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INTRODUCTION : W

\\N It is well established that given the computations for predicting the per-
formance of a transducer array at a frequency band centered at fg)one can easily
scale the entire problem to a new frequency band centered at-fs. The purpose
of this note is’ggﬁﬁiysto document with simple examples a re%?pe for performina
such a frequency scaling of the entire problem and thereby help avoid wasting
time re-thinking this procedure whenever it is needed. No aitempt will be
made to treat the subject in general or in depth.
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CERAMIC RING EQUATIONS |

For a single piece of 33 mode longitudinally-poled piezoelectric ceramic, the
following equations can be shown to apply:

C C C
a 1 %2 43l ™ s
| ke o op c.
| : Fz z12 le 23] v, g Iz vy (1.1)
R o
2197233 B30 U
1 where: Fl = force on the right side.
H Fz - n " 11] left n X

{ vy = velocity on the right side. | 4

vz - " L1} L1} 1eft ” e
E =  voltage across the piece.
; I - current in the piece.
[z°] = 3 X 3 transfer matrix which describes the piece as a

3-port network.

From MCR #1 (among others) we may write:

c -
Z); = - JocAcoté (1.2)

c . ?
Z), = JocAcsce (1.3)

13 6

2 2,LC
C o =3pch"B34833D
233 7Y (1.5)

. Where: p = ceramic density (Kg/m3)
& ¢ = ceramic sound velocity = cre(l - 3°n) (m/sec)

8 wkeew ﬁc’-‘- (radians), w= 2nf

L = ceramic length (per piece) {m.)
A = ceramic area (mz)

-y

1
633, 833 = g3g» S330 = =7 (ceramic parameters)

"M" » loss multiplier

E33T = E33T,, (1 - JE33TM)
$33D = $33D,, (1 - JS33DM)
633 = 633, (1 - je33m)
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CERAMIC STACK SCALING EQUATIONS

For a cylinder consisting of N identical rings of ceramic, we may write:

CN _CN _CN
5 11 %12 B3 1{"1 1]
CN _CN ,CN d [,CN
F2 - -212-211 213 Vz = |2 v2 . (2.1)
CN_,CN »CN
3 s S ¢ T R ;
Where: Fl’ v, are on the right side of the stack.
Fz’ vz ” 1 1) " l.eft 11 1 1] L1} " 2
E, I are at the electrical port.
[ZCN] .18 the 3-port description of the stack.
Again, from MART contract, Reference #1:
N _ - Joch 6o _ (633)2 (633)2
5 N6 [N Gine 5330855 Frisohacoriti « s—3§178'§§ k2.5
~ 2 2 é
CN _ jpcA o _ (633 _ £633)
232 Ne [N Gine $33DB J Ninpateciy §33pskC (2.3)
33 33
oN _ - jpc(G33)
213 N6 (2.4)
Mg LC
zgk; - = Jpci (S33DB33) (2.5)
AN6
-1 r(633)2sihe - (S33D8Lc)6coce
where: a = cosh 33 (2.5.1)

l(G33)zsin6 - (s33na§§)o

Rewriting the above equations to display area and length dependence, we have:

25 = x‘lmlA (2.6)
255 = KA (2.7)
253 = Ko (2.8)
253 = ‘?i"‘z (2.9)
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CN 2
where: Kij is a function of 6 = gc—, w = 2nf, f = frequency.

Thus, if we assume wf to be invariant in our'scaling, we know KCN to be invariant.

1)

Knowing the 3 X 3 representation of a ceramic cylinder, we can perform the
following manipulation:

0 NO. .CNO.  .CNO 0
Fil [ % % K12 %0 K13 % 1

of |0, _cvo, cno 0

Fal =17K12 Ags ~Kyp Aps Kyq %y ! (3.1)
0 o oNO.  .CNO,2 0

E K13 20> “Ki3 2gs Ky 05/A0 ] 1

Let: Ao = ceramic area, zo = ceramic piece length and wo = reference operating
frequency.

w
Define: s ;g-vhcrc wg = scaled operating frequency (3.2)
s :

-

-lxuo

. 2
Thus, since “0‘0 - u‘E. = jnvarient; then ig =g (3.3)
s

L
and fg_- (ig)z = 32
.Ai 8

(3.4)

where: l. = length after scaling for operation at wg

A = area ] " " ] LI ]
8

For (3.1) above, we now have (after scaling):

N0, , 2 ONO, , 2 .CNO "
7 Kyy Ag/8™s Kip Ag/s™, Kigtg/s vy
AE -xﬁ%ohz. -xﬁ%o/-z. x‘f;°z°/- v3 (3.5)

E® CNO CNO CNO‘ 2/

8
Ky3 ta/8s -Ki3 2o/, Kyg't, 1

With the foregoing in mind, we may choose a ceramic stack designed for operation
at wg, with length Lo and area Aj which is described by equation (3.1). If we
now wish to scale this stack for operation at any other frequency, w,, we may
ascribe a nev piece length, L,, and a new area, Ay, and then write the descrip-
tion of the scaled stack as follows:
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z('JNO CNO CNO

Pl i 212 z137 &y
1] 82 82 E I 1
CNO CNO  ,CNO
st ) T e il e
2 s2 s2 s 2
CNO cNO  ,CNO
£ 212 o Fag g
e o Lw s o L. -

It is advantageous to remove the scalixig factor, s, from [ZCN] making [Zm]

invariant during scaling, (i.e. [ZCN] +> [ZCNO] for ‘”o);
o s . CNO CNO CNO s
11 10 %11 % A3 "1/: i i
From (3.6): |pol | es| . |0 _ovo a0} | s En
2 2 12 11 13 2/s
o 8 CNO ,CNO _CNO 8
* - & % Yas e
8 0]
Vi/s V1
. [, cNO 8 CNO o
b [Z ] Vz 8 --[z" ] Vz
1* 1°]

NON-PIEZOELECTRIC SCALING EQUATIONS

Similarly, it is shown in MCR #1 that the 2-port description of any straight
section can be written in the form:

o o,0 ,0 ,0 o o

F K., A" K..,A v v
1 & 11 12 1 d 2° 1 (4.2)
) o ,0 ,0 ,0 ofl * o

Fz -KuA KzzA v2 v

where: the subscript 1 implies left side
o ol 2 “ right side

A° - straight section area.

K® is a function of 0 = 9;"-

1)

¢ = gound velocity in the straight sectiom
¥ = frequency (radians/sec)
L = gtraight section length.

L]
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By using reasoning similar to that accompanying equations (3.2), (3.3), and
(3.4), we can write:

. s o ,0 s o .o 8
7 £ T Mt [v1 i 21 %12 M1
l.r‘ " 82 Lo, ko Lr‘ R I | e
2 12 722 2 12 722 2

where [z:j] are valid at operating frequency wge

Therefore:

st vs/
1 o 1/s

= [24,] [ ] 1,3 = 1,2) (4.4)
[-F‘;] Vi

where [Zij] is invariant during scaling to other operating frequencies.

It can be easily be shown that, for a conical section, equation (4.4) is valid
in fomo

We now are in a position to examine an entire transducer element made up of many
two- and three-port networks of the form shown in equations (4.1) and (4.4).
Since the transfer matrices in these equations are functions only of 6 and 6

is held constant when scaling to a new operating frequency by assumption, any
conceivable combination of these matrices, such as might be found in a complex

sonar element must also be independent of s.

. 8 o o o 8
s sFy 211 212 Y3 | [ Vefs
o o o 8
sFp | = | 221 222 223 "r/. B8
8 o] o] (+] 8
E Zyy 233 233d I

For a single element where [zgjl is invariant during scaling.
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The radiation impedance for a simple circular piston can be written in the .,
form: '

¥ - peA v3. [R(8) + 3X° (@) (5.2)

where: F: = radiating face force on the water

v° & " " "

. velocity

p = density of sea water
¢ = sound velocity of sea water

Ao = radiating face area = ﬂaz

a = radius of the radiating face
O-h-&a.
c

w = frequency

R°(0) and X°(0) are functions relating array geometry, etc.

Similarly to the steps leading to equations (4.1) and (4.4),

A .
F_ = pc .—g vy [R°(0) + 3x°(@)] (5.3)
or
V. V.
sFy = Apc (D) [R°(0) + 3x°(9)] = K°(5D) (6.1)

where: K% 1s invariant during scaling provided that wa is held fixed.

Returning to equation (5.1) and shorting out the tail port by terminating with
air (set rT £ 0):

.': ':/5

CTO
- z (602)
( ';/L
:l

et

0
e’
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T0 ,TO ] S
Fr:] _ % B2 Ve [z'ro] Vr/e 4
8 TO0 ,TO s 8 i
Le 2, 2,, || I

([zTO] invariant during scaling.)

Converting to A-form:
o ) ) : o ,0
FFE AT 2] ] o
B0 R g £

-
where: A° B° is invariant during scaling.
c® o°

This (6.4) is the familiar 2X2 representation of a transducer relating the
variables at the electrical port to the variables at the head mechanical port.
One further note on equation (6.3):

TO 1 CTO0 ,CTO CTO _CTO.

Z)) "o %1 %22 " %42 %1 (6.5)
252

T0 _ 1 €10 ,CT0 _ ,CTO ,CTO

212 " <60 %13 %22 " %p %3 (6.6)
Z
22

0 1 CTO .CTO  .CTO _CTO

2;) = “or0 (%31 %32 " %1 Z33) (6.7
222

T0 1 CTO .CT0  .CTO ,CTO

232 = 0 (25 233 = 233 233) (6.8)
22

As can be seen, invariance is indeed preserved when the tail port is removed.
Continuing with equation (6.4) and substituting with equation (6.1):

-l B B e

CONCLUSIONS
With this final result in hand, we make the following comments and summaty ‘of

obs' 'assumptionsy




Assumptions

1.) Assume that the form of equation (6.1) is valid for the head geometries to
be considered.

2.) Assume that the linear math model for the 3-3 mode ferroelectric ceramic
longitudinal resonator is valid over the range of frequencies to be con-
g sidered.

; 3.) When scaling up or down to a new operating frequency, assume that all linear
dimensions are varied proportionately by the same scaling factor, which is
defined in equation (3.2).

Scaling equations for fixed-input design.

1.) At some w_ operating frequency, a transducer element has been thoroughly
studied and optimally designed with respect to areas, lengths, power-handling 4
capability, field limitations, etc., and is completely understood over the :
frequency operating band centered at Wy

2.) A new element design is now required at some new center operating frequency,
Wes which is related to w by a scaling factor, s (Eqn. 3.2).

3.) With only the available information from computer runs and so forth, the
designer can scale the existent element in such a manner as to preserve
optimization for the most part and he can immediately determine the opera-
tion of this scaled element at the new center frequency, Wge

4.) To do this, he need only proceed in the following manner: Returning to
equation (7.1), we note that, for any scaling factor, s, the values of
quantities of interest for the scaled version of an element are related
to the original values in the following fashion:

Wi | (8.0)
Yo
Input voltage, E. - Eo (8.1)°
"  current, i = 1, (8.2)
"  impedance, zt“ - zi“ (8.3)
(vg) (ve)
Head velocity, .t I lr 2 or (Vr), - n(vr)° (8.4)

|




(F,)

Head Force, (Fr)"‘l - (Ft)o x1 or (Fr)° = (8.5)
(’r‘r)s i (Yr)o > (zr)o o
(vf)s 'z(vr)o gk

Radiation impedance, (Zr). -

in B in in
Input power, Pa E‘I‘ cosl(is = Po (8.7)
r - - t
Radiated power, Ps (Fr)s(vr)s cos l{ (zr)‘ Po (8.8)
By Ee
Field, g, =g~ = sy =82 ' (8.9)
s ()
Strain, s. = k(vs). - sso (8.10)
Pt pr
Radiated power per unit area, -A-g - 02 =2 (8.11)
8 o
: s &
Field normalized to radiated powver, — =g — (8.12)
Bt T
[ 8

etc.

Scaling equations for field-limjted design

Further elaboration is possible, of course, but the above equations provide
adequate example. Another interesting method for viewing these quantities vs.
scaling of frequency is to hold some other performance variable fixed (other
than E or I) such as field when field-limited or strain when strain-limited
and view the corresponding behavior of the ather variables.

For example, consider the following field-limited case:
Assume field, ¢, to be limited to a maximum of ao.
Th.n: e. - eo ; (901)

.‘ - B
Thus, E. -re, zozo o/& (9.2)
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Is = Io/s

(Vo) = (v),

(Fr)s . (rr)o/sz

E

IN s IN
z --—--z
s Is o
N
BT
PIN = Esls costIN - =2 .:oaLzIN -
s 2 2
s s
)
(2) = iy il
r’s ‘2
etc.
11
§

(9.4)
(9.5)

(9.6)

9.7

(9.8)

(9.9)




