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U. S. BOARD ON GECGRAPI{IC NAMES TRANSLITERATION SYSTEM

Block I tal ic  Transliteration Block I tal ic Transliteration
A a A a A , a P p p p R, r
B 5 5 B, b C c C c S , 5

B B B S V , V I T T m T,
r r  r a  G ,g Y y  Y y  U, u

D, d F, f
E e E a Ye , ye; E, e~ X x X x Kh , kh

Zh , zh Ts, ts

3 3 3 , Z , z l.~ ~ Ch , ch
j~ u I, I W w Sb, sh

H R a Y, y U4 u~ 14’ Shch, shch
F K K K K , k b ~ 

U

fl J1 ii .i L, 1 Y, y

M Al M , m b b  b ~
H H  H i t  N, n 3~~ ~~~~

, E, e

o o 0 o 0, o hi FO Yu , yu

f l n  u n  P, p Ya ,ya

~~~ initially , after vowels , and after b, ~; e elsewhere .When written as ë in Russian , transliterate as y~ or ~~~.

RUSSIAN AND ENGLISH TRIGONOMETRIC FUNCTIONS

Russian English Russian English Russian English

sin sin sh slnh arc sh sInh~~
cos cos ch cosh arc ch cosh 1tg tan th tanh arc th tanh 1ctg cot cth coth arc cth coth 1sec sec sch sech arc sch sech_1
cosec csc csch csch arc csch csch

Russian English

rot curl
ig log

1
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SI NGULAR INTEGRODI FPERE$TIA L EQU AT ION OP THA PROBLEM ~P DU TF L O V OF

LJ QUID FRO M UNDER A SHIEL D

B. Du ysheyev.

I i
Various probl ems of the outflow of liquid fro m und er  a shield ,

taking into accoun t force of gravity and force of surface tension,

were Studied by many authors .. A detailed revie w of works , dedicated

to such problems, is availaUe in ( 1, 3]. Let us examine the stead y

notion of incom pressib le liquid (tak ing ii~to account the simultaneous

actioii of forces of grawity and surface tension) between horizontal

wa lls PA and PO E. In this case the upper wall P A on tk. rigkt

ter minates with sI~ield AB , slanted at ang i.. d~.. ( o ~~o & c i  ) , and t he

lover — coincides with the axis of abcissa . The axi s of ordinates

passes throug h point 0 and the bottom edge B of shield AB. Liquid ,

with density y f lows out from under the shield with  fr ee surface

PB.

~~~~~~~ :I~~~it~~~TII1~— -——1 I A
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Ret the magn i tude  of speed l.C and the  thicknesi of •tr~~. I~.
at point B be assigned . It is required to find speed TI os RI. In

such a settin g this problem is reduced in ( 3 ]  to a system of two

equations, the study of which was Erod~~ed by the method )f

successive approxima tions for certain values of paramstars . R3wever ,

the questi on about the solvability of the Froblem for other small

values of parameters in [3]  remained open .

~n this work the system of equations of the pr oblem is st ud ied

for small Froude number  characterizing the f o r m s  3f the f low

liqes.

Let us introduce

~~~ ~~~~~ 
çf...~~ , -~; ‘Y, ( 1 )

21~
(
~
)
~~&(~ (1)-1) ui =~~~~~~~~ . (2)

Then tro. system (1.111) , (1.6) of work (3] we easily obtain the

system of nonlinear singula r integrodiffere ntial equati ons wit h small

p&rameter ~

( )

lj , (- 1) —0..  S 1, 2 .  (4~)

Here for brevity of writing the following designations are used:

- ~
-
~
-
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- ~, c2w-i~ /.

V = ~ —2 u L + ~1,’f :~f t) , (5)

The s9lution of p roblem (3) , (4) we will seek in the  form :

tAh (~
)
~

-
~t (6)

w~ ,re are expressed through sought  functions ~j ,u.3) and

• and \~6U) - solution of the con f luent  system:

(7)

The physical sense of equations (7~ in volves the fac t  tha t with
E~o the free surface BE of the stream flowin g out from under the

shield lB is hor izonta l. raking into account (0) , from (7) we f ind :
1
~~ (5~~ ~ 

- s.~cp (4~ I’~—4-r
Substituti ng now 16) in (3), we will have :

el~~
:(~~ E) 4e%4 ’(o— ~~~~~ +~~ E t .a ,u.~.E7i S1

~I’t,w,,O,u4
£ (I)

~~~
(eE)~ ET(t,~Ju 4~ i1’J&~ V(k4 #~y, . (.ita)~~I V(WS ~4~,i,.

—1 (~~.~ )I4 _ x w 

- _ _  _ _ _ _ _ _ _
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€ (7 (t,E)’. g) 1t~,a#/11 ,~~.t.,9,~~) ~~~~~~~~~~

fl (~. i). ~ ~ (v.L) V ( j~~~~(~

6i~~ W v ie p , t’~,i. ~, A~~~~a(e ,L)ea ’i.t ,~ ’u.~,
, u’(IV#€7(4f), ta (’~,1) t) ’(it.L). ~

- 

-

Let functions ~ H.T(’.) ,f 7,(.),9(.) be represented with the aid of

?‘ (e.E — .~~~~ ~ u,aj e~’, Tv# o~Z’7 (tIE ..~d (12)

/7, (t, E) ‘
~ lr~~ 

11~n (L’,E) ..~~~~~, ~ (t,.~
) 

~~ ~~~~~~ ~
‘
,

where ~~~~ and /~~~(t~(/ satisfy Molder boundary condition, and

~ (1)~~~~~) . d  (~ (-L ,~
)..a

~,,E”1 a.~t ~~~~~ (14)
The problem now involves finding fuact ioms ?~,,

rl)  and ~~~~~~~

Let us assume th a t analytical , with respect to U1~~ and �? ,
fu ttons 

~~
(.) . &iV(.) together with their deri vat ives of ~~~~~~~~~~ and

((+~c ; orders

r?lA ’
~

s
~ 

A~~~4’~A~Z~4), 
ftu~w U) 

~~~~~~~~~~~~~o~ e~v,
V 

satisfy Holder boundary condition , where fr om s tructure  9~~) and (7)

_ _  

- _ _ _ _
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follows R~~~ R~ ~~~~~~~ , Using the  ana lyt i c ity  of

f~~~ tj ona ~~~~ e~v ()  and placing (12) in (9) , and then equating the

coefficients w ith identical powers of ~ , we obtain a system Df

liz~ear singular integra l  equations :

7 (&) ~/L (~ )~ (~ 
4 t)fJ~s 6’)— ~ (4 ) J Y( W 1, 0) ,

4 
((5)

~‘T (t)— -~ _ _ _

Mere for convenience of reason ings there are used designations:

o~l*(t) = (1~ t~)~~ , i’~), ~~~t f )~~~t .~
’U), 44.A,so,

j ..t’0~�~C.~ p~,
(
~
,(
~
)Ji7 (

~
) + ‘

~~~ c~1)

~[(~ ~~~~~~~~~~~~~~~~~~~~~~~~~
a 

(t1)~~ ft (t~ j~
4
794 (4

— ~ ~ ~~~~~ ~~ 
(
~)fl4~.6’ )] ~

~~~~~A,(
~) [I~~ ~1 ~ O~,wt) , 

~~~ ~~~~~~‘

where suns ac. expan ded by rules ij idicated in [14].  Fr om the

structure of fun:t iona 7’(i), 9’(’), e~, V(•) it follows that  J .j t)  and

are limited and satisf y Holder boundary condition . Since

— known f unction , then iron system (15) it is poss ib le to

essily f ind  ~~~~~ Let p,, (é) . ~~~~~~ be found. Then, by applying

the theories of linear singula r integral equations, for  any  1~ a 1

ftc. expre ssion (15) we find
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~,.,(ihr 1A t,(~ (i), ~~~~
,, (t)  _ p~ (4) fftd,H)~d~, 

(. 1)4 .

+ J ~.~(-I/ ..f t.~(’t)( 1# tA~ ~~ fr )# J,, (~)+ (is)
+ ~~~~~ ~

) S’~~~(’2)cix)

Similarly, from the analyticity of functio;s ~ &tV and (10), (13)

we will hive the following recurrence equ ations for

fl,,,(4,~ ) 
~

e/ 7,’6’L) =
~~~~
‘ 

~~ (4EJ/ 7, (~&7:1.E~. /7,.6~,5) 4
jaa~~~

_ _ _ _ _ _ _ _ _ _  

(17)
.g

el/(’~6’,~
)_a(.o(’t ,E)/7d~

(i,
~

)— ~~jea p2::~!
i’,

(18)

(. ) ... ~~~ I i4e (z f UI7 1~~ iLd , c~, ~— 
,. 

~~~~~~~~~~~ 
•V ( • )~

~~~~ 
(.)

~~ 
(z~) ra. (*~~) + Qw (m.~)

- (.t - tW~~~’ 

- -- V - 

_  
_ _ _ _ _ _ _ _
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Q’ (~) ‘~~~~~
‘ 

~~ f8€.~.i~ (t.E)/ Z~,fe.E ) &.~ (~.e)e

k17 ?aS V/ (t,Ei] &lt ~~1(~7 r7~ r~e)h?~~rlI(I!,,,r],

a11.1~(eE t,~ (4,~)÷ Q.~4(e~~) Y~ (t~E/ +

~~~~ ra~h (IA)/lflu, (i~E) 4. 
~w~e*

+ ~~ja~t~ (a ‘fl4’ (f~~jkj~ O~S.’

~~~~~~~~~~~~~~~~~~~ ~~
~ (f~4~ (j ~ p J ,

a (
~

) (M) c:a ’c’~’ ~ )e.

8~, ~.e =E d~ (A.~
) C~’/ 7 ,’e,~) ,  -

“a,”

~~~ ( ,).[7~ (1,e) ,

sh.re ~~~~~ , ~~~~~~ 
— derivatives of ~~~~~ and (a~~~ orders of

tGIlction ~~ and &1V with respect te d.psads*t variable .

Sinca , by v i r tue  of the structure of formulas (5), f un ctions

are integrated and 0L..() are cont inuous acc~ rd ia g to

Holder, and the ri gh t side of equation (17) satisfies Lifshits

condition, then equatio n (17) is solvable.

_ _  

- -~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -
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Let us assume that  ‘e,C~ o , Q,.. (( .ELO an d the solutioa of equati on

(17) is found [4].

For assigned n = 1 from (18) it is not difficult to determine

fl~(’i~ Let fu~ctions fl.. (/, f) , t w j ~W~i already be found. Then J7~(•), and

coas.j uently 4~~~(i,~~ ) , - is kno w n functien. Considering th a t  the f irs t

eq uation of systam (18) can easily lead to an equation of Fred hola

t y pe, the solution of which is presented in the form:

f l~,, (~~~) Q1~( E ) ~-fR(4,x .e) Q,~ 
(z ,~)dx , n~ j , (19)

where R ( )  — resolvemt of ker nel
/(e.~) 8~

(
~,e) 1,g -, /Ti~

’ a
~
.i (r.

~
)d?

~~~~~~~~~~~~~~~~~~ 

—j  / ~~~~~~~~
J (’~,e~) = exp (éf a uo (’5.E) d S) ,  a , 0 0 ( ) v O,

Qd~
(.) = f ( 4~)ff l1~( LE). ~~ff ?z ,~~~~(~~C)dr) .

Estimates for functio.s 
~
,,, (e) , f7~ (1,E) and oanvsrgence of series (12)

and (13) are established similarly (4 ] .

Thus , by kn owing funct ions  (8) , (12) , (13) . (16) , (13)  and (19 ) ,

we can determine the solu~ icn of initial problem by fo rmula  ( 6 ) ,

wh ere with E-” o L4(~e) sttives toward the solution of c on f l u e nt  system.

On the basis of ( 6 ) ,  (8),  ( 12) , (13) , (15) and (18) , (19) the

magni tude  of velocity V()~V.(( .’.E~ ), and consequentl y, Q = c ?.(1,~~.~)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~
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is known func t ion  of t , depend ing also on ~ — angle C c slope of
shield AB, small Froude number E~~i and parameter X, considering the
coefficient of surface tension. Omitting detail, let us present the

formul a of the coefficient of compression of the strea m in the

following form :

3•~ £- 7(. tE,.A) ’ ~7(.),~~~2 [1-Rtu4(2~

- 

~~~~~~~~~~~~ 7(.)i~J .
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