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STUDIES

ON THE SEPARATION OF FLOW A? THE EDGES OF

ANTISYMPIETRICAL DELTA WINGS IN SUPERSONIC

SYSTEN

by Eli, Carafoli and Stefan Statcu

Institute of the mechanics of f luids

at the Academy of the Socialist Republic of Romanis

In this work we will stud y the supersonic flow around

antisymmetrical delta wings, taking into consideration

the separation of flow at the subsonic leading edges.

As with the thin delta wing with constant incidence , in

this  case the flow separates around the edges creating

a vortex layer which Is situated on the upper side of the
iy.Q~r~~xjwing transforming itself into two ooncentrati~tS5iucleuses

j of the same Intensity and sign , haTIng however Ø~-y1~-

(O~~antisymmetrical position , the axle of symmetry of

the wing. The formation of vortexes directly effect the

production of a field of vertical velocity, which will

modify the flow in such a way that the pressures will

be finite at the leading edges. The distribution of

vePttoal velocities leads to a system of three imaginary

wings, through the auperpoaltioning of which a resulting



I
imaginary wing Is obtained , equivalent from an aerodynamic

1
point of view wi th the real wing. The flow which occurs

is homogenous from the second order, and we hay , the

possibi l i ty of determining the pressures on the upper

and lower sides of the wing and the aerodynamic characteristics.

1. Preliminary Considerations

In the present work we will study the supersonic flow

around antisyametrical thin delta wings, taking into consideration

the falling of f of flow around the subsonic leading edges.

The antieymmetrtcal distribution o~ the incidenoes or of the

vertical velocitie, corresponds to a torstoned delta wing

antisyinmetrical according to a liniar function. The velocity

of the undi.tu~bed flow to be U.n,, parallel with the axle of

symmetry of the wing (FIg. 1).

A. with the thin delta wing plane with constant incidence

(1), the flow separates at the leading edge, creating a vortex

layer situated above as well as below the wing, producing an

antisyametrical movement. The vortex layer having sufficiently

small thickness can be considered like a vortex sheet, which

winds itself, as various authors have shown, among whom we

will mention N. Roy (ie), In the form of a horn composed of a

concentrated nucleus and a marginal vortex sheet starting from

2.
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the leading edge.

Since the incidence is variable on the surface of

the wing, the axis on which the horn winds will be a curve

and the vortex generation Intensity of the nucleus Is

variable along the axis, proportional with the span of the

wing. For simplification, in the following, the axis on

which the nucleus of the vortex Is situated is considered

- 

to be a straight line.

In this wanner the field of flow is modified by the
nucleuses

ex istence of two of vortexes of the same intensity

and sign , situated antisyinmetrically in i’eference w ith the

axis of symmetry Ox1 (Fig. 1) at the abscissa c and the

ordinate t.

Naking these considerations, the flow around the w ing

remains in continuation conical of the second order and can

be treated using methods from the theory of conical motion

of the higher order (2). Thus, for the solution of this

problem, we will follow the way used in previous papers (1),

(3), (ii), where solutions were given for the thin delta wings,

with constant and antisyinmetrical Incidence, respectively,

(forced antlsyametry) in reference to Ox1, which led us to

a conical lotion SB a matter of fact.

3.
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For this, we will allow that the effect of the falling

off of flow at the leading edges and the formation of the

two antieyaaetrical nuclei is to crest a vertical and long-

itudinal field of velocity which will bring about modifications

on the field of flow, hpving as a result the avoidance of

infinite veloott~ee at the leading edges, as results from

classical l t n e : u ’  theory. But it can be allowed that the

effiot of the longitudinal velocities of disturbance will be

able to be substituted through that of a distribution

corresponding to the vertical velocities. For this, we will

F consider a distribution of vertical velocity, incidence and

antisymmetry respectively, so as to correspond to a real case

of an imaginary thin delta wing with variable incidence,

different on its two sides, having at the same time finite

velocities at the leading edges. Due to antisymmetry , the

additional axis and vertical velocities created by the nucleus

of the vortexes expire toward the middle of wings, becoming

equal with zero on the axis of symmetry Ox1. In this way the

effects of the vortexes on the central line are canceled,
where later a nought vertical velocity will remain. We will

allow that the real thin wing, which has in a certain way

finite velocities at the edges through the effect of the falling

of f of flow , is equivalent from an aerodynamic point of view

w ith an imaginary thin wing, having the same variation of

inoidenoes which we defined above.

Ii.
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In order to study the motion •Isily, through the conical

motion method, we will split the imaginary wing corresponding

to the distribution of vertical velocity above into three

wing components, as we have proceeded in previous oases (ii ,
( 3 ) :

1) The thin wing having the variation of antisymmetrical

inoid~~ce suitably chosen to respect somewhat the phenomena

of pressure modifications and vertical velocities on the

surface of the wing near the leading edge, In this way we

obtain an imaginary thin wing with finite velocity at the leading

edges, of equal and opposed sIgn on the two faces, higher and

lower.

2) The wing of symmetrical thicknese — the notion of

uthicknesew here has an imaginary sense — having the slope

equal and of the same sign as the incidence of the first wing.

This wing combined with 1) will have different pressures on

the two faces , as happens in reality.

3) The third wing will have symmetrical thicknees0 with

variable and antisyametrical slope, however such tha t, combined

with wing 2), to obtain a mean nought slope, corresponds to

a real thin wing. Through euperpositioning the three wing

components, we will obtain the resulting imaginary wing
equivalent from an aerodynamic point of view with the delta

w1s~ with the separation of flow.

5.
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Examining the real phenomena of the falling orf of flow
at the edges taking into oonsideration experimental indications,
we will manage to chose a distribution corresponding to the
vertical velocities or the incidence,.

i” ag. I

1

In this way we will further mark
~~ “a, ~ — 

~; 1 ,, (1)
the vert ical velocities and the inoidenoes, ~~~~~ , on the
higher side respectively, ~~~~~ on the lower of the imaginary
thin wing ; vertical velocity w — ~ oi he re:il wiIi~ I~ ~1vou
by the relation

N’ N~~~.r1 .r .e,1v = — .r1~x,1 IT y. (2)

6.
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2. THE DETERMINATION OF THE AXIS OF DISTURBANCE

VELOCITIES

In continuation we will determine for the three

antisynunetrioal wing components, the axis of disturbance

velocities, being necessary for the calculation of the

distribution of pressures and of the aerodynamic characteristics

of the resulting imaginary wings, which are presupposed to be

the same as real thin delta wings, having the incidence

defined by (2). The motion around the wings being conical

of the second order, we will again use the methods used before,

considering in this sense the physical plane Oyz (fig. 1)

4 normal on Ox1 and having the coordinates

- (3)

the axisee Oy and O~ being parallel, respectively with Ox2
and Ox3. Again we will make the transformation similar with

that given by Busemann (fig. 2):

ii~~~~~~~ i i .~ .3)
____  

•~r %  _ O~ — ,(s =~~+i~, 
~~3.3 ’ I —

obtaining a plane that has the property of keeping the track

of the wing (‘u.’ y, z —~~ — 0) in the true magnitude.

As we know, In this plan the first derivatives of the

velocities of disturbance u,’v, w are harmonic functions and

7.
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the respective conjugated functions can be associated in
such a manner that analytic functions of complex variables

x — ‘~
j + I) (~1) are obtained.

1) the thin antisymmetrica l wing. We will consider the

vertical velocity on this wing, as a result of the effect of

the two vortex nuclei, constant along axis Ox1 and variable

on the track of the wing according to the relation

~~ (s’).r, . ry  w , (y), (~
.)

- .  10 S ~
.

I ~Efl.TJ~VB ~~ V~Fig. ~

in which the parameter w~1(y), variable on the wing, is
obtained with the help of a distribution corresponding by

singularity of the second order (source) placed on the track

of the wing feom the plane x + i~, with the intensity

q’gIven by the function

~~~~~~~~~~~~~~~~~~~~ 4)

we obtain in this way the velocities k’,VJ , -~~ — ~~U.s,S,, at the

edge of wing ‘~‘~~~~“~ -• — ~~~~~~~~~ .
~~~~~~ 

for the points on the wing

contained between y — o and y — s.
8. 
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In this manner , In the case of nomogeflOus motion by

order two (n — 2 ) ,  we will have the following distributions

of the intensities of sources:

~ 
.~ 

.— —i— ) (‘< ~ ~ 1), (7)

where ,~ will represent the position of 
an elem3nt of

intensity on the track of the wing from the auxiliary 
plAne

x —~i + t~. Keeping in mind previous works (2), the contribution

of elementary sources dq” in the expression of 
the axis of

disturbance velocity from point x will be

,u1 (~q • 
~)q e h t  (8)

The axie of disturbance velocity for the thin wing component

will be obtained through the addition of all the 
contributions

of sources under the form

/1 . 
~~~ + -—

~-ç (‘ _
~—) 9:u — .rqgl o~h J/t~~( 

~~~~ (I’~, (9)

which, after complet ing the calculations, becomes

t U ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

a — ,r ~~LE

— — q~ x) (S ,r) — —
~~

--) (‘°~ ti — ‘j ’ ~

• — 2q~I) t’i’s ~ q~.
( 

~ ) ~ 
L ~~~ 

~~

• ( ID )

9.
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2) The wing of symmetrical thickness , wi th  the slope

equal with the incidence of the first thin wing. The

introduction of the second wing, of symmetrical “thickneas~ ,

is necessary in order to remove accentuated peaks of pressure

on the lower side of the wing, where the division of the

pressures obtatn d through superpositioning with the first

:~ wing component, will be different from tha t on the higher

side of the w1~ng. Following the general method of conical

motions (2), for a wing of symmetrical thickness with the

variation of slope given ~y the same distribution of sour~es
(7), we will write for the axis of disturbance velocity the

following expression, similar with (9):

/I~, -
~

-
~

( t _ --
~~~
)
~~~~ u :q )e~~h~ ~

~~~~~~ (i 
_
~~

.) (q~1i — •:q~1)en~Ii ‘ 

~
. 

~ ~ L. ~~

Cospi~eting the above integrals, we f ind

_ 
~~ + q~ ~- ) [ ~L — —

1 21

I S -- I —— (S — ,r)i I — .—- - ---- i coN h 1 .._ ~~ ______ —

‘I. 21 1

1 — ~:.~ 1 ( 11~lx— (qu q~ .r)[
(l + I — 

~~ 
(0~ h~~ —j

~
--—- ——— —

10.
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S — -L  I ~. B’ax 
—

B(s+x)

— s i _ _ B
~~’[  ($ifl~~ BI — iiin~ Ba) (qo — 2 q 1) —

BI L

— 
~~~~~ 

(Vi~~’~ 
— Vi-~~&?)]} ± L, 

(1.

where L represents the contribution of the subsonic edge

having the slope equal with “~~~~

3) The wing of symmetrical thickness compensating for

slope. In continuation we will remark that through the

introduction of the effect of the wing from point 2), the

resulting wing became the “large” wing. We will be able to

compensate this work, introducing on the track of the wing

from plane x (k) a new distribution of source of an adequate

form, which will restore the wing to an average nought thickness.
The variation of the vertical velocities w~ given by these sources,
which will necessarily present at the edge of the wing the

velocity — w ,3x,1,. will correspond wi th a “wing compensating for

slope” of symmetrical “thickness”, which has the role of

canceling the mean slope and the effect of the edge of the wing

from 2). The distribution of’ sources q~ which we will introduce ,

will be necessary to create on the lower side of the wing a

distribution of pressures without accentuated peaks, approximately

liniar, with the exception of the region near the leading edge.

For thi s, for simplification, we will chose the following

expressions of the contribution of sources:

11. 
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I. h 2~~ ( I  I A 0 i~) , q~ I k~~i (I  L’, i~) ((I -~~ i~ < 1), (13)

considered equal and of opposed sign for the symmetrical

points on ax is Ox 1 of the wing.

We obtain, in this manner, two “large wings” to form

a single one, having the slope va}iable in such a way that

the mean will be nought. For this wing, the expression of

the axis of disturbance velocity U10 will be, e imil&r w ith
(Ii), the followings

I 2R( ’,~
_ a~) 

-
— COS h ~1/(1 ± B~) ( I  .f ~ dI’ 2R(~~—f-~~) ) ~2 +

+ ~ ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~2R (~~— a’)

(14)

which can b put under the form, after integrating,

lW1. = —~-~--1B’(i’ — x’)(coah ’
1 

~~~ — eo~ h ’  ~ + B”~~ +2~v B’L 11(1 — x) 7~(l I . j ) )

+2~in~ RI Rz~ T ~~~ 1÷ k,,1c1, f B ’(i ’ —
.j 3~vR ’ [ R(1 —~ ’)

1~~’— B ’1x 1— B’(l ’ + x’)cosh ’ —
~~

—-—— + 2B’x’~ oRh ~ ’ — +Ba,

_ _ _ _
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r ~~~~~~~~~~~~~~~~~~~~~~ -~~
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~~~~~~~~~~ 
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4-2(1

+ a’ / ~~~~~~
_ I B’(L’ — a”) (cos h 1 — 8’ 

+ cos h - I L+ B ’
L2n B’( B(1— a’) 11(1 -~ a’))

1-2B’a’cosh ’ —~-- + 2 ( 1  — Vi~~1~ i~) V f_ i~i?~ +Ba ’ j

+ — x’) cog h ’-~~ + B’(1’ + a’)oo~h ’ 4
+(2s1n 1B

~~’x’+s n*1B1_BlYi_B’1’)V1_Wa1]}±L (14

Superpositloning the three wing components, the resulting

imaginary wing is obtained, equivalent from an aerodynamica].

• point of view with the real wing for which the axis of

disturbance velocity has the expression

(Ill = ~~~ + ‘W II -I-- 
~~~~ 

()~)

which will be antisymmetrical on the axis of symmetry Ox1
and contInue in the origin 0. We observe that the velocity

U11 on the higher side Is equal aM of opposed sign with that

on the lower side, . . - . as corresponds to thin
wings.

3. THE DETERMINATION OF THE CONSTANTS

For the determination of the constants q 0 and which

appear In expression (10) of U~~, we will start from the
following conditions

13. 
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— im (f I” — Bi~sd $ .(d(W~~~ dw~1 (17~~a d~
p’~~di1 j

4

deduced from the theory of conical motlon (2), the integration
being accomplished on a semicircle 6 of very small radius

around a certain point y — fl on the wing, contained in the

interval (y — a , y — 1), (fig. 2).

We will obtain, In this way the relations
• - -  — ~~~ ~~!f’~~~~~~I u4)— 

.~~~ (1 — B~ ‘)~ 
~~‘ ~ d~ (1 ~~

• which stabilize the dependence from among the variation of

the sources and the distribution of vertical velocities.

Taking into consideration (7), we will start from (18 )

and we will put the conditions at the l imit  in the points

Ti — a and n — ~ for the vertical velocity w~1x2:

— (1 ~ ( I  -- B’i~’) V i  — B’ ~ ‘ d~ ,
1 .

4 — — 
(I — ~

) ( 1 —  It’~ ’) F ~ ~~ 
(
~~

)
•.

from where we deduce the first relations from among the

constants ~~~~~~~ ~~~ ~~~4~I 5

111..

-
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_!
~~{(i ++)yr Jr ?_ sy i  — P P_ -~~~ (s&n~~ B1 — I ~~ ’ Ba)—

— ÷ [(1 — B’t ’) ” — (1 — B1.1) $hIJ -~ cos b - ‘_!~ — eo~h ’  .-
~

(2O i~)

~ 
j-
~ {( 1 — B’l ’) ” + [ B’ 

~ 
( 2 — _

~
-) + — 2 -~-.)J V t +

+3BhI’
(
eosh l _!— _ cosh I _L)+

+ 3m (~in ’ ~~ — R.)
J 

= w~~— i~~
’ . (20h)

On the other part, the mean vertical velocity w01x2 
or

the mean incidence w01x2 of the real wing, equal wi th that of

the first wing components as with tha t of the resulting

imaginary wings, is obtained keeping in mind that the two

large wings 2) and 3) are compensated reciproca].y creating

a nought mean slope; we win be able to write the relation
2 ç W~t ~I = WOL I , (21)
1 .1)

correspond ing only to the thin wing components 1). Proceeding

in this way and taking into consideration (21) we will have

(22)

which , after accomplishing the calcu lations, bmooaes
• 

~B~I { ~ 
(SIn -’ ill — .l n t Re + B1(1 — fl’ l’)” Be(1 — R1e$~ 11J +

+ 2[R1(l — B’!’) ’1 — Be( t — R’e’)”I +

+ — R111~~
1 — ( 1  — R1et1 *i} = w~’_ w•1. (23)

1.5.
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We will determine the constant A 21~ which appears in the

expression (9) of the axis of disturbance velocity , considering

the variation of v~rtioal velocities w~1 from a point on the

wing to the one of the nought vertical velocity ( for example on

the Mach cone) . In order to avoid the difficul t calculations

which appear , we will consider that the sources distrtb*ted

on the line in the interval (a ,] .) are concentrated in y —

of intensities Q20 and Q21 in such a way that we will have

a’— a j— — ---- -
~~~, Qu = --_ q~ol( ‘ — -j--)~ (Igi — TQ.a 1( 1 — -j.-

~
- ~ i)

Prodeeding In this way, we will write the relation

Re ~~~~~~~ d ~- I’)
3 — (U ’

where is the axle of disturbance velocity for the simplified

Use of the source concentrated in y — s~, given by the

expression - -
1 A a’ •~ - 11(1 +a’)(I—ai

(p~~=— (k ;= - --u- — -1- _
~~(Q20+Q,1x) C0$ hI ‘ I~ ~i 1(s — x )  

—

(Q,, — Q,1 .v) coa h~~ 1~~~~~~ L ( ’ ±)

Accomplishing the Integral (2 5) on the ails of the ordinates

(~j . 0, x — i’s) between the limits 0 and~~ , results

(2 — B*i *) E ( k) — B ~i ’K (k)  
+A, i ’(l — B’! ’)

+ ~~q (1— 
!~_V Vl~~ aI hi — B’#”)E(k) —

~~ °k 1 )  e l ( 1  — B’ a ’) L

16. 
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• 

B’ I’(K (() H (p, L))J +
+ — : ,~~(i —~~~~~ b’V p— ,’s ,

~l i t  
~ g J j -~~~~~a ,, tI~. 

— 101 ) 1l(p , L )— K (k ) J — w~, ~~

in which K ( k ) ,  E (k ) ,  I I ( p , k) represent the complete eliptical

integral s of the f i rs t , second and third instances respectively,

having the module k and the parameter p given by the relations

K k V’ 
-
— B’s” [-~ K ( k) I ~(c ’~. k )  I

L1(p, L) - ( 

B’a’~~1~ 
-

•

~~~~~
‘ 

~ 2

( K  ( k )  — l~( k ) ) b ( q l 0, L 1

k I I - WI ’, p ~~~~~~ B’t I I 2w ) ’ I ,

Ill , q~~ 
sin ‘ !~_ .  (28 li)

Furthermore, due to the separatio* of flow at the edges ,

we will impose the condition that the velocity be f ini te  at

the subsonic edges , canceling the constant A21:

A 21 — 0. (29 )

Eliminating ~~~ and ~~~~ between the equations ( 20*),

(2 0b) ,  (23) and (2 7 ) ,  we will obtai n the constants and q;1,
/_ . I  IV - — 

~~~~ 
,~~ - 

- - ,~ ,
, (30)

• ~1 I —
~ 

J — I/ nj

In whioh we made the notations

I _2B ( l+_ L)v1 _
~~

eI_ 2y1 _. as ls _ + .ss(s1n-I N1 _

~1n~~ Ba) — ~ n~ zi 
~

f 
~ — B’I ’ — !4 — (31 a)

— (( l  — B’P)’1 (l — We) w ’ ) + CO~h~~~~ — cos h

17.
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•—---
~~~

.- -- -•-- -•-:••
~~~~~• ‘- • —

~~ -- 
____________ 

_  - - - -  •- -

(1 — B’ ~~~ + — 

~
) +4 

(~~~

_

~~ ~~~~~~~~~~~~~~~~~~~ 
+

- 

+ 3RI
[~

in _ I RI — sin ’ Re -4- RL (co~h I  ~~~ — coi’ h_ 1
~~_)] . (31 h)

~w= _— !__j 3 [si u ’Bl — ein ’ B. + BI ( 1  — R’l ’) ”_ B.(i — B’s’) ”) -+-

+ 2 [B1( 1 — B’ I ’) ” — Be( 1 — B’ s’) ”J +

- 

- 

+ —
~~

-- [(1 — B’ I’) ” — (1 — B’ s1)I1] +

• 

— 

T )  ~~~~~~~~~~~~ ~i — R’e”) E (k)  — B ’P (k(k) — fl(p,

(31 e)

~~ 2B2P ~~~ 
— B’!’) ” + [11:12 (2 — -fl + -- 2

~fljVr -
~~.

+ 382 ~ ~~ h 1 _!_ — COS Ii~
, 

+

+3 111 (~in~ B! — ~in~~ Ba) } ÷

B’I’j/i — ! ‘

+ ~_ (i — -c-)’ ~ 

— 

B’. ’ ‘
~ [(2 —- B’.’) Ii (p , k) — K ( k )~~.

The constants k10, k20, k11 and k21, which appear in the
expression of U10 given by (ill), is determined taking into

consideration the role of the third wing component wh ich will

have mean slope -w01x2; similar with (2 1 ) we will wr i te

18.
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- from where we deduce the relations

(sc,, - -  .r~’)l’ -~~ 
k,,~ ~~( 1 ~ k,, ~ ) ( I  - -  II’ ~ ‘)“I1~~,

— )) (1 — ~ ( I  k ,, r) ( I  — ~~ ,~ ,)$ ItI:, JJ’• ’~¶ which end s- the form

— $4 ,,, 

~~~~~ 
( ( I  — - j,’ ’ j l)

~~
• —- 1) i 

~ 
A IO I

~~ 

t
(j  ll ’ I ’) ~’ —

:~ 
— ~~~

- ~i - - ~~‘ I’)’ - 
~~~~~ 

~~~~ 
, ~~III ~~~~~~~~~~~~~

- 
~~~,,, ~J lIi

f 
2 (1 —— WI ’ )-’ I~ - Wi’ +

— 
A ,1 ( ( I  — l~-~ t a ) - - •t i  y

Considering for k10 and k11 suitabl e values
I- - l

A 10 — A ,, - -  — -_

~~

we will obtain from equations (2 3 ) ,  (3ka) and ( 3kb) the
oonstants k20 and k21 :

- 

3[~n ’ — s1ir’Be~)~m(1
_ asp;tl _~ Ba(1 — 3 i ’)”J +
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~~~~~

- ~~ ~ 3[eIn lBI —idn ’B. + m~i — 8111)11 — Be(1_Bses)tm]+

+ 2 [ J J l ( 1  — B’!’) ” — B.(1 — BIeI)111
} +

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~x {1 B1l1[ 2 ( l  —B’l’) ” + 3(V i — B’!’ + 

~~~ 

B
!)J +

H 
~~~~~~~~~~~~~~~~~~~~ (36b)

k. THE DISTRIBUTION OP PRESSUR E AND AERODYNAMIC

CHARACTERISTiCS

We have shown that the axis of disturbance velocity on

the real wing results through the superpositloning of the

three imaginary wIng components , obtaining formula (16). In

this way, the coefficient of pressure will be obtained

considering the axle velocity given by (16), (lig.3):

C, __ _ 2 .2E ~Wi
(I.. e—. 

(37)1

For the calculation of the coefficient of l i f t  of the

straight line of the wing we will make the observation t h t

the wings of symmetrical thickness do not give l i f t , so we will

only consider tha t given by wthe l i f t  wIngs:

- 

- 

20.
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Accomp lishing the calculations, we obtain
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Fig . 4

The coefficient of the moment of roll is

~ d!,,

21.
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which , after accompl i shing the calculations, terminates the form
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where H is a reference length ( f i g .  le) .
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For the definit ion of the parameter , which enters the

express ions above and which determines the l imits  of the

distribution of sources, we will remark f i rs t  that the

position of maximum distributi on of pressures coincide with

the abscissa y — c of the center of the vortex nucleus , as is

22.
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ascertained from experience . However , making the calculation

on the base of dis tr ibut ion of sources ( 6 ) ,  it is ascertained

that the peak of the depressions on the higher side of the

wing falls approximately .t half the distance between the

center of gravity of the intensity of the sources and the point

of abscissa a , which we follow to determine It .  In this

way we can deduce the relation between s and c

~ —f-— (1 - ~ ( -; 1,2 -
‘ 

-

For the def ini t ion of the positions of the vortex nuclei ,

we will  observe that at small torsion o~ the w ing, this can be

considered approximatel y plane and parallel with the direction

of the undisturbed flow U,0 , so that the vortexes fal l ing off

at the leading edges , in the form of a horn would be considered
~~~~~~~ q&~~~~)as attached to th~~’*urface of the wing, This work would lead ,

however small the intensity of the vortexes would be, to very

great local velociti es, incompatibl e with the real effects of

the separation of flow at the edges. In order to avoid this

work we must allow that at very small torsion of the wing,

therefore, for very small values of the paraaeter cx01( 2 )  or ,

more exactly, when ~~~~~~ the position of the vortex nucleus

will  be c — 1.

For greater torsion of the wing we will allow that the

nature of the vortexes which start on the leading edges, evolve

23.
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proportionately with the incidence~~ —cX 01
x2 as well as with

the span of the wing (as with the *tng with constant incidence

(i)), therefore with the square of the span of the wing, and

wind s itsel f on an axis representing the line of the centeW’ot

gravi ty,  corresponding to the abscissa

- t  1 4

We will remark however that the I ntensity of the vortex

nucleus is something smaller than the total vortex generation

intensity, the rest being in the layer which forms the surface
I

of the horn along the leading edge.

From that, orienting ourselves according to the experiences

accomplished on the delta wing with constant incidence, the

minImum position of the vortex center, corresponding to torsion

or greater parameter w01 - -~~1U~, can be considered to contain

betw.i~~
e ~~ 0,6 1 - : - O,~ 1,

that which would correspond with the center of gravity of only

a part of the total intensity of the vortexes, representing

just the real Intensity of the remaining nucleus (about 80%).

What makes this minimum position to be the weight of

stability is the fact that at gre~’t incidencee vortex nuclei

appear, of opposed sign with the principal, situated between

2k,



this  and the leading edge.

Between these limits , taking into consideration the

experimental results obtained by various authors on tbe plane

delta wing with constant incidence we will allow the following

approximate formula of variation with the incidence for the

position of the vortex nucleus:
I (,~)

T~~ ~~ 4~ i~~i~~~~
’

where ~ represents the incidence of the wing between a suitable

j point, representing the center of gravity of the aerodynamic

ef fects, namely

~
1’
~ 

~=‘ —f , ~~~ ~~~~~~~~~~~~~ 
(it ;)

We will remark, that the whole reasoning which has led

to the stability formula (k5) can apply for each section of

the wing, obtaining in this way a curved line for the position

of the vortexes nuclei. However the deviations from a straight

line is ascertained toward the peak of the wing, where the

aerodynamic contributions are very small, and behind the wing,

where the incidenoes grow, the vortexes sit reoti].iniar. From

this, we can allow a straight line for the axis on which the

vortex sheet winds in the form of a horn, corresponding to

the section given by- (k6) .

• This hypotesie permits us to apply the methods of conical

flow of the higher order.

25.
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5. TH E CASE OF CONCEN TR ATED SOU R CES

Considering, for simplification , a sudden variation of

vertical velocity in the point s~ o, correspond ing to the

abscissa of the vortex nucleus, we will obtain the case of

an “edge” of separa ti on of vertical velocities w~~cx 1 and
(Ii, w0, ox 1 ~2i .

The sudden drop of vertical velocity or of incidence is

realized analytically with the help of logarithmic singularities

concentrated in the points a’— e c on the trMck of the wing

in the auxiliary plane x (k ) , havtng the intensities and Q2 1.

In this case, the axises of distur bance velocities of the

three wing components have the following expressions

/1; 
~~~

‘ 
-I 2 

Q~ ,- .-) i n s  Ii ‘1/ i’ i - ) ( 1 — 
-_

I I — •i~~ V 21( -
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- I
— 
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~ 
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* ii;, - 

2 
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f or the “large wing”, ar~
-a;, /i~.

C i  
for the “compensating wing” for slope, where at1. has the

expression given by ( 15) .  Given that we will remark that the
sign of the axis ielooity ~~ .• is different  on the two sides

of the wing. The expression of the total axis  velocity will

be given by a formula similar with (16), which will permit us

to determine the distribution of pressures.

Starting from (17a ) and (l7b) , we will find in the case

of concentrated sources for Q20 and Q~~, the follotng expressions:

Qsu - - 

~ 
-

~~~~~

-—

~~; 
(u’~’ — i4 *~~ ) , Q~~ 

- 

(t  —1I ’) ’~ 
(1V ü~i — u-i;~ ).

and from (2 5 ) ,  in which we introduced ( M .  given by (k 7) ,  we
• will obtain

(2 - -  11’! ’) b ( k )  — 8~~~I ’ K(k )  -

i’ ( L  —- I i ’i)  + -

~~ 
~( I  - - B’ e’) ~ (k) - B’ I’ (K (k )  — II (p ,  L ) ) j

•‘ 
~~~~ ~~~~~ 

:,-~+ Q~~ — ,~~~ 
, f ( 2  — I~~~ r~) II ( p, k) — K ( k )  I — .  - - u’~ ’, (s-f )

in wh i ch the complete eliptical integrals, in this formula,

have the module and the parameter ~ given by the relations
• (28a) and ( 28b) , in which will be put s’ a.

Using the relation (21 ) ,  we will obtain

- — ~ * ,
i~) ~~ — (t.’~~~ 

w-~’’) 1~, (ci)

27.
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which , together with the condition that the velocity be

f in i t e  at the edges

A 21 — 0, (53)
and with the equations (50), and (51) form the system of

- - 
~
- 

equations from which we deduce the constants. •

In this manner , we will obtain respectively

= - E (k) — B’i I E ( k ) — ( I _ 1 12 e~) I I  (
~~~. k )~~ 

- - -

E(k)—B’l’[K (k)—(l—B’ c’) f l ( p , k ) I — - ~ (1 _B!(. !)J
(
~~~: - (I —8’r~) 

( ‘- t

E(k) — Il ’!’ [X(k )— (1 —B3~’) I 1( p,k)]— ~~~~~ Y(’
~

- l ) ( l  • -1 ~ e~)

-
- - - - ‘ ( :.4I~)

sr ,1 E( k )—B ’l ’[ K ( k )  — ( 1  —B2c2)I1( p ,k)  J—  ‘~ ( 1 — 1~~e’_’ )j  (!. I — B2 s~~)

,vc2
— — 

~~‘ 
______ 

— - —  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

---  — , (54e )
2(1 — ~-)vi B2 e1

~~~E ( k)_ _B 2 l2  [K ( k ) —  (1 B2e2) 11 (?, k) J  (1— 1I~C’) 
~/ (

~ 
— (1

—

2 (i_ -~~~1 1_Bb c3 {E ( k) _ B h i1 ( K (k )_ ( 1_ B 1 e$) fl( ~~ k) ] _ -
~-( 1 _B ’C$)

I/ (~~
_ l ) U _ R t et } ( ~

4t1
~

The constants k20, k deduced in (34a), (3kb), in which• 21
is substituted with the expression given by (5kb).

For the determination of the coefficient of lift of half

of the wing, we will start from (38) in which the expression

- Re~~ will be introduced from (k7) and we obtains

28. 
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The coefficient of the moment of roll is calculated

starting from the relation (leO)

H -

~~~~ 

I_i

- l~ I is ij l  - ‘ ,-
~~

) —
l I ( ’  • - — --- - —- I’ ‘(i1~~ • —

~ L (t~~)

~~~~
7

~~~~~ (/~~~~~
_

~~ i1’~ 
-- i~~ 1’ 4- 2* 1)1.

in which the constant has the expression (511c), given above.

6. FINAL REMA R KS

The results obtained above, in the case of torsioned

wings, can be used with the plane delta wing in rotating

motion around the axis of symmetry Qxi.

In this case however , due to permanent rotation of roll ,

it will be necessary therefore to make other considerations.

On the other part , we will  remark that the position of

vortex nuclei will be affected by a centrifugal effect , which

pushes them towards the leading edges removing them, in the

29.
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case of great velocities of rotation, to greater distances,
even over 0.75 1.
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