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LINEARIZ ED T HEORY OF FOIL IN SUBSONIC FLOW

G. A. Do .brovskiy and V . S. Tkalic h

Institute of Uydro .echanics , Aca demy of Sciences, UkSSR , K iev

The Rai n resul ts of the linearized theor y cf a subson ic gas f low

past a foi l is con tained in the formula

(0.1) C= ~~~”~~ .

wh ere C , is the pressure coefficient at points on the foil in the gas

flow , 9 — pressure coefficient at corresponding points on the same

foil in a f low of an incompressible fluid , N~ — value of the Mach
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number at an infinitely distant point in the gas flow.

As our first approximation formul a (0.1) is correct for the

arbitrary relationship between density p and pressure p. In the

present study we demonstrate that for each M~ ,< 1 we can find a

dependence between p and p at which formula (0.1) becomes precise.

~ecause of this result it is possible to approach evaluation of the

accuracy of the lin earized theor y differently and to compose a more

graph ic linearized theory with methods based on approximat ions of the

indicated connection between density and pressure and , primarily, by

the well known approxiate method of Chaplygin.

§ 1

Let us procee d f rom a linear sys tem in hodcgraph vari ables,

reduced to the sym.etrical form of

(1.1) ~ -=VK~~, ~~~~~~~~~~

where 0 is the velocity potential, 4’— curreit fut~ction, 9 — angl. of

slope of velocity vector, 8(v) — funct ic~ of velocity modulus v, K (s)

— Chaplygin function (1 , 3J . r

i
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In his time R. Sauer [2] examined the case of

(1.2) K =n4a4, a=:—,~

where n and s0 are actual arbitrary constants.

There was a similar study of this case in monograph [ 1].

According to (1], the general solutions of system (1.1) with the

Chaplygi n function (1.2) and corresponding formulas for  velocity v ,
density p, and pressure p are written :

(1.3) 
~~

where F (&) represents the arbitrar y analytical function of complex

variable ~== s — S O .

Ba

A a + cli a
(1.~I) *‘a(A (sh a— ac ha) + (cIi.~~~aIhe)I ‘

B’ IP (a) =~~j 4 t h , + f +

wher e £, 8, C are arbitrary constants.

Also interesting is the dependence ~ = M(.) which can be

determined using (1.2) and the second of t he  relationships of (1. 14)
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accord ing to formula (3)

(1.5) M=~ 1—Xp ’.

The transition to the physica l plane of the gas flow Z = I + iY

is achieved throug h formula ((1], page 63)

z -=4 j !~~. {~c’ (~) 
— T~5] —

(1.~) _______; [ (A _ 1) S J ~-~ d3_ (A + i) S ~~~ds] }.
~

where V,=v..

Signi ficant for us in the present s tudy  is the particular case

of A = —1. Assuming that A = —1 , we get

v (a)=BGI’,

(1.7) i,,,, 
_____p (a) = C 1 —-~~-, M(~)= ~~~~

where C 1 ~ C — B’/2n’.

It is significant here that the fotmula of transition to the

physical plane is also simplified :

~~k:’~~~~ ’ 
~~~~ ~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~
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(1.8)

Let us introduce into our study the complex potential V~,w (z) of

a flow of an incom pressible fluid , equili brium at infinity, near a

certain foil 1. Here V,~ represents the ve loc i ty  at i n f i n i t y ,  z = x +

iy — the plane coordinate of the flow of incompressible fluid.

In the neighborhood of the infinitel y distant point for function

~(z) = d w/dz we have the expansion in series

(2.1) C(z)=1 +2V ri

wh~~ e F’ r.pr.sssts circulation over the  closed contour wh ich

enco•passes foil 1.

Let us use the condition

(2.2) .$=V.-~~- ,

- ~~~~~~~ 

~~~~~~~~~~~~~~
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as a tesult of which quantity ~ acgeir the sense of com plex

velocity, quantity V — the sense of the velocity modulus V of the

flow of incompr•ssibie timid. Using this equality we establish the

relationship  betw•en variables & and C and the connection between

variables ~ and s. Function I can nov be regarded as the function of

the ccordiaste of the plane of the hodograph C or as the function of

the plane coordinate of the flow of incompressible fluid z.

Let us determine function F(z) as follows:

(2.3) F ( z ) = kV~,w (Z),

where k is a certain actual constant .

Then , f o r  f l o w  func t ion  ~ we get th. representation

(2.4) 4 ’ .~~~~ mw (i),

whi le  the formula  for  t ransi t ion to the plane of the gas f l ow

acquires the form of

(2.5) ~~~~~~~~~~~~~~~~~~~~~~~~~~~

W ith the aid ,f the  last fo rmula  we establish the connect ion

~~ 

~~
—;- .
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between the plane of the flow of incompressible fluid and the plane

of the gas f low.  Here 4!) infinitely remote point on one plane

correspond s to an i n f i n i t e l y  remot e point on t h e  other plane.

According to fo rmulas  (2 .2) , (2.5) , and (1.7) we can plot in plane Z

a gas f low which  is e q u i l i b r i u m  at i n f i n i t y  and corres ponds to the

or iginal  f low of incom pressible f l u i d  — also equ i l i b r ium a t  i n f i n i t y .

On foil  t the m i n i m a l  part of the comple x potential Y v (s)

m a i n t a i n s  a constant  value.  If we assume condi t ion  ~mV a w(z) = O on 1,
then  on the  bas is of (2 .4)  and (2. 5) at corresponding points on

planes Z , determined according to fo rmula

we wi l l  get the ~g u al i ty  4 w  0. This means t ha t  in plane Z the f low

past foil L is a gas f lcw  which is nuitor . at i n f i n i t y ,  as wit h the

or iginal  foi l. IL. By the  select ion of con stant k the scale factor in

(2.6) can be retur ned to one , while foils and L vii]. be not only

s imi la r  but also identica l in value.

I

- - V
V ~V $ y ~~

V
~~~~:
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§ 3

Now let us d a t e r m i n e  the connect ion be tween  pressure coef f ic ien t

CO at poi nts on t h e  foi l  I ..r~d pressure coe f f ic i en t  C~, at

corresponding points  on L.

On the basis of the thi rd  of fo rmulas  (1.7) we get

B2e2’0~ e2’ ~~~~~~~ ~~2 1(3.1) p — p ~ = 2n2 [ i 
~

] 2n2 [i I~~J

Then , by using t h e  Bernoul l i  equa t ion  for  an incompressible

f lu id , f ro m which it fol lows th a t

(3.2)

an d equali ties

(3.3) B’~~~~~~
_ , nhaL= I M~~,

wh ich emerge fro. formulas (1.7), we arrive at the unknow n connection

(3.4) C,~~~~~~ M, .

For the connection v ( p ) , determined by the first and second of

V 

J V

~~~~ 
~~~~~~~~ T~~~~~~~

V V 
~~~ _ V __V 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~r .
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equations (1.7), the formula of the linearized theory thus becomes

precise. As a result, from formula (3.4) we get, also in the form of

a precise result , the  r e l a t ionsh ip ,  k n o w n  f r o m  the l inear ized theory,

between the coefficient of the lifting force C~ of a fo i l  in a gas

flow and the coefficient of lifting force CO~ for  the same foi l in a

flow of an incompressible fluid:

(3.5) C, =~

Not e that  for the obta ined  r e l a t i o n s h ip  v ( p )  we can g i v e  the

e lementa ry  proof of the  Z h u k ov sk i y theore m of the l i f t i n g  forc e

acting on a foil. For t h i s  we should use, in p lace of re la t ionships

(3.5), (2.6), and the first and fourth from formulas (1.7) , the

Zhukovskiy theorem for an incompressible fluid and the relationshi p

(3.6)

betwee n circula tion of velocity I” over th. closed contour

encompasse d by foi l t and circulation of the velocity r ov er the

closed contour encompassed by foil  L. Relat io;ship (3.6) fo l lows V

direct ly f rom the expression for  the  velocity pctential  (1.3)  using

an expansion in series of function C(z).
4

V ~~~~_ —~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 4
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Freedom in t he  selection of constants  n, B, and C1 can  be used

for approx imation s of the laws of the  a d i a b a t i c  flow of an ideal gas

or the laws of other barotropic flows which interest us. Such

approximat ions can be plotted by differen t methods. Here we use the

method discussed i n  ( 1 ] ,  according to which  t he  approximat ion is done

for the  values of parameters  at a certain character is t ic  point in the

f low.  As such a characterist ic point we use an in f in i te ly  distant

point , repre senting the assigned values of gas parameters in it as

p ,  p .  v~ , and M~~.

The three a r b i t r a r y  constants n , E , and C 1 are obviou sly

su f f i c ient to satisf y equalities ‘(p ip ) = v~~, p ( p ,,) = p~ , N ( p ~ ) M~ .

Here the equal i ty  K ( p .~) = K~, is sat isf ied, where  K~~ represents the

known value of the Cha p ly gin f u n c tion a t t be characteristic po int

and, in add ition, at an assigned point (p, p~) on plane pp we have

the first order of contact of the assigned and approximating curves

p (p) .

In Figs. 1—4 dashed lines 3 represent approximations of the laws

of the adiabatic flow of an ideal. gas (solid lines 1) for M,,, 0.7.

The approxima ting dependences are determined by means of 

::~~~~!~~
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equation (1.7) and (1.2). Here

— ~ If— M ,~
(4.1)

while the formulas for pressure and velccity, af ter select ion of

constants B and C1, acquire the form of

(4. 2) -~- = i  — 
~~~~~~ L I~!!~—~l -~~-=--~~~~ --2 — M~ j ,

2~~ - 
V 
j  

V~~ a~ e~w ’

where

(4.3)

and y is the adiabatic exponent. We will assume that quant ity p in

formulas (1.7) and (4.1) is a dimensionless quantity repre senting the

rat io of gas densi ty to density at the sta gnat ion  poin t of an V

adiabatic flow of ideal gas.

For com parison in Figs. 1—4 the curves plotted from the

approximate Chaplygin method (K const) are shown as thin solid

lines 2. tlere.the approximation is done by the same method ( 1 ]  for

= 0.7.

In both methods, for the assigned value p = p,, the Poisson

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~
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adiabatic  curve is approx imated  accurate to w i t h i n  small value s of (p
— p ) 2 , a l though  w i t h i n  a broad range of parame ters chan ge the

approximate Chaplygin method has one advan tage :  Its laws, as we see

from the cur ves, ar e in much better ag reemen t wi th the laws of the

adiabatic flow of ideal gas.

§ 5

Let us point ou t certain conditions whic h li mit the

applicability of this theory.

From the formula for N it follows that a — 1/2. Otherwise, we

get imag inary values for the N number. On the other hand, when — 1 < a

< 0, qua ntity p, according to the second of formulas (1.7) , acquires

negative values. Consequently, for physical  consi derat ions , variable

• 0 cannot be negative : • 3.. 0. Since on the basis of (2.2) and (4.3)

4(~~. I) ~~~~~~~~~~ 
V 

~~— I 1 — tJ I— M~,’

we come to the condition

(5.2) 1flICI>
~~
’ 

I

. -
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From this condit ion it is specifically app aren t tha t velocity

should not revert to zero at a single point in the origina l flow of

the incompressible f l u i d .  This fact n a t u r a l l y  imposes serious

l imita t ions on the shape of the foil and  its pcsition in the  f l ow .

The second l i m i t a t i o n  is related to the fo rmula  for  pressure

(4.2) . This f o r m u l a  looses its physica l  sense at values a to whi ch

negative pressure values correspond. Frcm the condition p >, 0 we get

(5 3)

Obvio usly this ine quality also im poses lim itations on the shape

of the  foi l and i t s  position in the flow.

§ 6

When N ,—~~0 the solution plotted for a compressible f low moves

toward the solution for the corresponding problem of an

incompressible fluid.

To be convinced of this, let us transform the formulas for v and

z, explicit ly isolating the de pendence on parameter N~~:

V

,:!J ..

V

.

~

V•Ip 
~~~~~~~~~~~~~~~~~~~~~~~~~ 

_

.~~~~ V
V~~~~~~~~~~~~~~~~

V *•~~~
V ( 
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(6 1) V 
— 

V JnICI(I —~/i -- M~)+~/ 1—M~

F (6.2) 1 1— ~/1— MLZ z + T~~~~I~~~~V l M ~~~~Vl~~~~ C (z)

Used in the t r a n s f o r m a t i o n  process were condition (2 .2)  and

equa l i t y  (5. 1) . Q u a n t i t y  k is determined f r cm  the condit ion of

equa l i ty  to  one of the scale factors  in (2.6) , i.e. , we assume

(6.3) k=~~ç- .

For mulas (6.1) and (6.2) de termine  for  an assigned N 00 the  f ie ld

of the vel ocities of t he  gas f low f rom the k n o w n  field of f low

velocities of an incom pressible f lu id  (at corresponding points on

plane z and plane Z the angles of slope of the velocity vectors

according to condi t ion (2. 2) are the same ) . From (6.1) and (6. 2) it

is apparen t that  w hen M~,-40 , for  each f ixed  va lue  z we get Z-s  z,

v/v~,—~~V/V~,. Thus, when N~~ —~~0 the  field of velocities of the gas

flow near the foil.  become similar to the  f ie ld  of velocities of the

original flow of incompressible fluid.

It is also st aple to vsLiiy th. following transitions to the

limit shea M4,—.O: p—. 1, K-.. i, r/v ,-.F ’/V.~ Specifically, the la st

transition to the limit follows dir.ctly ftom relat ionship

c~ ~~~~~~~~~~ ~~~~~~~~ 
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r 
_ _ _(~ .4)  _ _ _ _

which emerges a f t e r  simple  t r a n sf o r m a t i on s f r o m  relationship (3. 6)
indicated above.
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