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Towards a Theory of Choke Pistons *

L. A. Vaynshteyn

The choke (reactive) pistons in the coaxial line, depicted in Fig. 1, were
investigated. These pistons ensure almost complete reflection in a certain fre-
quency range, whereas direct contact between the exterior and interior conduc-
tor of the line is absent. Both the elementary theory of these pistons, based
on telegraph equations, and the more accurate electrodynamic theory, in which
diffraction on the opened end of the piston is taken into account (Fig. 1, b and
c), are discussed. A physical analysis of the blocking effect of the choke pis=-
tons, and also an analysis of the corrections, which appear in the transition
from elementary to electrodynamic theory, are presented.

Sec. 1. Elementary Theory of Choke Pistons

Choke pistons of various types are described and their elementary theory is
discussed in the literature (see for example [1]). The choke piston, represented
in Fig. 1, a, by analogy with [1] can be called a capacitive piston, the one
shown in Fig. 1, b, can be called a cap piston, and that in Fig. 1, c, can be
called a bucket plunger. It is necessary to keep in mind here, that in contrast
to the "pure" choke pistons, described in [1], the pistons, shown in Fig. 1,
have contact with the interior conductor of the coaxial line. Moreover, it is
evident, that the operation of the pistons, represented in Fig. 1, b and ¢, is

completely equivalent: in accordance with the reciprocity theorem the trans=
* This work was accomplished in 1957.
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mission coefficient of a wave, incident on a piston along a coaxial line from
the right and from the left in Fig. 1, b or ¢, should be identical. Thus, the
operating principle and the theory of a cap piston and a bucket piston are
identical, and one should not be surprised by the identity of the numerical re-

sults in the calculatiom of both pistons (see [1], page 361).

z=0 th
' .
 _—
[ —————
I I g W il
2 X = 2
Q 'g
2) 7
o
w rT w
ST
Fig. 1. Choke pistons of the ‘
simplest types. ¢)

Let us calculate the transmission of a wave, "incident'" on a cap (Fig. 1,

b) from the left. Let us designate via W the wave impedance of the coaxial line,

via Wb = the wave impedance of the section of the coaxial line, formed by the

lateral surface of the piston and the exterior conductor of the coaxial line,

via Wl = the wave impedance of the line, formed by the lateral surface of the

piston and the interior conductor. In accordance with the theory of long lines,

when 2<0, current J and voltage U to the left of the cap in the line are

equal to

J =ikt 4 Re=itt, U = W(eiht — Re=iM), (1.01)

where for simplicity's sake the amplitude of the current of the incident wave

is taken as unity; via R is designated the reflection factor, the time dependence
e-1ot k= wfc = 2n/A.




' In the section 0<z<!, where the piston is located, it is necessary to

distinguish current Jo and voltage UO in the gap with wave impedance WO:

Jo = Ae*t + Be-i%s, Uy = Wo(Aeths — Be-trs) (1.02)

and current J 1 and voltage Ul in ther interior line with wave impedance W_:

1
J) = C[eire-n 4 e~ihe-) U = W \C(ethe—> e—ihe—0] (1.03)
Here A, B and C are constants; the expressions of (1.03) are written taking

into account boundary condition U = 0 on the "bottom" of the cap, when z=1

When z2>1! we have
J=Teht, U= Wreits, (1.04)

where T is the transmission coefficient.

The values of A, B, C, R and T are determined from the five boundary condi=-

tions

Jmlogm],, U=Us+ U when 3=0,
Jo =1, Uy=U when z = } (1.05)
the first of which expresses the current continuity on the interior and the ex-
terior conductor of the coaxial line, and also the absence of charge accumulation

on the edge of the piston. The solution of these equations gaves the following

expression for the transmission coefficient:

T 2010 (1.06)
eoso[z—m.tg’o-l(m +;’:-!+ i)tg‘ﬂ]

m
where
W,
0 =kl -— -—
T (1.07)

3.
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' Expfession (1.06) shows, that

T-OWMnO-g i) (1.08)

&~
2

and with any m and ml; however, with greater values of m and m, coeffictent T °
takes rather small values in a larger range of values of ©¥. The curve, which
gives the dependence of IT1? (in decibels) on ®, is given in work [1] on

page 359 when m; =~ m = 188.

If a wave is incident on a cap from the right (Fig. 1,c) or on a bucket
(Fig. 1, c¢) from the left, then analogous calculation leads to the same formula
(1.06). Thus, these pistons at the optimum frequency (when ¢ = n/2) give com=
plete reflection, in contrast, far example, to a capacitive piston (Fig. 1, a),
which also when ¢ =nx/2 gives a certain transmission - the lesser, the small

the gap is. The physical reason for this difference will be discussed in Sec. 2.

Let us note, that formula (1.06) and all the conclusions following from it
remain valid, if the entire section 0<:{:<l is filled with a dielectric; in
this case it is necessary to conszzz%:zgzlto take into account the effect of
the dielectric on wave impedances Wo and Wl. It is optional to consider the
lateral wall of the piston infinitely thin: it can have finite thicknesss If
we designate the interior and exterior radii of the coaxial line by a and b and

the interior and exterior radii of the lateral wall of the piston by r, and rb,

then in absolute units

W,-Lm?..' W, .._2__1,,":_

Ve n Vs o (1.09)

and for the transition to practical units it is necessary to replace 2/c by 60

ohms. When r, = r, = L and e =1 these formulas take the following form

4,
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c To c a c

b
7 (1.10)

Subsequently, we will have this simplest case in mind, although filling
with a dielectric can be favorable from the point of view of decreasing the
length of the piston | and increasing m and m, .

Sec. 2. The Physical Meaning of the Formulas
for Choke Pistons

For explaining the physical meaning of the obtained formulas let us ex-
amine the auxiliary problem of the branching of a coaxial line with wave im=
pedance W into two lines with impedances Wp and wl, respectively (Fig. 2). Let
a wave along line Wo come to the plane of branching z = 0; then when z2<0 we

have

Jo = eis — Qe=iks, Uy = Wo(eiht + Qe-its), }

Jy = Se-ihz, Uy = — W, Se-it, (2.01)
|
W, 1]
| R B
1
—
z=0 i
Fig. 2. Branching of the coaxial line
and when 2> 0
] = Pet*s, U = WPeiM, (2.02)

where Q is the reflection factor, P is the coefficient of transmission, and

value S can be called the coefficient of rotation, since the wave in line W,

excited by the rotation of the incident wave around the edge. The boundary con-

is

ditions when z = 0 give

2 m+m—1
P- TR ——— e R e——
’ m4+m+1"' Q m+m+1 (2.03)




If a wave is incident on line Wl, then when z2<0

hmo— Qe U= Wife™ + @it
]. - S’e—ﬂl' U. - WJ’.-‘A:' } (2.04)

and when 2>0
] = Pehs, U = WPeit, (2.05)

The new coefficients Q' (of reflection), P' (of transmission) and S' (of

rotation) are equal to

2m, m+1—m
e T L2063

In both cases the transmission coefficient P (or P') is equal to the co-
efficient of rotation S ( or (S'); these coefficients characterize the current
in the lines (and not the voltage) and their equality ensues from the current
continuity on the interior conductor (Fig. 2), since when z2>0 this current
is determined by the wave which has passed, and when 2<(Q by the wave which

has turned.

With the aid of equality P = S it is possible to explain the operation of
the piston in Fig. 1, b, in the following manner, and, in particular, equality
T =0 when ©®=x/2 . A wave running along gap Wo , when 3= gives the ori-
gin to the passed and the turned waves; the turned wave is reflected from the
"bottom" z = 0 (without a reversal in current phase) and goes to plane z =]
with additional phase 28 and when0 :‘“lzcompletely suppresses the passed wave,

since their amplitudes are equal.

If a wave is incident on the same piston from the right, or on the cap

piston (Fig. 1, b) from the left, then it passes first of all (without distur-

6.




banée, if the wall is infinitely thin and there is no dielectric) into lines
Wo and Wl, forming there travelling waves with equal current amplitudes. A
wave in line Wys being reflected from the "bottom'" 3=/ , gives origin to
the reflected wave in the line and, turning into line WO, compensates the wave,
which just passed into this line; when ® = x/2 there is complete compensation
and absence of a field in line Wb. Actually, from the formulas of Section 1

we have in this case A = B = 0.

Thus, the principle of the blocking effect of the cap piston (Fig. 1, b
and c¢) consists in the "branching" of the travelling wave and in such matching
of the phase difference, that the passéd wave became zero. The operating prin-
cipleof the capacitive piston (Fig. 1, a) is simpler and, therefore, it does not

give complete reflection.

Let us note, that when the formulas of (1.10) are correct the values of

(2.03) and (2.06) are equal to

1nri ln—’}
P=Q@=8S=—, PuQQuS=—,
b b

In— Ch— (2.07) i

Sec. 3. Concerning Corrections in the End Effects

Elementary theory, discussed above and based on the theory of long lines,
leads to the conclusion, that the reflection from the piston will be complete

when ©O=gx/2 and [=A/4 . Experience shows (see [1], page 363), that

optimum operation of the piston occurs at somewhat lesser ©® and L
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Fig. 3. Passage of a coaxial line into a waveguide

This discrepancy is connected with the fact, that we used the theory of
long lines, which gives only approximate results., The character of the correc=
tions, which strict theory should give, can be predicted, by examining the

following examples.

In acoustics the natural oscillations of pipes (organ pipes) open at one
end, which connect with surrounding space, and closed at the other end with a
piston, are studied. Elementary theory leads to the conclusion, that resonance
in such systems begins when l=2A/4 (I is the length of the pipe, A is the
wavelength), however, strict theory, whi¢h takes into account diffraction at

the open end of a pipe, leads to a more precise condition of resonance

-
l=—a, (3.01)
where a = the so=-called correction for the open end, for rather long waves

(A is considerably greater than radius a of the pipe), is equal to

A =0613a (3.02)

(see [2], Chap. III).

It is also possible to examine a coaxial line, passing into a round wave=
guide (Fig. 3). If the waves cannot be propagated in the round waveguide in
the given frequency range, then a wave, being propagated in a coaxial line in
the direction of the "open end" z = 0, should be completely reflected. Thus,

when 2>0, by disregarding the damped waves (those having noticeable ampli=

8.
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'tudes'only when Izl ~b , where b is the radius of the exterior conduc=

tor), we will have

] = ““.l + Rc‘“l' U = W(e—i.l + Be“l)' (3.03)
where R, the current reflection factor, is equal in absolute value to unity and

thus can be represented in the following form

= — g2ih
. (3.04)
afh
9t
o
g2t 022(5-a)
\\ W s
g1t \ |
: !
V] . A K AN r
ez o 46 48 0 . A "
Z/b 2
Fig. 4. The dependence of « on the Fig. 5. The dependence of a on I, for
ratio a/b for a coaxial resonmator. a choke piston.

Parameter a for rather long waves (A;,.b) is determined only by the geome=
tric parameters a and b (Fig. 3); it is depicted in Fig. 4, taken from [3], and

it is possible to find the derivation of the standard working formulas in [4].

The formulas of (3.03) and (3.04) show, that, when z =/ (Fig. 3) by placing

a metal partition, we obtain a coaxial resonator, the resonance condition in which

has the form (3.01). In comparing this formula with the experiment it is neces~
sary to keep in mind, that in theory, the interior conductor was taken in the
form of a hollow tube, and not in the form of a solid cylindrical body, and this
in the expression for @ can give a correction of the order of a; when ¢ <& b

it is possible to disregard this correction.

We will show in the following section, that the strict theory of a cap pis-

ton also leads to the relationship (3.01), which is the condition of complete
9.




reflection. The dependence of the correction on end effect @ on geometry is
depicted (roughtly) in Fig. 5; it is possible to calculate this value more ac~

curately with formula (4.12)

Sec. 4. Strict calculation

Let us examine the electromagnetic waves in the system, depicted in Fig. 6;
a is the radius of the interior conductor, b is the radius of the exterior con-
ductor, rgy is the radius of the intermediate conductor, which occupies section
0<2< oo . We will consider all conductors ideally conducting and limited
by waves, the currents of which flow only in the longitudinal (z=-th) direction
and the fields of which possess symmetry of rotation and are expressed by a

single component A, of the vector potential, which satisfies the wave equation

PA, P4 1 04

22 P S + k24, =0, (4.01)
so that
1 (&4 1 84
E-__, ___f+k3A') A 2 oy aA,
g ik ( 922 : & ik dzar ' H’ T or (4.02)

Function A, should be continuous when r = r, and become zero when r = a and r = b,

thus it is possible to represent it in the following form (see [4])

P X eivtF (w)dw
! c LS Jo(vb) No(va) — No(vb)Jo(va)

{ [Jo(vr)No(va) — No(vr)Jo(va)][Jo(vb) No(vre) — No(vb)Jo(vre)] |
(o (vre) No(va) — No(vro)Jo(va)}[Jo(vb) No(vr) — No(vb) Jo(vr)])’ (4.03)

where in the the braces it is necessary to take the upper row whem r<re, and
the lower row, when r>ro .+ By calculating current J, flowing along the
intemmediate conductor of radius ry, we will obtain

Ccro
J = ——2—(”' — ”. '-H) = ; c"l’(w)dw' (4.0“)

10.
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z=0 z=0 g
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L
z2%0 2= z=0 2=l

Fig. 6. Various cases of the branching of a coaxial line
Here C denotes the contour in the plane of complex variable w, which we will
subsequently draw, so that it includes point w = — k below and then continues
along the real axis (in the derivation we consider Imk>0 , and we change
to the real k only in the final formulas). The root of Jk? — u?, is designated

by v, and we assume Imv >Owhen Imik >0 .

Function F(w) is found from the condition of the absence of current on the

geometric continuation of the intermediate conductor

U)Aeﬂ
Se"”'l"(w)dw =0 nmpr 3<0 (4.05)
C

and from condition Ez = 0 on this conductor, which gives

when
S'e"'"v‘l'(w)l"(w)dw =0 nmpn z>0, (4.06)

where
¥ (w) = invrg X

\([Io(vro)No(ua)—No(vr.)l.(va)][Jo(vb)No(vro)—No(vb)lo(vr.)]_ (4.07)
. Jo(vb) No(va) — No(vb)Jo(va)

_ Ya(w) ¥s (w)

C Ye(w)

] Vo (w) = invy roa ei%r=o) [Jo (vre) No(va) — No(vre)Jo(va)],
Vo () = ix0 Y ry o= [Jo (vb) No(vre) — No(vb)Jo(vr0)),
We(w) = iav)/ ha eto®-a) [Jo(vb) No(va) — No(vb)Jo(va)). ) (4.08)

€0 YA I SRR DR SRR AR L T U S
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Functions ¥, ¥, ¥s» and¥.when Imv— oo tend towards unity, as is

evident, for example, from the asymptotic expression for Wiw) s

e sin v(ry — a)sin v(b — ry)
b ~ sinv(b—a) ’ (4.09)

If we designate by L the roots of equation WY.(w)=0 , arranged in ascending

order of the corresponding positive numbers v, (m=12 ..) , if we introduce
the analogous designations: wf. and v‘,’., we and . then the numbers
tw;, £ w:‘ » ¥ w; are wave numbers of symmetrical electrical waves EOm in the

coaxial lines a, b, and ¢ (Fig. 6, a). Subsequently, we will assume Im w:"'°>0 v

so that the wave numbers w:'-‘ correspond to waves, damped in the positive
direction of axis z. From formula (4.09) it is easy to obtain the approximate
expressions ]’

mx mx mxn

Vo= v =
" b—n' ™ p_g’ (4.10)

*
" To —a

which, strictly speaking, are asymptotic and are fulfilled when m — o, but

actually give good results even when m = 1 (compare (3], page 81).

The solution of the functional equations (4.05) and (4.06) can be found with
the aid of functions ¥(w) and Wi(w)= ¥(— w) , which are holomorphic and do
not become zero respectively in the upper (Imw >0) and lower (Imw < 0) half-
planes, the product of which W,(w)¥;(w) is equal to the given function ¥Yw) .

Repeating the operations, analogous to those presented in article [4], we obtain

12,




Vi(w)= KV EFwewe []

ms=1 {1 4+ —

oo

Sle

3. (4.11)
Wy(w) =K Vk — wetvn [[ 2
i
v(0) |
K =l __k__ J
‘—\
where 1
ao -;—[(b’—a)ln(b—a)_—(ro—a)ln(ro—-a)-— (4.12)
—(b—r)In (b—ry).
If we take function F(w) in the following form
s D o1 D¥(w)
(k+w)Vk—w¥(wv) vWw) Vi+ow (4.13)

and contour C, as was indicated above, then equations (4.05) and (4.06) are satis=-
fied. 1In order to elucidate the physical meaning of the solution obtained, let

us calculate currents Jy and J, on the interior and exterior conductors of the

coaxial line
Jo(vre) No(va) —Nq(vre) Jo(va)
Jo(vb) No(va) — No(vb)To(va) "

Jo(vb) No(vro) —No(vb)Jo(vro)
Jo(vb) No(va) —No(vb)Jo(va) " ) (4.14)

ca ¢
l..-—z-l{,lr =—§e‘ F(w)

=q

b
Jb -_f—ll.! - _Sc"’p(w)
2 Pab [

It is easy to transform these integrals into a series of residues; when 3> 0
it 18 necessary to deform contour C on top and to consider poles w = * k and

wht of the integrand; we obtain
Jp = A(e=tht — Metht), J, = A'(e~hs — Meth), (4.15)

where the constants A and A' are connected by the following relationship

13.
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b
A'_l“T{
A 4.16
o (4.16)
e
and coefficient M is equal to
k
L SRE. M
s v -
M = et [] (4.17)
ik k k k
-1 ] — 1 - 1+
- T T

In formulas (4.15)=(4.17) we can already consider wave number k real; if
the frequency is sufficiently low, so that waveguide waves Ey, cannot be propa-
gated in the coaxial line ( and only the transverse wave with wave number k is
propagated), then the wave numbers ws b.¢c are purely imaginary (wm = ilwm!)

and it is possible to represent value (4.17) in the following form

M = ctha (4.18)
since the infinite product is equal in absolute value to identity. Employing the

approximate formulas of (4.10), it is easy to represent the value of @, which

determines M, in the following form

< k(b — k(ro —
e
k(b — ro) ] (4.19)

mx

— arcsin

In the formulas of (4.15) the terms are not written out, i.e., the terms
which correspond to the residues at points w*?® | since they yield damped waves,
which, when 2 23 , it is possible to disregard. In calculating the integrals
of (4.14) when 3 <0 with respect to the residues at poles — wf , which lie
below contour C, we will obtain a number of damped waves, which , when s&K—b

it is possible to disregard. Disregarding the damped waves, as in the formulas

i 14.
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of (4.15). we can write

LUAC”
Jo=Jy =0 npnz<0. (4.20)

The coaxial line is usually employed under the condition

kb < 1, (4.21)
and then the data higher than the estimation of the region, occupied by damped

waves, is applicable; in this case it is also possible to disregard the series

in formula (4.19) and to assume G*= g .

If we consider, that the voltages U, and Ub in lines a and b, in accordance

with the formulas of (4.15), can be represented in the following form

Us = Up = Ag(e~™ + Metts), (4.22)

where

Mw Wl = Wpd, Wom 2l wo=dpnl, (.29
c a e

then the strict solution of the electrodynamic problem, obtained above, is inter-

preted physically by one of the following four methods.

_aaiadad

A. In the system, depicted in Figy 6, a, waves with current amplitudes A
and A' advance to the right along lines a and b. Each of these waves is partially
reflected from the plane of junction z = 0, partially turns into the other line.
However, the wave is not excited in line c, more accurately, the waves, excited

by each line a and b separately, completely compensate each other.

B. In line a, it is possible, when 2=[ , to place an ideally conducting

partition (Fig. 6, b). The formulas of (4.17) show, that if I is selected in

15.




accordance with formula (3.01), then this partition does not lead to excitation
of the field (since it is placed where 0 - 0). Thus, a wave, arriving at the

plane of junction z = 0 along line b, will be completely reflected from it (due

to the effect of '"cap'" a) and does not pass farther, into line c.

C. Similarly, by placing a partition in line b (Fig. 6, c), we attain com-
plete reflection of the wave, travelling along line a. The length of the corres=

ponding '"pocket" b should again be selected in accordance with formula (3.01).

D. Finally, by placing a solid partition z=1! (Fig. 6, d), we obtain a
unique cavity resonator with a high figure of merit, the natural frequency of
which is determined with formula (3.0l1). This system behaves like a resonator
only when it is disturbed at points a or b. With simultaneous excitation at

points a and b the system resonates only by the difference of the excitatioms,

and the total excitation is freely propagated along line c. Upon excitation of
a wave in line c it is reflected from partition 2z =] without any resonance. A

resonator with such properties can, probably, find application.

In conclusion, let us note, that the strict solution obtained makes it pos= 1

sible to more accurately calculate the coefficients of reflection, transmission

and rotation, calculated with the aid of the elementary theory in Section 2. And

notably, coefficients P and P' are equal to

lnri h?
0 !
it P
] 1] .2
lnz- ln-b— s
a a

i.e., precisely those, as in accordance with elementary theory [formula (2.07)],




e ———————

&

and'the other coefficients acquire an additional phase factor

Q@ =S=Peths, Qumy = Peiira (4.25)

which leads to the correction for the end effect @ in the formula (3.01). The
value of a, as was already noted, under condition (4.21) is practically equal 1

to value @y, determined by formula (4.12).

The author is grateful to P. L. Kapitsa for the statement of the problem

and to S. P. Kapitsa for valuable discussion.
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