:
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0, = \‘.!Q._.“,mush - b l/ 1 — P» P’ ”
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Li 80y g (2 — Be*) cos h |,.‘_ — B V . ":l (560)
3 l,c, l ¢ ‘

The coefficient of the moment of roll is calculated

starting from the relation (40)

P
nc l a L \(‘Qm t '.'{Qz\ (* 2"")\“

(06)

®

in which the constant on has the exvression (54c), given above,
6. FINAL REMARKS
The results obtained sbove, in the case of torsioned
wings, can be used with the plane delta wing in rotating

motion around the axis of symmetry Qxy.

In this case however, due to permanent rotation of roll,

it willl be necessary therefore to make other considerations.

On the other part, we will remark that the position of
B vortex nuclei will be affected by a centrifugal effect , which

pushes them towards the leading edges removing them, in the

29.
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case of great velocities of rotation, to greater distances
even over 0.75 1. .

io.
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