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Page 2.

In the book are examined some urgent problems of the theory of
the random processes, in development of which a great role is played
by the works of authors themselves. It is calculated first of all to
the specialists in the probability theory, but its many sections they
are of interest for the theory of complex variable functions and a
functional analysis. Some sections of a book directly concern
important applied problems of the type of the "isolation/liberation

of signal against the background of random noise", etc.

Page S.

PREFACE

“fhe book is ledicated in essence to the following three problems
wvhich are examinel by us in the case of Gaussian stationary
processes. First, this explanation of the conditions of the mutual
absolute continuity (equivalency) of the different probability
distributions of the "segment of random process™ and the
determination of 2fficient formulas for the densities of equivalent

distributions. In the second place, the description of the classes of

e e on o ey St o
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the spectral measures, wvhich correspond in this or another sense to
reqular stationary processes (specifically, that satisfy the known
condition of "powarful mixing"), and also the sub-classes, which

t corresponi that or to another "speed of mixing". Thirdly, this

evaluation of th2 unknown average value of the randoa process, minus 1

P

of this average, which is stationary, i.e., figuratively speaking,
the problem of th2 "isolation/liberation of signal against the
backgrounil of sta2ady noise". Furthermore, in the book are stated some
auxiliary information (distribution in hilbert spaces, dif ferent

F properties of sample distribution functions, a series of the theorems

of the th2ory of the complex variable functions, etc.).

The problem about the equivalency of different
infinite-1imensional Gaussian distributions, beginning approximately f

from 1958, intens21ly studied by many mathematicians (systematic

presentation of the basic results can be found, for example, in
monograph [23)). In the book consecutively is examined the case of {
Gaussian stationary processes, in vhich, as ve set/assume, it wvas

possible to obtain the sufficiently final solution.
Page 6.

The seconi 5f the problems indicated closely relatel with the

questions of the 2rgodic theory of Gaussian dynamic systeas, with the
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theory of forecasting stationary processes and concerns (from
probabilistic pecint of view) the conditions of the weak 3i2pendence of
"future® process on its "past" wvhose use led to so fruitful a theory
of limit theorems for dependent variables (for example, see [14],

k;r\d 7= re ¢
f22)); by the most widely known condition of such ! is
the so-called coniition of "powerful mixing”". The problems, which

appear in the exaazination of the varied conditions of regularity, in

the Gaussian case are reduced to the peculiar approximating probleas
of linear spectral theory. The research in this direction led to the
almost final solution to problem. In the book will be fed the result

of these research.

Pinally, the problem of the evaluation of average is, possibly,

oldest and most popular in mathematical statistics. There are two

known approaches to the solution to this problem. Specifically,, by

knowing the spectral density of steady noise, it is possible to

e —

construct the best unbiased estimates; othervise it is possible to

resort to the method of least squares.

We propose one general class of the estimations, named

}r 1 "pseudobest", which includes and the classical estimations of least
squares, and the best unbiased estimates. For such "pseudobest"
estimations are jiven explicit expressions, are located the

conditions of justifiability, are derive/concluded asymptotic
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formulas for a correlation error matrix, are establish/installed the

conditions of asyaptotic efficiency.

One should say that the results wvhich concern the conditions of
regularity and evaluation of average, are formulated in spectral

terms and automatically are transferred (within the framework of

"linear theory") by arbitrary stationary in the broad sense

processes.

In conclusion wve communicate that the numbering of formulas,
theorems and so forth its in each chapter. For example, (4.21) it
indicates formula 21 of §4 current chapters. For reader's convenience
in text frequently are given the references to known textbooks and
monographs (as exception/elimination - the review papers) whose copy

is given at the ead of the book.
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Page 7.

Chapter I

INTRODUCTION. SOME PRELIMINARY INFORMATION.

87. Gaussian probability distributions in EBuclidian space.

Probability i1istribution P 4in N-dimensiomal vector space R"

is called Gaussian, if the characteristic function

o= [ewP(d), uek

Rll
(here ( x)=ux: indicates the bared vector product #=(4, ..., u,) and
x=(%, ..., %)) takes the fora
o(u)-l-exp{i(u.a)—%(Bu.u)}. ueR".‘ (1.1)
vhere a=(a;, ..., an)?R' - the so-called average value, B is a linear

positive operator, called correlation operator; his assigning

matriz/die (By) is called correlation matrixsdie. In this case

i
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(u, @)= [ (u, 2)P (dx),

R" 5
(Bu, 0)= [ [(w, )= (, @)} (0, )= (0, Q)P (dxy; (1.2)
8 u, veE R

Page 8.

Probability ilistribution P vith the average value of a and the
correlation operator B is comcentrated in the m-dimensional
hyperplane L of space R" (m-ramk of the correlation matrix/die),

vhich can be described as
L=a+ BR".

(L is a set of all vectors YSR gorpy = a + px, r=R".

Specifically,
P(R*"\ L)=0,

vhereupon probability distribution f> is absolutely continuous

relative to Lebesgue measure dy in hyperplane L:

PD= [ p(5)dy, C o (19)
rne z

vhere the density of distribution ,(y), y=L. has the fora
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_LB'y-a) (y—a)} (14
p) =gy PP 7B @ an}

(here det B indicates the determinant of the matrix/die, which
assigns operator B in subspace R™=BR", and B~* is an operator in this

subspace, reverse to B).
§2. Gaussian rani>m functions. Assignment of probability measure.

Let (Q, %, P) be certain probability space, i.e., the
measurable space >f cell/elements ©<Q with probability measure P

in certain e¢-algebra % sets Acq(.

The real measurable function &€ = & (w) on space 2 is called
random variable. The set of random variables €& (t) = & (w, t)
(parameter t passes certainm sultitude T) is called the random
function of the parameter (e=T. Random variables themselves E (t)
are called the vailues of this random function &€ = & (t): with that
which vas fix/recorded o€Q. 3¢ real functions E (v, ) = E (O, t)
of ST §g called sample distribution function or the trajectory

of random function £ = & (t).
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Let us consiler certain space X of the real functions x = x (t)
of teT, 4in which enter all trajectories &€ = €& (a, t), (=T,
nldorl function £ = E (t) (for example, this property possesses space
&:Bfljl real functions x = x (t), (7). Let us designate 2 minimun
e-algebra of the sets of function space X, which contains all

cylindrical multitudes of this space, i.e., the set of the fornm

=), ..., z(t)eT (2.1)

(the set indicated (2.1) it comsists of those functions x = x (t),
f'ot vhticehrtho valaes [x(t), ..., x(ta)l in the undertaken points
Wiqu the vector, which belongs to borel set r
N-dimensional vector space R"). The representation & = & (w), with
vhich each ©€Q answers the corresponding sample distribution
function € (w, ® = & (w, t) of (€T - the cell/element of space
X, it is the measarable representation froa probability space( % P)
into the measurable space (X, %). Sets A=W form s-(ieB) - the
prototypes of sets pcp with the representation indicated = &
(v, *) - in set is formed e¢-algebra. This e¢-algebra "t is sinimum

among o-algebra of the sets, which contain all multitudes of the form

lg (tl)v teey E(ln" &€ r (22‘

(the set indicatel consists of those cell/elements oe=Q, for which
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value Rﬁm‘0-~-'§«mtﬂl assign the vector, which belongs to borel
set I 7»-dimensisnal vector space R"). or as otherwise they speak,
e-algebra %; it is generated by values & (t), ‘7.  Th2
probability measure P. determined on s-algebra B by the

relationship/ratio
P.(B)=P{t=B), BEDY, (2.3)

is called the probability distribution of random function & = E (t)

(in the appropriate function space X).
Page 10.

Let us turn to the question concerning that, when the assigned
family of real values £ (t) = &€ (w, t) on space 2 (parameter t passes
set T) it is random function with the assigned probability P,
distribution P aore precise, when exists the probability measure
in space 2, connected with specified distribution P; by
relationship/ratio (2.3). In this case it is assumed that the set &
(?) all sample distribution functions € (w, ¢) = & (u, t) Of (=T

belongs to space X.

It is easy t> see that this probability measure P exists when
and only when set & (2) has full/total/complete external measure,

i.e.,
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Pu(B)=1 with B=2%(Q) (2.4)
for any measurable multitude pge X.

Actually, 4f P; 4is a probability distribution of ramdoa
function & = &€ (t), then for any aultitude Be=X, vhich lies at

addition to set & (2), the prototype (=B} is void set and

Py(B)=P{t=B}=0.

On the other hand, for any sultitudes B, B:€%, which have one and
the same prototype: (: = B} ={ < Bihsyametrical difference B ,-B,=

Bl\.Bi)U(Bz\Bl)l
Am“ n addition to set &€ (2), and under comdition (2.4)

Pt(B,>By) =0, Py(B)=Py(By).
Therefore the relationship/ratio

Plt=B)=Py(B),. B9, (2.5)

determines single-valwed function P=P(A) in e-algebra %: all
sultitudes of fora A=((=B), BB generated values & (t), teT. It
is obvious, P to eat a probability measure and &€ = £ (t) - random
function on probability space (R ", P) with the assigned probability
distribution P:.
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Page 11.

The probability measure P in e-algebra %: generated values &
(t), t(t), t=T, unanbiguously is defined by finite-dimensional
distributions P‘r"'-.'n' each of vhich is the Borel measure in the

appropriate N-dimensional vector space R", defined as

Pr, M =PEE), ... EEJIETY  (26)

SABED), - (1))
Pi..tn ig the probability distribution of random vmtoH,-——J

Specifically,

_P{A)=inf ;P(A.). (2.7)

vhere lower bound is takem on all multitudes A, form (2.2), in set
that which cover setA= % specifically, this is related also to
probability distribution P: in the appropriate function space X - to
probability measure in e¢-algebra 8, genmerated by the directly
assigned magnitudas & (t) = & (x, t) on space X, i.e., by the values

of the fora
E(t, x)=x(t), x=X (2.8)

(vhere fixed/recorded for each functional & (x, t) = x (t) of x=X

parameter t passes set T).

R -
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Let us designate I'XxR"™ borel set in the M-dimensional space of
vectors [x(t), ..., x(t,)] such, what ([x(t), ..., x(t,)ET T - borel set in
»-dimensional subspace R™c R"), and resaining coordinates (/) are
arbitrary. The finite-dimensional distributions are satched inm the

sense that
P,

...,fu(r X R"'m)-Pf‘I. osay I) (2.9)

for all multitudes of the type indicated.

Let X=R" Dpe space of all real functions x = x (t), ,;=T.
According to Kolmagorov's known theorem ' any matched family of
distributioms Pt.. .t assigns on the algebra of all cylindrical
multitudes (2.17) continuous additive function P (determined by the
formula (2.6), in which figure the directly assigned magni tudes of

form (2.8)).

POOTNOTE t. See [(3), page 150. ENDFOOTNOTE.

Page 12.

2

|
{
{
|
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This function unaabiguously is continued into probability measure
in e-algebra 3. The directly assigned random function & = & (t) with
the values & (t indicated) = & (x, t) on probability space (X, B, P)
has the finite-dimensional distributions, which coincide with the

initial matched distributions P: .1,

Beiny transmitted of probability distribution P=P; in
function space X, under condition (2.4) it is possible to deteramine
{see formula (2.5)) the probabilistic faith in the appropriate space

Q.

Randoa functions € = &€ (t) and € = € (t) with values on just one
probability space are called equivalent, if with probability 1 (for

almost all 0oQ)
t(o, )=FE(o, 0

vith each fix/recorded (=T. Are obvious, finite-dimensional are
obvious, the finite-disensional distributions of equivalent randonm
functions coincida. By passing to equivalent random function & = &
(t) wvwith trajectories in this or another function space X, it is
possible to determine (see formula (2.3)) probability measure, also,

in this space.

Random variables are called Gaussian, if Gaussian are their
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finite-dimensiopal distributions. Is more precise (when with certain
parametrization ve are dealing with random function & = E (t) of
parameter ;=7) value E (t) = E (w, t) and function itself & = &
(t) are called Gaussian, if Gaussian are all the finite-i1imensional
distribations P:. .7 Gaussian is called probability measure P in

e-algebra % generated all values E (t).

Bach of the finite-dimensional distributions Pr. ... Gaussian
random functions & = & (t) has the average value [?(1). ..., a(t)] and
I correlation matrix/die {(B(/, )}, where a (t), (=T, - average value
| of random function & = & (t), and B (s, t), s, ter, it is

correlation functions §:

a(f) = Mg (),
B(s, )=M[t(s)—a()EO —a(®), s t=T. (210),

FOOTNOTE 1., ME& indicates the mathematical expectatioa of randoa
variable & = ¢ (u) on probability space b Ma'!“"“’("’"_

ENDPOOTNOTE.

Page 13,

Thus, the Gaussian measure P in e-algebra % unambiguously is
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determined by its by the average value of a (t), (eT, and by the

correlation function B (s, t), s, !(ST.

The average value a (t), teT, can be arbitrary, and the
correlation function B (s, t), s, teT, satisfies only the

condition of the positive definition:

n

2, acrB(ty, 1) >0 @2.11)
for any fvero BT and real i ... Cu

Por any functions a (t), =T, and by positively determined B
(s, t), 8, teT, there is Gaussian random function vith the average
value of a (t), ter, and by the correlation function B (s, t), s,
2k ifically, the Gaussian distributions Pi...ta  with the average
values [a(t). ..., a(t,)] and correlation matrixysdies (B(t 1)) are
matched and is assigned Gaussian measure P in space X=R" a11
real functions x = x (t) of (=T, determined in s-algebra B-=1%,,
vhich is generatel by the directly assigned magnitudes & (t) = & (x,

t) on X of form (2.8) (paraseter t passes set T).

§3. Some leamas about the convergence of Gaussian values.




poc = 77182301 PAGE 38— /4

tet, t=% (0, n = 1, 2, ..., certain sequence of random variables

on probability space (Q %, P)

Page 14.

Sequence %t~ n =1, 2, ..., it is called that which is converging on

probability on set AU to certainm value & = £ (w), if for any
e>0

lim P((18— | > e} n 4)=0. @.1)

Recall that the sequence ¢, n =1, 2, ..., descends on
probability vhen and only when it is fundamental %, i.e., on the same
sultitude A descends on probability to 0 sequence Bam=8r—8fm Dy B =

Yo 2t &

FOOTNOTE t. See, for example, [8], page 90. ENDFOOTNOTE.

Lemma 1. If the sequence of Gaussian valees fv a = 1, 2, ceng
descend oa probability on certain multitude A=A positive measure
(P(A)>0), then Lt it converge in mean:
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 lim M (g, — & =0, 3.2)

Proof. Let us consider Gaussian values OAuw=t—En Por any
e>0

«* .

vhere a,.=MA.. 02,=M(8,,~%n). Lot us assume that the sequence i, n =

1, 2, «<.., DOt converge in meanmn, vhich is equivalent to the conditiom

lim (am+ a2n)>0.
n, m-poo

It is easy t> see that under this condition for certain positive

E P{lAwml >} 2 1—p/2,

vhere P=P(4)>0. Byt then

fim P ({|Awml >} N A)>p/2,
n, m-»oco /
vhich contradicts condition (3.1).

Page 1S.

Therefore

lim MA,’“-"Iim (akn +92,) =0,
. N mbe

n m>os
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i.e. sequence %, , n =1, 2, ..., is fundamental on the average and,

therefore, it converge in mean, Q. E. D.

Specifically, if the sequence of Gaussian values ko = 1, 2,
eess descend with positive probability (i.e. descends for all e from

certain multitude A% positive measure), then it it converge in

meane.

Let us consiler the sequence of independent Gaussian values i.

n=1 2,000 J

Lemma 2. A series "2_}’" descends with positive probability
vhen and only vhen descends a series i Me?.

=}

Proof. It is obvious,
SME-M 3 *

n=| ne| E

and therefore froam convergence of series ,,§ ME it follows that

value ""_E;:(.) is fimal for almost all _, i.e., a series
descends vwith probability 1. Let nov a series if,: descend with
nel

positive probability (on the strength of known lav zero or of one 1!

it descenis with probability 1),




T
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FOOTNOTE ', See, for example, [8), page 157. ENDPOOTNOTE.

Then sequence {. n = 1, 2, ..., converge to 0 on the average: mg - (

vith n —> « (see leama 1). ’
Page 16,

1

Let us assume =M, oi= M¢ —, 1 Then L

a,"+a:-M(§;)’+ J' X’?E'T. exp{— i’-%:—“t}dx.

|x|>1

vhere random variables {.=t,(0) are defined as

Lo wien BIS

;',(-)-0 with [&I>1.

With a2+ 0250 ve have
'r x’-ﬁ‘l_Tnexp{— (";—:"P}dx-o(az-l-o:)'
12> "

so that

MEy~ai+a

Accordiag to the vell known theorem about three series ! for the

convergence (with probability 1) of a series Z'E.’. froa indepeandent
variables i a = 1, 2, ..., it is necessary that 3 M(y)<eo.
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POOTNOTE !. See, for example, [8], page 166. ENDFOOTNOTE.

But  M()'~ai+9%  and therefore from convergence of series ,,?,E:

follows that :S_‘.(a:+of‘)< oo,

§4. Gaussian values in Hilbert space.

Random variable & in Buclidian n-dimensional space R" is called

Gaussian, if Gaussian is its probability distribution.

The tandoa varjable {=R" {is Gaussian vhen and only when with
each u=R" Gaussian is the real value & (u) = (u, &) (equal to the
scalar product of cell/elements u, E=R").

v

Actually, value at poimt ,eR" characteristic function ¢ (u)
random variable te=R" coincides with the value of the
characteristic function of real random variable &€ (u) = (u, &) at

point 1 and takes the foras

@ (u) = Me! b = exp {t' (u, a)—-;—(Bu. “)}» ueR
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(see formula (1.1), vhere (u, a) - the average value, a (Bu, u) - the

di spersion of Gaussian value &€ (u) = (u, €)).

Page 17.

It is obvious that the random variable &§€R" 4{s Gaussian when
and only vhen Gaussian is the random function of form & (u) = (u, E€)

of ueR"

Let U be the total separable Hilbert space and € = € (w) -
function on probability space (@ %, P) with values in U. Randoam
element & Hilbert space U it is called random variable in U, if the
scalar product (u, &) with each u€U jig real randoas variable,

i.e., a measurable function in probability space (g , P)

Random variable E in Hilbert space U is called Gaussian, if with
each “€U Gaussian is the real random variable & (u) = (u, §).
This is eguivalent to the fact that Gauss ian is the random function &
() = (u, &) of u=U. gince Gaussian vill be not only the separate

values ¢ (u) = (a, 8, but also any vector values [t(u), ..., E(un)l
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In fact, for any vector A=IA,....,A] in W-dimensional vector

space R' the scalar product .§""§("*) is

 Akln) = (.2. At e) - B

k=1
vhere "'.%A‘“"EU' and according to condition value € (u) = (u, §)
is Gaussian.

Is obvious, the average value

aw)=M(u,t), uesU,

randoa function &€ (u) = (u, €, us U, is linear functional, and the

correlation function

B(u,v)=M[u,t) —a@]lv, ) —a@), u vel,
= by bilinear positive functional on hilbert space U.

Page 18.

In this case, since with each fix/recorded ,=( the scalar product

(u, &) is a continuous function of , <=y, for Gaussian function &

(u) = (u, €) of u=U it must occur and continuity on the average
(see lemma 1):
Adim M, &)= (v, )P =0 (4.1)

Hu=v|l=0
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( gul indicates the norm of cell/element us U). But

M &)= §F=a—0F+B(u—0v,u—v)

and condition (4.1) indicates the continuity of functionals a (u) and

B (u, v).

As any linear continmous functional, the average value a (u) is

representable in the fora

a(uy=(u,a), usU. (4.2)
The cell/element q <= (/,indicated vhich possesses those by property,
vhich
(u, a) = [ (4, £(0)) P (dw) (4.3)
- :

vith all ,c(U, is called the average value ! random variable :SU.

FOOTNOTE t. Apropos of the integrability of functions with values in

Hilbert space see, for example, [26), page 59. ENDPOOTNOTE.

As any bilinear positive continuous functional, the correlation

function B (u, v) is representable in the fornm
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B (u, v) = (Bu, v), woeU, 4.4)

vhere B is linear positive correlatiom by operatorun Gilpert S pace WU,
cavled dhe ¢ orve)ad o o pen Her,
Let us show that the correlation operator B is completely

continvous.

Actually, any orthonorsalized sequence v,, v, ... weakly
converge to 0, so that at all o=(Q Gaussian values & =(v, %), n =

1, 2, «e.p vhere t=t(0)=U, converge to 0 with n ~—3 =.
Page 19.

Consequently (ses lemma 1), they descend on the average, i.e.,

Mg2 = (Bu,, v,) =0

(here and throughout we consider for simplicity of notatisn that the
average value a<U {s egqual to 0). If one assumes that the
operator B is not completely comtinuous, then outside certain
vicinity of zero it found the infinite number of points of the
spectrum (taking into account multiplicity) and, therefore, the
infinite number 5f invariant orthogonal subspaces, for each of

cell/elements of vhich
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(Bu, u)-= f Ad(Eyu, u) >efulf,

=+ 1A|>e

B=J'AdE;

vhere - the spectral representation of the continuous

symmetrical operator B.

Purther, let us select the full/total/complete orthonormalized
basis from its own cell/elements v,, Vv, ... this completely
continuous symmetrical positive operator B, wvhich correspoad to the
eigenvalues ¢2,, ¢2,,.... The corresponding values & =(vs ) k=1,

2, «e<e, are not correlated:

o? ;
ME,t, = (Buy, v)) ={0' vith i=k4
widrh (7R

In this case

i::ﬁ(w) - i::(v., E (@)=t (o) P

As is known, the uncorrelated Gaussian values are iniependent
variables, and from convergence of series 21',52(0) (vith all w) comes

convergence of series M (see lemsa 2).
1
Page 20.

Consequently,

2(5".' UA)"$"£{~20}<0°,

4;
i
1
!
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i.e. the correlation operator B is nuclear !: for any orthonormal set

uh u"._,EU

S\ (Buy, uy) < . (4.5)
1

FOOTNOTE . See, for example, [S5), page 55. ENDFOOTNOTE.

Thus, if there is a Gaussian random variable (€U, then random
function &€ (u) = (u, €) the parameter ,c=vy has the average value
of form (4.2) and the correlation fumction of form (4.4), where the

correlation operator B is nuclear operator in hilbert space U.

Let, now & (), ueU, be an arbitrary Gaussian raniom function
vith the average value of form (8.2) and by the correlation function

of form (4.4), vhere B is a nuclear operator in hilbert space U. Then

there are equivalent by it random function & (u), sey and
Gaussian random variable € = & (w) in U such, that

bu)=(u,t), uesU. (4.6)
Value i = U indicated at almost all elementary issues w can be
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determined by the foraula
L= St ; 4.7)

vhere vy, Vv, «.. - the full/total/complete orthonormal sat from
nuclear operator's their own cell/elements B, and on the strength of
the relationship/ratio

M 3 &)= 3 Bow o) <o
k=i (]

for independent Gaussian values & (vy), & (V3), -« & Series f‘,g(v.)’
k=]

descends with probability 1.
Page 21.

In fact, &€ (u), u<U, is random linear functional in the sense
that with the probability of 1
E (Mg + Agutg) = 'ME () + Mgk (ug)

wvhere any real \,, A\, and any cell/elements u,, ©2<U, gince as is
easy to check,

M (& (Ayuy + Aguag) — A48 (1)) — Agk (ug)]? = 0.

Purthermore, this randoa functional & (u) is continuous on the

average (see (84.1) and further), and since
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'_l_-. “m ﬁ (“» U.) Upy
A-poo '™

that

b= limt( 3w o)) = lim $ (w0t @)

(in the sense of mean convergence), but at the same time with

probability 1

(4, &) = lim i(u nZE(v.) vu)\- lim i(u. va) £ (va),
n n-»oco '

el T '™

i

so that with probability 1 for each value & (u) the initial random

function & (u), “=U. it occurs equality (4.6).

Thus, wve arrived at the following result 1.

FPOOTNOTE . Survey/coverage of results about distributions in linear
U

spaces is available, for example, from 8" V. Prokhorov (Yu. V

Prohorov, The method of characteristic functionals, Proc. Uth

Berkeley sympos., Vol. 2, 1961, 403-419). ENDFOOTNOTE.

Theoream 1. Gaussian functional &€ (u), usU, on Rilbert space U
let us present ia formula (4.6) vhen and only vhea the average value

a (W, ,ey, is limear, and the correlation function B (u, v), u,
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veE U,

bilinear continuous functionals, whereupon in representation
(8.8) of the bilinear functional B (u, v) the corresponding operator

B is nuclear.

As is known, hilbert space U it is possible to identify with the
conjugated/combined space X of all linear continuous functionals on

U.

Page 22.

Specifically, each such functional x<X unasbiguously is assigned
by formula x = (u, x), ucsU, vhere xeU - the determined
cell/element hilbert space U. According to that vhich vas presented
in §2 any Gaussian random function & (u), uey, fora (4.6)
corresponds the probability distribution P: 4inm hilbert space X = ©
("selective functionals"™ & (u) = (u, Q(,u))‘ ue U, they belong to X).
Gaussian measure P: is determined in e¢-algebra 3, generated by

cylindrical multitudes of space X = U of the fora

(@ %), ...\ (ua =T, 4.8)

vhere u, ..., 4, €U and T - the Borel sets of n-dimensional
Buclidian space; s-algebra '8 indicated is generated, obviously, by
the directly assigned maganitudes of the fora

b, )=(u, %), x=X, (4.9)

ane
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vhere parameter u passes space U = X.

For any cell/element a¢SU and the positive nuclear operator B
there is Gaussian random fumnction & (u), u=y, form (4.6) with the
average value ,=U and the correlation operator B. There is
directly assigned Gaussian function of such type with the values,

determined by formula (4.9) on probability space (X, B, Py).
Example. Gaussian values in function space _#?(T).

Let &€ = & (t) be a Gaussian random process on segment T of real
straight line vith the average value of a (t), r(eT, and by the
correlation function B (s, t), s, teT, which they satisfy the

condition: with all s, (T

f lim{a (s)—a () =0, (4.10)
lim [B(s, s)—2B(s, t) + B(t, t)] = 0.

This condition indicates continuity on the average of randiom process

E=E (t): :
TimMIE(s)~g )P =o,

st

e
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; Page 23.

|

i As is knovwn !, in this case there is an egquivalent measurable process
’ (vith values & (t) = E (we t)), i.e., such, that the function E=E¢

? (v, t) the pair of variables (w, t) on product space OXT is

measurable.

POOTNOTE . See, for example, [8), page 209. ENDFOOTNOTE.

Let us consider that measurable is initial Gaussian process itself &-
= & (t). Let us assume that-is satisfied.also the condition:
[atydt<e, [B(t1)dl<oo. (4.11)
T i ¥

This condition means that

[ Mg (1) at < oo
T

According to Pubini®s theorem about the repeated integratioa

| ME? (f) dt = | [ (@, 0dtP(dw) <o
T Qr

and almost all the sample distributiom functions ¢ (v, ¢) = & (w, t)
of (=T Dbelong to hilbert space -Z°(T) the real integrated
squared fumctioms u = u (t) of (=T with the scalar product
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(4, 0) = [ u(tyo(t)at.

T

Redefining the value & (w, t) for those ©EQ,  yith which saaple

distribution functions & (w, °) = & (e, t), f=T, not enters in.7*!

(many such o<=Q have measure as 0), it is possible to pass to the

measurable Gaussian process £ = £ (t), all the sample distribution
functions of which belong to hilbert space -Z°. This random runctiom §¢=

= € (w, *) can be considered as randos elemeat im hilbert space -7

Let us consider the scalar products

@)= [ui(o ndt, usU.
" i

-  DEIOURE W Pr—" RS
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Page 24,

Since & = & (u, t) there is the measurable function of variables (w,
t), vith each fix/recordedu={ real function (u, &) of “<Qalso is
measureable - it is random variable. Thus, £ = & (v, ¢) - randoam
variable in hilbert space .¥?(I)) According to Fubini's theores the

randos function & (u) = (u, &) of u=Uhas the average value

a@=[ul)a()dt=(u, a), usU, 412 ;
$ L :

and the correlation function

| - B(u, 0)= [[u(sho (1) B(s, t)dsdt=(Bu, v), u, veU, (4.13)
T 7 .

vhere the correlation operator B it is assigned by nucleus B (s, t):
Bu(t)= [ B(s, )u(s)ds. ‘
T

The random variable te.? is Gaussiaan. Actually, as can easily {

be seen, for the continuous function u = u (t) of =T random variable

(u, &) = J a (t) €& (t) dt is limit on the average of the Gaussian
T

values of the fora i3 {
~.§“(fu)§(fk) f‘n = tey),

vhere tg £ t;4{... g ‘, - some points of the separation of segleht T, {

Ry RPN —_ N
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and for arbitrary function u€.2? value (u, &) is limit on the
average of Gaussian values (4, §),wvhere 4. =u,(/), ma = 1, 2, ..., the
sequence of continuous functions, which converges on the average to
function u = u (t). The maximum value for the sequence of Gaussian

values is, as is known, also Gaussian 1.

POOTNOTE t. See, for example [8], page 33. ENDFOOTNOTE.

Page 25.

§5. Conditional probability distributions and conditional

mathematical expectations.

Let & (u) = €& (w, W)o«=U,are a family of Gaussian random
variables on probability space 2 and %(U) is e-algebra of the sets of
space 0, generated by all values & (u) = & (w, u) on @ (parameter u
p'::(.:oocorettjh sultitude U). Por simplicity let us consider that i
uw)=V, u .
Lat us designate H (U) the hilbert space of randos

variables n (measurable relative to s-algebra % (U)) with the

scalar product i
(N m) =M (n, - ny). (5.1)
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Let us designate H (U) the locked linear closure of all values &

(uwy,u=U.Let S and T be some subsets in U.

Let us consider arbitrary value n€/H(S) and its projection 4
on subspace H (T). Since H (U) there is a set Gaussian values,
difference A =nN—1, as the Gaussian value, orthogonal to all values &
(t),!<ST, does not depend on these values. Thus,
n=1q+A, : (5.2)

vhere 7§ there is value described above, measurable relative to
e-algebra %(7), a A - independent variable of & (t), te 7T, Gaussian value
vith zero average value and dispersiom ¢2 = M(n—H)?> It is easy to see
that the conditional distribution ! value " relative to e¢-algebra A(7)
alvays exists and with alsost all v is Gaussian distribution with the
average value

M (WA (7)) = § () (5.3)

and the constaat dispersion

-~

o' =M{(n—AYATN} =M (n— ) (5.4,

FOOTNOTE 1. See, for example, [12], page 75. ENDPOOTNOTE.
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Page 26.

Recall that conditional mathematical expectation M (v (7))
geometrically is the projection of value ne H(U) on subspace H(T)

and in this case this is value # is a projection on subspace H (7).

As is known, for Gaussian values there are all torque/moments.
Let us designate /" (U) the closing/shorting of the subspace of all
values of the fora:

N=0[8w), .:., tw)), (5.5)
vhere ¢ (X,;, eess **) <~ the polynomial of degree not higher than n
from the arbitrary number of variables X, .., x,, and Uy, ea.,
uesU.

Theorem 2. For any value neH" (S) its comditional
mathematical expeztation A=M{n%(T)} enters in subspace H"(I) (with
those index n):

M (VA (7)) & H™(T). (5.6)

Proof. Without limiting gemerality, it is possible to count that
sets S and T are final (let us say, S = {S;, «ee, /) and T = (t,,
«eee ‘4)). In fact, to the general case it is possible to pass by

passage to the lisit 1@ since

n= J'i_';n. N M{W/A(T)) = "!ii“. M (/A (7)),

vhere there is in form a mean convergence and
N = Qp [g(,u.). oy §(3._)],




v

o i i vaa

DS —
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and also

MIWVA(T)) = lim M[WE(t,). ..., §(t,).
FOOTNOTE t. See, for example, [12], page 29, 287. ENDFOOTNOTE.

Let n=9(t(s), ..., t(sy)], vhere ¢ (X3, .<ep, %) = the polynomial of
degree be not higher than n. As has already been indicatei, theorenm
vas accurate for n = 1. Let us assume that it is accurate for all
indices, vhich do not exceed n - 1. Let us designate Ehﬂ the
projections of values £(s) § = 1, ..., k, on subspace H (T).
pifferences E(s)—E(s)), =1 ..., k, do not depend on values & (t),

teT.

Page 27.

Let us assume
Ch P [E (3|) = ;(S|). ceey g(sk) Ve g(sl)]‘

Yalue { does not depend on & (t),t=T, and in the expansion

. A ' .
"_;-Xa%.p[;(s,). cor B(sIE(s)+ ...

=1

sy it it i il

NPy
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the right side is the linear combination of the expressions of the
fora 5 5
Pmit(s) ..., E(sa)] - $u-ultls). ..., E(sa)),

vhere Om(x,...,x) and ¢, ,(x,...,r,) — the polynosials of degree not
higher than m and n - ma respectively, whereupon s £ n - 1, By
hypothesis conditional sathematical expectation fim =M [n,/%(T)] value
Nm = Pm (8 (5)), .. B (5] Az

enters in subspace /7 (7), R n- 1. It is obvious,
product f, Y, n[i(s), ..., i(s,)) ©nters im subspace H"(7), Enters im H"(T)
and the linear combination of such products, which is the conditional
mathematical expectation of difference n—-{, egqual to #—M. Thus,
in=MWA(T)| = H" (T& “

Let us deteraine Hermits's polynomials of many variables.

Let P (dx) be a Gaussian measure in k-dimensiocnal space R*
vectors X = [Xye eee¢ %] and H - the hilbert space of all real
integrated squarel functions ¢ = ¢ (x} of re=RQR* with the scalar

product
@ W= [0 P@x.

R

As is known ! Gaussian measure has all torgue/moments, vhereupon
the set of all polynomials ¢ = ¢ (X;, eeey r,) ©Of the variables x,;,

esse % 18 a everyvhere dense set in H.
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39

POOTNOTFE 1. This can be clarified as follows. It is obvious, the set
of functions of form ¢“*(, »=Nur, is full/total/complete in
composite space # and

_o’- J' (t, x)? P (dx).

e
. (a+ 10 Where.

* - 5 (n+1)
IR W US.J) o?

ENDFOOTNOTE.

Page 28.

Any polynomial ¢ = ¢ (X;, ..., *¥) degree p, orthogonal to all
polynomials of the degree smaller than p, let us call Hermite's

polynomial.

Let us designate /, the set of Hermite's all polynomials one
and the same degrae p. It is obvious, H, a finite-dimensional
subspace, whereupon hilbert space H 4is a sum of orthogonal

subspaces /H,, p = 0, 1, cee?

H=3 ®H,
p=0
Let us consider Gaussian vector quantity [& (uy), eee, &) ..., §(u))
Let us designate H,(u), ..., ) the set of all values of the fora

n=@[E(w), ..., E(w)],
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$o

vhere ¢ = ¢ (X3, eeep xx) =— the Hermite polynomial of degree p

relative to probability distribution P vector quantity ' & (u,),

eeee E(w)). It is obvious,
"(ull ke “l)-p§o @Hp(“]y DCRYY d.). (5.7)
Lemma 3. Whatever s,...,s, and t;, ce.p t,, for different pendy,
subspace Ho(si, ..., s3) pna He(tys -eey ty) were orthogonal:
Hosto oo DL Ho(t ..os 8) With  pok g (5.8)
Q Proof. let for certainty p <

q. Let us consider arbitrary value n=H,(s,...,s,) and its conditional

mathematical expectation #=MmA(s, ... /). According to theorem 2 valuei

enters in subspace H°(¢, ..., f:)-f]@H,(t.. vare BB But §; there is a

rem0

i, projection of value n on whole subspacel (!, ..., t)s0 that differencen—j
I is orthogonal H(t, ..., t) and, in particular, "—-ALlH,(, .. 1)

Page 29.

Simultaneously #{LH,(t),...t), simnce ' enters in subspace H’(t, ..., t),

orthogonal H,(f, ..., t) with p < q. Consegueatly

n=ln=fA+alLHU@, ..., 1),
Q. E. D.
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Purther, let us defime subspace H,(U) as the locked limear
closure of all subspaces /,(u, ..., w,), where u, ..., uy,=y (but index p
one and the same with all ., ..., ) It is obvious, on the strength

of relationship/ratios (5.7), (5.8) we have

H"(U)= 20 ®H,U), HU)= ?Joesn,(u). (5.9)
- <

vhere Hy (U) it contains only constant values; H, (U) = H (U) there

is the locked linear closure of values & (u) €U; Hy (U) is the locked
linear closure of values [ & (uy) & (up) - B (uy, up)), vhere u,, u,,
‘:F(:’O’ there is the locked linear closure of values [& (uy) & (up) &
(us) = & (uy) B (up, uy) - & (uz) B (uy, u3) - € (u3) B (uy, up) ),

vhere uy, u, u;=U, and so forth.

As can be seen from expamsion (5.9), conditional sathematical
expectation M([w%(T)] any value n€/,(S) relative to e¢-algebra %A(T)

enters in subspace H,(T) (with those imdex p).

Let us note common/general/total formula for the torque/moments:

ME(u) ... () = Z ]I B (uy, u)), (5.10)

vhere the sum is taken on all separations of set (u;,....u,) into
vapors (u, u;), andproduct - on all vapors (u, u) the corresponding

separation.
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This formula is obtained from the relationship/ratio

ME () ... & () = 535 9 (0),

vhere ¢ (A) = Mexp(i(A,t)) - the characteristic fumction of Gaussian

vector € = (& (Ug), coep E(uﬂ[ - it takes the fora (see (1.1))

@ (A)=exp ——;— z MAB(uy, up) p, A=[Ay, ..., A
k=l

Page 30.

§6. Gaussian stationary processes and spectral representations.

Gaussian random process & (t) = & (v, t) the integral (discrete)
or real parameter t,~= < t < = (with values on probability space 0),
it is called stationary, if its average value constantly
t)=ME(t) = a,
an s e
the correlation function B (s, t) depends only on difference s - t:

maoenum—dum—ﬂ-au—n (6.1)
(subsequently let us count a = 0).

Punction B (t) in relationship/ratio (6.1) is called the

correlation function of stationary process & (t); it is representable
in the form

B(t)= [ e™F (dn), 6.2)
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vhere P (d)\) - the so-called spectral measure of stationary process &
(t) (positive limited measure). Integration in formula (6.2) occurs

vithin limits - » < A K v in the case of discrete "time" of t and

within limits - « ¢ A\ ¢ @« in the case of the continuous time t.

Stationary process itself & (t) allow/assumes spectral
representation of the fora
E) = [ eMD(dr), (6.3)
vhere deM-’ the so-called stochastic spectral seasure such, that

M® (A,) DB = F (AN A

Page 31.

Any value 7 frons the locked linear closure H (T) of values &

(t),g;'[_allov/assules spectral representation of the form

n=[ o) @ @), (6.4)
where ¢ (\) is a function from space [, (P) - the real linear
closure of fumctions ¢ of A, t=T, to that locked according to the

scaiar product

(@1 02, = | @ () @2 (R) F (@), (6.5)

vhereupon stochastic iategral (6.4) is detersined for any fuaction9<L,
(P) and it assigas valwe "S/ (7). Confommity n<+¢(A) is umitary
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isomorphism ! hilbert spaces H (T) amd L; (P):

FOOTNOTE !, Apropos of entire aforesaid see, for example, [22].

ENDFOOTNOTE.

; In the case, wvhen parameter t varies continuously and set T is
the finite interval, space .; (F) it would be possible to define as
closing/shorting of subspace L® (on scalar product (6.5)) all

functions of the fora

o) = [ eMu(t)dt, 6.7)
T

'; f vhere u = u (t) - the infinitely differentiated functioms, which wvere

being converted in 0 outside interval of T. Since with A -> = such

functions ¢ ()\) they decrease faster than any degree [A/™".that scalar
product of type (6.5) can be introduced on subspace L mot only with
the help of the final spectral measure, but also with the help of any

e-finite measure 5 (d\), that satisfies with certain natural n the

condition
fa+a e @<,

Specifically, let us assume

(@1 9o = [ @ (N2 (%) G (dh) ©.8)
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and let us define full/total/complete hilbert space L;(G) as
closing/shorting of all functions of foram (6.7) accordiag to scalar

product (6.8).
Page 32.

Let Lr (6) - be a hilbert space of the type indicated. Formula
(6.4) assigns the random functional n = q] (¢), determined on the
everyvhere dense subspace of functions Ly (G)N Ly (F). Under which
conditions n=n(p) is (with an accuracy to equivalency) random
element from the conjugated/combined space to L, (G) - by Gaussian

linear continuous functional on hilbert space Lr (G)?

In the case, vhen n=n(p) is ranmdoa element from the
conjugated/cosbined space [, (G), i.e.,
L @ =@ o, (6.9)
vhere n=n(A)— certain Gaussian function with to trajectories from
hilbert space L; (G), the correlation operator B it is possible to
deternine from the relationship/ratios

(B@1, P2)o = Mn (@) n(P2) = (P1, Po)p =
= (AQI'A%)' -y (A.Avh wao

vhere A is an operator fros hilbert space ., (G) into hilbert spacelr

BTN

-
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(P), determined by the equality
Ap(A)=@(R), &Ly (G)NLs(F), (6.10)
and A* - the adjoint to it operator from L; (P) in Lr (G). As any

correlation operator, B must be nuclear.

On the other hand, if the operator B = A*A is nuclear, then
according to theorem 1 Gaussian linear fumctional ,=y(p) with ;
correlation functional (Bg, )¢ is equivalent to certain Gaussian
cell/element in the conjugated/combined space to L, (G),

representable by formula (6.9) .

Let us note that for not only the nuclear, but also simply

bounded operator B = A*A occurs the connection/inclusion

Ly (G) =Ly (F),

since

lvlﬂr;(Av. Ap)p=(Be, ®)o<IBl-lol

page 33.

Let us note that for the final measure G (d\) formula (6.9) is
equivalent to the following spectral represeamtation of the initial

stationary process & (t), t<T:

2= [ e G(dr), teT. (6.11)

In fact, function g(\)menm is formed full/total/complete system in
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hilbert space L (G) and forsula (6.11), which means thatn(e™)=(e’, y)

teT, extends to vhole space /; (G) - the locked linear closure of

the functions of form o@(A)=eM,

1teT)

—

In order to leal directly with the initial randoam process & (t),
nL
?( not as functional of it n(®), 9=L;(G), convenient to introduce
space X of all real fumctiomns x = x (t), /ST, which allov/assume

"spectral representation® in the foras

x(t)= J’ e~Myp(A) G (dA), (=T, (6.12)

vhere ¢(A)sL,(G), value x (t) coincide with values of the linear
continuous functional (9, %) with @ (\)=¢* It is clear that foramula

(6.12) gives one-to-one conformity betveen cell/elements r=X andveLr(G).

If we introduce scalar product then
<X|, x!)‘(*lo WO (6'3)
(vhere ¥ and ¥ they correspond x, and x,), them X will become

full/total/coaplete hilbect space.

Let us comsiler separately the case wvhea G (d\) = 1/2wd\ and

hilbert space Lr (G) coasists of the functioas of the fora

$(A) = j My (1) dt, (6.14)
. T §
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vhere x = x (t) it enters in classical space _2*(T) the real
; integrated squared functions with the scalar product
()= [ 1O,

l ; r

and

A formula (6.14) it indicates Fourier's transformation.

Page 34,

Prom the knovn equality of Plamsherel

| (il x) = (s ¥a= [0 W2,

so that if we formulas (6.11), (6.12) understand in the sense of

Pourier transform, them hilbert space X of all integrated squared

functions x = x (t), (=7, formally corresponds to the common diagram

of the construction of hilbert spaces with scalar product (6.13).
Above actually vwe demonstrated the following.
Theorem 3. The random process & (t), ‘T, is (vith an accuracy to
equivalency) random element hilbert space X vhen and only when for
that determined by operator's egquality (6.10) A the product B = A*)

is nuclear operator in hilbert space Ly (G).

Later it will be actually establish/installed that in the case
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of the very broad class of absolutely continuous measures FP(d\) and

G(d\) with densities f(A) = F(dA)/dX\ and g(A\) = G(dA)/dx

the operator A*A is nuclear vhen
WALE N
dek<oo. Ca (6.15)

(vhereupon there is also a broad class of the cases, wvhen with to the

disturbance of condition (6.15) the operator A*A is not nucleary.

Specifically, in chapter III is examined the operator of form A
= A%*;A; - R, vhere A*, is :n operator of the same type, as A, but
reflecting Lr (6) into the space [, (G;), constructed with G, (d\)
vith density g4 (A) = g (A) ¢ £ (A). Since £ (A) = g3 (A) = g (A),ThS

(89, W= (AAD ¥)= (@ ¥)o=
= (0 Vg, = @ g =(@ O =(AAp, ¥)q
vith any ¢, V=L;(G), and, therefore, operator A*A coincides with A. It

is proved (see theorem 17 chapter III), that the condition

is sufficient in order that the operator A = A*A would be the

Rilbert-Schaidt operator.

[

Page 35.
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Therefore, if ve introduce space | (F,) with f; ()\) =V ) 9 (\).
then the operators of the type in question, vho appear with the
representation

L (G)=2>Lr (F) and Lp(F)-2>L.(P),
under condition (6.15) are such, that B¢, B, and B*,B, - the operators
of Qil'berta - Schmidt. It is easy to see that operator A®A =

B*4B*,B,B; nuclear (for example, see [5) page S57).

87. Some properties of trajectories 1!

FPOOTNOTE %, It is in more detail with the gquestions, which are
examined in this paragraph, it is possible to be introduced according

to book [27]. ENDPOOTNOTE.

1. Differentiability on the average. Some asyamptotic
relationship/ratios. Let & (t),*= < t < =,-Gaussian stationary

process with the continuous time t.

Process E (t) it is called that which is differentiated (on the
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average), if there is a limit (on the average)

Li-r:]o ; (t+ "z" £ (t) = EI (t).

The limit indicat2d exists when and only when in hilbert spacel;

(P), vhere T = (~=, «), there is the liait

N
lh'm . ell‘ - "Ae‘M.
-0

that, obviously, egquivalently to the condition

| ATF (dA) < oo 1.1)

-0

(here P (d)\) - the spectral measure of stationary process & (t)).
Page 36.

If ¢
EO= [ emo(ar)

- the spectral representation of Gaussian stationary process & (t),
then its derivative ! (/) —o<t< oo, also Gaussian stationary
process - is

()= [ e (@)D,
It is easy t> see that condition (7.1) to the equivalently

folloving:
M (AsE ()P = A-484B (0) = O () (7.2)




DOC = 77182302 PAGE 20—
s>

: w
vith h = 0, where B (t) - correlationm function, ; A, imdicates
the operator of the taking of differemce (for ezample, &1 B (t) = B

(t + h) - B (t)). Actually, under condition (7.2) for any A
A A
[Rran<c [ =M Py <o b2 0
-A -A

for sufficiently small h (no matter howv was greatly pteassiqnedlf)
vhere C - certain constant, so that from condition (7.2) it

escape/ensues (7.1).

Let us consiler undifferentiable stationary process & (t). Let
us explain, during which limitations on spectral measure P (d))
occnrs the relationship/ratio

A_xAsB(0)=O (1), (7.3)
vhere 0 < a ¢ 1,

We have

A_xAnB (0) "(1=cos Ak \a
D e (=) (1 - cosamy-oF any <

<C [ wmF (),
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so that condition (7.3) carried cut, wvhea

[ A%F (@) < o,

Page 37.

Let us pause in more detail at the case, vhea there is spectral

P (d\) /d\. Let with sufficieamtly large A |AI=A,

= [

(vhere B > 1, since the spectral density f (A\) is the inteqratedG;D

density £ (\) =

function). For an undifferentiable stationary process f § 3. Let B <

3. Then
A=a280 J R dA+ O (p0-9),

During the replacement of variable A\h = u ve have t

- A

[ ] [ ]
J‘ l—c:,:MdA-h"""" J‘ | —cos u i
Ah

~ hf=2a-1 J' _l_-_:gs_h_ du

and, therefore,
A_pApB (0) p-20-1
__kh_;;__~ch ’

vhere
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s4

POOTNOTE 1. Relationship/ratio a ~ B for variables a and B means that

lim a/p = 1. ENDFOOTNOTE.

Prom the obtained relationship/ratios it is easy to ieduce, that

if
fay=o/(ir™), (7.5)

that condition (7.3) is satisfied whemn 2« = 8§ - 1; but if
y_m FAIAP = oo, (7.6)

that also vhen 2« = g - 1

= A_xM4B
fim =422 0 _ o
h=0 h

Page 38.

Analogously for the spectral plane f (\) of type (7.5) with B = 3 we

obtain, that

@
A

-




s
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and consegquently,

A_8xB(0) =0 (K| 1n| A 1|}. 7.7
2. Module/modulus of continuity. Let us consider
undifferentiable Saussian stationary process & (t),-= < t < =, with

the correlation function B (t), that satisfies condition (7.3).

Theorem 4. Under condition (7.3) there is an equivalent Gaussian
proceés € (t), for each trajectory of which with sufficiently small h

is evenly on t in each finite interval

A 1< ClAR I AP, (7.8)

vhere C - certain constant.

Proof. With sufficiently small h ve have

P( AE W I>c LA Inl A7) <
P{__IM.L__> ||n|h”'ﬂ}

| A-pAnB (0) |'7

2 J. -2 4y 2_ J‘ -x'2
-— e di < ——= xe dx =
Van in e . in

(3
= lintnll Zlinlh)

:Te-;-(%;)’lnlhl V—lhf 5‘—(—)’.

N3
vhere c*' - constant in relatiomaship/ratio A_,AB(0)0<c”|h[™®, :c'
selected by such, that g > 1.
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Page 39.

Let us consiler the initial process & (t) at the binary-rational
points of form =4/2", by counting for simplicity, that 0 < t £ 1.

With h = 2" we Have

P{mfx\a.g(;,)\wnhr'nnlhu"'}<

2"—1

<Y (yainl)=p

k=0

Since 8 > 1 and a series Y2 """ descends, on Qore\ -

Kantelli's known leama
| st ()| <e1afinan®

vith sufficiently smpall h it is evenly on all k = 0, eccepy 2°—-1I...

It is easy t> see that any segment [ k/2", k372" ') can be
decomposed for the sum of segments (/2™ (x ¢ 1) /2”], vhere r, n
are integers, wvhereupon vith any m it is possible to take in this sum
not more than tvo segments of the form indicated. Thus, for amy A

(vith proper a, iscleded within limits 2°™ ¢ A g 2 )

.__.- 1 a

e okl
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vhere ¥ designates summing over corresponding wm. Accepting this

into comsideration, for sufficiently ssall k we obtain

< 2—un n\I24 7 \W ~a (m=n) 112"' R
< (In2" 20:82 (mﬁr) <
<IAFIn Al"2e Y2~ (1 4+ 2)"

Lol
<ClhIIn|n"™

Page 40.

Thus, vith probability 1 trajectories of the process & (t) in
question) they satisfy condition (7.8) on many all binary-rational
points; specifically, vith almost all w & Q trajectory & (‘g ) =&
(v, t) are evenly continuous fuactions on the everywvhere dense set of
the binery-ratiosal points /4, It is obvious, for the arbitrary
point t there is limit 1lia & (e, ¢.) vhich for alsost all w & @

’.n"f
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coincides with original value & (t) = & (u, t). It is clear that for

an equivalent process with the values, defined as

B 0= lim E(o, 1,,),
ten>!

vith almost all o the trajectories satisfy condition (7.8).
Redefining for the others w of value &€ (v, t) (after assuming, for
example, &€ (w, t) = 0), ve will obtain the equivalent process & (t),
all trajectories of wvhich already they satisfy condition (7.8).

Theorem is demonstrated.

3. Some limit theorems. Let us consider undifferentiable
Gaussian stationary process & (t) vwith correlation function ) (t) .
Let us assume that in interval (0, v) there is (vith the exceptiom of
the finite number of points) a second derivative B”(f), that has
only first-order discontinuities, i.e., for any point t within
interval (0, v) there are final limits B"(/-0)= lf:;a (t-h) and B»
(t ¢« 0) = 1im B (t ¢ h). Recall (see Section 1) that for an

h>o0
undifferentiable process & (t) ki

A-ndaB(0) _ o

;.- , (7.9)

lim
h=>0

so that at point t = 0 derived B" (t) has second-order
discontinuity/interruptioa, more precise,

lim B” (h) = — oo.

h=>0
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f\eorel S. Occurs the folloving asymptotic relation:

N-1
lim- ¥ Lok GAE _ (7.10)

w0 N d "B p84B (0) i

vhere h = /N, and li-}t is understood in the sense of mean

convergence.
Page 41.

Proof. Let n be a number of points of discontinuity of a

function B"™ (t). Let us take as small as desired € > 0. [kach point
of discontinuity t, O < t ¢ v, can be surrounded by certain interval
so that their general length would not exceed ¢t . Let us designate Ic
addition to the associatiom of these intervals (/. - the association
of the finite number of segments). It is obvious, function B"™ (t) is
evenly continuous on set x‘ and
A_xAsB ()= O (B” (1) 1Y) (7.11)

evenly on t.e.x‘. Taking iato account relatioaship/ratio (7.7), wve
obtain, vhich

: A_.A.B (l) =0 (A...AQB (0)) (7.12)
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H is evenly on t € Ie' Furthermore, since together with the correlation

function B (t) positively determined is the fumction A_,AMB(f). with

all ¢t

1A_nBnB ()1 <I A_pB4B (O) | e

We have

MALE () Apk (f) = A_40,B (s — 1)
also, according to cosmon/general/total forsula (5.10)

M[ALE (5) - AR (8) - Ank () - Ak ()] -
ald :.A_,,A,,B(s—t)-A_,,A,,B(u-—v)+

4+ A_pAyB (s — 1) - A_yAB (t—ov)+ 4
+ A..,,A;.B(S - U) . A_,,x’\p,B (t-- ll).

It is easy to count, that

N-1 oA
a?(h)=M [‘;\IT 2 v ] =
k=0

BoabB O
N=I
2 N\ [ A_pApB ((k=)) h) T 7.14
=Nt )J [ A_ndaB (0) ] : i
R, [=0 ;

Page 42,

With fixed/recoried § to each interval of lenggh 5 can belong no more
than 1 ¢+ [6h™1] points of the form (k -~ j) h, and in all such points

-~ is not more N (1 ¢ [6h-1]). Consequently, the number of points of
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form (kx - j) h, entering in addition to above set Y indicated, does
not exceed nuamber (Nn ¢ N2,/r). From relationship/ratios (7.11) -
(7.14) we obtain, ;hat, vhatever ¢ > 0, for sufficiently small h

2 2 28 A_ndaB (1) 2

(W< 5 (Nn+ N t)+2{'m-a}:[—r—-A_: 230 ) ce.

vhere C - certain constant. Theorem 5 is demonstrated.

Let us note that there is subsequence hy;, h;, ..., for vhich
asymptotic relation (7.10) is fulfilled with probability 3. Moreover,

as h;, h, «ee it is possible to take any sequence, for which

3! 02 (h,) < o0, (7.15)

n=l

since under condition (7.15) there is a sequeace ¢, —>» 0 such, vhich

N-1

OB SN LT

- N 4ed A_,04B (0)
hah, kw0

and on Qe - Kantelli’s lemma hemce follows that in (7.10)

-1 < oo,

=e,
vhen h = h  occurs the convergence with probability 1.

In connection with this let us consider the question concerning

the speed of decrease determined in (7.14) function ¢2 (h) with h-Jyof
At N—1I
2 —Ame
o' (h) = §7 A 32aB O .,%olA-hAhB( iy

Leama 4., Under the done previously assumptions relative to

function B" (t) occurs the following estimate:
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N=I]

d‘(h)=.§olA-.AhB((k—n h)P =
=0 (max(1A_,0,B0)|, |A_s0,BO) PRI (7.16)

Page 43, !

Proof. It is obvious,

d'(h)-o{h"lA_,,A.B(on’+h’ [] lB”(s—t)l"'dsdl}.

ls=t|>2h

Purther, with any fixed 6 > 0
f f [B” (s = )P ds dt = o! foB”(t)’dt ] i
ls=t1>2n (a
and if in certain vicinity (0, 6) function B” (t) is monotonic, then
f B” (t)*dt = B” (2h + 0) B’ (8) — B’ (2h)],
vhere 2h < 0 : and
B” (2h + 0) = O (h*A_,A,B (0)}.
If function B" (t) is monotonic, then in certain vicinity (0, 6) it
retains sign, so that B* (t) is also monmotonic. It is obvious,

monotonic will be the function

t+h
MB(t)= [ B(s)ds.
¢ ]

Therefore, vhen | B’(2h) |~ ~ witha h -0, then

| B’ (2h) | = O [A~" [A4B (M)]),
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vhere because of the monotonicity of function Ak 8 (t)

1848 (1) || ApB (0) | = [ A_, 0B (0) | 5

Thus,

[ | B (s—npdsdt=
Is—t>2h X
O{ h™ ) A_,AxB(0)|, ecan B’(2h) orpannuena; \\\

h"‘lA_,A,.B(O)l’. ecan B’ (2h) ne orpamweuuw\/

Ky: (1) - if B* (2h) is limited o (2). if B* (2h) is not limited.

; Page uu.

In summation, ve obtain, that
& (#) = 0 {max (| 41" 1A_484B O F, [A_4MB(O))).
Obtained relationship/ratio (7.16) gives the following estimation for

fanction ¢2 (h):

N

a*(h)-o{max(uhl.m%:m)}. (7.17)

—_—

Specifically, vith coaditiom (7.3) the functiom ¢? (k) decreases with
h =% 0 as certain degree |/ [
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so that condition (7.15) will be implemented, for example, for any

sequence of formh, =2, n =1, 2, ....

FPor the type of stationary Gaussian processes in question occurs

also the following result, which supplements theoream 5.

Theorem 6. When
A A B=of{lhl®, - (7'.18)

the correctly asymptotic relation

N r(t—0)— B (t+0),
¥ ¥, Ak (k) B (8 + k) i (t—=0)—B'(t+0)
s (7.19)

limh™!
h->0
vhere t is any fixed/recorded point of interval (0, r), of N = [h™?8

{(r - t)) - ' and means convergence on the average.
Page 4S.

Proof. Such elementary calculations, as carried out are earlier,

they shov that value 1

N=I
(i) =h' g N Ak (kR) AE (1 4 k)
k=0
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(N

has the average value

Mn (k) = AAA..;B (t) -"B(l~h,).—B(l)_ B([.'.,,")_B(').

vhereupon its dispersion is such, which
Dn(h) < Gd*(h).
from estimations (7.16) for value 42 (h) is evident that under

condition (7.18) occurs relationship/ratio (7.19).

Certainly for fast enough descending sequence h = h,‘,

eees this relationship/ratio will be correct, also, with probability

o= 1, 25

1.

-

PP
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Page Uu6.

Chapter II

Structure of spaces H (T) AND L, (F).

8§1. Some preliminary information and results.

1. Introduction. Above (in §6 chapter I) ve sav that the Hilbert
space of random variables H (T), generated by the values of
stationary process & (t), {7 (with the spectral measure P (d\)), it
is isometric to function space L, (F) - to the locked linear closure
of function e of A=|—n,n|] in the case of discrete t,Ae(—o, )= in
the case continuous t. Thereby appears possibility to trace
stationary processes with the help of analytical means. For this
useful to first study in more detail the analytical structure of

spaces L;(F), tham ve will be occupied in this chapter, after being




DOC = 77182303 PAGE _27°

L1

bounded to those by the case, when T - interval or is half-line.

It is clear that it is possible to be bounded to interval of T =
[=ve v) either T = [0, v] and to semidirect T = (~=, 0], T = (0, =),
since the arbitrary interval or the half-line T, is obtained by the
"shift/shear" of T to certain real t, and the corresponding space

Lr(F)is obtained from L,(F) by multiplication on ¢/

In order that reader could more easily visuvalize, which results

| here one should expect let us assume that & (t) there is a stationary
process with discrete time and spectral density £ (A\) = 1. It is

: understandable that of this case L;(F) it consists of trigonometric

polynonial:P(ﬂﬁ=z2¥(0e“ﬁif T - the finite interval, and actually

coincides vith noted Hardy space Hardy &%? 4im circle (or outside
circle), if T - is half-line, more precise, L;(F) consists of the
integrated squared functions ¢ (\), which are decompose/expanded into

one-sided Pourier series:

" )
O(M‘“-ZC(l)e’“ npw T =(—oc0, 0]

("-i9 e(A) = ?c(l)e’“ ngr-[o, co))_

Key: (1). with. (2). or.
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Page 47.

What by itself does represent space Lr(F) it £ ()) f 1, if are

examined processes with continuous time?

Prom the very beginning usefully to note that if the spectral
measures P (d\) and G (d\) were connected by the inequality
F (d\) = G (dA)
(F (d)\) it majorizes G (d)\)), then appropriate hilbert spaces L;(F)
| and L;(G) they satisfy the connection/inclusion
L, (F) = Ly (G).

This obvious fact is the corollary of the fact that any fundamental

sequence of the functions of foraq, (A)=§c,.,e'“*".n = 1, 2, «eso in space
Ly (F)that converges to functiomq¢(A)EL;(F).simultaneously is fundamental,
also, in space L;(G):

l®m = @nllo < @ — @nllr = 0
vith m, n = =, the limit functiom y(\)=L,(G)coinciding almost
everyvhere relative to G (d\) with the above indicated by limit
functiong())=L,(F).Consequently, functions ¢ (\) and v(A) coimcide as

cell/elements the hilbert space L,(G) f.0., oM=L, (G).
Page 48,

Hence immediately it follows that under the condition, when
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there is spectral density £ (A) = P (d\) /d\ of the type !

~ <1 it 4
(in the case of the discrete time t), just as with f(A) & 1, space Ly uiF)

consists of all polynomials
T
P(e"‘)-‘zoc(t)e"“
(vith the real coefficients of ¢ (t), 0 K t £ v), and space Liwo(F) (L

«(F))consist of the integrated squared functions, representable by

Pourier series of the fornm
0 oo
e =T c(t)e™ (w(e"‘) =Zc e”“).

and coinciding with the boundary values (with r =» 1) analytic
functions ¢ (z) of circle |z|<I (outside circle) Hardy's mentioned

above class &’
pEe™M=Ilimep(2), z=ret
r=>»1l

n case of continuous time t analogous to condition (1.1) is condition

fFA) X (1 +A9)=" { (1.2)

POOTNOTE 1, Recall that for variables a and B relationship/ratio«Xsp

C
it designates, that 0 & ¢, < a/B < ﬁ‘, < =. ENDFCOTNOTE.

with n - natural number.

With n = 0, determined of §6 Chapter I space Li.v(F), obviously,
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is of the integrated squared functions ¢ (\), representable the

T

integral of Pourier of formg(A)= J’e“’c(t)dl.lld it is analogous space L(-»9
[}
(F) (amd@ L« (F)) they consist of the functions of form ¢ ()\) =

o oo
) ‘[ eiMe (1) dt (q, (A) = [ eMe (f) d (l)) ;

—n0 0

Using only basic information, let us show that under condition

|

(1.2) the space L« (F) coincides with the class of functions, 1
representable in the form

. {

@A) =P @A)+ (L + )" [ ene(at, (1.3) 4
0

vhere P (i\) - the polynomial of degree not higher than n - 1 (with
real coeff icients)), but c (t) - the integrated squared (real)

function.

Page 9.

In fact, to space Li.«(F) belong all the functioas ¢(A)=(iA)*e, Kk

= 1, eeee¢ N - 1, that are the limit of the fornm

P () = lim (i1 e
h->9 h 4

n-1
so that aay polynosial P(lA)-%]c.(lk)" enters ia L, «(F). Pucther, i
entering also im L (F) fumction ¢ (A) = (1 4+ '(e'*Ms~]), 0<s<r,

represented in the form




e
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A

o) = (14" [ ete,(1) at,
0

vhere

ewnpn 0<I<s,

C’(‘)-[O Onpn s<I<r.

Key: (1) . wvwith,

It is easy to see that the locked linear closure of functioasq()=(l+ i)'
("M —1),0<s<v,a0d ¢(V)=(M" 0 L kK & n - 1, gives vhole space L, (F)
(regarding being locked linear shell functions ¢, 0<s5<71), since,

being transmitted of the indicated functions ¢V, by comnsecutive

integration can lead to functions ¢(A) =¢’s; let us say,
: Q)

:

J (1 4 iA=let+M s ds = (1 + iA)=2 (" +™M — ) | . 1.

0
Key: (1). and so forth.
It is obvious also that the linear closure of "stepped"™ functiown ¢(!)
the form indicated, vhere parameter s passes entire segment [0, r],
is everyvhere dense in hilbert space .7?|0, t] the integrated squared
functions ¢ (¢t), 0 L ¢t L r.

Page SO0.

Puarthermore, for functions ¢* (A) and e" ()\) the form
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9() = (1 +iy [ e (0 t,
0

vhere ¢ (t) is the linear combination of step functions c,(f), on the

knovn equation of Perseval

Iy W =" M= [ 1o’ @)—¢” W) F[ R drX

X [ 1o’ W =" WP+ AP dh=2n [ |/ (0)=c” (0 Rat.

J
s 0

It is clear that the locked linear closure of all functions ¢ (\) the
form indicated coincides with the class of functions ¢ ()\),

representable by the formula

w(k)=(7 + A" j' e'Mc (t) dt,
0

vhere ¢()=.2?(0, 1. After connecting up it all the functiomso(})=()* 0<k<

n—|,wve we vill obtain, obviously, space L (F).

Pormula (1.3) makes it possible to give the very demonstrative
description of the values from space H (T) at T = [0, vr] - the locked
linear closure of values ((t), 0 £ t & r. Specifically, if o)
is a stochastic spectral measure of stationary process & (t), then is

any value 7=/ (7) represented by integral n-jqu(k)tp(da) (see §6 of
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Chapter I), vhereg(A)=l;(F),and is easy to see that

n—| M
n= [ At ™ (0)+ 6™ (0 + [ &™) (B) i () dt].
3 0

k=0 4
vhere a, and b, are some real coefficients, c,(/) are the integrated
squared functions, and t™*(¢) - the available at process

derivatives, k = 0, eee.p N - 1,

Let us note that if spectral demnsity f (\) satisfies only the

condition

) =c(l+29)7",

that appropriate space Lipu(F) it enters inm the space [;(G), vhich
corresponds to spectral densityg(A)=4(1+1")"", so that any function g(M=Lpy

(F) represented by formula (1.3).
Page S1.

It is important to note also that this formula with all composite )
assigns vhole analytic function. In future, (see §4 of Chapter III)
ve vill show that space Lj.(F) can be identified with the class of
the functions of form (1.3) not only under condition (1.2), but also

under the weaker condition, when

AKX 4", A->o00
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V4
(.. J(M)X(1+2)"" omly with sufficiently large )\). Under condition
(1.2) from representation (1.3) it is easy to deduce
common/general/total formula for functions ¢ ()\) from spaces L(-« o (F)
and Lj«(F). Specifically, any functiomgo(M)eLjo«(F) is a limit of
certain sequence of functioasg.(M)EL. «,)(F),1,— o, representable in the
fornm

w0

@A) = Py(V) + (1 + ) [eMey (dt, k=12, ...,
0
i vhere the sequencec,(t), k=1, 2, ...,.is fundamental in hilbert space .¥?(0, x)
the integrated squared functions it descends in this space to certain

) function c (t), 0 L t & =. It is clear that the limit functiom w(A)=klim
-»co

9. (A) represented in the form

@A) = P (iA)+ (1 + in)” je"“c(t)d(t).
0

vhere P(i\)=lim P, (i\) = the polynomial of degree is not higher thanm n -
1. It is clear also, that everyone such functioms (where c(/)e .2?(0, ))

) enters in space Lo «(F).

Analogously space L(-«.o (F) coimcides vwith the class of all

functions, described by the formula

. 0
@ () =P @) +(1+ir)y [ e™e(t)d ().

Page S52.
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1S
Will be traced belov the structure of corresponding spaces [,(F),
vhen spectral density f (A) compulsorily does not satisfy condition
(1.2), but all the same it decreases at infinity (or it is converted

in 0 with final \) "not too strongly™, namely wvhen

n

f Inf(A)dr> — o

-

for the discrete time t and
A
J R D> -

for the continuous time t. In this case, after retaining the previous

designations, we will turn to the composite spaces H (T) and L;(F).

2. Punctions, analytical in circle. Let us designate byd¥’ I<p<

’

the class analytic functions ¢ (z) in unit circle (zI<], for which

lim [1g(re®) P dA< oo, 2= reit,
n -

r-»l

If ¢g=d¢”, then for almost all As|[—n, n| there are boundary values

qp(e“)—lin:(p(re“) arol-
lim j lo(re®)Pdr="[|p (P dhr
& d) it .

n \p
Space J¢” Banach space with lorluwll"”-< flcp(e‘*)lﬂd).) .‘;‘jl possible to

-n

identify J¢” with the locked subspace (in known space t .27 (- n, n))

all functioms ¢(er)e.Z’(—=n, x), for which
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n
Io(e‘*)e‘”*dk-o, n=1,2 ...

POOTNOTE . Space .7”(ab) consists of functions ¢ (\) on segment a
b I/
A& b, for 'hichlvf”’-(_flw(l)l’dx) <w. ENDFOOTNOTE.

Page S3.

This subspace, which consists of the boundary values of the described

above=fuactions, analytical in circle, also lat us designate 5¢’.

/\Q Function ¢(2) analytical within range |z|/<1 1s called an external
function if 1t is represented in the form
n
1 et 42
w(z)-aexp[w‘lﬁlnp(mdl}. la|=1,

where real function p(A) is non-negative and Inpe &' (—n, n).

Analytic within circle function ¢ (z) is called

internal, if |¢(2)I<| and |9(e?*)|=1 for almost all re|[-n, x|

Blaschke®s product is called analytic function B (z) of the fornm

B(z).-az’H[-,%,—f'—_”_;—;]"‘. lal=1,

'ﬁno ¢ Pie P2e cee - RORREgative integers, 0< (q,(<I and produect

?

R e
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Theorea ([ 10]), pp. 98-99). Interrnal function ¢ (z) in an only

sanaer is represented in the form of the product
F ety g |
?(2)=B(2)exp{ - J'jr_—z—u(dk)}.
vhere B (z) - the function of Blaschke, af{r(dx) - singular measure.
From this result easily is derive/concluded) ((10], page 123),

that any non-empty family of internal functions has the greatest

common/general/total (internal) divider/denominator.
Page S4.
Let us designate by D that introduced by V. I. Smirnov (see

(20]) the class analytic in circle (z/< | functions ¢ (z), which

allow/assume the representation

9(2) = B(2) exp { - ]ﬂ :::jj u(dk)} X

-n

X exp v (1.4)

n
1 iA+
-n

where B (z) - Blaschke's product, u (d\) =- singular measure and p (\)
»0,npeZ'(—n,n).Thus, class D consists of the functions ¢ (z) ,

representable in the form of the product of certain internal function




e ————
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7€
(internal part ¢) and of certain external function (exterior o).

Por each function ¢ (z) class D are with almost all A boundary
values g (e*)=limg(re’*),vhich satisfy condition |[gp(e*)|=p(A), where p (\) -
r=->1

the function, which figures in representation (1.4) for ¢ (2).

Theorem ([ 10]), p 80). All functions ¢=ox' there is a product

of two functions from o¢2

E&;Bhﬁore- ({10), p 81 . With M) >0u =L function [=|¢, where
¢

A 1in that and only that case, if Infe.?.

Apropos of this theorem let us note that it is possible to take

n
. elA

@ (2) = exp %J ;;x{—f[nf(k)dk .

-n

The theorem >f Byerling ([10]), p 145). During 9 &* function(z"¢}
n=0, 1 «.., they generate entire class &’ in that and only that

case, if ¢ is an external function.

Let ¢ (2) - function, is analytical in circle. In that case the
function ¢ (1/z) is analytical outside circle. After comparing Caus

of each function, analytical in circle, the function, analytical
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outside circle, we we wvill obtain the classes of functions D and &’

analytical outside circle.
Page SS.

In order to differ these classes from each other, we will in the case
of necessity designate the appropriate classes within circle D°, &¢°*,

outside circle - D, ",

3. Fenctions, analytical in half-plane. Let us designate by g*,
D the classes of functions, analytical in the upper half-plane, which
are the forms of classes J%”, D in circle with the conformal mapping

of circle onto the upper half-plane.

By %’ let us designate the class of those analytic in the upper

half-plane functions ¢ (z), for which

j lp(x+ig) Pdx <M< oo, y>0,

vhere constant ¥ does not depend on y ((10), (1) .

Function g= D is called external, if it is is represented in the

form
L P Adke MG .
‘P(”’“P{,Ti J'KL-TI"%?L‘”‘:'

P TR -
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! vhere p (\) - real function, p (A ) > 0, and "l’z(;',’ .2 (— oo, o). POL

external functions in inequality for an integral of Poisson

C inje .
lnltp(z)lgf ﬁl_lf)—i_:—‘y—,dl. 2=x+iy, y>0,

occurs the egquality.
Punction 9= D is called internal, if (¢(2)(<I, (N =1 (z=A+in, p=>0).

Por the functions of class D they occur of representation of the

form (1.4):

'P(z)-e“"’[i (2) exp{— J. l;__)‘: W (dA)

- 00

X

X exp T

I :cl—-kz Inp(A)
717_ A—z —dk}’

vhere « are real number, B (z) is a function of Blaschke, p (d)\) -

singular final measure and p (\) > 0, ';’f(:,' e 7' (= oo, o),

Page 56. |

Analogously to classes D and &%’ in the upper half-plane extend t;

remaining assertions. Specifically, occurs the following. i
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gl

Theorem of Lax ([10)}. During ¢=d%* fumction (eMp(1), >0} they

generate everything ¢¢’ im that and only that case if ¢ is an

external function.

Belovw we frequently will use the following characteristic of

spaces '

Theorem of P21i - Weiner ([10]), p 187). Function ¢dt? (im

the upper half-plane) in that and only that case, if

¢(2)= fe"’c(t)dl. Imz>0,

vhere ((/)=-97%(0, ).

If simultaneously with classes D, ¢” im the upper half-planme

are considered classes D, &#” imn lover half-plane, wvwe will write D",

in the case of the upper half-plane and D°, %" im the case lower.

Let us note that

Z?(— 0, 00) =F? DH?~.

§2. Spaces L' (F) amnd L (F)

wﬂ{-
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Let & (t) be a stationary (im the broad semnse) random process
with the spectral measure ? (d\). Let F=F,+F, vhere F, is BB
absolutely continaous and F. is singular components of measure P.

Let us assunme, f(k)-d‘f; let us in this case call £ ()\) spectral

density, even if F+#F, Let us introduce for a multiplicity new

designations, after assuming

L=L(F)= L. o (F)
L™ =L (F)= Li=w, o(F)amad L* = L" (F) = Lo, = (F).

Page 57.

Theorem 1. If & (t) is a stationary random process with the

discrete time t = 0, ¢1, ..., then
) LY (F)=L"(F)=L(Fy)

2)L* (F)=L"(F)=L(F.) in that and only that case, if

[1nfa)idr = o;

3) if

[linfA)da < eo, L

that £ (\) can be registered in the form [(A\)=|g(¢e)F, where g is an

external function of class ' im circle [z/<|. 1In this case

BT T o N ST T\ B R o 0 S Il 315 T o v A I A A KA ML g a6
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L~ (F)= D™ NL(F,) =+ &, L*(F)=
=D* (L (F,) =~ &+,

g

Theorem 2. If & (t) is a stationary random process vith the

continuous time t, = < t < «, then

1) LY (F)=L"(F)=L{F,);

2)L* (F)=L"(F)=L(F,) in that and only that case, if Jﬂ ‘Ll?%l})-‘-dk-wo;

3) if

1442

f LB PG i oo, 2.2)

that f (\) can be registered in the foram f(A)=[(g(})?, wvhere now g is
an external function of class &%’ in the upper half-plane Im z > 0, 2z

= A\ ¢ ipy. Here
L™ (FQ= D NL(F,. L*(F,)=D*nL(F,.
Page 58.
Assertions 1) -3) both theorems are actually equivalent to those

belonging A. N. Kolmogorov and M. G. Krein to the fundamental

theoreas of the theory of the forecast/prediction of stationary
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random processes !,

FOOTNOTE t. See, for example, [22). ENDFOOTNOTE.

since subsequently these assertions play fundamental role, ve will

give briefly their proofs.

First let us demonstrate paragraphs 1) -3) theorem 1. Let F be a
singular measure on segment [-», v). Let us assume that L +#L. Then
it is necessary ¢’ &L . Let us designate by ¢ (\) the projection of

cell/element ¢* on subspace .. Thene?—-g(\)«0and e*—-¢(1) L L ., so that

n
[em‘en_q,)p(dx)ao. n=0 1, ...

-5

The generalized mesasure F.(ﬁk)=(e‘*—¢)F(dK) is amalytical, i.e.,

n

[-emF (@) =0, n=01,...,

et FMJ‘
also, according t> theorena ﬁ.‘ M. Riesz ((10]), p 73) must be
absolutely continaous vwith Lebesgue. But this contradicts the
singularity of measure P (d\). The obtained contradiction proves p.

.

n -
Let us pass to p. 2). htf(lnf(k)ldx-oo. Let us assume that in
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spite of theorem .~ =L. Then again (*&L.”, and if again ¢ (M) there
is a projection e_“ on L7, then V(A) =e*—q(A)su0 and

[emp@ f@dr=0, n=0,1, ... 2.3)
Let us designate |[q|” nora in space .’(~n n). Let us note that
functioa y/=.2'(— n, n). Actually, on Buniakowski's inequality

I I < lle, - (IFI™ < co.
Page 59.

Hence on the basis of equality (2.3) it follows that yfes'. The

logarithm of any function from &' is suamed, therefore,
[ e W) (A)idr> — oo
S »

Prom the elementary inequality ln x < x it follows that

[ Q) WA <ivi, <o,

flnf(k)d}.g J’f(x)d;.<m.

-n

Together with previous these inequalities mean that in spite of

condition Infe.2.
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The obtained contradiction proves the first part p. 2), the
!E : second part p. 2) is contained in assertions p. 3), to proof of which
i ' ve nov will pass. On the strength of (2.1) £ (M) it is possible to

E ' register in the form f(A) =|g(e™ ", where

42

g(z)=expl7|’-'- f:,,:—zmlf(ende , z=ret,

is an external function from 2. Letg(e*)=¢g<=L*(F).This it indicates,
then there exists the sequence of polynomials P,(2) such, that|o—P,l—0.

But then and

lpg = Pagl®=llg—Pulr =0 dph n—> oo,

Key: (1). with.

It is obvious, P,g =%*". Therefore and limit function V=gg=d¥?*, i.e.,
@ =1y/g,
vhere y, g = J%’" Being converted to canonical representation (1.8)

of functions from J*'* amd D', we see that o= D*.

Conversely, let o= D*'NL(F). Then yv=qg=d%?. Punction g -
external, and according to the theores of Byerling (see §1) the set
of functions (¢P), vhere P passes whole polynomial, is dense in &?*,
This that means specifically, that it is possible to find the

sequence of polynowmials P, for which with n = =
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Iv=8Pule=1(@=Pa) glb=19—=Pulr—0,

i.e. that o=/ '(F). The case L (F) is examined analogously.

Page 60.

The proof of paragraphs 1) =-3) theorem 2 almost completely
coincides with the proof of the corresponding pcint/items of theorenm
1. Actually, with the help of the conformal mapping of circle onto
half-plane it is proven, that the generalized theorenm ' and M. Riesz
is accurate in this case (see [20], p 209). Further, if 9% {n

the upper half-plane, then it is necessary

L]
~

| Lol i< o,

Pinally, in proof p. 3) instead of the theorea of Byerling it is to

exile to Lax theoren.

It is useful to note that in proof p. 3) both theoreas,
actually, are obtained the following egqualities: if are satisfied

conditions (2.1) or (2.2), then

+ ] + W | 9
L =--;ae’ LT = s (2.9)

PO Vg — T
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§3. Structure of spaces Lr(F), wvhen(?) - the finite interval.

In previous §2 we traced the spaces L;(F) (but that means and
spaces H (T), generated by the values of the corresponding stationary
process E (t), t=T, with the spectral measure P (d\)), vhen ® -
infinite interval. Here there will be considered the case of the

finite interval T = [a, b].

Since the case of discrete time is trivial: L,(F) consists of
the trigonometric polynomials of form a}&»aﬂ“k below we will deal only
with processes with continuous time. Purthermore, we will be bounded
by study of the processes & (t), which have absolutely continuous
spectral measure P (d\) and the spectral density f (\), that

satisfies condition (2.2).

Page 61.

As already mentioned above, sufficient to examine the intervals

of form T = [-a, a). Let us assume

L'"Fy= [}  Le(F)

Tw|~a, al, a>0
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and

L°(F) --n Ly (F).
T

The space L® (F) is determined by the behavior cf process & (t) in
infinitesimal vicinity of zero; isometric to it the space H°-nH,. in

particular, contains all the existing derivatives t™(0).

Let us agre2 to designate through D, the set of the whole
analytic functions ¢ (2), z = A\ ¢ iy, the final degree o, i.e., such

whole functions, for which

lim R-'maxIn|p(Re"®)| < o
R—> oo (]

(specifically, D, it designates the set of the integral functions of

zero degree).

Theorem 3. If spectral density f (\) of stationary process & (t)

satisfies condition (2.2), then 1@

L°(F) = Do (1L (F), L°(F) = DoNL(F).  (3.1)

FOOTNOTE 1, We do not make the difference between functions from 0,
and their contraction to the real straight line p = 0.

ENDPOOTNOTE.
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1’

Proof. (b us it is to demonstrate two connection/inclusions:

L°(F)<= Dy (L (F) @nal L°(F)> DN L(F).
Page 62.

The first of them ve vill demonstrate for all ¢ » 0, the second -

only for ¢ = 0 1,

[ FOOTNOTE t. The proof of the general case (¢ > 0) although is reached
by the same means, substantially more cumbersome; reader can find
this proof in the article of Levinson and Mckean (N Levinson, H.
McKean, Weighted trigonometrical approximation on R? with application

to the germ field of a stationary gaussian noise, Acta Math. 112, No ;

=2 (1964) , 99-143). Nore powverful result is obtained previously M.
Ge Krein, who indicated integral representation for integral
functions from L" (F) (see YAbout the basic approximating problem of
the theory of the extrapolation of stationary random processes", the

DAN of USSR 94 (1954), 13-16).

The further results of this chapter are also borrowel from the
cited article of Levinson and Mckean; their proof are somewhat

changed. ENDFOOTNOTE. i
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L (F)< DoNL(F). _/
1. Proof of connection/incluli;}jk—ﬂv — Let function 9= L’(F).

¥ill be located the functions

@n (M) = ;a,,,exp {it;a A}, 110+ Un,

lo—@alr<i/n, n=1, 2 ... J :
such that ~ " 1s obvious, everythiag ¢.=0,, .

We vill demonstrate that at each point of the composite plane

8
lpn(2)| < Coe” * ™', «(3.2)

vhatever the number ¢>0, the constants C. depending only on ¢ (but

not of n).

The uniformly bounded family analytic functions ¢. is compact.
Purthermore, ¢,—¢llr—0, and therefore ¢,(2) it converge to the
integral function ¢ (z), which under condition (3.2) there is a
function of the final degree not larger ¢. It is obvious, contraction

¢ (2) on Im 2 = 0 coincides wvwith ¢ ()).

Thus, remained to demonstrate inequality (3.2). Por this we will
estimate |¢,(2) on the bisectrices of quardants and ve will use

fragmena-Lindeloef's principle 2.
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FOOTNOTE 2. See, for example, [18]. ENDFOCTNOTE.

Let us estimate first (q,(2)! for =16

Page 63.
v

f)=lgM)B, )
Let us note that on the strength of (2.2) —— vhere g (z) -

the external fuanctjon of class 9t". Let us introduce functioms v, (z)=
Pagekpliz(o+9)), 0<d<< . )

~— Tt 18 ODVious, V¥,<*". and therefore with all u > 0

oo 0o

[ 1oadt i) P < [ 1n (1) Ptr =g, I <

<U¢m+%f<mwu+wrcp (3.3)

Purther, since functions ged¢? it it is possible to present on the

basis of the theorem of Peli - Weiner im the fora

o

g(2)= f e"2g (W)du, z=Ai+ip, pn>0,
0

vhere g (u) - Pourier transform to function g (\). Therefore with all

u> >0

oo

~ _ 17 1
g+ i) < (J‘ (8 (u) I’du) (fe‘ ftu du) = -'C,-’z. (3.4)
0 0 e

/
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Let us designate by I'; the outline, which consists of the
segment of the direct/straight |A|<R, p=1/2 and being based on it
circular arc of radius R vwith center of point z = i/2, Re z > 1/2. By

Cauchy formula, if Re zg > 1/2, and radius R is sufficiently great,
Yol =p [ g,
T'r :

Relying on relationship/ratio (3.4), it is not difficult to show that

the integral in terms of semicircumeremce T; of f%%% approaches

0, vhen R — e, Consequently, withall g4 > 1 on the strength of

inequalities (3.3)

o+
'%(A+ill)|<§|?€ J. i(,,..x)(ﬁ(f)—\u)l
= 2

o o "
g—%( }\p,,(u+-;—) r du J o T) =C; (3.5)

— 00 - 00 "’+ "‘

du<<

Page 64,
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Further, record/writing In|g(z)| in the form of the Poisson

integral (g - external function, see 1):

g b - P
IMg&H=%-I-1%#%pdm z2=A+ip,

(n—
we find that if z=Re® 6=-7, 2, then when R— oo
in|g(2)|
-—lTI———’O. (3-6)

Actually, with fixed/recorded T > 0 and z = Re

T =
£ [l au=o(t)- 0 (5)-wo

T N
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E

At the same time

n In| g (u)] n2 A4 | f | 1n £ (u) |

- 3 f (M—M’+urd” < pm +d du

| jul>T

f R R+1 flln[(u)l &

| TR TRy JUIT TR o

lul>T

Tvo last/latter relationship/ratios they prove (3.6).

Prom (3.6) it follows that for amny e > 0 and z = Re® (0 = w/4,
3w/4; R > 1) is implemented ineguality lg (z)[ >,€.. ~*lzl,  yhere
constant C,, possibly, depends omn e. Taking into account (3.5) let us
have a heaec on ray/beams z = Re® (0 = w/4, 3w/4; R > 1) the

follovwing estimation:
[ 9 (2) < Cgetrterdiz), » ‘ 3.7)

It is analogous, introducing fumction y- (2) = w5 exp ( - iz (o ¢ 6)},
&, vhere for z gfou ﬂclmehalf-plane_,\(z) = g (8) =d¢?-, we will obtain

on ray/beams z = Re®, @ = Sys4, 7w/4, R > 1 the estimation
[ @n (2) < Cyelote+Olz), (3.8) %

Page 65,
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19 (2)].
Let us nov move on to the estimatiom ) n the segments of the

bisectrices, vhich lie -those=which—iie-vithin circle |z|<I.. As usual,
let us count 1n’ a = lna, if a > 1, and 1nt a = 0, if a £ 1.
Considering the subharmonic functiom 1ln |9,(2)|) using the Poisson

integral, ve will have on straight lines

:
a [ Imz|=
> Inlge@) <L [ le@] 4, <
q‘n NN n . ("—A)? +' = .
) ' 1 u?+4 1 Jg" Int | @n (1) | ’
? Q?S:‘lp (t—2)2+ 1| u? 41 du < ’
] I M2 [ Inrigatal] .
g—:—; 32 ‘ u? 41 du =
| o e LOn (@12 @] |
: I A24+2 () ;
sy 2’- f ll-fu’ I duss
> BE Fl ) g ]| F Lnlg @l
| + 2 In| @n () g (u - n|g(u
oy ( f e du + ’ Tt du)< 1
B & 1
<CeM+9) (gnle + | LU du | < ¢, 02+ 2).
6 F 1+u {
-
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Peqe b5, a1
Thus, functiom e-¢+y,(z), analytical in band ‘Il z| < 1, limited in this
band, also satisfies on its boundaries egquation |e=C¥g, (2) I<Cs
vhere Cq4 does not depend on n. In accordance with the principle of
Fragmena - Lindeloef the last/latter inequality it occurs in all
points of the band indicated. Specifically, all the functions ?{ (2)
are evenly limited in circle }:] £ 1. Hence and from (3.7), (3.8)
follows the validity of imnequality (3.2), which, as already it was

said, and proves Ist” part of the theores.

2. Proof of connection/inclusion LO® (P) > Dg N L (P). Let ¢
(\) « Dg UL (P. According to Hadamard®s known theorem ! function e
(A\), vhole function of zero degree, can be registered in the form of

the product

oo

¢(2)=z“e°n(l—zi)e"’n. sz:T?<°°' (3.9)

n
!

vhere z_ # 0 - zero ¢ (2).
POOTNOTE 3. See, for example, [ 18], page 525. ENDFOOTNOTE.

Page 66.

Punction ¢ (z) can be rewritten in the form of sum ¢, (2) ¢ ¢, (2),
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@ (@) ="%(e@@ +e(-2)) ) : _
vhere ~—— —  and 02(2) =2 (@ (2) —@(— 2)) ~ with respect to

even and o0dd function. With this as before #;, 95 = Dg N L (M. Thus,
to us it suffices to demonstrate theorea for even and odd functionms.
The proof in both these cases is identical, and we for a certainty

vill consider even functions ¢ ()\).

We should demonstrate that with any ¢>0 will be located the

function ¢, =L°(F), for which lo—q.lr<e.

Let us note first that any summarized with square integral

) - function # ()\) the final degree < ¢ belongs ,°(F). Actually, any
this function belongs to L (F), and according to the theorem of Peli '
~ Weiner! relative to integral functions from -Y? funcions ¢ has

A
p Pourier transform ¥ equal to zero outside [—¢ ¢ so that
14
E o) = je‘*"«i» (u) du

and, of course, g L°(M).

POOTNOTE 3. See, for example, [10]), page 82. ENDFOOTNOTE.

o

Thus, it suffices to construct the sumsarized vith square whole

function of degree <e, which vell approaches ¢. Let us note that for
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an even function # the Adamarov of factorization (3.9) will take the

form
il lin
(p(l.)'=l’ Il] (l 23,)' m2=0.
Let us determine functiom ©(*) by the equality

= T (1-2) [ (1- 22),

|2, | <d n>dd

'I.t.6==—'lld nuaber d=d(¢®) will be made more precise late.

Page 67.

Let us shov that ¢.- - the summarized with square integral

function of degree <e¢ (and, which meanms, ¢,= L*(F)) The Buler formula

smn&=nkH (\ = .,.)

makes it possible to register ¢, in the form

N o
‘ A
Pe (A) = sinﬂao A\ [I[n.. (LI< —4 EW ) ) ' (3.10)

so that 7.(A) is the integral function of degree n=e Let us now
move on to the estimation of the relation of polynomials in right

side (3.10) wvith large \A. Let us introduce the sonotonically
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nondecreasing function Nw(R)'to the number of roots of function ¢ (z)
in circle |z|<R. Punctiom N,(R) closely related vith the order of

an increase in function ¢ (2z). Specifically, for the functions of
’ zero degree No(R)=0(R), R— o).

POOTNOTE 2. See [18], p 521. ENDFOOTNOTE.

Consequently, degree of polynomial in the numerztor of expression
B (3.70) is o (d), vhereas degree of polynomial in denominator ~245,

and 7% € L, (— oo, og)for sufficiently large d. é

To us remained to consider (¢.—¢l-. Por this let us demonstrate

the following lemma, which characterizes proximity . to e.

Problem 1. At assigned¢>0, A< oi¢ ig possible to find number 4,

| such that for all 4 > d, they occur of the inequality

A ="
maxim(k>—¢,<x)l<4:(ff(x)dx) . J
M<a Ve \_J
(3.11)

Pe (A)
max =ty <I, max jpW)IL I,

d |
ASMSE IM>5 |
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The first of inequalities (3.11) is obvious. Por the proof of

the second ve will use the elementary inequality

8_2"<l'_x<e—‘l O<x<_:-l 1

and let us write

M2y [ip-2

Qe | n>dd n>de :
—'-;_l 1-‘%’_ (I-———k )<
Wt L] It PR L
gexp{ A’b’ \ }exp{ﬂ.’ E T—T—} (3.12) !
s ENEL

To evaluate the first factor in (3.12) let us note that

Y > [ Gagh

n>db dd+1
\1 |
In order to consider ‘|‘>4 [z2/"' let us turn again to distribution
| 2n

function of zeros N,(R). Taking into account that N,(R)= °(R). let us

have -
Ny ®) Ny (@ Ng (R)
Y e - '4 s
oal>d -
L Ne(R) f R 2 Ng(R) _ 8
— = — ] ’
<2:l;[‘)‘ R ; ] dk>% R 2d
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if only d selected by snfficiehtly large. after substituting the

obtained estimatioas ian (3.12), ve will obtain that

max

I<dR %((—:)l’< e exp{ Az d6+l %)}’l'

Ivi<dr

as soon D ) 1/6. Second inequality (3.11) is proved.

Page 69.

Let us pass to the proof of the last/latter inequality of lemma.
Wow [Al=>d/2. By considering the second of the factors in

expression for (, let us find that

) V In

Z,, | 2n |<d

= [in]1 -3 |ans 1< fln |+ %) dNy (R)<
0

A? 22  Ng(R)
.=N,,(d)ln(l+—(‘7)+f e RS
0

d
: S, f Mo
"IN (d)In -3 _+2j L dR =

-o(dlnd)+o(dln “"). (3.13)
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To evaluate the last/latter factor in formula for ¢, let us

consider separately cases d/2 &[A|g 4 and’k,) d. If A & 4, then

L (1- 2 <emn| =20 B 5} <
n>dd & n>dd A

282 -
‘;e‘p{"'da+|}‘\“ o

provided 45 > 1. tflx') d, then, again by using the expansion of

Buler, let us find that
sin oA

A2?
I - =
n<dd

Por n < 467)2 will be(t A262/n2

> A\262/2n2, so that on the basis of

the Stirling formula for n! let us have

Sl e B b g s BBt At e
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| = |Alé
. — / L
< - exp{ dd V2 In-—-+

I] l g A282
n>dbd . r2
P W ) L —As VT In 1AL
+dd )2 ln——',,i} L gxp{ ~do V2 In % }

Page 70.

Equate/comparing the obtained estimations with (3.13), we see that as
soon as d is sufficiently great, a|x') d/2, then [®(A)I<I. Lemma is

demonstrated.

With the help of this lemma immediately is obtained the

estimation for |g¢-q.lr Specifically, on the strength of (3.11)

A .
19~ 0 B< [100) =0 M) BF () dr +
~-A

| +5. [LleMPtmdr+2 [ fmda<e,
! IN>A IN]>dn

if A and 4 are selected by sufficiently large. Theorem 3 is

demonstrated.

84. Projection L¥(F) on L~ (F).
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It is wvell known !, hovw important role ia the theory of
forecast/prediction play the projections of spaces | (r) T =[a, ) a>0,

E % on space L™ (P).

FOOTNOTE t. See, for example, [22]. ENDFOOTNOTE.

These projections appear during the study of the varied conditions of
the regularity of random processes (see belovw chapter IV). Here we
vill demonstrate a series of the theorems about the structure of

space L +i- (F) - to projection L¥(F) on L~ (P).

On the strength of theorems 1, 2, it suffices to examine the
random processes, vhich possess spectral density £ (\), vhich

! satisfies conditisons (2.1) (for processes with discrete time) or

(2.2) (for processes ¥with continuous time). Recall that in that case
spectral density £ ()\) allow/assumes the factorization
fM=lgEeMP=gle™ g™
(time t discretely), vhere g (z) - the function of class & |zi<I, @
é(Z)=h_(—;-—). Iz|>1~the function of classd¥’~. It is analogoux for processes
vith the continuous time |

A =igM)F=g@) g@),
geEH", Imz>0, g2)=g(@), Imz2<0, ge&,
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Page 71.

Are obvious the connection/inclusions
L-F 2L E2ATANLTFARLF). @D
The basic cer target/purpose - to explaim, when these or other

of these inclusions are transformed into equalities.

We will begin from the description of the analytical form of the
opeiators &~ (designated also ) and &', design/projecting L’(;:)
respectively for L = (FP) and L7(P). Let us desigmate by » = (=, amd »*
the operators are projected on  9?(==, =) (g2(w, v) on g~ amd ¢’
respectively. These operators are determined as follows: let ¢ = 9

(=, =) and

..(p()‘)z j’enud,(u) du, where; § = .9?(— oo, ik

then

[ oo
" p(A) = fe”"‘ci»(u)du, n*cp(l.)ufe”"‘qa(u) du.
—-00 0

It is analogous, if ¢=.2%(—n=, N).m(h)-_zwe”"a,. vwhere
then
Ela,F< oo, or

0 { o0
ng= 23 eMa,, nte= ; e'Ma,.
-0

e S P P ST 7
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Leama 2. Occur the following relationship/ratios:
POM ="' W gMeM), &Pt =g 'x*g.
Proof. We will be bounded to examination # =¢. Let us also

» assume that ve deal with the continuous time t (case of discrete time

is examined analogously). Ve should demoastrate that
P =P, P =&, PLF)=L (F), &L (F)=L (F)
two first equalities mean that » - projector 1, two following, that

J-projector on L~ (F).
POOTNOTE t. See, for example, [2], page 111. ENDFOOTNOTE.

Page 72.

% Since » - projector, v * = g, 92 = gy, Therefore

(T, .‘P)F =(n(g®) g¥) = (g, n(gyp))y=
=(ggo. @7 'ngv) = (9, PY)r.

Bquality »2- wvwith obviousness followvs from relationship/ratio »2

= w.

Purther, in §2 it vas shown, that if o=/ (F), then g«pew", if ¢eav_;’-,

then y; 'eL"(F). Simce n(g9) & 9, thea To = g 'ngope L7 (F). If fimally o= L™ (F),

ther S0 ) =2""g0=0.
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Lemma is demonstrated.

Theorem 4. L~ (P) = L*/= (P) in that and only that case, if @ =
g/g coincides with the relation of two internal functions: L*" (F)
=L~-(PF) W LY in that and only that case, if @ = g/§ there is an

internal function.

Proof. Theorem is proven by similar form as for processes with
discrete, so also with continuous time. We will give the proof of the

first part of the theorem for discrete time and the second - for

continuous,
Let 0=-s (eM/s2(e™) where 5,(2), 5,(2) are internal functions, so
that |5, (e")I=]|s(eM) =1 Let us consider that s; (0) = s, (0) = O3

othervise we coull, vithout varying @, replace s,, sy by z8,, 2s,.

Let us consider function ¢ = §-1 (s,J) and show that 9= L7 (F), but
¢l L' (F)(it goes without saying that ¢ = 0), so that L~ #L'". 1t
is obvious ;e gt and therefore 9. . Ppurther, ¢ it is

possible to register in the foras

Isi|?

_._—§=

L
g S

(520).

|-

9= (3,8) =

wx|-.
E S

and, since s; (0)= 0, og=e-"5%’ .Let now ¥~ be the arbitrary
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cell/element LY(P). We have

(@, PV e =(9g, n(gP) )=
- (ﬂ(‘l’é)- E‘P)z - ((W?» E‘p)? - (q’g' ‘pg)ﬂ i Ov

since
g = e~ M2, yg R,

Page 73.

i Conversely, let L™ = L“' and let ¢=/.7, but ¢LL*"" Let us
register function ¢ in the form §/g, ¢, =5¢?*. Punction ¢, =d%? can be
registered in the fora of product #; = @,y,, vhere 6, - internal

b function, a V€’ - is external (see §1). Let us note nowv that the

function ¢g is orthogomal &%** in Z°(—m 7). Actually, if vEa?,

then z .
= o L - O i p—
$ (@@, V) (mg. ] w),{. (n(«pg). ¢ \b)2
LA
~(§ 0 212),~(#0.2),=(0.22), -,
)
then since yjge=/*(F). Therefore o¢ =’ , and, which means, g =0;-§, .
] vhere 6,, 7 - vith respect to internal and external function. Thus,
ve have
98 = % ] "'-g' 8% = 05¥,. 4
Since 10,]=10,l=1 (0, 8, = internal), |y |=Iv2l Bxternal functions 1y,

(z)s 72 (2) vhose module/moduli to|!,- | coincide, are equal, so that

D

= e,

Lol
g

-~ D Y B e
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The first part of the theorem is demonstrated.

The proof of 2-1 parts of the theoresn. Let us note first that in
accordance with the done previously assumptions L~ (F) 74 L (P) and,
which means, L~ (F) # L~ (P) () LT(P). Therefore, according to that

vhich vas demonstrated above, during the investigation of the

~+ +|=

question concerning equality L~ O =1 it is possible to count

6 = 6,/0, vhere 8,, 6, are internal functions without common divisor.

Proof is based on the folloving eguality:
LY (F)=L™(F)N5-L* (P, (4.2)

from vhich immediately it follows that L"""' = L"ﬂ L' vhen and ‘only

vhen 6, = 1, i.e., vhen 6 = 6,/6, s 6, is an internal function.
Page 74.

Por proof (4.2) let us introduce into examination orthogonal

complexant M of space l."' to L~ and shov that

-L o P,
M=t n&r" =1 o Nt ser-, 4.3)

Actually, let us register arbitrary cell/element ¢ EMc L’ in

the form ¢=¢/¢, where o =gv? If ¢ is orthogonal l,”‘-fl,*-—;-n%é?t“.

then ¥, is orthogomal ia .97(- o, ) to space n-i—&é"‘. But
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since v#, = §,, this means that ¢, is orthogonal %-676“. a %@,-q)-g
is orthogonal to entire J%?'. Consequently, g =’ , which is equivaleat
(4.3).

Is decomposed now function 5’, (belonging on the strength of
equality (4.3) both &', amd 0 '&") into the product of internal

and exteriors. We will have

R NET
@1 = 3By = 5 V4.,

vhere VY, - external, a 9, - internal factors. It is obvious, 73 =

Yar SO th‘t
01"4’*9293-
and, since 6, and 8, do not have common faactors, function 6, must be

divided 84. Consequently, (8.3) it is possible to revrite thus:
EL )2.;‘ -I— -2=. % g €2 .
M=o GNP =L N L. (4.4)

Now, relying on relationship/ratio (4.4), let us finl orthogonal

complement M to L™ (equal regarding l.+l-)l.¢t us note that

‘g— L-=9|L‘—%9|W4C%é%2—=[, .

I
€ 0,
Therefore is sufficient to find orthogonal complement -g-il.—l.“ to

entire L (PF) or, vhich is the same thing, to find orthogonmal

I _
cosplement im g72(_o ) Spaces T,“" to in all _¥?(—oo, o).

it tienea i
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Page 7S.

The latter, obviously, ﬂs Jghﬁh vhat in L (F) it ansvers space

2

{;L+(Fl Bguality (4.2), and wvith it and theorem are demonstrated.

We vill explain now, when L*I“ (P) = LO (F) (it goes without
saying that already the very posing of the question assumes that we
deal with process with continuous time). In light of theorem 3 in the
case of the equality indicated there is full/total/complete
description of space L*F;

Theorem S. Let be is satisfied condition (2.2). Bquality L*F'
(P) = LO (P) occurs in that and only that case, if 1/f (\) there is

the vhole analytic function of zero degree.

Proof. Let L*" (F) = L9 (F). Let us consider separately of two

following cases.

e 1+ 1) =€ F' (- o, ). Let us introduce into examination new
spectral measure with spectral density f,. It is obvious, f, ='g.'!,
vhere g, = g/ (A ¢ i) =d¢*. We will demonstrate that ;e .'(F).
Hence and from theorem 3 it will followvw that 1/g9, and also,

therefore, 1/f = 1/93 essence the integral functions of zero degree.
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On the basis (4.1) occurs equality L"' (F) =L (P) N L*(P).
and according to theorem 4 g/g = 6 is an internal function. It is

understandable that in that case 6, = g4/3, = 8 A-i/\¢i - also

internal function. Let us consider function¢= e L*(F) and

I
& (A+10)
find its projection on L™ (P,). We have, considering that here 7 -

the projector in L (F3) on L= (F,),

Foaps ot o 0
.?q)-ﬂl e Elnﬂ|3+i
0 T TR U S
@7 A—i 0, A+i g A-n_@°
0
since .A_l_,ai fe‘“"““du belongs .¢?- and ,[.__'_.=1_'___
- - § od |
—o0

Page 76.

Thus, we demonstrated that [/g=Fp= /,*"(F,)=L°(F,).

2. [&F(—~o, ). In this case (see §3) space L° (F), and also,

+ ‘—' *\.-

therefore, equal to it L (F) contain only the constants, dim L

= 1. 0f proven below theorem 6 it follows that is necessary f =

const/ 1 ¢« \2,

The first part of the theorem is demonstrated. Let us begin

tovard the proof of 2-1 parts. Let 1/f (A\) = b (\) there is the

*i-

integral function of kind zero. Let us demonstrate first that L

AP RIS -
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L f) L”. In accordance with theorem 4 for this it suffices to show

that the function @ = g/g is internal.

According to one theorem of N. I. Akhiyezer (See [16], of page
567) the nonnegative on real axis function b ()\) we will represent in

the fornm
bA=0oM)d()=|o@)P

vhere w (z) and w (2z) - the integral functions of kind zero, function
w are the external function in the upper half-plane, which does not
have there as zeros, and o (2) = :-733 - is external in lower
half-plane. But then g = 1/w, § = 1/a. Let, further, 2, = zero
function b (z), that lie at Inz < 0. FPor Im z » 0 g/J = w/w are

analytic function, wvhereupon

|

| g(2)
)

10@)1=| 4G <L 10Mi=1.

-|2al-11

F4
1
Zn
F4
g s
. B

The last/latter relationship/ratios prove, what 6 - is internal.

Now us it remained to shov that each cell/element (= /*[.-
are the integral function of kind zero. Before let us demoastrate
that ¢ - integral fumction. On the streamgth of (2.4)
P =w@) h* A)=d 1) A~ (),
vhere,* e g¢?*, h et Consequently, ¢ ()\) there is the coammon

’,

e S 4 oA 8 e e T
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boundary value of functions o (2) h'(z) and & (z) h™ (z), analytical

respectively in IN z > 0 and Im 2z < 0.

Page 77.

Let us demonstrate the possibility of their continuation through the

real straight line.

Let QWZ)=_[W(9d& vhere the integral is taken on the cutting
0
off of straight line, that combines points 0, z, a ¢ (E) is either o

(&) h’(E). or @ () h™ (£). Punction @ 4is analytical in the upper

il

and lowver half-planes.

Por function :i'eH™

[In*a+iwPar< [[n* wFdr=c <o, w>0. 45 ;
Therefore with all a,faf< =,

[1@0+ i dr=[ [0+ O+ iw]lde<
0 0

< max lo(2) | VaCi®< Ce®. (4.6)
1z|<a

According to the theorem of Peli ~ Weiner *
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h*(z) = j "*Fi (u) du,
0

he (- o, ), Imz>0,

so that
£ 12 C—_
lh*(x+ip)ls(j e"’"“du) C‘.”g]/ﬁ . @)
0
Therefore
e e Ty
j|¢(a+ip|dp=jlm(a+iu)h*(a+i;.)|du<c3e Ve. (4.8)
0 0
Por almost all )\
limh* (A + i) =h" Q).
n->0

Page 78.

Hence and from (4.6) it follows that and

A+in

A
lim [ o@®dt=[o@a. 4.9)
in 0

Integral of amalytic function ¢ (&) in terms of the sides of triangle

vith apex/vertexes at points 0, z = \ ¢

the strength of (4.8) and (4.9)

Fl A ’
lim ®(2) = lim fo(g)dg- [emar=om, Imz>o0.
n-0 n>0 7 I

e e . el A B A S 7

A is equal to zero. On
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Analogous result is accurate also for z from lower half-plane.
Consequently, functionm D@ 49 analytical in the upper and lower
half-planes and is continuous in an entire composite plane. Converse
theorem the Cauchy-theorem of Morer (see [ 18], of PdyQ 186) they will
make it possible to claim that ®(2) is analytical in an entire plane.

But then derivative g¢(;)=¢(; also there is integral function.

To us it remained to consider the rate of growth [ @ (Re®) | R —co. OB
circumference [z|=R |0(2)|<C.e'R, |d(2)|< C,e™. As concerns functioans h*

(z), h™ (z), on Peli-Weiner®'s theorem for z=Re" 0<6<m,

h*(z)iu fe'"'fz(u)du}é '.e"‘""“"lﬁ(u)ldug
0 | 0 : -
I ; ~ B
im:ﬁ.(J!h(")'2(”’) -V ww -
It is analogous om z=Re! a <0< 2n,
- - al
| h (z)l<1/mT-
Therefore with large R
"o
[ 1n*|g(Re") |dO<eR. (4.10)

Page 79.

On the basis of the formula Poisson-of Jensen (see [18), of page U456)
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m

i-f p'— R da +
In\w(Rem)l=-§;J In| @ (pe'™) | =55 RT—3Rp cos (a = )
0

-+:S\n£L—~——L %‘“

| p? — duz |

vhere z=Re?® p>R, sum is common to the right for all the zero a,5%0
functions ¢ (z), vhich lie at circlel2]s p, and a, - multiplicity of
zero ¢ (z) at point z = 0. If we assume here p = 2R and to note that

1n {%%5?%—<JL ve vill have on the strength of (4.10)

>
lnlm(Re‘“)l<-23;f In* | @ (2Re) |da < eR.
0

T]eorel is demonstrated.

Theorem 6. Let the spectral measure F be absolutely continuous.
Space L ’F' (F) has the final dimensionality 1 in that and only that
case, if spectral density be rational integral function A degree 2N
for processes with continuous time or rational integral function

degree In for processes with discrete time.

Proof. 1. & (t) - process with continuous time. Let dim L’%

(PF) = n < =, Let us designate ¢, ..., ¢, any base in L’P' (F) , and

let , .. - isometric to it base in isowmetric space of random
variables l'*: If projector on H is designated &, then is the

correlation function
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B(t+s)=ME(O)E(— )= (&), E(=9))=
=(PL(f), E(—5))=Dc; (D E(= ), 1 s=0.

After designating (y,. E(—59)) by u;(s)), let us have

Bt H)::}:i ¢ (O (s). (4.11)
Page 80.
Further, whatever numbers o</ <...<t,<oo, randoa variables
PE(L), ..., PE(t) linearly dependent, so that will be located the
numbers aq, a;,, ..., a, for which

ZaB(t;+5)=(DaePt(t), t(—s)=0. (4.12)

Equalities (4.11) and (4.12) already are sufficient in orier to find
the correlation function B (t). FPirst, relying on (4.11), let us show
that B (t) is infinitely differentiated with t > 0. Let us select n

of infinitely differentiated functions g, (8) ¢ .., 4:(5) with carriers

{gdﬂuﬂﬂdsw#o. On the strength of
0

inside (0,=) so, in order to det

(8.11)

L

[BU+s)ai(s)ds =X e, (1) [ gi(s)my(s)ds.
0 I 0

The left sides of these equalities, equal to [B(wg(u—fdu, are-
t
infinitely differentiated on t. Therefore are infinitely

differentiated everythimg ¢ (/) but on (4.11) and B (t), t > 0. By

O P Y /P S SV 1 OB K AL s a0 “ - A AL A S A 4 T
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differentiating identity (4.12), ve vwill obtain

n
Ea,%ﬂ(l,+s)—0, u=0,1,2, ..., n
=0

Consequently, it is possible to find this polynomial P (z) of degree

not higher than n, that
P(4)B()=0, s>0. (4.13)

Well known (see [21), page 58), that the fundamental system of

the solutions to equation (4.13) compose the functions of the fora

MR, (5), ..., € RL(s), (4.14)

vhere all numbers 4, are different, & R/(s} - the polynomials of
degree ny— 1, vhereupon i+ ...+ are a degree of polynomial P
(€ n). The correlation function B (s) - the solution to equation

(4.13) - is a linear combination of functions (4.14).

Page 81.

Accétding toRimsana - Lebesgue's theores with s -» =«

B(s) = f e™f (A) dA >0,

so that everything ReA, <0. Finally, B (s) = B (-s) for s < 0.

Direct calculations give
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fe“*’e*l‘R,(s}ds =R, (A,- L), (4.15)
0

vhere ﬁ, is rational deqrees not above 2n. Therefore
f)= —21; J e=*B(s)ds

- the rational integral function of degree is not above 2n.

In order to ascertain that degree f in accuracy is equal to 2n,
sufficient to demonstrate the second part of the theorem: if f is the
rational integral function of degree 2n, then dim Lﬁl' (F) £ n.

This last/latter assertion is well known in the theory of
forecast/prediction (see [22], of page 174). In order to demonstrate
it, is decomposed rational integral function f (A) into the sum of
common fractioas lﬂA,iiAf.ReA,>0, but integer a does not exceed
multiplicity 7, the conjugated/combined poles * /A;. By applying
Fourier transform to (4.15), let us find that the correlation
function B (s), s > 0, again is a sum of the functions of form (4. 14)
and, vhich means, of B (s) there is a solution to the linear
di fferential equation of form (4.13) of degree not higher than n. Any
n ¢+ 1 solutions B (tg ¢ S), eeep B, +s) {,>0, eguations (4. 13) are

linearly dependent, so that will be located the numbers «, for which

P VIPERENC Y
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n

.}.‘.a,B(t,+s)-o. §>0.

But then and
(Da,?et)), ,a(—s\)az';]a,(g(r,). g(—s))=2o_',u,n(t, +5)=0

with all s > 0, therefore, ‘”yﬂﬁ(h)uo i.e., any n ¢+ 1 vectors froa

H" (from L +- ) are linearly dependent.

Page 82.
The case of continuous time is dismantle/selected to end.

2. €& (t) - process vwith discrete time. Proof similarly to that
vhich vas given is above and even somewvhat simpler. Equality (4.12)
occurs as before, but nov here /, and s are integers. Let us
determine operator A the taking of difference by equality AB (s) = B

(s ¢+ 1) - B (s). Prom (4.12) it follows that

n

SGIA.B(I/+S)=0.
n

vhence escape/ensues the analog of equation (4.13) - difference

equation:

P.V(A) B(s)=0. (4.16)

From the theory of such equations ' it is known that any solution to
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equation (4.16) is the linear combination n of the linearly
independent fundamental solutions, vhich have as before form (4.14),

only this time in (4.14) s - whole.

FOOTNOTE t. See, for example, [7). ENDFOOTNOTE.

Further reasonings completely analogous to those which vere used with
the analysis/selection of the continuous case, and we theam lowver.

Theorem is demonstrated.

This theorem explains sufficiently wvell that role, vhich the
rational spectral densities play the theory of forecast/prediction.
Let £ (A\) - is rational function A (or ¢?) the degrees 2n. It it is
possible to register in the fora /= %r vhere £-=ge&ti“, Q amd P
- the polynomials of degree with respect ton and n, £ n - 1. It is
not difficult to shov that in the case of processes vwith continuous
time the base of space L'F' form functions 7%%‘.S=0,L....n—l. and
in the case of processes with discrete time - function 75;%” 8 SR )

In particular (this follows, however, and froam theorea 5), L"‘ =

L%, only if P are const.

Page 83.
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Let us note that even if not to assume the spectral measure P
absolutely continuously, ve nevertheless will obtain that the
correlation function B (t) is a sum of functions (4.14), but now

possible that for some * Rel =0(of course, for these

A R;(s)==consl)e The transformation of the Fourier functionm . Rei, =0,

is 6-measure with load at point 2, After recalling p. 1
theorems 1, 2, ve ve will obtain the following common/general/total
assertion:

dimL*' " (F)=n< o

in that and only that case, if F=F,+F, vhere the derivative of
absolutely continuous part /. there is rational function *(¢") degree 2,
and singular measure /, is concentrated in n, different points, n, ¢

nz*n.

8§5. Structure of e-algebra of events A(T).

In this paragraph we will show as some results relative to
subspaces H (T) (or isometric with it subspaces /;(F)) they give (in
the case of Gaussian processes) to theoreams relative to e¢-algebra (7).

Other results in this direction are contained in chapter IV.
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Let us turn to relationship/ratios (4.1) and ve will try
i ourselves to seek the analogs for these relationship/ratios and other
ig ] results §4, expressed in the language of e¢-algebra A(7) It is
| understandable that to space H = H (-=, 0) (or isometric to it to
space L~ (P)) corresponds to e-algebra of events A =%A(—-o0, 0) toO
space H'= H (0, =) e¢-algebra oAt = A0, ©), to space ;10=nu(—1,1)='00H(0.1)

t>0

l - e-algebra W =[] A(—1, o).

>0

|-

More complexly is matter with analog for space H“- (or, that L
(F)) - by projection in H of subspace H*on N . Preliminarily let us
introduce the following concept. Determination !: splitting e-algebra
at point t for a process €& (t) is called any e¢-algebra 9" < 9 (- oo, /),
relative to which the past process %A(— o, {)and the future %A(/, ) are

conditionally independent, i.e., for amy Ac%(- oo, 1), B A, ©)

PlaB ) =P [A| %) P (B u),

POOTNOTE 1. Term "splitting e-algebra”™ introduced Mckean (H P Hckean,

Jr., Brownian motion vith a several dimensicn time, is theoretically
probable, and its use. 8 (1963), 357-378; see also the cited on page

62 article of Levinson and Mckean).
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It is not difficult to comprehend that splitting e¢-algebra at
point t alwvays exists; for example, such will Lbe os-algebra 9 (- , /).
It goes wvithout saying that interest represents minimum splitting
e—algebra at point t (belovw we let us demonstrate that she always
exists). Por example, for Markov processes minimum splitting
s-algebra at point t is os-algebra, generated by random variable &

(v).

For stationary in narrow sense processes, in particular for
stationary Gaussian processes, it suffices to examine only splitting
e-algebra at point by 0. Minimum splitting e-algebra at point 0 we
vill designate %''~;as it follows from the following, precisely, this

o-algebra and there is a natural analog of space H*'t

Theorea 7. L2t & (t) be a stationary Gaussian process with the
spectral measure P (d\). Alvays they occur of the

connection/inclusion

Aranttaunut 2w, (5.1)

Por any of the signs = in (5.1) can be replaced vith equal sign in
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that and only that case, if it is possible to replace vith the equal
sign of sign =: which stands on corresponding place in the

relationships

H 2H'"" 21 nH'=2H4° (5.2)

or, vhich is the same thing, in relationship/ratios (4.1):
L-(Fy =LY (F)=2 L= F)nLt (F) =2 L°(F).

Proof let us begin from research of the common properties of

splitting e-algebra.

Lemma 3. Let & (t) be an arbitrary random process, ! =U(— o, 0),

A" = (0, o).
Page 8S.

Then:

1) % there is splitting e-algebra (at point 0);

2) if %, be splitting e-algebra, and event B<A* then

P{BIu~) =P (B|%)

3) if % 4is splitting e-algebra and u 2W,2%, them y, - also
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splitting e-algebra;

4) if e¢-algebra %, %, - splitting, then splitting it is also

e-algebra o %,
5) there is minimum splitting o-algebra %'
6) always o+~ o+ o-.

Proof of lemma. Let us designate through %** the indicator of

event A, i.e.,

0, we A,

XA=X/|((I’)={ . wA

1) On the strength of the properties of conditional mathematical

expectations for AT, Be=At we have

P{ABI AT =M [xa-2pl A =54 Mxg (7] =
=M\ %)M {xp 107} =P (A1) P {5 n").

2) Regarding that wvhich split e¢-algebra %,c%~, So that random
variable P (3|%,) weasured relative to 2 . Therefore it suf fices to
demonstrate that the integrals of random variables M{y,| %), M{y, %"} in

teras of any multitude A= coincide, and to exile to Radon -

Nicodemius® theorem. We have
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[ M lxa 197} dP =M {ea - 2a) = MM (s 2a %)) =

=M(M {XAml} . M(lamn” =M{x,- M(an?'l}) -
= [ M{xal M) dP.

A

3) Let A%, B=U'. Since to both part of the predicted

equality My, xs/%) =M. %) X M(x,%,) measured relative to %, 1is

sufficient to again demonstrate that coincide the integrals of them

in terms of any multitude Ce&,.

Page 86.

On the basis p. 2) My, (%) =My, % | and, therefore, M (x| %) = M {xa|%a).

Therefore

[ M a1 %) dP = M (axpnc) =
c

=M{M (axel Wi M {31 %)) =
=M {M {M {X.AXclwz} ‘M {xal W} Ay} )} =
=M {e M {xal W} - M{xp] Ay} } =

= [ M {1l %} - M (xa] %) dP.
c

4) Let us note first that for any random variable ; M;-0, M[tP< )
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occurs the equality
M N =MM{... MEZIAADIA, ..} (5.3)

Actually, let us consider hilbert space H all random variables with
zero average, final dispersion and scalar product (N, m)=Mnmn, By K, i=1, 2
let us designate the subspaces H. which consist of those values,

vhich are measured relative to 9, Then the operators &, =M{-|%}
essence projectors in H on H, The left side of equality (S5.3) is a
projection ¢ on H NH, right side is the result of the

application/use to §{ of an operator Iim(Z,7)", egqual to projector on

H N H,

Let now A=A, peu* Then

M (sl W) = M{x,l A,) ‘,M {xal W} (5.4)

On the basis p. 2) and eguality (5.3)
M (kal %01 %) = lim MMM (.. M ] 299, ..} =

n pay

(=M (x5 %) = M(xa| Wa) =M [xp| ).
Therefore, if we use to both parts of equality (5.4) operator M{:|¥ %)},

ve let us find
M (xaxa | 20N Ak = M (XM (x5 %} [ U, N A} =
=Ml M N%)-Mxal %, 0%} (5.5)

Page 87.

5) On the basis p. 1) many all splitting e-algebra are not
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empty. Let 9 '- there is an intersection of all splitting s¢-algebra.
Let us demonstrate that 9 '~ there is split and, therefore, minimunm
splitting e¢-algebra. On the strength of p. 2) all the probabilities
P{Bl“‘ll)- Be A,

, Where , a % - arbitrary splitting e-algebra, they are
indentical and, vhich means, are equal to P {B|%'"|. After taking of

both parts (S.4) conditional mathematical expectation unier conditiom %''",

let us find analogously to (with 5.5)

M {XAXBi "‘l”-} =M [X.ﬂ“‘l*l—} M !ln|‘-‘l'|_}.

ij.e. '~ is splitting e¢-algebra.

6) Relationship/ratio wH SN nyt is obvious. Lemma is

demonstrated.

Lemma U4, Let & (t) be a stationary in the narrov sense of

stochastic continuous process; then

Hrartpran (5.6)
Let us demonstrate first the left connection/inclusion. Let
BeAtnu-5ince qo+-- splitting e-algebra,
P(BIw'"")=P(BB|A'"") =P (B 2"}
This equality means that the randoam variable p(p|%*''""] takes the
only two values: 0 and 1. Lot A=|o: P(B|A*"|=1), and let A there is

addition A. Tt is understandable that Ac¥%'" A" rherefore
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b 3%

[P(BI1%*'}dP =P(AB) =P (A).
i ,

[P (BIu*")dP =P (AB) = 0.
T

On the basis of these equations B differs from A not more than by the

event of probability zero, so that it is possible to coumt B=As%""

Zr
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Page 88.

Let us pass to the proof of right connection/inclusion (5.6).
Let us assume 9w+=‘jm«u n,vw—=(1m(—¢.oy It suffices to demonstrate
that 2t = A" = A", st’;ﬂ:hastic con;.i;uous process & (t) generates the
group of the retaining the probability transforms T'=TA A=%(—co, ),
vhich in turn, assigns the group of the continuous unitary operators

t U' om H.
FOOTNOTE 1. See [22], page 206-211. ENDPOOTNOTE.

Let now A be any =2vent from %’ It is ohvious, T'A=A(0,t). Let,

‘furthet, n(f) there is an indicator of eveat T'A It is

understandable that n(/)=U'y, there is a stationary continuous on the

average quadratic process. Therefore
limMIn(t) —n(©0)F=0.
=0

For all t > 0 randoa variables n(/) are measurable relative to (0, ¢),
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and therefore 1(0) is measurable relative to %"". Analogously it is
proven, that 1,(0) is measurable relative to !’ Consequently, A< %A,
As A" g
A and 0=A"t =90

Noting now that left comnection/inclusion (5.1) is trivial, ve

see that together with lemma 4 is demonstrated the first part of the

theorem. It remained to explain, vhen in (5.1) they can occur of
equality. For this purpose we will demonstrate several leamas
relative to communication/connections between e-algebra ! (7) and

L
spaces H (T). Let us agree by means /4 (Z) to designate minimunm

instance, A(N=AE(), t=T) It is obvious, further that % = A(/").

Leama 5. For a stationary Gaussian process minimum splitting

i s-algebra is

W = A(H),
Proof. Let us demonstrate first that %'~ =24(/'"). Let us

designate by 7 =7 the projector in H (-=, =) on H. It is clear

e-algebra of events, generated by many random variables =, thus, for ‘
|
|
that & -M|. 2} |

Page 89,

Random variable &€ (t), t > 0, can be approximated as conveniently
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good on the average quadratic by the linear combinations of

indicators s B %', <Therefore on the basis p. 2) lemma 3

PEW =M {E(@) 2] =M a0 2"

Consequently, all cell/elements of space //'' are measurable relative

to A" amd A(")=at!

Let us shov now that (/') splits e-algebra %' % . Since ‘"
- minimum splitting os-algebra, hence and frcm previous will follow
that %'~ = A(#'"). Let %.— be an indicator of event A=?%": 1let the
random variable 7 measurable relatively %', representable in the
form of product W~ . Where random variable 1, is measurable
relatively A(//'"), and random variable '. is independent of

e—algebra ?~. Let us demonstrate that

|

Mgl AT N =My AT Mg AT )L BT
Actually,
Myl A =M (g amel A7) =
=Mnt A My M [ 07 A1) =

=Ml AU ) My - M (g A(H )]
=Mnml AH) My At )

Arbitrary random variable & {t), t > 0, can be registered in the
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form of sum E (t) =7, (t) ¢ h (%), vhere random variable n (/)=t(/)=M[t()
LA and, which means, is measurable relatively A(H'"™), pat
; random variable #, (t) is orthogonal I1”. orthogonal Gaussian values
| are independent, so that 7, (t) does not depend on all values from //7,

and also, therefore, on e¢-algebra '
Page 90.

Let nowQ=Q(t({). ..., t({,))—be an arbitrary polynomial of values E(f),
... E(ly. 1,>0. Record/vwriting each value £(/,) in the form of sum W (/) -+ nally),
we let us will be able polynomial itself Q to rewvrite as bag of form
;Rp where each ;=1 -m; n,; is measurable relative to AH'), and
does not depend on %A°. On the strength of (5.7) for any such

polynomial Q

Mixa-QIA(H)] =
. =M gl AT -M{Qra(H*). (5.8

Let now B be an event from %'. As proved in §5 chapter I, any
measurable relatively %* random variable with the final dispersion,
in particular random variable 1, is a limit on the average quadratic
polynomials O above form indicated. On the basis (5.8)

M (- 2ol AGH* ) =M lal AGHO) M (xal A7),
i.e. A(H*")- splitting e-algebra. Lessa is demonstrated.

Lemma 6. Por the stationary Gaussian process

A A" =AH OH)
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It suffices to demonstrate that for any polynomial P of the

random variables &(/). ..., E(f,)

MirPIatna-)=Mm{PlA(H*NH)]. (5.9)

Let us prove this equality by induction. For n = 1 P = £ (t) there is
a cell/element of space H (-=, =), Purther, it is analogous to (with

Se3), for all random variables M{?’<o, occurs the equality

Ml AN = limM M. Mg o) [20) L a). (5.10)
S 2'x‘£in|¢s
It is obvious, U'=A(H'), A" =A(H"), so that if h be cell/element H

(~=, =), then ? M{hl‘)ﬁ]EH*CH(—oo, ),

POOTNOTE !. See §5 chapter I. ENDFOOTNOTE.

Page 91.

M (A% NA*) & H (=00, )

Hence and from (5.10) it follows that also 1 for all
he H(—o0, co).
A Since E;ndo- variable M{r|"nu*} is measurable relative to 9",

it belongs /' ; im exactly the same manner M(/|% nN%')e/* tThus,
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equality (5.9) is proved for the polynomials of the first degree.

The remaining part of the proof is similar to reasonings §5
chapter T. Let us assume that equality (5.9) is proved for all
polynomials P of degree not higher thann - 1, n > 2, and let us
demonstrate it for the polynomials of degree n. It suffices to
consider polynomials P of form £(/)...:(/,). Let us agree to designate
through &*, &  operators M{:|%*), M(:|%"] (these operators they are
projectors in 4 on H*' H™ respectively). If (/)= t(tg+nl)=§ (t)+n(t),
that all random values (/) are orthogonal /#* and, vhich means, are

independent of %A'. We have (see §5 chapter 1I)

M{P Y] =k (f) ... &)+ Qi

vhere Q, there is a limit on the average gquadratic the polynomials of
degree not higher than n - 1. By set/assuming, further, ‘.&IW=o7’"'§.(t,-;+n,u,)

“§2(11)+m(11).
A we will obtain that

M [él(h) B+ QU =8 (1) ... &1, + Q,,

where again Q, there is a limit on the average quadratic the
polynomials of degree not higher than n - 1., By continuing

analogously, let us find finally that

M{platna) =
=G 2w +e=]I Mtwin nu] Q-

=1IM @At an e

"
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Here the first component to the right, obviously, is measurable
relative to A(H'NH), the second is is measurable relative to the
same s-algebra on induction assumption. Equality {5.9), and with it

and lemma are demonstrated.

Page 92.

Lemma 7. FPor the stationary Gaussian process
€A = A(H"). (5.11)
Proof. It is obvious, 1°'= /A(/"). Beversal is proven just as in
lemma 6. Specifically, by induction according to the degree of

polynomials P of £(/)-..&(f,) it is proven, that for any polynomial

M{P %) =M(P| A(H)} (5.12)

Pros the last/latter equality already follows the validity of

equality (5.17). Induction passage of n - 1 to n is realized by those

method, as in lemma 6. Therefore we only will demonstrate equality
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(S.12) for the polynomials of the first degree. Let P=h& H(—oo, ).
Then all random variables M{A4|%(0, I/n)} and their limits on the average
quadratic M(x|%") essence the cell/elements of space H (-=, =).
Further, since all values M{/|%(0,s)}, s<!, belong to space /(0 s)= H (0, ¢),
that and AM{4(%} belongs by all H (0, t), i.e., M{A)=H" and,

vhich means, M(n|}=M{n|A(H")}. Lemma is demonstrated.

With the help of lemmas S5-7 second part of the theorem, which
concerns the conditions of equality in relationship/ratios (5.1), is
proven immediately. Let us demonstrate for a definition that A" =9’
in that and only that case, if /' =/" other cases are examined
analogously. Let //''"=//"" then on the basis of leamas ‘' - A(y*")=
=//1|“€)§_=F¥§Lnly, let /"' >+ /" Then H' "SH there is a random variable
/7$lakiéh is orthogonal to space HO9. On the strength of Gaussian
nature of random variable h is independent of all values from H, and
also, therefore, of e¢-algebra A(//")=?". Therefore event {i<0}= A(H'")=u""

does not depend on e-algebra ?° and cannot belong to it. Theorenm

is demonstrated.

The results of the previous paragraph together with recently the
demonstrated theorem make it possible to express in the spectral
terms of the conditions, under wvhich in (5.1) instead of the

connection/inclusions they occur of equality.
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For example, let & (t) - stationary Gaussian process with spectral
density f (\), then e¢-algebra ° coincides with minimum splitting
e-algebra %' in that and only that case, if 1/f ()\) there is the
integral function of zero degree. Appropriate tc note also that the
random process & (t) is Markov, if with all t minimum splitting
e-algebra at point t coincides with the algebra, generated by random
variable & (t); therefore the process £ (t) is Markov then and only
then, if 1/f (\) there is a polynomial of degree 2 (and m-component

Markov, if 1/f (\) there is a polynomial of degree 2m).
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Page 94,

Chapter III.

EQUIVALENT GAUSSIAN DISTRIBUTIONS AND THEIR DENSITIES.

§1. Some preliminary observations.

1. Introduction. Let &€ = & (t) be a Gaussian random function of
the parameter (&7 vith values (()=t(w, f), «=Q, om arbitrary
probability space (Q, % P). Let us consider that e-algebra % is
generated by all values & (t) = & (w, t) Oon Q0 (parameter t passes set
TV, so that the probability measure P in ¢-algebra =% is

Gaussian.

Let P, - be another Gaussian measure in e-algebra A 8,

FOOTNOTE !. It is more precise, measure P, {is such, that the randoa

function & (t) on (R % P) is Gaussian. ENDFOOTNOTE.
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It is called absolutely continuous relatively P. if P, (A)=0 with P(4)=0,
A As is knovn, absolutely continuous seasure P, is

representable in the form

Pid)= [ p@P(de), A, (1.1)

A

vhere p (e¢) the determined nonnegative function on Q, called density
and designated p(0)=P,(do)/P(do). Measures P, and P are called ‘r
equivalent, if they are mutually absolutely continuous. Neasures P,
and P are called orthogonal, if there are the nonintersecting %‘
multitudes A and A = (called the carriers of the corresponding
measures P and P, for which

PiAy=1, P(A)=0

and (1.2)
P|(A)=0. P|(A|)=l

Page 9S.

Absolute continuity means that, wvhatever £>0, will be located

such 6 > with 0 that

Pi(A)<Le with P(A) <o ¢1.3)

{
for allA=% This, for example, immediately follows from the i

inequality

Pl = [ p@P(da) SNP(A+ [ p(@P(da),
A

Iptw)| SN A
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where

p(0) P (do) <

3
2
Ip@| >N

vith sufficiently large N, so that, for example, 7 (A)<<e¢ with

P(A) < e/(2N).

Any measure P, representable ! in the form of the sum of the
orthogonal measures P/ and P/, from which P/ is orthogonal in

measure P. apnd P/ ig absolutely continuous relatively P

FOOTNOTE &, See, for example, [8], page 711, ENDFOOTNOTE.

Accordingly

P (A) =P+ [ p”(0) P (da), (1.4)
A

vhere
p” () = P/ (do)/P (dw).
det us note that the ueasures P and P, are orthogonal, if for
certain sequence of sets AN n=1,2 ..., are fulfilled the

relationship/ratios

limP(A) =0, limP,{A,) =1. (1.5)
n-» oo "

n-» oo

L T
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This, for example, follows from the fact that for nonorthogonal
measures P/(Q)>0 and P/(Q)<I, and therefore under condition JTIP(AJ==0

ve have

lim Py (A,) = lim P{(A)+ lim P/ (A)=
=lim P{(A4,) <P/ Q)< I.

Page 96.

In the different regions of the theory of random processes and
mathematical statistics, information theory, etc. do arise the
questions: when the assigned measures P and P are equivalent (or
orthogonal)? as to compute density p(0)=P,(do)/P(de) equivalent
measures? as to clearly describe the nonintersecting “"carriers"™ of A

and A; orthogonal measures?

Obviously (ss2e §2 chapter I), during the solution to the placed
above questions it is possible of Gaussian measures P(do) and P,(do)
in the initial space Q@ to pass to the appropriate Gaussian
distribetions P(dx) and P,(dx) in the containing all trajectories
meé)'EQ:JZeao- space (X, ?) the real functions x = x (t) of the
parameter /&7T: where e¢-algebra ¥ is generated by all cylindrical

multitudes of this space (see formulas (2.1) - (2.3) chapter I).
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Specifically, always it is possiile to pass to probability
distributions P and P, in space X=R’" all real functions x = x

(t) of (eT.

For any values ¢=¢(x) on X, measurable relative to e¢-algebra 2
value n=¢[é(o, :)] on 2 will be measurable relative to s-algebra ¥
in this case for the integrated value ¢=¢(x) that which is

integrated will be value ), vhereupon

[P (dy) = [ n[tlo. P (do)=Mn.  (1.6)

X Q
Moreover, in the case of a measurable multitude & (R) any

measurable value n representable in the fora "1=¢qi(o, ), where ¢=¢(x)

is certain measurable value on (X, Y.

Actually, as noted in §2 chapter I, any multitude A is prototype
vith representation t=:(o, -) from @ in X: A={(t<=B). where B, certain

multitude from e-algebra . Therefore for any measurable multitudes
A=t B,)

‘value n=;6.xmto) (vhere %2~ an indicator of set A, i.e.,
ya(@) =1
h os and y,(0)=0 with w<s¢ A) representable in the forms

P
n= e, O =9 )

Page 97.

= ())
Any measurable value n=y(w) is (uniform om N the limit of values
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y the form indicated. It is obvious, n=0lt(o, ), where the

M =@p [(E (0, -)]

function ¢=¢(x) on a measurable multitude £ () is defined as

(uniform on v=:(Q)) the limit appropriate functions q,=q,(x).

Prom equality (1.6) it escape/ensues, in particular, that if p(x)

=P,(dx)/P(dx)— density of distribution P, and P, that p[i(o, -)]=P,(de)/P (de)

- the density of the initial probability measures on space 9,
since any multitude A% representable in the form A=(:< B). where

B9,
A and according to {1.6)

PiB) = [ p(IP (@)= [ plt(o, )P (da) =P, (A

B A

Let us note that the equivalent random functions & (t) and € (t)
have one and the same probability distribution in the appropriate
function space \Y—R', so that, for example, if

E(o, )=E(o, 1) (1.7)
for almost all osQ (relatively P(io) and P, (do)), then
probability measures P(iv) and Pi(do) in e-algebra Y. are
equivalent or orthogonal when and only when this same property they

possess in e¢-algebra i (generated by values i(/) (=T).

In connection with condition (1.7) it is vorth saying also that

addit ion/completion * e-algebra : and ?%; by the sets of measure 0

(relative to equivalent P and P) it is one and the same e¢-algebra ',

vhereupon the density 7 (0)=P,(do)/P(do) om A (or 9, simultaneously
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is density, also, in full/total/complete e¢-algebra ': for any

pultitude A

”

p (o) P (do) = .|’ p(@P(do) =P, (A) =P, (1), (1.8

AT A

vhere the set Ac: (or A=) is selected so, in order to for the

symmetrical difference A o/A= (A" AUANA)

P(As A)=P (A"« A)=0.

FOOTNOTE 1., See, for example, [8]), page 127. ENDFOOTNOTE.

Page 98,

As has already been indicated in §2 chapter I, any Gaussian
measure P is assigned by its average value of a (t), /=T, and by
correlation function B(s,{), s, /7. The placed above probleas (connected
vith the equivalency of Gaussian measures P and P,) is logical to
solve, proceeding precisely from the assigned average values of a
(t), a; (t) and correlation functions B (s, t), B, (s, t)

examine/considered Gaussian distribution P and P,

Obviously, without limiting generality, it is possible to count
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that a (t) = 0, since of values & (t) = &€ (w, t) alvays it is
: possible to pass to values t(/)—a(f),!{<T, since during this passage

e-algebra ¥ amnd initial Gaussian measures P(do) amd Pr(do)

remain without change. In the appropriate function space this X
indicates the passage to Gaussian distributions P(dx) and Pi(dx)
with the previous correlation functions, that has average values of 0

and o, ()—a(l), t=T.

| 2. Examples of orthogonal distributions. Let (relative to
g probability measure P) &(f), 0<<t<t, — Gaussian stationary process

i vith the zero average and correlation function B (t). Let P,— be

l another probability measure, relative to which & (t) - also Gaussian
stationary process with the zero average, but correlation function B,
(t). Both these measures are examined lower in e-algebra Y,

generated by all vaiues € (t) = € (w, t) at /f=7,where T = [0, r] are

certain segment on real straight line.

The simplest examples of orthogonal probability measures P and P,
can be obtained, by taking into account the local properties of

trajectories (see §7 chapter 1I).

Por example, if

~— A_pApB (0)
lim =" ==—" = 00
hso A=nAnB, (0)
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A_nMnB (0 .5
or ; =udnB(0)
i : :lj",: A_nAnB, (0) 0,

that probability measures P and P, are orthogonal.

Page 99.

In fact, if it is carried out, let us say, the seconi of

conditions (1.9), then for certain function & (h) such, that with h —
0

. A_pApB (0) 1 A pAy B, (0)
lim—=-2 ALY -
el - e

vith fixed/recorded t with probability 1 occur the folloving

relationship/ratios:

imL Mg _ | 0 relative to P,

nso 87 (n) | oo " “ P,
for fast enough descending sequence /-/h, n=1,2 ... (recall here,
that A ,\,B(0) = M[ALDP). It is evident that the probability measures P

and P, have the nomiatersecting carriers A and A, fora

A-{m: lim LA{@_(«’-_’N_O}
b he=h, >0 6'”(/:)
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and

= : i &'Lg(_w_"u = }‘
A {unfﬁlo LI

Thus,

with the disturbance of condition 1t

AR 0w .10
A—nin By (0) {4 :

the probability measures P and P, are orthogomal.

FOOTNOTE t. Relationship/ratio a3 for variables a and B means

that o< <af<;<~ with some constant ¢, and ENDFOOTNOTE.

} By taking into account the properties of trajectories, described

in theorem 5 chapters I, it is possible to obtain very

common/general/total examples of orthogonal distributions P and P.

Let us assume

b(t)= B ()= B, ().

Por simplicity of formulas let us consider that is fulfilled

relationship/ratio (1.10). Let us show that

vith the disturbance of the condition

A_nAnb (0) = 0 (A_,A4B (0)) (1.11) !
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the Gaussian measures P and P, are orthogonal.

Page 100.

In fact, according to theorem S chapters I value

NI i
NY _(ARE (RI)JT f A_pAnB(0) !
ad A\_p\pB (0) A_pApb (0)

n(h)=[l—ﬁ

kol

il N-—1
e | [ ONY _LARE (k]2 | A_pARB, (0) &1 1
; N kn:: A—nAnB1(0) | A_,Axb (0)

(rme N =[t/h])

are such, which vith fast enough descending sequence /<s/, n=1,2, ...,

for vhich

| A_pARB (0)  A—pAnB, (0)
! A_wAnb (0) ™ "AZpAnb (0)

xll

vith probability 1

_ [0 relative to P,
fimwm={ " p. (1.12) ?

It is evident that vith the disturbance of condition (1.11) the
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Gaussian measures P amd P, will be orthogonal.
Let us shov still that

Gaussian measures P and P, orthogonal with the disturbance of

the condition

| 172
| A

N -
A-h/\hb(O)?ni’NT‘ L ll\_h\hli‘(k—”/l)izl) .(113\
! :

k, n
In fact, above values 1 (h) have relative to
distributions P and P, average values 0 and 1, but dispersion (see

formula (7.74) chapter I) the essence

oy N-I
i
737 L 1A= wARB { (R = ) W]
k, [=0
TA_aAnb (013 -

so that vith the disturbance of condition (1.13) will be located

N
"N2"f L Ix\_), \h"| ((k— I) h”,
k, [=0

[A=n\nb (V]2 5

sequence h=h, n=1,2 ..., for which will be carried out asymptotic

relations (1.12).
Page 101,

Tn this case Gaussian measures P and P, have the nomintersecting

carriers of the form

A={o: lim n (o, hy) =0}

A, =={m: lim n(o, h,) =1 }

h,»0
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Recall that in lemma 4 chapters I is given estimation of
N-=1
expression ‘ZI]O[A-,.A;.B((k—i)’l)l’- According to this estimation and the

obtained above results

the Gaussian measures P and P, will be orthogonal with the

disturbance of the following conditions:

Abnb (0)=0{[h1"A_,AB(0) ) (1.14)
in the case, wvhen
SR 1.15)
gy = 0 (1.15
and
A_wAxb (0) = O (R [A_4ALB (0)]') (1.16)
othervise.

From relationship/ratios (1.14), (1.16) it is possible to deduce
the spectral conditions, under which Gaussian measures P and P,
vill be orthogonal. Specifically, let stationary process & (t) has
spectral density f (\) relatively P and f, ()\) relatively P, Then
(see Section 1 &7 chapter I) at the condition
Al_i:llf(k)lll"=0 (1.17)
valee A_,A,B(0) is such, that

. A_pApB (0
lim 2=ata80) _o
h0 h

;m{nt the condition

mlrm—i.(mm“ = (1.18)
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(vhere £ ()\) > f, ()\)) value A_,A,0(0) satisfies the relationship/ratio

A—pAnb (0) -

iim =
n-»0  |hP!

Page 102.

It is evident that with ﬁ$;a+~% is broken the condition

A_Ab(©@ =0 (1R a"),

a by the facts more condition (1.74). Consequently,

for spectral densities f (A) and f, (A), that satisfy
relationship/ratios (1.17) and (1.18), vhere 1 < a £ 2 and 65§u4—%.
the Gaussian measures P and P, are orthogonal.

In conclusion let us consider one additional example of the
orthogonal measures P amnd P, the correlation daies lily B (t) and
By (t) vhich they satisfy the conditions of theorem 6 chapters I,
vhereupon at certain point t of interval T = (0, v) the derivatives
B* (t) and B*; (t) have the "jumps"” of the different value:

B'(t—0)=B'(t +0) % B (t —0)— B’ (t - 0)
(vith such correlation functions is given on page 148). According to
theores 6 chapters I in this case the nonintersecting carriers of

Gaussian measures P and P, are the sets




DOC = 77182305 PAGE

”

A={o: lim v, hy)=B'(t—0)-B +0)}
h"»ll »

and

Av={o: lith n(o, hy)= B{(t—0)~ B (t+0) h

b0

vhere

N-=1
¢
n(h)=h"" 4 ¥ Ak (kh) Ak (1 + kh)

kw0

and /,, n=1,2 ...,— fast enough descending sequence.
Page 103.

3. Some initial information about equivalent Gaussian
distributions. Let €& (t),-= < t < =, stationary Gaussian process,

2= [ e (1£19)

- its spectral representation and P - probability measure in
e-algebra %(7), generated by valuest(/)—=ti(w, )on @ (vhere parameter t
passes certain multitude T on real straight line). Let the average
value of this stationary process equally to 0, and spectral measure
is P (d\). Let P,— be another probability measure, relative to which

stationary process vith the zero average and spectral measure P; (d))

form values

L=t —a(),
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js1
vhere a (t) - the average value of initial values & (t):

at)=ME(), teT.

AT)
In the examination of Gaussian measures P and P, in c—algobra/

of initial values (1.19) it is possible to pass to their linear

combinations of the forna

(@ = [ @()® @), (1.20)
vhere
@ (d) = Mese™, (1.21)
k
B oo In @ F, 08y oo €5
A - real coefficients.

Let us designate /7 the linear space of all functioms (%) foram

née). 9 = LY,
{(1.21) . Representable by formula (1.20) of value /l can be

considered as Gaussian functional on space .7 Let us assune

al@=Mn(), oqe=L} (1.22)

Let us note that a(q’)=;6.a(ln) vith o(A) = Y™™
%

P.qe 104,

Let us consiler L} as subspace hilbert space L;(F) with the

scalar product

T e W= [ oW SR F(dh), (1.23)

i AT SN AT Al R P AR = 3T, | B RS Ao - o T S e -

—
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vhere F (d)\) - the spectral measure of stationary process & (t) -
relative to distributiomn P. Recall that L;(F) there is
closing/shorting of space L7 relative to scalar product (1.23).
Simultaneously let us consider L} as subspace in hilbert space L;(F)
vith scalar product (v Wr (here P, (dx) - the spectral measure of

stationary process { (/)=Et(/)—a(/) relative to distribution P)).

The correlation function of assigned by formula (1.20) of random

functional n(p) of the functional parameter ¢\ L7 is

Bo, W=(0, Wr o veldh (1.24)
relative to distributioa P and

B, (@, ©)={p, Wpr, @ vELH (1.25)

relative to distribution P,

It is clear that if (¢l,=0 but ¢l #0 for certain function
e ey,
Vi then the measures P and P, are orthogonal, since

Pm@=0=1, P, {n(e)=0}=0. (1.26)
aoteover,

probability measures 'P and P, are orthogonal with the

disturbance of the following condition 1:

lole Xlole, oLy (1.27)

AN 5T T VIS i o 18 S oty ] O = . 0 S R T W g 47 A 5
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FOOTNOTE '. Recall that the relationship/ratio j¢i,Xivl, indicates o< <
Sigigiely, << oo,
A vhere C, and C,, some constants,. ENDFOOTNOTE.

Page 105.

In fact, if, for example, there is a sequence ¢, ML} n=1,2, ...,

such, that
o =1 oi=|o,f >0 with n-—»co,
that
o f :
Plings) —al@,) < Vo,) = J ',L e="?dx — 0,
,2n
|\'-'G('l‘,,)]<l Tn
Plin@d—al@)l<Vo)= | —m=e2dx=l.
i } 2n
Ix|<l/;;
RN TS 157 S
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Analogous relationship/ratios occur, alsc, in the case, when
"‘T-‘n"‘,".-.fi._ ”(I.‘,,H';_--*O with n— o,

so that (see condition (1.5)) probability measures P apnd P, will

be orthogonal.

Condition (1.27) indicates, in particular, that the hilbert
spaces L, (F)and [,(F) coincide:
I,T(F)= Lr (FI),
vhereupon relationship/ratio {1.27) is fulfilled for all

el (F) (gL (F)).

Purther, let us consider average value (1. 22) of randoa

functional (¢), ¢=L7 relative to probability measure P,

It is clear that if a(p)*0 with lell-=0, themn the measures P
and P, are orthogonal, since either ol #0 they occur of

relationship/ratio (1.26), or il =0 and then

Pi(g)=a(p)=0,

Piin(@) =a(g) = 1. (1.28)

This indicates that for nonorthogonal measures the average value

a(g), 97, is linear functiomal im hilbert space L. (/)
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Let us show that for the nonorthogonal measures P and P, the average

value a(p), 9Ly, is the limited linear functional in hilbert space L;(F).

In fact, it is possible to consider carried out condition
{(1.27), and then, if a(q,)—>o with n -+ for certain sequance ¢,(A) L)

such, that o,=|q.l; Xie.lr = 1, then

P {ﬂ('Pn) >Va (‘l‘n); i L f e ¥2dyx— 0,

) 2n
V a(y)

PI {‘l(({‘u)> ‘rm} = : I [

E—J‘;U” s
=a(v,)+) a(ry,)

DY
—-Xx°[20
e / "dx -1,

a this indicates the orthogonality of measures P and P, (see

condition (1.5)).

Let ¢,, %,, .o =L} = any sequence of functions,
full/total/complate both in the hilbert space L;(F), and in hilbert
space Lr(F) (recall that subspace L7 all functions of form

(1.21) everyvhere tightly both in [,(F), and in [,(F)) and let ¥

A ——




poc = 77182306 PAGE 2,
Y
indicates e¢-algebra, generated by all values n.=n(qp,), K = 1, 24 ecee,

form (1.20).

Lemma 1. Th2 Gaussian measures P and P, are equivalent in

e-algebra % (7) when and only when they are equivalent in e-algebra %< (7).

Proof. Let P and P, be equivalent om %. Any cell/element ¢ ()\)
=e¢*M in spacel;(F) is a limit of the linear combinations of form V,(A)= 1
Y cedr(r), and, therefore,
: MIEW) — () P=lle™ -y, (M) 2 —0 :
with 7#—>ococ. Por th2 equivalent measures P and P, carried out condition ’

(1.27) and the average value a (#) is linear continuous functional,
so that
Ml | E( l) g ‘](“‘u) 12 = eiM — Yo (A') “?-‘ +la (ei).l) Sl ¢ (‘l‘n) '2 = ).

Page 107.

Consequently, for fast enough increasing subsequence 7, k = 1, 2,
es sy

E(o, )= lim n(w, Vny)

n-» oo

almost everywvhere both relative to the probability measurs P and
relative to Py;. It is obvious, values ¢ (w, t), determined by the
asymptotic relation

Elo, l)a)j:rl n(®, Pn,)
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at those o=Q, for which the limit indicated exists, anl define by
‘ equa,ﬁtyitm. fi= 0 with the others n=Q,will be equivalent to initial
val’;:es t(w,f) in the sense of condition (1.7). These values are
peasured relative to e¢-algebra ', being addition/completion initial
e-algebra % Dby the sets of probability 0 (relative to the

' equivalent on % distributions P and P,). It is obvious, the
probability measures P and P, vill be equivalent on ?° and the fact
more in ¢-algebra !, generated by values {(/), /7. Taking into account
condition (1.7), hence we include that P and P, will be equivalent in

e¢~algebra 2 (7), Q. E. D.

Let A ther2 is e¢-algebra, generated by values 7. (o)=1(o, ) On
0, vhere »:(.. k =1, 2, ..., some set of functions from L}, is
full/total/complete in spaces /[, (F) and L (F)). Let 9, indicate

e~algebra, generated only by values wm k = 1, ..., D It is obvious,

is minimum e¢-algebra, which contains entire sequence %, =%S eees

that conditionally can be registered as

A= lim A,

n-» o

let us consiler the Gaussian measures P and P,, equivalent in

e~algebra . Let
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P, (dw)
P (@) =-praar

there is their density om .

Page 108.

It is obvious, the measures P and P, are equivalent in any
e—-algebra %', containing in %, wvhereupon for the appropriate density
p* (w) = Py (dw) /P (dw) (measurable relatively %)

Pi) = [ " @ P (do)= [ p(0)P(do),

A’ A’

vhatever set A'=%. It is evident that density p* (w) coincides with
the conditional mathematical expectation of value p (w) (relative to
e-algebra ')

p’ (o) =M (p (0)/A}. (1.29)
According to the known properties of conditional mathematical
expectations, '. for densities p,(0)= P, (dw) /P (dw) in e-algebra %, =9

representable in the foram

Pa(@)=M{p{o)/A,), n=1,2 ..., (1.30)

ve have: with probability 1
p(@)=lim p,(0)\ (1.31)
n-y e

(vhereupon asymptotic relation (1.31) it is implemented also on the

average) .

R e 1 e Ay A 0 AP By TN A B B
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FOOTNOTE !. See, for example, [ 12]), page 287. ENDFOOTNOTE.

Further, let us turn to the arbitrary density p* (w) form (1.29).

Applying known imequality 2. for the convex function 103 x, we have

, log p’ (0) = log M {p (0)/U'} = M (log p (0)/%’)
| and, therefore,

Mlog p’ = M log p. (1.32)

FOOTNOTE 2. See [12], page 37. ENDFOOTNOTE.

Accordingly common/general/total inequality, for the sequence of the

densities of form (1.30) we obtain, that

Mlogp, =>Mlogp, > ...
pn=> Mlog p, o s

Since M 109 A with M log p > - =« for the monotonic sequence N log 7,

n=1 2, ccecp there is the final limit

lim M log p,. (1.33)

n-so

Page 109.
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It will be shown below (see theorem 1), that is really/actually M log

P> - -

Thus, density p (@) = P, (de) /P (dw) in e-algebra A (but that
means and in e¢-~algebra %U(7))it can be found from the asymptotic

relation of the fors
log p (@) = lim log p, (0) =

= lim Mlog p, (®) + lim [log p, (0) — M iog p, (@)], (1.34)

n-»cc S,

that also it will be done subsequently.

§2. Some conditions of the equivalency of Gaussian measures.

1. Conditions of equivalency, connected with the entropy of
distributions. Let us consider the Gaussian measures P ani P, in
e-algebra %(7), generated by all values n(¢)=n(w, ¢) form (1.20) on
probability space 2, vhere the functional parameter ¢ (\) passes
linear space .7. Let us assume that which was carried out condition
(1.27), wvith disturbance/breakdown of which measure P and P, they are

orthogonal.

Let  ne=n(p, k=1, 2, «ece, the sequence of the values of

form (1.20), vhere ¢;, 93, ceco =Ly ~ certain full/total/complete

e e el
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systea of linearly indepemdent fuactions in each of the hilbert
spaces [;(F) amd [,(F). and let % is e-algebra, generated by all

these values. On any of e-algebra 9, generated by values "« =1u,(0) to

-, Q (k =1, ceep D) the Gaussian measures P and P, they are equivalent,
since on the strength of predicted condition (1.27) the corresponding
correlation matrix/dies ( B (k, j) } and { B, (k, J) } are

nondegener ate.

Let us consiler the Gaussian measure P, in ¢-algebra 9 _ a

T

formed by all multitude of the fornm

A={l'\l' U “nler}o 4
5
vhere | - the borel sets of N-dimensional vector space R" Page
110. ’
Let (ay, eeee a,) - the average value of relatively probability

Reasure P" i.e.. “h”M\‘\(‘Pk)- k = ‘. 2. eese Then

PilA)= [ Filxi oo mdx; oo dse

Rn

SIS

vhere f, (X4, -<-¢ %) = the density of the corresponding Gaussian 3
distribution in space R" vectors x = (X3¢ eeep ¥ = it takes the

forn
ey ooy x) =

1 e _(2")"'”—7-0., exp{ - -17 E (xa—ay) (x; —a) C,(k, j)}

(D indicates the determinant of matrix/die ( B, (k, j) )}, and { C4
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(k, J) } - reciprocal matrix to { B, (k, J) }).

Let f (X3¢ «eey ') =- the density of the corresponiing
distribution P in vector space R" (having the same form, as density
fq (X3¢ eeep Y), but with zero average value and correlation

matrix/die { B (k, j) }). Then density of distribution is

P, (dx) *e Byl oo0n %)

n
PR TG, o el

Consequently, the corresponding density p.(0)= Py (de) /P (dw) on the

initial space 2 is

L (@), ..., a(@)]
Fni (@), ..., na(w)] .

pa(@) =

and can be described by the formula

. D
log: pp (@) = Iog-ﬁl——

n

—2 ¥ (Ci6 By (@) —a) (@) = a) =
k=1
: =C @, Iy (@ne(@)],  (2.1)

vhere D and D, they indicate the determinants of matrix/dies { B (7,
k) } and ( By (3, k) }, k¢ § = 1, 2cep N, Dut { C (J, k) } and ( C,

(Jo k) } - the matrix/dies, reverse to { B (jo k) } and { By (3, k)

}.

Page 111,
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In generated cell/elements @ .- @a subspace it is possible
to select the basa2 @ins +++» Pune in which both positive bilinear forams
B W and B,(p.%) ~ are led to the diagonal form:

» { | with k = j,
(Prns ‘I‘/u) “lo A kot
J "iu #ﬂ’ k=i'

B n nl == bl i
1 (Pr P/n) lO “1;" k.

then density p.(0) = Py (dw) /P (dw) in o¢-algebra 9,6 can be

described by the following formula (comp. (2.1)):

n N 4 1
Pn ((I)) ey : c“p{ s % E [Q—kﬂ_((_:’) ak")- R ‘]gn(m)i } ’
kel kn
J-IIGM
(2.2)

vhere

'hné’l ((rkn)v Agn = M”] ((rk")‘
e

It is easy to consider that

a ./ 35\
1 \Y/ I I ay,
Mlog p, =5 > (R =g i
i) Okn Okn Okn
n
: I\ 3
M, log p, =3 N (—logat, +ai, — 1 +a2,),
kel
(2.3)
5 2 \2 2
1\ (1=03,) +24d}
Dlogp,,n?}d l.i——lt
'™ akn

I\ 9 9
Dl |0g Pn=5 ) (l At 02")2 a2 2(’:::“;'1]‘
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vhere Dn and Din imdicate dispersions relative to P and P,.

Let us define the so-called entropy distance r (%) between the

;$ equivalent Gaussian measures P and P, in e¢-algebtra A=A as

r()= — [Mlog 5l + M, log prgey |- (24)
Page 112.
According to common/general/total inequality (1.32)

r()<r (A”) with W <A”, (2.5)

Let us assume r,=r(%,). Since %, <% < ..., the sequence r, n =1, 2,

ewey 1s monotonically increasinge.

Proma formulas (2.3) it is evident that if

infg},=0 OF supao, = oo, (2.6)
k.n k.on

lim r, = oo. 2.7

n-»
-

0, =1, (2.8)

vhich, obviously, is equivalent to relationships/ratio (1.27), then
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| | 4

| — g s st w B N ? ? | (] —-02 )

{ log " +~= 1 X —loge},+0},— 1 X(l —0op),
kn ukn'

and therefore
M|[— log p.] X M, log p, X Dlog p, X Dy log p, X

s k_‘_‘, (=02 Y+a}]l (29
-] g
Lella 2. If is fulfilled relationship/ratio (2.7), then the

Gaussian measures P and P, in e-algebra % are orthogoml.

proof. The case, vhen is fulfilled relatiomnship/ratio (2.6), is
already examined sarlier (see condition (1.27)). It vas shown, that

in this case the probability measures P and P, vere orthogonal.

Let be is fulfilled relationship/ratio (2.8) (but together vith

it and (2.9)).

Page 113.

Then for the sequance of sets A,=%, the form

A, - {Iogp,,—Mlog p,,}-;—rn}.e.
‘“\{—logp..+ M.logpn>%r,.}

according to Chebyshev's inequality occer the folloving asymptotic

relations:
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" P(A) <280 i L0

and < 2

PilA)=1=P@=A)> 1~ 2080 o _ L

ry n I

T This speaks about that (see condition (1.5)), that the probability

measures P and P, are orthogonal. Lemma is demonstrated.

| Lemma 3. If

limr, < oo, (2.10)

n-»co

that the probability measures P and P, are equivalent in e¢-algebra 9.

g'oof. Let us suppose for example that the measure P, is not

absolutely continuous relative to P. This means that for certain set

A=A

P(A)=0, P(A)#0.

It is obvious, thare is a sequence of sets /4,9, such, that P;(4-4,)—>0

with n >, where measure P, = P ¢+ P;, and consequently, for such

sultitudes A, =
P(A~A)—0, P,(A-A,)—0.

‘nt us consider e-algebra i’ besides void set anl aatire space

containing only set /1, amd its addition. Demnsity p.(@)= Py (dw)
/P (de) on ¥’ is equal to —F;,—‘(‘—/{'i)’- with o= A4, and _'I%f.'(_'.:‘_'}l vith oe A,
and

7’ P " —P "n
M, log p, = log—p-’—(%)—)P.(A,,)+ log Ll—:g'(%%)-[l —P(A)]
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;Liax/

Since P,(A,)—> Py (A) > 0, a P(A,)>P (N = 0,,\!1, log p,->o00 with n-—»co.

On the strength of common/gemeral/total imeguality (1.32)
—M, logp, < —M,logp,<r

n'

vhere, as before, pa(®) = Py (dw) /P (dw) indicates the denmsity in

e-algebra % .

Page 114,

Thus, if the measure P; is not absolutely continuous relative to P,
then r,—> oo with n-—>. Analogous reasonings lead to the same result,
vhen the measure P is not absolutely continuous relative to P,;.
Consequently, unler condition (2.10) of measure P and P, are

equivalent in e¢-algebra % Q. E. D.

The obvious corollary of demonstrated above lemmas 2 and 3 is

the following result. 1t.

POOTNOTE 8. This result is obtained by Hajek (J. Hajek, about one
property of the normal distributions of arbitrary stochastic process,

Czech. math. i. 8 (1958), 610-618) . ENDPFOOTNOTE.




poc = 77182306 PAGE M

)14

Theoream 1. The Gaussian measures P and P, either are equivalent
or orthogonal, vh2reupon they are equivalent in e-algebra % (7) vhen

and only vhen is satisfied condition (2.10).

Let P®, be 1 Gaussian measure with zero mathematical expectation

and the saime correlation function, as P,. Prom theorem 1 and

relationship/ratiso (2.9) it is easy to deduce the following important
fact.

Theorem 2. The Gaussian measures P and P, are equivalent only if

are equivalent pairs P and P®, and P,, whereupon for the equivalent
Pl P!
leasnt‘s'l,( Iald P, density P, (de) /P (dw) is

P, (dw) P, (do) P (do)
- .
P (dw) P? (do) P (dw)

(2.11) ]

(Recall that ve examine the case, when P = p9),

2. The conditions of equivalency, connected with hilbert spaces L;(F)

and /;(F).

let P and P, -~ Gaussian measures in e-algebra % (7), that vhich was 3

generated by all values n(p) form (1.20), wvhere the functional
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parameter # (\) passes space L7
Page 11S.

According to theorem 2 it is possible to examine separately two
cases. The first - when the correlation functioms B (9. V)= (1 ¥)r
and B, (9, v) = (9, ¥)r, coincide:
(@ Wp = (0 W, (2.12)
with all ¢Vv<=/.} The second - vwhen the average value M;(y) is egual

to 0.

Let us consider the first case, when the Gaussian m23asures P and
Py differ only in terms of the average value:
Mu(@ =9, Mpip)=alp), o=L7
theoream 3. Under condition (2.12) the Gaussian measures P and P,
are equivalent only if the average value a (#) is a linear continuous
functional in hilbert space L;(F):

al@={p W, oL}, (2.13)

vhere (») = the determined cell/element from /, (/).

proof. The continuity of the linear functional a (¢) in hilbert
space /,(F) is equivalent the limitedness of this functional and
for equivalent Ganssian measures it was establish/installed earlier

(aee Section 3 §1).
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Let the average value a (#) be continuous linear functional. KA
any linear continuous functional, the average value a (#), < /7, is
described by formula (2.13), in vhich the cell/element V()< L, (F) is
determined unambiguously, since the subspace L7 is tight in [, (F).

Let #,, #,, <«.. /7 - the full/total/complete orthonormal set in L, (F).
As can be seen from formulas (2.3), the entropy distance between the
Gaussian measures P and P, in e-algebra %, generated by values "« =1(q)
R = Yy wseqe Dg iB

”n
-y e
r,= Qk_.‘ at

(vhere a,=a(p,)) and

~

limr =2 Ya2=2Y ) =2[ IR <
nseo " N=t k=l ((rk' 1‘)/ 2“" “l" ot

Page 116. |

Thus, is satisfied condition (2.10), and, consequently (see theoren
1), the Gaussian measures P and P, are equivalent in e¢-algebra % =lim?¥,.
On lemma 1 this is equivalent equivalency P and P, in e¢-algebra (7).

Theorem is demonstrated.

Let us consiler nov the Gaussian measures P and P, (in e-algebra V(7))

+
v

with identical, equal to 0, by the average values.

et gt e e e e A e . e . O S e g At - e S
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Let us detersine operator A from hilbert spaces L,(F) into
having hilbert soace [,(F) placed
Ap(A) =) (2.14)

for all ¢(A) &Ly As earlier, let us assulé that which vas carried out
condition (1.27), with disturbance/breakdown of which the measures P
and P, are orthogonal. This condition is equivalent to the fact that
the operator A is limited and has the bounded inverse operator; this
condition can be registered also in the fora

A'AXE, (2.15)
wvhere A * is the ad joint operator to A, E - single operator, and
relationship/ratio (2.15) means that

WA @l Xliwle, @€ L (F).
Let us note for a clarity that

(A" A, W)y = (A, APy, = (00 W)y, (2.16)

vwith any o v .

Let us consiler the difference
A=E - AA. (2.17)
Lemma 4. If the operator A is completely continuous, then
condition (2.15), and together with it and comndition (1.27), is

satisfied vhen ani only wvhen operator A does not have equal to 1

eigenvalue.
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Proof. It is obvious, condition (2.15) is equivalent to the fact

that operator A*A is limited and has the bounded inverse operator (4'A)”"

Page 117.

Purther, since the operator A*A is positive, difference A = B -

A*A is such, that

0= sup (Aq, )< I.
I IF-I

We have
@ O = (A A, )y <8 (0, @)y
(A AQ, @) = (1 = 8) (g, ¢)p.
Consequently, with §#1| there is a bounded operator (A°4)"". oOn

the other hand, if 1 is the eigenvalue c¢f operator B - A®*A, then 0
are the eigenvalue of operator A*A, and therefore inverse operator (A'A)"'

does not exist.

Theorem 4. Under condition (1.27) the Gaussian measures P and P,
are equivalent vhen and only vhen A = E - A®A is the operator of

gil*berta - Schamilt. 1,
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FOOTNOTE !. Recall here, that the operator gilbert-of Schmidt is
called the complately continuous operator, the full/total/complete
system of eigenvalues uy, pz, --. whom it satisfies conditionm :;"3<
=, Theoream 4 is obtained for the first time Feldman (J Feldman,
Pquivalence and parpendicularity of Gaussian processes, Pacif. J
Math. 8 (1958) 699-708; 9 (1959) 1295-1296); we it is easily
concluded from thaorem 1, vhereas the proof of Peldman is very

complicated. ENDFOOTNOTE.

Proof. Let us consider spectral representation of the bounded

syametrical operator A: :
|

A= | WE (dyp),

vhere E (dpy) - the spectral family of projection operators
("resolution of unity"). It is clear that
AA= J' (1 = W) E (dp).

Lpt us assum2 that operator's spectrum A is not purely discrete.
Then, obviously, outside certain vicinity (-ec. ¢) 4is an infinite
numsber of points of the spectrum and, conseguently, also an infinite
nusber of nonintersecting intervals |u. i, k =1, 2, ..., such, that

the invariant orthogonal subspaces of the form

E (s, o] Lr (F)
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continually are different from zero.
Page 118.

Let us select in aach of these subspaces on equivalent component ¢ gl

= 1. Por them

o} '&t. =k,

(A" Aqy, ‘W)p = (i ‘P/)p, ={ 0 whu jHk

vhereupon 3

WSI=0i <y, (I—ojf =€
Entropy distance s, betwveen the Gaussian measures P and P, in
e-algebra %, generated by values Wm=n(p), kK = 1, ..., n, it is such,

that (see (2.9))
X }_:(l - oy =>eln. :
LEd!

It is evident that r,—~ with n—> o, and according to theorenm 1
Gaussian measures P and P, are orthogonal in e¢-algebra M=Jﬁiw”

Thus, for the equivalent measures P and P, operator®'s spectrum A
(but that means and operator A*A) it is purely discrete. If o,, ¢,,
«se = the full/total/complete orthonormalized set of functions with
eigenvalues py, pgy .., then the condition

X}L: < o0 (2.18)
X
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is equivalent to the fact that

. N - n2\2
limr, X X (1 -02)P<oo,
n-»co kel

vhere o;=1-p, .k = 1, 2, ..., the full/total/complete system of the
eigenvalues of oparator A*A, a . is an entropy distance between P
and P, in e-algebra ?, generated by values n:=1n(p), kK = 1, ..., Ne
Thus, condition (2.18) (together with the predicted comdition (1.27))
is necessary and sufficient for the equivalency of the Gaussian

measures P and Py, Q. E. D.
Page 119.

Let us note that condition (2.18) can be registered in the form

.Z’J (A(p,, W/)i.- < o0

and that for any orthonormal set 1V, ¥ ... EL;(F)

) R i e
;.;(Aw.. P2 = f[ 7-@\1“, ‘Wf_} -

= A 2 = B[ 2 (A, 92 ] =
L LT ]
= },4 = (i Ao} < .‘fu Aol = X (A, @)%,
vhereupon for the full/total/complete orthonorsal set LT PIPI §

these relationship/ratios the corresponding inequalities are

converted into precise equalities.
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It is easy to see that the operator A is the operator gilbert-of
Schmidt (occurs discrete spectrum, and the full/total/complete systea

of eigenvalues satisfies conditions (2.18)) vhen and only when for

any full/total/complete orthonormal set ¢,, ¢,, ...

.2‘; (Ape, )7 < co. (2.19)

This condition can be directly expressed by the correlation
functionals of distributions P and P,, since
(A, W) = (@, ©)p — (A'A@, ) =
=@, W= (@ Wr,= B (@, ¥ =B (@ )
for any ¢ V< /,;(F). Thus, under condition (1.27) for the eguivalency
of the Gaussian measures P and P, it is necessary and sufficiently,

in order to for any full/total/complete orthonormal set ¢;, ¢,, oo,
' @lLeiF)

N b (s, q)? < oo, (2.20)
k.|
vhere

b (e, v)=B(p, W)= Bi(@, ¥), @ p= Ly (F).
‘halple. Let T = (-=, =) there is entires/all real straight line.

Page 120.

In this case Ly(F) there is a set of all functions ¢ (\) such, that

[lomPF @< condition (1.27) (indicating, in particular, which | F(dh)x
A




?
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x_fFAdU)is equivalent to the fact that the spectral measures F and F,
a;e equivalent, and their density £ (\) = F, (d)) /F (d)\) satisfies
condition /(A)X | (with almost all )\). Operator A*A easily is located
from the equality
(A Aq, Wr =@ W&, = 0. Wp, ¢, V& Ly (F).
Specifically,, since [p=L;(F), that A*A there is an operator of
multiplication by density f (\). Consequently, operator A = E - A®*A
is an operator of multiplication by function 1 - £ (\). It is clear
that the function ¢ (\) is its own for an operator A when and only
vhen ¢ (\) = 0 alsost everyvhere outside set { Az 1 - £ (A) = p },
vhere p is the corresponding eigenvalue. It is easy to see that A is
the operator gilbert-of Schmidt vhen and only when 1 - £ (\) = 0
almost everyvhere relative to the continuous part of the spectral
measure F (d\) (i.e. the continuous parts of the spectral measures F
and P, coincide), for the discrete part, concentrated at points 1,,

A2y eeey is satisfied the condition

\w[ _ Fi(h) T
— L= F @) <

vhere

2 Fy(Ax) e
]lk==|—f(k/,)>—l——m:)‘, /|~-l,2,....

is a full/total/complete system of the nonzero eigenvalues, wvhich

correspond to the eigenfunctions of the fora




[-

|

DOC = 77182306 PAGE

2
)4

0 with A4,
Pr ='{

1 " A=M}' k=1-2..--

(see condition (2.18)).

Let us pause in greater detail at condition (2.20) and the

escape/ensuing from it corollaries.

Page 121,

Let us consider hilbert space /;.;(FXF), analogous to the
introduced previously space /;(F). Specifically,, let us consider

linear space L7x7 all functions of the form
@ (A, p) = X cpe’ A (2.31)
k, |

(vhere s (=T and <, - real coefficients) and let us define L:x/(FXF)
as the hilbert space, vwhich is obtained by closing/shortimg L7«;
according to the scalar product
@ Wrxr=[ [ @O WHT W F @) F(dn). (2.22)
@bviously, if ¢, ¢" =L (F), that
QA 1) =" (A" (1) (2.23)
entering in space L;«r(FXF), the system of all functions of fora
(2.23) it is full/total/complete in /.7 (FXF). This immediately
escape/ensues froa the determination of the hilbert spaces /,(/)

and in questiomn/:.:;(F x F),Af one considers that the functions ¢ (A p

PUTRRS eI
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form (2.23) enter in L;x;(FXF), when #* and ¢" they are functions

of type (1.21), and

ho@, w) =9}, Wiy, =
= [ 1o WG - v W FW EF (@) F ) <
<2 [ 100 P17 00 =9 () B9 () B (1) =" ) 71
X F (d) F (dw) = 2{ 119" o =W 1§ + 0w 20 o — o ]

for any functions ¢, ¢" and V', y” the mentioned type.

Let #,, #,, ... - any orthonormal set, in hilbert space /,(F)

Page 122.

Then, obviously, the functioms
q)kl(kl l‘)=(P.(M;,TH—)- R =158 «oa;

form the full/total/complete orthonormal set in hilbert space Lrxr(F X F).

Under condition (2.20) let us assuase

b., ==.I)(tp~, ®) Aji=1,2"..,

and let us define cell/element (A, peELrxr (P x P) as

%wm=§mnmnm (2.24)

Formula (2.24) gives the expansion of cell/element (A, i) im terms

cf orthonorsal set ¢, (A n), so that

b(®y @)= (‘P.‘;,. Vo)r x -

-




pOoC = 77182306 PAGE 26"

V4

c;bviously. this relationship/ratio extends to any linear

combinations
o })= o, (A, 9" W= X cfo, @)
so that ¥
b @ @) ={@'0”, Wo)r x . (2.25)

by passage to the limit it is possible to pass in

relationship/ratio (2.25) to arbitrary functions ¢ ¢” L, (F)

On the other hand, if a difference in the correlation
functionals b (e*, e"), ¢¢, ¢® =/, (F). allow/assumes representation
of the form (2.25), then for any orthonormal set ¢,, $,, ..

v 4
&0 @) S0l

so that is satisfied condition (2.20).

Pormula (2.25) means that the bilinear functional b (¢*', ") to

Lr(F), that which is considered as functional during the appropriate
functions ¢ (M@" (WE Lrxr(F X F), is continued to linear

continuous functional in hilbert space L;xr(F X F).

We come to the following result, to some degree analagous to

theoren 3.

Page 123.

R —— _— — L NSRRI — - - B Y SU U S U ——
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Theorea 5. Under condition (1.27) for the equivalency of the
Gaussian measures P and P, it is necessary and sufficiently in order
that the difference

b(¢', @) =B ") =B, (¢, 9"),
as functional during the appropriate functioms o (A" (W& Lrxr(FXF),

vould be comtinued to linear continuous functional on hilbert space
Lr«r(F X F).

Lrxr(F X F),

Let us turn to hilbert space /r«;(FX /), determined analogouslyA
with the scalar product
(. Wrxr = jl‘ (A, WP (A, p) Fdr) F,(dp)

comp. (2.22)). Is easy to see, 1., that under condition (1.27)

ol r M@l (2.26)

POOTNOTE *. It is useful to note what /; ,(rxr) is functional model for
the hilbert space of values n(w, o) on the product 2 x @, which is

the closing/shorting of the values of the fora

N (0, )= N crsk (o, sp) & (07, 1))
k, |
on the scalar product of the form

J' f N (@, ©7) ny (0, ©”) P (do’) X P (deo”)
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n (0, ©”)

Specifically,, to values , indicated they corresponi to

function # (A, n) form (2.21) and

f I. M (0, ®”) N2 (0, ©”) P (do’) X P (do”) = (@1, ©2)p « f-

It is analogous

[ ( (0, ©") e (o, @) P (do’) X P, (do”) = (¢1. ¢2)p v p,-

Condition (1.27) means that

f M (0)]?P (do) K ( [n(®)]? P, (dw)

for any values of form (o) = N k(e &)
k

Page 124,

Therefore under condition (1.27)

e £ R
ol = f P (do") “\_‘

\ t (" oL = P (do’) =
‘_‘rk,.a(m, f/) E (o, sg) (do") X
| & i ‘
r f 1Y 3 12 2
R| P e [}Jl}-ﬂk' o ’f)}g(m" s0) | Py (o) =l plpxr,
% g |

E;/J Foo? NoTE
vwith 9= L7.r. This relationship/ratio shows that the hilbert spaces

Lrxr(FXFyamd Lr«r(FXF,) coincide:
Lrxt(FXF)y=Lrxr(FXF),

vhereupon relationship/ratio itself (2.26) is correct with all

9 Ly (F XF) (‘PELTXT(FXFI))-

N R TR T B L T e PR ————————— e e
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Obviously, under condition (2.26) functional b (#°, #") of form
(2.25) is continued into linear continuous functional on hilbert

space Lrxr(FXF,) and let us present in the foras

L@ ") ={0'0"s O p (2.27)

vhere V(A ) <« the determined cell/element from L;.r(FXF)).

Analogously under condition (2.26) from representation (2.27)
escape/ensues the representability of functional b (¢°, #%) by
formula (2.25). But from relationship/ratio (2.27) escape/ensues also
condition itself (1.27), but together with it and condition (2.26).
Specifically,, since for any cell/elemenmt ¢<=L7

- @@ @) =loll—lol} ={o® m’(?) s 1

ol =loly| <Io® @@ lleyp Vi, =
=10l @y, 1l o .

It is evident that if l¢l,—0, then also l«¢l,—0, and vica versa.

; Consequently, the introduced previously operator A from L;(F) in L, (F)

is continuous and has the continuous inverse operator A-i. But

this (see (2.15)) it is equivalent to condition (1.27).

Thus, if in theorem 5 space Lrxr(FXF) to replace by Lrxr(P x

WP TC RN S

P;)s then further condition (1.27) is made automatically. It is more

ol i sl
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precise, occurs the following assumption. 1.

FOOTNOTE '. In another form theorem 6 and simpler theorem 2 were
proposed by Parzen (for example, see B Parzen, Probability density
functionals and raproducing kernel Hilbert spaces, "Time series

analysis", ed. M Rosenblatt, N.J., 1963). ENDPOOTNOTE.

Page 12S.

Theorem 6. For the equivalency of the Gaussian measures P and P,

it is necessary and sufficiently in order that the difference
b(@’, ¢”)=B(¢", 9”) = B, (@', "),

as functional during functioms ¢ (AN)e¢”" (W& L}, would be

continued to linear continuous functional on hilbert space Lixr(F XF).

§3. General conditions of equivalency and formula for the density of

equivalent distributioas.

Let P and P, be Gaussian measures in e-algebra % (7) generated by

all values &€ (t),/<=T, stationary (vith respect to measure P) random




poC = 77182306 PAGE _34+—
19/ 1

process £ (t); T is an arbitrary multitude on real straight line.

E Let us consider first the case, vhen these measures differ only
] in teras of the average value
> a(t)=MgE()

(more precise, when P9, = P - see theoream 2).

Theorem 7. The Gaussian measures P and P; are equivalent in
e~-algebra % (7) when and only wvhen the average value a (t)

allov/assumes spectral representation of the form
a(t)=[ e=™Mp () F (dn) (3.1) ]

vith/<T, where V() is certain function, which satisfies condition
_flv(l)i’F(dk) < o, FOor equivalent measures integral equation (3.1) has
solutiom (}) L, (F) and density p (w) = P, (dw) /P (dw) can be

described by the forsula
p@=Dexp{ [wW)®@n}, (3.2) J

vhere V(1) - the solutiom to equation (3.1) from space /;(/), apbD -

LI
norsalizing factor, D = e i ]

(Here, as before F(dA) =~ spectral measure, M(dr) = the

stochastic spectral measure of stationary process & (t)).
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Page 126.

Proof. Accoriling to theorem 3 for a equivalency P and P it
is necessary and sufficiently in order that would occur
representation (3.17) with function V(1) from Hilbert space L;(F).since
on the strength of the completeness of set of functioas v(\)=¢™, (=T,
this is equivalent to relationship/ratio {(2.13). PFurther, if
relationship/ratio (3.1) occurs for any function V(1) from Hilbert
space L. o (F) all integrated squared functions, them it occurs
also for certain function y,(.) fxom space /.- (F) = the projeztion of

cell/element V(1) on subspace '7(F)SLlewx(F), gince

Sen,t'_,p (),))F - (e”“, ™ a»r

vith all /=7 (vhen eMe L, (F)).
Let us consiler nov equivalent measures P and P, and let us
turn to their demsity p (w) = P, (do)/P (dw). Let us select the
full/total/complete orthonorsalized set of functions ¢, (A), %2 (\),
cae & L, (F) Q:;Jlet us consider densities 7.(0)= P, (dw)/P(do) in e-algebra Y,
each of wvhich is jenerated by the appropriate values m=n(p). k = 1,

esey N, form (1.20). As has already been indicated previously see p.

) T . AT NN S AT R e et 4 e = B —— -
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3 §1 of this chapter),

“p(0)=lim p, (o).

Obviously (see formula (2.2)),

Pn ("’)=°XP[Eam~(d))—§_: ai}\-
Py

k=1
~exp{ [ o @) - v, ),

vhere

ﬂ.=Mmk=<‘Ph ‘")F' k=l. 2- vy

vM)ELr(F)- funztion from (3.1) and

¥a (A) = ,@, s (A).

Page 127.

We have

n'_""; Ya (A) =lim .2_3' by ) rpe (A) = P(2)

and

lim [, (A) B = lim E al =[ly (A) 2.

Thus,

p(®) = lim p,.(co)séexp“.w(k)m(dk)—%ll\b(ﬂlfi}.

-
e e e e e e 4 P . e 3 At 0 e e e et g s A s

R e
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Qo E. De.

Let us nov move on to Gaussian measures P amd P, in e-algebra ()

vith zero average values and arbitrary correlation functionas.

Let us turn to space H, (t), together with other spaces }/ ()

introduced in §5 of chapter V. This space H, (T) is the locked linear

closure of all values §(SIEN—=B(s, 1), s, teT, 1

Let us consiler everyvhere the dense in H, (T) linear space of

all (represented in sysmetrical foram) values

n= ;‘/ cer [E(LE () — Bt )] (3.3) 1

(vith sysmetrical real coefficients ch=crn Rk j=1,2,..)) - the

linear closure of values & (s) & (t) - B (s,t). Taking into account

formula for torque/moments (see foramula (5.10) chapter I)
ME(t)E(fDE(t) E (1) =
= B(t,, ) B(ty, 1)+ B(t), {3} B{ty, )+ B, 1) By, 1),
easy to cowmt, that
My = ?_,‘/ ...2:‘. ChrCmaB (Lo 1) B, 1)+
+.§ kBt t)B(1), 1) =

i e e

- T W ;
. k.2; - hiCmnB (L 1) B(1): ) 3.4)

3
4
i
1

————— et e - e —
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for any values

) W= .f\':‘ ulEE) = B(t, 1))

= e R )E () = B 1)

the form in question.
Page 128.

. If we introduce stochastic measure W{(d), dp), after placing

W (A X Ag) = D (A) D (Ag) = F (A N D), (3.5)

that easy to see that each of the values of fora (3.3) can be

represented the formsula

n=[ ot W@, d, (3.6)
vhere

oA, w -.:;‘ c”el(M.—u!I)_ (3.7)

B S i e e et S — — - e ——
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From formula (3.4) wve obtain, that

M =2 [ & (4, w97 0 0 F (@h) F (d) = 2 (o, 97, .

(3.8)
vhere

’ P d (M=t ))
o (A, P)”?}ck/e( S

and

QIl (A, ”) - .}_} C:,e' (Mb_llf’).

Proa relationship/ratios (3.6) - (3.8) it is evident that to
convergent series MMy . EH, corresponds by formula (3.6) the
convergent series of functioms ¢, 9 ... €L, ;(FXF) Thes, any value nE /1,

as limit of certain sequence of values n.Mm ... form (3.3),
represented by formula (3.6), where fumnctiomn oA, p)sL;x(F X F) 48 the
limit of the corresponding functions ¢,, ¢, ... fora (3.7), and for

any this functiom ¢ (%, ) foraula (3.6) determines certain value
nWe H:(T)'

Page 129.

Theores 8. Gaussian measures P and P, (with zero average
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values) are equivalent in e-algebra ' (/) vhea and only when a

difference correlation the functions

b(s, t)y=B(s, )= B,(s, 1)

represented in the fora

5o e J ' e=' ds=uhy (A, ) F (dA) F\ (dp) (3.9)

vith s, /=T, where the functiom V(M is such, that

[ [ 1w, WBF (dL)F, (dp) < co.

J o

Por equivalent measures P and P, integral equation (3.9) has
solation (A, )=/, (F xF). Density /(o) =P (do)/P (de) equivalent

measures can be described by the foramula

p@)=Dexp{ =5 [ [wr, )W (@, dwt,  (3.10)

vhere (», i) = the solution to equation (3.9) from space ’:x:(F x F)),

and D - normalizing factor.

Proof. Since the functioas ¢ (A, jy=e'® M s (T, forna
full/total/complete system in hilbert space Lrxr(FXF),
relationship (3.9) withyv(A, WL, (FXF) is equivalent to
relationship/ratio (2.27), which, according to theorem 6, indicates
the equivalency of Gaussian measwres P amd P, But if

relationship/ratio (3.9) occurs for certain function V(%) from

e . -




DOC = 77182307 PAGE

748

hilbert space all integrated squared (relative to F(dA) X F (dw))

functions, then it it occurs also for certain functions (A i) - the

projection of cell/element V(A i) on subspace L;:(FxFi.

Let us consiler nov equivalent measures P and P,. Let us
select everyvhere dense in set T the sequence of points t;, tz <ece.
It is obvious, value W~ il(ld)h k = 1, 2, <o+, form full/total/complete

systes in hilbert space [ (f).
Page 130.

Let us consider densities /.(v) = P/(dw)/P(do) on in e-algebra w, each of

vhich is generatei by values v, k=1I,...,n By formula (2.1)

log p, (@) =M log p, — % E Cep [EUDE() — B (4, 1)),
Ry =
(3.11)

vhere (¢,,) ther2 is a difference in the matrix/dies, reverse to

correlation matrix/dies (Bi(/. ‘) gnd (B(k {)). Phe corresponding values

n

N (@) = .*7* e [EEE () = Bk, 1)),

figuring in formula (3.11), belong to space H, (T) and represented in
the form (3.6):

N, = f J' Wa (A, ) ¥ (dA, dp), (3.12)

vhere

n
Pu (A, B = 2 C”p' (”.—llll).
k, [=1
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It is easy to check that each of the functions Y, (A, p) satisfies

equation of type (3.9):

[ [ emitsmug, 4, W) F @) Fi(d)=b(s, ) (3.149)

vith S i=f.ot In fact, this equality can be rewritten in the

matrix forms:

{B(ty, t/)} {“k/} {B, (&, ’/)} ={b(ts, f/)}.

vhere

(Ch[} ={B; (¢, ’/)}_I.—‘ B (g, f])}—l,

and immediately evident that
(B (e, £} {eas) = (B (tes t D} (B, (ty, 1)) = E,

{B (la, 1))} (Cll)(Bl (™ l/)}=
={B (t, t/)}_(nl({k- l/))=(b (trs l/)L

Bquality (3.174) can be rewritten, also, in the fora

(O Vndexr,=b(s,0), s teT,,

where 7 (. ... 1) 8 o\ p=eP 5 (T,
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Page 131.

It is clear that vith m < n the function V(A ) coimcides with the
projection of cell /element wna,u)el¢nx,xF><FJ on subspace i, xr, (FXF),

so that

” q‘n L ‘rm “3 X F, ke “ ‘I‘m ”}" x F, = H \“n ”;' X P, -0

vith m, n — =, since sequence vl g, m o= 1¢ 2, ..., turns out to
be monotonically decreasing (and bounded below by zero) and there

exists limit !imiv.” It is clear also, that since the hilbert space

erT(FXFI)
[N coincides vith the closing/shorting of the being widened
spaces Ly x7,(FXF), n=1 2 .... wvhereupon each of the functions y, (2, )

in relationship/ratio (3.14) it is the projection of cell/element
YA weELr«r(FxF) from equation (3.9), and limit 'm vu(h W& Lrxr(FXT)

possesses those property that

YA, )= lim (A, p).
This indicates that values 1, form (3.12) figuring in formula

(3.11) , converge in mean to value

n= | ] P&, w)W(dr, dp) = Hy (T).

Barlier it was shown (see (1.33)), that for equivalent measures there

is the limit
lim Mlog p,.

n-oo
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Thus, the uaknowa demsity /(0)=P,(dv)/P(dw) 4im e-algebra %(7) can
be detersined froa asymptotic relation (1.38):

log p(®) = lim Mlog p,+ lim [log p, — M log p,] =
n-»oo h-»oco

= lim M log p, —-;— lim M, (0) =
n-»ro

n-»oco

o
= li - o (A, 1) W (dA, dp) =
,.'L"le’g Pa -gm H\h (A, w) Y (dn, dp)

= log D —‘;- Jj P (A, @) 1" (dA, au),

that also it gives to us forsula (3.10).

P03¢ 132,

§4. PFurther studies of equivalency conditions
1. Gaussian measures which differ by the mean value.
Let us turn to equivalency conditions of Gaussian measures P and 'l
: in o-algebra A(T) established in theorum 7. Let us examine the case
where the spectral measure F(d))is absclutely continuous and has a

limited density F(dA) .
f)"‘n

For the equivalency of Gaussian measures P and Py which differ
only by the mean value

a(t)=Mg(), teT, @.0n
it 1s necessary and sufficient for the function a(t) to permit

B —

presentation of the form
a(t)= fe""\b(l)/(&)dk. teT, (4.2)
where y(1A) - some function which satisfies the condition
[1Iv@prrayar< e

(see theorum 7).
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We assume
@A) = (A)f (). (4.3)
The right side in formula (4.2) determines some function
a(t)= [ Mg dr, —eo <t<oo, (b.4)

which coincides with /=7 with the mean value (4.1), in which re-
gard function #(1) of the form (4.3) can be integrated in a square

[lo@rar<C [1v@)Ff(R) dh<oo
with f(x)<cC.

This shows that the function determined by formula (4.4) a(t),

-w<t<w, is integratable in a square, and ¢(A) is its Fourier trans-
form:

Page |33,
As is evident from formula (4.3), the function ¢(1A) itself is not
only integratable in a square but it also satisfies the condition

J’I_‘P_(&l'_dx<op. (4.6)

W(A)=‘2]_n.j.(’“’a(l)dl. (‘..5)

F )
Next, let us assume that the function a(t), (er,can be ex-

tended to the entire real straight line -«<t<= in such a way that
its extension will be integratable in a square by the function
a(t), -»<t<e= whose Fourier transform satisfies condition (4.6). .
Then, with all ¢t

a(l) = j e=iMg () dh = j e~y (A) F (A) dA,

where the function v(A)=¢A)//(A) satisfies the condition J.W’(")"“*)dl<°°-
From theorum 7 this signifies the equivalency of Gaussian measures
P and P).

Thus, the following result has been established:

Theorum 9. For the equivalency of Gaussian measures P and '1
it 1s necessary and sufficient that function a(t), (=T (mean
value) can be extended to the function a(t), -e<t<e which is
integratable in a square, whose Fourier transform would satisfy
condition (4.6).
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Next, we will consider that set T is a final segment on a
real straight line (let us say, T#[0, t]).
Let us consider the spectral densities f(A) which satisfy the

condition
T K (1 422~ (4.7)

or the condition
FMZR(+27"  (4.8)
where K and k - some positive constants(see

Page ¥3¥.

p. 3 of this paragraph) are common for the case, vhen spectral

densities they satisfy only the condition

fim fW) A" <oo (4.9)

Ao

or the condition

lim F AR >0. (4.10)

A-» oo

Theorem 10. At spectral density £ (\) of type (4.7) for the

equivalency of Gaussian measeres P and P, it is necessary that the

function a (t) (average value) wvould have on the segment T = o, »J}
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Py
jJue absolutely continuous (n - 1)-th derived a""(!) guch, that
" [ [a™ (O] dt < co. @.11)
T

At spectral density f ()\) of type (4.8) the condition indicated is

sufficient for a equivalency P amdp,

Proof. It is obvious, under condition (4.7) the satisfying

relationship/ratio (4.6) function ¢ (A\) is such, that

J+iarziemtdr <o, 4.12)

and vith any s =0, 1, ceepo n - 1

[irremian<

<[] (%Y“HJ (1+1A1R g () Rdr]” < oo.

consequently, the function

a()= [ e My dr

L
has n - 1 derivatives. Let us shov that (n - 1) —& derivative

an=" (f) = J’ (— N e= Mg (M) dA

is absolutely continuous, vhereupon is satisfied condition (4.11).

Page 135.
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Por any nonintersecting intervals (/. 4,) k= 1, 2, ..., ve have

B, 0= ty.) = 0= ()] =

“} [E(e“'“w —e““~)1 (=" o () dr=
k 4

o4 3 .
"”.\.4 J"(—‘me-'“ dt}(—ik)""q-‘(k)d?H
Lu )

= [oaW (= oM dh,  (413)

vhere

oa(W = [ =y, (1) dt

there is a Pourier transform functiom x,(/) = the indicator of set A=y(z,, Al

Is obvious, on the strength of condition (4.12)

| Sla ) — a0 ()] <
k

<[] (rampar]*[[1rPiomPar]" <
<C[[|xatOpat]" =co",
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vhere C - certain constaat, amd

0= 2:4(':.“ =t

that also it proves the absolute continuity of function a®=" (). ge gs

cbvious also that its derivative

a" (f) = J (— ir)" e~ ™M (A) dA
(determined with almost all t) coincides vith Pourier transform the

integrated squared function (—iA)"9(A) and therefore satisfies

condition (4.11).
Page 136.

Let nov spectral density f (\) satisfy relationship/ratio (4.8)
and is carried out condition (4.11). It is obvious, function a (t) it
can be continued from segment T = [0, v] to entire real straight line
in such a way that it would have (n - 1)-th absclutely continuous
derivative «"-"(/) and would be converted in 0 outside certain

segment 7'=7, whereupon ( [a” (Dfdl<™. Lot uys assume
py =g [ emam Ot : J

After n-fold integration by parts, wve have

e i

@A) = 5'; J. eMa(t)dt = (i\)""p (1)
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and

[1ar g ear=[ o0 pdr= g [ e OPd <o,

Consequently, is satisfied condition (4.6) and, according to theorea
9, Gaussian measures P and P, will be equivalent, Q. E. D.
2. Gaussian measures, vhich differ in terms of correlation functions.
Let us turn to the2 conditions of equivalency of Gaussian measures P
and P, on algebra %(7), establish/installed in theorem 8. Let us
consider the case, when the spectral measures F (d\) and P, (d\) are
absolutely continuous and have the limited densities

[ (A) = F (d))/d) ad 10 = F @y
Let

b(s. =B(s, ) =B, (s, ), s (T,

be a difference in the corresponding correlation functions

B(S. t)- J. elk(:-!)f(k)dk

and
By(s, )= [ ers=0f, () .,
Page 137.

Theorem 11, Por the equivalency of Gaussian measures P and P,

it is pecessary and sufficiently in order that a difference in their
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correlation functions b (s, t), s, t € T, could be continued into

the integrated squared function b (s, t) (on an entire plane = < s,

b tL£=), Pourier transfors by which

¢, u)=—4,% J fe”“'"“l; (s, f)ds dt

wvould satisfy the condition

5‘ lowp
f f T () dhdp < o, (4.14) 4

Proof. Accorling to theorem 8 for a equivalency P amd P, it
is necessary and sufficiently in order that function b (s, t), s, t&

T, would allow/assume representation of the fors

bis, )= [ e=1®=10y 4, p) (M) ], (W) dh di.

vhere (A, p) - certain fumctiom, satisfying the comdition

[Trom weiof o ande<eo.

Let us assume
oA, W =vp@A, p)fA)fi (.
In the case of the limited demsities f (A) and [ () the fuamction

vhich satisfies condition (4.74), turns out to be that which is

integrated squarel, but its Pourier transform b (s, t) coincides on
set T X T with a difference in the correlation functions in question,
so that the conditions of theorem 11 are necessary. On the other
hand, if these conditions are satisfied, then is function b (s, t),

s, t € T, represented in the fors
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b(s, {)= j e=iAs=ug (A, ) dA dp

(vhere ©¢(A. 1) gatisfies condition (4.14)), and this as it was

already said above, indicates the equivalency of Gaussian measures P

and P,. Theoreas is demonstrated.

Let us note that in the case, vhen set T is entire/all real

straight line, function b (s,t) is already assigned on an entire

plane - = < s, t ¢ =« by the forsula

b(s, t)= | [ e=re=0(f )= [, ) dn. (4.15)

Page 138.

It is obvious, if the difference

gA)=[@A)=f (A), — 00 <A< oo,

is different from 0 on the set of positive measure, then

[ (16, HRdsdt= oo,

and, according to theorem 11, measures P and P, will be

orthogonal. Consequently, Gaussian measures P and P, are

equivalent in e¢-algebra %(7) with T = (-=, «) if and only if they
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coincide (vhen coincide spectral densities f ()\) and £, (\)), which

vill be coordinated with an example on page 119,

Subsequently let us examine only the case, vhen T is the final
segment on real lines (let us say, T = [0, 7)), and spectral density
f (\) vith certain n satisfies relationship/ratio (4.8). The obtained
belov results will be common for the case of spectral density f (A)

of type (4.10) in following p. 3.

Let us note that if spectral density f ()A\) decreases faster than
any degree [A|™™ (with A =+ =), more precise, if the stationary

process & (t) is “amalyticalw:

n 2 P

. I |

em_)_;&::—vi Fydr<
kel

i "‘ (k) fiin f
M[%(l)—)g—;,‘—m-l"l -]

k=1

3 il

2
n+l e
<((n+m) J"‘“ )f(k)dk—’oiith n—»oco, (4.16)

that addit ion/completion of e-algebra % (7) contains entire e¢-algebra
?l(— oo, w)-

A and, as soon as vhich vas showa above, the equivaleacy of
measures P and P, occurs vhen and only vhea P and P, siamply

they coincide.

As it was shovn earlier (see Section 1 §1 of chapter II), under

rpe—

ol ke

Bl S ki

—



e s e ettt G e e P

DOC = 77182307 PAGE &
2l

condition (4.8) the space L;(F) consists of the whole analytic

functions.

Let us return to research of the conditions of equivalency, data
by theorem 4, and let us turn to the approgriate operator A = E - A°A
in hilbert space L;(F).

Page 139,

Lemma 5. Let space /7 (/) consist of the whole analytic functions,
and let A = E - A A there is an operator of Ril*berta - Schmidt. Then
is satisfied condition (1.27), equivalent to the fact that the

operator A does not have equal to 1 eigenvalue.

Proof. On the strength of operator®s limitedness A =g - A ve
have
(A A, @)p=llolk <Cliwl}
for all oMW eL;(F) (€ - certain constant). Let us assume that there
is eigenfunction (M=/;(/) with equal to 1 eigenvalue. Let 7(A. p =
1 2, «.., certain seguence of functions from LY, that converges to ¢
(\) in space Lr:F')}lu sequence ia /, (/) converge to 0:
i 9n I, = {Pn, @a)p = ((E = A Al @y, @) —0
vith n = =, Consequently, limit function ¢ ()\) is equal to 0 with

almost all )\, for which f, (A\) > 0. But then anmalytic function ¢ (1))
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is identically equal to 0, and this contradicts the fact that it

there is eigenfunction. Lemma is demonstrated.

This result makes it possible to amplify theorems 4, 5, after
drop/omitting in them further condition {1.27) (more precise, this
condition is satisfied automatically, if only 4 = E ase ol is an

operator of Gil*berta - Schaidt).

In turn, this makes it possible to obtain the following result

(almost repeating theorem 8):

for the equivalency of Gaussian measures P amd P, in
e-algebra (7) necessary and sufficiently, in order to difference b
(s, t) =B (s, t) a B, (s, t) correlation functions would

allov/assume representation of the fcrm (comp. 3.9))

b(s, )= ‘1' J" e~is=u0g (0 ) F(dA) F(dp)  (4.17)

vith s, t € T, vhere the function ¢(» 1) 4is such, that

H @ (A, p) BF (d))F (dp) < oo. (4.18)

Hence easily is derive/concluded (exactly as theoream 11) the

folloving result.

Page Y 40.

T
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Theores 12. Under comdition (4.8) for the equivalency of
Gaussian measures P and P, in ¢-algebra (/) it is necessary and
sufficiently, in order to a difference in their correlation functioms
b (s, t), s, t & T (vhere T =[0, r)]), I could be continued into
the integrated squared function b (s, t),~= < s, t < + =, Pourier

transfora by which would satisfy condition 1)

\ﬂ{' i‘”f‘:")ﬂ.dkﬂ;(oo. (4.19)

: AR #

FOOTNOTE !, It is clear that theorem 12 remains valid, vhen space ., (/)

consists of analytic functions (see Chapter II). ENDFOOTNOTE.

Let us turn now to comdition (4.19). Let us consider the

function

o W %ff | eta=ubp (s, 1) ds dt, (4.20)

figuring under this condition (vhere b (s, t) is the corresponding
continuation assigned on square T X T of a difference in the

correlation functionms).
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Let spectral density f (\) satisfy relationship/ratio (4.7).
Then from coaditiom (4.19) it follows that

f ( (T+IA A+ @A, p) P drhdp<oo (4.21)

and with any k, m = 0, 1, eeee n - 1

J.J~;K;'ttlimiq>(kf;t)j,1;‘ dp <
<[[ (el o [ (A ]

[ [ a+nmrasiumionweda]” < .

Page 141,

Consequently, the function

b(s, t)= J’ j‘ e—i(s=up (A, p) dA dp

has all derivatives to order n - 1 in terms of each variable:

k4+m FrPr
: a‘»l;i;: 2~ J J (= )" (i)™ e~ Qe=u0q (A, ) ds dt
(k,m=0,..., n—1). :
a? ("'”ll(s‘ )
Let us shov that the functiom C(s. /)= =i n 1 is absolutely

continuous. This means that C (s,t) is the "functiom of distribution”

of certain Borel absolutely continuous measure % m (A) on square T X
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T, i.e.,

m(A)=C(s”, 1") = C(s", t') = C(s', ") + C (5", )

for any rectangle A = (s°, $"] X (te tv),

FOOTNOTE . In other words, the additive function of bounded

variation m (A) it is absolutely continuous relative to Lebegovskaya

measure. ENDFOOTNOTE.

i It is easy to see that for any multitude /\fu"\”' which is the

association of the finite number of nonintersecting rectangles A, = (s}, s/

X(l. 1), occurs the following equality:
m(A) = [fWAM.M(—iM"UM"WM.MleW

vhere

P4 (A, 0 =f ff"‘“““"’x,\ (s, )dsdt

there is a Pourier transforas function Xr(s, /) — the indicator of set

A (comp. (8#.13)). On the stremgth of condition (8.29)

[ (A) <
<UJ’]‘PA(A. W) [*dr dﬂ]%UflM’"luPni(p(k. |n12dkdui””§
<c[[ [1uG opdsar]* crar,
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vhere | (A) - is Lebegovskaya measure of a set A. It is evident that
additive function m (A) is really/actually absolutely continuous

relative to Lebegovskaya measure.
Page 142,

It is clear that denmsity c (s, t) = » (ds 4t) /ds dt coincides

32" (<
with derivative 7—(,:7'5;7,'—’ (by existing with almost all s, t € T X

2n S
T). It is obvious, under condition (4.21) this derivative c(s, I)=97f7(5}—"'l
< is Pourier transform the integrated squared function ¥ 1) =(— )" (i)’

(A pn)., namely:

M (s, 1) _ .[ J~ (= iA)" (ip)" e~iAs=u0q (A, ) dA dy,

as" A"

and, therefore,

C % (s, 1)

2

/)
TXT
Let nov spectral density f (\) satisfy relationship/ratio (4.8),

and a difference im the correlatioa fuactions b (s, t) has absolutely

()'.’f’l—-l)h (s, 1)

continuous derivative AT gt vhereupon is satisfied
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condition (4.22).

It is obvious, function b (s, t) can be continued to entire
plane = < s, t < = in such a vay that it wvould have as before the
type indicated derivative and would be converted in 0 outside certain
final square T* X T* = T X T. Using a repeated integration and and

2n-multiple iategratiom ia parts, from the forsula

; 3 | r (= .a?n
P (l. '1) = —47 f J el Qs=ut) FRPTCE b (S. l) dsdt
TXT’
ve obtain, that
rell i E Bt P
e =3 J J e w0p (s, t)ds dil = AT (&, ).

"X 17

Consequently,

L

A () Pdhdi = [ [ 10O ) Pdhdp <o,

]

vhence for spectral deasity f (A) of fora (8.8) escape/ensues

condition (4.19) of theoream 12.

Page 143,

Thus, for deasity f (\) of type (4.7) from condition (4.19)
escape/ensues condition (4.22), and for a deasity of type (4.8), on
the contrary, from condition (4.22) escape/easues coanditioa (8.19),
vhich means that the operator A in hilbert space /7(F). determined
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by the appropriate function

b(s, t)=(Aes, eM). s teT,

is the operator of cﬂil'borta - Schaiat.

Recall nov that examine/considered by us function b (s, t) 1
depends only on difference alternating/variable s are t (see formula

(8.15)).

2 (n—1)
It is clear that the absolute continuity of function %:f%,'—‘_{’—
(of the pair of the variables s,t) is equivalent to the presence 2n -
by 1 absolutely continuous derivative b= (1), —Tt<I<T, of the

difference

b)y=BB—B, (1), —r1<t<n,

the correlation functions B (t)m and B, (t), condition
(8.22) meaning that

; j j (62 (s — )2 ds dt < oo (4.23) |
TxT

In summation, we obtained the following result.

Theorea 13. Por the equivalency of Gaussian measures P and P.
in e-algebra "(7) ia the case of spectral demsity £ (A\) of type (4.7)
it is mecessary that the difference in the correlation functions b
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T T T T R T YV IO

I (t) = B (t) - B; (t) wvould have in interval (-v, v) derivatives to

order 2n - 1, whereupoa (2m - 1) -4 derivative pen=n () vould be

absolutely coatinuous, and its (existing vith almost all t)
derivative (°"(/) satisfied condition (4.23). In the case of

spectral density £ (\) of type (4.8) these comditions are sufficient

for equivalency.

Let us note that, agreement, in the case of a spectral density

of the type

]‘ (A) x (1 + Aﬁ)_" (42'1)

condition (4.23) is necessary and sufficient for the equivalency of

\
Gaussian measures P and P\)

POOTNOTE t. In connection with condition (4.23) comp. the work of
Peldman (G Peldman, Some slasses of equivalent Gaussian processes on

an interval, Pacif. J Math., 10 (1960) 1200-1220) . ENDFOOTNOTE.

Page 144, 1
2
Example. Let ”’L)'OTW':T:T' vhere ¢2 and some - positive

paraseters. The correspoadiag correlatioa fuaction is

B (t) = gle-alt,
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Let the correlation function B, (t) take the fora

L=t Tl
B.(l)={ 0 1“:t:>1

(see rig. 1) correspoadiag spectral deasity is

| I ~cosA
0
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Page 145.

L S —

PAGE 2%
2ol

Bit) = o%e™"!

J-1¢l, 1tler

G.(t)=
s { 0 ,ltl>1

It is obvious, condition (4.23) is satisfied (for n = 1), if the
parameters ¢2, a and r are such, that ¢2a = 1, r € 1. Under this

condition Gaussian measures P and ?‘ are equivalent in e-algebra
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A(r), T=10,7]. At other values ¢2, a and v these measures will be

orthogomal.

The nonintersecting carriers of orthogonal measures P and Pl

are described in p. 2 §1.

3. Some spectral conditions of equivalency. Obtained above
condition (4.23) shows that the equivalency of Gaussian measures P
and P‘ in e¢-algebra 9 (/) (vhere T - any final segment) depends only
on the behavior of spectral demsities "at infinity®, it is more
precise, for spectral density f (\) of type (u.q)iI-!I-IIt-lt OoCCurs
the folloving simple fact.

Theorem 74. The arbitrary change f ()\) in any finite interval
(such, that is obtained spectral demnsity f, ()\)) it leads to Gaussian
seasure V', equivalent initial measure P.

Proof. In fact, in this case the difference in the correlation
functions is Pourier tramsfors the fimite function g (A\) = £ ()\) - f,

™): r
b(t)= [e™ gydh, (4.25)

it has derived all orders so that, in particular, for any final

segment T is satisfied the condition of equivalency (4.23).




poC = 77182307 PAGE _37

223

This makes it possible to spread the obtained previously results
for the case, vhen spectral demsity f (A) satisfies more weakly than

(4.8), condition (4.10):

dimf(A) [A P > 0.

A-> oo

For example, theorea 9 can be inteasified as folloss.

Theorem 15. At spectral deasity f () of type (4.10) for the
equivalency Gaussian measures P ana P, differing in terms of the
average value of a (t), t € T (vhere T is certain segment), it is
necessary and sufficient in order that function a (t), t € T, could
be continued into the integrated squared functiom a (t),-= < t < =,

Fourier transforam by which with any B < « satisfies the condition

i i_i“/_(‘_;:,:ﬂd)t < oo. (4.26)
IAT> R

Page 146.

Proof. Let f (\) satisfy condition (4.8) and coincides with f
(A\) with hl) R. Let P there is a Gaussian measure with zero average
value and spectral density f (M) . As it vas showvn above, measures P

and ? vere equivalent, so that equivalency P and P vas

equivalent equivalency P\ and 15 But according to theorem 9 for a
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equivalency ?\ and ? it is necessary and sufficiently condition

(4.6) :

vhich on the strength of the relationship/ratio

TR en|A<R -
equivalent to the coadition

[ Lo (M) ]2
J T dX\<oo,
AI>R

that also it gives to us conditiom (8.26), since £ () = £ () vithlx\

> R. Theorem is demonstrated.

Let us consiler spectral demsities f (A\), that satisfy weaker

than (4.7), to conditionm (8.9 :

Tim fA) AP < o0,

) oo

Any this density £ (A) coincides vith certain demsity £ (\) of type
(8.7) with sufficiently large |Ak

FM=T(A) wi®nAI>R.
Page 147.

Using the same method with to.“ introduction of the corresponding
~ L o

Gaussian measure P that A in the proof of theorea 15, it is

e RSN S TR AT —
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possible to as follows generalize theorem 10:

condition (4.11) is necessary for the equivalency of Gaussian
measures ¥ and ?\ if spectral density £ (A\) then so that it would
satisfy relationship/ratio (4.8) and would coincide with £ (A) with)|A

> Re It is clear that

condition (4.11) is sufficient for the equivalency of Gaussian
seasures P and P. if spectral density f ()\) satisfies
relationship/ratio (4.10).

Let us turn nov to Gaussian measures s and P\ with zero mean
values and spectral demsities f (\) and f, (\), from which f ()\) is

limited and belongs to type (4.10).

It is analogous with that, as this was done above, let us

~

consider Gaussian measure P with the limited spectral lansity £ ()
of type (4.8), which coincides with f ()\) outside any interval |\ < R.
The Gaussian measures P and ‘3 are equivalent, so that the initial
measures V., and P will be equivalent when and only when this same
property will possess measures P\ and fﬁ For the equivalency of
Gaussian measures P, and $ it is necessary and sufficiently

condition (8.19):

([ La g
J )T drdu <o,
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vhere §(», u) there is a Pourier transform of certain continuation of

the function

bis, )= [ere=0 @) =, (M]dr, (=T

since /(M)X1 with A ¢ Rand £ (A\) = £ (A) with|a|> B, this condition
is equivalent to the fact that

I;‘(};'i'::‘;’ dhdp < o0, (4.27)
\
IA[>R IRI>R

e A At el e

- * | o T
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But function b (s, t) with s. /=T Jdiffers from the function

bis, )= [ eMe=0{f ) f, ()] da

only in terms of the term of the fora
¢, 0= [ e =0 [ 3) — )] an.

Since difference fAM)—=f(A) is converted in 0 with |A[>R, the
fanction ¢ (s, t) is infinitely differentiated and, obviously,
allow/assumes this continuation from square 7 X7, for which the

FPourier transform (A, ) satisfies the condition

f‘ ‘ FA " ’,211‘, W&, 1) dA dn < oo,

vhere n is the same as in relationship/ratio (4.10). It is clear that

if the function (1, ) satisfies condition (4.27), then the function

QA W) =R, p)+p(A, p),

being the Pourier transform of the proper continumation of the
function
b(s, )=0(s, Y 4c(s, 1), s (T,

vill satisfy the condition

Lo w

N>R lul.\R “MI@T (“'(I“<°0. (4'28)
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and, on the contrary, if certain continuation of function b (s, t)
has Fourier transform ¢(A, ), satisfying condition (4.28), then
thereby property will possess function® (s, t), i.e., Gaussian

measures P, and P wvill be equivalent.
We obtained the followving generalization of theorem 12,

Theorem 16. Under condition (4.10) for the equivalency of
Gaussian measures P and P, in e-algebra %(7)(r is any final
segment) it is nacessary and sufficiently in order that a difference
in their correlation functions 0(s,/), s,/ 7 could be continued into
the integrated squared function b (s, t),-= < s, t < =, Pourier

transform ¢ (A p) by which would satisfy condition (4.28) with any R.

Page 149.

Hence easily it follows that theorem 13 occurs not only for
spectral densities f {\), that satisfy appropriate conditions (4.7)
and (4.8), but also for wider type densities, which satisfy

corresponding coniitions (4.9) and (4.170). Specifically,

at spectral density £ (\) of the type
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0< lim FA)IA P Tim fA) AP <o  (4.29)

Ao

condition (4.23) is necessary and sufficient for the equivalency of

Gaussian measures P and P, in e-algebra (7).

Any spectral density f (\) of type (4.29) is such, that
fR)XioM) P (4.30)
with the sufficient. large /A|/, where () is a Pourier transform of

certain integratel squared finite fumction:

”

()= J e™Mc (f)dl
(c (t) = 0 outsid2 certain finite interval). Moreover, we will show

below that condition (4.30) satisfies any density f (A\), such, that

vwith certain r > 1

O0< tim fM)A]< fim f(A)| A" < oo (1.31)
> ~ Ao

A=» o

(recall that £ (\) - the integrated function).

In fact, the product of any functions of type (4.30) again

belongs to this type, since

il A f, () X Lo (M) o (A) 2,

vhere

P (A) @y (A) = ( e™ ¢, (1) « co ()] dt

B —— —— e —————————— SR— e e gt s ——
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there is a Pourier transfc-m the finite function

c (t)*cy(t) = J i (t ~s)cy(s)ds,

by the being foll of the corresponding finite functions o) amd cy(/).

Page 150.

Therefore it suffices to shov that type (4.30) includes all the

functions £ (A\), that satisfy condition (4.31) with 0 < r < 1. Let us

assume
s o
@A) = [ eM|{["dl=29 | cos - il

-6 0

During the replacement At = u, we obtain, that
AS
@M =20"" | cosu- """ du~kr""

0

(vith A\ —» =), since there is the linmit

!

k=‘li|n [ cosu-w="du (0<r<l).
S0 *
0

It is evident that for spectral density f (\) of type (4.31)

occurs relationship/ratio (4.30).

Theorem 17. At spectral densities of type (4.30) for the

equivalency of Gaussian measures P and P im e¢-algebra (/) (vhere




i

DOC = 77182308 PAGE &
131
T is any final segment) it is sufficient in order that the fuamction

~LA)—-N®)
h(d) = o £ e

vith which [or R ¢ = would satisfy condition 1t

| IhQ) PdL< oo, (4.39
oM‘\IP

FOOTNOTE %. Let us note that if h (\) > 0 with A\ = =, then
together with spectral density f (\) to type (4.30) belongs spectral
density £, (\),

[ () X[ ()

vith sufficiently large A. ENDFGOTNOTE.

Proof. Let us consider first the case, vhen the funct ion

TR =N )

h(a) = Lot

is integrated squared and
FA) =g A) PR

vhere ¢(1) is a Pourier transform certain finite function c (t) .

Page 151.
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Let us find this continuation of a difference in the correlation

functions

~

b(s, t)= | e =00 (1) F(A)d2r,
J

for vhich it will be carried out condition (4.19) of theorem 12.

Using the fact that the Pourier transform of product coincides

with the fold of the transforass of factors, ve obtain, that
bs, 1) = l l a(u=v)c(s—u)c(t—uv)dude,

vhere a (t) there is a Pourier transfors fumction h (A\). In this
representation of functiom 0/ (s. /). s, f=7. the finite functions c (s - u)
and ¢ (t - v) are converted in 0, vhen alternating/variable u and v
lie/rest outside certain final segment T, so that
b(s, )= [ [a(=viels=—uect—v)dude, s (T
X T

Let us select this continuation a (u, v) ,-= < u, v < =, function

A
Aor!et that on an entire plane function a (u, v) would

be integrated squared, and let us desigmate vy(A,u1) {its PFourier

alu—v), u,vel,

transform. ¥With all s, t let us determine function b (s, t),-=- < s, t

< =, after assusming

b(s, t)= 1 ﬁ.n(u.v)c(s—u)c(l —v)dudv, —c0<s, <00,

It is obvious, with s. /7T 4§t coincides with a difference in the
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correlation functions, and its Pourier transfors
e W) =p@A, w2

satisfies condition (4.19). Thus, in the case in question the

Gaussian measures P and P, are equivalent.

Let us consider nov the arbitrary density £ (\) of type (4.30),

after assuming temporarily that
[i ) =] (A).

Page 152.

It is clear that with sufficiently large A (let us say, (A|>R)

spectral density £ (\) is such, that
[ <Tmand [0 =i,

vhere f'(X) - exasined above type spectral density iOJ=im(MP.4 o(2)

- Pourier transform certain finite function. Without limiting
generality, it is possible to count that £ (A\) = f, ()\) with [A[<R,
since any Gaussian measure with spectral density which differs froa f
(\) only by the finite interval, vill be equivalent to the initial
Gaussian measure P. During this selection f ()\) the satisfying
condition (4.32) function h (A\) will be integrated squared, since h

(\) = 0 with [A|<R Let us assume
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Fo) =T )+ [F W) = F ).

It is obvious,

i ) =T () 1M -=hH®A) il M.’_inl
s 177 T LM Ty A

so that the function h (A\) is integrated squared. As it was proved

above, corresponding to spectral densities ?’(xo and’f. (\) Gaussian

measures P and P, will be equivalent. Therefore for certain

continuation of a difference in the correlation functions

b(s, )= [ e™s=[j(A) =, ()] dh =

= [ere-0[fQ) = W]dr s, teT,

the corresponding Pourier transform ¢(A, ) will satisfy condition

(4.28) :

Lk ——— ) dp < 00,

[ | letept
FOf(p)

ISR ISR

and that more to the condition

i lg (A, ) |2
| JEYAS P dAdp < %o,
| 11 7 1 i
IM >R B >R

since £ (A\) > £ (\) with [A[>R
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Page 153.

It is evident that for the Gaussian measures P and P, is satisfied

the condition of equivalency (4.23), that figures in thsorem 16.

Por the full/total/complete completion of proof we should now be
freed fros the time/temporary liamitation, according to which f4 (A) >
f (\). This can bs done, after considering Gaussian measure P; with
spectral density £, (A\) = f (\) ¢ max. [0, £, (N-f ()\) ). Is obvious,
fa N) 2 £ (M, £2 (M) 2 £, (N) and vwith certain R < = are satisfied

conditions of type (4.32):

S (2 M) = (A2 [ () =[ (M) \2
J ( f(x) } @A < cn, , " " h) ) dA < oo
IANf >R A >R

(since /(1)X/, () with sufficiently large )\). According to already .

1
demonstrated Gaussian measures P and P, and also Gaussian measures,
and P, will be equivalent. Consequently, will be egquivalent Gaussian

measures P and P,. Theores is demonstrated.

In conclusion let us note that condition (4.32) is very close ia

order to be that necessary for the equivalency of Gaussian measures P

and P, Specifically, as it is actually shown in p. §b1 this chapter,

at extremely general type spectral densities (4.31)

Gaussian measures P and P, will be orthogonal, if the

e e el i s . e et e e e et et . el At O A M o et Gt et e
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corresponding function

Y=
M= ==

is such, that

).“m h(W) A" = oo (4.33)
(this is the corollary of relationship/ratios of the type (7.10)
chapter I) 1.

POOTNOTE t. In connection with theorem 17 and condition (4.33) comp.
the vorks of D. S. Apokorim and V. G. Alekseyev (D. S. Apokorii,
Gaussovskiyes the measures, vhich correspond to the generalized
stationary processes theoretical probability, and its uses, XII, No 4
(1967) , 698-707; V. G. Alekseyev, Ob the conditions of the mutuval
singularity of th2 Gaussian measures, vhich correspond to twvo randos
processes. theoretical probabilities and its uses, VII, No 3 (1963),

304-308) . ENDFOOTNOTE.

it i, i i s e . g s v - SRS
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Page 154.

Chapter 1IV.

CONDITIONS OF THE REGULARITY OF STATIONARY RANDON PROCESSES.

§1. Introduction. Some preliminary information.

Let us consiler stationary in narrov sense random process €& (t)
vith the continuous or discrete time t. Let. us designate as before ()
e-algebra of the events, generated by the flow of process on set T,

i.e., () there is minimum e¢-algebra, which contains the events of

the fora

RUVEE, ... bt)eE) ..., teT,

E, essence the borel sets of real straight line 1.

FOOTNOTE '. We are limited real processes exclusively for simplicity.
All the subsequent theorems are accurate for composite pracesses. It
is secesmry to only remember that for composite Gaussian processes

ME(NE(s)=0
n With all t, s (see [12)). Hovwever, during the study only hilbert
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space H (==, =) of no differences in the examination of composite
processes appears, and to us will more conveniently examine this

space above the field of complex numbers. ENDPOOTNOTE.

The algebras of form %(— ~,/) determine the past of process (to

torque/moment t), of the algebra of form A(/{, ) - future (after

torque/moment t).

If with any t > 0 e-algebra % (— o, /), %A(+7, ) are independent,

then with all A=:A(—=oo,f), B A(t+ 1, )
P(AB)—P (AP (B)=0. (1.1

In the general case the left side of this equality (or value,
similar to it) can be taken for the basis of dependence measurement

between e¢-algebra 9 (- ~, /) and A((+ T, ).

Page 1SS5.

The various kinds of the condition of the weakening of the dependence
between % (— oo, (), AU(f{+ 7, o) with an increase v - the conditions of
regularity - widely are used during propagation to the stationary
ptocesses of the theorems, known for the sequences of independent

randoa quantities 1?.
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FOOTNOTE ®., See, for example, [14], [22). ENDPOOTNOTE.

The most commonly used conditions of regularity are the following

conditions.

1. Stationary process € (t) is called regular, if ¢-algebra

(= 00, = 00) = (= 00) = [ (~ oo, )

t

is trivial, i.e., it contains only the events of probability 0 or 1.

Let us note that this condition cam be registered as follows in

the teras of differences P(AB)—-P(A)P(B). for all B A(— oo, x)

s A IP(AB)=P (AP (B)l—5=—=>0.  (1.9)

A=A (=00,

Actually, let the process & (t) be regular. Let us designate X
the indicator of event A, i.e.,

I, e 4,

Xa= XA ((0) i
O. w $ A,

Let, further, the randos variables n. 1, be determined by

equalitiesn =yx,—P{A) =y, —P(B)Then

Mnm; =P (AB)—P (A) P (B).

——
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Random variable " measured relative to ! (—~,/), amd, tharefore,

Mump =M (0} M (1] % (= oo, 1)) <
< (M) [M(M (n, |2 (~ o0, 7" <
SMM | A(—= oo, £)))? ="M (M [ (= 00)))? =0,

On the contrary, let process & (t) is irregular.

Page 156.

Then e¢-algebra %(— o) is significant and contains at least one event

A, for which 0<P{4)<I. With all/ A€ %(— «, (), so that

palle IP(AB)~P (AP (B)IZP(4) - P4} A0,
If ve in (1.1) take sup and on B€U(/+7, ), we will arrive at the

following condition.

2. Stationary process & (t) satisfies the condition of powerful
mixing t, if

5 (t)=A!I(-~, ls)tjgﬂl

|P(AB)=P(A)P(B) | 5=+ 0. (1.3)

(41, o) V-

e TP S ——
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FPOOTNOTE 2. The condition of "powerful mixing"™ obtained wide

reputation because of that success, which was achieve/reached during

its use in limit theorems for dependent variables (for example, see

[18), [22])); for the first time it vas used for this purpose,

apparently, Rozenblatt (see M Rosenblatt, A central limit theorem and

strong mixing condition, Proc. Nat. Acad. Sci. USA 42 (1956)).

ENDFOOTNOTE.

Value a (vr) characterizes the "speed of mixing® and is called the

coefficient of mixing.

3. Let us call process & (t) absolutely regular,

if

B(x)=M sup |P{A|A(=o0, )}—P{A}|——

AU+, o)

—=>0. (1.4)

Value B (vr) is called the coefficient (absolute) of regularity.

It is easy to see that a (r) <B (M-

Actually, with all A= %({+7,),BeA(-mw,/)occurs the inequality

|P(AB) =P (A)P(B)|=

-=;| (P {A|% (= oo, t)}-P(A})dPEgﬁ(n.
B

Thus, absolute regularity assigns on process & (t) more severe

limitations, than the condition of powerful mixing. After replacing

v —r

W OIS e .
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in (1.4) averaging on entire space of simple events Q2 with taking

supreamum®a, ve let us arrive at even more limiting condition.
Page 157.

4. Process & (t) satisfies the condition of evenly powerful
mixing, if

@()=vraisup sup [P{A|A(=oco, O} =P {A}| =5=>0.
0EQ AGEA(+T, ) i
(1.5)
It is not difficult to check that

[P (AB) ~P (A) P (B) |
e(t) = stip L
A A(+T, ), B =W (=00, f) (A

One Additional Determination of regularity is connected with the

concept of quantity of information.

Let (8D, teT) and {{(s), seS) two arbitrary random processes
(tvo families of random variables). Let us designate by % and ¥,
minimum e¢-algebra of events those which were generated respectively
by families ({ (/) /=T). (t(s), s=S). Quantity of information relative to
random process (i(/). {<=T).  that included in process (&:(s) s=S}, is

called value

P (A;B))

[(gh §2)=Sllp EP(A(B/HH m"—)-P—(rjl—,-, (i())

vhere sup it is taken on all possible final decompositions of space
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of elementary issues 2 imto the momintersecting events(A, A, ..., A,), (B.B.

- B.), wherewpon A,=%, a B,=% It is not difficult to comprehend
that /(& &) = [ (E, &). Applying Jensen®s inequality to the convex
function xiny, x>0, it is possible to show that I (&,, &) > O,
vhereupon I (&,, €2) = 0 vhen and only vhen e¢-algebra %, and %, are

independent 1.

POOTNOTE 2. See, for example, [ 19). ENDFOOTNOTE.

Computing tha quartity of information, which is contained in the

past {&(s), s<</) of our process relative to the future (£(s), s=>(+1),

let us arrive at the following determination.

S. Stationary process & (t) is called informationally regular,

if

Ry S P v e~

[(x)=1{(E(s), s<t), (E(s), s =1 +1)) —=>0. (1.7)

Lo

Value I (r) occasionally referred to as the informational coefficient

of regularity.

Page 158.

T TR (VAT Ve

Purther, the left side of equality (1.1) can be registered in

i
1
!
i
|
|
v
:
:
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the form My, wvhere i =%, —P(A), =y, —P{B).1If we examine here
arbitrary random variables n. m. provided would make sense
mathematical expectation Myn,, ve let us arrive at the following
concept:

the maximuam correlation coefficient between the systams of

random variables (i (/). /=T)and (5(s) s S) is called value

r (&1, &) =sup My, :

vhere sup it is taken according to all n, mn, measurable

respectively relative to e-algebra o, %, and by such, that

Mn,=Mn, =0, M[nB=Mnp=1.

This concept has simple geometric meaning. Let us designate #H

the set of all random variables 1" with the final mathematical

expectatioa Min? H there is hilbert space wvwith scalar product
(M, M) = M.
| ; If H, and H, - the subspaces H, which consist of the

random variables, measurable respectively relatively 9 and %, that

r (E;o &2) are a cosine of the minimum angle between /#, and H,

(coap. below from 2.

The concept of the maximum correlation coefficient leads for a
stationary process & (t) to the folloving condition of

full/total/complete regularity.

R T e A A S 8 e .
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6.

r(v)=r((E(s), s<t), (E(s), s>=>1+1))

»0. (1.8)

T-»00

Under condition (1.8) let us call random process & (t) completely

regular.
Is obvious, alvays r (r) > a (vr). Hovever, for Gaussian
stationary processes, as is known 1@

a(t) < r (v << 2na(1), (1.9)

and, thus,

Gaussian stationary process § (t) satisfies the coniition of

poverful mixing then and only then when it is completely regular. :

FOOTNOTE %. See [22]), page 249. ENDFOOTNOTE.

Page 159.

Being limited to Gaussian processes - by the basic subject of
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research of this book, it is logical to attempt to express conditions
1-6 in spectral terams, since in the Gaussian case the spectral or
correlation function completely determines process. It is
understandable that in this case conditions themselves 1-6 must
obtain some equivalent formulation in the terms of spaces H (T), and,
it goes wvithout saying, any this forsulation will make sense for
arbitrary stationary in the broad sense processes. Therefore we will
give some natural analogs of conditions 1-6 for the processes,
stationary in the broad sense. Por such processes the role of
independence plays orthogonality, instead of e-algebra 9 (/) are
examined spaces H (T), and the operator of the taking of conditional
mathematical expactation M{-|%(7)} &s substituted by the operator of

desiga M(- |/ (7)) (in hilbert space H) to subspace H (T).

Let E:(f), ME(/)==0, be the random process, stationary in the broad

1*. Process & (t) is called (linearly) regular, if the space
H (= 00, —c0)=H (= o) V1 (~ oo, 1)
t

is trivial, i.e., it consists only of random variables, with

probability 1 equal to 0.

It is analogous to (wvith 1.1), process & (t) is linearly regular

in that and only that case, if
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IM@ H (= co, 1)} ii=
=M (M IH (= o0, =) 520, (1.10)

T e o0

It is clear that if & (t) is regular in the sense of definition

1, then it is linearly regular.

The condition of linear regularity plays the very important role

in the theory of the forecast/prediction of stationary randonm

Frocesses.
Page 160.
one of the central results of this theory is the fact that the

stationary in the broad sense process & (t) is linearly regular when

and only when it allov/assumes the representation of Wold 1:

Etl;—zil'tl-si;:(s) (2}(‘(/)?(«)) (1.11)
vith discrete t, and
.l . i
E(l) = J el —=5)¢(ds) ([. ic(l)l’dl<m) (1.12)
— 0
with continuous t, vhere ((ds) there is a stochastic orthogonal
MIADE A =8A, NAI(TA]
seasure on the tise/temporary ax A indica tes the

ro—
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length of time interval 4).

POOTNOTE 2. See, for example, {22], page 77, 162. ENDPOOTNOTE.

Pros formulas (1.11), (1.12) it follows that e-algebra 9 (- «. () is
contained in e¢-aljebra ¥(— o, ), generated by values ((A) om

time/temporary semi-axis (~--, t), and

N (= . HS V(= o, 0.
t 7 t

In the Ganssian case the orthogonality is equivalent independence and
tids)is a stochastic measure with independent values (specifically,
for discrete t we deal with the sequence of independent Gaussian
values ((s).s=/(f—1,...). In this case according to known law "0 or 1"

g the intersection {1%(‘(w,ﬁ is trivial, and therefore from the

!

linear regularity of Gaussian stationary process & (t) escape/ensnes'

its regularity (in the sense of definition 1) . Thus occurs the

followving proposition:

The Gaussian stationary process & (t) is regular vhen and only |

vhen it is linearly regular. i

Page 161.
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Linearly regular stationary processes continually are described.

Specifically,

Stationary process & (t) is linearly regular wvhen and only wvhen
its spectral measure is absolutely continuous, and spectral density f

(\) satisfies the condition:

n

[mfo)dr> - (1.13)

vith discrete t, and

5 Inf(x)
] Tz dL> — oo (1.14)

- o

with continuous t (see in regard to this [22], pages 85, 161 or §2 of
Chapter II).

fﬁtther. analogous vwith that, as this vas done during passage of
(1.1 to (1.2), it is possible to take in (1.10) sup on :, and we

vill arrive at the following condition.

2'. Process & (t) is called completely (linearly) regular, if

p(®)=_ sup [M{n]H (= oo, =}

NE (0, o), el s (1. 15}

Value p (v) let us call the coefficient of full/total/complete
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(linear) regularity.

Is obvious, alvays p (vr) < r (r). But in the case of Gaussian
‘ processes occurs the following fundamental for our further research

fact t:

p(¥)=r(x) (1.16)
FOOTNOTE 1, See [22), page 249. ENDFOOTNOTE.

This indicates that

the Gaussian stationary process £ (t) is completely regular (in
the sense of definition 6) when and only when it is complately is

linearly regular.

It is easy to see that
P (¥) = sup| Mnyiia | = sup| (n, mo) .
vhere sup is taken on alln & H(—,0), &l (r, o)with M|y P=M|pP=1, so
that p (v) there is a cosine of the minimus angle between subspaces H
(~=, 0), R (v, =). Let us note that the condition p (r) < 1 is more

poverful than (linear) regularity.
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Page 162.

Purther, besides the minimum angle between subspaces H (~-=, t),
H (t ¢ v, =) it is possible to introduce other similar
characteristics of these subspaces, being based on the following

idea.

Let us designate by &  (=¢,) the operator of design in H on H
(~=,-v), by &#! - projector on H (r, =) let us introduce the

operators

Bt = B:=PTP0TT, Bf =P PP, 1>0.

Subspaces H (-=, 0)y H (r, =) are orthogonal in that and only
that case, if 87 =0. This fact suggests to examine as the conditioms
of regularity the convergence of the operators B, to 0 with 71—
for one or the other (uniform, gil*berta - Schasidt, nuclear)
topology: above we wvill see, that thus possible to reformulate all

the enumerated above conditions of regularity.

The conditions of regularity, expressed in the terms of hilbert
spaces H (T), allov/assuse anmalytical formulation, since is an
isometric conforaity {(/)«se¢’™ with the described in chapter II
subspaces /. (F). Moreover, in the case of Gaussian processes this

concerns other conditions (since, for example, ¢(7)Xr(1)Xa(v)) The
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a%s,,

translation/conversion of the enumerated above conditions of

reqgularity for analytical language and the further solaution of the
appearing analytical probless for the final target/purpose of
obtaining the criteria of regularity, expressed through spectral
characteristics, and composes the basic content of this and two

subsequent chapters.

Page 163.

§2. Conditions of regularity and the operators B,

Let & (t) be a stationary Gaussian process. Let us consider

operators ' B; (=B, and B}, introduced above in §1.

POOTNOTE t. Into the theory of random processes the operators [. are

introduced in the work of I. M. Gelfand and A. M. Yaglom "0n the
calculation of quantity of information about the random function,
vhich is contained into another such functions (P.M.S. XII, V. 1
(1957) ) . Coamunication/connection of the operators p, with the
conditions of regularity noted Yaglom (A. M. Yaglom, Stationary

Gaussian processes satisfying the strong mixing condition and best
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. predictable functionals, Bernoully - Bayes - Laplace, Anniv. volume

Springer-Verlag, 1965) . EXDPFOOTNOTE.

These are the positive self-adjoint operators. lLet us show that all
conditions of regularity, formulated in §1 for a Gaussian process &
(t), can be expressed in the terms of convergence /A —»() Wwith 71>

(in this or another sense).

Theorea 1. Statiomary Gaussian process € (t) is regjular when and
only wvhen with T »>00 the operators /5, veakly converge to 0, i.e.,

if for any random variable "</ (— o, )

’:[ Bj“ “g M”zi B,T] i’mbol

In accordance with vhat has been said in §1 it is possible not |

: to distinguish regularity and linear regularity. Therefore theoream 1

immediately follovs from the determination of linear regularity and
inequality
| Bl ml.
Theorem 2. In order that the stationary Gaussian process & (t) i
vould be completely regular, it is necessary and sufficient in order

that the operators B; converge to zero evenly, moreover, the

coefficient of regularity is ¢ (v)=|B,l

|
]
|
|
|
!
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It goes without saying that this theorem remains valid for
arbitrary stationary processes, if we keep in mind linearly
completely regular processes. Por Gaussian processes on the strength
of relationship/ratios (1.9), (1.16) this theores simultaneously

gives the criterion of powerful mixing.

Theores 2 immediately follows from the determination of the

coefficient of regularity p (r). Actually, regarding

p(t)= sup [Pl =sup (PP, P Ti)w 2

nes H (0, 00), nli=1I

=sup(Bin, Po1)= sup (Bvn. W =187 =18
NE H (=, o),
=1

Por processes vith discrete time it is possible to demonstrate

the more interesting version of this theores.

Theorem 3. Stationary process & (t) with discrete time is
coapletely regular vhen and only when it is regular, and operator B,

is completely continuous.
Page 164.

Leama 1. Let H, and H, the essence of the subspace saparable be
hilbert space H. Let us designate by &, &, the operators of design

in H respectively on //, and H, Let, further, 3 =& 7P, B, =P P If
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the operators B,, B, are completely continuous, in H, it is possible

to uloc}t orthogonal base (e, |®(¢,)). Min H, - orthogonal base
{ (€)@ (€2
;\’ the following properties:

1) all vectors ¢|, are orthogonal H,, all vectors ¢, orthogonal 1

2) scalar products (eu. e3) are different from zero, only if i =

3) e, - the eigenvectors of operator B3, e - operator B,.

Proof of leamma. From the elementary properties of projection
operators & & =P, 7 =7 easily it is derive/concluded, vhat B, and
B, - positive self-adjoint operators, simultaneously completely
continuous or not. Completely continuous self-adjoint operator B,
possesses the full/total/complete in the range‘ of its values sequence

of the ort hogonal standardized/normalized eigenvectors egg, €32, eeey

that correspond to different from zero to eigenvalues A\;y App «e-
(G¥D
(completeness means that any vector ¢-=4,, orthogonal to all vectors,

is equal to zero) t.

POOTNOTE t. See, for example, [2], page 189. ENDFOOTNOTE.
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t’
) | 2

w,e,,u’ Viy FPaey;. It is easy to see that vholo,1

Let us assum® ;=
essence the eigenvectors of operator B,, which correspond to
eigenvalues 2, ctually,

I , I
Bey; = lr_r‘ﬂ’ﬂ’:e/’ﬂ’u ~ PaBiey) = ey
By examining projections e?{e,,, let us ascertain that vectors {ey)

are contained by all eigenvectors of operator B,.
Page 165.

Let nov the >rthonormalized vectors (¢] ([e;,]) complement of systea
{ei;} Hezd) ,
_“,' €5 base ia Hy (in H,). let us demonstrate that the bases (¢, ®(e}))

and ({»,|P(r%]] possess the necessary properties.

1) Let us demonstrate that all vectors ¢, are orthogonal H,,

i.e., that with allk &p|,=0.Is really/actually

170 = (el Tl) = (el @7 100) = (Cin Bel) =0,

21k | 2" 1k

since on the strength of completeness vector Bge,, orthogonal to
all vectors ¢, is equal to zero. Analogously it is proven, that with

all to & ¢, Ll H,

o se—
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2) Let us count scalar products (e ) We have

V-A—;(e”. 92/)=(¢7’leu' 0?291/)='(t'7°2<'7’|€m e =
. = (Bey, el[) Ai(en egy) =18y,

vhere §; - Kronecker's symbol. Lemma is demonstrated.

Proof of theorem 3. Suppose that operator B, is completely
continuous. lLet e,;, €3, ... - its standardized/normalizel

eigenvectors, and Ay > A2 > ... - the corresponding to then

eigenvalues. On the basis of lemma 1 addition e;, e, ... to base in
H (-=, -1) orthogonally to H (0, =); therefore without loss of
generality it is possible to count that already vectors e;, €3¢ <e-

form base in H (-=, -1).

We will take arbitrary cell/element N1 //(— >, —7)let us register

it in the fora

n=§w%

vhere

lajl=[(, e)l=](, &) I<||Pee;ll

Omn the streagth of regularity for any that wvhich vas fix/recorded /
1 I'Telil v-»."o )
p ~Consequently
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IB:li= sup [gn] = sup (2/ wid (P e, Pie))"

Imij=1 \1,

o s oo \172
= sup (12; a,a;(Be,, "/))W= sup (21“ a, I2A,) <

ini=t ¢, IMl=1i

S Ms‘?;gsﬁ Pt P+ Appy =My + 0 (1),

Page 166.

The last/latter expression can be done as by conveniently small,

taking into account that 2,=0.

Let us demonstrate need. Let us note first that it suffices to
demonstrat e operator's full/total/complete continuity B, on H (-=,
-1). We will write space H (-=, -1) in the form //(—~, —1)(DR,. vhere
orthogonal complement R:. space H (~=,~7v) to H (-=, -1) is
finite-dimensional. If ve designate Q; projector in H (-=, -1) on R.

then ¢, +Q. there is a single operator on H (-=, -1). Consequently

By = (P + QB (7 + Q) =P BT + K, = B, + K,

vhere the operator K, is finite. But then

Il Bi = Kli=ll Bell=p (1) ~==>0.

This means that operator B, allov/assumes as good as suitable
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approach/approximation by the finite-dimensional operators and, which

means, is completely continuous 1.
FOOTNOTE 1. See, for example, [5]), page 47. ENDFOOTNOTE.

Observation. Actually, proving the sufficiency of the conditions
of theorem, ve demonstrated more common/general/total result, namely:

iat € (t) - stationary Gaussian process with discrete or
continuous time, and let for a given r > 0 operator /5, is completely
continuous; then process & (t) is completely regular.

Purther let us demonstrate the following proposition.

Theorem 4. In order that the stationary Gaussian process would
be absolutely regular, it is necessary and sufficient in order that

it would be regular and for a given ro Operator 73, would be

completely continaous operator with the final trace 2.

FOOTNOTE 2, I. e., nuclear. ENDFOOTNOTE.
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In this case and all operators 45, t>T, bave the final trace, but
4
the coefficient (absolute) of regularity are
B(x)X VSpB,, 10, 2.1) r
vhere SpB, it indicates operator®s trace B,. f
Page 167.
It is more precise, if f(r)—0, i
< lim E‘_.(j?'\m’—,‘r;(llrg”‘*;l—f
n = p By 1 Sp By 2) 2n
Proof 1t. ‘i
|
|

FOOTNOTE !. In proof are used some results from the article of V. A. '}
W, |
Yolkonskiy and 2: A. Rozanova "some limit theorems for randoms

functions. II", theoretical prob. and its applications. VI, No 2

Preliminarily let us establish/install several common properties of J
|

coefficient B (v). Let (W (v), v U;n(v),veV) be an arbitrary systea of
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Gaussian randos variables. Let us designate by %, % e-algebra of
events, generated respectively by the systeas of values (N (¥), u€ U), {n(v),
ve V), (n(u), p(v);u€ U, veV)Let, further, H, H;, H - the linear spaces,
stretched respectively om{n. m). (n) {n). Let us designate by &, &,
projectors in H on Hy, Hze. Let; finally,

I}l =<‘7"|07’;2073h /}2=ef’r¢,o¢2.
Let us assume, further,

B=p(n (1), np(v)) = M,fg{; [P{A|%)}~P{A}]

Let us designate by Qq, Q2. Q the probability measures,
generated on algebras %, %, %A by random variables (v (u), « & U; w,(v), ve V).
By a'let us designate probability measure on %, that coincides on %,
with measure Q,, on %, =~ with measure Q, and such, that the algebras
%A, Yare independent relative to measure Q (it is possible to count Q=

= Q. X Q’)o

Lemsa 2. Occurs the equality
B= Var (Q-Q)

Proof of lemma. Let us demonstrate first that

%Vaf(Q—(?)<ﬁ. (2.2)

It is sufficient to show that for all events C of fora C=|JAB. vhere
A=, B e :
; /" 'ald".ovetything A5, are incompatible/inconsistent in pairs,

PeT—
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occurs the ineguality

RIC)—-RI(O)I<B.

Page 168.

If C - the event of the form indicated, it always it is possible to
register in the form C=UA.B§. vhere this time any tvo events 3 g
either are i.nconpati.ble/‘inconsistent or coincide (all events 4,5/
are incompatible/inconsistent). Let us agree instead of B, to write

again B, We have, counting Q(C)>Q(0),

QC)=QO) = Y IP(AB)~P(A)P(B)] =

= 2 lp [P {A;1%,) —P{A)] aP. (2.3)

i B,

If B/, ..., B, are any coinciding events from sequence By, B, ..., then
the corresponding to them events /4, do0 not intersect, ani,
]
setsassuning Ai=(J A, we will find that
s=1
; . i, 19,) ~P (A )] dP.
Y [ [P (4, %) =P (A,)]dP = [ 1P (A 1%} ~ P(A)] P,

s Bls B{I

(2.4)

Hence and from (2.3) it follows that

Q) -QEC)= Y, [P {4/ 1%}—P(A)|dP,
. By

vhere i,, i,, ees = the sequence of nonintersecting eveants from 9.

T T =




Consequently,

= [ sup [P(A]%)~P(A}|dP <B.
R

AEN,

Inequality (2.2) is proved.
Page 169.

We will proceed to the proof of reverse inequality. Let us

designate by 9% the subset %, which consists of all events of fora

Mm). oamu))eE AL
q 7 @ A 1is an association of 2s-graduated cubes with

rational apex/vertexes. Many events ¥, is calculating. It is

possible to count which during determination g sup is taken only on

A=Y (at the worst reader can include/connect this requirement in
determination p). Bach simple event we=Q ansvers event A, =%

such, that

P(A, %) — P{/i,)>ﬁsl;g [P{A]%) =P {A)]—e,

vhere ¢> (. Let us designate by 5B, the events, which consist of all W,
that correspond to one A, It is obvious, B,€%. It is possible to

count that all events 5, are incospatible/inconsistent (othervise we
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ve could consider events B,=B,B,=B,\ B, B,\(B;UB). ...). Consequently,

are incompatible/inconsistent events 4B, Therefore

B= [ sup IP{A|%,] =P (A} |dP <
o AEN,

<Yy [P {4 1%) =P (A} dP + e =
IBI

= VIP(AB)=P{A)P(B)] +e=
i

=[Q(UAB) = Q(UAB)| +e< Var Q- Q) +e.

Lemna is demonstrated.

Leama 3. If sets U and V are final, they occur of the inequality

\

3Sp By + % (Sp B))?
| <

I VT | ( 1
— V'S — G cyiihl
2ﬂl p B, 2 291)13.&2

, (=18, 1) i
— I \
O s I | 3P Byt (Sp B))?
bt 77 L *‘;(2 SpBit5 )

—umiEE )

(2.5)

vith VSpB, precise.

=
2n

1
Constants 2Von and
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Page 170.

Proof. On the basis of lemsma 1 it is possible to couat that (y, (u). usU)

Mt « v MNiahs e (0), 0 € V)= {2y ..., Mok, the vectors (n, ..., ) (e ..., Mot
consist of indepeadent normal values with the average of zero and

dispersion 1, with

Mnmg = 804, 1Zp=2 ... 20,>0

In this case

SpB,=SpB,= 2ot |B,]=|By| =0}

In the case p; = 1 assertion of lemma is trivial; therefore ve
vill count p, ¢ 1. In the done assumptions, by designating through p,
(x)s, P2 (Y)e P22 (X, V). = (X o0 Xa)e Y= .. 0s Yn) the densities of

distribution of Gaussian vectors (. ... M (i - v Mk (M ..y Mime Tats - o or Moa)s

let us have

Var[Q=Ql = [ [ I pulx. )= pi(x) pa () [dxdy, (2.6)
R" R"
bt =2 38 2 Xl
Pi()=(2n) Te T, pyly)=(2n) Te T,
- T I =20, |
Pialx, ¥) = (2n) n 7;—_—;—"[‘ { - I
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let us rewrite right side (2.6) in the fors

| |Shs 1| py(9) pady) dv dy = M et — 1,
rR"R"

)
I M, M2)
¢ P (M) P (n2)
p .2
<y PiMte + Pinzi = 20, My

I
T = S

a mathematical expectation M it is computed relative to measure Q.

i.e., on the assuaption that all values (M, ..., 1) are independent.

Page 171.

Is decomposel (-t by Taylor's formula with remainder in the fora

of Lagrange:

- el B g ot s i .. il g e e et b e b
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et=1-g+5 %  o0<o<l.

Then

Mgt —1]=
< [-§enlaas [ fo-§onlas
£=>0} o <o
> [ (0-8)aa+ [ (t-Set)ad>

>0 [t <0
g (i = e
=2MLI- ) M'.C‘"§ MgZe ¢,

Analogously is derive/concluded the inequality

Miet—LISMILI- g MEZ— 5 M2t (2.7)

Noting that M:%-t=M;2, where M indicates mathesmatical

expectation relative to Q, let us have

Miti—5 M2+ M) < B MITI+ 5 (ME+ Me). (2.8)

Let as introduce nev randoa variables . V. Dby set/assuming

| 1
u; "-'_'/_i-"(nll"n?i)v UI”T/‘?("H + M2

It is obvious, M, =Muy, =0, so that Gaessian randos vacriables (v ..., u,
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Ui ... Usare independent relative to both distributions 6 and

Purthernore,

MII‘=MU‘=O. ﬂ“¥= Ml’¥= l'
M“l=‘lMU‘=0, M"?.—.—.(l_g)‘ MU?=(‘~}-%‘«)_

In the nev variables

| { | + u?— | —p;
_ P et +e)ui—pi (1 —pi)
€=y = - ol

2
Ui 4 in(l —-p'f)).

Page 172.

Hence easily it is obtained, that

M2 =D ¢+ (ML < : B \2
1 2SpB B
<7[2Sp31 +ﬁﬁl—'ﬁrz+(5p31 I—IfB.Ii) ]'

I 2SpB Sp B, \?
ME<F|2SpBi+ —un.ﬁ)’ +( I —nn.u) ]

Somevhat more complexly to obtain estimatiom for M;(|

first wvill replac» ¢ with the simpler raamdoam variable

=g X0 (a2 - vd),

after usiang for this the obvious inequalities

A

Lhan
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MILI=MZ=CISMIZISMIGI+MIZ=2 ),
e I8, )"
Mie=ti<so s (1- 12).

Pinally, estimatios M| | is given by the following lamaa.

Lemma 4. They occur of the inequality
"%VSPB|>MIC|J>-:; VSpB.  (2.10)

The proof of lemma & we vill begin from the calculation of the
characteristic function a (0) of random variable ¢;. The

characteristic function of each random variable uj, v} is

1
Van Vi—-2i@'

oo x'
- fe“’"e-de=
o

so that the fuaction

a(0)=11(1+030%)7".
Page 173.

Purther, on the basis of the equality

J.-s-i—%ﬂde-nsignu
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let us have

Mg I=M{ signg =

\ & 10 _  —ig0 A St
=WM(C| J‘e 0e d0)=§|; J'alﬂ) 9a( -0) 10—

-00 ~ed

- fr[(l + p202) "4 (}_‘ - ,202) d9.

2
After designating —S-p'i”,— by A, from the last/latter =2quality we

vill obtain that 1

Mg = L5e8 J“uueﬂ "'(\‘———-)do @.11)

a—~d | 2,0°
D=1,
i

Let us find the upper and lower bounds of the funcztiosns

T N IH(I-FA,O’)“"(L_I_;%T) do
’ i i

in sisplexes > ), =1, 1, >0. The standard msethod of findiag extrema,

for example the ssthod of Lagrange's factors, shovs with the help of
simple calculatioas that the function © reaches the minimunm




poC = 77182309 PAGE -T

2l

(saximum) value with equal coordinates )\ = A\p = ... Or im the

apex/vertaxes of simplex }_’,x"____. 1, A, =0. Consequently, integral in

right side (2.11) has as the face side

4 " o -1
sm:pJ.(l+s) d0 s:xp4n}s——~———-23[r(s).j,

a9 (e —9)$=2 1/ < 02 e
Vs—2(s—2)° Vse==["’2n, 2.12)

ss-—l

= [im }/2n
§=» oo

Page 174.

Here !'(s) there is |I' BRuler®'s -function, to which we used the

Stirlisg forsula. Analogously integral in right side (2.11) is not

less

[(1 402" do=2. (2.13)

-0

estimations (2.12) and (2.13) together with equality (2.11) make
it possible to write that

A VSpB, =M= VS,
) 2n n

shereupon from tha proof is evident that both estimations are




"
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nonisproved. Lemma 4, and together with it and lemma 3 are

demonstrated.

Lemma 5. Undar coanditions of lemma 3

"0

(1 _putew _ 1 : ST b i =
J 1B (®) ps () LI py(x) po(y)dxdy = II (t—-of) 1.
o : (2.14)

This lemma is proven by the direct/straight calculation of left
side (2.14).

Let us pass to the proof of theores 4. Let (Q, be the measure,
generated by our random-process & (t) during the association of
e-algebra (- oo, —1) amd %(0, ©); let us designate by (. the
measure, vhich coincides with Q on (- x, — 1) and % (0, o) and such,

that e¢-algebra A(— 00, —1), A0, o) Q- independent. On lemama 2

B(x) =5 Var (@, ~ Q. (2.15)

Let the process & (t) be absolutely regular, i.e., lim g (v) =

0. On the basis (2.15) will be located the number rq such that for

311 L 4 ) To
FVar @ —Q)=pr<y.
Consequeatly, for v ) vq and measure Q amd (), are not singular;

these measures Gaussian, and on the basis of results §2 o chapter III

they are absolutaly continuous on each other.
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Page 175.
Let us select in space H (-=,-rv) any base "Wu Y2 .-.. in space H
(0, =) - base " "2 ... Let us consider vector (i .... My W ...\ Mon;

generated by this vector in the manner that this is shown on page
167, measure Q, '6. operator B, and the eigenvalues of operator B; let

us furnish with index n, i.e., to write respectively Q. Q. B ¢}, Let

dQ,
us assume /.= -

i - To simply count, that

Minp,=— 5 Yin(l —p2,). (2.16)
Prom the absolute continuity of measures Q, Q, it follows, as

this is showvwn in §2 of chapter III, that . ‘1

sup|Minp, | < oo, (2.17)

e e el

Hence and from (2. 16) in turn, escape/ensues the inequality

sup Sp By, < oco.

Hith n — =« the oporatorls B» weakly converge to operator 5, {i.e.,

T TR T R e e —_

lim (Bian, W) = (B, W) (operators 5, in an obvious manner are

deterained everyvhere in H (-=, =)). Consequently, operator 5, bhas

the final trace.
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Purther, let ¢. there is demsity Q. om (. Prom results of
' chapter III, page 108, follow that for v > vy
3 q( e M (q\'.l 9[1)'
vhere %, is am association of e¢-algebra %(— oo, —1), A(0, o). Oon the

streagth of (2.7%)

] Mg, —1P< co.

On the basis of the known theoreas of the theory of conditional
mathematical expectations hence it follows that the raniom variables ¢,
converge in mean quadratic with v —3 = to ¢.. Absolutely regular
process & (t) is regular, i.e., intersection [)¥ (-, — 1) is

Y

trivial. Consequantly, it is necessary (_-I.

Page 176.

Actually, raadom variable . =M(q |%.) measured relative to

A, =0, ©) also, for all A=?%_, regarding the conditional

sathematical expectation

[42dQ= [ g, d@= [ dQ=Q(M=Q(n) = [1.4Q.
A A A A

These equalities mean that ¢, =1 vith probability 1.

On the strenjth of (2.14)

—— e g P MO = e et it i it S e 8 = o AV TR — . — S— i ; j
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SpB M| g, —I1P=M|g,—q. P >0,

T o0

and the application/use of lemma 3 leads to maximum relationships

(2.1).

Conversely, let vith a givea vy operator 5., is a completely
continuous operataor with the fimal trace. Then (see observation to
theorem 3) process & (t) is completely regular amd |B,|—0. Let us
consider that already (5B.i<|. It is obvious also that toga2ther with 5.

all operators 5. v > rg, have the final trace and
SpB,&fSpBr,.‘

Let as select now, by using the full/total/complete continuity
of the operators 5, bases 1. Wy ... Wi .- in the mannmer that

this is shown in lemsa 1. Then on the strength of (2. 16)

Y . ( (18 ¢ if
g & - .
<L|p]MInp,,l\SpB‘(bl+ ' "”H’),

Being again converted to §2 of chapter III, ve see that the measures
and Q. are absolutely continuous. FPurthermore, as already mentiomed,

process & (t) completely was regular and all the more regular. As

already it vas proved, in that case

M“h"”’ )»

1-)«-)(

R T T N TN I TTR R wesev ey

R e i e ki it e L L e
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and, vhich means, on the strength of (2.18) amd SpB,——:»0. Now

reference to lemma 3 proves theorenm.

Observation. In the case of processes with discrete time the

theorem allov/assumes the simpler and more final formulation.

In order that the stationary Gaussian process & (t) with
discrete time would be absolutely regular, it is necessary and
sufficient in order that operator B, would be completely continuous

operator with the final trace.
Page 177.

Actually, as it vas noted in the proof of theorem 3, for
processes vith discrete time the operators 5. differ from operator

By only by finite-dimensional operator.

Theoream 5. Stationary Gaussian process & (t) satisfies the
condition of regularity (1.5) in that and only that case, if B,=0

for all r > r,e

The proof of this simple theores can be found in monograph [14].
Let us note just the eguality 5, -0 seans that spaces H (~=,-v), R

(0, =) are orthogonal amd, vhich means, that e-algebra (- ~, - 1),




DOoC = 77182309 PAGE 4%
277
A0, ©) are imdependent.

Pinally, in the following paragraph it will be provel that the

conditions of absolute and informational regularity coincide.

§3. Condition of informational regularity.

Theorem 6. Stationary Gaussian process € (t) is informationmally
regular in that and only that case, if for a given r, opsrator pj3, is
a completely continuous operator with the final trace. In this case
and all operators 5. v > vy, are able the final trace, but the

informational coefficient of regularity are.

I(x)= — 5 Yin(l —pf)~5SpB,, (3.1)
vhere 0 is the i eigenvalue of operator ¥#.

We will deduce this theorea from the following
common/general/total result. Let (((«). u=U; 3(v), ve 1) - a given

systea of Gaussian random variables. Let, further,

ltn=1{E), ues U; n(v), ve V)

- the guantity of iaforsation, which is coatained in raniom variables

s,
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g, usU} relatively (), vV} As usual, let H,, H, be the

locked linear closures of the correspoading valwes (:{(v). u= /). {n(v)
veV)h . % - g-algebra, gemerated by valuwes (E(u). usU), (n(v), ve V)
Bys B - the nonnegative self-adjoiat operators, deteramined by spaces

Hy, H since this is shown above. Then is valid the following theorem

FPOOTNOTE ', I. H. Gelfand, A. M. Yaglom. On the calculation of
quantity of inforaation about the randos function, vhich is contained

in another such function, {{MAW XII, V. T (1957) . ENDPOOTNOTE.

Page 178.

Theores 7. Quantities of imformatioam /:;, certaimly in that and
only that case, if operator B; (but that means and B,) is a
completely continuous operator with the final trace, but|B,j < 1. In

this case

ley=— 5 Y In(i o), (3.2)

{

vhere p2, 3 p2Z, )...- all eigenvalues of operatorf,.

Proof of theoreama 7.1. Let us count first the quantity of
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information, vhich is contained in one Gaussian random variable &
vith respect to another, Gaussian to the connected with it value .

It is understandable that it is possible to count

M =Mn=0, Mg= Mn?=1.

Let, furthermore, Min=p, 80 that the combined demsity of our values 1

is equal to

x? 4 y? — 2pxy }

|
”(xl .'/)='§;““_pi) exp[—. 2“_‘,!)

Ve have

bkl

Yingoood .
IEI' S’S‘II’[:I &l In P A)P ‘“,’ P (/1,‘[}/). (38)

vhere the face side it is taken on the events of fora A, ={(t<F) B =

meE]]., where Fi. £/ are linear borel sets. Conseguently, ﬁ

v QB X E)) |
Iy, = SUP\ ll]—————%_Q E, X EY), 34 |
) h 5;-‘ Qi (E)) Q,‘,{[;,} (€4 1) (3.4)

vhere Qy 3, Q3¢ Q2 are measures on plane and straight line, induced

respectively with randos number distributions (1) and & W

QRu(EXF)=P{tesE, ne F),
QE)=Pt=sE), Qy(F) =P {ne=F}.

Page 179.

Let first p ¢ 1. Then measure Q,, is absolutely continuous with

Lebesgue, measure Q;,, Q; x Qp are mutually absolutely continuous
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with the density

: Qudxdy) _ plxy
Qi (dx) Qa (dy) p(x)p(y)’

vhere p(v)= & - the deasity of distribution of values & "

)V on
Therefore the sum of right side (3.4) is an integral sum for
Lebesgue®s integral function ln p (x, yY)/7p (x) P (Y) P (X, V).

Consequently,

00

; p (%, u) .
lgy= J f'" pwpy P Lo Wdedy =

-—00 =00

s | y \
=Min /’[(,E()gn?r)ﬁ ekl In(l —p?). (3.5)

If p= 1, thsn /;,=c. In order to be comvinced of this, is

sufficient to select ia (3.3) A=By ..., Ay= B, with
probabilities P(4)--_.  We will obtaim that with all n
Iy >Inn.

Since with p = 1 right side (3.5) also goes to infinity, it is

possible to consiier formula (3.5) valid, also, in this case.

2, Let nov sats U, V be final. Quantity of information /;, is
invariable relative to the nondegenerate transforms of spaces H,, Hg.

This ismediately follows from the determination of the quantity of
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information (1.6) and of that obvious fact that e¢-algebra Uy oA, are

invariant relativa to the transforms indicated.
Page 180.

Therefore, and also on the strength of lemma 1, ve can from the very

beginning count

. usU)=GE, ..., ), M), veV)=q@,..., N,

vhere all vapors (t. W) vere indepeamdent and

ME‘ = Mn, - O‘ Del - D"]( e lv Mélnl = 0.

In (%.6) is sufficient to take sup on events /. B;

At= {€|EE1|' i o §nEEhx]' Bl:= [“l EE;I’ e 1]"65[:';"}.

Proa independence the vapor (:, ) follows then that

n

5 \
Iy = (A‘-: I;"\p

and, wvhich means, on the strength of (3.5)

n

T
lpg=— ?Lln(l - ),
i=1

4.

whereupon |, < in that and oaly that case, if o = ViB/ <!

3. Let us pass to the examination of the general case. Are
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above, in p. 1 proofs, has already been noted that if [B,(=I, then /i,

~co. Therefore it suffices to consider the case B, [<co.

Let B, be operator wvith the final trace. Let us sele-t aay n of
randos variables & .- & froam family (((v), u=U) and n of ramdom
variables " .. Mn from family (h(v), vV} By B” let us designate
the operator, vhizh corresponds to this selection of randonm

(n)

variables. It goes without saying that operators 5/ <cam be examined

in all space H;,, stretched on (g(:;), n(v)}. iLet us designate M""}).;"’}
..>M" the eigenvalues of operator 5" (it is finite). It is

obvious, " =|B"|<IBil<]!.
Randoa variables B oo Bad (i ooy M) can be chosen so that
the operators 5’ veakly converge to B,. Then
lim Sp BY" = lim ?A‘"’ = o0,

Prom the determination of quantity of information (1.6) it follows

that

ltnyl.((glt "';4 gn)o (‘11- LA “n))‘

Page 181,

At the sase time as it is already establish/installed in p. 2,
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T(En ooy By Oy veey M) = —%Eln(l —A") =
i

Consequently, if SpB; = =, then also /i=:

Let nov B, there is a completely continuous operator with the
final trace. On the basis of lemma 71 let us select of spaces H,, H,
bases (&3, &3¢ <ce)y (1, M. ...). that consist of the personal
cell/elements of the operators B,, B,. During this selection Mgm, =p¢,

vhere i are the eigenvalues of operators B,, B,.

Any eveats Ac?, B, it is possible, by choosing n by
sufficient large as conveniently to approach wvell by the events,
measurable relative to random variables (i..... &) (..o M) Being
again converted t> the determination of guantity of inforamation

(1.6) , is concluded hence, that

Igna “ln l(gp vy g,.. n|| vy ‘]n)i

n-» oo

vhere

n

&, o Bai Mo cooy My) = = ;—‘\_:In(l - pf):
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Theorem 7 is demonstrated.

Prom this th2orem immediately it follows that the random process
€ (t) is informationally regular only if the operators 5. have the
final trace for r > vy, and also that occurs egquality (3.1). In the
proof of theorem & it was establish/installed that I@]Sph‘~0. if

omly SpB,<eco for any ro. Theorem 6 is also demonstrated.
Equate/comparing theorems 4, 6, ve are convinced that the
conditions of absolute and informational regularity are a2quivalent
and that, for example, with I () — 0
Page 182.
Observation. On the basis of observation to theorea 4 stationary

Gaussian process & (t) with discrete time is informationally regular

in that and only that case, if operator B, has the final trace.

§4. Condition of absolute regularity. Processes with discrete time.
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In this and following paragraph ve will give the
full/total/complete and sufficiently efficient description of

absolutely regular stationary Gaussian processes (processes, vhich

satisfy condition (1.3)). In accordance vith results §3
l simultaneously this will give description of informationally regular

processes.

Theorer 8 13,

FOOTNOTE %. I. A. Ibragimov, V. N. Solev, Obodn the condition of the
regularity of the stationary Gaussian process, PAS of ths USSR, 185,

No 3, 509-572. ENDFOOTNOTE.

Stationary Gaussian process & {t) with the discrete tima t = 0, ¢1,
eees is absolutely regular (but that seans and informationally is
regular) in that and only in such a case, wvhen it has spectral

density £ (\), representable in the form
[R)=iP(e™Fa(), (4.1) 4

vhere P (z) - polynosial with roots oa circesfereace| z |- 1, and
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coefficieats ¢ Pourier series Yae’ fuaction ln a (\) are such,
that
2ljlla;P< oo, (4.2)

Proof is basad on the use of theores 4, more precise,
observation to it. It goes without saying that the analytical
foraulation of theorem 8 requires passage of space H (-=, =) to
isometric function space L (F) . In order not to introduce excess
designations, operators iato L (F), analogous to the operators 5,

also let us designate through 5:.

Page 183.

Any absolutely regular process is regular and, consequently (see
§2 of chapter II), has spectral density £ ()), that allow/assumes

representation of the fors

fA)=|g(e™PR (4.3)
vhere g (z) - the external fuaction of Hardy’s class </’ in
circle.
s (o ol
Let us introlduce into examination functiom c(M==ihﬁ%. By hggcp”‘

let us designate its Pourier series.
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Lemma 6. Process & (t) is absolutely regular in that and only

that case, if descends the series
0
Zijlie . (d.4)

In accordance with observation to theores 8 (see page 182) it is
necessary to demonstrate that the convergence of series (4.4) is
equivalent to operator®s nuclearity B;. To us will somewvhat more
conveniently deal with unitary equivalent to it operator B/ =&)&# &,
vhere this time 7 - projector in L (P) on Lw«(F), &7 = projector
ianL (P) on /-~ oF) s sufficient to consider B} as operator fros
Lo =(F)=L*(F)in LT(P). As is known 1, operator By will be nuclear
(i.e. will have the fimal trace) in that and only that case, if for a

given orthonormalized base (¢;]} in L+(P) is descend a seriss }HB?q.q).
7 F

POOTNOTE !, See, for example, [5], page 55; recall that all operators 5;

are positive. ENDFOOTNOTE.

If this series descends for any the orthonormalized base, it descends

for any such base, and its sum and is equal to operator's trace B:.

Let us select as the orthomorsalized base ia L' (P) of fuaction
eeM)=e™g7' (™). k=0, I.... The orthomomality of systea (e} is obvious;

s e g e e A - - - -~ -~ - - - - - - -~ NP SU——
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let us demonstrate that this system is a base.
Page 184.

Actually, in §2 of chapter II is showm, that any cell/eleaent o=
L'(Flcan be registered in the form ¢,/9, where ¢, =** If e, is

any lissar cosbination of cell/elements ¢.. theam !

'Hw *"thekﬂr - "‘Pn ~ Ecw“‘lf".

POOTNOTE '. Recall that i¢i” imdicates mora in space -7/ (—n ).

ENDFOOTNOTE.

Since the linear cosbinations X (.’ are demse in Jt* the
last/latter equality seans that the linear cosbinations (e are

dense in L+(P), ie®., that (¢.] there is a base in L+(P).

Analogous with lemma 2 chapters II are proven the following

equalities:

Pr=g"Nig, FPT=g""7g,

vhere [i/(ll;) essence projectors im .9’(—n n) on Mg’  (om

Therefore ¢ “'ot’).
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SpBa+ =X(Bl+en. eh)r=):(f:09°|_'7°;ek. eh)rﬂ

k=0 k=0
\

oo m‘ s = @
=N (e e =) N (m Lo, £ o) o
k=0 N k—‘)
) ok, ] e AR
- g I 3 3
=L(hu :e’““ =Y f N o™ dr=
km0 =7 | fm—co

=Y iePlil @5

|= =00

Lemma is demoastrated.

To us it remained to demonstrate that the conditions of theorea

8 were equivalent to the conditions of lemma 6.

Is checked that satisfaction of the conditions of thaorem will
draw satisfactios of the comditions of lemma 6. Prom (4.2) it follows
that nas.2?(—n n), that is more Ina=.Z'(—m n). Therefore function
a (A\) can be registered ia the form a(A)=|g,(e™MP shere g, is an
external function of class ¢’ Consequently, amd /[(A)=|g(e?)p,

vhere the external function g (2) = P (2) g, (2).

Page 18S.

It P NI - gero polynomial P (z), then, obviously,

_elc II _"‘x_‘i—" -elne-l\l(_ l)

c—c"
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¥ ey and to demonstrate that descemds a series /Eﬂl ey BIjl
<
e vill desonstrate evea convergence of series Z;‘Iillc., B, Por this

by us will be required the following.

Lesna 7. Let the functioa h(A) ~ N hei™ beloag _7?(— g, n)
Let us designate by @ (8; h) the module/modulus of the contimuity of

function h in metrcic 7% {.e.,

n 12
o (0; h)= 'g|ll<p° (—’[ [A(A+08)—h(1) i’dk) :

Taen the inequalities

oo

Y (51 k)<, (4.6)
2lilla;f< o 4.7)

are equivalent.

Actually,

o0

\ | v . ;
Lm’(‘"—; h)-}‘ SUII) 4 E l/x,l’sin’-{%(\

n nel| “‘T =00

m‘ l : ) ~
<YYo Y inrr+aY Y ine-

d o
nel i<n nel | I >n
“1 o
3 | Y. o ey
= Y inrr Y k44 N vitimE<s Nijin, e
[= = n> |/ [==~co /§

vhere « is real nesber. Therefore it suffices to trace fuamctiom ( (\)=

4] (G‘ ) et
4] (8‘ )

sl

e
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Page 186.

e e o gt

Ber(din)>4 ¥

PAGE 47;71

On the contrary, for lxi<l

n=l |

>3

n

o
s —

2

lemma is demonstrated.

e DR

o e e

f
¥
<

sin x

~
Yol
ra
-1
o

\
e

j= =00

—

RO S

’

>l-—— and therefore
hy Psm’—-:>

X

L l’1/|2j2=
lilsn

% 3\

1 RE N > Nl R

n>(f|

exp{%4Ma-Flma)} and that, therefore, gdg.=expp—iﬁah

therefore v (6; 1a a) = o (8; 1ln a). Purther,

S—— e e e s et

B SR

S

Being returned to the proof of theoream, let us mote, that 2 -

vhere,

generally, through b is designated function, (harmonically)
conjugated /combined h. The absolute values of the module/moduli of

the Pourier coefficients of functions ln a and i; a coincide, and
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lexp{— ilna(A+8)—exp(—ilna(A)}|=.
=lexp{=i(na@(A+d)—Ina@))—-11<
<lma(h+98) —na@)l.

Therefore and

w(é; -f::—)gm(b; i;a)!sm(b; Ina).

Being coaverted to> lemma 7, we see that the convergence of series

2lilla;? w11 draw comvergence of series ;Iillcl,l’. In summation, we
desonstrated that coamditions (4.1), (8.2 theorem 8 were sufficient

for the absolute regularity of Gaussian process & (t).
The need for these conditions is proven more complexly.

Let the process &€ (t) be absolutely regular. Theam it is regular

and has spectral 1emsity £ (\), vhereupon Infe..?_"(—n, n).

Page 187.

Let us introduce into examination the coefficient i

(full/total/complete) of the regularity

P N=sup| [ @™ PE™ [(A)dh| = supl g, Ve
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vhere sup it is takea om all ¢, V. that belomgs with respect to the

single spheres of spaces ... (F). L. -o(l).

In §1 has already been noted that any absolutely regular
Gaussian process satisfies the condition of powerful asixing and,
vhich means, completely regular, i.e., %i: p (v) = 0. Specifically,
vill be located such a k that r(A)<I. According to theores &

chapters V spectral deasity f (\) it is possible to register in the

form

[A)=1Pe™ Pa)

vhere P (z) - polynomial with roots on|z|= 1, and functiom a=c"*’ |ju/™
< oo, [olf* < n/2. Oa the basis of the same theorem the coefficients of
regularity p (v; a) and p (r; /@), constructed accordiny to the
spectral densities a and 1/a, are such, that

o(l; <1, p(li +)=p<1. (4.8)

Obviously, function a (A\) can be registered as |g (¢ vhere

gy is an external fuamction from J7°. If we, as in the proof of

sufficiency, place

—_———

7y =
o) =B = N e,
/
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Py
that of lemma 6, relying or the already used above equality dw

e“e™™(=1), it is easy to deduce convergence of series J [jlley P

Page 188,

If this series descends, then

p - Jni (e () =e=mMAm) P <

n=0
4 o =(n4l)

0
Z X leyP=2ZljlieF<oo. (4.9

Let us select the sequeace of polynomialse A,(2) so that

S (n @ Zem A, @ @p <o, (@10

let us assume . -i"‘g A =Q,(c-"")+B, where Q,(z)-~ the polynomial of

degree is not higher tham n, a B,=* On the strength of (4.8)

@ —— ——

i B e il Bt s . e e P

P(E™ =

U ——

.4‘
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(ler (M) — e~ A, (A) @) =

o ‘i‘ I (gl (e“') e Q" (('-“')) = Bn (e“') 12 ad(h}\) >

= 1A n
> [1E =@ MP iyt [1ment -
i
(et - 7 oTn b ‘
= an (@1(e™) = Qu(e=™) B, ™ 5y ; >
," n
-1 1) i 3 ] 1
> -.J“ | & (e“') Fig Qu (C’ A) I? (:(A) 40 .I IHu ((,IA) 12 7;(|;" - -
£ s a -
| e , )
-— 2p ( _’1" l £ (C’“‘) B Qn (e'lh) ]2 PYEY J | B" (clh) 12 _;:__;"_)) 2

n

»

Z(1-p) | 12 (€)= Qule=) P dr.

-n
Page 189.

Therefore togethar with together (4.10) descends the series

n

Yint [ igepyen et -

ne0 A —n

o

m‘ . n ! @
=Yint [igen-raenr A, @i

ne=) N «n

vhere inf it is taken on all polynomials ~,(c" degree not higher
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than n.

Oour problem wvas reduced to research of the properties of the
best approach/approximations of function g, ()) by polynomials in
space metrics .9° with weight 1/2. It is logical for this purpose to
introduce the polynosials ¢, (2 l/a)=q,(2) v=0.1, orthogonal with
veight 1/a. Por reader®s coavenience a series of the propsrties of
such polynomials is formulated below in the fora of several leamas.
The proof of these lemmas can be found in many management/manuals on
orthogonal polynomials; we, in particular, everywhere refer below to
monograph [(11] of U. Grenander and G. Sege, the most close to the

specialists in the probability theory.

Let v (A\) - the nonnegative summarized function on [, ;] Let
us additionally assuse that v e ¥ (—-x n), so that w(d) = [y

vhere y (z) -~ the external fun~tion of class o/’ Orthogomal with
veight w polynomials Pofz @), i (2 @)y .oy u(Zi @), o are called

polynomials such, wvhat

a) ¢, - polynomial of degree v with the positive coefficient
vwith leading term;

-

: o (2 W) 5
- o J oy (2 @), (z; w)wM)dL =9, z=e

-n
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is placed, ﬁttht. oy (2, w)=2"¢,(z7). Polyaomials ¢, ¢, are

connected by following relationship/ratios (see [11), by page 58) :

k»zq)n (Z) = kn+lq’n+l (Z) = lu+lq):t+l (Z),

. 4.12
knmll+l (Z) =2 /‘.n + |2(P" (_Z) aE I'” |(p" (z)' ( )

vhere through ¢, /, they are desigmated respectively the
coefficient with :" and the absolute ters of polynosial .

Page 190.

Let us designate by ¢v v =1 Pourier coefficients functions w

and is placed

D, (w) = det|| ¢y, Il N, =0, 1L

Determinaats ) (v) 2re called comcentrating definitions, which
correspond to weight (fumction) w. They occur of equality ([11), of
page S8)

ko) = (Zp=t&L) (4.13)

Let us Qdetermine, further, geosetrical mean G (w) of functionm v
by the eguality
; .. | .
GIw)-expl-z—u— f!nw(l)dl}.
. -l

Least 5. Let fwmctioa v {)\) be detecnined and sussarized om [~ n,
‘nf, w 30 and hwe 20, Let as before @ (A) =] y(e™) P, wvhere y

—
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are an external famctioa froa 54’ Let fimally o.(2)=q,(2; w) be the
orthogonal polymosials, associated with weight v. Thea

sz w)=s(2) =Y, % 0) ¢y (2) =.v—%7 \—('7—) [21< 1, (4.14)
V=0
lim ki () = (G ()] ™" = 5555 » (4.15)

it is evenly in any circle|z|< r < 1

limg, (2)=v(2). 1.16)

f1-» 00

Lemana 9. Umder conditions of leama 8

2 Dy 1
o (w) = =8 = V10,0 w) P,
0

oo

-2 (4.17)
G(w)-—-(.:JImw. W)l’) 3

The proof of first equality (4.17) see in [11), page 56; second
equality (8.17) follovs from the first and formula (4.15).

Page 191,

Leama 10. If w(‘-)"mﬁ vhere ['(2) is a polynomial of degree
P, everything sero which they lie/rest at circle |q < 1, then for v>p

oy (2)=2"""T (2).
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Proof. If v>p, a u<v, thea

|

n I »
[ o emwmar=1 | e =0 (18
-t

lzl=1

then since integrand is analytical in circle\z| < 1. Actually, if I(y)
P

=Xvz, them oniz|= 1
0

P
zPl\ (Z) - 203 i,/zl""]‘

and, therefore, functiom (:”i'(z))”' allow/assumes analytical

continuation in circle|z|< 1. Equality (4.18) means that the

polynomials 9¢.(¢*) are orthogomal to all functioms e/, pu<v. The

equality

n

= [ln e Poma=1

-

is obvious. Lemma is demonstrated.

Lemma 11. Under conditions of lemma 10 for all v>p

Dy (w) Dp(w) . I
G@P"* (G (w))?*! XP{“

-
—
N

~

2
do } (4.19)

vhere as before y (z) the external function of class o2, deteramimed
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by equality v 8\7\!. Integration is conducted to the right according

to circle |z|< 1.

Proof see in [ 11), page 102.

. —<~AL*-““_‘~.A s g g - e A - . -
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Page 192,

Nov we have all the necessary information relative to orthogonal

polynomials and can return to the proof of our fundamental theorem 8.

Thus, let ¢.(2)=o,(2; 1/a)— the orthogonal polynomials, which
correspond to veight 1/4, Let us note that I—a(’lﬁl’f"lv((’“’) 2, where
the external function y@“)=;7%§- Hence on the basis of formula
(4.14) it follows that Fourier cbefficients function g4 = 1/y in
orthogonal systea (v, (c")} essence o, (0)v(0). Therefore

inf [ 11 (€)= Py (@M P Ty =1V O F Xl ouOF.

Pu it n+l

Convergence of series (4.11) makes it possible to claim that also

.\Z S: Ly (0) = 2 vl (0) < oo. (4.20)

0 ven |

FPurther our target/purpose is to show that the coavergence of
series (4.20) will drawvw convergence of series (4.2). For this purpose
besides pslynomials ¢,(2) let us examine polynomials mw(ﬂ==mﬂzné,rﬁ—
the orthogonal polynomials, associated with veight [en @M. As is

known ([ 11), page S7), zero orthogonal polymomials ¢.(2 w). which
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correspond to any weight v, they lie/rest at teqionlzl( 1.
Consequently, zer> polynomials «,(2=2"(7(z"") they lie/rest outside
circle':'5 1, so that ,(2)— external fuactions from Jr’.
Furthermore, on’:lt 1 occurs equality [7.[=/[¢;|" so that (¢} '— the

external function, which corresponds to weight |¢,[ "

Further, on leama 10
¢ Pwm(@)=2"""gu(2), v=n
Specifically, ¢..(2)=¢.(2). Prom this equality and identitias (4.12) it
follows that
(@) =0qy(2), v<n (4.21)

Page 193.

orthogonal polynomials ¢,(2), it goes without saying, are linearly
independent, so that with all k of function ¢’ essence the linear

combinations of polynomials ¢,(2), 0Sv</. Rence and from (U.21) it

follows that first n ¢+ 1 Pourier coefficiemts ¢ ..., ¢, (but that means
1
and C-n -+ € o) the functions of T and ———%—:y they coincide.
¢ l%(e'“)l

Consequently,

DJ(“DnI-’z)goang)o s<n.

By using leazas 8, 9 let us find with the help of the

last/latter equality that for all s > n
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Dy (onl™ oy Lalioal™ _
G(lonl™d™' G(loal™""

_\n‘ i (19n|™% -2y _ Blin -
—"I-‘lnDu.(l‘vnl_z)+II]DO(W"1) (n+DInG (g, ")

X {‘wv(on' n-1 pAL UK
4 e e
=Ying—==-Yin| 1 -2—— ] (429
k=0 Nigu(fr  #=0 Slev@f
0 0
Page 194,
ey O
Purther, set/assusing ' =g 1let us have

}‘;‘ I oy (0) *

n
X lev(0) ]2

Y 2
= In l—%—'———— = ‘—";—<a+,1u<
E|‘Pv(0):’ Lt
0
3 XN‘V(O)"
a 0
< [ =8 <02—l‘a(6) |i~ -C'ﬂ.

vhere through C;hare and belov are designated constant. Hence

S . -




poc = 77182310 PAGE —0
30

from (4.22) follows the inequality

D;(l - _2) ¢, n-‘l ~
s G(I‘Pnr'zl)“' ST 2‘ .\.: ley ()P

%} [ @y (0) |2 k=0 v =k

Ll

<|——(—,—)_, Ve O P=C, Y vig, 0P

Ve |

On lemma 11 then and

2 oo
<G Nvie OR  (4.23

Ve |

[OAC)8
o, (2)

I

On the strenjth of equality (8.16) of lemma 8 jimq)(2)=

1z|l<1

|
m it is
evenly in any cir:le]z]( r < 1. Together with amalytic functioms ¢)(2)
in this circle evanly converge to (?%BJ' also derivatives (9,(2)).
Therefore, by passing in inequality (8.23) to limit with n —> e, we

will obtain on the basis of Fatu's leamma that

HE

Is expressed now integral on the left side (4.28) through

LA c:.),vx wWOF  (4.20)

Pourier coefficients the summarized functiom Ing, (e).

Let as note first that the function Ing,(¢") represents boundary

value on citcunfetence,z's 1 function 1n g4 (%), analytical in region

|z|< 1 (external function g, (z) does not have as zeros in circle':'(
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1) . Therefore the expansion of Pourier function Ing, (¢’") contains only
nonnegative degress ¢*. Analogously Pourier series fuactioa Ing (™
contains only noapositive degrees ¢’ Purthersore,

Ing, (€™ +Ing (e =Ina(d).

Page 195.

Consequently, Fourier coefficients functiom Ing,(¢") coincide with the

appropriate Fourier coefficients fumctioa 1la a (), i.e.,

aa‘
ing(e™)~ % a0+ Y aett,

s=1

By passing t> the calculation of integral in (4.24), let us note

first that vith|z|¢ £ < 1

oo

=(ngi@)) =Y S saz=l.

s-l

I
£_,
& (

Therefore

,2
o sn,p-‘"e’““” i d\ =

r N
do = J.pdp f v
0 . - | s=|

e
lll (2)

=2n>_‘s’|a,l’j p""dpr—ngslaslzr"—»n Es[a,l’.

s=1 0 sw=1 s=1

Hence and from inaquality (4.24) follows the assertion of the

theoren:

Y isllaP<oo.

- R
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Theorem 8 is completely demonstrated. ]

§5. Condition of absolute regularity. Processes with continuous time.

In the case of processes with continuous time we in state to
demonstrate only the wveaker (than theorem 8) result, analagous to

leema 6, toward formulation of which we now will begin.

Let & (t) be a stationary process with continuous time.
Absolutely regular process is regular, so that without loss of
generality it is possible to assume that the process & (t) has
spectral densitiess £ (A\) and that £ ()\) =,g (x)’t. vhere g=d%? in the

upper half-plane.

Page 196.

Let us designate by ¢,(u) the Pourier transforam functions %%%T%ﬁ?

'i ' /gghOOtCl 9. Statiomary Gauwssian process & (t) is absolutely regular in

that and only that case, if it is regular for amy T ) 0:

; -7
HD=iim [ lulle,(u)Pdu<oo. 6.1)

Al st s i M i . st e e
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Proof in many respects is analogous with the proof of leama 6.
Let us be based as before on theorem 4. In accordance with this
theorem it suffices to establish that imeguality I (T) < = is
equivalent to operator's nuclearity B;. As in §4, will somevhat more
conveniently to examine rassmatriat® the operators B7, unitary
equivalent to the operators 3,. If we, as in §4, do not vary
designations with the standard isometric representation H (-=, =) in
L (P), then

Bf =P+ Ps 1,

vhere 7; — is a prajector in L (P) on Lr ~(F). &5 — projector in L (P)
on Li~o(F). It suffices to consider operator 057 as operator from

in Lig (F) 8 L «=(F).

Analogous wvith lemma 2 chapters II are proven the following

equalities:

Pr=g""Nfg, P7=g"lig, (5.2)

vhere to this once [l - projector in 97(— o, o)0On e*7g? Ilg — pro jector

in 97(- o, 0) om &7,

Let us demonstrate the need for the conditions of theorem. Let

us introduce the functioas

§ ‘lxl 0
e,(A;e)-f,(A)-e,-c“( TR x=20.

e kbt cstiis
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It is obviouws, ¢, = Lw ~(F).flecall that in accordance with results §2

. euu =
chapter II Ly, «(F)=—— )
Page 197.

Lessa 12. Imtegralss,= [ (Bre, c),dx<xin that and only that case,
~T T

1ff|uHc,00Pdu<gqnoroovot.

-0

-t
Sp = J’ (lal=T)le,(u)*du. (5.3)

Proof. On the basis of formulas (5.2) for x, y > T

(q;elv ey)f - (fo-ex. e,), =

Iy ial¥
TR s g' (A) le”.! ) H(A) ie iy i
-.J.“" (g(h) i+er/ g i+er dA

Further,

e'"re, (u—y)dy,

E —2 o
4 . ':M) il:-:A = J-e‘"‘c,(u—x) du,
J?’

My -5— T S Ie"*c.(u—x)du.

e T P —— N -
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Consequently, for x, vy > T

0
(Bfewe)p= f ce (= x) ¢, (u~ y). (5.4)

Specifically, if x > T

-x
(Bt ey, ex)r = J' | e (1) Pdu, (5.5)
-

and, which means,

[ (Btes ededx=[dx [|c,(u)Pdu. (5.6)
T o T -0

B N S
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Page 198.

If integrals in (5.6) are final, function C (x) = fICJu)FdN is
integrated, but tais function is monotonic, and therefore ! with xr— .

C(x)=o(x™").

FOOTNOTE &, Let ( (x>0 C(x), and IC(ﬂdw(w- With large x
i

X

cuo<%—f6(mdy-vu"W
X2
ENDFOOTNOTE.

. Therefore, by integrating integral in ths right side
of equality (5.6) in parts, let us find

3
%0 -x

- L 4
[de [lePdu==TC @M+ ulec,(—u)Pdu=
1:.

T - ;

-7
= [Qul=T)lcy(w) P du.

Conversely, if descends integral in the right side of equality
(5.3), then
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C)< oy [ 1ulle@rdu=o (),

and in (5.6) again it is possible to integrate in parts. Leamma is

demonstrated.

Thus, let pracess & (t) is absolutely regular. Accoriing to
theorem 4 this means that will be located the number v, with 0 < r <
=, such, that the operator B: is a completely continuous operator

with the final trace.
Page 199,

Let ¢;(A\)=¢;— be operator's personal (calibrated) vectors p/ a i

corresponding to them eigenvalues. With all ¢>0 x>«

B (Ble, ee= S|, (BT0. 0y, = S B, 6.7) o

vhere f,(x)= (e., 9)r- Since J

elkt

functions ¢, can be registered in the form ¢/ = , ¥ €7, go that

: > elh(x—r)‘m—)
By () = (ew @)r =i | —rp dh,

-

£ T RIE i |
f‘p’(x)lzdx-.]’l-:-e’hfdk Hl+ekr

. - - . it it s it ol i B b st Wb s Wttt . N 4l i




poc = 77182310 PAGE 327
2/

Hence and from (5.7) follows the inequality q

\ g [?
[ <ses "*”“*"%"l“m“ﬁ ,

v
T

1 . N
< Ywla =N u=spBl.
i

: |
| 3 Oon leamsa 12

_.‘ oo
lim fuul—r)uc,(u)[?du-ﬁﬁ [(Btes exdp dx<<Sp Bi.
e>»0 ! e-»o;

Ltet us place T = 2y, The last/latter inequality means that

-T -1
im [ Julle, ()P du<iim?2 JGui=ole, @ Pdu<
c-bo_. e->0 4

<SpBi <. (5.8)

I e i -
N SuE————
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The need for the conditions of theorem is demonstrated.

Page 200.

Let us demonstrate their sufficiency. We should construct any

orthonormalized base (¢{8 Lo ~)(/) amd to demonstrate that a series

‘¥(§?w.uﬁrdo.cenas. The sus of this series vill be equal td> operator's

trace ! Br.

FOOTNOTE %, See [5)], page 55; let us note that

operators. ENDFOOTNOTE.

As this base we will select for the function

ajy (}) __l_ | .l.i’
“AMFe“igu)' a; () VI1+L(1+A)'
: j=0,1,...
Lemsa 13. Punctionsq,(A), j=0, |, ....forn hollow

i L = (F).

b sl s s B g it el s . st s,

S ———

Bf - the positive

orthonormal systena

T T ————
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Proof. Is sufficient to consider case of T = 0. Sincelo «(F)=L*(F)=
é«aﬂisee §2 chaptar II), it is to demonstrate that the fuactioas q,())

foras full/total/complete orthonormal system im &2

Let for certainty k % 4, then 2

L (2) | | i— A \k=!
(@, a)) “IJT:JT(T::) @.

FOOTNOTE 2. Recall that (¢ ¥)'? {imdicates the scalar prodact in

hilbert space .7’ (—», =)= 9. BEDPOOTNOTE.

Integrand in this integral is analytical in the upper half-plane,
with the exception of pole at point i. The deduction of integrand at
this point is equal to 0, if k-1 > 0, and 1/2i, if k-1 = 0.

Consequently,

A
((l., dl) - 6“.

The orthonormality of system a;, /=0. 1 ..., and with it and systemq, j=0. I,

..., is establish/installed.

It remained to check the completeness of systeam a, /=0 1,.... fiadt2

Let oM =gedt’. te is necessary to demonstrate that as soon as (¢, «,)?=0

s = l“%“[: e oy g 4 e ey e e o
. A g ot i s . Sttt it B -
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for all § =0, 1, ..., then ¢ (\) = oO.
Page 201.

The functiom ¢’ is the boundary value of function ¢ (z), z = A +

ip, analytical in wpper half-plane y > 0 and such, that

oo

sup ' [@ A+ ip) PdA < oo,
" =

-0

Therefore the integral

oo

‘- ‘P(_lg) l-l_/—(T) dhr = (g, al)m

can be computed with the help of calculus of residues; integrand has
in the upper half-plane the only pole of order j + 1 at point z = i.

Consequently, for all j = 0, 1, ... they occur of the equality

2';1—. _1y#! d/ Lol =
—T—( 1) —J;w(z)(z {- i) = (.

[omamar=2! "

Examining these ejualities comsecutively for § = 0, 1, ccco Ve will

obtain that all derivatives¢/ (), j=0 i,....analytic functions ¢ (z) are
equal to zero. Therefore ¢ (2) = O, ¢ (A) = O. Leamma is
demonstrated.

Let as pass to the calculation of sumY (B!q, a), L8t us dasignate
]

by A/(x) the transfors the Pourier fumctiom , (A:

aA)= Tr;ri-r f e A, (x) dx.
0

S e L —

himi
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Ca) iraga) M
Let, further, u,,(k)=lm=—l—ﬁr’ﬂ;“)'.‘rh.l on the strength of (5.6)

20

" (B;l’n n Pxn) Aj(x) A dxdy =

=

(BY aje, wje)p = |
00
0 I o 2

= ( du i] Celu—x—v)A;(x)dy .
o I

- o0

Page 202.

Relying on lemama 13, it is not difficult to shovw that the
functions A;(v) fora the full/total/complete orthonormal set im .7?(0, o).
Actually, the Pourier transform of functions from J/> is converted
into gzero on half-line (-=, 0) (neq) on the contrary, any function
from .Z%(0, ), if it are defined by zero on half-line (-=-, 0), can be
considered as the Pourier transform of functioms ¢’ (actually, this
assertion is a known theorem of Peli - Weiner). Comsequently,
operator Us: &2 .72(0, o), comparing each function from &%’ {its
Pourier tramsform, it realizes isometric conformity betweenm Jt?and -Z7(0, ).
Specifically, since (¢;) there is the full/total/complete orthonorsal

set in J°, fuaction A, form the full/total/complete orthinormal set
i- .?’(0| m) ..

e

o ’ . o siain
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POOTNOTE t. It is not difficult to count, that 4/ (N =c¢""1;(27). wherel(:)=

/ v
-:ﬂ;y“;” there is Laguerre®s j polynomial (see [24)). BEDPOOTNOTE.

Ve

Let us exasine fumctiomc, (u—x-T)with fixed/recorded u, T as

cell/element of space .Y7(0, ©). Let us registerc.(«—v—7)in the foram

Ce(t—x—-T)= ’2(,‘\:, (1) A; (x),
vhere

v = [colw=x=T1) 4 (x)dx

0
also, with all u

o o u—-T

Yiv@t=[ic@=—x=TFde= [ |c,(0)Pdo.

=0 0 | ~- 00

Page 203.

Consequently, with all e>0

B Y Sl TR
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3/8

- - - »
E(Br“lu 0:.):--2 fdu fc‘.(u—x—t) Aj(x)dx| =
=0 [=0 —co (]
n‘ 0. 0 n-T
=f\“ [Iv@eda= [ [ ic @) do=
=( —o0 -00 =00 3
-T x

~F
-'f dxzflc.(u)l’du- (lul=T)|c, (u)Pdu.

o

By set/assuning ¢e—0,1let us find that with all n

Eo (Bray, a)p ".“_."; E(Br“/u 0e)p =

n ~ . o0
e I_i_l_'llzo (Braje, 010) p < lim x (Braje, a;0)p =

e»0 /= €0 jmO
-7

=lim [ (lul=T)les(u) P du.

€30 0

Therefore and
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o -T
SpBr-X(Bra,. al)rg-'li_:% J- (lul=T)lce(u) Pdu<<

1=0

=p
<iim [ 1ulie, () pPdu<co. (5.9)

Theorem is demonstrated.

Observation. If we compare inequalities {5.8) and (5.9), it is
not difficult to comprehend that in reality for all T there is,

-T
infinite possible, a limit |im jiullcu(u)l’d" and that

Lg M

; ~T
SpBr=lim [ (lul=T1)lc, () Pdu.
8-00_-




