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1. INTRODUCT I ON .

Th is report is a detailed analysis of the mechan ical interaction between a

clip strain gage and a solid propellant un i axial tensile sample and the

effects of this interaction on the strain measurement provided by the gage.

The ana l ysis was first undertaken in the summer of 1976 to assess an apparent

potential technica l problem which was then deve l oping on AFRPL Contract
F0461l-76—C-004l , “I mproved Solid Propellant Mechan i ca l Properties Measurement

for Structural Analysis Input ” (hereinafter referred to as the Improved

Properties program) , w ith Thioko l Corporation/Huntsville Division . The

planned testing effort under that program included high rate tensile tests

with a closed , liquid-filled pressurization chamber enclosing the sample.

A key mechanica l response parameter to be determined from these tests was

Poisson ’ s rat io; the contractor intended to determine this property, under

dynamic pressurization and straining of the sample , from separate measurements

of a x i a l  and t ransverse strain in the test specimens . These strains were

to be measured using clip strain gages.

Beli ev ing the fabrication of highly compliant gages to be a relatively

• straightforward problem , the contractor had planned no detailed analysis of

the measuremen t problem to define acceptable values for the gage stiffness.

As the Air Force Project Manager , the au thor decided to independe nt ly ana lyze
the problem so that c r i te r ia  would be avai lable if needed. The results of this
rudimentary ana lysis , together w i th  laboratory tests of gaged propellant samples

conducted by the contractor , led to the mutua l conclusion that the high pre-

cision required for Poisson ’s ratio determ i nation could not be achieved

(within the resources available) with clip strain sages. The approach was

abandoned at that point. (The contractor eventually devised an acceptable

alternate technique for Poisson ’s ratio determination , wh i ch is discussed in

Reference I.)

-6-
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The early analysis results agreed qualitat ively with the gaged sample test

results , but substantially over-predicted the measurement bias. Some of the

assumptions used in the analysis were re-examined and found to be in error.

The analysis was corrected and close agreement was obta i ned with the test

results. A comparison with check problems using the TEXGAP-3D finite element

code also confirmed the revised assumptions.

Since the results of this analysis were judged to be of va l ue to the solid

rocket propulsion community at large , the decision was made to publish a report.

In the process of writing the report , many areas of further analysis were

pursued , both to strengthe n the basic structure of the anal ysis and to explore

the overall propellant strain measurement problem in greater detail.

-7-



2. SUMMARY .

The ana l yses described in this report provide an overall mode l for the mechan i-

cal int erac t ion between a c l i p  stra i n gage and a un i a x i a l  prope l l a n t sample
of a par ticular configuration . The interaction analysis separately considers

the effects due to “beam deformation ” of the propel lani sample under the

cl ip gage resisting force and the loca l deformation of the gage mounting pins

4 under the same force. These two components of the interaction are then

combined to determine the net interaction effects as a function of gage

stiffness.

Typica l clip gage configurations are analyzed in a parametric fashion , and
the effects of gage design factors (geometry and materials) on gage output

and (through the gage stiffness) on relative strain measurement bias. The

ana l ysis shows tha t the origina l Thioko l prototype gage produces a very

la rge strain bias (roughly 16 percent of the app lied strain at a propellant

modulus of 500 psi) and tha t the fina l Thioko l p rototype gage shows a sub-

s t a n t i a l  improvement (to abou t 6 percent of the applied strain at 500 psi

propellant modulus) . Since this l eve l of measurement bias is not des i rable ,

approaches to reducing the measurement bias are discussed and analyzed , it

is shown that major reductions in bias (without sacrificing gage output) are

potentially feas bl e.

The e las t i c  analyses used to accom plish the above results is then extended to
include viscoe lastic propellant beh~-vior , obtaining the time dependent cli p gage

response to a series of step strain increments applied to the prope llant samp le.

These result s are shown to compare extreme l y well wTth actua l measurements made

by Thiokol on a gaged propellant sample. A l imited study of gage response
under strain cycling and short time effects of clip gage prestrain is also

presented .

The fina l conclusions are tha t c l ip  gage improvements are needed to reduce
measurement bias due to gage-propellant interaction , tha t such improvemen ts
are poss i b l e , anc~ that the interaction problem can be analyzed wi th acceptable

accuracy .

‘-8-



3. ANALYSIS OF MECHAN I CAL CONTRIBUT I ONS TO MEASUREMENT ERROR.

This section comprises the main body of the report. The major contributions

to measurement error produced by the mechan i ca l behavior of a system con-

sisting of a uniaxial propellant sample , a clip strain gage , and the mount ing

pins wh ich connect the clip gage to the sample are analyzed in detail. The

analyses reported here developed In a rather unplanned fashion . It was

evident that the first simple analyses (section 3.1 , which treats the pro-

pellant sample as a beam with a superimposed axial load , and 3.4, which

consists of analyses of the clip strain gage structura l behavior and its

in teraction with the sample as characterized in 3.1) ignored a very important

souce of error. This source of error , l oca l deflection of the mounting pins ,

was therefore anal yzed separately in 3.2 and the combined effects (beam

deformation plus l ocal deflection) were obta i ned as described in 3.3. Finally,

the elastic ana l yses of 3.1 , 3.2, and 3.3 were modified to incorporate
time-dependent propellant modulus to produce the results discussed In 3.5.

3.1 Gage-Sample Interaction Due to Beam Deformation of Sample.

The anal yses in this subsection were conducted to estimate the direct effects

• of gage stiffness on the bias 1 of strain and force measurements on a gaged

uniax ial tensile propellant sample. The sample configuration used in the

anal ysis is an end—bonded sample , 4 inches long, with a 1/2-inch by 1/2-

inch square cross sect ion. This sample configu ration is the one used for

hi gh rate uniaxial tests in the improved Properties program.

The anal yses which follow are based on simple elas tic beam theory and

include all the assumptions thereof (plane section s remain plane , etc.).

By far the most important assumption , of course, is linea r elasticity.

While propellant is not a linea r elastic material , it is often successfully

1. In this context, zero bias in attained when the stress and strain dis-
tributions in the gaged sample are identica l to those which would occur if
the gage were absent.

L ~~~~~~~ . ~~~~~~~ .~~~~~~~~~_ _ _
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treated as such by using “quasi—viscoe lastlc” analysis procedures. For the

purposes of the present i nvesti gation , the use of elastic theory appears to

be Justified. The elastic modulus values used in the ana l yses should be

cons idered as effective instantaneous values of eithe r the rel axation modulus

or the constant strain rate modulus , depending on the test being considered ;

both types of l oading are planned for these samples. It is obvious that a

linear elastic analysis cannot account for any effects of modulus dependence

• on strain; therefore , since most propellants show strain dependence , the use

of the analysis results to correct for measurement bias would be somewhat

• questionable. However , the ana l ysis should become more accurate when the

per tu rba t ion s to the “ungaged” samp le behavior become small; therefore the

anal ys i s  res u l ts can be reasonably a p p l i e d  to specif y condi tions for con-

tro l l i n g  b i a s  to low levels.

The structural model analyzed in this subsection is shown in Figure 1.

While the ends of the propellant specimen are not truly f i x e d , the f ixe d
ends of the model more nearly simulate the true end constraints than do

pinned ends. The effect of the loads P is statica lly equiva l ent to that

of two loads of the same magnitude acting at the sample centerline (axial

load) pl us a pair of moments of opposing d i rec t ion s of magn i tude M
0 

= Ph/2.

(The effect of load appl i cation at some height e above the surface, as shown
i n F igu re  2 , i s to inc rease the momen ts by an amoun t MI

0 
Pe.) These

forces and moments are assumed to be un i formly distributed over transverse

sections of the beam which include the points of application of the loads P,

so that simple beam theory can be used. This assumption introduces an

unknown (but hopefully small) error , since the gage/sample interactions

i nvo l ve loca l deformati~ ns near the mounting surface as well as the aver-

age deformations of the beam cross sections. The l ocal deformations be—

come less Important as the area of the clip gage mounting pads (Figure 2)
• is increased . (The local deflection s for a different mounting system using

st r a igh t p ins  p i erc i ng the sample are ana l yzed in 3.2).

-10- 
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Certain known mechanica l sources of measurement bias were not analyzed.

These are listed here to prevent any appearance that all sources of direct

mechani cal error are covered by the analysis , even within the context of

linear elastic analysis:

a. Nonun i form axial stress/strain distribution in the sample

unde r un i axial load (In the absence of clip strain gages)

produced by end constraints. (See discussion In 3.5.)

b. Additiona l perturbations caused by other clip strain gages

(e.g., transverse-strain measuring gage) which may be present

in  add i t ion to the gage inc luded  in the model.

c. Deviations from the assumed distribution cf the clip gage

res training force across the sample surface (except for the

s t r a i g h t  p i n  mounting system analyzed in 3.2).

d. The addi tiona l restraint on the propellant surface deforma-

tion produced by the mounting pads (except for the straig ht

p i n  mounting system analyzed in 3.2).

All of these factors produce measurement bias wh i ch adds to the bias con-

sidered in this analysis. Every effort should be made to minimize their

effec t s i n des i gning a cl i p strain gage end its mounti ng system.

The ana l yses on the following pages explore the effects of cli p strain

gage/sample interaction due tc beam deformation on the bias In strain

measurements using the gage itse lf , in strain measurements based on

optica l measurement of the motion of reference points on the sampl e, and
in stresses det~rmined from direct force measurements.

—12-



‘1

3. 1. 1 Bias in Strain Gage Measurement.

The effects of the axial load and the moment will be considered separately
and then combined. For the a x i a l  load , the stress2 between z • a and z — b
in  Fi gure 2 Is (Reference I , p. 82):

axia l  - 
~ 

(

t/2-L/2) ~~
(P
~
L ) (I)

and the st r a in 2 Is

axial ~ 
(Aa

~ 
+ v&~ + v~o )  a x i a l

or

P t  o
axial  ~EtT (2)

since An — Ito — 0.
For the appl i ed momen ts3, the reaction force at z — 0 is (Reference 2, p. 113 ) :

-6~i
R 1 — 

_
~_.2. [(at - a2) - (bt - b2)J

or

— ~~~~ [(at - a2) - (bt - b2)].

2. It Is understood tha t the sample Is under some yet-to-be-determ~ne~stress and strain as a result of the appl ied deformation at the sample endsand that these stress and strain values are additive components produced byP and M

3. Not: that beam—col umn interacti ons are i gnored in the ensuing dlsccuslon.The impact of thi s omission has not been examined.

— 13—
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However, substitution of b — t-a produces the result

R 1
E O  (3)

Also , the reaction moment at z — 0 is (Reference 2 , p. 113) :

— ((4La—3a 2—L2) — (4tb—3b
2.-L2) ]

or, substituting M0 — Ph/2 and b — t-a,
N1 — T (2~a-L2]. (4)

29.

The bending moment between z a and z • b is (Reference 2, p. 113) :

M — -M
1 
+ R 1 z + M0 

(5)

and the resulting flexural strain between z — a and z — b is

(Itc
~
) bend ing  I ~ °z 

+ + VItO
y
) bending

so

ben d i n g  = 
____________ — 

M(h/2) (6)

The actual quantity of interest Is the average strain over the strain gage

measurement base (gage length) , i.e. between z — a and z = b. However ,

since R
1 

Is zero in Equation (5), the strain Is constant in this region and

the average is equal to this constant value. A similar observation applies

to the ax ia l  str a i n  component g i ven by Equation (2).

For the sample dimension s given In Fi gure  1 , the cross section moment of

iner t ia is

____  — 
1 

— 
1
1
212(2)

-14-
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and , with h — 1/2 , Equa tion (6) becomes

~~~z~b ending 48 M/E. (6a)

For a cli p strain gage length of 10 — 0.400 inches and the samp le dimension s
of Figure 1 , Equation (2) yields

~z~axial 
— 3.60 ~~

-

and Equation (4) yields

M 1 
= +0.0250 P.

Therefore, from Equation (5),

N = -0.0250 P + 0 + — 0.2250 P

since h — 0.5.

Substitution of this value of M into Equation (6a) results in

(Itc )b d i  = 48 (0.2250) PIE = 10.80 PIE.

Final ly,

~~
tz)axia l + (Itc )b d i

— 3.60 P/E + 10.80 P/E — 14.40 P/E (7)

or (Ac )/c = (14.40 P )/(c
0E) strain attenuation (8)

where Is a specific va l ue of gage strain (ItL0/10)

-15—
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and P is the reaction force4 at each gage foot correspond i ng to the strain

c0. Since the local sample strain without the gage would be c0 + A~~ ’ the

relative measurement bias for straIn I s

-ttc -Itc
= 

z 
— 

z (9a)
Rc sample strain Co +

or , from Equation (8),

-14.40 P0/E -14.40 P0
C

R 
= 

+ 14.40 P0/E = Ee0 + l4.liO

For — 0.040 in/0.400 in = 0.1 ,

-14.40 P
— 

gage strain — sample strain 
= o (9b)cRC sample strain 0.1 E + 14 . 40  P

0

Calculation s were carried out for different combinations of P0 and E for

L0 — 0.400. The results are shown in Figure 3.

The above calculations were carried out for a gage length of 0.400 inches.

To exam i ne the effects of changes in gage length on the strain measurement

bias , Equation (9) can be solved for P0, yielding

-e (Ec )Rc o (10)
o 14.40 (1 + cRC)

4. Note that if the gage preload (force at zero sample stra Ir~) Is zero,
for any gage strain c0 Is a constant for the gage. Zero preload was

assumed for the analyses in this subsection and in 3.3. If a preload
exists , P0/c0 becomes a functIon of appl ied strain. This added complication

is addressed In 3.5.

-16-
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and K can be substituted for 14.40, where K is dependent on 1
~ 

and M in

accordance with Equation s (2) and (6). K can then be re—evaluated in

terms of different values of L0 
and differen t values of load i ng eccentricity •

(I.e., e ~ 0 in Figure 2). These calculation s were performed for P0 at

-l percent bias and the results are shown In Figure 4 (effect of gage length

variation) and Figure 5 (effect of eccentricity variation). In drawing

conclusIon s from Figu re 4, the effect of changes in gage length on the

actua l value of P0 for the clip strain gage must be considered.

3.1.2 Bias in Optical Strain Measurements.

An alternate means of measuring the sample strain under appropriate

laboratory condition s is to visually observe (e.g. with a cathetometer)

the displacement of a pair of reference marks on the propellant surface.

The result is a measurement of the average strain over the visua l gage

length I ‘ (see Figure 1).

The axial components of stress and strain are g i ven , respective l y, by

Equations (I) and (2) for the portion of the sample between z — a and

z — b (Fi gure 1). For va l ues of z less than z — a, it can be shown that

(ItOz)axiai 0 < z < a  (11)

and

ILP i o(ItCz)axial 0 < z < a  (12)

The average axial strain over the gage length L0’ is then

axial — 

~~~~

‘ 

J
1
~~~~:~~

a1 dz — f~r [I fr (-4) dz +f~~
2

(
~
)dz]

-18—
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or 

- 
L~~~AE ~v [a 

- _ _ _  
÷ ~ (

~ 
- 
a)]}. (13)

it can be demonstrated tha t Equation (13) reduces to Equation (12) fo r
• L ’ — L .o °

The bending moment for values of z between z — a and = b is g iven  by
H Equat ion (5) .  For va lues of z less than z — a, the bend i ng moment is

(Reference 2 , p. 11 3) :

N - - i11 + R
1

X - - N 1 , 0 < z a.

The average flexura l strain is therefore

cz)b~nding - 
~

.

o
’ J~

-. dz = 
çIEIfMdz

It—I ‘\  /Q— L
I 0 1  1 0

\ 2 /  \ 2

çEI [ J 2 (;Qa-t2) dz + J[~~ 2 (2 a-~~ ) + 

~
] dz]

— E I L Ø
F 

~~ 

[ 2 + LaL - ~2] ~i4)

Fo r L~ ’ — L0, Equation 14 reduces to Equation (4) if c — h/2,

Subs t i t u t i on of dimensions from Fi gure (1 ) ,  w i th L ’  = 3 inches , rito

Equation s (13) and (14) produces the results:

— 0.8267 
~~
. 1• 15)

(~~ 
) . — 1.6000 ~~~~

- . (16)z bend i ng E

— 2 1 —
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The most likely values for C are +h/2, 0, and -h/2 (i.e., the top surface ,

neut ral  surfac e, and bottom surface of the specimen as shown, respect i vely,

in Figure 1). Using these va l ues for C , the fol lowing results are obta i ned

for the average tota l surface strain over the 3-inch gage length , where

Ac (Itc ) - + ( ~~~
) -z z ax ia l  z bending

lop Sur face — 1.2667 ~. (17)

Neutra l Surface Ac~ — 0.8267 ~~- (18)

Bottom Surface 0.4267 ~~
- - (19)

Now cons ide r the effect of a load P0 
wh i ch corresponds to a cl ip strain gage

strain c
0
. For the specific (strain gage) gage length and sample dimensions

used in d e r i v i n g  E q u a t i o n s  (17) through (19) , the s t r a i n  a t t e n u a t i o n  was

previously shown to be given by Equation (7) :

P
— l L i .40 _2.

z E

so that the sample strain without the gage present would be

P
c + f ~E =
o z o E

The strain measurement bias over the gage length L
0

’ = 3 inche s is therefore

• -Ac
e R — re la t ive bias — Z

El L ’ 3inches , ,  o
0 c + iq .qO —o E

P
or , expressing Equation s (17) , (18), and (19) in the form Ac

~ 
= K

~ ~2. and

substituting into the above equation ,

K P .

C ’ — 
c o 

— 
gage length st ra in - sample strain (20)P sample strain

c E +
o E

~~

I

—22—
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Comparison of Equation (20) with Equation (9) shows that

K
e ’~~ — c

RC 14.40 
(21)

-~~ 

- where

K
~
/l4.4O = 0.0880 (Top Surface)

= 0.0574 (Neutra l Surface)

— 0.0296 (Bottom Surface)

Thus the b ias  in troduced in the st r a i n  ~s measured by direct visual observa-

t ion of the gage leng th L
~

’ (because of the presence of the clip strain cage)

will  vary from 2.96 percent to 8.80 percent of the bias introduced into the

c l i p gage measurements themselves (gage l ength = 0.400 inches). The specific

proportion depends on the location chosen for the opt i ca l gage length ri.arks

(top, bottom, or neutral surface). It appears that the best l ocation for

the marks would be the bottom surface since the least bias would result from

t hat cho ice- .

• 3 .1 .3  Bias in Stress Measurernent .

The increment in measured stress caused by the clip gage resisting force P is

given by Equation (11):

/LP j o
0z axial , 0 < z < a ~

or , for L — 0.400, t — 4 , and A = (1/2)2 = 1/4:

(~ ) - - 4p[0.40O]~ 0.400
z ax ial 4 P

or (Aa ) — 0.400 P (22)
z axial , £

0 
— 0. 1 0

— 23—
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Now from Equation (9) ,

(sampl e 
~
train) uflgaged — (Cz)ungaged — 14.40 P

1- 0.1 E + ll+.40 P0

and , si nce 0 — Ec
2 2

0.1 E 0.1 E (0.1 E + 14.40

~°z~ungaged e0 — 0.1 
— 

14.40 P
0 

— 0.1 E
l
~~0 l  E + T4.1fo p

or

(M ) — 0.1 E + 14.40 P (23)
z ungaged c — C.l o

and , using Equations (22) and (23):

(~.o) -z axial , c — 0.1
eRG = r e l a ti ve stress b i a s  0

z ungaged £~, 
= 0.1

so the relat i ve stress bias is

0.400 Po . (21+)
CRU 0.1 E + 14.40 P

The bias produced by different comb i nation s c-f P0 and E for L~ 
— 0.400 is

shown in Figure 6. Note that this bias in stress (relative to stress in an

ungaged sample) is much smaller than the bias In strain measurement using the

clip gage (Fi gure 3). The bias in va l ues of modulus determined from stress

and strain values is therefore e’om i nated by (and epprox lmately equa l in

magnitude to) the strain measurement bias. The modulus based on uncorrected

stress and strain measurements would he hig her than the true effective pro-

peliant riodulus; for instance , If E — 500 psi and P0 — C .1 lb (at e
~ 

— 0.100),

the follow i ng results are obtained , using Equation (7) and Equation (24);

-24-
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________________________ - • - -  
- - - 

— - — _____________ --. 
~~~~~~~- - — 

--
- .

Measured Strain £ — 0.1000 In/in
0

Ungaged Sample Strain — c~, + 14.40 
!~~

= 0.1029 in/in

L’ngaged Sample Force Ec — (500) (0. 1029)—SLItS lb

Measured Force — 51.45 (I + eRG) — 51 . 49  lb

- • 

Calculated Modulus — 
~~~~~~~~~~ 

— 514.9 psi.

The bia s in the measured modulus val ue Is (514.9-500) 1500 — 0.298 or +2.98
percent ; inspection of Figure 3 shows a strain measurement bias of -2.8
percent for the specified val ues of E and P

0, which would produce a +2.9
percent error in the ca i culated value of E.

-

. 
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3.2 Gage-Samp le Interact ion Due to Loca l Pin Deflection.

The analyses in this subsection were undertaken to estimate the added bias

caused by loca l deflections associated with an alternate method of mounting

the cli p strain gage to the propellant sample. In this alternate approach ,

the mounting pad/mounting pin system of Figure 2 is replaced by stra i ght

steel p ins  inser ted throug h the prcpe l l an t samp le  as i l l ust ra ted in F i gure 7.
Thi s  moun t ing techr i que was of considerable in terest , s ince  i t was the

favored approach in the ongoing contractua l effort at the time this analysis

was undertaken.

The basic approach followed in this subsection is to consider the p-ins as

beams embedded in a semi-infinite elastic foundation (the propellant) and

then to examine whether the deflections thus calculated are additive to the

deflec t ions of the sample considered as a beam.

3.2.1 Stiffness of Foundation.

Consider the mounting pins to act as beams supported by (embedded in) an

elast ic foundation of infinite extent , as shown in Figure 8(b). A recessary

parameter for analyz i ng the ~eflec tions of such a beam is the foundation

modulus k = q/w, where q is the load per li n ear inch exerted on the found—

at ion by the beam and w is the foundat i on c’eformation produced by this load.

For the case of a un i form bearing pressure p exerted over a square area

hav i ng sides of length 2b at the surface of a semi-infinite un i form elastic

body, the average deflection over the loaded area is (Reference 2, p. 323)

• — 
= 

1.90 pb (l-v 2) .
semi—i nf E

For the case cf a pressure p exerted on a plane surface at the center cf

an infinite un i form elastic body, an ettractive assumption is that the

pressure load would be equally divided between the two s e m i - i n f i n i t e  bodies

-27-
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Figure 7. Details of Alternate Cli p Gage Moun tin g Techni que
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h
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h

p

A’ 
e 

~~~~~: 

M=Pe

Figure 8. Analysis Mode l for Mounting Pin:

(a) Actua l S i t u a t i o n ;
(b) Imbedded Portion of Pin Treated as Beam

on an E l a s t i c  Foundation;
(c) Mode l of Noni mbedded Portion of Pin
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comprising the inf inite body and bounded by a plane through the loaded area. 1

j W i t h  this assumption , the net resu l t for the inf inIte body is

= 1/2 [1.90 pb (l_v Z)] 
— 
0.95 pb (l-v

2)

and

E

0.95 (l-v 2)

Final ly,  recognizin g that pb — q and taking v — 1/2 and E — Ef where E f Is
founda t ion e las t ic modulus ,

E
k — q/ 

2 — 1.404 Ef. (25)
¶ 0.95 [l—(l/2)

Note that k has the same units as E
f (lb/In

2
) and is i ndependent of the size

of the loaded area (i.e., of b). Actual ly the preceding approach to deter-
mining the value of k was replaced by another approach , discussed in 3.2.4.
The val ue of k actually used in the ana l yses was

k — 1.494 Ef. (26)

3.2.2 Deflection of Pins Inside the Propellant Sample.

The pin is modeled by dividing it into two separate portion s, the “imbedded”
portion (Figure 8(b)) and the “non—imbedded ” portion (Figure 8(c)). The
“imbedded” portion is ana l yzed as a beam on an elastic foundation . The
assumpt i ons in this treatment , as discussed by Den Hartog (Reference 5,
pp. 144-145) are as follows :

L As discussed in Reference 3, page 58, the shearing traction s in the plane
of the l oaded surface vanish for the case of v = 1/2. VanIshing of the shear
traction s in thi s plane makes the ind i cated assumpt ion valid (see Reference 4,
pages 392 and 399).
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(1) Deflect ions are small.

(2) Plane section s remain p lane under deflection (for the beam).

(3) The foundation ’s resisting force at a point on the beam depends

onl y upon the t ransverse deflection of the beam at tha t point.

Den Hartog points out that assumption (3) is violated by the behavior of a

cont i nuous elastic foundation , but states that the excellent agreement of

the theory with experience shows that the assumption produces no si gnificant

error.

For a beam on an elastic foundation , it is conven i ent to work with the non-

dimensiona l distance 8\ where x is the physical distance measured along the

beam ’s length and 8 is defined by (Reference 5, page 143)

( 2 7 )

where k is the “founda tion modulus ,” E is the beam mater ia l ’ s e l as t i c  modulus ,

and I is the moment of inertia of the beam ’s cross section . The basic theory

t reats of sem i-inf inite and infinite length. If the beam has a finite length

h , then if tIh is sufficiently large , the semi-infinite theory holds for small

• va lues of Bx ; that is , for the sem i - i n f i n i t e  resul ts to accu rately mode l the

def lect ion and slope of the le f t  end of the beam in Fi gure 8(b) , t he value of

~h mu st be “large. ” Conversely, if ~t is “small ,” the beam will act essen-

tia ll y as a rigid body , with its displacement governed by the resisting

forces in the foundation. Den Hartog prov i des the follow i ng criteria for

“large ” and “small” va l ues of 8+. (Reference 5, p. 161).

F ~~ large : 8h 3 (28)

~~ small: 13h < I. (29)

The two types of behavior are discussed separately be low.
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3.2.2.1 Oet lec tion of S e m i - I n f i n i t e  Beam.

Since the load P is actu ally appl ied to the portion of the pin that extends
beyond the propellant surface (Fi gure 8(a)), the Imbedded portion of the
beam Is loaded by the force P and the moment M — Pc, as shown in Figur e 8(b).
Superpos i ng the results given by Den Martog for P and M treated as individua l
loads, the deflection and slope at any point x are

• i~!- F
4(~~) + ~~~~~~~ F

3 (8x)]~ (30)

[o \ = !~—~ F
1

(8~~~) + !~4~-~ MF 4 (
~x ) ] lx (3 1 )

with the va l ues of F 1 , F3, and F4 g iven as tabul ar functions of 8x (Reference
5, page 11+6). For 

~ 0, 8x — 0, and , as it turns out , F1 (8~) F2(~~) =
F
3

(1~~) — I at r~ 0.

Let us examine the effect of the gage standoff distance e on the pin ’s deflected
shape. Consider the normalized deflection ó/&~,. Making the proper substitu-
tions into Equation (30),

= 

F
4

()~~~~~~ + 
~~~ F

3
(B)~~

or , s i n c e  M — Pc ,

~ F4(8~) + 8e F
3
(8~) (32)

l + B e

Recall that the beam has thus far been regarded as semi- Infinite. It is
enli ghtening to choose the parti cular va l ue x — h and examine the effects
of variations in 8 and e on (

~~
/csA) I x h  

This has been done in Fi gure 9.
utilizing Den Hartog ’s tabulated F . va l ues. Before discussing Figure 9,
however , some numerica l computations are in order. The pins used at Thiokol

—32-
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in the Improved Properties program were #17 steel pins , having a diameter

d 0.037 inch (Reference 6). Using a modulus of elasticity of 28 x 1o6 ~~~~ 
- :

. 2El — E — 2.576 lb— in

Substitution of this result and Equation (26) into Equation (27) yields

8 — V 4 (2. 576) — 0.617 \/Tf (33)

Fa i r l y reasonable va l ues for max imum p ropel lan t modu l us E f and gage standoff

d i s t a n c e  e are 10 ,000 ps i  and 0.050 inches , respectively. These values

together with Equation (33) result in a va l ue of Be = 0.309 .  For the same

value of e and a minimum limi t  of the modulus of 100 psi , Be — 0.098. For

conven i ence , the values Be = 0 and Be = 0.5 were considered as absolute
upper and lower bounds. The max i mum propellant thickness considered for

t e s t i n g  was 0.5 Inc hes. Using this value for h and making use of Equation (33 ) ,

E - ____ 
(Bh)

4 
- ______

f ~~0 . 6 l 7 )  
( 0 .6 i 7~~)~~ (0.3o9)~

and
E f 8 h 1  

= 110 ps i  (34 (a))

E f 8h 3  
= 8,938 ps i  (34 ( b ) )

which indicates tha t the lower bound of the propellant modulus (100 psi)

corres ponds to a “sho r t” beam and rigid beam behavior , while the upper bound

(10 ,000 psi) corresponds to a “long” beam and flexible (sem i-infinite) beam

behavior.

Su f f i cien t backgro und has been developed for a discussion of Figure 9. It

is evident on examination of Figure 9 that the relative shape of the defiec-

tion curve of a semi-infinite beam is weakly influenced by changes in Be

within the expected range. Figure 9 also tends to corroborate the “long”

and “short” beam criteria for Bh (Bh > 3 and Bh < I , respective l y), in

-34-
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particular (following Den Hartog ’s rationale) for 13x > 3, bending deflect i on s

(hence bending moment and shear) damp out rapidly, and i f  the beam were

truncated at a point in this region , the bending moments and shea r forces

thus “destroyed” would have a negligible influence on the beam deflection

cu rve for small values of Bx ; then the deflection curve of Fi gu re 9 would

appl y wi th good accuracy to the finite beam. On the other hand , it is obvious

that truncation of the beam at Bx < I would drastically change the constraints

on the left-hand portion of the beam; both bending moment and shear force

would be si gnificant in this region . For the latter case, the defl ection s

of the finite beam are dom i nated by the foundation stiffness rather than the

beam sti f fness , and the beam itself acts essentially as a rigid body (Refer-

ence 5, p. 161).

The foregoing discussion indica tes that there are two rather clear-cut regions

in Bx for which distinctly differen t models apply. Unfortunatel y, the area of

interest is the muddy region in between. Den Hartog points out (Reference 5,

p. 161) that for this region , “In many practica l cases a good approximation

is obtained by using either the stiff-beam theory (8h < 1) or the long-beam

theory (Bh > 3) or by interpolating in between.” Further discussion of this

po int is deferred to a later part of this subsection of the report.

3.2.2.2 Deflec tion of Short Beam.

Since a “short” beam (Bh < 1) is considered to act as a rigid body , its

anal ysis is simple. Given that the foundation obeys Equation (26), the

reaction load of the foundation due to a beam deflection at a point is pro-

portiona l to the deflection. The analysis is most easily done by applying

the superposition principle as in Figure 10(a). Static equilibrium equations

for the individual free-body diagrams of Fi gure 10(b) and 10(c) resul t in

the f o l l o w i n g  equa t ions :

ZF y — P - q 1 
h P - k 61 0

EM — M - 2 f
+./2q (x - d - — M

0 
- 

k~2 h
2
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M Pe ~~~~~~ p
M~~Pe+Ph

(a) ~~~~~~~~~ + ___________________

(b) • (c) 
~~~~M

H1HH~
= k 

(
~~ A+

ó

B)
2 

“.‘q 2 — k 

(
~~A+~~B )

Fi gure 10. Analysis of Ri gid Beam on Elastic Founda t i o n :

(a) Decom posi ti on of Loa d in t o  Centr a l  Fo rce
and Moment;

(b) Free Body for Beam Loaded by Force P ;
(c) Free Body for Beam Loaded by Moment M .
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wi t h the results :

0
Is ——I kh

- - 6M
152 kh2

I f  the substitution M0 
= Ph/2 + P4 is now made, the resul ts are

6A 
= 6

1 
+ 6

2 
= fr + (?~ M)(_~~)

or
1+P 6MIsA kh kh2

and
62 2 IPh 1 6

6A~~ 
s lope at A ~~~~~ j~~— + M j —--~-

or 

~A kh2 kh3

F i n a l l y ,  when P4 • Pe is substituted ,

(35)

(36)

Not i ce that the foregoing analys is ignores the effect of beam flexure on the

slope and deflection of the pins at point A. This is consistent with the

argument discussed in the preceding part of this subsection for Bh < I.

- 3.2.3 Deflection of Complete Pin .

The deflect i ons of the complete pin (or more specifically, of certain loca-

tions on the complete pin , namely points A and A’ in Fi gure 8(a)) are found

-37- II
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by combining the deflections of the imbedded and nonimbedded portions of the
beam. The Imbedded portion has been treated previously; the non imbedded
portion will now be discussed.

3.2.3.1 DeflectIon of Nonimbedded Portion of the Pin.

Referring to Fi gure 8(c), let 6 A ’ be the deflection at point A’ for a beam
cantilevered from point A. For the load i ng shown,

— 

~~~~~

-

~

‘

3.2 .3 .2  Combined Results for the Entire Pin.

in 3.2.3.1 above, the non i mbedded portion of the pin was considered as a
cantilever beam. Since the beam Is actually connected to the i mbedded por-I

’ 
tion of the pin , the vertica l mot ion 

~~~ 
and rotation (O

A) of point A must
be incorporated. The fina l result for the deflection at point A’ is

2
- 

-

. 

6A ’ 
= + 6A e + (38)

For the short (rigid) beam case, and are calculated from Equation s (35)
and (36). For the long beam case, and are cal culated from Equations (30)
and (31) with x • 0 (as noted earlier , this results in F1 (Bx) — F

2 (Bx)F
3 (8k) 

— F4 (Bx) — I). The complete results are summarized In Equations (39)
and (40):

Long Beam Case (“infinite beam”):

- + (2~~~
2P 

+ 
4~

3
~
2Pe) 

e + (2BhP + 
2~h

2Pe) (39)

Short Beam Case (ri gid beam):

6A %
I i d ~~~~~~~~~~ (~+~~)~ +~ (4+~~~) (40)

-38-



~~1!~ 
- -

~~~~~~~~~~~ 
—

~~~~~~~ 

-. 
-

Fo r i n ter media te cases , i.e., cases for which I < Bh < 3, the a pp roach (as
ment ioned earlier) suggested by Den Hartog Is to Interpolate between these

two results. Applying this advice ,

6A ’ - K~h ~~A’~~ f 
- 

~
A ’ i i d ~ 

+ 6A’ i i d  
(1+1)

A l s o ,

h ~~ 
- 15

A ~ + 15
A ‘ 

(1+2)
B inf ri g id rigid

KBh (O A 
- 0A ~ + 0

A 
(1+3)

inf ri g i d  r i g i d

and

• K, 
h ~~ 

— 6
B ~ + 6

B 
(44 )

B Inf rigid ri gid

whe re

0, 0 < B h < l

~8h — (Bh—l)/2 , I < t3h 3 (45)
1 , 3 < B h

Since the end use of the calculations made according to the above relat ion -

ships is to determ i ne the net effect on the total strain measurement bias , a

useful parameter is the additive component of strain bias in inches/inch per

pound of force exerted on the pin by the clip strain gage. Since there are

two pins which deflect (at the loading point) through a distance 
~A’ ’ 

the

additive bias is g iven by

“DELTA STRAIN BIAS t P”

2( 6 A , ) / P
— 

L0 
(46)

Where L is the total distance between pins , i.e., the gage length of the

clip gage. (Al l calculation s performed used a fixed value of 0.400 for L0.)
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The mani pu la t ions requ i red to comb i ne Equation (46) wIth the results of the
earlier analyses of sample bending deflection to calculate the tota l s t r a i n
measurement bias is deferred until a later subsection of this report.

ApproprIate ca l culations to evaluate Equations (41), (42), (43), and (46)

were prog ramed on a prog rammable calculator in  accordance with the rela-

tlonships developed above. Selected results (e — 0.050”) are shown in

Figure II. It can be seen that the interpolated result for 6A’ transitions

very smoothly from the rigid beam result to the infinite beam result as Bh

goes from 1 to 3. The behavior of this model of the steel pin in the pro-

pellant specimen appears , In a genera l sense, to be quite satisfactory.

Fi gu re 12 provides  a p h ys i ca l  illustration of the pin deflection as described

by the model. This figu re shows the predicted vertical deformation of the

p in t reated as a “r ig id beam ,” an “infin ite beam,” and as an intermediat e

case (“in terpolated result ”). As noted on the figure , the particular results

shown are for Ef — 1 000 psi; the calculated va l ues of Bh and Be are , respec-

tive l y, 1.735 and 0.174. (Actually, the ca l culator program prov i des onl y

the de f l ec t ion s a t po int s A and A’ and the slopes at point A for the three

defl ection cu rves. The rema i nder of Figure 12 was constructed by interp olating

from Fi gu re 9 for Be — 0.1 74 to obtain the infinite-body curve , then

man ua l l y in terpolating between this curve and the ri gid-bod y “curve ” for
— 1.735.) The basis of Den Hartog’s discussion of the effects of removing

the part of the beam which lies outsIde the foundation (see 3.2.2.1) is

clearly ev i dent in Figu re 12.

3.2.4 Re-exam ination of FoundatIon Stiffness.

The ear l ie r  discussion of foundation s t i f fness (3 .2.2) c i ted a ve ry simple

expression for the foundation stIffness. This subsection concerns itself

with severa ’ factors which were examined In detail to obtain a fina l estimate

of the effective foundat ion stiffness (a particularly Important factor being

the interference between two opposed points or distributed loads acting within

the medium or foundation) . This subsection also examines the manner in which

the sample bending de formation and the localized deformations of the pin and

surround ing propellant interact to produce the total motion of the pIn.
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3.2.4.1 Deflection Under Highly Localized Loads.

The deflec tion , produced by a concentrated (point) load P acting at the

surface of a semi—infinite medium, which  ex is ts a t a par t ic u l a r  po i n t i n
the medium (r, z, 6) is given by (Reference 4, p. 402):

w = 

~~~~~ 

[(1 + v) z2 (r2 + z2) + 2 ( 1 - v
2

) (r
2 

+ z2)
’

] 
(47)

where the force acts in the positive z direction at the origin of coordinates I 
-

and the medi um has an elas t ic modu l u s  E and a Po i sson ’s ratio v. Consider

the deflection (see Figure 13(a)) of a point on a hemispherica l surface of

r ad ius  a , centered at r = z = 0. For Poisson ’s ra t io = 0.5, i t  can be shown

that Equation (47) results in

W 
~su rf = 

~
;
~~P 
[~~

‘ (cos2 0 + 1)] (48)

Two quan t i t ies are of in teres t : su rf or the deflect i on averaged over the

hemispherical surface ; and 1arc 
or the def lec t ion ave raged over an arc in

a p lane  pe r p e n d i c u l a r  to the hemis phere ’s base. In tegration of Equation (48)

(wi th the proper substitutions) results in

(11/2 [211• J J w adqide
— o o surf P
W surf 2 (4 9)

2,ra f

and 
(11/2

J w ado
— o surf  

— 9P
W arc 

= ira/2 
— 

BITEfa 
50

whence

arc 
= 1.125 surf•

The average deflection for a circular area of radius a loaded by a un i form

pressure p is given as (Reference 4, page 409):

— 
— 
0.54 P (l—v

2)

press Efa

43
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(a) COMPUTE AVERAG E DEFLECTION OVER A CIRCULAR ARC
(RA D I US a— PIN DIA -~-2) PRODUCED BY A CONCE NTRATED
FORCE P .

(b) COMPUTE AVERAGE DEFLECTION OVER C I R C U L A R  AREA OF

• RADIUS a UNDER UN I FORM PRESSURE p=P/( 11a2

Ip

1

(c) CALCULATE DEFLECTION UNDER A RIG ID DIE OF RAD I US
a LOADED BY A C O N C E N T R I C  FORCE P.

Figure 13. Approaches to Dete rmination of
Foundation S t i f fness  Under a
Highly Local ized Load
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This result appl ies to Figure 13(b).

Use of Equations (49) and (50) result in:

‘~‘~~ surf/~
’press 

= 0.786 (51)

and / )
/ — 0.884 . (52)arc~ press

The def lec t ion for the r i g id die (Figure 13(c)) under a l oad P is g ive n by

(Reference 2, page 323):

— 
- 

P (l_v 2)
rig id 2aEf

Aga i n using Equations (49) and ( 50) and taking v = 1/2 ,

~~~~ 

surf/Wr i g id = 0.849 (53)

“
~~ arc/~ r i g i d  = 0.955 (51+)

I t a ppears tha t , for the same total force, the techn i que of averag in g the
deflec tion s due to a point load over the arc of radius a produces nearly the

same resul t as ob tained for the deflec t ion of a r i g id d i e  of the same r a d i u s
and a result close to that for a circular area of radius a under a uniform

4 
pressure.

Timoshen ko and Goodier show tha t Equation (1+7),  when i n tegra ted for the case
of Figure 13(b) , produces the following results along the l oaded surface

r (Reference 4, pages 403 — 409)

2 (l-v 2) pa 
— 
2 (l—v

2
) P (55)W 

Ef 1TE~a

— 0.514 P (l—v 2) 
= 

O.5411pa (l-v 2) (56)E~a E f

45 ‘
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fo r a < r < =, and

— ~ 
(l;v)~~ pa [F 1 (-i.)] (58)

for O < r < a

where F 1 denotes an elli ptic Integral of the fi st kind and F2 deno tes an

e l l i ptic irtegra l of the second kind. Equations 57 and 58 were normalized
with respect to W (Equation (55)) and the values of this normalized deflec-

tion were plotted to produce Figure 11+ . The def lec t ion produced by an
equivalent point load (Equation (47)) is also shown in Figure 14. It is

noticeable tha t the two curves are almost indistinguishable for n a  greater

than 3. Another noticeable feature is the rap idity with which the local

deflect ions die out. Before drawing any conclusion s, however , the effects

of an opposing load , coax ia l  wi th the l oad of i n teres t but ac t ing a t a
d i s tance ~~ along the axls , must be considered. As a first step, the def1~ c-

t ion at p oints on the z axis (see inset , Figu re 14) can be found by integrat-

in g Equation (47), with the result

W r 0  i~ [z
2 

(l+p) (
~ ~JT~~ 2) 

+ 2 (l~ v
2
) ~~~ z)]

. (59)

It is easily demonstrated that this equation produces the same value of

- w • wma for r • 0, z — 0 as is g i v en by Equa tion (55). Taking v — 1/2 and

normalizing with respect to wma ,

— v 1 + (_-~ 
- ________ (60)

~ 
max /r_O ~a, 

2
V l + ( ~~)

Equation (60) is plotted in Figure 35, alon g with the normalized deflection

produced along the z axis by an equiva l ent point load. Note that, as in
Fi gure 14, the point and distributed l oads produce essentially identical

-1+6-
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results at a characteristic dimension 3 and beyond. Figure 15 also

shows the results of superposing the deflection s for two distributed loads:

one ac t ing  downward at z — 0 and one acting upward at z L = 0.4, or

z/a • L/a — 0.14/0.0185 — 23.62, i.e.:

W Inet iw w
w 1w wmax r=O \ 

max r 0  max r L
z0 z—0

Comparing the deflection cu rve for the two opposed load distributions with

- . that for the single load distribution , it appears that the deflection under

each load is decreased by the presence of the opposing load. The effective

stiffness of the med i um , in other words , is increased by the interference

between the two loads.
4

Taking advantage of the rap id convergence between the distributed-load and

point-load deflection curves as z/a increases (Fi gu re 15), the distributed-
load deflection at the loaded surface (Figure 14) was corrected for the

presence of an oppos ing  distributed load at z/a = L0/a by substituting an

equiva l ent point load for the distributed opposing load . The result is

shown in Figure 16. Also shown in Figure 16 is the normalized average

It deflection of the uniaxial spec i men, computed by integrating the strain

given by Equation (2) over the length L0
. (P’ — 2P was substituted for P

in Equation (2) to account for the use of a semi-infinite body mode l rather

than an infinite body model in the above ana l yses. Not i ce also that

Figure 36 attributes the fina l result to the infinite body rather than to

the semi-infinite body. As discussed in 3.2.1 , this procedure is valid

onl y f or a Po i sson ’s ratio of 1/2.)

Comparing Figures 15 and 16 , it can be seen that the average deflection over

the l oaded area is reduced from 0.85 w0 to 0.799 w0 by the interference

effect of the second load. ThIs represents an increase of 6 percent in the

effective stiffness of the medium. It is also apparent that the interference

f r om the second load causes the deflec ti on curve to “damp out” somewhat more

_149_
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rapidl y as n/a increases. These results indicate that the effects of this

in terference must be considered In the ana l yses of the mounting pins.

F igure 16 prov ides a basis for assessing the importance of “edge effects”

on the v a l i d i ty of the i n f i n i te med i um mode l for anal yz i ng the int erac t ion
of the pin with the finite sample. It is evident in Figure 16 that the

deflec tion is negligible for va l ues of n a  greater than 5. We can therefore

Infer , in an argument parallel to the one Den Hartog uses for the infinite

beam (see 3.2.2), that material beyond n a  — 5 could be phy sica!l y removed
wi th little effect on the average deflection . In fact , i t would appea r

qualitat i vely that removal of all material to the right of a plane tangent

to n a  of , say,  2 or 3 would still have little effect on the average deflec-

tion or effective medium stiffness. Howeve r , the impact of removing mater ial

- 
I would rapidly increase for sma l l e r  va l ues of n a  and wou ld cer ta in l y be

si gnifica nt as the plane approached n a  = 1. We can the refore conclude that

the infinite-medium result applies accu rately for a l ocalized load provided

the loaded area is at least two to three times its own radius distant from

a f r ee surface , but that the infinl te m~ d1 um resu’t undenpredicts the deflec-

tions when the loaded area is closer to the surface. This conclusion wil l

be of use in the following subsection of this report.

One fina l usefu l observation can be made based on Figure 16. The normalized

deflect ion cu rve depicts the loca l deflection s ofan infinite med i um under a
hi ghly localized load. However , near l y i den t ica l  l oca l i z ed  def lec t io ns mu st
occur within a finite sample under the same load , prov i ded it is sufficiently

large that edge effects can be ignored (as discussed above). These conditions

are satIsfied for the 1/2—inch by 1/2-inch propellant sample , as is ev i de nt

from Fi gure 16. Based on St. Venant ’s principle (Reference 5, page 117) we

would expect the local ized effects of the concentrated load to be merely a

perturbation on the average sample behavior. In other words, i f  we con s ide r
the deflection in the finite sample to be given by the sum of two components ,

w w  + w  (6 1)u n l a x i a l  l oca l

— 51 - 
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where W nia lal is given by Equation (2), we would expect that

w —  w - = w u n i a x i a l  + W
un u ax ial loca l

or

=0.l oca l

However , numerically averag ing the deflec tion curve of Figure 16 produc es

the resul t

— 0.0349max

w h i l e the u n i a x i a l  de f l e ct ion for the 3/2 x 1/2 samp le  was compu ted as

w - iw — 0.056uniax m a l / max z O

It appears , then , tha t the deflection cal culated for the infinite medium is

more nearly equa l to the tota l local deflection of the sample than to the

componen t w - In  fac t , the component of deflection w is approx i-l oca l loca l
mate ly given by

— w .  - + w . . (62)l oca l m nf med i um un u axial

This result will  be utilized in the fol lowing subsect ion .

3.2.4.2 Deflection Under Distributed Localized Loads.

Since the major part of both the localized and the average deformation of

the sample is in flexure rather than axial deforma ti on , a foundation stiff-

mess derived from response to a distributed bending moment appears to be

appropriate. The simplest load of this type is the triangularly-distributed

lin e load of Fi gure 17(a). Rewriting Equation (47) (in the differen tial form)

in terms of the variables shown In Figu re 17 and substitution of v 1/2

results in the differential equation for deflection w ithIn a semi—Infinite

med i um :

—52—
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dw — 
E~
max 

[
~
2 (A2 + + + (x 2 + y2 + Z2) ]  (A+~) dx.

Further substitution of a ~~~~~~~~~ x x /h , 
~ 

— y/h , ~ — z/h, a — a/h and

A — A/h produces the equation

1.5 q r . —3/2 —1/2 1
dw — 

irE [z
2 (A 2 + a2) + (x 2 + a2

) ] (A + x) dx (63)

In tegration of Equation (63) over the length of the clip gage mounting pin ,

i.e., f rom A 1 
= — (x + 

~
.) to A

2 
— (4~ — x), produces the following result:

1 .5q 
~~ 

[v~~~~~~2]:~ 

+ ~ ~2 [
~ 

;2] 

+ 

[
~~

+ ;2]2

+ b’ fl (
~ +

~~~~~~~~~
+ 

~2)]2} (64)
A l

I f  we now def i ne w = w , i.e. , the va l u e  of
° x — 1/2

a a .  — apin/h 0

w at the end of the pin and lying on a surface in the propellant correspond-

ing to the pin ’ s surf .’ce , i t can be shown from Equation (614) that

l .5 q 
~~2 2

— ~E
m
~~ [(a0 

sIn 0) k 1 + k
2] 

— k [(a0 s in 2o) k1 + k2] (65)

where 0 Is defined in Figure 17(b). Integrat i ng Equation (65) with respec t

to ds — a0dO from 0 
= 0 to 0 — ir/2 and dividing by (ira/2) yields the following

average va lue for

— .2 [k 1 k2 1w~ k (2a ~ 

~~
~514~
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Evaluation of k1 and k2 from EquatIon (64) with a — (.0385)/(0.5) — 0.037,A 1 — -I , and A
2 

— 0  yields the result

- 1.2635 k - 1.2635 (E ~
m)
~~~

and Equation (64) becomes

WI; - 0.79l51;
2 

~~~~~ 2] 

+ 

+ ;2] 
: 

+ + ~2] 

~:

+ [~ tn Y~~~~~~ 
~2 (66)

L A 1

Equation (66) was programed on a programable calculator and calculations

were performed both for a single triangular l oad distribution and for two

opposed triangular load distribution s separated alon g the z-axis by a distance

of L — 0.14 inches. The results are shown in Fi gures 18 , 19, and 20. The

influence of the second line l oad (compare Fi gure 18(a) wi th Figure 18(b)) is

qui te similar to that found for interacting hi gh l y  l oca l i zed  loads in the

previous subsection ; i.e., deflec tions are slightly reduced. Figure 19 shows

the variation in deflection along the (imaginary) “p i n  surface” at the
extreme end of the pin axis. There is , of course, si gnifican t distortion of

this surface as the med i um deflects under the line load , although this dis-

tortion is considerably less than the distortIon of a circular arc around a

point load ( th is  comparison Is shown in Fi gure 19) . SInce it was shown in

the preceding subsection that the average deflection over the circular arc

produced by the point l oad closely dupl icated the deflection under an equiva-

lently-loaded rigid die , averaging deflections over this Imaginary “pin surface”
— should provide a good estimate of the deflection under a ri gid die of width

2a and length h, subjected to a load equ i valent to that in Figu re 17(a). The

• calculated deflectlon s along the “pin surface” for four values of 0 from
00 to 900 are plotted in Figure 20. As noted from Figure 19, there Is distor-

-55- ‘
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t lon of each cross section of the “ p i n ” as It deflects. There i s  also a

substantial bending deformation whIch would not occur with a rigid die.

V One approach to the desired stiffness ca l culation is to calculate the average

rotation over the length of the “pin ” and take this value as the “rigid die ”

deformation. This calculation was performed by averag ing  the fou r defor ma ti ons
at each cross section , computing (/~~)/x, 

and averag ing these values to

compute a rotation . In the course of these calculations , i t was found tha t

the deflected shapes of the cross section s were very nearly geometrically

similar: (w/ 0)/x had almost exactly the same shape at each cross section .

While the above approach (which yields the line labeled “average rotation ”

in Fi gure 20) is straightforward , it neglects the “edge effects” discussed

in the preceding subsection of this report. As noted in the discussion of 
‘

Figure 16 , these effects begin to be important as the distance from the free

surface decreases below two to three times the radius of the loaded area .

The corresponding values of x in  F igu re 20 are

= 2 
= 0.5 - 2 (.037) = 0.426

x
~ r — 0.5 - 3 (.037) 0.389

It appears , therefore , that the “edge effects” would begin to reduce the

localized stiffness of the med i um (i.e., to increase the l ocalized deflections)

at approximately the point for which the deflection curves of Figure 20 begin

to “bend over.” Furthermore , the localized effective stiffness would be

expected to drop to about half the va l ue in the center of the sample at the

edge of the sample (i.e., the deflection s would double) . The net effect would

be to approx i mately negate the departure of the deflection curves in Figure 20

for x/h greater than 3. Based on this reasoning, and on the observed similarity

in the cross-sectional shapes, the maximu m deflection for stiffness calculation
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purposes was determ i ned as follows :2

(1) From Figure 20, it was determ i ned that w
0 — when 0 650

(2) ThIs va l ue of 0 was used to calculate (w/w ) 
— 0.2

(3) This va lue of ~~ was then used to extrapolate /~ to x — 0.5,

ob ta i n i n g  
~~“o~max 2.22

I
The va l ue thus obtained Is considerably hI~ ner than the “average notation ”
va l ue of 1.90 (see Figu re 20).

— 3.2.4.3 Effective Foundation Stiffness.

- - 
- 

The preceding subsecti on prov ides a calculated deflect ion d is t r ibut ion pro-
duced in a semi-infinite medium by the triangular load distribution of

Fi gure 17(a). If we take the deflection as an effective linea r di stribution ,

the foundation stiffness is given  by the d e f i n i t ion of k :

2 q 2 o
k = q/w = — 

max 
— 

— — 

‘max

W (w/w
0)(w /k)k

Where the factor 2 is appl ied to to obtain the stiffness for an infinite

medi um instead of a semi-infinIte medium . From the preceding subsection ,

( / )  = 2.20, (;
0
/k) — 1.2635, and k — (1.5 q~~~)/(nE f). Substitution of

these va l ues into the above equation produces the result

k — 1. 1494 E f (67)

2. In retrospect , step (1) of this procedure was based on an erroneous
assumption that unsyninetrica l distortion was responsible for w

0 not beingequa l to w0 at 0 — 
45°. Actually, as is ev i dent in Fi gure 19 , the sh i f t i n

w/w is sImply the result of Interference from the opposing lin e load. The
res~ lting va l ue of (w/w 

~m ~ about 10 percent too high (a small erro r in
view of the uncertaInt i~ s ?~volved) .
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For comparison , values of k can be calculated for the hi ghly localized loads

ana l yzed in 3.2.4.1. Def Inc the load per unit length for the circular areas

of F i gure 13 as q — P/9. where P is the tota l load and t Is  the length of an
equiva l ent square (i.e., a square having the same area as the circle) . Then

P

and , for the average deflect i on produced by a point load act i ng within an

infinite medium , we have, from Equat ion (50)

— 1 —  i (9P_\ !I 9 ‘
~w — 

2 
(w 

semi-infinite medium~ 2 \BTrE fa) 2 \S~Ji~Ef / 
q

so

2 (8~,4)~ Ef
k q/w 

— 3.151 Ef

(point load , deflec tion averaged over arc of radius a).

Si milar calculations result in the following stiffness va l ues:

Un i form pressure on a circular area : k = 2.786 Ef

Deflec t ion of a ri gid circular die: k — 3.009 Ef.

The selected techn i que (Equation (67)) of calculating stiffness of the med i um

therefore results in a stiffnes5 about half that for a highly localized load

on a circular area. However, the selected stiffness is very close to the

va l ue obta i ned for a square area loaded by a un i form pressure.

3.2.4.4 Adjustment for Sample Flexural Deformation.

The triangular load distribution of Figure 17(a) is staticall y equiva l ent to

a pure bend i ng moment given by
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acting on the semi-inf inite body of the analysi s. The moment acting on an
infin ite body (the propellant sample) is twice this va l ue, or

2q h
M 2M max
0 9. 3

From the ana l ysis of 3.1 , the bending momen t in  the sam p le  gage len gt h i s ,
s i nce R

1 0, (Equa t ions (3) and (5) )

M = - M  + R z + M  -M + MH 1 I o 1

where (Equation (4))

N - —
~~~ [2Za — £2]

subst itution of the above expression for N yiel ds

-2 M a -2 
~~~ h

2
a

M 
3L~~~~~

and the surface bending strain in the center section of the sample is given
by

—q h aNh max(
~
Ez)bending 2E f l 3EfI9.

The surface axial deflection at z — a (see Figure 1) is given by

-L q h3a L
(wmax) sample T ~~ bending = AE flL

where a factor of -l is incorporated because a negative strain produces a
positive va l ue of w.
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Recognizing that I — h4/ l 2 ,

2 q  a t .
(Wmax)sampie 

— Ef
hQ

and , s ince  1.2635 (1.5 Qmax)/(1rE f)~

— 
Z i r a L0

[(w )
l / w ]  — fl7~~635)( l.5) h9.

substituting a — 1.80 inc hes, L — 0.4 inches, h — 0.5 inches , and Q. = 4 i nches

produces the fina l resu ’t

[(w ) ,; 1~. 1.193
i. max sample o j

Th is sample bend i ng d i sp lacemen t i s  shown in Fi gures 18 and 20.

I f  we appl y the same log ic as in 3.2.4.1 the displacement in the z direction

i s  g i v e n  by

w w  + w  (68)
sample local

where Wsample 
is the bending deflection of the samp le treated as a beam , and

w — w. . - w = (w. . ) c (69)
loca l inf medium samp le inf med i um

where

w. - - w
inf med i um sample

C — w ln f  med i um

and , substituting computed values for the deflection s,

- 
222

2 2~~~
93 

- 0.463 (70)
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3.2.5 Adde d Bias in Strain Gage Measurement.

The preceding discussion prov i des the groundwork for computing the effect of

loca l defiections on the measurement bias produced by c l ip gage/sample inter-

action. The bias due to loca l deflection s is considered as an add i t ive ef fec t
which is superimp osed on the bias predicted by modeling the sample as a beam.

As shown in 3.2.4.4, the l oca l component of deflection of the sample under a

F t r i angu la r  l i n e load is  con s ide r ab l y less  than the def lec t ion of an i nf i n i te
med i um unde r the same l c’ad. The logical application of this result would be

to apply the calculated reduct ion factor (Equation (70)) to the pin deflec—

tions calculated earlier (in 3.2.3). Examination of Fi gure 12 , however ,
reveals a basic conflict with this concept . The rig id beam mode l , as shown

in Fi gure 12 , produces a p in deflect ion curve which closely resembles the

deflec tion of a beam cross section under bending loads. The motion of the

p in is simply a magnif ied version of the c ross -sec t i ona l  de formation . However ,

it is obvi oi~s in Fi gure 12 that this observation is not true for the i n f i n i t e

f beam model: the beani itse~ f t ndergoes no ri g id body niojon , either in rotation

or vertica l deflection. It therefore Is apparent that the r i g id body motion

of the pi n prod uced by deformation of the sample as a beam must be added to

the deflection shown for the infinite beam in Figure 12 to obtain the total

motion of the p i i . Conversely , the local component of the pin def1e~tion is

equa l to the deflection given by Figure 12 without the reduction factor of

Equation (70).

The ca l culator program used to generate Figure 11 was modified to appl y the

reduct ion factor of Equation (70) to the “ri g id beam” defl ect ions and slopes;

the computed deflect ions and slopes for the infinite beam model were left

unchanged. The deflect ions and slopes were then interpola ted by the calculator

program in the same way as in Figure 11. The results for an e c c e n t r i c i t y  of

0.050 inches are shown in Fi gures 21 and 22. As before , the interpolation

y ields results tha t appea r reasonable. 
-

Fi g u r e 23 shows the bias in the strain measurement produced by loca l de forma-

ti ons alone , for several  val ues of prop el l a n t m o d u l u s , as a func tion of eccen-

tricity. These results were ca l culated (by the calculator — .-ogram discussed

above) according to Equation (46).

-6 4-

_ _ _ _  - - ~~~~~~~~~~

- 

~~‘ 
_ _ _



r 
- -  - 

~~~~~~ _ i i~~ i~~~
-

~~ ~~~

- 
—

-- -—

~~~~~

-

~~ -_ _

- I I - 
- 

- - - - -

C

I ,

0 20.

Ui

~ 0.18.
0
U..

~ 
“INF lNITE SEAM” DEFLECT I ON

O.12 
0 ~~ “RI GID BEAM” DEFLECTION

O
o I NTERPOLATED DEFLECTION

• 0 10. -

“
-I 0
~ o.o8~ - o

o.o~. .

0

A 0
O.02 “

~
‘ 0 .

o. ~~~~~~ AE~~.I I

2.0 2.5 3.0 3.5 4.0

- 
LOG 10 (E pro~~ psi)
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3.3 Net Gage-Sample Interaction.

In 3.1 and 3.2 of this report, analyses were conducted to estimate the

separate contrIbutions to bias in clip strain gage measurements on a un i—

axial tensile specimen caused by sample deformation (as a beam) and by

local deformation of the clip gage mounting p ins. The anal yses in the
present subsection combine these separate contributions to obtain the

net bias in the clip gage measurements. The appropriate equatIons are

developed and cal culatIons are carried out for two selected gage stiff-

nesses. In addi tion , the pin deformation and dIsplacement resulting

from both sample deformation as a beam and localized effects is compared

with three—dimensiona l fInite element ana l ysis results.

3.3.1 Comb i ned Bias In Strain Measurement.

The tota l bias in the strain gage measurement results from two contributions:

one from the “beam deformation ” of the sample and one from the loca l deforma-

tion of the mounting pins. The relative bias due to sample beam deformation

is (Equation (9a)):

-(E~e 
)

(eD,~) — 
z sample 

—

“
~~ samp le c + (Ac )

0 z sample

S o l v i n g  for (~c 
) and substituting e = 0.1 ,z sample o

c
(Ac ) — 

o 
— 

0.1 
(71)z sample r i 1 I I

~
(-eRE) Pl 

_ 1j [(..e ) I

As discussed In 3 .1.1 , this strain bias corresponds to a force P0 (the

clip gage reaction force at 10 percent gage strain). For the same force
the strain bias due to pin deformation is:

Cz)pin 
- ~~

0 (
~~ z 

) pin 
(7 2)
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The net strain bias is therefore

(Ac ) + (Ac ) 73
(Acz)net z sample z pin

and the strain experienced by the sample when the gage strain Is

c =0.1 is
0

c = c  + (Ac ) -sample o z net

Finall y, the ne t rela t ive bias in the strain gage measurement is

c - co sample 0.1(C
RE

) net = £ Sampj e 
= 

Esample 
- 1 (74)

To calculate the combined measurement bias , the calculator program used to

generate the results in 3.1 was modified slightly to allow calculation of

(eRE)sample for fixed values of P and vary i ng modulus; the ca l culator pro-

gram for the pin deflection analysis was used to calculate the term (Ac
~
/P)

~ ;~
for the same modulus; and a new cal culator program was written to carry

out the calculations of Equations (71), (72), (73) , and (74) .

The results for two selected values of P0 are shown in  Figures 24 and 25.

Each set of computations was carried out for an eccentricity of zero and

an eccentricity of 0.050 inches.

The value of P0 used in Figure 24 was 0.322 lb (corresponding to a spring

constant of k 8.05 lb/in at the fixed gage length of 0.4 inches). This

corresponds to the calculated stiffness of Thiokol ’s early experimental

clip gage, wh i ch was residual hardware from the Simulated Air Launch En-
- - 

vironment (SALE) program (Reference 7) .  This gage is the “baseline ” gage

in 3.4. It appears that this gage would produce a measurement bias that

would be unacceptable for most engineering purposes over the entire range

of propellant modulus considered .1 Since the gage was considered too s ti ff

I. Thioko l reported (Reference 6) a negative bias of approximatel y 35 percent
for the baseline gage used on a propellant sample at room temperature in low
rate tests. This is consistent with Fi gure 24.
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Gage, U~sed on Tensile Specimen of Figure 2
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for the Intended use, Thiokol attempted to develop a much more compliant

gage. The fina l prototype gage produced had a sti f fness of 2.56 lb/in
and a gage length of 0.40 inches. Figure 25 shows the predicted measurement

bias for this gage. Comparison of Fi gures 24 and 25 reveals that the 68
percent reduction In gage stiffness reduces the measurement bias by a

factor of roughly 50 percent at 100 psi and somewhat more at the higher

va l ues of propellant modulus. The remaining measurement bias , however,

is still much larger than would be acceptable for most engineering purposes.

3.3.2 Comparison With Finite Element Analysis Results.

As a check on the validity of the models used in  the preceding analyses ,
i ndependent finite element analyses of the mounting p in/propellant samp le

system were made with the TEXGAP- 30 structural analysis code.
1 The finite

element model used the sample geometry of Figure 1 , with L~ 0.40 inches
and a clip gage eccentricity of 0.050 inches. The pin diameter and material 

—

properties were the same as used in this report. Three values of propellant
modulus were used : 200 psi , 1 000 psi , and 20,000 ps i .

‘
I

The def l ection of the pin f~r the propellant modulus of 1000 psi , as pre-

dicted by the finite element analyses and by the models used in this report ,
is shown in Figure 26. The total deflection predicted by the latter is 

-

-, w = w  +w
sample loca l

where 

L L
w — .-2. [(Ac ) + (Ac ) 1 __2._ . (Acsample 2 z . z • i 2 z sampleaxi al bendingjsample

Modif y ing Equation (7) to account for the loading eccentricity e,

I. These analyses were performed by Capt. .1. Hildreth in the process of
checking out the new code on AFRPL ’s CDC 6400 computer system.

- 72-



-“— 
‘

I

— ~~~~~~~~~~~~~~~~~~~~~~~~~ 
- - - — — - 

~~~~~~~~~~~~
4I

~~~~~ -- 4 1
-

- 

-.
-
~~~~~~~~ -~~ 

----- - 

~~~

- -  - - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
—- - 

- -
~~~~~~~~

-

~~~~~~~~

-

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- - - -
I N F I N I T E  BEAM TOTA L

-8. 
(DISPLACEMENT

-6 .— SAMPLE —.—~ - -2
THICKNESS ‘

\ ~~~~~~~~~

P R I G I D  BEAM ~~4,,,,
. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ INTERPOLATED RES ULT

~~~~~2 I  A~~~i~~~

~: 1 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~ SAMPLE FL.EX U RE

— NOTE : PLOTTED PO I NTS

~ I ~7i (°)ARE TEXGAP— 3D ANALYSI S

I 
RESULTS

LJ

~ 6

8

l 0 /

12. — I I I I 
— I I I 

-

—0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

DISTANCE FROM SAMPLE SURFACE , in

- 

Figure 26. Predicted Total Deflection of Mounting Pins
Inc l ud i ng Both Sample Bend i ng and Local De-
flec tion (Propellant Modulus — 1 000 psi). 

- - -

L. -~~~~~~~ — ---- — - - --—- I — i--

L



-- 

-

~ T~~~~~~

The “beam” strain at the sample surface nearest the c l i p  gage (point A in

Fi gure 26) is

A 
— 3.60 ~. + 10.80 (f.) (h.I-2e

)

Similarl y, the “beam” strain at point B is

(Acz)samp ie B 
3.6O~~ 

- lO .8O~~ (h+2e)

and the sample beam deformation contribution to the “strain ” at the gage

l ocation (point A’ in Figure 26) is

(Ac
t) sample I A’ (Ac )

1 A 
+ [(Acz

)sampi el A 
- c sampje 

B](h)

These relationshi ps , evaluated at P — I ib , E = 1,000 psi , and e — 0.050 inches ,

result in the deflection labe l ed “Sample Flexure” in Figure 26. To obta in the

total deflection curves labeled “Rig i d Beam”, “Inf inite Beam”, and “Interpolated

Result ” in Figure 26, the local component of deflection for each case (shown

In Figure 22) was added to the “Sample Flexure” deflection at each point.

L The results show excellent agreement with the TEXGAP-30 anal ysis results ,

as can be seen in Figure 26. At the clip gage location , the two results agree

within 2.5 percent.

A further comparison with the TEXGAP-3D results is given in Figure 27. The

defiections from the finite element analyses were converted to a relative bias

in strain measurement by the equation

-Ac
e E z

O . l + Ae~

where

Ac ~‘ \ P — I Ib/ ° 
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Using P — 0.32219 lb and L
0 — 0.4 lb . the three poInts plotted in Figure

27 were obtained , showing satisfactory agreement with the results obtained
-
~ from the models used in thi s report over the wide modulus range considered .

It appears likel y that correction of the slight discrepancy in ca l culatin g
the propellant “foundation stiffness” (see the footnote to the discussion
of FIgure 20) would improve the agreement between the models In this report

- and the TEXGAP-3D analysis.
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3.4 Cli p Gage Structural Behavior.

The analyses in this subsection were conducted to estimate the stiffness

and relative sensitivity of clip strain gages and then to use these results ,

in combination with those of 3.1 , to explore trade-offs between measurement

bias and gage output. As discussed at the beginning of section 3, the

ana lyses of the present subsection were completed before the importance of

the loca l deflections near the mounting pins was realized and before the

analyses of 3.2 and 3.3 were performed . Except where otherwise noted ,

therefore , the strain measurement bias as used in this subsection includes

the sample beam deformation component onl y. Based on the results of 3.3,

the measurement bias actuall y expected would be roughly twice the bias

based on sample beam deformation alone.

3.4.1 Str uctura l Model.

The deflection ana l ysis of the clip gage structure was based on simp le

elastic beam theory. In contrast to the propellant sample anal yzed in

the preceding subsections , the basic structure of the clip gage (see

F i gure 28) is composed of a material which can be regarded as be i ng

linearly elastic with practically no error. The gage structure is fabri-

cated from Be ryllium copper foil with Young ’s modulus of 18.5 X 10 6 ~~
(Reference 8). The strain sensors themselves were not modeled in the present

anal ysis; the actua l gages can therefore be expected to be somewhat s t i f fe r
than predicted . The clip gage geometry considered is shown in Figure 6.

Severa l different mounting techniques have been used to attach clip strain

gages to free propellant surfaces , including direct bonding to the pro-

pellant surface with an adhesive , suspension upon pins attached in various

ways to the propellant surface (as in Figure 2 and Figure 7), and combinations
of pins and adhesive bonds. For the purpose of this anal ysis , onl y the

- 

- 
mounting techniques similar to those of Figures 2 and 7 were considered .

The princ i pal reason for this restriction is that other comon mounting

techniques , which constrain the “feet” of the strain gage to zero rotation ,

greatl y increase the stiffness of the gage.
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F igure 28. Clip Gage Geometry Used in Deflection Anal ysis
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T~ analyze the gage structure , it was div iI.~ed into the four free bodies

shown in Fi gure 29. The deflect ion equations for each free body were

written out and the resultIng total deflection and rotation at points A .

B , C , and 0 were found by superposition . The actua l calculations were

performed using a calculator program writte n with subroutines for straight

and cu rved beams and the appro p r i a te log ic for calculating beam dimensions

and applied loads from the overall gage geometry. The basic calculation

determines gage deflection for the unit load applied at point 0 (Fi gur l~
29). A subsequent calcu ’atlon determ i nes the force P required to obtain

a strain of 10 percent over the gage length L .

The straight beam sections of Figure 29 are each treated as cantilev ered

beams with no correction for “wide beam” Poisson effect (a check was made

to verify that this effect was neg l i g ible) . The curved beams are treated

as curved cantilevered beams with the neutra l surface ha l fway between the

inner and outer radii of the beam; the Poisson effect was again i gnored .r (These modeling assumptions probably cause noticeable error In the curved

beam deflection itself; however , the deflect Ions contributed by the curved

beams are small relat ive to the tota l d e f l e c t i o n, and the relative crror in

the total deflection Is assumed to be neg ligible.) The “f i xed” support for

each cantilever beani is located at the end nea rest the origin of coord i nates

in Fi g u r e  29. The def lect ion c a l c ula t i o n s  are c a r r i e d  out first for the

horizont al beam anchored at the ori gin of coord i nates (Fi gure 29), producing

the calculated vertica l , horizontal , and rotationa l deflections at point A.

These deflection s are then considered as a motion of the “fixed” suppor t of

the curved beam AB; the rigid-body motion of the curved beam correspond ing

to the motion of the support plus the deflec t ions of the curved beam are

combined to determine the vertica l , horizontal , and ro ta t iona l  mo t i on  of

p o i n t B. Th is procedure is cont inued unt i l  the motion of point D is deter-
mined .
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3.4.2 Analysis Results.

The results of the clip gage analyses us ing the mode l descr ibed  above a re

discussed In the fol lowing subsections.

3. 4 .2 .1  Ef fec ts  of Gage Geometry on S t i f fness  and S e n s i t i v i t y .

Figure 30 shows the variation of the parameter P (force at $0 percent gage

strain) with clip gage height. Figure 31 shows the effect of changes in

clip gage height on a measure of the gage output called the relative sens i-

tivity, defined as the ratio of strain in the clip gage center section to

strain in the sample gage length L0. 
Fi gures 30 and 31 show that both the

gage stiffness and relative output increase rapidly as the height decreases.

These figures also show that changes in radius of the corner bends in the

clip gage structure have only a minor i mpact on stiffness and output. It

is also apparent from the two f igu res  tha t changes i n he ig h t and bend rad iu s

tend to preserve a direct relationship between output and gage stiffness:

a decrease in st i f f n e s s  is obtained at the expense of a reduction in gage

output for a gIven strain. F i n a l l y ,  compar i son of F i gures 30 and 31 shows

that a reduction in the thickness of the clip gage from 0.006 inches to 0.004

i nc hes is p redic ted to change the st i f f ness much more tha n i t cha nges the
output (this is a highly desirable result). These qualitative observations

p rovided the incentive to investigate the trade-offs be tween gage sen s i t i v i ty

and measurement bias (produced by the clip gage stiffness) which can be

realized through changes In clIp gage confi guration .

Before examining output/accuracy tradeoffs, however , the specific results

shown in Figures 30 and 31 for the “baseline configura tion ” will be dis-

cussed. The baseline configuration corresponds to Thiokol’s Prototype

Gage No. 1 and Prototype Gage No. 2 (Reference 9). These two prototype

gages were actuall y successive modifications of a clip strain gage provided

by Kon i gsber g Instruments , Inc. for use in the Simulated Air Launch Env i ron-

ment (SALE) program (AFRPL Contract F0461l-73-C-O015) . This particular
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cli p gage was not used In the SALE program because of damage whIch rendered

the sem iconductor strain gage bridge inoperative . Although the gage was

nonfunctional , Thioko l considered I t to be a useful point of departure for

their own prototype gage development (Reference 8). Since Thioko l preferred

to use foIl strain gages rather than sem Iconductor strain gages , the original

semiconductor gages were removed, and the gage structure was instrumented

with a four-active-arm bridge foil strain gage arrangement (Reference 8),

resu lt ing in Prototype Gage No. I. When problems w i th  the strain gage

bonds were encoun tered , the foil strain gages were stripped off and the - —

gage structure was re-Instrumented (again) with foil strain gages, result-

ing in Prototype Gage No. 2 (Reference 9).

Thiokol measured the stiffness of this gage structure in the various stages

of modif ication described above; the results , i n terms of a compu ted gage
stiffness or spring constant , are shown in Table I. Table I also shows

stiffnesses calculated from Figure 30 and from Thiokol’ s own independent

beam-theory ana lys is .  The rather large differences in experimental stiff-

nesses between Prototype No. 2 and Prototype No. 1 (the latter having the

same stiffness as the i(onigsberg gage) has not been explained, i t is evident ,
however , that the model used to produce Figure 30 agrees closely with Thioko l ‘s

ana l y s i s , does reasonably well at predicting the behavior of the bare gage

structure (within about 10 percent), and probably substantiall y under-predicts

the stiffness of a “real” clip gage. The la tter observation Is to be expected ,

since the stiffness added by the foil (or semiconductor) strain gages, w i r e s ,

and epoxy adhesive i s  not inc l uded In  the structural model. The mode l does

appea r to be suf f ic ient ly  accurate for the gage design trade-off analyses

• of the following subsection.

3.4.2.2 Sensitivity Versus Measurement Bias.

The incentive for seeking improvement in the measurement bias is readi ly
apparent from Figure 24 (3.3.1), which predic ts a very l a rge  nega tiv e b i a s ,
even if the effect of local deflection s of the mounting pins is ignored .

Since Thioko l was usin g metal foil strain gages (which have a small gage

-84- 
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TABLE 1. STI FFNESS OF EARLY
- 

. THIOKO L PROTOTYPE GAGES (MODIFIED KONIGSBERG GAGE)

NOMENCLATURE SOURCE OF DATA CALCULATED STIFFNESS

Or igina l Gage Thiokol-Measured force at 10.3 lb/in
0.030 inches extension
[Reference 8]

Gage Structure Only Thiokol-Measured force at 7.3 lb/in
0.030 inches extension
[Reference 8]

Gage Structure Onl y Thlokol-Analytical predic - 8.0 lb/In
tion from beam theory
[Reference 8]*

Gage Structure Only  Fi gure 30* 8.05 lb/in

Prototype Gage No. 1 Thioko l -Measured force at 10.3 lb/in
0.030 inches extension
[Reference 6]

Prototype Gage No. 2 Thlokol-Measured force at 8.0 lb/in
0.030 inches extension
[Reference 9]

*Based on gage length of 0.1+00 inches
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factor compared to semiconductor strain gages), It was apparent that the

sacr i f i ce  In output to achIeve decreased gage st i f fness (hence decreased

measurement bias) must be minImized . The trade—off studIes discussed be l ow

were therefore undertaken to acquire the insight needed to assess and guide

Thiokol’ s attempts to develop c l ip  stra in gages and mounting techn iques

- 

which would allow measurements of acceptable accuracy for the pu rposes of
the Improved P roperties program.

- V iewed i n an ov e r a l l  sense , the p roblem is s i mply  posed . The strain at the
- 

s t r a i n  gage locat ion must be re la t i ve ly  increased wh i l e  the overal l  s t i f f ness

of the clip gage is relatively decreased. Optimally, this would be accom-
- 

p u shed by making all parts of the transducer except the measurement section

as rig id as possible and by maximizing the strain in the measurement section

fo r a g iven bending stiffness of the measurement section. Given a desi gn

- con c-~pt that accompisihes these objectives , the bend i ng sti f fness  of the
gage could then be reduced to the desired level (or to the level which pro-

duces the minimum acceptable electrical output). A few additiona l practica l

• considerations would , of cou rse , be present (e.g., elast ic instability,

gage durability in routine handling and use , and v ib rat ion charac te r i s t ics

under dynamic loads).

Rather than attempting to provide this “ultimate solution ”, however , it

was considered more practica l to observe the limitations imposed by Thioko l

on their experimental development. These were , In essence :

(a) Reta in the same (gage structure) material;

(b) Retain the foil strain gages (as opposed to sem i conductor

gages);

(c) Keep the gage “s i mp le to manufacture. ”

Three potential techniques for reducing the gage measurement bias are —

- 
- explored in Fi gure 32: reducIng the gage thickness , increasing the gage

h e i g h t , and decreasing the gage length (L
0 in F igure 1). The two curves in

- . 
Fi gure 32 labe l ed t 0,001+ and t — 0.006 were obtained by cross p lotting
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the relative sensitivity for a gIven value of H (from Figure 31) against

the relatIve bias (from Figure 3) corres,onding to the va l ue of P0 produced

by that value of H (from Figure 30). The dashed line representing the

effect of a reduction In gage length was obta i ned in a sImilar manner , as

shown In Figure 33. Note that the force for a -l percent bias is a funct ion

of the gage length (the data in Fi gure 33 are obtained from Figure 4). The

force required for a -I percent bias was found to intersect the curve of

P0 
versus gage length at a gage length of approx i mately 0.2 inches; this

val ue of the gage length produces a relative output of 0.059. This va l ue

is plotted in F i gu re  32 as the end point of the dashed line. (The gage

heigh t of 0.250 inches was selected arbitrarily).

i t  is evident from Figure 32 that reducing the gage thickness results in

less penalty (in terms of reduced output) for the resu lting decrease i n

me a s u r e m e n t  b i a s  than does a gage hei ght increase. I n t u r n , increasing

the gage height produces less penalty for the measurement bias reduction

than does reducing the gage length. Fi gure 32 also shows tha t none of the

three techniques considered allows a reduction in the measurement bias

wi thout a sacrifice of output level.

It would appear , as d i scussed above, that a significant improvement in

the sensitivity-versus— bias cha racteristics of the cli p gage mi ght be

obtained if the gage legs could be made rig id. For a gage wi th rigid

legs , the deformation would all occur within the horizontal section , as
- 

- illustrated in Figure 34(b). From Fi gure 34(a), the constant bending

moment in this section ~s seen to be P h. The relative sensitivity is

= 
Mc/E i 

=

From Fi gure 34(b), the strain (for small values of 0) in the gage length

L is
0

2h0
- 

L
0
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(b) Deformed Shape
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The deflection equation for the beam yields

resulting in

P h 2L

EIL0

so

fP0hc ‘\ fEI L0 ~S El  ) ~\
P0h

2
L ) 

— hL 2h I

and

S(EI)c0 (c L
~ \ Ele I (Ee\

= 
hc 

— hL ) hc L 
~ h

2 )
or Po 

~~~ 
(
~

_) c~, =(
~
) (E) 120h 2 ~~

I f  we take t — t / t baseline~ 
ii h/hbasel i ne~ 

etc., then

-
~S ~-x . L

h I

= 
w (t ) 3 

L E (76)
° (h)

2 L

and

S/P0 — 

~~~w(t) E
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E q u a t ions  (75) and (76) were used ’ to ca l culate the relative sensitivity —

ve rsus- b ias  curve for a r igid-leg gage having the dimens ions and modulus

of the baseline gage. The resul t is compared in Figure 35 with the sensi-

t i v i t y- b i a s  c h a r a c t e r i s t i c s  of the baseline gage. As expected , the rigid-

leg gage provides a higher relative sensitivity for a g i v e n measuremen t

bias but is stiffer than a flexible— leg gage of the same dimensions.

Thioko l produced a prototype gage which approached the idea l rigid -leg

configuration . This gage, which was the final prototype dIscussed in

3.3.1 , had a measured spring constant of 2.56 lb/in. This prototype was

designated the “stiff-l eg gage” ; i t s c o n f i gurat ion was bas i c a l l y as

shown in Figure 36. Calculations show that the behavior of the stiff—leg

gage was intermediate between a rig id-leg gage and a flexible-leg gage

with the same dimensions , and that the stiff—leg gage provided a substantial

reduction in measurement bias  with only a small reduction in s e n s i t i v i t y

compa red to the baseline gage. However , the measurement bias of nearly

3 percent (neglecting bias due to local deformation , which w il l  raise the

total bias to more than 5 percent) is still far too high. (See FIgure 37~)

Eq uat ions (75) and (76) were used to calculate trajectories of S versus

P with speciflc parameters allowed to vary while all other parameters

were held fixed. Examining the results , shown in Figure 38, demonstrates

the sensitivity of a rigid—leg clip gage ’s output (for a g iven va lue of

P~) to the gage design parameters. It is apparent in Fi gure 38 tha t vary—

ing the gage width (w) or the elastic modulus CE) is the most e f f i c i e n t

way to decrease the value of P0 (and hence the gage bias due to gage—

sample interaction). Note , however , tha t i n terac t ive e f fec ts between
the design parameters could provide more efficient combined parameter

changes to reduce P .  (For instance , a decrease in w together with a

dec rease in  L wo u l d  reduce P0 while increasing S.) These rigid-leg

gage results provide upper bounds on S—versus-P
0 trends for flexible—

le g gages , as illustrated by the solid (triangle and squa re) symbols in

1. The bias was determined from P using the techniques describ ed in 3.3,
but the local mounting pin deforma~ ion was i gnored.
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Figure 38, whIch were determined from Figures 30 and 31. Note that the

corresponding rigid-leg and flexib le-leg points lie on lines of constan t

SIP 0 ; this is always true for gages with the same center section geometry

and materials.

Based on these results from the i dealized rigid-leg gage model , a number

of potentially achievable changes to the gage structure were analyzed

using the realistic model to provide an idea of the potentia l for improve-

ment. The results are presented as curves A through F in Figure 39. (In

considering the impact of these results , recall that the strain measurement

bi as shown neg lec ts loca l pi n deforma t ion , so that the actua l tota l bias

would be abou t twice that shown. Also , the bias at 100 psi modu lus would

be nearl y five time s the bias at 500 psi modulus , while propellant modulus

values greater than 500 psi would reduce the bias in a roughly proportiona l

relationship) . Curve A shows the effects obta i nable by increasing the

heig ht of the baseline gage, holding all other parameters constant. Curve

B shows the effects obta i nable by changing the gage material to a titan i um

alloy and duplicating the geometries considered in curve A; curves C and

0 show the effects obtainable with an aluminum alloy and a magnesium alloy,
• considering the same geometries as in cui~ve P~. Note (from Tab’e 2) that

the range of moduli available in this group of materials is from 18.5 X 106

psi down to 6.5 X 106 psi. Further improvements are shown when the foil

th ickness is reduced to .004 inch and the width to 0.100 (curves E for the

orig ina l beryllium bronze material and F for the magnes i um alloy) . Finally,

the effects of chang i ng to the magnes i um alloy , adop ti ng Th ioko l ’ s “st iff-leg ”

configuration , reducing the thickness to .004 inch and reducing the width

and length of the measuring section to 0.100 inch are shown by curve G.2

These changes are probably ach i evable , although the feasibility of using

magnesium alloy for the gage may be questionable (titan i um and aluminum

alloys have been used in propellant stress gages and strain gages respectively) .

The conclusion to be derived from Figure 39 is that it is potentially possible

to produce a cl ip st r a in  gage, usin g foil strain gage sensing elements , with

2. Calcula tions for curve G used the rig i d leg gage mode l wi th a sti ffness
reduction factor (obtained from results shown in Figure 37) of 0.61.9.
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TABLE 2. GAGE PARAMETERS USED IN

CALCULATIONS OF FIGURE 39
*7~

SYMBOL MATERIAL E , psI~ w, in  t , In  L , in I1i% P In

A BERYLLIU M 18.5X106 .125 .006 .256 .175
BRONZE

B TITAN I UM l6.OXlO6 .125 .006 .256 .300
ALLOY RC-130A

C ALUMINU M iO.5X)06 .125 .006 .256 .288
ALLOY 24S-T6

D MAGNESIUM 6.5XlO6 .125 .006 .256 .212
ALLOY AZ3IX

E BERYLLIUM l8.5X106 .100 .004 .256 .181
BRONZE

F MAGNESIUM 6.5XlO6 .100 .004 .256 .102
ALLOY AZ 3 1 X

~~~ MAGNESIUM 6.5xl06 .100 .004 .100 .161
ALLOY AZ 3 IX

* Data from Reference 10.
‘~~~ Calcula ted result.

“Stiff—leg ” gage treated as rigid-leg gage with stiffness scaled per
experimental stiffness of pro totype “stiff-leg ” gage.
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an acceptable output leve l (comparable to that of the Thiokol stiff-leg

prototype) and a bias of less than 1 percent at a 500 psi propellant modulus ,

inc l uding local deformation effects. The bias at 100 psi propellant modulus

would be at a reasonable leve l of about 5 percent. The primary area of

doubt would be the usability of magnesium alloy or another low—modulus

material for the clip gage structure.

Another consideration for clip gage improvement is the use of semiconductor

strain gages instead of foil strain gages. Semiconductor gages would allow

the use of much lower va l ues of relative sensitivity since they have up to

75 times higher gage factor than the foil gages. However, examination of

Figure 30 suggests that attempting to utilize this approach to reduce the

¶ bias by increasing the height of a given gage structure would result in

rather long legs before much advantage is gained . This is borne out by

calculat ions: extending curve E (Figure 39) to a relative sensitivity

of .0037 reduces the relative bias (including local deformation effects)

to about 0.2 percent at 500 psi propellant modulus or roughly 1.0 percent

at 100 psi propellant modulus. However, the required leg length is 0.415

inch and the structure would be somewhat flimsy. The same bias l eve l with

the gage design approach of curve G requires a leg l ength of 0.510 inch .

These clip gages would probably be within the limi ts of practicality.
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3.5 Further Analysis.

The ana l yses in this subsection were conducted to investigate the effect of

clip gage prestra in on strain measurement bias; to incorporate time-depend-

ent propellant modu lus into the bias calculations ; and , finally, to compare

the time-dependent results with Thiokol ’s experimenta l measurements of gage

response to evaluate the theoreticalcalculatlons.

3.5. 1 Effect of Gage Prestrain.

In all earlier analysis in this repo-t, the clip gages were assumed to be

attached to the sample or to the mounting pins in such a way tha t the gage

would be in an undeformed state when the prope llant sample strain over the

gage length was zero. That is , it was assumed that the gage was mounted

without prestra in. In actual use, howeve r , the clip gages are almost

always mounted in a prestrained condition so tha t reversal of the direction

of the force on the strain gage does not occur. This practice avoids certain

mechan i ca l probiems In the use of the gages.

Prestrain is obta i ned by a mismatch of dimensions between the gage mounting

points (e.g., holes in the gage feet) and the sample mounting points (e.g.,

the mounting pins) which define the gage length for the strain measurements.

For the purposes of this analysis , assume that the mounting pins are

implanted in the sample a distance I (the nom i nal gage length) apart , but

that the mounting holes in the gage feet are purposel y spaced at a distance

10 
- d apart. The gage will therefore be in a prestrained condition when

assembled with the propellant sample and mounting pins as in Figure 7. If

the samp le and p ins  were i n f i n i tely  st i f f , the prestra in would be

( c )pre nominal L0

where the subscript “pre” ind i cates “prestra in”. Since the sample and pins

are not infinitely stiff , both the sample and the gage will deform by an

-1 01-
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amount equal to pre~~
I o
) because of the force required to prestra in the

gage. Thi s prestrain force Is

‘
~pre 

= kg Ed - 

~~~pre~ 
L03

where kg 
is the gage stiffness or sprIng constant. However, the preload

force is also given by

:~ ~pre 
k5 ~~ pre~ 

L
~
.

Solving for P and cpre pre

k k  d
5 9

pre k + k

F 
S 9

F k d

~~pre 
= [k

5 
+ ~g

) L
0

Recognizing tha t propellant Is viscoelastic , k5 
wi l l be different for a

long-term loading situat ion (prestrain) than for a short term loading of

the sample. Define the stiffness for prestrain as (ks)pre~ 
Then

(k) k ds pre g
pre (k) + ks pre g

and 

k d
(L~c) =

pre [(k ) + k 1 1s pre g o

The experimental practice is to assign a strain measurement of zero to the

S
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gage output at this condition. Therefore when a strain change 1
~
Cgage from

this condition occurs, the measured strain val ue Is

C — ~ C — C - C
meas gage gage gage pre

— Cgage - - (&:
z)pre]

where c~~~ is the actual strain (~L0/L0) of the gage. 
The clip gage

• reaction force at this condition is

P — P + (~P) — P + k (~c 
) Ipre C pre g meas 0

meas

The total “bias” strain produced by P is

~C (~C 
) + (~C 

) C - Cz z pre z samp le gage

or

= ~~~~~~ 
- 

~~gage 
- (

~
cz)pre]

- 

‘I 

- 

&zmeas ~
Csamp le 

- 

~~gage ~~samp le -

si nce the term in brackets cancels out. Substituting for

k (~e )
P g meas

z k L  kmeas s o  s

or

F Ac2 ~~ [csampie 
- AC

zmeas]
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k
9 - c

z k + k  sample
meas S 9

LI Now the ga:: 

~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

t:e 
terminology of 3.1 is

and the sample stiffness is (for the geometry of Figure I)

Ek — i4.1.o L0

so the relative measurement bias becomes

- [is P / (Ac 0 La)] —14 .4
- : CR 

= E A P  t~c E + L~ P
meas + o o o

“ o Ad
0 0

We are therefore led to the conclusion that prestrain does not affect the

measurement bias in the usual method of cl ip gage usage)

3.5.2 Incorporation of V iscoelas t c Propellant Behavior.

A l l  previous analyses in this report have treated the propellant sample as

a linea r elastic body. Time—dependent effects will now be incorporated into

the analytica l mode l by including consideration of viscoelastic propellant

response.

Thiokol’ s characterizat ion of the TP-H8260 propellant used in c l ip  gage
experiments under the Improved Properties prog ram provided the relaxation

modulus data shown in Figure 40. The calculator programs discussed in

I .  However , a viscoelast ic ana l ysis shows short term effects (see Figure 49).

-104-



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I 
t 

______________________________________________

Propellant Type: TP-H8~ 6O
U. Mix Number: L-1680

Lo a - ~~~~~~~~~~~~ (T- 298)
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I

Figure 4” . Th i okoi Propellant Relaxation Modulus Data (Ref. 11 )
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3.3.1 were used to calculate the straIn measurement bias for the Th i okol

stiff-leg gage (described in Figure 36) at selected time intervals , using

the stress relaxation modulus given at each time by Figure 40. These

calculations included both the bias due to sample beam deformation and

the bias due to local deformation of the mounting pins . Calculations were

carried out for two loading eccentricities: e — 0 and e — 0.050 In.

I 

• The results , shown In Figure 41 , give the time-dependent response of the

clip gage (due to gage-sample interaction) to a step function strain applied

to the sample at t/aT 
— 0, where t is t ime and aT is the time-temperature

(WLF) shift factor. The response is shown in terms of the relative strain

measurement bias .

As shown in Fi gure 41 , the time—dependent relative measurement bias is

closely approxinated by a linear function of Log t/aT over the range

of interest for present purposes (l0 2 < tia.~. < 102). Having this

approximate relationsh ip, i.e. (taking aT I)

eR = A + B Log t,

the response at ti i e  t to a step strain input Ac. applied at time (t). is

(A Response). (1 + e
R ) Ac 1 (1-A-B Log t) Ac 1.

Therefore , for a strain history made up of a series of superposed step

functions in time ,

fl fl r
A Response — ~ [~1

_A_ B Log (t—t ).] Ac 1 15. (78)

where 

i= l i—I

15. — I for (t—t ) 
~
‘ 1o i —

— 0 for (t—t
0)1 < I

• -1 06-
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A calculator program was written to carry out the calculation of Equation

(78) for a series of five—step functions of arbitrary levels occurring at

equa l time intervals (response Is output at time increments of (t - t 0)/ lO;

(t— t0) is assumed to he equal to five un its of time) .

Using the c~i lcu iat o r  program , the response to the applied strain history
• is  shown in Figur e 42. This strain history was selected to agree wit h that

u sed by Thioko l in a laboratory gage calibration test on a gaged uniaxial

prop ellant sample (Reference 12). The stra in increments correspond to

lhioko l ’ s reported data; the time Interva l between steps ( minutes) and

the interva l between strain applicati on and gage data acquisition (5 minutes)

were selected based on the best estimate of the test personnel , since this

dat a was not recorded.

3.’,. 3 Co~j~~riso n W I th Test Resul t~ .

the ihioke l iahoi -~itory Lest of the gaged sample (Reference 12) was carried
4

out w i t h  con ’.ider. th le a t t e n t i o n  to de ta i l .  The ‘‘ t r u e ’ samp le s t ra in  at
each s t r a i n  s t t ’ ~~ w i s  determined by t rave l l i ng -mic roscope  observat ion of
the moun t ing pi ll ’ - 11 the gage attachmen t point s with the qage removed.

The sample was .,llowed to “rest ” at zero stra in , then the gage was mounted

on the pins ~~ shown II Figure 7) and the strain hist ory was repeated.

Durinq the - .t ’cou~d s train history, both the electrical strain gage output

and the pin-to-pin optical measurements were recorded . The results , plotted

in Figures 43 and 44 (solid symbols), were determined b’, averag ing five

individua l obse’vations of each data point.

i n t e re s tin g l y , two factors which are observable in Figure 43 produced a

false sense of security in earlier , less thorough tests. The first is the

increased strain in the gage length of the sample; the second is the

discrepancy between the gage electrica l output and the actua l strain

• i mposed on the gage. Both factors produced errors which compensated in

part for the inherent bi a s due to the gage/sample interaction .

-1 08-
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(The error introduced by the increased strain in the gage length was present

-
~~ because this data was not observed In the earlier tests.) To illustrate ,

i gnoring these two factors would lead to an estimate of the measurement bias ,

at 5.6 percent applied strain , of about -7 percent of the “true” value .
Considering the two factors l eads to the concl usions that (1) the In-situ

cal ibration of the gage does not agree with its origina l calibration ; and (2)

in the absence of this compensatIng error , the measurement bias at 5.6 per-

cent applied strain would be about -23 percent of the “true” va l ue.

The ana l ysis results of Figure 1+2 (e 0.050 in) and similar results for

e — 0 are plotted in Figure 1+3. The results for e — 0 are quite close to

the opticall y observed results , while the results for e — 0.050 inch fall

below the observed results. It was noted , however , that the higher strain

near the center of the sample length is not accounted for in the gage

analysis. The analysis was repeated using the observed (no gage) strain

in the samp le gage length as the “driving ” strain. The results , shown

in Figure 44 , indicate that the value of e — 0.050 Inch produces better agree-

ment with observed data than does e — 0. In fact, e 0.050 inch is the

“best guess” of the actua l loading eccentricity.

• I n all , the very close agreement between analytica l and experimenta l results

shown in Figure 41+ provide considera b le confidence in the anal yses and
t hence in the conclusions reached.

3.5.4 Effects of Cyclic Loads And Prestrain.

The calculator program used for the analysis discussed in the preceding

paragraphs was used to i nvestigate the effects of cyclic loads in a very

l imited manner. Three different strain histories , a l l  Involv i ng cycl i ng
about a mean value in a stepwise fashion , were applied to the model ; the

r ,ults are shown in Figures 45 to 48. In Figure 46 , note that the hystere—
sis is reduced by selecting a longer Interva l between application of strain

and data acquisit ion ; however, this does not always reduce the measurement

bias.
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An even more interesting effect is seen in rigure 48. This is a strain

“march Ing” or “ratc heting” effect , which closel y resembles results obta i ned

In certain Instrumented motor tests (References 13 and 14). Whether the

viscoelas tic effects of gage/propellant interaction seen In Figure 48 has
any bearing on the instrumented motor results , which were interpreted as

rea l phenomena , Is unkown. However, some I nvestigation of this point may

be worthwhile.

To i nvestigate the effects of prestrain on gage measurement bias , the

following scenario was utilized :

a. At time t
1 

- to, a step prestra in (0.01 in/ in was used in

the analysis) Is applied to the sample.

b. A t time t~ , a step strain of magnitude t~c is  ap p l i ed  in

the same direction as the prestrain.

• 
c. At time t (in the analysis , t = t 1 + 5), the stra i n sensed

by the gage is recorded . The strain sensed by the gage at

t ime t7 (i.e., just before application of the strain ~c) is

subtracted from the recorded va l ue to obtain the measured

strain corresponding to &. For a linear viscoelastic

sample material , this is entirely equiva l ent to the clip

gage usage described in 3.5.1.

In order to carry out the ca l culations for prestraln times greater than

20 min utes, the time variable t in the cal culator program described in
3.5.3 was replaced by 0 — (t/n) which required that the va l ue of A (see

Equation (78)) be replaced by A + B Log n and that the time va l ue output be

mul tiplied by n.
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I The results of the prestrain anal ysis are shown In Figure 49. Ev Idently

a relaxation t ime of an hour or so is ample for all prestrain effects to •
d i sappear in gage response at 5 minutes after loading. C .culation s for

j gage response at 0.1 minutes after load i ng show neg ligible prestra in
‘1 effects even after only 5 minutes of relaxation .

I.

14
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4 . CONCLUS IONS AND RECOMMENDAT IONS.

4.1 Genera l Conclusions.

This report covers extensive analyses of the effects of gage/propellant

interac tion on the accuracy of propellant strain measurement us i ng clip •

strain gages. The analyses directly add ress strain measurement on uniaxial

tensile specimens of a particular configuration used in the AFRPL/Thioko l

improved Properties program. However , as discussed below , the conclusions
are true for other applications as well.

The followin g genera l conclusions are supported by the analysis results :

a. A t least some state—of—the—art clip strain gages are too

s t i f f  for accurate measurement of solid propellant strain.

The starting point of Thiokol’s gage developmen t effor ts
was a c lip gage structure supplied by Kon i gsberg Ins t r umen ts
and or i gi na l l y  in tended for us e on the AFRPL/Thlokol SALE

p rogram. This structure was stiff enough to introduce

enormous measurement bias. Even Thiokol’s bes t effor t a t

producing a compliant gage induced a strain bias of more

than 20 percent of the measured strain.

b. Drastic changes in clip gage materials and design could

potentiall y eliminate or reduce measurement bias due to

gage/propellant interaction .

c. The strain gage/propellant interaction problem can be

ana l yzed with acceptable accuracy . The model used in the

analyses in this report agrees extremely well with both

3-0 finite element analyses and with experimenta l measure-

ments.
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4.2 I mpact on the Improved Properties Program.

As a result of early predictions of the analyses discussed In this report

and Th i okol ’s confirming laboratory tests of gaged propellant samples , a

decision was made to abandon clip strain gages as a measurement tool in

that prog ram. Alternate techniques were deve l oped for measurements

allow i ng the determination of propellant Poisson ’s ratio (these techniques

are discussed in Reference 1).

4 .3 implications For Other Applications.

A careful examina tion of the considerations invo l ved (see 3.2.4.4) in

combining the bias due to loca l mounting pin deformation with tha t due to

sample “beam deformation ” leads to the (perhaps surpr is ing) conclusion

that the gage-propellant interaction effects are very nearly the same for

a clip gage mounted on a semi-infinite slab as for a clip gage mounted on a

uniaxial sample. This conclusion applies equally well to a clip gage

mounted on the bore surface of an instrumented motor. It is clear , there-

fore , that action is needed to provide acceptable means of experimental

propellant strain measurement.

4 4  Recommendations.

Experimenta l measurements of stress and strain are necessary for understanding

of propellant mechanica l behavior , both in s i mpl e laboratory samp les and in

actua l rocket motors. The tools and techniques for making these measurements

4 must be deve loped, or the lack of such aids will eventually become an ob-

stacle to further improvements in theoretica l modeling of propellan t be-

havior as well as experimental investigation . Effort should continue to

understand gage/propellant interaction for stress gages as well as strain

gages. Emphasis on the development of more compliant strain gages for

propellant Is strongly recommended . Innovative approaches (such as the use

of conductive polymers or gage structures fabricated from silicon with in-

tegra l strain gages) should be considered along with more conventional

approaches such as those discussed in 3.4.2.
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It Is also recommended , because of the excellent agreement with experimental

resul ts , that consideration be given to the use of the analysis techniques

discussed In this report for correcting strain gage data for gage/propellant
interaction effects. This would provide a short term substitute for the

more desirable , long-term solution of developing “non in terac t in g” gages.

a
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