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Page 2147.

chap ter V .

S’EABII.ITY OP PLATES AND SHELLS MADE OP POLYMER IC MAT E RIALS VITH

CONSTANT LOA D.

§5.1. Introductory observat ions, the prerequisite/prenises of

in vestigat ion.

Many structural cell/elenents f row polyneric .aterials long tine

are loca ted under the effect of external loads. In view of the fact

that polyneric naterials possess the properties of creep, under the

effect of exter nal load they ttansfor a in tine and arises the

quest ion concerning the prolonged stability of constructi us w ade of

these nate ri als. The studies of prolon ged stabil ity preced ed wor ks on

the stability of glass—plastic shills with inter .itt .at load .
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Of the special feature/pecu liarity of the behavior of shell,

made from glass—fiber—reinforced plastic. under load in essence are

caused by the properties of material.

Glass—fiber—reinforced plastic possesses a whole series of

special feature/peculiarities, in particular: by the high specific

strength in the direction of reinforce ment , by the re latively low

moduli of el asticity, pronounced heterogeneity, the possibility of

the optimu , constr uction of material, etc . In connection wit h the low

soduli of elast icity of the mater ial of experiment in the stabilit y

of glass-fiber- rei n forced plast ics, acquires the special importance .

Glass— f iber—r einforced plasti c is tbe composite lamin ate, which

consists of two components: by almost elastic , ky the determi ned f or m

of the oriented fittings (g lass filaments, glass cloth , etc. ) and of

isotropi c polymer — bonding agent , that possesses the properties of

viscoelasticity. Thus , during the const r uction of the t heory of the

deformatio n of shell of glass—fiber—reinforced plastic it is

necessar y to examine the questions, connected wit h heterogeneity,

an isotrop y and the viscoelasticity of material. In this case , are

possible two in principle different approaches.

Page 2148.

- r -~— -  — - -— - - -.
—- —— — — -— -

~

—- -

~

---

~ 

- — -~~~- -
_- -

~~~~~~~~~~~~~~~ ~~~~~~~~~--~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



-_ —_ - —--_—---- — ——-——-- —_ ----,..- —‘--_ - —.-. ,-

DOC 7723130 1 PAGE 3

The first — phenomenological — consists in the labora tory
investigation of ready material for the target/purpose of the

determination of its mechanical characteristics and use of known

equations of anisotropic shell.

Second approach is connected with the macrcstructural analysis

of material. It makes it possible to express the mechanical

characteristics of material as a whole by the appropriate

characteristics of its components: bonding agent and fittings, which

makes it possible to predict the properties of composite material

depending on its structural parameters (solidity/loading factor, the

orientation of fittings, and so forth), and consequently, to solve

the problems of Optimum planning.

The com plete system of equations of thin—walled shell consists

of three groups of the equations: 1) the equation of equilibriu. or

motion; 2) the geometric equations of -the shells which ace

derive/concluded on the basis ot the determined assumptions about the

character of strain and significantly are connected with the

geometri c parameters of shell (to choose from of these assumptions

they affect th. property of the ma terial of shell) ; 3) th. physical

eq uati ons. whi ch r elate voltage/str esses with strains and the

reflecting prop ert ies of mat.t ial. In t his grouç of eqsations, finds

their reflection of the specia l teature/peclllierity of the mechanics
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of polymeric material.

The special feature/peculiarity reinforced plastic is the

anisotropy of their deformation properties with low shift rigidity

both in the plane of layers of the reinforcing fabric and between

layers of fabric. Because of this the standard of cell/element in the

process of bending does not remain rectilinear, but beat. For real

constructions made of the oriented glass—fiber—reinforced plastics of

the ratio of Young ’s modulus to shear mod4alus, they can be such, that

even for engineering calculations the failure of the hypothesis of

undeformab le standards becomes necessary.

Direct measurement of the bending of the cross sections of rods

fr om the oriented glass—fiber—reinforced plastics with elongation and

bending is carried out in works (175], where on the basis of

experiments is shown the need for the calculation of rods from these

materials om the refined formulas, without the use Of the Simplifying

hypothesis of flat/plane section/cuts. -

The first, most complete experiments on the stability of

glass— plastic shells with different external loads are carried out by

A. A. Bushtyrkov ( 176— 178). In these investigations the

glass—fiber—reinforced plastic is considered as elastic—or thot ropic

•a terial.
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The carried 3ut experiments confirm the pcssibility of using the

theory of orthotr3pic plates and shells for practical calculations

for stability. Unl ike isotropic shells, the stability factor of

orthotropic shells is not constant, but it depends substantially on

the relationship/ratio of the elastic constants of material.

Page 249.

TO each form of anisotropy corresponds its value both of u pper and

lover critical load. By the investigatio;s of A. A. Bushtyrkova is

clearly shown the effect of the anisotrop y of material together with

the geometric parameters of shell on the critical value of load and

wave formation.

In A. A. Busktyrkova’s curent works (172 ] is used the property

of shells of glass— fiber—reinforced plast ic to accept smal l residual

strains and to retain them for some time. By the repeated load ing of

one shell of glass— fiber— reinforced plastic it was possible to obtain

the values of crit ical loads at several values of the dept h of

initial dent . The results of the carried out experiments attest to

the fact that the theory, constructed on the similarity of initial

mad additional of sagging/deflections. qualitatively describes the 

- _ _ _ _ _ _ _ _ _ _
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results of experiments and that the loss of stability occurs at the

value of upper critical load taking into account initial

imperfections.

A. A. Bushtyrkov investigated also the supercritical

stress-strain state of shells for the target/purpose of the

determination of the breaking load for thin—walled construction and

its supercritical rigidity. This question is especially actual

because fiber glass plastic with short—term loading possess the

al most modern elasticity up to the torque/moment of destruction. By

the mentioned author  it is shown, th at with the aid of nonlinear

th .ory is possible in principle research on the stress—strain state

of cylindrical fiber glass plastic shells in supercritical sta ge.

This is ve ry important in connection with the fact that in

supercritical state the glass—plastic sheJ ~ls can bear the

considerable loads , close to upper critical or more them.

Purther by A. A. Bushtyrkov studied supercritical stress—strain

state of square orthotropic plate from glass—fiber—reinforced plastic

is shown, that within known limits experimental amounts of deflection

will agree well with theoretical and that with the aid of nonlinear

theory eve n in initial approach/approximations completely

satisfactorily is pred icted the character of a chang. in the stresses

is plate (180].
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In the works of Y. S. Gumen yu k , V. S.. Kr avch uk and V. V. Lushik

(181] also is utilized the property of glass—fiber—reinforced plastic

to retain elastic properties durin g compa r atively large st rains. It

is indicat ed that to study the stability pf shell during the

emerge nce of large radial displacements is possible only in such a

case, when the materia l of shell possesses high elast ic l imit, since

otherwise appear plastic deformations.

Page 250.

For the experimental investigation of the behavior of the cylindrical

shell, com pressed along axle/axis, in supercr itical state was tested

shell of the glass— tiber-reinforced plast ic P SPI— 103 (structure

one—to—one) , wh ich retains elast ic properties during defor mations

1—3o/o~ The diam ter of shell 300 m• , length 600 mm , thick ness 1 mm ,

end/faces are intensified by the longitudinal and circular layers

with a length of 40 mm , by a thickness of 44 mm .  Bending

characteristics of material E1 Ba = 2.1.1O~ k g/cmz, ~~ = 0. 2.

~as used the testing machine, making it possible to regulate and to

check the speed of loading and to record/write diagram loa d — the

displacement/movement of end/faces. In the process of load iag, the

shell lost stability with sharp knock. Ihe maxiuu m value of the

L~. - -- ~~~~~~
- —- -.
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applied force was considered upper crit ical force, lower cri tical

force was determined with the unloading of shell. Diagram load, the

displacement/movement of afld/f aces, is qualitatively similar of the

theoretical, obtained for the shell ideal form in geometrically

nonlinear setting, moreover the experimental values of upper and

lower critical forces are repeated with the considerable numbe r of

repeated loadings.

The further t heoretical and experimental analyses of stability

of glass— plastic shells are carried out by V. V. Ivanov, by L. N.

Smetanina, etc. (182, 183) under A. S. Yol’mir ’s manag emen t.

By V. K. Ivan ov it is shown, that the bulge of orthotropic

cylindrical glass—plastic shells during axial com pression represents

by itself dynamic process. Transfer/transition from one state of

equilibrium to another is realize/accomplished by •eans of knocks.

Shells lose stability, fo rmin g the axially n onsymmetr ic

diamond—shaped bulge whose character sharply is changed de pending on

the relation of the moduli of elasticity along generatrix and arc. If

modu le/modulus along arc is more, then also bulges are elongated

along arc, and vice versa. The effect of nonlinearity of orthotropic

glass-plastic shells render/showed sma ller than in isotropic

metaLlic. On the value of critical load, essential effect exerts the

parameter , i.e. , the square root ftom the main normal moduli of

_
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elasticity, divide by shear modulus, i.e., the parame ter, whic h

characterizes the properties of material. With decrease in this

parameter, the critical load grows. Consequently, for an increase in

the critical load it is necessary to increase shear modulus, w hich is

reached by applying resins with the increased cohesive strength and

the increased adhesion to fiberglass. Real critical load is located,

as a rule, between upper and lower theoretical loads. For practical

calculations is recommended the approx imaticn formula.

Page 251.

Experimental and theoretical studies ot the stability of

flexible orthotropic plate with free edges is carried out by L. G.

Butakovoy (1844). Were tested glass—plastic plates 200 x 200 x ~8 mm in

size/dimension of , also, with the relation of layers 1:44. Is

establish/installed critical load and curved of supercritical

detor.ation under the effect of distributed a~ d concentrated loads.

Theoretical calculation is carried out by the method successive

carrying out of with the use of finite differences in electronic

digital computer BESN-2N . Daring the comparison of the results of the

solution with experimental data obtained satisfactory agreement.

All the examined works are carried out w i th  the use of a

hypothesis of direct/straight standards. In V. I. Korolev ’ s monograph 

~~— -~~~ 
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(186 ) is proposed the approximation metho d of the account of the

effect of the interlayer shift/ shears of laminar anisotropic plates

and shells, on the base of this method, is investigated the stability

of anisotropic rectangular plates. Are examined in detail some

characteristic tasks of the stability of orthotropic sandwich plates

and shells with elastic fillers, and also are g iven tasks by choice

of the optimum structure of laminated plastic of cylindric al shell.

V. T. Tomashevskiy (187, 187a) also is focused attention on the

need for the account of the anisotropy of gla ss—fiber—rein forc ed

plastic on the third coordinat e, i.e., it indicates that the limits

Of ~~~ applicability of the hy pothesis of direct/straight standards

in the case of anisotropic materials depend not only on the geometry

of construction, b u t also on the relatioqship/ratio of elastic

constants. Of glass—fiber—reinforced plastics with interlaminatio~

shift/shear, the reinforcing filaments relatively weakly are involved

into work and the effort/forces of transverse shift/shear in larger

measure are absorbed by bcnding agent.

To evaluate the effect of such most characteristic for a

glass— fiber—reinforced plastic special f.ature/peculiarities as

elastic anisotropy and compliance/pliabil~tj with respect to

intertayer shift/shear , was investigated the stressed state of

circular cylindrical shell of glass—fiber—rein-forced plastic, 

---— - - --
~~~~~~~ - — -~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~
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reinforced equidistant heel rings, under the action of axisymietr ic

and column load, is obtained the system of equations of the

equilibrium of the shell whose solution is given under the boundar y

conditions, which consider the consistency of the deformation of

shell and fin/edges.

By means of the analysis of the results of the solution

determined the limits of the applicability of the theory of films for

such type of constructions, is given e val uation of the effect of the

anisotropy O c material.  Since the material is created simu ltaneously

with the development of construction, are given the recommendations

by choice of the optimum schematics of the reinforcement of the shell

of cylinder, which make it possible to facilitate construction or to

increase its bearing capacity.

Page 252.

In recent years attention drew the works, relating to the

dynamjc stability of glass—plastic plates and shells. which are

located under the action of intermittent aoad (188, 1893, in the f low

of gas or liquid (190 3 with the rapidl y accompanying and impact loads

of aperiodic character. The works of the last/latter direction,

carried out under A. S. Vol’sir ’s management/manual (1913, can be

divided into two groups. 

- -  - _ - --- - -~- -~ ~~
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1. With strictly dynam ic load, when process of bulge is

continued during period, considerably larger propagation time of

elastic wave along construction, they disregard wavelike nature of

• transmission of elastic deformations, In this setting are carried out

the investigations of L. N. Smetan inoy (191].

2. Second group of wor ks is related to tasks with impact load,

in vk3.ch period of propagation of elastic waves along construction

let us compare in the course of time prior to beginning of violent

bulge; in these tasks it is necessary to consider wavelike nature of

transmission of elastic deformations. Tbe stability of gla ss—plastic

shells with impact load is investigated bY V. L. Agamirov and I. K.

Saetaninoy [193]. This and other works showed that with an increase

in the velocity of loading are developed the higher forms of loss of

stability and as consequence grow/rises the value of critical load.

Let us further examine the investigations, considerin g the

rheononic properties of polymeric materials.

The problems of the prolonged stability of plates and shells of

polymeric materials are discussed in the review of S. N. Babotnova at

I Rigs conference on the mechanics of polym ers in 1965. 

— — -- --- - --- - -~~ —~~~~ --~~---- - - 
.
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The main directions of development, posing of the question and

the results of the solution of the problems of stability durin g creep

are g&ven in the w orks of A. R. Rzhanitsi ri (195, 196]. of S. K.

Iabotiiova (127, 156],, of S. A. Shesterikova (129. 199, 200), of A. S.

Vol’m Jr (65], of L. N. Kurshin [201, 202], of G. V. Ivanov (97, 203]

et al. They all, however, are related mainly to the analysis of

stability of cell/elements from traditional materials (metal,

concrete, etc.). There is thus far of a little works on the prolonged

stability structural cell/eleients from polymeric materials. In this

connection it is possible to note S. N. Rabotnova ’s report (1944], C.

1. BrIzgalin ’s works [204, 205), E. N. Sinitzin (213), A. C.

Teregelova (2144], p. ~~. ogibalova (207], N. A. Koltunova (207. 2083,

A. Ali—El ’—Kurmani (208] et al.

The study of the prolonged stability of fine/thin rectangular

plate from glass-fiber— reinforced plastic taking into account shift

creep in the plane of plate is carried out by C. I. Brizga lin.

Page 253.

By it is examined the supported from four sides plate to w hich along

two opposite sides is applied the evenly distributed compr essive load

_ _ _ _ _ _ _ _
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with an intensity of P. Creep in the direction of reinforce.ea t they

disregard. Since glass—fiber—reinforced plastic is the material wh ose

anisotropy can be within certain limits changed arbitrarily, is

placed the question concerning the most rational reinforcement of

• plate. If we in the fixed/recorded sense of sides a/b change the

moduli of elasticity along principal directions E1 and E~, then

critical load will be substantially change. it is proposed the method

of the determination of this relationship/ratio between module/mod uli

and a quantity of reinforcement with which prolonged critical load

takes greatest value. It is shown, that the optimum reinforcement can

increase critical load several times.

BY N. A. Koltunov and A. E1’—Kurmanl is examined the

stability of the compr essed in axial direction closed circular

cy lied rica 1 shell, man ufact ured from orth otropic

glass—fiber—reinforced plastic from that which reinforces the fabric

of linen weave. The veft of fabric is directed along generatri x, and

basis — on guide. Is taken into account the linear heredity of

mate r ial in the form of Boltzmann—Voltetra . By - authors kwere obtained

elastic up per and lower critical forces, and also similar expressions

taking into accoun t heredity. It is further noted that the account of

linear heredity decreases the value of critical load for shells of

glass—fiber—reinforced plastic. Is given the procedure of the

determination of critical time and it is shown, that the critica l 

- - - - - - -~~~~~~~ —----- --~~~ --_c-_~~~~~~~
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loads of the shells wko~e material possesses linear heredity , depend

substantia lly on the  mode/conditions of loading, after gro w/rising

with an increase in the velocity of loading.

Such a conclusion is ccnfirmed by the experimental

investigations of shells of some types of polymeric materials.

P. N. Ogib alov and N. A. Koltu~ov [207] studied the stability of

pl ates and shells taking into account of rheonomicity of the

mechanical propert ies of glass— fiber—reinforced plastics established

that the critical sagging/deflections with constant load increase.

The values of “upper” and “lower” critica.~L loads for viscoelastic

shells depend substantially on the velocity of the loading: with an

increase in the velocity, the value of upper critical load is raised.

The problems of cracking during creep of slanting spherical

shells of polymeric materials are solved by Ye. Tungl and Khua n

Nay—Chen in connection with shell of polymethyl methacrylato (209.

2983. In these works determined critical time.

The stability of thin—walled cell/elements from the reinforced

polymeric material s taking into account their •acrostructure is

investigated by V. V. Bolotin and his pipils on the base of the

proposed to them theory of reinforced media (209, 2103.

_ _ _ _ _ _ _  -- - - - -  - - - 
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Page 2544.

The fundamental equations of the theory of the reinforced media

are derive/concluded from the macrostructural considerations,

obtained by means of the reinforcement of certain viscoelastic med ium

by the large number of linear or surface elastic cell/elements of

high strength and rigidity. The stress—strain state of each of the

reinforcing cell/elements is considered taking into account

interaction with connecting material. Further by means of the

operation of smear ing inhomogeneous medium is approximated by certain

energetically equivalent quasi—hom ogeneous medium. This approach is

generalized also for the case when •edium is reinforced by the

slightly bent elastic layers how it is possible to explain the known

experimental tact, which consists in a reduction/descent in the

modulj. of elasticity of laminar glass— fiber—reinforced plastics.

On the basis of the theory of the reinforced media, V . V.

Bolotin and V. N. Noskalenko [2123 derived the fundamental equations

of the theory of plates and shells, made from the reinforced

materials. Is establish/installed also the need for failure of

Rirchhof f— Love ’s hypothesis during the construction of the theory of

plates and she lls, mad e from the medium in question. The aut hors show

~
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commun ication/connection of the obtained by them relationship/ratios

with the theory of anisotropic p lates and shells, and also with the

theory of plates and shells of the medium of Voigt—kosser give

solutions of the stability of shells.

In Ye. N. Simitzin ’s works (213] on the basis of the theory of

the reinforced med ia is investigated the bulge of the flattened rods

and plates from the viscoelastic reinforced material under the action

of longitudinal forces. By variat ional method are derive/c oncl uded

the corresponding differential—difference equations and boundary

conditions (2n equations for rods, 3n equations for plates, moreover

n is a numbe r of reinforcing layers). With the aid of the “principle

of the smearing of energy ” of the system of differential—difference

equations, they are replaced by the equivalent system of partial

differential equations (2n equations for rods, 3n equations for

plates). Are given the precise and approximation methods of the

solution of the problems of the bulge of the viscoelastic reinforced

rods and plates. D. N. Sinitzin it explains the condition of the

applicability of the refined theories of the bending of un iform rods

and plates and it shows that the effect of the deformation s of

transverse shift/shear is more fully considered by the theory of

multilayer rods. In the work is examined the process of the bulge of

rod, which is accompanied by relaxation of initial stresses, and is

emphasized the sig nificant role of viscoelastic shearing strains.

~~~~~~~~~~~~~~~~~
-
__  ___ _ -__~---- -~~~~~
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Besides strict methods of the theory of the reinforced media,

property of the anisotropy of the viscoelastic behavior of

glass— fiber—reinforced plastics, and in particular its low transverse

shift rigidity, they can be taken into account ty the introd uctio~ of

the corresponding kinematic hypotheses. This approach is based on the

construction of the two—dimensional theories of plates and shells

during the use of kinematic hy pot h eses, less rigid , th an

K irchhoff—Love ’s classical hypothesis. By this method it is possible

to obtain not the too complex equa tions, which yield to treatment and

resolution in concrete/specific/actual engineer missions. The

successful hypotheses, which consider the deformation s of tran sverse

shift/shea r, were proposed to S. P. Tim osbenko. Ye. Veyssner, B. F.

Blasov, S. A. Ambartsumyan , N. P. Sheremet ’yev , B. L. Pelekh , and

other researchers.

j n A. C. Teregtalova’s work [2114 ] is analyzed the effect of the

deformations of transverse shift/shea r on the stress—strain state of

plates from the oriented glass—fiber—reinforced plastics in geometric

nonlinear setting wit h bending and in th. tasks of stability. The

deformations of transverse shift/shear are considered according to

the proced ure, pro posed by S. A. Anbartsumyan and D. V. Peshtualdzha n

(215)i. The viscoelastic properties of material with shift/shear are
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described by the linear the ory of heredity, property with elongation

— compression along principal directions they are considered elastic.

Operational expressions for a shift/shear , according to the works of

A. L. Rabinovich and P. N. Verkhovsk ogo , are expressed approxi.ately

• through the appropriate operat ors of bonding agent. By the method of

Wavier and by using the integral operator of S. N. Rabotn o va is

solved the problem of the bending of r ect angular plate under the

action of the evenly distributed load. Assuming that the process of

bulge is the development of low initial inaccuracies, A. G. Te regulov

examined the stability of the rectangular plate, compresse d in two

directions. After accepting for critical state the torque/moment of

reduction to zero accelerations of sagging/deflection , it obtained

equation for determining critical time.

The rheonomi c properties of the broa d class of polymeric

mater ials (glass-fiber—reinforced plastics, Te x tolite, etc.) for the

case of the oderate stresses are described by the linear

relationship/ratios of orthotropic and unifor, material. When the

shift rigidity of plate or shells is sufficient, in the tasks of

stability during creep of plates and shells of orthotropic and

isotropi c materials to admissibly use Kirchhoff—Love’s hypothesis;

ho wever in many encountered in pr actic . cases the shift  r igidity of

.terials is insufficient, in consequence of which standard in the

process of deformatio n is bent , which is led to the need for the

_ _ _ _ _ _ _ _ _ _ _ _  
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account of transverse shift/ shears during the analysis of stab ility

of plates and shells. Deformation propert ies of some polymeric

materials at all stress levels nonlinear.

Page 256.

Whe n us interests onl y the stability of system during its low

deviations from basic condition/position, we utilize the met hod of

the variat ion of the  equation of deformation properties, u sed for the

first time by Vu. N. Babotnov and S. A. Shester ikov (127) .

In present chapter we investigate the stab il i ty of plates and

shells of orthotropic material during linear creep on the base of the

refined ki nematic model of the type of Ti m oshenko and will

establish/install the effect  of transverse shift/s hears on critical

loads . Let us examine the stability of plates and shells of

nonlinear— creeping, initial—isottopic material in cases when

re verse/inverse creep is described by the law of creep wit h loading

and when reverse/inverse creep is descrihed by the law , wh ich differs

from preceding/previous. This inv.stigation~ is carried out by the

integratio n of the different form s of the function of loca l

deformations for the appropriate regions of spher e.

Some experiments to the prolonged stability of cylind rica l 

— — - — - —- --- - - - - - - -
~~~~~

. —‘•-— - •,

~~

- - -- ---~ 
—



I

DOC 7723130 1 PA G E 21

shells of polyethylene establ ish/installed the applicability of the

obtained theoretical relationship/ratios.

§5.2. Initial physical relationship/rat ios, utilized for the solut ion

of particu la r prob lems.

Th e def or mation properties of the broad class of polymer ic

mat erials can be approximated by the relationship/ratios ~f un ifor m,

orthotropic, linear viscoelast ic mater ial.

Page 257.

in connection with the tasks of the stabil ity of plates and  shells

the stresses of .
~~~ 

we disregard ; then we are have following

relationship/ratiss (see fo&mul.as im chapter I, Section 1.2. 44) :

s ii—a siiian+a ituon+f Xi i(I_O)0 11(O)dO +

+ fK1122(1_e)ci22(o)do;

e~~~a~ 11G11

+ f ! (2n2 (I_ o)a n (o) d o ;

- 
(5.2.1)

s,,—aI,,,e,,,. f~c,,,,(s_e)aul(e)de; • 
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t l3~~ OI3t3 0I3+

— a3323o33+ I ~~ (1— 0)023 (0)40 ,

at, altec solving relatively

a u —A 11 ue11 +A 1122 e22 — (f — 0 ) e i i  (8)d O —

— fR 1122 ( t—e)e 22 ( 0) dO;

0ra~~ ~4 2222 e22 +A22 ~ e 11 — f R~ 22 ( t —  0)e2 2 (O)d O—
-~ 0

j

!
R22 u (t G ) e I I ( 6 ) d B ;

(5.2.2)
- 

~,2 = A~2 12 e 12 —

~13= A 1313 e 13— JR1313(t_O)e 13(8)dO;

au—Anneu — f R ,~3 t_ o~~ o~o.

ma ny in practice actua l/urgent cases with creep and di rection

of reinfor cement i t  is possible without essential error to dis rega rd

(15*, 205].

_ _  _ _ _



- .•-•-•- ---,----- —~~~~~ -- —---~• - — - - - - - - - , - - --••-- - — — —- --- ------ - ----—-~--- - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

- —~~~~ - -

DOC = 77231301 P AGE -~W

Page 258.

U one assumes that the d irection of reinforcement coincid es wi th the

di rection of deformations e~, mad e~ f rom (5.2.1) , for th is case

there is:

e12—a1312a13+ (K, 212 (t—0)o, 2 (.0)d O; —

(5.2.3)
= a13t3013 + JXJSIS ( 1—0) o~ (.0) dO;

823 = a2323023+ / O)o23(0)dO , j
or from (5.2.2) :

_ _  _ _  -
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o22 A2222~22+ A 2211€1 ,

a 12= A 1212812—

(5.2 .4)
Oi~ .4 3~3e13 — JR 1313 (1’ —0)2 13(0) dO;

a23 =A 2~ 3823 — fR232s(t—o)e2~(o)de.

For the case when the deformation properties of polymer can be

described by the relationship/ratios of isotropic viscoelastic

mater ial , we have fol lowing expr essions ( fo r  the f lat/plane case) :

(or, — 
~10fl ) + JN (t_ o) (o~ ~o22) d O;

822 11 4 (O22 —
~ LO I l )  + (a22 —~ia11)dO;

(5.2.5)

812 
2( I~f~ ~t ) 2( 1 +~*) fA ’(t— .0)a,2d0 ,

or relatively a,, .

011 1 2  
H (eI , + i *e2 , ) —- 1

_i- 2 fR(1_O) (ei,+~&sn)dO;

~~~~~ 
-
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~ 
H(~~ +pe, 1) — 

2 J R ( t — 0 )  ( e22 +~ 211) d0;
1— i t 0

(5.2.6)

— 

2 ( I + ~i) fR ~~_o e 1 2 o c r n.

Page 259.

The number of polymeric materials possesses nonlinear

deformation properties in time , moreover in m a n y  instances it has

different la ws with loading and unloading. If we are interested in

the stability of system only during low deviations from its gr ound

state, the n it is possible to use the method of a variation in the

equation of state.

In the case w hen the deformation properties of material are

ident ical with loading and unloading, for an increase in the

deformations , we have

6s~J— --~ f f  ~~~~~~~~~~~~~ (5.2.7)

where integration it is sprea d to entire surface of the sp here: 6y~

_ _ _ _ _ _ _ _ _ _ _  
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is increase of the function of local deformations ; 6V~J is increase of

weighting function.

por a mater ial wit h diffecent properties wit h loading and

unloading, ye have for increases the following init ial dependence:

6 j~’~~ f f  (öyx z u ij + vx z ôu s ) ) d s +_ ~ f f  ~~~~~ + 6v jj y~1) ds.

(5.2.8)

Here the f irst  integral is spread to the region of sphere S(~
) , where

it is fulfilled the condition of additiona l charge, by the second —
to region S- with unloading.

§5.3. Stability of isotropic plate.

Let us exa mine the rectangular plate with  init ia l

saggimg/deflect ion , manufactured from isotropic viscoelast ic

polyme ric material , which is subordinated to relationship/ ratios

(5.2.6). Plate is compressed in two directions and on it affect

tanger!tial forces along outline/contour.

Page 260.

Let is introd uce the common assumptions of the technical theory

_ _  
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of the bending of the plates:

a) the totality of the points, which lie/rested up to the

deformation of plate on any straight line, perpendicular to median

surface, remains on straight line, normal to this surface and after

the deformation of plate;

b) are disregarded normal stresses of .
~~, 

on the pads, parallel

to medium plane.

The coordinate plane ICY let us count the coinciding with medium

plane plate, and z axis it is directed down.

Communication/connection between deformations and

sagging/ de flections with the adopted assumptions of the tech nica l

theory of the bending of plates takes the form:

O2we1~— — Z —;Ox2

02w
(5.3.1)

82wei,u— — 22
OxOy

where v — the sagging/deflection of plate; z — the distance of point

fr om medial sirface. 

i __ -- 
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If we sum up elementary torque/moments from an entire

height/altitude of plate, we will. obtain communication/connection

between tocqee/losents and components of the deformations of median

serf ace:

M~ — B!! 
~~~~~ ~ ~~~ 

) + B 
/ 

R (1 - .6) (-
~~ 

— I.~ -y~
- ) do;

M~1.I _ B H ( ’ +~~~~~ )+ Bf R ( t_ o ) (~~~~~ —~ -~$- )do;

(5.3.2)

M~,~~_ ( 1 _ .~t )BH 0° ’ + ( 1 — i t) Bf  R ( t _ O)
Z 

dO;

The equations of the equilibrium of the plate on which affect

ta ngential forces and compressive forces in two directions and which

has initial curvature, acquire the following known form:

a2M ~ O2MX V. O2M V—2 + —
ox2 OxOy 0y 2

/ O~(wo+w) O2(w o-f w) 
_ _ _ _ _ _

— — ‘ N~ + N~ O~ 
— 2N~ 

~~~~~~~~~~~~ 

,, (5.3.3)

where v 0 — the Lnitial bending of plate; N,,N~ mmd N~~ —

_ _ _  ________ ~~~~~~~~~~~~~~~~~~~~~
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compressive and the tangent of effort/force.

Page 261.

After substituting in the equat ion of equilibrium (5. 3.3) values

Obtained above of torque/moments, according to (5. 3.2) , af ter

conversions we will obtain the equation of the flexure Of the plate

BH ( ~~~~ +2~~~:~2 +-~~~. ) _ B hf  R(t—O )~~~-d0+

+ 2 f R ( t — O )  
0 ~~ 2 d 0 + f R ( 1_ O ) .~~~~_ dO ] = (5.3.4)

I 02(w 0+w)  02(w o+w) 02(w o+w )— — ~~ Ox2 + N, — 2N~, OxO~j

Let us assume that the initial sagging/deflection of plate is

d•termined b y the equation

m~v.x . f lnywo— Li Li a,.. sin a 
sin
~V~

, (5.3.5)
~~— I  n — I

where a and b are lengths of the sides of plate.

The solution to the equation of saggiug/deflectjons with

constant external loads let us sea rch for in the following form:

A,..(t) sin 
mnx (5.3.6)

w ,— I ~.I 

-- - — —. —-—-----— —-. - --.-- .-~~ - —---- .—------ —. — — —- ———— -
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~ow the equation of the sagging/deflections of signs the form

BH( -~
.) 4 

~~~~
‘ 

,~~~~

‘ m4A ,~~( t)  +2BH .-~~ 2~~~
T 2 m2n2Amn (I ) +

rn—I  n— I  rn—I n— I

÷BH(~~ 
)4 ~~ fl’4 mn (1) — ~~ ~~~

‘ ~~ T 
( 

rn~ (22 ) 2

r n— I  n— I  rn—I n 1

X f R ( ~_ 0)A rnn (O)d O Nx (~~ )22 ~~~A rn— I  n — I

-
~~
. )2 ~~~~ 

~~2 [A m,, (1)  +a~,,,]+

+2N~, -~~~~

- 

~~~ ~~
‘mn [a mn +A mn ( t ) J c tg  rn

~~~ ctg .~!~~~.
tn — I n— I  (5.3.7)

for deter mini ng any coeff icient A,.~ (I) series (5~3,6) let us
accept nucleus in the form of exponential dependence , Sometime s
utilized for description creep of the pol ymeric materials:

H—E I(1 1)

! ( ( 1 — O)  e Ha 
—

. (5.3.8)

lb. resolveat of the taken nucleus it will be

— 
H— E 

~~~~~~ (5.3.9)

~ 

- -
~~
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Mnder these assumptions f  or determining coefficient A~.~ (t)  we

obtain the following differential equation:

~ ~~~~ Nm,, ).4,,,,, (I) + (iV ,nn11 N,,,,, ) A ,,,,, (1) — Nmn amn = 0, (5.3.10)

where I m \2 1 n \~ mn miix nj ty
~~~~~~~ J+Nv IC~ ) +2N~~—~.ctg 

a 
c tg —-— ;

m 2 ~~~~2 2

Nrnn M BH3I 2 {(...... ) + (-s- ) I
Nmn~~ = BEn2 [( .~~~~ )2 + ( f 

)2 ]2

B7 solving of equation (5.3.10) under the initial condition

N,.~M N ,.. (5.3.11 )

we obtain dependence for the arbitrary coefficient of a series

(5.3.6):

Nmn arnn
+

N
N “

~~ 

I..

________ — 

Nmn J l N mn 
)e Nmn h’_N miu 

(5.3.12)

Page 263. 
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During satisfaction of condition Nmti<N rnn1~ the rate of the

increase of sagging/deflections in time attenuates, when N~nA<N m,<N .*M

the velocity of sagging/deflection grow/rises. wheu N,,n_NmnM the

sa gg ing/de flection goes to infinity with t = o, when Nmn Nmn~ 
the

sagging/deflection grow/rises at constant velocity.

§5.~. Stability is circular cylindrical shell of orthotropic material

during creep with the use of a kinematic model of Kirchhoff — Love.

We will consider a round cylindrical shell, compressed along by

the forming constant force N10. The properties cf material (in

planar—stressed state) let us accept in more gene ral view, than in

the preceding/previous paragraph: let us assume that the shell is

made from orthotropic material according to dependences (5.2.2).

At zero time, let us give to shell disturbance/pertur bation in

the form of low initial sagging/deflection of the axisymmetric form:

~~
. miu 

(5.4.1)

it is j n,eatigated the fut t her behavior of sagging/deflection. The

state of shell will be stable, if initial sagging/deflection

decreases, and unstable, if initial sagging/deflection in time

-

~ 

.- - -~~~~~~~~~~~ -- --- -- -_— -—~ -~. -i_----- - -~~i~~~—_— _
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unlimitedly increases. Since motion durin g the creep of the ma terial

here sufficiently slow, inertial forces we disregard. In the

disturbed state for  a shell besides physical relationship/ratios

(5.2.2) we have eq uations of equi l ibr ium and consistency of

deformations (with Kirchhoff—Love’s taken hypqtbesis):

O~M , ~~H ~~M 2 02w N2
Ox2 +2~—y+ 0 2  — N io -~-j -+—~-=0; (5.4.2)

O2e~ 02e2 02y I 02w
— 

âxây (5.4.3)

Let us introduce the function of the stresses

N1_ oh4!2- , N,iuu o~h 
~~~~~~ , ~~~~~~ .~~~~ 

(5.4.4)

Page 264.

Since the form of the bulge of shell is axisymmetric,

effort/forces in (5.4.2) depend only on coordinate x. For N1 we have

the expression
1.5i1 I

h~ O’2w h~ O2w h~M1_ f  q~zdz— —A 11 -~~~~
- -

~~
-

~- —A 12 _~~~~
. —~-+-1~~f  R~~i—o x

~~~~~~~~~~~~~~~~~~~~~~ (5.4.5)

It is here taken into account, that s,1— — z— , $~~~~— Z — , s12 — — 2zdx~ dy’ ôxôy
mre eccepted the matrix notations of im~~c.s.

_ _ _  -- T:T~~ T T .  ---- .
~~

_ --‘ --.-_-.
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From (5.4. 2) we obtain

-
~~~ -~~ -—A 11 -~~~~~~~ 

-
~~~~
. — -

~;-/ 
R~1(t—8 ) .~J.d8÷N~0 -p-. (5.4.6)

,Acceptimq i1, (t — 9) in the for m of exponential R 11(t — e) =

1/n 11 Xi4 ,e~~~~, I pass from integral equaticn (5. 4.6) to

differential :
1 1 . h3—~ p~~x~ + — A ,, ~~~~~~ — N 10w~~~ —

Iz~ 1
— — . . —...— (A , 1 4 11) w ~~~~~~~~~~~~~ (5.4.7)1 ‘i~~ ~~i i

Utiii zing further in the equation of the consistency of

deformations (5.4.3) physica l relationship/ratios (5. 2. 1) and
introd ucing the function of stresses, w~ have

(5.4.8)

Is here considered , that with az isymmetric form all variables depend
only on coordinate x.

P r om this equation wit h ~~~ (t — 0) a -~--a’e~~~ and pass to

differential:

O’ç a ~~ +a,, 0”, h f -~ h f!__~0~ (5.4.9)Ox” a~ a~ Ox” Ra~ Ox2 cz22a22 R Ox2



~~~~~~ . - _ ._-‘~~------
_--  . -  

~~~~
. .-

~~~~~
- --_ .

~~~~~
_ .- —~~

--- ._---- -—_

DCC = 77231302 PAGE -1

Page 265.

zlimieatiag from equations (5.4.7) and (5.4.9) 0 and takin g into

account that

m~v.x_ — — f (—I sin
Ox’ ‘ 1 ’
O”w Im ~~\” m~~ 5 10.. ....

~ .f 
~

—
~
_j  sin ; ( .4. )

f,fl~1~
2 m~xsin

for f me obtain the eqaation

(5.4.11)

where
a,— n, i ( a :+ a,I) —~~ a,,

+

a , =D + -f L f .±_ RA 1, (-~~) 6 _ R ( ~!-) ” N , o ;

ao~~
_! [ D÷_~~R (A ,, A. ,) (-~~) ‘—R N 1 0 ( -~.) ” ]

~fl~22~ I I  A A’n, i (a ’,,+a~,) —a~a~ I. 12 ,
~, I’ ~~ ~j ,  +

h 1,1\2 R /~~~~~~“
+ Ru,,a,, ~T/ — ‘

~~~~~ 

N,0
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The general solution of eqeation (5.4.11 will be

—, C,e~’1 + C,e” , (5.4.12)

where r,,1 are roots of the characteristic .qwstion

a,r2+a~r +a o—0. (5.4.13)

C, and C2 are determined by random initial sagging/deflection

and its speed. So t hat the amplitude f of random sagging~deflection

in the course of time would vanish, it is necessary that all roots of

characteristic equation (5.4.13) would have negative real parts.

Page 266.

Whole root of equation a0 + a,r • a2r2 • .. • a,,r~—0, according to

the criter ion of G urits, will ha ve negative real. parts only if all

de tersina~ts

a, a0 0a , a~D , — a ~, D,— . D,— a3 a2 a,
a3a2 a1 a4 a3

are positive. Por (S. $.13~ this conditi on will ta k, form a~ > 0, a, >

0, a 1a 1 > 0 or last/latter, since a, > 0 it is possible to replace

wi th condi tion a2 > 0.

Prom condition a1 ) 0, we obtain the instantaneous critical

force (which is 9c.ator than prolonged):

N,o <D,,
~~~~~~+ R~~~(~~~

)_ N oM, D,,—A ,,-~~ .

~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _~~~
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Liter cospar L ng coefficients a 3 and a0 and taking into account

that A ,,a-.A,,_A .,,<A ,, we are convinced of inequality a1 > a~.

coma.~memtly, it ssff ices to examine condition 8~ > 0. Fro m the

latter we obtain the limit of th, prolonged stability

h~ X2 Ii I
~~~~~~~~~~~~~~~~~~~~~~~~ (5.4.15)

where

~~~~~~~~ —A ’,~; anA~~a’n+a22 ~ m~R

Thus, if the applied to shell •tfort/fcrce N ,0 is less th an the

limit of prolonged stability ~~~~ that state of shell stable,

since the low random initial sagging/d eflection in the cou rse of time

disappears.

For obtaining the  resultant expression of prolonged critical load

(5. 4. 15) one skosid minimize k. Afte r minimization for ~ we have

- ~
2_ VD ~~’ ; D,,A_ A ,,,, 1L_

~1.. (5.4.16)

- — -— — — —--- .— — —~~~- ---- - -
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§5.5. Special feature/peculiar it ies of the mechan ical prop erties of

glass— fiber-reinforced plastics and their effect to choose from of

ki nematic model during the calculation pf plates and shell s.

The examined , until now , problems are solved with the use of a

hypo thesis of un deformable stan dar ds; however , th e limits of the

applicability of this hypot hesis in the case of anisotropic materials

lust be establish/installed especially.

Page 267.

By the basic special feat ure/ peculiarfty reinforced plastic is

the asisot ropy of their defor m at ion properties with low sh ift  cruelty

both in the plane of layers of the reinforcing fabric and between

layers of fabric. Because of t~iis the. standard of cell/element in the

process of bending does not rema in rectilinear , but curves. As shown

in some works (175, 186), for real constructions made of oriented

fiber glass plastics of the ratio of Young ’ s mcdulus to sh ear modulus

they can be such, tha t even for engineeriii g calculations fai lu re of

the hypothesis of the undeformabl e  standards becomes necessary.
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Direct measurement of the bending of the cross sections of rods

from the oriented glass—fiber— reinforced plastics with elo mgat iom and

bending is carried out in work [175], where on the basis of

experiments is shown the need for the calculation of rods from these

•aterlals on the refined formulas without the use of the simp lif yi ng

hypothesis of flat/plane section/cuts.

~ecent].y in Soviet and foreign authors ’s works , is gi ven much

attention to the expla nation of the real character of the

stress—strain state in shells and plastics without the use of the

simplifying hypothesis. Kirchhoff— Love. One Of the approaches in

this direction con sists in the applicat ion/use of strict mathe matical

methods [216—219 1. by the second is based on the construct ion of the

two—dimens ional theories of shells and plates dur iag the use of

kinematic hypotheses, less rigid, than Kirchhoff— Love’s classical

hypotheses. By this method it is possible to obtain not the too

complex equations, which yield to working and resolution in

concr.te/specific~actual engineer missions.

The first successful kinematic model, coming out beyond the

framework of classical hypotheses, was shear model, S. P.

Timoshenko’s used as early as in 1921 to the task of traneverse

-— - - -— ---- ~ -~~~ -- --- - - --~ - -
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vibrations of beans [299]. According to this mode l, the standa rd in

the process of deformation remains rectilinear, but normal to

deformed median surface.

Important space toward the general ization of the classica l

theory of the bend ing of p lates was con ducted in 1944 by Ye. Beyss ner

[300], who , on the basis of the semi—inverse method of bri nging,

assigns the linear law of d istribu tion according to the thickness of

the normal part of the stress tensor.

rha p ossible general ization of Ye. Be ysssner ’s works, is show n

in A. L. Gol’denveyzer’s articles (220) and L. Ta. Aynola [221 ].

Other theories of the bending Of plates, which consider shearing

strains, were pushed forward by B. F. Ylaso’ (222), G. Gen kya (301 ].

by A. krom a (302], P. Ilakhdi (303] at al.

Page 268.

S. A. Ambartsumyan (223—225 ) during the cc struction of the

generalize c~ theor ies of anisotropic plates and slightly curved she lls

also proceeds from the semi—inverse method of bringing, howeve r,

un like Ye. Reyssner, it will assign the law of a change in shearing

stresses in thickness.

- - - . _ _ _  

- - — .—- - —~~~
. 
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The fur ther  development of the varia t ion of the theor y of she lls

of Timoshenko ’s ty pe we f ind  in N. P. Shereietyevo Airport’s works

[226 ). 1. Ta. A ynola (227) and others. I placed question a bout

obtaining within the  f ramework  of this theory of the ~
- 

-

relationship/ratios of the joint of deformations. The final version

of these relationship/ratios is given in (228. 229].

Subsequently during the investigation of the effect of latera l

flexures on the stability of plates and shells, we utilize the

ki nematic model of Timoshanko ’s t y pe, developed in articles (230—232 ]

as sufficiently acceptable for application/use in engineer ing

Calculations.

During the an alysis of stability of plates, we will  use also the

developed in (231] unif ied model of Timoshenko ’s t~ pe, which makes it

possible to satisfy some conditions on the b oundary planes of

plate/slab z ±h.

- - - - - .  - - - - -  - .  -. --- —-- -- - - 
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§5.6. Geometric and static relationship/ratios for shells with the

use of a kinematic model of Timoshenko’s type.

Let us examine shell by the thickness 2h whose median surface is

assigned/prescr ibed by equation r = r (a. ~
) • where a, ~ are Gaussian

coordina tes. To each point of median sitface N (a, ~) corresponds

trihedron of uni t vectors T~&. T~~1 — tangents to . and ~ line.. n

the vector of standard. Let us accept t~. following kinem a tic .odel

of the def or mation of the shell: let us consider that the rect ilinear

fi laments of shell , normal  to median surface up to deforma tion ,

remain rectilinear, also, in the process of deformation , witho ut

experience/testing over their entire length of elon gation and

compressions, but the y do not remain perpendicular to deformed median

surface. This hypothesis makes it possible to consider transverse

shift/shears which is necessary for glass— plastic shells in

conn ection with their low shift rigidity. First this hypot hesis is

proposed in S. P. Timoshenko ’s wor ks ( 299 ] and later it is dev eloped

by other authors (227—232, 300—303].

On the basis of the taken hy pothesis of the component of strain

- -  —-~~~~~~~~~~~~~~~~~~~ --~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - - - - -  - —
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of shell on equidistant surface, are copnected by components of

strata in media n surface by the reintioaskip/rstios

e .,~— e,,,~+zx 1 ; e 0~—e~~+zx, ;

e ,..e~~+zTi+zt, ; ean —e~, ;  e’~a — e~n,  (5.6.1)

where i ~~ i

1~ dB
B O~ AB~~ J YX .

— ~~~~ ~~~~ + 
1 Oy1,

AB O~
‘iv 3B z

Oc~ B ô~
1 áwe~~=y ~+—--__ .. -

A ôc~
I owe0~

Page 269.

aet. Yx and ‘i — a r e  angles of rot at ion of normal  f i lament in planes aft

d fin.

For strain in median surface, we have in the, case of th. task s

of stability the follovimq equation of the consistency of the

strains: Iw t ~~~ I I I t ôe,~ e0 dA~~
~~~~~~~~~~~~~~~~~~~~~ o~

+-
~
- (-

~ ~~~~~~~~~~~~~
+ 

e~ OB I O(Be) ~~ ~ 
c3 r e~ OB

A On A ~~
O(Ae..) 1 562

B O ~ B O B  J 
( . . )

— ~~~~
- —.--=~--~ .—

.- 
— —

~~~ .—~
—---- 

~~~~
— —- ~~
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The equation s of equilibrium take the common form. After the

examinat ion of the C~ S~ of moment — less ba~jC state (transverse load

is absent),, w• hay , the following relmtiomsbip~ratios:
88N 1 — N,+-~~~ +-~fS—O; (5.6.3)

dAN 1 
~~~~—N 1+

0
~~ +-~~-S=O

;
Oct Oct

I I OB Q~ aAQ2 \
o~

— — (N ioac~+N,ox:+2SoX) ;
OBM, OAH OA OB

+ ~~

OAM 2 OBH OB OA
+ 

~

Pa ge 270.

unt il now , ate given the relationship/ratios of the l inear

theory of shells, which make it possib le to investigate st abil it y am

—- ——- — 0~~~~~~~~~ ‘~-~• - - -~~ -—-—---— - - ------- - — — - -—— -

_ _ _ _ _ _ _
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low”. The co.plete solution of the proble m of stability, w hich

involves approach to it “in large”, can be given, as is known, only

fro. the positions of nonlinear theory.

Let us give the fundamental  principles of theory of t inoshenko’s

type , which relate to the shells Of large Sagging/deflection. Let us

pr oceed from the si.plified version in wh ich the shell is considered

slanting, at least within the limits of separate dent. Let us accept

therefore A B = 1. The initial curvatures of median surface let us

designate through k1 * 1/B, and k5 -= 1/Be and accept them for this

section of shell as constants.

Let us relate median surface of shell to orthogonal Saussian

coordinates a and ~. For strain in equidistant and middle surfaces

for the taken model, we have following relationship/ratios (226,

2293*

e1~,—ei i +zx 1 ; e~~—en +zx, ;
e10— ~i,+2zx,, ; e,~—, 13 , £Øn p23 , 

(5.6.4)

where

I IOw ~ 2

OU I IOw~2
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du ciu Ow Ow
— . Ow Ow

— Oct Oct tangential strains ; CI3 ’i~z+ 7 .  £23 ’iB +~~~~ —

shearing strain ;~~~_±~. ~~~~~~~ ~,_ ~Y~+±!_ the neural st ra ta . of
act o~ a

median surface; u, v, w — the displacement of the points of media n

surface in directions a, ~, z, correspondingly, a y~ and ‘i, — the

angles of rotation of standard.

Page 271.

For by strain in median surface are kncvn four equations of

joint (229 ] from which for the tasks of stabili ty it is substantial

one:

k k 
d~t1, d~eii 02e22 den Oe%3

X3+ 2X1 — 

Octd~ 
+ + o~

2 —k1 .-
~~~~~-- ~~~

— ... L (w w) (5.6.5)

r o 2 w~~w I d 2 w~~
2

where ~~~~~~~~~~~~~~~~~~~~~~~~~~ I

k 1 —-~- , k, —-~— .

Examini ng glass—fiber—reinforced plastic as uniform, ortkotropic

materi al and disregarding its creep in the direction of

reinforcement, we have following ph ysical relationship/ratios

- - -

~

---
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a 11 —A , 111 e11+ A11~ e~~: a,,Annen+Anite i t ;

T,2 = A 1212 e12— f R i2 i2 ( t —0) e 12(6) d B;

t13= A 1313 e13 — f R 1313 (t_ o) e 13( o)do ; (5.66)

~~~~~~~~~~ / R,3~(I—O)e,s(O)d.O.
After integration (5.6.6 ) for the thickness of shell we obtain

follosiag ex pressions for effort/forces and the tacsse/ O ents:
T1 —2h (A 111 e, +A 1~~en) ;

(5.6.7)

S=2hA 1212 e12 —2 h f R, 212 ( 1— 0) e 12 (0)dO;

2h3 ( Oy~M , ’.— ~-- ~A i1i i ~~— +A uit ~ --- ,;
r (5.6.8~

M2_
~~~(A 2m~j ~

LfA Ii i i ~j’!) ;

H_ A 2 2~~~(~~~+~~~)_ ~~~~~~~~~~~~~~~~~~~~~~~

Q1’.~A 13~,2h (y ~+-~~
. ) —2h JR 1313(t— .o) (v~+-~~-)do; (5.6.9)

page 272. 
- Q3— A~..~2 h (yp +_ ~~ .) _ 2h f R,,,~(t_ o)  (vs+4 - )a.

Iffort/forcis and torque/momenta are must satisfy the equations

- - -_ ------------ —---- -~~— —---—~~~-— ~~~~ .— ---- -
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of the equilibrium :

0T1 OS OT, OS

~~~~~~
I ~~~~ I O2w ’~ 02w OQ~ OQ,
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~

02w 02w 02w—T 10-~—~-+ T2o-~~ -+2S 
0~ 3~+q; (5.6.10)

0M 1 OH OM , OH
—+—— Qi ; —+—— Q2 ,On O~ O~ O~

where q — transver se load; T,~~. T10, S0 — subcritical momemt—less

effort/forces.

usual, let us introduce tjie function of the voltage/stresses:

02FT1 —-~~ -;  T2 - ~-j - ; S_
ô~ö~, . (5.6.IU

System of equations (5.6.10) and the equation of consistency

(5.6.5) then with the use of relationship/ratics (5.6.6)—(5.6.9) is

reduced to the follovisg final form:

I O’w ~ O’F I O’w~ O2F ~32F ô2w
~k 1+~0~ I -~:~i-+ ~k,+-~~- I~~J 

_2
o~,~ o~o~ 

A 1s122hx

x(-~ -+~~ )+~ I~1~’_~ (-~~~÷-~~~)de_

~ 

~~~~~~~~~~ ---
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_Azan2h( 
~~~

— +
~~~~

-)  +~~ IR2~~~~~~( -
~~~~~

-+-
~~~~~

- ) —
- 

02w
— T,0 -~;T+ 120 —~~-+2S0 0 ~~ + q;

2h 
‘A 

Ô2y~ 4 
O2y~ \ 2h~ I O2y O2y~1111 221I O~~~ J 12I2~~~~~\ ~~~ ~~~~~~~ —

(5.6. 1 2,a, b, c, d)

~~~~~~~~~~~~~ fR i ~is (t _
~~ ( ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

— 2h J R 1313 (1—0 ) (ya +~~~~~~~ )do;

2h3 
_____ A 

c12y~ \ 
~ 

2h~ ( O2y,~ O2y~
3 ~ ~~ + “ i ’ OaO/ ~~ ~~ ‘212 T\ OctO~ 

+ Oct2 —

—
~~~~~~JRI,I2(1—0) ~~~~~~~~~~~~~~~~~~~~~~~~~~~

2h

I~~d~F l O P  1 O~F_____ —

—k 1 .~~~~~~~~ 
— k2 - - + - ~ — f  I()2i2(l O)

o~~w~ 2 dO=

— —  4L (w,w).

Disregarding in (5.6.12) nonlinear terse, vs obtain the matching

syste m of the linear equations of the stability theory of anisotropic

shells taking into account the strain of transverse shift/shears.

Ibe non linear and linear reeslvt.g systens of the stability .1

plates me will obtain rssp.ctively wit h k~ — • 0.

— 
--——------- ---- -
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§5.7. Relationship/ratios of the stability of orthotropic plates on

the base of the generalization of Timoshenko ’s kinematic model.

Let us generalize the obtained above results and use to

stability analysis the theory of pla tes, which makes it possible to

sa tisf y  some conditions on the boundary planes cf plate/slab.

Following (231 ], let us record the basic kinematic

relationship/ratios of the theory of plates, which considers not only

rotation, but also the bending Of standard.

Let us examine plate by the thickness 2h whose medium plane is

referred to the orthogonal system of coordinates x, y. Let us assume

that the filament, normal to mediu. plane up to strain, in the

process of deformation is turned and is bent, without

experience/testing shortening and elongation (i.e. e~~0); noc mal

stresses a, are coasidered low in compar ison with oth.r stresses. In

this field of th. displacement of plate/slab, we determine by

formulas (231]:

v_ 01+zy,0 +z*vT+z ly,T ; (5.7.1)

w-. wO.
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lire Vx° and y~°— are angles of rotation of filament in planes xx and

us at the level of median surface. If we the indicated dependences

are restricted lin ear relative to z to terms, we will obta in the

variation of the theory of S. P. Timoshenko’s type (231], according

to who m it is accepted that the normal filament in the process of

deformation remain s rectilinear, but normal to median surface.

Coefficients UT, UT, Vx T, y w T let us determine from boundar y

conditions (2313.

$7 sa tisfaction to boundary conditions for shearing stresses

— !x,* T,zJ z—:i * Tpi~ (5.7.2)

we obtain following convenient formula for coefficients indicated

above in the case whe n shearing stresses on the lateral surfaces of

plate are ..sl to zero (231]:

I I Ow,\
— -

~~~~~~ ¶~y~°1+—~—— I ’ uT_ 0;

y ,T ii — ~5
!~ (y,

(.)+~~~~~, pT _Ø (5.7.3)

_ _ _  
-- -~~~~

- —
~~~~ -~~- - - -—--—~~~ - - - . - - - - -~--~~~- -
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Page 275.

In work (231] are obtained the expressions of the indicated

coeffj.cients also for the case of assignment on the boundary planes

of the tangential components of displacement, also mixed boundar y

conditions. However, these expressions subsequently we will not use.

The given formulas show that, unlike the classical theory of

plates. Kirchhoff, here the tangential displacements u, v of the

arbitrar y point of plate, removed from medium plane along the normal

up to distance z, generally depend on z nonlinear. We note also that

unlike the classical theory of the thin plates here the attach ment of

all points of middle plane (for the target/purpose of the

non—admission of any displacements and rotations in space) does not

lsad pla te to the state of undeformable body.

Utilizing the obtained above expressions for displacements we

obtain the rela tionship/ratios of strain in the equidistant plane: 

~~~~~~~- - - - - --~~- - - ~~~
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z3 j O y~ 02w
~~ — e11 + zx1 — 

~~~~
-

~
- 

~~~
—

~~ -— +

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (5.7.4)

z3 I O’~ Oy~, 02 w
eS~=el2 +2zx 12— —~—+—-——+23/12 Oy Ox OxOy

I z2
e~ =e1s ~~l — 7 ~

I z2

vkere Ou I I O w ~~
2

— I
Ox 2~~ Ox I
thi 1 I O w ~~

2
e22=—+—— (

i

—  )
Oy 2 Oy
Ou Oc, Ow Ow

— .

~~y Ox Ox Oy
Ow

Ow

~ci~~- f ~; c,~~— ! . ;

Page 276.

on the strength of assumptios .,_.~!W _o us will obtain
Oz

~-~~~~ -- -------- -- ~~~~
-—— -

~~
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~~~~
-

~~~~ -—-- ----- --- -
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w — w ( x ,y ) , (5.7.5)

i.e. just as in the classical theory of plates, the displacement of

any pp int of plate in the direction z does not depend on x and for

all points of this normal cell/element equal to the normal

displacement w at the appropriate point of medium plane.

AS physical relationship/ratios let us accept expressions for an

orthotropic material with rheonomic properties. will be here taken

into account as earlier, only shift creep of interlayer shift/shear

and shift/shear in the plane of layers of the reinforcing fabric. In

this case, it is accepted that in the fiber direction cree p from

normal stresses is absent (5.2.4).

Calc ulating the values of imterna l .ftort/forc.s, during use

(5.2.4)  we will ha ve:
M X _± ( D~±~ +D 1 ±L)  _ + (D Z~~~~+D l.~~~ ) ;

~il~=~~ (D~~~~+o1±~) —

02W
5 Ox O!1 / 5 Xv 0j~~~~~

— .
~
.B f O2 ( t_ o ) (±~..÷±.Vi. — .

~--~5’_)do
; (5.7.6)

~~~~~ G,,h (Vr+~~~~) ~~ h f
’
ãis(t_ o) (

~+~~) dO;

Q,—-~ c,,h (~,+~!)_ ~.hf ôfl ( f ...e) (y ~+~!.) d. 

—— - - -  - -~~ ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ . — - —
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Here

2A 1
~

1h
~ D1,~ 

2Am2h3; 
Dx

2 1
~~; ~~1_

l~~~ & ;

Page 277.

Utilizing further an equation of equilibrium (5.610) and of

colsiatemcy (5.6.5) with k1 — ka • 0 and introducing the f unction of

atress P by formulas (5.6.1 1), we will obtain in summation, the

following resolving equations of task: 

- --- ~~~~ - ~ -~~~~~~- -
~--—_ --__- ---_- _ _ _ _ _ _ _ _ _
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d’w~~ F O2w O2F O’w O’F
Ox2 Oy’ + 0y2 Ox2 2 OxOy OxOy —

A ~ I 3 yx O2 W 
-

—

— ~~ J R 1313 (t —O) ( 
Uvx

+~~~ w )~~~~~~A 
4h (

~~÷

— -~_ h fR232s(t_ 0) (- ~~-÷~~ -) dO=

02w 02w
OxOy +.q;

2h~ ff ~ 
~
‘A 

O2
~x A ~

2Vx \ ~~vv 1
3 Lt~~~ ~ Ox2 ÷ 1212 Oy/ ~~ 

+ (A 2211 +A 1212) OxOy J —

I F  O~w O3w U
Ox3 + (2A 1212 + A2211 ) 0 0 2  fl —

—-~~_fRI2l2 (t—O) [-~
.( ¶~~ + ~~~ ) —

~~~~~~ ~~ Oy2 ] d o =
(5.7.7)

— -~. hf  Rist3 (t_0)(yx+.~~~)dO;

2h3 f F 4 1  02YV A 
02Vii \ 02Yx.—

~~
--. t[1’t’~”” 0 2  + I211 

‘3X2 / + (A ,212 + A2211 ) 0 0  
—
;

~~~ 
]} —- ~

.
~-f  R121,(i—

F 4 1~’v~ 
02 V v \  2 d’u.

~ LI ~OxOy + Ox’ / — 5 vlx’dy 
do—

+-~~~~
. I~13~— O)_o~~ ,, dO— — .

~~
. L(w , w) . /

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

4
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Page 278.

equations (5.7.7) compose the complete resolving system of four

iat.grodif fere .tial equations of relatively three unk nown func tions

I: W, ~~ y,.

For the linear case, eliminating n~~~inear terms, we will obtain

relativ, to three functions w, Vx, y~, 
tie folicuing system:

~~~~~~ +G 130 +G2s0~j_ f  5is°(t_

—0) ( yx +— ~~
. ~~~ fG 230(z o) (Y v +~~~~~) 

d o — N  
O2 (W o÷w)

OxOy

+ (D 1+ 2D ~~)
0~~~, ] w —  ~ - Bf  G13 (t_o)( 

0
~Vx ____

— .  ,
~~~~~~ ) Io_ G 3o(~~+P~_ ) + / G13°(1 .O) 

(yx +

(51.8)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~ 
— -~- [ D ~

_
~~~÷

+(D 1+2D 12)~~~~~J W_ ~~ B f ã 11((_ O) ( ~~ + —

— k ; )de_G,3.(,÷!L) + fa ~ .( 1_o) (~
+

+— dO —0.
I
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Page 279.

Here

G~0 _ 4hG~ (i—1 ,2L

Equations (5.7.8) compose the complete resolving system of three

integroditter.atial equations of the relatively three unkn own

functions w, yx, y w, limitedness of which in time determines the

stability of plate.

During the s3lution to concrete/specific/actual boundary— value

Eroblems to the resolving integrodifferential equations of plate, one

should connect boundary conditions.

For example, in the particular case of hinged support for edges

boundary conditions are satisfied, if unknown function wit h the

following form:

w~~ (1) ~~~~~~~~~a b

(5.7.9)

ax ~vw ’x’(l) ~~~~~~~~~ -a b

L -
~~~~~~

- ---
~~~~~~~~~ 

_ _ _ _ _ _ _ _ _ _
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?aking into account (5.7. 9) system (5.7. 8) will take the form

a~ f ( t )  +a~,~~(1) +a Isb ( t )  +~~ !I3+—~- I23— _ N ( .~_ )  (f+f o) ;

a,1f(1) +anX, (1) +a~b (1) +.
~ — BI I3+I~3—O; (5.7.10)

a , 1f ( 1)  +a uX i (1) +a33b(t) +-~
--

~
- B112+12 3 0 ,

where
/i3 G13°(1 0) [Xi (O) +—f (O) ]dO;

;23 f a 23 ( t_ o)  fX2 (0) +~~f (O) } dO; 
-

‘I2 j a I2 O ( Z O ) f ( ~~y~ I ( O) + ~~(0)~~ 2ab2

( i= l , 2) ;

aIz~~_ G l3o(_ . ) G23o ( ’ ) ;  a12=_ -!LG13
0 ; aj s =— _

~.G23
o;

a21 =_ [ D~(.~
_) 3 ÷ (D I+2D~~) ..f

~..] — .!~ G13°;

— Dx (~~~
)2÷D1~ (~ 

) 2]  —

a23~ —

-_  -- -~~~~~~—~~~~~~~- - - ~~~~_ - --~~~~~
-_ - - - - - _ . -~~~~~~~~~~~~~ - - _ - ~~~~~~~~ -- - -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~
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Thus, we will obtain the system of integra l equations.

Hereditary function must be accepted in accordance with ex periments

on the analysis of the deformatiop properties of material. The

stab ility of plate is determined by limitedness in time f ( t ) , Xi (t)

aad~,(t). that , in particular, can be in vestigated wi th the aid of high

spe.d calculators (example of the solution of a similar pr oble. for

geometrically nonl inear slightly curved shell will be given below).

If the experimental data of the properties of materia l are

described by exponential nuclei, then the system of integr al

equa tions~ (5.7. 10) we convert into the system of the differential

equations of the following for.:

1—u f+aI2x +~~isz2;

x —a2I!+c~nxI+~z2sx3 ; (5.7.11)

Xl cesi! + nssxi + USSX,,

where the coefficients a
~~- by known form are expressed as the

constants of the deformation properties of material, the geometric

parameters of shell and subcritical effort/forces. For the

determinat ion of critical loads to system (5.7.11) are used Uurwitz’

criteria.

_ __- :- __ i_ - - _ _ --- . _ —
~~ 

_ -—- -~~~~~~~~~~~ —_--- ~~~~~~~~~~— -----—~~~~~
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Page 281.

§5.8. Cylindrical bulge during creep Of orthotropic plate. Limits of

the applicability of Kirchhoff—Love’s hypothesis.

We investigate the cylindrical bulge of plate during creep

taking into account the refined theory of plates, examined into §5.7,

according to which the field of the displacement of plate/slab is

determined by tie d.pendemces:

U U O + ZyxO+ZI UT+z eiizT ;
uO+zy~

0+zlvl+z 3yvT ; ~‘~~~i° 
(5.8.1)

Taking into account the fact that creep of some

glass— fiber—reinforced plastics little is developed in- the direction

of reinforcement, for ~ we utilize Hooke’s law, taking into account

oply shift creep in plane xz (material ortiotropic):

~~~~ e1—E’e1; o~ —G ,,y~ — / G13 (I—O)y~,dO. (5.8.2)

For this case the flow properties of glass—plastic plates cannot

be described with the aid of the model of Kirchoff according to which

in the tas k ii question we obtain only ipatantaneous Euler critical

force Tm; tie process of loss of stability in time here it can be

in vestigat ed osly with the aid of the refined theor y of the  bending 

- - --~~~~~~~~ ~~~~~~~~~~
-
~~~~~~~~ - ---- -- ---- ~~~~~ --~~~- - - --—-~~~~~--- - - - —-~~~-_- - _ -_ - -_ ~~~~~~~~ --



- —---- -- —— —~~-~ -~ —

DOC • 77231302 PAGE -3*

of plates.

In or der to calculate interna l torque M~ and transverse force

we utilize dependences for the field of th e displacement of

plate/slab in the case of ti. cylindric al bendimg:

u — zy~~+ z3yzT ; W — (5.8.3)

where
I !  OwT .. _ __ ( O.~~_

3h2 ’~~ Ox

Taking into account tie fact that

Ou OYx° O~~ T

Ox Ox Ox

and
- Ou Ow Ow

i.t us compete M~ andQ :

M~_—tD~~YL - -

5 Ox 5 Ox? ’
(5.8.4)

Q~.’-~- G 3h( ~ o+.±f~) — 

4~hf  G15( 1_ ~ ) ( ~~o+±~~) do,

2E ’h3
where the th ickness of plate/slab 2h . D~— -—-~--- .
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Page 282.

The equations of the equilibrium of differential cell/element as

the compressed force T50 of plate with in itial sagging/deflection w,,
with cylindrical bending has ti, form 

- -

OM~ - — ~ i.! ~~~-+ 

a2wt1~)  —0. (5.8.5)
Ox ~~~‘ Ox IO~~ Ox2 Ox2

After substituting (5.S.N) in (5.1.5) , we have

4 O
~yX ° I ö~w (02 w O2w~o \

Ox2

4~~~ (O Vx°~~~~O’t~ )— i—h f  G13(t — 8)  ( ~ ° +.~ -)do _

—0. (5.8.6a ,b)

In the examination of the hinged support of plate, we take

axw—f ( 1 ) s i n - — ; ww f ~ 5j n __ ;

(5.8.7)

- 
&ft.r accepting G15(s. e) i~ tie for,  of the exponentia l ~ s s ( 1—O) ..

— taking into account (5.1 7) an~1 after eliminating free

system (5. S.6 x(t)~ for th , amplitude of sagging/deflec tion f (t) 

- —-----— --_ ~~~~~~~~~~~~ — — ———- —--_ -i~-— ---- _----- - - - - - -_ _- ----- -_-- — - ------ - -~ . -~~~~
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me obtain

,~ G ,,h — [-
~
. ~~~~~ 

(
.a) 2  + 1] T IO } 

~
+{ -~-G DI,h—

— f 5  GDl3h (a~~ 1
TIO )!_ f 

~~~~
+ ( .  ) 2]

~~~~~

(5.8.8)

Page 283.

If f unction f (t) is know n , then for computation x(’). accordingly

(5.8.6 a) ,  we hay, the follow ing linear dependence :

D~n 
[ .-~~D~(..~. ) — T 1 0 } f ( t ) _ . ~

_ 
D~

Z 
T10f ~~. (5.8.9)

it is sol ved (by 5.1.8) under the initial condition

TM - (5.8.1O)~

_______ 
TnTM — 

~~~~~~~ ~~~~ 
—

where tk. critical load of elastic task taking5 G15~aj ainto account tra nsverse shift/shears. Her e Tn_ Dx(4 critical

load for the plate in que stion without taki ag int o account of
transverse shift/shears (in this case is possible only instantaneous

it is elastic loss of stability). 

-------—-— ,- -- -~~~ - - —--- ——--—-
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After solving (5.8.8), we have
TA —T 1,

f ( t ) 1.s+(!o — f4e T~~— T,, n , (5.8.11)

where — sagging/deflection with t

1’3 T3
2 Eh2 (n ~2 = 3 T3 

— 
-

1+
i~~~~~

\ — ,  ‘ 4 T a ~~~
— prolonged critical load taking into account transverse

shift/shears.

Prom (5.8.11) it follows that when Tj o < TA the

sagging/defl.ctions in time attenuate (steady state ) , and when
TA< Tl,< TMtie rat. of the increase of sagging/deflections grow/rises ;
when TIo ’uuu’ TM we ha ve instantaneous loss of stability.

Let us estimate error app earing as a result of the disregard of
shift/shea rs in plane xx and of ti. dis .gar d of ti. cr..p of the
ma terial: TM.— T3 2 / h ~2 E’ 

-

“ TM~~~~~~ °°~~~
=ik~~~~) ~

..~n2 10O%;

— T,~— T3 2 / h  ~ 2 (5.8. 12
‘I ~ 

_ I00%__~_) — a’lOO%.5 a GAls

_ — 

-__i__i — -- —_-~- - _~~~~~~- .. —.—. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Page 284.

Computations show that transverse Shift/ shears one should
consider for cell/elements with f lexibi l i ty to 30. Errors (in 0/0) ,

that appear with the disregard of transverse shift/shears, for

cell/elements by flexibility to 30 are given in table 5.1. 

~~~~~~~~~~~~~~~~~~
_ _ - -

~~~~~~~~~~~
—- .—-- - - - - -  — -4
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Table 5.1. Errors from the disregard of transverse shift/shears in

0/0.

r

______ _~~~ ~ 10 
/ ~~~ 

40
10 3,0 5.0 10,0 20.0 40,0 60,020 0.8 1.3 2.5 5.0 10,0 15.030 0,3 0.6 I • I ~ 2,2 4,4 6,7

Key: (1). or.

§5.9. Stability of orthotropic cylindrical shells during creep taking

into account the strains of transverse shift/shears.

We investigate the stability of orthottopic shells during linear

creep taking into account shift creep and strains of transverse

shift/shears. It is assumed that the standard to median surface of

shell in the process of strain does not remain perpendicular to it,

but it is turned at some angle, without experience/testing

elongations — compressions and without bending (kinematic model of

Timosher~ko ’s ty pe). This model, as is known, makes it possible to

consider shearing strains, not taking into account of the classical

theory of kirkhgof a — Love’s shells.
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1. If we consider glass—fiber—reinforced plastic as orthotropic

material and to disregard its creep in direction of reinforcement,

then we will obtain physical relationship/ratios from (5.2.n).

According to the taken model of the deformation of shell, we

have the following geometric constraints between strains on

equidistant and median surfaces:

e11 — e,1+zx1 ; en—e~~+zx, ; (5.9.1)
eis—et, + 2zxis ; e1$—!1 3 ; e~ —e~s,

moreover

Oy
~, 

O~ x Oy~, Ow
K1 — ~~~~~~~~~~ K3 — -~~

— . 2x1~ — -
~~~~

— + —b—- , e,~ — ~x +

Ow (5.9.2)

where ~ — strain in equidistant surface;

— strain in med ian surface;

VP • the angles of rotation of norual fila ment in p lanes is

—- - - 
- 

~~~~~~~~~~~~~~~~~~~~~~
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a~d yt.

Page 285.

Pot strains in median surface, we have equation of the
continuity ;

+ — + ~~ + ~~~~~ 
— k2 

.-k , 

0e33 

(5.9.3)

ii. equati ous of th. equilibrium of the differential
cell/element of shell will be:

- - 

OT , OS OS 0T2—+—— 0; —+——O ;Ox Oy Ox Oy
OQ, OQ, 02w 02w O’w

~~~
—+---

~~ —k 1 T, —k 2T3— T ,,----~ —T,, 0 2  —2So â~ô
O;

OM , OH OH aM 3 (5.9.4)

Ox + 
a

where the expressions of internal effort/forces taking into account

(S.2.~ ) and (5.9.5) take the form 

- -
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T1— faJJdz..2h (A i i, j , , , ÷A ,,2 e~ ) ;  r2 _f  oz,dz—2h (A,~~+

(5.9.5)

s =f  ai~~z=2hA~2j 2 e, 2— 2 h / R 1212( t— 0) e13 (0)dO;

M1 =J a~i zdz _
~~!~_ (A 1111 

Ovx +A OYIJ )

M2_ f ø~~dz_ .!~ _ ( A 2222 -~~~÷~4 , 11 , .~!L) ;

— 
_
~

.
~
_f R , 212 (f —

Q I . f TI3dz .. i4 I3lS2 h(y ~~÷.±!
) _ 2h f Risi,(1—O) X

x 
(vx +~~~~~~~~~~)do;

Q2=f r23dz =A 2323 2/i ( Yv+ _
~~-)  —

_ 2h f R2
~

s ( :_ o ) (~?W÷ ±~L) d o  

-

_ _ _ _ _ _ _ _ _ _ _ _ _  - - ----- ----- - - A
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Page 286.

Here 2h are thickness of shell.

Following the mixed method and representing the tangential

effort/forces T3, Ta and S through the function of stresses F, from

relationship/ratios (5.9. 3) and (5.9.4) we will obtain four

fundamental eguatioms relatively unknow n of functions F, V 9 ~x and Vv.

into which will enter the integra l terms:

JR,,, 2 (I—o) (~~+~ ) dO; 
I 

R1313(t_0)( ~x +_~~_ ) d 6;

(5.9.6)

fR3~ 3 t_ .o (~~ +-~~ -) de.

If we eliminate from the obtained four equations function F, and

then to give to shell disturbance/perturbatio~ in the for, of low

initial deviations (sagging/deflec tion and angles of rotation) , for

exampl e in the for m

- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ____ ________ - -~~~~. - -
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max . nay m a x  . nayw _ f s l n __j_ sIn _
~j _ ; Vx~~xi cos —j—- sIn --7--- ;

(5.9.7)
- 

. max nay
‘a 

Yw X2 S~~ COS

and finally to pass (with exponential nuclei) due to integral

equations to differential, we will obtain in summation , for resear ch

on the development of strains and process of the bulge of shell in

time the system of the fo r m

f =a i if+~ ,s~i +~,,x,; z —u~f +xnx +~ ssxs ;

X2 -’aslf+a3,XI+a3312 , (5.9.8)

wher e ~ are coefficients, by kuown form the expressed as the

constants of the deformation properties of material , geome tric

parameters of shell and effort/force Ta o, Ta,, S0.

Page 287.

For the determination of prolog~ged and instantaneous critical

loads to obtained system (5.9.8) are used Hurwits’ criteria.

2. Let us examine stability of circular closed cylindrical 

~~~~-_- -“-~~~~~~---- . - - -

L _~~~~~~~~~~~~~~~~~
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shell, by compressed along forming force Ti,. At zero time, let us

gi ve to shell disturbance/perturbation in the form of low init ial

sagging and angle of rotation of the axisymaetric for.

max max
Sifl ; Y x X  COS (5.9.9)

and it is investigat ed the furt her b.hevi•r of sagging/def lection.

Let us int roduce the function of stresses P and satisfy, thu s, to the
first two equations of equilibrium (5.9.4):

azh_ T ~_!~$.. ; a,,h — T 5—-~~ -; (5.9.10)

where ~~. o~, ~~ • the membrane stresses of shell.

Eliminating in three last/latter eqUations (5.9.4) Q3, Q, and

takin g into account subsequently, that all values depend only on

coordinate i taking into account (S.~ .5) we have

2h~ O’y I 02F 02w—A ,,,, — - -— — — — T ,.—0, (5.9.11)
3 Ox3 R dx’ Ox’

ar~~ro. (5. 9. 4) taking into account (5.9.5) —

I
_ _  _ _  _ _ _ _ _
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2h~ 0’ Ow

~? _A 13132 h (y ~+_ ~_ _)  —

R,,,,(l—o) (Yz+_~~ .) dO. (5.9.12)

Ptom the equation of the consistency of strains (5.9.3) taking

into account (5.9. 2), (5.~ .1O) and

(5.9.13)

~e hcw e.

1 O~F 1 d ’ w
j ~~assn -~~~~- — ~--~--~-—O. (5.9.14)

Page 288.

Set/assuming
I—.

R,,,— A ,313—B ,31, (5.9.15)
a,3

and after eliminat ing from (5.9.11), (5.9.~12) and (5.9. 11) F and ‘YE,

we obtain for f the following egmatios:

(5.9.16)
where

_ _
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ma i n  2h I l V  1 1a , —A ,3152h —4A13132h .~—-~ -
~~~
-— k— ,  

— — T .j  +I u11 .~~ a~~~~ ma ma
I I 2h I ma ~+ — — — — — Ti o) ;R2 a33.,~ ma I

ma I F I  2 h 1  j~~~3 1 1a0=B ,313 2h +8 ,3132h _

~~~~

_

~~~~~~~~~~~~ 
—) — T,0 +I D,, R2 Qf l23 ma ma

I I 21z I ma+I~— — —— - —— T1,R’ a,,,2 ma I
2.4,,,,h~1) ,, —

Let us note t hat I aid )~ 
are com..cted linearly:

i f  I 2h 1 1 ~ 3 II~~ 1
— ~~~~~~~~~ (5.9.17)

The initi al sagging/deflection w will not grow/rise in time, if
are satisfied the conditions

a ,> 0 and. a.>0. (5.9.I8 a , b)

From (5.9.18a) we Obtain instantaneous critical force taking

into account the strains of the transve rse whift/shears:

T,,M ..__
D,, -

_+ 
2h maR 

(5.9.19)
~~~~ a,1,,?,,’ I

1+ ~~~~~~~~

2hA,,,5
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Page 289.

flifli.izing (5.9.19) on )‘M, we have:

4D,, r
411 2D,,h

~ 
a~~,A,3~3R2

— 4D,, 8/i 
~
‘ D ,, ~2 (5.9.20)

R2 ~~~~ 2hA ,313R2 /

Prom (5.9.18b) we obtain prolonged critical force taking into

account the tra nsverse shUt/shears:

‘A
2

+ 
2/i 

2 
(5.9.21)

~ )~ ~~~~LJ~ 
-

~~~~~~

+ 2hB ,,,3

4D,, 
± 
4 ii 2D,,h

2 
a3258,313R ’ R~ ~~~ 5922— 4D,, 8/i I D ,, 

‘ 
(

~~2 a,,n~~2h8,s,,R2 I

- 
— —-- — —~ -.- ~~~~~~~~~.. —__- —
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For the case — the stability of cylindrical shell — the process

of bulge in tine and prolon ged critical load in question cannot be

investigated with the aid of kirkhgofa — Love’s model , according to

wh ich we here Obtain onLy instantaneous critical force T,03. ik,

process of loss of stability in time in this case can be investigated

taking into account the strains of transverse shift/shears.

Assumpt ion about th e absence of t ransve r s e shift/shear s (kirkhgofa —

Love’s model) c~~ responds to the accsptemce of infinite shear moduli:

that, according to (5.~.19) and (5.9.21), it is led to the

instantaneous criticti force

1’ 2hT,,’—D ,, -~ -+ a,,,,12 (5.9.23)

- ‘ .T . - _______
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where afte r minimizat ion for 5 vs have
R22h~~ (59.24) -

3e For illustrat ion let us take numerical example. Let us

examine the cylindrical shell, manufactured fro. the

glass— fiber—reinforced plastic, reinforced along generatrix and in

transverse direction, with the following characteristics:

E , .EA , 111 —200 0O0 ,~ / CM 2~,”~ E,~~J __ =IOO OOO gca/ CM2 ;
‘I 

a2m (1
G 1 3—A ,313—5000 Ice / CM 2 ; G,~~—B ,313= 1500 I ce/ cM 2 .

Key: 41). kg/n5.

Page 290.

Geometric characteristics of the shell: H ~ 10 cm , h = 0.1 cm.

If let us accept kirkhgofa — Love’s hypo thesis, then we will

obtain onl y instan taneous critical force according to (5.9.23) and

(5.9.21): TI0’— 3Z~ kg/c.; ),2 • 122.

Taking into account transverse shift/shears, we obtain

inataataneous (S.f. 19) and prolonged (5.9.21) the critical forces:
T .M _ 300

A 
kg/cm and ‘~M’ I 39; T94 23l kg/cm and )~“268.

_ _ _ _ _ _ _ _ _  _ _ _ _  _ _ _ _  

- .~~~
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Let us estimate the errors, permissible as a result of the

disregard of the transverse shift/shears:

T IO
9_ T IOM

1~~~~~9% 
T, 0 — T~~ I00~~38%.

Thus, the dis regard of the phe nomena , connected with transverse

shift/shear, in certain cases is led to essential errors.

§5.10. Stability of orthotropic slanting spherical shells with large

sagging/de flections tak ing  into account the strains of tra nsverse

shift/shears and creep.

We investigate stability during creep of slanting axisymmetric

shell with a ra dius of a, loaded by the azisymmetric transverse load

p. In this case, is considered only interlayer shift creep, and also

cree p in the plane of layers of the reinforcing fabric. Let us

examin , the sagging/deflections, commensurable with the thickness of

shell, and strain component let us accept low. Nondeforaed median

surface of shell is accepted as so slanting that it is described by

the nonlinear relationship/ratios of circular plates for the bent

state, s.ucetoi, however, that that in the initial unloaded state in
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the shell of stres s and strain the y are absent [298 ]. Let us coupose

the initial equations of task taking into account the adopted

assumptions.

1. Eq uations of equil ibrium of flexible circular plate ta ke
following form [6* , 298 ]:

from projections of forces i~ radial direction

(5.I0.la)

also in vertical direction

2r +N r !_+_
~
_ fprdr = 0. (5.I O.I b)

Page 291.

Equation of molent balance

- (5 .I0 .ic)

Let us pass to slanting, Circular cross—section shell and
describ, its deformed surface by the expression of the warpe d surface
of flexible circular pla te (Fig. 5. 1) ( 2~$J :

W—— (y— w) — w—y . (5.10.2)



________ 
-~~- - --- —- - - - - ---- — —~~~~~-- ---- - - — - - - -- — - - --.- -- -

~~~~~~~~~~
-

DOC • 77231303 PAGE 1-~

Here y is an ordinate of nondeformed median surface of shell; v — the

sagging/deflection of shell.

Equations (5. 10. la) and (5. 10. ic) will remain previous, and

instead of (5. 10. l bj we ha ve

~~~~~~~~~~~ +-~_ fp r d r .~0. 
(5.10. 1 d)

2. Geometric relationship/ratios. Let us examine two versions of

the account of transverse shift/shears.

a) let us assume tbat the filament, norma l to noridefor.ed median

surface, in the process of the deformat ion of shell only is turned ,

without experience/testing elongation — compression. For th is  case we

have the following geometric Constraints between strains on

equidistant and median surfaces (229] :

er —r, +zx r ;  e,— e~+zx ç ;
(5.10.3 a, b , C)

here ,e 1 are strains of equidista nt surface;

— the strain of median surface, moxeover

- - - - -  —— ——. .~~~~~~~ - — - .--— - - —~~~~~~~.-— - - - — — . —~~~—~~~~ . - - — - -

_ _ _ _  _ _ _ _ _ _ _  _ _ _ _ _
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ãu 1 I o w ~~
2 Ow ày

~~~~~~~~ 7~~~~~7

U
=

erz —~~~~— — y r ; ~~~~~~~~~ x,.. _ -~j 2~, (5.I0.4 a.b.c, d, e)

where v~- is an angle  of rotation of standard.

Page 292.

After eliminating from (5.10.4a, b) displacement u, we will

obtain the equation of the consistency:

Oe, I / Ow \2 Ow àye,—e,— r -i—_ j -
’

—i-. / — —~~~
—-

~~~~
— . (5.10.5)

b) t ak ing  into account also the bend ing of the norma l filaments

of str ain on equivalent surface will be (expressions of the  strains

of median surfac. will remain previous [230 ]) :

e —e‘ Or 3h ’’Or ’ Or ! ’

e,—e,—-~— ;  (5.10.6 a, b,c)

I z’~ lOw ~I z’ 

- -~~~~~ --- A 
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3. Physical relationship/ratios. As in the precedingfprevious

paragraphs, it is considered only shift creep of interlayer

shift/shear and sh ift/shear in the plane of layers of the reinforcing

fabric, after considering that in the fiber direction cree p from

normal stresses is absent:

t,,=G,3e,,— fR~,(t -_o)er,(o)do; (5.10.7a, b, c,d, e)

t, = G44e~— f Rrz (~_ o) e~2 ( e)a ~o;

r,2 — G~e,1— f R,1(t—O)e,~(0)d0.

Taking into account (5.10.3) the expression of internal

effort/forces, is taken the form

M—  fa .zdz_ _ !
~~(A 11 ~j -~+A 13 -!-);

M,_ f o,zdz_ — ~ ._ ( Au !! +A i,~~~) ;  (5.10.8 a,b,c)

----- - - --- ~~— - -  - - - - - - - -—-- - -~~~-- -~~~~~~ -~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Qr f Trz dZ 2hGrz ( ~~~~~ y r)

—2h

Page 293. Upon consideration of s trains , according to (5. 10.6),

we have th. following expr essions of iate rmal .Uor t/forcesz

M 2~ 3 J ~ ‘A 0
~’ 

y, 
~ 1 1  O’w

~~~~~~~~~~~ 
1 +A i v j -~~-~ A is 

a~’ 
— .

l O w  -
—A 1, ~~~~~

_ ;r Or

M,__ i
~
_ {
~~ (A u*+A ,~~~~) 

_
~ -(A~~~~~~ +

~7
Q,— ~~~~~~~~~ —~) — R,,(1—e) (-

~~
_ —

~~~)~‘e

(5.10.9 a, b, C) 

— ~~~~~~~~~~~~~~~~~~~~~~ 1~~~~
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4~~ Resolving equations of tas k we will obtain , ut i l izing in

equations of equilibrium and consistenc y physical

relationship/ratios. We determine normal effort/forces by the

functjon of stresses F in the form

N,”1; N,~~-~/— (5.10.10 a,b)

and by this we satisfy the equation of equilibrium (5.10.la).

Equations (S. 10. lb) and (S. 10. ic) let us present in the form:

—Q, +N, O ( w — y )  +_!~

(5 . l 0 . l la ,b)

~~~
r
+J.(M,...M,) +N d(w.-y) 

+- Jprd r— 0.

—- —~~ —- _~~~~~~~~~~~_ _ ._ _“~~~~~~~~~~~~
_ 

____  ~~~~
- - .- .

~~~~~~~~~~~~~~~~~~~~~~~
- - —

~
- -

~~~~
-- -  .

~~~~~
--—-— A
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Page 2914.

a) during the use in (5.l0.lla , b ) of physical
relationship/ratios, according to (5.10.8), when is considered only
the rotation of standards, we have :

2hGrz (yr _ _
~~ - )—  

0 —j’) 
~~ _2hf R~z( 1_ O)(yr _

_ _
~ _ ) d o — 4,- fp r d r =o;

2h’ 
~ / 

O~~P, I 0Yr \ yr ] F O (w y)
—~---

1
A 11~~ O~2 7 r / _ A 22-

~~- J _ 7  Or +

prdr — 0.
0 (5.l 0.12a , b)

Further in the equation of consistency (5.10.5) we utili ze

physical relationship/ratios (5.10.7), solved relative to the

compo nents of tensor of the st rains:

(5. 10. 13 a , b)

- - .  - -  -

that it leads to the expression

I l Ow ~‘ Ow ày .  I r F I OF ~ F
j -

~~~~

-

~~~~~~~/ ~~~~~~~~~~~~~~~~~~~~
(5.10.14)

The obtained expressions (5.10.12a) . (5. l0.12b) and (5. 10. 111)

they compose the complete syste. of equations of task of relatively

--

~

-—- —----- - - - -- - --—

_ _ _ _ _  _ _ _ _ _ _ _ _ _  _ _ _ _  _ _ _ _
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three independent variables: w, y and F.

b) the resolving equations with the use of geometric

relationship/ratios (5.1O.6a, b, C) we will obtain during

substitution/replacement (5.10.9a)— (5. 10.9c) in (5. 10.lla , b);  the

equation of consistency (5. 10. 111) it remains previous :

+hGJ.z ( y r 4 )  
_~~~~/ R~~~~ o _ ! ~~~~b8_

- 
- J~ 4 (w — y) . _ !f p r d r u.0;r Or r 0

2h~ 4 1-_
~_{-~.[A 11 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(5.J 0.JSa,b)

~~~~~~ +-~-A~~ ¶~ —
~~~~~~

- (A~~—A~ ) .
~ -}}  —

F O (w—y) - 1 (
——_ _ _ _ _ _ _  — — i prd r— 0.r Or r~

Page 295.

C) let us note that, utilizing in this task kirkkgofa — Love’s

mode], we obtain only elastic solution, since here is not considered

________ ______ 
_________ _____ 

~
i.
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interlayer shift creep. Utilizing in the equation of equilibrium

(5.10..llb) of the exptession of internal torque, calculated under the

assumption of the nondeformability of the standards:

2h~ I O’w I Ow
M r~~~~~~j~~~

A i i  Or2

~~~~~~~~~~~~~~~~~~~~~ ~ ~ 

(5.10.16a.b~

we obtain together with (5.10.1l~) two resolving equations of the

task: -

2 h 3 d 1  02 I O ~~ 1 2 h ~~F 8’
~~~~~~~~~~~~~~~~~~~~~~~ 

w+__-
~
-
~[ ( A I I _ A2I) _ áT —

— (A~~_ A 12 )_ !~
_
~_ .] ~_L. — prdr — O.

In this case, after assuming the i~finite interlayer shift

rigidity of material, we obtain the high values of critica l loads.

5. Node/conditions particular task of stability of slanting

spherical shell with constant, evenly distributed load p. For this

case we ha ve (rig. 5.2)

(5.10.18)
r O r  R
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We utilize kinematic relationship/ratios (5.10.3) and (5.10.4).

The inertial forces let us disregard, since this is led to the

distorted results only in the zone of cracking where the rate of the

increase of sagging/deflections has considerably more

preceding/previous stages (233].

Page 296.

We approximate dimensionless quantit ies AL,, !!., and ‘Yr by the

following polynomials:

A 11a’

.
~LCo+ Cip+C2p2 ;

y,—go +g1p+g,p’,

(5.10.19 a, b, C)

where
a

The constants of polynomials (5.10.19) let us determine from

boundary condit ions. In the examination of hinged support, we have:

I



T1T 
-___

96
DOC = 77231303 PAGE —�6

u—w—M ,—0 when r—a; 
(5.10.20a)

wN, N ,, ~r’ 0 , ~~~~~0 with. ~~r (5.10.20b)

From condition N,—N, with r • 0, we have —b 0—O. rca. u !,._..”O
me have u ( r —a )  I r OF(r — a)  ,, F ( r —a )  1

r +a r

whence b~— — b , 2a,+a”

If we designate ba = b (t) , we will obtain

F —A i1a’(p —a ~) ph (1) , (5.10.2 1)

wher e 
_ _ _ _ _

a~ + a

Fr om condition Ow(r ; 0) 0 me have C1 • 0v pro m V. obtain c0
= —C2.

Page 297.

Alter designat in g C 0 • c (t) , we come to

~ 

--— —‘— - - -  --
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w~. a ( I—p !)c ( t) .  (5.10.22)

From y4r • 0) • 0 we have ~~ 
= 0, while Itca

Mr ( r_ a ) _
~~~[ A ii 

0y( ~—a) 
A

~e obtain g1 = g2 A , whet. 
______

jf we designate g~ • g(t), me come to

y,— p ( p — A ) g ( t ) .  (5.10.23)
For the determ inat ion of the functions of time b (t) , c (t) and

9(t) w~ app ly to equations (5. lO. l2a) , (5~ 10. 12b) , (5.10.111) bubnov —

Galerkin ’s method and is passe d to dim.ns~Lonlesa variable ~ • r/a: —

_ 2h f ~~( t_ O)  (yr _ !~~~~ ) de+!~~ } dp = o; 1 -
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ )_A 22:, ]—

— [_ L ( _L _
~~..+a ..

~
) ~~~~~~~~ ] } dp=0; (5.10.24 a, b, c)

P — I’ 1 / Ow ~2 p Ow 1 r I I OF p 02F
j p ( p — a ) ~~~-j ~ -~--J +-~— + ~~- [ a , - -+-- - —

—a ,.-!- ] } dp_ 0.

~~~~~~~~ —
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Sub sequen tly let us examine shell of the monotro pic material:

1 E
0r (e,+ve,);

E.
‘ 2  

.(e,+ve,); (5.10.25 a, b, c,d, e)

T?l
~~~~~
Gn’YrZ~~~

. 

1 t_ 0 0
~

0.

Page 298.

Exper imental data are described well by nucleus in the form,
proposed by lu. N. Rabotnov [156, 197]:

G (t—0) ~ Gs (1_O)a 
r I (k+ l )  ( 1+a)] (5.10.26)

After integration from system (S.lO.-24a, b, C) taking int o
account (5.10.21)— (5.10_23) we have:

____ 
_ _ _ _ _ _ _ _ _ _  

_ _ _ _ _ _ _ _ _ _ _  

I 
-

~~~~

_ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~

-~~~~~~~~~~~~~~



93-
DOC = 77231303 PAG E SO

I A  2 \  I E a l a  2~~~aG~ —4- — —n. j g ( l) +1Gc (t) — — ~ —~ -~
. _ -

~ -J ~ -b (1) +

+4~- (- -~~) c wb o + -ff ~
-_  / G (t—O)X

x [(4__ ~.-)g(o)+~~c(o) ]do=o;

—2h~ I A  I \ p I A  1 \ a t / A  I \~

— 

~~_ k ) }b t _2 [;($_ .
~
.. ) ._ ( ~__L)] c ( t) b ( t) 0;

b(f )~~
.
~.j._

4 5  
C(1)__ ~.-!~-_ ~

_ C(1)~ . (5.10.27 a,b ,c)

Page 299.

after solving system (5.10.27) relative to c(t) with t = 0, we

will cbtain equation for the solution of the instantaneous—elastic

probl n. necessary for the initial condit ions:

Bc(0) ’ — Dc (O) ’+Hc (O) —A~~ (5.10.28)

- ~~-— - ~~~~~~~~--- -------—-- —-—--- 
~~~~

- - - —--- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —~~-
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A_ ( .A__ J ._)~~
3 4 1  

— 
cE

4 15 (.
~
i ...L

~~4h3 l6h G
‘2  3 !

I A  2 \1~~I A  1 ~I A I ~ 1 4  I a ~2

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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4 I5RL ‘3  4 / ~~4 5 / J h 2
I a  1 \ ( A  I

~~3 4/ ’ 2 3

2 ’~~
’ ’~ 

2~~~ 4 5 E
— 

R~~4 1 5 / —a 1
3 4

I A  2 ~~a F I A  1 \i-A I \ 1  2 h l a \ 3

a l
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Ps~~ 300.

Zi t~* sp cific caa. of a Ucl•aa (5.10. 26) vith ~ * O~ after

assesiag ~~—— J - sad G . ~~~± (szpoaemtial nvcl.na) fro. syste.
SI SI 

-

(S.1~~ 27), after solving its r. 1at iv.l~ C (t) and after pas sing to

disensionless t ins r t/n, ye obtain tke nonlinear differ ential

sq nation B’c (r) 3— D’c(r) 2 +H ’c( r)  +3Bc (r) 2c ( T) —2Dc (r)  c ( r)  ÷
+ Hc( r)  —A ’~, (5.10.29)

A’ I~ 
2 \ 3 4  a3 a E

‘4 11/ ~~ . 4h3 L 6 h G 4 ’

I A 2 \F  ‘— I A  I t i  A 1 ~i 4 I a ~2B’=~~T_ ~~ -fl  ~~~~~~~~~~~~~~~~~~~~ X

4 5 ( a  2 \ 4 4  5 Ex - - ‘ T f ~ / T-
( a  I \j ’ A l \  a I
~~3 4 / ’ 2  3 /  3 4

IA  2 ~r— i A ~ t~~ ( .~ 1\ 1 2h a3

‘S •
~~~~~ —
a i a I
4 5 a l a  2 \ 4  5 Ex - - ~~~~~~~~~~~~~~~~( a  L \ ( A  I~~ a I

‘3 4 / ’ 2 3 1  3 4

, (A  2 1 m g — I A  I~~ ( A  l \ l 2 h a ’

- - - -  - ~~~~~~~~~ - -

- —  — .  ~~~~~~~~~~~~~~~~~~~~~~~~



_______________________________________________ —

DOC — 7723 1ó02 PAGE -~~~~~

_ _ _ _ _ _ _ _ _ _ _  

h a  2\Ia l ’2T 5 E Ix - L~~T T ~~!~~~~~~/ i  -
I a  l I l A 11 .f.. _ ! -

3. ‘

Page 311.

Vot the caa vh.a uith v — ~(t) — 0. vs obtaL~
d•p.a4s.~~ for Mt.rni.Laq the aaggiag/~~flctiosa of abel 1 vitb tb.
long effective load:

A’ .~ B’c3— D’c3+ H~’c.
(5.10.30)

6. Nunerica l solution of partic.lat task. Let us accept the

follov ing geoi.tric para.sters of shell (Fig. 5.2): S i  a 0.07; a/k
10 ; SIlk a 1005; a/B 0.139; 0 a 0.00; vs tak. also the

..ckaaical characteristics of sonotropic naterial

(glass—fib.r—reintorced plastic): E a 200,000 kqf/ca’; £/~ — 30i

150$ y — 0.1. Tb. coefficients of squstioss (5.10.20) (3.10.30)

— — — _______ ---- ——
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with the taken val ues of geonetric paralet.rs and the characteristics

of natorial acquire tks following values:
A—87238; A’—86 190;
8—3293,7; B’— 3248,5;
0—519.64; D’—510,2; (5.10.31)

H—8 ,29; H ’—7,82.
Instant aneous—elastic s~gging/deflections and

sagg ing,ideflections in the case of the long effect ive load whe n v — —are obtained according to expr essions (5. 10.28) and (5.10.30) . The

obtained peak load s can be call/flaled instantaneous and prolonged

cr itical loa ds. in this exaaple prolonged the critical loa d on h alo

lowe r than instantaneous. Equation (5. 10.29) at the values of

coeft~.cieats (5. 10.31) ~as solved on B E SM- 2 .

— -~~ -~~~~~~~~~~~ - -—-- -~~ _
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Fig. 5.2. Slanting spherical shell and its basic geometric

paramete rs.

Page 302.

Were undertaken the following values of the dimension less

parameter of the load: 1.71.10 ’; 2.31$.10 1; 2..71.10 ’; 2.78.10 ’;

2.80.10 7 ; 2.92.10 7 ; 3.00.10w’. Solutions (5.10.29) at the taken

values of ~ in the ton, of graphs are given in Fig. 5.3. From these

graphs it follows that with the loads smaller than the prolonged

~~it icaL, sggiug~ deflectio rs in time are stabilized. When the load

5i<p<pM tke sgging/deflections grow at the increasing velocity; in

this sass fro. the obtained graphs, it is possible to calc ul ate the

critical ti.. whic h is determined by conditional point on graph c —

V.
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*5.11. Stability of cy lindrical shell during the nonlinear creep of

the material.

The broad class of polymeric materials follows the n,nlinear

laws of creep ( 1514]. For the analysis of stability of cylind ri cal

shell, let us accept communication/connection tetween deformations,

st resses and their velocities in the form of nonlinear—dif ferential

dependence. To this corresponds the following differential expression

of the funct ion of the local deformations:

(5.Il.1i

where n, G, B, Q and . — constant of material. We take, that the

function of local deformations has identical value both with the

loading and during unloading of material (for some polymer ic

.sterial.s this is confirmed by experiments) .

4X ~

4— 
.—

. , I 3 I  $ S 7

Pig. $3. Stegrans c—v with traanv.r load p of different intensity

(results are calculated with the aid of BISN-2).

L ~~:
-
~~H~:~~~ J_t 

-
I 

_ _
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Page 303.

We will consider inertialess subcr itica l state of the she ll,

compressed along generatrices, i.e., 0~—i0, besidesaii~~O.After exa uining

low deviations from the ground state, the disturbed state let us

describe by the varied law , utilizi ng a recording (5.2.7) :

(5.11.2)

Taking into acconat (5. ii. 1) Lot a p lasar—e tr onsed state we

have: -

611 - iT~ 
6aii+-j~~~ 6ui ~~~~~ 6G~+~~~~Qs11~8e 1 —

— —~~~~~~ Qeii2öen— —j-
~
- Bôeu +—j -~ B6e~~;

8€22 
20G 6”

~ 15G 20G 6022 — I5G

Qen26e~ — _L Qeii 2ôeii + j  Boen+j 
(5.11.3)

26s”_ j~ 
6al2+ j~ 6cii+—j~~ Qsu’6si,~ —i-. 6s~s .

I. will, use the obtained depsadsecan for deter mining an increase

in in*srn.l torque ~a. ~~. and H and in the increase in the

deformations in median surface of shell. Let us accept further

Rirckhoff— Love’s hypothesis:

~~~TIII~
-
~t ITT ~TTT~~TT1
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6i,~ — ZWxx 6.,, — —ZW ff dy-  — 2ztV~,. (5.1l.4~

let us introduce the  function of the atxsases:

a i h— N — ~$; a,,h~~N,—-~~ - ;  t~~ h— S— — ~~~~~~~

(5.11.5)
me mU lti. qustisns of sqeilibr iun and cOiictd 5c. of the

deformations: t3’M, 2~~-~-+— ~~ -~N 0~~~-+~~ -—0 ;—~~~~~+ ô~~ y ay’ ox2 R
(5.11.6)

Oe ~ 82sf 82y I 
_ _

ày’ 
+ d~ 

- 

OxOy ~~ R Ox’ ..-

Page 3014.

Using the physical relationship/ratios (5.11.3) in the equations

of equilibrium and consistenc y of deformations (5.11.6) and after

assuming the azisymmetric form of the bulge

mnxw— f s i n , • (5.1I.7

me obt ain following system relative to the function of stresses 0 and

of saggiug/deflect ions v: 

—- ~~~~- -~ ~~~~- 
- - - -  

- 
____ - _____
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~~~~~+~,x.axx’ 30RG (-~- —

+RGB -~~~ 
f l’ gimraz,+RN iof lP )xxu+

+RN 1on2w~~~; (5.11.8)

• fl 2~~~~x+_ .~~ ~~ — j .
~~~ 

Qeii 2 )  +-~~~~ I n~ zxxx+

30 13 2 9OOG~~ I3 2
+—

~

-

~~~~
- — ~j.~~~.Qeii2;cxx~x= RB t ~~~ 

— .j .~~~ QeIl2 )X

~ ( -1.~~Qe112_ 2) + 1} w ~ +

900G I B 1 4 11 ~1 GB
+ RB ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

After elimina ting fro. the obtained .imations the fun ction of

stresses, relative to the a mplitud e of sagging/deflectioms t we have

n2a,j +naj + a,j~~0,

wher e
(5.11.9)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

‘~~

_ ..i.Q.112 ) [42(4 — ~~~~~Qeis 2)  +1] (~~~
)2RNtO ;

2 ’Li . ..... 9 0 0 G hf (  3
B 1 4 105 ‘~ / 12 BR t ‘4

— ~~~~~~~~~~~ (j ~g- Qezi 2—2 ) +1] — ~2 R (!~!! ) ‘ (!.. ..

Page 305.

_ _ _  - - - -.r:---
~~~~~

—---—
~~~~~

~~~~~~~~~~~ r-...~-d~ —~——--~-- —
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According to Hurwitz’ criterion, we have the followi n g

expression for the prolon ged critical force:

O*i~~~ 
~~ 300 [ (2_ Q s ~3.1~~.) — J

— (5.11.10)
where

rn,iR

After the ninimization of this expression on )., we ha ve

h a / i I l  I L  ~ .4
aioD_30G _

~ V 3 t 2  — + 11025
(5.11.11 )

Last/latter tern wader square root as compared with t he others

is low . If it we rej ect/throw, let us have

aio~~G-~.]~/0 I67 --Qeu’ (5.11.12)

where

0-300 .MQ.4~ Q.

Thus, the prolonged cr itical force Of the compressed cylindrical

shell depends on the characteristics of material at. the b i g

ef fect ive load, accunulated of complete deformat i on and the geometric

parame ters of shell.

I

--

~

-- --— --- ----. —~~~~~--~~~~~~~~~~ - -- - - -- - - -

_____  ——- - - - - . -.-- - -.---- —------,- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_ __ _ •___ __ _...4
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§5.12. Torsion foru of the loss of stability du rin g the nonlinear

cree p of the material taking into account a difference in the laws of

loadimg and unloading.

The torsion form of loss of stability during creep is

accompan ied by the combined loading of material. The process of the

combined loading of polymeric materials in the case of the long

effective axial load with the subsequent torsion is satisfactorily

described (see §3.8) by the theory of the locality of deformations,

if we consider the difference in the laws of th deformati on of

material with its loading a~d unloading. Then the function of the

iccality of deformations vill take the d i f fe ren t  form depe nding on

that, will shearing stresses on the local pad gro w/rise or decreased.

Page 306.

During accomplishing condition

a~~~ a ,,. cos(a~,,, ~~~~~~ (5.12.1)

where ~ is inetsi tansess valse of sheari ng .tz..s$ a,,•. - any



- —--- -
~~
- —

DOC — 772313014 PAGE -ft

preceding/previous shearing sttess on the pads, the deformation

properties of polyethylene with sufticiqat accuracy/precision, can be

described, if we accept the function of the locality of deforaations

in the following torn:

øx; + Qy~/z — nBy~1. (5.122)

During the unloading when we have the following condition :

/\
cixz<a~z.. C0S ( Oxz, ~~~~ (5.12.3)

for the satisfactory descri ption of ezperinents the function of local
deformations we take in the form with two at ti.es relaxation:

~ zz ~~~~~~~~~~ Oxz+ Ox; — ‘%B x z?x x — nB q~1 + Qx,’y~~ . (5.12.4)
Ox : ~xi‘I

Theoretical curves with the use of the function of local strains

in the form (5. 12.2) and (5.12.4) and experimental points during

creep with constant stress and reverse/inverse creep after unl oading

of high-densit y polyethylene are shown to Fig. 5. 18. where the

constants of material have the following values:

n— 10; n—40; , —250; G~’-48O; ~~~ 8200;
B~~~~~~ u..E111i.i35; Q —820. 

——-•--- - - - - - ---- - - -~~~~~~ - — - - - —- -

• - s .-

_________________________
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4

rig. 5.14. curves of creep with constant load and during un loading

(solid lines is experimental; intermitten t — theoretical).

Key: (1). ca2. (2). h. (3). hours.

Page 307.

We utilize the taken frequent forms of the functiom of the

locality of strain for t~e study of the torsion form of loss of

stability during creep. Let us examine thin—walled rod wit h cruciform

section/cut or the narrow band wit h three hinge—fastened edges ,

compressed along free long side. Let us assume that the thickness of

section/cut is considerably less than its width. Such section/cuts

can lose directional stability of twisting. Examining cell/element

without initial bending, we see that in subcritical stage the

material will be located in the single—cia. stressed state. Utilizing

the taken above functions of local strains, let us determine
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communication/connection between increases in shearing stresses and

st rains and the ir velocities d uring the low deviation (twisting) of

cell/element from its subcritical rect ilinear firm of the

equilibrium:

6$I* ...
~ f  &y~1V 1211dS+~~ f 6’jziV~~~,dS, (5.12.5)

here 6~~ is increase ~f the function of local strains;

— weighting function (its increase in this task dV u,xr.e.0) ;

S is a region of the sphere in which is satisfied the condition

(5.12~ 1), and therefore on this region the function of local strains

it will take the fo rm according to (5. 12. 2) ;

S~ is a region of the sphere in which is satisfied the condition

(5.12.3)-with the appropriate function of local deformations (5.12.14).

legions on the sphere in which are satisfied conditions (5.12.1)

and with respect (to 5.12.3), with by elephant loading b~ compression
with the subsequent torsion are investigated earlier (~2.9).
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Fig. 5.5. Regions of loading and unloading durimg the cobjitional

scan/develcpsent of sphere.

Page 308.

During a low increase in shearing stress of condition (5 12.1) and

(5.12.3) they divide sphere into two regions, shown to Fig. 5.5,

where on the region, designated in plus, is satisfied cond ition

(5.12.1), on remaining region is satisfied the condition (5.12.3).

Integrating (5.12.5) by sphere taking into account of the

corresponding to each region form of the function of local strains

(5.12 2) and (5.12.11), we come to the relationship/ratio
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+

Qx~ 
. eii. 26y 12+-.L (-.~~—— 8at2+-~~—- 6OI2+~~— öOi,—

_;a _;ixzôyia) + QxxSII .~6VI2 (5.12.6)

or. after equating B -.L~— L and after designating

G.tGx,Bx:;

1 0 —  7n2 =—~-n;  G 1~~~~~G~1B~1 ;

GA ($I$ ,)  ~~ 
— 4~~(Qx:+Qx,) In.’]

we obtain

6a~, 4- n16o12+n,6a,,—

— Gn(ei,.)ôyi,+ G1n ,ôy,,+ Gn,6y~,. (5.12.71

A fter the integration of this expression f Cr the cross section

of cell/element for free torsion , we have

f l$ic +f l t flh, +f l if lh,c ’~ GA( eI .) I ~O”+ G,n ,8”+ OI,n,V’, (5.12.8)

where i.e intensity of the external torsional load;

I... the second moment of a rea dur ing torsion ;

• is an angl, of twist.
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Durin g the axial compression of thin— mailed cell/element the

intensity of the torsional load

m1—at ~I,V’ , (5.1~ .9)

her. .1, ii the polar moment of inertia.

Page .309.

After accepting • (t,x) f(t) sin wz/~,

(5.12. 10)

for the amplitude of saggiaq/deflections we have

a,n,j +a1nj +a.J— 0, (5.12 .11) 
-

where

ao— OA (s II.) IK —a Il Ip ;  —

a~— G ,IK — aIl I,; a,— G!K —oaa I,.

Expression for prolonged critical stress we will obtain, as is

kqa~a after .quatiag a~ with nero:

a,,*_ Gn (s,i.).~!— . (5.12.12)

As is evident, prolonged critical force depends on the prolonged

characteristics of material w ith its loading and the unloa ding .

T11 
_
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accuamlated of com plete strain (elastic deformation and creep

strains) and of the characteristics of the cross section of
cell/element (for the section/cuts in question /J !,— b’/ I ”, .hs,. h

are thickness, b — width of ‘cell/element).

The graph of prolonged cr itical forces with the obtai ned

constants of material is given on Fig. 5.6. For the case in question
h’instantaneous critical force takes value a M_O~~ i.e. more than four

tines it exceeds prolonged cr itical force.
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Pig. 5.6. Prolonged critica l forces for th. d i f fe rent ratios h/b.

Key : (1) . hours .

Page 310.

§5.13. Experimental analysis of stability of cylindrical shells

during com pression by constant load.

Until now , in the experimental analyses of stability of shells

of polymeric materials, was examined mainly the elastic stage of wor k
of material (177—179, 182]; however, stability taking into account

prolonge d processes wa s studie d insufficiently. In the descr ib ed

b low experiments the stability is inve stigated tak ing into account

tie rheoaosic prop•rties of material.

_
_ _ _ _  _ _ _  _ _
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The experimental studies of the prolonged stability of

cylindrical shells during axial compression were carried out above

shells of high-density polyethylene. In all -were tested three series ,

on three specimen/samples in each (Table 5.2) . 
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Fig. 5. 7. Form of shell after testing of constant load.

Tables 5.2.

Geometric characteristics of experimental models.
_____ _________ - 

I ~(3..) L CpO.. ao*i*~

T 
___ fr”~ ~~~~~~~~ OOSpS~ No~~

II 3 48.9 3,7 11,3 13,3
III 3 49.! 4,! 12,6 12,0

Key: (1) . Series. (2) . Quan tit y of specimen/samples. (3) . Media. a

radius R.~~~nm. (18). ~edia. the thickness of wall A , of mm. (5).

~edia. the cross—sectional area Fcp of cm t.

Page 311.
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Exp erimental shells were sharpened on lathe made of thin—walle d
polyethylene tubes (height/altitude of specimen/samples 13.5 cm; the

average value of the modulus of instantaneous elasticity U 7000

kg/cma) -

Specimens were instantly charged by the constant, lon g effective

load. At the initial torq ue/moment after  the load of bulges in

specimen/sample, it was not observed. In the course of tim e in

specimen/sam ple, began to be formed annular bulges (Fig. 5.7). Was

fixed the torque/moment of the time when in specimen/sample appeared

the first, clearly distinguishable annular bulge.

- - - -— ‘ - - - - - -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _
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Pig. 5.0. The theoretical curve of prolonged critical forc e accord ing

to expression (5.13.1) and exper imental points (0) (~ä = 6000; ~
‘ =

85).

Tables 5.3.

Sesults of expe riments.
(I.) I (t) $p.~i ~o noweiwu 3a..p.a uiN ii .. .

C.p.a Hea).*s.a.. rA,ca
’f r3

ullP.o. iWfly~ NU M .

I 1 109 23 3,57
2 114 15 3,10
3 ~24 6 2,76

II I 118 16 3.48
2 126 11 3,3!
3 135 6 3.26

III I 123 20
2 134 Is 3,30

I 3 142 3

Isy: ~1) • Series. (Z • So speci..n/s.apM~. (3). Str~~~ a, kg,.t mt.

(18). Time to the appearance of first bulge. mAma (5). l.asured in

—_ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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specimen/sample complete strain £ ,, / 0 .

Page 312.

Test results are given in table 5.3 and are descr ibed by dependence

(5.11.12) V. Prager ’s tank kinematic model. The law of the

development of local strains is accepted both in final and

differentially. In the first case the way cf loading is considered

only by the region s of additiona l charge and unloadings, in the

second — also by integral in terms of the local way of loading.

The obtained theoretical expressions of strains satisfactorily

describe the experimental results of the combined loading of the

elasto-plastic strengthened/hardened material, which confirms the

correctness of the initial prerequisite/premises of theory .

The rheonomic properties of nat.rial~ according to the theory of

the locality of deformations, are described by means the examination

of the function of the locality of deformations as of tim./t.mporary

dependenc.. I n  connection with polymeric materials most promising is

tie use of depesdences of Bol’tsnana — Volterra’s hereditary th.or;.

Since experiments establish/installed tha t for many pOlyms tic

materials the laws of deformation with loading differ from law dur ing

- __-_ ______v ’ s-’- —- — - —- — -——-- - — ‘- -
-- 
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unloading of material, for the solution of the problems of combine d

loading is establish/installed the criterion of using the

corresponding laws. Are obt ained the relationship/ratios between

strains and stresses with the simple and combined loadings of

V 
nonlinear creeping material, if loads change steplike.

The results of creep tests (in nonlinear range) of high—density

polyethylene (PYP) wi th  the simple and complex step].ike w a y s  of

loading confirm the pre requisite/premises of theoretical

relationship/ratios.

The obtained components of the tensor of ccmpliance/pliabilit y

for the torque/moment of the bulge of shells in moment-less

subcritical state show their essential dependence on the way of

subcritical loading. The level of the critical stressed state will be

min imum with the simple subcritical loading whe n additiona l plastic

deformations grov~rise in all local coordinate systems. The maximu m

level of breaking stresses is obtained with this complex way of the

loading when do not appear additional plastic deformations. 8inimu m

breakimg stresses, received by the theory of the locality of

deformatio ns, close to the results of deformation theory.

The carried out tests above thin—wal led cylindrical shells of

polyethylene with short—ten, loading showed satisfactory agreements
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of theoret ically calculated cr itical forces w i t h  the results of

experiment. The zone of experimental breaking stresses lie~’r ests at

the zone between the values of upper and lower theoretical breaking

stresses.

Page 315.

With an increase in the plastic deformations , the effect o f geometric

ncnlineanity is smoothed. The obtained theoretical stresses will

agree also with the results of the experience of A. S. Yol’iir, A. N.

Vozbinskiy and V. S. Noskvj t if l  on the analysis of Stabilit y of

thin—walled rods, plates and shells of alloy D—16T.

Those who were solved on the base of the refined kine matic model

of the task of the prolonged stability of plates and shells of

reinforced plastic showed that the disregard of transverse

shift/shears in the  large ratio E/G leads to significant quanti tat ive

error. In a number of cases when creep in the direction of

reim forcesea t can be disregarded as compared with shift of creep,

classical kinematic model even it is qualitative not in state to

describe the bu lge of plates and shells i~ time. The solved

particular tasks of the stability of plates and shells during the

creep of the material in geometrically linear and nonl imear settings

(during linear cr..p) made it p~.ssib1. to establish/install the

- ~~~~—— - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_ _ _ _ _ _
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limits of the applicability of ~irchof f — Love’s kinematic model.

Is obtaine d the load of the prolonged stability of shells of

nonlinear— creeping, initial—isotropic material for two cases: whe n

reverse/inverse creep is described by the law of creep wit h st ressing

and w hen reverse/inverse creep is descnib d by the law, which differs

f ion law so on loading.

The carried ut tests of cylindrical shells of polyethylene by

constant load made it possible to fix time when in specimen/sample

begin to appea r tI!e first bulges.

The results of experiments are satisfactorily described by the

dependences, obtained theoretically.
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