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SINGULAR INTEGRODIFFERENTIAL EQUATION OF THE PROBLEN OF OUTFLOW OF
/

LIQUIDP FROM UNDER A SHIELD

} E. Duysheyev.

Various problems of the outflow of liquid froam undar a shield,
taking into account force of gravity and force of surface tension,

| vere studied by many authors. A detailed review of works, dedicated

to such problems, is availatle in [1, 3] Let us examine the steady
motion of incompressible liguid (taking into account the simultaneous
action of forces of gravity and surface tension) between horizontal
walls FA and FOE. In this case the upper wall FA on the right
terminates with shield AB, slanted at angle L (o<l <% ), and the
lover - coincides with the axis of abcissa. The axis of ordinates
passes through point 0 and the bottom edge B of shield AB. Liquid,

with density ¢ ) flows out from under the shield with free surface

BEE.
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Bet the magnitude of speed % and the thickness of stream k.

at point E be assigned. It is required to find speed U oa BE. In

>y o

such a setting this problem is reduced in [3] to a system of two

i equations, the study of which was froduced by the method >f
| successive approximations for certain values of paramztars. However,
the question about the solvability of the problem for other small

values of parameters in [3)] remained open.

3.8

In this work the system of equations of the problem is studied
for small Froude number £-§¥§ characterizing the forms >f the flow

lipges.

Let us introduce

Ay . . .
UlE)=E(T(8)-1), U, te)=R6e), (2)

Then from system (1.14), (1.6) of work [3] we easily obtain the
system of nonlinear singular integrodifferential eguations with small

I parameter £<4
€S- Pl u ¥.2), ule) =2 [R10)- £ (8], s)
lé1s 4, :
Usl-1)=0, $=1,2. (%) 3
Here for brevity of writing the following designations are used:




P

DoC = 1119 PAGE 3

: __5;..[910-}{/\‘)]. N & Vi, (x),7)
Pr) Vg $oe) 7 ,/ %')(77?5"'4’-'

V1) =VI=2u:0e)s 5712 ) - ste), (%)
Yit)=(1+€)uire), Ut)>0,
]‘[:(tl - "?ié' aac/y ra.‘nr‘:-':)' b b L

The solution of problem (3), (4) we will seek in the form:

u.(‘.‘)‘ M (tl"'ﬁ 75(‘;5)4’/7’({,6)0

S) = Wt +ET(E£) +GI4.E), (6)
vhere 7%&190;) are expressed through sought functions ,(¢,s) and

[ls(t,s) o+ amd WAl) - solution of the confluent systen:

4
V- (G viwiemt) . . i
w(u=-,__-‘/§;__”ﬁ3r.dz-jﬁm.mm-o. 7)

The physical sense of equations (7) involves the fact that with
€=z0 the free surface BE of the stream flowing out from under the
shield AB is horizontal. Taking into account (8), from (7) we find:

1 4
wite)= £t~ exp(-§ [ (54 - 54z) k= oot
Substituting now (6) in (3), ve will have:

EPIt.)+EWtt)= Pl + 67, Eda ,w+ET)- Ple, Wi, 0w),
)

{ (o
: v et )- bn VIWL230)
Epcee) = €Tl 0w u}l'f ‘j n (z *:;. ‘e..:) "
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€T (t,6)= PUE,R e, 6690,8,09)- P(£,6..60,6),

G iteu («0)
Mh(ee)magire)s 1#3"/ M%%%sh'l;_fgym,a) e,
[

Ci=Wite)+8 Pe0¢,6), G -éda(e.e)sétrot)p; (¢.€),

()
Cs= W) +ETILE), 1.Ct,6)=ee)lT (¢,6).

Let functions %01, T(),/),9¢) be represented with the aid of

7 (c.e)-g'; Bnlt,00™, 7'«.:;-§7.: (¢)e™,  (12)

[lslte)=5 ﬁan(é.a)j:. grecl _gq..(e.emi'. (13)
J,=?y

vhere 7,,(*) and /A»#¢) satisfy Holder boundary condition, and
Denl-1)=2Qnd ;Y (i (1,6)2Qu€™, Ay const.  (14)

The problem now involves finding functions Nsalt) and  [7s,(4¢),

let us assume that analytical, with respect to ., 7 and 5

fugctions 7). (aV(-) together with their derivatives Of (cewsj) amd

(C+x) orders

(W ] i )
Rite- T4, . (e Belinn0),
B=0V,

Satisfy Holder boundary comdition , where from structure %%/ and (7)
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follows A=l e=Ruw=0 , KT 24 , 4) Using the analyticity of
feactions @A), 0 V() and placing (12) in (9), and then equating the
coefficients with identical powers of € , we obtain a system of

linear singular integral equations:

7; (‘) = qj._ (f)!(l*t)/.’gu (t)‘ ?‘:"_.‘ (*)]V(M,O),

s e 5)
b I =67 LooCE)DunC)+ B [0k an (x) ¢ fon (x)
Bult)= AT, ()= LLE[ 28 Ve iz,

Here for convenience of reasonings there are used designations:

dan(t) = (1), 1¢), Dites=wie), Ky= fosio,
e : : i [/
Lw=3ci, g,".,‘ml/ﬁ:‘(m b3 RO
et L

eeien g

v[(:Zj Pea (“}“CZ:??:({))?" B. (t)/(g‘o(,,(()}".
BT R A e k) o)

elocian

Jon®r= 3 Cici [Bnl O Tontt) ¢ Attt et 1]
+Z : ﬁc’c (*)[[.é? ?ul("))(‘gd"(t))?, EKJ =77,
¢ it

Zeimen
(K2l

vhere suss ' are expanded by rules ipdicated in [4]. Prom the

structure of functions 4, P(),éaV(:) it follows that Jon(t) and

fn(t) are limited and satisfy Holder boundary condition. Simnce

¥.(t) - known function, then from system (15) it is possible to

easily find 7,(+). Let p“(é). Tsg,n-1 be found. Then, by applying

the theories of linear singular integral equations, for any ha{

frcm expression (15) we find

ki
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Dun ()2 A Y (4), um (€)= - B () it )9 1)+
+ b d)+ Puult) (14602 Ha (¢)+ fin(t)+ (16)
v # [leh - £7) Yontedlx ]
Similarly, from the analyticity of functiogs @ , laV ani (10), (13)

ve will have the following recurrence equations for

nsn“.ﬁ) | :
ELL(48) =50 Au (46) [0 (,)92(tE), [T1o (450
: i*ang
Qurte)=dLE /‘ b e Tax8) (17)
g x-¢)/1-x
617‘,”({,6)— auo(fo e)n(n (‘)E)" g:"'—s;'——-—m'
‘ .
*{%ﬁ%ﬂﬂ&m £ (e), (18)

[len(t.€) = F g (68), n>d,
: 1
gal:}= l:;t. "’zi'x:':,);rr—!'lzl;("" dx + W.(e.E),
S /

s y n(x, & ( ,&
R e .




0» ) .‘.é"‘ Ct:‘ [&o‘p “.CI[?/?,.JI(,C).#A“‘ (‘.C.)'

h‘/‘?'z:'/ (f,el)]eo-'gt';g‘. (t.E)[(‘z: [7“ '(".e))‘.(gf“({'t).}. |
Zen,
¥

Er() = Qoo (4,€) Ton (4.6 )+ Quni (8,6 ) W (¢,€)*

n-f K 3 |
+‘§ il [ Qirigpe (4;!)[?]7“' (48) + Claguie(2,8) "“"i("‘)]' ?

:,.;:]ah ( ‘o‘)@ nu) ¢ (ﬁ: '!ur ) * Qn (62)4
"[{éj:‘z“).’.(ég?‘)':]}s:“%:%c:‘(hé[@“n u)t"
) E )],

atvx(t.f)fZﬂ.--lf(.C)C‘(' ¢:L'€/"9£": é;t.:j'»u. E

Confag

Bun (4,6) =30 clen (6,)CHIE (06D

Cemng

Taawoe) [Tog (4,8),

where J;‘.J(') , det) = derivatives of (c+a+j) amd @+x) oriers of

functjon P and ¢V with respect te dependent variable.

Since, by virtue of the structure of formulas (5), functions
HAiwxj(-) are integrated amnd ol«() are continuous according to
Holdex, and the right side of equation (17) satisfies Lifshits

condition, then eguation (17) is solvable.
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Let us assume that Huwe(.€)<0, Que(*E)c0 and the solution of equation

(17) is found [4].

For assigned n = 1 from (18) it is not difficult to determine
[l el Let fumctions [lee(¥E€), z={7{ already be found. Than /1), and
consequently Frte), - is known functioen. Considering that the first
equation of systam (18) can easily lead to an equation of Fredholm
type, the solution of which is ?resented in the form:

[1n(4,€)= Q‘"(g'e),»/k((,::,é) Qun (x,£)dx, n3e, (19)

wvhere K(*) - resolvent of kernel

Fl1.6) 810 (x,€) J1-C. Qoes (T.€) 4
Hl) = Fer=r—" /f(‘) 5T . ;

f(f )= exp(g‘/amfﬁ E)dS) atoo( )VO

0(»(‘)* f{tne)[ﬁnv(' 1.&)' E-‘/f- (Z,E)E(ﬁ't..é:)o(x].

Estimates for functioms ?,,,(é),ﬂ.,.(l,s) and caenvergence >f saries (12)

and (13) are established similarly [4]. :

Thus, by knowing functions (8), (12), (13), (16), (13) and (19),
ve can determine the soluticn of initial prcblem by formula (6),
vhaere with &é-0Us(1,é) strives toward the solution of confluent systen.
On the basis of (6), (8), (12), (13), (15) and (18), (19) the
magnitude of velocity Vi ):V,(t.4.£2), and consequently, S2(¢)=52.(¢,d,€,4)
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is known function of t, depending also on q - angle c% slope of
shield AB, small Proude number €£<{ and parameter A, considering the
coefficient of surface tension. Oliéti-nq detail, let us present the
formula of the coefficient of compression of the stream in the

following form:

K (4.€,2)=

R SRR T
oz 1~ EA)

Ve 2 [ Sl £le)-Qlt.d.€,2)] _
k()_ é-/ (l't)‘/.(t,d,e,.l) d{. .7(‘)<{,

J'.
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