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U . S. BOARD ON GEOGRAPHIC NAMES TRANSLITERATION SYSTEM

Block Italic Transliteration Block Italic Transliteration

A a  A a A , a P p  p p R , r

b 6  £ 6  B, b C c  C c  S, s
B B B a V , V I T T m T, t.
r r  r , G , g  Y y  y y U, u

~ fl ö D, d F, I
E e B a Ye , ye; E , e* X x x x Kh , kh

~R ~c Zh , ~h U U Ts, ts

3~~ 3 ,  Z , z ~~~~~ ij ’ ~ 
Ch , ch

k l H  H ”  I, i W w  LII 1~s Sh, sh

fl a Y , y [4 u~ LI! ~q Shch , shch
H ~ K x K , k b i~
~ i 11 fl A L , 1 Y , y

M M  M , m b e
H H H H N , n 3 a .9 , E , e
D o  O o  O , o hJ~~o Yu , y u

( T n  P , p  R i  Ya,ya

*~~~ i n i t i a l l y, a f t e r  vowels , and a f t e r  ~~~ , b~ e elsewhere .
When written as ë in Russian , transliterate as ye or ë.

RUSSIAN AND EN GLI SH TRIGONOMETR IC FUNCTIONS

Russian English Russian English Russian English

sin sin sh sinh arc sh sinh~~
cos cos ch cosh arc ch cosh 1
tg tan th tanh arc th tanh_1
ctg cot cth coth arc cth coth_1
sec sec sch sech arc sch sech 1
cosec csc csch csch arc csch csch

Russian English

rot curl
ig log
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Page 2.

In the book are examined some urgent problem s of the theory of

the ran d om procesees, in development of which a great role is played

by the Works of a~ith or s  themselves. It is calculated first of all to

the specialist s in the probability theory , but its many sections they

are of interest f r  the theory of complex variable fun cti3ns and a

functional analysis. Some sections of a book directly concern

important app1 ie~ proble ms of the type of the “ isolation /liberation

of signal against ~he background of rando m noise”, etc.

~~ ‘~ — . • ~ v i  n~~.

Page 5.

PR ~P A CE

book is ledicated in essence to the following three problems

whic h are exasinel by us in the case of Gaussian stati3nary

processes. first, this explanation of the condition s of the mutual

absolu te con tinu ity (equivalency) of the different prob ability

distribution s of the “segment of random process ” and the

• . determination Df efficient formulas for the densities of equivalent

distributions. In the second place , the ~escription of the classes of

_ _ _ _ _  - - -- - -
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the spectral measures , which correspond in this or another sense to

regular stat ionary processes (specifically, that satisfy the known

cond ition of “ po we rfu l  mixing ”), and also the sub—classes , which

corresponi that or to another “speed of mixing ”. Thirdly, th is

evaluatio n of th , unknown average value of the random pro cess, linus

of this av erag e , w hic h is stati onary , i .e., figurat ively speaking,

the problem of the “ isolation/liberation of signa l against the

backg rouni of steady noise ”. Fur thermore, in the book a r e stated some
r 

* 

auxiliary information (distribution in hu bert spaces, different

propertien of sam p le d istribution functions, a series of the t heorems

of t!te theory of the  complex variable functions , et c . ) .

The problem about the equivalency of different

inf in i te— ~Iim ens iona l Gaussian distribut ions , beginning approximately

from 1958 , in t ens ? ly  studied by many mathematicians ( sys temat ic

presentation of the  basic results can be foun d , for example , in

monograph [2 3 ] ) . In th e book consecutively is e xamin ed th e case of

Ga ussian s ta t ionary processes , in which , as we set/assume , it was

possible to obta i n the suff ic ient ly  f inal  solution.

Page 6.

The seconi of the problems indicated closely relatel with the

questions of the ergodic theory of Gaussian dynamic systems , with the

____________ —5- 5. - — ‘5- ..-.- — . . —5—— —5.--—-- —- - 5-——..— -5~~~.—- — —. 5—
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• theory of forecasting stationary processes and concerns (from

probabilistic point of view) the conditions of the weak inpendence of

“future” process on its “past” whose use led to so fruitful a theory

of limit theorems for dependent variables (for example, see (lii i,
- k~~c~t 2 2J ) ;  by the most widely know n condition of such w.-~~..~ ’ih.r—-. is

the so—cal led coniition of “powerful mixing”. The problems , wh ich

appear in the exacination of the varied conditions of regularity, in

the Gaussian case are reduced to the peculiar approxi .ating problems

of linear spectral theory. The research in this direction led to the

almost final solution to problem. In the book will be fed the result

of these research.

Finally, the problem of the evaluation of average is, possibly .

oldest ani most popular in mathematica l statistics. There are two

• know n approaches t o  t h e  solution to t h i s  problem. Spec i f i ca l ly , ,  by

knowing the spectral density of steady noise, it is possib le to

construct the best unbiased estimates; otherwise it is possible to

• resort to the met h od of least squares.

We propose one  general  class of the  est imations, n a m e d
r 

“pseudobest”, which includ es and the classical estimation s of least

squares, an d the best unbiased estimates. For such “pseudobest”

estimation s are ;iven explicit expressions, are located the

conditions of justifiability, are derive/concluded asymptotic

~~~~~~~~~~~~~I~ 1 - —-.-5 — __ - S - 5— -
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formulas for a correlation error matrix , are establish/installed the

conditions of asymptot ic efficiency.

One should say that the results which concern the conditions of

• regularity and evaluation of average, are formulated in spectral

terms and automatically are transferred (within the framework of

“linear theory ”) by arbitrary stationary in the broad sense

processes.

In conclusion we communicate that the number ing of formulas,

theorems and so forth its in each chapter . For exampl e, (4.21) it

indicates formula 21 of §4 current chapters. For reader ’s convenience

in text frequently are given the references to known textbooks and

monographs (as exception/elimination — the review papers) whose copy

is given at the end of the book.

-5  - -  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 5: - — —5- - -
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Page 7.

Chapter 1

I$TRODUCTIOW . SOME PRELIMINARY INFORMATION.

~1. Gaussian probability d istributions in Euclidian space.

Probability listribution ~ in I—dimensional vector spec. .1?”

is called Ga ussimi , if the characterist ic fmnctiom

ç (u) — $ e’ ~~ x) P (dx) , U E R~

er. (u, X)~~~~~ UkX~E tadicat.. the bared vector prod uc t u ’(u 1, ..., u,,) and

x— (x u, .... x~
)) tak.s the form

,(u) a. exp { i (u , a)— ~ - (Bu, u)} .  u~~ RA, (L I)

where a— (a,. . •  .~~ 
a~)~~ R’ — the so—called average value, R is a linear

poMtiv. operato r , call.d correlation operator; his a s s ign ing  r

matrix/die (Ba,) ii called correlation aatrix~die. In this case

______ S .— -  . . - - .. . — S.

- - -- . —-—--- --.————. •---- — • - — - . -S- • .- - •-•. -~~._ -  - - — - 5 .  -.5 — -  - - -— --5 . --—- -. 5 . - -
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(u , a ) — f (u , x) P (dx) ,

(Ru, v) — f ftu , x) — (u, a) J [ (u , x) — (v , a)J P (dx); (1.2)

~ R~.

Page B.

Probability listribution P with the average value ~f a and the

correlation operator B is Co ceatrated in the i—dimensional

hyp erp lane  L of space R’ (m—r ank of the  correlation ma tr ix/ d i e ) ,
wh ich can be descr ibed as

* L — a ( - B R~

(L is a set of all vectors y~~ R form y- ~ a + Dx , x E RA) .

Specifically,

P(R1 \ t ) 0 ,

whereu pon probability distribution 
~ is absolutely con tinuous

relative to Lebesgue measure dy in hyperplane L:

p
~r~ f p(y) dy, (‘.3)

rnL 
•

where the density of d istribatjom p(y), y~~L, h.. the form

i_ -I.- i - :  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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p (y) 
~~~~~~~~~~~~~~~ 

exp — -
~
- (A~ (g 

— a), (y 
— a))  (1.4)

(here det B indicates the determinant of th. matrix/die, w hich

assigns operator B in subspace R” — BR 1, and B~ t is an operator in this

subspace, reverse to B).

~2. Gaussian raniom funct ions. Assignment ot probability mea sure.

Let (g, ~A, P) be certain probability space, i.e. , the

measurable space of csll/•lsUent* ~~~~ with probability mea sure P
in certain .—algebra ~t sets A~~ Q.

The real measurable function ~ = E (~
) on space 0 is called

• random variable. The set of random variables ~ (t) = ~ (h,, t)

(parameter t passes certain multttmde T) is called the random

function of the parameter t E T .  Random variables themselves ~ (t)

are called the values of this random function E = ~ (t): with that

which was fix/recorded ~~~~~~ 
• is real functions ~ 

(.
~, •) = E (Q, t)

of I~~ T is called sampl. distribution function or the trajector y

of read.. fmmctioa ~ = ~ (t) .

~~~~TT. . . 
~~~~~~

-
.- . - --5- — 5.. --- . . . ~~~~
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Page 9.

Let us consiier certain space I of the real functions x ~ x (t)

of t~~~T , in which enter all trajectories ~ — 
~ (.e, t), l E T,

random funct ion ~ = ~ (t) (for exa mple, this property possesses space
X — R’ j
—y 111 re al fun ct ion s x = x (t) , t~~T).L.t us 4.signate ~ mi nim um

—algebra of the sets of function space I, which contains all

cylindrica l multitudes of this apace, i.e., the set of the form

. 
- [~(t~), ..~~ x( t ~) ]eF (2.1)

(the set indicated (2. 1) it consists of t hose funct ions  x = x (t),

for which the velies ( x ( 1 1), ..., x( l .)l in the  underMken poi nts
LLL...y,:_~ ;T .iqn th. vector , which bel ongs to borel ~~t c

N—dimens iona l  vector space Re) . The representation ~~ * ~ (ii) , wi th

wh ich each ~~EU answers the corresponding sample d i s t r i b u t i o n

fu nction ~ (w, •) — f (., t) of ~~~~ — the cel l/element of space

I, it is t h e  measirab le  repr.s..tation from probability space (Q~~~~P)

in to  t h e  measurable space (X ,~~ ) . Sets AE ’~ form A~~ (~ E B)  — the

prototypes of set s B E ? 3  with the representation imdicat.d ~— ~

(v, •) — in sot is formed i—algebra .  This i—algebra ~~‘ ii aLu mna

a mong .—alq.bra of the sets, which contain all. lt i tmdes of the form

j~(I~), - . ., ~(tA )J E F’ (2.2~

( the set in d i cat s i  consists of those cell/elemeat a ~ EQ, for which

. . : i :~~~~~~i ..i:_.~~i~
__
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va lue tI(w, ti), ...~~ “a assign the  vector , which belongs to borel

set r ~~.diaensi~~~ai vector space Ri). or as otherwise t h e y  speak .

—.lg.bra ~
1i it is generated by values ~ (t) , t~~ t. fh~

probabilit y measure Pi’ deter•ined on i—algebra ~8 by the

relationship/ratio
• P~ (B) = P (

~ 
E B), B ~ ~~~, (2.3)

is called the probability distribution of random function ~ = ~ (t)

(in the appropriate function space X).

Page 10.

Let us turn to the question concernin g that , when the assigned

family of real values E (t) = E (‘.a, t) on space 2 (parameter t passes

set 1’) it is random function with the assigned probability Pt,

distribution P more precise, when exists the probability measure

in space 2, connected with specified distribution P1 by

relat ionship/rat io  (2. 3) . In this case it is assum d that the set E

(2) all sample distribution functions ~ (w , •) — I (w, t) of L E T

belongs to space I.

It is easy t) see that this probability measure 
~ 

exists when

and only when set 1 (2) has full/total/~~mplete external measure,

i.e.,
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P 1(B) — I with B~~~ (Q) (2.4)

- • 
for any measurable multitude B E X .

Actually, if P1 is a ptobability distribstioa of riadom

function I I (t), then for any multitud e ~~~ which lies ~t

addit ion to set 1 (2), the prototy pe ~~~~~~ is void set and

- 

Pt (Th—PftE~ }—O .

On the  other bead , for any multitude. B1, B2 E~~, which have one and

the same prototype: ( BI}~~(~EB,1!syssetrical difference BI’82~82) U (B2 B~)
- —

~4Iiitir~
- -ta addition to set e (0), and under condition (2.$)

P1(B1 OB 2) ’ O , P1
1
(B1) ’.P1(B2).

- • Therefore the relationship/ratio

P (~ 
E B) — P1 (B), . B E 

~~~, (2.5)

determines single—valued fenc t ion P — P ( A)  in .—algs~~a ~~ all

multitudes of for m A — ( ~E B), BE ~~. g.iera ted valmes I (t), gE T. It

is obvious, ~ to eat a probability measure and I = I (t) — random

funct ion on probability space (g, !, P) with the assigned probabilit y

distr ibution P1.

I

L i_  — —-— — - ---- -—-
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Page 11.
r

The probability measure P in s—algebra ~~ generated values I

(t) , ~(f ) ,  t~~ T, una .biguously is defined by finite—dimensiona l

distributions ~~~~~ . - .. . ~~ each of which is the Borel aeasur e in the

appropriate N-dimensional vector space RA , defined as

P. ,(F) — P ([ ~(t ) , . . ., ~~~(t~~ )J ~~~~ F’) (2.6)

...,

‘~ i. the probability distribution of random vecto~~~—~ 
_-~~~~~~~~

Specifically,

(2.7)

where lower bound is taken on all multitu des Ak f orm ( 2 . 2 ) .  in  set

• that which cover .etAEL specifically, this is related also to

probability distribution Pt in the appropriate function space I — to

probability measure in s—algebra ~ generated by the iirectly

assigned magnitu des I (t) = I (z, t) on space X, i.e., by the values

of the for m
~(t , x ) = x ( l) ,  x~~ X (2.8)

-
~ (where fixed/recorded for each functional I (x , t) — x (t) of XEX

- : parameter t passes set T).
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Let as designa te F ’X R~~~~~
’” bore. sot in the $—dimensional space of

vectors Ix (t i). ..., x U, 1)I muck, what (x (11 1) , ... X( 1~m) 1EF ’ (1’ — b etel sot in

.—dimensional subspace Rm~~ R~), and remai ning coordinates x(/~) are

arbitrary. The f in  ite—dimensiosal distributions are matched in the
r

sense that

.~rx  R~’— )—P, ,, (F) (2.9)

for all multitudes of the type indicated.

Let X - R ~ be space of all real  functions x = x ( t ) , g E T . .

According to kolnogorow ’s known theorem I any matched fami ly of

dist r ibutions ~~ ‘~ assigns on the al gebra of all cyl indrica l

mul t i tudes  (2.1) :ontinuous addit ive funct ion f~ (determined by the

f ormula (2.6),  in whi ch figure the directly assigned magni tudes  of

f orm (2 .8) ) .

FOOTNOTE I. See (
~~~
, page 150. ERDFOOT N OTE.

Page 12.

I

5-
~ _~ _ -~~ 
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This function unambiguously is continued into probability measure

in s—algebra ~~~. The directly assigned random function 1 1 (t) with
- 

the valnes I (t indicated) = I (x , t) on probability specs (X, 
~~~, P)

has the f ini te-dimensional  distributions, which coincide wit h the

initial matched distributions P. ~. ..,

Bein; transmitted of probability distribution P—P1 in

• fu nction space I, under condition (2.~) it is possible to deternine
- (see formu la (2.5)) the probabilistic faith in the appropriate space

Q.

- 
Random functions I = I (t3 and I = I (t) wit h values on just one

- probab ility spac. are called equivalent , if wi th  proba bili ty 1 (for

• almost all WE Q)
- ~ (co, t)~~.I (e, 1)

with each fix/recorded LET . irs obvious, f ini t e—dimensional  are

obvious, the finite—dimensio nal distributions of equivalent random

functions coincide. iy passing to equivalent random function I = I

- (t) with trajector ies in this or another function space I, it is

possible to determine (see formula (2.3)) probability measure, also,

in this space.

Random variables are called Gaussian, if Gaussian are their

-

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

--
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finite—dimensional distr ibutions.  Is more precise (when wi th  certain

parametrization vs are dealing with rando m function I I (t) of

-

. parameter gET), value I (t) = I (ii., t) and function itself I = I
- (t) are called Gaussian, if Gaussian are all the finite—dime nsional

d istribetion s P. 
~ Gaussian is called probability measure F in

s-algebra ‘~%~ generated all values I (t).

Each of the finite—dim ensional distribution. PS ~ Gaussian

random functions 1 — 1 (t) has the average value Ia (I ,), . . .,  a(t,,)J and

correlation matrix/die {B(th,. 1,)), where a (t), L E T , — average value

of random function 1 2 
~ (t). and $ Is. t), s• L E T , it is

• correlation fu nct ions ~:

B (s, 1) — M F~ (s) 
— a (s)) j~ (1) — a (I)), s, t E T. (2.10)

• FOOTNOTE 2• III indica t es the mathematical expectation of rando m
-
• variable 1 = 1 (w) on probabili ty space

• FIDFOOTNO?!.

• Page 13.

Thus , the Gaussian measure P in s—algebra ~
1i inambiguou sly is

—5- .— _•~
5- 

~. — - - - - 5 .

- - - — — - - a44.
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-• 
determine d by its b y the average value of a (t) • LE T , and by the

correlation funct i on B (s, t ) ,  5, lE T.

The average value  a (t) , L E T ,  can be a rb i t ra ry ,  and  the

correlation funct ion B (S, t ) ,  a, L E T , satisfies only the

condition of the positive definition:

± C~ClB(I~, I~)~~ O (2.1 1)
~~‘ 

1_ I

for any • . .~~ 
L,,E T  and real C1, ..., C,1.

For any functio ns a (t) , L E T ,  and by positively de te rmined  B

(a , t), ~, 
LET , there is Gaussian rando . funct ion wi th  the  average

value of a (t) , 
~~~~~~~~~~ 

and by the correlation function B (a , t), a,
IET.J• ‘—v ’S~icifical1y, the Gaussian distri butions ~~ 1 . - •  

~N with the average

values f a (I ~) , . ..,  a(t ,jJ and correlation matrix /d ies (B (1 1 l j )}  are

matched and is assigned Gaussian measure P in space X R T 
all

real funct ions x = x (t) of LE T , determined in s—algebra ~ -91~,

whic h is generated by the directly assi~~ed magnitudes I (t) I (z ,

t) on K of form (2.8) (par ameter t passes set T).

~3. Some lemmas about the conver gence of Gaussian values.

- . 5 . 5 
- — •

- - 5-— ---5--- —5- -~~~~~~~~~~~~~~
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Let, ~, ‘L(co), a 1. 2, ... , certain sequence of ran d om variab les

on probabili ty space (Q, 
~~~, P).

Page 11$.

Sequence L~ a — 1, 2, ... , it is called that which is con verging on

• probability on set AE tI to c r tai n value I I (ii) , if for any

Iim P (( I~ ,1—~~ > s) f l A ) — 0. (3.1)
It + —

Recall  t hat  t h e  sequence i,,, a = 1, 2 , .. ., descen ds on

probabilit y when an d  only when it is fundamental ~, i.e., on the same

mul t i tude A descends on probability to 0 sequence ~~~~~~~~~~~~~ a, m =

1, 2,: .

FOOTNOTE ‘ . See, for example, (8), page 90. ENDFOOTNOTE.

Lemma 1. If t he  sequence of Gaussian values ~ s’ a 1 , 2. ... ,

descend on probability on certain multitude AE~ positive measure

(P(A)>O), then it it converge in mean:

- -~~~~~~~- -~~~~~~ 
.
~~~ -- - -5- -— -

— —— ---- ----—- --—-- -— - —-— 
—-~~~~~-- — -- 5— - - —5 -5- - - - — 

-
~~~~

-- - -- -5— 
— 5 —

5-
-
- -

--
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• 
- IIt ~ M(~,,—~J’ — o . -

~ (3.2)
• A +

Proof. Let us con sider Gaussian values ~ nm~~~~~~~~~ nv For any
e > 0

P(fA~,.I >e}_2f __ ! ex~{_ (x_
~~mP}dX,2n~ ,,,,,

wher. a, 1,~~Mti ,m a~m =M (A im _a,.,,J2. Let us assume that the sequence b,,, a —

1, 2, ... , not con v erge in mean, which is equivalent to the condition

G~ (a~~ -~- aL)>o.
n. m-~~.

It is easy t~ see that under this condition for certain positive
I

ii~i P( ,,,,j>e)~~t 1 — p / 2 ,
n. m.+

-‘ where p — P ( A ) >O. But then

ii; P (( ~~,,_~>a) f lA) >p/ 2
Is. In•+_ /

which contradicts condition (3.1).

Page 15.

Therefore

. H r n M
~~L

... Hrn (a~_ +o~~)— 0,

/
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i.e. sequence t~ , a — 1, 2, ... , is fun d amen tal on the avera ge an d,
therefore, it converge in mean , Q. F. D.

Speci fically, if th. sequence of Gaussian values b,,, a — 1, 2 ,

... , desce nd with positiv, probability (i.e. descends for all v from
certain mu ltitude A E 9 1  positive measure), then it it converge in
mean.

Let us consi d er the sequence of in depen dent Gaussian values ~.,

n = 1, 2 ,e . ~

Lemma 2. A series descend . with positive probability

when and on ly  when descends a series

Proof. It is obvious,

amd t herefore fros con vergence of series ,_
~~~~~~~ 

it fo l lows  tha t

value t ,~1L
(.) is f inal for almost all 

~EQ 
i.e., a series

descends wit h probability 1. Let now a ser ies ~~ descend with

positive pro babil i ty  (on the strength of know n law zero or of one ~
it descends with probabil i ty 1).

- . 
______ _________ __________ — . ~~~~~ .——. - - -- _____________ —

5- 5 _ - - -
~~~~~~~~~~~~~~~ 

T _
_ 

- 
-
~~~~~~~~~
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FOOTNOTE I. See, fo r  ex ample , [8], page 157. END ?OOTNO ?E.

Then seque mce L a — 1, 2 , .. ., conver ge to 0 on the avsr agez M~~— o
wi th  a -— • (see lemma 1).

Page 16.

Let us assume ~~~~~~ a~,- M(~~~ a.)2. Them

a~ + a~ — M (~ )‘+ f ~ 
~~~~~~~~~ 

exp (— (x_ a ,,) 1 } dx,
lit> , 

-

where randos variables ~~~~~~~~ are def ia d as

I~~~~l ,
— ~~~~~ I~ *I> ~~•

With a~+a~-4O we have

x’ exp I — 
(x 

~ } 
dx — o (a~ +

1~ 
so that

Accord laq to the well  known theorem about thre. series t for  the
conver,ence (with probabil ity 1) of a ser ies 

~~ 
free independent

variable. %~. n • 1, 2, ... , it is necessary that

-

- . - - • - ~~~~~~~~~~~~~ . 5 - . ---- - - ‘ - - -5  — • . -

——5-— 5 , . -— -- ~~-~~-5- _5_ __~~~~~~~~~~ _5_-5___ 5
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-• 
FOOTNOTE 1~ See, for  example , (8), page 166. EWDP OOT ISOTE .

- But M (t a~+U~. and therefore from convergence of series ,1~~~~

- follows that

~~~~. Gaussian values in Hu bert space.

Random va r iab l e  I in Fuclidian n—dimensional  space R~ is called

Gaussian, if Gaussian is its probabi l i ty  distr ibution.

The randos ~stiable ~ER~ is Gaussian when and only whe n with

etch U E R ~ Gaussian is the real value I (*s) = (U , I) (equal  to the

scalar product of cell/elements a, ~ER~).

Actually, yates at point U E R ~ characteristic funct ion 0 (a)

random var iable ~ER
” coincides with the value of the

characteristic funct ion of real random variable I (U) • (u, I) at

point 1 and takes the for m
- - ,(u) — Me’~’t1 — exp{i (u. a) — - ~-(Bu , u)~, u E R ~

~

--

~

- 
-
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(see formu la (1.1) , where (U, a) — the average value, a (B u , U) - the

di spersion of Gauss ian  value I (u) = (u , I )) .

— 

— Page 17.

It is obvious t ha t  the  random variable ~~~.R” is Gaussian when

and only shen Gaussia n is the random funct ion of form I ( u )  = (u , I)

of UE R ~.

Let U be the to ta l  separable Nilbert  space and I = I (w) —

function on probability space (U, ’~t , P)- wit h values in U. R a n d o m

element I Hu bert space fl it is called random variable in U, if the

scalar product (ii, I) wi th each u~
_ U is real random va riable ,

i.e. , a measurab le  func t ion  in probabi lit y space ~~~~~~

ftndom variable I in HUbert space U is called Gaussian , if wi th

each UE U Gaussian is the real random variable I (U) = (u , I) .

This is eiuiva l.nt to the fact t h a t  Gauss ian is the random function I

(a) = (u , I) of uE~~ since Gaussian will be not only the  separate

values ~ (a) • (ii , ~) ,  but also any vecto r value. t~~u i), •~~~,

--- -- 5------ - .5- 5-  -~ - - -5-- 
-~~~~~~~~~~~~~~~~~~~~

‘ - - 5 - - -  —. 5-- ----- 5- . _ .5--5-~~~~~~~~~~~~ •-----
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In fact , for any vector X — I A i . . . .  ~~ ‘n~ in I— dimensional vector

space RIs the scatar prod uct 
k~~ 

is

~~~~ 
— (± ~~~~ = (ii , ~),

where u~~~~~
2 kuk eU , and according to condi t ion value I (u)  • (u , I)

is Gaussian.

Is obvious, t h e  average va lue

a (u)=M (u ,~~), u~~~U,

random funct ion  I (u) = (u , I) ,  ~~ U, is linear f u n c t i o n a l, and the

correlation funct ion

B (u, v) M [(U, ~
) — a (u) 1 [(v , ~

) — a (v)]1 ii , v ~ U,

— by b i l inear  positive func t iona l  on h u bert  space U.

Page 18.

In t h i s  case , since w i t h  each fix/recorded ~~~~ the mcalar product

(a, I) is a cont inuous function of u~~~U, for Onessian fa nction I
(u) • (u , I) of u~~~U it meet occur and continu ity on the average

(see lemma 1) :
u r n  M [(u,~ )—( v ,~ )J’ — 0 (4.1)

lII—vlI..o



“ - - - - 5 - - - -  - _--- -- - -- - - -~~~~~

DOC 7718230 1 PAGE 1*”~ Z~

( 
~~~~ indicates the norm of cell/element u~~ U). 

Bet

M ((u, ~
) — (v , ~)J2~ a (u — v)’+ B(u —v , u — v)

and condition (v. 1)  indicates the c o n t i n u i t y  of f u n c t i o n a ls  a (u) and
H (u , v) .

As a n y  l inear comtinaous functional, the averag, value a (u) is
representable in the form

a(u)= (u, a)~ u~~U. (4.2~

The cell/element a ~ u, indicated which possesses those by property,

wh ich
(u, a)=f (u,~~(ø))P(dw) 

- 

(4.3)

wi th  all u E U , is called the average value ‘ random variable ~~~U.

FOOTNOT E ‘ . Apropos of the integrability of functions with values in

filbert space see, for exa.ple , (2 6 ) ,  page 59. ENDFOOTrI3TE .

As any bilinear positive continuous functional, the correlation

function B (u, v) is representable in the form
S

— - ---a ~~~~~~~~~~~~~~~~~~~~~~~~~ -—5-. — — - 5 - 5 -  - ‘ 
—---— -- 5 - 5 -~~~~~~~~~

_ 5-~~~~~~~ — -  ____



— ---5-5----.- - k— - - - - -

DOC = 77182301 PAGE

B (u~ v) — (Bu , v) , ‘
~~~ v ~ (4.4)

wh ere B is l inear positive corre latto . by operator.s .n. GiI~,e s4 
~ P3~~ 

a,
(I~teA. Cj, I-~p_ C. c - r ~~~~~~~~~,~~~ ~~ (~~ - _‘

_
~~

_i:_ (’.

Let us show that the correlation operator B is completely

continuous.

Actual ly ,  any orthonormalized sequence v1, V7 ... wea kly

conve r ge t o 0, so that at all o~~ Q Gaussian values L — ( o~, ~
), m •

1, 2, .. ., where ~=~ (@)~~ U, converge to 0 w i t h  n-—— . 1 ..

Page 19.

• Consequently (see lemma 1), they descend on the average, i.e.,

= (By ,1, v,1) —+0

(here and throughout we consider for simpl icity of notation that the

average va lue a~~~U is •gual to 0). If one assumes that the

operator B is not completely continuous, then outside certain

vicinity of zero it found the infinite number of points of the

spectrum (taking into account multiplicity) and, therefore, the

infinite num ber of invariant orthogonal subspaces, for each of

cell/elements of whic h

5---— —- -- --- 5----- - - - 
~~~~

5-

~~~~~~~~~~~~~~~~~~~~~~~ _ _~~~~~~ ~~~~~ ~~~~~~~~- -5--— --- —— -5- —— -5 -
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(Bu , u).—. f ).. d(E ,~u, u) 
~ u

— . RI>.

where B = f a .dE~ — the spectral representation of the continuous

symmet rica l operator B.

Fur ther , let us select the full/total/complete or th onormalized

basis from its own cell/elements v1, V7 ... this completely

continuous symmet r ica l positive operator B , which correspo nd to the

eigenvalues .l~~, •2
~~
,.... The corresponding value s ~~~~~~~~ k • 1,

2, ... , are not correlated :

M~$1= (Bv k, v,) ={ ~~ with j = k ,

~~~ j~~k.

In th i s  case

As is know n , the uncorrelated Gaussian values are in~ ependent

va ria bles, and from conver gence of series ~~~~~~(ø) (with all w) comes

convergence of ser ies ~ MI~ (see lemma 2).

Page 20.

Consequently,

- - - - -5- -- - • 
~~~~~~~

. . - .- - -
~~~~

- 5 - - — -  — -  
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i... th. correlation operator B is nuclear 1: for any orthonor mal set

-- 

I(Bu~
, u~)<oo. (4.5)

-. 
FOOTNOTE I. See, for exampl e, (5), page 55. ENDFOOTNOTE.

Thus, if ther e is a Gaussian random variable ~~~~
L1

~ then random

function I (u) = (u , I) the parameter u~~~U b the average value

of form (4.2) and the correlation function of form (4.4), wher e the

-
~ 

correlation ope ra to r  B is nuclear operator in hilbert space 0.

Let, now I (a) , uEU, be an arb i t ra ry  Gaussian ran lom f unction

• with the averags value of form (*.2) and by the correlation function

of form (4.4), where B is a nuclear operator in hu bert space U. Then

there are equivalent by it random function I (I) , u~~ U. and
-

. 
Gaussian random variable I • I (.) in U such, tha t

~(u) —’(u , .~) , u E U .  (4.6)

•: 
Val.e~~~~(J iad tcat md at almost all elementary issues ~. can be

_ _ _  -•  - -5 .. - - . 5-— - —_ —5-- —

- - . - - — . —— 
. —-

~— 1 . . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -55-5- —5---
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determined by the formula

~~~~~~~~~~~~~ (4 7)

where v1, v2 ... - the full/total/complete orthonor ma l sat from

nuclear operator’s the i r  own cell/element s B, and on the  s t rength  of

the relationship/ratio

M

for independen t Gauss ian  values I (v i ) ,  I (v 2 ) ,  ... a series ~~~~~ (V k)’

descends w i t h  p robab i l i t y  1.

Page 21.

In fact, I (m) , uEU , is rando. linear functional in the sense

that wit h the probability of 1

~ ()è~u~ + ~.2U2) = ~~ (u i) + ~~ 
(ui)

where any real )~~, )~ and any cell/elements a 1, U~E U  since as is

easy to check,

M ~~~ + A,u1) — X~~ (u 1) — A~~ (a2)]’ =

Furthermore, this random functional I (u) is continuous on the

average (see (4 .1) and fur ther ) , and since 

5- - - - ---- - - - - - - -—---- - ---- - - - - -~~~~~- - --- -- - ~~~~~~~~ - —---—-~~ - - --



-5-

DOC • 77182301 PAGE

‘I
u — u r n

that

~(u) = uim~ (~~
(u1 v)v~)

u.. u rn  ~~(u , vk)~
(v k)

I..~~ k— I ~~~~~ k — I

(in the  sense of mean  convergence) , but at the same time w i t h

probabilit y 1

(a, ~
) — u rn ~ (a. ~ ~ 

(v i) va.. u rn ~~ (u , 
~~k) ~ 

(Uk),
‘Iø ~~ ~~~~ ~~~~~ / “‘~~ k — I

so t h a t  with  probability 1 for each value I (u)  the i n i t i a l  random
• f unc t ion  I (U), u~EU , 

~~ occurs eq ua l it y ( 14 .6).

Th us, we a r r ived  at the fo l lowing  result 1_

FOOTNOTE 1 Survey/coverage of results about distributions in linear
j2t .

spaces is available, for  exampl e, from ,2( V. Prokhorov (Vu. V

Prohorov , The m ethod of characterist ic funct ionals, Proc. 14t h

Rerkeley sympos., Vol. 2 , 1961 , 14 03—4 19). ENDFOOTNOTE.

- • 

Theorem 1. aussian funct ional I (U), uEU , as Rilbert space U

let us present in formula (4.6) when and only when the average value

a (I). uEU , j
~ linear, and the correlation f unct ion B (U , v), a,

-5- -- -~~~ -—--- -5 —-- 5- -~~~~ — — 
5-

-5— —-—-~~—-----——--- —  —5- 5- - - 5 -  - - -  5-5--.-- __J - -- -
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V ~ U,
bilinear c o n t i n u o u s  funct ionals, whereupon in represen ta t ion

( .*) of the bi l inear  func t iona l  B (u , v) the corresponding operator

B is nuclear .

As is known , hi lber t  space U it is possible to i d e n t i f y  with  the

conjugated/combined space I of all linear continuous f u n c t i o n a ls on

U.

Page 22.

Specifically, each such functional X~~~X unambiguously is assigned

by form ula x = (a, I), uEU, whe re x~~ U — the determi ned

-• cell/element hu bert space U. According to that which was presented

in §2 any Gaussian random funct ion  I (u) , 
~~~~ 

f orm (14.6)

corresponds the p robab i l i ty  distribution P1 in hilbert space I U

(“selective functionals” I (u) = (u , I~~~~),u -
~~
U1 they belong to I).

Gaussian measure P1 is determined in s—algebra ~i, g.nec~~ted by

cylindrica l mult itudes of space I • U of the form

Ku , x), . . ., (u,~, x)J ~~~ r, 
- 

(4.8)

where U1, ..., U,1~~ U and r — the orel sets of n—dimensiona l

Euclidian space; s—a lgebr a ~ ind icated i. generated , obviously, by

the direct ly assigned magnitudes of the for.

~ (x , u) — (a, x), x e X , (4.9)

-5- - 5 -  -5 - - -  — - ~~~~~~~~~-- — —~~~~~~~~-

_ 

-- -- — -
5-

-— —~~~~~~~ -5—-5~~~~~~~ 5 - —
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where para meter u passes space U • I.

For any cell/element a~~~U and the posit ive nuclear ope rator B

there is Gaussian random function I (a) , UEU , form (4 .6)  with the

average valu e a~~~U 
and the correlation operator B. There is

directly assigned Gaussian funct ion of such type with the values ,

determined by formula (4 .9) on probabilit y space ~, ~8, P1)

E xample . Gaussian values in f unction space 22(T).

Let I = I (t) be a Gaussian random process on segment ‘1’ of real

straight line wi th  the average value of a (t) , j E T , an d by the

~~rrelation function B (5, t), s, t~~ T, which they sa t i s fy  the

condition: with al l  s,

turn Ia (s)—a(~)] 0, (4.10)
‘-Pt

l i m I~~(s , s) — 2B(s , t ) +B( t , t )J = O.
,-.1

This condi tion indicates  cont inu i ty  on the average of r andom process

1 = 1  (t ) :

-- —- -5---- —5-——- - -5— -
- -

~~~~~ 
-

~~ 

-
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Page 23.

~s is known 
1~ j~ this  case there is an equivalen t measurable  process

(with values ~ (t) = ~ (u, t ) ) ,  i.e., such , that  the funct ion  ~~~ = ~

(w, t) the  pair of variables (u, t) on produc t space Q
~ T is

measurable.

FOOTNOTE $ . See, for example, (8), page 209. ENDFOOTNO?E .

Let us consider that measurable is initial Gaussian process itself ~
= I ( t ) .  Let us assume theb as,..tigfi.d.a.lao the condition:

J a’(t)d~<oo , J B(t, t)di<oo . (4 .11)

This condition means  tha t

f M~’(I)di(oo.
- -  1• -

According to Fubini’s theorem about the repeated I nte grat ion

J MI’(t)dt — S .1 ~~~~~~~ 
t)d l P (do )

s.d almost all the sample distribution functioma ~ (u, •) 
• ~ (ii, t)

of 1~~ T belomq to hilbert spsc~ .?‘ (T) th. real integrated

squared functions u • a (t) of I~~ T with the  scalar product

- - - - —-- — —  - - - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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(a, v )_ f  u (t) v (1)dj .

Redef in ing  the value I (u, t) for those u~~~~, with which sample

distribution funct ions ~ (a , •) * ~ (ii , t ) ,  t E T , not enters ii i”’
(many such w~~Q have measure as 0), it is possible to pass to the

measurable Gaussian process I = I (t) , all the sample distribution

f unctions of which  belong to hi lbert  space .22. This random tunction fs

• I (u, •) can be considered as random element is hu bert space

Let us consider the scaler products

(u, ~)= 5 u(t)~ (co, 1)d t , u EU.

-— - - - - — - ~~~~~~~~ - - - - _ _ _ _ _
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Page 24.

Since I = I (u, t) there is the measurable funct ion of variables (u,

t ) ,  wi th  each f ix ,’recordeduE (J  real func t ion  (a , I) of WE Qa l s o  is

measureable — it is random variabl e. Th , I I (u, •) - random

variable in hu bert space .2 ’(f) . According to Fubini’ s theore m the

random func t ion  ~ (a) • (a, I) of u E U h a s  the average v a l u e

a (u) —’ f u( 1)a( t )dt =(u, a), u ~ U, ‘(4.1 2)
7 -

and the correlation function

B(u, V).. .f f U ( S~.u (i) fl (s , t) dS d I — ( B~,~ ) , a, VEU , (4.13)

wh ere the correlation operator B it is sigaed by nucleus B (S , t ) :
Bu(i).’..fB(s, t)u(s)ds.

7.

The random var iab le  is Gau ssian. Actually, as can easily

be seen, for the continuous function a u (t) of S E T  random variable

(a, I) • .1 a (t) I (t) dt is l imi t  on the  average of the Gaussia n

values of the form -

- 
. 

~~
u(t 4)~ (t4)(tk (k—I) ,

where t • ,~ t1(... ~c ~
, — some points of the separation of seg ment T,

(

-- - -5-— .5 -
~~~~~~
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and for  a rb i t r a ry  func t ion  uE.22 value (a , ~) is limi t on the

av erage of Gaussian values (u N ,~~), wb.re U,,... u,,(j), n = 1, 2, ... , the

sequence of c o n t i n u o u s  functions , which converges on the  avera ge to

funct ion U = u (t) . The m a x i m u m  va lue  for the sequence of Gaussian

values is, as is know n , also Gaussian 1

FOOTNOT E 1 • See , f or exampl e [ A) ,  pa ge 33. EN DFO OTN OTE .

Page 25.

~5. Condi t iona l  p robabi l i ty  d is t r ibut ions  and condit ional

mathemat ical  expectations.

ii 
-

Let I (u) = I (a , a) , u ~ ~, are a family of Gaussian ra ndom

variables on probabil i ty space 2 and 91( U) is s—algebra of t he  sets of

space 0, generated by all values I (a) • I (., u) on 0 (para.eter u

p s s  certain mult itude U) .  For simplicity let us consider that
M~~u)— 0 , u E U .

Iat us de.iqnst. H (U) the hu bert spac. of random

variable . ,~ (measurable relative to a—algebr a k (U) ) w i t h  the

scaler product
(5.1)

- - - - .5— - - - - -— - - —~-- —- —- - - ----- 5- ------5— —5- 
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Let as designate H (U) t he  locked linear closure of ~l1 values I

(a) ,u E U.  Let S and T be some subsets in U.

Let us con sider a rb i t r a ry  value t~E11(S) and its project ion ~
on subspace if (F) . Since H (U) there is a set Gaussian values,

difference A =~~— -f~, as the  Gaussian value, ort hogonal to a l l  values I

(t), S E T , does not depend on these values . Thus ,

- 
(5.2)

where f~ there in value described above, measura ble rela tive to

s—algebra ~~(T) ,  a a — independent var iab le  of I (t) , t~~ r , Gaussian value

wi th  zero average value and dispersion .~ • M (~i~~ f~)2 . it is easy to see

that  the condit ional dis t r ibut ion value ‘1 relative to s—algebra 91(T)

al ways exists and with almost all u is Gaussian distr ibution wi th  the

average va lue

- 

M (nJ91(T)) ... ~~~~(0) (5.3)

and the constant disper sion

a’ — M ((~ 
— f~)’f91 (T) } = M (‘1 — f’)’ (5.4)

FOOTNOTE 1 • See, for example, (12], page 75. !RDFOOTNOTE.

__________  - - -

_ _  _ _  _ _  -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Page 26.

Recall t h a t  conditiona l mathematical expectation M (tt/91(T))

geometrically is the projection of value ~E H (U )  on subspace 11(T)

and in th i s  case this  is valus ~ is a projectio n on su bs pace a (F).

As is known, for Gaussian values there are all torque/moments.
Let us designate  H” (U) the closing/shorting of the subspace of all

values of the form
.5’ ., ~(u~)J, (5.5)

where 0 (x ,, •~~~•, X~) — the polynomial of degree not higher than n

from the ir b i t r a r y  number  of variables x 1, 
~~~~~~~ X~ , and u 1, ... ,

U4EU.

Theorem 2. For a n y  value ~ EH” (S~ its condit ional

mathematical  expe:tat ion ~~~M{~V91(T)) enters in subspace H ” ( T)  (wi th

those index n ) :
M (~iJ~ (T)) E 

H1 (T). (5.6)

• Proof. Withoi t limitimg generality, it is possible to count that

sets S and F are f i na l  (let us say, S = (s e, .... S*) and T = (t ,,

... , 1k)). In f act , to the  general case it is possible to pa ss by

passage to the limit I since

— u rn i~~ , M {~ 91 (T)} — u r n  M (n,,J91 (T)),

wh ere therø is in for m a mean conv rq.ncs amd
~~m R (‘~1)~ •. ,  ~ (s~,,jJ, 

-- -- 5--——--- —-.5—- -- - - -

- 5- 

- —-

~~~~~~~~~~~~~~
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and also

- : M [~J91 (T)J = Urn M [tile (/* ,), ... , ~~ (t~~J.

?OO?NOTE ‘ . See, fo r  exam ple, [12], page 29, 287. E1(DFOOTNOTE.

Let i~=ç[~ (s,), ..., ~(sk)J, ’ where 0 (x1, ... , x~) — the polynomial of

degree be not higher than  a. As has a l ready been indicate d , theorem

was accura te f or it = 1. Let us assume that it is accurate for all

in d ices, which do not exceed a — 1. Let us designate ~(s,) the

proj ections of val ues ~(s1), j • 1, ..., k, on subspace N (F)

Differences ~(sj)—~ (~,), j • 1, ..., k , do not depend on values I (t) ,
e T.

Page 27.

Let us assume

~—~~(g (s1) — ~ (s 1) , ..., ~(s~) —I(s1)).

Value ~ does not depend on I (t) , Se T, and in the expansiOn

‘I — C — ,_, 
~~~~

- cii (s,), ... , 1 (51)1 ~(s~) +

~ 

- -— -----5- —

- - ---5---— - ~~~~ — - - — • •  - - _ ---- ---• — — --- -
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the r ight  side is the l inear  combinat ion of the  expression s of the

form
.,

where ç,, (x 1. ..., x1) an d ~~~~~~ ..., x1) 
— the polynomials of deg ree not

higher  tha n m and n — m respectively, whereupon n 4 1 — 1. By

hypothesis conditional mathematical ezpectation ~m~~M I~,,/91(T)J value
~~~~~~~~~~~~~~~~~~~ in subspace Htm (T), m . ~ n — 1. It is ob vioes,

product f~,, ~~~~~~~~~ . .., ~(s1)J enters in subspace H1(T). Enters in 1f” (T)

and the linear combination of such proda~ta, which is the conditional

mathemat ical expectation of difference ~~~~~~~~~~ equal to fi—M C . Th us,

Q. F. D.

Let us de te rm ine  Hermite ’s polynomia ls of many varinbles.

Let P (dx) be a Gaussian measure in k—d imen sio~ial spa ce

vectors x = [x 1, •.. , x,,j and H — the  hu bert space of all real

integrated squared funct ions 0 = 0 (x of X E R 1 with the scalar

product
(c, s)— f, ( x) $ (x) P (dx).

As is know n ‘ aussian measure has all torque/moments, whereupon

th. set of all po lynomials  0 • 0 (x i,  .. ., x1) of the variable s z1,

~ is a everywhere  dense set in If .

- - 
-

- - - -
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-— 

~~~~
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~~ 
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~~
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~~~ 
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POOT~ OTF l~~ This can be clarified as follows. It is obvious, the set

of f u n c tions of f o r m  ~~~~~~~~~~~~~~ is full/total/complet e in

composite space N, and

I’”~
’
~

—
~ 

h’(’
~~1~

c 
~~~~ 

-÷o , a’— f (I, x) ’ P (dx).

F NDFOO? NOTE

Page 28 .

Any  polynomial  0 = 0 (x ,, •.. , x1) degree p, orthogonal to all

polynomials of the  degree smaller than p. let us call He rmi te ’s

polynomial.

Let us designate H, the set of Hermits ’s all polynom ials one

and the  same degree p. It is obvious, /f, a finite-dime nsiona l

su bapace, whereupon hilbert  space H is a sum of orthogonal

subspaces H~. p 0, 1, ...:

-

‘ 
H-~~~

@H,.

Let us consider aa .ssian vector quantity [-I (a1), ... ,

Let us designate H,(u1, . ..,  u,) the set of all values of the form

i i — , i i ( u i) , ...,

)
_ _  _ _  --- --_— - — -—~~~~~~~~~~~ -—-—-—--— -—-~~~~~~~~~ — 

- — ----~~~~~~~~~~~ -- --- ----- - — 
- — - - —-5---- 

-
~~~~~~~ 

-- --5 --- -- 5- - - -—
~~~~~~~ 
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where C = C (x ,, ..., x 1) — the lernite polynomial  of degree p

relative to probability d istribution ~‘ vector q u a n t i t y  I (u ,) ,

.... I (“~)J . It is obvious .

H(u 1, .. . ,  u,) ..~~~®H ,(u1, .-
, is1). (5.7)

Lemma 3. Vh ateve r  s1,..., s1 a~~d t 1, ... , t ,, for d i f f e rent p critç~,

subspace H,(s1, ..., ,ç~~) c~~ 
119(t ,, ... , t1) were orthogonal:

H, (s1, . . .,~ S~) I H, (t i, ..., t~) W~ ~ p * q. (5.8)

~ 
Pr oof. Let for certaint y p <

q. Let us consider arbitrar y value ~eH 0(s 1 SI) and its condi t iona l

mathemat ical  expectation t~—M (nJN(/~ /~)). A ccording to theorem 2 value f~
enters in subspace H’(t,, ..., ‘, )— ± ~~ H,(e ,, ,

~~~~•,  
j~~) 

But ~ there  is a

projection of value ‘~ on whole subspace (t i ..., l,).so that  dj fference~~.—~
is orthogo nal H ( 1 1, . . . ,  1,) and , in particular, ‘1— f1J-111(11. .., t,).

Page 29.

Simultaneo usly f ~L H q (l t I ,), since ~ enters in subspsce H’(1 1, ..., I,),

orthogonal F1, (( ,, . .., 1,) with p ( q. Consequently

q — ( ( i ~— f f l -s- f~) I H,(11, ...,

Q. F. D.

- - - 5- .- - -  - -   - -
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Further , let us define svbspsc. H ,( U) as the locksd linea r

closure of all s.bspaces H , (u 1, ..., is1), wher e u 1, ..., u1~~ U (bu t index p

one and the same w i t h  all u,, .. . ,  u1). It is obvious, on the st reng th

of relationship/ratios (5.7) , (5.8) we have

~ E BH , ( U), H ( U ) — E eH,(U), (5.9)
p—O p—C

where H• (U) it co ntains only constant values ; H1 (U) — N (U) there

is the locked l inear  closure of values I (u) ~~ U; H~ (U) is the locked

— linear closure of values [I  (u 1) I (U2) — B (U1, u1)], where a1, U2,
u2~~U;

- R1~’ (0) there is t h e  locked linear closure of values ( I  (a 1) I (a ,) I

(a ,) — I (u 1) B (u ,, u ,) — I (U,) B (u 1, a 3) — I (u ,) B (a 1, a ,) ],

- where a1, u,, u~eU , and so forth.

~s cam be seen from expansion (5.9), conditional •athemat ical

-
, expectation Mj~1/~ (T)J any value t~~H ,(S) relative to v—algeb r a 91( T)

enters in subspace H ,(Tp (with those in dex p).

Let us note common/general/total formula for the torque/moments:

- . Mi(ut) . .. ~ (u,,) — ~ ri B (a1, u1), - (5. uo)

wher e the sum is taken on all separat ions of set (u 1, ..., u~) into

vapors (a1, u1), ~.ndproduct — on all vapors (a1, u1) the corresponding

separation.

— -—5---- - - 

-

_
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This formula is obtained from the relationship/ratio

M~(u~) ... ~(u~) —  ~ ~~87~

where C (k ) — M exp (i (~, ~))  — the characteristic function of Gaussian
vector I — ( -I (s1), ... , I (uu)J — it ta ken the form (see ( 1 . 1 ) )

~~ ~.1A1B(u 1, ui ) } .  ~~~~ ...,
- 

k,J~ I

Page 30.

56. Gaussian s t at i o n a r y  processes and spectral  representations.

Gaussian random process I (t) • I (w , t) the integral  (discrete)

or real pa rame ter t ,— — < t ( — (with values on probability space 2) ,,

it is called stationary, if its average val ue constantly

a.4..
~ the correlation function B (5, t) depends only on difference s — t:

B (s, I) M (~ (s) — aj f~ 
(t) — aI — B (s — t) (8.1)

(subs equently let us count a — 0).

Punction B (t) in relationship/ratio (6.1) is called the

correlation fu nction of stationary process I (t) ; it is re presenta ble
in the form

B (1) — f .ILSF (d)~) , 
- 

(6.2)

- 5- - - - - - - -
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wher e P (dx) — the so—called spectral measure of s ta t ionary  process I

(t) (positive l imi ted  mea sure) . Integration in formula  (6. 2) occurs

w i t h i n  l imi t s  — ~ w in the  case of d iscrete “t ime ” of t and

wi th i n lim its — — k — in the  case of the continuous ti me t.

Sta t ionary  process itself I (t) allow/assumes spectral

representation of the form

~~1) — $ e~~,tD (d?.),. (6.3)

wh ere (D (dx) — - the so—called stochastic spectral measure suc h, tha t

M~D ( &)~D ( L ~) — F ( ~ 1 fl~~2).

Page 31.

Any va lue  from the locked linear closure H (T) of values I

(t ) ,G T allow/assumes spectral representation of the form

(6.4)

wh ere C (k) is a function fro. space L~ 
(F) — the rea l linear

closure of functions elM of x, sET , to tha t locked accordin g to the

scalar product

(c~
, ,,) ,~- J q1 .)~~~~F(d~), (6.5)

whereupon stochast ic integral (6.*) I s dst.rm ined for amy f~~ ctioaqEL~

(F) and it assigns value ‘)~~H (fl. Cosfo~~ity -.v(A~ is unitary

—---—-5- — -—-- ---—- -- --- - --——-—-—-— -— -— - - .5- - - -  - - - - - - -5---— —

- - - -. - - - - 5 -.-- - - - 5 - .- -—- -- - -- - :~~
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isomor phis m I hUbert spaces H (r) and Lr (F) :

FOOT WO?! 1 • Apr opos of entire aforesaid see, for exampLe, (22].

- 
ENDVOO THOTF .

In t he  case, w hen parameter t varies continuously and set T is

t h e  f i n i t e  in terval, space Lr (?) it would bi possible to def ine  as

closing/shorting of subspace L• (on scalar prod uct (6.5) ) all

functions of the for m

= f e”u(1)d~, (6.7)

— wh ere a u (t) — the  i n f i n i t e ly  d i f fe ren t ia ted  functioms, which were

. being converted in 0 outside interval of T. Since with )~ —~~~ — such

functions C (~) t hey  decrea se faster than any degree I X I *,tkat scalar

product of type (6.5) can be introduced on sabspace 1.0 not only with

- the help of the f inal  spect ral measure , but also wi th the help of any
-

- v— f in i te  measure ~ (4A) , that  satisfies wi th  certain na tu ra l  a the

condition
- 5( 1 + )~‘)~~~~ G (dX) < oo.

- 

Specifically , let us assume
-

~~ 
— 5 ~ (x)~;~) a (dL) (6.8)

- -   ---~~~~~~~~~~ - - . -—-
~~~~-
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and let us define ful l/t otal’compl.te hilbert space L
~

(G) as

closing/shorting of all funct ions of form (6.7) according to scala r

product (6.8).

Pa ge 32.

Let L1 ( C )  — be a h u bert space of the type indicated.  Formu la

(6.4) assigns the random funct ional ~i~ - ~~~~ 
(C) , de te rmined  on the

everywhere dens. subspace of func t ions  L~ ( G ) f l L ~ (F) .  Un der w hich

conditions ‘~— r~(q) is (with an accuracy to equivalency) random

element from the :onjugated/combined space to L~ (C) — by Gauss ia n

linear continuous functiona l on hUbert space Lr (G) ?

In the case, when ~ —~~~ ) is random element fro. the

conja gated /combia.d space L~ 
(C) , i.e.,

‘i(q’)— (q’, ‘~)o, (6.9)

where ~~~ )4—~ cer ta in  Gaussian funct ion with to trajectories from

hUbert  space LT (0) , the correlation operator B it is possible to

deter mine from the relationship /ratios

~~~ ç~)0 — M ’ 1(~1) ’1(c,)—(~i. ,1)P—

— (A~1, Aç,), — ( A A ~1, ~~
where A is am oper ator fr om hu bert space L~ (0) int o hu bert space L~

r

~

--

~

-- -  - -- - 5- - - --- - - 5-- - - - - - - ---5-----
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-~~~~~~~~~~
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(F). determined by the equality
Aq (A) — ~(M. ~~~~ (G) fl L~ (F), (6. 10)

and 1* — the ad joint to it operator from LT (F) in L~ (0).  As any

correlation operator, B must be nuclear.

On the other hand , if the operator B = PL*A is nuclear, then

according to theorem 1 Gaussian linear funct ional ‘ 1 ’ 1-
~c) with

correlation functional (‘Bç,,rp,)o is equivalent to certain Ga ussian

cell/element in the conjugated/combined space to L~ (C) ,

representable by formula (6.9) .

Let us note tha t  for not only the  nuclear , but also s impl y

bounded operator B = A *A occurs the connection/inclusion

Lr ( G)~~Lr (F),

since
)~~~~~( Ac, A,),— <B$P, ç)a~~I8H~~r

Page 33.

Let us no te tha t for the f inal  measure G (dX) formul a (6. 9) is

equivalent to the following spectral re~~es.mtation of the initial

-
~ 

- - stationary process I (t) • tAT:

i(S) — 5 ,~
.lM

’1Q~) 0 (dx) , tAT.  (6.11)

Zn fact , funct ion ~~~~~~~ is formed full/total/complete system in

—- -5  - -
--5- 
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hu bert space L, (0) and formula (6.11), which means that ’1(e’~9_ (e 1M, ‘v0~
lET, extends to whols space L~ (C) - the locked linear closure of

the fuaction s of form c~~) _ e iM .

llEt4
In order to deal directly with the initial random process ~~ (t)~ (

not as functional of it ‘1(P)~ q ’ELr ( G), , convenient to introduce

space I of all real functions z • x (t) , 1~~T, which allow/ a ssu me

“spectral representation ” in the form

x (l) — 5 e ”$~.) 0 (dA), lE T , (6. 12)

where *(?4EL~ (G), value x (t) coincide with values of th . linear

continuous functional <vp, 
~~ with C p 4_ elM . It is clea r tha t  formula

• (6.12) gives one—to—one conformity between cell/elements XEX asd$ELr(G).

If we introda ce scaI.ar product then

(x,, x,)—(~1, ~~ (6.13)

(where ~ and $, th ey corres pond z~ and xe) ,  then I will become

fu ll/t otal/Complet e hilba~-t space.

Let us comsi~ •r separately the case whe n C (d’) = 1/2~ dx and

• hu bert space L,- (I) consists of the fuections of the for m

$(k) — f ~~~ (I) dl, 
- 

(8 14)

- - - - .  
T T i T~~~L~~~~~~~~~~~ 1 ~~~~~~~~~~~~~ -~~~~ - ---- -~---~~~~~~
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wher e i • z (t) it enters in classical space 2’(T) the rea l

integrated squared functions with the scelar product

(x,, x,) — j i, (l) x,(l) dt ,

A formula (6.14) it indicates Fourier’s transformation.

Page 3$.

From the known equalit y of Plansherel

~~~~~~~~~

so that if we formulas (6. 11) , (6.12) unders tand in the  sense of

Fourier tra msfor , then hilbert space I of all integrated squared

funct ions  x = x (t) . lET , formally corresponds to the  common diagram

of the construction of hu bert spa ces wit h scalar product (6.13) .

Abo ve ac tua l ly  we demonst rated the following.

Theorem 3. The random process ~ (t) ,  lET , is (with an accuracy to

equivalency) random element hUber t space I when and only when for

that determined by operator ’s equality (6. 10) A the produc t B = A *A

is nuclear operator in hilbert space L~(O).

Later it viii  be actual ly  establish/installed that  in the case

- - - 5-.. - - 
— —- —

5- — 
-

~~~~~~ — —- -- --5 - 5--- -
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of the ver y broad class of absolutely continuous measures F( dX)  and

G(d)~) with densities f ( X )  = F(dX) /d)~ and g (X) = G(d X ) /d~

the operator A*A is nuclear when

j j -~~) dX <OO . 
- 

-
~~ (6.15)

(whereupon there  is also a broad class of the cases, when wi th  to the

disturbance of condition (6.15) the operator A*A is not nuclear)-.

Specifically, in chapter III is examined the operator of form A

= A*1A 1 — B, where AS 1 is an operator of the  same type , ns A , but

re flecting Lr (C) into the space L~ (G1),  constructed wi th  G~ (dX)

wi th  density g1 ~~ = g (k) • f ~~) .  Since f (k) = g1 ~
) — g (X) ,t~~~t

(A~, ~>0 — (A;A ,, ‘4’)—~c~ *)~~
—

~
(,, s — ( s)~,—

(,, !4,)~ — (A ’Aç, ip) 0

with any C, -*ELr (0), and , therefo re, operator ISA coincides wit h A. It

is prove d (see theorem 17 chapter I I I ) ,  th at the condit ion

is sufficient in order that the operator a = I SA would be the

Milbert— schmtdt operator .

Page 35.
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Therefore, if we introduce space L~ 
(P s) wi th  f 1 (X) = \ k j~) g (X ) ,

then the operator; of the t ype in question, who appear wi t h the
- 

- representation
L~ 

(0) -
~~~

+ Lr (P)  ~~ L L~ (F 1) —~~
+ L,. (F) ,

under condition (6.15) are such, that B51B1 and B*111 - t h e  operat ors

of~~~il ’berta — Sch m idt. It is easy to see that operator A CA =

R* ,85 282B1 nuclear  ( for  exampl e, see (5],  page 57) .

~7. Some p roperties of tra j ectories I

FOOTlIOT! 1 • It is in more detail with the questions, w hich are

ex ami ned in this paragraph, it is possible to be int roduced according

to book r27 1.  E$D FOOTNOTF .

1. Di f ferent iabi l i ty  on the average. Some asymptotic

relationship/ratios. Let ~ (t) , .— < t < -,—Ga u ssian s t at ionary

process with the continuous time t.

Procege I (t) it is called that which is differentiated (on the

- 

-5 5 - 5 -  -

~~~~~~~~~~~~~ - 

-5- - --.5-
~~~~~~~~

---
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average) , if there is a limit (on the average)

- 

u rn  I(E +h) 1(l)
h-øO h

Th e limit indicated exist s when and only when in hilbert spaceL~

(F) ,  where T • (~~~, •), there is the limit

u rn ‘ 
~a. e”

that, obviously, equivalently to the condition

(7.1)

(here F (dX) — the spectral measure of stationary process I ( t )) .

Page 36.

If a

• ~ (1) f e”~D (d’)

— the spectral representation of Gaussian stationary procnss I (t),

then its derivative ~‘(l) ,  —~ o< t<  ~~, also Gaussian stationar y

process - is

~
‘ (1) — f e’~’ (j)~) ~ (d) ~) .

It is easy to sea that condition (7.1) to the equivalently

follow ing:
I~ (6~l(l)J’ — 

A_~A1B (0) — 0 (h’} (7.2)

p. •- - . - - - — - - - _  . - -
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with h -
~~~~ 0, where B (t) — correlation function, Ah indicates

the  operat or of the  t a k i n g  of difference (for exa mple, Ak B (t) = B

(t • h) — B ( t ) ) .  Actually,  under condition (7.2) for any j %

F (dJ~)~~ c ~~
-

~~~~~~~~~~
(°)

for sufficiently small h (no matter how was greatly preassiqnedlt’)
where C — certain constant , so tha t  f r o m  condit ion (7. 2) i t

escape/ensues (7.1).

Let us consider u n di f f e r e n t i a b l e  sta t ionary process I (t) . Let
us ex plain , du r i n g  vh ich l imi t a t ions  on spectral measure F (dX)

occ’~rs the relationship/ratio

A_ h A~B (0) — 0(1 h p9, (7.3)

where 0 < s < 1.

We have

.~8~D( O) ‘~~~ 

)~~~~~i — cos Ah)~~ F (dA)~~
- 

— 

~ C 5~~2SF (dX) ,  

— — - — - — -- — - —- —- — ---•,• -•.—_-. -— 
-- 5

- - --—~~~ - -~~~~~~~~~ • -------- - — - -  ---5—- ——~~~~~~ -— ——- - — — — -5 - —- -- - 5— - -—
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so t h a t  condition (7.3) carried out, vb

-

‘ 

f X~ F (dA) ( ~~ . (7.4)

Page 37.

Let us pause in more detail at the case, v~~n there is spectral

• 
densi ty f ~~) = P (dX) /d}. Let with sufficiently large ~i I X I ~~~ A ,

f(~) ~
(where ~ )‘ 1, since the spectral densi ty  f ~~) is the in tegra ted(f2)

function) . For an un di fferentia b le stationary process ~ ~ 3. Let $

3. Th en

&..~~~~(O) _ 2j _
t 

~
.Jt d)~+O (h’( ’~~

)} ,

During the replacement of variable Xh p we have I

[i_ cos
~

h d
~~

/
~~~~ f 

~~~~~~~ d u—

_h i~_2~I _ l J 1~ dii

and , therefore,

-
~
-
~~~~

-—  ~~~~~~

where
a

I ~— cos uC — 2 ~~----j - - U.

- - - — - - 5 , -  - 5- —-——-- -_- -- —- - - - - ----5—- - - --- - --5--- — -1
—~~~~ t - ~~~~_~~~~~ ~~~~~~~__ _ -

~~ -~~~~ _ ---——~—~~----~— L .  -
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FOOTBOT! I. Rela t ionship/ra t io  a B- for variables a and  ~ means that

lim s/~ = 1. EID ?OOTBOTE .

Prom the obtained relationship/ratios it is easy to ded uce, that

if
(7.5)

• t ha t  conditios (7. 3) is satisfied when 2s = — 1; but if

(7.6)

- that also wh n 2 .— n —  1

~-.o

Page 38.

Analogously for t h e  spectra l plane f (X) of type  (7.5) wit h ~ • 3 we

obtain , tha t
-

• 

.
~~~~*1~*81O) ~~C~~~’ ” du +0 ( I )— O (uur iuhuI } ~

~~~~5----5-- — —----5— 
- - -

-5 --- —  
—5- - 5 - —

~
-5

~~~~~~~~ 
- - --5—— — —— -— -- - — - - -- -- 

— ---
~~~~
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and consequently,

(7 7)

2. flodule/modulus of continuity. Let us consider

undifferentiable 3aussian stationary process .1 (t) ,—— < t < —, wit h

the correlation function B (t), that satisfies condition (7.3).

Theorem 1. Under condition (7.3) there is an equivalent  Gaussian

process I (t) ., for each trajectory of which with sufficiently small h

is evenly on t in each finite interval

I A ~~( t ) I ~~ C I h r I I n I h I ~
’2 , (7.8)

wher e C — certain constant.

Proof. With  ;u f f ic ient ly small h we have

- 

~( IA~~(OI>c ’IhrI In lIhII”~)~~1a4(’)l >~~_ I I fl I h II ~
m 

—
à~*~kB (0) 11/2 ~

— 

~ 
$ 

~~ 

e~~’~~ix ~ —~ =- f 
~ 

xe~~’12 dx
- r ?~

IIn lh l I  •7 11 n $h I I

- 

~~~~~~~~~~~~~~~~~~~~~~ ~
— -

~-(*)‘~

-
• 

where c” — constant in relationshipfratio A_h a*B (0)~~c” u h l ”, 4 C
selected by such, that ~ > 1.

r

-—--5 - -5-- -- - w- 
~~~

- -

~~~~~~

- 
~~~~~~~~~~~~~~~ =-~~—-5—- --- - 5 - — --



__________________________ __________________________ ______ - -  - -

DOC • 77182302 PAGE —W

Page 39.

Let us consider the initial process I (t) at the binary-rational

points of form t — k / 2~, by counting for simplicity, tha t  0 ~< t ~ 1.

• With  h 2~~ we hs ve

P{ max c’I h r i In Ih 1I ~~

~~~~~~~~~~~~~~~~~~~~~~~

Since ~ > 1 and a series ~~2 ”~~ ” descends, on —

Kan tellj ’s known lemma

A
~(~i-)I~~

c’IhrI 1n h n hI ’m

with sufficient ly small h it is evenly on all k = 0, ... , 2 — i . .

it is easy t~ see that any  segmen t ( k /2~, k2/f’) can be

decomposed for the sum of segments (r/2~~ (r • 1) /2” ], where r, m

are integers, whereupon with any m it is possible to take in this  sum

not more tha n two segments of the form indicated. Thus, fo r  any h
(with proper n, included with in limits 2~~ ( h .~ r” ~

k~ k

- - - ‘
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where - designates summing over corresponding w~. Ac:epting this

in to considerat ion, for sufficiently small k we obtain

~ ~~~c~2 f h I n 2 mf h h /2 ~~

~ 2~~” (In 2”)~~2c’ ~~ 2~ 
(r n — n)  (-~-~:)‘~ <

-• ~~~~~~~~~~~~~~~~~~~~~ +~~~) Im~~

~C I h r I I i i I / i l I ’”.

Page 40.

Thus, with  probabi l i ty  1 trajector ies of the process I (~ in

qu estion) they sat isfy condition (7. 8) on man y all binary- rational

points; specifical ly, wit h almost all w Q trajectory I (~ 
•); = I

(w, t) are evenly continuous functions on the everywhere dense set of

the binery—rattosal poists -6.~ it is obvious for the a rb i t ra ry

poin t t there is li~~.t h a  I (ii, t~,j, which for almost all  w ~~~~. 2
1 r

t ~

- r j

I

- — — - 5--— - - — - - -5 - -——— —~~~-— - — — — - -- -——-5--—---5- 



—-5--—-.---.-- —- --- - - - - -—---- ------ — --- ----- -

DOC a 77182302 PAG E .26

coincides with original value I (t) = I (~, t ) .  It is clea r that  for

an equivalen t process wit h the values , defined as

~ (w , -t) — Jim ~ (w, I~~),

with alm ost all ~ the trajectories satisfy condition (7.8)

Redefining for the others w of value I (~ , t) (af ter  assuming ,  for

example , I (ii , t) 0 ) ,  we will  obtain the equivalent  process I ft),

all trajectories of wh ich  already they satisfy condition (7.8) .

Theorem is demonst rated.

3. Some l imi t  theorems. Let us consider u n d i ff e r e n t iab l e

Gaussian stationary process I (t) wi th  correlation func t ion  Q~ (t ) .

Let us assume tha t  in interval  (0 , i )  there is (wit h the ezc.ptioa of

the f i n i t e  number of points) a second derivative B” ( t) ,  • that has

only f i r s t—order  liscontinuities, i.e. , for any point t within

interval (0 , v) t he re  are final limits R” (e —0 ) — lim B ( t—h ) and B”
I

(t • 0) = tim B (t • h ) .  Recall (see Section 1) that for an
b ~ c

undifferentiabl e process I (t)

Jim ~~~~~ — oo, (7 9)
/t

so tha t at point t = 0 derived B” (t) has second—order

discontinuity/ interruption, more precise,

Jim

~~ - 

-

~~
,

4

- -5- -5 — - —  - —-5—- -  - ---5- --5—---—- —-5 -5

— ---5—---- - --5 - - - 5 —— ---- —-5— --5- —--— ~~~ — -— - - - -  - - ------ - -— ------- - -- - -5 — -5
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‘theorem S. Occurs the following asym ptotic relation:

Jim V I~*~ 
(kh) J t  

= I (7 10)N ~~ ~~~~~ (0)

wher e h = i/N, and l imit  is understood La the sense of mea n

convergence.

Page 1.

Proof. Let n be a number of points of discontinuity of a

fu nction 8” (t) . Let us take as small  as desired C > 0. ~.ach point

of d iscontinuity t , Q~~ t ( i, can be sur r ounded by cer ta in  interval

so tha t  the i r  general length woeld not exceed (.  Let us designate I~
addition to the issociatiom of these intervals (4 — the a ssociation

of the f in i te number of segments) . It is obvious, funct ion B” (t) is

evenly continuous on set I~ and
- • 

~t_ ,,t~,~B (1) —0 (B”(t) h’) (7 . 11)

evenly on t Q. I~. Taking into account relstiossbip,frttio (7.7) , we

obtain , whi ch 
-

6_ ~~~B ( t) — o( 8_ ~~~8
(O)) (7.I2)

_ _ _ _ _ _  

\

- - 5 ,- ,  --  - - - - - - 5- —---- -  --——5------ - - ---5- --- -
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is evenly on tE. t~ . Purthermore, since together with the correlation

function B (t) positively determined is the function ~_~~~B (t),  w ith

al i t  -

I ~~~ (I)  I I t~_ h A~B (0) 1. (7.13)

We have -

Mt%~ ( s) A~ (I) — 
~~~htthB (s — 1)

also, according to comnon/gexeral/total formula (5.10)

M L~~~
s) . ~~~~~~~(t) . L~h~~

(u)

— z~ hAh 13 
(s — f ) ’  ~~~~~ (u — v) +

+ &..hAhB (s — u). t~_~~hB (1 — v) +
+ &~ Ah B (s — v) . ,\~~\,,I3 (1 -- i i) .

It is easy to count , tha t

o~ (h) = M 
~~~~ T~~~ B (O) 

- ]2 -

2 ‘ r ~~.h~~B((k’_Ji!!L12 (7.14)
— I ~~A~kB (0) J 

-k f— O

Page *2.

With fixed /recorded j  to each interval of length 6 can belong no more
- 

,- ,• than 1 • (6h 1J points of the form (k — j ) h , and in all suc h points
— is not more N (1 • (6 h ’- )) . Consequently, the number of poin ts of

( H

---5 — - 5- -—— 
----5 ——— 5--—- - ~~~~ -~~~~~~~~~~~~~ -- —  - —~~~~~-- —- --
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form (k — j ) h, en t er ing in addition to above set I~ indicated, does

not exceed number (R n • ~
2 e~”~ • Prom relationship/ratios (7.11) —

(7.14) we obtain , that , whateve r ~ > 0, for sufficiently small h

~~

- o2 (hY< 2
(NPt+N2 e)+2 {max [

8::&~
B (e) 12)

where C — certain constant. Theorem 5 is demonatrat. d .

Let us  note t ha t  there  is subsequence h 1, h1, ... , f o r  wh ich

asymptot ic re lat ion (7.10) is fulfilled with probability 1. floreover,

as h ,, h 2, ... it is possible to t ake  any sequence, for wh ich

(7. 15)

since under condition (7. 15) there is a sequ.ncet. —9 0 suck , which
N - I

‘V p LL ‘V L~,~(kh) I2
N 

~~~~ ~~~flj~hk~~(0) 
— 

~~ e, ~~ OO •
‘—h ,,

an d on - kante lli’ s lemma heece follows that in  (7.10)

when h = h , occurs the convergence with probability 1.

In connect ion wi th  this  let us consider the question concerning

the  speed of decrease determined in (7. 14) funct ion .~ (h) wit h h -
~p

O

a’ (h) — 
~~T 1~-~~ B (0))’ 

~~~ 
I&.*~n B ( (k — /) h)J2 .

Lemma 4. Under the done previously assumptions relat ive to

• fu nction B” (t) occurs the following estimate:

5- i• -5 -5 -5 -5-~~~~ 
T

~~~~~~~~~~~~~
e ::

~~~~~~~~~ 1~ ±T_ _ . .



-
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N— I

d’(h) = ~~
*. 1— 0

— 0  (max( j  
~S
_
~4~B(0) l~ I t~

_
~t~B (0) J’ I h ~~ (7. 16)

• Page *3.

Proof. It is obvious,

d’(h)= o {h _ I t~_~~ B (o) I 2 + h2 $ 5 IB” (s — 1)J2 ds dI}.
i s — t I  >2h

Fur ther , wi th  any fixed 6 > 0

55 EB” (s— 1)J’ds dt 01 5f l ” (fl2 dJ ,
(2h I

and if in certain vicinity (0, 6) func tion  B” (t) is monoton ic , thg~
f B” (t) ’ di = B” (2h + 0) IB’ (6) — B’ (2 1t) I,

• 7*
• wh e e 2 h ~~~ I~~~ 6 and

B” (2h + O) —0( h ’Lt_
~1~B (0)) .

If func t ion  B” (t) is monotonic, t hen in certain vicini ty (0 , 6) it
retains sign , so tha t  B’ (t) is also monotonic. It is obvious ,
•onotonj c viii be the  function

~%*B (t) _
~$ B’ (s) ds .

Therefore, when 
- 

IB’(2h) l-. ii~f l .h -ø 0. them

p B’(2h)I..0(h~~IA~B(h)I},

-5 - - -- - - -5- - - -  - - - -- -5-

- - 5  ~~~~~~~~~~~~~~~~~ _ — _ - ~~~~~~~~~~ — — . -—--~~~~~~~~ - - ---- -- - - — - —
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wher e beca use of the monotonicity of function & (t)

- 

~~~~~~~~~~~~~~~~~~~~~~~~

Thus ,

- • $ j  [B” (s— t)l2 ds dl = 
-

- ~s—t I>2h -

f h 2
I~~

_
~~~B (O)I, ec.nu B’(2h) orpanH’Ie Ia;

0
1 h 1I i ~

_
~A~B(0) I2, ec.n H B’(2h) ite ol-paHnt leua~~’/

~~y: (I) . if B’ (2h) is limited • (2) . if B’ (2h) is not l imited.

Page l$ i$

In sumuation , we obtain, that

- d2 (h ) = 0 { m a x ( I h i ~ IA _ h~ * 8 (0) )’, )1 \_ ~t~B ( 0) f l ) .

Obtained relatiøsship/ratio (7.16) gives the following estimation for

-

• 

function .~ (h) : 
-

(7.17)

Specifically, wit h condition (7. 3) th. function •1 (h) decreases with
-

• 
1, —~~~ 0 as certai n d.qte. I h ~~:

— —-5 - - 5  ~
i__

~-~~ ~~~~ .~~~~ 
j___:___
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so that  condit ion (1.15) will  be implemented , for example , for any

sequence of form h~~ = 2 ’ , n = 1, 2,

For the type of stationary Gaussian processes in question occurs

al so the fol lowing result, which supplements theorem 5.

Th eorem 6. When
LL hAh B = o (Ih l”)~ - 

- 

(7. 18)

the correctly asymptot ic relation

Urn h l!~~~ A~ 
(kh) ~~~ 

(1 + kh) = B’ (I — 0)— B’ (1 + 0),
N (7.19)

where t is a n y  f ixed/r ecorded poin t of in t e rva l (0, i ),  of N = t h ’

(v — t) ~ — 1 an d m ean s conv ergence on the average.

Page 45.

proof . Suck elementary calculations, as carr ied out are earlier,

they show that value

- - - - - - -5 --- —- -



- —~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ---— -~~~~~~ ,-- ----—- - - - - - - -—- --~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ---—‘------ --

-:

DOC a 77182302 PAGE

has the average value

Mt~ (h) 1~*&- *B (1) 
—

- B (S — I.) — B (I) 
— 
B (S + h) — B (I)

whereupon its dispersion is such, which

Dfl (h) ~ Cd’ (h).

f~rom est imation s (7.16) for value d~ (b) is evident t ha t  under

condition (7.18) occurs relationship/ratio (7.19).

cer ta inly  for fast enough descend ing sequence h = h~ , n = 1, 2,

..., this  relat ionship/ratio wil l  be correct , a ilso, w i t h  p robability

1. 

- --5- - -5- --5 - - 5  -5 — -5 -5. 

~~~~~~~~~ ~~~~~~~ i1i _______
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(1. 4

Page 46.

Chapter II

Structure of spaces II (T) LID L r ( P )

~1. Sole pre l iminiry  in format ion  and resu lts.

- -  
1. Introduction.  Above (in §6 chapter I) we saw tha t  the Hilbert

space of ran dom var ia bles H ( 1’), generated by the values of

• 
stationary process ~ (t) , lE T (with the spectral measure F (d))), it

is isometric to f u n c t i o n  space L~ ( F)  — to the  locked linear closure

of funct ion  e”~’ of A~~—n,~ J in the case of discrete t,3~c~ (— o o , cc)- in

the case continuous t. Thereby appears possibility to trace
- 

stationary processes wi th  the help of analytical means. For this

useful to first s tudy  in more detail  the  analytical  s t ructure  of
- 

spaces L~
(F) , than we will  be occupied in this chapter, after being

) 

—-5 — - - —-5- ---— - — - --- -------- _ - - -
-
.-- ---------- — ---c—- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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bounded to those by the  case , when T — interval  or is ha l f—l ine .

It is clear t hat it is possible to be bounded to in te rva l  of T

f — v . ,) either T z (0, v )  and to semidirect T = (— a , 0], T = ( 0 , a ) ,

since the a r b i t r a r y  interval  or the  h a l t — l i n e  T 1 is obtained by the

“shift/ shear” of ? to certain real t , and the corresponding space

L r , (F ) j ~ obtained f r o m  L1 ( F )  by nu l t ip l ica t ion  on e’~’.

In order tha t  reader could more easily visualize, which resul ts

• here one should  expect let us assume tha t  ~ ( t )  there  is a stationary

process wi th  discrete t i m e  and spectral dens i ty  f (k) = 1. It is

unders tandable  t h a t  of th is  case L r (F J it consists of t r igonometric

p o l y n om i a l sP (e’~) = �~c ( t ) e ’~’, if  T — the f i n i t e  interval, and ac tua l ly
t•T

coincides with not ed Hardy  space Hardy  G~~
2 in circle (or outside

circle) , if T — is ha l f—l ine , more precis•, L r (F )  consists of the

integrated squarel func t ions  0 
~~

) ,  which are decompose/ex panded into

one—sided Fourier series:

• co.)— ~ c (1) eIM npY Tu (—cc , 0j

C
(HId’ c (A) — ~~ c ( 1) e ’~’ npn T — [ 0 , cc)).

~ey: (1) . with. (2) . or.

I.

— - - 
—-~~~~~ -5--- —- - 5 - .—- -- 

~~~~~
--  — - - 5 - 5  -5 - - - - ——
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Page $7~

What by itself does represent space L~- (F) , if f (~ ) ~ 1, if are

examined processes wi th  cont inuous  t ime?

• From the very beginning usefu l ly  to note tha t if the spectral

measures F (d)) and G (dX) were connected by the  inequali t y

• F (dX) ~~G (d) ~.)

(F (d)~) it major izes  G ( d x ) ) ,  then appropriat e hu bert spa ces L~ (F)

and L~ (G)  they satisfy the connection/inclusion

L~ (F) ~
_ L r ( G) .

This obvious fact is the corollary of the fact that any fun damenta l

sequence of the f u n c t ion s of for sq~,,Q~)=~~~c~,,e”kn ,n a 
~~, 2, ..., in space

• !., (F),that converges to ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ is f u n damen tal,

also, in space Lt ( G :

with m, n -
~~~ —, the limit function~~).)~~L~(G)coinciding almost

everywhere re la t ive  to C (dX) wi th  the above indicated by l imit

functtosq() )EL~ (F).Conse quently, functions 0 (~) and ~~) coi ncid e as

cell/elements the  hUbert space Lr (G), i.e., W~ .)E L r ( G)

Page *8.

Hence immediately it follows that  under the  condition , when

— ----~~~~~- _ _ _  — — - - - --—- —- - —--- —4
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there is spectral densi ty f (X) = F (dx) ,‘d~ of the type ‘

- f~~)X  1 ( 1. 1)  - -

(in the case of the discrete time t), just as with f(~~) c 1, space Lio,~ i( F)

consists of all polynomials

P(e’9 — ~~c (t) eiM

(wit h t he  real coefficients of c (t) , 0 4 t ~ -r) , and spar . L_ , . 0 1 ( F)  (L (o .

~(F) )consist of the integrated squared funct ions, representable by

Fourier series of the form
0 /

ç(e ’~) —  ~~c (I) e1M (q Oe tL) = ~~c (t) e’~o) 1
• — ‘ ~0 .0

and coinciding wi th  the boundary values (w i t h  r —
~~~ 1) a n a l y t i c

functions 0 (s) of circle I z I - < I (outsid e circle) Hardy ’s mentioned

, 
above class ~~~2:

q(e ”)= Iim ç (z), z =re ~ .

~~~~case of  continuous time t analogous to condition (1.1) is condition

f (? . ) X ( I  +?.‘)
~~~

. 
- 

• (1.2)

FOOTNOTE * . Recall that for variables a and ~ relationship/ratio uXt~

it des ignates, tha t  0 .~< 9!~ .~ s/~ ~~ < •. ENDPCOT N OT E .

with n — natural number.

• With n = 0, ietermined of §6 Chapter I space L,0.~1 (F), obvi ously,

A -

— - -  - -  -~~~~~~~~~~~~~
-

~~~~~-



_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  —-5- —--5- -- ---  -———-5—----;
~:-

---- ---
~~
- . •

~~~~~~~~~~~~ 

~~~~~~~~~~~

-

~~~~~~~~
_ --

~~ 
- -

DOC 77182303 PAGE 1’
- 1~~

is of the in teg ra t ed  squa red funct ions 0 (X) , representable the

integral of Fourier of fornq~).)— f e 1M c( t) dl ,and it is analogous space L(_ ~,9

• (F) (and L10..o) (F ) ) they consist of the functions of form • (~)

-: 
— f e’~’c (I) dl (c ~.) — eIM c (1) d (I)) .

flsing only basic information , let us show tha t under  cond ition

(1.2) the  space L 10.~1(F ) coincides with the class of f u n c t i o n s,

representable in t he  f o r m

c (X) — J’ (i~) + ( I  +i ~~ / e i w ~ t , ( 1 .3)

wh ere P (ix) — t he  polynomial  of degree not h igher  than n — 1 (wi th

- real coeff ic ie n t s ) ) ,  but  c (t) — the integrated squared (real)

function .

• Page49.

In fact ,~ to space L10 11 (F ) belong all the functions c — (il~~e”-~
, k

= 1, ... , n — 1, t h a t  are the  l imit  of the form
i~ (s +~.) Ix,,

- so tha t  any pol ynomial P ( lA )—~~ c ,(i7.)~ enters in L 10 ,~ 1 (F). Further ,

entering also in L1o,~1(F) function 0 (k) “ (I + iA) l _ I ( e ~~~) t _ I), 0~~s~~t,

represented in the form

_ _   - -5 --5 — -5 ---5-- - -- - -

L _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - _ _ _ _ _ _  _ _ _
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cQ~)~ .( 1 + i) ~~ I e iM cs(1 dl ,

wher e

O
~~

l
~~

s,
S 

~~~~ ~~~~~~~~~~ ~~~~~~~

key: (1) . with.

It is easy to see that the locked linear closure of func t ion sq ~ ) . ) = ( l + i~.)” ’

(e t1~ ’~’— I). 0~~ s~~ -t and q’(X) — (i)~~~~, 0 4 k 4 n — 1 , gives whole spa ce L i o , ~ (P )

(regarding being locked u nsex shell func tions e’~ , O~~ s~~ t) , sin ce,

being transmitted of the indicated functions ç~~L), by consecutive

integrat io n can lead to func t ions  ~ (X) = e’~ ; lit us say,

5 (I + i~)~~ e°~ ’~ ’ds — (1 + i~) 2 (e°41~ ’ — l)~~ T.

Key: (1). and so f o r t h .

It is obyi nu s als3 tha t  the  linear closure of “stepped ” f u n c t i o n  c,( l)

the form indicated , where paramete r s passes entire segmen t (0, i ) ,

is everywhere dense in hu bert space .7’IO, -rj the integrated sq uared

• functions c (t) • 0 $ t 4 r.

Page 50.

Furthermor e, for functions 0’ (X) and 0” (X) the form

— --~~~~• 
— --54-.--. - - - - -

_ _ _ _ _  - -5-- - -  - 5 -
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- 

cO).)—(1 + iA)~t f e ~ t c (l) dl ,

• where c (t) is the linear combination of step functions c~( ) ,  on the

- known equation of Perseval

Ow’(~)—w
”(
~-H[~= $ ~~~~~~~~~~~~~~~~~~

Fl I + i~ I2” dX =2~ I c’(l)~~ c” (l) F d i .

It is clear tha t  t he  locked linear closure of all f u n c t i on s  0 04 the
form indicated coincides with  the class of func t ions  0 (X) ,

representable by t he  f o r m u l a

.

- q 0).) = (1 + ()~)4 f e lkI c (1) dl ,

vher• c(l)E..7 ’[O, -r J . A f te r  connecting up it all the fnmctions q~A)= (ix)b, 0~~k’~
- - n —  I,we we will obtain , obviously, space L 1o ,~1 (F) .

For mula (1.3) makes it possible to give the very demonstrat ive

description of the values f rom space H (T) at ! = (0 , v] - the locked

linear closure of values ~ (t ) ,  0 ~ t ~ v. Specifically, if D(d~)
- is a stochastic spectral measure of s tat ionary process ~ ( t) , then is

any value t~~ H (T)  represented by integral ‘i_f  , (?.)q (d7~) (see §6 of

ii

,

~~~~~~ 

- —  -

~~~~~~~~~~~~~~~ 

. 

---5 - -- 5
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Chapter I) • where q~().)~~l~ (P),and is easy to see that

— 

~~ 
[ ~~~ (0) + ~~~ I ~~ (I) ck ( I )  d l] ~

wh ere a and b~ are some real coefficients, c* ( l)  are the integrated

squared functions , and ~~~(l) — the  available at process

derivatives, k = 0, ..., n — 1.

Let us note t h a t  if spectral density f (X) satisfies only the

condition

f~ .)~~ c ( l  ~~~~~~~

that appropr iate space L~ , 1~ (F ’~ it enters in tb i  space L~~G), whic h

corresponds to spectra l density g ( ? . ) — 4 ( l  ~1~~~2 ) ” , so that any funct ion ç OX)~~L~ .-~

(F) represente 1 by fo rmula  (1.3) .

Page 51.

It is important to note also t hat this formula  with all composite x

assigns whole analy tic function. In f u t u r e, (see §14 of Chapter III)

we will sh ow that  space L1o ,~ 1(F ) can be identif ied with the class of

the functions of form (1.3) not only under condition (1.2) • but also

under the weaker condition, when

)~— 0 0

-5 - 5 - -  -5- - —— -~~ --5 --5 -- - - - - -

~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ T~~~i. — -~~-~~~ - — ~~~~~~~~~~~~~~~~~~~~~~~
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(i.e. f(X)~<(I +7~’)~~ only with su ff ic iently large > 4 .  Un der condition

(1.2) from representation (1.3) it is easy to deduce

common/general/total  f o r m u l a  for funct ions 0 (A) from spaces L(_., , 01 ( F )

and L,o.~~ (F) . Specifically, any functiom q~(X~~~L 1o~~ (F) is a l imi t  of

certain sequence D f funct ioasq~().)eL1n . ~ j (F),t~ 
—p oo ,representable in the

form

q
~ 

(.) = p~ (DV) + (I + j?.)l f e”~’c~ (1) dl , k = I , 2, • • - ,

where the sequencec,(1), k — I , 2, ..,is fundamental in hu bert space 2~2(O, 00)

the integrated squared func t ions  it descends in this space to certain

fu nction c (t) , 0 $  t 4 —. It is clear tha t  t he  l imit  func t ion p~~)= Ii m

q~ (A) represented in the form

~~(~
.)— P ( i~.) + ( 1  + j~)~$ f e iM c ( t ) d ( t ) ,

where P ( i M = I i m  P~
(A) — the polynomi al of degree is not higher tha n n —

1. It is clear also, that  everyone such funct ions  (where c(l)~~S~2 (O , oo) )
enters in space L10 ,~~ tF )

Analogousl y space L _... 0 1 (F )  coincides with the class of all

functions, described by the formula

~)= P ( i~) +(I +iX)~~ 1e ~ ’c ( l ) d ( l ) .

Page 52.

-~~~ - -
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Will be traced below the structure of corresponding spaces L~ (F) ,

when spectra l dens i ty  f (A) compulsorily does not satisfy condition

(1.2) , but all the same it decreases at infinity (or it is con verted

in 0 with final A) “not too strong ly ” , namely when

f 1 n f ( x ) d~.>_ - a o

for the discrete time t and
00

I 1n!()~.i ~~+~~~
dX > _ 0 0

- S for the continuous tine t. In this case, af te r  re ta ining the previous

designat ions, we will turn to the composite spaces ft (T) and L T ( F).

2. Fu nctions, ana ly t i ca l  in circle. Let us designate ~~~~~ l~~~ p~~~oo ,

the class analyt i c  func t ions  0 (z) in unit  circle I z I< l , for which

u r n  I i ~ (re ’~) ~ dX < 00, z = re ’~.
—31 -

If ~~~~~ then f~ r almost all A~~j — n , sJ there are boundary  values

ç(e’~)—lim~~(re”~) a—vL~~
,

r-4 1

tim f Ic( re’~)I’d.= $ Iç  (e ’~~tP dX .

Space ~~~~~~ Banach space vttk norm II ( i 0 ) _ n ( f i q ( e ~ ) I P d~
)  

.4~~~poui sib1e to

identify ~W’ with the locked subspaco (in known spa ce ‘ .7’P(_ 5 , n))

all functions ç(e’~~~.?’(— n, “), for which 

---—----- ~~--- -  - -- ~~- —‘--  - - - - —— -

- -
-5—- 

~~~~~~~ ~~~~
- ----- ------ -5 -5- -5-—— — — -5— —-5 —-5- -—
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$ ~ (e’9 e’~~ dX — 0, n — I , 2,

POOTSOTE 1• Space 3’~(a.b) consists of functions 0 (A) on segment a $

A 4 b, for wkich~ vV!’) _ ( $  Ic (A)l” d s) < 00. E P J b F O~ TtJO TE.

Page 53.

This subspace, which consists of the boundary values of the described

bo,.ct*aotioas, analytical in circle, also let us designa te lit”.

Funct ion ~ (z) analytical within range zI<l is called an external

function if it is represented In the form

• W (z)_aexP {.~~~ $ ,~~~~ In p (X)dX}, a l — I,

where real function p (X) is non—negative and I n p ~~.2 1 (—~ , st) .

Analytic  with in circle function 0 (z) is called

internal, if I~~(z) l~~ I and l w ( e ’ 9 1 = 1  for almost all A~ E— s~ni.

Blaechke’s pr oduc t is called analytic funct ion B ( z ) of the form

B (z) — az’JJ [j -~ 1 I a,,z } ’  a l —  I •

~~~~~~~~~~~~~~~~ ... — nonnegative integer., 0~~ Ia,,l< I and product

•
~~~~~~~~ -~~~4-—.S~~ -~~~~ ~~~~~ - - - _____________________________________ - 

-- 
_ _ _ _ _ _ _ _
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Theore• (( 10), pp. 98—9,) . Inter i~al func t ion  0 (z ) in an only
- nsamer is re presented in the form of the pr oduct

~ (z) B (z) exp { — $ 
~~~ 

+ ~ j~ (dX)

where B (z) - the function of Rlaschke, (dA) — s ingula r measure.

- Prom this result easily is derive/concluded) ((10), page 123),
that  any non—empt y f ami ly  of inter na l func t ions  has the grea test

common/general/total  (internal)  d ivider/denominator.

Page 54.

Let us designate by D that introduced by V. I. Smirnov (see

-
• 

(20))  the class analytic in circi. (z(< I functions 0 (zJ , wh ich

allow/assume the representation

ç(z) B (z)exp { — j Tt~
_ II(d)~)J 

x

X exp
{
~~ .f 

~~~ 
In~~()~) d)j n (1.4)

where 8 (z) — Blaschke ’s product , ~ (dA) — singular measure and p (A)

• ~~I,Inp~~2’(—n~~).fhu , class D consists of the functions  0 (z) ,

representabl e in t h e  fo rm of the product of certain in te rna l  func t ion

-----5 - -- - --- - - - •  — - -  — - - 5 -

L - -- — - ~~~~~~~~~~~~~ - ~~~-~~~~~~~~ -- -~~~~--- -
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( internal  part 0) and of certain external  func t ion  (exterior 0) .

For each fun :t ion 0 (z) class D are with almost all A boundar y
- valuesç(e’~) = Iim ç (re ’~), vhich sa t i s fy  condit ion Iq, (e ’~)I’= p (?~), wh ere p (A) —

‘he f u n c t i o n , vh i~ h f igures in representation (1. 4) for  0 (z) .

- 
Theorem (( 10), p 80) . All func t ion s ~~~~~~~~~~~~~~ there is a product

of two func t ion s from ~k2.

Theorem (( 10), p 81) . With f (X) > O  t~ f ~~ .2” funct ion  I =~~~qi1~, where
~~

tha t  and on ly  t h a t  case , if nf~~21•

-: Apropos of this theore m let us note that it is possible to take

11

~~~~~~~~~~~~~~~~

The theorem )f Byerling ((10), p 145). During c~~~~
2 function(z 1w).

n a 
~. ~~ ... , t hey  generate ent ire  class 4~t~ in that  and only that

case, if 0 is an  ex t e rna l  funct ion.

Let 0 (1) — func t ion, is analy tical in circle. In that case the

function 0 ( 1/z) is analyt ical  outside circle. After compa ring ~~gUS

of each fu nct ion, analy tical in circle, the function, analy tical 

T _  _ _  _
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outside circle, we we will obt a in the classes of funct ions  D and Sd”.
analytical  outside circle.

Page 55.

In order to d i f f e r  these classes f rom eac h other , we wi l l  in the  case

of necessity designate the appropriate  classes wi thin  circle D~, Q9~9~
’
~,

• 

- 

outside circle — D , lit ” .

3. Funct ions , ana ly t i ca l  in h a l f — p l a n e .  Let us des igna te  by a”.
D the classes of f u n c t i o n s , analyt ica l  in the upper h a l f - p l a n e , which

are he forms of classes a” , D in circle wi th  the conforma l mapping

of circle onto the upper half—plane.

By oY~” let us designate the  class of those analyt ic  in  the up per
half—plan e functions 0 (z), for which

5 l c ( x ± i y ) I~dx~<M<oo , y~~O,

where constant B does not depend on y ( [10), (15)) .

Function pEDis called external, if it is is represented in the
form

Ii) 
dX~}~

— - . • - — - - - - — -- -- - - - - —--—---—-- - — -  - - -

--5 -5. - -  .‘~~~—---—-~~~~~~ -- -- — —-5- --
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where p (A) — real fu nction, p ( 
~~) ~~. 0, aid ‘?~~~~~~?‘(_ oo , oo) ?oE

external  func tions  in inequal i ty  for  an integral of Poisson

l n I p ( z) l~~~1 f j -r dx , z =x + i y , y>O ,

occurs the equality.

- Funct ion p~~ 
I) is called internal , it q (z)~~~I , kp( X)I = I (z =~~+4~, ~i~~ 0).

For t h e  fu n c t ~ion s of class D they occur of representation of the

f orm (1.4) :

- 

P(z)_e ”3
~
B(z)exp 1_ f  ~ -5~~ t (dX) J x

— ~~~~~~~~~

where s are real number , B (z) is a funct ion of Blaechke, p (d A) —

singular  f i n a l  measure and p ( A )  ), 0, ~~~~ ~ .2 ” (— oo , aoL

• Page 56.

• Analogously to classes D and lil” in the  upper ha l f—plane  extend
remaining asserti3ns. Specifically, occurs the following.

- - - 5 - - - -  — - - - — - 5 — - — • - - -
* ~~

-— — 
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• • 
Theor em of ax ((10)) . Dur ing ~e~~ 2 function feiM ,(X), i~~ O) th.y

generate e verythin g lit2 in that and only that  case if 0 is an

external funct ion.

Below we frequently will use the following characteristic of

spaces lit’.

Theorem of Peli  — Weiner ( (10)) , p 187) . Function gE ~ W~’ (in

- the upper h a l f — p l an e )  in that  and only that  case, if

- ,(z) _— 1 e ’~’c (t) di . 1rnz~~O,

where c( 1)~~S’(O. oo).

If simul tan eously with classes D, ~~~“ in the upper ha lf—plane

are considered classes D, Sd” in lower ha ll—plane , we will  wr ite D 1 , Sd”~
- 

in the  case of the upper ha l f— plane and D ’ ,~~~” ii the case lover.

• Let us note that

cc,

•1
& 

~2 spaces L~ (p ) and L (F)

-I; .
I

I 

-- - - - - 5 — - -- - - - - - -5  •~~~~T ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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H . .
Let ~ (t) be a s tat ionary (in the broa d sense) random process

with the spectral measure V (dA) . Let F~~ F a +F , u here F~ is ~~
absolutely cont inuous  and F . is s ingular  components of measure F.

Let us assume, f ( ) ~) — - ~~ let us in th i s  case call t (A) spectral

density, even if F~ =F ~. Let us introduce for a mul t ip l i c i ty  new

designations, af ter assumin g

L = L ( F ) = L ~_ 0, .,) ( F~,
— L (F) = L1. , oj ( F) a..~~

L4 L 4 ( F )  — L10, ..)(F).

Page 57.

Theorem 1. If ~ ( t)  is a stat ionary ran d om process wi th the

discrete time t = 0, ~ l, ..., then

I) L~ (F r) — L (F 3) — L (Fj ;

2) L~ (F a) L (Fe) L (F,~) in that and only that  case, if

5l I n f ( x ) l d ~~=oo ;

3) if

fl Inf (x)ldA<oo . - ( 2 . 1)

that f (A) can be c.qistered in the form f ( M _~g(e (A) P, where g is an

external function of clas s Sd’ is circle I z l <  I.  In this case

-
p _________________________ ______________- - - --5 .—— --- --r~~~

•--— —--—— - ~~~~ - 
-

—-5



~ -

DOC 77182303 PAGE ..3~~’

L (F4)’ D flL (Fa) ~~~~~ L’ (F1)

~~D ’ f l L (F .) =+  4~ 2+

Theorem 2. If E (t) is a s tat ionary random process wi th  the

continuous time t, — < t < — , then

1)1 ~ 
(F t) = L (Fj  L (-F ,);

2) 1 4 ( F ~) L ( F 0) ’L ( F 6) in that and only that  case , i tf ~~~~~ i ’ d) , —o o ;

3) if

5 1  ~~~
- d~.<ao, (2.2)

that  f (A) can be registered in the form f~~)=Ig~~)l2. where now g is

— an external  funct ion of class Sd’ in the upper ha l f—plane  Im 2 > 0, z

= X +  ip. Here

L ( F ~~— D f l L ( F~) , L~~(F ,) — DTh L (F ,) .

Page 58.

Assertions 1) —3) both theorems are actually equivalent to those

b longing A. a. Kolmogorov and N . C. Krei n to the fundamenta l

th orems of the theory of the forecast/prediction of stationar y

- -5 - - 

~~~~~~ :~:~: i~~~1T - 

- 

- 
~~~~~~~— - .  

-
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random processes 1•

FOOTNOTE t. See , fo r  example . ( 2 2) .  EN DF OOTN OT E .

Since subsequently these assertions play fundamen ta l  role, we will

gi ve br ie f ly  the i r  proofs.

First let us demonst ra te  paragraphs 1) —3) theorem 1. Let F be a

s ingular  measure ~n segment (—a , a). Let us assume tha t  L~~�rL. Then

it is necessary e’~~~ L .  Let us designate by 0 (A) the projection of

cell/element elX on subspace L .  Then e’~—T ()~)*Oand e°~—p (A) i. L .  so th at

e”
~
(e’
~
—q)F (dX) 0, n— 0 , I ,

The generalized measure F , (d) ~) = ( e” — ç ) F (dA.) is analytical , i.e.,

5~eh1
~F i (dA) 0, n =0, I ,

also, according t3 theorem f.
4 N. Riesz 

~( 
10), p 73) mus t  be

- • absolutely cont inuous  wi th  Lebesgue. But this contradicts the

singular i ty  of measure F (dA) . The obtained contradiction proves p.

1).

Let us pass to p. 2) .  Let f ( i n f Q ~)~dA — oo . 1t  assume t hat in

--- . ---

~

—a- — —4 • -~
—-_ — - -5 - - — - — —-5—.—-——- ---5— - — —-5———- —-5— — - — --5—-— - — --5— -
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spite of theorem L *L. Th.n again e’~~~L , and it again 0 (A) the re

is a projection eU~ on L , then $ (A) — e ’~-- ç (A)*O Q.~ YLOL

- . ,f e”4 ~
.) f (A) t~X = 0, n = 0, 1 , ... (2.3)

Let us designate ~q~ (P) norm in space .7’(—n ,m). Let ma note that

• function ~f ~~ .2 ”(—n,n). Actually,  on Buniakovski’ S inequa l i ty

11*! I”~~~II’(’ Ii~ 
( I f l~”)’~< cc.

- 

Page 59.

- Hence on the  basis of equali ty (2. 3) it fo l lows that 4f~~ Sd’. The
- logarithm of any  f u n ct ion f rom Sd’ is summed , therefore ,

—00.

- From the e l emen ta ry  i n e q u a li t y  ln x < x it follows that

) - S m n f ( ~
dx

~~Sf (A ) dA <~~
.

Together wi th  prev ious these inequalities mean th at in spi te of

conditioa Inf~~J’.

c .

‘-5 - - --5- --5—---  --——---5— - - - - -  -5 - - - 5— -- _—.--------—-——— —-_-•- -- ---_-—- - — — — — —  - — - 5 — - - —-- - - 5 -
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The obtained contradiction proves the first part p. 2), the

secon d part p. 2) is contained in assertions p. 3), to proof of wh ich

we now w i l l  pass. On the  strength of (2.1) f (A) it is pos sible to
-

• 
register in the f3rm f ~~) — I g ( e ~) P ,  where

~(z) _ ex~ {~~ ~~~~ 
Inlf(O)Ide l. 

z_ re iA,

is an external  func t ion  fro m St’. Let~ (e’~) — ç e L ’ ( F ) ?his it ind icates,

then t here exists thc  sequence of polynomials P~(z) aech, that if q — P ~II,---~’0.

But then and

n—’ oo.

Key: (1) . with.

It is obvious, P~g~~ Wt’~. Therefore and limi t funct ion  i~’=~~g~~~ Q%’~~, i.e.,
~~~— fg,

w ere~p ,gE Sd ’ . Being converted to canonical representation (1.4)

of functions from Sd” aad D~, we see that ç~~
D4.

Conversely, let q’~~ D’ flL(F). Then ~ — çg~~ Sd” . Function g —

external , and according to the theorem of Byerling (see ~1) the set

of functions (gP), where P passes whole polynomial, is dense in Sd”.

This that means specifically, that it is possi ble to f in d the

sequence of polynomials Pq, for which with fl ~ —

- -.-—-•--—-.--— - - - — -5——- ---5-- -5—--—-- -5.- -— - a— ——-a-— --

- --- . .--
~~ - - - 

~~~~~~~~~~~~~~~—-— -5 - - • - - - —--—-
-— --

~

-- - - - - - - - -
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)*—gPj,..Il (,—P .)gI~ = i f w — P~ IIp -‘- 0,

i.e. that q,~~~L 4 ( F) .  The case L ( F )  is examined analogously.

Page 60.

The proof of pa rag raph s 1) —3) theorem 2 almost completely

coincides with the proof of the corresponding pcint/items of theorem

1. hctual ly,  wi th  the hel p of the conformal  mapping of circle onto

half—plane is- is proven, that the generalized theorem 1L and N. Riesz
- • is accurate in t h i s  case (see (2 0 ) ,  p 209) . Fur ther , if ~~Sd’ La

the upper half—plane, then it is necessary

5
Final ly ,  in proof p. 3) instead of the theorem of Byer ling it is to

exile to Lax theorem.

It is useful to note that in proof p. 3) both theorems ,

actually, are obtained the following equa lities: if are satisfied

conditions (2.1) or (2.2), then

Ls- =-~-SS
’
~ , L

L 
_ +S~~

2
. - (2.4)

- ~~~~~~~~~- -  ~~~~
- —— —  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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~3. Struct ure of spaces L r ( F) ,  when ~~ — the f in i t e  in terval .

-5 In previous ~ 2 we traced the spaces L~ ( F )  (but that means and

spaces H (‘t), generated by the values of the corresponding stationary

process ~ (t ) ,  l E T,  with the spectral measure F ( d A ) ) ,  when

inf in i t e interval. Here there will be considered the case of the

f in i t e  interval  1’ = ( a , b) .

Since the case of discrete t ime is t r iv i a l :  Lr ( F )  consists of

the  trigonometric poly nomia ls of tots ~ a1&~’, below we will deal only

wi th  processes wi th con tinuous time. Fur thermore , we wil l  be bounded

by study of the processes ~ Ct), which have absolu tely con tinuous

spectral measure F (d A ) and the  spectral density f (A) , t h a t

satisfies condition (2.2).

Page 61.

As already men tioned above, sufficie nt to examine the interva ls

of form T = (— a , a]. Let us assume

L~(F)— fl L~ (F)T— I—,• ol. ~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —~~~~~~~~~~~~~~ -— -  
- -~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~
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- and

L0(F)u.flLr (fl,

The space T.° (F) is determined by the behavior cf process ~ (t) in

infinitesimal vicinity of zero; isometric to it the space ff° u- flhf~, in

particular , contains all the existing derivatives ~(0).

Let us agree to designate through D~ th. set of the whole

analytic functions 0 (z), z = A • ip, the f ina l  degree ~~~~, i.e., such

whole functions, for  which

i1 rn R’ max Inj~ (Re’~)l~~ c,

(specifically, D, it designates the set of the integral  func t ions  of

zero degree) .

Theorem 3. If spectral densi ty  f (A) of s tat ionary process ~ (t)

satisfies condition (2.2) , then ‘

C( F) — D 0 f l L ( F) ,  L° ( F) = D 0 f l L ( F ) .  (3.1)

FOOT N OTE 1~ We do not make the  d i f ference  between func t ions  from D0

and their contract ion to the real straight line p 0.

F WDPOOTNOT N. 

~~~~~~~~~~~~~ - - — —  ______  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ !~~~~~~~~~~~~
- - —

~~~~~~~~~~~~~~~ ~~~_
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Proof. ~ b us it is to demonstrate two connect ion/inclusions:

L0 (F) ~~~D0f l L (F) a.d L° (F)~~~D0 f l L (F ) .

Page 62.

The first of them we will demonstrate for all • > 0, the second —

only for • = 0 1~~

FOOTNOTE t . The proof of the  general case (~ > 0) a l though  is reached

by the sam e means, substan tially mor e cum bersome; reader can f i n d

this proof in the article of Levin son an d N ckean ( N - L e v inson, H .

Mckean, Weighted trigonometrical approximation on H 1 wi th  appl ication

to the germ field of a stationary gaussian noise, Acta Math. 112, No

1—2 (1964), 99-11~3). More powerful result is obtained previously N.

G. Krein , who ind ica ted  integral representat ion for in tegral

functions f r o m  L~tF) (see “About the basic approximating problem of

the theory of the extrapolat ion of s tationary random processes”, the

DAW of USS R 94 (195 14) , 13— 16) .

The further results of this chapter are also borrovei from the

cit•d article of Levinson and Nckean; their proof are some what

changed. E$DFOOTNOTE.



~

DOC = 7718230 3 PAG E .28~ ’
‘V

~j ?(F)~~ D0 f l L ( F ~~~
)

1. Proof of :onnection/inc1usjo~~~— L et function cEL a(F ).

Wi ll be located the  funct ions
ç~(A)~~~~a,flexp (it,flA), t,~l~<a+ I/n ,

( l l q — q~,IIp<I/n, n — I , 2, . . .  /
such that~~~—~~~~~ Th obvious, everyth ing p~E ü~, + ~~~~.

We viii demons t ra te  that  at each point of the composi te plane

~ C,e , .~(3.2)

whatever  the  number  e > O , the constants C 1 depending only on ~ (but

not of n) .

The uniformly bounded family analytic functions c~ is compact.

Fu rthermore,  fl q~,, — q j j , —~O, and therefore q-~,( z) it converge to the

integral func t ion 0 (z), wh ich un der condition (3.2) there  is a

funct ion of the  f i n a l  deg ree not larger .. It is obvious, contract ion

0 (z) on Ia z = 0 coincides with 0 (A) .

— .. Thus , remained to demonst rate inequality (3. 2) . For th is  we will

estimate q~ (z) I on the  bisectrices of qu ardan t s  and we wil l  use

Fragmena—Lind e loef ’s principle 1•

r

_____________________ — ~~~~~~~
—— “Ii.~~~~j: 

-
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FOOTN OTE ~~~. See, for  example . ( 18). EWDFOOTNO TE .

Let us estimate first q~,,(zfl for ~i i~~ I~

Page 63.

f ( A) ~~ Ig (A) I2, )
Let us note that on the strength of (2.2),—--—~~~ Oere g (z) —

th. external fu nc t l.on of class ~~~2 Let us introduce funct ions ~~ z)=
q~ge~p (/z (o+ô)), 0<o~~—. 

-
- It is -~iDVtous, ‘t’~ ~~~ 

- ‘
~~ 
‘- and therefore  wi th  all p > 0

+ i~) 2 d1& j 2 d~ Ii q~,,

IP ~~C 1. (
~~3)

Furt her , since functions g E S d 2, it it is possible to present  on the

basis of the theor em of Peli — v.iner im the form

g (z) —~~ e(hhZg (u) du , z— k + 4L, 11> 0,

where g (m) — Fourier transfor m to function g (A) . Therefore wi th all
) 0  - I~~~..

Ig (
~ + i1~) { 

~ (~i 4 (u) ~du) (fe~~
u’u d u)  ~~~~ (3.4)

- .— • --5— -- - - -
~

- _ _

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- 5— -
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Let us designa te by 
~ R th. outline, which consists of the

sequent of the direct/straight ‘~
j
~~~

p, ~4=I/2 and being based on it

circular arc of rn dius R with center of point z = i/2, Re z ~ 1/2. By

Cauchy foraula, if Re z0 ? 1/2, an d ra d ius R is suf f ic ient ly great,

*,, (z0) 
~~~~ ri ~~~~~~~ 

dz.

Relying on relationship/ratio (3.4), it is not difficult to show that

the integral in ten s of seaicircumerencs l’p of ~~ a pproaches

0, when 1 —
~~ ~~. Consequently, withall p >, 1 on the stren gth of

inequalities (3.3)

,~ 
_______________• I~ 1(A + 4i) I~~~~ J du~~

/ 

(u X ) +

~~~~ -

~~
-)

~~ 
d u f  —r)  C3. .(3.5)

r - .

Page 611.

0 - - - — - — •
~

-
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H
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Further , record/writing Injg ( z ) j In the form of the Poisson

Integral (g — external funct ion , see 1):

In~g(z) I=-~-~~ 
lnIg( u) J dii z X + i ~&,

- 
we find that if z = R e ’°, O = - ~- , -

~~~~
- , then when R-~~oo

--~O. (3.6)

Actual ly ,  with fixed/recorded T .> 0 and z = Re

I 
7.

~ I du= o(~ ) = o (-~-)_~o.

)

~~~~~~~~ _ _ _
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At the same time

*~ $ (u~~~~~+~~F
d1

~~~~ ~~~~~~~~ 
‘f “~~:V

ul > T
R R’ +I $ J I n Hufl du=R •o( 1) , . T—÷ oo .

n~~2 R~ 
I + u

~u I > T

H $ w o  last/latter relationship/ratios they prove (3.6).

Prom (3.6) it follows that for any € > 0 and z Pete (~ =

3w/Il ; R ). 1) is implemented inequality ~g (z)~ 
)
~e,. -~ I z I , vber e

constant C,, possibly, depends on 8. Taking into account (3.5) let us

have a on ray/beams z a Re’° (~ = w ill, 3w/4 ; B ).. 1) the

following estimation:

(3 7)

It is analogous, introducing fsiction ~ç (z) a 4q,,,g exp ( - iz (. + 6)).

~w where for z ~ r .i  1~tloathalf—plane~ (z) = g (t~ e~~2-, vs will obtain

on ray/beams z a Retb, • = 5./Il, 7w/Il, R ~ 1 the estima tion

q~(z) I~~ C5et04 46) l ’l . (3.8)

Page 65.
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I q’,1 (z) j .1
Let us now move on to the estimation ,,~— i  th. segments of the

bisectrices, which lie t-h-a~~:mL.i.~~ ---l4~-wi thin circle z I ~~~I . .  Is usual.
• let us count ln+ a = m a , if a > 1, an d ln~ 5 a 0, if a ~ 1.

Considering the subharmonic function in I c p ~( z ) I i  uming the Poisson

integral, we wil l  have on straight lines

(,~ — A ~
2 4-~ 

du~~

~~~~ 
-

~~
- ~ u~± i  f !‘~~k~ ~~ (III <

I ln 4’
~ c1(u) I 

~
, —

“5-‘- 
~i a ( 1 1

~ _________

— 
I X2 -s- 2 

_______________ 
d <

1 2 J ~ ± ~ 2 U ‘s.

du ± f I I n j g  (u) I I dU) ~~

~ C6( ~
2 + 2) (ii c~ ii, + f I l nf (~i) d~) ~ C7 (X ’ + 2).

- - • • - --— --~~~T _ ~~~~5 - . •~ ~~~~~~~ •~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
-
~~~~~~~~~~~ • • 

----‘-~~~~~
--- --
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Thus, function e C
~~q~~(z), analytical in band I m zi ( 1, limited in this

band, also satisfies on its boundaries eqwatiom e~~~’q,~(z ’! t ~<C8 ,

where C~ does not depend on n. In accordance with the principle of

• !ragm ena - Lindeloef the last/latter inequality it occurs in all

points of the band indicated. Specifically, all the funct ions 9~,) (z)
are evenly limited in circle / 2/  ~ 1. Hence and from (3.7) • (3.8)

follows the validity of inequality (3.2), which , as already it was

said , and proves Ict~ part of the theorem.

2. Pr oof of connect ion/inclusion LO (?) ~ D~ fl I. (F ) .  Let 0

(A) e D 0 U L (F) . According to Hada m ard ’ s kno wn  theorem * funct ion 0

(A) , whole f u n c t i o n  of zero degree, can be registered in the  form of

the prod uct

z) =z
1
~
t
eb[J  ( i  _

~!_) et
~
z’t , 

~~ (3.9)

where z,, ~ 0 — zero 0 (z) .

POOT OTE 1• See, for example , (1811 paqe 525. ENDFOOTNOTE.

• Page 66.

Function 0 (z) can be rewritten in th. form of su• •~ (z) + 0~ (z) ,

_____ — — — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
5 ’ .
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q~1(z ) = ’/ , ( q ( z ) + q , ( — z ) ) ) . -
where ~~~~~~~~~~~~~~~~~ ‘ 5-lad u~2(z) ‘/2 (c ( z ) — c ( —  z ) )  — with respect to

even and odd funct ion.  With this as befor e •s. Oa e D~ fl L (P) . Th us,

to us it suffices to demonstrate theore. for even and odd functions.

The proof in both these cases is identical ,  and we for a cer ta in ty

wi ll consider even func t ions  0 (A) .

We should demonstrate that with any ~> O viii be located the

function q,~~~L’( F) ,  for wh ich I I q — q ~ jj , .~~~ ,

-

S

Let us note first that any summarized with square integra l

• function 0 (A) the f i n a l  degree ~( e b.iongs J,e (F). Actual ly , any

th is funct ion  belongs to L (F) • and according to the theorem of Peli

-- Weiner ’ relative to integral func t ions  from .2’2 func ions 0 has

Fourier t ransform ~~ equal  to zero outsid e H’.~ 1~ so that

ç (X) $ e’~”4~ (it) 
dii

and , of cour se, q~~~L’(I ’) .

POO?WOT ! * . See , for  example , (101. page 82. ENDF00 TNO TE.

Thus, it suffices to construct the summarized with  square whole

fu nction of degr. ~~s. vbic h well a pproaches 0. Let us not e th at for

~ 

•- , - , - • -

________ _____ -—
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~~‘1
an even function 0 the Adamarov of factor izatjon (3.9) will take the

for.

S 

~~ 
• 
~~~m 

J~

’

~ 
(I — -

~~~~~~~
, rn ~~ o.

Let us determine funct ion ~1)’(A.) by the equality

(A.) 
~
“ II (’ — -s-) 11(1 

~~~~~~~~I z~ I .z d  “

wher.6 i”a.d number d = d ( e)  will be made •ore precise late.

Page 61.

Let us show that q~~- — the summarized with square integra l

function of degree ~~e (and, which means, q1~~ i.’(F)). The Euler formula

sin ._ A.JT (t —

makes it possible to register ~, in the for.

- - A.2m
~~

1 fl ( j . ~~)
;In it I ‘~1~ 

d
‘ .rT I M6’ \ ‘

II ~~~~~‘ )

so that ç,(X) is th, integral function of degree ~~~~~~ Let us now

move on to the estimation of the relation of polynomials in right

side (3.10) with large A. Let us introduc, the monotonically

- . - .~~a•—-- - -~~-~~~---—--— •---— - ••S -5-5-5 ’5’5_S’5~~~~~~~~~ ’5 

S.S’5~~_ -5 5-SS-*5-_- 5 • •~~~~’S-S •S~~~ •5-5- --—- -S -S --’—- .,-
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~~
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nondecreasing function N,(R).to the number of roots of function 0 Ct)
- in circle I z I ~~ R. Function N,(R) closely related with the order of

an increase in function 0 (z). Specifically, for the funct ions  of
S 

zero d.qree N,(R o(R) ,  R- ’~ oo

FOOTWOT! 1• See (18], p 521. ENDFOOTMOTE.

Consequently, degree of polynomial in the numer~4or of expression

(3.10) is o (d), whereas degree of polynomial in deno.inator 2d6,

and W, e .9’, (—  
~~~~ . 

oo)for sufficient ly large d.

To us remaine d to consider iq, —q ’H~. For this let us demonstrate

the followin g lemma , which characterizes proximity ‘r~ to 0.

Problem 1. At assign.dP>O A<ooit is possible to find number d0

- such that for all d > d0 they occur of the inequality

• iliax I~~~~(A.)
_

We (A.) !~~~~~~~~~~~~
( 

S f (A. ) dx) .
I~.I ~cA I 2 

A
- (3.11)

• m ax  ~~e wax p (A.) I~~~~~ 1.

~~( 

---——~~~~~~ - 
. . ‘ - -5 — --  -- 5 ’ - -—-- ‘-- --.- .- .-—- . -S- S -  - - ‘ 5 - -- - - -

’
- ---- S - ’ 5- ~~~~~~~•~~ • ~~~~~~~~~ S_~~~~~ s— — - 5—- - - ~~- —
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Page 68.

The first of inequalities (3.11) is obvious. For the proof of

the second we will use the elesestary in.qs.iity

e_ 2x
~<1_ x ~<e _ x , O

~~x<+,

and let us write

-
, 

l l( ’~~~~~~~~
’)  ll~

I —
~~~I

ç, -

T f l h 1~~~ l l( ’
i~~~~

’)t e nt
• ~~ ~r}exp {2~ ~~ ~&}- (3.12)

‘i >d6 IZ nI~’d

j To evaluate the first factor in (3. 12) I.t us not e tha t

ii ~~~—~ x ’ d O+ V- dâ+I

Si I
• In order to consider ~ f lT’ let us turn again to distribution• Iz~I>d

function of zeros N,(R) . Taking into account t hat N,(R) o (R) . let us
have

SI R’ — + 2f I~

’

~ 
dR ~1111>4 4 4

- ‘ N~ (R) r dR 2 6
• R ) IP d~~~~4 R

- -  - ~~~~~~~~~ 

-S - - - -5---- -- — ~~~~~~~~~~~~~~~~~~~~~~~~ -5-
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if only d selected by sufficiently large. after substituting the

obtained estimations ii (3.12), we .iii obtain that

) ) 4
~

I W M I
~~

’ d/2
{ (tTh

~ 
—
~~)} = ‘ .

as soon D ), 1/6 . Second inequal i ty  (3. 11) is proved.

Page 69.

Let vs pass to the proof of the last/latter inequalit y of lemma.

low A.I~~ d/2. Dy considering the  second of the factors in

expression for 
~~~~

, let us f ind tha t

1n( [~~ 
~

I_

~~~

-

~ )~~ 
~~“

= 1in~t _
~~~tdN~

(R)
~~~f I n ( l  +~~~) d N~~PJ~

M 2X’ W,(R)
A. ’+ !P R dR -c

N (R)
~~2N ( d) l n —1- - +2f  ~ dR-

~~~~~~~~~~~~~~~~~ (3.13’I

-S -S —- -- -S.--- - ‘5
~~’~ - 

~~~~1~~~~~~_ L~ ~~~
-— --

-S-  
~~~~~

- - --—-S -
~~ 

5 - -  —5-
--
-’- --5-- -—5
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l’o evaluate  t he  last/ lat ter  factor in formula  for q~ let us

consider separately cases d/2 ~~xj~ç d and d. If A .,~C 6 , then

f l( 1_~~~~~ )~~~~~~~
(
~~~~2o2~~~ -

~}~• n>d8

• ~~exp{ _ X2ô2

provided dd 1. If lxi > 4, then, again by using the expansion of
• Euler , let us find that

TT sin 
-

‘I <45

For n < d6,?~~~will be~ 1 )16a/n ZI> )‘62/2n 2, so tha t on the basis of

the Stir l ing formula for n! let us have

)

— ------S -  - . - - • - - - - -  -- — --  - 5 -  - -

L - - -— —-‘~~~~~~~~ —- -----—- — - - - - -—-- - -- --—- -~~~~~~~~~~~~ -~~~~~~~~~~ 



~~~~~~
T 5 -  

~ — 
-‘5i 

~~~~~~~~~~~~~~~~~~~~~~ . ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ -

DOC a 77182304 PA GE 4r~iS

J1 I ~~~~~~~~~~~~~~~~ In~f~~-F
‘~ > dO

+dô ~‘2 (n~~~~}=_ !~ exp{ ._ dô I~2

• Page 70.

Equate/com paring the obtained estimations wit h (3.13), we see that as

soon as d is s u f f i c i e n t l y  great , a I X I ) ~ d/2 , then  I (f, (A.) I~~~J . Lemma is

• demonstrated.

With  the  he lp  of this  lemma i m m e d i a t e l y  is obtained the

estimation for I~~— q~ IIp. Specifical ly,  on t he  s t rength of (3.11)

A

+5. • f . I c (
~

) 
~! (~

) dX +2 5 ~ (A.) dA. < ~~~
11>4/2

if A and 4 are selected by sufficiently large. Theorem 3 is

demonstrated .

~~~~. Projection L+(F) on L (F).

5-— - - -— - ---‘5 - . . _ •~~~~~• _ _ ~~~~~~~~ ~~~~~~~ 
- — - - -- —

~~~
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~• It is veil known ~, how important role in the theory of

fo recast/prediction play the projections of spaces Lr ( F) ,  T = [ a , oo), a~~~O,

on space L (F) .

FOOTROTE ~~. See , for  example , (22] .  EEDFOOT EOTE.

These projections appear during the study of the varied conditions of

the regulari ty of random processes (see below chapter IV) . Here we

will  demon strate a series of the  theorems about the ctruct ure of

space L +I.. (F) - to projection L (Y) on L (F) .

On the stren gt h of theorems 1, 2, it suffices to examine  the

random processes, which possess spectral density f (A), wh ich

satisfies condIt ion s (2.1) (for processes wit h discrete t ime)  or

(2.2) (for processes with  continuous time) . Recall that  in that  case

- spectral density f (A) allow/assumes the factorisation

(time t discretely) , wher e g (z) — th. fu ncti on of class .5~” , I z I<  1, ~
- 

~ (z) =~g (-~-) , I z J > 1~ the function of class~ W’ . It is analoqou~ for proces ses
S 

with the continuous tine

-~ 
g~~ fl4 , imz>O; ~ ( z) — j ~~, Lmz < O , ge~~ ’ ,

— 
-- -—

~~~~~~~~~~~~~~~
- - S
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Page 71.

Are obvious the conmection/imclusions

L (F ) ~ ~~~ (F) ~ L (F) fl L~ (F) ~ L~(F). (4.1)

The basic our target/purpose — to explain, when these or other

of these inclusion s are transformed into equalities.

S We will begin from the description of the analytical form of the

ope~-ators ~~ (designated also ~?) and ~? ‘ , design/ projecti ng L.
,

(~~
-)

respectively for L (F) and L ’(fl . Let us designate by w (-.n) sad v ’

the operators are projected on S’2 (~~ , ) ( 9’2 (v, w) on ~~2- •ad ö~Y
2
~

respectively. These operators are determined as follows: let •~~2’~
(—a , ~) and

A.)= f e ’~~4 (u) du~ where; ~ ~~ 72( 00 oo);

• them

f e ’~’~~(u) du, 
~~~~ = f e tkuq, (a) du.

it is analogous, if w~~ -.~”(-- ‘~ n)~ ~ Q’) ~~e”~a 1, where

then
E I a ,P < oo ,~ r

— ~~~~ e’~
1a,, 

- 

~~~~ 
— ~~ e~

1a1.

— - - • — -- - - —- --

S 
-S1 S _ -
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Lemma 2. occur the following relationship/ratios:

- 

• 

~~~q,(X) ~~~~~ s~~ (X) p (X), ~~~
Proof. We will be bounded to examination ~? = ~?. Let us also

assume that we deal with the continuous t ime t (case of discrete t ime

is examined analogously) . We should demonstrate that

~~~~~~ ~?
‘=~~~, ~~L (F) ~~ L (F),  ~~L ( F ) = L (F) .

- two first .qua lities mean that .? — projector 1, two following, that
S i_projector on L (F).

• FOOTWOTE I. See, for exa.ple, (2], page 111. EWDFOOTKOTE.

Page 72.

: Since w — projector, , * a v, ,I a v. Therefore

(‘n’ . ~‘1’)~ 
(~ (4w), 4i1h — (gw. “(~ ‘P) )2 —

Equality ~~~~~~~~ with  obviousness follows from relationship/ratio w~

S Parther, in 02 it was shown, that if ç~~ L (F) ,  then 4w~~o~
’2 , jf ~ie~~;

2-

tbem ~4 ’~~ L (F) . Since n (4c) E~~~- - 5 A , ?w— ~~~n4, E~ L (F ) .  If finally çE L (F) ,

them 
~~q)~~~~~

’n(4q,)_f ’4~~
_ q,.

- - -‘ --5- - SS —- - S - - —- - —- - — -~ ~—- ----• S- —  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - --- S- - - -S - -S - - -—
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Lemma is demonstrated.

Theorem 4~ L (F) = L~~I (F) in tha t and only tha t case, if a =

g/~ coinci des with the relation of two internal functions; L~~
1 (F)

= L — (F) (~ 
L+ (P) in t hat and only that  case, if • = g,4’ there is an

internal  funct ion.

- Proof. Theorem is proven by similar form as for processes with

discrete, so also with continuous time. Ve will give the proof of the

first part of the theorem for discrete time and the second — for

continuous.

Let O = s ( & ~)/S2 fr,~ ), where s1 (z) . s2(z) are internal func t ions, so

that s i(e l~) I= ls 2(e iA) I= I. Let us consider that  s1 (0) = s2 (0) = 0;

otherwise we cosll , without varying 0, repl ace s
~
, s1 by xs~, *Sp.

Let us consider function 0 = ~~~ 1 (s1~) and show that  ~~~L (F ) .  but
— 

1 L ” (F)( i t  goes w i t h o u t  saying that  0 = 0) ,  so that  L ~� L 41 . It

is obvious •~g and therefore w~~~L .  Fu rt her , 0 it is

possible to register in the form -

S and, since a, (O)x4 cg~~ e ’~~~~2 ’Let  now W~— be the a rb i t ra ry

- -— — •— — S - -— - - -S - - - --—— --5-— —-- - - 5--’--- 
‘5 -’—- - --5 —‘5 - - ----•~~~---•- —-•—------~--—-- —-
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S 
/01

cell/element L 1(?). Re ha,.
(c, s.?ii’)p = (w4. (#~‘) 

)~ =
— (n (p4), 4 = (P4, 4’~’)~ 

— (pg. ~pg)2 = 0,

since
q,g ~ e 1

~~
2 , ~pg ~

Page 73.

• Conversely, let L =  ~~~~ and let p ’~~L . but p 1 L~~~. Let us

register function 0 in the form ~/4, p ~~~~~~~24
• Function q~ ~~~~~~~ can be

registered In the form of prod uct 01 a ReVs, where 01 — intern al

function, a - is external (see §1). Let us note now that  the

function Og is orthogonal ~~~ 2+ in ~72(_~~, ~L Actually, if ~~~~~~~~~~~~

• then
(pg. ~I’)2 = (q’R. f4 ) 2 =(~t(w 4). -I*)2 =

= (~~ n4q . -~~~IgF)2 _ ( t v ?w, i•) =~(q,, 
~~~~~~~

-: 
then since 

~,/geL~~(F). Therefore pg~~~/C
2-S, and, which means , wg=O 2~~2,

where e2, y~ - wit h respect to internal and exter na l function. Thus,

we have

q’g—f ~~ ~~~~~ 02V2•

Since IO I = 8 2~~~~t (0 , 02 
— internal), IY I I= I~~2i. External fu nctions y

~
(z),  y, (z) whose modele/aodulj to Isla 1 coincide, are equal, so tha t

~~~

_ - —_  _  - -

-
‘-—-—5 - •- •-———-S -——S.—-S ——.~ - 5 —•_ •-.-~•=— -— - - • 5 - - - - —--5——-  - - 5 - - — 

—‘ — - -  - ---- - - -— - - -~~~~~---- - - ---~~~~~~~~~~~~~~~~~~~~~~~~ -
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The first part of the theorem is demonstrated.

The proof of 2—1 parts of the theorem. J..et us note first that in
S accordance with th e done previousl y assum ptions L (F) 

~ 
L (F) and,

whi ch means , L (F) # L — (F) () L’(F) . Therefore , according to that

whi ch was demon strated above , d uring the investigat ion of the

question concerning equa l i ty  L fl i~ L~~ it is possible to count

0 = 0~/9~ wher e O~ , 9~ are in ternal  funct ions without  common divisor.

Proof is based on the following equality:

L~
1 (F ) = L (F) fl -i-- L~ (F ), (4.2)

• 
- 

2

from wh ich i m m e d i a t e l y  it follows that  ~~~~ = L f l  Lt w h e n  and ‘only

when ~~~~ 1, i.e.. when 0 = 01/0 2 ~ e~ is an internal function.

I ’ -

‘ - Page 71$•

For proof (4.2) let us introduce into examination orthogonal

complenent fl of space L~’ to L and sho w that

M =L fl~~~1 f ~~~r - n L~~ 2- (4.3)

Actually , let us register arbitrary cell/element p EM CL  in

the form q ,— ç~/~ , where 
~~~~~~ 

If 0 is orthogonal L
_ _~~ L f ~~~~~ t2f ,

then ~~ is orthogonal in 2’(— co , 
~

) to space ,~.L~~?t4 Rut

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 5- -- —-—- SSS - --’- - - - -5-i_S-~~~~~~~-
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since vi~ = 
~~~~

, th i s  means that 31 is ort hogonal L~X2+ , a

• is orthogona l to ent i re  ~~~ 2+~ consequently, q,geJ)~
2 , which is equ ivalen t

(4. 3).

Is decomposed now function ‘
~ (belonging on the stren gth of

equality (4.3) both ~~~~ and in to the produc t ~ f in ternal

and exteriors. Re wil l  have

- -
Wi = V303 rV4 04’

wh ere Vi — external , a o~ 
— internal factors. It is obvious, ~ 

=

~~~~~ 
so tha t

• 01 04 =0 291.

and , since 02 and 01 do not have common faactors, funct ion  0, must be

di vided 9,. Consequently, (4. 3) it ii possible to rewrite thus :

M_ +~~~~~ fl 2 =L f l*C.  

• 

(4 .4)

Wow , re lying on relationship/ratio (4.14) , let us f i ni  or thogonal

complement P4 to L (equal r egard ing L~~’ ~~Let us mot• that

L - = 0 1 L — -~
- G~~~~2 

~~ 
I ~~ 2- 

= L .
g O , g R

therefore is su f f i c i en t  to find orthogona l complement -~- -~--L ” to

en tire L (F) or, which  is the same thi ng, to f i nd  orthogonal

complement in 
~~~~~~~~ 

spaces to in all .21(~~~~oo , oo).

I . ;

- s

- . 5-~A~--~ -~ -
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Page 75.

S
. 

the latter , obviously, #~ 
- 

~~~~~~~ what  in L (F) it answers space

Equality ( 14 .2) , and wi th  it and theorem are demonstra ted .

We wi l l  exp la in  now , when L~1 (F) = L° (F) (it goes without

saying that already the very posing of the question assumes that we

deal with process with continuous time). In light of theorem 3 in the

case of the equality indicated there is full/tota l/complete

description of space L 1fr ,

Theorem 5. Let be is satisfied condition (2. 2) . E q u a l i t y

(F) = L° (F) occurs in that and only that case, if 1/f (X) there is

the whole analytic function of zero degree.

Proof. Let L~~’ (F) = L° (F) . Let us consider separately of two

following cases.

1. f/ ( I + x 2 ) = f 1~~ S”(— oo , oo). Lot us in t roduce into examina t ion  new

spect ral mea sure with spect ral density f 1. It is obvious, f1

where g1 x g/ (X 4 i) ~~~~~~ Re wil l  demonstrate that  I / 4 e L u ( F 1) .

Hence and from theorem 3 it iill follow tha t  1,g, and also ,

therefore, 1/f a 
~/g~ essence the integral functions of zero degree.

— - 5-55— -— — - —
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-- — -=5---— —~~~ 
-

~~~~~~~ 

- - -

-

DOC a 77182304 PAG E .1d
- 

- 
/4

On the basis (4.1) occurs equa l i ty  L~ I ’  (F) = L~ (F) (\ I.4’( P ) ,

and according to theorem 4 g/j 9 is an internal function. It is

un derstanda ble tha t in tha t case 6, = g1/~ , = e X—i/X’i - also

internal function. Let us consider function p = (~ +i) ~~L 4 (F 1) and

fin d its projection on L (F1). We have, considering tha t here : —

the projector in L (Fe) Ofl L (Fe),

i J~+i~~ 0~ I

~~~~~~~~~ ) i + i  R 1 ( A — i l  
=

since _
~ 5 e”~~~ du belongs ~‘~~~~

“ and ~ =

S Page 76.

Thus, we demonstrated that I/4 =t.?q~~ L~~~ (F 1) = L ° (F 1) .

2. f ~~~7’( —  00 , 00). In this case (see §3) space LO (F) , and also,
-~ therefore, equal  to it L~~I (F) contain only the constan ts, dim

= 1. Of proven below theorem 6 it follows that is necessary f =

const/ 1 • )2~

~~5 

The first part of the theorem is demonstrated. Let us begin

toward the proo f of 2—1 parts. Let 1/f Q) b ~ ,) ther e is the

integral func t ion  of kind zero. Let us de monstrate f irst  t h a t  L +~ =

S 5— 5 - ~~ -~~~ - - S  - — -S  • - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~

-5-- - ‘ 5- . - - S - - - --~~~ ~~~~
--- --- - -5 - - -  — - - - - -

-5 - 5 — -  - 5-
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L* f~) L. In accordance with theorem 14 for this it suf f ices  to show

that the function 0 = g/j is internal .

S According to one theorem of N. I. Akhiyezer  (3Cc t 1 6J ,  of page

567) the non negative on real ax is  func t ion b ~~ we wil l  repre sent in

the for.
~~~~~~~~~~~~~~~~~~

where w (z) and (z) — the integral functions of kind zero, function

w ar~ the external function in the upper half—plane, which does not

ha ve there as zeros, and (z) = ~~ (!) — is ex ternal in lower

half—plane. But then g = 1/v . ~ 1/ .  Let , fur ther , 2 i — zero

function b (z), that lie at Inz < 0. For In z ) 0 g/~ = 
~~~~~ are

analy tic function, whereu pon

o( z ) IH f ~:H = l - ~
-
~:H— I I ~ ~~~~~~ ~ ~ I0~~) J= I.

The last/latter re la t ionship/r atios prove , what  0 — is in ternal .

Wow us it remained to show that each cell/element p~~~L 4 f l L

are the integral function of kind zero. Before let us de.onstrat.

tha t  • — integral function. 01 the streaqth of (2.1$)

W~~) ’ O)Q.) h~~(A) ~~ i(?.) h (?.) ,

wher eh~ E~~ ’+ , h5-
~~~~’-. Conseq uently, 0 

~~
) there is the com mon

-~~ -~ a~ - r-  •. - - S - - _______ - 5-

_ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _
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boundary value of functions v (z) ht(z) and (z) h (z), analytical

respectively in IN z > 0 and Tm z < 0.

-

S Page 77.

Let us demon strate the possibility of their  cont inuat ion th rough  the

real st ra ight  l ine.

Let 1D ( z ) = f w ( ~)d~. where the in tegral  is taken on the cu tting

• off of straight line, that combines points 0, z, a 0 U) is either w

(~) h~~(~), or (~) h (F). Function ~P ja analytical in the upper

S 
and lower half—planes. 

S

For function h~~~~J ~t
2
~

Il h~ (A + i~i)
I2 dA ~~f I h ~ (A) l2 dA = C1 < 00 , ~t >0. (4.5)

Therefore with all a ,Jal< — .

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
- 

~ max ff l (zH Va C~~~~C2e .  (4.6)
Iz I<a

According to the theorem of Peli — Weiner

-5- -- -5- - - ----S -—----5-~~’5--5-5— 5-—----- --S5S--~~~~ ~~~~~~~~~-5’5_~~~~
-5 - - --5 — — - -- -5 — -- — - -- -5- ---
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• h~
’(z)=J e~’h (u) du.

- 
Fi~~~~ 5” ( — 00. oo), Imz>0 ,

• so that

- h + (x+ iIt ) (J e_2
~U d u ) C~~~~ 1/~~~~ 

(4 .7)

Therefore

• 
S Ip(a -4- 41Idi~~S w( a + i~L ) h

4 (a+i ~) I d ~I~<C3e 1’ ) € .  (4.8)

For almost all X

lini h 4 (A + ut) = Ii~ (A) .
t~4O

Page 78.

He nce and fro. (4. 6) it follows that and

- 

u r n  p(~) d~ — f c ( ~~d~. (4.9)
12-,O

j -
• 

Integral of analytic function 0 (E) in terms of the sides of triangle

• with a pex/vertexes at points 0 , z = ).. + ‘~~ . k is equal to zero. On
- 

the strength of (11.8) and (11.9)

Iirn~~~(z) = u r n  5 w ( ~~d~
_ 5p ( ~)d ~ =(D (A) , Imz>O.

__________ _ _ _ _ _ _ _  _ _ _ _
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Analogous resul t is accurate also for z f r o m  lover ha l f—pl ane.

Consequent ly, fun :t ion  ‘~
‘
~~~ is anal ytical in the upper and lower

-
- 

ha lf—planes and is continuous in an entire composite plane. Converse

theorem the Cauchy—theorei  of Norer (see (18], of J~~tt 186k the y will

make it possible to claim that U)(z) is analytical in an ent ire plane.

• But then derivative Z)~~~~~~ ) also there is integral function.

To us it remained to consider the rate of growth I w R e ieH1R~~~
,o. ~~

circumf erence j z l = R  J w ( z ) l~~ C~ePR , ä (z) I~~ ~~~ 
As concerns func tions h4

(z), h (z), on Peli—Weiner ’s theorem for z= Re”~, 0<O<3t ,

h + (z) j 5e
ItMh (u) dii ,In AII f’ ufl dii ~

~~~ J~~~ 
~ ~~~~ 

~ — 
V 2Rs ~n ~

It is analog ous on z = R e ’°. i t < 0 < 2 ~.

Ih (z) I 
~~ V 2R s inO l

Therefore with large P

• f I R ~ j q - ( Re’~) I d0~~ €R. (4.10)

- - Page 79.

On the basis of the formula Poisson—of Jensen (see (18), of page 456)

L - . 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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2

lu Iq( pe ’91 ) R ’ 2R ( U)

-V i ~I z — ~~I 
—

+~~~~~
ifl

~~7~~~~~2 1  ~~

where z =- Re ’° , p>R , sum is co mmon to the r ight  for  all the z ero a,,~~O

-• functions 0 (z). which lie at circle jzj.E p, and a01 — •tltiplicity of

zero 0 (z) at point z = 0. If we assume here p = 2W and to note that

in ~~~~~~~~~~ we will have on the strength of (11.10)p ti~ z

I~~(2Re iu) j da~~~ R.

Theorem is demonst rated.

• Theorem 6. Let the spectral measure F be absolutely continuou s.

Space L (F) has the f ina l  dimensional ity n in that an d only tha t

case, if spectral den sity be rational integral function ). degree 2fl

for processes with continuous time or rational integral function

degree lv’s for processes with discrete time.

Proof. 1. ~ (t) — process with continuous time. Let dim

(F) = n < —. Let us designate -q ~, ,.., ~ any base in ~~ (F) • and

let 
~ 

— isometric to it base in isometr ic space of random

variables R ’ If projector on H~ is designated .~~, then is the

correlation function

- 
T_ • 

- 

- 

— — - 5  

- 
:T-5=~~~~~~~~L__

5-
____~.~~~~~~~~~~~
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B(~+s)=M ~(1)~ (.—s)= (~(t), ~(—s))=

~~~~~ (1), 
~~ 

( — s) ) ~ cj (1) ( ‘ ij .  ~~ 
( — s) ). 1, s ~ 0.

Af ter designating (t-ij . ~(— s ) )  by ~~~~ let us have

B (1 + s) =~~~c 1 ( 1)~i 1 (s) . (4 .11 )

Paqe 80.

Fur th er, whatever numbers o<t ~< ... < t~~ <oo , random variables 

ff ~ (# ,~) l inear ly  dependent , so that  wi l l  be located the

numbers a0, a t , . . . ,  a 0. for which

~~a~B (I , + s) = (~ ~~~~~~~ ~(— s)) —_ 0. (4 .12)

• Equalities (4.11) and ( 14.12) already are suf f ic ient in orier to f ind

the correlation func t ion  B (t) . First , re ly ing  on (4.11), let us show

tha t  B (t) is infinitely differentiated with t > 0. Let us select n

of infinitely differentiated functions g, (5) , ..., ge (s) with carriers

S inside (0,—) so, in order to det f g , (s) ~ 1 s d s ~~~~O. On the strength of

(14.11)

J B( i  +s) g1 (s)ds ~~ c 1 (
~

) f g i (s) lL, (s) ds. 
.

The left sides of these equalities, equal to JB (u)g1 (u — t)du. are —

in f in i te ly  d i f f e ren t i a t ed  on t. Therefore are infinitely -

differentiated everything C,(1’), but on (4.11) and B (t) . t > 0. By

- _ _  _ _ _ _

- - -- p ~~~~~~~~~~~~ —— S
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d i f fe ren t i a t ing  iden t i ty  (14 .12) , we will obtain

u — O , I , 2, . . . ,  ii.

Consequently,  it is possible to find this polynomial P (z) of degree

not higher than  n , that

s>0. (4.13)

Well known (see 121). page 58), that the fun damen tal system of

S the solutions to equation (4.13) compose the functions of the form

e~’~R1 (s) , . . . ,  ek
~

2
R* (s), (4.14)

where all num bers A, are different, i R~(.c) — the polynoiia ls of

degree ~ — i , whereupon n i + ... + ‘~~ are a degr ee of polynomial P

• (E n ) .  The correlation func t ion  B (s) — the solution to eq ua tion

(4.13) — is a linear combination of functions (4.14).

S 

Page 81.

According to~~.inana — Lebesgue’s theorem with s -* —

B (s) = f e ~ ’f (A) dA - - ’0 .

so that everything ReA ,<0. Finally, B (a) a 8 (—a) for s < 0.

Direct calculations give

- - 

-

5- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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• 
[e~~~e~’~R, (s) ds = k, ( A , ~A (4. 15)

where k~~ is rational degrees not above 2n. Therefore

f (A) + $ e ~~ -’B ( s) ds

— the rational integral function of degree is not above 2n.

In order to ascertain that degree f in accuracy is equal to 2n,

sufficient to demonst rate the second part of the theorem: if f is the

rational integral function of degree 2n, then dim L+I (F) .~ n.

This last/latter asser tion is well kno wn in the theor y of

forecast/prediction (see (221. of page 174). In order to demonstrate

it, is decomposed rational integral function f ~~~) into the  sum of

S common fractions u/ ( A , ± uA ) 0 , ReA ,>O , but  integer a does not exceed

mul tiplicity ‘I, t h e  conjugated/ combined po lea± 1A ,. By app ly ing
- . Fourier t ransform to (4.15), let us find that the correlation

- function 8 (s), a > 0, again is a sum of the functions of form (4. 14)

and , which means , of B (s) there is a solution to the linear

differential equat ion of form (4. 13) of degree not higher than n . Any

n + 1 solutions B (t0 + 5), ..., R( 10 equa tion s (4. 13) are
S l inearly dependent , so that will  be located the numbers a~, for which

— - ——‘- - - S--S -- - - - - --- - 5 -  - - - 5 - - S S . --— - —--5---— - -

- 

- - -5  

----- 5- 
c- -—

-

-

- 
- - -4
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~~a1B(1,+s)—O . s>0 . 
-

Bu t then an d

(~~~ a9?~ (1~ ) , 
~~~~

_ a~ (
~ (1~ ), 

~~ ) = ~~ a~l1(1~ + s)  0

with all a ) 0, therefore, 
~~a,e?t(!j)—O ’ i.e., any n + 1 vectors from

5 5 H 1  (from are l inearly dependent.

Page 82.

The case of continuous time is dismantle/selected to end.

2. ~ (t) — process with discrete tine. Proof similarly to that

which was given is above and even somewha t simpler. Equal i ty  (4.12)

occurs as before, but  now here I i and a are integers. Let us

determine operator a the taking of difference by equality AB (a) a B

I 

(a + 1) — R (8) . From (4 .12)  it follows tha t

�a ,t~ 8(1,+s ) — 0 ,

whence escape/ensues the analog of equation (4.13) — difference

equa tion :

P( t t) 13 (s) — 0. (4.16)

S From the theory of such equations ‘ it is known that any  solution to

S - --- . - - - . - ~~~~~~ - -  - ---- —~~ - -
~~~~~~~~~
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equation (4.16) is the linear combination n of the l inear ly

in dependen t fundamenta l  solutions, which have as befo re fo rm (4 .14) ,

only this time in (4.14) a — whole.

FOOTNOTE t . See , for  example , [7]. ENDFOOTNOTE.

Further  reasonings complete ly  analogous to those which were used with

the analysis/selection of the continuous case, and we them lower.

Th eorem is demonst rated.

This theorem explains sufficiently well that role, whic h the

rational spectral densities play the theory of forecast/pred ict ion .

Let f (X) — is ra t iona l  funct ion ) (or e~~ ) the degrees 2n. It it is

• possible to register in the form ~~~~~~~~~~~~ where ~~~~~~~~~ Q and P

— the poly nomials of degree with respect to n and n1 4 n — 1. It is

not d i f f i c u l t  to  show tha t  in the case of processes wi th  cont inuous

time the base of space L form functions -p-~~- - s = O , I , . . . ,  n — I , and
S

. 

in the  case of processes with discrete time — function 
,~~~ IA)~~ 

1= 1 , . . . ,  ,i.

Ta particular (this follows, however, and from theorem 5), L+! a

La , only if P are const..

Page 83.
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Let us note that even if not to assume the spectral measure F

absolutely continuously,  we nevertheless will  obtain tha t  the

correlation function B (t) is a sum of funct ions  (4.14), but now
S 

possible that for some ~~ ReA ,’=O (of cour se, for these

A , R,(s)~~ c~ I 1Sh. The t ransformat ion of the Fourier funct ion e”1~, ReA ,—~0.

S is 6—measure with load at point A~. After recalling p. 1

theorems 1, 2, we we will obtain the following common/general/total

assertion:

dj rn j • 4 I (F) = n < ~~

in that and only that case, if F = F 0 - t - F ,, wher e the der ivative of

absolutely continuous part F~ there is rat ional  function A (e 01) d,q r .e 2n i,

- and singular measure F , is concentrated in n1 different points, n 1 +

:• flt * f l .

~5. Structure of v— algebra  of events W (TI .

- - In th i s  paragraph we will show as some results relative to

-
~ su bspaces H (T) (or isometric with it subspaces LT ( F ) ) they give (in

S the case of Gaussian processes) to theorems relative to v— algebra 
~~~(T) .

Other results in t h i s  direction are contained in chapter IV.

- 
—-  - - 5--- -5-- ---

~~~~~
- - — -- ---

~~ 
—--S -

~~~
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Let us t u r n  to  relationship/ratios (4.1) and we will try

oursel ves to seek the analogs for these relat ionship/ratios and ot her

results §4, ex pressed in the language of v—algebr a ~1t ( T). It is

understandable that to space H = H (—— , 0) (or isometric to it to

space L (f l) corresponds to v—algebra of events ) ( = ~~1( — o o , 0), to

space H’= H (0, —) v—algebra ~1~~=~
( (0, cc ), to space H0 =f l f l (_ 1 , 1)_ f l H ( 0 . 1)

1> 0
— v—algebra ‘~

o
~~fl~ L (_ i , 1). -

I ’ -’O

4 1-- ‘-1—
~iore complexly is matter with analog for space H (or, that L

(F)) — by projection in H of subspace ton H .  Preliiinarily let us

introduce the following concept. Deternination I: splitting v— algebra

at point t f or a process ~ (t) is called any v—algebra ~i~” ~~~ ~j —

relative to which the past process ~( (_ o o , 1)and the future ?( (1 , cc) are

condi t ional ly  independent , i.e., for any ,i~~~9 I ( — c c , 1), B~~~’)t (l , cc)

• 
~~ ~AB~~L ’’ ~ {A ~ ?1~’) P {I3 I ?t~”1

FOOTNOTE * . Term “sp l i t t ing  v—algebra” introduced Hckean (H P Bckean,

S Jr., Brownian motion with a several dimension time, is theoret ically

probable, and its use. 8 (1963), 357—378; see also the cited on page

62 article of Levinson and Nckean) .

S - ‘ - - - -  - - - 1.
k ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -—— 5— - - - - — -5 - — - - 5 - - — - —-- —5—.---
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Page 84.

• It is not d i f f i c u l t  to comprehend tha t  splitting v-algebra at

point t always exists; for example, such will be v—algebra ~t ( _ oo , 1).

It goes wi thout sayin g that in terest represents minimum splitting

v—algebra at point t (below we let us demonstrate that  she always

exists) . For example , for  M arko w processes m i n i m u m  splitting

v—algebra at point t is v—algebra, generated by random variable ~

(t).

For stationary in narrow sense processes, in particular for

stationary Gaussian processes, it suffices to examine only splitting

- S v—algebra at point by 0. Minimum splitting v—algebra at point 0 we

will designate 9t~~ ; as it follows from the following, precisely, this

v-algebra and the re  is a na tura l  analog of space

Theorem 7. Let ~ (t) be a stationary Gaussian process with the

spectral measure P (4k). Always they occur of the

connection/i nd us ion

~‘ f l9~~~~9t° (5.1)

For any of the signs ~ ii (5.1) can be replaced with equal sign in

r
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that and only  tha t  case, if it is possible to replace wi th  the equal

sign of sign ~~ which  stands on corresponding place in the

rela tion sh ips

H ~ H~
1 

~ F1 11 H~ ~ H° (5.2)

or , which is the  same thing,  in relationship/ratios (4.1) :

L (F) ~~ L (F) _
~L ( F ) f l L~~(F) _

~L° (F) .

Proof let us begin from research of the common properties of

splitting v— algebra.

Lemma 3. Let ~ (t) be an arbitrary random process, ~t = ¶U(— cc , 0),

9L~ ..(0, cc).

S - Page 85.

Then:

1) ~r there is splitting v—algebra (at point 0);

2) if ~ be splitting v—algebra, and event ~~~~~ t hen

P (8$ P (f l i 9 t ~) ;

3) if ~ is splitting v—algebra and ~i~~~~ i 2~~~ i , then ~ — also 

- - I IT-- ’--::T - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ T~~
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sc~l i t t ing v—algebra;

4) if v—algebra ~~ ?1~ — splitting, the n splitting it is also

v-algebra ?t , ç~

• ~~) there is mininun splitting v—algebra ~1~~~:

- - 

6) always ~~~~~~~~~~~~~~~~~

Proof of lemma. Let us designate through ~ the indica tor of

event A, i.e.,

$ 0 , w~~~ ,4 ,
w~~~n.

- 

1) On the strength of the properties of conditional mathematical

expectations for A~~~~?r , ~~~~~ we have

- P ( A B I = M ~ xA .x ?t~~ =xA . M (xfl~9r~~—
= M ~ I?I ) M ~ ~tj  — P (A ?F) P (B ?Ij .

2) Regarding that which split v—alge bra 9I~~~(~’ so that random

variable P(fl$?11) meas ured relative to 9(~ Therefore it suffices to

demonstrat e that the integrals of random variables M (XAI ?l ,), M(x ~ I?1~~ in

terms of any mult itud e A~~~9( coincide, and to exile to Radon —

-

. 

Nicodesius’ theor•e. We have 

~~- . - 5 - - - - - ~~~S—*  -S
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f M (Xa i - ~t~ ) dP — M {XA Xa} = M (M (XA X n j9 (~) )

A 
M(M{ I~~

} M (13 i~l1} ) =M (X ~ M(~,1I~I } ) = ’

M ( ~11V)li)dP.

3) Let A~~ ?r , B~~?t~. Since to both part of the predicted

.~quality M (xA .xB $~l 2)=M{x.%~~
l2} x M (~n~~t2) 

measured relative to ~‘L,, is

suff ic ient to again demonstrate that coincide the integrals of them
S 

in terms of any m u l t i t u d e  Ce 4112.

Page 86.

on the basis p. 2) M (x,H 41()-=M (x,,141L} and, therefore, M{ x~ I 91 1) M (xn l’112).

Therefore -

f M (XAX B I ~~2) dP M
S -

~ M {M (x~x~ l ~11~} • M {~~,1J 
~
i
~~

})

- • = M (M (M (XA XC ~~2} M {~~~ 91, ) )
M (Xc M {XA J ~ 2) • M {~~

j 912 ) )—

=f M (xA191 2 .M (xflI 9 2 dP.

0) Let us not e first that for any random variable ~ ~~~~~ ~~~~~~

p.

— — --S--S -5- -- -  5-- - -- ~~~~~-S-~~~ -S1 S . -S ~~~~~~~~~~~~~~~
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occurs the equali ty
-

- 

M ( ~i?t ,fl9t 2 ) =M(M ( . . . M(~~9L1) $ 9t 2) $ 41( 1 . . . ) .  (5.3)

• Actually, let us consider hu bert space H all random variables with

zero average, final dispersion and scalar product (m. ‘12)= M~~ 2. By Iii, i= I , 2.

let us designate the subspaces H, which consist of those values,

which are measured relative to ~~ Then the operators ~~1 =M (.$41t,)

essence projectors in II on H~. The left side of equality (5. 3) is a

projection C on H J f l I I 2, right side is the result of the

application/use to C of an operator I~rn (~’?ff1~’, equal to projector on

H fl H ,.

Let now A~~~I , ~~~~ Then

M ~~~~ 
91,) = M (x~ 

91 ,) ., M (x~I 9( i). (5 .4)

on the basis p. 2) and equality (5.3)

M(X ~~?t ifl?l2} = ht f l M {M {M{.. ._M (~a $ 41f , )$41 (2)~I, ..j =
- -

Therefore, if we use to both part. of equalit y (3.0) opera tor M (.~41t1fl 912),

we let us fin d

M (~Ax~I~
( I 1) ~

t 2) = M (XA M (~n I41t i) $ 91~ fl91~) ==

M (XA I ~~i fl ¶‘1~~. M (x. ~t i 1) 
~~

2). (5.5)

Paqe 87.

5) On the basis p. 1) many all splitting v—algebra are not

I
S 

- -

I

- - _ _  :~~~~~ i
i-:

~~~~~~~~

—-
_  

~~~~~~~~~~~~~~~~~~~~~~~~~ 

-
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empty. Let 9i~’- th•re is an intersection of all splitting v—algebra.

Let us demon strate that there is split and, therefore, minimum

splitting v—algebra.  On the strength of p. 2) all the probabilities
p~ j~?s ), Be?1 4 ,

A wher e A a — arb i t ra ry  splitting v—algebra, they are

indentical and , whic h means , are eq ua l to P ( B $ ? 1 4 1 1 .  A ft s r taking of

both parts (5.4) onditiona l mathematical  expectation u n l . e r  condition 91 k’ ,

let us find analogously to (with 5,5)

M (x AxB (~~~ =M (x~~?1~ ’ )  M (x 8 1 91 4 H ) ,

i.e. ~~~~~~~~ is sp l i t t ing  v—algebra .

.5 

6) Relationship/ratio 9(4H~~~9(_ fl9(~ is obvious. Lemma is

demonstrated.

Lemma 4. Let ~ (t) be a stationary in the narrow sens e of

S 
stochastic continuous process; then

~~
+I

~~~~~9i * f l9I~~~? 9 1°.

Let us demonstrate first the left connection/inclusion. Let

8c-~1 fl?l-3imce 9l~~ 
— spli t t ing v—algebra ,

P {81914 )  =P (RuI?t4i =IP ~~~~~~~
This equality mean s that the random variable p (819L~ j takes the

only two values: 0 and 1. LiSt A = ( w :  P (BI91 4
~~)=I) . and let A there is

addi t ion A. It is understandable that fle 91~~ , ,1eE ?l~~~. Therefore
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S 

SP (8141 4’j dP = PAB ) =PA).

S $ P ( B I , t ~
- ( d P = P ( A r n = o -

On the basis of these equations B differs from A not more than by the

- 

event of probability zero, so that it im possible to comnt B A e41V •

_ _ _  --5----- - -— - - 5 -- 5 - -5 - - : .~~~~~~~::. .11 ~~~~~~ iii S TIT. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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Page 88.

Let us pass to the proof of right connection/inclusion (5.6).

Let us assume 9(”~ = fl?~~o. e~, 41(.°- = fl41(_ . 0). It suffices to demon strate
1 > 4 )  1>0

S that 9(04 = 9(0 41 (0, stochastic continuous pr ocess t (t) gener ates the

group of the retaining the probability transfotns T’=TA , Ae9((—oo , oo),

whic h in tu r n , assigns the group of the continuous unitary operators

‘ 1/ on !!.

• ?OOT~OTE 
1 • See [221, page 206—211. E$DFOOTNOTE.

Let now A be any even t from 411°. It is obv ious, T’4e9((0,t). Let,

fu r the r, i(s) there is an indicator of event T’I1. It is

understandable that i i ( 1 ) = U ’~,~ there is a stationary continuous on the

average quadrat ic  process. Therefore

I iin MI ‘i(t) — 
~ (0) F = 0.

• 1•4 0

For all t > 0 random variables ~(1) are measurable relative to 91(0, 0,

5-—  -~~~~~~~ —5- - —  -—----5-—



- -5 — - - - -S- - -S - -----

DOC a 77182305 PAGE

and therefore o~(0~ is measurable relative to ~ Analogously it is

proven, that I)(0) is measurable relative to ~i - . Consequent ly,  Ae91 °4,
Ac
A 

and ~~~~~ 41( 4) -

Roting now that left connection/inclusion (5.1) is trivia l, we

see that together with lemma 4 is demonstrated the first part of the

theorem. It remained to explain, when in (5.1) they can occur of

equality. For this purpose we will demonstrate several lem mas

relative to commun ication/connections between v—algebra 9( T) and

spaces H (T). Let us agree by means A~~ to designate minimum

v-algebra of events, generated by many random variables thus, for

S instance, ?((T)—Al ~ (fl. ‘~~~ 
1). It is obvious, further that 9r= ~A (ii i.

Lemma 5. For a stationary Gaussian process minimum splitting

v—algeb ra is

= A ( ii 4
~~).

proof. Let us demonstrate first that ?t 4~~~~A t I I H ). Let us

designate by ~~ r- .? the projector in H (—a , ~) on H. It is clear

that ~~=M~~•$41F(.

S -, Page 89.

p
Random variabl e ~ (t), t ). 0, can be approximated as convenien t ly

- • -- S 

--
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good on the average quadratic by the linear combinations of

indicators XA . ~~~~~~~ Ther efore on the basis p. 2) lemma 3

-= M (E( !) I 41(
5~ 

= M ~~I)  9~+ _ ~

Consequen tly, all cell/elements of space fF~ ’ an , measurable re lati ve

~o 91 ’. and A (Fi~ 
)~~~~9~ 4 I  

-

Let us show n ov that .~1(ii ~~~
) spli ts v—algebr a 9l~~, 9 (. Since 9l~

— minimum splitting v—algebra, hence an d frcm previous will follow

that ?(~~~=A ( F i ) . Let ,~~~~
— be an indicator of event A € ~ 4 1t :  let the

random var iable  t,i, measurable relat ively 9(~ . representable in the

for, of pr oduct ‘ ‘ - ,  where random variable  ‘-i , is measurable

relat ively ii,i~~’ )  and random variable ‘it - is ind ependent of

v—algebra ? t .  Let us demonstrate tha t

S 

~4 %~( I  ~ ii 
— ) ( = r~A ~~ 

-1 (Fl ~ ‘ ) I  • IA 1 ( I I

Actually,

M (xA r(I A ( l F ’~~~ =‘~M {x4 ’12 1 i (l! ~~~
) ’

r~r M k i  F! )
~ .M~ - 11 M~~ ‘~t - ( (fj  -

- M ~~ ,~~
4 _  

. Mi1, . M y~ - II ’

tsi ~~ (,j 
4 1  - 

• M (
~ A I! -

Ar bi trary random variable E (t) , t ~~, 0, can be registered in the

~:T ~~~~~~_ i T~~ T _  ~~~~ -
~~~~~~~
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form of sum ~ (t)  = ‘~ 
(t) + 

~ 2 (t) , where random variabl e ~~~~~~~~~~~~~~~~~

)( 5
~~cf l 4 t  and , which means , is measurable relatively A (i-! 1. but

random varia ble t~~ (t) is orthogonal l l .  Orthogonal Gaussian values

are independent , so tha t  i~ (t) does not depend on all value s fros lI~ ,

and also, the re for e , on v—algebra ~1

S Page 90.

Let n o v Q = Q~~(t ). . . - -  E ( 1~~)—b e  an arbitrary polynomial  of values ~U ) ,

. . . .  ~(I,,l. 1, > ’) . Record/wr iting each value ~~~ in the  form of sum m I ~)-~- 1 ~1f ,),

we let us will  be able polynomia l itself Q to rewrite as bag of form

iC,, where each ~/ =~1j ~~ 2, ’ m, is measurable rela tive to A ( H ~~~) , a’,i4 ~~

does not depend on 41~ . On the streng th of (5. 7) for  any  such

polynomial Q

M~ xA .Q IA( l l 4 ))=’
- . 

= M ~~i A (!l 4 tj
~ 
. M (QI  ,1(F1 ’’ i~. (5.8)

Let now B be an event f rom 9~ 4~ 
~~ proved in ~5 chapter I, any

measurable relatively ?(~ random variable with the final dispersion,

in particu lar random var iab le  Xn . is a limit on the average quadratic

• polynomials  Q above form indicat ed. On the basis (5.8)
r 

M fX A X~ I A (J UHi~ M (XA I , 1(H~ ’j ~ • M (XA I A (!f ’ ’i} ,

i.e. A ( H~~ )— splitting s-algebra. Lemma is demonstra ted.

Lemma 6. Por the stationary Gaussian process

~~ A(fl~ nui.

— -5 -~~~~ --- -~~~~~~~~~~~~~~~~~~~~~~~~~ 
------ -- 5 - - - - - - - S S - -- - 55-~~~~~~~~=~~~~~~~ - - --

_ _ _ _  —-5- --- - - - - 5-5 - - - - - -5---  ---~~~~~~~~-——- - ----- 5--—--- 
-
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It suffices to demonstrate that for any polynomial P of the

random variables ~~~~~~~
-

~ M ~~~~ f l 4 1t~~~) = M (P 1 A( H~ 
nir)}. (5.9)

Let us prove this equality by induction. For n = 1 p = e (t)  there is

a cell/element of space H (— — , — ) .  Further, it is analogou s to (with

5. 3) , for all r an~Iom variables M~2 < oo , occurs the equa l i ty

M ~ ~~ fl9t } = ( i i n M ~ M { . . . - M ( C J  9(k) 9 L )  ...j 411 ).  (5 .10)

2.i

It is obvi ous, 9(
~~=A (l l I , 9~~=A ( F f i ,  so that if h be cell/element H

(——, — ) ,  then ‘ M {/ i l 91~ )e F i ’ 
~~i l ( — ~~, 

~~

POOTHOT! t . See §5 chapter I. ENDFOOTNOTE.

Page 91.

M t h I f l9t~~ c1l(-.~~ , co)
Nenc. and fr om (5. 10) it follows that  also for all
h c f ( ( — o o , co).

~ 
Sinc, random variable M (h I 41r fl 9t~} is ..asurable relative to 411 ,

it belongs 11 ; is exactly the sue •sam.r M ( h I f l )~~ H~. Th u.,

S.— ---5--- - - -- --- 5—- -- _

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - - 

-

~~~~~~~

-

~~~~~~~~~~~~~~
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,

equali ty (5. 9) is proved for the polynomials of the first degree.

The remain ing part of the proof is s imi la r  to reasonings §5

chapter I. Let us assume that  equal i ty  (5.9) is proved for all

polynomials  P of degree not h igher  than  n — 1, n >, 2, a n d  let us

demonstrate it fDr the  polynomia ls  of degree n. It su f f i c e s  to

consider polynomials P of for m g(1 1) ... ~(i~). Let us agree to designate

through e?~~ , O~ operators M (.j2F’), M ( ’ 1 4 1 11 (these operators the y are

projectors in If on fI~ , fU respectively) . If ~ (I~)= ~~~ ( / ~ ~ ~~ — ~ (li) + t~(I,),

that  all  random values i (
~~ are orthogonal /I ~ and , which means , are

S independen t of 41L~ . We have (see §5 chapter I)

M (PI ~t~ ) = 
~~ 

(t i) . . . 
~ 

(I ,~
)

where Q1 there is a limit on the average quadratic the polynomials of

d.qr.e not higher than  ii — 1. By set/assu .ing, fur ther, ~~~ ~~~~~~~~~~~~~~~~~

vs will obtain tha t

M (
~ (1~) . .. ~ (i a) + Q1 I~( 1  

~
2 ( 1 i) ~~~~~~ + Q2,

• where again Q2 there is a l imi t  on the average quadrat ic  the

polynomials of de;ree not higher than n — 1. By continuing

analogously, let us find finally that

M(P I?1 4 fl911—
= I I  ( . . .  ~~~~~~~~ ~~(i ~

)) + Q= II M ~(l ~) i~t~ fl ?Ij 4 Q

= fl M {~~(i~) A t ! ! ’ f l / I  -f Q.

r

_  - —- ——
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Here the first com ponent to the right, obviously, is measura ble

relative to ,1(H 4 fl 11 ), the second is is measurable relative to the

same v—algebra  on induct ion assumption.  Equa l i t y  (5.9), and with it

and lemma are demons t ra ted .

Page 92.

• Lemma 7. For the stationary Gaussian process
S 

411° =- A tH °) .  15 .11)

Proof . It is obvious, 9f°~~ A (il°) . Reversal is proven just as in

lemma 6. specif ical ly,  by induct ion according to the degree of

polynomials  P of ~(‘~
) 

~~.. ~(/ ,, ) it is proven , tha t  for any po lynomial

M ( P 1 9 1 °} — M ( P I  ~4(!I°)). (5.12)

From the last/l at ter  equali ty already follows the val id i ty  of

equality (5.11). Induc t ion  passage of n — 1 to n is realized by those

method , as in lemma 6. Therefore we only  will  demonstrate equality

T15-~5- ~T I -



-S 5- 5__ 5__S-• — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 5 . -r - ---- -

DOC — 77182305 PAGE
/4’

(5.12) for the polynomials of the first degree. Let P =- h~~ H (— o o , oo).

Then all random variables M (hJ W( 0, I/n)) and their limits on the average
S 

qua dra tic M {h 1 91°) essence the cell/elements of space H (— a , ) .

Further, since all, values M {/s 1 91 (0. s)), s< t , belong to space H (0 , •c )~~~ 11(0, 1),

that and A1 (/i l 41t’~) belongs by all H (0, t ) ,  i.e., M (/i I 91°) c~ 11° and ,

wh ich means , M(h 1 91°)=M(htA (F!°)) . Lemma is demonstrated.

Wit h the  help of lemmas 5—7 second part of the theore., which

concern s the  condi t ions  of equality in relationship/ratios (5. 1) . is

- t  proven immedia te ly .  Let us demonst rate for a def in i t ion  tha t  9t~~~=41i°

-

- 

• 

in that  and only t h a t  case, if /1 4 H
=11

o
; other cases are examine d

analogously. Let //
S S

= / / ~~
, then on the basis of lemmas 91~ ’ =A(ii~~~)_

_

A C~fl1eraely, let ~~~~~~~~ Then H~ ’ =!i ther e is a random variable
/, ~ !! ‘‘ ,

, 4 v 1~1ch is orthogonal to space Ho . On the  strength of Gaussian

nature of random var iab le  h is independent of all values from H, and

also, ther efore, of v—algebra A(I (°)—~
1”. Therefore  event

does not depend on v-algebra 91’ and cannot belong to it. Theorem

is demonstrated.

The results of the  previous paragraph together w i t h  recent ly  the

• demonstrated theorem make it possible to express in the spectral

terms of the  condit ions, under which in (5.1) instead of the

connection/inclusions they occur of equality.
I.

- - - - . - - . 
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• Page 93.

For exam ple, let ~ (t) — stationary Gaussian process with spectral

- • 
density f ~ ) ,  then v—algebra 4110 coincides with minimum splitting

v—algebra ‘Y~ in tha t an d only tha t case, if 1,’! (X) there is the

integral function of zero degree. Appropriate to note also that the

• rando. process ~ (t) is Markov, if wi th  a l l  t min im um splitting

- 
v-algebra at point t coincides with the algebra, generated by random

- varia ble ~ (t); therefore the process ~ (t) is Narkov then and only

then , if 1/f (X) there is a polynomial  of degree 2 (and n-componen t

• Narkov , if 1/f (k) there is a polynomial of degree 2m) .

_ _ _ _  - - - - S

S - - - - . —‘---.5-  .A~
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Chapter III.

EQUIVALENT GAUSSIAN DISTRIBUTIONS AND THEIR DENSITIES.

§1. Some preliminary observations.

1. Introduction. Let ~ = ~ (t) be a Gaussian ran d om f u n c t ion of
the parameter l€ ~ T with  values  ~(I) =~~(~ , I), ü~~~Q, on a r b i t r a r y
probability space (~ , 411 , P). Let us consider that v-algebra 411 is

generated by a l l  va lues  ~ (t)  = ~ (w , t) on (7 (parameter t passes set

1’), so tha t  the  pr o b a b i l i t y  measure ~ in  v—algebra  ?~~ ?L~ is

Gaussian.

Let P —  be anothe r Gaussian measure in v—algebra 411 1.

FOOTNOTE 1• 7~ is more precise, measure P, is such, that the random
function ~ (t) on (U, 5, P1~ is Gaussian. EN DFOOT II OTE.

I,

- - - S  - - - - - - - 5 - - _ _ _ _  - -

- - -.  — ‘ - -  ~~~~~~~~~~~ 
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It is called absolutely continuou s relative ly P . if P, A ) — 0  with P(A) .= O.
A~~ 41I. As is k now n , absolutely continuou s measure P1 is

representable in the form

P 1( A) =~~ p ( D ) P (dw) . A - ~~9l, ( 1.1 )

S 

where p (~ ) the determine d nonnega tive fu nction on 0, called densi ty

and designated p (o) — P 1(d ~ )/ P (d w) . Neasures P 1 and P are called

equivalent , if they  are mut ually absolutely continuous. leasures P,

and P are called orthogonal, if there are the nonin tersecting

multitudes A and A ‘ =411 (called the carriers of the corresponding

measures P and P,), for wh ich

P k A ) = t , P(A 1)=O
and 1.21

P M)=0. P ( A 1H I.

Page 95.

A bsol ute con ti nu i t y  means tha t, whatever e>O , will be located

such 6 ) with 0 that

P1 (A)
~~

e with P( A ) %  4 1.3)

for allA~~~1.~~~is, for example , immed iately follows from the

inequal i ty

- 

-
• P , (A) — 5 p (w) P (dø)~~ NP(fl)+ • I

~
A n(. ,~ >t ~’

—5- —.5 - —5- --_____ — —---5-— - -5- 5— - —

.5  • 
- - —S~~~—--.----5 — -5-5- - —S— -— S -------- — -S— -—-- ----~~~ —
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where

J P (w) P (do~) < -~-p I.) I N

wi th su f f i cient ly lar ge N, so that , for example , P 1 I- ~ <r wi th

Any  measure  P 1 representable * in th e  form of the sun  of the
orthogonal measures P~ and P” , from whic h P is orthogonal in
measur e P. a~4 P’ is absolutely continuou s relatively P.

FOOTNOTE *. See, for  example , (8].  page 111. EN DFO O TNo rF .

Accor d ingly

• P (A) = P~(A ) + 5 p” (w) P~d(o), (1. -fl

where
p” (rn) P’ (dw)/ P (dco) .

Let us note tha t  the mea sures ~ and ~ are orthog3na],, if for
certain sequence of sets ;~~~~~~?I . r i — I , 2,..., are f~ lfi11ed th e
relatioush ip/ratios

Isrn P(fl0 )=O . ~irn P,j A ,,)= I. (1.5)

- ‘~~~~~~~~~ -

5 5~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 5 - -
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- - This, f or ex a m ple, follows f rom the  fact tha t for non orthogonal

measures P ’ ( Q ) > O  and P~(L~)< I , and therefore under condition I i ni  P(A 6) = O

we have

Iini P1 (A ,,) = I,:n P (A n) + u r n  Pc’ (A ,)

I.

Page 96.

In the different regions of the theory of random processes and

mathemat i ca l  s ta t is t ics, informat ion  t heory, etc. do arise the

questions: when t h e  assigned measures ~
‘ an d P are equiv alent (or

orthogonal)? as to co•pute density p~~) = P 1 (tho)/ P ( d w)  equivalent

measures? as to clearly descri be the nonin tersectin g “carriers” of A

and A 2 orthogonal measures?

Obviously (s5e §2 chapter I ) ,  during the solution to the placed

above quest ions it is possible of Gaussian measures P (dw) and P,(d~)

in the initial space (7 to pass to the  appropriate Gaussian

distribution s P dx) and P 1 (dx) in the containing all trajectories
• ) —U o ’. I)

4 

fu nction space (X, ~ the real functions x = x ( t )  of the

parameter 1~~~i~ where v-algebra ~ is genera ted by all cylin drical

multitudes of this space (see formulas (2.1) — (2.3) chapter I). -
S

— - • ~~~~~~~~~~~ _ _ 5 5 - - - - -‘ - 5 - - - -.,- ---S - - -

- - . —“ - - - ‘ - - - - - .— . -— -- - - -- - --~~~~- -

________ - 
-S
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/~~~
Specifically, a lways  it is possiide to pass to probabili ty

dis t r ibut ions  P and P 1 in space V = R T  all real func t ions  x = x

• (t) of I~~~T.

For any values p=q’ (x) on I, measurable relat ive to v—algebra  .~~~,

value i— r I ~~o. .)j on (7 will be measurable relative to v—algebra ‘Th S

in t h i s  case for t h e  integrated value q = w ( X )  that which is

integrated will be value i~, whereupon

ç (x) P 1 v) = 
~ I~ 

((i) . ‘II P (d o) = M1. (1 .6)

Noreover, in the case of a measurable multitude ~ ((7) any

me asu rable value t~ representable in the for.  ~i I ~~’~ • ) I . whe re q~~- q~l-v~

is certain measurable value on (X, ‘~~~~
.

Actua l ly ,  as noted in §2 chapter I , any mul t i tude  A is prototype

with  representation ~~~ ~~~~~~~, 
.)  f rom 2 in X: A =(~~~ 8). where B, cer tain

• mu l t i t ude  from v—algebra ‘
~~~. There fore for any measurable mult itudes

,~ lam e ~1=�.
ckxA k ((o) (where xi, — an indicator of set A, i.e.,

)f~ (U)) I)

A ’~
lflh w~~ .i and ~~ , ( o )~~

- ( )  w ith m~~~~.-~ j representable in the for m

r~x~ t~~ 
( i ~ ‘ )i = w 1~ (w , . )1.

Page 97.

(I) ~~~

S Any measurable value v
~~=~~~~~~ ) is (unifor m on the l imi t  of values

LI _ _ _ _ _  —- ‘-~ - ---
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r$,, —q ~1[(~ (w , • ) I
the form indicated. It is obvious , T1~~ r 1~(w , ‘11, where the

function q=q’(x) on a measurable multitud e E (Q) is def ined  as

(unifor, on ~~~~~~~~~~~ the l imi t appro pria te func tions r,, =r1 (x).

From equal i ty  (1.6) it escape/ensues, in particular, that if p (x)

=-P 1 (dx) fP (dx) _ density of distribution P and P, that i~!~ (’ , • ) ~=P 1(d o) / P(d ~ )

— the density of the initial probability measures on space Q,

since any mu l t i t ude  A~~.41( representable in the form l=- {: = 8). where
B ~ and according to (1.6)

Pi (8) = f p (x) P (dx) = p (~
, (w . )

~ P (h1 ) -
~ P1 4

Let us note that the equivalent random funct ions ~ (t) and ~ (t)

have one and the sane probability distribution in the appropriate

function space X — R ’ , so that, for exa mple, if

~~(o , 11= ~~(o , 1) 1.7)

for almost all w~~ Q (relatively P(do) and P (d~ ) ) .  the n

probability measures P (d,o) and P 1 (dw) in v—algebra ‘~‘I~ are

equiva lent or orth ogonal when and only when this same proper ty they

possess in v—algebra  ~ I (generated by values E U ) .  (~~ T).

In connection with condition (1.7) it is worth saying also that

addit ion/completion * v—algebra 41t~ and 41f f by the sets of measure 0

(relative to equivalent  ~ and P,) it is one aM the same v—algebra 411 ,

whereupon the density p( to) P 1 u o) / P (d w) on 9I~ (or 9I~) simultaneousl y

- 
- 5- _ _ _ _a_ -_ — r—, -‘---‘-- - - -- - -

- 
. - 5 — -  - - 5 - 5  - . - - - - - - - --5-- - - - - - 

-- 5 - - - -
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is density , also , in full/total/complete v—algebra ~l :  for any

multitude ,‘r~~~41r

5 p(w ~P (d w) =~ p (w) P (dø) = P1 (A )  — P1 ( -1’ ). (1.8)

where the set A G41t~ (or Ae 9{1) is selected so, in order to for the

• symmetrical difference ,l’o A = -I .-l ’ \ A)U (A \A’)

P (A o fl)=P 1 (fl’~~A)~~Q,

FOOTNOTE 1• See, for ex ample, (8), page 127. ENDFOOTNOTE.

S 
Page 98.

As has already been indicated in §2 chapter I, any Gaussian

meatiur s P is assigned by its average value of a (t), 1ST , and by

correlation function B (s , I) , s , I~~ T. The placed above problems (connec ted

with the equivalency of Gaussian measures P and P 1) is logical to

solve, proceeding precisely from the assigned average values of a

(t) , a1 (t) and correlation functions 8 (s , t ) ,  B1 (s, t)

examine/considered Gaussian dist r ibution P and P1.

Obviously,  w i thou t  l i m i t i n g  general i ty,  it is possible to cou nt

- •~~ 
.5- —::: 

~~~~~— - —S 
_ __ __5-__

~~~~~~~~ _ _ _ _ _ _•_ S _ _ _  - — -- -- --S ~~~~~~~~~~~~~~~~ 
-S5~~~~~ -SS
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that  a (t) 0, since of values e (t) = ~ (u , t) always it is

possible to pass to values ~( f l — a ( I ) , I~~~T, sin ce dur ing this  passage

v-algebra ?I and initial Gaussian measures P(d ~ ) and PT(d0 )

51 remain without change. In the appropriate function space this I

in d ica tes the passage to Gaussian distr ibutions P (dx) and P 1 (dx)

wi th the previous correla tion func tion s, that has average values of 0

and a~(~) — a ( ~), t~~~T.

2. Exam ples of orthogonal  d is t r ibut ions .  Let ( re la t ive  to

probability measure P1 ~(I), O~~/~~ t, — Gaussian stationary process

S w i th  the zero aver a ge and correlation func t ion  B (t) . Let P —  be

- another probability measure, relative to which ~ (t) — also Gaussi an

S 
stat ionary process wit h the  zero average, but correlation fu nction B~
( t ) .  Bot h these measures  are examined  lower in v—algebra  ~uI ,

generated by all values ~ (t) = ~ (w , t) at t~~~T, vhere T = (0~ ‘] are

certain segme nt 3fl real straight line.

The simplest examples  of or thogonal  probabi l i ty  measu res P ~~4 P1

can be obtained , by t ak ing  int o account the local properties of
- trajectories (see §7 chapter I).

For example, if
t\_

~~
\ñ fl (0)Iiiii ——— -— — 00

A —. O ~~~~~~~~~~ ~0)

_ _ _ _ _ _ _ _ _ _  —— 5--—— 

.2 —
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(1.9)• or L%~ hAh!fl0)

~~~~~~ 
A_,,A~B1 (0)

that probability measures P and P1 are orthogonal.

Page 99.

In fact, if it is carried out , let us say, the seconi of

conditions (1.9), then for cer tain func tion 6 (h) such, that with h —~~

0

and
h-+O 6 (h) ,,~~~

with fixed/recorded t with probability 1 occur the followi ng

relat ionship/rat ios:

iim L~LL!)J=I ~ re lative to p ,
h-,O 6~~( h)  ~• c~~ 

i s  ,,

for fast enough descending sequence !‘-~- / ‘ .~. u — I , 2,. .. (recall he re ,
that  \ ,, R iO )  M~,\~~(I H 2 ) . It is evident tha t  the  probabil i ty  measur es P
an d P 1 ha ve the noninter secting carriers A and A 1 form

A— [ci): Jim L~~~~ QI .~0
-

. _ I_ 
~—~~-+o & ~ (h~ 

- - ~~~~~~~~~~~~~~~~~~~~ — —

-5 -- _____ ______________
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and
-
. 

A 1 = t o :  Ilin
I. h—Fe ,1.+O ô”~ (h)

Th us,

with the d is tur bance of condition I

S 
A_~~~B (0) x i  (l .J OA_ ,,A~ I3~ (0)

the probability measures P and P 1 are orthogonal.

FOOTNOTE 1 _ Relat ionship/ra t io  cLX 13 for variables a and fi means

S that O< c i~~ aI~ <c 2 <~~ with some constant c1 and c2. EIDFOOTNOTE.

By taking into account the properties of trajectories, described

in theorem 3 chapters I , it is possible to obtain very

common/general/total  examples of ort hogonal d is t r ibut ions  P and P1.

Let us assume

For simplicity of fo rmulas  let us consider tha t is f u l f i l led

• relationship/ratio (1.10). Let us show that

wit h the  d isturbance of the condition

(1. 11 )

— -,-Aa ~~- 
5 5 5 _ ___________ - - 5-

1T ~~~ ~~~~~~~~~ ~~
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the Gaussian measures P an d P1 are orthogonal .

Page 100.

• In fact , according to theorem 5 chapters I value

• t~(h) = 
— \‘ tA ,,~. ( k h) l ’ J A ..~~ A~~fl (0)

- -V ~ d \_ ,, \,,13 O) J ~~~
• 

- A — I

• • =-• r — \1 tA ,,~, (kIs)) 2 I’% _ h \ ,, /? (0)

k.- fl 
A h~\h R I (0)  A_ ,,~\~b (0) +

- 
(rj~e ? . I = [ - r / I , ] )

S 
are such, which with fast enough descending sequence ~~~~~ ,r~~I , 2,...,

for whic h

~~~~~~~ ~~~~ _ ~~~ ~~~~~
-~ 

_ h ”~hb (0) 
‘
~~ A _ h\ ~b (0)

with probabi l i ty  1

J 0 re lative to P.
= I ,• (1.12)

It is evident tha t  w i th  the  disturba nce of condition (1.11) the

— 
____-  - -S -•—--S--~~~~~~~~~~~~- - ---  — - 5 — S --5- -~~~~~~~~~~~——S- -S S~~~~~~~~--

5- . --
S 

- — - SS-- - - — -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ---5-- - -
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Ga ussian mea sures P and P will, be orthogonal.

Let us show still that

Gaussian measures P and P orthogonal with the disturbance of

the cond ition

~~h Ak b (0) 0 ( I (k — f) h)j 2 (I .I3~

• In fact, above va lmes ~ (h) have relative to

distribetiona P and P average valmes 0 and 1, but dispersion (see

S formula (7.14) chapter I) the essence

‘ - i  N - I
2 ” '  2 ” '

•7~j1 ~~ IA_ ~ -\~fl (1k — 1) h) ) ~ . -
~~~~ ~~ )\_~ \h fl I (k — I) h)) ’

k, /~~fl 
— 

~~~ 
~~. I_ fl —t\ _ hA nh (())j! 

~ —h 
\,7 h 4 0 1 ) 2

so that with the disturbance of condition (1.13) wiLl be located

sequence h— h 1, ,z=  I , 2, . . .
~~ for which will be carried out asymptotic

relations (1.12~ .

Page 101.

‘in this  case Gaussian measures P and P have the nonintersecting

carriers of the  fo rm

A— ~~w: Jim ,i(w , /i~)_ O}

and

A 1 J im ~~(w . h1) — I
.‘~ ~

-~~~~~~~ - -
- — —--——-5-55- - S _S5-~~ - -

S ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~5 5 5 s  ~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Recall that in lemma 4 chapters I is given estimation of

expression 
k%o E h k I According to this  estimation and the

obtain ed a bove results

the Gaussian measures ~ and P will be orthogona l with  the

distur bance of the fo l lowin g con ditions:

~
\_

~
L\h b (O) — 0 t h  1/2 , 

L\ ,,/~~R (O) I~ ( 1.14)

in the case, when

“ =0 (I) ( I . I ’3 )
_ h SA%h R (0)

• and

,, \ ,h (0) 
~
—‘ 0 liz IA fl f\ h A ( °) j ”i ( 1.16 )

ot herwise.

From relationship/ratios (1.14), (1.16) it is possible to ded uce

the spectral conditions, un der which Gaussian measur es P and P

• will be orthogonal. Specifically, let stat ionary process ~ (t) has

spectral dens i ty  f 
~~~

) rela tively P and 
~ 1 (X) rela t ively  P .  Then

S 
(see Section 1 §7 chapter I) at the condition

lIn f (X) I ).
~~

1 =0 ( . 174

value A~~~ h F3 (O) is such , that

u r n  ~~~~~ (0) 
= 0

h-+fl

• ~~~~~~ the con dit ion

— ( 1.18) 

- - — - - - ~~5 55 55 55 5 —— __
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(wh ere f (X) ~ f1 ~~) )  value ~~~A~b (0) satisfies the relat ionship/ratio

- ~_ ht~hb (0) -
I I f l l  — ——-—-— = 00,
h - O

Page 102.

It is evident  that  with ~~~~~~ is broken the condition

h-~~~~ 
(0) 0 (j I, I’~ ii r-’i~

a by the facts more condition (1.11$). Consequently,

for spectral densities f (X) and f1 (X), that satisfy 
5

relationship/ratios (1.17) and (1. 18), where 1 < a .~~~ 2 and

the Gaussian measures ~ and P 1 are orthogonal.

In conclusion let us consider one add it ional example of the

orthogonal measures P and P . the correlation daies li ly B (t) and

81 (t) which they sat i s f y  the con ditions of theorem 6 chapters I ,

whereupon at cer tain  point t of in terval  T = (0, r) the derivative s

B’ ( t) and B ’ 1 (t) have the “jumps ” of the d i f f e ren t  value :

B’(1 — 0)— R’(t +0)~~ fl( t — 0)-- 8’(t — O)

(with such correlation functions is given on page 144). According to

theorem 6 chapter s 1 in this case the nonintersecting carriers of

Gaussian measures P and P1 are the  set s

_____ -~~~~~~-~~~~~~- ~~~ 
55 5 ____ ______

- 5 5 5~~~ •~~~ - T~~TT:iT~i1 T1:~~~~~~-
—- -- 5---- — - --5 --—-5 --- - -  ---S
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u r n  ‘i(o . /zl)=~ B’(i — O)— B’(l +O)}

and

= lit/I ‘ri(w, h1) = B~(i —0) — f l ( /  + 0)

where - S

N- I

~ (Ii ) — /i~~ ~~~
- 

~~ Ah~ (kh) Ah~ (1 + k/ i )
k — ()

and it ,,. n~ - l , 2 — fast enough descending sequence.

Page 103.

3. Some initial information about equivalent Gaussian

distributions. Let ~ (t),—— < t ( — , s ta t ionary  Gaussian process,
5

/ 

~(t) = ,j e1H
~1 ( I-I).) ( 9)

— its spectral representation and P — probabili ty measure  in

.—al gebra ~t (T), generated by values~ (t)—~ ((o, 1)on 0 (where parame ter t

passes certain multitude T on real straight line). Let the average

value of this stationary process equally to 0, and spectra l measure

is P (d ) .  Let P — be another probabil i ty measu re , relative to which

stationary process wit h the zero average and spectral •easure F 1 (d))

form values

.
-- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
‘5- 

~~~ ‘
- — --5—-—- -—

______ -- 
-
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F where a (t) — the average value of initial values ~ (t):

a(t) =- M 1~U), I~~~T.

‘~L ( T)r - In the  e x a m i n a t i on  of Gaussian measures P and P in .—a1ge bra~
of in itial values (1.19) it is possible to pass to their linear

combinations of the  form

• i~(q)= f q) (
~

) ( 1
~(( IA) , (L2 0)

where

~~
()

~~~
= ~~~~~~~~~ ( 2 )  

~~~ T, a c1 
- rea l coefficients.

Let us des ignate  I.°~ the linear space of all func tions ~p~~) form

(1.21). Representable by formula (1.20) of value :an be

considered as Gaussia n func t iona l  on space L~-. Let us assume
• a (q~) 

r- M~i~(qi), I1~ ~ f~
. ( .22)

Let us nots that a (q )  — 
~~cha (I k) w ith q~(X )

• k k

Page 104.

Let us consider L°~ as subs pace hilbert  space L 7 ( F )  with the

scalar product

— 5.-—.- (q,, ~ = f c ( ~.) ,ii~) F ( dA.)~ 
(1.23)

— S_
IS

- 4..~S 
— — S’ ~~~ 5 -. -~~

- - 
— - -----S.—- 55-5-- S -S 5 S S S S - -  
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vhe r~ r (dx) — the spectral measure of stationary process E (t) —
relative to d i s t r i bu t ion  P. Becall tha t  L~ (F) there is

closing/shorting of space L°7 relative to scalar product (1.23).

Simultaneously let us consider L°~ as subspace in hu bert space L~
(F 1)

with scalar prodmct (i~. ~‘)~ (here F~ (4) — the spectral measure of

stationary proce.. ~z(t)=~ (1)—aU) relative to distribution P1).

The corre la t ion func t ion  of assigned by for .ula (1 .20) of random

fu nct ional ‘~(p) of the  func t iona l  paramete r ~~‘)~~ L°r is

B (zp, ~~~~~ 

~~~ 

ç, ~~~~~ 
(1.24)

rela t ive to distr ibu tion P and

13~ (w. ‘4’) ~q’ ~~~~~~~ 
p , ~ ~~~~~ (1.25)

relative to di s t r ibu t ion  P 1.

It is clear t hat if iq ’ i ; 1-= 0, but I JT ~— p ‘~~ 0 tot certain func t ion
().~)s! 1.~.

then the measu res P and P, are orthogonal, since

P (i~(p)— 0)= 1, P~ (‘i(c)=O) 0. (1.26)
Boreover ,

probability measures ‘ P and P1 at. orthogonal with the

disturbance of the fol lowing condition ‘:

‘tIIL~ 
H q l,~~~I q ( ~ , , c~~~~~~L

°T• (1.27)

~~~~~ —- 
~~~~~~~~~~~~~~~~~~~~~~~~~~ - , - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 5— —

-- __ __ 
_~~~~~~~~~~~~~~~~~~~~~~~~~_ _  
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PO~~W0?R I . Recall tha t the relationshi p/ra tio ~çH~~X)IPH~ , indicates 0 <c ,ç

~~~ ~~~~ ~~ C1< ~~~.

where C1 and C2, some constan ts,. EWDPOOTNOTE.

Page 105.

In fact, if , for exam ple, there is a sequence q~, () ~)~~~L°r, , i 1 , 2,

such , that

~~~~~~~~~ 

zp , = 1 , ~~~~~~~~~ —i. 0 with ,z —+ co,

that

P ( u ~i~r,, — a ( ~,,) l < V u .,} = I 2-i
i— a (‘I~ ) < I 

~~~~

Pt [I ~ (cp,,) 
— (I (q~ fl< i~~~~~~~ i = I

• 
dx —~ I.

___ ___ __ ____ 
~~~~~~~~~~1 SS T~~~~~~
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Analogous relationship/ratios occur , also, in the case, when

5 Il ~ II~, = I . II q,, ~. —‘ 0 wit h ‘i —~

so that (see condi t ion (1.5) ) probability measures P and P will
be orthogo na l.

Condi tion (1.27) indicates, in particular, tha t  the  hilbert
spaces Lr ( F ) afld L , - F )  coincide:

I.r (F)  L~ (F 1 ),

whereupon relationship/ratio (1.27) is fulfilled for all

q~~) c~I . 1(F) (ç’eL ~ (F~)).

Further, let us consider average value (1.22) of rand om

functional  -~(p). q~c~~L°~, relative to probabili t y measure P 1.

It is clear t hat if a (T) -~- O  with l I p ~,, =0 . then the measure s P
and P are orthogona l, since either ~~~~~~~ they occur of 

S

relationship/ratio (1.26), or Iip~~~= O and then

P(~(zp)—a(~)).~o
P (1.28)i (’) ( p ) — a ( q ~) )=  I.

This indicates that for nonorthogonal measures the average value

z~~~~~~~ • ~~~i’~ is linear tuctional in hu bert space L1- (F) .
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I ll ,

Page 106.

Let us show that fo r  the nonorthogonal measur es P and P1 the average

value a(q9, q’eL~-, is the limited li nea r func tiona l in hu bert spa ce L~
( F).

In fact , it is possible to consider carried out condi t ion

(1. 27) . and then, if a (q ~,,) -÷ ou with ~i —~~~~~~ fo r  certain sequence q~~(X)~~~L~

such, that u~ = H q~ i~ XI c,, Ii, — 1, then

P {1i (1F~)> (1 ((l ~~) )  =—
~~

-i=- $ e~~”2 dx —÷ 0,
I 2 ~ a (‘I ,, )

P1 {~i (c~)> 
‘a ( f , ~)} = I C

_ i  / 2n
~ dx 1 ,I 2~tcy ,, .

—a (.r,,)+ I a ( r ,,)

a this indicates the or thogonal ity  of mea sures P and P1 (see

condition (1.5) ) .

Let •a, 2~ . 0 .  E L°T — any sequence of funct ions,

full/total/complete both in the h i lb rt space L~ (F ), and in h u bert

space L~ (F 1) (recall that  subspa~ e L~ all function s of f o r m
V

(1.21) everywhere  t i gh t ly  both in L ,- ( F), and in L~ (T )), and let

-L

- - -~~~~ 5-~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~
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indicates v—al;ebra , generated by all values = f l ( q~ ), k = 1, 2, ... ,

f orm (1.20) .

Leami 1. The Gaussian measures P and P1 are equivalent in

v—al geb ra 9 1 ( T)  when and only when they are equivalent in v- alge bra 9t~~~9l . ( T) .

Proof. Let P and P~ be equivalent ~. 91. Any cell/element • (k)

_ el~
u l in space L~ ( F)  is a l imit  of the  l inear combinations of form ‘4’,, (A.) =

~~~~~~~~ and , therefore,

M I ~~ (1) ~~ 
(.
~~

) 2 H e’~’-’ — 4’,, (A.) I~, — 0

with ‘s—-~~. For the equivalent •easures P and P1 carried ou t con dition

(1.27) and the  average value a (0) is linear cont inuous f u n c t i o n a l ,

so that
M~ ~ (~~) — ‘1 (4’~

) 2 — ‘4’,,, (A.) II~- + I a (e ’~’) (1 (~p,,) p —b o.

Page 107.

Consequen t ly, for fast enough increasing subsequence n~
, k = 1, 2,

(~~~
, /) = rn 

~ 
(~. ‘4 ,1k)

a —~

almost everywhere bot h relative to the probability measure P and

re lative to P~ . It is obvious , values ~ ( . t , t ) ,  determined by the

asymptotic relati3n

I (w , I) — l i i n  ii(w , 
‘4”k)

S—~~ ~~~~~~~~~ _ — — — -S — — —  — 

~~ ~~~ —5 - --- - S - - S 5 5 5 5 - - - S - S -- --- --- - -- ~~~~~~~~~~
-

—--S- ---S------ — - ~- -—-S—- - -- - -
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at those ø~~Q, for which the l imit  in dicated exists, and define by

equality ~J a . I ) =  0 wi th  the others ~~~~~ij 1l be equivalent to initial

values ~~~ 
1) in the sense of condition (1.7) . These values  are

measured relative to v—algebra 91 , being addit ion/completion initial

v—al gebr a 91 b y t he  sets of probability 0 (relat ive to the

equiva lent on 91 distributions P and P 1). It is obvious, the

probabili ty measures P and P1 will be equivalent  on 91’ and  the fact

more in v—algebra generated by values lit). l e T.  Taking i n to  account

condition (1.7) . hence we include that P and P1 viii be equivalent in

v-algebra ~~( TL  Q. ~~~. D.

Let 91 there  is v—algebra , generated by values q~ (1o)=1~(w , q’,) on

0, whe~~~q~~).( .~~ — 1, 2, ..., some set of functions from L~, is

ful l/t otal/Complete in spaces ( , - ( F )  and L ,- (F 1) . Let 9t~ indica te

v—algebra , generated on ly  by values i~. k = 1, ... , n. It is obvious, 91

is minimum v—algebra , which contains entire sequence 9I~~~ 9I 2~~ ...,

that  conditiona lly can be registered as

— liii i 91~.
14”~

let us consider the Gaussian measures P and P1, equivalent in

v—algebra ~f . Let

-

_____ — ---- - -.--- —S— 5S.----- - - - ---5--- ---------
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— 
P1 (dw)

p~~(o, P(d~ )

there is their density on 91.

Pa ge 108.

It is obvious, the measures P and P1 are equ ivalen t in  any

v—algebra 9t’, con t ain ing in ~i , whereupon for the appropriate density

p’ (v) = p 1 (dv) ,P (dv) (m easurable relatively 9L’)

P1cA’)= f p ’ (w) P (dw) = f p (w) P (d o) ,

whatever set A’~~ 9I ’. it is evident tha t  dens it y p’ (w) coincides with

the conditional ma themat i ca l  expectation of value p (v) ( re la t ive  to

v—algebra 91’):
p’ (w) = M (p (w) f 9 ( ’}. (I .29)

S According to the k now n properties of conditiona l mathem atica l

expectations, 1 _ f o r  densities p,,(o)— P1 (dv) /P (dv) in v- algebra 91~~~ 91,

representable in the  form

p1 (v) — M (p ~w) f91,j, n — I . 2, ..., (1.30)

we have: wi th  probability 1
p ( c i ) — I im p,, (v) ~ (1.31)

(whereupon asymptotic re lation (1.31)  it is implemented also on the
S average).

------ -5-- - - -- - -~~~~~~ -~~_  S ~~~~~~~~~~~~~~ 
_______________ -

_________ -5- - - —  

- 

—-  -
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FOOTNOTE $ . See, for example, ( 12) ,  page 287. ENDFOOTLIOT! .

Fur ther , let us t u r n  to the a rb i t ra ry  density p’ (i.) for. (1.29).

Applying k nown inequal ity ?. for the convex funct ion lo; x , we have

l og p’ (& — log M (p (w)/9I’} ~ M (log p (w)/91’)
and , therefore,

M log p’~~~M Iog p. (1.32)

F OOTNOTE a • See ( 1 2 ) ,  page 37. EN DFOOTNO TE .

Accordingly common/general/total inequality, for  the sequence of the
S densities of for. (1.30) we obtain, that

M log p1~~ M log p2~~~...

Since N log ,~_ wi th  N log p > — for the .onotonic sequence N log p1,

n — 1, 2, ... , ther e is the f inal  limit

S 

iirn M Iog p1. (1.33)

Page 109.
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It will be shown below (see theorem 1), that is really/act ually N log

p > — —.

Thus, densit y p (v) P1 (dv) /P (dv) in v-algebra 9[ (but that

means and in .—al~ ebra 91 (T ) ) it can be foun d from the asympt otic

re lation of the for .
log p (w) = Urn log p,, (~ ) =

fl_ ,

— Urn M log p1 ( o)  + u rn SLo g P1 (o) — M Log p1 ( i ) j ,  ( 1 . 3 4 )

S n-l~~ •

that also it will be d one subsequently.

§2. Some conditions of the equivalency of Gaussian measures .

1. Conditions of equiva lency, connected wi th  the en t ropy  of

distributions. Let us consider the Gaussian measures P an~ P 1 in

v—algebra 91 IT), generated by all values ~ (q~)—~~(w , q’) form (1.20) on

probability space 2, where the funct ional parameter 0 (X ) passes

linear spa ce L’ - . Let us assume tha t which was carried out condition

(1.27) , wi th disturbance/breakdown of which measure P and P1 they are

orthogonal.

Let i~~=i~(q~), k — 1, 2, ... , the sequence of the values of

form (1.20) , wh ere 0~, 0~, ... — certain full/tota l/complete

_ _  _ _ _ _ _  1~

- - - - -~ S - - S - - - - - —-- --S-S-~~~~~~~ S S~ -- - S

— -5-- ~~~~~— —5--k--- - —
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syste. of linearly independent fun ctions in each of the hu bert

spaces l.7 ( F )  .ad L,-(F 1 ), and let 91 is v—algebra , generated by all S

these values. On a n y  of v—algebr a 91,,, generated by values ~~~—~~~~(w) to

0 (k = 1, ... , n) the Gaussian •easeres P and P1 t hey are equivalent,

since on the strength of predicted condition (1.27) the correspond ing

correlation matr ix/dies  ( B (k , j) ) and ( B1 (k , j) ) are

nondegener at e.

Let us consider the  Gaussian measure P1 in v—algebra  vi ,,, a

formed by all multitude of the form 
S

A = (f l)t , • . • ,  ‘i~1~~ 
F),

where F — the borel sets of N—dimensional  vector space R’t . Page

110.

Let (a1, .. ., a~ ) — the average va lue of relatively probability

measure P1. i.e., a~=M 1t~ p~), k = 1, 2, .... Then

P (A) — 5 f~ (x 1, . • .,  x1)dx1 • . . dx 1,

where f1 (x e , .. ., x,,) — the density of the corresponding Gaussian

distribution in space R1 vectors z = (x e , ... , x1) — it t akes the

form
• . . ,

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ i) }

(D indicates the determinant of matrix/die ( B~ (k, j) ), and ( C,

-.5 - —------5—---—-— —5— 5-—- - —-—5 — - -5- - - -5- - -5—- - - ~~ 5 5~~_5~5 -- -S__5~~5 5S.__~ — - 55~~~~

-S -- - -  - -S.-” 
~~~

‘ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

S 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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‘(4
k

(k, j) )  — reci procal ma t r ix  to ( B~ (k, j) ) ).

Let f (x ,, ..., x1) — the density of the corresponding

d istribution P in vector space R” (havin g the  same form , as density

f1 (x1, ... , x1), but with zero average value and correlation

matrix/die ( B (k, j) )) .  Then density of distribution is

P1 (dx) f~ 
(x 1 x,,)

P ldx) f ( x 1 r1) 
x~~ R

Consequently, the  corresponding densit y p1(w) — P, (dv) /P (dv) on the

initial space 0 is

h In
“1 

~ (‘i i (10 ) ,...,  ,
~
,, (w) j

and can be described by the fo rmula

log.p 1(co) = Iog-~---

— - -

~~

- 
~~ ( C i ( i ,  k)(j(~ )—a ,)(1-

~~(~ )—a k)—

— C (I ,  k) i, (w) r~ (w) 1, ( 2 . 1)

wher e D and D, they ind icate the determinants  of matrix/dies ( B (j,

k) ) and ( B~ (j, k) ) ,  k , J = 1, ... , n, but ( C (j, k) ) and ( C1

(j, k) )  — the matr ix~ dies, reverse to ( B ( j ,  k) ) an d ( B, (j, k)

Page 111.
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In generated cell/elements r~ subspace it is possible

to select the base q 11, . . . ,  ç,,,,, in which  bot h pos itive bilinea r forms

and B1 (ç,~’) 
- are led to the diagona l form:

1 1  with k —
B(Pkn’ ~~~~~~ -0 ~~ij

o~~,, i~4st  k — i ,
81 (we,, . win) S

~~ it k~~ j .

then density p1(w) = P1 (dv) /P (dv) in v—algebra 9i,, can be

described by the following formula (comp. (2.1)):

= —~~~~_ _  
~~~~~~ { — ± ~ [(n

~~~~ (o )— a ~~1
)’ 

I )

k — I  ~~“ 
— I ~~‘;

where ~2 .2)

n (q’~-.,), a’,, — M1i (r~,1),

k —I , ..., n.

It is easy to consider that

I I I
M log p,,==- og ---~-— — ---,--+ I —

M 1 Iog p,,=-~~~(— logcT~,, +cT~,,~~ I

D logp,, — -~-~~ 
(I _. c ~~~~~~ 

.5-

D1 log p,, -
~
- 

~~~~ (I — ~~2 ) 2  + ~~~~~~

—-5- --- -- ~~~~~~~~~~~~~~~~~~~~~ 1T - 
- - ---

~~~~~~

- —-a
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where Dn and ~~ indicate dispersions relative to P and P ,.

Let us define the so—called entropy distance r (91’) between the

equivalent Gaussian measures P and P, in v—algehr a 9l’~~ 9( as

r (W) — — {M log + M1 log - -
~~

-j . (2.4)

Page 112. 
-

According to cosmos/general/tot al in equal i ty  (1.32)

r(’X’) ~ r (91”) with 91’ ~ 91”. (2.5)

Let us assume r1 -r (911) . Since 9I~~~?(~c ..., the sequence r,,, a = 1, 2 ,

..., is monotonically increasing.

From formulas (2. 3) it is evident that  if

or sup a ~1=oo , (2 M)

that -

Urn r ,, = co . (2.7)

But if o ,, X 1 , (2.8)

wh ich , obv iously, is equivalen t to relationship/ratio (1. 2 7) , then

___ S 1T~~T~~~~~~~~~~~~S TiI S I
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— log -4- + 4— — I X — log si~ + (Y~ fl 
— I X (I —

~
Tkn 11*1

and therefore
M I —  log p,, J X M 1 log p,, ~ D log p~, X D log p,, X

~<r ,,X~~~(l —~~,,)2+a~1~. (2.9)

j .emma 2. If is fulf i l led relationship/ratio (2.7). th en the

Ga ussian mea sures P and P 1 in .— algebra 91 are orthogonal.

Proof . The case, when is ful f i lled  relationship/ratiO (2. 6) , is

already examined ear lier  (see condit ion (1.27)).  It was shown , that

in this  case the  proba bili ty measures P and P, were or thogonal .

Let be is fulfilled relationship/ratio (2.8) (but together with

it and (2. 9) ) .

Page 113.

Then for the sequence of sets A1~~- 911 the for m

A1 ~log p,, — M log p,,

~ U\-11 --I og p0+ M Iog p4~~ -~r,.}

according to Chebyshev ’s inequality occer the following asym ptotic

re lations:

- -
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”

and

4 ‘I

This speaks about that (see condition (1.5)) • that the probabi lity

measures P and P1 are orthogonal. Lemma is demonstrated.

Lemm a 3. If
tim r,,<oo , (2 .101

th at the probability measures P and P1 are equivalent in v—algebra 71.

¶ goof. Let us suppose for example that the measure P1 is not

absolutely continuous relative to P. This means that for certain Set

P(A ) =0 , P1 (A ).~r0.

It is obvi ous, there is a sequen ce of set s A ,,~~ 9( ,, s*ch, tha t P2 ( A - ’ A ,,) -.’O 
S

with n .oo , vher e measure P 2 = P + P1, and consequently, for such

.ultitudes iI ,~c~~
)(

P (A —A ,,)---~0, P1 (AoA 1)—’0.

j et us con sider .—alqe bra w , besides void set and enti re space

containing only set .4, and its addition. Density p~~o ) — P, (dv)

/P (dv) on 91’ is eq*al to —~~~~~—~~~~ wit h w~~~A, and ~~~—~ -~~1 with (,,~~ /1,,,

and
M 1 log p~ — log ‘

~~
“
~ 
P1 (A1) + log ‘I T ’

~ 
‘
~~ ~

I — P1 (A ,) I .

- - - - - -—
_________ - 5- - —— ~~~~~~- -- -—.5
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Since P ( A ,)— . P~ (1) > 0, a P (A ,1) -~ p (A) = 0,, N~ log i~~—* oo with n—. oo .

On the strength of common/general/total inegna lit y (L32)

—M 1 Iog p~~~ — M 1 log p,,~~ r0,

where, as before, p1(e) P1 (dv) /P (dv) indicates the density in

v-a lgebra ?1~ ~ 9l~.

Pa ge 11*.

Thus, if the measure P1 is not absolutely continuous relative to P.

then r,—~~ with tz .-~~~~. Analogous reasonings lead to the same result,

when the measure P is not absolutely continuous relat ive to  P1.

Conseque ntly, under condition (2.10) of measure P and P1 are

equiva lent in v—algebra 91 , 0. B. D.

The obvious corollary of demonstrated above lemmas 2 and 3 is

the following result. 1•

FOoTNOTE 1~ This result is obtained by Halek (.1. Raj ek . abou t one

property of the normal  distributions of arbitrary stochastic process,

Czech. math. i. 8 (1958) , 6 10—618) . EWDP ’O OTIOTE. 
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Theorem 1. The Gaussian measures P and P 1 either are equivalent
or orthogonal, whereupon they are equivalent in v—algebra 91(T )  when

and only whe n is satisfied condition (2.10).

Let P S 1 be a Gaussian measure wit h zero mathematical  expectat ion

an d the sa ne correlation function, as P1. Prom theorem I and
relat ionsh ip/rati o (2.9) it is eas y to deduce the followin g important

fact.

Theorem 2. The Gaussian measures P and  P, are equ iva len t  only if

are eq.iv.lent pairs P and ~ S3 an d P,, whereupon for the equivalent
~?. ~?

measur.s A and P, lensi ty  P, (dv) /P (dv) is

P1 (do~) P1 (dw) 
~? (dc~) 

(2 11P (dffl) P? (d M) -P -

(R ecall tha t  we examine  the case, when P = PS) .

2. The conditions of equivalency, connected with hu bert spaces !.~ (F)

and L~ (P 1 J.

let P and P1 — Gaussian measures in v— algebra 9 1(fl, tha t whic h was
generated by all value s n (q’) form (1.20) , where the functio na l

- 5 - 5~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ :_
~~~

— - - S --
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parameter 0 ~~~ ) pa sses space L°,- - S

Page 115.

According to theorem 2 it is possible to examine separately two

cases. The f i rs t  - when the correlation funct ions B (q~, 14) (1r, ~~

and B 1 (p, ~)=~ q-, ~~~ coincide:

(q, ~t’~~=(q~. ~‘)F, t 2 . 1 2

with all P. ’l~~~I -~r. The second — when the average value M -i ~~p) is equal

to O.

Let is consider the first case, when the Gaussian measures P and

P1 d i ffe r onl y in terms of th. average value:
= 0~- M~i~(q~) = a (j - ~ , ~ - 

~~~ I ~~.

theorem 3. Under conditio n (2 . 12) the Ga ussian mea sures  P and P1

are equiva lent only if the average value a (0) is a linear continuous

func tional in hilbert space Lr (F):

a (q’) = 
~~ n’),, q~ e L’~, ~~ . 13)

where ~~ ) 
— the determined cell/element from I~~

F).

proof. The continuity of the linear functional a (0) in hilbert

SpeC. I r~ I l  is equivalent  the limitedness of this func tional an d

for •qmiva lent Gaissian measures it was establish/installed earlier

s section 3 1) .

-- — -~~~~~~~ 
5- 5.4
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Let the average value a (0) be continuous linear funct ional .  KA

any linear continuous funct ional , the ave rage value a (0) , ~ I-~. is

described by formula  (2. 13) , in which the cell/element i I-~~
)
~~~L r ( F )  iS

determined unambiguous ly ,  since the subspace L°~ is tight in 1.7 (P) .

Let 0~ , Oc, ... — the ful l/total/complete orthonormal set in L~
(F).

As can be seen f rom fo rmulas  (2.3) , the entropy distance between the

Gaussian mea sures P and P 1 in v—algebr a 71,,, generat ed by values ~~~~‘i (q’k) .

it = I, •.., n, is
= 2~~_ a~

(where a~ = a( q~)) and

11111 r,,=2 ~~a~ = 2  .... ~~~ 1k 
~~~

,
) 5  

~~~~~~ < ~~~~
k — I  k — I  1 1

Page 116.

Thu s, is sat isf ied condition (2.10) , and, consequently (see theor e m

1), the Gaussian measures P and P1 are equivalent in v-algebra ?I~~~~Iiii i91,,.

On lemma 1 this is equivalent equivalency P and P~ in v—al gebra 91 (T).

Theorem is demonst rated.

• Let us consiler now the Gaussian measures P and P1 (in v—algebra 71(T))

with identical , equal to 0 , by the av erage values.

- - --- - - - - - -- 5- -— -— -  _______ _____S~~ _ ~~~~~~~~~~~~~~~~~~~ - 55~~S~~~~~-5 _s-~~-5-5 -5_~~•~~~~ — S-— S
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Let us determine operator A from hu bert spaces Lr (F) in to

having hu bert soace L~ (F 1), placed
AçJ (X )—q ~(X) (2.14)

f or all ~ (X)
~~ L°r. As earlier , let us assume that  which was carried out

condition (1.27) , with d isturbance/brea kdown of which the measures P

and P1 are orthogonal. This condition is equivalent to the fact that

the opera t or A is limi ted an d has the bounded inverse operator ; this

condition can be registered al so in the form
A A X E , (2.15)

where A * is the ad joint operator to A, B — s ingle operator , and

relationship/ratio (2. 15) mean s that

t ~I (A A) q’ lip >~ Ii 1F lip, ~I’ ~~ L~~( F) .

Let us note for a c la r i ty  that

(A~4c~ ‘P~F = <A q’, A1l’)r, — &‘ ‘4’~r, 
(2. 16)

wit h any c. ~‘

Let us consiier the  difference

\ — E — A A .  (2 .17)

Leana ~~. If the operator A is completely continuous, then

condition (2.15). and together with it and condition (1.27), is

satisfied when au only when operator 8 does not have cpu 1 to 1

eigenvalue.

•5~~S . — —  ~~ 5 — - - — 5- - - —5 - 555 ~~~~~~~~~~~~~~~~~~~~~ — - - -- 5--5-55S~ S~ - s - S — 5 
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Proof. It is obvious, condition (2.15) is equivalent to the fact

that  opera tor A*A is l imited and has the  bounded inverse operator ( A A ~~ .

Page 117.

Further , since t h e  operator A Sk is positive, d i f fe rence  A = B —

A *A is such , t h at

ô Slip (5 \q,

We have
~q’. q’~p 

— ~‘A , 1q, q ~~~ < ó 
~- i -  ~

Consequently,  with ô’�~ i there is a boun ded oper ator (A ’A) . O n
the other han d, if 1 is the eigenvalue cf operator B — A SA , th en 0

are the cige nvalue of operator ASk , and t herefore inverse operator , -1’~U

does not exist .

TEeo r em . Under condition (1.27) the Gaussian measures  P and P 1
are equiva lent wh en and only when A — B — ISA is the  operator of

qil’bert a — Schmilt.  1~

I 

----5 - _ _-  ---5--- - -- - --- -5---
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FOOTNOTE 1 • Recall here , that the operator gilbert—of Schmidt is

ca lled the comple tel y con tinuous opera tor, the ful l/total~ co.plete

system of eigenvalues ‘~~‘ P~. ... whom it satisfies condition ~~~~~ (

—. Theorem 4 is obtained for the first time Feldman (J Feldman ,

Equiva lence and perpendicular i ty of Gaussian processes , Pacif.  J

~ath.  8 (1 95 8) 699—708; 9 (1959) 1295— 1296); we it is easily

concluded fro. th e orem 1, whereas the proof of Feldman is very

complicated. ENDFOOT IOTE.

Proof . Let us consider spectral representation of the bounded

symmet rica l operat or ~:
~~

where B (dp) — the spectral family of projection operators

(“ resoluti on of u n i t y ”) .  It is clear t ha t

.1- 1 ~ ~

j et us assume tha t  operator ’s spectrum A is not p u r e l y  discre te.

Th en , obvi ously, outsi de certain vicini ty  — r  ~e is an i n f i n i te

number of points of the spectrum and , consequently, also an  i n f i n i t e

nu.ber of noninter secting intervals ~~~ ~~~~ j. k — 1, 2, ... , suc h , that

the inva riant orthog onal subspac.s of th . for m

- - 
E Ig ~k ,  IL*,.ii ~‘ T (~)
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continually are different from zero .

Page 118.

Let us select in each of these subspaces on equiv alent com ponent ck, Il q’k il,

= 1. For them

a~ wit h j  =
(/I Aqk , Wi),- = ~~~~~~ 

Wj )p 
~ o i*’i j~I1=k,

where upon
~~~~~~ ~ ~~~I~k+ I~ 

(I — a ~)2~~ e2

Entropy distance r~ between the  Gaussian measures P and P~ in

v—algebra ?I~, generated by values rj~ =1~(q5~), k = 1, ..., n, it is such,

that  (see (2.9))

r ,, X~~~(l _
~ ir~)2~~~~e

2,i

It is evident that r~ —~ oo with , i— ~ oo , and accordin g to theore m 1

Gaussian measures P and P1 are ort hogonal in v—algebra 9t = ~l’i m 9) ,,.,, —.

Thus, for the equivalent measures P and P1 operator’ s spectrum A

(bwt that eans and operator ISA) it is purely discrete. It 0~, 0~,

— the full/total/complete orthonormal ized set of func t ions wit h

.igenvalue s a,, ~~ ..., then the condition

(2. 18)

— -5 -— - - --S-—--—— - ---~~~-----S - 
S ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ I

L -— -~~~~~~~~~~~~-—- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - 5 — — -- S S _  S S  -
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/~~
I

is equivalent to the fact that

I i r ,, X~~~( I — c ~ )2 <oo ,

where ~~= l~~~k’k = 1, 2, ... , the full/t otal/complete syste . of the

eigenvalues of operator ISA , a r,, is an entropy distance between P

and P, in v— algebr a 9) ,,. generated by values 1k 1(q’k) . k = 1, ... , a.

Thus , cond ition (2.18) (together wit h the predicted condit ion (1.27) )

is necessary and sufficient for the equivalency of the Gau ssian

measures P and P1. Q. B. D.

Page 119.

Let us note that condition (2.18) can be registered in the form

k ~~~Pk’ 
f
~,>~- < 00

and that for any orthonormal set ‘I’,, i4~. . . .  ~~L~ (F)

= 
~~~ ~‘i)cj 2 =

= _._iII ~‘1~k = 
~~~~~~~~ ~A1L’k .  qs,,) ;.

= 

~ ~~ 
i%p1)~} < ~~II i\(p1 ; - ~ ~,, ~ \q, , ~~~~~~~~

whereupon for the ful l/t otal/coaplete ort honorma]. set ~~
- . ‘ia’- .  - .  in

these relationship/ratios the corr esponding inequ alities are

converted into precise equalit ies.

-- 
- -

~~~
-- -a--- 5 - --
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It is easy to see that the operator A is the operator gilbert—of

Schmidt (occurs discrete spectrum, and the full/total/complete system

of eigenvalues satisfies conditions (2. 18)) wh en and only when for

any full/total/complete orthonormal set •~, O~
,

~~ (“~4~k, q)1)~ <oo. (2.19)

This condition can be directly expressed by the correlation

fuectiomals of distributions P and P,. since

~~~ ‘I’)p = 
~q’, ~

‘)p — ~A A q’, 
~j’),- 

=

— 
~q’, ~~~ ~

— Ii (s’ , ~j’) — ii (w. ii’)

for any c, 
~‘~~~I.~ (F). Thus , under condition (1.27) for the equiva lency

of the Gaussian measures P and P, it is necessary and sufficiently.

in order to for a n y  fu l l/total/com plete or thonormal. set 0,, •~, ...,
~~L , (F)

‘ / ;(~~~q~1)2 <oo ( 2.2 4 ) )
where

b (q’, ii-) = R (q’ . ~ 
— B~ (ii’, ‘!~). q’. ~l 

‘
~~~ I-r (F).

~xauple. Let T = (—— , ~
) there is entire/all real straight line.

Page 120.

In this  ca se L.1 (F) there is a set of all fu nctions 0 (k) suc h, that

5 
S I W ( M ~’F (dX) < oo.cesdition (1.27) (indicating, in pa rticular, which JF( d L) x
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x f F 1 (d4))us equivalent to the fact  that  the spectral measures F and F 1

are equivalent, an d their  d ens it y f (I) = F1 (dl) /F (dl) satisfies

condition f ( A ) X I  (wi th  almost all I).  Operator 1*1 easily is located

from the equality
~A A q~, ~~‘)p  = ~r’ ~I’)r 

= 4~f ~p ,  
~~-) F ,  (4), i4’ ~ Lr (F).

Specifically,, since 1cp~~ LT (F), that 1*1 there is an operator of

S •ultipl ication by density f (I) . Consequently , operator A = B — I SA

is an operator of mult ipl ication by function 1 — f (I) . It is clear

that the funct ion 0 (1) is its own for an operator A when and only

when 0 (1) = 0 almost e verywhere outsi de set ( I: I — f (I) = p ),

where p is the corresponding eigemvalue. It is easy to see that A is

the operator gilbert—of Schmidt when and only when 1 — f (I) = 0

almost everywhere relative to the continuous part of the  spectral

measure P (dl) (i.e. the continuous parts of the spectral measures F

and F~ coi ncide) , for the discrete part , concentrated at poi nt s I,,

... , is satisfied the condition

- \ ‘Ii _  F I ( )
~k) 1I

~~~~~L F ( X ~) J <

where
F (~~

)
ILk~~~I f (?~k I j~~~y, k~~~I , 2 , . . , ,

is a full~total,ftomplete system of the nonzero eigenvalues, whic h

correspond to the eigenfunctions of the form 

- -  -- -S - -  S 5 -5— —

- -5 5 —-5— 
___ ___ _ 1~ _i S : ~~~~~~~~~~~~~~~i::: S: _ 
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10 with X~#~X~1
S Wk(

~
-)ij , X ? ~~’ k = 1 , 2, . . .

(see condition (2.18)).

Let us pause in greater detail at condition (2.20) and the

escape/ensuing from it corollaries.

Page 121.

Let us consider hu bert space / 1 - .- 1 ( F \ F ) ,  analogous to the

introduced previously space 1-~ (F). Specifically., let us consider

linear space L~ -. i all functions of the form

w (X, 
~

) — ~ ck1e~~~~~
’J4 (2 .~ 1)

~~- I

(where ~~~~, 
( ,~~~T and r~ — real coefficient s) and let us def inø L T V I ( FX F )

as the hu bert space, which is obtained by closing/shorti ng ~~~~

according to the scalar prod uct

~‘P. ip)~ xr — J 5 q (X~ ~
) ~4) (A , II) F (dX ) F (d11.). (2 .22)

~~ viously , if c’, W”~~ Lr (F), that
q (A , ~i ) q ’(X)~~~~ ) (2.23)

entering in space Lr .- r (F X F), the system of all fu nctions of form

(2.23) it is full/total/complete in I . , , T F \ F ) .  This immediate ly

escape/ensues from the determination of the hu bert spaces Lr (F)

and in qsestieaI. r~~r 4! - x F),if one considers that the fun :t i on s p (A.. ~t)

______ 
-

~~~~ __ 

~~~~~~~~~_

_

5 

:I ~~
:-

~~~~~~~ 

- 

S
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form (2.23) enter in L r < ~~(F X F), when 0’ and 0” they are functions

of type (1.21), and

~p(X , ~
) — ~‘(A , (4)  

~~~ 
=

S 

— 5 $ j tp’ ~) ~p
”~~L) — ~

‘ (A.) 
~~~
“ ()4) 2 F (dX) F (dLt) <

S ~ 2 55 JJ ~~~~~ 
2 

~
‘
~~ ) — ~‘(X) 12+ ~~~

‘ (A) 
~~ 

(p ”((L) — 
~j” (it) 

2j ~

x F (dX) F (d~t) = 2 1 1 w” i~ p’ — ‘I” a -  ±1  1~’ i~~ 1~4 ” — 

~“ ~

for any  functions 0’, 0” and ‘i”, 
~~‘
“ the mentioned type.

Let 0,, O
~
, ... — any orthonormal set, in hilbert space 15,- (F).

Page 122.

t -t
Then, obviously, the functions

WftJ ~A, ~&) = q:~~ (A) ~~~~~~ k , / , 2,...,

form the full/total/complete orthonormal set in hilbert space i.rxr (F X F).

Under condition (2.20) let us assume
= b  (q~ , q ,), k , / = I~ 2.

and let us define cell/element ~O~~ , IL)~~~ LT ~~T (F  x F) as

1j)O (A , ~
) ~~ b~j q ’(,1 (A , it). (2.24)

k. j

Formula (2.2 ) gives the expansion of cell/element ~ 0(X , 1~i) in terms 4
of orthonormal set ~,1(A., i.’). so that

h (q~, q)1)= (q(,j 1, ~~~~~

-S 5~~~~~s~~~~ _ ~~_-. —-  ____________
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Qb viously, this relationship/ratio extends to any linear

combinations

w’ (A) ~~ C~q~ (A), qV’ (it) = ~~ (‘,“(~, (j.i),
so that

b (q~’. q)”)= <q ’q ”, 1t’((~ F - ~~p .  (2.2 5)

by passage t~ the li.it it is possible to pass in

relationship/ratio (2.25) to arbitrary functions q”, p”eL~ (F).

On the other hand, if a difference in the correlation

functionals b (0’, 0”) ,  0’, O~ ~ I., (F).. allow/assunes representation

of the for m (2. 25) , then  for any or thonormal  set 01. 0~ ,

~
‘ b ’ ~~~ 2

~~~ ~1,)— ~ jj ’i’~ ,~~~.

so that is satisfied condition (2.20).

Formu la (2.25) means that the bilinear funct ional b (0’ , 0”) to

L~~(F), that which is considered as fu nctiona l during the a ppropri ate

functions ~‘(A.) j~~i~iE  Lr~~r ( F )( F) , is continued to linea r

contin uous functional  in hilbert space L T X T ( F  X F) .

We come to the following result , to some degree anal3gous to
theore m 3.

Page 123.

-
~~~ 
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Theorem 5. Under condition (1.27) for the equivalency of the

Gaussian mea sures P and P1 it is necessary and sufficiently in order

that the  difference
ö (ç’, ç”) = B (ç’, q ”) — B1 (w’. w”)~

as functional during the appropriate functions p’(~)~~~~~~~Lr~~r (F X F),

would be continued to linear continuous functional on hu bert space
LT~< T ( F X F).

Lr~~ (F X Fi
Let us turn to hil bert space Lr- .r (F~< I - ), determined analogously~~

with the scalar product

~(p. ‘)‘)Fxp, =- 
5 $ tp (A , ~i) ~~~~~~~ F (dA) F 1 (d4&~

comp. (2.22)). Is easy to see, 1~ that under condition (1.27)

q~ p~~~p . —~~i I q’ 
~~~~~~~

FOOTNOTE I. It is useful to note what  L~~<~~(P ’ç F )  is func t ional mo del for

the hu ber t space of values i ’. -~~ on the product 2 ~ 2, wh ich is

the closing/shorting of the values of the form
I) (w ’, (,)

S~~
) — 

~~ 
tk ,~ (w

’, si) ~ (co”, I j )
k _ I

on the scala r prod uct of the form

5 .1 (W , ‘~~
) (co’ co”) P (cico’) X P

I 

-- ---I.

_ 
- 

~~~~~~~- 

1ITT1I

5

~ ~~~~~~~~~~
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q (co’. co”) 

5

Specifically,, to values ,& indicated they correspond to

fu nction 0 (1, p) form (2.21) and

.1 .1 ~~~ (w’, a”) ,~, (co’, co”) P (dco’) X P (d o ”) — (q~,, q~~> p )( F

It is anal ogous

.1 .1 ?)j (to’, to”) ii, (to’. to”) P (dco ) )< P1 (dco ” )  (q~. q~~)p

Condition (1.27) means that

I’i (to)12 P (el (,) ) .1 ~ 
( o ) I’ P~ ( d )

for any values of for m ~i(&— ~~~~~~~~ I .) .

Page 124.

Therefore under condition (1.27)

~‘ i d w )  ~~~ (0) ’, I i )] ~. (1~ , ç~~) ~ ~~-‘~~ ><

>< J P (dco”)J ,
\~ o

”
, I / )}~~(m ~ c k) P (do ’) s= ai 9~r \ r .

) i  I

with ~~~~~~~~ This relationship/ratio shows that the Ltilbert spaces

Lr~ r (F  X F)$id I-r~ r (F x F )  coincide:

L T X T ( F X F ) = L T X T ( F X F IL

whereu pon relationship/r atio itself (2.26 ) is correct wit h all

~~~ L T X 7 ( F X F) (q~~~LT~.< i-(FXF l)).

_,=_S__

~

___ S=

~

__  
— 5-,- - ---5 — —-S

55 ~~~~~~~~~~~~~~ — 
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Obviously, under condition (2.26) functional b (#‘, ØN ) of for .

(2.25) is continued into linear continuous functional on h u bert

space Lr x r ( F X F 1) and let us present in the form

P (q~’,~~”) 
~~~~ ~‘) ~ 

(2.27)

where )~, i~t) — the  determined cell/element from Lr ~~r (F  )( F 1).

Analogously under condition (2.26) from representation (2.27)

escape/ensues the representability of functional b (O’, O~~) by

formul a (2.25) . But from relationship/ratio (2.27) escape~ ensues also

condition itself (1.27) , but toget her wit h it and condition (2.26) .

Zpecifically,, since for any cell/element q ’~~~L°r

that 
b (q’ , ~~~~~~~~~~~~~~~~~~~~ it> ,

2 2l I I ,— II (P I~, ~~ iI cn (X ) (p (~L) Ii F X F I II~I) lI F X F  =

= ~ ~F (
~ 111 1 

~~ x ~~~
•

It is evUent that if I I p H ,—~0, then also tk~ii~, —~O, and vi:e versa .

Consequently, the introduced previousl y operator A from L~ (F) in LT ( F I)

is continuous and has the continuous inverse operator A-’. But

th is (see (2.15) ) it is equivalent to condition (1.27).

Thus, if in theorem 5 space L T X T ( F X F) to replace by Lr ~~r (P  I

F,), then further condition (1.27) is made automatically. It is more

— --. -
~~~ 

- — -  - -- ---- -~~~~~--~~--- -~~~~~~~~ . — - --_____ - .. .  - 

~~~~. _~~~~~~ —-.-- -—-.- — - - - - — .

- .~~~~- -— . - -~~~-.- 
— -— ..----- .---- — ----



____________________________________________________ _ _ _ _ _ _ _  -- -

DOC 77182306 PAGE

precise, occurs th e following assuaption. t.

POOT WOTE ‘. In another tor i theorea 6 and si.pler theorea 2 were

propose d by Parzen (for exa.ple. see E Parzen , Probability density

fianctionals and raprod ucing kernel ailber t spaces, “Time ser ies

an alysis”, ed. N Ro senblatt , W.J. , 1963). END FOO f NOTE.

Page 125.

Theorem 6. For the equivalency of the Gaussian measures P and P 2
it is necessary and sufficiently in order that the difference

b (p’, cp ”) = B (q ’, ij~”) 
— B~ (er”, q ”),

as functional during functions q ’(X) q ” UL)~~~ I4~~~. would be

continued to linear continuous functional on hu bert space L T X T ( F X F J ) .

§3. General conditions of equivalency and formula for the density of

equivalent distributions.

Let P and P1 be Gaussian measures is —algebre ~f ( T)~~.aera ted by

all values E ( t) ,t~~~T. stationary (with respect to measure P) randon

I

—~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ 
- -

~~
—.- - -—--—-- ---.-

~~

— —
~ ~~

—— — —- -- — - -  —
~~

-— -—- .. —
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process ~ (t); T is an arbitrary multitud e on real straight line.

Let us consider first the case, when these measures differ only

in terms of the average value
a(t ) =~M1~ (I)

(more precise, when P.1 = P — see theorem 2).

Theorem 7. The Gaussian measures P and P1 are equivalent in

.—algebrs ~I ( T)  when and only when the average value a (t)

allow/assumes spe:tral representation of the form

a (1) — $ e_ i A t
*~~~) F ((( ~) (3.1

vi th i e T , whe rs ~~~
) is certain function , which satisfies condition

•1k~
(
~)FF(d~) < —. For equivalent mea sure s integral eq*~~tion (3.1) has

solution i~~(A) e I .~ ( F )  and density p (w) P 2 (dw) /P (th.) can be

described by the formula
p (w) = Dexp

~~fil~
R) (I) (d

~) F ,  (3.2)

where *P~) — the solution to •qnation (3.1) from space L~~F), a D —

normalizing factor, D •

(Here , as before F (d7c~ — spectral measure, ~t (dA) - the

stochastic spectral measure of stationary process ~ (t)~~.

- . - ~~~~~~~~~~~ -~-~~ — ..-— - .-,. .- - .— -.-- —---. _____________________________ — —



- - . -—- .- - --- —-. ,——— — - -
~-~~~~~~ -~~ ~~~~—

. 
—“

DOC ~ 77182307 PAGE A’~~

Page 126.

Proof . Accorling to theorem 3 for a equivalency P and P1 it

is necessary and sufficiently in order that mould occur

representation (3.1) with function iJ~(~ ) from Hu bert space Lr (F),siice

on the strengt h of the completeness of a.t of f unctioms ~)=e ’~’, i~~ T,

this is equivalent to relationship/ratio (2.13). Further, if

relationship/ratio (3.1) occurs for any function ~‘(X) fro Hu bert

space L(_ ~~~) (F) all integrated squared funct ions, then it occurs

also for certain function i~~ ()~) from space L1(F)  — the proje:tion of

cell/element ii’(A) on subepac. 1T (~~) ~ ~~~ ~~(F), since

<en’, ~ (~)~ — 
~

with all ~ E~ 7 (when e~~ c~ LT (F ) ) .  

-

Let us consiier now equivalent measures P and p and let us

turn to their dens ity p (w) = P p( d o) / P (d~ ) Let us sale~t the

full/total/complete orthonormalized set of functions 0~ (A ) ,  ø
~ ~~~~... 

~ 
!.~ (P) ,, let us consider densities P~ (O)) P 1 (dto)/ P (dw) in c—algebra 9t~,

ea ch of wh ich is ;enerated by the appropriat e values h11 t~ p1), k — 1,

.. ., n , form (1.20). As has already been indicated previousl y see p.

_ _  _  _ _  .: ~~~~1TT~~~ 
_
~iIiI~
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3 §1 of this chapter),

p (w) — Urn p1(o ) .
n .4 —

Obviously (see fo rmula  (2.2)),

= exp (1 9’~ 
(A) (I) (dA) — 

~-H 4,~ P~

where

(~~~ M I 11k ((Pk, ~4’) p, k~~ I , 2 , .

4, (A) E Lr ( F ) —  fus:tion fr om (3.1) and

4,,~ (A) �.~ 0kWk (A).

Page 127.

We ha ve

Iirn i~,,~ (A) — Urn 
~~ 

(i,, 
~~~~~~~~ (A) — 

~ 
(A)

-
~ and

‘I

u r n  II 4,1 (A) ~ — Urn ~ a~ = 4, (A) Fr .
k I

Thus,

p (w) = Urn
II -P
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Q. E. D.

Let us now move on to Ga u ssian mea r p and P 1 in c— algebra ?1(T)

with zero av erage values and arbitrary correlation functions.

Let us turn to space H 7 (t) , together wit h ot her spaces )I~~T)

introduced in §5 of chapt er 1. This space II, (‘I) is the l cked linear
closur, of all valuss ~(S)~~W — l lLc. I), c~ 1~~~T.

Let us consiler everywhere the dense in H7 (T) linear space of

all (represented in symmetrica l for.) values

• ‘l

•

= 
~~~~~~~~~~~~ — 8(1k. 1,11

(w it h symmetrical real coefficient s ~~~~~~~ k , j 1 , 2 , . . . )  — the

linear closure of values ~ (s) e (t) — B (s,t ) .  Taking in to  account

formula for tor que/moments (see formula  (5.10) chapter I)

M~ (1)~~q2)~ (13) 
~~

(14 ) =

= B (1~, 12) B (( i, 1~) + B (1 g . 13)13 (12, 14) + 13 (l~ 1~) B U.,. 1~),

ea sy to colut , that
Mi~’i1” — ~ c 1c~,,R (‘~ 

1,,,) 13(1,, ç’) +
+~~ 

~ 
c~,c~~B(1,, 1~) B ( 1,. 1~, )

— 2  
~~ m ’

~~~t~
8(1p

~ 
t m) B~1i. ~) (,3.4)

L _ _ _ _ _ _ _ _.- ~~~~~~~~~~~~~ ~~~~~~~—-__- -——~~~~ ~~~~~~~—- --- - ~~ - __________ __
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for any va lues

~1’~ ’~~ c~, [ ~ (1~)~ (1,) — 
~~(~k’ ‘~)1

and

~~,c~’! ~~(1~)~ (1,) — B (1~, ‘,)1

the form in question.

Page 128.

If we introduce stochastic measure ‘I’ (dX , d!t), ’ aft•r placing
J

~I’ (A, X A2) ‘D (A )  (1) (A 2) F (A fl A2), (3.5)

that easy to see that each of the values of for. (3.3) can be

represented the formula

~~
— 55 ~ (A , ~*) ‘ V (dA , dii) , (3.6)

where

ç (A , p.s) — ~~ c,~e’ (M~
_

~~S1), (3 7) 

-~~~~ --. - — -~~~—~~— - . -.—-~- - —..—-~~~ —-...——-~--

- .-
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From for.ula (3.~ ) we obtain , that

Mi1’~1” = 2 j J q ’ (A, 1*) ~~~~~ F (dA ) F (dv ) = 2 (w’~ af),, 
~(3.8)

vb.r.

q ’ (A , ~ ~

and

~“(A, ~) 
~~ c’~1e (AI ,_ i i~ 1~~

Pro. relationship/ratios (3.6) — (3. 8) it is evident that to

convergent series 1I, ’i 2 . . . . ~~ H., corr esponds by formula (3. 6) the

convergent series of functions ~~~~~~~~~~~~~~~~~~ Thu s, an y  value 11 E~Il2,

as limit of certain sequen ce of values Th. ’12...• form (3.3),

represented by formula (3.6), where functiom q ( A , !L) ~~~L TX  r (F )< F) is the

limit of the corresponding functions •~ , 07, ... form (3.7),  and for

any th is f unction q~(X , ~ formul a (3.6) determines certain value
ij~~ H 2 ( T) .

Pa ge 129.

Theorem S. Ga ussian .easeres ~‘ aid P (with zero avera ge

- . .
--  - . .. - -- TT 1T~~~~.,I~~~~.L ~~~~~~~~~~~~~~~~~~~~~~ --~~~~~~~~~~~~~~~~ 

---- , .  .
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values) are equiva lent in c— al gebr a ~~/‘) vhea an d only whe n a

difference correlation the functions

b( .c , 1)— B(s, 1)— 8~(s , 1)

represented in the form

b (s , 1) J e )
~.c—iI1)~~, (A , ~

) F (dA. ) F , ( ( I ~I )  ~:~.9)

with s. l eT , where the function 4 ,(X. ~ is such, that

$ 1 4’(A , p . ) F F ( d A ) F , (d ~L) <oo .

For equivalent mea sures p and P 1 integral equation (3.9) has

solution ‘( A , ~ ) E ~~J r~ r ( P  x ~~ Density p ( o ) = P ,(d ~ )/ P (d o) equ ivalent

measures can be described by the formu la

p (w) — D cxp — -
~~

- ,j’ J 4, (A , ~t) ‘I’ (~1A , ~~~~ , (3. I 0)

where ~~x. ~ — the so lution to equation (3.9) fro. space L , r ( F  X F ,) ,

an d D — normalizing factor.

Proof. Since the functions r ( A , ~& ) ~
-, e’~~- ’ ’~~, s, 1~~ T, form

full/t otal/com plete system in hilbert space L TX  r (F  X F 1) ,

relat ionship (3.9) wit h i4’ (A , ~t)e L t, ,~ ~
(F ’< F ,) is equivalent to

relationship/ratio (2.27), whi ch , according to theorem 6, indicates

th. equivalency of Gaussian measures P s.d P,. Rut if

relationship/ratio (3.9) occurs for certain funct ion ‘H~. ~t from

--------.-—.. . ______________________ . — . - 

-~~~~------ ~~~~~~~~~~~~ . ~~~~~1i’~~ r.::1 11 TITT~~ ~~~~~~
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hu bert space all integrated squared (relative to F (dA) X F , ( d ~ ) )

functions, then it it occurs also for certain functions ~p0 (X , ~t )  — the

projection of cell/element ~‘(A .~~) o~ subspace L r v i ( ! X I I ~

Let us consiler now equi val en t measures P and P .  Let us

select everywhere dense in set T the sequence of points t1, t7

It is obvious, value ii~~~~~~(’~~
)
~ k — 1, 2, ... , form full/t ota l/complete

system in hu bert space L~~
P) •

Page 130.

Let us con sider densit ies ~~~~~~ P , (d w) / P (d o) on in c—algebra ~l each of

which is gemerate~ by values 1k’ k = l , . . ., n . Dy formula (2.1)

log p~ (w) = M log p,, — 
~~

- 

~~ c~ t~,( ’ k)
~~

(t / ) — B (/ k ,  l,)I,
P. /— I

(3 .11)

where (C p1) them is a difference in the matrix/dies, reverse to

correlation matrix /dies (l3 , ( 1~, 
~i~

) sad (B(l ~, 
~
i)) The corresponding values

1~ 
((n) 

~,%, 
Cfr / [~ 

(1h)~ (I ,) — B (I i, (~) J ,

f iguring in formul a (3.11), belong to space fl~ (T) and represented in

the form (3.6) :

$5 i~~ (A, 
~ ) ‘1’ (dA , d~) , (3.12)

where

ip,  (A , ji) ~~~ c~j e’ (kS I~~,) • (3.13)

_ _ _  . . —.
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It is easy t~ check that  each of the functions 4,~(A ,~~) sa tisfies
equation of type (3.9) :

e 1 
~~~~‘~ ‘ip~ (A , ~

) F (dA) F, (d~t) b (.g, 1) (3.14)

with ~ 1 ( i In fact , this equality can be rewritten in the
matrix form:

(B (Ik , t i )) (C p j )  (B , (l i, 1,)) = {h (1k,  1,)) ,

where

(C p j }  (B , (/ k’ 1,)) ’
~— (B (li, ~~~~

and immediat ely ev ident tha t

(B (lp, 1,)) (C p,)  = (1.3 (l p, 1,)) (8 , (1 k ,  (~)) ‘ —

(B ~~ 
1~)) (C p ,)  (B , (I p , 1,)) =

= (8 ((ks 1,)) — (A , (I i, 1,)) = (b (Ike 1~)) .

Equality (3.1 ) can be rewritten, also, in the for.

(c. ‘1’~t ) F X F , ”l~ (,9, 1), S.

~~~~~ ~g , ,~j a q~ (A , 
~
t) = e’ ‘~~~“, .c, Ic T,.

L -
~~
- -~~ - -- - _ _ _ _ _ _ _ _
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Page 131.

It is clear that with m n the fuactiom ~~~ ii) coincides with the

projection of cell/element 4,,, (A , ~t)~~~ L1~~ ~ (F X F ,) on subspac. Lr ,,, x r ,,, ( i
~ X F,),

so that

II 4,,, — 4,,,, ii~
. 
~< F ~~~~ 

1F \ F, — 
~~~~ ~‘ ~ P

with m, n —
~~ —, since sequence ~~~~~ fr — 1, 2. ..., tu rns out to

be monotonically lecreasing (and bounded below by zero) 2nd there

ex ists limit litn Ik’,, ‘ It is clear also, that since the hilbert space
LT~< T ( F X F )

coincides with the closing/shorting of the being widened

spaces L~,,~~r ,,( F X F ,) , , i = I , 2 whereupon each of the funct ions 
~~~~~~~~~~~

in relationship/ratio (3.114) it is the projection of csIJ.feleaent

4 ,(A. p)C L~~ r(F ~. F~ from equation (3.9), and limit ~~~~~~ # .L )eL T ~~ T ( F X F I )

possesses those property that

4, (A , ~i) Urn 
~ ~~ . , IL).

This indicates that values ‘i., form (3.12) figuring in for mula

(3.11). converge in mean to value

1 ) J ‘
~
‘ ~ ~ ‘~‘ (/A , (I~L) 

~ ‘12 ( T) .

Ea rlier it was shown (see (1.33G). that for equivalent mea sures there

is the limit
ii r n M l o g p,,. 

...:., . .. —
~~~~ -- —_ —  . _ _  . _ _ _  

—,—- - .- - — . . . —- --.--.
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Thus, the umkaova densit y i’( a ) = P (d,o)/P (th. ) in c— algebr a 91 (T) can

be determi ned fro. asymptotic relation (1.3~) :

l o g p ( o ) = Urn M log p,,+ Urn [log p,,— M log p,,I=

— u r n  M log p,, — -~
- Urn 1,,( ’ )—

n-P oo

— Urn M log p,, — .~~ Urn $ 1 ii,,, (A , ~i) 4~(dA , 
~
1l’)

= log D — -

~

- $ ~ (X. ~t) ~I ( dA , art),

that also it gives to us formula (3.10).

Pe5 e I~~~~~~~ I2.

Sk .  Furt her studies of equivalency conditions
1. Gaussian measures which differ by the mean value.

Let us turn to equivalency conditions of Gaussian measures P and P 1
in a—algebra 9L (T) e5tablished in theorum 7. Let us examine the case
where the spectral measure F(dA)is absolutely continuous and has a
limited density F (dX)

For the equivalency of Gaussian measures P and P1 which differ
only by the mean value

a (I) = M,~ (1), Ic T , (4.1)

it Is necessary and sufficient for the function a(t) to permit
presentation of the f orm

a (I) = 5 e ”4, (X) 1(X) dA , Ic T, (4.2)
where *(A) — some funct ion which satisfies the condition

5 I l .l’ (A) I 2 f dA < oo

(see theoriun 7) .
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We assume
ç (A) 4,(A) f (A). (4.3)

The right side In formula (4 .2 )  determines some function
a (1)_ fe_ iM p (x) dA. — 0 0< 1<0 0, (4 4 )

which coincides with icT with the mean value (4.1), In which re-
gard function •(x) of the forW (14.3) can be integrated In a square

with f (A )cC.

This shows that the function determined by formula (11.11) a(t),
— .<t .c a’ , is integratable in a square, and •(A) is its Fourier trans-
form :

Pate / 33 
f1) (A) .~~~~J e

’ttaW d:.

As is evident from formula (14.3), the function 4 (X) itself is not
only integratable in a square but it also satisfies the condition

$ “~~V-dx <
~~

. ( 1 4. 6 )

Next , let us assume that the function a(t), tcT,can be ex-
tended to the entire real straight line —=<t<= in such a way that
its extension will be integratable in a square by the function
a(t), —=<t<= whose Fourier transform satisfies condition ( 1 1.6) .
Then, with all t

a (1) = j e~~”q (A) dA = $ e ”~’ij, (A) [ (A) dA ,

where the function 4, (A)= ç (A) f f (X) satisfies the condition .1 ~)‘( A) I2 f (A) dA< oo .

From theorum 7 this signifies the equivalency of Gaussian measures
P and P1.

Thus, the following result has been established:
Theoruzn 9. For the equivalency of Gaussian measures P and Pp

it is necessary and sufficient that function aCt), I c T  (mean
value ) can be extended to the function a ( t ) ,  — — c tc.. which is
integratab le in a square , whose Fourier transform would satisfy
condition (14.6).

I

I

. 

_ _ _ _ _ _ _ _ _ _ _ _

________________ 

~~~~~~~~~~~~~~~~~~~~~~~
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-
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Next, we will consider that set T Is a final segment on a

real straight line (let us say, T.(O , r ] ) .
Let us consider the spectral densities f(X) which satisfy the

condition
f (A)~~ K (I +X’)~

4 (14 7)
or the condition

f (A)~~ k(l +A216, (11.8)

where K and It — some positive conatants(’see

Page t3V.

p. 3 of this paragraph) are common for the case , when spec tral

densities they satisfy only the condition

i~~ f (A )jAI 2
~<00 

(4.9)

or the condition

u n, f (X)1X1
211 >O. (4.10)

Theorem 10. At spectral density f ~~~) of type (14.7) for the

equi valency of Gaissian measu res P and P, it is necessary tkat the

funct ion a (t) (av era ge vale.) would have on the segment ? a (0, v3 ~t

t

- - - — --

.~~~~~~~ - - - .-~~~~~~~~~~ -.- -~~~~~~~~~~~~~—~~~~
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absolutely continuous (n — 1)—t b der ived a~’~ ”( I) such, that

‘.f [ a~”) (1)~2dt <oo . (4.11)

At spectral densit y f 
~~.) of type (14.8) the condition inlicated is

sufficient for a equivalency P and p ,~

Proof. It is obvious, under condition ( 14.7) the satis fy ing

relationship/ratio (13.6) function 0 (k) is such, that

$ ~~~~~~~~~~~~~~~~~~ * 
(4.12)

and with any m = 0 , 1, ..., n — 1

J A (Afl dA

~ 15 ~~~~~~~~~~~~~~~ [5 (1 + A Y’)2 1 ~ (A) 2

consequently, the function

a (/ ) 
~

- 5 e ”tp (A) dA

has n — I derivatives. Let us show that (5 — 1) -‘* derivative

.1 
(— iX) ~~~r~

tI q 1(A) dX

is absolutely cont inuous , w her eupon is ~~ tisfied condition ( 14 .11 ) .

Page 135. 

—- — -- - -  
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For any nonintersecting intervals (Ik , I t~~~i) ,  k a ~, 2, ... , we have

~~ Ia” ~ (I~ +,) — (~~(~I ~ (I k) l  = -

k 

$ 
[~~~(e~

”1
~~

t — 0
_ lMk) ] (— iX)” ’  q~ (A) dA

- .

= $ [~ J ~ ( ~ IA) e ’~’ (1! (— iX) ’~~’ q~ (A) dA

1~ (4. 13)

wher e

_ c A (A) = $ e~~xtX,~( 1)d t

there is a Fonrier transfor , function x~~ ) —  the indicator of set A ”~ tj (1 k, I k + I ) .

Is obvious , on the strengt h of condition (4 .12)

~ [a~” ‘) (Ik .~,) — a~” ‘~ (Ik)I

~ [ 5 x (A) 2 dA} ” [
~ $ A q’ (A) 2 dX “

~ C [ 5 ZA (I) 2 dl]” Co’..

-

-
, _ _

._ i_1i___ - ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~
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wh ere C — certain constant, and

6= ~~~(tk .4. I —

that also it proves the absolute continuity of function a” ’) (i). 
~~~~~ is

obvious also that its derivat ive

a”~ (1) $ (— IA)” e ’~’ç (A) dX

(determined with ~1most all t) coincides with Fourier transfor m the

integrated squarci funct ion  I~— iA)”~~(A) and therefore satisfies

condition (13.11).

Page 136.

Let nov spectral density f ~~~) satisfy relationship/ratio (4.8)

and is carried out condition (4.11). It is obvious, function a (t) it

can be continued from segment T = (0, i-) to entire real straig ht line

in such a way that it would have (n — 1)—th absolutely continuous

der ivative a(~~ ) (l) and would be converted in 0 outside certain

‘~~ 
(i
~l 2 dl  ~ 00segment T~~ T, whereupon 1a ~~. Let us assume

ç e ba ( t ld t .

After n—fo ld integration by pa rts , we have

q (A) — 
~~~~

. 

~ 
e”~’a (I) dl — (1AY ” ~ (A)
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and

$ IA “I q (X) FdA — $1 ~(A) FdA — 
~~ f [a~~O)J2 dl <oo .

Consequently, is satisfied condition (4 .6) and , according to theor em

9, Gaussia n measures P and P, will be equivalent , Q. E. D.

Gaussian measures, which differ in terms of correlation functions.

Let us tur n to the cond itions of equivalency of Gaussian measures P

and P 1 on algebra 91 (T). establish/i nstalled in theorem 8. Let us

consider the ca se, when the spectral measures F (dX) and F~ (d}) are

absolute ly cont inuous and have the li.it~ d densities

[ (A) — F (dA) IdX f,~(A) F, (dA) fdX.

Let

b (s , 1)— 13 (,c, 1) — 8~ (s , 1) . .c, I ~

be a difference in the corresponding correlation functions

B (s. 1)— $ e’~”~~’f (A)d A

and

B, (s, 1) — 5 e”s— ’)f, (A) dX .

Page 137.

Theorem 11. For the equivalency of Gaussian measures P a M P

it is csssary and sufficiently in order that a difference in their
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correlation functions b (s, t) • s, t ~~ T , could be continued into

the integrated squared function b (s, t) (on an entire plane < s,

t~~ — ),  Fou rier transform by wh ich

q (A , It) — -
~~r $ .1 e’~~~ ”b (s , 1) ds (II

would sati sf y the condition

I S HA) 11 ()~ 
dA dgt <oo . (4 . 14 )

Proof. Accorling to theorem 8 for a equivalency P m d  P, it

is necessary and sufficie ntly in order that function b (1, t ) ,  5, t€

T, would allow/assume representation of the form

1, (s , 1) = .1 e ’ ‘ ~~~~~~~~ (A , p.) [ (A) ! ,  (it) dX (Ip..

where ~‘(A , it) - c.rt*in function, satisfying the condition

J •f i  ‘1’(~ i.t) 12 f (A) f, (p .) dA dp.< 00 .

Let us assume

q (A , p.) = ~ (A , 11) 1(A) ! ,  (ii).

In the case of the limited densities f ~~~~ and f , (p .) the f*action

which satisf ies c3udition (4.14) , turns out to be that which is

integrated squa rsi , but its Fourier transform b (a, t) coincides on

set T I T with a difference in the correlation functions in question ,

so that the conditions of theorem 11 are necessery. On the other

hand, if t hese condit ions are satisfied, then is function b (s , t ) ,

s t ~~ T, represented in the form

- ‘ 

~~~~~~~~~~~~~~~~~~~~~~~~~



DOC * 77182307 PAGE .ih

:~ 
ol

b(s, I ) —  $ e~~
( t i

~ q, (A, p.) dA dp.

(where w ( A , i~) satisfies condition (4. 14)), and this as it was

already said a~~~e, indicates the equivalency of Gaussian measures P

mad P ,. Theore m is demonstrated.

Let us note that in the case, when set T is entire/all real

straight line, function b (s,t) is alread y assigned on an en ti re

plane — — < s, t C — by the formula

b (s , I) = j 
~ 

e-~~~~” lf (A) — fl (A fl dA. (4 .1 5)

Page 138.

It is obvious, if the differ•ace

g ) A ) = / ( A ) — f, (A), —oo <X.( oo,

is different from 0 on the set of posit ive a.asur e, then

~f~f Ih (s, IL2 ds dl °°,

and , according to theorem 11, measures P and p ut i l  be

orthogonal. Con sequently, Gaussian measures P and P are

equiva lent in c—algebra 91 (T) with T a (—•
~ —) if and only if they 

— ---- - .--  — - 

- --,.-..-~~- .- -- - - . .
~~
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coincide (when coi ncide spectral den sities f (A) and f1 (A)), which

wi ll be coordinated wit h an example on page 119.

Subsequently let us examine only the case, w hen T is the fina l

segment on rea l lines (let us say, T (0, r]) , and spectral density

f ~~.) with certain n satisfies relationship/ratio (4. 8) . The obtained

below results viii be common for the case of spectra l density f (A)

of t ype  (4.10) in following p. 3.

Let us note that if spectral density f (A) decreases faster than

any degree I A [ 2
~ (with A ~ ~), 

more precise, if the stationary

process ~ (t) is •analytical” :

M 
[~~i —~~~~~~ ~~~)O)

ik J  J elM _ ( L _ ~~ k f (A) dA ~

~ 
( ) $ A~m

~~f (A) dA — ‘0 with 
ft ~ 00 , (4 .1 6)

that addit ion/completion of v- algebr a 91(T) contain s entire v-algebra

aa~ as soon as which was shown a bove, the equivalency of

measures P and P, occurs when and only when P and P, sim ply

they coinc ide.

As it was sh own earlier (see Sect ion 1 ~1 of chapter II) , under

.. - -.

-__~~~~~~~~~~
11:

~~..:. 
1: 

—
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condition (4.8) the space L~ (F) consists of the whole analyt ic

functions.

Let us return to research of the conditions of equivalency, data

by theorem 4 , mad let us turn to the appropriate  operator A = F — A

in hu bert space L
~ (F).

Page 139.

Lea.~ 5. Let space Lr (F) consist of the whole ana ly t ic  fu nctions,

and let a = F - A*A there is an operator of ~ il’berta — Schmidt. Then

is satisfied condition (1.27) , equival ent to the fact tha t  the

operator A does not have equal to 1 eigenvalue .

Proof . On the strength of operator ’s limit edness = F — A we

have
‘~~ — II ~ I I~. ~ c ~ iI~

for all w (A)~~ J*T (F ) (C — certain constant) . Let us assume that there

is elgenfunction ~~~~~~~~~~ with equal to 1 eigenvalue. .et~U ,, t~ ’ I a

1, 2, ... , certain sequence of functions from L~, that con verges to 0
L~

(p ,I.
(A) in spa ce ~ Ph is sequence ii L r ( F )  converge to 0:

Ii ‘F,, il~ — ((Ii,,, ‘F,,.>, — —, 0

with n . —. consequently, limit function 0 (A) is equal to 0 with

almost all A , for which f 1 (A) > 0. Rut t hen analytic function 0 (A)

_ _ _ _ _  _ _ _  _ _ _ _ _  - — -  — - - -
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is ident ically equal to 0, and this con tradicts the  fact t hat it

there is .igeu f unction . Lemma is demonstrated .

This result makes it possible to amplify t heorems II , 5, a fter

drop/omitting in them fur ther  condition (1.27) (mor e precise, this

condition is satis fied automa t ically, it only £ F ~~~ I~~A is an

operator of G’il’berta — Schmidt) .

In tu rn ,  this makes it possible to obtain the fol lowing result

(almost re peating t heorem 8):

for the equivalency of Ga ussi an measures P and P in

v-algebra ?{(Ti necessary and sufficiently, in order to difference b

(5 , t) = B (s, t) ~~~ B1 (s, t )  correlation funct ions would

allow/assume representation of the form (comp. 3.9))

b (s, 1)— e ”~~~ ”F (A, p.) F ( dX)  ~~) 1I~~ I i  17 )

with s, t ~~ T, where the function p (A , ) & )  j 5 ssch, that

f j l w ( ~-, p . ) 2 F d ) F (di i) <oo  I. iS

Hence easily is derive/concluded (exactly as theorem 11) the

following result.

Page ~$0.
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Theorem 12. Under condition (4.8 for the equivalency of

Gaussian measures P and P is v-algebra ‘
~‘I (T) it is necessary and

sufficiently, in order to a difference in their cor relation functions

b (s, t ) ,  a, t €.. T (where T a (0, i ) ) , I could be cont inued into

the integrated squared function b (a, t) , -— < s, t < + —, fourier

transform by which would satisfy condit ion 1)

(4 .19)

FOOTNOTE 1~~ I~ is clear that theorem 12 remains valid, when space L1 (F)

consists of analytic functions (see Chapter II). EWDFOOTIOTE.

• Let us turn now to condition (4.19) . Let is consider the

function

‘F(A, p.)r~-~r1 j e ”~” ’)b (.~. 1) d.c dl, (4.20)

figuring und er this condition (where b (s , t) is the corresponding

cont inuation assig ned on square T I T of a di f ference in the

correlation functions).

I

• - - - -- - -- ~~~--.--- -~~~ .- .- -.,— - ---,. •--- -- - —-—---— =-• ---- —

.—.~~
. —.~~. — - . 

—-.- — —. —-. .,..-.
~-——. .. —~ 

—-— ——
- ----~~~~~~ - --~~~~~~~ ——-- -~~-~~~
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Let spectral density f (A) sat isfy relationship/r at io (4.7) .

Then from CondiU3n (4. 19) it follows th at

f ( I + IA  ln)2(1 +~~it r) ’ l cp (A , 11)12 dA dp .< oo (4.2 1)

and with any k, m = 0, 1, ..., n — 1

j J A ~~p. ~I’F (A, p.) dA dp .
• IA I~ 

2 - I” 2 ~,

~ (J (
~ ~~ dA (

~ 
I~ 

~ 
,, ) dti X

X ( I  
•
~ ( 1 + I A ~~ (1 + ~ 

fl)2 

~ 
(A, p.) 2 dA d~ ] ’  < 00.

Page 141.

Consequently, th. function

b (s , 1) j’ e 1 ( Lc_ Ut ) q, (A , It) dA dp.

has all derivatives to order n — 1 in terms of each varia b le:

~3k +ni -. ‘

~~~ 
= j (~~~ 

IA) k (j p .) tm e 1 ‘“ q~ 1 A , it) (IS dl

(k . tn = 0, . . - , p. — I).

82 ~~~~ I~ j, c , I)
Let us show tha t  the function C (.s, 1)= -~~

-
~;. ~ is absolutely

continuous. This means t ha t  C (s,t) is the f u nction of distribution”

of certain Borel absolutely continuous measure ~ n (A) on square T I

_ - - 
________________________



____ — - ~~~~- - ---- . .
_ _.------ - - -
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~ i6
f, i.e.,

tu (A) = C ( c ” , I ”) — C (s ”, 1’) — C (s ’, I”) —i— C (.c ’, 1’)

for any rectangle a = (a’, j ”] I (t’ ta).

POOTIOTE I. In other words, the additive function of bounded
variation i (A) it is absolutely continuous relative to Lebegovskaya
measure, F RDFOOTI3TE.

It is easy to see that for any multitude ~~U~ ’ which is the
association of the f ini te  number of noni~ters.ctjng rectan gles Ak = (.c , ~‘
x ~, /;‘

~~
. occurs the following equality :

,n (A) = .c ~ 
(f~ (A , p.) (—  fA) ” (i 1t )” q- (A , p .) ilA (1(1.

where

c~ (A , p.) = 5 1 e~ ’ ~~~~~ Is , I )  d.c (II

there is a fourier transform function X.\ (s , I) — . the indica tor of set
A (comp. (4.13)). On the strength of co*ditioa (4.21)

~ [ 5) j q
~~(X , 11) ItdA d11] ” [ 5 )  I A  ~~ 11 2~i l 

~p(A, ~ 
2 (IAd 1t 1

~c[ f 5 j x ,~(s~ I ) l 2 ds dl H’ CI (A ) ”,

. 1

~ 

~~~~~~~~~ • ..—.--.--. _ _

-— - —  -- ~~
. -- -- 

• - -~~~~~~~~~~~~~~ • -
-~~ - -- - . 

~~~~~~~~~~ A
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where ‘3 (A) is Lebegovskaya measure of a set 1. It is ev ident that

additive f unction m (A) is really/actually absolutely continuous

relative to Lebego’vskaya measure.

Page 142.

It is clear that density c (5, t) = . (ds dt) /ds dt coincides

with der ivative (by existing with almost all s, t £ T  I

T) . It is obvious, under condition (4.21) this derivative e(s , l)= 
~~~~~~~

‘~~~~
- is Fourier t r ansform the integrated squared ct hl~~~, p.) ~~ j A) ” (ii i Y’

q (A , p.) , na mely:

= 5 5 (— /A)” (ip.) ” p_ I1fl q~ (A , p.) dA d1t ,

and , therefore,

ds dl <00. (4.22)
T~~ T

Let now spectral density f (A) satisfy re lationship/ratio (4. 8) ,

and a difference in the correlation fmn~~ions b (s, t) has absolutely
I I )continuous derivative -

~~~~~~

_ 
8I ”~~ 

whareupon is satisfi ed

- -— - —- -.- .--— ~~~
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condition (4.22).

It is obvious , function b (a , t) can be continued to entire

pl ane — < a, t C — in such a way that it would have as before the

type indicated derivat ive and woul d be converted in 0 outside certain

final square T’ I T’ ~ T I 1. Using a repeated integration and and
2n—multi ple inteqr ation in par ts, from the formula

~4’ (A . ~t) = -
~~~

-
~
- ( 5  e ’ ~~~~~~~~ -

~~~~~
- b (s , I) ds dl

r ’ x 7’~

we obt ain, t hat

ç (Â , ~ 
~~~~ 

J e’ ~~~“~b (s, /)d .c dl — 
(~~~~)fl (~~~~

_
~~~ 1)~ (A , p .).

Consequent ly,

A ,” p. ” ’~(A , r t) 2 Ix di t = 1~ I~ ’(A , p.fl 2dA dp . <00,

whence for spectra l density f (A) of form (4. I) escape/ensues

cond ition (4.19) of theorem 12.

Page 143.

Thus, for density f (A) of type (4.7) from condition (4.19)

escape/ensues condition (4.22), and for a density of type (4.8), on

the contra ry, from condition (4. 22) esc~~~ /ens.en co dit ion (4.19) ,
wh ich means that the operator A in hu bert space Lr (F), determine d

111 I~T:~~ : .. . i.~ ~~~~~~~~~~~~~~~
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by the appropriat, function

b (s, I) = ~Ae’~ , e’~~’,, s, / ~ 7’,

is the operator of ~nil’berta — Schmidt .

Recall now that examine/considered by us function b (a, t)
depends only on difference alternating/variable a are t (see formu la
(4.15)).

8” ~““It is clear that the absolute continuity of function
(of the pa~z of the variables s,t) is equivalen t to th. presence 2n —

by 1 absolutely continuous derivative b’2’~~’~(l), ~~~~~~~~~ of the
difference

h ( l ) ~ ’ B ( l ) — l 3 1 ( l ) , —

the correlation fu nctions B (t) - 
-- j  and B, (t) , condition

(4.22) meaning that

5 J [b~”~ (s — i) J’ds dl <00. (4.23)
r

In summation, we obtai ned the following result.

Theorem 13. Per the equivalency of Gauss ia n mea sures P and
in •—alqeb ga ”(T) in the case of spectral density f (A) of t y pe  (4. 7)
it is ascsasar y that the difference in the correlation func tions  b
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(t ) = B (t ) — 8~ (t) would have in interval (—v , v) derivatives to

order Zn — 1, whereupo n (2n — 1) —4 derivat ive ,(2 n—1) (I) wou ld be

absolutely continuous , and its (existing wi th  almost all t)

der ivative b~2” (l) sitisfied condition (11.23) . In the ~asa of

spectral density f (A) of type (4. 8) these conditions are sufficient

for equiva lency.

Let us note that, agreement , in the case of a spectra l density

of the type

j ( X ) X ( I  ± A2) ’”  (4 .2’l )

condition (4.23) is necessary and sufficient for the equivalen cy of

Gaussian measures P and

POOTWO T E ‘. i~ connection with condition (4.23) coup. the work of

Feld man (G Feldman , Some slasses of equ ivalent Gaussian processes on

an interva l , Pacif .  J Math.,  10 (1960) 1200—1220). E$DFOOTROTE.

Page 14*.

(71 ~Exa mple. ~~ f (A)~~~ u~’+~ ’ where .a and some (— positive

p.ramet.rs. The corresponding correlation function is
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Let the correlation function B , (t) tak e the  form

with

(see ?ig. i) correspondin g spectral dessity is

r ~‘ ~ I I — cos A
A2

- ~~~~~--- ~~~~~~ ---- -- - - - - .  --- -~~~ — —---_— — -~~~~~

L— - - -- - ---- ‘-

~~ 

‘

~~~~

, -- - .

~~

-.c .. - - - . - - -.  -. - - . - .



_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _

DCC a 7718230 7 PAGE 24”

Piic , I.

Pig. 1.

Page 145.

It is obvious, condition (4.23) is satisfied (for n 1), if the

parameter. .*, u and v are such, that •5~~ a ( 1. Under this

condition Gaussian measures P and ?~ are equivalent in s—algebra

- —-•-- -.-~~~~~ .- - —— 

~~~~~~~~II ~ -- --- - -- --- - ---- —- — --- — -- 
— --
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~1(T), T~~tO, tI . At other values •~~, a and v t hese measures wil l ~~
orthogonal.

The nonintersecting carriers of orthogonal measures P and P1
are described in p. 2 §1.

3. Some spectral conditions of equivalency. Obtained above

condition (4.23) shows that the equivalency of Gaussian measures P
and in s—algebra ~(T) (wher e T — any final segment) depends only

on the behavior of spectral densities “at inf ini ty”, it is more

precise, for spect ral density f (A) of type (4 .8)i_ - t~~~ occurs

the following simple fact.

I
Theorem 1*. The arbitrary change f (A) in any finite inte rval

(such, tha t i. obtained spectral density f, (A)) it leads to Gaussian

measure equiva lent initial measure F.

Proof . In fact , in this  case the difference in the  correlation

functions is Fourier transform the u nit, function g (A) • f (A) — f ,

(A) :
b ( l) =  $e~~’ g (A) dX , (4.25 )

it has derived all, orders so that, in particular, for any fina l

sequent 1’ is satisfied the condition of equivalency (4.23)

I 
-.--- — - -- - - -  - —- - --.--- — -- -.

- —--- .- - -—-- - -. — — —-- — .-- - —-— - .. . .

__________  ~~~~~~~~~~~~~~~~~~ 

.— --- - —---—
~~~

————
-—
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This makes it possible to spread the obtained previously results

for the case, when spectral density f (A) satisfies more weakly than

(4.8) , condition (4. 10) :

Iirnf (A) A 21 > 0.

For ezanpl~, theorem 9 cam b. intensified as follows.

Theorem 15. At  spectral density f (A) of type (4.10) for the

equivalency Gaussian measures P and P, differing in ter ms of the

average value of a (t), t E T (where T is certain segment), it is

necessary and suff icient in order that  function a (t) , t € T , could

be continued into the integrated squared function a (t) ,— . C t C

Fourier transfers by which with any I ‘( • sat isfies the condition

$ ~~~~
2

dX <00. (4.26)

Page 146.

Proof. Let ~ (A) satisfy condition (4.8) and coincides with f

(A) with IX!) 1. Let P t here is a Gaussian measure with zero average

value end spectral density ~ (A). As it was shown above, measures P
and mere equivalent, so that equivalency P and P was

equivalent equivalency P~ and But according to theorem 9 for a

- ___
__ 

: -.fl .~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - •__•~ .— - - - .. — - - . -~
. -* .--. -. -

::: :~~
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equivalency and it is necessary and sufficiently condition

(11.6) :

q~ (A) 1 
A I

A

wh ich on the strength of the relationship/ratio

f ( X ) X~ ~j ~*~’ i j X I~<R

equivalent to the condition

I L ± L d A <o O ,

that also it gives to us condition (11.26) , since f (A) f (A) wit h IA~
) 9. The orem is demonstrated .

Let us consider spectral densities f (A), that satisfy weaker

than (11.7), to condition (11.9) :

J~~~~ f (X) t A 12” <°°.
~ .4—

Any this density f (A) coincides with certain density ~ (A) of type

(11.7) with sufficiently large A~

f (A ) —~~ A) ~~4~JAI> /~.

Pa ge 1*7.

Using the sane met hod wit h th. int roduction of the corresponding
Q.14,

Gaussian measure P that A in the proof of t heorem 15 , it is 

~ --.-— --- -, —- ---- - ---
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possible to  as follows generalize theorem 10:

condition (11.11) is necessary for the equivalency of Gaussian

measures V and P 1 if spectral density f (A) then so t h at  it would

sa t i s fy  re lationship/ratio (4.8) and woul d coincide wi th  f (A) with~ A’~
> 9. It is clear that

condi tion (4. 11) is suff ic ient  for the  equivalency of Gaussian

measures P and P 1 if spectral densit y f (A) satisfies

relationship/ratio (4.10).

Let us turn now to Gaussian measures and with zero mean

values and spectral densities f (A) and f1 (A). from which f (A) is

limited and belongs to type (4.10).

It is analogous with that, as this was done above, let us

consider G aussian measure 1~ with the limited spectral dens i ty  ! (A)

of type (4.8), which coincides with f (A) outside any interval~A~~ 9.

The Gaussian measures P and P are equ ivalent , so th at the initial

measures ?~, and will be equivalent when and only when this sane

property will possess measures and 
~~~~
. For the equivalency of

Ga ussian m easures P~ and j ’  it is necessary and sufficie ntly

condition (11.19):

JJ ~~~~~~
J
~-dX dIL <00,

— -——-‘--— — - ---- -— —- —.-- - — — —— - -- —  -

~i1z:~~~T1 :~~~T:~
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where ~(A, ~) there  is a Fourier transfor m of certain continua tion of

the function

b (s , E) = f e’~
1
~~’~ (1

P (A) — fi (Xfl dX , I ~ T.

Since !~A )X I with X $ I and ~ (A) = f (A) vit h~ A~ > 9, this condition

is equivalen t to the fact that

.1 j
’ 

~~~~~~ ~IXcI ~i < °°. ~4 .27
p I i & I >  P
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But function b (s, t) with ~ . I~~ T differs from the function

b (s , I) = 
5 

e’~ -’1 [f (A) — f~ 
(A) j dX

only in terms of the term of the form

c (S , I)  = ,j
• 

e ’~ 
(~~~~1) 11(x) — I (Afl dx .

Since difference f (X) — RA) is converted in 0 with IX j>R , the

function c (s, t) is infinitely di f fe r ent iated and, obviou sly,

allow/assumes this continuation from square T X T , for which the

Fourier tr ansform ~~ (A , (t )  satisfies the condition

(~ ( (/x (hA < 0 0,

where n is the sane as in relationship/tatio (4.10). It is clear that

if the function ~ (A , i&) satisfies condition (11.27), then the function

q ~A , t) = (p (A , ~t) + ~ ~~ ., ~),

being the Fourier transform of the proper continuation of the

function
b( s , I) = h ( s , I) - ~- c ( s , I ) ,  s~ l e T ,

will satisfy the :ondition

~ ~ 
.1 

~~ ) ) f  (IA (((A < 00, (4 .28)

_ _ 
_  _ _- —=-~.-- 

— --  ._ ~~ I ~~~~~~~~~~. - .~~~ - - ~~
— 

~~~~~~ -
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and, on the contrary, if certain continuation of function b (s, t)

has Fourier transf orm fp(A , ( A ) ,  satisfying condition (11.28), then

thereby property will  possess funct ion I (s, t ) ,  i.e., Gaussia n

measures p1 and P will be equivalent.

We obtained the following generalization of theoren 12.

Theorem 16. Under condition (4.10) for the equivalency of

Gaussian measures P and P in .— algebr a 91 (T) (T is any final

segment) it is na:essary and sufficiently in order that a difference

in their correlation functions b ( , c , I), s, I c  7 , could be continue d into

the integrated squared function b (5, t ) , — .  C s, t C , Fourier

transform q~(A .~ t) by which would satisfy condition (4.28) with any R.

Page 1149.

Hence easily it follows that  theorem 13 occurs not on ly for

spectral densities f (A) • tha t  satisfy appropriate conditi ons (14.7)

and (4 .8) , but also for  wider type densities, which satisfy

corresponding conditions (4 .9) and (4.10). Specifically,

at spectral densi ty f (A) of the type
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0< ~~~ f () ~) J )  2,i < ~m f (A) ~ ~~ ~‘ < 0 0  (4.29k

condition (4.23) is necessary and suff icient  for the equivalency of

Ga ussian measures P and P in .—algebr a 91 (T).

Any spectral dens ity f (A) of type ( 14.29) is such , tha t

1(A) X i  q) (A) 2

with the sufficient1 , large IAj, where q~(X) is a Fourier t r ans fo rm of

certain integra ted squared f ini t e  function:

p (A) = 5 e IM c (l)d I

(C (t) = 0 outside certain f in i te  interval) . Horeover , we will show

below that condition (‘4.30) satisfies any density f (A), suc h, that

with certain r > 1

0< f~
A) I A t

~~ ~~~ [(~ ) • ? r <

(recall that f (A) — the integrated function).

In fact , the product of any funct ions of type (4.30) again

belongs to this type, since

I~ 
(A ’ ) 12 (A) X ~ (A) q 2 (A ) ~,

where

(A) q’2 ( A) = e~
M j c 1 ( I )  • 

~
‘2 ( l) J  dl

_ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _  ___

:~ ~~~~~~~~~~~~~TT~~~T~~~ 
-

~~~~~~~~
~‘



- ~~~~~~~~~ -— .— ,,.-‘-‘—- - .-.. —- 
-
~~~~~ —--~~

- 
‘~~~~~“~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

DCC a 771 82308 PAGE 4’ ’

there is a Fourier t ransfc~ n the f i n i t e  funct ion
‘I

c1 (1) • 2 (1) = j c 1(1 — s) c 2 (s) ds ,

by the bei ng fold of the corresponding finite functions c 1 (l )  and c2 ( l ) .

Page 150.

Therefore it suffices to show that type (‘4.30) includes all the

functions f (A) , t h a t  sat isfy condition (4.31) with 0 C r C 1. Let us

assume

4 ) A ) =  ~~~~Ai~~ ~ ‘ dl 2 cos~./ . l ’~~dl .

During the replacement At = u , we obtain , tha t

‘ — I  —,2A j COS U ‘I i  i l i i -’ --~kA

(wit h A —
~~~ 

•), since there is the limit

k = 1 1 1 1  cos u :i’~~ dii ( ( )  <~ r < 1),

It is evident that for spectral density f (A) of type (4.31)

occurs relationshi p/ratio (4.30) .

Theorem 17. At spectral densities of type (4.30) for the

equivalency of Gaussia n measures P an d P 1 ii i— algebra ~L (T) (where

___________________ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — ---- — -~~~
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T is any  f inal  sa;ment) it is suff icient  in order that  the function

I: (A)

wi th which (or 9 C — would sat isf y condition a

~ 
l / t (X)1211X< 00. (4.32,I)

I —‘ I?

FOOTWOTE 1• Let us note that if h (A) —b 0 wi th  A 9 •, then

together with spe:tral density f (A) to type (4.30) belongs spectral

density f1 (A),

!~ 
I A )

with suff icient ly  large A . !IDFOOTROTE.

Proof. Let us consider f i rs t  the cas e~ when  the  f u n c t ion

~~ 
— ! O~I —  !~ I I
—

is integrated squa red and

f 4) . ) — qi i),) 2 ,

where ~ (A) is a Fourier transform certain f inite  function c (t)

Page 151.
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Let us fin d this :ontinuation of a difference in the correlati on

functions

b (s, I )  = e’~ ~-l)/~ (A) f ~A) (IA ,

for whic h it will be carried out condit ion (.19) of theor em 12.

Usin; the fact  that  the Fourier transfor m of product coincides

with the fol d of the  transforms of factors, we obtain, that

b (s , I) = a ( i i  — t’) c .c — i i )  e ( l  — v ) (Iii ( IC , ,

where a (t)  there is a Fourier transform f unction h (A) . In this

representation of function b (. c , I), .c , l~~ i’. the fin ite f u n ction s c (5 — u)

and c (t — v) are con verted in 0, when al ternating/variabl e u and v

lie/rest outside certain final segment T’ , so that

b (s, 1) = a u - -  t’~ C (.c — u) c ~I — t’) dii dv , .c . I ~ 1 .
l x ,

Let us select this continuation a (U , v),- C u, v C —, function

u ( u — t ’ ( ,  ,~~, v~~~T’~,1or 1er that  on an entire plane funct ion a (u , v) wou ld

be integrated squared , and let us designate ~I’ (A , ~&) its Fo urier

transform. With all s, t let us determine function b (s, t ) , -— C s, t

C — , a fter assuming

b (s , I) = $ a (a , v) c (s — a) c (I — v) (Ia (IV , -- ~ .~~. I -- “.

It is obvious, wit h .s~ l e T  it coincides with a difference in the

— - — _4
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correlation functions, and its Fourier transform
q (A , (A) = ~j ) (A , ~) : (1~(A) 2

satisfies cond ition (4.19). Thus, in the case in question the

Gaussian measures P and 1’ are equivalent.

Let us consider now the arbit rary densit y f (A) of type (‘4.30),

after assu mi ng temporarily that

Page 152.

It is clear that with sufficiently large A (let us say, x ! > R)

spectral density f (A) is such, that

f (A) XT (A )and f (x)~~ f (A) ,

where f (A) — e xamined above type spectral density f ( A ) = i q i ( X ) 12 , ,,~

— Fourier t ransform certain f ini te  function. Without limit ing

generality, it is possible to count that f (A) = f 1 (A) with A i~~ R,

since any Gaussian measure with spectral density which differs from f

(A) only by the finite interval, vii]. be equivalent to the initial

Gaussian measure P. During this selection f (A) the satisfying

condition (11.32) f unction b (A) will be integr ated squared , since h

(A) 0 with IA I~~R. Let us assume

_ _ _ _  ~~~~~~~~~~~~~~~--- -- ‘-------- ---- - , -
---- -

~~~~~~~

,----- - -. - - ---— - .- - - 
-- - - -.
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f 1 (A) = 1(A) + [ IA (A. ) — f (A) J .

It is obvious,

h(A) = 1 ’ ’ —~~— =~~~~~~~~ = / t (A) -~-~ -~- X I , (A),
( (A) ( ( A )  ( ( A )

so that the funct ion ~ (A) is integr at ed squared. As it was proved
0~~”ab ove, corresponding to spectral densit ies t (A) and f 1 (A) Gaussian

•easures P and ~ will, be equivalent . Therefore for certain

continuation of a difference in the correlation funct ions

~ (s , I) = e~ ‘~
t ( f  

~ .) — /1 (~.) l (IA =

I ~~~~ ‘ ‘111 (A) — I (A dA , s , I

the corresponding Fourier transform qi(A,~t) vii i  satisfy :on dition

(11.28):

~~~ a) 2 

~~ ( 1(1. <00 ,J .
~ I IA)  I (~& )

I, P 1 1 ’  ii

and that more to the condition

aX (1(1 < 00,

~)~I > P I I ’  > R

since f (A) > f (A ) with A I > R .

_ _

L — ----- ~---
- - —

~~- — --~~~~~ - - ---—-- --- .- - - --.- ~~~~-— - -- ~ - —
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Page 153.

It is ev id ent  that for the Gaussian measures P and P is satisfied

the condition of equivalency (11.23). that figures in theorem 16.

For the full/total/complete completion of proof we sh ould now be

fr eed from the time/te.porary limitation, according to which f1 (A) 2
f (A). This can be done, after consider in g Gaussian measure P2 with

spectral density f 2 (A) = f (A) 4 max . (0, t1 (A)—f (A) ]. Is obvious,

f 5 (A) > f (A) , f 1 (A) > f 1 (A) and wi th  certain 9 C are satisfied

conditions of t ype (4. 32) :

2 
00 ‘ / ~ 

,2.~ ,,
~ / fl 2

( ( A )  I -
~ ‘ “~ ~ 

IA.

(since f(x)’—< f 1 ( A )  with sufficiently large A). According to alread y

demonstrated Gaussian measures P and P., and also Gaussian measures~
an d P2 viii be equiva lent. Consequently, wil l be equ ivalent  Gauss ian

measures P and P1. Theorem is demonstta ted.

In conclusion let us note that condition (4.32) is very c lose is

order to be that necessary for the equivalency of Gaussian mea sures P

and P . Specifically, as it is act ually shown in p. ~~1 this chapter ,

at extreme ly general type spectral densit ies (4.31)

Gaussian measures P and P will be orthogonal, if the

_  __

_ _ _  - ~~~~~~~~~~~~~ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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corresponding function

xIs ( )=- — ( ( A )

is such, tha t
-2( I l l )  / , ( . k) A = 00

(this is the corollary of relationship/ratios of the type (7.10)

chapter I) I .

FOOTWOTE I. In connection with theorem 17 and condition (14.33) comp.

the works of D. S. Apokoria and 7. G. Alekseyev (D. S. Apokorii,

Gaussovski yes the measures , wh ich correspond to the generalized

st ationary processes t heoretical probability, and its uses, XII, No 4

(1967), 698—707; V. G. Llekseyev, Ob the conditions of the mut ual

singularity of the Gaussian measures, which correspond to two random

processes. theoretical probabilities and its uses, VII, 90 3 (1963),

304—308). UD?OOTNOTE.
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Ch apter IV.

CO ND ITIONS OF TNE REGU LARITY OF ST ATIONARY RANDOM PROCESSES.

~1. Introduction. Some preliminary information.

Let us consiler stationary in narrow sense random process ~ (t)

with the continuous or discrete time t. Let us designate as before t~(T)

i—algebr a of the  events, generated by the f lov of process on set T,

i.e., ~i~~I )  there is minimum i—algebra, which contains the event s of

the form

(~~ 
(l i )  ~ ~ (I ,,) e EJ ,  l~ I, e

E, essence the bore]. sets of real straight line 1~~

FOOTNOTE ‘. We are limited real processes exclusively for simplicity.

All the subsequent theorems are accurate for composite pracesses. It

is asc.sesry to only remember that for composite Gaussian processes

~ with all t, s (see ( 12)) . How ever , during the stud y only hilbert

_  - - —.-  ~~~~.- -- -.- -_- .. - - - ---- --._ . _- -
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space H (— a, —) of no differences in the  examination of composite

processes appears, and to us will more convenient ly examine this

space abov e the field of complex numbers. ENDFOOTWOTE.

The algebras of fo rm ~L ( —  00 , 1) determine the past of process (to

torque/moment t), of the algebra of form 9( U, oo) — f u t u r e  (after

torque/moment t).

If with any  t > 0 i—algebra ~1 ( — 0 0 ,fl. 9( ( I+w . oo) are in dependen t,

then with all ~1~~: ? t ( — o o , 1), B~~~?t ( l + r , oo)

P ( / l / 3 — P ( A ) P ( / 3 ) = O . ( 1.1 )

In the general case the left side of this equality (or value,

similar to it) can be taken for th. basis of dependence measurement

between i—algebra ‘~l ) — ’ - v , f and ‘~t U + T , 00) .

Page 155.

The various kinds of the condition of the weakening of the dependence

between ?t (_  co 1), ~t(I t - t , C’o) vj t h an increase v — the  conditions of

regularity — widely are used dur ing pr opagation to the s tat ionary

px~cesses of the theorems , known for the sequences of independ ent

ran dom quantities I.

- ~~~~~~~~ :±;iz-ii ~ ~~~~~~~~~~~~~~~~~~~~ 

- ii :
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FOOTNOTE ~ . See, for example, (11$), (22]. ENDPOOT$OT!.

The most commonly used conditions of regularit y are the following

conditions.

1. Stationary process ~ (t) is called regular, if c-algebra

9 t (— 00 , — oo )=9 ( (_  00)
fl~~t (  oo ,1)

is trivial , i.e., it contains only the events of probability 0 or 1.

Let us note that this condition can be registered as follows in

the terms of di fferences P (Afl)—P (,~)P(Ij). for all i3e~((— 00 , 00)

‘P P tAB ) — P (A) P (11)1 —~
--

~
----~~- U . ( 1 .2 )

Actually, let the process ~ (t) be regular. Let us designate IA

the indicator of event A, i.e.,

I , ()eA ,
XA )(,,

~ 
(o)

0, ~ ~

Let , further, the random variables ii . ‘12 be determined b y

equalities ~h — P (A), ~~~ = — P (R). Tke n

M~~ 2 = P (A s) — P (.4)P (8) 

~- --—- -— - .-- --— --.--
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Random variable ‘~ measured relative tO ” ( ( — 0 0 . 1 , and, therefore ,

Mr~t12 = M { n }  M (‘12 ,q ( cc , I ) )  ~~

~~~~~~~~~~~~~~ 
(_  (‘0 , ( ) J 2~ 2~~~~~

~~M ( t ~l( , 7~ ?L I — o o , f ) ) ) 2 _ 
~:“M(M (~_’~~) ( —  0 0 ) ) ) ? ,_

~ I)

On the contrary, let process E (t) is irregular.

Page 156.

Then i—algebra 9 t ( — o o ) is significant and contains at least one event

A, for which O<P (A )<L. With all ( A~~ 2 l ( —  cc , 1) ,  no that

If we in (1.1) take  sup and on Be~L V + - r, cc), we will a r r i ve at the

following condition.

2. Stationary process ~ (t) sat isfies the condition of po werful

mixing 1, if

sup P(AB)—P(A) P(3) l___ .+ Q (I 3
A~~ W(—o. , S) leli t t +t , ~ )

- .  -~~~~~~~ .: ~~~~~~~~~~~
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FOOTNOTE I . The condition of “powerful mixing ” obtained wide

reputation because of t hat success , which was achieve/reached during

its use in limi t theorems for dependent variables (for example , see

(14), (22]) ; for the first time it was used for  this purpo se,

apparently , Rozenblat t (see H Rosenblatt, A central limit theorem and

strong mixing condition, Proc. Nat. Acad. Sci. USA 42 (1956)).

IIDFOOTWOT!.

Value a ( i )  characterizes the “speed of mixing” an d is cal led the

coefficient of mixing.

3. Let us call process ~ (t) absolutely regular, if

~~(t)
_

~ M 
~~ 1~~~i P A i 9 ( (~~ O0 . I)1—P(A)i~~~~-~O. (1 .4)

Value 0 (v) is called the coefficient (absolute) of regularity.

It is easy to see that a (v) ‘C ~ (v).

Actually, with all A~~~?t (1 + t , co), B~~~ i l (— o o , fl occurs the ine quality

P ( A l 3 ) — P ( A ) P ( 8 ) ) =
= H (P (A ~~ (-- cc, 1))— P {A)) dP

Thus, absolute regular i ty  assigns on process ~ (t) •ore severe

limitations, than the condition of powerful  mixing. After  replacing

____ —- - .
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in (1.14) averaging on entire space of simple events 2 with takin g

supr emum ’a. we let us arrive at even more limiting condition.

Pa ge 157.

4. Proces s e (t) satisfies the condition of evenly po werf ul

mixing, if
q ( t ) = vr a i s l lp  sup P {A j~L ( — c c , t)J—P {A) , — ~O.A ‘~~~~i 14- t , ‘c)

t i  .5)

It is not diff icul t to check t hat

P (.4 /3) - — P  (~1i P / 1 ) 1
= Sli))

A ~ t - ~ ~ , “c). A ~~9( (
~~~-“, ~

One Additional Determination of regularity is connected with the

concept of quantity of information.

Let (
~ 

( I L  I ~ TI and (~2 (s) , .c ~ S) two arbitrary random processes

(two families of random variables) . Let us designate by ?i , and ~
minimum i— algebra of events those which were generated respectively

by famil ies (~~(n , ( c ~ T) .  {E ~~~ )~ •ceS).  Quantity of information rela tive to

random process ( / ) .  i ’~~T), that included in process (~2 (s), seS), is

called val ue

-~~ 

1- 1 (~ , 
~ 2) = sup ~ P (A 5 !31) ~ ~~~~~~~ J 7 ’  ( I  - kM

wher e sup it is taken on all possible f inal  decom positions of space

_ _  - — - - -- -~~~ _ _-- ------- --- - - -—- —~~~~-

-- - - — — -  . :_ . ::~~~~~~~~~ i~ --
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of element ary issues Q into the nonintersecting events (A , A2 An ) , (8 .82.

~~ ~~ersmpon A~~~ 9I 1, a 131 e912. It is not diff icul t  to com prehend

that I~~~~ . ~ ) = F (
~~2, ~~ Applying Jensen ’s in equality to the convex

function xl n x, x>O . it is possible to show that I (Es, ~~~) ~~ 
0,

whereupon I (es. ~~ 
= 0 when and only when i-algebra 91 and 912 are

independent 1~

FOOTNO TE 2 • See, for  example, r 191. ENOFOOTMOTE.

Computing the qna~tity of information , which is contained in the

past ~FS), s < , ) of our process relative to the future (a (s) , s~~~( +r ) ,

let us arrive at the following determination.

5. St ationary process E (t) is called infornationally regular,

if
( (t) = 1 {t ~ ( s ) , S < T 1) ,  (~.(s), s “ I  +-n ) ~

-
~~

- - -
~~ U . ( 1 . 7 1

Value I (T) occasionally referred to as t h e  informat ional coefficient

of regular ity.

Page 158.

Further , the left side of equality (1.1) can be registered in

~1

-.5--- - — -- -5 -- - — -~~~~ — - — - .5 .5 - - --.- -—- -~.— - -- - -— — - -5- ——-—

— - . 5 5 - ..—-—- —-— --- 
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the form M~ i12, v here’i=x —P(A), 1)2 1A —P {R). If we examine here

arbitrary random variables 1~ mu provided would •ake sense

mathematical expectation M’i 1t~, we let us arrive at the following

concept:

the maximu, correlation coefficient between the systems of

random variables (g ( I ) , Ic  T) an d (~~(s), s c S)  is called value

r (~, 
~ 2

’) = sup Mi1112,

where sup it is taken according to all mu ~12. measur able

respect ively relat ive to .—algt ’bra 
~~~~ , 9L~ and by such, that

Mfl1 r r M~~~~O. MIn1 i2 M i
~kl 2 ” I.

This concept has simple geometric meaning. Let us des ignate H

the set of all- random variables ~i with the final mathematical

•ipsctatioa M~~ ’2 : H there is hu bert space wit h scalar product
( ‘i , . Tb) — Mfl,’32.

If H and 1155 — the subspaces If , which consist of the

random variables, measurable respectively relatively 91 and 912, that

r (~~~, ~,) are a cosine of the minimum angle between H , and ii..

(coup . bel ow from 2’) .

The concept of the maximu m correlation coefficient leads for a

stationary process ~ (t) to the following condition of

full/total/complete regularity.

I

- 

- ~~~~~~~~~~~~~~~~~~~~~~~~~ ~i
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6.

r ( r ) = r ( ( ~ (s), s< / ) ,  (a (s), s~~~I + r ) ) — ~—~-.—~ O, (1.8)

Under condition (1.8) let us call random process ~ (t) comple tely

regular.

Is ob vious, a l w a y s  r (‘,‘) > a ( v ) . However , for Gaussian

stationary processes, as is known ‘

~l.9)

and, thus,

Gaussian s ta t ionary process ~ (t) satisfies the conl i tion of

powerful mixing then and only then when it is com pletely regular.

FOOTNOTE I . See (22), page 2149. ENDFOOTNOTE.

Page 159.

Being limited to Gaussian processes — by the basic subject of

L - _- -5-- - -- --~— -



- - 
- .
~~

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - 
—~~~

DCC = 771 82308 PAGE ..24”

research of this book, it is logical tø attempt to express conditions

1—6 in spectral terms , since in the Gaussian case the spectral or

correlation function completely determines process. It is

un der standable that in this case conditions themselves 1-6 mus t

obtain some equiva lent formulation in the ter ms of spaces H (T), and,

it goes without say ing ,  any this formulat ion will  make sen se for

a rbitrary stationary in the br oad sense processes. Therefore we will

gi ve some natural analogs of conditions 1—6 for the processes,

stationa ry in the broad sense. For such processes the role of

independen ce plays ort hogonality, instead of i—algebra 91 (T) are

examined spaces H (T) , and the operator of the takin g of conditional

mathematical expectat ion M (~~91(T)) is su bst i tuted by the  operator of

desi gn M ( . ~ H ( T ) } (in hUbert space H) to subspace 11 (T) .

Let ~~ I . M~ ( I (~~~O. be the  random process, stationary in the broad

sense.

1’. Process ~ (t) is called (linearly) regular, if t h e  space

/ f ( — c ~ , —oo ) = J f ( — o o )~~~f l / I ( - - - ”c , / )

is trivial , i.e., it consists only of random variables, with

probability I equal to 0.

It is analogaus to (with 1.1) , process ~ (t) is l inearl y regular

in that and only that  case, if

. 5-  —.5-- 5- — - - 

-

—
-
-
- --

---- .5



~~~~~J~~~

”5-

~~~~~~
- —--- - -—-

~~
- ---—-—- ---- - - -5 - -

~
5- - - - - - - - -- -- .5-- — —  —5- —- —‘- .5-- --,

DCC 77182308 PAGE ,,.~
(

.241

j
~M{iji I (— cc, — t)) J~=

M 2 ((1~4 (t 1f 1f(— 00 , — t)))~) --- -~~~0, ( ( (0)

It is clear t hat if ~ (t) is regular in the  sense of definition

I, then it is linearl y regular .

Yb. condi t ion of l inear  regulari t y plays the very imp ortant role

tm the theory of t h .  forecast/pred iction of stationary random

Fro .s~~ s.

Page 1~0.

on. of th. central  results of this theory is the fact that the

stationary tm the broad sense process e (t) is linearly regular when

and only whe n it a flow/assumes the representation of Void ~:

t i / s - 
~~~ r $ I  — c )~ k - c) (

~ 
C U)  2 < (1. 11)

with 1~.cr.t. t, and

i i !  — s ) ~~(d.c) (.r r ( / ) ~~d I <c c~ ç I .12 )

with  continu ou s t, where tu i ’, thete is a stochasti c ort hogonal
M; 

~~~ 
\~) ~~~ 11 ~~i ( I  L\ I~)

measure on the tine/t..porar y ax ( indica tes the

- - - — ~~~~~~~~ -— -~~~~~~~~~~~~~~~~~~ - - . - -- -- -  — - -- -~~~~~~ - —~~~~~~~~ -- -~~~~~~~~~ --—- — — - - —-~~~~~~~ --- -- -  -~~~~~~~~
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- 
~~~~~~~~~~ - - .-.- —

DOC = 77182308 PAGE ~.28’

“
If

length of time interval A ) .

FOOTNOTE ~ . See, for  exampl e, (221. page 77, 162. ENDF33TIOTE.

Prom formulas (1.11), (1.12) it follows that i—algebra ~~( — o o . I) is

contained in i—al;ebra ~3 ( —  cc , ~~~, generat ed by values ~(A) on

time/temporary semi—axis (— - , t ) ,  and

x~, I)~~~fl~~( —  r~-’ , /)

Iii the Gaussian case the orthogonality is equivalent independence and

sd .c( is  a stochastic measure wi th  independent values (speci f ically,

for discrete t we deal with the sequence of independent Gaussian

values ~~c ( . c~~~I, / — I .  . . . ) .  In this case according to known law “0 or 1~

the intersection fl~’ ( — cc , /) is tr ivial, an d t her efore f ro.  the

linear regularity of Gaussian st ationa ry process ~ (t) esca pe/ensues

its regularity (in the sense of def ini t ion 1). Thus occurs the

following proposition:

T~• Gaussian stationary process ~ (t) is regular when and only

when it is linearl y regular.

Pa ge 161.
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Linearly regular stationary processes continually are described.

Specifically,

Stati onary process ~ (t) is linearly regular when and only when

its spectral measure is absolutely continuous, and spectra l de nsit y f

(X) satisf ies the condition :

— cc (1.13)

with discrete t , and
— Iii I ( I  .1 4)

with continuous t (see in regard to this (22]. pages 85, 161 or §2 of

ehapter I I ) .

~~~i rtker, analogous with that, as this was done during passage of

(1.1) to (1.2) , it is possible to take in (1. 10) sup on ‘~, and we

will arrive at the following condition .

2’. Process ~ (t) is called completely (linearly) regular , if

00 , T) )( ~~~~~~~~ U. k J ~~5)

Value p (v) let us call the coefficient of full/t otal/comp lete
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26°
(linear) reg ularity.

Is obvious, always p (v) < r (v) . But in the case of Ga ussian

processes occurs the following fundamental for our further research

fact ‘:

s, L I G )

FOOTWOTE 1~~ See t22 1,  page 2119. EN DYCOT N OT E .

This indicates that

the Gaussian stat ionary process ~ (t) is completely regular (in

the sense of definition 6) when and only when it is com pl e tely is

linearly regular.

It is easy to see that

~ (t) = sup M~ 1~j2 I = sup~ (i~ Tb) I,

where sup is taken on all~ , c H ( — cc , O). Tb~~~~ /I
(T . ).ith MI’~)1 2 — Mj1) 2 I2 — I , so

that p ( rH) there is a cosine of the mini m um angle between subs paces H

(— , 0),  8 (r , •). Let us note that the condition p (v) ( 1 is mor e

powerful than (linear) regularit y.

~

i ZI~~TI: -T 1I~~~ : —
~~~~~~~~~~~
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Page 162.

Further , besides the minimum angle between subepaces H (— a , t ) ,

H (t • v, —, it is possible to introdu ce ot her similar

characteristics of these subspaces , being based on the following

idea.

Let us designate by .5’~~~~~e?~) the oper ator of design in H OD H

(~~,-r), by .?~ — projector on H (r , ~ ) let us introduce the

operators

B~~~~~~?~~2’~~, B~ ~~~~~~~~~~~ r~~0.

Snbspaces H (— , 0), H (r , —) are orthogonal in that  and only

that case, if !3~ ’=O. This fact suggests to examine as the conditions

of regular it y the convergence of the oper ators 11, to 0 wi th  T-* cx,

for one or the other (un i fo rm , qil’berta — Schmid t, nuclear)

topology; above we will see, t hat thus possible to refornu late all

the enumerated above conditions of regulari ty .

Tb. condition s of regularity, expressed in the terms of hu bert

spaces H (‘1’) , allow/assume analytical formulation , since is an

isometric conformity ~(/ ) — e’~’ with the described in chapter II

subspac.s L~ (F). N oreover, in th. case of Gaussian processes this

concer ns other conditions (since, for example , p ( t ) X r ( r ) X a ( t ) ) .  The

--—~~~~~~~~~~ - - - - 5-- -- - - —- -5------ —.5— -
~~~~~~~ _ ‘—-5- ---- --—-— .5-—~~~~—- —-. -- -
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trans lation/conversion of the enumerat ed a bove conditions of

regularity for analytical language and the further solution of the

appearing analytical problems for the f inal  target/purpose of

obtaining the criteria of regularity, expressed through spectral

cbaracteristics, and composes the basic content of this and two

subsequent chapters.

Page 163.

§2. Conditions of regularity and the operators B,

Let ~ (t) be a stationary Gaussian process. bt us consider

operators ~ & (— B~) and j~~~~ , 
introduced above in §1.

1

FOOTNOTE 1~ Int o the  t heory of random processes the operators B.c. are

istroduced in the work of I. N. Gelfand and A. N. Yaglon “On the

calculation of quantity of information about the rando. function,

which is contained into another such functions (P.R.S. XII, V. 1

(1957)). Communication/connection of the operators i ,  wit h the

conditions of regularity noted Yaglom (A. M. Yaglom, Stationary

Gaussian processes satisfying the strong mixing condition and best

- .5 - -‘- --.5-- - —- - —.5 —- .5’ —- - - .5 ‘.5 .5 — -  —

-— . 5 5 -  
- - . 5  -.5-— - . 5 . 5  —~~~~~ ——~~~~~~~~~~~ ——- --~---- ----~~~~~—-—-
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pr edictable functionals, Bernoully — Bayes — Laplace, Anni v. volume

Springer—Verlag, 1965). BPDPOOTIOTE.

These are the positive self—adj oint operators. Let us show that  all

conditions of regularity, formulated in §1 for a Gaussian process E

(t), can be expressed in the terms of convergence !3,—~O with -r

(in this or another sense) .

Theorem 1. Stationary Gaussian proce ss ~ (t) is regular  when and

on ly wh en with r 
~~~~~~ the operator s IJ ~ weakly converge to 0, i.e.,

if for any random variable ~i~~ U ( —  cc , cc)

l l B,~ j~= M”2 j B~)~
2 —~.-~—- i. O.

In accordance with what has been said in §1 it is possible not

to distinguish re;ularity and linear regularity. Therefore theorem 1

immediately follow s from the determination of linear regulari t y and

inequality
II ~~

.

uI~

Theorem 2. In order that the stat ion ary Gaussian proc ess e (t)

• would be completely regular, it is necessary and su f f i c ien t  in order

that the opera tors 8, converge to zer o evenly, moreover , the

coefficien t of regularity is p( t ) — II 8,H .

--5--- --- . - - - - ‘ - ‘ - . 5  -- - .5 - -• -- - - -‘ -.5-- - - .5 - - .5

- . 5- - —  -- - .5----•---—--- .5 5 —- - 5 — - - - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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It goes without saying th at this theorem remains valid for

arbitrary stationary processes, if w e keep in mind linearly

completely regular processes. For Gaussian processes on the strength

of relat ionship/ratios (1.9) , (1.16) this theorem simultaneousl y

gives the criterion of powerful mixing.

Theorem 2 immediately follows fro. the  determination of the

coefficient of regulari ty p (r) . Actually,  regarding

() ~T )  c t I 1 )  ~~~~~~~~ SII j ) (’~/’,(.~’1~ ~1-
~ ~
[j~ ~~

= s u p(  13~~ ~~~‘1~ 
= ~~~j ) (ii ~~1 1I~ = ii

‘I~~ I I ’ — —” .

For processes with discrete time it is possible to demonstrate

the more interesting version of this theorem.

Theor en 3. St ationary process ~ (t) with discrete time is

completely regular when and on ].y when it is regular , and operator B1

is conpletely continuous.

Page 160.

Lenin 1. Let H~ and H~ the essence of the su bspace separable be

hu bert space N. Let us designate by ,?,, if , th. operators of design

in H respectively on !i~ and H,. Let , further, ,‘i ~-~P 1 ?~if ~, 82 -i ff li f2 .  If

.5
_ill
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the operators B 1, B a are completely continuous, in H 1 it is possible

to select orthogonal base ( ( e I,)~~~(~’l k ) ) ,  m~~~in H, — orthogonal base
( (e ,!~ ~~j e~ ) L)

following properties:

1) all vectot s 4 are orthogonal H,, all vectors 4 orthogonal

2) scalar products (e11, e21) are different from zero, only  if i =

1;

3) e1, — the eigenvectors of operator B1, e21 — operator B,.

Proof of lemma. Prom the elementary properties of pro jection

operators ~~~~~~~~~~~~~~~~~ easily it is derive/concluded, w h a t  B 1 and

B, — positive self—adjoint operators, simultaneously completely

continuous or not. Completely continuous seif—adjoint operator B,

possesses the full/total/complete in the range of its values sequence

of the ort hogonal standardized/normalized eigen’vectors e11, e1,, ...,

that cor respond to d i f fe ren t  f rom zero to eigenvalues k1, )~~.

(completeness means that any vector q~— n I,, ortbogonal to all vectors,1
is equal to zero~ 1 •

FOOTNOTE 1• ~~~~ for example. (2) ,  page 189. !NVFOOT 1IDTE.

- - S .  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • •  .5 .-
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Let us assum e e21 = ~ — --7 if 2e ,1. It is easy to see t hat whole

essence the eigenvectors of operator B2. which correspond to

eigenva lu.s 
~~

,. Ac tually,

= 

~~~~ 
~~~fl ~Ic,.5/~2C lj = z~r, ~?2B1c11

By exa mining projections e?1e21, let us ascertain that vectors (e2 1}

are contained by all eigenvectors of operator B2.

Page 165.

Let now the rthonormalized vectors te lk )  ((4))  complement of syste m
(e 11) ((C 2 ))

base in H , (in H ,). Let us demonstrate that the bas es ( ( e ,) (i~ (e~k) )

and ‘ t~ (4}1 possess the necessary pro perties.

1) Let us demonstrate tha t all vectors 4 are orthog onal H,,

i.e., that with a l l k i f 2e~k = O . Is really/actually

• ~?2e~ 
2 = 

~~ ~
‘2dLk) (~T 1 e~ , 2~.?1 e 1~) — (e~~, B 1e~~ = 0.

since on the strength of completeness vect or 81%, orthogona l to

all vectors e 1, is equal to zero. Analogously it is proven , th at with

all to k e 1, .LH 1.

—.5-—- .5 - — .5  .5- -- -.5-- -5---— —--—- .5-—-— -5-- . - - —.5 —.5-----—- .5- - - • - .4
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2) Let us count scalar products (e 1j . e,,). We have

I”3~ (e ,,, e21) = (e?1e11, ~&?2e11) = (if ~~~1 e 11, e 11 ) =
- 

— • 
= (81e11 , e11) = 

~.i 
(e 11, e11) = .k 16~1,

where 8,~ — kronecker ’s symbol. Lemma is demonstrated.

Proof of theorem 3. Suppose that operator B, is compl etely

continuous. Let e1, e,, ... — its standardized/norializel

eigenvectors, and 
~~i 

> X, > ... — the corresponding to then

eigenvalnes. On the basis of lemma I addition e,, a2, ... to base in
H (—. , —1) orthogonally to H (0, ~

); therefore without loss of

generality it is possible to count that  already vectors e,, e,,

form base in H (—— , — 1).

We will take arbitrary cell/element 11~~~l l ( — o o , — r)Iet  us register

it in the form

= a~,e1,

where

= I (~i~ c1) I = I (ii, t?51’,Cj )  I Ii

ou the .trenqt h of regularity for any that which was fix/recorded /
H -~

-
~~~J

- -~~ nseqment ly

—.5-— — -  - - - -  -~~~ - - - -  - - - - . 5 - -5- —- .5 - .5——— .5 — -- -—  -~~~~~
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118,11 == sup  = s~p aj ã 1 (e?~ ej ,  /_P0~e,) )~= a1a~ (81e 1, c,)) ”2 = sii p (
~ 

I ~ij 
2 ~~) II2 

<

~ ~
J3 1~ ~2 + A~÷, A,÷, + o H),

Page 166.

The last/latter expression can be done as by conveniently small,

tak ing  int o account tha t  )~=0.

Let us  demonstrate need. Let us note f i rst that it su f f i ces to

demonstrat e operator ’s full/total/complete cont inui ty  B~ on H (— ,

—1) . We wi ll write space H (—
~~, —1) in the form iI~~—~~~ — r ) ( 7 ) R,. wh ere

orthogonal complement R, space H (—~~,—r)  to H (—— , -1) is

finite—dimensional.  If we designat e Q~ projector in H (— — , —1) ~~~~~~~

then ~?, +Q, there is a single operator on H (—— , —1) .  Con sequently

= (~?, + Q,)~8, (.9~’, ± Q1) = ~?,f3 -7’, -I- K , = B, + K,.

wher e the operator K, is finite. But then

118 , K,1i 11 1i, j p (r ;, — ‘ O .

This means that operator B, allow/assumes as good as suitable

—--5---- - - .5 —- .5-- - - -- .5_- -  ---5- -~~~~

—.5 
— -.5 - —-—  
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approach/approximation by the finite—dimensional operators and, wh ich
means, is completely continuous 2 •

FOOTNOTE 1~ See, for  example , (5 J , page 47~ EWDFOOT N OTE .

Observation. actually, proving the suff ic iency of the conditions
of theorem , we dem onstrated more common/general/total resul t , namely:

Let ~~ (t) — stat ionary Gaussian process with discrete or
continuous time, and let for a given ‘ > 0 operator Ii~ is com pletely
continuous ; then process ~ (t) is complet ely regular.

Further let us demonst rate the following proposition.

Theorem $• In order that the stationary G aussian process would
be absolutely regular, it is necessary an d suff ic ient in order that
it would be regular and for a given v0 operator Ar . would be

completely continu ous operator with the final trace ‘.

FOOTNOTE ‘. I. a., nuclear. !VD?OOTNOTI.

- - -  ~~~~~~~~~~~~~~~~~~~~~~~~~ - - -  —-~~~~ -— -
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2(’~

In this case and all operators B,, ~~~~~~~~ have the final trace, but

the coefficient (a bsol ute) of regularity are

f~(t)X l
T Sp B ,, t-~ O, (2.L)

where Sp 13, it indicates operator ’s trace B,.

Page 167.

It is more precise, if ~(t)—~0.

L~~~11111_L ~L~~~~~ , ) 
~~~~~~~~~~~~~ _ •2~ --

i
--- S p fl~ sp fl~ 2 1 2. i

Proof 1~

FOOTNOTE 1• In proof are used some results from the article of V. A. .5

Volkonskiy and • A. Rozanova “some limit theorems for random
i1

functions. II”, theoretical prob. and its applications. VI, No 2

(1961) • 202—215. IIDFOOTNOTE.

Preli .inarily let us establ ish/install several common properties of

coefficient 0 (r ) . Let (i, (u) ,  u~~~U ; i ~~(t ’) , v~~~ v) he an arbi trary sys tem of

.5 ~~5-5-~~~~~-~~~~ - - - - .5 - •~~~~~~~~~~~~~~~~~~~~~~:~~~~~~~~~~~~~~~~~~~~ 5- - --.5
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~4f
Gaussian random variables. Let us designate by ~1,, ~~~~~~ .—al~.bra of

events, genera ted respectivel y by the systems of values (~ , (u) ’ u~~ U), (‘i, (v),

v~~~V), (1~(u) . rp~(v) ; u~~~U , u~~ V).Let, f urther, H, H~ , H~ — the l inear  spaces,

st retched respectively on {m. ~ 2).  (m). (ti,). L~~ us designate by .9~. ‘~~2

projectors in H on H,, H1. Let; f inal ly ,

h, = ~~~~ ~‘~2 =

Let us assume, further,

= ~ ((m (u) .  
~12 (v ) ) )  M sup I P (A I — P {il ) I.

.4 ~~Ii,

Let us designate by Q,, Qi, Q the probability measures,

generated on algebras 91~, 912, 91 by random variables (i i, (u) ,  t i E ~ U; ii2 (v) ,  v~~~~V) .

By ~
‘let us designate probability measure on 91, that coincides on9

with measu re Q,, on ‘11 2 — with measure Q, and such , th at t h e  a lgebras

~t . are independent  relative to measure Q (it is possible to count ~~e

x Q2) .

Lemma 2. Occurs the equality

Proof of lemma. Let us demonstrate first that

~~Var( Q _
~~)~~~3. (2.2)

It is sufficient to show that for all event s C of form c = UA B ,  where
~~~~~~~~ 8~E N vand •verythinq A18 1 are incompatible/inconsistent in pairs,

. 5- —  - - -- - - -— ~~~~~~~-— — - - - - - - - —- - - — —~~~~~~~~~~ .5——-
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occurs the inequality

I Q( C) — Q ( C) I~~~.

Page 168.

If C — the event of the for. indicated, it always it is possible to

register in the form c = U A B ,vh.re this time any two event s B , / ~

either are incompatible/inconsistent or coincide (all events  A~B~
ii

are incompatible/i nconsistent) . Let us agree instead of 8 to write

again B,. We have, counting Q(c)>~ (c),

Q (C) — 

~ (C) 
~~~~ I P (A ,B ,) — P (il ,) P (Aj1 =

,. -

‘5’

.1 IP (A , I 919) — P {~1,)I (!P. (2.3)
i n

’

If B, B,, are any coinciding events f rom sequence B,, B2, ..., then

the corresponding to the. events A,, do not intersect, ant ,

set/assuming A , — U  A,,, we will find that

B 

[.4 k, 912) — P ( 4 ,  ) ) dP = 1  IP (‘ 191 2 )— P ( AM  ( ‘P

~ i~ 
I (2.4)

Hence and from (2.3) it follows that

Q (C)—1 ~(C) =~~ f t P (~L I 91 2 ) — P{A JI dP ,

where 1,, i~, ... — the sequence of nonintersecting events from 91.

5 - -.5 — . 5- -  - — _ _  _ _ _---

~~~~~~~~~~

- - -.5

.5-5- — - ---— -- -
~~~ 

_ _  _
T i5 -

~~~~~~~~~~~ TE ~~~~~~~~~~~~~~~ 
-
_ _~~~~
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~43
Consequently ,

LQ(C) — 
~~~~(C) I~~ ~~ 

j sup I P (A 912)- P (A) IdP =
i~~~i

— J SU~
) P ( A ’I 2 ) — P ( A ) j dP~~ ,~.

A~~~ t
-. U,,,

Inequality (2.2) is proved.

Page 169.

We will proceed to the proof of reverse inequality. Let us

designate by ~i, the  subset 91,, which consists of all ev en ts of form
U(m (u ,) r~, (u,) ) It) .)

.7 ,—~~~Iti ~\ is an association of 2s—graduated cu bes with

rational a pex/vertexes. Nan y events 91, is calculating. It is

possible to count which during determination 0 sup is taken only on

AcE 91 (at the worst reader can include/connect this  requirement in

determination 0). Each simple event w~~U answers event A,E~1

such, that

P (A , 912) — P (A 1) ~ sup I P (A I 9 1 )  — P (ii ) I —
A €‘~

where ,> O .  Let us designate by B, the events, which consist of all ~ ,

that corre spond to one A1. It is obvious, B,~~~91,. It is po ssib le to
count that all events B, are incompatible/inconsistent (otherwise we

1-I

~ 
- -

~~~~~~~~~:~~~~i
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we could consider events 8 , — ~~ — B2 \ B~, ñ , \ (B 2 U B 1) . .. .). Conse quently,
are incompatible/inconsistent events A,B,. Therefore

~=s ~~~

~� .1 E~’{~4,I212 )_ P(A j )1dP+e=

= ~~[P (A ,f l~) —  P (A ,) P(8 1fl + ~ =

= IQ ( UA ,8; )— Q ( UA ,B,)I+e~<~- V a r ( Q _ (~)+ ~~.

Le mm a is dem onstrated.

Lemma 3. If sets U and V are final , t hey occur of the ine quality

( 
~ Sp i~ -~- 

_L (
~~i~~~ VS p B I  —-~-~ 2 Sp ~~~~~~~~~~~~~~

____ I 3 S p B - 4 - --- (S 1) J? )~~~~<~~~~~~~
r S l) B  ±j-(~2 S p ~~~~~~~~~~~~~~~~~~~~

(2.5)

Constants and with I/ SpB , precise.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~
_ i__ _ 

~~~-•~~~~
-----

~~~
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Page 170.

Proof. on the basis of lemma I it is possible to count that (i~, ( u) ,  uE  U )  

‘i~~). (r ~ (v) ,  V E~ V)  (1~i ‘12i). the vectors ~~~ . ., m,j, (~12I , . . ..
consist at independent normal values with the average of zero and

dispersion 1, wit h

Mri,,i2, — 6,,p,, I 
~~~~ 

... ~ p,~ >0.

In this case

SpB , = S p B 2 —~~ p~, (B ,~( = ( 1J2 ( = p ~.

In the case 
~~~ , 1 assertion of lemma is trivial; therefore we

will count p, ( 1. In the done assumptions, by designating through p,

(i) • Pa (y). Pta (x, y), x = xe), y=(y  y~) the d.ssities of

distr ibuti on of Ga ussian vectors (‘1 ~~~ (1~ 1&~ (i~. . . . ,  
~~~ 121 

let us have

V ar IQ— QJ — J I p , 2 (x . y) — P~ 
(-v ) 1’2 (!/ ) Idx dg, (2.6)

R1’ R”
n 

_ 
_ ! V 2

Pi (x )  = (2n) 2 ‘ U P, (Y
~ 

(2n) 2 2 ~~

- I -
~~~ i- ,,

~ 
—

. 
2p,x ,q,

PI2(~~’ 
!,) (2t1) 

~~ ~~~~

- -
~~~
- exp — _______

- . 5  —--- - 5 -- --  - .5- .5- ---- .5—- — --- .5—— .5-
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let us rewrite r ight  side (2.6) in the form

J J — p , (x )  P2~Y) d.v dy = M I — I I ,

where

~ 
= — 

~~ 
P u: I l u ,  ~~ =Pi ( m)  p, (q~ )

— 
\5’ P~t1~j + ~~~~ 2P j ’1ij~ 2, +± In I — 2

2 ( I — p~) 2

a mathematical expectation M it is computed rela tive to measure

i.e., on the assuaption that all values (m~ . . ..  ~~) are independent.

Page 171.

Is decomposeS p-C by Taylor ’s formul a with remainder in the form

of Lagrange:

—.5-- -—--- - -- -.5-- --- -  - . 5- .5- — - . 5—  - -——- . 5 -— - - -  -~~ - -.5 .5 - — —-- - - - —. - -d 
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~~~~~~~~~~~~~~~~ 0<0<1.

Then

Mç ~— i~~=

= J — - ~- e ~~C~d~~+ I 1c — c e -~
d(
~(C < O)

> f (~~—ç )~~+ $ (I~ I— -~~e ) / ~~~
IC~~ O) ~ < C))

Analogously is der ive/concluded the inequality

Mj e C_  I ~~~~~~~~~~~~~~~~~ ~~. (2.7)

loting tha t M~2e_ C = M~ 2, where M iidicates matkes~tical

expect at ion relative to Q, let us have

- 

I 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (2.8)

Let a. intr od ma. new r andom variabl es ~~~ V I ,  by set~ aasuning

- 
. 

U1 —
~~—( i ~ 

— ‘12,), vi (i~ ÷ 1121).

it is ~~vt ass. Mu ,v , -~ Mu,o, 0, so that Saussian random variable. (II . . . . ,

_________________  , —-5- — .5 . - - 5. - - ;
~~~~~~~~~~_ ~~~~~~~~~~~~~~ - 

- -:
—-- -.5 .5 - —.5--— —----- ---—- — ---- -- -.5—---—--- —  - — — - . 5  ---.5------
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v , . . . .  ‘J ar. inlependent relative to both d istributions Q and Q.

Purthermor e,

M~1 — i~i~,~~o. r~u~= M v ~= I ,

Mu , = Mv,— 0, Mu~ = 
(i 

— .
~

), Mu~ = ( i  +

In the new variables

— 2
2 ( 

~~~~

Page 172.

Hence easily it is obtained , tha t

~~-~-[2 S p B ±  (, ( J 3 ( ( ) 2 + (S P B IJ_ j f l ) ) ] .

~~~~~~~~~~~~ + (I _ ~HB rfl )* ) i C

Somewhat more c~aplexly to obtain estimation for MI~~I. We

f irst will replaca C with the simpler random variable

~ , =.
~~

- ~~ p,(u~— o~).

af ter using for th is  the obvious inequalities -

~~~~~~~~~~~~~~~~~~~~ 

- 

-

.5 . - - . 5 -— -- - — .5—.- —.5 5 -.--.-— -a.-- - - - - _
~
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MIC I — M R — C  I~~~M I C I ~~~MICI 1+ M IC — C , I,
~~~ II ” (2.9)

M I C — C 1 I~~ SpB i ( l —  I i ~1J~II )~

Finally, estim attam M I~ ,I is given by the follow ing lamma.

Lemm a *. They occur of the ineq ua lit y

(2. 10)

The proof of lemma we will begin f rom th e calculation of the

characteristic function a (9) of rando m variable C1. the

characteristic function of each random variable u~, v~ ii

—c- ~~~~~~~~~~~~~~~~I 2i~ —
~~~ 1’ I— 2 / O

so that the function

a (8) 11(1 + p~92)~~’s.

Page 173.

Further, on the basis of the equality

a

i
s sin uO

J a d O — n s i g n a
I -—

.5 —— -  -5- -  -~~~~~~~~ — -- -- - - .5 -—~~~~~~~~~- .5~~~~~~~~~~-—- -.5— - -
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let us have

M I~i I=M ~ 1 sign~ 1 = -

= M (C~ 5 e’C° 
~

__
~_ d o )  =. 5 0’ (0) —

~_L-_P! dO

=

~~~~

_ 5f f  (I +p ~0~y” (~~k~) (10 .

After desigm at in ; ~ç~~- by ?~,. from th. last/litter eqin lity we

will obtain that

MR1 ~~~~~~ (j i + )~ 02 ’~~
(

~~~ -iT~~ ii )
d0 . (2.11)

= 1.

Let us f ind  the upper and lover bounds of the fun:t i ns

I fl ~i + ~,Q2y ”(V ‘dO

in simpler.. ~~X = .1 , ).,~~0. The sta ndar d m thod of finding extrema ,
for exampl e the meth od  of Lagrange’s factors, s~~vs w ith  t he help of
simple calculatiot s that  the funct ion (I) reac h.. the minimu m

.5 .5 - - - - - 5 -  - - - - - - . 5  — -- -5-  - ~~--- ~~~~~~~~~-- -.5

.5 

-

- . 5-  T:~~5-T;: ~~:i~~~~~~i~~~~- 1T i~~~~~~
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(maximum) value with equal coordinates )~ ~ — ... or in the

apex/verte xes of simplex ~~x~= t , X,~~0. Conseq uently , int egra l in

right side (2.11) has as the face side

a s +2

s u p 5 ( i  +-~ ) dO = sup 42z 1T~

I~~~~ 

V~~~ (s — 2)~ V e  v2;. (2 . 12)

Page 174.

Here I’(s) there is 1’ Euler’s —function, to which we used the

sttr U.~ formula. Analogous ly integr al in right side (2.11) is not

less

(2 .13)

Esti mation s (2.12) and (2.13) together wit h equality (2.11) make

It possible to writ, that

V M I ~~I~~~!Y ~~7~I,I 2 ~t

~~.r..p.. fro. the proof is eviden t that bot h estimations are

-
~~~~~~~~~~

- -
--—- 
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nonimpro’ved. Le nmn $ , and together with it and lemma 3 are

demonstrat ed.

Lemma 5. Undar conditions of lemma 3

J~~J~L~~J/!j ~~1 ~ p, (x) p2 (q) dx dy = 
~~ 

( I  — p
~)~

’ I.
(2.14)

this lemma is proven by the direc t/straight calculation of left

side ~2.14).

Let us pass to the proof of theorem *. Let Q, be the measure ,

gen erated by our randol—process ~ (t) during the association of
i-algebra 9 1 ( — cc , —

~~~~ and 91 (0, cc) ; let us designate by Q, the

measure, which coi ncides with Q on ? L ( —  cc , -- i) and 91 (0. cc and such,

that c-algebra 91(— 
~~~~ , 

— t ),  9( (0 , c c)  Q independent. On lem ma 2

= -~- V~ir (Q1 — QC ) • (2.15)

Let the process ~ (t) be absolutely regula r , i..., [in 
~ (i) —

T -+ a

0. On the  basis (2.15) will be located the number v. such that for
all , ~~ v.

Consequently, for v ~ V~ and measure Q, and Q~ ir s not singular;
these measures Gaussian, and on the basis of results §2 o chapter III
they are absolutely continuous on each other.
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Page 175.

Let us select in space H (—— ,- i)  any base Thi. ~1I2 in space I

(0 , ~) — base Yb,.  1~~~. ... Let us consider vector (‘i i i~~, ,  1~~ 

generated by this vector in the manner  that this is shove on page

167, measure Q, ~ , operator Ba and the eigenvalues of operator B~ let

us furnish with in dex  a, i.e., to write respectively Q1, Q,,. ‘1in~ ~~ Let
us assume To simply count, that

MInp~= —  -~-~~~in(l — ph) . (2. 16)

From the abs lute continuit y of measures Q~. Q~ it follows, as
this is shown in §2 of chapter III, that

sup~ MInp~ I<oo . 2 . 17 )

Hence and from (2.ld) in turn, escape/ensues the inequality

sup Sp fl~ <cc .

With n —+ — the operator. 1J i~ weakly converge to operator !?~. i.e.,
h u i ( H i ~ii, 1)) ( B T h I .  1) )  (operators B ,, in an obvious manner are

d termlm.d everywher , in H (—a , —)). Consequently, operator B, has
the final truce. - ‘
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F urther , let q,, there is density Q,, on ~~~,. Prom results of

chapter III, pa ge 109 , follow that for v > v•

M (q~,j 
~~~~~~

where ?I~ is an association of c—algebra 9((— cc , — -t) , 91 (0, cc) . On the

strength of (2.1~ )

M i q , — I 2 <cc .

On the basis of the known theorems of the theory of condi t ional

mathematical expectations hence it follows that the ransom variables (/~

converge in mean q uadratic vit h v —
~~ — to qa Absolutely regular

process ~ (t) is regular , i.e. , intersect ion f l ? ( ( _ c c, — is

trivial. Consequently, it is necessary q~~=l .

Page 176.

Actually, random vari able q,., =~M ( q ç 19I~ ) easur ed re la t ive  to

9Ia =9t (0~ 
o~ ) also, for all A c ~ ?I ,, regarding the conditional

— mathematical ezpe:tat ion

1q . d Q = j q , d q = f d Q = Q (A ) ~~Q ( A ) = 5 i . d Q .

Th ese equa lities mean that q, .-I with probability 1.

On the stren;th of (2. 1*)

-J 

-— - - ~~~~~ i
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Sp B ,,~~~M~ q,, — I l2 M l q , , _ q~~
2 .~~~~,.o .

and the applicati3n/use of lemma 3 leads to max imum relationships

(2.1).

Conversely, le t  with a given v~ operator B~. is a com pletely

continuous operat3r with the final trace. Then see observ ation to

theorem 3) process ~ (t) is complete ly regular and )&,jJ -’O. Let us

consider that already II B,J4< I. It is obvious also that to~ a ther with !3~.
all operators B~, v > v~~, have the final trace and

Sp B, ~ S p Br ,.

Let as sslect now, by using the fuU/tot al/complete continuit y

of the operators B1. bases 1 1 ,  Th2 1l2I .~~~~~.. . . .  in the manner tha t

this is sko n in Lemma 1. Then on th e str engt h of (2.16)

sup M l i i  p,, I ~~~~ S I’ 11, I +

Being again con verted to $2 of chapter UI, we see that the measures Q1

and Q. are absolutely continuous. Furthermore, as already mentioned ,

prOcess ~ (t) completely was regular and all the more regu lar .  As

already it was proved , in that case

- I

—.5--- -- --- -- - _ -- - -  -- - -- .5 —- ---- -- - —----.5

.5 - ~~~~~~~—.5 .- - - - - -  - - - --- - -. 5 -. - --- - - ----- -~~~~
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and, which means, on the strength of (2.1*) aid SpB,—~~-~~0. low

reference to lemma 3 proves theorem .

Obser vation. In the case of processes wi th  d iscrete t ime the

theorem allow/assumes the simpler and mor e f i n a l  formula t ion .

In order tha t  the stationary Gaussian process ~ ( t )  wi t h

discrete t ime wou ld be absolutely regular, it is necessary  and

sufficient in order that operator B
~ 

would he completely continuou s

operator with the f ina l  trace.

Pa ge 177.

Actual ly ,  as it was noted in th. proof of theorem 3, for

processes with discret e time the operatcrs IS , differ f r om ope rator

B 1 only by f inite-dimensional operator.

Theorem 5. Stationary Gaussian process E (t) satisfies the

condition of regul a r i ty  (1.5) in that  and only that case , if B,=0

for a l ly >

The proof of this simple theorem can be found in mon 3gr aph (1 14 ).
Let us mot e just the  equalit y fl 1~~-~ 1 ~~~ as tha t spa ces I (—— ,—v ) , I
(0 , —) are ort h ogonal aid , which means, that c-algebra 9 h — c c . — i ).



.5-- ——— ------ ------ - - - - - - --
~~~

--- — - ---- -- - --
~~-—~~~~~~~~~~~ ~~

--- - C—- -

DCC 77182309 PAGE

9t(0. c c)  are independent.

Final ly , in the following paragraph it will be prov el th a t the

conditions of absolute and informational  regu larit y coincide.

§3. Condition of informational  regular ity.

Theorem 6. Stat ionary Gaussia n process ~ (t) is informationally

regular in that aed only that  case, if for a given r~ operator fs~, is

a completely continuou s operator wi th  the final trace. In this case

and all operators I 1~ . e ) v •, are able the f ina l  trace, but the

informationa l coefficient of regular i ty  are.

I (T) ~~ -—-- ~-~~~ln(I —p fl ....-
~- S pB ,. (~LI)

where P~ is the i eigenvalue of Operator IS ,.

We will deduce this theorem from the following

cosmon/general/total result. Let (~ (u ). i~~~~U; ii ( t i ) ,  ~~~~~ I - )  — a given

system of Ga ussian random variables. Let , further,

= I (~(u) , ii ~~ U; 11 ((I), v e (- ‘)

— the quantity of imf.rssti.s , which is contained in random variables

H: ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~IITI1: IT1 1II~~
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(~ (u) . ue  U) relatively (~~ (t ’) .  u~~ t ) .  Is usual , let 01, II , be the

locked linear closures of the corresponding values (~ (u) .  u~~ ( I L  { ‘i ( v) .

~~ V) :  91 1 . 1l~ — c—al gebra, generated by values (~(u) ,  u ~ U),  (i (v) ,  u ~ V) ;

B1, B~ 
— the nonnegative self-ad~oimt operators, determine d by spaces

H 1, ~~2 since this is shown above. Then is valid the following theorem

1
•

POOTWOT ! 1• I. N. Gelfand , A. N. Yaglon. On the  calculation of

quantity of infornat ion about the ra ndom function , whi ch  is contained

in another such function, £~,4i4 III, V. 1 (1957). EWDFOOTNOTE.

Page 178.

Theorem 7. Quan tities of informati on l~ certainly in that and

only that case, if operat or B1 (bet that means and I,) is a

completely continuous operator with the  f i na l  trace, but~ B 1~~~ 1. Ifi

this case

— -~-~~~In ( I — pb. (3.2)

where p2
~ ~~. ~~~~~~~~~ all eigenvalnes of oper ator l33.

Proof of the rem 7. 1. Let us count f irst the quan ti ty of
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in formation , which is contained in one Gaussian random variable ~
with respect to another , Gaussian to the connected with it valve t~.

It is understandable tha t it is possible to count

M~ =M~1=o , M~
2 =M~12 =i.

Let, furthermore, M~~=.p, so that the ca.bin.d density of our values

is equal to

I ( x2 +y 2 — 2 pxyp(x , y)
~~ 1 2 ( 1 ’) exp 1— 2 ( I — p ’)

We have

-‘ P (,45111(
‘E1 

A 1. A ~, 

In  P ( A ,) P (131) ~‘ (
~~1~~1). (3.3)

where the face side it is taken on the events of form A 5 =( ~~~ Ej , B e —

[i ~~~E ) .  where Es. E ar e linear borel sets.. Consequently,

v Q12 (E 1 x E ’j

:~
-
~ 
~~ In  

~~~1 (E,) Q~ (F;) 

Q12 (E 1 x E;) , (3.4)

where Q1~, Q~, Q, are measur es on plane and straight line , induced

respectively with ra ndom numbe r distributions (~. ~i) and ~~. 1

Q 12(E x F ) — P ( ~~~E , r I€ ~ F},
Q1 (E) ~~P( ~~~E), Q 2 ( F ) = P { ~~~ F) .

Page 179.

Let first p C 1. Then measure Q,~ is absolutely continuou s with

L.b.sgue, measure Q11, Q~ x Qe are mutua l ly  absolutely continu ous

.5 
-~~~~~~~~~~ - -.5—— -.5
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with the densit y

Q,2 (dx dy) p (x , y)
Q (drl  Q, Id. i ) p ( x )  p ( y)

where p (x) =~j~~~ e~~ / 2 — the density of distribution of values ~ . TI .

Therefore the se, of right side (3.*) is an integral ai m for

Lebesgue’s integral funct ion in p ( I , y)/p  (x) p (y) p (x ,, y ) .

Consequently,

- I p ( x .  q)J J ~~ p ~~ ri p (x , y) (It (11/ —

= M lU = — -~- Iii( l — p 2 ). (3Ji )

~f p a 1, then Ii,,~~ oo . In order to be convinced of this, is

sufficient to select ii (3.3) i1~ = (3 ~~~~~~~ with

probabilities P {A ) = .~. . We will obtain t hat wit h all n

/ ~~> In n.

Since with p = 1 right side (3.5) also goes to infinity, it is

possible to consider formula  (3. 5) valid, also, in this case.

2. Let now si ts U , V be f inal . Quantity of information I~ is

invariable relative to the nondegenerate transforms of spaces I~, 1.

This immed iately f ollows fro, the determi n ation of the quant it y of

I—-
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information (1.6) and of that obvious fact that .—algebra ~t , ~~ are

invariant relativa to the transforms indicated.

Page 180.

Therefore, and also on the strength of le mma 1, we can f r 3m the very

beginning coun t

(~ (ii). u 
~~ U) = (

~~. . . - , ~~ (t~ (v), v e I ’ )  = (i ~ 

where all vapors (
~. TIs) were ind.pendemt and

M~,,= MTI, -=O . D~,= DTI~~- I, ~~~~~~~

In (1.6) is eufficient to t*ke sup on events A,, 8~:

A 1 = (
~

,, c~ , ~ E 1,,} . B, ~ii ~ E’,, €~

Froa indep demce the vapor (a,, m) follows then that

‘I
~~1I

~’1 = 
-~~~i—i

and, wh ich means , on the strength of (3.5)
91

— -~-~~ In(1 — pfl,

wher eupon ~~~<oo in that and only that case , if p~= V~~fl I~ I< L

3. Let us pass to the examination of the general case. Are

- - - -- ---

~

-- - --

~

- - -  --

----

~ 

~~~~~~~- 
_
~~__ __ ___ i~-
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above . in p. 1 proofs, h as alread y been noted t hat if II B h = I , then I~~

~~~o . Therefore it suffices to consider the case 118 , 11<00 .

Let B 1 hi operator with the final trace. Let as selec t any  a of

random variables ~~. 
...

~~ iron family (~ (u) ,  n~~~ U) and a of random

variables ‘1 from family {i ( v ) ,  v~~ V). By !3~ let is designate

the operator , whi ch corresponds to this select ion of random

variables. It goe, wit hout saying that Operators n~ :an be examined

in a ll space Ii,, stretched on (~ (u) , i i (v ) ) - Let us designate ~ “>~~~‘ >

>~X~~ the eige.va lu.s of operator I3~ (it is finite) . It is

obvious , ~~~~~~ = 
~~~~~~~~ 

~~II B, 11< I .

Random variables ( E .  . . ,  En ) .  (iii, . . .,  i-i,, )  can be chosen so that
In)

the operators 13 weakly converge to B~. Then

Cu) . ~~ I (.1)I i m S p B i  — l i r n~~~
)
~, =00 .

n ‘C 1

Prom the determinat ion of quant i ty  of in format ion  (1.6) it follows

that

‘Iq )~ I~( (~~I~ ~n)~ ( f l i t  . . .
~~ 

ii,,)).

Page 181.

At the sam e time as it is already establish/installed in p. 2,

___________________ _ _ _ _
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I ( (~ . . . . , ~
) , (m. . . . . TIN) ) — -

~~
- ~~~~ In(I — )~)‘C))

= _

~~

_ 

~~~~ ~~(r)~~C - ~- Sp B~”.

Consequently , if SpB 1 a — , then also II,1 00.:

Let now 8~ there is a com pletely continuous opera tor with the

fina l trace. On the basis of lemma 1 let us select of spaces H 1, ~~2

bases ~~~~ ~~~, ...), ( if l ,  
~~~~

. . . . ,  th at consist of t he  personal

cell/elements of the operators Ba, 8z~ During t his selection ~~~~~~~

where P~ are the eigenvalues of operator s B~ , 
~~~~

Any events A~~ 9I 1, fl~~9I2 it is possible, by choosing n by

sufficient large as conveniently to approach well by the •vent s,

me asurable relative to random variables (~~i a,,). (ii ii ) .  Bei ng

again converted to the determination of quantity of information

(1.6) , is concluded hence, that

= ~irn 1 (a, , . . ., 
~~~~ TI, 

wh ere

I (a,, - . ., ~~ ‘i TI,, ) = — -~~
— 

~ In (I — pr). 

- - - - - - .5- - -.5 - -- - - -.5 - -
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Theorem 7 is demon strated.

Pro. this theorem immediately it follows that the random process

~ (t) is infor m ationally regular only if the operators B~ have the
final  trace for v > i

~~~, 
and also that occurs equality (3.1). In the

pr oof of theoten ~ it was establish/installed t h*t h w S p f l , — n . if

oily Sp B~,<oo for any T~~~. Theorem 6 is also demonstrated.

Equate/com paring theorems 14~ 6, we are convinced that  the

conditions of absolute and informational regularity are equiva lent

an d that, for •xanple, with I ( v)  —4 0

Page 182.

Observation. On the basis of observation to theorem ~ stationary

Ga ussian p rocess ~ (t) with discrete t u e  is in foria t ional ly  regular

in that and only that case, if operator S~ has the final trace.

~4. Condition of absolute regularity. Processes with discrete time.

_ _ _ _  _ _ _ _  _ _ _   _ _ _ _ _ _ _ _ _ _ _

- ..

~~~~

“ 

~~~~~~~~~~~~~ - 
:~~~:~~::—~
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~~~~~~
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In this and following paragra ph we will give the

full/t otal/coaplete and sufficiently efficient description of

absolutely regular stationary Gaussian ~~ocesses (pro:esses, whi ch

satisfy condition (1.3)). In accordance with results §3

si.ultaneously this sill give description of inforiationally regular

processes.

Theorea 8 1•

?0O?$OTE ‘. I. A. Ibragiiov, V. 5. Solaw, Obodn the condition of the

regularity of the stationary Gaussian process, PAS of tha USSR. 185,

So 3, 509—512. ENDPOOTWOTE.

Stationary Gaussian process E ~t) with the discrete t ine t = 0 , ~1,

is absolutely regular (but that ea~~ and inforiationally is

r•gialar) in that nnd only in such a case, when it has spectral

density f ~~
) ,  representable in the for.

(4.1)

wher e P (z) — polyne.ial with roots on cir~~af ~~.sceI zj .  1, and

- ~~~~~~~~~~~~~~~~~~~
-
~~~~~~

-—- - -
~ 

—
~~ —— . -

~~~
_ —--~~~~~~~

. -— —.- -— .- ~- —- 
~~~~~~
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coeff iciest. . a1 Posrier seri.s ~~a~e”~L f~act ion in a (k) are such ,

that

~~~j I Ia,I2 <oo . (4.2)

Proof is basid on the use of theores 4, •ore precise,

observation to it. It goes without saying that the analytical

foraulation of theorea 8 requires passag. of space H (—., 
~

) to

isonetric function space I (P). In order not to introduce excess

designations, operators into I. (fl, saabgous to the operators n~,

also let us designate through fl~ •

Page 183.

Any absolutely regular process is regular and, consequent ly (see

§2 of chapter II), has spectral density f ~~
), that allow~ assu.es

• representation of the fori

(4. 3)

where g (z) - the external funct ion of Rardy ’s class ~~‘ in

circle.

Let us introi uce into exanination fu nction c(~) - ~-1,~- . •y ~g(e )

let us designate its Fourier series.

LW. ._____ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _
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Leasa 6. Proc ess ~ (t) is absolutely regular in that and only

that case, if descends the seri s

~~I / I I c 1 2~ ( 4 4 ~

In accordance with observation to thsorea 4 (see pa;. 182) it is

necessary to denonstrate that the convergence of series (4.14) is

equivalent to operator’s nuclesrity B1. To us will so.ewhat sore

conveniently deal with unitary equivalent to it operator Bt ~~~~~~~~~~~~~

wh ere this ties ~~~~~~~~
. — projector in L (F) on L(,~~~( F) , ff ~ 

- projector

in L (F) on I. -• -. 
~~~~~~~~~~ Is sufficient to consid r i~ as operator fros

i~ ~~ F ) L ~~(F) in Lt(P,. As is known 1, oper ator B will be nuclear

(i.e. will have the final trace) i. that and on].y that case, if for a

given orthonoraalized base fe,) in L+(F) is descend a sari.. ~~(I3te,. e,)F.

POO?NGTE I . Sse, for exaaple, (5], page 55; recall that all operators B~

are positive. EID?OOTLIOTE.

It this series descends for any the orthonorualized base, it descends

• for any suck base , and its sun and is equal to operator’s trace at .

• Let a. 1.ct as the orthaser salLied base in II’ (F) of fimction

_ e~
Ug~ (e1X). k = O , I . . . .  The orthosoanl ity of $yetea (4) . obvious;
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let us deson strate that thi s syste. is a base.

Page 184.

Actually, in §2 of chapter II is shown , that any cell/elesant p~~

L (flcs.a be registered in the for. •~,‘q, whets wt~~~~’~
2. If ~~~~ is

any li ar cosbination of cell/sls.•nts e~, t hen I

—

FOOTNOTE 1 l.call that Iw ~~ ’ indicates aor s in spece .7~~— i~, n).

!WDFOOTIIOT 5.

Since the linear cosbisations ~~ck e’~ are dens. in ~~~ the

la st/latte r equality scans that the linea r coabination. ~~~CkCk are

dense in L~(fl, i.e., that (Ck) ther. is a base in Lt(P,.

Analogous wit h leisa 2 chapters II are proven the following

equalities :

.?~~= g ’II~g. ~~;

wh ets n ( ii ; )  ~~~..c. projectors in 72 (~~, , n) 05 e”~’~~~ (on

Therefore e~~
’
~~’i.

_ _ _ _ _ _ _ _ _ _

!r ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~
- •-• - - —— -—• ,--—.——• •—•••• •-- •—•— - •— — ---—‘ • — __. __ _ .-~~~~-~~~~~ _‘.—- -—-- - ——--- -. _ — • • ~~~—— .
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S 1 i B~ = (Bte.,~, ek), ‘~~~~~~~~~~~~ ~~~~ ek)p =

I • - (2)

~~~~~~~~~~~~~~~~~~~~ -~ e”~, -~-e i
~~) —

k—I )

~~~~~~~~~~~~~~~~~~~~~~~~~~~ .1~ ~ C / _ k C’~~~dA
k —i l  k—U —fl J — — -.

~

— ~~ Ic ,P IiI. (4.5)

Lessa is deaosstrst.d.

To us it renam ed to denonstrate tha t the conditions of theorea

8 were equivalent to the conditions of lessa 6.

Is checked that satisfaction of the conditions of the ores will

draw satts~~ctios of the conditions of lesna 6. Fron (4.2) it follows

that I n a ~~~ ?2(~~ ,~~~), t hat is sore I n a ~~~S’~( — i r ,4  Ther efote function

a (I) can be r.gister.d in the tot s a(X) =~g1 (e ’~)j’, shore g, is an
external f unction of class ~ t 2. Conseqseetly, and !(X) =~~g(e i~~~2,

where the external function g (z) = P (z) g1 (z) .

Page 185.

If .... e’~’ — nero polynosial P (z) , t hen, obv ious ly ,

_________ _________________

~~ 
=e ’I f  ‘:::—:‘~~ ~~~~~~~~~~~

-
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where a is real num ber. Therefore it suffices to tra ce funct ion c1 (X) =.
RI (S )

and to demonst rate that descends a esr i.s Z I c i , I 2 j j i .

~~ will d•aonst rn te even convergence of ser ies ~~I / ~I c i, I2 . Pot this

by us will be required the following.

Leas e 7. Let the function h (X ) -~~~ ~~h 1e ’~
1 belong .2”(_ 

~~.

Let us designate by • (1; h) the nodu le/nodules of the continuity of

function h in estr ic 72, j ••,,

w(6; h) — sup ( ii~ (7~ + 9)— h( )~)

Then the inequalities

‘V co2(!. iz) <~~ , ( 4 c ~)

~~ I ! i ~ a, l2 <oo (4.7)

are equi va lent.

Actually,

\“i.~2 ( 1 ; h ) =~~ sup 4 ‘V lh l’ sin’ ’6 <
St fl~~I k~~ - -  , _

~
e

~~ h1 P / 2 +4~~ ~~St — I ~~~~~ St — l I I j - - St
— ~~ l / z , 12 12 ~~ -~ - + 4  ~~ I I i / , j l 2~~ !i~~~I / I I / , , 1 2 .

“ > 1 / i  I—-- ~ j

Ciiii~ iT~ T ± ~~
- 

~~± T1 TI~
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Page 186.

On the contrary, for j x i < i  ~~~~~~~~~ and therefore

~~~~2 ( L h)>4 V ‘V
it n— I j / I ~~n

~,!V L \l 2 2 _

2 ~~~~ it’ ~~ ‘ -‘‘ I— I J J I ’~ it

I V 
~ 

2 2 V ..L> ‘V 2
2 ~~ I I 

~~ ~~ 4 ~~ / /
i— -- ’  n> If l

lance is desanstrated .

B.ing returned to the proof of thoor en, let as note, tha t a —

• 
ex p{ -~-O na+ iI~ a) } and that, therefore, g1/g1 =exp (— ii~~a}, w here,

generally, through k is designated function, (harmonically)

canjugated/conbin•d h. The absolute values of the sodule/soduli of

the Fourier coefficients of functions ln a and in a coincide, and

therefore • (6; 1. a) — • (6; ln a) • Further,

_ _ _ _ _ _  
_ _ _ _ _ _ _  

_ _  ‘II~IJIIII -:~I
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l e xp ( — ii’
~a~~+ô))— exp( — iI n a ~~) f l =  -

— ( e x p ( —  / (~~a (~ + ô )— i ’~aQ~)) ) — L ~

Theref ore and

• (0 (6 ; .~!_)~~~co (6; I~ a)~~ o (6; m a).

~~iaq converted to louse 7, we see that the convergenc, of series

wiU draw convergence of series ~~I / l I c i, I2 . In sunnation, we

demonstrated that conditions (4.1), (4.4 theorem B were suff icient

for the absolute regulari ty of Gaussian process ~ (t).

The need f or these conditions is proven sore complexly.

Let the process ~ Ct) be absolutely regu lar. Then it is regular

and has spectra l lensity f ~~) • whereupon If l fE.2~ (— fl ,  n) .

Page 187.

let us introduce into exasination the coefficient

(f all~total/co.plete) of the regularity

p (t; f l_ su f w e ’ ~~~~~~~~~~~~~~~~ *) F I ,

~~~~~~~~~~~~~_ _
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where sup it is takes  on all •, ~‘. that belongs sith respect to the
single spheres of spaces L 1~,~ 1(F . L (~~~-1 (F).

In §1 has already been noted that any absolutely regu lar
Gauss ian process satis fies the condition of powerful cit i ng and ,
whi ch scans, completel y regular, i... ii. p (v) — 0. Specifically,
will be located such a k that p (k)<1. According to theorea 4

chapters V spectral density f ~4 it is possible to regist er in the

form

I (i-) = I P (e1A) 2 a

wh ere P (s) — polynomial with root s on~ z~ = 1, and function a = e ”~~, k:f ~
<~~~ i I o l l ’°°~<~ I2. Os the basis of the sane theore. the  coeff icients of

regularity p (~~; a) and p (r ; 1/~) ,  const r ucted accorlin; to the
spectral densities a and 1/a, are such , th at

p(I; a)< 1 , p(I; -
~~

--
~~ ~~p< I .  (4 . 8k

Obviously, function a (A) can be register ed as ~g1 (n ”) ~
2, vh.r.

g, is an external function fran ~~ If se as is the proof of

sufficiency, place

— ~~~~~~~~~~~~ = 
~~

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~ - • -—~~~ _ ~~. - _-. -. - - —— — -

- — - _ — — — — • ~~~~~~~~~~~ - -_*_ —. —- “— — -a- _ — .~~ - - - - • - - - -  

~~~~~~- _ _  - - ~~~~~~~~~~~~~~~~ —--- —-—- — - ---- — - - -
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P (, iA)
that of l.oaa ~~. relying on the already used above egualLty~~~ay
e’ e”~~— 1) ’~, it is easy to deduce convergence of series ~ I i I I c 1,~ .

Page 188.

If this series descends, then

~~ m l  ( ,  c~ ~
) — e ili)

~A (~
) IP) 2 

~$.O  A~~
H1

‘ — (n+I) U

I I0 ~ Ic i,I2~~~~I / I I c i,I2 <oo . (4,9)

• Let us select the s.qu.sce of polynosiala A~(z) so that

~~(~jr 1 Q~) — e_ i ’~A~(e~L) 
~ ‘) ‘ < 0o, (4.10)

let us assume e_ ”~g1A1—Q~(e~~)+B~, where Q~(z) — the polynomial of

degree is not higher than n, a BSt e~~
2. Os th. strengt h of (4 .8)

t I
- S -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -

- - •-
~~~~~~

—
~~~~

— - • • _ •  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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(Il c1 (X) — e’’” ~A~ ~~L) 
I)2))2

= (g~ (ed) — Q,1 (e 1x )) — B~ (e ’~) ~~~~~~~~~

~~~! I  ~7~~
) — Q~ ~e-’~) ~ ~~~~~ ~l 8n ( C ’~) 2 —

— 2 (g~ ~e~ ) — Q~ (e
1X ) )  A~~e’ -~~~

~~~~ J 
I g (e ’~) Q,, (e~~~) 2 + ~ IB~ (e ’~ 

2 -

— 2~~ I g1 (e ’~) — Q (e~~~) ~~~~~~~~~~ 8~ (e ’~) 2 ~~~~~~~~~ 

~ 

I’?

~ (I  — p ) 
J I ~~~~ 

— 
Q~~ 

(e~~) j
~ d~.

Page 189.

Therefore together with together (4 .10) descends the series

~~ in 1 J I g I (e1
~)~_ P f l (ei~ )I2 _

~~~) =

—~~
‘i i f  5 i g , (e i~) _ P 1(e 1~) j 2 _~~~, (4. 11)

wher e tat it is taken on all polynomials P~(e”) degree not higher

_ _  _ • • _ •  •~~~~~~~~~~~~ 
_

- ~~~~~~~~~~~~ - — - - ---- —
~~~ 

-
~~~
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than n.

Our problen was reduced to research of the properties of the

best approach/approxiaations of function g, (X) by polynos ials in

space metrics .7”~ with weight 1/ft. It is logical for this purpose to

introduc, the poly ao.ials c~(z; 1/a )=q ’~(z), ¶1 =0, 1 orthogonal wit h

weight 1/4. Pot reader’s convenienc. a series of the prope rties of

such polynonials is for.ulated below in the for, of sevar~l leases.

The proof of these leases can be found in cany .anagesent/aanuals on

orthogonal polynomials; we, in par ticular, everywhere refer below to

.onograph (11] of U. Grenander and G. Sege, the lost close to the

specialists in the probability theory.

Let w ~~) — the nonnegative suasarized function on ~ Let

us add itionally assume that In ~e’ ~~ .Y’ 
~~
-- 

~~~~~~~~~~ so that u’ (~~ =‘ I V Ie ’~ 
2

where y (z) - the externa l fen~tiom of class ~~~~2
• Orth ogona l with

we ight w polynomials i~o~z; w). r , ( 2 ;  w ) , . . . .  q ’ “), .. . are called

polynosia].s such, wh at

a) r , — polyno.ial of degr ee v with the positive c~oefficient

• with leadi ng te rm ;

b) .
~ .Jq, (z ;  w) p.,~(z; w) w ( ~

)d ) =~~~, ? “ (‘~~~ .

F--

_ _ _  

~~~~~~~~~~~~~ 
- I

~~~~~~~~~~~~~~~~~
E-

~~~~~~TiI i
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- - • •
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~~~~~~
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is placed, fur ther, p;(z; w)—z~w~(z-’), Polynomials p s,, q’ are
connected by following relati.a.h ip/rat jos (see [11], by page 5$) :

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
4 ( 2k,,q~,1 ÷,  (z) = /~,,÷,zp ,1 (z) + l , 1 (p~ (z) ,

where through k6, 1,, they at. designated respectively the
coefficien t with ? an d the absolute ter n of polynomial ~~~~

.

Page 190.

Let us designat. by c~ v — ~ Fourier co.ffici.nt. functions a
and is placed

D1 (w)  tlet II c.,. ,~ II. v, p. — 0. 1, ii.

Deterlinaatao (w) ire called conc.ntrating definitions, which
corr espond to weight (funct ion) w. They occur of equality ((11]. of
page 5*)

L , ( On.- , ( w)  \112 
— 4 13ifl~W~~~ 0 ( ~,) I ‘ ‘

Let us determine, further, geomet r ical mean G (a) of function w

by the equality

G~
w) _ ex P { . ~J~~f J n w (A ) dX } .

L.ses I. Let f ctioc a (A) be d.ternined med summarised on [~
— n,

n~, a ~~~. 0 and In ~ ~ 2”. Let as before w (x) = I v (e”) j2, where -
‘(

(. J 

— - —~~~~~~~~~~~ -— ~~— — — 

T~~~T 
:. •

.- 

:. . ~T • :..
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are an external fu nction from ~~~~~~ . Let finally pv (z) =~ , (z; w) be the
orthogonal polymo.ials, associ ated with weight a. Tb..

I z  1< I , (4. (4)

I i ~n k , , (w) = LG (w)F~~=—-~ - , (4.15)
~ n4•~~ , 

V

it is evenly in any circle Iz~ r < 1

Iimq~ (z) .=..~~(z). I 6)
,• -.

Lease 9. Under conditions of lemma 8

~~~~~~~~~~~~ ~~~ f q. , (O; w)j2,

—2 (4.17)
G (w Y_ ( ~~ I q ~v (O , ~v) i2)

The proof of first equality (4.17) see in [11J, page 56; second

equality (4.17) follows from the first and formula (4.15) .

Page 191.

Lemma 10. If wQ~)= Ir(,~)I” where ~(z~ is a polynomial of d.qx.e
p, everything zero which they 1./rest at circle ‘C 1. then for v~~p

— —~~~~~~~~ - - - .  - - -- -* .
~~~~~~

-- - - - - - -  - 1
-- . -—_- - _— - -_~~~~~~~~ - ____________________
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Proof. If ~~~~ a p.<v. t hem

I’$ e ”~Wv(e ”) (~)d ?~. -1- J ~~~ 
0, (4.18)

— n zI — I

then since integrand is analytical in circle ’\z~4 1. Actual ly, if F(z)

=~~~ v, z1, th•m on - 1

z~1 ’ )  — ~~~

and , therefore, function (z”1’(~)) ’ allov/~~sunes ana lytical

continuation in circlelzl< 1. Equality (4.18) neans that the

polynosials q~(e IA) are orthogosal to all functions e4’7’ , ~~<v . The

eq ua lity

~~~~~~~~~~~~~~~~~~~~~~ I

is obvious. Lesna is desonstrated.

Leama 11. Under condit ions of l mna 10 for all v~~ p

D~~ (ct ) D~ (w) ( r ~ y’ (z) 2

(G(w)j~~’ 
_ exp - i J 1-~

-
~-i d 1} 1  (4 . 19)

where as before y (z) the external function of class ~~~~
‘. determined
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by equality a ~~~~~ Integration is conducted to the right according

to circle 1.

Proof see in (11~, page 102.

~‘nd so

- ~~~~~ -~~~ --~~~~~~~~~~~~~~
_- - - - . -  —• - - - ------ - - • - - . — - -
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Page 192.

wow we have all the necessary information relative t3 orthogonal

polynomials and can return to the proof of our fundamental theorem 8.

• Thus, let ~r~(z)=~~(z; I/a)— the orthogonal polynonials, which

correspond to wei;ht 1/s, Let us note that ~~~~~~~~~~~~~~~~~~ where

th. external funct ion y (e°~)-= ~~~~~~ 9enc. on the basis of formula
,!i(~ 

) 
-

-
• (4.14) it follows that Fourier coefficients funct ion g1 = 1/y in

• orthogon al systen ~~(&‘~)) essence W~
(O)V(

~
0). Therefore

m l  J i  ~~ (e ’~) 
— p

~ (e
fl) 2 — I V (0) 2 V 1 p~.(O) 12.

n+I

Convergence of series (4.11) sakes- it possible to d ais that also

• 

, 

~: q~. (0) I2 = ~~~v I q (0)~~<oo (4 .20)
fl—O V 1 4 - I V

- 

- 

Fur ther  our target /purp ose is to sho w that the conver gence of

series (4. 20) wiLl draw convergence of series (4. 2) . For this purpose

besides polynomial. q , (z) let us ezasine po lynomials ~~~~~~~~~~~~~~~~~

the orthogonal poLynomials, associated with weight q’,,(e”)I 2. As is

- 
known ((11J, page 57) , zero orthogonal polynomials w~(z; w), which

_ _  
_ _ _ _- - 

-
: .~~~~~~~~
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corresponi to any weight a, they lie/rest at regionJz~C 1.

Consequently, zer o polynomials w~ (z) = z” (ii 1 (z I) they lie/r est outside

circleIzI,~ 
1, so that ~~fr) -- ezt.rna l functions from Q~t

2.

Furthersore, on lzi— I occurs equality jW~~~2~~~~~~q~ ,j 2 , so that ~u ,i
’— the

~xterna1 function , which corresponds to weight q1~~~
2

•

F urt h er , on leans 10

• ‘Pvn (z) Z” ” ~W~ 
(z), v ~~ it.

Specifically, q’~~(z) = w, (z) .  Prom this equality and identities (4.12) it

follows tha t

tpv~(z) q ~ (z),  v~~ u. (4. 2 1)

Page 1~ 3.

• Orthogonal polynomials w~(z), it goes without maying, are linearly

independen t, so that with all k of function e’~ essence the linear

combinations of polynomials w~(z), O~~ v~~
IL Bence and from (4.21) it

follows that first n • 1 Fourier coefficients 0’ • . • ,  C, (but tha t means

and ~~~~~ c~~• mn) the funct ions of aid they coincide.
ç~~e

Consequently,

By nuing leuwas 8, 9 let us find with the help of the

last/latter equality that for all a >~ n

L ~~~~~~~~~~~~~ 

- — -
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D ( I,4 1 2) D~ (~çn~~
2) 

=
~ ~ 

G (Iq~~I~~)~~~

In 
~~~~~~~~~~~ 

+ In D0 (l  ~~n 
_2) (it + 1) Iii G (~ ~Pn

~ (~) 2 
~~~~~ ( ~~ I ~Fv (0) 2

=~~ ln ~ 
=_ ~~~Inf ~~~~~~ — J .  (4. 22)

- . ~~ Ic~r ( OH2 k— O 
~~ I q ~v (0) I2 J

Page lgis.

Further , sat /assuming k +t  

~~ let us have

• ~~~I w ~ (0) I’

I,

“ ~
h

I (0) 12 -

— I i i ( I — - ~~ ’_
q

~

~ ~~~I w ~~(°) i’ ‘
~~~~

-

• 

4- a .2 - -
~
-
~~~U) I~

-- — C ,u ,

where through C~h.re and below are designated constant. Mence and

~:TTiii~ ::ti . : __i __
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fros (4 .22) fol lows the inequali ty

G(~ ~
_ 2)t~~

i ~ ~~ Iq’~(O) I2~~
~ Iq-~ (0) j 2 k 0

I ’po (O)I’ ~~ vIqv (0)~~=c2~~~vj ç~(o) 2.

On le m ea 11 then and

Sf ~~ ~
do~~~C3~~~vJ q \, ( 0) I 2 . (4.23)

I z I ~~~I ‘~ .. I

On the stren;th of equality (4.16) of lemma B ~~~~~~~~~~~ it is

evenly in any cir~ 1eJz)( r ( 1. Together with analytic funct ions q’~(z)

in this ci rcle evenly  converge to (_J~ )’ also derivatives (~~(z))’.

Therefore, by passing in inequali ty (4 .23 ) to limit wi th  n + —, we

will obtain on the basis of Fatu’s lemma that

S ~ ~~~~~~~~~~~~~~~~~~~~~~~~~ (4.24)
v — I

• Is expressed now integral om the left side (4.24) through

Fourier coeffic ients the summarized function Ing, (e ’~).

Let us note first that the function Ing 1fr’~) represents  boun dary

• value on circumference jzf= 1 function ln g1 (1), analytical in region

z
~

< 1 (ezternal f u n c t i o n  gj (z) does not have as zeros in circ lelz l< 

~~~~ ---—- - -- - —--- — - - - • . — ---.———---—-——--- —--- - -. -.- - - . -

~

-- -- -.-- —.— - -— • -_ - . - - - ——- •- ----- --- • -.---— ——- 
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1). Therefore the expansion of Fourier function I n g 1 (e ”) comtai is only

nonnegative degrees e°’. Analogously Fourier s•r i s fuactiom l u g 1 (e ’~)

contains only mospositive degrees e”~. Furt hermor e,

III g1 (e’~) + In g1 (e”)  — In a (A).

Page 195.

Consequently, Fourier coefficients functios In ~~1(e ”~) coincide with the

appropriate Fourier coefficients funct ion in a ~4,  i.e.,

lng1 (e”)— -~-a 0 +~~~a~e”~.

By passing t, the calculation of integral in (4.24), let us note

first that with ~~~ r ‘C I

g 1 ( z )

g ) = (Ing I (z) )~~~~~sa~z .

Therefore

5 ~~~~~~~~~ ~ p dp f~~~~sa .~p
c_ 1 e i ’ c_ ’~~ dA =

IzI ~~’ ‘ 0 - — n  ~ —

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

; Hence and fr om inequality (.24) follows the assertion of the

t heores:

I s  I’

- -- -  -~~~~- — -—-- -~~~~~ 
_ 

~~~~~~~ - • -- - -~~~--- -- -— - -- ----- -— -- - -
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r .

Theores 8 is completely demonstrated.

~5. Condition of absolute regu larity. Processes with continuous tise.

In the case of processes with con t inuous time we in state to

demonstrate only the weaker (than theorem 8) result, analo gous to

leema 6, toward f,rsulation of which we now will begin.

Let ~ (t~ be a stationary process with continuous tine.

Absolutely regular process is regular, so tha t withou t los s of

generality it is possible to assume that the process ~ (t) has

spectral lensit iew f (k) and that f ~~ ) = 
~
g ~~~) J2 , wher e ~~~~~~ in the

upper half-plane.

Page 196.

Let us designate by CS (U’) the Fourier t ransform functions
“
~?Theores 9. Stationary Oasssian process ~ (t) is absolut.L~ regular in

that and only th at case, if it is regular for any T >~ 0:

l(T)~~~~ S I u I l c ,(u)~~
du < oo. (5.1)

•

~

— — —•——~~ ———-— .. —~ - - _ — - --—--- •-_ -— _- --..----— 

- - -- _ - - — - - - -_ - - -  —U- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - • .—---—- -~~~ - —- -. --

— -  - -
-—---- ---

~
-• -- _ - ---- — — -- —~~-- -  

— -•-- •-— —- --~-_ - - --— - - - - -~~~~~~~
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Proof in many respects is analogous with the proof of leasa 6.

• 

- 

: Let us be based as before on theorem Is. In accordance wit h this

-. 
theorem it suffices to establish that inequality I (T) ( • is

equivalent to operator ’s nuclearity Br. As in §4, will som ewhat more

conven iently to eiamine rassuatriat’ the operators B~. unitary

equivalent to the operators ii,~. If we, as in §11, do mot vary

designations wi th the standard isometric representation H (—a , —) in

L (F), then
+ Q~

3
~~~~~CP+Dr T ” O”  7 ,

where ~?~~— is a pr o jector in L (F) on L(r .~~ ( F);  e?~~~— projector in L (F)

on ~~~~~~~~ It suffic.s to consider operator I3r~ as operator from

is L(T .~~) (F)  ~ I~(T .~~) (F ) .

Analogous wi t h lemma 2 chapters II are proven the fol lowing

equalities:

~~~=g~~11~g, ~~~~~~~~~ (5.2)

-
. wher . to this onc e fl~ — projector imS1 (—oo , oo)On e°’Tá~’. fl~— pro jector

in 21(_ oo , 00) Os S~~ .

Let us demonstrat e the need for the conditions of theorem. Let

us introduce the functions
ixL

e1 (A; e) — e~ (A) e, i 

~ 
()~ + ~

)
~) • X ~~ 0.
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It is obvious, e.E~Ltx..,(F).~ecall that in accordance with results §2

chapter II L~x, (F)=

Page 197.

Lemma 12. ImtsgralsS~ =5 (n1e1, e~),dx<~ i.n tha t an d only that case,

if f u c0 (is) ~ dii <~~NG r.ov.r,

S~ = f  ( I U ~ — T ) I c e ( u) I 2 dIi.  (5.3)

Proof. On the basis of formulas (5.2) for z, y ), F

(B~ez, e9) , — (~~~e~ e9), 
—

- 
— f g (A) ie 1

~~ ~ g(A ) 21~L dA
j~~~~ 0 ~~~ij i +~ k / g ( X )  ~ + 2 A

Further,

~~~ ~~ 
_ f e itt

~c.iu — x) du.

— . ~~JL_~. = $  e’~~r, (u 
— II) d!,,

~~

- I~~
’
~~ =f ~~” cs t~

_ x)
~ u.

_  

TT~~~~T~~iiT1 li ~ -
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• Consequently, foc x, y ~~
. T

.- (B~e~, es) , = 5 c, (ii — x) c2 (u — y).

Specifically, if r

- - 
(B~e~, e~)p 5 1  C8 (u ) I~ dii , (5.5)

and, which means,

~~~~~ es) , dx — dx fl c, (a) ‘du. (5.6)
T T -~~~

_ _ _  
_ _  _ _ _ _  

-• - - • — — - _ _ _ _  _ _ _ _ _ _  — •-

~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~
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Page 198.

If in tegrals in (5.6) are f ina l , funct ion C (x) — Ic ~(u) I2du is

integrated, but t~i is function is monotonic, and therefore I with x — ~ oo.

C(x)=o (x 1).

FOOTNOTE I~~ Let C (x ) > 0 , C ( x) +  an d f C ( x ) dx< o o  lith large z

C (x ) ~~~~~~( C ( Y ) dY 0 (
~~~

’)

FWDFOOTNOTE.

• Therefore, by integrating integral in the rig ht side

of equality (5.6) in parts, let us find

f d x J I C i (u) I2 du _ TC (r) ±; f u i c e (_ u ) I’ du

— J ( I u l — T ) 1 c 8 (u) I 2 du.

• Conversely, if descends integral in the right side of equality

(5.3), then



-
~~~~~~~~~~

- --—
_

~~
-.-

~~~~
-_ - - -_  -

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
-

~~~~~~~~~~~~~~~~~~~~~~~~~~T T T
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C (x) 
~ 

u c, (u) ~ du —o (x ’) ,

• -
- and in (5.6) again it is possible to integrate in parts. Lemma is

demonstret el.

Thus, let pr~cess E (t) is absolutely regular. Accorling to

theorem 14 this means that will be located the number v, with 0 < v ‘C

, such, t h a t  the  operator B~ is a completely continuous operator

with  the f i na l  trace.

Page 199.

L.t p , (X)~ ’Wj be operator ’s personal (calibrated) vectors B~ , a 
~
‘
~~~

—

• corresponding to them .igenvalues. With all e > O , x > t

(B~
e
~

, eT)p = ~~ (x) 2 (B ~ q ’1, IP 1) ~~ = ~t , t~, (v ) ~ (5 .7)

where 
~, (x) = (es, q’j)r. since

funct ions ~~; can be registered in the form 
~~,

= 
e i4ii ~~~~~~~~~~~ so that

•

f~ (x) = (e r, ci)r; I + eA dX ,

r --  . r l* , (A ) 1’  lq~j 2
• . j I ~~ 

(x) 2 dx — j 
~ + ~~~~ d) . — 

,
~~ F

- —_ --— - - . -____ - - - - •  - - - — -  • *— . --- . 

-— - - _ -~~~~~~~~~~~~~~ -
•• •-

~~~~~~~~~~
‘- •-- - - -

_

~~~~~~~~~~~
---
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Hence and from (5.7) follows the inequality

I Kn~e~, e~)~ dx =

On Isuan 12

‘ 
.

. 

i~~ ~

t

( Iu J — t ) I c ,(u du=i I~ ~~~~~~~~~~~~~~~~~~~
e-÷ O e÷O

- Let us pu re ? = 2 i .  The last/letter inequality means that

ri~ ~~ u I j c ~(u) F du~~~i~i 2  ~
‘
( I u I — t n c,o,) I~du~~

- 

~~SpB <~c. (5.8)

I

~~~ _ _ _ _ _ _ __ _ _ _  
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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The need for the conditions of theorem is demonstrated.

- 

. 
Page 200.

Let us demonstrate their sufficiency. We should const ruct any

- 
orthonorialized base (u ,(B L r . .~ sF) and to demonstrate that a series

- ~~(ü~u,, a,)p d..C.md$. The sun of this ser ies will be equal to operator’s

trace I B~.

FOOTNOTE t . See ~5], page 55; let us note that  R -  the positive

operators. FND FOO! NOT E.

As t h i s  ba se we w i l l  select for  the funct ion

• . 
‘ aj (X)  I I I i — A \ f

~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~
• j=O, I , .. .

Lemma 13. Vunctionsu,(&), j—0, I , . . form hollow orthonormal system

ii L(t . ~) (F) .

:

~

T~



DOC = 77182310 PAGE *~~3/4’

Proof. Is sufficient to consider case of T 0. 5imceLio. ,(F)=L~~(F) —

L~~
2
~mee § 2 chapter II), it is to demonstrate that the fuactioss a,(X)

form full/total/coiplete orthonorsal system ii ~~~~~~

Let for certainty k >, 1., then ~

- 
(2) i r i ( i — A  \~— ‘(a k , a,) 

~~~~~~ j I + A*  VT~~
T )  

dA.

‘OOTWOTE ‘. Recall that (w. ~I .) 1) indicates the scalar prolact in

hu bert space -~‘“ (—a ’ . )~~~~~~ ‘ UDPOOTWOTE.

Integrand in this integra l is analytical in the upper half—plane,

wi th the except ion of pole at poin t i. The deduct ion of in teg rand  at

this  point is equal  to 0, if k—i . > 0, and 1/2i , if k-t = 0.

Consequent ly ,

• I
(a s, a,; — ui,.

Tb. orthon ormalitp of system a ,, j= 0 , I , ..., and with it and system a,. i-t o. I ,

is establish/installed.

It remained to check the completeness of system a1, j — O , I is &t’.

Let ç( j -~~c.’t 2 I t is necessary to demonstrat e that as soon as 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 1_
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for a ll  I = 0, 1, ..., then 0 (X) 0.

Page 201.

The fun ction ~~~~ is the boundary value of func t ion  O (z) , 2 = X +

ip, analyt ical in u pper half—plan . ~a ) 0 and such, that

s
~:p ~~~~~~~~~~~~~~~~~~

Therefore the integra l

~q (X) ~7~
) dA = (q~, a j )”

can be com puted with the help of calculus of residues; integrand has

in the upper half—plane the on ly pole of order j + 1 at point z = i.

• Coms.gmestly, for all j = 0, 1, ... they occur of the equa l i ty

f ~~(A) ~~~~) d A = 2 ( — I )  p (z) (z + i)
~~’L ~ =0 .

Examinin g these d ualities cosascutiw.ly for j — 0, 1, ..., we will

obtain that all derivativssq” (i), j=O . ....,analytjc functions 0 (z) are

equal to zero. Therefore 0 (s) 0, 0 ~~ ) 0. Lemm a is
demonstrated.

Let us pass to the calculation of sum
~~~B u,.u,)~.L t  us dasignate

by A 1 (x) the trans f ogn the Fourier f.mctio s a 1 (X) :

a1(A) — -~~~ - f e ”~A, (x) dx. 

—.—_ •—-— ——-.—- --.- - - . - - •  .-..- — .•.- - — - - -— -~
- —  - - •_- — - --—.— -- -- -_ - - — • —
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a j (A)  i . a 1 ( A)  eI iT
L t , f nr t h e r,a 18 (X) = i — ~-~~= I+ r A g~~~ ?hen on the strength of (5.6)

(B~aj ~, a,,)~ = 
~ 

(B~e~+,, e~ ~
) A 1 (x)  /11 (y) dx d y

0

— I d i i  J c E(u  — x — t) .1, ~v ) dx

Page 202.

Relying on lemma 13, it is not difficult to show that the

funct ions  A ,(x) form the full/total/complete orthonornal set in 2’(O, oo).

Actually, the Fourier transfors of functions f rom ~7~2 is con verted

into zero on half-line (—a , 0) (neg) on the contrary, any function

from .2’~(O , oo). if it are defined by zero on ha l f—lime (—• , 0), can be

considered as the  Fourier t ransfor m of fu nctions ~~,‘2 (actually , this

• assertion is a known theores of Peli — Weiner) . Consequently,

operator U: ~~~~~~~~~~~ oo), comparing each function f rom ~~~
‘ its

Fourier transform, it rea lizes isometric conformity between -~~
2 and .~ ‘(O , oo).

Specifically, sin:. (a j)  there is the full/total/complete orth osormal
set in ~~ function A, form the full/total/complete ortho normal set

in .?“ (O , oo) I.

- -~~~~~~~ — - - a-U.- - 
~~~~~~ 

- - —
~~~

--.
~~ 

• - - - -— - - -
~~~~

--—*-
~~~

—--
~~~

- -.——.———- -

‘

~

. . ~ ± R_li_ 1_ i_ ~’
_ _  

~ ~~~—~~~- -~ _ __. - ---- ---- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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~~~

POOTWO?! S • I t  is no t d i f f icult to co an t, that A1 (x) — e L ,. (2r) ,  vhs re L, (x) —

—
~~~

c ; - ’
~

_
~
-) ..th.re is Laguerre ’s I polynomial (see ( 2 *f l .  II DFD OTW OT I.

Let us examine f uac tioa c, ( u — x — T ) wj th fixed/recor ded a, T as
cell/element of apace ..~‘2 (O, oo) . Let us r.gist.rr (u—x— T) L ~ the  form

- c~ (r: — x — 1’) 
~~ v, (u) A, (x) ,
1—0

— where

~j (u)= 1c e(u_ x_ T) A ,(x) dx

also, with all a

~~ I v, (u) P ~ 1Ic~ (a — X T  012 dx = Hc 1 u 2du.

Page 203.

Consequently , with all e>0

I;  

— —-  - - •  • - _ _•-- 
— 

__
~_--_—- _ •

~w- - --- .-_&__- --• _ _ — -—— --- _ _ —• - - - - —_-•—- •

- -~~~~~~~~~~~-
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~~ (B rU,s, ~~~~~~~ fdu~~f c s(u
x_ t) A,(x) dx~~

_
- - I ’  ~~O 0

— 5 d x J l  c1 (U) l2 du j’ ( I U — T) j  C, (u) Pd,~.

Ry set/assuming €— .O,l.t us f ind tha t wi th all n

~~ (B,-a,. U1)p — t i m 
~~~ (Bra,,, U,, ~ p

1—0 e_ ft 0 I—0

= t im ~~ (B ra,~ a~e)p~~ lilT) 
~~ (B r a,,, a/ f ) p =

l - 0 01— 0

-

~ — t i m f ( l u l _ T ) ~c.(u) l2 du.

Th erefore anti

— - - 
- 4  - 

-

• -~~_ -—- ~~~~~~~~~ - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — — ~~~~~~~ - * -  — — - — - -- —- - - - 
_______________________
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- - 

SpB r~~~~(~ra,, ) < F
1—0

~~i1i~ f I u l l c ,(un’du< oo . (5.9)

I

- 
Theorem is demonst rated.

- 

- 

Obser vation. If we compare inequalit ies (5.8) and (5.9), it is

not difficult to comprehend tb.t in reality for all T there is,

i n f i n ite possible, a limit tim $ I u ~ I c , u) t2 du and that

Sp B~= t i m 
-T  

a J — T)I c, (u) P du.
• s~~o 

—

—— ~~~~~~~~~~~~~~~~~~~~~~~~~~~ •,4~ 
—.__.___--

~~~~~~~~~~~
-
~ 

- • - - -~- •~
_ - --—

~~~~~____~~ 
-_-- —-—
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