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SUMMARY

In the scattering of an acoustic wave incident upon a rib-reinforced plate, the effect
of the rib can be characterized by a pair of impedances. One of these impedances is associat-
ed with the longitudinal vibrations of the rib, and the other impedance is associated with
the flexural vibrations of the rib. This report calculates the impedances and the effect of
mass loading on these impedances. The calculations are done for a thick or Timoshenko-
Mindlin rib which is fluid loaded with the rib immersed either in water or air.




INTRODUCTION

Konovalyuk and Krasil’ nikov! have attempted to solve the problem of the effect of
a reinforcing rib attached to an infinite plane by introducing a pair of localized impedances.
At the rib-plate junction, the impedances represent the effect of the spatially distributed rib.
Two impedances, Zg and Zy,, were found to be necessary to represent the different effects
of longitudinal and transverse waves in the rib. Konovalyuk and Krasil'nikov treated the
case of a thin, fluid-loaded, air-backed plate with a thin rib attached to it.

Graff, et al,2 extended these calculations to the case of a mass-loaded rib. Their
boundary conditions at the rib-plate junction were different than those of Konovalyuk and
Krasil'nikov: Graff, et al, treated the case of a continuously welded rib, whereas Konovalyuk
and Krasil'nikov treated the case of a spot-welded rib. Graff, et al, also treated only the case
of a thin, fluid-loaded, air-backed plate with an attached thin rib.

The purpose of this report is to consider the case of a thick or Timoshenko-Mindlin
plate with an attached thick rib. The rib is treated as if it were immersed in air or water,
rather than only in air as in references 1 and 2. The rib in this report is also mass loaded.
We use the boundary conditions of Graff, et al.

Figure 1 shows the geometry of the problem. A rib of length £ is joined perpendi-
cularly to a plate of thickness H. The plate is water loaded and may be backed by water or
air. The thickness of the rib is h. The rib is loaded with a distributed, rigid loading at the
end farthest from the plate. The load at the end of the rib is characterized by a mass m and
a moment of inertia I. The moment of intertia I is calculated about the origin of the Y axis;
that origin is at the center point of the thickness of the rib at its point of attachment to the
mass loading of the rib. The origin of the Y axis is defined to be centered above the rib at
the interface of the loading fluid and the plate.

Mathematically the effect of the rib on the diffraction of the acoustic waves within
the fluid loading of the plate is entirely modeled by the two impedances which are functions
of the frequency of the incoming wave, the material parameters and geometry of the rib, the
mass and moment of inertia of the loading, the conditions which model the junction, and
the presence or absence of a fluid in which the rib may be immersed. It is important to note
that the lumped nature of the impedances permits the effect of mass loading of the rib on the
diffraction of acoustic waves to be considered quite simply. A simple substitution of the

1. Konovalyuk, 1. P., and Krasil'nikov, V. N., “The Effect of Stiffening Ribs on Reflection of Plane Sound
Waves by a Thin Plate,” Problems of Wave Diffraction and Propagation (LGU Collective Publication),
No. 4, 1965, p. 149-165.

2. Graff, K. F., Klein, C. A., and Kouyoumjian, R. G., “On the Effect of Mass Loading a Stiffening Rib,”
Report of the Ohio State University Research Foundation to the Naval Ocean Systems Center, Contract
No. N00123-76-C-0728, 10 January 1977.
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Figure 1. Mass-loaded, rib-stiffened plate

new values for Z, and Z¢ calculated in this report for the values calculated in the papers by
Konovalyuk and Krasil'nikov or in those by Woolley -7 allows extension of their work to a
Timoshenko-Mindlin or thick rib which is mass loaded but immersed in air. Using the simple
modifications noted in Woolley’s report7 allows one to extend his work to a Timoshenko-
Mindlin or thick rib which is mass loaded with the plate both fluid loaded and fluid backed.

This report first discusses in detail the governing equations of the rib and the boun-
dary conditions at both ends of the rib. The derivations of the longitudinal and flexural
impedances are then given in detail. These derivations include demonstrations of how the
impedances simplify to the expected values for simple cases. This serves asa check on the
validity of the calculations. In the “Discussion and Results” section, the results are conven-
iently summarized, and the appendix provides details of some of the calculations.

3. Available to qualified requestors.
4, Available to qualified requestors,
5. Available to qualified requestors.
6. Available to qualified requestors,
7. Available to qualified requestors.
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GOVERNING EQUATIONS

Consider the elements of the stiffening rib as shown in Figure 2. Part A shows the
positive sense of the forces for longitudinal vibrations; Part B shows the positive senses of
forces and moments for bending vibrations. The longitudinal and transverse displacements,
u and v, respectively, are also shown in Figure 2.

X X
AFy
— - h
* My
C dy
o,
—
’ Fy + dFy P-> v
—
—_— o+
My + dMy,
Y Y
PART A. LONGITUDINAL. PART B. FLEXURAL.

Figure 2. Rib elements under longitudinal and flexural vibrations.
The governing equation for longitudinal vibrations of a rib element is

a__zu— (_)1_02ﬁ (1)
2 PR e

where E, p, and o are Young’s modulus, mass per unit volume (per unit length in the Z direc-
tion), and Poisson’s ratio for the material of the rib, respectively. The force per unit length
in the Z direction is

Eh du
F. = —— 3§ 2




The governing equation for flexural vibrations in a thick or Timoshenko-Mindlin rib is

3 a2 2 o
py2._£h d V2. L3 +ph
732 \" "Z6a) a2

2 2
=-(1- PV, ab g )p(x.y,t)

1 3
«2Gh  12¢2G  at2 x=0 =

where p(x,y,t) is a distributed applied force on the rib, D = [Eh3 12(1 - 02)] is the cylindri-
cal stiffness of the rib, k2 = 72/12, G = [E/2(1 + 0)], and V2 = (32/3x2) + (32/3y2).
The forces and moments are related to the displacements by

3%y . 3%y
My=-D|—5+0—5
y ay2 322
s v _
My, = D(1-0) 332 = -My, 4)

oM, oM
=y _5)'_2
Qy ay Y z 7
The twisting moments MyZ and sz are not shown in Figure 2. Since variations with re-
spect to Z are assumed to be negligible, the preceding equations reduce to

=0 )

Qy and My are, respectively, the shear force per unit length in the Z direction and the
bénding moment per unit length in the Z direction. This section has discussed a rib sur-
rounded by air. For the additional equations encountered in the water-immersed case,
refer to the appendix.

o

TH W et s e ——




BOUNDARY CONDITIONS

" The flexural and longitudinal impedances are dependent upon the boundary condi-
tions at the rib-plate junction, the type of termination of the rib, and whether the rib is
immersed in water or air. We will now present the boundary conditions and discuss the
modifications needed in the governing equations for water immersion.

The boundary condition for the longitudinal force is given by

Eh_du

=_Pp it 6
1_02 3y Poe . )

y=o0

We have assumed a harmonic forcing function of Poe"i“’t. The minus sign on the right side
\ of the equation occurs because the applied force is compressive.

The boundary conditions for bending are

2 = -iwt
_pL| =M )
ay2 y=o
and
v =0,
y=0

that is, we assume a continuous weld so that the shear at the rib-plate junction may be non-
zero whereas the transverse displacement is taken to be zero.

The end conditions at the mass-loaded end of the rib can be derived as follows. The
mass at the end is taken to act as a simple point mass under longitudinal vibration. This
; assumes symmetry of the end mass about the Y axis. The end mass is assumed to have suffi-
i cient lateral dimensions to require inclusion of rotational inertia effects. This being the case,
i the equations of motion of the end mass are

: 2
| m2ou

=-F
y
at2

y=4

ma—zz"— =-Qy (8)
ot° | y=(

!
| 192 (o

where m is the mass per unit volume per unit length in the Z direction and I = mr2, where
| r is the radius of gyration.

=M

ad 7
y—
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SUMMARY OF BOUNDARY CONDITIONS

Longitudinal
Eh Q!. =_Poe-io)t
1-g2 9y | Y=o
9 .
Ehoou| __o% .
102 0y | y=4 a2 |y=g
Flexural
v = __rf_o_e-iwt
3y?|ly=0o D
v =0
Y =0
(10)
| __ 12 o
ayz y=2 D a—ti ay y=2
vl _mak
3 D




LONGITUDINAL IMPEDANCE SOLUTION

This problem has been correctly solved by K. F. Graff, et al.2 Their solution is

_  Ehy Ehy sin v + (1 -a?jm(...:2 cos v8
Ze= 3 5 5 (an
iw(1 -0%) Ehy cosy2 - (1 - 0“)mw* sin y2
where
y= =g, (12)
(p(l -02))

This solution gives physically reasonable results when checked at low frequency and short
rib length.
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FLEXURAL IMPEDANCE SOLUTION

The governing equations used in the calculation of the flexural impedance of a thick
rib are Equations 3 and 4. The appropriate boundary conditions are given by Equation 10.
Consider the transverse displacement of the rib to be given by

V(y,t) = v(y)eTiwt . (13)

Now let us first consider the case of an air-backed plate. After we substitute Equation 13
into Equation 3 and set p(x,y,t) = o, we have

a4 2 (1 . n3)\ 82  p%3uw? phw?
L i + : v(y)=o. (14)
[ay4 i (sz 12D) ay? 12«26p D d

The solution to this equation has the form

v(y) = Cy sin 8y + C, cos 0y + Cg sinh ¢y + C4 cosh ¢y, (15)

where Cy, Cy, C3, and C4 are constants that are determined by the boundary conditions of
Equation 10. The details of this solution can be found in the appendix. 6 and ¢ are defined
in Equation 20.

The flexural impedance is defined as

M, (o,t)
Zm =3¢L-_ ’ (16)
a3t ©t)
where
My (0,t) = Myemiwt (17)

with%;2 (o,t) being the angular velocity of the end of the rib. This is related to the slope of
the rib by

0P o [0
SO =3 (;,—;—) o (18)
By taking the y derivative of the solution for v, it can be shown (see appendix) that
- SO = GJ-LE
m air-immersed ~ - j((E - G) (K + M)¢ + (6L - 1$) (F+H)) °’ (19)

where

2
E =-0 (6 sin 0.0 + “’T’cos 00)

P P TR o gy oy




2
i wl . 1
F =6(-0 cos 64 + ) mnOI)——D(02+¢2)
: wzl
G =¢(p smh¢.0--—-D cosh ¢4)

-1

2
e wl .
H = ¢(¢ cosh ¢4 - “p_sinh ¢4) —_D(02 75

2
1 =-63cos 04 + m‘]‘)’ sin 04 (20)

2
K = (63 sin 0.0+ M9Z cos 0.0 1
< G i )m

2
L= ¢3 cosh ¢ + L= sinh ¢¢

mw2

P =1
M = (¢ sinh ¢4 + ) cosh ¢.0) -’m

and
e /A+Q\2-4B)ﬁ)‘/2
% 2
% (- A+ (A2- 4B)‘/=) %
e g
with
3
e ol h
A=pw* [——+557
(KZG lZD)
and

p=phw? (phlw? )
D 2
124G

This solution for Z air-immersed reduces to the thin-plate solution given by K. F.
Graff, et al. Graff’s solution and by extension this solution have been shown to reduce to
physically reasonable results in the limit of low frequency and short rib length.

We will consider the calculation of the flexural impedance for the case of a water-
backed plate. The governing equations are again Equations 3 and 4. Boundary conditicns
are again given by Equation 10. However, now p(x,y,t)#0 in Equation 3. In addition,
p(x,y,t) must satisfy the following two equations:

_g_g i 32y
X X=0 po at .




and
2
32 3" . .9
—=+—=+k* | p=o. @2n
ox2 ay2
If we consider the transverse displacement of the rib to be given by
V(y,t) = v(y)e iwt, (22)
then substituting this into Equation 3 gives
a4 o | n3\ a2 p2h3w4 ghwz
—+pw + + - v(y)
ay* kG 12D 32 j2.2cp D

D 9%, ph? 32\ p(xy,t)
D |8 + _DL : (23)
< k2Gh ay>  12¢2G at?,

We assume that p(x,y,t) = P (x,y)e’i""t and we know that the general solution for V(y)* is

X=0 °

V(y) = CO sin k;y +C cos kyy+ C2 sinh kyy +C3 cosh ksy. (24)

Cos> €1, Cy, and Cj3 are constants that are determined by the boundary conditions of Equation
10.* k 1 and k- are defined as follows:

2% ARZ) (A 12 _anr\2\ 2
kl= GA+(A2 4B) \ andk2=/A'+(A 4B) ) b

} \ “ i
where
3 2p
el . hp o
A=w + -
(uc 12D x76h71>

3 2
k“G k“Ghy,

g o 0230t phw? | 2p,w? (_1_ _ _ph%? )

2 D 2
12¢“GD Y1 12 Gy,

and

g 2230 phe? +2pow2 (1 __phle?
ix*cp D b 12 2dey,

with v} = k2- k% and y3 = k2 + k3. For a thin plate, A= A’ = 0, B = - (phw?/D) +

(powszy]), and B' = —(phwle)ﬂpow?’/D'yz). k| and k; have to be defined as they
have been in order for Equation 23 to be solved by a p(x,y,z) which has the form

*See appendix for detailed calculations.
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: C.sinki1y +C; coskyy) .
p(Xy,t) = powze"‘"t [( (3 184 e 1 ly)‘rylx

(cz sinh kyy + C3 cosh k2y) eivzx] (26)
+ .
72

This form of p(x,y,t) was chosen because it, along with v(y), solves Equation 21.
The boundary conditions of Equation 10 are now used to obtain Cgp, Cy, Cy, and C3:

i =E+F t H+B (J+L)
0~ G

M
S S s
D(kl + k2) s
C. = “G(E+F) +A (+1) ke
2 BG-AH
and

i M
Gy=s e
_ D(kl + k2)
Y where the coefficients are defined as follows:
: 2

A=-k3sinkd -1 k) cosk;L

v Iwz
,i B= k2 sinh kzﬂ —Tkz cosh kz_a
E |
{ M 2
i E=-2—°2— -k% cos kq 4 +l%—k1 sin k1ﬁ>
Mo < 2 Iw2
F=——2— (- k2 cosh kyl +29= k, sinh ky4 (28)
DG +12) - D
3 mw2 .

G= —kl cosk19+-l)—smk12
| H = k3 cosh ko + 222 ginh k-
! 2 2 D 2

M 2
s 3 (k% sin ky £ + -5 cosk,ﬂ>
D(k] + k2)

and

13




M 2
L=—2 — (-k3 sinh ko0 - &~ cosh k 1).
D(k%*rk%)( e o M

The flexural impedance is defined as

(o,t)
Zm =%_— ’ (29) ‘

'St' (O,t)

where

M (o,t) = Memiwt (30)

with—g%(o,t) being the angular velocity of the end of the rib. This is related to the slope
of the rib by

ov .
at Fren= ot (‘T) y=o (31)
By taking the y derivative of the solution for v, it can be shown (see appendix)

that
AH - GB
Z, water-immersed =gy (E+F) k{H+kG) + (0 #L) (k;B-kA))’ (32)
where
E'= coskf + k sin k4
D(k2+k (1 H+5k, 1)
F'= k2 cosh k.0 + 197 k., sinh k .0>
D(k2+k2) < i 5 g
(33)
3 w2
V= (kl sxnklﬂ+ coskl_ﬂ>
D(k2+k2)

D(k2 : k ( k2 sinh kzﬁ——b—-oosh k2ﬂ)

14
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DISCUSSION AND RESULTS

The longitudinal impedance for a mass-loaded and air-immersed thick rib of
thickness h and length { is

7= Ehy Eh'ysin'y.2+(l-02)mw2cos'y.0
F iw (1 -02) Ehy cosv4 - (1 - 0%) mw? sinyd

(34)

where

PLESACE [ SRR
¥ E_\% °
p(1-a) )
When the rib is water immersed, the right side of the second equation of the boundary
conditions (Equation 9) has the added term + bg—:l y=10° where b is a damping
coefficient. This changes the Equation 34 for Zg, by replacing the three terms of Ehy

with Ehy - ibw(1 - 02).
The flexural impedance for a mass-loaded and air-immersed thick rib of thickness

h and length { is

= -LE
Z\ air-immersed = = IW(E-G)(k+M) ¢ +(0L-J¢) (F +H)) ° G3)

where

2
E=-0 (0 sin 64 +2D—Ioos 00)

2
F =6 (-0 cos 04 +<Lsin g4 1
(-0 cos —_sin )W

2
G = ¢ (¢ sinh 4 -5 cosh ¢0)
(36)

2
H=¢(¢oosh¢1-£"D—lsinh¢ﬂ) —T-l—z'
D(6“ +¢~)

2
J=-03 cos s +£%’- sin 64

2
K = (0 sin 04 + " cosog) W




T

2
L= ¢ cosh 9% + B sinh ¢¢

M = (¢ sinh ¢4 +—15-““‘*’2 cosh ¢4) [————-
D(6< +¢°)

and
Bt /A+(A2-4B£"* %
| TR
_ [as@2 43)*) %
g 2
with

_ 21 . nd it et
A=pw + and B= -1] .
3 (KZG UD) D~ {12%
The flexural impedance for a mass-loaded and water-immersed thick rib of
thickness h and length £ is

. AH-GB "
Zm water-immersed ~ Sy ((E'+F) (-kjH+kyG) + (J' + L) (k| B-KkyA)) ° A1)

where

2
A=—k% sin klll-l—g— kq cos klll

2
B=kJ sinh ko -1k, cosh k2

2
E' =-2—12—' (—k% cos k].e +-1Ta)’—-kl sin krﬂ)
D(k? + k3)

Fe—l — (—k% cosh kyJ +-‘-‘6’3 ko sinh k212> (38)
D(k} +k3)

2
= k] cosk; 2+ B in k)

2
H =13 cosh ky + 2~ sinh k.2

= k smk1+—rcosk1
D(k%-’-k%) (l : :
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(k,

k1 and ky can be found from the following two equations:

: _frasa2-anp4) %
1 ¥

k2=

b

LA+ a2-4p)%) %
)
where

2
3 P
A= (4)2 ++ - '-‘_—‘_TM 20
(K G k“Gh(k -kl) >

23,%  pho? 2po | _ph2? 1
 2dop 1

12%G | (2 - i3
h3 2p4
£+ e
kG 12D 26h o2 + k3%
and
BI = L Phwz powz

+ .
D pa+

When the effects of fluid damping are taken into account, the last two of the
boundary conditions of Equation 10 are modified to become

'a av — Ia—z iv-.

,av a2v
b +D s
atly=¢ P -1 at y=4

where b’ is a damping coefficient. This modifies Equation 37 for Z

2y
DB
y

_1 y=ﬂ

(39)

m water-immersed

2 21 i ! o N
by replacingg’ﬁl- with £ ID iwb and D with & l; iwb wherever they occur in
Equation 38.
Thus this report provides the capability to handle acoustic scattering from plates
with mass-loaded ribs, if used in conjunction with previous work. The mass loading

must be symmetrical to be handled by the theory in this report.
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rib is immersed in air and when the rib is immersed in water.

. The flexural wave equation is
nd 32\ (2 a2y
Dv2 -5 =) v+ph—
( I at2> ( 2 G at > at

D 3. ph? 22 )
= - l - + — p(x ’
( «2Gh ¥ 1262G at2

Assume that v is a function of y with a harmonic time dependence

X=o0

v=v(y)eTiot,

The flexural wave equation then becomes

y

for an air-immersed rib, and

4 3 2 2134 2
9 2 1 h 9 ph°w™ phw
—tpw + - v(y)
[ay4 5 (ich 12D) i)y2 12K2GD D ] e

D 2, ph? 22
= e + e X,y,t
( Kthv 12KIG ot el

for a water-immersed rib. We will now discuss these cases.

LN B v(y) - C v(y)
et D - v =o,
ayt T ay? ¥ "

where

| 3

1 A g R

| AT (,ch 12D)
: h3 w?
! B=LT.
Fl! 12x“GD

2

54 X o e g 2
2(_1 h ¢ phw phw
+pw v(iy)=o
[ ar (2(; 12D)a7 122GD .

For an air-immersed rib we can write the flexural wave equation as

APPENDIX. DETAILED CALCULATIONS FOR FLEXURAL IMPEDANCES

This appendix gives the details of the solution for the flexural impedances when the

(A-1)

(A-2)

(A-3)

(A4)

(A-5)
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For a thin plate A = o0 and B = 0. The boundary conditions are

azv
8y2

0

y=o D

=0
y=o

ady
ay?

(A-6)
S wzl ov

y=g D 0y

y=1¢

a3v
3y3

A mwz

y=2 D

y=2
We can assume a general solution of the form

v(y) = C; sin 8y + C; cos 0y + C3 sinh ¢y +Cy cosh ¢y (A-7)
with the following derivatives:

-g—;-= 8Cy cos 8y - 6C, sin Oy +¢C3 cosh ¢h + ¢Cy sinh ¢y

%7 = —62C] sin Oy - 02C2 cos Oy + ¢2C3 sinh ¢y + ¢2C4 cosh ¢y
2 (A-8)
3

% =-93 Cycosfy + 03C2 sin 0y + ¢3C3 cosh ¢y + ¢3C4 sinh ¢y
Yy

a4v

- 64C, sin 0y +04C, cos y + ¢4Cy sinh ¢y +¢*C4 cosh gy.

Substituting these expressions into Equation A-5 gives

g=+\ /A2 VAZ-4D _\/A+V A2-4D
2 i 2
and

gus i V A2-4D =‘\(-A+V A2-4D

z 2

(A-9)

with D = B - C and A as previously defined. The choice of signs has heen made so that

() ()

D (A-10)

when we take the thin-plate case, i.e., A =0, instead of the thick-plate case.
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Substituting these expressions (Equation A-8) into the boundary conditions gives the follow-
ing equations:

M

- 02C2 + ¢2C4 = -—DO—

Cy+Cy=0 (A-11)
-62Cy sin 6/ - 62C, cos 6/ + $2C; sinh ¢/ +$2C, cosh ¢
w?I ; :
=5 (0C1 cos 8/ - 6C, sin 6/ + ¢C3 cosh ¢ + ¢Cy sinh ¢[)
and
-63Cy cos 60+63C, sin 0f +¢3C; cosh ¢ + ¢3C, sinh ¢8

2
—'mTw (Cl sin 0£+C2 Ccos 0£+C3 sinh ¢[+C4 cosh ¢[)

From the first and second of the above equations, we obtain

M
Cr=-Cy= 2 : A-1
2 4 W (A-12)

Using these results in the last two expressions of Equation A-11 gives

iy e (E(K+M)-J(F+H) G -[F+H

CI-1IE T vt (A-13)
and
C; - EK+M)-JF+H)
GJ-LE
with

E=-0 (asmol+—~cosol)
F=0 (-0 cosof +—sm o/
D(82+¢2)

G=¢ (¢ sinh ¢l-—cosh ol

H= sh -'——- h A-14
) (Mo Y4 sin M) (D(02+¢2)> (A-14)

=-63 cos 00 + —=—

Dol

TR TR R e ———




K= (03sm 6! +-D—2 cos o;z)

2
L = ¢3 cosh ¢/ +£‘-‘i‘)£- sinh ¢/

and

(¢)
D82 + ¢2)

2 -M
o 3. mw (o]
= ¢ sinh ¢l +~—— cosh ¢[ —

Now the flexural impedance is

M e-lwt

-5‘2(0 t)

ov.
at dy) [y=o0 °

Using the solution for v gives

with

—d~’( H=2

29 (0.)=-itw (6C; +gCy)eie0t

Zm air-immersed =

—-iwt
Moe

(A-15)

___GI-LE

where E, G, J, and L are as formerly and

2
F=0(-0 cos 8/ +—°’D—‘sin 0r)

H = ¢(¢ cosh ¢/ - —-—smh o) (

2
K = (83 sin 6/ +£D°"—-cos 0/)

and

-1
D(62 +¢2 )

-iw(6C + ¢C3)e-iwt -iw((E-G)YK +M)¢ + (OL - Jg)(F + H)),(A-l6)

1

D2 +¢2)

)
1

D62 + ¢2)

w?
M = (93 sinh ¢/ + T~ cosh m(

D(02 + ¢2))




For a water-immersed rib the flexural wave equation is

4 A 2
|:—a'—5+pw2 (_215+1l12>—)-a_—+£_}1_“’— th_;a ] (y)
K

dy D/ay? 12¢2GD
(A-17)
4 (1 A _f’_i_ & _gh2 32 ) p(xy,t)
k2Gh ay2  12k2G at2 x=o
p(x,y,t) must solve the following two equations:
bgl . ¥
==p (A-18)
0X | x=0 © at2
and
32 . a2 2
—— —— i =0. (A-19)
( ax2 6y2 ) P
We let
p(x,y,t) = P(x,y)e" 1wt (A-20)
We now assume a general solution for V(y) in the form
Viy) = CO sin kly + Cl cos kly + C2 sinh k2y + C3 cosh k2y
=V (kq,y) + Va(ka,y). g
From Equations A-19 and A-20 we find
: C,sink;jy+C k ;
p(x,y,t) = pow2e—lwt[ ( o S1 ly7l 1 cos IY)e iy X
C, sinh kyy + C3 cosh kyy| .
o (2 e 2) e‘72"], (A22)
12
! where 1% =k2- k% and 7% =k2+ k%. Equations A-21 and A-22 are substituted into Equa-
y tion A-17 to obtain
i 4 2 ‘1
; F) 3 4 92 :
| ~ZtASS+B| Vv +[ 2= +A' L 4B |V, =0, A-23 -'
(ay4 ay2 ) 1 ( ay® ay2 2 (A-23) :
L where




3 ap i
T, h°p ()
A=w '%'+ D"
(xG 12 szh'yz)

B=02h3w4 _ghm2 _,_"""o""2 ( 1 ph2w?2 )

12260 D D \7 122Gy,

and

12¢23GD D D \72 12¢2Gy,

2
B'= P2h3 w? 5 phw2 - apow ( 1 Ehzm2 ) '
For a thin plate A = A’ = 0, B = -(phw?/D) + (p,w2/Dv1), and B' = <(phw?/D) + (p,w?/
Dyj). a= 2 for water on both sides of the rib, i.e., for the case under consideration, and
a = 1 for water on one side of the rib. Equation A-23 only has a solution if

2_apy2 \22 — A 2 _ap'2\ ¥
k1=(+A+(A2 4B)/) andk2=< AJr(Az 4B)2) G (A-24)

Using Equation A-24 and the relationships
y2=k%-k3 and v = k2 - k3,

a fifth-order equation for y; or 7y, can be obtained. The solution of this equation can then
be used in conjunction with Equation A-24 to find k| and k. To solve the problem com-
pletely we only need to find the coefficients Cq, Cy, Cy, and C3. This is done by substituting
Equation A-21 and its derivatives into the boundary conditions given by Equation A-6.

We will first present the derivatives of V(y) with respect to y:

%Y= kl CO Ccos kly-klcl sin kly+k2C2 cosh kzy +k2C3 sinh k2y
y
2y
%y—2 = -k2 Cgsinkyy - kK}Cy cos kqy +k3C, sinh kgy +k5C3 cosh kpy
(A-25)
BY 3 ¢ conkyp s H0¢ ik 26365 oot kay #4850 sinhk
ay3 1+0 s b Reanior Wit it TR 2y

4
%ﬁ-’ = k4 psinkyy + Kk} € coskyy +KC, sinh kyy +K3C3 cosh kyy.

Substituting the expressions in Equation A-25 into the boundary conditions (Equation A-6)
provides the following four equations:

C +C3=0

-DkIC +K3+Cy) = M,

T D AR e ————




- k% Cosin k)23 C) cos k2 + k3 C, sinh kyf + k3 C3 cosh k,2 (A-26)
Iw? ! : / .
==p~ |k1Co cos ky £~k Cy sin ky £ +k,C; cosh ky £+ kyCy sinh ko £)=0

and

- k3 Cocosk 2 +k; Cy sinky®+k3 Cy cosh ky® + k3 C; sinh ky2

2
o (cosink1£+cl cosky/+Cysinhkyf+C3 coshkzl)=0

From the first and second expressions in Equation A-26, we obtain

M M
Cl=2—°2—-and Came—uop . (A-27)
D(k{ +k3) D(k{ +k3)

Using these results in the last two expressions of Equation A-26 provides
C _-(E+F)H+B(J+L)
0=

" s

AH-GB i
ig and '

} Cy == GE ;g)_«;AH g+L) (A28)
l with

2
A=-k}sink;f -1~ k; cosk;/

S s i i, S s

2
B = k3 sinh ky/ -9~k cosh ky/

M 2
Ba——sf (.k% cos kq/ +%’- k,sinkll>

BRI e RS Al A

F=—s2—> -k coshky® +1‘5"—2 ky sinh k2 (A-29)
D(k{ +k3)

2
G=-kjcosky2+ 2= sink)g

2
H = k3 cosh kp® + B2 inh kg
M

2
J=—=2— (13 sin k2 + T cosk 0
D(k}+k§(' Sl ;
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and

K ‘nhk!z""“’2 osh ko2
—TT ™ Ko S0 KoL =gre= G 2]

+ k2)
Now the flexural impedance is given by

M -iwt
Zm _Q
at

t=o
with the angular velocity of the rib being

99 =0 [9v(y,t

Using the sojution for v gives

y=o :

% =i (ki Co +kyCppeTeot
Thus
p M e—lwt M,
m water-immersed —iw(kCp + kyCy)e™ -iwt -iw(leO +kyCp)
AH-GB
—lw((E’ +F') (-kH+kyG) +(J'+L') (kB - kzr)
where
E'-——l———( k2 cos k ﬂ+-—%k sin k ﬂ)
pZ+kH\ 1! R

o
( k3 cosh ky 0+ 1 55 kosinh kzl)
(k:;’ sink,/ +2

2
( kg sinh kzﬂ ———'cosh k2 K)

D(k2 + k2)

2
2 cos kl 4
D(k + k2)

D(k2+k

(A-30)

(A-31)

(A-32)

(A-33)




