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SECTION 1
INTRODUCTION

The WEDCOM code is a digital computer program that calculates
ELF, VLF, and LF electric and magnetic field strengths in ambient and
nuclear-disturbed environments. The code is intended for use when a
relatively detailed analysis of the propagation between two terminals
is required in nuclear-disturbed environments. The code can be used
alone to study the effects of weapon, atmosphere, and propagation
parameters on received signals or can be used in conjunction with
receiver antenna and signal processing models to evaluate system per-
formance.

Operational information for WEDCOM IV is given in Volume 1
(User's Manual). A description of computer routines used to model ELF,
VLF, and LF propagation is given in Volume 2 (Computer Routines).

This volume (Volume 3) provides mathematical descriptions of the pro-
pagation models in a manner that does not presume knowledge of the
internal organization of the WEDCOM code or Fortran programming in
general .

The ambient and nuclear environment models used in WEDCOM are
taken directly from the WEPH VI code. These models are described in
Reference 1-1 and are not further discussed here. The propagation
computational models used in WEDCOM IV include models developed for
WEDCOM 111, models developed for DCOM (a code developed for the MEECN
office), and models developed by the Naval Ocean Systems Center (NOSC).
Descriptions of models developed for the DCOM code have been taken
from the DCOM code documentation (Reference 1-2). Description of
models developed by NOSC have been obtained trom References 1-3 and
1-4.
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A description of reflection coefficient models used for ELF,
VLF, and LF propagation is given in Section 2. Section 3 describes
the waveguide model used for ELF and *LF propagation and Section 4
describes the skywave model used for LF propagation. Introductory
information concerning propagation model limitations, coordinate sys-

tems, and matrix notation is given below.

MODEL LIMITATIONS

[t should be noted that there arc potentially significant phys
ical processes that either are not treated or are very crudely modeled,
since they either have been regarded as being of secondary importance
in past applications or have not vet been modeled adequately.

lhe calculation of ELF propagation characteristics is difficult
due to the long wavelengths involved. In particular, ionospheric vari-
ations transverse to the propagation path are not modeled and, as a
result, predicted degradation is probably pessimistic. Standard WKB
approximations, which assume a slow variation in ionospheric or ground
electrical properties in the direction of propagation, are used. In
addition, there is some uncertainty in selecting the appropriate com-
binations of D-, E-, and lower F-region ionospheric models for ELF
predictions.

Propagation variations transverse to the propagation paths
are also ignored for VLE, but this limitation is not as severe as for
ELF because of the relatively short VLF wavelengths.

The LIF model is an approximate ray theory model using correc-
tion factors for diffraction around the earth's bulge. The cffects
of the geomagnetic field are included in the reflection coefficient
calculation, and a geometric search procedure accommodates nonuniformi-
ties in the ionosphere in the direction of propagation. The model has
produced good agreement with calculations performed with state-of-the-
art models and assuming a uniform ionosphere for frequencies between

20 and 60 kHz.
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COORDINATE SYSTEM AND ANTENNA REFERENCE

Many calculations performed by the system models are performed

with geometry references to a specified location, in this report refer
red to as a Computation Reference Point (CRP). The Cartesian coordi
nate system is the most frequently used geometry svstem. In this
report,

X direction of propagation path (km)

\ perpendicular to direction of propagation path (km)

altitude (km).

he origin is at the earth's surface.
Fhe propagation models assume that the radiated power is de
fined. For VLE and LI, total power radiated from a dipole with a
particular orientation may be specified. The antenna zenith angle
and orientation relative to the propagation path (4) are shown in
Figure 1-1. For ELF, the total power and ¢ are specified, and vy is

always 90 degrees.
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Figure 1-1. Coordinate system and antenna orientation.
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MATRIX NOTATION

\ square matrix will be denoted by an underlined symbol. Ma-
trix clements will be subscripted as demonstrated here by the M matrix:

\ A \
M ba b3

i
M - M, M, M. (1-1) |
21 22 5

M. M. M.




!
t
REFERENCES |
I-1 Knapp, W.S., WEPH Vi: ' Fortran r thi wutation of loni-
zation and Electromagnetic Prop ffects due to Nuelear |
; na ns, Volume 2, Computer GE75TMP-53, General
Electric—TEMPO, October 197¢. }
k=2 lcni;,{cr,_ | 2 S N Nuciear Effects Systems des, Volume 2, s
OM Code r's Guide, GE75TMP-9, General Electric—TEMPO, |
June 1975, ‘
|
|
1-5 Morfitt, D.G., and C.H. Shellman, MO 1, proved Computer |
: . - vy ' ' . «..‘ o ".' 0 - 4 . ,—-.'.v '. ' ) ' _» ,
lospnere Wavegutrde, Interim Report No. [, Naval Electronics ’
Laboratory Center, San Dicgo, California, October 1976.
1
- . )
1-4  Pappert, R.A., and L.R. Shockey, Program for |
Interim Report 713, Naval Electroni Laboratory Center, San ]
Diego, California, .June 1971. ’
| |
|
|
|
| !
i
{
{
|
{
i
i
i
i
]
|
|
!
1
\
|
|
|
9
S Uy —
) e — "™ 1
——— ~y —— - =!




= =

SECTION 2
IONOSPHERIC REFLECTION COEFFICIENTS

INTRODUCTION

Both waveguide and ray theory solutions require that ionospher

ic reflection coefficients (ratio of the reflected field to the inci-

dent field) be computed. The ionospheric reflection coefficients can
be represented as a four-component matrix, ie,
) ||
u‘\n 1
R (2-1
) )
WRe 4Ry 3

where
R is the reflection coefficient matrix
n means polarization parallel to the plane of incidence
L means polarization perpendicular to the plane of

incidence.

l'he first subscript applies to the polarization of the incident wave,
and the second subscript applies to the polarization of the reflected
wave.

l'he coupling coefficients, R and R , may be as large or

in L

larger than the primary coefficients %0 and LRJ_ for normal nighttime,
but they are typically much smaller than the primary coefficients for
daytime conditions. For a normal ionosphere, the coefficients are a
function of propagation azimuth and the carth's magnetic field. A
nuclear disturbance results in lowering the reflection region; as a
consequence of the increased electron-neutral collision frequency in
the reflecting region, a strong disturbance can cause the coupling

coefficients to be essentially zero.

10
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LF and VLF waves are reflected from the D-region. Most of
the reflected energy is returned from the 60-70 km altitude level for
normal daytime ionospheres and from 80-90 km altitude level for normal
nighttime ionospheres. In these altitude ranges, particularly for
nichttime conditions, the electron-neutral collision frequency is com

irable to the electron gyrofrequency, and the earth's magnetic field
has a sienificant effect on the reflection coefficient.

LLF reflection coefficients arce affected by.ionization in the

| and F-regions in addition to ionization in the D-region. I'hus ,
effects from the earth's magnetic field are always important. The 1ion
concentrations from ground level up to the D-region also affect the

ELF reflection coefficient values.

Ihe WEDCOM code employs two calculation procedures for deter
mining the ionospheric reflection coefficients. l'he first method is
in iterative integration of a first-order differential equation (Refer-
ence 2-1). It is applicable to both isotropic and anisotropic iono-
spheres.  The second procedure is an application of a simple recursive
technique (Reterence 2-2) and is used only with isotropic ionospheres.

Both reflection coefficient computation procedures allow for
arbitrary vertical profiles for electron and ion densities. These
profiles are divided into horizontal slabs. The iterative integration
method allows a simple variation of the the slab electromagnetic pro-

perties. I'his procedure is used for all ELF cases and for VLF and LI

requires less computation time than the iterative integration method.
COMPUTATION OF REFLECTION COEFFICIENTS
FOR ANISOTROPIC IONOSPHERE

I'he reflection coefficient calculation technique described by
Budden (Reference 2-1) is used here. The model is patterned after that
described by Sheddy et al (References 2-3 and 2-4).

\ll ionospheric and geomagnetic-dependent inputs are calculated
prior to exccution of the model. A fictitious lincar variation of the

permittivity with altitude is used to simulate the earth curvature.

— —— —E j

cases where the ionosphere is highly disturbed. I'he recursive technique
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Basic Equations Defining R
The ionospheric reflection coefficient matrix defined in Lqua-
tion 2-1 is found by the numerical integration of differential cquations

of the matrix form

2if = 5. +S..R-RS . ~R SR . (2-2)
where the prime represents the derivative with respect to the normal-
ized parameter kz , and

-1
k = wavenumber (km )

= altitude (km)

The elements of matrix S are partitioned for convenience, with

the partitioned values being

(Sll:l s Sllh) -'\‘1:}
Sl] = (2-3a)
271 SR
{9112 dl]h) '51:1
Sl‘ = (2=-3b)
L_d‘l -d,,
(—dlld dllh) dl:T
‘\,1 = (2-3¢)
LS_‘I dH
( 11a Hllh) dis
S, = (2-3d)
L9721 “922

The elements of the partitioned S matrix are functions of the
ionospheric properties, the geomagnetic field strength, the wave fre-

quency, and the angle of incidence of the wave with the ionosphere.

12
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These matrix elements are defined in Appendix A in terms of an inter-
mediate matrix T and the susceptibility matrix M.

Considerable simplification occurs in the S, I, and M matrices
when the geomagnetic field has a negligible influence on the suscepti-
bility matrix. In the WEDCOM code it is assumed that the altitude

range where the magnetic field influence is negligible where

where

el
0
\ i
o
. ¢
REN
o free-space permeability (henry/m)
¢ = clectron charge (coulomb)

static magnetic field strength (cersted)
m = electron mass (kg)

< . =1
= frequency (radians s )

-1

= electron-neutral collision frequency (s )

j o= Jfel
Ihe lower altitude is determined entirely by electrons. The contri-
bution of Y of the normal positive and negative ion concentrations is

much smaller than the electron component.

VLE AND LF CASES. [Expanding Equation 2-2, equations are writ-

! ten for the four components of the reflection coefficients as they are
computed for VLF and LF cases:
/ .
2j R I R+ R (. ~d ‘
e [ 1 128, LR‘ \1:14 l‘(Lll.l \th] R
»[ R R d,,+ RS +d R
S | RS 72 21 I 5
( ) - 5¢
d]].l*d]]h)J (Z=5a)
| 13




+ R .\ll(l+LRL)] (2-5b)
/ ) _ )
“dh [l‘ k307 S PRI
S (ES S
( a4 + lH)] ::] RL + [\31[1 +th
+ R od o (L R)] (2-5c¢)
21 £
2i B = |d RS2SRl S R | R
E K 22 4 % 22 dam 2% 12 R
! [‘133 ' l{v J{L (dl Tas Lll lh)
+ R S, R d_,l] (2-5d)

where 3 = VKH’

ILEF CASES. Numerical difficulties can occur when using bqua-
tion 2-5 for ELF reflection coefficient calculation. The numerical
difficulties result from short computer word length. Using double
precision techniques or computers possessing larger word lengths elim-
inates the problem. A separate algorithm was formulated for WEDCOM
for computational efficiency and adaptability to machine type. The
scaling and factorization of the reflection coefficient equations are

based on the following observations:

1. The S matrix elements are large (of order 100) at ELF.
Also,
S ¥ = ~
e ™ Y™ M
i b M T

ct— Sp— -
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where € is the cosine of the angle of incidence.

)

istically

and the coupling elements R and

than unity.

2. The diagonal elements of the R matrix

are character-

(2-6)

smaller

I'hese observations show that subtraction of large, nearly equal values

5

occurs frequently in Equation 2-5. They also provide the basis for

)

moditication of Equation 2-5 for computational efficiency.

) IR =

For ELI" cases, Lquation 2-5 is modified so that the derivative

of the logarithm of R is integrated, where

/
R =
(2n R)" = (2-7)
R
Equation 2-5 is further modified emploving the observation noted in
Equation 2-6. First, the following relationships are made:
Ro= k- & (2-8)
" ]
and
R = 5 = 1 (2-9)
Substitution of Equations 2-8 and 2-9 is made into Equation 2-5. After
simplification of terms,
‘\l{’]
Y% ——t . _AT . ) R T . T . s
2j T HH/(. + 2/ R [H.{L]l_,/(. + J_RHIH/(‘] \l/HR”

[LRH Ay * uR Sy * 24y, - 8 0dy dllh)]

=
(897
ro

(2-10a)




.LR.L .Ll‘n HRJ.
<} R AL * ===y, - g
£ Ak 3 TR
Fog LR By 7 R Syp ¢ Bydy))
i %
LR’
2] < = “{'11 = '11/L = ) = 'l‘dlll dllh'
) < (2T S
* Rty * o BT/ 1”12
R’L
- R =2l = Tyf® = - Sley, . —dad
+ — i —
P Bdss v (BTt 121

(2-10b)

(2-10c¢)

(2-10d)

The "T" elements in Equations 2-10 belong to an intermediate matrix
£

which relates the susceptibility matrix, M, to the S matrix.

The T

and M matrices are defined in Appendix A. Implementation of Equation

2-10 for ELF cases removes the numerical difficulties described ecarlier.

Integration Technique

The integration technique is that defined in Reference

It is performed using a fourth-order Runge-Kutta technique.

grand after n+l steps is defined by

= 1 A YA TR N
By = 05 5 I0R, + 200, = 20R, + OB,
where

R, = -A K (z_,R)

Z 1
SR, = -AK (z_ - ==, R + 8R,/2)

2 z— n 2 °? 1=
16
i — ——— o

2-3.
The inte-
(2-11
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step size (Kkm)

R integrand after n steps,
n

and the derivatives are computed using Equation 2-5 or 2-10,
In addition, the integrand is computed using a second-order

)
I

unge-kutta technique, where

P Z 7
2R R Rz - s R = R{z R ) E (2-12)
n+ n Zz n & n 2 n-

Note that the quantities required to calculate the second-

order values are already available from the fourth-order calculation.

I'he difference between 4R il and 2R ‘ol is used to control the integra-
1 n
tion step size; that is,
o 2 1 i 2 .
& 1f R - R | < E . , the step size is doubled
n+l n+1 min
2 1
e If E . R..li= 'R S B , the step size is unchanged
min min n+1 max
Y 4 ;
e |f | < | R - R y the step size is halved,
max n+1 n+1
and E . and | are assugned values determined by trial and error
min max :
calculations. The specified values were selected to assure acceptable

accuracy consistent with minimum computifig time. Suitable values for

I and I . were found to be:
max min

10 (2-13)

max

min

17




Integration of Equation 2-5 or 2-10 is carried out by starting

top
cach step employing the control criteria defined above. Integration

at a high enough altitude (defined as z : and integrating downward,

is terminated based on a criterion which indicates that a free-space
assumption can apply (defined as z, e
E hot
buring the integration, the step size is controlled by the

procedure described above: However, the step size is never allowed

to be less than Az . A suiltable value of was found to be:

min ‘min

\Z Z X 10 ) . (2-15)
min 0

where Ao is the free-space wavelength.
Initial Values for R

The altitude :.top representing the ionosphere top is taken
high enough so that reflection from higher altitudes is negligible.
l'he ionosphere is approximated as a uniform semi-infinite anisotropic
slab above the top altitude, and thus only upgoing waves exist. The

initial step is to determine R at The procedure used here is

“top’
that of Sheddy (Reference 2-5), and the details are included in

\ppendix B.

Initial Values of z and z
top bot

The integration starting altitude :top has a strong influence
on the computational efficiency. Factors of 2 to 10 in computational
efficiency can be gained, without sacrificing accuracy, by the selec-
tion of the proper starting altitude.

The electromagnetic wave behavior in free-space can be treated
analytically. Thus, additional computational efficiency is gained by
defining the integration stopping altitude, :Imt" as the highest alti-
tude where the free-space assumption can be made.

VLE AND LF CASES. The WEDCOM D-region ionization profile is
defined up to 100 km. A satisfactory starting altitude criterion ap-

plicable for all undisturbed profiles could not be determined. However,

18




the reflection coefficient values are often

regions.,

a value of 100 km. For all other

by the following procedure.

cases

, the

affected

value of

\ satisfactory test for the upper altitude,

the value of the imaginary part of

I'he (isotropic) square index of

where

refraction

the squared

S

“top

index

written

-1

A = -
¢ - -
% %
e
) I_\ l“ \
i
Vi T
" .
i
&
B \
C ¢
3
B — I
i ; 1
clectron-neutral collision frequency (s
e .
Vs ion-neutral collision frequency (s )
: v -3
N = electron density (cm )
€ E
v . : -3
N. = ion density (cm )
i
s ; -1
v = frequency (radians s )

by

fhus for all VLF undisturbed ionosphere cases,

%

of

as

-1

the 90-100 km

Z, P 1s given
(

is determined
(]l)

s, 15 based on

refraction.

(2-16a)

(2-16b)

(2-16¢)

"
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I'he ionosphere top for VLF/LF cases is defined as that alti-

tude above which

3 - 2 maximum 1.0, 10 . (2-17)

I'he ionosphere bottom is detfined as thnat altitude below which

3 0.00022 . (2-18)

ELF CASES. Ions at altitudes are important at ELF, and the
ionosphere bottom altitude, '.'l = is set to ground level. Determina-
Y0

tion of the upper (starting) altitude, 1s more complex. Defining

‘top’
oh too high increases the computation time considerably without add-
op g
ing accuracy. Moreover, the algorithm used in VLF/LF cases for deter-
mining z nas little value here, as it is more applicable for D-region

D
to]

effects and not for the - and F-regions where magnetic field effects
are strong. The algorithm used in WEDCOM uses an anisotropic defini-

tion of the squared index of refraction, Equations 2-16, where for the

ordinary wave (see Reference 2-6)
N (w+ )
C me
A - -
< - -
p | (W =+ u RSt !
[ me ¢ }
)
N (w+w_ )
\. Suri CRMeTY .
i 2 2
( . ) + 4
ma i
ON L
[ &
B - -
(W + u B Y
me ¢
,
N.

and

20
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2 9 . -1
o = 3.18 X 107 N {radians s )
N\ (5
e
o 11 . -1
i = (.76 * 10 B (radians s )
me m
. 5.42 !Hl N (radian —l)
i = 5.42 X N. ~adians s
N. : 1 :
i
3 ¢ : -1
X = 3 2% 10° B (radians s )
ma m
Bm = carth's magnetic ftield (gauss)
The WEDCOM ELF model defines Z, . as the altitude where the transmis-
QO

sion loss due to nondeviate incremental absorption satisfies

“top
Y d. = 30.0 (2-19)
0
and
{ = 8.686 — Im(n)
i €
¢ = velocity of light (km/s)
Im(n) = imaginary part of the index of refraction.
If Equation 2-19 is not satisfied up to 200 km, then :t’P is given
(

the value of 200 km.

REFLECTION COEFFICIENTS FOR
ISOTROPIC IONOSPHERE
Gerieral
The reflection coefficients for an isotropic ionosphere are

calculated using a method described by Wait (Reference 2-2). FEarth
curvature and magnetic field effects are ignored. The cross terms of
R (R and R,) are zero, and the diagonal elements ( R and R ) are

& N i S nn & b
calculated independently of one another. The following relationships
are defined for convenience to help avoid duplication of similar

cquations:

gt T N S S s T 1 TS Sl B 2

e

L

S
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r R
\
2-20)
P R
h L0

lhe ionized laver is represented by homogeneous slabs as shown
in Figure 2-1, where the wave is incident on the layer bottom by angle

and

"
n
M-1 BEgpy ¥
-2 Azp2
n Az
______ RS SRS | [N
™ e
zbof
o, 1

Figure 2-1. Plane wave incident on stratified medium
with homogeneous slabs.

”m = refractive index of mth slab

e refractive index of free space = unity

Az = thickness of mth slab
:top = altitude above which there are no Jdowncoming waves
Zhot © altitude at which profile is truncated.

The region below the stratified medium is considered to be free space.

22
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By imposing the condition that the Mth slab is semifinite,
only upgoing waves are allowable in the Mth slab and a recursive solu-
tion for the reflection coefficient is obtained.

For either a vertically or horizontally polarized plane wave
incident on the bottom of a stratified medium, the reflection coeffi-

cient (ratio of downgoing to upgoing wave amplitude) is defined as

K - 2Z
O ] g e
r = (2-21)
v,h K + Z ?
0 1
where K is the zeroth term in a series of Km'.\' and Z] 1S the first
O
term in a series of Z 's.
m

K 1s a function of the squared index of refraction of the
m

mth slab:

b
m . y : :
- tor vertical polarization
iwE n°
L O m
K = (2=22)
m
b
m . : - :
- tfor horizontal polarization
I.()
where
5 hJ
b= sin” ¢, - n - (2-23)
m o c i m
K , a characteristic impedance of free space, is simply defined as
O
cos i'.l
—— for vertical polarization
E_C
0
K = (2-24)
0
cos \ﬁi
e for horizontal polarization ‘
¢
0
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The series of :“s is defined as
n
Tk K] tanh h]ﬁ“}
Z = K= = - (2-25a)
= 1 K. + Z, tanh b Az
1 2 I
Z + K tanh b Az
- . 'm+Lﬁ4_n[A4_>7 m m (2-25b)
“m mK + Z tanh b Az
m m+ 1 m m
A & tanh b Az
= - K m m-1 m=l' m=1 (2-25¢)
“m-1 m-1 K + Z_tanh b Az T
m-1 m m-1""m-1
Z = K (2-25d)
m m
In the above equations,
e s < -1
£ = permittivity of free space (farads m )
O
. E o -1
¢ = velocity of light (m s )
The solution is obtained by starting at the Mth slab, computing
l\'\1 and K“ | , from them computing Z,‘1 | (using Equation 2-25d to define
Z“J, and then proceeding downward, repeating the procedure (using Equa-
tions 2-25a, 2-25b, and 2-25c) until a suitable point for truncating
the stratified medium is reached.

Analytic Representation of Isotropic
Reflection Coefficient

Depressed ionospheres produce reflection coefficients with

little magnetic field dependence. Moreover, earth curvature effects
< I’

are reduced. An analytic representation of the isotropic reflection

coefficient is applicable for these cases, and its use can result in

considerable saving in computation time.
This approximate formulation is a modified form of that sug-
gested by Wait (References 2-7 and 2-8).

It is especially convenient

for use in the VLF mode solutions, which require an analytical expres-

sion for the reflection coefficient.
The reflection coefficients are calculated for fixed angles
of incidence and are represented by
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r. (") = -exp (a,C") (-.\p‘j[t,(t’ + ,,ﬂ((:'l"]’ 5 (2-26)
1 1 ' 2 3

. . . - - . o = -
where ( is the cosine of the angle of incidence at the ionosphere and
the 's are determined as follows. Reflection coefficients are calcu-

: < W A : : ) N .
lated for two real angles of incidence with cosines (.1 and €. . If

l'il(f;l_'— [11‘ exp (Jd) - (2-27)
= bl e e )_28)
xi((.,i = |r,| exp (jo,) , (2-=d

where . and ¢, are the phases (radians) referred to the same reference

1 2
altitude, z., then
R
vn‘rl‘ gnjr |
| M o= B — e e (2-29)
\ l oy "
t (,1 (.:
;
/
by = O,y = & C 2-30
| 2 o3 i Ll
*n Y55
Ly e L , (2-31)
‘ 5 o L ’
(vl - (_,
where
:l +
tyy = ; (2-32)
2 c
1
DR
Dy = (2-33)
i G

The phase of the isotropic reflection coefficient is referenced
to the bottom of the ionosphere. To use the analytical reflection coef-
ficient representation just described, the phase must be referenced to

the same altitude for all incident angles of interest. The phase refer-

g v - O ——

ence altitude is determined from the altitude-dependent refractive index.




When the

]

altitude variation of n~(z) is dominated by variations

in B(z) (see Equation 2-16), reflection maximizes (Reference 2-9) at

approximately the altitude z , where

R

S|

2 Cos O, . (2

where ¢. is the angle of incidence at the ionosphere.
i

A fixed

is defined by

by noting that cos

0.2

reference altitude is required, and a suitable value

for angles of interest is near the range 0.1 to

The exact altitude used for the phase reference altitude is

not critical. The calculation procedures are defined so that varia-

tions in z_ that
R

the final answer.

to the reference

where

"min

are not large relative to e have little effect on

The phase of the reflection coefficient, referred

altitude, is

4 : ) > (:‘3())
min

’) v dy > =
2k cos "i(uR Zpot

1}

phase referred to reference altitude (radians)

= altitude where the recursive solution is stopped

(km)

phase at returned from recursive calculations

“bot
(radians).
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SECTION 3
WAVEGUIDE SOLUTIONS

INTRODUCTION

The ELEF/VLE propagation models compute the received electric
field strength as the summation of waveguide modes. Mode solutions
are found for a uniform waveguide. 1In a strict sense, this solution
is only applicable for ELF/VLEF transmissions between a uniform concen-
tric ionosphere and carth with a uniform magnetic field. In situations
where the ionosphere is disturbed by nuclear detonations or where the
propagation path crosses the sunset or sunrise terminator or a land-
sea boundary, the waveguide is not uniform along the path.

Two procedures are uscd in WEDCOM to account for this nonuni-
formity. The first method is an approximation which assumes that the
ionospheric or ground properties vary slowly in the direction of pro-
pagation. This method is called the WKB approximation. The second
method models the nonuniform propagation path as several adjacent uni-
form waveguides with different propagation characteristics. An energ)
conversion process (mode conversion) is computed at each interface.
The Mode Conversion method is used only for VLF cases. The WKB method
is an option available for VLF cases and is used for all ELF cases.

lhe computational sequence requires defining uniform waveguide
solutions (eigenvalues), using these to define values for attenuation
rates and height gain and mode excitation factors, and applying these
values in mode-summing equations to compute total field strength. The

procedures are described in order below.

THE GENERAL MODE EQUATION

I'he general mode equation for a uniform waveguide can be writ-

ten in the ftorm
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F(0) = (1 - ,R, R)(1 - R R) - R R R R , (3-1)
where R., R , R , and R are the ionosphere reflection coefficients
U= B k" K8 I

described in Section 2, and R~ and -LRL are ground reflection coeffi-

cients for vertically and horizontally polarized waves. The mode equa-

tion requires that the R's and R's can be referenced to the same alti-

tude. The R's are referenced to the bottom of the ionosphere, or to
an altitude where most of the energy is reflected, or to ground, de-
pending on the computational option used. Equations for the R's,

referenced to a specified altitude, were taken from Reference 3-1 and

adapted for use with Airy functions. The cquations are described in

detail in Appendix C.
VLF EIGENANGLE DETERMINATION
General
l'he eigenangles, "”, are those values for which F(%) vanishes.

They are difficult to determine explicitly and are found by iteration

techniques. Determination of in WEDCOM is accomplished by two pro-
cedures. The first (identified here by A) is a search technique over
the complex Z-plane, and is an adaptation of the MODESRCH algorithm

keference 3-1). The second procedure (identified here by B) cmploys

an analytic approximation of F(0).
Both procedures use an analytic representation of the ionospheric

reflection coefficients. This can be illustrated with the aid of Figure
5-1. Procedure A first identifies a set of rectangular regions of the
lane where the anisotropic ionospheric reflection coefficients are

computed at cach corner. A Lagrangian interpolation representation

f the reflection coefficients is made for a rectangle followed by a

search method to locate the eigenangles. For the purposes of WEDCOM,
these approximate ecigenangles have been found sufficiently accurate
and i1teration to the exact value is not performed as in the MODRSRCH

program.
I'rocedure B computes the isotropic ionospheric reflection co-

efficients at two real 9 values. An analytic formulation of the
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Figure 3-1. The complex 6-plane illustrating the ¢ values used in
the ionospheric reflection coefficient computations
for initial eigenangle determination.

reflection cocefficients (using the two precomputed values) is employed
to estimate approximate ecigenangles. Next, a Newton-Raphson algorithm
with these approximate ecigenangles as initial values iterates to an
exact eigenangle value using the anisotropic reflection coefficient
model. This procedure is described in detail later in this section.
Procedure B is fast and accurate for daytime or strong nuclear-
depressed ionospheres. The approximate eigenangles are sufficiently
accurate for severely depressed ionospheres, and the exact eigenangle
determination is not made. Procedure A utilizes more computation
time, but is much more accurate for weakly disturbed nighttime iono-
spheric profiles. To help illustrate the weakness of Procedure B,
Figure 3-2 shows the loci of eigenangles as a daytime profile is
gradually changed to a nighttime profile. The eigenangles start at
the left for the TE and TM modes, and progress as indicated by the

arrow as the ionosphere is varied. For Procedure B, note that the
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isotropic solution provides an adequate approximation for the more
depressed ionospheres, and convergence to the exact modes will occur
with some confidence. However, as the nighttime profile is approached
the cigenangles for the first TE and TM modes are nearly equal, and
Procedure B will result in wrong convergence. The Search Method (Pro-
cedure A) works well for the nighttime cases, even those where the
cigenangles are almost identical. Both procedures will now be des-

scribed in more detail.

Search Procedure A

As mentioned above, this procedure is an adaptation of the
MODESRCH techniques. A complete description is found in Reference 5-1,
but the procedure is outlined here to assist in the description of
the WEDCOM models (Volume 2). The search procedure is identical to
all rectangles. FEach rectangle is 5 degrees wide along the Re(H) axis.
The length along the Im(¢) axis is frequency dependent and is computed
from a preselected maximum attenuation rate as a function of Re(6)
(see Figure 3-1).

The eigenangle B search for very oblique ionospheric incidence
is numerically difficult due to a pole in F(8) at 9 = 90°, and another

potential pole in the ground reflection coefficients, R and LRJ.

Thus, the modal equation, F(9), is modified by first defining
Nl
= il zT_9
R b (3-2)
St | =
R = D (3-3)
LA
(R, + L)
e o @ (5-4)
(J_R_L 2o i)
25 = = (3-5)
32
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I RJ_
X = —= (3-6)
T G
R
- L 5
X = L )
Lo (

where C is the cosine of the angle of incidence, and N , D , _L\_L,
and L[).L are defined with no poles in the region of interest. The
pole at & = 90° has been removed from the R's with the definition of

the X's (Reference 3-2). A new modal equation is formulated with the
substitution ot Equations 3-2 through 5-7 into Lquation 3-1 and re-

arranging:
F (8) = = F (8 ) : {58}

The modified modal equation ]fm("l is analytic and presents little
numerical difficulty for the © region of interest.

The validity of the search procedure is premised on the Argu-
ment Principal of complex variable theory, which insures that the phase
change of ]Am( })) will complete a cycle for each eigenangle when I'm('*l
is traced counterclockwise around the rectangle.

Figure 3-3 presents an enlargement of one of the rectangles
of Figure 3-1. The finer mesh size is smaller than the separation of

the eigenangles. Starting at the rectangle corner A, and proceeding

|

counterclockwise, the character of F (9) is examined at each mesh cor-
m

ner. This investigation is based on the tollowing definition of F (8):

m
_i:l
F (8) = F, + jE_ = |F |e " =5
m R =1 m
Thus, when ln("l = 0, l,_ - II = (0, and 8 is undefined. Also note
1 L m

other l'm(“l characteristics in Table 3-1. Thus, $ 3 :‘l changes sign
from one mesh corner to an adjacent corner, then the line "'1 = () enters
that mesh somewhere along the mesh edge. Thus, using the example il-
lustrated in Figure 3-2, no I] sign change would occur until mesh 3.

The eigenangle search continues as follows:

- e ———— SO AN - -— -~
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B-plane

4 -4 g i 1

AGEE |

Figure 3-3. Illustrating the mesh squares of the contour |

rectangle A]A2A3A4 in Figure 3-1.

Table 3-1. Characteristics of Fm(w).

"r I F
',
0 0 90°
0 <0 -90° ‘
0 0 0° X
0 0 180° .
0 0 Undefined
<
34
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1.

The mesh 3 edpe where ifl = 0 exist is determined by com-
puting l'| at the remaining two corners. A check is made
to determine if possibly one other |~'l = 0 curve may also

enter and exit mesh 3 (all adjacent corners would have

an opposite sign). Finally, l-’R is computed at the four
corners to see if an I"R = 0 line enters and exits mesh 3.
These tests assume that !~" and I-R are linear with 6
along the edges, and so only one I-'l = ) or ]fR = (0 line
crossing can occur along one edge.

The l-[ = 0 line exits along the upper edge of mesh 3.
Mesh 2 is examined as in step 1 followed by meshes 7, 6,
and 11. The exit point from the rectangle is noted (mesh

11) so that reentry will not be performed as the search
continues around the rectangle contour.

l.ines of I-'l = 0 and l"[, = 0 were found in mesh 7. Again,
\

assuming the linear behavior of F_ and I"[ along the mesh

edges, simple curves (Hyperbolic) are formed within the

mesh. 1f the computed crossing lies along the F_ = 0 line

I
being traced, an eigenangle is identified. The remaining

rectangle is similarly searched, starting with mesh 4 and

continuing until all four rectangle edges have been traced.

The cigenangles found are approximate, as the mesh employed a

simple hyperbolic curve mesh geometry to determine the cigenangle lo-

cation. A Newton-Raphson iteration procedure is used to remove this

approximation. When two eigenangles are located very close, this

procedure is modified to insure that the Newton-Raphson procedure does

not iterate both approximations to the same ecigenangle.

Isotropic Ionosphere Procedure B

Procedure B initially assumes an isotropic ionosphere, which

is applicable when the earth's magnetic field is small and R and

R —are approximately zero. For this situation Equation 3-1 can be

rewritten
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Fla) = (L = R__R ¥l = J-l\“_lzl) : (3-10)

Fhis permits independent solutions for vertical and horizontal polari-

zation to be made; ie,

R (3-12)
L

For convenience in the following discussion, the definitions

below are made:

nRS when solutions for vertical polari-
‘ zation are sought
g (3-13)
: l .LRJ. when solutions for horizontal
polarization are sought
‘ B when solutions for vertical polari-
zation are sought
r = (3-14)
& l _LR_L when solutions for horizontal

polarization are sought

Equations 35-11 and 3-12 can be written in terms of Alry func-

tions as

At J Bt ) = &
n n

(5-15)

tfor the nth mode and where ’rn is a uniquely determined cigenangle

(Reference 3-2). The functions .\(tn) and H(tnl are defined by

W, (t = Ne AR Tg W (T - v.)

\(t”| o ® n R EL R R (3-16)
W’ = + QLW -
"2\ke T Yt * AWt = ¥

5 = (3-17)
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i
where \\l(t) and W,(t) are Airy functions of the first and second kinds
and the prime indicates the derivative with respect to the argument.
In Equations 3-16 and 3-17, qa, and ¢ are the normalized imped-
ance is defined by
. 1/2 '
_‘H'\'l’_tal (l~ril
\ >
3 S ] , (3-18)
i I |
i
!
where |
o (3-19) |
"R K R {
a
R = reference altitude (km), defined by Equation 2-35 i
2 ;
a = earth's radius (km) 1'
|
k = wavenumber (km) i
1/3 {
k,l: (ka/2)""° 1

lhe normalized surtface impedance at the ground is

|
) i
Q./n” vertical polarization 1
‘H g |
G = (3-20) |
ldk n horizontal polarization
“ Ao ‘
i
where ;
>
n_ = -]
£ |
; 0 i
17 é
) ) > {
@y ="gk (e = Sl = |
H gt i
|
{
S = sine of the eigenangle at the ground ,
-1
k = wavenumber (km ) {
= relative dielectric constant of the earth |
= ecarth conductivity (mhos/m) | |
£ = permittivity of free space (farads/m)
0 ’

The above definitions coupled with the analytic approximations
to the reflection coefficients (Equation 2-26) permit several approxi-
mations to Equation 3-15. Equation 3-15 can be approximated by (Refer-

ence 3-2)




where
/ I -
( (\ t k )
"R |
|
( (-t) b >
1
25 . g S 0 5 | <
( Ls the complex cosine of the angle of 1ncidence at the iono phere
and C is the complex cosine of the angle of incidence at the eround.
1 1 /
\lso, C and C° are related by
) 0
o {( + k=) z 1
"R a
I i I correction factor to account for errors in the approximation
r!' of Bt and is discussed below. *
{ ) : : .
| Using Equation 2-26, Equation 3-21 can be written for the nth
l.-\lw‘ 1
|
| = ;
{ 1 ‘ ’ v o 8] ’Ka
n + J(o.( + .G ) 0 ) (( (
\ | H | |
| t 3 i (2 o O [R5 O ) S 5=25
|
|
If r is represented by a Fresnel reflection coefficient, F can be
Xpres ed a
/
W._(t gl t

For simplification the subscript "n'" has been omitted in this section
for Il|- It will be understood that t refers to the nth

mode for
cither vertical or horizontal polarization.
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4
For vertical polarization, F_ varies rapidly with ground conductivity
- . ; 3
1Y the conductivity is less than 10 mho
A\PPROX IMATIONS TO [SOTROPTC MODI: EQUATION. o solve Lquation
25, it is convenient to define the product F r as
]
’
Wt g, (t)
p s e s ;
W (1 Wit "
4 1 | {
Hl\ Y 1 {
I F r — (3~2 ,’
er ) 9 > > ¥ 7
> “‘l‘[.‘l S(-t) ] |
|
he procedure used to solve Equation 3-25 is as follows:
\ssume that t lies between some limiting values for which ‘
i
an approximate form for the Airy function can be used. =‘
2. Approximate | ] by its value for highly conducting carth, ,
ar 5 ‘ =
and obtain a solution to Equation 3-25. |
G Iest to see if the solution for t is in the assumed range.
If not, assume another range and repeat Steps 1 and 2.
; R : ) ;
1. If the actual ground conductivity is less than 10 mho/m,
I is redetined by substituting the solution to Lquation ‘
gr €
3-21 from Step 2 and using a value of condictivity slight-
ly less than 10 © mho/m. This process is continued, re-
ducing the conductivity cach time, until the conductivity
is reduced to the desired low value.
No iteration on conductivity is required for horizontal polari-
ation, since the high-conductivity approximation applies for all rea-
onable values of ground conductivity. Approximate values for | and
] or
the resulting solutions for Equation 3-25 for both vertical and hori-
ontal polarization are given below.
Case la. Re(-t) 1, vertical polarization.
l'his is the modified flat-carth approximation, which is better
when used with waveguide upper boundaries typical of normal daytime
or nuclear-disturbed ionospheres and for higher modes. For this case,
I < 1 and an approximate solution of Equation 3-25 is found by first
gr -
4 o 7 .
obtaining C from
39
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i 53 >
X | 2kz, - ja z..K /(R ¢
; o I\_”_ _l\._R flv_", \/l + 4 R} / I{” 1)

g B R s (3-28)
tk"z. + o
; R C
and then using
I/ 2
) )
. <t 2 R =
C = E ) - < (3-29)
a
where initially
: e e (3-30)
(o 1 2
R =1n(2n - 1) . (3-31)
n

Both « and R[ are varied in an iterative solution. t 1s modified
¢ ]

&
to account tor the sccond-order term in Equation 2-26, and R is modi
n
tied to account for variation in F . with decreasing conductivity.
] s )
i In the iteration procedure, « and R” arc represented in subsequent
| e ¢
| : . s
& steps in the iteration by
1/2
| s "R .
i L L o I {8 (( )+ = (3-32)
o 1 7 5 p d
" . N T,
R (en - 1) - j in | (e, - 5 ) | (3-585)
n gr p’p
- 7 . : : 7]
where . and C are values from the previous iteration and F (C“
I p 8 pp
is evaluated using Equation 3-27 with values of t and g determined
7 z
by C_"and o _, respectively.
T P L
Case Ib. Re(-t) > 1, horizontal polarization.
The solution for horizontal polarization is
R”
« 2 R
C : - - (5-31
where R = 2'n and is relatively independent of conductivity, and «
n - b (‘
is determined as described above.
40
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Case 2a. | t 1, vertical polarization.

For waveguide upper boundaries determined by normal or weakly
disturbed nichttime boundaries, a grazing-carth incideat angle approxi-
mation is often applicable for lower mode numbers. It the magnitude

of t is small and the conductivity is greater than about 10 mho/m,

; .4 S 2 S
| z expl(j [6) expl=)=\-T) - (3=35)
er : T

Making the further approximation that

& R : (3-36
a
which should be true if t is small, the solution to Equation 3-25 can
ttoen
, 5/ 2 5 1/2 .
| R + i - e Yk R it =55
) p Ja| R} v o R
( i S J\ a a a
vy A i + i
S 1 0%
k =~ o, + B
1 5 S Lo
,(“"1{)
Y A
(3-42)
lefined by
12n e
R ' e ¢ (53-38)
n O o1

itially, R is defined for high-conductivity eround and is subse-

I

itly modified in an iteration loop to account for low conductivity.

ase 2b. |t 1, horizontal polarization.

For these conditions,

- e A 3/2 5
F o~ exp ()5m/6) exp |-]J3 =) ’ (3-39)
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\n iteration procedure using Equations 3-44 and 3-45 and an initial

27 (t q (A(t ) 23(q =t + v JB(t
1

uess from an appropriate approximation to Equation 3-25 is used to

ake At small. For Newton's method to converge to the appropriate
tlue for a specified mode, a sufficiently good guess is required for

\ second iteration procedure is now used to obtain the exact
eigenangles ot Hquation 3-1. The improved guess determined above is
used with the Newton-Raphson and anisotropic ionospheric reflection

coefficient algorithms. The procedure is to compute a correction term

dE(0)
k -1 ) | 5-46

where 9 is the value for the present iteration. A new value is used

O

defined using

and Equation 3-46 is applied iteratively until "‘” becomes less than
ome preset criterion.
VLF FIELD STRENGTH EQUATIONS

Fhe WEDCOM code provides two alternative procedures tor com-
puting the received electric field strength produced by an arbitrarily
oriented transmitting dipole. The first method, the WKB approximation,
assumes that the ionospheric profile and ground conductivity vary
slowly as the signal propagates through the carth-ionosphere waveguide.
\s long as there are no abrupt transitions and the total transition is

not severe, this first-order approximation is adequate and an easily
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interpretable set of computations is provided. On the other hand, the
WKB approximation becomes of questionable use when sharp changes in

the ionosphere or ground characteristics occur. Implicit to the WKB
approximation is that cach mode can be traced as the signal propagates
along the waveguide. Note from the example of Figure 3-3 the difficulty
of mode identification if there is a sharp transition from a daytime

to a nighttime protile. In addition, a sharp transition would scatter
energy from one incident mode into other modes, violating another WKB
assumption that all the cnergy would remain in the same mode.

Ihese problems do not occur with the second method, the Mode
Conversion procedure. At a transition region, mode identification
need not occur for this procedure, and energy scattering into other
modes is considered. FExcept for special cases, however, the mode con-
version computations are not as ecasily interpretable as is the WKB
method.

Both procedures segment the waveguide into \l‘ cascaded, uniform
waveguides where the propagation characteristics do not change in any
segment. Thus, the eigenangle computations defined earlier are appli-
cable for either technique. Before proceding to a detailed description
of these procedures, the WEDCOM transmitted power input options will
be discussed. The input quantity is the effective free-space antenna
input power. For a lossless short-wire antenna in free space, the

input power and current moment are related by

. -0, 2 b
Pl = Basax Lg BT 1| N} y (3-48)
ets m
where
f = frequency (kHz)
I,“ = current moment (ampere meters)

However, it is the ecquivalent orthogonal (vertical, broadside, and

endfire) dipole moments that arc used in WEDCOM:
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P P . cos™
\ cts
B B . sin X cos d¢ (3-49
I efs ‘
I p in sin” ,
lv ers

where (see Figure 1-1)

dipole zenith angle (deg)

angle between the x-axis and the dipole axis (deg)

WKB Approximation

Ihe WKB formulation used in WEDCOM is basically that described
in Reference 3-3 and is repeated here for completeness. The three
orthogonal dipole components detined above are considered a vertical
component and two horizontal components, one aligned with the direc-
tion of propagation (endfire) and one at right angles to the direction
of propagation (broadside). Three components of the electric field
are computed: F_, b, and E_. The basic equations used for a nonuni-

\ \

form ionosphere tor cach mode are given below:
P o
I = Q g N, (5-50)
n n-¥n-in -

where n is the mode number, and

£ X5 ¥ (3-51)
| . 1 1/2 1 172 1 s
S pt g ¥ I'_/ WP + P / A g . (3-52)
ot | S VAN Zn B BinTyn I xn®xn f
f/a E/2 h
0 0.0544] | ———— exp [-jkd(S_ - 1] (3-53)
n sin (d/a) . n
i trequency (kHz )
a carth's radius (km)
d path length (km)
k wavenumber (km~ 1
*.I WKB approximation to the sine of the eigenangle, B *
| 1
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lhe ''s are representative excitation factors computed as a geometric
mean:
N
I >, k[ 2 .
o= e (3-54
ij Lt

fhe superscripts "1'' and "NP" indicate values at the transmitter and
receiver, respectively. The g's are height-gain factors evaluated

at the respective transmitter and receiver antenna altitudes. Both

s and g's will be defined on the following pages.
fo account for nonunitormities in ground and ionospheric
paramcters along the propagation path, two approximations arc made.

An average value is computed for the factor SI in LEquation 3-53.
n

Ihere are .\[) computation points for a trunk, cvenly spaced at distance

d, so that

R

51N + sin :\)_

o ‘
|Z‘

1
A\_Jl z : ) R
S = 4 S i a L Z _CE
m ' ) Sin i ] - (5=-55)
1 )
where i 1s the cigenangle at the ith computation point.
Ihe average attenuation rate and relative phase velocity are

computed from

= —:s‘.(Mklm(S‘) S0 dB/Mm

(3-506)

= RclH:)

3 (3-57
where

¢ = velocity of light (km/s)

v = phase velocity (km/s)
Mode Conversion Method

Fhe WEDCOM mode conversion algorithm is an adaptation ot the

NOSC model (Reference 3-4). This model assumes that there is wave-
guide invariance normal to the waveguide, and that the reflections
from the slab transitions may be neglected. This is consistent with
Wait (Reference 3-5), who provides an argument dermonstrating that

neglect of reflections does not introduce mach error. However, this
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aspect should be explored further for very sharp transitional regions
tound in some nuclear environments.

Ihe mode conversion algorithm formulation initially assumes
that a unit amplitude wave exists in cach mode in the transmitter
slab. The quantities \I;k relate the energy from an incident mode K
in the transmitter slab to the jrh mode in slab p. The mode conver-
siton coefticients are computed by enforcing the boundary condition
at cach slab intertface) that all tangential field components must
be continuous.

I'he three orthogonal electric tield components E, (X = x5, and

arc computed.  When the waveguide is unitform, the component compu-

tations are similar to the WKB solution; ie, for mode n

i g, P . (3-58)
n n-'tn~in
For the more general nonuniform waveguide case,
p : !
M N .\‘ .\‘
) = -

| Z: QP ¢ g P AP, (3-59)

n m,n YnLm mn

m=]
where
N of 1/2
f/a . . 1

Q P 0.05441 --.~/ — exp —lk’sm(" |

m,n sin(d/a) <) n

N 1
. p °R "
sin | JaCS= d} (3-60)
m &
nl], - individual slab length (km) . (3-01)
AY

The mode conversion coefficient, \:l:. includes the effects of mode
conversion and propagation in all slabs prior to the receiver slab.
Derivation of .-\;"}: is performed in Reference 3-6.  The WEDCGM
version is a simple extension of this derivation to consider cases
where the number of eigenangles is not necessarily the same for all
slabs. The mode conversion coefficients are determined by first
y

solving for the parameter ul: = from
s
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tor the

for the

trom

I i.u 3 "1

where

M
2,1 2 252 '
| 1 | (5-62)
‘,n m,n Yom
m= ]
= 5 < . . p+ "
Interface in the first two slabs, and solving for s from
Y 4 i
M© L ol Pt
1 -Jk sin (! ;JP ‘l e
m y ) )+ ) -
E al ¢ t ol 'l E al 1 d (3-63)
m,n , m,n 4,n
m=1 m= |
5 . . m, p 2 r .
remaining slab interfaces. The I  quantities are defined
.‘ ’
) ) § n ®
) m m i ) )
L‘[.I‘L“v.‘ - e, (8eV) + h]x'h,l he (oht’)
1 I} ] 1 1 1 ] I P m# p
I and/or
. m ! ) : :
kK |sin{ )= sing i,f I # i
1 - m R 2 |
2 Sin(e.) ) ) ? ) = P
, - 1 1l M. = 1 '
~& . J : | ( L“l‘ + }“1 = tI“ ’1('. ) + (h. "] and
; [ l el g j o :

FoW I_} = R.K Py
0 i b i L L
CORMW Py L Ew Py
SRt £ t 104
fem oom
-~ W
¢ m l-“:illj !>1 I\tl’
e
J I |
F WL CEo ) = (E W 6625
2 ol (S o
Fow, (t?) - p
P 1o (8) - FoW (2))
h —
. Py p
ll“_‘”u‘i | “I(tu|)
E W (D) -~ B/ (x™
hm —l_:_;'_m,_ > l__ﬁ_l_»
; AL m
II\\:H“l ,l“lrtoj)
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(Equation 2-35), and

(3=66)

(3-67)

(5-68)
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) ) o
Ll‘ - | k \-u\(l;| 5 -6
01 1
) )
1', l[. - khif'k (3
i ol i
lhe W's are Airy functions and the F's will be defined in the next
B ) )
subsection. The .1]'.] are related to the mode conversion coeftticient
i
i )
sinf i_-
\P o o
m,n 11551 0 U 2
sinf
. . i Rl < : . . -
The a7 and a (right sides of Lquations 5-62 and 3-63) are solved
I K ] , 1N
using Crout's L-V decomposition algorithm for the solution of simul-
tancous linecar cquations (Reference 3-7) of the form
[A]X = B . -
The matrix [A] is or order (p-1) by (p-1), and X and B are (p-1
ordered vectors. As |A] and B are known, the vector X can be solved

for. An improved estimate for X is obtained by first defining an
error residue,
R = [A]X_ - B = [A]SX . (3-73
O
\ correction to X _ is made for 6X:
(
X ), X 5-

This procedure is performed iteratively until 6X becomes negligible.

s . N )
I'he above procedure tor computing '\1" is not used where the

n,n

propagation characteristics between two slabs are almost identical.

For this case,

; - -1k \’in("f‘:’l,adl,
\[ 1\] (= ' : . (3-7
m,n m,n
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Appendix C.

VLF Anistropic Excitation Factors

I'he A's in Equation 3-52 are excitation
|

tirst subscript indicates the dipole component and the

indicates the clectric ficeld component. They

(References 3-8 and 3-9)

arg

factor:

computed

&
VX \
BY =
S 1N [+ wRu) (1 + Al{i’
VY
| i Rl Ry iRy
* ||I\1
)
= S
X v/
BB ) ,
B 2 walkd * k)01 = B, )
’ S
- /S
o
/S
BX Bz
g GE & GROYEL = R SR
By 2 e
) < W
.‘) ) )
) : \ALI\”(I + L]\i‘ll + ‘,f\'“) >
where
5/
B ST T/OF(6)/08]|6=6
’ n
S = clgenangle (sin 6 )
n
(V) = mode equation (see Lquation 3-1)

second subscri

where the

from

l'he R's are ionospheric reflection coefficients described in

)

Section 2, and R's are ground reflection coefficients defined in
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VLF Anisotropic Height Gain Factors

I'he g's in Equation 3-52 are height gain factors (Reference

5-8) and are computed ftrom

(_—':lmt )
a ' ’
. ] = @ [h‘(tll] - W 'III-,] K/k
< - 1 > ey
= (5~ )
X ik W e, ) F, = W_(t, )i
2 )% 1) 5
W_(t)F. - W. (t)]
; &( _.\.‘;__l_(_ 1_“_> ni
Sy T W ) F. - W, (t.)] e
2 h~" 3 ho 4
7>:|ml
- u,lt»ll = ul(t;r‘
\ . 2 = (3-79)
W, (t | - W, (t |
J[ h) 1 l( h’'2
where
’
| = W - QW 5-80)
1 l[IU] ), l(t()' (D )
’
= = 5-8
'; h:(t“) )h:(to) (5-81)
I W ) W 3-8
= - QW 3895
5 l‘tu} “H l“ol s
o= h((t 0 R S T (5-85)
! 250 I3 [N R
z 1s the transmitter or receiver altitude (km), z is the bottom

“bot
of the i1onosphere (ie, the altitude where the reflection coefficient

integration is stopped), and the quantitices Q and Q are defined in

A\ppendix C.

i I'he Airy function arguments t, t o and th are defined by
(
| 5 3
; t = k:((i“ - 2(D - z}/a) (3-84)
t KE(C™ & 25 (3-85)
(0] d o
T = = kK (G = 20D =. =2 e g 3-8¢
h u( ( Im()/” S

where C is the cosine of the eigenangle, and D is the altitude where
the modified index of refraction is unity. For the mode conversion

computations D and Zpot ATe assumed to be zcro.
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VLF

[sotropic Height Gain and

Excitation Factors

When magnetic field effects are unimportant, t

tonosphere approximation is used and the field cquat ic

he isotropi

L &

ms are simpli

;'1
|

tied. From Equation 3-76 when R, and URL are zero,
A =~ () ( ol
V) B: Iy
'he excitation and height gain factor: required to compute
t he and y components of the electric field are }\ . )I" )f“' e
z 3y X
, and g _. In the Airy function notation of Wait (Reference 3-2 :
. b
the BN
2 ’ ;
\ N L= e =g N e = gL it
o) Z L L/ 4 Z
A - A A —= t G -
vz k) 2 ’ y 2
( \\:{I = \I + ‘{i“,\ll - .lJ
3-88
ere the q's and q]'~ arc evaluated for vertical polarization, and
\ is a constant >y~ is cvaluated from the same expression but with
3\
's and q.'s evaluated for horizontal polarization. In Equation
1
58 all ionospheric-dependent quantities are computed at the trans-
i r receiver locations. To be applied directly in the electric
uations (Equations 3-52 or 3-55 and 3-50), the excitation
r detined by Equation 3-88 requires that
\ - (5-89
N
I
the height gain factors are computed fron
| ,
() _v_!'L'\]‘I W, (t \|‘\‘\t
, !
W, (t - ¥ ) Wo(t qw . (t , (3-90
1 1 ,‘
ere Is the normalized transmitter or receciver altitude:
k2
K
o
52
- v
-



[ = t
| !
b
| i
For vertical polarization g 0 and, likewise, for horizontal polari-
\
zation g 0. Also, for vertical polarization,
" /
. Wt = ¥ ) % BCt)W. (£ - ¥ )
» | 2 < | 72
(4 Y — (3-91 |
b k W, (t v ) l“.l(;\\lii v ) |
o s A “Z
| C TN Iy ) N 3 |
SIGNAL-TO-NOISE RATIO CALCULATION |
For the vertical electric field, the VLF signal-to-noise ratio {
]
in dB 1s |
|
SAR 0 log (1 N (3-92 |
=16 O {
b 1/2 (Fam/f20) i
10 B t 1o 4m s (5=93 |
i
i
|
i
T {UCIncey Kh: ‘
indwidth (Hz !
‘ 1
i vise figure (dB above 273 Boltzmann's constant
|
-
‘ I ot 1ne 1 Reterence 3-10, which also contains values for a {
| roundcc rtical dipole [he values are not valid for other polari- i
| i
it 1ol {
1 ELF EIGENANGLE
| Onl Oli¢ de propagates at ELF, and it has been found that
ost an easonable initial estimate for the cigenangle will result
I ONVergence o compute the initial value, a typical eigenangle,
1
y 15 £irst defined first-order improvement is made to this '
tlue as folloy Fhe vertical ground reflection coefficient is |
i med unity and the mode solution is approximated by
o= 0 (3-94) |
H
Further, the assumption is made that {
|
i+ {
( . : (3=90
here o 1 i mplex constant. Ihe reflection coefficient is computed
using a typical incident angle From Equation 5-91 and 95 1t
follows that the initial value, [»ocan be tound frem
53
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Cos —— (5-96)

Ihe exact value of the ELF cigenangle is determined by the Newton-
Raphson iteration technique defined by LEquations 3-46 and 35-47 using

{ @s an initial value.

ELF FIELD STRENGTH EQUATIONS
For transmitted ficld strength at LLI frequencices, the verti-
cal E-ficld radiated from a surtace horizontal dipole is computed.

Since there is only one mode, the field is computed from

where superscripts T and R refer to the transmitter and receiver loca-
! tions respectively and the excitation factors are defined as they are

for VLI cases, and the height gain factors are computed from

! [(_Jkt. . 0~)ku;)

= S— (3-98
| X
1 e 3
! ]
j k( T = kEE
¢ i e
; {>-99
] B4 y
» L+ Ry
]
I K( - -jkCz
( 2 R (I
N —_— 135-F008
L

Ihese are flat-carth approximations which are valid at ELF where the
tonospheric reflection coefficients are integrated to ground (ie,
Z ) .
bot
'he WKB procedure (described carlier for VLEF field strength
computations) is used for the LLF cases. The ionospheric ionization

profile is analyzed at two additicnal locations (edges of Fresnel zone

at midpath) to determine it the ionosphere is sufficiently uniform to
assume the correctness of the WKB approximation. The WEDCOM output is

flagpged it if is determined that the WKB approximation might be invalid.
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SECTION 4
SKYWAVE AND GROUNDWAVE CALCULATIONS FOR LF

INTROUDUCTION

In the LF program, computations are performed for the [ (ver-
t1cal).; l\ (perpendicular), and f'\ (end) field components. When an
Jl"‘l[l'.ll'.l‘]_\ oriented dipole antenna is used, all three orthogonal
components from cach of the three orthogonal dipole moments are
summed .

Ihe LF propagation model uses ray theory with correction terms
for diffraction around the surface of the earth. The ray geometry is
adjusted for & nonuniform ionospheric disturbance. Elevated antennas
arc modeled, but a built-in model simplification (used to increase
computation efficiency) is not applicable for antenna altitudes higher

than aircraft altitudes (ie, 6-8 km).

LF FIELD STRENGTH EQUATIONS
F'he total field strength for signals propagated at LF is rep-

resented as the sum of a groundwave and a number of skywaves. Speci-

fically,
M
I.', ‘0z " ZI,;,m Sl
e m=1
M
i . =2
), l gy ‘ E ,'\',m (4
B O I”l -
m
| 1 (4-3
X Z | X , 1 5 [4-3)
m=1
where
E. = total vertical field strength (V/m)
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!\ total ficld strength perpendicular to direction of

‘ propagation (\V/m)
E total field strength in direction of propagation (V/m
l: vertical component of groundwave (V/m)
I:H horizontal component of groundwave (V/m)
E " vertical ficld strength for skywave with m ionospheric

. reflections (V/m)
i\ . perpendicular field strength tor a skywave with m iono-
. spheric reflections (V/m)
B end field strength for a skywave with m ionospheric

reflections (V/m).

When the ionosphere is anisotropic, the skywaves for vertical
and horizontal polarization are coupled. This point will be discussed

in detail later.

Radiated Power
Ihe ficlds are formulated in terms of radiated power. In the
computer model the effective free-space lossless dipole antenna input

power, | for b pecified. The three orthogonal (vertical, broadside,
C < :
and endfire) dipol!e powers are used in the LF model computations:

ly\. i“‘ \“*k [l’l,
} | I n CoS (4-5)
B et
| P 1N c¢os 4 5 (4-6)
| et

where (see Figure 1-1

dl[\uia‘ zenith angle (deg

angle between the X-axis and dipole axis (deg).

Groundwave Field

Ihe groundwave field is given by (References 4-1 and 4-2)

|z Emae —Z v/ (vertical dipole) (4-7)
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/0
0 \I’I' W
b e M (horizontal dipole (4-8)
dH 45
g endfire)
S Y 1
0 wPr W
) \ - v
| i St V/m (horizontal dipole (4-9)
Ve X
s . broadside)
where
1/0
s
g “g 0
¢ X

conductivity at transmitter (mhos/m)

relative dielectric constant at transmitter
permittivity of free space (farads/m)

v = wave frequency (radians/s)

J orl

; and where d is the transmitter-receiver separation distance in kilo-

B‘ meters.

I'he loss functions W and l\\. are defined by (Reference 4-2

' X 1/2 o Xty W (- Yy h,(t\_ = ¥5)
W = E = - - (4-10)
Z 1 2 W (t ) W. (t )
[ ; s=f t. =@ 1" s s
S &
!
and h\v i1s expressed the same way, except that Q_ is replaced by (\)\. in
l.([ll.’lt-inll 1-10 and ;
1/3
ka b |
L X = |\ = ,,‘—) : (4-11)
2 a,
where
-1
k= wavenumber (km )
a, = cquivalent ecarth's radius (km)

and t  (related to the cigenangle) is defined below.
S
In the LF calculations, a is defined as 4/3 the actual earth
e
radius to correct for tropospheric refraction. The Q's are defined

by
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o 1/.5 ) : 1/2
S e O
Q. = il =t s (4-12)
- y g + jE E G
g " go
}\.’IL‘ UL J * JE E U 1/2
Q, = -\ i-——“v‘—) ; (4-13)
\ 2 £ W
° s QO

where ¢ and are average conductivity and relative dielectric
O O
constant values over the entire path.

W, is the Airy function of the first kind (Reference 4-3).

]
I'he arguments Yis ¥, are detined by
- NLAS
= 1-14
¥ (k:n ) kh“ ( ;
e
3 l/‘ = |
—— 1-15
72 (l\{l ) I\hr( : )
e

wherc h“' and h'“ arce transmitter and recciver antenna heights in kilo-
<
meters.  The values of t o are roots of the differential equation

(Reference 4-1)

dl\v
m Elgt ) = ety (4-16)
and q is either Q, (for l.:) or Q. (for E,)-

The values of t. are found by in'tcgmting the differential
Equation 4-16 with respect to q using a fourth-order Runge-Kutta
integration technique. Solutions for the starting condition (g=0)
arc known.

When Q (Q_ or Q\,V) is small (less than one), the integration
is performed by intcgru't ing Equation 4-16 from 0 to Q using as a
starting value

t (q=0) = 2. 703 (4-17)
>

5
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g
where Z_ is the sth zero of \Iil Z). The quantity ‘\,i (-Z) is the con-
ventionally defined Airy function (Reference 4-4). The first 10 zeros
are shown in Table 4-1. When more than 10 terms arc required in the
integration, higher order zeros arc computed from (Reference 4-4)
[ 7 35 181223 18683371 J
-(v ) ] + ——— + = + —
s 2 ! | S 6 8
18y 288y 207360y 1244160y
¢ S 8 5
(4-18 |
and !
) : 3 ) Q) ’
3 (4s - 3) = (4-19) i
After defining the initial values of £ s the integration is i
performed using i
t (a4, 1;\""j' P wll L TR (4-20) .!
Nl : |
Table 4-1. Zeros of /\1.(—=) and A].(-,).
4 |
Sequence g = Zero of L'S =, Lero of |
Number A; (-w) A].(-r._) x
{
1 -2.33810741 -1.01879297 ?
2 -4.08794944 -3.24819758 !
3 -5.5205598 -4.82009921 f
4 -6.78670809 -6.16330736
L -7.94413359 -7.37217726 ‘.
|
6 -9.02265805 -8.48848673 i
f
/ -10.04617434 -9.53544905 |
e} -11.00852430 -10.52766040 i
9 -11.93601556 -11.47505663 {
10 -12.82877675 -12.38478837 ‘
where l
q \||01 q. (4-21
Il t[‘|‘l, t::u|l | A (-
I 5 1'l(|.| + 1/20q t;“l.\ 8 I‘l | g (4-25
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2
"2 = Y. 1P} Ac _ 7
P- S]qi + l/_..«],lglq!) + 1/2P|Aq (4-24)
P fla. + Ag, t (g:) + P.}A: . (4-25)
| L9; 4. tg(4; 3104 ,
Ihe solution is started using
£(0,t : (4~ ‘
D) gon by
Solutions for t are found using Equations 4-16 through 4-26 |
followed by defining the sth term in the summation in LEquation 4-10. 1
Ferms are defined until the last term is less than 107 |
For vertical polarization and very low ground conductivity
or for horizontal polarization in all cases, Q (ie Q_ or ‘\J\_J beconmes i
Large I'he procedure for determining t_ is similar to that used for {
i {
111 valud of Q lhe substitution {1
{
P l (4-27) '
( i
“ a
1s made in Equation 4-16, resulting in |
|
It ‘f
C < ] . &
- — : {4-28) !
\\‘l‘ “-
1 tp {
Ihe integration is performed by taking steps in /p instead of !
q in Equation 4-19, and the starting values for p=0 are now defined by '
-jn/3 |
t_ (p=0) D : =29 :
S S i
where the a_"s are the zeros of _\ii—‘l‘. Ihe first 10 zeros are given |
in Table 4-1. When more terms are needed, higher order zeros are |
defined by (Reference 4-4)
/3 5 ; 77125 08056875 !
1 = A s I + — = e R 1‘ .)h"“"
S < - (8] = ha |
18\ 36\ 82944\ 6967 2906\
S S S S ‘
. 4
(1-30
and
3m
\ =g = i (4-31
S 8 '
1
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Skywave Field Strength
I'he total skywave field strength is computed as the sum of
tield strengths of up to five skywaves. Figure 4-1 shows the geometric
idealizations used in performing the skywave calculations. The rays
bounce back and forth between the carth and an idealized sharply
bounded ionosphere.  The ionospheric boundary is defined at the alti-
tude, hH' that is in the center of a region in the ionosphere where I
most energy is reflected (see Equation 4-44b for the definition of ?
th {
Path 1 in Figure 4-1 shows a case where the receiver is beyond
the geometric horizon for a one-hop path. In this instance the ray ;
is assumed to graze the ecarth's surface, and energy propagates the %
{
remaining distance by diffraction around the curved ecarth. This !4
situation is referred to as propagation beyond the caustic. In the {
idealization used here, the diffracted distance, lkl’ is assumed to be {
uniformly divided between transmitter and receiver ends. .

Paths 2 and 3 illustrate ray paths that are within the geome-
tric limit and show the geometry for a nonuniform ionosphere. The {
angle and distance quantities identified on the figure are used later !
in the discussion of the iteration procedures that define the geometry.

Fields for skywaves with N, N + 1, and N + 2 ionospheric re- ’
flections are always calculated, where N is the minimum number of sky-
wave hops required to traverse the path without diffract around the 1

|
earth's curvaturce are also considered. If N is 3 or greater, skywaves ]‘
with N - 1 and N - 2 hops are considered. If N is 2, the field for 1
a skywave with one hop is computed.

The general equations for describing the skywave field i
strengths are given first. Then the procedures defining the skywave ;
geometry and the various parameters that are used in the general
cquations are provided. '

GENERAL FIELD EQUATIONS. Because the model is developed to
perform calculations when the ionosphere is nonuniform and anisotropic,

the cquations defining the multihop field strengths are cumbersome.
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Figure 4-1. Ray geometry for nonuniform disturbance.
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lhe tollowing general nomenclature is used to simplify writing the

't
equations:
Polarization
Vv . . : ey 1
l{l ) lonospheric reflection coetticient
] for the ith hop of a j-hop path vertical to vertical
H\ . ; :
l\i i horizontal to vertical
A " _ _
I\i ; vertical to horizontal
4 |
HH I : :
l\i i horizontal to horizontal !
|
VV : : : -
I i Antenna toreground factor at the vertical field,
: transmitter tfor a j-hop path vertical dipole i
HB : " i
K M horizontal ftield, |
I'j : : {
- broadside dipole {1
Vi 4 s |
B e vertical field, i
I'j —a v i
: endfire dipole
V\V : . . L.
IVI’ : Antenna foreground factor at the vertical field, _
\ . - . . .
: receiver for a j-hop path vertical dipole !
!
HB . - !
Ko it horizontal field, |
Rj & &
- broadside dipole
VE . - {
S il vertical field, i
l\l S . I
: endfire dipole
(..l ; Ground reflection coefficient ot
: diffractive correction factor for |
the ith hop of a j-hop path vertical {
A i . |
(..l ; horizontal {
E_ ; Vertical field for a j-hop skywave |
< {
l.\' i Horizontal field for a j-hop skywave ‘
LR L : : 1
o, Convergence coefficient for a j-hop skywave ¥

Inverse distance field constants that account for the radiated

power and total path distance are first computed. These are
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L2 .
0.15pL/ 0,150}/
\ . - .
{5 - ———— (vertical), or —————— (endtire) (4-32)
z0 d d
D
) Sk
- Eak B
E == —m— (4-33)
VO d
where I‘\. I'l N I‘[,, and d are as defined previously.

lhe field for a one-hop skywave is computed by first computing

the intermediate quantity

VU VX VY HB o

Ly = EoRuFr * Byofiafm (4-3%)

JHH HB ,VH VX 20

l\] [\(‘l\ll‘ll + _:0\11‘,1.1 = (4-35)

where X V for a vertical dipole or X I: for an endfire horizontal

dl}‘t'lt‘.

lhen the tield is computed from

VX =
kol ’;x}ul‘x (4-36)
| e e

vi = tafa®

lhe ficld for a two-hop skywave is computed by first comput ing

the intermediate quantity:

1 . = E T ALY i i (1-38
zl 200 B2 T2 yo 12 T2
_ HH B VHVX E
Ly oK oFpa E KT (4-39)
I'hen
: AV A TV
[, = [ Ry56p5 ¢ TRy G, (4-10)
B HH . H VHV
oy = LgRpg6, * IR0, (4-41)
and
VX 5
Er2 ® S23'va% - (4-42)
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B

: s (4-43)
y2 yZ Re 2 ‘

lhe ticld for a greater number of hops is computed by a continuation
of the process described above.
A vector sum and rms ficld sum are computed. The vector sum

1s obtained from

n=N+2
E o Z E Vim (4-44)
n=L
142
1 n=N+2 N\
I R E. /m . 4-45
z' zg E Zn i LA=43)
n=L
In kquations 4-44 and 4-45, L is the maximum of 1 and N - 2.

lhe rms sum is computed because of uncertainty in the absolute
phase of ecach skywave in a disturbed ionosphere, and because the pre-
diction of deep nulls or high peaks in field strength calculations
tor a single path distance may be misleading. WEDCOM outputs the rms
quantities when the field strength is to be computed only at the
receiver. The vector sum is output when the tield strength is computed
at intermediate points along the path.

ELEVATED ANTENNA CONSIDERATIONS. When elevated antennas are
used, up to four paths are considered for cach number of hops as illus-
trateuw in Figure 4-2. The field strengths resulting from propagation

via paths ;11 L :11 , and b, are added vectorially to obtain a compo-

site field strength for the particular skywave. The special definition
of the antenna foreground factors for the case with elevated antennas
is discussed later in this section. The four paths shown in Figure
1-2 are sufticient to define propagation for elevated antennas at
less than 6-7 km. For higher altitudes, four more individual paths
need to be considered.

INTERMED TATE CALCULATIONS.  The skywave geometry, ionospheric
reflection coefficients, convergence coefficients, foreground factors,

and ground reflection coc“ficients or diffraction loss factors arc
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TRANSMITTER

Figure 4-2. Geometry for four paths for
elevated transmitters or receivers.

computed by performing the following sequential steps:

1. Scarch procedure ftor defining the skywave geometry and

locating the ionospheric and ground reflection points.

Interpolation procedure for defining ionospheric and

ground clectrical properties at the reflection points.
3 Computation of ionospheric reflection goeEticients,
I. Computation of convergence coefficients.

5. Computation of ground reflection coefficients or terms
defining diffractive losses around the carth's bulge

and antenna foreground factors.

Lach of these steps is described below:




R ——

Scarch for Reflection Points. Reflection coefficients and

reflection points (altitude and position along path) are determined
for skywaves with m hops. SKkywaves with m less than N (where N is
the minimum number of hops needed to reach the receiver with no
diffraction) are assumed to diffract over part of the path. An exam-
ple is shown in Figure 4-1, where the skywave with one reflection

(path 1) 1is assumed to propagate with one maximum-distance hop (graz-

ing incidence at the earth) over part of the distance between trans-

mitter and receiver and to propagate the remaining distance (I'l: by
C

diffraction. In the example shown, two hops are the mninimum number

of hops that will reach from transmitter to receiver with no diffrac-

tion. Ground-based transmitters and receivers are shown in the example

tor simplicity. Modifications to account for elevated antennas are
given later.

Ihe steps in locating the reflection points are as tollows:

1. A reference altitude and an ionospheric scale height are
determined at specified intervals between transmitter and
receiver. ‘The reference altitude and ionospheric scale

height are described below under Interpolation Procedure.

2. Skywaves with less than N hops are assumed to have graz-

ing incidence (¢ = 90 degrees). The distance between
o

transmitter and recciver is divided into m equal intervals,

and the reflection point of each hop is assumed to occur
at the center of each interval. A trial reflection alti-
tude for cach hop, ht' is picked (a starting value lower

than the expected reflection altitude), and the angle of
it
interpolation between values calculated at the specified

incidence with the ionosphere, is computed. By

intervals, the actual reflection altitude; h_, is found.

If h 1is greater than h[‘ then I)1 is increased and the
d

process is repeated until hI 1s approximately equal to

h

‘
1

et
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3. For the ray path with N hops, a trial angle ¢ is calcu-
lated, and ionosphere reflection points and ground reflec-
tion points are found. The angle ¥ 1s then varied until
the Nth ground reflection point coincides with the receiv-
er. In carrying out this process, it is assumed that all
eround reflection angles are cqual to the take-oft angle;
however, the reflection altitude and hop distance may be
different for cach hop.

1. Step 3 is repeated for N + 1 and N + 2 hops to define
the remaining ray paths. The dashed Iine for path 5 in
Figure 4-1 shows one step in the interactive process in
which v is varied to find the location of the reflection

points with three hops that recach the receiver.

Interpolation Procedure. lonospheric parameters are evaluated
|

at the trial reflection point by an interpolation procedure. The
variables used in the interpolation procedure are shown in Figure 4-3.
fonospheric parameters are known at distances d] and d, that bracket
the trial distance d . A linear interpolation procedure is used to
define electron and positive ion vertical profiles at the distance
d, .
(*

lhe ionospheric parameters used in the interpolation procedure
are a reference altitude and an ionospheric scale height. Both are
defined in terms of B(h), the imaginary part of the ionospheric index

of reflection. The ionospheric scale height, h\,. is defined by

h H(hs/gl [Mh;j] . (4-40)
5 dh :
The reference altitude h‘_ is defined by determining the altitude for
\
which
3 = .04 . -47
HhR) 04 (4-47)

lhe reference altitude hR and scale heights h o are obtained at
(]

distance dt by linecar interpolation between the values at d1 and d ..
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Figure 4-3. Variables in interpolation procedure.
The actual reflection altitude, hr’ is then estimated from
B(h ) = V2 cos” ¢, (4-48)

where ¢i is the ionospheric angle of incidence shown in Figure 4-3.
Using Equation 4-45 and the definition of hl‘ and h_ results in
AS S

al
\/._‘ cos” :{i
h h imn —— 4-49)
r R 0. 04 :

I'he ionospheric region centered about the altitude hr defined
by Equation 4-49 has been shown to be the region from which most VLI
and LF energy is reflected. Strictly speaking, it is applicable for
an isotropic ionosphere and therefore for davtime or disturbed condi-
tions. However, because of the steep vertical gradient of the iono-

spheric profile for normal nighttime conditions, the reflection
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altitude is not sensitive to the criterion used, and therefore Lqua-
tion 4-49 is used for all conditions.

When celevated antennas are used, four ray paths are considered
as shown in Figure 4-4. In the iteration procedure, the great-circle

distance covered by cach ray path is

d . =D, - T, - Ry (4-50)
d;l_‘ ) “J_’ X Ikl_ B R;,_‘ (4-51)
At = Ppg * T 5 (852
doy = Dy, = Ty + Ry, (4-53)

In all cases (x is either a or b),

B 1 (2 = - P . (4-54)
XJ c( g X .\_l) g
1 a ( C R ) (4-55)
X ] (& X |
X
R . = @ W2 = | (4-56)
X v( . 5 Rv.)
{ J Xj
where
d
o A= €
U . sin cOs Y. . (4-57)
X] a + h_. X]
: e X :
a
=l (2 ,
J sin ——— ] C0S Y _ . (4-58)
| a + h Xj
X ] ¢ i g
o
= sin - £ "0S8 (4-59)
¥ ~ . e C S ~ e
R : + h "X
X) < re

and a, is the equivalent earth's radius.

lonospheric Reflection Cocefficient. The above scarch proce-

dure results in the definition of the ionospheric incident angle u’ri
and the distance from the reflection point to the transmitter, d.l.

LLincar intcerpolation is used to define clectron and ion density

/1




Figure 4-4.

Path Tength geometry for elevated antennas.

Fi




profiles, magnetic propagation azimuth, dip angle, and the magnetic
tield strength at the reflection point. With these quantities deter-
mined, the ionospheric reflection coefficients are obtained using
procedures described in Section

For clevated antennas, reflection coefficients are computed
tor only two incident angles, ,'”] and :M (see Figure 4-4). Reflec-
tion coctficients for path iy are used for path a,, and reflection
| are used for path b,.

Convergence Factors. When the distance between transmitter

coefticients for path b

and receiver is less than the distance to the caustic and a unitorm,
concentric ionosphere is assumed, the convergence factor for an m-hop

ray is (Reference 4-5)

1 /2 L)2
a_ + h | . b h +a -a cos (P/2m)
[ a Zm sin (W/<2m) a (& e
L s
m a sin o (h + a ) cos (U/2m) - a
e d e >
(4-60)
where

h ionospheric height (km)

<
m number of hops

d/a_, (radians)
€

d ground range between receiver and transmitter (km)

For a nonunitorm ionosphere but neglecting any tilt of the
ionosphere (ie, the height varies but the ionosphere is locally con-

centric), it can be shown (see Reference 46} that

- 2
R tan (Dg T T IR A e e I i L
'm a sin (d/a ) m
= = z —_— ..A—-____..>‘_.]__—‘_7-—_. ————
@ b B
I[=1 2 ———~——lc : ]“(-L) 1 - cos‘(w“)) le
)
R(1) 2 a, ¢ ha“)
(4-061)
where
h“il) the reflection altitude at the Ith reflection point (km)
13

e G

S ———
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- "
R (L) the total ray length for the Ith hop (km)
p(l) = d(I l/:lc (radians)
d(l) = the distance along the earth traversed by the Ith hop
(km)
i
m
R = 3 R(I)
l:l l
~ . . . . l
} angle of incidence with the earth (radians). ]1
g |
. . . .. ~ l
Equations 4-60 and 4-61 indicate an infinite value for the {

convergence tactor when ¢ = 90 degrees. Wait has shown (Reference
4-5) that a correction factor is required as ¢ approaches 90 degrees.
)24

At a distance near but short of the caustic, the correction factor is

= = L/6 3
(3 1.34p / exp (JmiLzy) (4-62)
L
where > l
D
ka cos i
DRSS (4-63) i.
3 sin” (00} |
g {
I'he corrected convergence factor i1s determined from {
’ -

t = L o (4-64) {
m ¢ m ;

when

a Twkes .

[0 T / 005 . (4-65) i
: 1/3 : G ‘ . . |
When 0.5, the correction factor is equated to unity. When :
LIS - s : : |
! 0.05, the limiting forms given below are used. '
|

For distances beyond the caustic, Wait (Reference 4-5) has

shown that

(e )'“i[("b * 'm)“’ }““’ 4 -4y, |
! 5 s s . Py o |
mn sin l a 2a ‘

ka . 1/6
1.3466 —TL-) exp (mn/12) , (4-060)
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where d'm is the distance to the caustic for m hops.
L

Equation 4-63 is applicable for a uniform ionosphere.

For a

nonunitform ionosphere, Equation 4-63 is used with the approximation

that

where h (1) is the reflection altitude for the Ith hop.

e

Ihe convergence factors for path a, are used for path a

coefficients for path l)l are used for path b,.

Ground Reflection Coefticient, Foreground Factors,

)

, and

Diffrac-

tion Loss Terms. The influcnce of the ground on the propagated signal

depends on ray path geometry. The geometric idealizations that

used in computing the influence of the ground at the transmitter

tion are defined in Figure 4-5.

IONQSPHERE

EARTH

TONO SPHERE

arc

loca-

(a) GEOMETRIC OPTICS REGICN (b) BEYOND GEOMETRIC OPTICS REGICN

Figure 4-5. Geometry to compute the influence of

the ground at the transmitter.

When the geometric optics limit applies, the foreground

factors for paths a and a, are

l5\\ =] + R

‘_l}\\l
S ¢
I'j gV

(vertical dipole)
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i B
]
HB - ikS . . {
i I. ] R e IR0 (horizontal dipole- (4-69) R
I'] gh ) )
: broadside)
\l . -jks : : =
[ (,(I - R (S 1) (horizontal dipole- (4-70)
5% g\ =
: endfire)
S Sa_. - Sa . 71
| > 1 ( )
where
.\':ll total ray path length (path ap) ‘
Sa., = total ray path length (path a,) 1
- p: g
In the above equations, the reflection coefficient terms are detfined i
I
by {
l) - T, |
R = for vertical polarization (4-72) !
g\ ]l ] !
) !
B T i
R = = for horizontal polarization (4-73 |
¢h (ST 1
where ey !
J ;
| Cle - —=E 4-74 ;
! ( g o ) ( |
(8] ?
{
: 1/2 ;
Jo ) |
P ( - —= \') (4-75)
2 g i ;
permittivity of free space (farads/m) (4-76
QO
3 relative dielectric constant of ground (4-77) .
C COS Y (4-78) ; :
S = sin Y (4-79) '
£
For paths l»l and b,, the foreground factors are i
'i
\\ - jkS» \ : . {
I.l : G 1\'”\_ (vertical dipole) (4-80) { |
1B - ks, , : |
lzl : e 172 R 5 (horizontal dipole-
= ® broadside) (4-81)
VE -1KkS»H
Fr . (c kSz | g ) (4-82)
l.l A
|
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8= Sh - 5 1 (1-83)

where

.\'bl total ray path length for path hl

Sbhis total ray path length for path b,

Similar definitions are used for the receiver foreground
= . -1kS -1kS2
factors, except that the phase correction terms e - I and ¢™™7< are

not used since the total phase correction is included in the trans-
mitter term.
When the antenna altitude is very small or when the clevation

angle at the ground is near zero, paths Ay iy, h], and b, merge and

the foreground factors for the composite path are computed from

VV . :
l“ - l\'~(-\'l‘-\j’ (vertical dipele) (1-84)
HB : : e
R W (v ¥.) (horizontal dipole- (4-85)

I kL ;
: . broadside)
: 1/2
vl 1%
I i W (Yo ¥y YOLE . - —_-"“— (horizontal dipole- (4-86)
£ 0 cndfire)
Ihe loss functions W and W are evaluated using Equation 4-10 with
NS
v (-‘;— ) kh (4-87)
<! K tr
e
, \L/5
2 St kh. 1-88 )
Yi (l\u ) ]l (
e
where
ixt = transmitter altitude
hi - ionosphere reflection altitude for the reflection

point nearest the transmitter.

Ihe switch from using Equations 4-68 through 4-83 to using
Equations 4-84 through 4-88 is made when y = 0.03 radians.
Figure 4-6 shows the geometry used for calculating reflection

losses or diffraction losses at intermediate ground reflection points.

T

e




IONOSPHER?

\\‘
\\

Y

>

{e) GEOMETR JPTICS REGICN (b) BEYOMND GEOMETRIC OPTICS REGION

Figure 4-6. Geometry to compute the influence of the
ground at an intermediate ground reflection point.

Figure 4-6(a) illustrates the case where the receiver is well inside
the geometric limit. Here the losses are defined by the Fresnel

reflection coefficients given in Equations 4-72 and 4-73. For the
situation depicted in Figure 4-6(b), the loss is computed by evalu-
ating kEquation 4-8, with Y and Y defined using hil and hi_"
defined using Equation 4-11 and by the distance between adjacent

and X

ionospheric retlection points.
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APPENDIX A
DEFINITION OF THE S MATRIX

I'he elements of the partitioned S matrix (Equations 2-3a
through 2-3d) are defined in terms of an intermediate T matrix. The

detfining equations are (Reference 2-5)

P R

C G TIR T AR

a7 Y

b ® Tt - S
1. Fpoft * T

o 5 e
! f31 * Taaff

4 Lag/C = Ty
: G o

d @ l%”t

where
( CO
] 1N

complex angle of incidence (deg)

and the intermediate matrix T relates the electromagnetic field com-
ponents to their derivatives. In turn, T is defined in terms ot the

susceptibility matrix M:

Preceding page blank
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= \\11 SM- i IR
e D 0 a0
( I+ M ) (I“\I. : I+ M )
(0 (0) (0
oM , Mg M 1
g M C- + M === ) () ——
(1‘1 1)( rw«l,)‘ I + M
M M. M., M.
i 13 M3 32 13 . o I
11 I+ M ] M 1 I # M
D) iy Hley
in usceptibility M maty defined a
1 L juny £ mY i
M -~\ = Uny gy P URY
1l X
1UmY % nY (JURY mnyY " ) (UT-n"Y"
2{b-z]/a (1
() (-2[b-z]|/a
() () 211 [ i
/-]
\ i
| | ) -
Lasma 1 (
PR = 1
( in




s }
1
|
|
n sin )
e = -1 ‘
collision frequency (s ) .
=) 1‘
wave freguency (s .}
tree space permeability (henrys/m)
o
magnetic dip angle (deg)
I i [
i carth's radius (km) |
&
0] altitude where index of refraction is unity (km) {
: direction of propagation cast ot magnetic north !‘dt‘gi

altitude (kmj

[he matrix M described above is general in that 1t represents
a single i1onospheric constituent. Three species are considered by
this model: electrons and positive and negative ions. Thus for cach
species there will be a matrix \ii, and the matrix clements needed for

computing the T matrix elements are found from

M 2‘“}
1=1

~
o0
o

e "




tion

upgoing wave solutions,

Ihe parameter ¢ 1is

and the

coeftic

APPENDIX B

STARTING SOLUTION FOR THE
ANISOTROPIC INTEGRATION TECHNIQUE

Closed-tform expressions* for starting values for the reflec-

coefficient

cosine of

rents

| 5
q + ”‘_-‘i\ +

integration are obtained by first finding the two

and q,, of the Booker quartic

‘Il

ob,q~ + H)Iq £h. = 0

0 (B-1)

cqual to the product of the index of refraction

the angle of refraction in the ionosphere, and the

are functions of the susceptibility matrix M:

l'n-‘/ (4 l",l )

B,/ '(‘“t )

33 11 ol
(1 + M__)(C™ + M__) + M__M__
9 2o, APA &) o 14
SIN \S A \S - = N
\[.11:.1~ + I‘l 15: (C7 + 1:._,1( 11 + MB ) ]
A | A M, M., _M M, M N
(b% My G # Moo (0 + Magd * My Moaley * BaMoes
N - \ N -~ N A \ - N hS = A
‘11)[( + l_,;)llll (1 + |“JI,5‘13_‘ 11]:‘1:1(( + IH)

*From Reference 2-3.
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lhe R matrix

clements are

then determined

from

N ( 1% g § ) (( + /i
iR | lln ) ((C «l‘{l l:( P_)( {IJ|
lRL llll + I‘!ll( ({J‘ ll»( + l"-H - l{l)]/
R (TP, - TP )/
R, 2C (g 4,
where for i 2
rllt + I‘I (C + q: <1:( + P} [fC ‘IJ‘
q. 2GS D) N
L N (=Byy %0 * Pyolay 5l
P (=0, 0., * Do S0 YA
1 2 33 | S R h T 1
' ) =
i P99.5733 - N3350,
. 2
'- Pirp = 4 Mg =9y
i I M
! )i 12
5
) A S
Vi3 by * 4
i U153 Mgg ™ 93
h D M.
% Dl
! e [
% 2% ) Yo & |
N
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APPENDIX C
GROUND REFLECTION COEFFICIENTS
[he symbols R represent the ground reflection coefficients ‘
referenced to the altitude where the ionospheric reflection coeffi- !
cient computations are terminated. They are defined as follows:
N A |
2 \Hl, _-‘:, (C-1 i
| + |
Tl 2
{
{
A+ A !
) | y {
Ry = TR 2 |
3 |
where
\ ( (A \ (C=3) |
i L Y SR ’ g
\, = Ay A, (C-4) ‘.
\ N o8 R (C-5)
3 51 3
C(A o it (C-¢
' Char * %z =
In Equations C-3 through C-6, !
(& cosine of the eigenangle
]
”11 1 - 2(D :|m1 ) /a
where {
) reference altitude where the index of refraction '
1S unity |

“hot altitude where ionospheric reflection coefficient
Q)

calculations are terminated.
Ihe double subscripted A's are defined in terms of Airy

functions, “J and W, of the first and sccond kind as defined by Wait
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F ‘
[
\
\
in Reference 3-2 in Equations C-7 through C-14, primes indicate g
derivatives with respect to the argument.
N , . -
1\“ = h:(tH)lhl(tU) - ‘)“1(10)| {E=7) |
. v, ’ . >
‘\1_‘ “l“ll’l“_‘“n’ - Qk\_,(tu)( (C-8) ‘
] . b o ’ : :
j ] B 3702 - D _9 |
\:1 K, [L\_,(t”) l/(_l\um:(t”)th(zu) zhl(ro,I (C-9) :
] il N ol 1
J d pla - = v \
\:: iy ]“1“11) l/(_l\“)\\l(t”)lll\:(t‘; )h_m )] (C-10) i
A Sei(Et )I-i\\’l(t )/k + (n° - \“‘»l/lh tt )] (C-11) |
51 2*"H = Y 1Yo ’ 4
el £ 2 Ll . T
*\_;_» “l“ll]l_l“‘“o'l/kn + (ng - §) \\:(tn}l (C-12)
A W_(t, )W (t ) + jk 13 - s“’)l/“‘ W, (t )] (C-13)
41 > (B L0 l “g 1 o ol
3 . 5 2 2. 1752 .. !
Ays ‘hl(t“)lh:lt()) + jk (. - S7) h»(t()}l ; (C-14)
]' where
1/3
9 e .
u k (l‘;') (C-15) !
| ‘ - ) y s
t t(z) = - l\:((‘,' ~ 2(0 - z)/a) (C-16)
t t (o)
O
tll = t(:lmti
T e -3 —)
[\ ()t
= (8] |
Q =8, ()”/ng + l/(_ku) |
, |
n. =1 ~ 20/fa |
(8] ‘
Q, = -jk (n: - \':)1/3 '
! H gl |
z = altitude (km) i
|
| a = carth's radius (km) ‘
i
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